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Abstract. We prove that random hypergraphs are asymptotically almost surely resiliently
Hamiltonian. Specifically, for any v > 0 and £ > 3, we show that asymptotically al-
most surely, every subgraph of the binomial random k-uniform hypergraph G (k) (n, n“/_l)
in which all (k — 1)-sets are contained in at least (3 + 27)pn edges has a tight Hamilton
cycle. This is a cyclic ordering of the n vertices such that each consecutive k vertices forms
an edge.

Keywords. Random graphs, hypergraphs, tight Hamilton cycles, resilience

Mathematics Subject Classifications. 05C80, 05C35

1. Introduction

The study of Hamilton cycles in graphs is one of the oldest topics in graph theory. In extremal
graph theory, Dirac [Dir52] in 1952 proved the sharp result that an n-vertex graph with mini-
mum degree at least 5 contains a Hamilton cycle. In random graph theory, Pésa [Pos76] and
Korshunov [Kor76, Kor77] independently showed in the 1970s that Hamilton cycles first ap-
pear in the random graph G(n, p) — that is, the n-vertex graph where edges are present inde-
pendently with probability p — at a threshold p = @(lo%). Komlés and Szemerédi [KS83]
showed that the sharp threshold for Hamiltonicity coincides with that for minimum degree 2,
and Bollobés [Bol84] strengthened this by showing a hitting time version: if edges are added
one by one, the edge which causes minimum degree 2 will asymptotically almost surely' also
cause Hamiltonicity.

*Supported by EPSRC, EP/P032125/1.
TSupported by the DFG (Grant PA 3513/1-1) and hosted by the London School of Economics.
#PhD student at the University of Birmingham, U.K., while this paper was written.
We thank the Heilbronn Institute for Mathematical Research, and EPSRC (grant number EP/P032125/1) for
supporting the workshop ‘Structure and Randomness in Hypergraphs® where this work was started.
! Asymptotically almost surely (a.a.s.) is with probability tending to 1 as n tends to infinity.
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Combining these areas, Sudakov and Vu [SV08] introduced the term resilience (though the
same concept appears earlier in work of Alon, Capalbo, Kohayakawa, Rodl, Rucinski and Sze-
merédi [ACK™00]). They proved that for each v > 0, the random graph I' = G(n,p) is
a.as. (3 + 7)-resiliently Hamiltonian whenever p = w(n~'log*n); that is, every subgraph
of I' with minimum degree at least (% + 7) pn has a Hamilton cycle. This result is sharp in
the minimum degree, for the same reason as Dirac’s theorem, but the probability can be im-
proved. This was done over a succession of papers: Lee and Sudakov [LS12] showed that p can
be reduced to the threshold 2(n ! log n) and very recently Montgomery [Mon19] and, indepen-
dently, Nenadov, Steger, and Truji¢ [NST19] showed the hitting time version of this result (for
which one needs to be a little more careful with edge deletion: it is permitted to delete only a
(% — 'y) -fraction of the edges at any given vertex).

Hamilton cycles in hypergraphs have only much more recently been attacked. There are
several natural notions of paths and cycles in hypergraphs: the one that will concern us here is
that of tight paths and cycles in k-uniform hypergraphs. That is, we work with hypergraphs in
which all edges have uniformity k. We say that a given linear ordering of some vertices is a tight
path if each consecutive k-set of vertices forms an edge; a given cyclic ordering of some vertices
with the same condition forms a tight cycle. The k& = 2 case of this definition reduces to the
usual paths and cycles in graphs. For brevity, in what follows we write k-graph for k-uniform
hypergraph.

In terms of extremal results, there are again several reasonable questions — one should place
some form of ‘minimum degree’ condition for tight Hamilton cycles, but this can take the form
of insisting that every j-set of vertices is in sufficiently many edges, where one can choose j
between 1 and k£ — 1. This leads to several significantly different problems (and even more if
one considers other notions of cycle). We refer the reader to the comprehensive survey of Kiihn
and Osthus [KO14] for details, and focus on the version of minimum degree we want to work
with. This is the case 7 = k£ — 1, sometimes called codegree. Here, the Hamiltonicity problem
is resolved. Rodl, Rucinski and Szemerédi [RRS06, RRS08], first for 3-uniform and then for
general uniformity, showed that if n is sufficiently large, any n-vertex k-graph with minimum
codegree at least (3 + 7)n (i.e. every (k — 1)-set is in at least that many edges) contains a
tight Hamilton cycle. For 3-graphs, they [RRS11] were also able to give the exact result for
sufficiently large n (finding exactly what should replace the error term yn).

In random hypergraphs, Dudek and Frieze [DF11, DF13] found for several different notions
of ‘cycle’ the threshold for Hamiltonicity in the binomial random hypergraph G*)(n, p), that is
the n-vertex k-graph in which k-sets are edges independently with probability p. In particular,
in [DF13] they showed by the second moment method that for £ = 3 the threshold is w(n‘l),
and for k& > 4 the sharp threshold is at en~!. Narayanan and Schacht [NS20] strengthened these
results, in particular showing that en ! is also the sharp threshold for & = 3.

Combining these (and answering a question of Frieze [Fri23]), we prove the following cor-
responding codegree resilience statement.

Theorem 1.1. Given any v > 0 and k > 3, if p > n~'*7, we show that ' = G*(n, p) a.a.s.
satisfies the following. Let G be any n-vertex subgraph of I" such that 6;_1(G) > (% + 27) pn.
Then G contains a tight Hamilton cycle.
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Observe that this theorem is sharp in the minimum degree requirement, but it is presumably
not sharp in the probability. More precisely, when p = Q(logn/n) then a.a.s. in I there is an
n-vertex subgraph G such that d;_1(G) > (1/2 — )pn and G does not contain a tight Hamilton
cycle. When p = o(logn/n), there a.a.s. are (k — 1)-tuples in I" that are not contained in any
edges and, therefore, no GG as required by the theorem exists. For this regime the resilience
condition needs to be adjusted, perhaps as explained above for the hitting time results in graphs
from [Mon19, NST19]. We certainly need p > 2en ™ for any statement of this kind to be true,
otherwise randomly deleting half of the edges from " would a.a.s. destroy the tight Hamiltonicity.

This is the first resilience statement for tight Hamilton cycles in sparse random hypergraphs to
the best of our knowledge; however for Berge cycles, Clemens, Ehrenmiiller and Person [CEP20]
proved a resilience statement which is both tight in the minimum degree and has only a poly-
logarithmic gap in the probability. For perfect matchings Ferber and Hirschfeld [FH20] showed
that the same codegree resilience as in Theorem 1.1 holds with p = Q(logn/n), which is sig-
nificantly above the threshold for the appearance of perfect matchings, but optimal for the same
reasons as discussed above. More generally, Ferber and Kwan [FK22] studied the transference
of results for perfect matchings in dense hypergraphs into resilience statements in random hy-
pergraphs.

It would be interesting to investigate this transference for other types of Hamilton cycles
and other degree conditions. For example, in the case of 3-graphs Reiher, R6dl, Rucinski,
Schacht, and Szemerédi [RRR™19] show that any n-vertex 3-graph with minimum vertex de-
gree (g +7) (g) contains a tight Hamilton cycle. Can this be extended to a resilience statement
in random 3-graphs? More precisely, can the condition d5(G) > (3 + v)pn in Theorem 1.1
for k = 3 be replaced by 0;(G) > (2 +)p(5)? The bound on the minimum degree would again
be sharp.

1.1. Ideas of the proof, and outline of the paper

Our proof strategy for Theorem 1.1 uses the reservoir method, which was previously used in
a similar way in [ABKP15] and [AKPP20] to give polynomial-time algorithms that find tight
Hamilton cycles in I' itself for broadly similar values of p. Very briefly, the reservoir method is
as follows.

In a first step, we identify a reservoir set R, which contains a small (but bounded away
from 0) fraction of the vertices of G. We construct a reservoir path P,.s, which is a tight path
that contains all the vertices of R and in addition for any subset R’ of R, there is a tight path
with the same ends as P, whose vertex set is V (Ps) \ R

In a second step, we extend P, to an almost-spanning tight path P,j,,s. In the final step
we re-use some vertices of R to extend Pyyost further to a structure which is ‘almost’ a tight
Hamilton cycle, except that some vertices R’ of R are used twice. Finally we apply the reservoir
property of P, to obtain the desired tight Hamilton cycle.

In [AKPP20], in the random hypergraph, there are two main tools needed to put this plan
into action. First, for any given ordered (k — 1)-tuple x of vertices and set S of ‘unused’ vertices
which is not too small, there will be lots of ways to start a tight path from x and continuing with
vertices of S. Second, for any given pair of ordered (k — 1)-tuples x and y, and any given set S
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of unused vertices which is not too small, it is possible to find a tight path from x to y in S.?

Neither of these statements is true in the resilience setting. Instead, we make use of hyper-
graph regularity to help us. In the following section 2 we state our main tools, and prove some of
them. We first introduce spike paths, which we need to construct our reservoir structure (much
as in [AKPP20]).

We give the notational setup for hypergraph regularity, and state a sparse, strengthened ver-
sion of the Strong Hypergraph Regularity Lemma, Lemma 2.4, which may be of independent
interest. We show that the output of this Regularity Lemma is, for k-graphs with our minimum
degree condition, a structure which is robustly tightly linked: this is a version of connectivity
appropriate for tight paths.

We show that the random hypergraph has certain nice properties: in particular, once one
removes a small fraction of (k — 1)-tuples, for any remaining (k — 1)-tuple x and set .S which
is reasonably small (it cannot contain more than n/2 vertices) there are lots of ways to start
constructing a tight path from x avoiding S (Lemma 2.12), and if we do so for a sufficiently
large (but independent of n) number of steps, we reach a positive fraction of all (k — 1)-tuples.
This statement (Lemma 2.13) is one of the key points in our proof: most of the time, we can
expand in a few steps from any given (k — 1)-tuple to a positive density of (k — 1)-tuples (and
a similar statement holds for spike paths).

Using Lemma 2.13, regularity and tight linkedness, we can prove a Connecting Lemma
(Lemma 2.19) which states that for any reasonably small set .S and most pairs x and y of (k—1)-
tuples, there is a short tight path from x to y which avoids S.

These tools are enough to prove a Reservoir Lemma 2.23, which (much as in [AKPP20])
constructs P, mentioned above. However again at this point difficulties arise. In the random hy-
pergraph of [AKPP20], the vertices outside P,.s have no particular structure. In our setting, P,
interacts in some rather unpredictable way with the existing structure provided by the Regularity
Lemma. To deal with this, we use LP-duality in Lemma 2.21 to find a fractional matching which
will tell us how many vertices we should use in each part of our regular partition in order to ob-
tain P, We also at this point run into the difficulty that we can only guarantee expansion
from the minimum degree when we are avoiding less than n/2 vertices, yet Pymost iS supposed
to cover almost all of the vertices; it is here that we need the ‘strengthened’ property of our
Regularity Lemma.

In Section 3, we give the proof of Theorem 1.1, assuming the so far unproved lemmas.

In Section 4 we prove the Connection Lemma, Lemma 2.19, and also Lemma 2.20 which
shows how we can use the strengthened regularity to continue extending a tight path even when
most vertices have been used.

In Section 5 we prove the Reservoir Lemma, Lemma 2.23.

Finally, we defer the proof of our Regularity Lemma, Lemma 2.4, together with various
more-or-less standard facts about dense hypergraph regularity, to Appendix A. Although some
of these results are new and Lemma 2.4 may well be useful in future, the ideas needed to prove
them are not new.

2To be accurate, these statements will be true for all the sets S that actually appear in the proof, by a careful
revealing argument; they are not true for every S.
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2. Tools

2.1. Spike paths

To build our reservoir structure we need spike paths, which are the following variant of a tight
path that changes orientation every (k — 1) steps. We will only consider spike paths with a
number of vertices divisible by £ — 1.

Definition 2.1 (Spike path). In an k-uniform hypergraph, a spike path with ¢ spikes consists
of a sequence of ¢ pairwise disjoint (k — 1)-tuples ay, ..., a;, where a; = (a;1,...,0;5-1)
for all 4, with the property, that the edges {a;x—j,...,ai1,@i411,-..,ai11;} are present for
alli=1,...,t—1and j =1,...,k — 1. We call a, the ith spike.

2.2. Notation

A k-complex is a hypergraph H all of whose edges have size at most £, which is down-closed,
ie.ife€ E(H)and e C ethene' € E(H). The layers of a k-complex are, for each 0 < i < k,
the -uniform hypergraph H") on the same vertex set, where E(H") = {e € E(H) : |e| = i}.

A k-multicomplex is, informally, a k-complex in which multiple edges of any size between 2
and k are permitted, together with a map boundary O identifying the (i — 1)-edges which support
a given i-edge. Formally, a k-multicomplex H consists of a vertex set V (H), together with a
set of edges E(H), a vertices map vertices : £ — P(V) such that vertices(e) is a set of size
between 0 and & for each e € F(H), and a boundary map 0 : E \ {@} — P(FE) such that Oe
contains exactly one edge whose vertices are vertices(e) \ {v} for each v € vertices(e), and
no other edges. We further insist on the following consistency condition: if 2 < ¢ < k, and S
is a set of ¢ edges each with + — 1 vertices, such that } U fes af } > (i_iQ), then there are no
edges e € H such that e = S. We say that the uniformity of an edge e is |vertices(e)|, and we
may write that e is an edge on the set vertices(e), or that e is a |vertices(e)|-edge. We will also
say, given a set S consisting of i edges of uniformity (i — 1), that e is supported on S if de = S.

Note that the boundary of a 1-edge is necessarily {@}, and that ‘down-closure’ is forced by
the condition of the boundary map. To better understand the consistency condition, consider the
following. If e is an edge of H with at least two vertices, and = and y are distinct vertices of e,
let e, and e, be the edges in Je whose vertices do not contain respectively x and y. There is an
edge e,, in Oe,, and an edge e,, in de,, on vertices(e) \ {z,y}. The consistency condition is
equivalent to insisting that for any e, x and y we have e,;, = e,,.

Observe that a k-complex is a k-multicomplex, where the vertices of each edge are simply its
members as a set, and the boundary map is the usual boundary de = {e \ {v} : v € e} (which
is in this case the only possible boundary map for the given vertices map). However in general,
for a given ground set, edge set and vertices map, there may be several different boundary maps
which fit the definition of k-multicomplex; these return different multicomplexes. The idea here
is that we will need to think of a given edge (say with vertices {1, 2,3}) as containing specific
edges with vertices {1,2}, {1,3} and {2, 3}, and the map O tells us which edges these are. We
should stress that it is possible to have a k-multicomplex in which there are two different edges
which have the same boundary and vertices, and indeed the multicomplexes we consider in this
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paper will have this property for edges of uniformity two and above (though for us a 1-edge will
always be the unique 1-edge on a given vertex).

Given a vectord = (ds, . .., dy) where 1/d; € N for each i, we say that a k-multicomplex H
is d-equitable if there is exactly one 1-edge on each vertex, and furthermore for any 2 < < k
and i-set X of vertices the following holds. Whenever S is a collection of i edges of unifor-
mity i — 1 in H, one on the vertices X \ {z} for each x € X, if the union {J, 4 Of has ex-

actly (;2) edges then the number of i-edges in H supported on S is exactly 1/d;. We refer to d
as the density vector of the multicomplex.
Finally, we need a notion of connectedness for multicomplexes.

Definition 2.2 (tight link, tightly linked). Given a k-multicomplex R, and two (k —1)-edges u, v
of R, let u be u together with an ordering (u1, ..., u,_1) of its vertices, and similarly let v be v
together with an ordering (vy,...,vg_1) of its vertices. A tight link from u to v in R is the
following collection of (not necessarily distinct) vertices and edges of R.

Foreach 1 < j < k—1, there is a vertex w;. There are k-edges e; ,, and e; , of R, where e,

is on vertices {uy,...,ux_1, w1} and v € Oey,, and ey, is on vertices {vy,...,vk_1, w1}
and v € Oe;,. Foreach 2 < j < k — 1, there are k-edges ¢;,, and ¢;, of R, where ¢;,
is on vertices {u;,...,ux_1,w1,...,w;} and de;_q, N Oe;,, # &, and e;, is on vertices

{’Uj, vy U1, W1,y ... ,wj} and c%j_lﬂ, N 863-71, 7& . Fmally (9ek_1,u N (96k_1,v 7& .
We say that a k-multicomplex R is tightly linked if for any two (k — 1)-edges in R, and any
orderings of their vertices, u and v, there is a tight link from u to v in R.

The precise sequence of vertices and edges is not critical (it is simply a particular structure
we can easily construct). However it will be convenient to note that the k-edges of a tight link
are in fact a spike path with three spikes. Note that there is ¢ € N and a permutation o on [k — 1]
such that for any u and v, if there is a tight link from u to v then there is a homomorphism from
the /-vertex tight path to R, using only the k-edges of the tight link, where the first £ — 1 vertices
of the tight path are sent to u in order and the last k — 1 vertices to the vertices of v in the order p.

2.3. Sparse hypergraph regularity

We need a strengthened version of the Strong Hypergraph Regularity Lemma for sparse hyper-
graphs. The Strong Hypergraph Regularity Lemma was first proved by Rodl and Skokan [RS04]
and Gowers [Gow(7]; we use a version due to Rodl and Schacht [RS07], from which we deduce
a strengthened version by a standard method. We then use a weak sparse regularity lemma of
Conlon, Fox and Zhao [CFZ15] to transfer this strengthened version to a sparse version, follow-
ing [ADS19].

In order to state our regularity lemma, we need quite a few definitions. These are either
standard definitions for the dense (p = 1) case, or the natural sparse versions of the same, as
taken from [ABCM17].

Let P partition a vertex set V into parts Vi,..., V. We say that a subset S C V is
P-partite if |S N V;| < 1 for every i € [s] and the index of a P-partite set S C V
is i(S) = {i € [s] : [SNV;| = 1}. Forany A C [s] we write V4 for (J;,c, Vi. Similarly,
we say that a hypergraph H is P-partite if all of its edges are P-partite. In this case we refer to
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the parts of P as the vertex classes of H. Moreover, we say that a hypergraph H is s-partite if
there is some partition P of V' (H) into s parts for which H is P-partite.

Let i > 2, let H; be any i-partite i-graph, and let H;_; be any i-partite (¢ — 1)-graph, on
a common vertex set V' partitioned into i common vertex classes. We denote by K;(H;_ 1) the
1-partite ¢-graph on V' whose edges are all i-sets in V' which are supported on H;_; (i.e. induce
a copy of the complete (i — 1)-graph K ! on i vertices in H;_;). Given p € (0, 1], the p-density
of H; with respect to H;_ is then defined to be

|K1(H1_1) N Hzl
d Hl Hi, =
p( ‘ 1) p|Kz(Hz_1)|

if |K;(H,;—1)| > 0. For convenience we take d,(H;|H;—1) := 0 if |K;(H;,—1)| = 0, and we
assume H; is the complete 1-graph on V, whose edge setis V. So d,,(H;| H;_1) is the proportion
of copies of K!~! in H;_; which are also edges of H;, scaled by p. When H;_; is clear from
the context, we simply refer to d,(H;|H;_1) as the relative p-density of H;. We say that H; is
(d;, €, p)-regular with respect to H,_, if we have d,(H;|H]_,) = d; = ¢ for every subgraph H]_,
of H;_; such that |K;(H]_,)| > €|K;(H;—1)|. Given an i-graph G whose vertex set contains
that of H; 1, we say that G is (d;, €, p)-regular with respect to H;_; if the i-partite subgraph
of G induced by the vertex classes of H;_; is (d;, €, p)-regular with respect to H;_;. Finally, we
say G is (e, p)-regular with respect to H;_; if there exists d; such that G is (d;, €, p)-regular with
respect to H; ;. Similarly as before, when H;_ is clear from the context, we refer to the relative
density of this i-partite subgraph of G with respect to H;_; as the relative p-density of G.

Now let H be an s-partite k-complex on vertex classes V7, ..., V,, where s > k > 3. Recall
that, since H is a complex, if e € H and ¢’ C ethene’ € H. Soif e € H® for some 2 < i < k,
then the vertices of e induce a copy of K" in HU~Y. We say that H is (dy, ..., ds,cx, €, p)-
regular if

(a) forany2 < i < k—1landany A € ([‘:.]), the induced subgraph H¥[V,]is (d;, €, 1)-regular
with respect to H~1[V/,], and

(b) for any A € ([Z]), the induced subgraph H®)[V,] is (dy, €y, p)-regular with respect to
H&=1) [VA]

So each constant d; approximates the relative density of each subgraph H®[V,] for A € ([‘:.]).
Fora (k—1)-tupled = (dy, . . ., d2) we write (d, &, €, p)-regular to mean (dy, . . ., ds, €k, €, p)-
regular.

The definition of a (d, &, £, p)-regular complex H is the ‘right’ generalisation of an e-regular
pair (X, Y") in dense graphs to sparse hypergraphs. The Szemerédi Regularity Lemma states that
there is a partition of the vertices of any graph into boundedly many parts such that most pairs
of parts are regular; now our aim is to define a generalisation of ‘partition’ in order to say that
we can partition any k-uniform hypergraph G such that most k-sets lie in regular complexes. As
one can guess from the phrasing, the k-layer of each complex will consist of (all) edges of G
supported by the complex. The lower layers will be in the ‘partition’, and we now set up the
notation to define this.

Fix k > 3, and let P partition a vertex set V into parts V4, ..., V;. Forany A C [t|, we denote
by Cross 4 (P) the collection of P-partite subsets S C V of index i(S) = A. Likewise, we denote
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by Cross;(P) the union of Cross(P) for each A € ([;]) so Cross;(P) contains all P-partite
subsets S C V of size j. When P is clear from the context, we write simply Cross4 and Cross;.

