UC Berkeley

UC Berkeley Electronic Theses and Dissertations

Title
Interactions in random structures

Permalink
bttgs:ggescholarshiQ.orgéucéiteméZderSsj
Author

Hiesmayr, Ella Veronika

Publication Date
2024

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/2xd2r8sz
https://escholarship.org
http://www.cdlib.org/

Interactions in random structures

by

Ella Veronika Hiesmayr

A dissertation submitted in partial satisfaction of the
requirements for the degree of
Doctor of Philosophy
in
Statistics
in the
Graduate Division
of the

University of California, Berkeley

Committee in charge:

Professor Steven N. Evans, Co-chair
Professor Shirshendu Ganguly, Co-chair
Professor Fraydoun Rezakhanlou
Associate Professor Nikhil Srivastava

Summer 2024



Interactions in random structures

Copyright 2024
by

Ella Veronika Hiesmayr



Abstract

Interactions in random structures
by
Ella Veronika Hiesmayr
Doctor of Philosophy in Statistics
University of California, Berkeley
Professor Steven N. Evans, Co-chair

Professor Shirshendu Ganguly, Co-chair

Interaction plays an important role in probability. When analyzing random structures, a
lot of understanding is to be gained from the relationship between different aspects of an
object, and the influence its different substructures have on each other. In this thesis we
will explore this theme through three projects.

The first project describes the edge of the spectrum of sparse Erd6s-Rényi graphs. In those
graphs the spectral edge is typically determined by the neighborhood of the vertices with
the highest degrees. Our main results are a description of the largest eigenvalue in terms
of local geometric features of the graph, as well as the localization of the corresponding
eigenvectors in the balls around high-degree vertices. Many crucial elements of the proof
consist in showing that these small parts of the graph don’t interact with each other and
the rest of the graph. Our analysis of the largest eigenvalue and eigenvector of rooted
trees using continued fractions could potentially be useful in other contexts.

The second project combines two well-known probabilistic objects — sparse Erdés-Rényi
random graphs and random matrices — to obtain weighted random graphs. We once more
study the spectral edge, but this time from a large deviation perspective, i.e. we focus
on an extremely unlikely event. Depending on the tail of the weights, the graph and the
weights interact differently to produce a largest eigenvalue that is atypically large or small.
In the light-tailed case moderately large edge-weights on large stars turn out to be the most
competitive structure, and in the heavy-tailed case very large weights on small clique. We
provide large deviation probabilities, as well as a law of large numbers for the largest
eigenvalue in both cases. Surprisingly the large deviation probabilities are universal for
light-tailed weights, and identical to those of unweighted graphs. Our analysis also led to
a linear algebraic result relating entry-wise matrix norms to the operator norm of a given
matrix.



The third project is more explicitly about interactions: we define a multi-type birth death
process, in which the evolution of a lineage depends on the empirical distribution of the
other lineages present in the system. The motivation for this project comes from germinal
centers, where antibodies are optimized for a specific immune response. This process
has properties, like a carrying capacity and frequency-dependent selection, that classical
models cannot reproduce. Our simulations suggest that by introducing this interaction
between cells we obtain a model that is closer to observations. We prove that the processes
effectively decouple in the limit and provide an implicit description of the limiting flow.
We crucially use ideas from propagation of chaos to show that the interaction leads to a
specific limiting flow, but disappears in the limit.
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Chapter 1

Introduction

Most objects we encounter in real life are in interaction with other objects of the same
kind, thus forming a network. For instance, people are always in interaction with other
people, be it physically, virtually, emotionally, economically or intellectually. On the other
hand, networks can be considered to be made of different components that interact: there
is of course the graph that simply records whether there is a connection or not, but each
node of the graph, and each connection between one or several nodes can have its own
properties. Furthermore the graph can be embedded in an environment, for instance
nodes can be located in a metric space. A social network can thus be considered to be a
combination of the individual properties of the people in the group, of the connections
of different types and strengths between them, as well as the biological, societal and
economic setting they are in. All of these parts interact and play a role in co-creating the
properties of the network.

By virtue of being completely abstract, mathematics has a big advantage compared
to other disciplines: it is generally much easier to study objects in isolation. We can
for instance simply study a graph where all nodes and connections are the same, without
needing to think about their individual properties or their environment. We can also study
a group of objects with the assumption that these are independent of each other, and thus
not interacting. This is one reason why mathematics can generate precise statements in a
way that other disciplines cannot.

Once objects are decently understood in isolation, it can nevertheless be fruitful to
combine them and study how their interaction creates an object that is richer than the
sum of the isolated parts. From a mathematical perspective it is interesting to see if new
properties emerge from this combination. These new objects are especially important
if there is desire for mathematics to be useful for understanding real world phenomena
despite its abstract nature. If the mathematical objects we study are complex enough they
might shed some light into what we observe in reality. From this perspective there is
a balance to strike between mathematical objects being too simple to be useful and too
complicated to be studied in a meaningful way.

Randomness is another important way of introducing complexity. By assuming that
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the elements of the structure we study are all samples from the same distribution, we obtain
a system with variability, while still having uniformity on a higher level. This allows us
to derive properties that most realizations of the system will have, and quantify just how
unlikely unusual behavior is. Interactions between different elements are particularly
interesting in this context, as typical behavior in one aspect can interact with atypical
behavior of another, or atypical behaviors of both can conspire to create unexpected
effects.

In this thesis we explore the topic of interaction in random structures in three different
ways. First, we see an example where we need to identify relevant local structures in a
graph and isolate them to get a picture of the whole. In this case the global picture, which
includes all connections in the graph, obstructs rather than clarifies understanding. A lot
of work in this case goes into showing that interaction between different structures is so
weak that it can essentially be ignored. Second, we merge two well-known structures,
sparse Erd6s-Rényi graphs and random matrices, to obtain sparse weighted graphs, and
study how their dynamics interact. Here we focus on unlikely events, and our reasoning
is guided by the idea that unlikely events in weighted graphs occur due to unlikely
events in the graph, in the weight matrix, or a collaboration between the two. Which
of these mechanisms dominates depends on how unlikely each of the different events
is. The third part studies interacting branching processes. The descendants of a single
organism are typically represented by a tree. In isolation we have a good understanding
of these genealogical trees, but in practice these trees evolve in the presence of other trees,
which can substantially change their behavior. We define a model where a set of branching
processes interacts in a simple enough way so that we can still derive important properties
of the system. We now describe these three parts in more detail.

The first topic of this thesis, which corresponds to the first two parts mentioned above,
are properties of a specific type of random graph, namely Erdés-Rényi graphs. This
model is easily defined: for a fixed set of vertices labeled {1,..., N}, connect any two
independently with probability p. A typical node in real-world graphs has constant
degree, even if the number of nodes increases. To mirror this property, we take p = &
with d constant or varying slowly with N. While this model is too simple to exhibit many
properties of real-world networks, it lends itself to many questions that are easily posed,
but hard to answer. This allows for the development of mathematical tools that can be
valuable when studying other random graph models that are closer to observed ones.

For random graphs, deriving the exact distribution of most statistics quickly becomes
overly complex, so the analysis is often focused on the asymptotic regime, where the
number of nodes tends to infinity. Given a certain statistic of the random graph, one can
then either study the typical behavior, i.e. what happens with high probability as the size
of the graph increases, or atypical events, and the structural changes they imply, in other
words, which changes must the graph undergo for these rare events to occur.

One specific perspective one can take on random graphs is to look at the spectral
properties of a matrix representation. A graph can be represented by several different
matrices. In this thesis we use its adjacency matrix, i.e. an N X N symmetric matrix whose
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entries are one whenever two vertices are connected, and zero otherwise. One generally
differentiates between the edge and the bulk of the spectrum. The latter is concerned with
the region where most eigenvalues lie, while the former focuses on the largest and smallest
eigenvalues and their eigenvectors. Those quantities capture some important features of
the graph: they can for instance describe the spread of a disease on the graph. While the
bulk of the eigenvalues of a random matrix tends to exhibit more universal behavior, as is
exemplified in Wigner’s semi-circle law, the effect of the precise distribution of the matrix
entries is generally more visible for the eigenvalues at the edge. We will study the edge
of the spectrum from two perspectives in this thesis.

The first contribution of this thesis is a description of the typical behavior of the largest
eigenvalues and eigenvectors of Erd8s-Rényi graphs with close to constant average degree.
The goal here is to find geometric properties of the graph, like degrees, subgraphs, and
neighborhoods, to characterize the spectral edge. Regarding the eigenvectors, a crucial
question is whether they are localized or delocalized, in other words, how many vertices
concentrate most of the mass of the eigenvector, and how those vertices are related.

It is known that the largest eigenvalue of sparse Erd6s-Rényi graphs, both in the
typical [KSO3] and the large deviation case [BBG21], is equal to the square root of the
largest degree. The proofs of these statements rely on the idea that the eigenvectors of
the largest eigenvalues are localized around vertices with largest degrees. To prove this,
an elementary and important ingredient is that the eigenvalue of a star, which is a graph

consisting only of a central vertex of degree d and its neighbors, has eigenvalue Vd.

This idea has been formalized and confirmed in a series of works, [ADK21al, /ADK22,
ADK23b, I ADK23a]], where it is shown that in sparse graphs the largest eigenvalues are
determined by the neighborhoods of vertices with highest degrees and that the corre-
sponding eigenvectors are localized around one of those vertices. The general approach
developed in those papers is to look at the spectrum of truncated balls around high-degree
vertices, which are essentially disjoint trees, and can thus be analyzed more easily, and
then show that those essentially do not interact with the rest of the graph.

However, the case where p = %, with d constant, a problem mentioned by Alice Guion-
net in her plenary lecture at the European Congress of Mathematics [Gui21], remained
open. The main difficulty in this case is that the degrees of the neighbors of large degree
vertices, as well as the growth of the spheres around them, are less concentrated. With
Theo McKenzie, we used the general framework mentioned above, but expressed the
eigenvector of the truncated balls as a continued fraction, rather than finding an explicit
approximation for it. By working directly with the true eigenvector, larger fluctuations
can be tolerated, which allows us to derive the above mentioned properties for this sparser
case as well [HM23]].

The second perspective we take on the spectral edge differs in two ways. Firstly, we
no longer consider the typical behavior, and rather focus on large deviations, in other
words, the event where the largest eigenvalue is atypically small or large. Secondly, we
now add independent weights to the graph. Thus each edge is assigned an independent
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random weight whose distribution has Weibull shape: its tails are of the form e™". When
0 < a < 2, then we consider these to be heavy tails, and when a > 2 the tails are considered
to be light. The case a = 2 essentially corresponds to Gaussian edge weights and was
treated in [GN22]. Conceptually, "a = " corresponds to the case without edge weights,
for which large deviations results were obtained in [BBG21]. Those two previous results
guided us in our investigation, as the edge spectrum of graphs without Gaussian weights
is governed by entirely different structures than the graph without weights. While, as
mentioned above, high-degree vertices are the relevant structure in the latter case, small
cliques with very large edge weights turned out to be more competitive when Gaussian
weights are added to the model.

Together with my advisor Shirshendu Ganguly and Kyeongsik Nam [GHN24], we
derived lower and upper tail large deviation results for heavy- and light-tailed weights.
Based on our proofs, it seems like graphs with heavy-tailed edge weights behave similarly
to graphs with Gaussian tails, in that small cliques with very large weights are driving
the large deviations. Nevertheless there is a crucial difference: while the size of the clique
is bounded for a < 2, no matter the size of the deviation, the size of the optimal clique
goes to infinity in the Gaussian case. It is important to note that the two papers [BBG21]
and [GN22] actually prove structural results, while the structural conjectures we make for
both light- and heavy-tailed weights are based on our proof strategy.

For light tails we were guided by the idea that high-degree vertices remain the relevant
structure. Here too there is a crucial difference, compared to the unweighted case, as the
vertices with maximum degree might no longer be competitive. The reason behind this
is that there are too few of them. Dependent on «, the group of vertices with large but not
quite maximum degree has collectively a better chance at accumulating large weights on
their edges. To our surprise the large deviation probability is universal for light tails, in
the sense that it does not depend on the precise weight distribution, which is given by the
parameter a. Indeed, it is identical to the one for unweighted graphs. Such a universality
phenomenon is unexpected in the large deviation regime.

The second main topic of this thesis is an interacting multi-type birth-death process,
which I studied with my advisor Steven Evans, William S. DeWitt and Sebastian Hummel
[DEHH24]. The initial motivation for this project was antibody maturation in germinal
centers, where cells are optimized to bind to a virus that just entered a body. There are a
lot of discrepancies between observations of this process and the existing mathematical
models. For instance such centers have a carrying capacity, which means that the growth
of the process slows down as the number of cells increases.

To better match the observations, we define a system of multi-type birth-death pro-
cesses. For each branching process in the system, its birth, death and mutation rates
depend strongly on its own state and weakly on the state of the other processes present
in the system. This is modeling the process in a germinal cell, where we start with an
initial set of cells, which then each reproduce, die and mutate. The rates at which each
cell does this depends on its affinity to bind to the virus that just entered the immune
system, relative to the binding affinity of all the other cells present in the germinal center.
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Since interactions make this process substantially more complicated, we restrict ourselves
to mean-field interactions, which means that we can focus on one process that interacts
with the other ones through the empirical measure. Besides an implicit description of the
flow of the empirical measure when the number of initial particles tends to infinity, we
also show that any finite number of branching processes effectively decouple in the limit,
which means that while the interactions lead to a specific limiting marginal distribution,
the interactions are no longer locally visible.

Structure of this thesis

The rest of this thesis consists of six chapters, the first five focusing on random graphs
and the last chapter introducing our multi-type birth death process. We start by introduc-
ing known and new results that will be necessary to prove our main theorems. In Chapter
we first introduce a new result relating the spectral norm of a matrix to its entry-wise
LP-(quasi)norm, which generalizes the classical Motzkin-Strauss theorem [MS65]. We then
state a few basic spectral properties of graphs.

Structural properties of sparse Erdés-Rényi graphs are gathered in Chapter[3] We start
by citing results about the profile of the large degrees in the graph. In other words we
quantify how large the maximum degree typically is, and prove or state results on the
number of vertices whose degree is equal to a fraction of that maximum degree. We then
study the degree profile closer to the maximum degree more closely, by estimating the
number of vertices that deviate from the maximum degree by an additive constant. We
also prove results about the local neighborhoods of vertices with large degree, and end
the chapter with some results on the existence of a clique and the connectivity structure
of highly sub-critical graphs.

Chapter [ the last introductory chapter, focuses on distributions that are relevant in
our proofs, which are the Binomial and the Poisson distribution. After some results that
quantify the asymptotic equivalence of the Binom(N, d/N) and the Pois(d) distribution,
we state tail bounds for both of these, that we will regularly use. We then show that in
Erdés-Rényi graphs, this equivalence can not only be applied to each individual degree
in the graph, but also holds true for the largest degrees and their neighborhoods. We end
the chapter by providing bounds on the tails of sums of independent random variables.
In both projects such quantities will show up in our expression for the spectrum.

The remaining three chapters are each devoted to one project. Each of those chapters
starts with an introduction of the problem, followed by the main theorems, relevant
previous results, and a sketch of the proofs, before providing those in full detail.

In Chapter 5| we state and prove a precise description of the edge spectrum of Erdés-
Rényi graphs with close to constant average degree. Importantly we can relate each
eigenvalue at the edge of the spectrum to a high-degree vertex and express it up to a small
error only using its degree and the number of neighbors of its neighbors. Our other main
result shows that the corresponding eigenvectors are localized in a small ball around the
high-degree vertices.
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We continue by studying the spectrum of weighted Erdés-Rényi graphs in Chapter 6]
We derive upper and lower tail large deviation probabilities for the largest eigenvalue of
Erdés-Rényi graphs with constant average degree for both heavy- and light-tailed edge
weights. As a consequence of these results we also get a law of large numbers for the
largest eigenvalue.

In the final chapter we introduce our multi-type birth death process model with mean
tield interactions, and derive some of its asymptotic properties. We start by showing that
its empirical measure converges to a deterministic flow of measures, and because of the
mean field interactions, we show that this also corresponds to the marginal distribution
of an individual process. Finally we provide some simulations that demonstrate how a
simple variety of our process exhibits some of the properties we were hoping to model.

When proofs were either simple, similar to previously published proofs, or less clearly
related to the overall topic of this thesis, we moved them to the appendix.



Chapter 2

Spectral properties of graphs

In this chapter we prove and state results about the spectrum of the adjacency matrix
of graphs. Finding the spectrum and eigenvectors of the adjacency matrix of graphs is
an ubiquitous problem in combinatorics and spectral theory, with important applications
to computer science and mathematical physics, see [Chu97, KS97, [Alo98] for general
overviews on their applicability. None of the results in this section are probabilistic, but
we will use them to analyze our random graphs later on.

Let us first introduce some notation. For any graph G, denote by V = V(G) and
E = E(G) the set of vertices and edges in G respectively. For any vertex v € V(G), define
d(v) to be the degree of a vertex v, and let d;(G) be the maximum degree of G. For any
graph G = (V,E) with a vertex set V = [N] := {1,2,--- , N}, we write each undirected edge
joining two vertices i and j with i < j as (i, j). We use the notation i ~ j for two vertices i, j
if i and j are connected by an edge. We denote by Ag, or A, when G is clear from context,
the adjacency matrix of G. A is the symmetric matrix that satisfies a;; = 0, and for i # j,
a;; = 1if i ~ j and 0 otherwise.

We also use the notation G = (V, E, A) to denote a network with an underlying graph
G = (V,E) having A, a real n X n symmetric matrix, as its weight matrix. We abuse the
notation, but only slightly, as a graph can be considered as a network where all edges
have weight 1. In other words, a;; = a;; is the weight of an edge (i, j), given that (i, j) € E,
and 0 otherwise.

For a symmetric matrix Z, we denote its eigenvalue in non-increasing order by A,(Z) >
Ay(Z) = --+ =2 Ay(Z). When it is clear from the context we will suppress Z in the notation.
We will also sometimes use the notation An.x(Z) to denote the maximum eigenvalue of Z.

For a vector v € R” we denote by ||v|| its Euclidean norm. For a matrix A in R"™", we

denote by ||Al| the operator norm, i.e. ||A]l = sup, g, ”m!{

Here and throughout, when writing x < vy, we mean that x = o(y), x < y means
x = O(y), and x < y means x = O(y).
1x,1(X) denote the indicator on the event X occurring.

We start with a key ingredient in our proofs for heavy-tailed weights in the form
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of a new deterministic bound on the largest eigenvalue in terms of the ‘entry-wise” L7-
(quasi)norm of the matrix, generalizing the classical Motzkin-Straus theorem [MS65] cor-
responding to p = 2 case. The idea of proof in Section [6.1| explains why this bound is
crucial in the case of heavy-tailed weights. We then state some basic spectral properties
of graphs, some of which were originally stated for unweighted graphs, but generalize
easily.

The first section of this chapter comes from [GHN24|, while the second section contains
results from both [GHN24] and [HM23], as well as results from other papers.

2.1 Spectral norm and L’-(quasi)norm

For p > 0, we denote by [|A[|, the entry-wise L’”-(quasi)nor of the symmetric matrix

A:
al, = (Y agp)”.

To state our bound for the largest eigenvalue of the symmetric matrix A in terms of
llAll,, we first recall the following auxiliary function which appeared in the statement of
Theorem 6.3} For O > 1 and any integer k > 2, let

Go) = sup Y IAFIAIC. (2.1)
f=Ci fir |1 =1 jelkl i

We will assume without loss of generality that the vector f appearing above is non-
negative.

Proposition 2.1. Suppose that1 < p < 2 and let k > 2 be an integer. Then, for any network
G = (V,E, A) such that the maximum size of clique contained in G is k,

p-1
MA) <@ (k) 7 lIAll, - (2.2)
In the case 0 < p <1, for any network G = (V,E, A),
1
M(A) <277 |A]l, - (2.3)
Before proving this proposition, we state some useful lemmas. First, the next lemma
identifies the structure that leads to the equality in the above expressions. We will need

those characterizations when planting the structures that lead to an atypically large eigen-
value in the heavy-tailed edge-weights case.

'A quasinorm satisfies the norm axioms except that the triangle inequality is replaced by [lx + y|| <
K(lIxIl + llyll) for some K > 1.
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Lemma 2.1. Assume that 1 < p < 2. Then, for any integer k > 2, there exist k;, k, > 0 with
ki +k; < kand x,y > 0 such that if G = (V,E) is a clique with V = [k] and A = (4;}); jex is @
block matrix given by

x> i je{l, - k) =V,
voi#jijelki+1, ki k) =V, 2.4)
xy i€V, jeVyorieV, jeV,

0 otherwise,

then A satisfies the equality in (2.2).
In the case 0 < p < 1, the equality in holds when A is the adjacency matrix of a clique
of size 2, i.e. a graph consisting of a single edge.

Note that this matrix is not unique, as for any tuple (k;, k», x, ¥) and any constant c, the
tuple (kq, ky, cx, cy) also satisfies the equality.

We defer the proof of this lemma to the end of this section. To prove Proposition
we rely on an alternative characterization of ¢g(k), which is given in the following lemma.
It turns out that ¢g(k) is equal to the supremum of the same objective function (which we

call Egg(k)) over all graphs G whose maximum clique size is k.
Lemma 2.2. For 0 > 1 and an integer k > 2, define
¢o(k):= sup  sup Y. (2.5)
G=WB f=(r S Ay =i jellViLivj

Here, the first supremum is taken over all graphs G whose maximum clique size is k.
Recall that in the summation, i ~ j means that vertices i and j are connected by an edge.
Then, we have that

Po(k) = Polk).

We defer the proof to the end of this section. Given this lemma, one can conclude the
proof of Proposition

Proof of Proposition[2.1, Let V = [n] and a;;s denote the edge-weights. By the variational
characterization of the largest eigenvalue,

A(A) = sup Zaijﬁjfj. (2.6)
IA1l,=1 i~j

We now consider the different ranges of p. In the case 1 < p < 2, we apply Holder’s
inequality to bound the above quantity, whereas in the case 0 < p < 1, we simply use the
monotomicity of £/ norms.
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Case 1: 1 < p < 2. Setting g = - > 2 to be the conjugate of p, by Holder’s inequality,
1 1
Zaijﬁﬁ < (X lay) (Y AIAH)
i~j i~j i~j
h%y| |the definition of 5% and since ¢g = ag (see Lemma , for any vector f such that
fl.=1

Y AL < b3 (K) = b (K)

i~

(note that in (2.5), supremum is taken over ” f H = 1). Therefore, we have

M(A) < oy 07 1Al = ¢ 2

T Al

Case 2: 0 < p < 1. Since |fifj| < § forany i # j, whenever || f ||2 = 1, by the monotonicity
of £ norms,

1

n =2 sup Y oagffi< Yl <( Y ) =2 Y lat)

A1l =1 i<ji~j i<ji~j i<ji~j i~j

We now establish some useful properties of the function ¢g.

Lemma 2.3. Let 6 > 1. Then,

(x,---,x,y,---,9,0,---,0) which attains the maximum of ¢g(k) in (2.I). In other
words, there exist ki, k, > 0 with k; + k; < kand x, y > 0 such that kyx + k,y = 1 and

Po)= Y fOfF
i,jelkl,i#j

holds with f1 == fkl =X, fk1+1 == fk1+k2 =Y and fk1+k2+1 == fk =0
2. Forany k > 2,

1. For each k > 2, there exists a k-dimensional vector f of the form

20 —2\20-2 20 —2\20-1
9o < (35—7) ~(5—7) 27)
3. Forany k < %g ;,
1 1

In addition,

$0(2) = - (2.9)
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4. ¢g(k) is non-decreasing and becomes constant for large enough k.

We give a brief interpretation of this lemma. The statement (I)) implies that for any
k > 2, maximum of ¢g(k) in (2.1) is attained at the vector f with at most two distinct
non-zero elements. (2) states a general upper bound for the function ¢y (k). (3) states that

for k < 25=1, the maximum of (k) is attained at the k-dimensional vector (1, -, 1). The

fact that ¢g(k) becomes constant for large k, stated in (@), is a crucial ingredient in our
analysis.

Proof of Lemma 2.3}
Proof of (I). We assume, without loss of generality, that the supremum is taken over

all k-tuples (f,---, fv) with YX,fi=1and f; > 0. Since the collection of such k-tuples is
a compact set, the function (f1,-- -, fx) — ). i jelkli%j fl.g f] b over this set attains its maximum.
Note that there may be several k-tuples which attain the maximum, and in this case we
arbitrarily choose one of them. We further assume, without loss of generality, that for
some integer 1 < ¢ < k, the maximum is attained in the interior of the (£ — 1)-dimensional
simplex fi +---+ fr = 1 with fr,y =--- = i =0(i.e. 0 < f1,---, fr <1). By the Lagrange
multiplier theorem [Stel5, Chapter 14.8], which states that the gradient of the objective
function at a local extreme point is a scalar multiple of the gradient of the constraint
function, applied to our maximization problem on this simplex, setting s := f +--- + f7,
we have

- ==6-fOR

Defining g; := f7' and 6 := =1 > 1, this implies that the quantities gg ;} are all equal to
sforany 1 <i<j<{for Wthh gi # gj. By the mean value theorem applied to the convex

function x — x?, one can deduce that there are at most two distinct (non-zero) values that
gis (and thus fis) for 1 <i < ¢ can take. This concludes the proof of (I).

Proof of (2). Applying Holder’s inequality and using that Y1, fi = 1,
k Tk 201 k 21
i=1 i=1 i=1
Thus, setting r := Y f?°, we have
koY k
Y, foff = (Z fﬁ] =Y e (2.11)
i jelkl i%] i=1 i=1

_ 20-1 20-1
The function t — £31 — ¢ is increasing on (O, (%) ) and decreasing on (( 22_1) , oo).
Thus,

Yol G @12

i,jelk],i#j
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Note that the equality above may not be attained in general. In fact, if the equality is
attained, then by the equality condition in the Holder’s inequality @10), fi = -+ = f = &
and f41 = --- = fi = 0 for some integer 1 < m < k. Also, in order that becomes an
cquali k0, _ (202\97 @ k020 _ . (120 _ (1y20-1 s

quality, iy f79 =7 = (29 1) . Since Y.y f¥ =m-(;) (+-)*"7", the equality in (2.12)
is possible only when 221 is a positive integer.

Proof of (3). We first prove the first part of the statement. By Holder’s inequality,

- i fi< Z 2 iy, (2.13)

=1 =1

20-1 20-1
Hence, if k < %g ;, thenr = le fize > (%) > (%g—ﬁ) . Thus, recalling that the function

t > 1T — s decreasing on ((%g—j) -, oo) and using r > ()%,

2 CID - 1 1
2' 6 £6
f; f S rors k202 j20-1°

i,jelk],i#]

One can also deduce that the maximum of ¢g(k) is attained when f; = -+ = f, = % To
see this, by the above inequality, if f attains the maximum, then r = (3)**~!, which implies
that f satisfies the equality in (2.13). By the equality condition in the Holder’s inequality,
all the f;s are same and thus f; = --- = fi = 1.

The second statement follows from the fact that [xy| < }I whenever |x| + |y| = 1.