Foreach2 < j < k—1land A € ( ) let P4 be a partition of Cross 4. For consistency of notation
we also deﬁne the trivial partitions Py := {V,} for s € [t] and Py := {@}. Let P* consist
of the partitions P4 for each A € ([t]) and each 0 < j < k£ — 1. We say that P*is a (k — 1)-

family of partitions on V' if whenever S, T € Crossa he in the same part of P4 and B C A,
then S N UjeB ViandT'N UjeB Vj lie in the same part of Pp. In other words, given A € ([;i]),

if we specify one part of each Pg with B € (jfl), then we obtain a subset of Cross 4 consisting
of all S € Crosss whose (j — 1)-subsets are in the specified parts. We say that this subset
of Cross 4 is the subset supported by the specified parts of Pp. In general, we say that a j-set e
is supported by a collection S, with |S| = j, of (j — 1)-graphs if exactly one (j — 1)-subset of e
is in each member of .S, and we say a set of j-edges F is supported by S if each edge of E is
supported by S.

Thus the partitions Pp give a natural partition of Cross,, and we are saying that P, must
refine it.

We refer to the parts of each member of P* as cells. Also, we refer to P as the ground parti-
tion of P*, and the parts of P (i.e. the vertex classes V;) as the clusters of P*. For
each 0 < j < k — 1 let P9 denote the partition of Cross; formed by the parts (which we call
j-cells) of each of the partitions P4 with A € ([;]) (so in particular PV = P).

Observe that a (k — 1)-family of partitions P* naturally form the edges of a k-multicomplex,
whose vertex set is the (set of parts of the) ground partition, whose edges of uniformity j < k—1
are the j-cells, with the vertices map identifying the j parts of the ground partition which contain
a given j-cell, and where the boundary operator Je identifies the (|e| — 1)-cells supporting e.
So far we have described a (k — 1)-multicomplex; we extend this to a k-complex by adding,
for each set S of k edges of uniformity £ — 1 which can be a boundary (i.e. which is such
that | U res Of | = (1:2) ) one edge of uniformity £ whose boundary is S. When we refer to
the multicomplex of the family of partitions P* we mean this multicomplex. Note that we have
defined the word ‘support’ both in terms of multicomplexes and in terms of a family of partitions:
but these definitions are consistent, i.e. that a given j-cell is supported by some (j — 1)-cells
means the same thing whether one reads ‘support’ in terms of the family of partitions or its
multicomplex.

Forany0 < j < k—1,any A € (; ) and any Q' € Crossy, let Cy denote the cell of Py
which contains Q’ . Then the fact that P* is a family of partitions implies that for any () € Cross
the union J(Q) := Ugcq Cqr of cells containing subsets of () is a k-partite (k — 1)-complex.
We say that the (k — 1)-family of partitions P* is (¢, t1, €)-equitable if

(a) ‘P partitions V into ¢ clusters of equal size, where ¢y < t < 4,
(b) foreach2 < j <k —1, PU) partitions Cross; into at most ¢; cells,

(c) there exists d = (dj_1,...,ds) such that foreach 2 < j < k — 1 we have d; > 1/t
and 1/d; € N, and for every ) € Cross; the k partlte (k — 1)- complex j(Q)
is (d, ¢, &, 1)-regular.
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Note that conditions (a) and (c) imply that 7 (Q) is a (1, #1, €)-equitable (k — 1)-complex (with
the same density vector d) for any () € Crossy.

Next, for any P-partite set Q with 2 < |Q| < k, define P(Q;P*) to be the |Q|-partite
(|Q| — 1)-graph on V(¢ with edge set UQ,E( Q ) Cor. We refer to P(Q; P*) as a |Q|-polyad;

Q-

when the family of partitions P* is clear from the context, we write simply P(Q) rather
than P(Q;P*). Note that the condition for P* to be a (k — 1)-family of partitions can then
be rephrased as saying that if 2 < || < k — 1 then the cell Cy, is supported on P(Q), and in the
multicomplex corresponding to P* we have edges corresponding to the cells of each uniformity
from 1 to k — 1 inclusive, together with edges corresponding to the k-polyads supported by P*.
As shown in [ABCM17, Claim 32], if P* is (¢, t1, €)-equitable for sufficiently small &, then for
any 2 < j < k — 1 and any ) € Cross; the number of j-cells of P* supported on P(Q) is
precisely equal to 1/d;. More specifically, if (d;' —1)(d;+¢) < 1,and (d; ' +1)(d; —¢) > 1,
then by definition necessarily there are exactly dj_1 cells supported; it suffices to choose ¢ < d?
to ensure these two inequalities. In other words, the multicomplex corresponding to P* is d-
equitable.

Now let G be a k-graph on V, and let P* be a (k — 1)-family of partitions on V.
Let Q € Crossy, so the polyad P(Q) is a k-partite (k — 1)-graph. We say that G
is (eg, p)-regular with respect to P* if there are at most 5k( Z‘) sets () € Cross;, for which G is
not (&, p)-regular with respect to the polyad P(Q)). That is, at most an &,-proportion of subsets
of V of size k yield polyads with respect to which G is not regular (though some subsets of 1/
of size k do not yield any polyad due to not being members of Crossy).

At this point we have the setup to state the Strong Hypergraph Regularity Lemma, which
says that for any k-uniform hypergraph G there is a (k — 1)-family of partitions P*, which
is (to, t1,€)-equitable for some ¢; independent of |V (G)|, such that G is regular with respect
to P*. However for this paper we need a stronger version, which is not standard (the dense graph
version, called the Strengthened Regularity Lemma, is due to Alon, Fischer, Krivelevich and
Szegedy [AFKSO00], and it is folklore that the hypergraph version we now state should exist).
To that end, given two families of partitions P* and Q* on the same vertex set, we say that P*
refines Q* if every cell of P* is a subset of some cell of Q.

Definition 2.3. Given a k-uniform hypergraph G, we call a pair of families of partitions (P, P})
on V(G) a (to, t1,ts, ek, €, fr, [, p)-strengthened pair for G if the following are true.

(S1H P} refines P;.

(S2) Pris (to,t1,€)-equitable.

(S3) G is (e, p)-regular with respect to Py.
(S4) Pj is (to, t2, f)-equitable.

(S5) G is (fi, p)-regular with respect to P;.

(S6) For all but at most e2 (V) elements @ of Crossy,(P.), we have d,(G|P(Q,P!)) =
dp(GWD(Q,P}k)) =+ &y
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We refer to P, as the coarse partition and P} as the fine partition. Slightly extending the

usual definition, we say a k-polyad P (Q; Pr) is irregular (with respect to () if any one of the
following three things occurs:

(i) G is not (e, p)-regular with respect to P(Q; P*),

(ii) for more than an e, -fraction of the k-sets )’ supported on P(Q; Pr), G is not ( fr, p)—
regular with respect to P(Q'; P;), or

(iii) for more than an e-fraction of the k-sets Q' supported on P(Q; P*), d, (G }P (Q;Py)) #
d,(G|P(Q;Py)) + e

If a polyad of P is not irregular, we say it is regular.

We will always choose f}, such that f;, < €%, and € small enough that every k-polyad supports
very close to the same number of k-edges. Under this assumption, it is straightforward to check
that at most a 4¢-fraction of polyads in P are irregular (we will prove this in Appendix A,
Proposition A.3).

We need one more definition. Given any (not necessarily distinct) subsets Ej, ..., Ej
in ("), we say a k-set S C [n] is rainbow for the Ej if there is an injective labelling of the
(k — 1)-subsets of .S with the numbers 1,. .., k such that the (k — 1)-subset labelled i is in E;.
We write Ky (Ey, ..., Ey) for the set of rainbow k-sets in [n]. We say that a graph G on [n]

is (n, p)-upper regular if the following holds. For any E1, ..., Ey, we have
|E(G) N Ki(Er,. .., Ek)} < p’Kk(Eh - 7Ek)| + pyn”.

Finally, we are in a position to state our strengthened sparse version of the Strong Hyper-
graph Regularity Lemma. Informally, what this says is that we can find P and P; which are
simultaneously a strengthened pair for s edge-disjoint graphs, for any (fixed) regularity €5 of P,
where € and f can be as small as desired depending on the number of parts in P and P} re-
spectively, and furthermore the regularity fj of P} can depend arbitrarily on the number of parts
of P;.

Lemma 2.4 (Strengthened Sparse Strong Hypergraph Regularity Lemma). Given integers k > 2
and to and s, real €, > 0 and functions ¢, fi, f : N — (0, 1], there exists a real n > 0 and
integers T and ng such that the following holds for all n > ng with T'|n. Let V' be a vertex set
of size n, suppose that G+, . . . , G are k-uniform hypergraphs on'V, and suppose Q™ is a family
of partitions on 'V which is (1, tq,n)-equitable. Suppose furthermore that for each 1 < i < s
there is a real p; € (0,1] such that G; is (n, p;)-upper regular. Then there are integers t,ts
with ty < t1 < to < T, and families of partitions P, and P}, both refining Q*, such that for
each 1 < i < s, the pair (P;,P}) is a (to,tl,tg,sk,s(tl), fr(ty), f(tg),pi)—strengthenedpair
for G;.

We prove this lemma in Appendix A. Note that the case £ = 2 will not be used here; and in
this setting the ‘families of partitions’ are simply vertex set partitions and the functions ¢ and f
play no réle.
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Given a (to, 11,2, €k, €, fi, f, p)-strengthened pair (P, P;) for G, recall that P, has the
structure of a multicomplex. We denote by R., (G; Py, P;) the ey-reduced multicomplex of G
with respect to (P, P}), which is the (unique) maximal submulticomplex of . which has the
following properties.

(RG1) Every k-edge of R, (G; Py, P;) is regular.

(RG2) Foreach 1 <i <k — 1, eachi-edge of R, (G; Py, Py) is in the boundary of at least

. i+1 _( i ) k—1 _(k_1>
(1-22eM) eI v it < k= Loand (1= 200 e [T,V i = k=1
j=2 Jj=2

(i + 1)-edges of R, (G; Py, Pj).

The existence and uniqueness of the reduced multicomplex are trivial: we obtain it by simply
iteratively removing from the multicomplex P> edges which either fail one of (RG1) or (RG2),
or from whose boundary we removed edges (so that they are no longer supported and cannot
be in the multicomplex). It is easy, but not quite trivial, to show that most of the vertices
of R, (G;P:, P;) (i.e. the parts of P.) are also 1-edges of R., (G; Py, P;). Now given d > 0,
we let R., 4(G; Py, P;) be the (unique) submulticomplex of R., (G; Py, P;) obtained by
removing all k-edges corresponding to polyads whose relative p-density is less than d. We
call R., 4(G; Py, P;) the (e, d)-reduced multicomplex of G with respect to (P, P}).

In Appendix A we show the following lemma.

Lemma 2.5. Given k € N and d > 0 suppose that ty € N is sufficiently large. Given any
constants 0,e,v > 0, any function ¢ : N — (0, 1] which tends to zero sufficiently fast,
any ty,ty € N, any 0 < fp < &2 and any f > 0, there exists 1 > 0 such that the following
holds for any sufficiently large n and any p > 0. Suppose G is an n-vertex hypergraph which is
(n, p)-upper regular and every (k — 1)-set in V(G is contained in at least pn edges. Suppose
that (Pz, P;) is a (to, t1, t2, €k, €(t1), fx, f, p)-strengthened pair for G.

Let R = R, a(G; P, P}) be the (e, d)-reduced multicomplex of G, and suppose that P
has t clusters and density vector d = (dj_1,...,ds). Then R contains at least (1 — 45,1/]“)75
1-edges, and every (k — 1)-edge of R is contained in at least

k—1

(6—2d— 2k+2€]1€/k)t . de('f:f)

=2
k-edges of R.
Finally, if § > % +2d+ 2k+25,1€/k + v, then any induced subcomplex of R on at least (1 —v)t
1-edges is tightly linked.



12 Peter Allen et al.

The next lemma, often called the Dense Counting Lemma, is a straightforward generalisation
of the well-known graph Counting Lemma (in contrast to the so-called Sparse Counting Lemma,
which is much harder; the difference being that in the Dense Counting Lemma the parameter € of
regularity is much smaller than all the density parameters). We state the special case of counting
(k — 1)- and k-cliques in (k — 1)-uniform hypergraphs. The version that we need works with
parts of different sizes, but this can be easily derived from the version with parts of the same
size from [KRS02, Theorem 6.5].

Lemma 2.6 (Dense Counting Lemma). For all integers k > 2 and constants o, 7y, dy > 0, there

exists € > 0 such that the following holds. Let d = (dy_1, ..., ds) be a vector of real numbers
with d; > doy for each 2 < i < k — 1, and let G be a k-partite (k — 1)-complex which is
(d,e,¢e,1)-regular and has parts Vi, . .., Vj, of size at least m > o~ 'e~'. Then for V! C V; of
size |V!| = a|Vi| fori = 1,. .., k the number of copies of the k-vertex complete (k — 1)-complex
inG[V{,...,V]]is
k k=1,
(1) TTIVATT 4,
i=1 =2
and the number of copies of the (k — 1)-vertex complete (k — 1)-complex in G|V/,... V! ] is

k—1

(L= [TV f[dfkil)-

Note that with v = 1 this is the Dense Counting Lemma with parts of the same size. We
give the proof for this generalisation in Appendix A. If we do not remove too many vertices from
the 1-cells we still have a regular complex with slightly different parameters. We will use this to
prove Lemma 2.6, but also need it in our arguments.

Lemma 2.7 (Regular Restriction Lemma [ABCM17, Lemma 28]). For all integers k > 2 and
constants o, dy > 0, there exists € > 0 such that the following holds. Let d = (dy_1,...,ds)
be a vector of real numbers with d; > dy for each 2 < 1 < k — 1, and let G be a k-partite
(k — 1)-complex with parts Vi, ...,V of size m > e ' which is (d,e,e,1)-regular. Choose
any V! C V; of size at least om fori = 1,... k. Then the induced subcomplex G[V{, ..., V]|
is (d, /e, 1)-regular.

We will also need the following two lemmas that follow from the Dense Counting Lemma
and the Regular Restriction Lemma. The first allows us to control the ‘degree’ of most tuples
within the (K — 1)-complex. For k = 3 this basically says that most edges are contained in the
correct number of triangles.

Lemma 2.8 (Degree Counting Lemma). For all integers k > 2 and constants o, y,dy > 0,
there exists ¢ > 0 such that the following holds. Let d = (dy_1,...,dy) be a vector of real
numbers with d; > dy for each 2 < i < k, and let G be a k-partite (k — 1)-complex with
parts Vi, ..., Vi, of sizem > a e~ which is (d,¢,¢e,1)-regular. Choose any V] C V; of size
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at least am fori =1,..., kandlet G' = G[V/,...,V!]. Then at least a (1 — ~y)-fraction of the
(k — 1)-tuples in G|V, ..., V! || is contained in

k—1

(1) vy [T al

copies of the k-vertex complete (k — 1)-complex in G'. Furthermore, the ~y-fraction of (k — 1)-
tuples in most copies of the k-vertex complete (k — 1)-complex in G' contain in total at most

k koo
s TTv Tt
=1 =2

copies of the k-vertex complete (k — 1)-complex in G'. Similarly, at least a (1 — ~)-fraction of
the (k — 2)-tuples in G|V, ..., V| _,] is contained in

k—1

(1) Vi T

=2
copies of the (k — 1)-vertex complete (k — 1)-complex in G’ together with a vertex from V,_,.

The two supplements guarantee for £ = 3 that few edges contained in most triangles can
not be responsible for a large fraction of the total number of triangles and that most vertices are
contained in the right number of edges. These statements will be used repeatedly to shorten the
arguments.

The second lemma looks a bit more complicated, but we only need the variant with all parts
of the same size. For £ = 3 this implies that if many vertices have high degree into two different
2-cells, then they will also support many triangles.

Lemma 2.9 (Minimum Degree Lemma). For all integers k > 3 and constants vy, 6, dy > 0, there
exists € > 0 such that the following holds. Let d = (dy_1, .. .,ds) be a vector of real numbers
with d; > dy for each 2 < i < k — 1, and let G be a k-partite (k — 1)-complex with parts of
sizem > e " whichis (d, e, €, 1)-regular. Moreover, with integers a, b, c such that a+b—c = k,
let A be part of an a-cell, B be part of a b-cell, and C be part of a c-cell such that the tuples

from C have degree (§ + v)m®~¢ Hkil d(i)_@ into A. Suppose that every edge of B contains

=2 "1

b
an edge of C, and that |B| > ym?® Hf:_; dz(z) Then there are
k\_ (b
|B|(5 4 27)ma—c H dfz) (z)
=2
copies of the k-vertex complete (k — 1)-complex in G supported by A and B.

All of these lemmas are broadly standard, and hence we prove them in the appendix.
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2.4. Properties of the random hypergraph
We use the following standard versions of the Chernoff bound.

Theorem 2.10. Let X be a random variable with distribution Bin(n, p). Then for any ¢ > 0 we
have

Pr(X > pn+en) < exp(—D(p+e|lp)n) and Pr(X < pn—en) < exp(—D(p—cellp)n),
where D(x||y) is the Kullback—Leibler divergence. From this it follows
Pr(|X — pn| > epn) < 2exp ( — 52%) foranye < 3

and if t > 6pn we have
Pr(X > pn+1t) <exp(—t).

Lemma 2.11. Givenn > 0, k € N there exists C such that if p > % then T = G (n, p), and
all its subgraphs, are a.a.s. (n, p)-upper regular.

Proof. Observe that if ' = G*)(n, p) is (1, p)-upper-regular, then automatically all its sub-
graphs are also. We assume without loss of generality that < 1, and set C' = 18kn 3.

Given any Fy, ..., E, C ([Z]), we aim to estimate the probability that Fj, ..., Ej witness
the failure of G*)(n, p) to be (1, p)-upper regular. The expected number of edges of G*)(n, p)
which appear on the sets K (F1, ..., E) isp}Kk(El, ..., E})|, and the distribution is binomial,
so we may apply the Chernoff bound.

If ’K w(E1, ... Ek)| < g1k, then failure to be (1, p)-upper regular means that the number
of k-edges appearing on K (F, ..., Fy) is at least seven times the expected number; by the
Chernoff bound the probability of this event is less than exp(—pnn*) < exp(—kn*1).

If |[Kip(Eh, ..., Ey)| > inn¥, then the probability that more than (1 +n)p|Ky(Ey, . . ., Ey)|
edges appear is at most

2 2C k
n*p|Ki(Ev, ..., Ey)| n*Snn
3 ) gexp(— 2

exp ( — ) = exp ( — knkfl) .

Since there are at most 2(-"1) choices for each E;, by the union bound the probability
that G*) (n, p) is not (n, p)-upper regular is at most

Qk(kL) exp ( — knk_l)
which tends to zero as n tends to infinity. 0
Given aset S C V(I'), we say a (k — 1)-set z is (g, p, 1)-good for S if we have
{se S:zu{s} € E(I)}| =p|S| tepn.

For each ¢ > 2, we say inductively thata (k — 1)-set x is (¢, p, £)-good for S if itis (¢, p, { — 1)-
good for S and there are at most epn edges of [' which contain z and in addition contain a set
which is not (g, p, ¢ — 1)-good for S.
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Lemma 2.12. Given ¢ > 0, k € N there exists C' such that if p > %, then T = G (n, p)

a.a.s. has the following property. For each set S C V(I'), and each 1 < { < %log logn, there
are at most o(n) (k — 1)-sets in V(') \ S which are not (¢, p, {)-good for S.

Proof. Given S, we first estimate the number of (K — 1)-sets  which are outside S and not
(¢,p,1)-good for S.

If | S| < %en, then failure of a given z to be (e, p, 1)-good for S means x forms an edge with
atleast 7p|S| vertices in S, the probability of which is by the Chernoff bound at most exp(—epn),
which for large enough C'is smaller than n=*. If on the other hand |.S| > %571, then the probabil-

ity that = does not form an edge with (1 & €)p|.S| vertices of S is at most 2 exp (#) <n*
for large enough C. We see that in either case, the probability that x is not (¢, p, 1)-good for S
is at most n*. Now if z and 2’ are two different (k — 1)-sets outside 9, then the events of x and
of 2/ being not (g, p, 1)-good for S are independent, so again using the Chernoff bound we can
estimate the likelihood of many sets being bad for S. The expected number of bad sets for S is
at most n*~1-n—%F = n~!. Therefore, for any ¢ > 1, we can bound the probability that there are ¢

or more bad (k — 1)-sets for S by

t1
exp (—D(n " +tn"*||n"")n*1) <exp (— ozgn) :

In particular, taking t = 4n/ log n and using the union bound, the probability that there exists a
set .S for which more than 4n/logn (k — 1)-sets are not (e, p, 1)-good is at most 2-". Suppose
that I" is such that this good event occurs, and in addition that every (k — 1)-set of vertices of I"
is contained in at most 2pn edges of I'.

Let K = 2ke'. Now given S and ¢ > 1, we claim that the number of (k — 1)-sets outside S
which are not (g, p, £)-good for S is at most 4n - K*~1/log n. We prove this by induction on ;
the base case ¢ = 1 is the assumption on I'. Suppose ¢ > 2, and that the number of (k£ — 1)-sets
outside S which are not (&, p, £ —1)-good for S is at most 4n- K*~2/log n. For each (k—1)-set x
outside S which is not (&, p, ¢ — 1)-good for S, we assign to each (k — 1)-set y such that x Uy is
an edge of I' one unit of badness. Observe that the total number of units of badness assigned is
atmost (k—1)-2pn-4n- K*~%/logn. On the other hand, a set y which is (&, p, £ — 1)-good for S
can only fail to be (g, p, £)-good for S if it is assigned at least epn units of badness. It follows
that the total number of such sets is at most 2(k — 1)e~! - 4nK*~2/log n, and so the number of
(k — 1)-sets outside .S which are not (e, p, £)-good for S is at most

2k — )e™' - 4nK*?/logn + 4n - K ?/logn < 4n- K !/logn,

as desired. In particular, this formula is in o(n) for all 1 < ¢ < %log logn with C' large
enough. 0

For a given (k — 1)-tuple, we will find many paths starting from there. To get expansion we
need to ensure that they have many different end-tuples.
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Lemma 2.13. For v > 0, k > 3, any fixed integer { > k L+ k—1,and any p > 0 a.a.s.

inT = G® (n,p) with p = n=1*7 the following holds. For any (k — 1)-tuple x in V(I") and a
set P of at least (upn)* tight paths in T with { + (k: — 1) vertices and rooted at x, the number of
end (k — 1)-tuples of the paths in P is at least g’éT)nk L Moreover, when (k — 1),
holds for spike paths rooted at x.