Proof of (4). It is straightforward to observe that ¢¢(k) is non-decreasing in k since as k
increases, the supremum is taken over a larger class of vectors f. We now show that ¢(k)
becomes constant for large enough k. By considering f; = --- = f; = 1, we have

1 1
Po(k) 2 k20-2 ~ j20-1°

Since ¢g(k) is non-decreasing in k and the function t tw%z - tzg%l is decreasing for any

large enough t, we have that for large enough k,

1 1
Po(k) = Sgp (nze—z - n29—1)'

If the equality holds for all large enough k, we are done. Otherwise, there is Ky > 0 such
that

Po(k) > sup (nzi_z - nZﬁ_l) (2.14)

for all k > K,;. We show that this implies that the the support of the maximizer f of ¢pg(k)
in is uniformly bounded in k.
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By the statement of this lemma, for any k, the maximum of the objective function
¢o(k) is attained at some vector f = (f;);with 1 =--- = fi, =%, f,s1 = = f+k, = ¥, and
fy+kp41 = - = fi = 0for some ky, k, > O with k; +k, < kand x, y > 0. Thus, if the support of
f is not bounded in k (without loss of generality we assume k, — o), then for sufficiently
small ¢ > 0,

k1 ky ki\ 1 k
o T

1 1

= 202 o J26-1 i
1 1
< Slip(nze—z - n29—1) + 1< (k)

where we used kix? < kix < 1,y < kl—z in the first inequality and k, — ©0,0 > 1 in the

second inequality. The final RHS bound yields a contradiction. Hence, we conclude that
the support of the vector f which maximizes the objective function ¢g(k) is uniformly
bounded in k. This implies that ¢ (k) becomes constant for large k. m|

Using this lemma, one can establish Lemma 2.Tjwhich provides the equality condition
of the inequalities in Proposition

Proof of Lemma[2.1} Let us first consider the case 1 < p < 2. Let g > 2 be the conjugate of
p. By Lemma there exist ki, k, > 0 with k; + k; < k and x,y > 0 such that the vector

f=(f, ", fig) defined by

X ie{l/"'/kl}:: Vl/
fl‘I y ie{k1+1,"',k1+k2}=ZV2,
0 otherwise

satisfies ”f”1 =1and

o= Y fFifl

i,jelk],i#j

Now define the vector f = (ﬁ, e ,ﬁ) by setting f; = \/]—S'so that || f]l, = ||f||1 = 1. Next,
define the k X k matrix A = (a;)); jeir) by

1

xrT iij,i,jEVl,
yr iij,i,jEVQ,
XD ”yzw D 1€V, jeVyorieV, jeVy,

|_

=

Lll']' =

0 otherwise.
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1
2

Note that we defined A so that a’;j = fi% f] =f f7 for i # j. This implies that

||A||p=( Y f?f?) :( Y figfj%) =40 = 0 (0} (2.15)

i jElkLi%] i jelki% ]
and

Y owifi= Y, A=Y ffl=em=0

i,je[k]i#j i,jelk]i#j i,jelkli#]

b (k). (2.16)

2(p-1)

By the variational characterization of the largest eigenvalue (recall that ||f|l, = 1) and
Proposition

¢

W= Y aifif< i) <o 07 141, F ¢

i,jelk]i#]

v (k),

2(p-1)

_P
2(p-1)

which establishes that equality holds in (2.2).
Now, let us consider the case 0 < p < 1. Note the largest eigenvalue of a network with

a single edge is nothing other than the edge-weight which we call a. Since ||A||, = 2¥a for
the 2 X 2 matrix A = 0 a,
a 0

the equality in (2.3). O

We now establish Lemma which claims that our two characterizations of ¢y and
(g are equivalent.

which corresponds to a single edge with weight a, we obtain

Proof of Lemma[2.2] Assuming that G is not a clique of size k, we can choose two vertices
v; and v, that are not connected by an edge in G. Without loss of generality, we assume

that Zi~vl f;g Z Zj~vz _f]e. Since

Y= (L (L Y £

i~j i~0q j~v2 1,j#01,02,i~]

the objective function does not decrease when we move the weight from v, to v; by
replacing f = (-++, fo, "=, for, =) by fO =(++, fo, + fo,, -+ ,0,--+). This follows from the
fact that for 0 > 1,if a > b > 0, then maXy = yz0ax’ + by’ =a-s% + b - 0% = as".

After removing the zero at v,, we obtain a new vector f @ on the new graph G; obtained
by a deletion of the vertex v, and the edges incident on it. We repeat this procedure to get
a sequence of vectors fU, ..., f" and graphs Gy, -, G,, such that G;,; is obtained by the
removal of some vertex w;,; together with the edges incident on it in G;. This procedure

can be repeated until G,, becomes a clique, showing that the maximum of gbse(k) is attained
at a clique of size k. O
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We finish this section by introducing a technical lemma that will be useful when
estimating the largest eigenvalue of tree-like networks.

Lemma 2.4. Suppose that G is a tree with a vertex set [n]. Lets,& > 0and 0 > 1 be
constants. Then, for any vector f = (fi,--, fy) with Y1, fi =sand 0 < f; < & for all

1.20 .
0 +0 1S if s < 2§,
Z;]fl f] = {59(3 - &9 ifs>2¢&. 2.17)

In particular, if 0 < & < %, 0>1,Y", iz =land 0 < f; < ¢, then

Y < g, (2.18)

i<ji~j

Note that the above estimates still hold even when G is a forest (i.e. vertex-disjoint
union of trees), since f;s are all non-negative and one can easily construct a tree on the
same vertex set as G with the latter as a subgraph and apply the above result.

Proof. Let p := arg max, f; (there may be several vertices which attain the maximum, and
in this case we choose any of them) and regard G as a tree rooted at p. Then, since every
edge can be seen as connecting a vertex i to its unique parent p;,

YR =Y R =Y SRS A< - 1)

i<ji~j (i,))€E(G) i#p i#p

where the last inequality follows from the fact that x? +-- - +x% < (x1 +--- +x,,)° whenever
0 >1and xy,---,x, > 0, which itself is a straightforward consequence of convexity of
the function x — x% on the positive real line. Finally, since the function x - x(s — x) is
increasing on [0, 5] and f, < ¢, follows.

is a direct consequence of (2.17), by replacing f; with f? and setting s = 1. O

2.2 Basic spectral properties of graphs

We end this chapter by introducing basic but crucial spectral properties of general
weighted graphs. The first two statements of the following lemma appear as [KS03,
Proposition 3.1] for unweighted graphs, but it is straightforward to see that a weighted
version holds as well. The last statement follows from the variational characterization of
the largest eigenvalue, since for any subset of vertices W and a subnetwork Ay induced
by these vertices,

M(Aw) = sup vTAv < A4(A).

unit vector v supported on W
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Lemma 2.5. Let G = (V,E, A) be any network. Suppose that Gy, - -, Gi are subgraphs of
G and let Ay, ---, A be the corresponding networks. If E(G) = Ui.‘zlE(Gi), then A;(A) <
Zi;l A1(A)). If in addition, the graphs G;,---, Gy are vertex disjoint, then A;(A) =
maxi-1,..  A1(A;).  Moreover, for any network A; induced by a subset of the vertices
of G, we have that 11(A) > A1(4,).

The next lemma characterizes the largest eigenvalue of the weighted star graph in
terms of the Frobenius norm of its weight matrix.

Lemma 2.6. If G = (V,E, A) is a weighted star graph with s + 1 vertices and edge-weights

wy, -+ ,ws, then A1(A) = ./ ?:1 wf

Proof. Note that A is of the form

0 w ... ws
w1 0
A=| .
Ws
_1
Setting u := (1,0,...,0) and v := (Ziwf) *(0,wi,...,ws), one can write

1
A= (Ziw?)Z (uv" +vu™). Since u and v are unit vectors satisfying (u,v) = 0, the spec-
trum of uov! + vu’ counted with multiplicity is exactly {1,-1,0,...,0}, which implies the
result. O

The next lemma bounds the largest eigenvalue of tree in terms of its maximum degree.

Lemma 2.7. [Kes59| If T is an unweighted forest with maximum degree bounded by A,
then A (A7) <2 VA -1.

The result below gives an upper bound for the largest eigenvalue of symmetric matri-
ces.

Lemma 2.8. For any symmetric matrix A = (4;;);; whose diagonal entries are all zero,

A1(A) Z max|ajj. (2.19)
1#]

Proof. Let |ay| be the maximal value, i.e. |ay| = max;la;|. Let the vector v = (v;); be
defined by v, = %, v = &\%’“) and v; = 0 otherwise, then ||v|l, = 1 and v’ Av = |a;/|. The

result now follows by the variational formulation for A;(A) applied to the vector v. O

We conclude this section by citing a result that quantifies the proximity of true eigen-
values and eigenvectors to approximate ones.



CHAPTER 2. SPECTRAL PROPERTIES OF GRAPHS 17

Lemma 2.9 (JADK23b], Lemma 4.10). Consider a self-adjoint matrix M and A,e > 0
satisfying 5¢ < A. For A € R, assume M has a unique eigenvalue u in the interval

[A—=A, A+ A] with eigenvector w. If there is a normalized vector v such that [[(M - A)v|| <€,

then

€2

€
y—/\:(v,(M—/\)v)+O(A),||w—v|| =O(Z)

In particular this lemma will be used in the following form when describing the
spectrum of sparse Erd6s-Rényi graphs in detail.

Lemma 2.10. Fori > 2, let A be the adjacency matrix of the ball of radius i around a vertex
x of degree a, such that B;(x) is an unweighted tree, w < s < a and the degree of each
vertex in B;(x)\{x} is at most t < £.

Then the maximum eigenvalue i of A satisfies

ol

Proof. We take as our test vector w the eigenvector corresponding to the star graph con-

sisting of the central vertex x and its neighbors. Thus w|, = % and for y ~ x, wl, = %

1

Since Bi(x) is a tree, each z € S;(x) has exactly one neighbor in Si(x), so (Aw)|, = R

Moreover the number of non-zero entries in Aw — Vaw is |S,(x)| < as.

The above implies that
[Aw — Vaw]|| < ozsi = \/E
"N T2a T VY

which corresponds to ¢ in Lemma

To utilize Lemma we require A such that A has a unique eigenvalue in [A —A, A +A].
For this we use eigenvalue interlacing: after deleting the row and column of A correspond-
ing to x, the matrix is the adjacency matrix of a forest with degree at most t. By the spectral
radius of a tree from Lemma the maximum eigenvalue of this submatrix is at most

2v/t. Thus A has at most one eigenvalue in the interval [2.1 Vt,2+a-2.1 \/E], namely, if
any, its maximum eigenvalue. Thus we can take A = va — 2.1Vt > (1 -21/ \/5) Va in
Lemma The estimates on the errors now simply follow from plugging in our values
for € and A, since ¢ = \/g < A by assumption. m]
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Chapter 3

Structure of sparse Erdds-Rényi graphs

One of the oldest and most studied random graph models is the Erd6s-Rényi random
graph Gy, where there is an edge between any two of N vertices independently with
probability p. How this graph looks like changes a lot according to the dependence of p on

N, for instance with high probability the graph is connected if p > lolg\,N and disconnected

ifp < IOIgVN [ER60]. See the monograph of Guionnet for an overview of known results and
the state of the field for this model [Gui21].

In terms of many applications, the regime of p of most interest is the sparse regime
(i.e. p > 0as N — ). In particular, the constant average degree regime of sparsity p = &
(d > 0is a constant), i.e., when the typical number of connections of a single vertex tends
to stay constant, arises naturally in several models in statistical mechanics (see [DM10]
for a comprehensive treatment of statistical physics models on such sparse graphs).

Before embarking on the study of the spectrum of sparse Erd8s-Rényi graphs, we now

give some background on the structure of sparse Erd6s-Rényi graphs, which will be useful

later. The results below apply to G (N, %) The dependence of d on N will be specified in
each result or section.

The combinatorial aspects of an Erd6s-Rényi graph are governed by binomial distribu-
tions. Therefore, by Bin(k; N, p) we denote the probability that a binomial random variable
with N trials and success probability p is equal to k.

3.1 Profile of large degrees

All new results in this section are from the paper [GHN24].
We first record that the maximum degree is almost deterministic when d is small.

Lemma 3.1 ([Bol01], Theorem 3.7). Define p; = NBin(k; N-1, %) to be the expected number
of vertices of degree k in the graph. Now define

u:=arg rlfélzn {max {yk, y;l}} . (3.1)
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Then if d = o(log N), with high probability the maximum degree is in {u — 1, u}.
In order to calculate 1, note that by the Stirling approximation, having ux = 1 implies
(1 + oN(l)) logN —ulogu+u—d+ulogd— %log(2nu) =

Therefore, in our regime of d,

logN
loglog N —logd’

= (1+ox(1)) (3.2)

and u = @( log N )

loglog N
In this part, all subsequent results assume that d is constant. Regarding large deviations

of the largest degrees of Q( ) we have the following result.

Proposition 3.1. [BBG21, Proposition 1.3] Let us denote by d;, the s-th largest degree of
G = Gy 4 with d constant. Then, setting

_ logN
~ loglog N’

we have, for any 6;,...,6, >0,

—logP(d; > (1+6)tn,...,d, > (1+ )t 4
m og (di1 > ( Din ( )N): .. (3.3)

n—oo log N —

For our result on the large deviations of weighted Erd6s-Rényi graphs, we need a more
precise description of the degree distribution. An important input in our arguments will
be that, for any constant x > 0:

1. For any fixed 0 < y < 1, with high probability, there exist N'7~* vertices having
at least )/ neighbors with no edges between each other. This is captured by

1
Proposition

2. For a suitable discretization {);}i=12,.. of (0,1), with high probability, the number of
vertices of degree between Vim;% and i1 m;% isatmost N'Vi**foralli = 1,2, ---
This is formalized in Proposition [3.4]

In order to establish (I), we first estimate the probability that a vertex has a large degree in
QN ¢. Forasubset L C V = V(G), we denote by d;(v) the number of vertices in L connected
to 0. Throughout the thesis to simplify the notation, for y > 0, define

log N -|

90) = Vi ZlogN (3.4)
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By a well-known binomial tail estimate (see Lemma in the Appendix), for any
vertex v,

P(d() 2 g(y)) = N7+, (3.5)

In the next lemma, we state a simple extension of (3.5), i.e. d(v) replaced with d;(v)
for general subsets L € V. Although a straightforward consequence of a binomial tail
estimate, we provide a proof, which consists of straightforward but tedious algebra, for
the sake of completeness.

Lemma 3.2. For 0 < p <1, let L be any subset of V of size | pN|. Then for any vertex v € L*
and y >0,
P (d1(0) > g(y)) = N77*°0. (3.6)

Note that this probability does not depend on the parameter p, which shows that as
long as |L| is of order N, the probability is of the same order.

Proof. Since d;(v) is distributed as Bin (I_pNJ, %), by the mentioned bound in Lemma

. 1 1 logN
setting 0 := Lp_NJg(y) = Lp_NJerglogN]'

1 ~LpNJI 4 (0)
e N

\BIpN16(1 - 6)

<P(d(v) > g(y)) < Pt

Since £ =0 (L;—NJD/ 1o§§) Ig\]N]), by the relative entropy estimate (see Lemma ,

~ 1 log N n 1 log N
I%(G) =(1+o0(1)) LpN] [Vlog logN] log (E LpN] [ylog logND .

Thus, [pN]I4(6) = [pN J% = (y +0(1)) log N.
1
BLNIo-0)’

The correction term in the lower bound, namely is N°D, which implies the

matching bound N=7+M.
O

We now proceed to estimate the number of such high-degree vertices satisfying addi-
tional useful properties.

Proposition 3.2. For 0 < y,p < 1, let A,, be the event that there exist m := [N'777]
vertices vy,---, v, and m subsets Wy,--- ,W,, C V of size g()y) satistying the following
properties:

1. Vertices vy,--- ,v,, and elements in Wy, --- , W,, are all distinct.

2. For each i, the vertex v; is connected to all the elements in W;.
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3. For each i, there are no edges within W;.
Then,
P(A,,) >1-e N7

Proof. Let us partition the set of vertices into two subsets S := {sy, ..., Spy 11, which are the
potential centers of the stars, and L := S = {{y,...,¢ Ly 1}, which will be the potential leaves
of the stars. The ordering on these two sets of vertices is arbitrary and only necessary so
that the following algorithm is well-defined. Now we sequentially reveal the neighbors
of vertex s; in L, by first checking whether ¢; is its neighbor, and so on. Then,

1. We either obtain g(y) neighbors of s; before all edges from s; to vertices in L are
revealed, or

2. There are less than g()’) neighbors of s; in L.

In the first case, we mark s; and define L; to be the collection of the first g()) revealed
vertices connected to s;. In the second case, we do not mark s; and set L; = @.

Assume that we implemented the above process up to the k-th vertex s; in S and
obtained subsets L, - ,Ly € L. We then proceed similarly for si.;, but we only reveal
edges from si,q to vertices in L\ Ui.‘: L;. This guarantees that L;s are all disjoint. As
before, we mark si.; and define L,; to be the collection of the first g(y) revealed vertices
connected to si,; in the former case, and set L1 = @ in the latter case. We stop this process
either once [N'7"F] vertices in S are marked, in which case we consider the process to be
successful, or once we revealed edges to vertices in L for all vertices in S.

Let 8 be the event that the this revealing process is successful. We now show that
this event happens with high probability. Since we discard exactly g(y) vertices in L for

each marked vertex, at each k-th step, the set L\ U] L; contains at least L%J —N"7Pg(y) >

N vertices, as long as n is large enough. Since the edges we reveal at each step are

independent of any edges that have been revealed before, by Lemma [3.2| the probability
that s has at least g()) neighbors in L\ Uf;ll L; is N77*" for some w = o(1). Hence

P(B) > P (Binom ([%},N-w) > NH"P),

and thus, by Lemma

P(B)>1-exp( - [%]]I(%))

Since % < IN77* for large N, by Lemma there exists a constant ¢ > 0 such that
2

N

1-y-p
I+ (N ) > N7 = N+
2
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Thus,
P(B)>1- o T3 N7 > 1 = g N,
Conditioned on the event B, let us enumerate the marked vertices by vy, - -, v[ 1 ]
Ni=rv=p

and the collection of g(y) neighbors that we revealed by Wy,--- , W respectively.

Nl—y—p
We call a vertex v; good if there are no edges within W;. Since having edges within W; is
independent of the revealing process, for large enough n,

NGO
P(v; i =|1-—= > = 7
(v; is good|B) ( N) > (3.7)
Since Wis fori =1,..., [Nl‘V‘P] are disjoint, by independence, the number of good

vertices stochastically dominates Binom([Nl‘V‘p], %) Thus, again by Lemma for
some constant ¢’ > 0,

1 R
]P(There exist at least ZNl_V_p good VerticeS|B) >1—e N7,

Hence, putting things together yields that the probability that there exist at least ;N7
good marked vertices is at least

(1 _ E—Nl—wu)) (1 _ e—c’Nl‘V—P) > ] — e NP

Since one can absorb the factor } into the exponent of N by adjusting the parameter p > 0,
we are done. m]

Now we focus on the unlikely appearance of vertices of degree close to ylog)f) ZN for

y > 1. By (3.3), the probability of the existence of such vertex is N' 7" In the next
proposition, we improve this statement by further requiring the absence of edges between
the neighbors of such vertex.

Proposition 3.3. For y > 1, let A, be the event that there exists a vertex v and a subset

W C V of size g(y) = I-V 1o§i:N

-| satisfying the following properties:
1. The vertex v is connected to all elements in W.
2. There are no edges within W.

Then,

P (ﬂ;) — N1-v+o)
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Proof. Since the upper bound immediately follows from withr=1land 6; =y -1,
we only prove the lower bound. We again partition the vertices into the subsets S :=

{51, e ,sr%} and L := S5 = {51, e '€L¥J}' Then, by Lemma for each s; € S,
P (dr(sk) = g(y)) = N7+,
Let B be the event that there exists a vertex s, € S such that d;.(s¢) > g(y). Since |S| = [%1,
P(B) >1— (1 - N7W)51 > 1 o NTH0 5 Ny, (3.8)
where we used the fact that 1 —e™ > 5 for small x > 0. Given the event B, let us take any

subset W C L of size g(y) consisting of neighbors of s;. Then, as in in the previous
proof, using the independence between different edges,

1
IP (There are no edges within W|8B) > 5 (3.9)
Therefore, the statement follows by multiplying and (3.9). O

The next result concerns the degree profile of high-degree vertices of G. To this end
we define, for y > 0,

D, :={v e V:d@) 2 g)}. (3.10)

By (8.5), if 0 < y < 1, then the expected number of elements in D, is of order N'*7. In
Proposition we established that with high probability, |D,| > N'77"° for any p > 0,
which corresponds to a bound on the lower tail of |D, | for 0 <y < 1.

Now, we establish (2) mentioned in the beginning of Section To accomplish this,
we start by estimating the moments of |D,|.

Lemma 3.3. For any 0 < y <1, ¢ > 0 and a positive integer j, for sufficiently large n,
E [|Dy|]] < NI, (3.11)

Proof. First note that the bound is trivial for y = 0, since |D, |/ < |V < N/ for any integer j.
Asbefore, let us arbitrarily label all vertices and partition the set of vertices V = {vy, - - - , up}
into two subsets S := {vy,...,v;} and L := V\S. This definition makes d;(v1),- - ,d.(v;)
independent (recall that d;(v) denotes the number of vertices in L connected to v), which
we will crucially use in the following moment calculations. First note that

N j
(Z 1(d(v;) > 9()/))) }

]E[|Dy']] -




CHAPTER 3. STRUCTURE OF SPARSE ERDOS-RENYI GRAPHS 24

j
<) (1,\(’ )kaP @) ..., dw) = 90)). (312)

The above can be seen by expanding the sum and noting that each term is a product of j
indicators. Given vy, ..., v with k < j, the number of summands leading to the indicator
involving exactly these vertices is at most k/, since each of the j factors can be one of
vy, ..., Further, exchangeability of the vertex degrees leads to the (I,\{] ) factors, yielding
the inequality.

We now proceed to estimate the joint probabilities of interest. Since each vertex v; € S
can have at most j — 1 edges into S, for any 1 < k < j, for large enough n,

P (d(v1),...,d(v) = g(y) < P(d(vr),...,du(w) =2 g9(y) —j+1)
k

<P(d(en), . o) 2 gy - 5)) < (ﬁ) :

where we used the independence of d;(v1),--- ,dL(vx) and a tail probability estimate for
the vertex degree (Lemma in the last inequality. Applying this estimate to each term
in (3.12), forall1 <k < j,

N\ ; 1 £)+o i(1—y+5)+o

(k)k]]p @), ..., d@w) > g(7)) < _'k]Nk(1_7+z)+ (1) < Ni-y+$)+o0)
since 1 —y + £ > 0. Therefore, (3.12) is bounded by j - n/177*2)*) < Nil+9) for large N,
which concludes the proof. m|

The moment bound yields the following.

Proposition 3.4. For any 0 < k < 1, let m be an integer such that mx <1 < (m + 1)x. Then,
for any u > 0 and sufficiently large 7,

P(|Ds < N'™™*foralli=0,1,--- ,m) > 1 - N, (3.13)
Proof. By a union bound and the Markov’s inequality combined with Lemma [3.3] for any

¢ > 0 and a positive integer j,

]P(|Di,<| > Nl—iK+K for somei = 0,1,-- S Z P |Dz1<| > Nl zv<+1<)
=0

je—jKx
= Z N] ]z1<+]1< (Wl + 1)N :

and noticing that m < 1, the above expression is bounded by (m + 1)N7/2

2/
(% + 1)N ~J2. Since j is an arbitrary 1nteger, this concludes the proof.

Taking ¢ =

I/\

O

Note that the previous lemma and proposition could be stated with an asymptotic
notation rather than the additional constants ¢ and i, but the current phrasing will make
it easier to use the results in our main proofs.
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3.2 Degree profile near the maximum degree

For our precise description of the largest eigenvalues and eigenvectors of the un-
weighted graph G we follow [ADK23b] by analyzing the spectral contribution of high
degree vertices, which we separate into three regimes. After defining these regimes we
analyze their sizes. These results are different from the previous ones in that they contain
estimates of the number of vertices whose degree is very close to the largest degree in the
graph, i.e. of order u, with a small additive correction term. They all appear in the paper
[HM23].

Once more, we first need to define some notation. For a vertex x € [N] and i > 0, we
denote by B;(x) the ball of radius i around x, rooted at x. Moreover, we define S;(x), the
sphere of radius i around x, to be the set of vertices y such that the shortest path from x
to y is of length i. In other words S;(x) are all vertices that are not in B;_;(x), and that are
connected to x by a path of length i.

Given a root vertex x, we define a partial ordering on vertices by writing u < v if there
is a shortest path from x to v that goes through u. We also write for y € [N],

N, := Hu €[N]:u>y,u~ y}| (3.14)

as the number of children of y in the rooted graph. Similarly, for a rooted or unrooted
graph, for a vertex y € [N] we define I', = {z € [N] : z ~ y} to be the neighborhood of y.
The following parameters will be used to approximate the largest eigenvalues.

Definition 3.1. We denote by
1. a, := |I'y|, the degree of the vertex x

2. By = Zy~x N,, the number of vertices in S,(x), which we also call the size of the
2-neighborhood,

3. [35}’1) =) yesa(x) Ny, the number of vertices in S3(x), and

4. pP=y, N2,

As we will see, the largest eigenvalues are mostly determined by these four statistics.
In our regime, the last two statistics (as well as all others) are well concentrated enough
that we can write an accurate enough formula for the eigenvalues based on only ay, 5,
for the vertices x with the largest degrees.

We define the following sets of high degree vertices in our graph. For m > 0, let

X ::{xe[N]:aXZu—m}.

Using this notation we can define the regimes into which we split up the high-degree
vertices:
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Definition 3.1. We differentiate:
1. the fine regime: ‘W := X1,
2. the intermediate regime: V := X 23, and
3. the rough regime: U = X,,.

The precise thresholds are not significant and rather of technical nature, our analysis
would continue to work if we replaced these thresholds with 1 — u“, u — u, c;u for some
constants satisfying 0 < c; <1/2,1/2<c;<land0<c3 < 1.

For large N, we have ‘W C V C U. First we bound the sizes of these sets. The upper
bounds will let us perform union bounds, whereas the lower bound on |X,,| tells us that
all of our highest degree vertices have almost the same degree.

—(m+1/2
Lemma 3.4. Letlog™"/° N < d < log"/* N. For m > 0, with probability 1 — O ((ﬁ) . ))’

3 /1 m+1/2
Xil<3(3) 315

—(m-1/2
Moreover, for 1 < m < u® with ¢ < 1/2, with probability 1 - O ((5) ( ))'

1 /u m—1/2
Xl 5(5) (316

Proof. By Lemma 3.11 in [Bol01], we know that Var(|X,,|) = O(E[|X},|]). By Chebyshev’s
inequality, we have that with probability 1 — O (m),

1 3

EIE“Xml] < Xl < EIEHXml]- (3.17)

Therefore, it is sufficient to show that E[|X,,|] and E[|U|] satisfy the above bounds, and
that each is wy(1). Recall that p := NIP( a vertex is of degree k ) = NBin(k; N — 1, p). Thus
for any k € IN,
ks Bink+L,N-1,p) (N—-k-1)p
W Bn(GN-Lp)  (k+D(A-p)

By the definition of 1, and the fact that yx monotonically decreases in k,

(3.18)

d
N _ Nu(1-£)
Hu = /’lll—l d(N _ 11) IUU’
| Nu+1(1-4)
Hu < By = d(N —u—- 1) Hu
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(1-on(D)) \/g < e < (1 +0n(1)) \/g.

We have by (3.18), form < u,

Therefore

_ (N-d\"77 u-i+1
Hun = il g LIN-u+i-1

=(1+ oN(l))yuZ—: L[a - %).

27

An upper bound on this is (1 + on(1))(4)"*"/2. Summing over all 0 < n < m gives (3.15).

Assuming that m < u° forc < 1/2,

m _m

(1+ oN(1))yu2—m H (1 - %) > (1+ oN(l))yu;—:e_mz/” > (1+0y(1))

i=1

giving (3.16).

Corollary 3.1. For our regimes this implies that with high probability

'W| < e for any c > —

N | =

V| < e for any c > =

=W

|U| < N° for any ¢ > 5

Remark 3.1. Note that in the proof we derive bounds on the expected values of the sizes
of these sets, which immediately imply bounds on the probability that a given vertex falls

into one of the sets, since for any set 7, [E[|7|] = NIP( vertex 1 € 7).

3.3 Local neighborhoods

When analyzing the largest eigenvalues and eigenvectors of G we will need a precise
understanding of the local neighborhoods around the high degree vertices. In this section

we assume that log N™/1> < d < log N/, All results in this section are from the paper

[EIM23].