To prove Lemma 2.13 we need a concentration result of Kim and Vu [KV00]. We first give
some definitions and then state the result. Let m be a positive integer and H be a hypergraph
with |V (H)| = m and each edge has at most r vertices. Let p € [0,1] and let X;,7 € V(H)
be independent random variables with P[X; = 1] = p and P[X; = 0] = 1 — p. We define the

random variable
> 1%
fEE(H) ief

For each subset A C V' (H ), we define the A-truncated subgraph H (A) of H to be the subgraph
of Hwith V(H(A)) =V(H)\ Aand E(H(A))={f CV(H(A)): fUA€ E(H)}. Hence

=2 I~

fEE(H)ief\A
ACf

Now, for 0 < ¢ < r, we set &(H) = maxacv(m),aj=i E[Yr(a)]. Note that &(H) = E[Yy].
Finally, we let £(H) = maxo<;<, &(H) and &'(H) = maxi<;<, &(H).

Theorem 2.14 (Kim—Vu polynomial concentration [KVO0O0]). In this setting we have
P Yy — E(Yx)| > a(E(H)E'(H))2A")] = O(exp(=A + (r — 1) logm))
forany A > 1 and a, = 8"r!"/2.

Moreover, we will need the following definitions. Let £k > 3, ¢ > k — 1, and v > 0.
Roughly speaking, we define D, to be the k-graph obtained from two vertex-disjoint tight paths
on / + k — 1 vertices by identifying the end (k — 1)-tuples and let D, be the set of hypergraphs
obtained from D, by additionally identifying some (or none) of the not yet identified vertices
from the first tight path with such vertices from the second without completely collapsing it
into a tight path. More precisely, we let U = {uy,...,uppp—1} and W = {wq,..., weip_1}

be two sets of vertices that are disjoint except that x = (uy,...,ux_1) = (wi,..., Wk_1)
and y = (upsg_1,---,U1) = (Weyrk—1,--.,wer1). Then Dy is the hypergraph with vertex
set U U W and edge set

Hugy ooy ugpati € U {{wi, ..y wipg—1}: i € [(]}.

For 0 < j < ¢ — (k — 1), we denote by DZ the graphs obtained from D, by taking
sets I1, I, C {k,...,(} each of size j and a bijection o: I, — I, and identifying u; with w,;
for all i € Iy, where, if j = ¢ — (k — 1), then we do not allow ¢ to be the identity (since that
would collapse D, into a tight path). We say that such a graph F' € DZ is rooted at x and call
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the vertices in y the end-vertices of F.. Moreover, for any edge {u;,...,u;yx 1} in F € DZ
as above we call u; the first vertex and u;,;_1 the last vertex of the edge and say that the
edge starts in u; and ends in u; ;1 (and analogously for edges contained in V). Finally, we

let Dy = Uy jcr--1) Di-
We now prove the following lemma which we will use to prove Lemma 2.13.

Lemma 2.15. For~ > 0, k > 3, and any fixed integer { > % +k—1laas inT = G¥(n,p)
with p = n~ '™ the following holds. For all (k — 1)-tuples x in V (T), the number of copies of
elements of Dy in T that are rooted at x is at most 2p*'n*—*=1),

Proof. Fix a (k — 1)-tuple x in V(I') and an integer ¢ > % + k — 1 and let n be large

enough. We call the vertices in x rooted and any other vertices unrooted. Let F' € D, and
consider the complete k-graph K% on n vertices. We define a hypergraph Hp as follows.
Let V(Hp) = E(K) and let

E(KY) -

E(Hp) =< F € (F) : F spans a copy of F'in K" rooted at x » .
e

Note that, since e(F) < 2/, each edge in Hp has size at most 2¢. For each ¢ € V(Hp),

let X, be the random variable for which X, = 1 if e is an edge of ' and X, = 0 otherwise.

Note that P[X, = 1] = p. It is easy to see that with these definitions Yy, is the number of

copies of F'in I rooted at x. Since e(D,) = 2¢, v(D,) = 2¢, and k — 1 vertices are rooted, we
have (%_&_1))1925 < E[Ya,,] < p*n* ¢, in particular E[Yy, | = ©(p*n*~*-1).

Claim 2.16. For F' € D, \ {D,}, we have

E[Vi,] = o (E [YHDZD .

Proof of Claim. We split the proof into two cases depending on the integer j for which we
have F' € DZ.

First suppose that F' € Dj for some j € {1,...,¢ — 2(k — 1)}. Note that v(F) = 2( — j.
We claim that e(F') > 2¢ — j. This can be seen as follows. Recall that F’ is obtained from D,
by identifying ;7 additional vertices from the first tight path in D, with vertices from the second.
This leaves ¢ — (k — 1) — 7 > k — 1 unidentified vertices in the first tight path. In addition to
the ¢ edges in the second path, F' contains an edge ending in each of the unidentified vertices and
one more additional edge starting with each of the last £ — 1 unidentified vertices (these edges
cannot end in an unidentified vertex, so there is no double counting). Thus

e(F)yz2l4+0—(k—1)—j+(k—1)=20—.
Hence, since k& — 1 vertices are rooted,

E[Yy,] < pHin2t-i==1) pZZn%—(k—l)(pn)—j — A==l =iv — (IE [YHDeD .

Now suppose that ' € D} for some j € {¢ —2(k —1) +1,....£ — (k — 1)}. Asin
the previous case, in addition to the ¢ edges in the second path, F' contains an edge ending in
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each of the ¢ — (k — 1) — j unidentified vertices. Thus e(F) > 2¢ — (k — 1) — j. Hence,
since v(F') = 2¢ — j, k — 1 vertices are rooted, and j > ¢ — 2(k — 1), we have

E[Y,] < p 77 0 p2md= () = p2p26-(l) () == (1)

2 (e =i (=)= (k1) g 26 26 (k=1) =7 (=2(k=1)+ (k1) = (k=1)

— 22 (=D =y (=(=D)+(k=1) _ (E |:YHD[:|) )

since€>%+k—l. O

Combining the claim with our bound on E[Y};,, | we obtain

3 (ke
> E[Yy,] < §p2’3n2f (k=1), 2.1)
FeDy

Next we show that, for all /' € D, the random variable Y7, is concentrated around its expecta-
tion.

Claim 2.17. For all F' € D,, we have

p%n?éf(kfl)

P |I¥ae ~ Bl > T —

} = O (exp(—n"/)).

Proof of Claim. Let F € D,. We first show that £&'(Hp) < n*~*Up¥*n=7_ To that end
letl < i < 20and A C V(Hp) = E(Kﬁbk)) with |A| = 4. Note that it suffices to
show that E[Yir,(4)] < n*~*=Up¥*n=7. We let v4 be the number of vertices covered by A,
that is, v4 = |[J Al and we let r4 be the number of rooted vertices not covered by A, that
is, 74 = |x \ | A|. Moreover, we call edges in A covered edges, edges not in A uncovered edges,
vertices in | J A covered vertices and vertices not in | A uncovered vertices. Note that Yy, () is
the number of copies of F'in I" 4+ A that are rooted at x and contain A. So if A is not contained
in (the edge set of) any copy of F' rooted at x, then Y7,.(4) = 0 and we are done. Now assume
that A is contained in a copy of F' rooted at x. We consider two cases.

First suppose that the number of uncovered unrooted vertices in any copy of F' rooted at x
and containing A is at most ¢ + k — 2, that is, v(F') — vy — rq < { + k — 2. Note that there
are at least v(F') — v4 — 74 uncovered edges, that is, e(F) — i > v(F) — vq — 74 as for each
uncovered unrooted vertex, there is at least one uncovered edge ending in that vertex. Thus

E[YHF(A)] nU(F)*UA*TApe(F)*i < (np)U(F)*’UA*T‘A < Y (EHk=2) _ oyl (k=2)
n

VASV/AN

28— (k=1)—y(k=1)+~(k-2) _ n2'y€f(k71)7'y — n2€f(k71)p2€n7'y7

where the last inequality follows from the fact that ¢ > % +k—1.

Now we consider the case where the number of uncovered unrooted vertices in any copy of F
rooted at x and containing A is at least £ + k — 1, that is, v(F') —va —r4 > ¢+ k — 1. Consider
such a copy of F'. Recall that F' is obtained from two tight paths by identifying vertices. Note
that in this case there are at least £ — 1 vertices in each of the tight paths that are unrooted,
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uncovered, not on the other tight path, and not part of the £ — 1 end-vertices of F'. Let B
be the set of the last £ — 1 such vertices on the first tight path. We now show that F' has at
least v(F') —v4 —ra+k — 1 uncovered edges, that is, e(F') —i > v(F) —va —7a+k— 1. Note
that for each uncovered unrooted vertex there is at least one uncovered edge ending in that vertex.
That gives us v(F') — vq — r4 uncovered edges. We show that for each vertex in B there is at
least one more uncovered edge that we have not yet counted. For each vertex in u € B consider
the uncoverd edge starting in w. If it ends in a covered vertex, then it is one more uncovered
edge that we have not yet counted. If it ends in an uncovered vertex w, then the corresponding
edge on the other tight path is also uncovered. Thus there are two uncovered edges ending in w
and we have only counted one of them. Since there are k — 1 vertices in B, it follows that there
are at least v(F') — vy — ra + k — 1 uncovered edges in F. It follows that for any copy of F’
containing A, we have

20—12e(F)—izv(F)—va—ra+k—1.
Hence

Vi, (4] < n?)va=rapetf)=i  pelF)=im(k=1) pe(F) i

20=(k=1) 20, =7

NN

e(F)=ip ~(k=1) < )21y ~(k=1)

np) < (np =n

We have shown that £'(Hp) < n*~*Yp2n=7. Now note that, since E[Yy, ] < EYh,,] <
n2==Up2 we have £(Hp) = max{&' (Hp), E[Yu,]} < n?~*=Dp2 It follows that

(ECHR)E (Hi)) V2 < =Dyt =12,

Therefore, with

20, 20— (k—1 /(20) 2 /(20)
2’Dg‘a25(5(HF)5/(HF))1/2 2|Dg|a24

we have, by Theorem 2.14,

pn2t-(k=1)

P |V, — Bl ]l > o —

} =PV, — E[Yu, ]| > axe(E(Hp)E'(Hp))* A7

(o0 (w@“bg()?)

@)
O (exp( n"/ Y (20 — 1)klogn)
O (exp(—n"/)) .

O

Now let Zyx be the number of copies of elements of D, in I' rooted at x. Note
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that 7, = ZFeDZ Y. We have

> 2p2€n227(k71) . Z E[YHF]
FeDy

]P[Zx > 2p2£n2£7(k71)] <P [ Z (YHF - E[YHF])

FeDy

en | 1 o
g P Z |YHF _E[YHFH > §p28n2£ (k 1)]
LEED,
20, 20— (k—1)
pn
< P|{|Yy. — EY, >

FeDy

= O (D] exp(n~)) ,

where the last inequality follows from the union bound together with the fact that if the average
of the values | Yy, — E[Y4q,.]| is at least %

large. Finally, the result follows by the union bound over all (£ — 1)-tuples x in V' (I). O

, then at least one of the values has to be that

We are now ready to prove Lemma 2.13.

Proof of Lemma 2.13. Let x be a (k — 1)-tuple in V(I") and P be a set of at least (upn)¢ tight
paths in I with ¢ 4+ (k — 1) vertices and rooted at x. Let () be the set of end-tuples we reach
from x with paths in P. For each q € @), let P, be those paths in P that end in q. Note that,
for q € (@ and distinct elements P, P’ € P,, we have P U P’ € D,. Thus for each q € @),
there are at least @ ('7;"') copies of elements of D, in [ rooted at x and ending in q (we divide
by (2¢)! since there are at most (2¢)! ways the union of two paths in P could result in the same
copy of an element of D,). Hence the number of copies of elements of D, in I rooted at x is at

least gyt
L [Py Q| (5 (ppn)*
Samls) > el 9 ) i

qQeqQ

where the penultimate inequality follows by Jensen’s inequality. Thus, by Lemma 2.15, we have

a.a.s. .y
20, 20—(k—1) ~ (ppn)

2p°n Z =
4(20)!Q
and thus
e k—1
> -1
Q= oo™
Moreover, an analogous argument shows the result for spike paths. [

Together with the definition of tuples that are (g, p, £)-good for S, Lemma 2.13 implies the
following.
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Corollary 2.18. Foranyy > 0andany( < € < }17, and integers s, k > 3, and { > %qu— 1,
there exists v > 0 such that in I = G%)(n,p) a.a.s. the following holds when p = n='*7.
Let G C T satisfy 6,-1(G) > (3 +v)pn. Let S, S" C V(T') be sets with |S| < inand |S'] < s.
Let X be a (k — 1)-tuple, which is (g, p,{)-good for S. Then there are at least vn*~" differ-
ent (k — 1)-tuples 'y, such that there exists a tight path in G of length { with ends x and y
and no vertices of the path in S U S’ except for possibly some of the vertices in x. Moreover,
when (k — 1)|{, the same holds for spike paths in G of length (.

Proof. We only prove the statement for tight paths as it is easy to see that the proof can be adapted

for spike paths. We set u = %ﬂ’ and v = g’%. Suppose that the good event of Lemma 2.13,
with input 7, k, and g, holds for T' = G*)(n, p).

Given G and x as in the lemma statement, let x = (a:l, . ,:zck_l). We construct
tight paths xy ...xp. 1 rooted at x by choosing vertices zy, ..., s r_1 one by one as fol-

lows. Foreach k < i < ¢+ k — 1, we choose z; such that z; &€ S U S U {zy,...,2; 1}
and {z;_g41,...,2;} € E(G). Ifi < £+ k — 1, we insist in addition that {x; . o,...,2;}
is (e,p,0 — (i — k + 1))-good for S. Since x is (g,p,¥{)-good for S, for each
k < i < {+k—1, the number of choices for each z;, such that {z; 41, ..., x;} is an edge of G,
x; &€ SUS' U{xy,...,x;1}, and {z;_pi0,...,2;}is (e,p, £ — (1 — k + 1))-good, is at least

(2 4+7)pn—(p|S| +epn) —s— € — (k—1) —epn
>(y—2)pn—s—L—(k—1) = 3vpn.

Let P be the set of tight paths constructed in this way; then we have |P| > (}ﬂpn)e = (upn)*.
Since the good event of Lemma 2.13 holds, the number of end (k — 1)-tuples of these paths is

20 .
at least 5’(‘27)!71’“_1 = vnF1, as desired. ]

2.5. Connecting lemma

The next lemma will enable us to connect two (k — 1)-tuples, which are (¢’, p, £)-good for some
set .S, by a path of length at most ¢ avoiding S.

Lemma 2.19. Given k > 3, and v > 0, there exists an integer { such that for any inte-
ger s the following holds. For any d,n > 0, any 0 < & < }lfy, any integer toy, any small
enough v, e, > 0, any functions ¢, f, fr, : N — (0, 1] which tend to zero sufficiently fast,
and any large enough t,,t, € N, the following holds a.a.s. in T = G%)(n,p) with p > n='%.
Suppose G C T is an n-vertex k-graph with 6,_1(G) > (3 + 7v)pn, that (P;,P}) is
a (to,t1,t2, ek, e(t1), fu(tr), f(t2), p)-strengthened pair for G, and that t is the number of 1-
cellsin P;. Let R" C R = Re, a(G; Py, P}) be an induced subcomplex of the (e, d)-reduced
multicomplex of G on at least (1 — v)t 1-edges and assume that it is tightly linked. Further,
let S C V(G) be such that |S| < n and it intersects all 1-cells of R' in at most an (1 — n)-
fraction. Then for any two (k — 1)-tuples x and y, which are (¢', p, {)-good for S, and any set S’
of size at most s, there exists a tight path of length { with ends x and y.

To prove this we use the following lemma, which allows us to connect a fraction of any good
(k — 1)-cell to a fraction of an adjacent good (k — 1)-cell, where adjacency is with respect to
regular polyads.
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Lemma 2.20. Given k > 3 and v > 0, there exists an integer { such that for any inte-
ger s the following holds. For any d,n,v > 0, any ty € N, any small enough ¢, > 0, any
functions ¢, f : N — (0, 1] which tend to zero sufficiently fast, any integers to > t; > to,
and any small enough f,, > 0, the following holds a.a.s. in T = G®(n,p) with p > n='*.
Suppose G C T is an n-vertex k-graph, that (P}, P}) is a (to, t1,t2, e, €(t1), fi, f(t2), p)-
strengthened pair for G, let H := P(Q; P¥) be a regular polyad in the reduced complex
Re,.a(G5P:Pr), Vi, ..., Vi its underlying 1-cells, and S C V(G) is a set intersecting each
of these in at most an (1 — n)-fraction. Further, let Ey and E, be the two (k — 1)-cells of H
missing Vi and V}, respectively.

Let the tuples in Ey and E), be ordered according to Vi, ..., Vy. Then there is E), C Ej,
with |Ey| > (1 — v)|Ey|, such that for any x € E), and any set S’ of at most s vertices there is
a tight path from x to 'y of length { with internal vertices not in S U S’ for a (1 — v)-fraction of
the tuples y € E;.

With this lemma and Corollary 2.18 it is straightforward to prove Lemma 2.19. We will
prove both, Lemma 2.19 and 2.20, in Section 4.

2.6. Fractional matchings

While the clusters of a regular partition are all the same size, and are still about the same size
after we remove the reservoir set, the reservoir path may intersect the clusters in very different
amounts. When we extend the reservoir path to an almost-spanning path, this means we need
to use different numbers of vertices in the different clusters. To guide the construction of the
almost-spanning path, the following lemma returns a fractional matching in the cluster graph
such that the total weight on each cluster is at most the fraction of vertices still to use in that
cluster, and the total weight of the fractional matching is very close to % times the fraction of
vertices in total still to use.

Lemma 2.21. Let H be an m-vertex k-complex, and let w : V(H) — [0,1] be a weight
function. Given ¢ > 0, suppose that H has at least (1 — €)m edges of size 1, and that for
each 1 < i < k — 2, each i-edge of H is contained in at least (1 — €)m edges of size i + 1.
Finally suppose that each (k — 1)-edge of H is contained in at least (3 + ~v)m

2
edges of size k, and suppose 3 _,pyw(v) = (1—7)m.  Then there is a weight

function w* : E(H®) — [0,1] such that for each v € V(H) we have Y. w*(e) < w(v)

and ¥,y (00 () > (Socrm wlv) —em) - 1

esv

Proof. Consider the linear program

maximise Z w*(e) subject to Zw*(e) < w(v) foreachv € V(H) and w*(e) > 0.
ecE(H®)) esv

The dual program has variables y : V(H) — [0,1] such that for each e € E(H™) we
have }° .. y(v) > 1, where we minimise } .\ y(v)w(v). Suppose that y is a feasible solu-
tion to the dual program.
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We order V (H) according to decreasing y. We find a k-edge of H as follows. We take the
last v; such that {v;} is a 1-edge of H. Then for each 2 < i < k in succession, we choose the
last vertex v; such that {v;, ..., v;} is an i-edge of H.

For each 1 < i < k — 1, since by construction {vy,...,v;_1} is an (i — 1)-edge of H, there
are at most em choices of v; which do not give an ¢-edge of H, and in particular v; will be at
or after position (1 — £)m in the order. Finally since {v1,...,vx_1} is a (k — 1)-edge of H,
necessarily vy, will be at position at or after (3 -+ ~)m in the order.

Suppose that the vertex v of H at position (1 — £)m in the order satisfies y(v) = a, and
let y(vr) = b. Then we have (k — 1)a + b > S°r_ y(v;) > 1, where the second inequality
is since y is feasible for the dual program. On the other hand, let o denote the sum of w(u)
over vertices u equal to or earlier in the order than vy, and let § denote the sum of w(u) over
vertices u after vy but not after v (where v is at position (1 — £)m in the order). Then we
have 3y g w(v)y(v) = ab + fa.

We view this as an optimisation problem: given 0 < a < b < 1 such that (k — 1)a
minimise ab + Sa. Trivially we can assume the minimum occurs for (k — 1)a + b
since k > 2 and a > (3, the unique minimum occurs when a = b = %

Thus we have }_ g w(v)y(v) = (a+ B) - + for any feasible solution y to the dual
program, so the value of the dual program is at least (o + f3) - % By the Duality Theorem for
linear programming, the value of the primal program is the same. Finally since w(v) € [0, 1] we
have }_ g w(v) < a+ B+ em, and the lemma follows. O

—i— > 1,
= nd

2.7. Reservoir path

Definition 2.22 (Reservoir path). A reservoir path P,.s with a reservoir set R C V(P,) is a
k-uniform hypergraph with two (k — 1)-tuples v and w, such that for any R’ C R, P, contains
a tight path with the vertex set V' (P,es) \ R and end-tuples v and w.

Lemma 2.23 (Reservoir Lemma). Given k > 3, v > 0, and ' € N, there exist an inte-
ger ¢, such that for 0 < & < }ﬁ, 0 <d< %7, large enough t,, small enough v,c;, > 0,
any functions ¢, fr, f : N — (0,1] which tend to zero sufficiently fast and any integers
ty =t > tgy the following holds a.a.s. in T = G®(n,p) with p > n~'. Suppose G C T
with 0,_1(G) = (5 +~)pn, that (P}, P;) is a (to, t1, ta, ex, e(tr), fu(tr), f(t2), p)-strengthened
pair for G, and that t is the number of 1-cells in P;. Let R = R., a(G; P:, P}) be the (cy, d)-
reduced multicomplex of G and let S be the union of the 1-cells that are not in R. Then
given R C V(G) with |R| < vn there exists a reservoir path P, in G with reservoir set R
and ends v and w, such that v, w are (&', p, (')-good for S UV (Pes) and |V (Pees)| < ¢|R).