CHAPTER 3. STRUCTURE OF SPARSE ERDOS-RENYI GRAPHS 28

Structure around the vertices in the fine and intermediate regime

We first define an event under which the balls around vertices in “V have a nice
structure. The approximate eigenvalue and eigenvalues will be defined using B,(x) for
some fixed r. The following structural results are for slightly larger balls so that we can
also bound the error coming from truncating the balls and guarantee that there is no
intersection with balls of radius 3 around vertices from U.

Definition 3.2. Define () to be the event that the following are true.
1. Forallx # y € V, B,us(x) N Bys(y) = @
2. For all x € V, B,,3(x) is a tree.

3. For 1 <i < rand every vertex x €V,
[Si(x)| - d | = O (d 2 + 1) s
Moreover, for every vertex x € ‘W,
1Six)| = d" | < O (@2 + 1) .

4. For x € V, every y € B,.5(x)\{x}, satisfies N, < u¥/*.

Moreover, for x € ‘W, every y € B,.3(x)\{x} satisfies N, < u'/3,

5. For every x € V,

Y N2 (#+d)a| < O(x?).
yeSy(x)

Moreover, for every x € W,
Z N2 d>+d ax<O( 2/3).
yeS (%)

Note that statement 3 in implies that |S,(x)| < 2da, for our regime of d. If d was
smaller than log™ N, for some ¢ > 1, this would no longer be true.

Because of the sparsity of the graph and concentration of independent binomials, we
can show that the event ();almost always occurs. Considering statements similar to most
of these bounds have appeared previously, in, e.g. [ADK23b], we defer the proof of the
following lemma to the appendix in Section

Lemma 3.5. The event () occurs with high probability.
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Structure around the vertices in the rough regime

For the vertices in the rough regime we use a different approach to construct approx-
imate eigenvectors, because the growth of the spheres and the maximum degree in the
balls around them cannot be bounded as tightly as for vertices in V. We now state two
weaker structural lemmas around vertices in U. Firstly we have weaker bounds on the
neighborhood growth and the fluctuations of the degrees of the neighbors. The following
lemma has a similar proof as Lemma and we defer the proof to Section of the
appendix.

Lemma 3.6. We have that with high probability for any vertex x € U simultaneously and
any i < 3, the sphere S5;(x) at distance i from x satisfies

1Si(x)| = O((d + loglog N)""u)..

Y (N, -d) <0((logN)?).

yE€S1(%)

Moreover,

Next, we show the balls around vertices in U are close to disjoint trees: with high
probability the neighborhoods around vertices in the rough regime are almost trees and
contain few disjoint paths that contain other vertices from the rough regime. This result
basically corresponds to Lemma 5.5 and Lemma 7.3 in [ADK21b], albeit for a different
regime of d. The proof is also very similar and is deferred to Section [A.1]of the appendix.

Lemma 3.7. Let U, = {x € [N] : @y > nqu}, and s be some positive integer, then with high
probability for some constants C; and C, that only depend on 1, simultaneously for all

x €U,
1. |E(Bs(x))| <[V (Bs(x))l =1 + C; and
2. By(x) contains less than C, edge disjoint paths in B,(x) containing other vertices from
Uu,.

Note that U = W% and that it is enough to take constants C; =2 and C, > %

We now construct a “pruned” graph in which the neighborhoods of vertices in U are
disjoint trees. The construction works in the same manner as in Lemma 7.2 of [ADK21b]
and we use it to prove a statement similarly to Proposition 6.19 in [ADK23b]. Once more
the proof can be found in the appendix.

Lemma 3.8. Recall that we denote by G the random graph sampled from G (N, %) With
high probability, there is a subgraph G c G such that for all vertices x € U,

1. Balls of radius 3 around x in G, which we denote by Bs(x), are disjoint;
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2. The subgraphs induced by B;(x) are trees;

3. The maximum degree of G — G is bounded;

4. For i < 3, the spheres 5;(x) in the pruned graph G satisfy
Six)| = O((d + loglog N)'u);

5. We have that

SN lao

2
) < O((logNY).

Y (Ny(ao -

€Sy (x)

3.4 Probability of the existence of a clique

As will be explained in the idea of proof section, atypically high degree stars (with
high edge-weights on them) are the driving mechanism behind the largest eigenvalue in
the case of light-tailed weights. In the case of heavy-tailed weights on the other hand, a
similar role is played by cliques. In this short section, we state a bound from [GHN24]
for the probability that G ~ G, «, with d constant, contains a clique of size k. While the
lower bound can be seen for instance in [GN22, Lemma 4.3], the upper bound follows
from the first moment method: there are (A]f) < N* possible cliques of size k, and each of

them requires the existence of (’;) edges, with each has a probability d/N of appearing.

Lemma 3.9. For any integer k > 3, there exists a constant C = C(k,d) > 0 such that

CN-G)+ < IP(G contains a clique of size k) < dGN-G)+,

3.5 Connectivity structures of highly sub-critical
Erd6s-Rényi graph

As a key step in our proofs about weighteds graphs, we will decompose the underlying
graph Xinto graphs with low and high edge-weights respectively. Because of the threshold
we choose, the latter graph turns out to be a highly subcritical graph Gy, with

d/

1% NiogNy 319

for some constants ¢,d’ > 0. In this section, we record some properties of such graphs,
namely that all connected components look like trees and that their sizes are well-
controlled.

Throughout this section, we assume that the edge density g satisfies (3.19). First, we
have a bound on the largest degree denoted by d1(Gn,), as a direct consequence of (3.3).
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Lemma 3.10. For 6; > 0, define the event

Dy = ldGn) < 1 + 58N 3.20
o1+~ 1( N,q) —( 1)10g10gN . ( . )
Then,
—log P (D"
1iminfﬂ > &,
N—oo logN

Proof. Note that D, is a decreasing event and that Gy, is stochastically dominated by
QN, 4. Hence, by (3.3), we obtain the result. m|

Next, we state a quantitative bound on the size of the largest connected component.
The next two results can be obtained from the cited lemmas by noting that the sparsity

considered in [GN22] is of the form while it is 4 in our case.

d/
N(log N)e/27 (log N)¢

Lemma 3.11 ([GN22, Lemma 5.4]). Let C;,---,C. denote the connected components of
Gn,y- For 6, > 0, define the event

Cepy = il < (1+ o)L 18N
ety =GN I = ?¢loglogN |-
Then,
—loglP(Ci,éz)

Note that in this lemma, we replaced 6, in [GN22, Lemma 5.4] by 26.

To conclude this section we state two results about the structure of the connected
components. The first one quantifies how similar all connected components are to trees,
in the sense that they have a small number of tree-excess edges. The second one concerns
the event that all connected components are trees.

Lemma 3.12 ([GN22, Lemma 5.6]). Let C;,---,C; denote the connected components of
Gn,- For 63 > 0, define the event

Es, = { max {IE(C)] - V(Cl) < o). (6:22)
Then,
—logP (&
lim inf w > 55 (3.23)

N—oco log N
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In addition, define the event
7 = {[EC) = IV(C)I -1, Vi=1,---,L}.

In other words, 7" is the event that all the connected components of Gy, are trees. Then,
there is a constant C > 0 that depends on d, such that

C
P(7°) < TogNE (3.24)
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Chapter 4

Distributional properties of sparse
Erdds-Rényi graphs

Many statistics of Erd¢s-Rényi graphs follow the binomial distribution. In particular
the degree of a single vertex is Binom (N — 1,d/N), and when d is small and N large, this can
be well approximated by a Pois(d) distribution. Moreover any two degrees only depend on
each other very weakly, so we expect that in some ways, the whole collection of degrees
should behave similarly to a collection of independent Poisson random variables of a
similar size. The third section contains a precise statement of that form with regards to the
maximal degrees and their neighborhoods. We start by collecting a few results regarding
the Binomial and the Poisson distribution in the first section, as well as comparisons
between them in the second. Those will be used repeatedly in this and other chapters.
We end this chapter with a section that contains some results about the tails of sums of
independent random variables, which show up for different reasons in the two projects
about Erd6s-Rényi graphs. The proof of the approximations in the first two and the last
sections are given in the appendix in Section [A.2]

The new results in this section are aggregated from [GHN24|] and [HM23]].

4.1 Distributional comparisons
Lemma 4.1. If X ~ Binom(n,p) and Y ~ Pois(np), and if k, np < +/n, then

K2 + (np)* + 1
=)

lP(X:k):(1+O( P(Y = k).

This implies that the tails are also the same up to a small error.
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Corollary 4.1. If X ~ Binom(n,p) and Y ~ Pois(np), and if k < i, np < n'/>= for some
fixed constant ¢, then

P(X > k) = (1 ; o(%))m(y > 1) + O((ep \/ﬁ)ﬁ).

4.2 Distributional identities

Poisson tails

Having established these comparisons, we use very tight bounds on the Poisson tail.
Tao gives such a tight bound on his blog [1ao22], where he notes that forms of this bound
are given previously [Gly87, Tal95]. In the post, Tao gives the proof of the upper bound
and leaves the proof of the lower bound to the reader. We prove both sides in the appendix
in Section

Lemma 4.2. For X ~ Pois(A) and 6 > LA, for sufficiently large A

o)

A1 +06)) € ———,
P(X > A1+ ))S\/ArnT{é,éz}

where h(5) = (6 + 1) log(o + 1) — 6.

Moreover, if A(1 + 0) is an integer, then there is a universal constant g such that for
sufficiently large A
(X = A1 +9)) 0
P(X > + 2 g YF——.

@ VA min{d, 62}

The integrality assumption is necessary as for very large 6, the difference in probability
between P(X > A(1 +6)) and IP(X > A(1 + 0) + 1) is large enough that for very small ¢ > 0,
this two sided bound could not possibly hold for [A(1+0)]and [ A(1+6) |+c simultaneously.
For its use in our proofs, the integrality assumption is irrelevant, as we will only need the
lower bound in the small 6 regime.

Corollary 4.2. For X ~ Pois(A), if A6® = 0,(1) and 6 > LA, then
1-01(D))eg——=<P(X>A1+6)) <(1+0:(1))—=. (4.1)
(1ol < P2 10+ = (1 0,0)

Binomial tails

Although we will mostly approximate the degrees by Poisson random variables it is
sometimes more convenient to work with the precise distribution. To this end we state
here some classical tail bounds we will use, that rely on the relative entropy.
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We denote by I, the relative entropy functional

1-

q q
I,(g) :=glog—+(1—g)lo . 4.2)

Lemma 4.3. There is a universal constant ¢ > 0 such that forany 0 <p <1,
I, (g) > op. 4.3)

This implies that I;_, (1 - g) > cpand forany 0 < g < g, I,(q) = cp.

Lemma 4.4 (Lemma 3.3 in [LZ17]). If 0 < p < g (i.e. % —ooasp,q— 0)and g <1-pthen

Lp +q) = (1+0(1))glog (g)

The next lemma provides a sharp bound on the tail probability of the Binomial distri-
bution.

Lemma 4.5 (Lemma 4.7.2 in [Ash65]). Form € Nand 0 < g < 1, let X be a random variable
that has the distribution Binom(m, q). Then, forany g < 0 <1,

1
\8mO( - 0)

By applying the above to the random variable m — X and using that I,(0) = I,_,(1 — 0)
we additionally have that, for0 < 9 < g <1,

1

\/8mO(1 - 0)

As we will be interested in vertices of large degree in our graph, and the degrees follow
a binomial distribution, we will repeatedly use tail bounds such as the following.

e ™0 <P (X > Om) < @), (4.4)
e <P (X < Om) < 7@, (4.5)

Lemma 4.6. Let m = n +o(n) and p = %, and define X ~ Bin(m, p) then, for T = o(n), and
> m7d, it holds for some constant c, that for n large enough,

]P(X > T) < e—Tlog(T)+CTmax{logd,1}_ (46)

We will use a weaker, simpler version of this bound for low probability events.

Lemma 4.7 ([JRL11] Theorem 2.1). If X ~ Binom(N,p), and A = Np, then for t > 0

2 2
PX-A>1t)< exp(_2/\-f—2t/3)’ P(X-A<—t)<exp (_Zt_)\)



CHAPTER 4. DISTRIBUTIONS OF SPARSE ERDOS-RENYI GRAPHS 36

4.3 Poisson approximation in sparse Erd6s-Rényi graphs

In our analysis of the spectral edge of unweighted Erd6s-Rényi graphs we will crucially
use that we can approximate high-degree vertices and their local neighborhoods using
Poisson random variables. The first result is similar to [ADK23b] Lemma 7.1, but proven
in a somewhat different way. It shows that if we consider a set of fixed vertices that is not
too big, their degrees and the size of their 2-neighborhoods are close to the distribution of
Poisson random variables.

PN <d <log"* N, let G be a graph generated from the Erdés-Rényi

2/3 . .
graph distribution g( , If]) Moreover, for k < ¢9"°N, consider vertices zi, ...z € [N],
< w; < dv;+u/8forl <

Lemma 4.8. For log

along with 211 < 01,...,0% < 2u and wy,...w, such that 1 <

i < k. Then define i.i.d. Xj,X,,...Xx ~ Pois(d) and independent Y,, ~ Pois(dv,), Y,
Pois(dv,), ..., Yy, ~ Pois(dvg). If A is the event that there are no intersections between the
balls of radius 1 around the vertices zy, .. ., zx, and no edges from S;(z;) to S1(z;) for any i, j

(including i=j), then

k k
P ﬂ {a, = 0, = w} N A| = (14 N0 1—1[ P(X; = 0)P(Y, =w;)  (47)
i=

i=1

Proof. Let Z = {zy, ..., z}, with Az being the adjacency matrix of Z. Recall that I';, denotes
the neighbors of a vertex z;.

We analyse the event that N;{a,, = v;} and that there are no edges between any z;, as
well as no intersection between the neighborhoods of the z;, sequentially.

That Az = 0 happens with probability (1 -d/N )(5). Then we first need to choose exactly
v; vertices among [N]\Z connected to z;. Subsequently we need to choose exactly v,
vertices among [N]\(Z UT,) and make sure that there are no edges between z, and I';,,
and so on. Note that this way the edges we consider at each step are independent of
the previously considered events and moreover the number of edges between z; and
[NI\(Z U Ul 1I’ ;) is binomially distributed with parameters N — k — Z _, v; and d/N. This

gives

e )
d
(l‘ﬁ) |

We now use Lemma @.1|to approximate the binomial probabilities, the bound on the error
terms follows from our assumptions on v;, k and the bounds on d from
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= (1+ N*¥D) P (Pois(d) = v;).
i)Z?'_ll v; as well as (1 - %)

k
N © can also be written as 1 + N~*v()_ There
are N such error terms, which all together implies that

P(ﬁ {azi:vi}ﬂ A, =0 ﬂ ﬁrzl J: (1+ N vO)P(Pois(d) = v;).  (4.8)
i=1 i=1

We now condition on the event ﬂle {“z,- = vi} N {AZ = 0} N { ﬂle I, = @} and similarly
analyse {f,, = w;}. Note that the event A does not require that the S,(z;) are all disjoint
which makes the analysis slightly simpler. The number of edges from S1(z;) to [N]\(ZUT7)

i-1

d
N—k—Zv]’,ﬁ =0,
j=1

(k+2] 10])

=(1+O0(N))P <

P {Binom

Pois [d -

Moreover (1 —

is Binomial with parameters v; (N -k - Z’;zl vj) and %, and those random variables are
independent since we condition on Az = 0 and N T, = @. Finally, the probability that
there are no edges within and across any T, is equal to (1 — d/N)% %0+Li ().

Thus, defining Ar to be the adjacency matrix of I'; = Ui;l I',, we get

w{m{ﬁa:wf}ﬂ{AFonﬁ{%=vf}ﬂ{Az:o}m{ﬁu=@}]

k
i=1 i=1 i=1
k

H [Bmom

Uj
=1

The last term can as before be written as 1 + N~1*(), When v; = 0, we can immediately
replace the Binomial random variables by Poisson random variables with parameter 0,
since they are both constant 0. For v; > 0, we once more use the Poisson approximation
from Lemma which together with our bounds on v;, w;, k and d, gives

k
k—Zvj ,% =

=1

=(1+ C)(N‘l))IP[Pois [vid 1- %ﬁ‘:w;n = wi]

= (1 + N7*O) P(Pois (o) = w,)

]P(Binom v;i|N —

Combining this with (4.8), implies the result. O
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Our next result basically shows that what is true for a fixed number of vertices is also
true for the vertices with the largest degrees. Crucially, the number of vertices we are
allowed to consider in Lemma (4.8 is larger than the number of vertices with very high
degree we typically have in our graph.

We start by stating a lemma from [ADK23b] that expresses the distribution of a point
process in terms of the point probabilities. Define the parameter (Z.).en) to be an ex-
changeable family of random variables in a measurable space Z. The point process @ is
defined to be equal to Y y; 6z,. We then introduce for F ¢ Z* and the point process @,
the correlation measure

go(F) ;= N(N = 1)---(N =k + )IP((Zy,... Z) € F).

Lemma 4.9 (JADK23b], Lemma 7.8). For n,m € IN and disjoint, measurable I, ...I,

P (@) =k D(L,) = ky) = 1 KadViakls (I oo x L)
1 17, Py T k! = {71!__.&1!%) 1 "
¥ G<m
1 (=D i+ k6
+ 0 kil k! A glg...fn!Qq)(Ill DX X TP ) . (4.9)
Y lmi

We use this lemma to show that the edge of the process of the pairs (ay, ), is close to
the maxima of a set of Poisson random variables.

Proposition 4.1. Let © := {(ax, Bx):x € [N],ay >u~— 210g1/ 8 N} denote the point process

consisting of the largest degrees in G, with their two-neighborhoods. Let P := {(X;, Y;)}iein
denote a set of i.i.d. random variables with X; ~ Pois(d) and Y;|X; = x ~ Pois(dx). Then
set W := {(X;,Y;) : i € [N],u—2log"* N < X; <1,0 < Y; < uX; +u”/%} . It holds that

dry(P, W) = on(1).

Proof. We begin by restricting @ to points (x,y) such that u — 2log”®* N < x < u and

0 < y < dx+ 1"/ and to the event that all neighborhoods of vertices with such degrees
are disjoint and tree-like. More precisely we define A(x, y) to be the event that for the
ordered pair (v, y) € N?, u—2 logl/8 N <x<uand0 <y < dx+u”/®, and let B be the event
that the neighborhoods around all such vertices v € [N] are disjoint tree-like. Now we set
Q= {(ax, Bx) LA, pons : X € [N ]} . Then @ = ® with high probability by Lemma Thus
it is enough to show that dry(P’, V') = on(1).

We enumerate all possible location of points for these point processes, in other words,
all potential ordered pairs (x,y) such that u —2log"”* N < x <uand 0 < y < dx + /%,
Therefore, if n, := 2 logl/ SN +1, n, = du+ w/841, there are at most n := nyn,, possibilities.
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Define |®’((x, y))| to be the number of points the point process @ has at (x,y). We
consider an event E, which for some set Kr of vectors in IN”, is defined as follows. We

write &(X) here to mean that the event X occurs.

E=| |&(o @y =k,...,

keKg

O ((Xn,, Yn,))| = ki)

By Lemma

Pr (0 (o1, )] = i [0 (s )] = o)
1 —1)Liti
= m Z ﬁq@’ (Ill<1+f1 N % Ll;n+€n)

fl/m/[)n
Y l<elos?? N jp_q

1 k1+f71 kn+€n
+ 0O m ng o (Il XX In ) (410)

¥ (=cos? N 2
where ; is the lattice point (x;, y;).
We use this threshold for )’ k;, as by Lemmaand Markov’s inequality, with probabil-
ity 1—e~2098""N) there are at most ¢!°8”” ¥ /2—1 vertices with degree larger than u—2log'/® N,

which implies that we only need to consider vectors such thatk := Y./, k; < elos’ N2 1,
By Lemma
1 (=Dt ki +C k€
N — —qCD’ (Ill 1 X"'Xlnn n)
1;2 ki!---ky,! ﬁz; ! 0!
Y l<elog®Njp_q
~ 1 (=1)Liti
— 1+on(1) k+¢
_(1+N § )Zkl!"'kn! Z N A
keK Ol
Y li<elog®®N a1
- . . ki+¢;
. H (lP(Pozs(d) = x;)P(Pois(dx;) = yi))
i=1
Also,
1 o+t -
ol ko Z Qcp/(lll P x IR )
T
Z fiZGIOgZ/?’N/Z
—o|—1 y 1N (Pois(d) = u —210g"*N) "
kil k! A (€/n)!" 8 .
by [i:;;;z/é N/2
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where £ = Y. (; = elog”* N /o By the definition of the Poisson,

1 ! K+t - 1/8 7\ —Q(elog2/3N)
_— —_— P(P =u-—21 = .
kil k! t)Z‘[ ((g/n)!)nN ( ois(d) = u og N) e

Y £=elog” >N p
By using Lemma [4.9|once again,
1 " (_1)2151 n ‘ ~ ' ~
Kyl - k! Z N™ AR H (IP(POZS(d) = x;)P(Pois(dx;) = y;)

Y O lp<elos? PN 21 i=1

)k,'+€,'

= (1 NSO P (W) = Ky 4 by, (L) = Ko 6, W0 (T) = K) +e )

We now wish to pass from this error to total variation distance. The total number
p 2/3
of possibilities of k for Y.\, k; < €7 N/2 is given by the balls and bins paradigm as
2

elog3 N o (n+k—1

3 .
<0 1 ) < €98’ N Therefore, the error for any event is at most

_ C10 2/3 N
dry ((Oéw Bo)Laa, pons, (X, YX)lﬂ(X,Yx)) = el Ne o) NHND = oy (1). (4.11)
u

The above two lemmas are crucial as we can now essentially treat the relevant pairs
(ax, Bx) as independent Poisson random variables.

4.4 Tails of sums

Sums of squares of binomials

When approximating the largest eigenvalues of Q(N, %) using local neighborhood
statistics of high degree vertices, we will need bound the sums of squares of the degrees
in neighborhoods of those high degree vertices. Therefore we require estimates for the
sum of distributions with heavy Weibull tails. Such a bound follows from and the
tail results in [BMdIP23]. Justification for this generalization is given in the appendix in
Section[A.2l

Lemma 4.10. For any n > 0 and d = o(n'/®), consider n independent i.i.d. samples
Xi,... X, ~ Binom(N, %). There is some constant ¢ > 0 such that for any t > n%/3,

L H{Ly

]lt) [
j= i=1

> t) < Znexp(—% \/Z)
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Moreover, if t > 2(d* + 1)n?/3,

i=1

P

> tJ < 2nexp (—Cm\ﬁ)

Sums of random variables with Weibull shape

Similar bounds are also needed when considering the spectrum of weighted graphs.
In the light-tailed case the sum of squares of the weights appears because it corresponds to
the eigenvalue of a star. In the heavy-tailed case the sum of the ath power of the weights is
introduced through our results on the relationship between the a-(quasi)norm of a matrix
and its spectrum from section

In this section, we state two key lemmas about the tail of a sum of ii.d. Weibull
random variables and their conditioned version. Throughout this section, we assume that
{Yi}iz12,.. are i.i.d. random variables such that for t > 0,

C2 —f C1 _a
—e " <P(Yi2t) < ¢ and et < P(Y;: < —t) < e (4.12)
This implies that
Cie™™ <P(lYi| > 1) < Coe™.

Also, for our applications, as will appear several times in chapter @we define, for ¢ > 0, Y;
as the random variable Y; conditioned to be greater than (¢ loglog N)s in absolute value.

Tails of sums of light-tailed random variables

First, we introduce a tail bound for the sum of squares of i.i.d. Weibull random
variables having a lighter tail than the Gaussian distribution, i.e. @ > 2. Recall that ALght

denotes the typical value of the largest eigenvalue, defined in (6.3):

lisht _ (%)l’ (1 B %)%_% (logN)%
! a (loglogN)%‘i

o
Lemma 4.11. Assume that a > 2. Then, forany t > k > 2,

. a 2et\k aqa
Clie—tZkl 2 < H)(Y% + .0 F YI% > t) < CI; (%) e_(f—k)2k1 2 ) (4].3)

) light\2 log N log N logN
In particular, assume that t = d* (A;g t) +0 (Lz) and k = b2— +0 (1 % N) for
(loglogN)!-a 0§ 108 oglog

some constants b,d > 0. Then,

lim — =d* 1--—

logP(Y?+---+ Y2 >t g
sP (1 [20) 2 (1-2) o (4.14)
N—>oo log N a—2 a
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and

loglP(Y% +eet
lim —

1——7b1‘g—b. 4.1
N—oo logN ) ¢ ( 5)

(recall that Y; is a conditioned version of Y;).
R\ 2
Finally, in the case t = d2 (Agght) + O( log NV ) and k = 0(1)10LN we have

loglog N loglog N’
log]P(Y%+---+Y,%2t) loglP(Y%+---+~,%2t)
lim — = lim - = oo. (4.16)
N—oo lOgN N—co logN

The particular choices of t and k considered in (4.14)-(4.16) appear in our applications
in Section
Tails of sums of the ath-power of random variables

The next crucial result is about the tail estimate for the ii.d. sum of ath-power of
conditioned Weibull random variables for any a > 0.

Lemma 4.12. Suppose that @, ¢ > 0. Then, there exists a constant C > 0 depending only
on C;, G, such that the following holds: For any L > m,

) ] N
P71l +- -+ [Val* = L) < Clele” (E) gmIoglogN. (4.17)

logN
loglog N

In particular, assume that m < b
Then,

+cand L = alogN for some constants a,b,c > 0.

P (V[ + - + [Vl > alog N) < N7webred), (4.18)

Remark 4.1. The above lemmas and with the same argument, hold as well for a
slightly more general class of Weibull random variables satisfying

Clt_cle_nta < ]P(lYll > t) < Czt_cze_nta

with some constants c;,c; > 0. This can be used to generalize our results as indicated in
Remark[6.2]
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Chapter 5

Description of the edge spectrum of
sparse Erdos-Rényi graphs

Given the preliminary results from the previous three chapters, we now focus on the

behavior of the eigenvalues of G (N, %) near the edge of the spectrum. This spectral edge
has received much attention, as it has its own specific applications. For example, the edge
governs the mixing rate of Markov chains, and graph partitioning, as shown in [HLWO6],
albeit using the Laplacian rather than the adjacency matrix.

In this chapter we will focus on properties of the extreme eigenvalues and eigenvectors
that happen with high probability, and all results mentioned in this introduction, unless
otherwise specified, are also to be interpreted as such. The typical behavior of the extreme
eigenvalues and eigenvectors in the Erd6s-Rényi model is known to go through various
phase transitions. When d > N'/3 these edge eigenvalues have Tracy-Widom fluctuations,
similar to the fluctuations of the eigenvalues of a GOE matrix [S0s99, [EYY12, EKYY13,
LS18]. When N¢ < d < N'/3, for some fixed € > 0, the top eigenvalues lose GOE behavior
and edge eigenvalues become Gaussian distributed [HLY20, HK21].

For sparser Erd6s-Rényi graphs, Krivelevich and Sudakov showed using a graph
decomposition that eigenvalues are governed by the highest degree vertices [KS03]. More
precisely, with 1 denoting the largest degree we expect to occur in the graph, Krivelevich
and Sudakov showed that the largest eigenvalue of an Erdés-Rényi graph is typically

(1 + on(1)) max{d, vu}. For log_1 N < d<logN,u= 6(1;;1%)' This shows that there is

a phase transition in the largest eigenvalue at d = /blolLNN
g log
In fact, we begin to see the local affect of high degree vertices in the spectrum at

d < log N. This is well known to be the threshold for connectivity (as was shown in the
original work of Erdés and Rényi [ER60]), but is also the threshold for large fluctuations
in the degree sequence, as opposed to greater concentration seen for larger d. Specifically,
Benaych-Georges, Bordenave, and Knowles, as well as Latata, van Handel, and Youssef
showed that when d > log N, edge eigenvalues converge to the edge of the support of
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the asymptotic eigenvalue distribution [LvHY18|, BGBK20]. However Benaych-Georges,
Bordenave, and Knowles also showed that when d < log N, roughly, edge eigenvalues
are “governed” by the largest degree vertices of the adjacency matrix [BGBK19], with the
specific threshold later given independently by Alt, Ducatez, and Knowles, as well as
Tikhomirov and Youssef [ADK21b, TY21].