We prove Lemma 2.23 in Section 5.

3. Proof of Theorem 1.1

Proof. Given v > O and k > 3, let {,,,, > k_l + k be returned by Lemma 2.20 for input k

and . Similarly, let ¢, ,, be glven by Lemma 2. 19 with input k and 1 7 Let v, s be returned by

Corollary 2.18 for input v, € = 47, s=k, k,and ¢,,,, and let v,,, = 4VC2.18 Let c be the integer
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returned by Lemma 2.23 for input ~, k£ and /,,,, and then let %7 >d > 0. Letty > k!ygfm be
sufficiently large for Lemma 2.23 with input as above, ¢’ = %7 and d and s = 3/, ,, + 3k, and
for Lemma 2.5 with input £ and d.

We then choose Vs < % such that 21, is sufficiently small for Lemma 2.23 with the given
input and v,,,, > 0 is small enough for Lemma 2.19 with input as above and n = % g = %7.
We let 75, = 1070051 et Next we choose g, < 1075k vk vF nF  small enough for
Lemma 2.20 with input as above and s = £,,,y, d, 7220, V22, and e’ = %7, for Lemma 2.23 with
input as above, and also such that 2%}551@ is small enough (as ¢;) for Lemma 2.19 with input as
above.

We choose functions ¢, fi,, f : N — (0, 1] such that \/€, 2v " . and /f are all smaller
than ¢, small enough (as ¢, fi, and f, respectively) for each of Lemmas 2.19, 2.20 and 2.23
with the above inputs, and that for each ¢, both £(¢) and f(t) are small enough for Lemma 2.7
with input k, & = 3$14e and dy = 4. Let 7, and T}, be returned by Lemma 2.4 for
input k, tg, s = 1, ex, &, fr, f.

Given n, let p > n~'"7. Let L be a set of at most 7},,! — 1 vertices in [n] such that n — ||
is divisible by 7;,,!. Suppose that r=ag® (n,p) and its induced subgraph I = I — Larein
the good events of Corollary 2.18, Lemmas 2.20 and 2.23 with inputs as above and Lemma 2.12
with input %vures and k. Suppose that I" and all its subgraphs are (7,,,, p)-upper regular, which
by Lemma 2.11 holds a.a.s. In addition, suppose that I" satisfies the following: if R is a set of
vertices chosen independently with probability 1,5 from V/(I'), then a.a.s. I'[R] is in the good
event of Lemma 2.19 with input as above. Note that this last event occurs a.a.s. for the following
reason: if we first choose [? randomly then expose the edges of I', a.a.s. we obtain a set R of
size (1) v4esn, and given this Lemma 2.19 states that a.a.s. I'[R] will be in the good event. Thus
the probability of obtaining a pair (R, I") such that I'[R] is not in the good event of Lemma 2.19
is o(1), and it follows that, for any ¢ > 0, the probability of choosing I" such that ( I'[R] has
probability at least ¢ of not being in the good event of Lemma 2.19 ) is o(1).

Given G C T with 5k_1(é) > (% + 27) pn, we remove L to obtain an induced sub-
graph G with T;,,!|v(G). Observe that 6,_1(G) > (3 + 7)pn. We apply Lemma 2.4 to G,
with input as above, to obtain a (to, t1,to, e, e(t1), fu(t1), f(t2), p) -strengthened pair (P, P;),
where ) < t; < to < T.,,. Let t be the number of clusters of P.; by definition we
have to < t < t;. Applying Lemma 2.5, we see that the (&, d)-reduced multicomplex R

of G, with respect to this strengthened pair, has at least (1 — 45,1€/ k)t 1-edges, every (k —1)-edge
of R is contained in at least

14 o9 _ ok+2 1/k (= 11 )
(3+v—2d—2"¢/" ] ] d, > (3+3)t] ] d:
=2 i=2

k-edges, and every induced subcomplex of R on at least (1 —~ + 2d + 2k +2¢ 1/ Mt < (1- 1)t
vertices is tightly linked, where both inequalities use that d and ¢, are chosen small enough.
We choose a subset R of [n] by selecting vertices uniformly at random with probability v/ye.
A.as. we have |R| = (1 % 0(1))t4esn. By Chernoff’s inequality and the union bound, a.a.s.
for each V which is a part of either P, or Py, we have |V N R| = (1 =% 0(1))vyes|V|. Further-

more, for each S which is the neighbourhood in G or in I" of some (k — 1)-set of vertices, we
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have |S N R| = (1 =+ 0(1))4es| S| (recall that any such set S has size at least 1pn > n?/?).
Finally, by our assumption on I', we have a.a.s. that I'[R] is in the good event of Lemma 2.19
with input as above. Suppose that R is such that all of these likely events occur.

We apply Lemma 2.23, with inputs as above, to find a reservoir path P,.s in G with reser-
voir set R whose ends are v, and w,, such that v, and w,., are both (}ﬂ, P, l122)-good for
S UV (Pes), where S is the union of all 1-cells not in R, and such that ’V(Pres)| < ¢|R| < $yn.

We now aim to extend P, from its end wy, to a path Pyt covering almost all vertices
of G. To begin with, let R’ denote the complex on V' (R) obtained by letting ¢’ be an edge of R’
whenever there is an edge e of R such that vertices(e) = ¢’. Thus the 1-edges of R and R’ are
identical, and it follows inductively from the definition of an (¢, d)-reduced multicomplex that
for each 1 < ¢ < k — 2, each i-edge of R’ is contained in at least (1 — 2i+2€,1€/k)t (7 + 1)-edges,
and each (k — 1)-edge of R’ is contained in at least (3 + 17)¢ k-edges. We define a weight
function w on V(R') as follows. Given a cluster V; € V(R'), if |V; \ V(Pies)| < 2n12207%, We
set w(V;) = 0. Otherwise, we set

_ |V; \ V(Pres)| - 277L2.20%
(1 - Vres)%

w(Vi)

Note that since |V; \ V(Pes)| < [Vi \ B| < (1 + 0(1))(1 — t4es) 2, this weight function takes
values in [0, 1]. Furthermore, we have

n— |V<Pres)| - 27]L2.20n 1
> wv) = TETE: > (1—19)t.
VeV (R') t

This is the required setup to apply Lemma 2.21, with input 2k+2€,1€/ " and %7. The resultis a weight
function w* : E(R'™) — [0, 1] such that for each V; € V(R’) we have 3., w*(e) < w(V}),
and

n — |V(Pres)| - 277L2,20n - 2k+3€llc/kn

(> w)- k22 k) > 1.

g
E*

©
\Y%

Bl

c€R/M) VeV (RY) (1= Vres) §
> 1. n—- ‘V(PYBSN — 3220t
k (1 — tyes)2 :
res t

Recall that R is tightly linked, even if an arbitrary set of %fyt vertices is removed. If a

cluster of P. has w-weight zero, then it contains at least 5; vertices of P, so there are at
most w = devpest < %vt clusters with w-weight zero. In particular, the submulticom-
plex of 'R induced by removing clusters of w-weight zero is tightly linked.

We next construct a path Pyt extending P, from wy. as follows. Recall that weg
is (37, P, li2x)-good for S UV (P,). To begin with, we use Corollary 2.18 to obtain a col-
lection of (k — 1)-tuples, of size at least Ve isn® 71, each of which is the end-tuple of a path of
length /,,,, starting at w,.; whose vertices, other than those in w,g, are disjoint from V' (Pg).
Note that all these tuples are by construction outside V' ( P,s) and so also outside R. By defini-

tion of a strengthened pair and (&, d)-reduced multicomplex, and choice of ¢, and ¢y, at least
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half of these end-tuples are contained in (k — 1)-cells of P which are in R. In particular,
by averaging there is a (k — 1)-cell of R, with clusters in a given order, fj, such that at least
a %chllg-fraction of these end-tuples are in f in the given order. Let Py = P, and let () denote
the set of (k — 1)-tuples in f, which are ends of paths of length ¢,,,, starting from wg := Wy
whose vertices outside w are disjoint from F.

We order arbitrarily the k-edges of R’ with positive w*-weight, and for each j, let g; be a
k-edge of R whose vertices are the same as the jth k-edge of R’; we let w*(g;) be given by w*
at the jth edge of R'. We now create a sequence eq, ... of k-edges of R as follows. To begin
with, we choose a tight link in R from fj to a (k — 1)-tuple in g; using only clusters of positive
weight, and we let the first edges ey, ... be the edges of a homomorphic copy of a minimum
length tight path following this tight link. We then repeat g; in the sequence

k(1 — VreS)% -w*(g1)
—

times, follow a tight link to g5, and so on. When we follow a tight link, we always do so such
that the edges ey, ... form a homomorphic copy of a tight path in R, using only vertices whose
weight according to w is positive; this is possible since the vertices of each g; have weight at
least w*(g;) > 0, and since the positive-weight induced submulticomplex of R is tightly linked.
Note that the number of repetitions of ¢, fixes the ordered (k — 1)-cell in the boundary of ¢;
) ¢ 2"

from which we follow a tight link to g, and so on. .
Since R is a bounded size multicomplex — it contains in total at most ¢¥ ~t$2) ot
edges of size k — the total number of edges e, used in following tight links is at most 4k> - t%kﬂ.

We now use the following procedure repeatedly for : > 1. We are given F;_; which is a path
from v,es to w;_1, an ordered (k£ — 1)-cell f;_; of R (which is contained in e;_; and also in ¢;),
and a set ();_1 of (k — 1)-tuples in f;_; which are ends of paths of length ¢,,,, from w;_; whose
vertices outside w;_; are disjoint from P;_;. We suppose ();_; contains at least a 21/, ,,-fraction
of the (k — 1)-tuples in f;_;. We let f; be the (k — 1)-cell in the boundary of e; on the last k — 1
clusters of ¢;, with the order inherited from e;.

By Lemma 2.20, with input as above, and S = V' (P;_;), and choice of 1, ,, there is a tuple w;
in ();_1 such that the following holds. Let P; denote the extension of P;,_; to w; by adding a
path of length /,,,, witnessing w; € Q;_1; let S’ be the vertices V(P;) \ V(P;,_1). There is a
set (Q; of (1 — 14,,,)-fraction of the tuples of f;, each of which is the end of a path of length 7, ,,,
from w;, whose vertices outside w; are disjoint from V' (P;_;) and from S’. Note that this is
the setup required to iterate the application of Lemma 2.20, provided that we ensure that at no
stage does S = V(P;_1) intersect any cluster of ¢; in more than a (1 — 7,,,)-fraction. This is
guaranteed for the following reason. Given a cluster V; of P, if w(V;) = 0 then V; is not a vertex
of any e;. If on the other hand w(V}) > 0, then the total number of vertices used in V; is at most

- t k(1 — tes)2 .
lian - 4k3 : t%H + 20155 - (k ' ) + Zlec'zo ’ L Z w (gi),

—1 l
L2.20 9i 9‘/]'

where the first term counts vertices used in following tight links, the second accounts for the
rounding up in the weighting at each edge g; containing V; and the (at most) one vertex per g;
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extra since the tight path may use one more vertex in some clusters than others (since ZL’TZO
may not be an integer). Note that these first two terms are bounded from above by a constant.
Since > oy, w*(9:) < w(V;), we see that the number of vertices used in V; is at most

k(1 =) T . .
O(l) + ZLI'CQO : L. W(%) — O<]-) + |V3 \ V(Pres)| - 27]1‘2.20? < }V] \ V(Pres)| - 77L2.20? )

g L2.20

and in particular at all times at least 7;,, % vertices remain in V;. We let Pyjyost denote the final
tight path from v, to w,;, obtained by this procedure.

Observe that, just counting repetitions of the g¢;, the total number of vertices
}V(Palmost) \ V(Pres)‘ is at least

k(1= Vres) & . .
Tot . Z w (6) > k(l — Vres)? .

ecR/(k)

n- ’V(Pres)l — 3Masent
(1 - Vres)%
=n— ‘V(Pres)‘ — 3M2zom -

ngAzo :

Bl

It follows that 7 — |V (Pamost)| < 3niaon. Let L = (V(G) \ V(Pamoss)) U L. Recall that L
is the set of at most 7;,,! — 1 vertices we removed from G in order to guarantee the required
divisibility condition.

Our final task is to extend P05, re-using some vertices of R, to cover the vertices of L and
connect the ends. Critically, observe that |L| is much smaller than | R|, and that by assumption
on I' and R, the good event of Lemma 2.19 holds for I'[R], for the input given at the start of
the proof. Recall that G[R] has minimum codegree at least (3 + 37)p|R|. Let Py, and P;,
denote the families of partitions obtained from P; and P} respectively by reducing each cell to
only those elements contained in . By Lemma 2.7 and choice of ¢, ¢, f and f, (P7,., Pj,) is

a (to, t1, to, 2Uler, /e(th), 2v X fr, A/ f (t2), p)-strengthened pair for G[R]. Let R, denote the
multicomplex obtained from R by replacing the cells of P with those of P;,.. Note that R, is still
the (e, d)-reduced multicomplex for this strengthened pair, so it is contained in the (2v,*ey,, d)-
reduced multicomplex.

Let S.; = @. We now construct for « = 0,1,... two disjoint tight paths P, ; and P, ;
and S; = V(P,;) UV (P, ), where one end of P, is Vies and the other, v;, is (%w/res,p, lioo)-
good for S;_1, and P,; contains ¢ vertices of L and all other vertices, except those of v,, are
in R. Similarly one end of P, ; is Wa, and the other, w;, is (iw/res, P, lia1s)-good for S; 1,
and P, ; contains 7 vertices of L, not in P, ;, and all other vertices, except those of W, are
in R. We do this as follows. To begin with, we find a tight path P, of length £ — 1, one of
whose end tuples is @ and the other of which, vy, is contained in R. Recall that every (k — 1)-
set in V(@) contains at least (1 + 1+)p|R| edges of size k with the extra vertex in R, so in
particular we can greedily build the required path of length k£ — 1. We construct P,, o from w,
to w similarly. Observe that, by definition, both v, and wq are (}lfyyres, P, ls10)-good for S_;.

Now suppose ¢ > 1 and that we have constructed tight paths P,;, ; and P, ; ; as
above, whose ends v,_; and w;_; are both (%ﬂVres, P, ly)-good for S; o, and we
have |S;_1] < 4( — 1)f,,. We first extend P,;_; to a path P,; as follows. We choose
any u € L\ S;_; and vertices vy, ..., v,_o from R\ S;_; such that the tuple (u, vy, ..., v5_2)
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is (}ﬂyres,p, U + k — 1)-good for S;_;. This step always succeeds, as o(n) of these tu-
ples are not (}ﬂ”res» Pyl + k — 1)-good for S;_1, by the good event of Lemma 2.12 as-

sumed above. Then we can easily choose additional vertices vg_1, u1, ..., u,_1 from R\ S;_;
such that for j = 1,...,k there is a k-edge {u;,...,ux—1,u,v1,...,v;_1} and the tuples
vi = (v1,...,051) and u = (uy,...,up_1) are (%yyres,p, l1,1)-good for S;_;. For exam-

ple, there are at least (5 + 17)p|R| edges {u, v1,...,v—1} in G with v,_; € R, of which at
most p|S| + Iyespn < 3p|R| have vy € S;; and at most 7yr4espn are such
that (v1, ..., vg_1) i8 DOt (3YVhes, P, lio1o + k — 2)-good for S;_;.

Next, with Lemma 2.19, we connect v;_; to u with a tight path of length /,, ,, and internal ver-
tices not in S;_;. Note that here we added the set S’ containing the vertices V' (P, ;1)\ V (P, ;-2),
V(Pyi-1) \ V(Py,i—2),and {u, vy, ... ,v,_1} and that |S"| < 2/,,,, + 2k. To see that the condi-
tions of Lemma 2.19 are satisfied, recall that |.S; 1| < 4(7 — 1)€1,,0 < 67,2001,0m. By the choice
of 71,0, this is at most ;11|R] and there can bet at most v, ,,t 1-cells in R, which intersect .S;_;
in at least a %-fraction. We then let P, ; be the path obtained by concatenating P, ;_, the path
from v;_; to u, and the path from u via u to v;.

If there remain uncovered vertices in L, we repeat the same procedure to extend P, ;_;
to P, ;, where in the last step we also add the vertices from V (P, ;) \ V(P,;—1) to S" and
get |S’| < 30.,,, + 3k. Note that afterwards with S; = V (P, ;) UV (P,;) we have |S;| < 4il,,,,
and all conditions of P, ; and P, ; needed for the next iterations are satisfied. We stop this pro-
cedure as soon as all vertices of L are used; we let P, denote the final P, ; with end tuple v = v;,
and P,, denote either P, ; or P,, ;1 (depending on whether |L| is even or odd, respectively) with
end tuple w either w; or w;_1, respectively. Finally we make a last use of Lemma 2.19 to find a
tight path in R whose interior vertices are disjoint from V (P,) UV (P,), and whose ends are v
and w. This is possible for the same reasons as above. Concatenating these three tight paths, we
obtain a tight path P,,., whose end tuples are w,),,, and v,, such that L. C V' (P.yer), and such
that all interior vertices of P, are contained in L U R.

Let R’ denote the set of vertices V ( Peover) N R. By the reservoir property of P, there is a
tight path P whose end tuples are identical to P, and whose vertex set is V' (Pres) \ R'. We
replace Pres with P, in Pyjmes to obtain a tight path P . whose end tuples are identical to
those of Pyjmost and whose vertex setis V' ( Pamost) \ R = X{(@) \(LUR'). Concatenating P}

and P,..r, We obtain the desired tight Hamilton cycle in G. ]

4. Connecting within the partition

In this section we prove Lemma 2.19 and 2.20. For the first, the strategy is to expand from the
tuples x and y using Corollary 2.18 and then connecting two of the many ends that we found
with Lemma 2.20 by following a tight link given by Lemma 2.5.

Proof of Lemma 2.19. Let k > 3 and v > 0. Further let /,,; be the smallest integer exceed-
ing % + k — 1, and let /,,,, be given by Lemma 2.20 on input k and ~y. Let h be the shortest
length of a tight path which admits a homomorphism to the edges of a tight link with first £ — 1
vertices going to the start (k — 1)-tuple of the tight link in order and last £ — 1 vertices go-

ing to the end (kK — 1)-tuple of the tight link; let o be such that they are in the order p. We
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let ¢ := hly,,, + 20, s + 2. Further let s be any integer, and set Sc, ;s = 5 + {15, and s;,,, = £.
Thenletd,n > 0,0 <&’ < %7, and v, s be given by Corollary 2.18 on input with v, €, sc, s, k,
and /(c, 5. Next, let 1,0, V.., ¥ > 0 and an integer ¢, be such that

1 k—1 1 1 k 1
Mo < UL 611500 < Tian0 (k - ]-)!VL2.20 < Vs,  V < aVcoiss and o < gVcas-

Thenlete;, > 0, functions e, f : N +— (0, 1]), integers ¢1, t5, and f; > 0 be such that Lemma 2.20
is applicable with input as above and s, , ., d, 7120, Y1220, and to. We additionally require that £(¢;)
is small enough for Lemma 2.6 with input k, & = 7,2, e = 3, and dy = %

Given n, let p > n~'*7. Suppose that I' = G*) (n, p) is in the good events of Corollary 2.18
and Lemma 2.20. Let G C T be an n-vertex k-graph with 6,_,(G) > (5 + 7)pn. Further, sup-
pose that (P:,Pf) is a (to,t1,t2,ck,6(t1), fr, f(t2), p)-strengthened pair for G,
let R = Re, a(G; Pz, Py) be the (e, d)-reduced multicomplex of G, and let ¢ be the number
of 1-cells. Then let R’ C R be an induced subcomplex of R on at least (1 — v)¢ 1-edges, as-
sume that it is tightly linked, and fix the coarse density vector d = (dj_1, ..., dy) with d; > t;!
fori =1,...,k— 1. Further, let S C V(G) with [S| < $n be such that it intersects every 1-cell
of R’ in at most an (1 — n)-fraction. Next, let x = (z1,...,25-1) andy = (y1,...,Yk—1) be
two (k — 1)-tuples, which are (¢, p, £, 5)-good for S and also fix a set of vertices S’ of size at
most s.

From now on we will solely work in R’. To avoid clashes when constructing the paths we
arbitrarily split the vertices in V' (G)\ (SUS’) into two sets T and 7}, such that each of them inter-
sects every 1-cell in the same number of vertices and, in particular, more than an 7,,,,-fraction.
We then define Sy := S UTy and S, := S U T. For any coarse (k — 1)-cell E' we get by

k-1
Lemma 2.6 that |E| < 3 (%)k_l Hf:; di( ’ ) Similarly, applying Lemma 2.6 to the 1-cells re-

k—1
stricted to Ty and T}, respectively, we get that [E\ SE~![, [E\S§ '] > & (nu}m%)k_l | dl.( ") .
Therefore, we have

B\ [E\SEY 1
| \\E|x . \|E|y |/§775223>2VL2.20 for all (k — 1)-cells . @1

We apply Corollary 2.18 with S, S” = 5" U {y1,...,yx—1}, and x to obtain a set X
of vy snF~1 different (k — 1)-tuples x that are reachable from x by a path of length /.,
with no vertices in S U S” but possibly some of x. We now want to estimate how many
of the tuples from X we cannot use. By assumption, in R’ there are at most vt 1-cells

1

missing, which accumulate to at most ut%nk_Q < ZVCZAlgn'“_l tuples. Also, there can be at

most (k — 1)%71"3_2 < %ch_lgnk_l tuples which are not crossing with respect to the partition.
Therefore, we have at least %ch_mnk_l > (k— 1)!VL2_20n"”_1 usable tuples in X and there exists a
coarse (k — 1)-cell Ey, such that at least a v, ,,-fraction of this cell is contained in X and they
all have the same ordering.

As R’ is tightly linked, we can fix a k-edge Hy := P(Qx, P¥) in R’ that contains Ey. By
Lemma 2.20 applied with Sy to Hy and another (k — 1)-cell E; from H,, using (4.1), there
exists a (k — 1)-tuple xo € (X N Ey) such that for a (1 — v,,,)-fraction of the tuples x’ € F;
there exists a tight path of length ¢,,,, from x to x” with internal vertices not in S, U S” for any

set S” of at most s, ,,, vertices.
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We repeat the above for y with Sy and S” the union of S’ with the set of all vertices on
the path from x to xo, where |S”| < s + (1,5, = Sc,js. From this we obtain Y, Ej.q, E),, Hy,
and x,,1 € Y N Ej; with the analogous properties as above. As the 1-cells of Ej are incident
to at most (k — 1)2n*"2 < tve,yn*~! (k — 1)-tuples we can assume that Ey and Ej, use a
disjoint set of 1-cells and, therefore, the paths starting in xy and x; 1 do not overlap.

We will now use that, by assumption, R’ is tightly linked to connect x; to x;;. We apply
tight linkedness with u being the clusters of £ in the order induced by the order of xy on Hy,
and g‘l(v) defined similarly on H,. By definition of & and p, there exists a sequence of h

edges E1, ..., B, that give a homomorphism of a tight path, from u to v in that order, and the
edges F; and F;,; are contained in a k-edge of R' fori =1,...,h — 1.
We will connect x; to x;,.1 by following Ey, ..., E}. Assume that forsome: =0,...,h—2

we have a tuple x; in F, tight paths from x to x; and from y to x;, 1 with no vertices in S U S’
but possibly some of x and y, and denote the set of vertices of these paths by S”. Further assume
that for at least a (1 — 1/,,,)-fraction of the (k — 1)-tuples x’ from E; ,; there exists a tight path of
length at most £, , ,, from x; to x’ with no internal vertices in S, US”. Then we apply Lemma 2.20
with S, U S” to the k-edge of R’ containing F; and E; - to obtain with (4.1) that there exists
a (k —1)-tuple x;, 1 from E; 1 \ (S US”)*~1 with a path from x; to x;,; of length £,,,, with no
internal vertices in Sy U S”, such that for at least a (1 — 1/,,,)-fraction of the (k — 1)-tuples x’
from F; 5 there exists a tight path of length at most ¢, ,,, from x; 1 to x” with no internal vertices
in S, U S” for any set S” of at most s,,,, vertices. This implies the condition above for i + 1 and,
therefore, we can advance to the next step.

For the final step let S” be the vertices on the tight paths from x to x;,_; and from y to xj, 1
that we now have and note that |S”| < sp,,. Observe, that for a (1 — 214,,,)-fraction of the
(k — 1)-tuples x’ from E},_; there exist a tight path from x;,_; and x, 1 to X’ avoiding Sy U S”
and Sy U S” respectively. Then, by (4.1), there exist an x;, in Fj,_; \ (SU S’ U S”)*~! and two
paths from x;,_; to x; and from x; to x; of length /,,,, that only overlap in x;. This finishes
the path from x; to x;, 11 and, therefore, we have a path from x to y, of length ¢ with no internal
vertices from S U S’. O]

The proof of Lemma 2.20 is fairly long and intricate. Before explaining it, however, let
us sketch an easier version. Suppose that £ = 2 (i.e. we are dealing with graphs, not hyper-
graphs) and rather than having two clusters which are adjacent in the reduced graph, we have
a path of ¢ + 1 clusters Vi, ..., V;, Vi4q in the reduced graph. We want to show that for most
vertices © € V, there is a path from x to y for most y € V,,;. To begin with, we look at the
fine parts within V,. We discard those fine parts which do not form ( f5, %d, p)-regular pairs with
most fine parts in V. 1; by definition of the reduced graph, there are few such, and we let X, be
the remaining subset of V. Next, foreach: = ¢—1, ..., 1 we discard from V; those vertices with
fewer than (d — e5)p|X;41| neighbours in X, to obtain X;. Again, by regularity we discard
few vertices at each step, so X is most of ;. Now if we choose any x € X7, we claim there is
a path from x to y for most y € V.

To see this, note that there are many paths which start at x and go out to X,: we can con-
struct these paths greedily starting from z, and we have at least %dpﬂfil choices in each Xj.
By Lemma 2.13 and choice of /¢, there are linearly many different endvertices of these paths
in X,. We call this the coarse expansion. However the number of these endvertices will be
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much smaller than e5|X,|, so we cannot use the coarse regularity to say anything about the set
of endvertices. This is where we need the fine partition: we can ensure the fine regularity con-
stant f5 is so small that the number of endvertices is much larger than f5|X,|. By averaging, there
is a fine part Z contained in X, which contains a set Ry of endvertices, where |Ry| > f2|Z].
Now Z forms a ( f2, %d, p)-regular pair with most fine parts in V; ;. For any such fine part Z’, by
(fa, %d, p)-regularity, the set Ry of vertices in Z’ which we cannot reach, i.e. which do not send
an edge to R, is of size at most f>|Z’|. In other words, we have found, for most fine parts 2’
in V1, a path from z to most vertices of Z’; that is the desired paths to most vertices of V.
We call this second step the fine expansion.

It is fairly easy to see that this strategy still works with sets S and S’ to avoid. It is also
not very hard to modify it to work with one regular pair rather than a path of regular pairs: we
split off a small fraction of each cluster to use for the coarse expansion (and we do not reuse
this part for the fine expansion). What is not, however, so easy is to make this argument work
for k-graphs for k£ > 3. The coarse expansion step works much as described above, but the fine
expansion requires more care. If we are given £ = 3 and a regular polyad on parts (X,Y, Z),
and a significant fraction of the XY 2-cell are marked as end-tuples of tight paths from some
given x, then we cannot necessarily conclude that almost all pairs in the Y Z 2-cell are end-tuples
of tight paths from x. We can only conclude this for those pairs whose vertex in Y is also in many
marked pairs. However this does then imply that most vertices of Z are in Y Z pairs which form
an edge with a marked pair, and taking another step, using another regular polyad (Y, Z, W), we
can finally argue that most ZW pairs are end-tuples of tight paths from x; so the ZW pairs play
the same role as Z’ in the argument sketched above. For higher uniformity, we generalise this
argument; in uniformity k£, we need k£ — 1 steps.

Before we prove Lemma 2.20, we give the following lemma, which deals with the fine ex-
pansion mentioned above. We will also reuse it in proving Lemma 2.23.

Lemma 4.1. Given k > 3 and 0, dj, > 0, for all sufficiently small f; > 0 we have: given dy > 0,
for all sufficiently small f' > 0 and all sufficiently large m the following holds.

Given a set V of vertices, suppose that we have a ground partition P = {Xy, ..., Xor_3}
with | X;| = m for each i, and for each 2 < i < k — 1 a P-partite i-graph G; on V such that for
each’Y C {0,...,2k — 3} the graph G,-[Hyey Xy} is (d;, f', 1)-regular with respect to G;_4
(Where we assume E(G1) = V). Furthermore suppose that we have a P-partite k-graph Gy,
such that Gy [ X, . .., Xjik_1] is (dy, fr,, p)-regular with respect to Gj,_; foreach 0 < j < k—2.
Suppose that d; > dy for each 2 < 1 < k — 1. Suppose that for each 2 < i < k, all the edges
of G; are supported by G;_1.

Suppose that we are given a set Ry C Gj_1[Xo, ..., Xy_o| of size at least

H (")
omF! d, ©7.
(=2
Let Ry 1 C G_1[Xy_1, ..., Xok_3] be those (k — 1)-edges which are the end-tuples of some

tight path in Gy, with one vertex in each of X, . . . , Xor_3 and whose start (k — 1)-tuple is in Ry.
k—1
Then we have |Ry,_1| > (1 — 8)mF ' T[2, dg ¢ )
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Proof. Given k and 6,d;, > 0, we set 7 = 47195, and we set v = 15o55n°" . Suppose
0 < fi < o557 dk, and given dy, let f' > 0 be sufficiently small for all the below applica-
tions of Lemmas 2.6, 2.8 and 2.9 with input k, o« = 1, v, 6, and d, as required.

Foreach 1 < j < k — 1, we let R; be those (k — 1)-edges which are the end-tuples of
some tight path in G, with one vertex in each of X, ..., X\ ;_» and whose start (k — 1)-tuple
isin Ry. Foreach1 < j <k — 1, letﬁj = E(Gk_l[Xj, . ,Xj+k_2]) \ R;. That s, E is the
part of the jth (k — 1)-cell which we cannot reach from R,.

By definition, foreach 1 < j < k—1, there is no edge of G, which contains both a (k—1)-set
in R;_; and one in E Since G [X;_1,. .., Xjik_o] is (dy, fr, p)-regular with respect to G'j_1,
we conclude that the number of copies of K’ ,(Ck_l) in G;_; which contain both an edge of R;_; and
one ofE is smaller than an f;-fraction of all the copies of K,gkfl) in Gp_1[ X1, ..., Xjqn-2l,
i.e. it is at most

k=1
2fim* | dfi) . (4.2)
=2

The remainder of the proof of this lemma will consist of repeatedly using this fact, together
with counting in G;_1, to argue that R;_; is necessarily large. We will not need to use G, (or
(d, f1., p)-regularity) again. We do this by the following induction.

Let Uy = {@} (which we think of as the 0-edge in a complex).

Claim 4.2. There exist sets with the following properties. Foreachl < j < k—1, U isa
subgraph of Gj[ X1, ..., Xktj_2|, with

J J
U1 = (1 —jn)mjndgé) +1.

(=2

Foreach0 < j < k—1landeachj <i < k—1, U;;isasubgraph of G;[Xpyj—i—1, ..., Xptj—2)-
Foreach0 < j <k —2andeach j <1<k — 2, each edge of U, ; is contained in

i+1 i
nj+1de§£71) +1
(=2

edges of Uj ;1.
Each edge of U; ;1 is an edge of R; foreach0 < j < k — 1.

Proof of Claim. We begin with the base case 7 = 0. Let U(’ka1 = Ry. Foreachk —2>1>1
successively, we let Uéﬂ- contain all the i-edges with one vertex in each of Xy 1 ;,..., Xp o
which lie in

i+, i+1

between nm H dg‘il) and 2m H dg‘]il)

=2 =2
edges of Uy ;, . We now check |Ug ;| is sufficiently large. By the third part of Lemma 2.8, there

are at most ym’ HEZQ d&) elements of GG; that violate the upper bound, which by the second part

. 3 i+1
of Lemma 2.8 are in total contained in at most 3ym*** [, dg ") edges of Uy ;, ;. By definition
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and by Lemma 2.6, the total number of edges of Uy, , containing edges of G; violating the lower
i+l
bound is at most (1 +~)pmi*+ T2} d( ), and therefore there are at least

. 1”’1 (z+1>
|U0 i1l — 2nm' Hd
=2

edges of Up,;,, which contain edges of Uj,. We check inductively that this is for each 7 at
least £|Uj ;4. and hence obtain

| 0 1|
U/ | > 2 R 41—1—1 k5 d
| O,z| o HH‘l ( ) H

By choice of 7, in particular we have |Ug ;| > nm.
Now we let Uy C Uy, be some set of size nm 31, and for each 7 > 1 successively and each
edge e of Uy ;, we put into Uy ;1 some

1+1

and 4'1

edges in Uy, which contain e. These sets witness that Claim 4.2 holds for j = 0.
Now suppose 1 < j < kK — 1. Givensets U;j_1j_1,...,U;_1 1 as in the claim statement
for j — 1, let C consist of those edges in U;_; ;o which are contained in at least

k-1 =)
’ymH d,"

(=2

members of F. Let A = R;_; and let B consist of those members of F which contain an

-2
edge of C. By Lemma 2.9 (with input v/2) and choice of f}, if |C| > ym"*~2 H? 22 d( ), then

the number of copies of K ,i 2

to (4.2). We conclude

containing both an edge of ;_; and of Rj is in contradiction

k—2

|C| < ym*~ 2l_Id (s 2)
=2
By definition, we have
k—3 i+1 () o Q)
|Uj71,k72| = ( H Ui de B 1)) : (1 - (- 1)77)7”]_11_[(1/ 5
i=j—1 =2 =2

and hence

Uj—1p—2\ C} > (1—( =Dyl - 2”yn_k2)77(k_j_l)jmk_2 Hdg ) :

{=2
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We let U ]’-’kfl be the set of all edges in [?; which contain an edge of U;_; ;2. Suppose that
a given edge e € U,_1;_» \ C is contained in at least (1 — v)m Hf:_; dglgﬁ) edges of Gy_4
together with a vertex of X, ». Then by definition of C, at least (1 — 2y)m H’;;Zl dl@:f) of
these are edges of R;. By the third part of Lemma 2.8 there are at most ym*~2 Hi:g dgkf)

k—2
edges in U;_; ,_» that are contained in less than (1 — v)m Hf;; dg"l) edges of Gj,_, and we
conclude

T () ~ k2, (k—j—1)j, & 2k_2 (“2%)
U] = (0 =29)m [T dg™ - (1= (G = D) (1 = 3y~ )7~V T T dy ¢
=2
k—1 oy
2
> (1= 5y ) (1 = (j — D)k imk=? d e (4.3)
(=2
Ifj = k-1, weset Up_1 -1 = Uléfl,kfl and by choice of v we are done, so we now
suppose 1 < j < k— 2.
We next let for each i = k—2, ..., j in succession the set U ; consist of all those edges of G;
with one vertex in each of X ;_;_1,..., X,y ;_» which contain at least
i+1 .
77]+1de ot 1
edges of UJ’- 41+ Finally we let U; ; = U] j»and foreach j +1 < @ < k — 1, we create Uj; by, for

each ¢ € Uj,;_y, putting in /" 'm [[,2) d, (‘ ) + 1 edges of U]/z which contain e.

We claim that these sets witness the j case of Claim 4.2. To show this, we need to show |U; ;|
is sufficiently large, and for that purpose we establish bounds on |U’ ;| foreach k —2 > i > j in
succession.

Given ¢, consider the set of edges Y; in G;[Xy4;—;1, . .., Xj+;—2] Which contain an element
of U;_1,—1. By the third part of Lemma 2.8 and because U;_; ;_; is sufficiently large, we have

Y| = 1:|:7\U1111|de“:(1:|:27 mde
(=2

By Lemma 2.9 with input /2, for any subset Y’ of Y; with [Y”| > 1|Y;|, the number of edges
of G;;1 which contain an edge of Y’ and an edge of U;_, ; is

i+1 i

Y £y)m]] ai).

(=2

Observe that by construction every edge of U}, ; contains an edge of Y; and an edge of U;_ ;.

Let Y’ contain all the edges of Uy ;, and if necessary additional edges to match the lower bound
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of Lemma 2.9. Then putting the bound of Lemma 2.9 together with the definition of U7 ;, we
have

i, i,
’Ug/',zurl’ < |U]/',i‘(/’7j + ’Y)dengl) + 1Y \ Ug/',i|77]+lde§efl)
=2 =2
vt v N
< (0 0= ) Jwmivi [Tl
—2
j U5\, (i+1=5)5,it1 - ("t
— j i i+1— i i
<(1+77}3—(1—77)(1—ﬁ)>77 m Hdé’ :
=2

Comparing the last line, in the case ©: = k& — 2, with (4.3), we see

(=5 ™)1 =G =) < (14997 = (1 =) (1= )

and hence
. . L2
Ujk—al > IYZ-\(l — (G —=Vn—2jn* =9~ * )
, N k—2 (+:2)
> (1 ~ (= Vn—2jn* = 109" )n(’“‘QWTn’“‘2 a7
=2
Repeating the same argument for+ = k& — 3,k — 4, ..., j in succession, we end up with

J J
00> (1= = O =20k =1 = ) — 5 279 Y [Tl
=2

which by choice of 7 and  is as required. O
The lemma follows from the case j = k — 1 of Claim 4.2 directly, by choice of 7. [

The proof of Lemma 2.20 proceeds as follows. We start by setting up the parameters and the
graph together with the properties that we assume. Afterwards, we choose the fine (k—1)-cells C
(Properties (FR1) and (FR2)) that we would like to use later and show that these make up most
of the coarse (k — 1)-cell (Claim 4.3). Then we select a small fraction C of these 1-cells, which
gives a sufficiently large vertex set V' for the coarse expansion. Having this setup, we can use
the coarse partition and V' to expand (Claim 4.4). After this we reached a significant fraction
of a coarse (k — 1)-cell, carefully chosen to also give significant fraction of a well-behaved fine
(k — 1)-cell. We then use Lemma 4.1 to argue that from a significant fraction of this one fine
cell, we can reach almost all of almost all fine (k — 1)-cells, as required.

Proof of Lemma 2.20. Setting the parameters. For £ > 3 and v > 0, let ¢ be the smallest
integer exceeding % + 2k, such that / = 1 (mod k) and let s > 3k. Let d,n,v > 0, where
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—2k2k

w.l.o.g. we can assume d, 7, v < 1, and ¢, be an integer. We let 0 < 7, < ﬁto ande;, > 0
such that
k
ok)hel/? < T 44
Next, we let a, = ﬁei/ Fande : N — (0, 1] tend to zero sufficiently fast, such that for

any t; > to we have that ¢ := £(t1) < 2_2k2kt1_15k is small enough for Lemma 2.6 on input £,
e, dy = tgl, and 7, and Lemma 2.8 on input k, a, e, dy = tal.

We then define
. dey v _ p o 20Kty o 4.5)
t120k2 1 10(20)! gl/2ky, 1 '
and note that § < v. We let
0 v _
0 <7 < {grgil 22t (4.6)
and
v

0< fir < 305 4.7

Suppose f;, is small enough for Lemma 4.1 on input &, 36, 1d.

Next, we let f : N — (0, 1] tend to zero sufficiently fast, such that for ¢, > ¢; we have
that f := f(ts) < et;' is small enough for Lemma 2.6 on input k, a = 1, dy = t; ', and v;
and Lemma 2.7 on input k, o = 5,1! Qk, and dy = tl_l. Additionally assume that \/f is small
enough for Lemma 4.1 with input as above, f;, and dy = i For convenience we summarise

the relative order of the parameters (besides v, k, ¢, s) in a simplified form
f < fk7/yf7t2_1 < 575 < 5k7/ycat1_1 < tal’dﬂ’]’I/,S,_

Given n we let p > n~'*7 and ' = G®(n,p). We assume that T is in the good event
of Lemma 2.13 with v, k, ¢, = ¢ — 3k + 4, and p. We are given G C I and the reduced
complex R., 4(G; P, P;) of a (to, t, ta, ek, €%, fr, f?, p)-strengthened pair (P;, P;) for G. Fix
the density vectors d = (dj_1,...,dy) and dg¢ = (df_,,...,d}) with d; > 7" and @/ > ¢3!
fori =1,...,k and let £ and ¢; be the number of coarse and fine 1-cells respectively.

Take a k-set Qg such that H := P(Qq;P*) is in R., 4(G; P, P3). For convenience, we
equip the complex H with a k-level consisting of all k-sets supported by the (k — 1)-edges of H.
By definition, the relative p-density of G with respect to H is at least d. Note that every coarse
1-cell contains exactly ¢/t fine 1-cells.

We let Vi,...,V be the 1-cells of H and Ei,...,Ej be the (k — 1)-cells of H,
where E; C [];; Vjfori =1,... k. Further, let S C V(G) be such that [SNV;| < (1—n)n/t.
By the good event of Lemma 2.12 assumed above there are o(n) (k — 1)-sets in V' (I") outside
of S that are not (f, p, ¢)-good for S. Before we can expand using the coarse partition we need
to ensure that we use edges that behave well with respect to the fine cells.
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Preparing the fine cells. The polyad H corresponds to a (k—1)-complex H(G; H) in the mul-
ticomplex of the family of partitions ;. We denote by H = H(G; H, P}) the multicomplex of
the family of partitions P; restricted to H (G H), i.e. we keep all the edges of the multicomplex
of P} that correspond to cells that are contained in cells that correspond to edges of H(G; H).
For 2 < j < k — 1 and any j-set () supported by #, the number of fine j-cells supported by the

polyad P(Q; P;) is
djig:(uQ—g)% (4.8)
f , I ’
d + f d; ) dl

where the equality follows as f < et, . This follows by simple double counting of the j-sets
supported by P(Q; P*) that are contained in . This allows us for each 1 < i < k — 1 and any
i-edge of H to control the number of (i + 1)-edges it is contained in. But we have to carefully
select the edges of H, which we are using.

For this, we denote by H., = H., (G; H, P}) the gj-reduced multicomplex of GG with respect
to (H,P7), which is the (unique) maximal subcomplex of H which has the following properties:

(FR1) For every k-edge P(Q; P}) of H.,(G; H,P}) we have that G is (fy, p)-regular with re-
spect to P(Q; P;) and dp(G{]AD(Q; Pi)) = d,(G|H) £ ey

(FR2) Foreach1 < i < k — 1, each i-edge of H., (G; H, 73;?) is in the boundary of at least

1+ (jil)
(1 Je2itie ”’“)%H( ) ifi<k—1,
=2

i

) t 71 d (j*l)
and (1 - k:z“%}/’“) 7f (d—;> ifi=k—1
j J

Jj=2

B

(i + 1)-edges of H., (G; H,P;) with respect to any other 1-cell of H.

We will show below that by this construction we keep sufficiently many 1-edges and
(k — 1)-edges.

Claim 4.3. There are at most 6¢,, L/kt

any i =1,...,k, there are at least

L 1-edges removed from H to get H.,. Furthermore, for

i )\ ()
(1— ke (U 4
k t L\
J= J

(k — 1)-edges in H., that are also contained in E;.

Proof of Claim 4.3. Since H is a regular polyad, for at most 3e,(%)* 1 =2 J( 3 of the k-sets Q'

supported on H, the fine polyad P(Q’ ;Py) fails (FR1). As any k-edge in # supports at
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least %(%)k HfZQ(df)@ of these ()’, we have at most

Iy (g
| | J
7j=2 J

k-edges in ‘H failing (FR1). We mark all these k-edges as bad. Then, foreach: =k —1,...,1,
in succession, we mark as bad all i-edges which are contained in the boundary of at least

1/k tf i+1 d- (ji1)
6k —)LTT (=
A E(@)

bad (i + 1)-edges.