Alt, Ducatez, and Knowles further studied this problem, and managed to obtain im-
pressively detailed results. Through the works of [ADK21a, ADK22, ADK23b| ADK23a],
the authors show a transition between the occurrence of delocalized eigenvectors in the
bulk of the spectrum, and localized eigenvectors near the edge for d < log N (the specific
bounds on d vary paper to paper, but all results are for this sparse regime).

We focus specifically on [ADK23b]. In this result, Alt, Ducatez, and Knowles show
that the largest eigenvalues of the graph are determined by two combinatorial statistics
around the high degree vertices. As was shown previously through [KS03] and [BGBK19],
the primary term is the degree of the high degree vertex, which we denote here by «,.
To gain the necessary levels of accuracy, they also track the secondary term f,, which is
the number of vertices of distance exactly 2 from a high degree vertex x in the graph
Note that this notation slightly differs from the one in [ADK23b], where a, and f, are
normalized by d. Reinterpreting their result, they show the following.

Theorem 5.1 (JADK23b]]). For C > 4 and sufficiently small constant £ > 0, assume that
(loglogN)- < d < (m — (logN)‘g) logN. For K := d1/272/t-16¢ there are some 6,€ > 0
such that the first K eigenvalues are of the form

a
a +0(du™) (5.1)
Br (ar L Br) o B J(as BV _ ga
\/O‘x— E(sel)+ (5 £) a2
for K vertices of degree at least 1 — lg;u.

This is done by, given a, and B,, making an educated guess for the structure of the
eigenvector. To use this approximate eigenvector it is crucial that the statistics of the local
neighborhoods of high degree vertices are concentrated, in particular that the degrees of
the vertices in the neighborhood is reasonably close to d, which is approximately their
expected value. According to (5.1)), to be able to properly estimate eigenvalues past the
typical gap in the spectrum at the edge of ®(u™'), it must be the case that d > 1.

5.1 Main results

Guionnet posed the question of deducing the behavior for d constant [Gui2l]. The
difficulty in this regime is that important statistics, like the growth of the spheres around

'We have translated their parameters into the unnormalized versions we use in our proof.
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high-degree vertices and the maximum degrees in those spheres, are less concentrated.
We use new techniques to show that in fact, the same behavior holds in the constant
d regime, and continues until the average degree is subconstant. All the results in this
chapter are from the paper [HM23].

Theorem 5.2. Consider a G ~ G(N, £) graph with log™”’ N < d < log"* N. With high

probability, for each of the glos "N largest eigenvalues A of the adjacency matrix, there is
some vertex x such that

1= \/Oéx N i_z N dza-: d N O(<d3/2 4 1) u—11/6).

Moreover, for k < 8"V, the vertex x corresponding to the kth largest eigenvalue is the
kth vertex in the lexicographic ordering (ay, By).

As we will show, these high degree vertices are spaced throughout the graph, and have
almost independent local statistics. Therefore, similar to [ADK23b], the distribution of
the highest eigenvalues is described by a Poisson point process with density given by the
probability of existence of an («, f) pair, where a is close to maximal among all vertices.

To this end, define the discrete intensity measure p : R — R,

2log /8N

S e—ddu—f e—d(u—{’)(d(u _ 5))(s—u+l’)(u—l’) )
—]:=N Lsu-0)=0L(s—uro)u-0)<du-y17s5 | -
p( ) ; ((u—f)! (G—u+ =) WO emriuhsdt-fnr

where 1,y— is the indicator that x is a whole number. p induces a Poisson point process \V.
The meaning of p is that it is the intensity measure of a + g if @ ~ Pois(d) and p ~ Pois(da),
restricted to a € [u -2 logl/ 5N, u] ,B€ [O, da +u”/ 8]. As we will see, Theorem [5.2/implies
W approximates the density of A2 at the edge of the spectrum.

Formally, we we will consider proximity in Lévy-Prokhorov distance, which is a
metrization of the weak topology. Namely we define, for two Borel measures v;, v,
on IR,

D(v1,v2) =inf{e > 0 : YA € B,v1(A) < 1(Ac) + € and vy(A) < vi(Ac) + e}

where B is the set of Borel measurable sets in R and A, is the neighborhood of radius e
around A.
Moreover, for K > 0, define «(K) as

x(K) = inf{s € R : p([s, »)) < K}. (5.2)

Theorem 5.3. Set K = ¢°8”°N and recall the definition of x(K) from (5.2). Consider the
density function
D= Z 611(/\

2_d2+d ) :
A€spec(A)

u



CHAPTER 5. EDGE SPECTRUM OF SPARSE ERDOS-RENYI GRAPHS 46

Then for d as defined in Theorem

I:\l]1—>rrolo D (q)l[K(K),oo), Wl[K(K),oo)) - 0.

We multiplied both point processes by u to emphasize that the approximation of A2 in
Theorem[5.2]is o(1/u). As shown in Theorem[5.2} the largest eigenvalues are approximately
the square root of a rational function on local statistics, therefore it is simpler to consider
the point process of A?, as it leads to a nicer expression. Much of our analysis will be on
the squared eigenvalue A°.

Theorem implies the fluctuations of the top eigenvalue. Similar to if there is
increasing degree as in [ADK23b], fluctuations are determined at two scales. If the
expected number of vertices of degree u (that is y,) is constant, then the maximum degree
has nonzero variance and will dominate the fluctuation of the maximum eigenvalue.
Therefore, in this case the top eigenvalue will fluctuate at a large scale, as its first order
fluctuation is a shifted Bernoulli, based on whether there is a vertex of degree u or not.
If the expected number of vertices of degree 1 is subconstant or superconstant, then the
largest degree of the graph becomes deterministic, and the fluctuations are determined
by p. As B is then distributed as a Poisson, the fluctuations become much smaller and
become those of the maximum of Poissons.

The fact that these eigenvalues are almost completely determined by local neighbor-
hoods is intrinsically linked to the fact that they decay exponentially around a fixed vertex.
We show the following, which implies eigenvectors are close to as localized as possible.

Theorem 5.4. Define B,(x) to be the ball of radius r around x in G. For ¢ < 1/15, consider
log“N <d < logl/ N, and K, = logoN(l) N. Moreover, we fix 7 > 1, and if ¢ > 0, we add
the requirement that < 1/(3c). With high probability, the eigenvectors v corresponding
to the K, largest eigenvalues are exponentially localized in the sense that for each v there is

some vertex x such that ,
V= —+O0((1+d2)u?
L vo((tra )

and for1 <i<7,

I _(d -7 “1/2 | g-it1),,~1/3
Vls,wll = " (1+O((1+d +d )u ))

&l

and ‘
d i/2 1 ,
”Vl[N]\B,-(x)” = (a) ﬁ (1 + O((1 + d—1/2 +d +1)u—1/3)) .

Our desire to keep our result as general as possible has resulted in this long expression
for our error. There are multiple error terms and for d =< 1, the ratio of 4,7, and u governs
which type of error will dominate.
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We consider a significantly smaller number of eigenvalues in this theorem than in
Theorem [5.2| as in order to show eigenvector localization, we must quantify the gaps of
the eigenvalues induced by Theorem5.2Jand Theorem 5.3} whereas the previous theorems
do not require such gaps. We do this only for the region given above, as our focus is the
spectral edge, but most likely further analysis could extend this to further eigenvalues.

Using the regimes as defined in Definition we can prove a theorem about the
approximate diagonalization of the adjacency matrix A, that we will use to prove the
other main theorems above.We will decompose our matrix using a unitary transform U
made clear later. Here Dy, Dy\qy, Dqp\ are diagonal operators associated with the balls
surrounding vertices in U. A summary of the results concerning this decomposition
is as follows. This can be compared to Proposition 3.1 in [ADK23a], and it also bears
resemblance to the more directly combinatorial decompositions of other sparse matrix
results [KS03, BBG21].

Theorem 5.5. With high probability, there is a unitary transformation U : R¥ — R such
that we can write

Dy 0 0 E,
0 Dy 0 E!
A=U ;V\W u 5.3
0 0 Dru\q/ + 8«1{\(‘/ E’U\(V ( )
Ew Eyw Eqny X

where satisfies the following:

1. The fine regime operator Dy is diagonal, of dimension 2|'W/|, and has at least elos "N
eigenvalues of value at least yVu— O (u‘3/ 8).

2. The intermediate regime operator Dy is diagonal, of dimension 2|V\W|, and
IDywll < Vit = Q ().

3. The rough regime operator Dq«y is diagonal and of dimension 2|T4\V| and satisfies
IDepyll < Vu — ul/6=on(®,

4. The bulk operator X satisfies ||X|| = (% + ON(1)) Vi

5. The error terms satisfy ||[Eql|, [|[Eqnwll = O ((d’ + Du/ 2”), as well as
1S vll + IEenvll = O ((loglog N)?).

These results, along with results concerning the structure of the eigenvectors associated
with the operator surrounding vertices of W, imply that the edge eigenvectors and
eigenvalues come from the operator associated with Dqy. This in turn will give the
theorems from Section Thus the next few sections are dedicated to showing this
decomposition.
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Negative eigenvalues

The discussion above concerns the largest eigenvalues of the adjacency matrix, how-
ever, by the exact same analysis we can consider the most negative eigenvalues. Under
the high probability assumption that the neighborhood of every high degree vertex is a
tree, by the bipartite nature of a tree, every positive eigenvalue of a neighborhood of a
tree has a corresponding negative eigenvalue that is of the same magnitude and has the
same localization properties. Therefore, Theorems and 5.4 all apply to the most
negative eigenvalues as well.

Extension of results

We believe that by increasing the analysis from our given set of local statistics to
higher moments, our methods can be used to give even more accurate formulae for
the largest eigenvalues based on the degree sequence of the highest degree vertices.
Such an argument could show separation of the largest log” N eigenvalues for any fixed
a > 0, giving a more specific (and more complicated) Poisson point process and showing
eigenvector localization for all these log" N eigenvectors. However, for simplicity of the
argument, in this work we only consider K = log™® N.

Using this same argument, we may be able to improve the necessary lower bound
on d. Some estimates and concentration results required us to lower bound d by log™“ N
for some ¢ < 1, and error bounds simplify given our concrete assumption on d, but
there are also important structural consideration for smaller d. If d = log™ N for ¢ > 0,
then the connected components surrounding high degree vertices can be of small radius,
which means that neighborhoods of high degree vertices could be identical, leading to the
eigenvalues of those neighborhoods being identical, and thus the eigenvectors would no
longer be localized around one high-degree vertex. This implies that we cannot remove
the dependence of d on  in Theorem

On the other hand, including more terms in our expression for A, could improve the
lower bound on d for Theorem [5.2| and Theorem However, in our opinion we will
need new methods to achieve the threshold of d = ¢ 818N’ appearing in [KS03] and
[BBG21]. Such a threshold is natural as for d < e (818N’ all connected components are
of size (1 + o(1))u, making localization and independence trivial.

Similarly, by using slightly tighter bounds on the probabilities of some tail events,
we expect we can improve the upper bound on d in Theorem However, there is a
natural barrier at log'* N, both in the exponential rate of decay of eigenvectors, and the
application of the method in [KS03]. We are not motivated to optimize our technique for
the upper bound considering results are already known for larger d from [ADK23b].
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Related Work

There are many results concerning the bulk of the spectrum of random matrices. Focus-
ing specifically on sparse Erd6s-Rényi graphs, Khorunzhy, Shcherbina, and Vengerovsky,
then Zakharevich, analyzed the moments of the limiting distribution of Wigner matrices
of general models that include constant degree Erd6s-Rényi graphs in order to study the
limiting measure of the spectral distribution [KSV04, [Zak06]. Benaych-Georges, Guion-
net, and Male give a central limit theorem for linear statistics of a model that includes
constant degree Erd6s-Renyi graphs [BGGM14].

These random matrices have been studied as a model for quantum physics, specifically
Hamiltonians of disordered systems. We see similar eigenvector localization in the edge of
the spectrum in the Anderson model (see [And58]), where vertices on an integer lattice are
given random potential, and we study the spectrum of the resulting Schrodinger operator.
Eigenvectors near the edge of the spectrum are known to be localized for various models
(e.g. [GMP77, [FS83,/AM93, [DS20]) whereas there has been less progress on the structure
of eigenvectors in the bulk.

Lévy matrices, a model of Wigner matrices where entries are sampled from distribu-
tions with heavy tails, have also proved to be a useful model for studying eigenvector
localization. Similar to sparse Erd8s-Rényi, there is a transition from delocalized eigenvec-
tors in the bulk to localized eigenvectors at the edge [BG13, BG17,ALM21|/ALY21,/ABL22].
Moreover, similar to the sparse Erd6s-Rényi model, eigenvalues near the edge of the
spectrum in sparse Lévy models are known to converge to a Poisson point process
[Sos04, I ABPP09].

Idea of Proof

We follow the framework of the proof of [ADK23b|]. Our first goal is to show that the
largest eigenvalues are determined by the local geometry of the highest degree vertices, i.e.
by truncated balls around them. Once we show this, the Poisson point process and eigen-
vector structure follow from the randomness of the graph. We show this determination
by classifying vertices by degree, and associating an eigenvector with each high degree
vertex. These are the eigenvectors with eigenvalues of largest magnitude. In order to
analyze these eigenvectors, they are approximated with the eigenvector of an infinite tree
with much symmetry in [ADK23b]]. The main issue with generalizing this approximation
to gaphs with average constant degree is that in this regime, the fluctuations of statistics
of the balls surrounding individual entries become too large to estimate the eigenvector
based on the inputs a, and S, only.