Now consider the following construction. We begin by taking any bad 1-edge, then any
bad 2-edge containing it, and so on until we obtain a bad k-edge together with an order on its
vertices. Clearly we obtain any given bad k-edge in at most k! ways by following this process
(since a k-edge together with an order determines the chosen edges in the process). If there are
more than 65,16/ k%f bad 1-edges, it follows that the number of bad k-edges is at least

AN NN
1 ; J __ck v
(oL (G) ) (0 ()

=2

which is a contradiction.

We claim that any edge of P} which is not in H., (G; H, P7) is either bad or contains a bad
edge. To see this, consider the process of obtaining H., (G; H, 73}*) by successively removing
edges which either fail one of (FR2) or (FR1), or which contain a removed edge. Suppose for
a contradiction that at some stage in this process we remove an edge which is neither bad nor
contains a bad edge; let e be the first such edge removed. Observe that e cannot have been
removed for failing (FR1), since edges which fail this condition are bad. Furthermore e cannot
have been removed for being unsupported, because all edges previously removed either were
bad or contain bad edges, and by assumption e contains no bad edges. So e was removed for
failing (FR2). In other words, we have |e| < k — 1 and e is neither bad nor contains a bad edge,
but nevertheless there are many (|e| + 1)-edges containing e which either are bad or contain a
bad edge.

Suppose that f is a bad edge such that | f \ e| = 1. If | f| = 1, then there are at most 65,1/“7"
choices of f, each of which, by (4.8), is contained in at most

jel+1 ooy g \ U e N ()
11 ((1 + E) ;) <2] <?) (4.10)
i=2 v i i=2 i

edges of P; of uniformity |e| + 1 which contain e. If | f| > 1, then f Ne is non-empty and not a
bad edge. There are at most (‘Z') choices of f N e with ¢ elements, each of which by definition
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is contained in less than ,
¢ 41 ( 1)
1 / k Y
E H < df )

bad edges. Thus there are at most

('Z') 6=1/% (1 — Nfﬁ( )(/1)

choices of f, each of which is contained in at most

el +1 (£)-(4)
13

edges of P} of uniformity |e| 4 1 which contain e.
Summing up, the number of (|e| 4+ 1)-edges containing e which are either bad or contain a
bad edge is at most

" le[+1 (i‘fll)
()
e 041 (Ifl) |e[+1 (i‘f‘l)_<if1)
€ 1/k t dz dl
+;(’€|)-65k/ (k—é)?f g(%) 211 (E)

lel

(L e ) 1 a () gl ()
< k:16g,1/’f7f<z (») 11 (W) = leg /P H <df) .
=2 i

=0

This last equation simply states that e does not fail (FR2), which is our desired contradiction. In
particular, every 1-edge which is not bad is in H., (G; H, P}).

With this at hand we want to estimate the number of (k£ — 1)-edges of ., that are not in E;
(the same argument applies to any other). A bad (k — 1)-edge is in the boundary of at least

s 1 (471)
2T (%)

bad k-edges and a k-edge supports exactly & different (k — 1)-edges. With the bound on the
number of bad k-edges in (4.9) it then follows that there are at most

e [t k=11 /o ("7
ka(c / (7) H(j)
j=2 J

bad (k — 1)-edges.
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More generally, fori = k — 2, ..., 1, a bad i-edge is in the boundary of at least

i wﬁ()””
ar

bad (i + 1)-edges and an (i + 1)-edge supports exactly i + 1 different i-edges. It follows that

there are at most _
/k t L) (J)

ki i j

e () T1 5

7j=2 J

bad ¢-edges. In particular, there are at most k!e,i/ ktTf 1-edges removed from H to get H., .
Then, with (4.8), fori =1, ...,k — 2, there are at most

i

(*37)
} + k—1k-1 d. j
<2-k!5;/k(7f) 1Tl
j=2 dj
-/

fine (kK — 1)-edges in ‘H supported by a bad i-edge, but no bad #’-edge for 1 < i’ < i — 1.
Combining this with the number of (k — 1)-edges of H that are in E;, which we can derive
from (4.8) and the bound on ¢, we get that there are at least

=1 P NELEL /o (*7 p\RLAEL ("7
(1 —er—2) k!g;/’“> ({) I1 (d—;> > (1— kkle,/") (%) 11 (d—;>
i=1 j=2 J j=2 J

(k — 1)-edges in H., that are also contained in £. 0

Partitioning the vertex sets. For: = 1,..., k we let C; be the family of fine 1-cells in V; that
correspond to 1-edges of H., (G; H, P ). For building the paths we have to avoid S. To avoid
clash of vertices during the expansion in the coarse partition, we set aside a small fraction of the
fine cells that do not overlap with S too much. Fori =1, ..., kletC; C C; be selections of fine
1-cells C' with |C'\ S| > 1/% i, such that

L Vil
ty

Ccec;
This is possible, because by the condition on S and ¢, in (4.4) we have |V; \ S| > n% > 251/ Qk?
and there can be at most %6,1{/%% = 5,16/ k% vertices of V; \ S in l-cells C € C;
with |C'\ S| < ei/%%. Then fori =1,...,k we define V; = U,eC'\ S and get
t\V! 1/2kl/ n
Vil > el 2 4.11
||/’“16k2|| tf/20k:2t “.10)
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We will use C; for the expansion and then in the end use C; to reach a (1 — v)-fraction of F.

We now want to argue that the fine 1-cells from the C; are enough to reach a large fraction
of any E;. For this we let #H' = H_ (G; H,P},Cy,...,Cy) be the sub-multicomplex of H.,
inducedby C;, j =1,...,k. Forany ¢ = 1,..., k, by Claim 4.3, there are at most

k=1 i e k=1
l/k ( J Ekl/ n ( J )
2kkre ( ) de S Y 100207 k2+2 (?) de 4.12)
Jj=2 j=2

(k—1)-tuples in E; that are not contained ina (k—1)-cell of H., (G; H, P}), where the inequality
follows from the choice of ¢, in (4.4). Therefore, for i = 1,...,k at least (1 — %)|E;| tuples
from E; are contained in fine (k — 1)-cells of H'. This justifies that it will be sufficient to restrict
the fine expansion to H’.

For the coarse expansion, similarly to #’, let H = H_gk(G  H, P}‘,C_l, ...,Cy) be the sub-
multicomplex of 7., induced by C;, j = 1,..., k. Then, let Fl, ..., B}, be the (k — 1)-cells
of H restricted to the 1-cells V;, where E; C H ki V fort =1,...,k. Then,fori =1,... k,
we have with Lemma 2.6

k k—1 _
- ErlV n k—1
il > H|V|Hd > oo (5) T,
J?él J=2 Jj=2
which with (4.12) gives that at least
—v10™ _l- tuples from _Z- are contained in fine (k — 1)-cells of . .
1 1079|E ples fi E din fi k—1 1Is of H 4.13)

This will be essential for the coarse expansion.

Preparing for coarse expansion. We will construct paths starting in a (1 — v)-fraction of the
tuples from E}. In order to do this, we need to know that most of these tuples have high degree
into O, and that the tuples we then reach have high degree into C';, and so on. The following
claim allows us to get this.

k
Claim 44. Ler v/ € (0,1) with V' > 1611/]6 and V' > 3, Hk 1dZ (1) Let Uy C V;

1/2k
fori=1,... kbesubsets of size at least 2%2” randfori=1,..., klet F;bethe (k—1)-edges
of H in H#i U;. Then for any iy # iy the number of (k—1)- tuplesfrom F;, which are contained

in less than
k 1
IUuldef ! (4.14)
edges of G that are supported by H., and any (1—")-fraction EQ of F, is at most a 10v'-fraction
of F;,.

Proof of Claim 4.4. W.l.o.g. let -y = 1 and 72 = 2. First we note that analogous to (4.13)
with (4.12) we get that [ is at least a (1 — 1”—(;)-fraction of all (k — 1)-tuples of H supported
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by the respective 1-cells. Now fix any (1 — 1/)-fraction Fy of Fy. Next let £y C F, be those
(k — 1)-tuples in F; which are contained in less than

k—1
p (:2)
B |Ur|d H d;
=2
edges of G that are supported by H and F} and assume for a contradiction that

)= 100 = ST o T
1| = 1| = 10 | % 3 )
where the latter inequality holds by Lemma 2.6 and as 10(1 —¢)(1— ”—/) > 22, By the first part

m)|ﬁl| of these are contained in at least (1 — 155)|U1 | Hk ) d(l 1)
k-vertex complete (k — 1)-graphs in  using vertices from U;.
On the other hand, with Lemma 2.6, there are at most

y/,p2|<(1 100) HyUde

(k — 1)-tuples in Fy \ F}. By the first part of Lemma 2.8 all but 2+,| 3| of these are contained

in at most (1 + 155)|U-| | d(l 1) k-vertex complete (k — 1)-graphs. By Claim 4.3, the first
part of Lemma 2.8, (4.4), and the bound on ~, there are at most

of Lemma 2.8 at least (1 —

k

kQ kk‘ Uk (T kk—ld(,;) k_2 kk' Uk (N kk—l d(k;1) < v k—1 d(};)
2 =2 =2

=1

k-vertex complete (k — 1)-graphs supported in 7 but not in .. So with
k

27.(1+7v) <% Hf ;d(’) this gives us at least

k 1 k k
(1—1—00) !F1HU1|HdZ ) ( <1+ﬁ> >y'H|U,|deZ)
> %ﬂum@ém

k-vertex complete (k — 1)-graphs in ., that are also in F.
By definition of F}, they support at most

k—1 k 1)
|Fy - —\U1|de”
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edges of G. This gives a p-density of at most 4(2)~! = 2d and, therefore, by (¢, 1)-regularity
of H (recall that the relative p-density of GG with respect to H is at least d), we have

k=1 k—1
S TTa Y <= (M) T4,
1=2 1=2

which with (4.4) and v/ > %511/ F implies that

. 20k? 1/k ("3 : - (")
|Fy| < 2e4 i H|U|Hd H|U|Hd <8VH|UZ|HdiZ
k =2 =2
and we have the desired contradiction. o

We let (o = ¢ — k + 1. As discussed, there are two stages to building our paths. Given a
(k — 1)-tuple x, we first look at all the ways to add ¢, vertices, all contained in the V,, to get
tight paths. We then use the fine partition to complete these by adding k£ — 1 vertices to get to a
(1 — %)-fraction of most fine (k — 1)-cells in £, which then gives a (1 — v)-fraction of £;.

We define the sequence r; fori = 0,...,¢ with 7y = k and r,,; = r; + 1 (mod k)
fort=0,...,0—1. As¢{ =1 (mod k), we have r, = 1 and r,, = 2.

Let F,, C E, denote those (k — 1)- -edges which are contained in (k — 1)-edges of H. That
is, every (k — 1)-edge of F}, has vertices in V', V3,...,V} and is in a fine (k — 1)-cell which
(and all of whose supporting j-cells) satisfies (FR2).

Letvy = v, fori =1,...,¢y—1lety; = v;_1 /10, and observe that with (4.4) and the bounds
on v and 7. we have that v; satisfies the requirements of Claim 4.4 fori = 1,...,/; — 1. We
apply Claim 4.4 to obtain that a (1 — v, 94 )-fraction Fy,_; of the edges of E%fl have high
degree as in (4.14) into V% on_s With respect to Fy,. Repeating this forz = {y — 2,...,2 we
get that a (1 — v;)-fraction F; of the edges of E,.. have high degree as in (4.14) into V., with
respect to I, ;. Finally, repeating the same procedure except replacing £, with £}, we arrive at
a (1 — v)-fraction Fj of the tuples from Ej. This set Fj is the set in the lemma statement from
which we can construct paths, and we have verified that it is sufficiently large for the lemma
statement. We now need to justify that we can indeed construct paths from any tuple in £ of
length ¢ to most of E; avoiding any given small S’

Coarse expansion. We fix any tuple x € Fj and any set S’ of size at most s. We let P be the
set of tight paths starting at x = (1, ..., x,_1) which can be constructed as follows.

For each 1 < j < {, in succession, we pick a vertex z; ;1 such that {x;,... x5 ;_1}is
an edge of G, and {x;11,...,Tpy;—1} is an edge of F;. In addition, we insist that z; ;_ is not
in S, nor equal to x; forany ¢« < k+ j — 1.

Because of our choice of F);_; to satisfy (4.14), at any given step j, the number of choices
for w341 is at least

k-1

P\ i—1 D\~ Ij:ll
§‘V,,j}d1j[d< ) skt Z'V‘|de'( ).
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It follows that

» 1y L = 0
1P| > H ‘Vrj‘de Zpdmilldi > (upn)

7j=1

paths starting in x and ending with tuples in F;, C F,, where the last inequality follows
from (4.5). By the good event of Lemma 2.13, since ¢, > % we get that for all x there
are at least

e H ]i_f a0
n"" 0 V] di
8(2¢p) JE{1,3,....k} =2

different end-tuples from the end-tuples above, where the lower bound follows from (4.5).

Expansion in the fine partition. We pick a (k — 1)-cell Cy of  such that at least §|Cy| of the
(k — 1)-edges in C, are end-tuples of paths in P, which is possible by averaging. Let R, denote
the subset of Cy which are end (k — 1)-tuples of paths in P.

We now consider all the (k — 1)-cells Cy_1 in H', whose l-cells are contained
in C, \ Cy,...,C: \ C} respectively, which we can obtain by the following procedure. For
each 1 < 7 < k — 1 in succession, we pick a (k — 1)-cell C in H' such that C] 1 and C
are in the boundary of some k-edge of H' and the new 1-cell is in C; 1 \ Cjy1.

For any such choice of ék_1, we do the following. Let m = 5,1/2 i choose Xy, ..., X0
subsets of the 1-edges of é‘o, each of size m, which contain a maximum number of the sets R,
and let the contained sets be R,. By averaging, we have

k-1 (k-_l)
[Rol > gom*" [ ] d; -
=2

We choose any Xj 1,..., X9 3 subsets of the 1-edges of C‘k,l each of size m. To com-
plete the setup for Lemma 4.1, we put for each 2 < ¢ < k£ — 1 an ¢-graph consisting of the
restrictions of the ¢-cells in the union of the C'j to the X;. We obtain the required
(ds,+/f, 1)-regularity from Lemma 2.7; and we let G), of Lemma 4.1 be the supported sub-
graph of GG, which as previously observed is (%, fr, p) -regular with respect to each of the required

polyads. Thus Lemma 4.1 which returns a set Ry_; C C’k_l[Xk_l, ..., Xop_3] of size at
least (1 — 9) !é‘k_l[Xk_l, . ,ng_3]| of (k — 1)-tuples which, together with some tuple of Ry,
make a tight path in G. Apart from the at most kn*~! of these tuples which share a vertex with x,
these are end-tuples of tight paths of length ¢ from x whose internal vertices avoid S U S’. By
averaging, we conclude that at least (1 — 20) |C’k_1} of the edges of C._1 are ends of tight paths
of length ¢ from x whose internal vertices avoid S U 5’.

) _ ke d; (71
o= ()

Claim 4.5. There are at least

valid choices of C’k_l.



COMBINATORIAL THEORY 4 (1) (2024), #9 45

Assuming this claim, by Lemma 2.6 we conclude that there are at least

k—1 k—1 k=14
(=) () TIE a2 TTeH ) > a-5 ) e

(k — 1)-tuples in £ which are ends of tight paths from x whose internal vertices avoid S U S,
as required.

Proof of Claim 4.5. Recall that for each i € [k] we have
D101 < Vil + Vil /ty -
CEEL‘

Thus the number of fine 1-cells in C; is at most ek tTf for each ¢, and so the number of (k—1)-cells

of H which cannot be C;_; due to being supported by a 1-cell in some C; is at most

k—1
v (tp\k-1 d\ (7"
2z () (55)" 7
=2 !
We consider constructing the éj inorder j = 1,...,k — 1, ignoring the restriction of not

using 1-cells in the C;, and at each step j keep track of the number of ways to construct C‘j which

will lead to different choices for Cj,_;.

Given 7 > 1, suppose we have fixed éj_l. This means that we have already fixed the
(j — 1)-cell supporting Chyon Vs, ..., V;, and when we choose C'j we will fix the i-cells
supporting Ch_q foreach 1 < i < J that are on the vertex set V;; and some 7 — 1 of V5, ..., V.
Suppose that we have a particular choice X of all these i-cells with 1 < ¢ < 7 that are on the
vertex set Vj1 and some 7 — 1 of V5, ...V}, which is consistent with the choice of CA’j,l (i.e.

each i-cell in X has boundary whose (i —1)-cell not on V} 4 is in the support of C'j_l). Consider
the number of k-polyads in H on Vi, ..., V) which are consistent with both C;_; and X. The

number of these is at most
k—1 j—1

9 H (;1_1}) (2)-02) '

Suppose that more than
k—1

k2k+4€]1€/k(%f) H (j_f) (Zil)
=2

1=

choices of X are not consistent with any k-edge of H’ whose boundary contains C'j_l. Then in
particular C;_; is contained in less than

(1= k2N (D TT (%))

k-edges of H', which is a contradiction to (FR2).
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We conclude that the number of ways to construct Che1s ignoring the restriction to avoid
the C,, is at least

k—1 k—1 i = -
I1 ((1 k2 (O] <5—;><~>) > (w2 () T L .
j=1 i=2 i=2
Finally the number of valid choices of C’k_l is at least
v 20k+5 1/k\ (ty\k—1 " d: (kfl) v try\k—1 g d (k—l)
(1= 5 - #20aM (D TLE ) > (- 5 () TT e,
=2 1=2
as required. O

5. Proof of reservoir lemma

In this section we prove Lemma 2.23. Before giving the details we outline the strategy of the
proof. We fix GG and let R C V() be a set of size r = |R| < vn. For every u € R we need
a reservoir path P, with reservoir set {u} on a constant number of vertices with end-tuples v,
and w,; this is a tight path with end-tuples v, and w,, and vertex set V' (P, ) such that there also
exists a tight path with the same end-tuples and vertex set V' (P,) \ {u}.

To build P,.s we begin with an arbitrary (k — 1)-tuple v = w, which is a reservoir path
with an empty reservoir set, and call this /4. Assume we have built a reservoir path F;_; with
reservoir set R C R of size i — 1 and end-tuples v;_; and w;_; such that V(P;_;) does not
intersect R\ R'. Then, for some v € R\ R, we construct a reservoir path P, with end-tuples v,
and w, that is disjoint from P;_;. If ¢ is odd we connect w;_; to v, by a tight path (using
Lemma 2.19) and let w; = w, and v; = v. If  — 1 is even we connect v,;_; to w,, by a tight
path and let v; = v, and w; = w. In both cases we obtain a reservoir path P; with reservoir
set R' U {u}, end-tuples v; and w;, and continue. By alternating between the endpoints we
ensure that the end-tuples are always (&', p, ¢')-good for V' (P.).

Finally, let us sketch how we construct P,, a picture of which (for £ = 5) is in Figure 5.1.
We begin by finding a (2k — 1)-vertex tight path with u its central vertex; this gives the spikes
u and x; in the figure. We look at all the ways to fill in the upper and lower spike paths in the
figure. Using Lemma 2.13, we see that from each we can get to a positive density of end-tuples.
In particular, we can get to a positive density of each of two vertex-disjoint coarse (k — 1)-cells
in the regular partition, and two applications of Lemma 4.1 gives us the tuple v connecting the
paths, completing the spikes. We then use Lemma 2.19 repeatedly to create the paths between
pairs of spikes. The only point where we need to be a bit careful is to ensure that when creating
the upper and lower spike paths, and when connecting them, we do not reuse vertices; for this
purpose we randomly split the vertex set into three parts and use one for each of the upper spike
path, the lower spike path, and the connection.
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Proof of Lemma 2.23. Let~y > 0, k > 3 and ¢’ be integers. Then let £ be the smallest multiple
of k — 1 which is both larger than ¢’ and sufficiently large for Lemma 2.19 with input & and ~.
Let 6 = 1074/(32(20)!k!).

Setc= 4 (k—140)+2k—1+( andsets=4c. Let0 <& < iyand0 < d < iybe
given.

Next, we let ¢y be large enough for Lemma 2.5 with input k, 7, and d and for Lemma 2.19
with input as above, d, n = 1, and &’. Now let 0 < v, < 37 and 0 < g, < (727%"*)¥ be small
enough for Lemma 2.19 with input as above, and for /¢, to play the role of f; in Lemma 4.1
with input %, 0, d. Let v = ﬁumg. In addition let e, f, fr : N — (0, 1] tend to zero sufficiently

fast for Lemma 2.19 and such that £(¢) is small enough for Lemma 2.7 with input k, o = ﬁ

and density dy = 7, and such that for any dy, if 1/t < dj then \/e(t) is small enough to play
the role of f’ in Lemma 4.1, and be such that Lemma 2.5 is applicable with inputs as above and
minimum degree % + 7, €k, 10cv. Finally let 7, be given by Lemma 2.5.

Given n, let p > n~'*7. Suppose that I' = G®¥)(n,p) is in the good events of
Lemma 2.19 with input as above and Lemma 2.12 with input %e’ and k, and Lemma 2.13 with
input ~, k, both £ and { + 1 — k, and p = 1%0, with Lemma 2.11, that I" and all of its sub-
graphs are (1,5, p)-upper regular. Suppose G C I with 6,_1(G) > (5 + 7)pn., that (P}, P;)
is a (to, t1,ta, ex, e(t1), fr(ty), f(tQ),p)—strengthened pair for (7, and that ¢ is the number of 1-
cells in P}. Let R = R., 4(G; Py, P;) be the (g4, d)-reduced multicomplex of GG and S be
the union of the vertices that are not contained in 1-cells of R. Then, by Lemma 2.5, R con-
tains at least (1 — 45,1/ ")t 1-edges and every induced subcomplex on at least (1 — 10cv)t 1-cells
is tightly linked. We let S be the set of vertices of V(G) that are not in 1-edges of R and
note || < 4¢,*n < +n. Finally let R C V(G) with |R| < vn.

Our goal is to construct a reservoir path P, in G with reservoir set R and ends v and w, such
that |V (Pres)| < ¢|R|. Moreover, we require that v and w are (¢, p, ¢')-good for V (P,es) U S.
For the construction of the path F,.; we proceed as outlined above. We start with an arbitrary
(k — 1)-tuple outside R that is (3&’,p, £)-good for S U R (which exists by the good event of
Lemma 2.12), denote it by v, and set wy = <\70. Let this tuple be Fy, and let S_; := S U R.

Suppose that for some 7 > 1 we have constructed a reservoir path P;_; whose ends v;_; and
w;_1 are both (3¢’ p, £)-good for S;_,, with |V (P,_;)| < ¢(i — 1), whose reservoir set is some i
vertices of R and which does not intersect R outside its reservoir set. Let S;_; := S; UV (P,_1).

We first choose any v € R\ S;_; and construct a reservoir path P, with reservoir set {u}
(see Figure 5.1) disjoint from S;_;.

Let S* be the set of vertices that are contained in (k — 1)-tuples that are not (%5/ , Dy €) -good
for S;_;. Note that we have |S*| = o(n) by the good event of Lemma 2.12 assumed above.
Let S’ := S;_1 U S*. We will construct P, disjoint from S’ \ {u}. This automatically means
that any (k — 1)-tuple of vertices in P, is (3¢’, p, ¢)-good for S;_;.

We choose vertices uy, . . . , uy_o from V(G)\ (S*US;_1 ) such that the tuple (u, uy, . .., ux_2)
is (%8/, p, {s+k—1)-good for S'. This is possible since (however we choose w1, . . . , uj_3) when
we come to choose uy_o we have at least %n vertices to choose from, and by the good event of
Lemma 2.12 at most o(n) of these can give a (k — 1)-tuple which is not (1’ p, £, + k — 1)-good
for 5.

By the minimum degree of G, the (k — 1)-tuple (u, w1, . . . , ux_) is contained in at least $pn
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Figure 5.1: Reservoir structure in the case k = 5 with ¢* = ¢/(k — 1) for one vertex u with two
tight paths that both have end-tuples u and v, where one is using all vertices and the other all
but u.

edges of G. Since (u, w1, ..., ux_2) is (3¢, p, €s + k — 1)-good for S’, at most p|S’| + 1&'pn of
these edges contain a vertex of S’ and at most another %5’ pn of these edges contain a (k — 1)-set
which is not (%8/ , 0, s+ k —2)-good for S’. Pick two of these vertices not in S’ that are in good
tuples, and let them be u;,_; and x; ;.

We now, for each 2 < j < k—1in succession, choose a vertex x ; such that {uy_;_1, ..., us,
u,%11,...,21,} is an edge of G, such that z;; is not in S" U {uy,...,u}, and such that
if j < k—2then {up_j_o,...,ur,u,21,,...,21,} is (3¢',p, 0 + k — j — 1)-good for S,
while if j = k — 1 then {xy1,..., 2} is (%8’,]9, ¢+ k — j — 1)-good for S’. This is possible
for each j by the same argument as above.

At this point, we have constructed the top left part of Figure 5.1, consisting of the spikes
u = (ug,...,u—1) and x; = (211,...,214-1). Our next goal is to construct the remaining
spikes.

To begin with, consider constructing spike paths starting from x; of type 1, with / + 1 — k
vertices. We can do this greedily, adding at each step j one more vertex and one more edge. We
insist on choosing our new vertex outside S’, and we insist on all the (k — 1)-subsets of the jth
edge being (3, p, ¢ — j)-good for S’. This is possible for each j < £+1— k by the same argument
as above, and critically at each step we have a choice of at least 1—10pn vertices that satisfy these
conditions. The same statement is true for spike paths of length ¢ starting from u.

To avoid clashes between the spike paths we construct, let 71, Z,, Z3 be subsets of V(G)
obtained by putting each vertex of G independently into one of the three sets with
equal probability % By the Chernoff bound and the union bound, with probability at
least 1 — n* exp ( — ﬁpn), the following holds. When we construct spike paths from x sat-
isfying the above conditions and in addition with all new vertices in Z; greedily, at each step
we have at least ﬁpn choices. Similarly, when we construct spike paths from u satisfying
the above conditions and in addition with all new vertices in Z, greedily, at each step we have
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at least 100 —pn choices. Finally, for each cluster V' € P. such that [V \ §'| > &'|V’| and
each1 < j <3, wehave [(V'\ S)NZ;| > 1|V'\ S'|. Suppose that our choice of Zy, Z, Zs is
such that all these statements hold.

By Lemma 2.13, there is a set X of (k—1)-tuples which are end-tuples of spike-paths starting
from x; of type 1, with £ + 1 — k vertices other than those in x;, none of whose vertices are
in S’ and all of whose vertices outside x; are in Z;, such that | X| > ﬁn’“l > onkFL.
Similarly, there is a set U of (k — 1)-tuples which are end-tuples of spike-paths starting from u
of type 1, with ¢ vertices, none of whose vertices are in S’ and all of whose vertices outside u
are in Zs, such that |U| > é(()zzél)'”k 1> gnk-1,

We now aim to find two disjoint (k — 1)-cells C, and C,, of R with the following properties.
At least 2k!5|C,| of the (k —1)-tuples in X are orderings of edges of C,; and at least 2k!5|C,, | of
the (k— 1)-tuples in U are orderings of edges of C,,; and for each cluster V"’ supporting either C,,
or Cy, we have |V \ §'| > $|V'|.

Observe that since |S’| < 2¢|R| and |R| < vn we have |S’| < 2cvn, and consequently
there are at most 5cvt — k clusters V/ of R with [V’ \ "] < 1|V’|. The total number of k-sets
intersecting S’ or 1-cells with too many elements in S is at most 7cvn*, while by choice of v the
number of k-sets which are not supported by the (k—1)-cells of R is at most vn*. By choice of ,
and since | X| > 40(,",) k!, atleast 36 (", ) k! of the (k — 1)-tuples in X are on (k — 1)-sets not
intersecting S, and by averaging the desired C, exists. A similar calculation, this time removing
additionally elements of U which lie in the clusters of C,, gives C,,. Let X" denote the tuples
in X which are orderings of edges of C,.. Choose an ordering (Vy_1, ..., V}) of the clusters of C,
which is consistent with most tuples of X", and let X’ be the consistently ordered tuples of X".
Thus a spike path with end in X" has its final vertex in V;. We obtain | X’| > 26|C,|. Similarly,
we choose an ordering (Vay_1,. .., V3x_3) of the clusters of C), and let U’ be the consistently
ordered tuples of U in C,, obtaining |U’| > 26|C,,|.

Now by construction of R there is a tight link between C, and C,, with the given orderings
that does not use any cluster V' with [V’ \ S’| < $|V’|, because |S'| < 2cvn and hence less
than 5cvt clusters are more than half covered by S’. Let the clusters witnessing this tight link
be Vi, ..., Var_o, and let C” be the (k — 1)-cell in the tight link whose clusters are Vi, . . ., Va_o.
Thusforeach1 < j < k—1theset{V},..., Vijp_1}and {Vor_1—j, ..., Vi, Vag—1, ..., Vog—ayj}
are k-edges of R.

We now choose subsets VY, ..., V3, s of Vi, ..., V3,3 respectively, each of size ;5; and dis-
jointfrom S, with V{, ..., V/_inZy, with V|, ..., V. _,in Z3,and with V3, _,,... V5, _5in 2,
and such that | X'NC,[VY, ..., V[ ]| = 26|C.[V{, ..., Vi ]| and |U'NCu[V_ 1, - -, Vi3] =
20 ‘ CulVar_1s -+ Vs | Note that it is possible to ﬁnd sets of the given sizes by ch01ce of the V;
and definition of the Z;; while the condition about X' and about U" is satisfied on average and
hence a choice exists. By Lemma 2.7 all the j-cells with 2 < 7 < k — 1 between these chosen
sets are (d;, /¢, 1)-regular, and by definition of regularity it follows that the supported k-polyads
corresponding to k-edges of R are (d, \/€x, p)-regular.

By Lemmad4.1, with Ry = X'NC,[V/,...,V/_ ], thereisaset R C C’" with |R| > (1—0)|C"|
such that for each (vq,...,v5-1) € R there is a tight path from a tuple of C,[Vi,..., Vi_1]
to (v, ...,v,_1). Applying Lemma 4.1 again, with R := R, there is aset R’ C C,, with |R/| >
(1 —0)|C,| such that for each (yYe/(k—1)1, - - - Ye/h—1)k—1) € R’ there is a tight path from R to
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(Ye/(k=1),15 - - > Yy (h—1),k—1)- We can choose yo -1y = (Ye/(k=1),15 - - - » Yo/ (k1) k1) € U' N R,
and obtain the corresponding v := (vy,...,v41) € R which in turn gives
us Xg/(k—1) = (Te/(k—1),1,- - - Te/(k-1),k—1) € X'. This structure is the three right-hand-most
spikes of Figure 5.1. By definition of X’ and U’, and since 71, Z5, Z3 are by construction dis-
joint, there exist vertex-disjoint spike-paths completing the spikes of Figure 5.1, none of whose
vertices are in S’. That is, we find (k — 1)-tuples Xs, ..., Xz /—1)—1 and y1, ..., Ye/(k—1)—1 Such
that x1, ..., Xy/x-1) form a spike path, and y, ...,y /(x—1) form a spike path.

Next, for j = 1,...,¢/(k—1), we use Lemma 2.19 to connect the tuple x; to the tuple 31_] by
a tight path P} of length ¢ with internal vertices notin S U.S;_; and any of the previously chosen
vertices. Finally, we denote the whole structure by P, and note [V (P,)| = 55 (k—1+0)+2k—1.
Observe (see Figure 5.1) that there are two tight paths with end-tuples u and v; one with vertex
set V' (P,) and one with vertex set V' (P,) \ {u}, i.e. P, is a reservoir path with reservoir set {u}.

To finish the step, we use Lemma 2.19 to connect u to one of the ends of P;_;, either u;_;
if i is odd, or w;_1 if 7 is even. Repeating until i = |R| proves the lemma. [l

A. Regularity lemmas and properties

We first prove Lemma 2.4. This we do in two steps: first, we prove the special case that p; = 1
for each 1 < ¢ < s and the G, are edge-disjoint (the dense disjoint case), and then we deduce
from this special case the general case. Note that in the dense case the assumption of upper
regularity is trivially satisfied with p;, = n = 1.

To prove the dense disjoint case of Lemma 2.4, we use a standard approach, borrowed
from [AFKSO00]. That is, we begin with the input family of partitions Q*, and iteratively apply
the Strong Hypergraph Regularity Lemma of Rédl and Schacht [RS07], obtaining a collection
of families of partitions Py, P; and so on, where P; refines Q* and for each j > 2 the family 73;
refines P;_;. We choose parameters for these applications of the Regularity Lemma such that for
each j > 1 the pair (PJ* P 1) satisfies the regularity properties of being a strengthened pair for
each G;. Then for each j > 1, one of the following two things occurs. First, the density property
of being a strengthened pair holds for each ;. Second, there is some (; for which the density
property does not hold. We will define an energy &; of the family of partitions P;, and see that
in the second case &, is significantly larger than £;. Since we will see &; is bounded above
by s, we conclude that the first case must occur for some bounded j, and the lemma follows. We
now quote the Strong Hypergraph Regularity Lemma from [RS07], and give the details.

Lemma A.1 ([RSO07, Lemma 23]). Let k > 2 be a fixed integer. For all positive integers t
and s, and all €, > 0 and functions € : N — (0, 1], there are integers t, and ny such that
the following holds for all n > ng which are divisible by t,!. Let V be a vertex set of size n,
let Gy, ...,Gg be edge-disjoint k-uniform hypergraphs on V, and suppose Q* is a (1,to,n)-
equitable family of partitions on V. Then there exists a family of partitions P* refining Q* such
that P* is (to, t1, 5(t1))-equitable, and for each 1 < i < s, the hypergraph G, is (ey, 1)-regular
with respect to P*.

Note that in [RS07] this lemma is stated for £ > 3; the case £ = 2 is the (much older)
Szemerédi Regularity Lemma, in which the ‘families of partitions’ are simply vertex partitions
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and the function ¢ plays no role.

Proof of Lemma 2.4, dense disjoint case. Given k > 2, q, ty, s integers and £, > 0, and func-
tions f, fr, e : N — (0, 1], we define sequences of numbers t1, t5, ... and ny,na, ... as follows.
For each j > 1, let ¢; and n; be returned by Lemma A.1 with input &, ¢;_;, s, min (5k, fk(to))
and the function min (5, f )

Let Lemma 2.4 return the parameters n = 1, T' = ¢ et and ny = max(nq, . .. ,nss;4+2).
Given an initial family of partitions Q* which is (1, ¢y, n)- equltable and edge-disjoint k-uniform
hypergraphs G, . . ., G, we proceed as follows.

We apply Lemma A.1, with input k, ¢y, s, min (ék, f (to)) and ¢, with input family of parti-
tions QF, to the hypergraphs G, .. ., G5. Let P; be the returned family of partitions.

We now, for each 5 > 1 successively such that the conditions are met, apply Lemma A.1,
with input k, ¢;, s, min (e, fx(¢;)) and min(e, f), with input family of partitions P}, to the
hypergraphs G1, ..., Gs. Let P}, be the returned family of partitions.

For each 57 > 1 such that 77; exists, we define

() Z Yo d(G]PQP)))

1=1 Q&Crossy(P;)

Observe that if j > 1 and P;,, exists, writing temporarily D;;(Q) := di (GZ’ ]5(@’7);» and
Dj14(Q) = dl(Gz"P Q, g+1))» we have

Ejr1 — Z Y. DiiQ) - Di(Q)

=1 Q&Crossy(P;)

IS (D@ — (D,4(Q) = Dy1i(Q)) — Dyul@)

1=1 Q€&Crossy(P;)

Z Z —2D;,(Q) (Dj,i(Q) - Dj+1,i(Q)) + (Dj,i(Q) - Dj+1,i(Q))

i=1 QeCrossy(P;)

Y Y (0,(Q) - D)

1=1 Q&Crossy(P;)

2

where the inequality comes from the fact that some () may be in Cross,(P;4+1) but
not in Crossy(P;), and the final equality is since (by definition of density) the sum
of D;;(Q) — Dj1,(Q) over any polyad of P} is zero, and —2D;;((Q)) is constant on any such
polyad. From this we observe that £;; — &; is always nonnegative, and furthermore if there
is some 1 < i < s and some &%(7}) ch01ces of @ such that D;1,(Q) # D,;:(Q) £ ey,
then &1 — & > e},

Ifforsomel < j < se; ' +1 the pair (Pr,Priy)isa(to ty, tjyr, en, e(ts), fulty), f(tjra), 1)-
strengthened pair for GG; for each 1 < ¢ < s, then by choice of 7" we are done. It follows that

foreach 1 < j < se,* + 1 the pair (P75, P;,,) is not such a strengthened pair. By construction,
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the conditions (S1)—(S5) in the definition of a strengthened pair are satisfied, and we conclude
that (S6) fails, i.e. for some 1 < i < s there are ¢ () elements @) € Cross;,(P;) such that

& (Gi|P(Q,P})) # di(Gi|P(Q, Plyy)) e

and so by our observation above &1 — &; > £}.
Summing over j, we obtain €1, — & > (sex*+ 1)} > s, which by definition of ety
is not possible, completing the proof.

Next, we deduce the general case of Lemma 2.4, using the Weak Regularity Lemma of Con-
lon, Fox and Zhao [CFZ15]. This follows the approach in [ADS19]. Specifically, for each G;
on vertex set I we create a dense model G/ on V' by first using the Weak Regularity Lemma,
which returns a dense model G of G; with weighted edges, and then randomly picking a k-
edge into G/ with probability proportional to the weight of that edge in . The conclusion of
the Weak Regularity Lemma, together with a simple application of the Chernoff bound, tell us
that density and regularity properties with respect to G/ of any family of partitions P* on V'
with sufficiently large parts carry over (with a small loss of parameters) to GG;. In particular, we
can apply the dense disjoint case of Lemma 2.4 to the G/ and the resulting strengthened pair
is also a strengthened pair for the GG;. We now quote the Weak Hypergraph Regularity Lemma
of [CFZ15] from [ADS19] (where a simplified statement which is all we need is given) and give
the details. We need a couple of definitions.

Let V be a vertex setand let k > 2. Let g, i be two functions from (} ) to R-, which we think
of as weighted hypergraphs. Given any collection F, ..., Fy of (k — 1)-uniform hypergraphs
on V, let S be the collection of k-sets in V' whose (k — 1)-subsets can be labelled using each
label from 1 to 7 exactly once, such that the label ¢ subset is in F; (we say the edges of .S are
rainbow for the F;). If for any choice of the F; we have

> (g(e) = h(e))| < VI,

ecS

then (g, h) is a y-discrepancy pair. In addition, given > 0, if for any choice of the F; we have

> (gle) = 1) <V,

ecS

then we say g is upper n-regular. Note that this definition is not quite the same as the previously
defined (7, p)-upper regular; however if we have an (7, p)-upper regular hypergraph G, and we
define a function g by setting g(e) = p~! for edges e of G, and g(e) = 0 otherwise, then g is
upper 7n-regular.

Theorem A.2 (Theorem 19 from [ADS19], simplified from Theorem 2.16 of [CFZ15]). For
any k > 2and v > O and g : (Z) — R- which is upper n-regular with < 280K/ there

exists § : (Z) — [0, 1] such that (g, §) form a ~y-discrepancy pair.

The following proof is very similar to the proof of [ADS19, Lemma 23, general case] and
we copy it from there, making the appropriate modifications, for completeness.
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Proof of Lemma 2.4, general case. Given k > 2, q, ty, s integers and ¢, > 0, and
functions f, fr,e : N — (0, 1], let T and n be returned by the dense disjoint case of Lemma 2.4
for input as above but with QLSSk and % f replacing ¢, and f. Without loss of generality, we can
assume ¢, f, f; are decreasing functions.

We let v = rooere(T)2f (1) f1(T)*T~%", and 1y = 271°%/7" and let Lemma 2.4 return ,
T and ny.

Given an initial family of partitions Q* which is (1, ¢y, 7)-equitable and k-uniform hyper-

graphs G, ..., G, where G; is (1, p;)-upper regular for each i, we proceed as follows. First,
for each 1 < i < s,let g; : () — R.g be defined by g;(e) = p; ' if e € G, and gi(e) = 0

otherwise. Observe that each g; is upper n-regular.

Applying Theorem A.2, with input 7 separately to each ¢;, we obtain functions
gi ([Z]) — 10, 1], such that (g;, g;) is a y-discrepancy pair for each 4. It follows that (s~ 'g;, s71g;)
is also a y-discrepancy pair for each .

We now create pairwise disjoint unweighted k-graphs G by, for each e € ([Z]) indepen-
dently, choosing to put e into either exactly one of the GG/, or into none of them, choosing to put e
in G/ with probability s~ g;(e). Since 0 < g;(e) < 1 foreach i, we have 0 < > icis Jile) < .80
that the distribution we just described is as required a probability distribution. By construction,
the G/ are edge-disjoint.

We claim that a.a.s. (s7'g;, GY) is a y-discrepancy pair for each i (where we temporarily
abuse notation by equating G and the characteristic function of its edges). Indeed, suppose i
and unweighted (k — 1)-graphs F,. .., F;, on [n] are fixed before the sampling of the G7. The
expected number of edges of G/ which are rainbow for F1, ..., F}, is exactly equal to the sum
of gi(e) over e rainbow for F7,. .., Fj. By the Chernoff bound, the probability of an additive
error of ynk is 0(2‘k”k_1). In other words, a given F7, ..., F;, and ¢ witness the failure of our
claim with probability o(27*"*""). Taking the union bound over the at most s2***"" choices
of F1,..., Fy and i, our claim fails with probability o(1) as desired.

We now apply the dense disjoint case of Lemma 2.4 to the G, with inputs as above. We
obtain integers ¢;,?, < 7' and families of partitions P and P}*, both refining Q*, such that for
each 1 < i < s the pair (P}, P;) is a (fo, 11, ta, 5-k, 56(t1), fr(t1), f(t2), 1)-strengthened pair
for G/. We claim that this is the required strengthened pair for each G;.

To see this, we need to check (S3), (S5) and (S6) hold. Expanding out the definition of
regularity with respect to a family of partitions, each of these three statements boils down to
a collection of claims of the following form. Given a k-polyad P (of either the coarse or fine
partition) and a set of (k — 1)-graphs F}, ..., F), which are subgraphs of P, let S be the set of

k-edges rainbow for I, . .., Fy. If | S| is not too small, then %

sity dy, (GZ|]5) Note that for each such condition, the corresponding statement for G/, namely

that % is close to d, (G| P), is guaranteed by definition of a strengthened pair.

It is therefore enough to show the following: for any (k — 1)-graphs F7, ..., F, letting S be
the set of k-edges rainbow for Fi, ..., Fi, we have

is close to the relative den-

|E(Gy) N S| =pis|E(GY) N S| £ 2pisyn”.

Note that this statement also implies d,, (G| P) is close to sd; (G7|P) by taking the F} to be the
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(k — 1)-partite subgraphs of P, and the error term 2p;synk is genuinely small compared to the
main term because of the requirement that .S is not too small in the definition of ‘regular’ and
by choice of 7.

This last equation is immediate since (s~'g;, s71g;) and (s~1g;, GY/) are both y-discrepancy
pairs. [

In this second proof we could allow each G; to be a weighted k-uniform hypergraph (i.e. a
function from ([Z]) to R~ o) without any change; thus Lemma 2.4 applies in the weighted setting
of [ADS19]. We will not need this strengthening here, but note it for future reference.

We now prove, as promised, that a strengthened partition contains few irregular polyads.

Proposition A.3. Given k € N, suppose that ty € N is sufficiently large. Given any con-
stants ,d e, > 0, any function ¢ : N — (0,1] which tends to zero sufficiently fast,
any t1,t; € N, any 0 < fr < &2 and any f > 0, there exists 1 > 0 such that the following
holds for any sufficiently large n and any p > 0. Suppose G is an n-vertex hypergraph. Sup-
pose that (P, P;) is a (to, t1, 2, €k, €, fi, f, p)-strengthened pair for G. Suppose that P has t
clusters and density vector d = (dg_1, . .., ds).

Then the number of irregular polyads of Py for G is at most

4ey, (2) lﬁd; )

Proof. We require t, to be sufficiently large that 3(1 — ﬁ)_lg < 4(7&,3) (and so the same
holds for each t > ty). We also require £(¢;) to be small enough, and n/t; large enough, for
Lemma 2.6, witha = 1,dy = ¢, ', and 7 = ﬁ.

Recall that a polyad P(Q; P?) is irregular with respect to ¥ if either G is not (&, p)-regular
with respect to P(Q; P¥), or for more than an £4-fraction of the k-sets ()’ supported on P (Q;Pr),

G'is not ( f, p)-regular with respect to P(Q’; Pj}), or for more than an e-fraction of the k-sets ('
supported on P(Q; P*), we have d, (G|P(Q/; P;)) # dy (G’P(Q; Pr)) £ e
By definition and (S3), there are at most e, (}) sets @ in Cross(P.) such that G is not (e, p)-

regular with respect to P(Q;P). Since by Lemma 2.6 for each Q) € Cross,(P.) the number of
k-sets supported by P(Q; P?) is at least

( B 100)(?) H )
i=2
it follows that there are at most
k-1 k-1
n _ k - ’f _ k — ’f
i=2 i=2

k-polyads in P* with respect to which G is not (&, p)-regular.
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Suppose thatd/ = (d£ Lreees dg ) is the density vector of P}, and ¢ is the number of its clus-
ters. By definition and (S5), there are at most fj, (") sets in Crossy(Py) such that G is not ( f;, p)-
regular with respect to P(Q; Pf) and by (S6), there are at most £7 (},) sets @ in Cross,(P.) such
that d, (G|P;(Q)) # dp(G|P;(Q))£ex. By choice of f, there are in total at most 2¢7 (7)) sets Q
in Crossy(Py) which fail either condition, and so at most 2¢7 (%) sets @ in Crossy,(P.) which

fail either condition. Now a polyad P(Q; P*) which is irregular, but with respect to which G is
(e, p)-regular, by Lemma 2.6 supports at least

k-sets which fail one of these two conditions. It follows that the number of polyads P (Q;PF)
which are irregular, but with respect to which G is (e, p)-regular, is at most

k—1
222(}) -1 - ) (O [Ta ¥ < 21 - )4 Hd

Putting these together, we see that the total number of irregular k-polyads in P is at most

" t\ 1 (%)
3ex(1 00 G Hd 4€k(k>Hdi Z
1=2

Building on this, we next prove Lemma 2.5.

Proof of Lemma 2.5. Given k and d, we require ¢, > %, and we then choose 0 < v < ﬁ small
enough so that

5 — % —(1 +,y>4 . 2k+1€]1€/k _d
(14+)*

> § —2d — 22%/%
We additionally require ¢, to be large enough, and £(¢;) small enough, for Proposition A.3,

so that P’ supports at most
k-1
¢ ()

irregular k-polyads, and also £(t;) small enough and + large enough, for Lemma 2.6
with dg = tl’l and ~y. For convenience in this proof, we deﬁne d, = 1.
We require 7 to be sufficiently small compared to all the products of d; and i which appear

in the following proof: concretely, any n < 100t 2% suffices.
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Our first aim is to show that R., (G; P;, P}) contains many 1-edges. To start with, we mark
the k-edges of the multicomplex P which are irregular as bad. We then, foreach? = k—1,...,1
in succession, mark as bad all z-edges which are contained in at least

i+1

45,16/ktHd =
j=2

bad (i+1)-edges. Now consider the following construction. We begin by taking any bad 1-edge,
then any bad 2-edge containing it, and so on until we obtain a bad k-edge together with an order
on its vertices. Clearly we obtain any given bad k-edge in at most k! ways by following this
process (since a k-edge together with an order determines the chosen edges in the process). If
there exist at least 4511/ "t bad 1-edges, it follows that the number of bad k-edges is at least

k—1

1/k t\ 17 -
}‘g( /tHd J1>>4skk,Hd >4Ek<k>illdi()
which is in contradiction to Proposmon A3.

We claim that any edge of P which is not in R., (G; Py, Py ) is either bad or contains a bad
edge. To see this, consider the process of obtaining R, (G; Py, P}) by successively removing
edges which either fail one of (RG1) or (RG2), or which contain a removed edge. Suppose for
a contradiction that at some stage in this process we remove an edge which is neither bad nor
contains a bad edge; let e be the first such edge removed. Observe that e cannot have been
removed for failing (RG1), since edges which fail this condition are bad. Furthermore e cannot
have been removed for being unsupported, because all edges previously removed either were
bad or contain bad edges, and by assumption e contains no bad edges. So e was removed for
failing (RG2). In other words, we have |e| < k — 1 and e is neither bad nor contains a bad edge,
but nevertheless there are many (|e| + 1)-edges containing e which either are bad or contain a
bad edge.

Suppose that f is a bad edge such that |f \ e| = 1. If | f| = 1, then there are at most 451/ ¥

t

choices of f, each of which is contained in H'ePrl d, ) edges of P of uniformity |e| + 1

which contain e. If | f| > 1, then f N e is non-empty and not a bad edge. There are at most (|e|)
choices of f N e with ¢ elements, each of which by definition is contained in less than

41
1e,/%t H d
bad edges. Thus, there are at most
041
( ) g%y H d

choices of f, each of which is contained in

le]+1

H d 11 z Jj— 1)(‘6‘1'_[)
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edges of P; of uniformity |e| + 1 which contain e. This holds as Pj is (to,?1, €)-equitable
partition.

Summing up, the number of (|e| + 1)-edges containing e which are either bad or contain a
bad edge is at most

" le]+1 le] |€| l/k 441 le]+1 - (\EH)
4€ktHd +Z(€> (Hd ) Hd =1 () (0
le[+1 le]+1

:45}/’%(2(‘ ’)) Hd — glel+2 ”’“tHd

=0

But this last equation simply states that e does not fail (RG2), which is our desired
contradiction. In particular, every 1-edge which is not bad is in R., (G; P;, P}), and so also
in R, 4(G; P, P;). There are at least (1 — 45,16/’“)15 such 1-edges.

Next, we prove that every (k —1)-edge of R, 4(G; Py, Pj) is contained in sufficiently many
k-edges.

By Lemma 2.6, given any (k — 1)-edge E of R., 4(G; Py, P;), we know that £ contains e
(k — 1)-sets, where e is in the range

e

=2

L

(k — 1)-sets; we need the lower bound to justify some applications of (7, p)-upper regularity.
First, consider the edges of G which contain a (k — 1)-set in £ and another vertex from the
clusters of F/. These edges are all rainbow for F together with & — 1 copies of the complete
(k — 1)-graph on the union of the clusters of £, and any such edge contains at most two sets
in E. The total number of k-sets which are rainbow for FE together with the £ — 1 complete
graphs on the clusters of E is at least 1 5€- (—1 — 1) > nn*, by choice of 1 and since every cluster
has at least i+ vertices. It is also at most (k—=1)¢ ve, since every cluster has at most ;> vertices,
and so by (77 p) -upper regularity of G, the total number of edges of G which contam a (k 1)-set
in F and another vertex from the clusters of E is at most p - (k — 1) e+ pnn® < kpZe e

Since each (k — 1)-set of E is contained in at least dpn edges of G it follows that the total
number of edges of G which consist of an (k — 1)-set of £ together with a vertex not in the
clusters of E is at least

(0 —E)epn.
Now these edges of G are partitioned according to the k-polyad of P’ containing them. By
Lemma 2.6, each of these k-polyads supports

s T D
(1x7) ez Hd- ot
=2
k-sets, and hence by (7, p)-upper regularity of G, at most
k=1,
(1+ 7)4ep% H di(i’l)

=2
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edges of G. Since F is in R, 4(G; P, P}), at most
k=1,
2k+1€]1€/kt H d;(ifl)
i=2

of these polyads are not in R., (G; Py, P}), so the total number of edges of G in such k-polyads
of P} containing [ is at most

k—1 k—1
ok+1_1/k -(i21) 4 n () _ 4 ok+1_1/k
e/t Hdi (1+7) ep;HdZ- =(14~)"-2""¢,/ epn.
=2 1=2

By definition, the number of edges of G in k-polyads of P containing E with respect to which
the p-density of G is less than d is at most depn. It follows that all the remaining edges of G
which contain a k-set of E together with a vertex outside the clusters of £ are contained in edges
of R., a(G; Py, P;), and so there are at least

( - %)(ﬁm —(1+ '7)4 : 2k+1€,1€/kepn — depn
4 ppe-t (00)
(1 + 7) ep% [ i, d;
6= — (L) 2/t —d ey

= 0 (1 _'_,y)4 tHdz i—1

=2

such edges, as desired.

Finally, we need to show that if § > % + 2d + 2k+2€,1,/ " 4 U then any induced subcom-
plex R' C R on at least (1 — v)t 1-edges is tightly linked. In other words, we need to show
that if u on the vertices (uy, ..., ux—1) and v on the vertices (vy, ..., v5_1) are any two ordered
(k—1)-edgesof R C R = R., a(G; Py, Pj), there is a tight link in R’ from u to v. This proof
does not require any further regularity theory; simply the properties of R we already deduced.

The critical observation we need is the following. If f is any (k — 1)-edge in R/, then it is
an edge in 'R and so is in at least

_ (k=1
(5—20= 235/ [T > G+ e [0 )
=2 i=2
k-edges of R. Of these, at most
k—1 )
vt H d,
1=2

use one of the 1-edges not in R’, and so f is in strictly more than

%t H d’l_(lil)
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k-edges of R'.

We build up the desired tight link vertex by vertex. For each 1 < j < k — 1, we will choose
a 1-cell w; of R', disjoint from {wy, ..., ug_1,v1,...,v5-1}. At the jth step, we in addition
choose for each S C [j — 1] with S # @ an (|S| + 1)-cell wgyg; of R’ supported by wg
and the cells wgg;) for S' € S with |S'| = [S| — 1. Finally we choose two k-edges e;,
and e;, of R, where ¢;, has underlying 1-cells u;, ..., uy_1,w,...,w; and e;, has under-
lying 1-cells vj,...,v,—1,w1,...,w; and where both e;,, and e;, have wy; in their (k — j)-
times-iterated boundaries. We insist additionally that Je; ,, contains the (k — 1)-cell underly-
ing u, and Je, , contains the (k — 1)-cell underlying v, and that foreach 2 < j < k — 1 we
have (8(2]-_1,“) N (863'7“), <8€j—1,v) N (aem) 7& .

For j = 1, consider u and v as (k — 1)-edges of R’. We need to find a 1-cell w; of R’ such
that there are k-edges of R’ whose boundaries contain u and v respectively, and both of which
use the 1-edge w;. If no such edges exist, then for one of u and v (without loss of generality,
suppose it is u) there are at most %t 1-edges which support edges of R’ using u. Thus u is in at

most
LT ()
st][d
i=2

k-edges of R', which is a contradiction since u is an edge of R’.

Given 2 < j < k — 1, suppose wg has been constructed for each S C [j — 1] with S # @.
Consider the collection W* of j-edges in R’ whose boundary contains wy;_yj. Any k-edge of R’
whose (k 4 1 — j)-times-iterated boundary contains wy;_;) has (k — j)-times-iterated boundary
containing some w* € W*. In particular, consider the (k — 1)-edges e, in Je, ;1 Which does
not use u;_1, and e} in de, j_; which does not use v,;_;. Both these edges have w(;—1) in their
(k—7)-times iterated boundary. What we want is some w* € WW* such that there are k-edges e, ;
whose boundary contains e}, and e, ; whose boundary contains e, both of whose (k — j)-times-
iterated boundaries contain w*. Assuming such a w* exists, we can then let w; = w* and for
each S C [j — 1] with S # @, we let wguy;} be the unique (|.S| 4 1)-edge on the vertices
{w; i€ SU{j}} thatisin the (j — | S| — 1)-iterated boundary of wy;.

Suppose for a contradiction that no such w* exists. Then each w* € W* can be assigned to
at most one of v and v, according to whether it is in an edge with ¢, or with e;. We have

T
W<t
=2
and hence for one of v and v, the number of elements of W* assigned to it is at most

J -
| (1)
w[d .

=2
Suppose without loss of generality this is u. For any given w* € W*, the number of k-edges
of R whose boundary contains e}, and whose (k — j)-times iterated boundary contains w* is at

most
k—1

11 g ()+6)

1=2
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where we use the convention (sz) = 0if 4 > j. Hence the number of k-edges of R’ whose
boundary contains e}, is at most

j k—1 ()4 () k—1 ()
H Hdz :%tHdi -
1=2 1=2 1=2
But ¢} is a (k — 1)-edge of R/, so this is a contradiction. O

To prove the remaining lemmas we first state the Dense Counting Lemma with parts of the
same size for more general graphs.

Lemma A.4 ([KRS02, Theorem 6.5]). For all integers k > 2 and constants v,dy > 0, there
exists € > 0 such that the following holds. Let d = (dy_1, ..., ds) be a vector of real numbers
with d; > dqy for each 2 < i < k — 1, let G be a k-partite (k — 1)-complex with parts of
sizem > e ' which is (dy_1, .. .,ds, e, 1)-regular, and let H be any k-partite (k — 1)-complex
on at most 2k vertices with fixed partition classes. Then the number of copies of H in G, with
the vertices of the ith class of H embedded into the ith class of G fori =1,...,k, is

k—1
(1 + ’y)m”(H) Hdsz‘(H) :

=2
where e;(H) is the number of edges of size i in H.

Proof of Lemma 2.6. Let k > 2 be an integer and «, 7y, dy > 0. Let ¢ > 0 be small enough got
Lemma 2.7 on input k, «, and dy. Additionally assume that /¢ is small enough for Lemma A .4
on input k, v, and dy. Letd = (di_1,...,ds2) be a vector of real numbers with d; > dy
for each 2 < ¢ < k, and let G be a k-partite (k — 1)-complex with parts V;,...,Vj of
size m > a~'e~! which is (d, €, 1)-regular.

Let V! C V; be of size |V/| > «o|V;| fori = 1,...,k. Our goal for he first part is to es-
timate the number of copies of the k-vertex complete (k — 1)-complex in G[V/, ..., V/]. We
denote this number by E. Note that for any V;” C V. each of size am the induced subcom-
plex G[V/', ..., V'] is (d, /e, 1)-regular by Lemma 2.7. Therefore, by Lemma A .4, there num-

ber of copies of the k-vertex complete (k — 1)-complex in G[V]", ..., V'] is
k-1 )
(1 ) (am)* [T .
i=2

We choose sets V;” C V; of size am uniformly at random and note that the expected number
of copies of the k-vertex complete (k — 1)-complex in G[V/", ..., V"] is E]]., 7+ With the
estimate from above it follows that

k-1

EHW’ =(1+7) (am)kHdl(I:)

1=2

and rearranging this for £ finishes the proof of the first part. The second part follows analogously.
]
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Proof of Lemma 2.8. We will prove the first statement, then deduce the second, and note that
the third also follows. Let k& > 2 be an integer and a,y,dy > 0. Let 0 < ¢ < 7 be small
enough for Lemma 2.6 on input %k, o, g = %73, and dy. Additionally, assume that ¢ is small
enough for Lemma 2.6 with the same input and £ — 1 instead of k£ and also small enough for the
generalisation of Lemma 2.6 for counting two copies of the k-vertex complete (k — 1)-complex

that overlap on the first k — 1 vertices® with the same input as above. Letd = (dy_1,...,ds) bea
vector of real numbers with d; > d, for each 2 < 7 < k, and let G be a k-partite (kK — 1)-complex
with parts Vi, ...,V of size m > a~'e~! which is (d, , 1)-regular.

Let V/ C V; be of size |V/| > o|V;| fori =1,... ., kand G' = G[V/, ..., V/]. For a random
(k — 1)-tuple e from G[V/,...,V/_;] we denote by X, the number of copies of the k-vertex
complete (kK — 1)-complex in G’ that e is contained in. With Lemma 2.6 we can count the total
number of copies of the k-vertex complete (k — 1)-complex in G’ and the number of choices
for e to obtain

(1£%) 11 10 11 () o1 (=)
E[X. HF%HIV;IECZ/ H\W Hdz 1i3%\Vk|HW

=1 =2

Similarly, we can count the number of two copies of the k-vertex complete (k — 1)-complex that
overlap on the first £ — 1 vertices to get

k k—1 k—2
1 :i: 7 1 ’L 1 i— 11
BLx? = v T v [T H|V'|Hd = (1+37%) mFHd )
This implies
VIX.) ~ X — B < oV [ )
1=2
and, with Chebyshev’s inequality, we infer
1) 970
| X, —E[X —|kaHd <=2 <.

(3)?

Thus, at least a (1 — 7)-fraction of the (k — 1)-tuples in G[V], ..., V/ ;] is contained in

kl kl
(14 2)(1 % 37) de“) <1iv|vk|Hd“)

=2

copies of the k-vertex complete (k — 1)-complex in G’.
For the counting statement, let S denote the ~-fraction of edges e with largest X.. Suppose
that E[X.|e € S| > 2E[X.], as otherwise we get

k k i
> X <IS|-E[X.Je € 5] <2IS|-E e\gnvmd&—ﬂ
i=1 i=2

e€eS

3This follows from Lemma A.4 by exactly the same argument as in our proof of Lemma 2.6.
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Then we have
EX?] =1E[X’|e € S] + (1 —7)E[X?|e & 5] > 1E[X.|e € 5]2 + (1 —7)E[X.|e ¢ 5]2

where the inequality is Jensen’s inequality (since the second moment function is convex). Now
we have E[X,|e € S] = E[X.] 4 ¢ for some ¢ > E[X.], and E[X.|e & 5] = E[X.] — i=c.
Plugging these in we get

E[X?] > (1+7)E[X]*

which is in contradiction to the above bound on V[ X].

For the third statement we apply the first statement to the first £ — 1 parts V..., Vi1,
which is possible by the choice of € above. We find that a (1 — «y)-fraction of the (k — 2)-tuples
in G[V/,...,V/_,] is contained in

k—2

(1 3)(1 £ 370V T

1=2

copies of the (k — 1)-vertex (k — 2)-complex in G’ together with a vertex from V;_,. Then, with
(dg—1,¢€,1)-regularity, we get that a (14¢)dj_;-fraction of these give copies of the (k—1)-vertex
(k — 1)-complex in G'. The statement follows as (1 £ 7)(1 £ 37)(1£¢) = (1 £ 7). O

Proof of Lemma 2.9. Let k > 3 be an integer v,6,dy > 0 and w.l.o.g. assume § > 2v. We
choose 0 < 79 < 7202 Fand 0 < ¢ < %VOd(l]Okak. Letd = (dg_q,...,ds) be a vector of
real numbers with d; > d, for each 2 < ¢ < k — 1, and let G be a k-partite (k — 1)-complex
with parts Vi, ..., V; of size m > ¢~! which is (d, e, 1)-regular. Given integers a, b, ¢ such

b
that a + b — ¢ = k, let A be part of an a-cell, B be part of a b-cell of size | B| > ym® Hf:_; dl()

and C' be part of a c-cell such that the tuples from C' have degree (6 £+ v)m®~¢ Hf:_; dz()i()
into A and every tuple of B is contained in a tuple of C'.

We denote by Fj the k-vertex (k—1)-complex obtained from the union of a complete a-vertex
a-complex with a complete b-vertex b-complex identified on ¢ vertices. We fix the canonical
labelling v, . . ., vx of the vertices from Fj such that the v; vertices of the a- and b-vertex graph
constructed above correspond to the clusters V; of G in A and B, respectively. Then each tuple

from B is contained in (6 & v)m* <[]} d(>7() copies of Fy supported by A and B and,

i=2 @
therefore, there are
k—1 k—1

|B|(6 £ v)m"° H d(?)_(j> = nmk H ¢ (Fo)

7
=2 =2

b
copies of Fy in G supported by A and B, where ) = (6 & )| B|lm™° Hf;f d;(’) > 0%y.
Starting from F{, and adding edges of size at most £ — 1 that are supported we obtain a
sequence Fy, ..., F; of k-vertex (k — 1)-complexes, where F; is the complete k-vertex (k — 1)-
complex. Note that ¢ = o2k — 92— e(Fp). We show by induction on j that for each 0 < j < ¢, we

have
k-1

(1 = jro)ym* [T ™

=2
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copies of F; in G supported by A and B. The j = t case, and the choice of 77 and as vy < 72d/t,
proves the lemma.

For a given 1 < j < ¢, let e be the edge in E(F;) \ E(Fj_1). Let F’ be the subgraph
of F;_; induced on V' (F') \ e, and denote by X the (k — |e|)-tuples in G from the clusters V; such
that v; ¢ e that are copies of F’. Foreach x € X, let F;_;(z) and Fj(x) be the number of copies
of F;_; and Fj}, respectively, in G supported by A and B that contain z. Then, by assumption,
we have that

k—1
Y Fia(z) = (1% - ) nmkHdez =)
zeX =2

We let X’ C X be those tuples, for which F;_;(z) > eml®l. Then for any fixed x € X’ we get
from (d, e, 1)-regularity of G that F(x) = (d|¢ = €)F;_1(x). For any x € X, we additionally
have Fj(z) < Fj_1(z).

Observe that we have

Y Fia)< Y Fia(r) <em”,

zeX\X' zEX\X'

where we use the bound | X \ X’| < m*~I°l and the definition of X’ for the final inequality. This

gives
S Fale) = (14 VE) Y. Fiala)
rzeX’ reX
‘We then have
Y Fi(a)=> Fi@)+ Y Fix)= ( > (dye :I:e)Fj_l(x)> + emt
rzeX reX’ reX\ X' reX’
((d|e|ig (1+£vE)> F )iem = (1 370)de Y Fj-
rzeX rxeX
as desired. ]
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