The formula in [ADK23b] already is quite technical, so we avoid directly coming
up with a more involved equation that gives a more accurate explicit approximation.
Instead, we analyze the properties of the true eigenvector of a neighborhood directly. The
advantage of such a method is that the only error we generate in this analysis is from
truncating at level r. Therefore, if we can show the eigenvector is localized away from
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level r, then the error from this truncation can be drastically smaller. The disadvantage
is that, considering we have no symmetry in our tree, we initially have no information
about the eigenvector or eigenvalue, even whether it is localized or not.

The neighborhoods of the highest degree vertices are typically tree-like, and the central
vertex has much higher degree than all others. Therefore, by analyzing the eigenvector
equation at each vertex, we create a system of linear equations for the eigenvector and
eigenvalue. The knowledge that the neighborhood is a tree and that the central degree
is much larger than all other degrees is sufficient to show eigenvector localization (see
Lemma and a formula for the eigenvalue generated from a recursive equation (see
and Lemma 5.3). Moreover, because the central vertex has much higher degree, we
can show this equation can be truncated up to small error with a rational function of local
statistics, giving near exact dependence. Because of the general nature and simplicity of
these lemmas, we believe they could be applicable elsewhere.

When we fully write out the equation for the eigenvalue, the first two terms are a,

and ﬁ—‘ , which are used in [ADK23b] to completely determine the eigenvector. We show,
exp11c1tly giving the next few terms, that the equation for the eigenvalue beyond «a,
concentrates. Specifically, although the fluctuation of statistics increases as the average
degree decreases, the dependence on the fluctuating statistics decreases at a quicker rate
(see Lemma [5.4). In fact, in our regime, the eigenvalue decays quickly enough that it
implies the lexicographic ordering of Theorem 5.2](see Lemma 5.5).

Given the dependence of the eigenvalue and eigenvectors on statistics of local neigh-
borhoods, we translate this into statements about the overall graph. By standard perturba-
tion theoretic arguments, this reduces to showing these local statistics are well separated
for vertices corresponding to the edge of the spectrum. The requisite statistics are bi-
nomially distributed, which are approximately Poisson. Therefore it becomes useful to
give precise tail bounds on the Poisson distribution. Tao recently gave such a tight, two-
sided bound on his blog [1ao22], which is sufficient to show that (a,, ;) that are close to
lexicographically maximizing are well separated (see Section [5.5).

Once we have proper control over these high degree vertices, we need to control
the contribution of the rest of the spectrum. To do this, for vertices of still somewhat
large degree, we proceed as per [ADK23b] and take a localized test vector supported on
a pruned graph, where edges are pruned in such a way that high degree vertices are
separated and neighborhoods are tree-like (see Section[5.3). For all other vertices, we use
the work of Krivelevich and Sudakov, who prove a convenient decomposition of edges
of the graph into different components [KS03]. The only one of these components that
can significantly contribute to large eigenvalues is a subgraph of disjoint stars, meaning
it is much simpler to bound the spectral radius of the operator away from the largest

eigenvectors of the highest degree vertices and avoids using the Ihara-Bass argument of
[ADK23b] (see Lemma 5.7).
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Overview of the chapter

The next two sections analyze the regimes defined in[3.2] In Section[5.2 we analyze the
eigenvector and eigenvalue of the largest eigenvalue of the ball of radius r surrounding
the highest degree vertices, and we show that it is localized and well approximated
by a formula involving only «, 3, (see the beginning of Section [3.2] for the definition of
these parameters) and d. In Section we use a test vector to show that eigenvectors
corresponding to vertices of high, but not too high degree, do not have large eigenvalues.
In Section 5.4, we analyze the bulk using the decomposition from [KS03], and we show the
given block decomposition is such that the highest degree vertices dominate. This gives
theorems [5.5| and In Section we use this formula to prove the Poisson process,
approximation and in Section |5.6{we show this implies Theorem our result about the
eigenvector localization.

Parameters

Although our choice of parameters is mentioned for all the main results we state them
here a condensed form, for easier reference.

Definition 5.1 (Choice of parameters). We fix ¢ > 0 and we take the average degree d(N)
as any function such that for Theorem |5.2/and Theorem log™”’ N < d <log"*N, and
for Theorem log N <d <log"* N for c < 1/15.

Our analysis will be based on considering balls of radius r around the highest degree
vertices. Most results are true for sufficiently large r, but in fact, it is enough to take
r = 5 in order to prove Theorems [5.2land For Theorem we need a slightly larger
radius. So for the rest of this chapter it is sufficient to take r := max {5,2+'}, where 7’ is the
parameter from Theorem

5.2 Fine and Intermediate Regime

In this section we start by using the structural results about the balls around vertices
in V from Section 3.3|to derive a recursion for the largest eigenvalue and eigenvector of
the balls around the vertices in that regime. We also derive a first approximation of the
largest eigenvalue for all vertices in V. In the second part we then use these ingredients
to prove the exponential decay of this eigenvector for all vertices in V. In the last part we
then derive a more precise expression for the eigenvalue of vertices in “W.

Notation

We want to emphasize that in this chapter we depart from our previous notation of
denoting the largest eigenvalues of the graph by A; > --- > Ay. Instead we will generally
use A, to denote the maximum eigenvalue of the truncated ball around the vertex x € [N].
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General Structure

In this section, we create a test vector and test eigenvalue for the neighborhoods of
vertices in V. In order to do this we assume that the structural properties from Definition
hold. We know that this happens with high probability from Lemma We also
know from Lemma that with high probability the maximum degree is bounded by u.
Therefore, we will consistently use these structural properties.

Assumption 5.1. For the rest of Section we assume that (O occurs. Moreover we
assume the high probability event that the maximum degree in G is in {u — 1, u}.

Under this event we know enough about the structure of the neighborhoods around
vertices in the intermediate regime, to analyze its top eigenvalue and eigenvector, which
we use as the test eigenvector and eigenvalue.

Definition 5.2. For x € V, we define A, to be the top eigenvalue of Ag (). Moreover, define
w. (x) to be the eigenvector corresponding to A, and w_(x) to be the eigenvector of the
most negative eigenvalue of Ap . We use the notation w.(x), when a statement is true
for both w, (x) and w_(x). Depending on the context, we will also use w.(x) to denote the
above eigenvector padded with 0’s to make it a vector in RV,

Under Q, B,(x) is a tree, therefore itis bipartite. Therefore the most negative eigenvalue
is —A,, and if y € B,(x), then

w_()ly = (-1, (x)l;.

Moreover, as B,(x) is a tree, its eigenvectors and eigenvalues satisfy a nice recursion.
Consider an eigenvector w of Ap y with eigenvalue A. We consider the eigenvector

equation at x:
AWl = Z wl,
y~x

which, if w|, # 0, can be rewritten as

A= Z Wy (5.4)

L wl,

More generally, we have for v ~ u,v > u, i.e. for v a child of u in the tree rooted at x, if
wl, # 0,

1
AWl =wlo+ Y wly, = wl, = Wl (5.5)

wl}/l
Y1~0,y120 A - Zy1~v,y12v Wl
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Plugging in (5.5) into for every y; ~ x gives

w\y2 |x

— 1 W
1 A=Lyy~y1 02y wly, 1
- Z w] B _ Wy, ©
yi~x x Yyi~x A Zyz~y1,y22y1 wly,

Repeating this process for all vertices gives that

=Y L , 56)

Y1~x A Y2~Y1,Y22 Y1 /\_Zys

I
~Y2Y32Y2 A=Lyy~yzyg>y3

where the right hand side is a continued fraction of at most r levels.

Since A, (v is a connected graph, its adjacency matrix is irreducible and this implies by
the Perron-Frobenius theorem, that the top eigenvector wl,(x) of B,(x) is the only positive
eigenvector, implying in particular that does not contain any 0 denominators. This
means that we can use for our definition of A,. To further examine this, we require an
initial two sided bound, based on B,(x) being close to a star graph. This will be enough to
bound the contribution of balls around vertices in V\‘W, and for vertices in ‘W, we will
eventually bootstrap it into a tighter bound in Lemma

Lemma 5.1. For any vertex x € V,

a, < A% < a, + O@d).

Proof. As the spectral radius of a star is the square root of the degree of the central vertex,
A% > a,. For the upper bound, we apply Lemma By the definition of O, (3) we can
take s(n) = 2d, and by the definition of Qr, (4) we can take #(n) = u*4. Lemma thus
implies that A, = y/ay + O (%) implying that A2 = a, + O(d).

O

Eigenvector structure

For easier readability, we will suppress x in the notation for the rest of the section,
so we write @ 1= ay, A 1= A, w. = w.(x), and S; = 5i(x). Moreover we define N, =
maXyes, (x)\(x} Ny-

We now prove that the entries of the top eigenvector decay exponentially with the
distance from the root for any tree where the root is of much higher degree than all other
vertices.

Lemma 5.2. For any finite tree with a fixed root vertex x of degree a and all other vertices
of degree at most N,» < a, for any vertex u such that u ~ v, u < v, it holds that for the
largest eigenvalue A with eigenvector w,

N,
Wi, = (1 + 0 (?)) AW, (5.7)
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Therefore by Lemma [5.1 and Lemma we have the following. If x € V, then for
u,v € B,(x) such thatu ~vand u <o,

w.ly = (1+0(u ™)) Aw.l,
and if x € ‘W, then for u € B,(x),
w,|, = (1 +0 (u—2/3)) AW, |,.

Proof. By the eigenvector equation (5.5), we must have w.|, < Aw,|,. For a lower bound
on w. |, we proceed by induction on the distance from x, starting from the leaves in B,(x)
(note that these are not necessarily leaves in G). Any leaf v only has one neighbor u,
making this base case trivial, as there is only one neighbor and w. |, = Aw_/[,.

Now, assume is true for all z > u. Then, applying to v, we get

W+|y
wil, = [A- yNUZy‘ZU Wil Wl
> |A Ny |
> - Ny | Wl
o)
Ny
> 1-0 ? AW+|U, (58)

where we used the inductive hypothesis to get the first inequality and then used that by
Lemma [3.5|the rooted trees around A satisfy Ny, < A% m]

Such a tight bound implies exponential decay on various levels. We can now bound
the error from approximating these eigenvectors using the truncation.

Proposition 5.1. We define

A= Z (Axw+(x)w+(x)* — /\xw_(x)w_(x)*).
xeV
Then
A—A 5 — r/2 1 —(r-1)/2 .
gl = Aol = o[ + 1))

Proof. For any x € V,0 € {1}, w,(x) satisfies (A — A)w,(x) = (A — Ap,()Ws(x). The only
nonzero entries of this vector are supported on S,.1(x). This holds because the only rows
of (A — Ap, ) that have non-zero entries corresponding to B,(x) are vertices in S,.1(x),
since B,.1(x) are disjoint trees by Q. By Lemma and Lemma each entry in w,(x)
corresponding to vertices in S,(x) has value at most (1 + on(1))u""2. Moreover, under Q,
the number of vertices in the r + 1 level is d"a, + O(dV/2 + 1)ué < O((d" + 1)u). Therefore,
A ~ Aywogll = O™ + Du/172), 0
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This error term gives us sufficient information about V\“W, and we can now focus
only on the fine regime W. The following proposition gives bounds on the total mass the
eigenvector assigns to each sphere.

Proposition 5.2. For all x € ‘W, the eigenvector w, satisfies

1 _ _
W, |, = ﬁ+O((1+d 1/2)11 1/3). (5.9)
and for1<i<v,
d o 1 ~1/2 —i+1),,~1/3
ANE (5) 7 (1+0((1+d2+da1)u?)) (5.10)

and

Wl = | — (i)i/z L (1+0((1+d2+ar)uR)) (5.11)
+I[N\B; Il = 1 _% a \/E . .

Proof. In this proof we repeatedly use the approximation of A from Lemma 5.1{in order to

replace A by a? or vice-versa up to some small multiplicative error.
First note that Lemma [5.2]implies that for each v € S;,

walo = (140 (™)) 17 (w.ly).
Therefore, as we know by Lemma 3.5/that |S;| = da + O ((di‘3/ 24 1) u?/ 3),

w.lsll = dV2a 2 (14 0((d 2 +d 1) u ) Aiw. (5.12)

Note that for this approximation to hold and for the error term to go to 0, we require

d > u% The complicated error term is necessary as different terms could maximize for
different regimes of d.
Specifically, this means that for the normalized vector w.,

1- o(g (1+(d2+d?)) u—1/3))

-of?)

Using this together with (5.12) for w,|s, and solving for w.|, gives

2
|

\%

(W+|x)2 + ||W+|Sl

Y

(Woly)? = % + O((1 " d—l/Z) B du‘l)

1 _ _
W,y = @ + O((l +d 1/2)11 1/3).
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Combining and (5.9),
wilsll = d02a12 (140 ((d2 + ) u ) A (%5 +o((1+a) u—w))
— d(i—l)/za—(i—l)/Z% (1 n O((l 412 d—i+1) u—1/3)).
Similarly, for (5.11), we have by (5.12),
welsnsl| =Y lwals)|
j=i+l
- gdia‘% (1+0((1+d2 4 d1)uiF).
O

Note that Proposition 5.2/ implies that almost all mass of the vector w, is on x and S;.

Eigenvalue structure

Along with the eigenvector, we further analyze the eigenvalue. To do this, we expand

k

(5.6) as an infinite sum which we get by repeatedly using the expansion A%q = Yo 7o
We will bound the eigenvalue A through the moments of the degree sequence sur-
rounding x € ‘W. We recall the definitions of % and ) from Definition 3.1} Note that

BUY = ISl and B = ¥, N2
Lemma 5.3. Under Q, for any x € ‘W,

A =a+ A2+ A (D + pOD) + O((d +d)uP).
Proof. We can rewrite as

B=) s ! 1

-1 Y
2 ~ > 1
Y1~x A 2~y1,Y2291 1__22 N S
Y3~Y2,¥32Y2 1_ L
AS YIS - Yy~ vz mazys

1

and expand this as

kq

[0e]

=Y Ylw ¥ —

1-1
Y1~x k=0 Y2~yuy22y1 A2 Zy3~y2,y32y2 1—%2 ) VT

(5.13)
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and once again as
ky

wEhE T REE o] ew

_ 1 .
Yy1~x k=0 Y2~Yy1.Yy2211 k=0 Y3~Y2,Y32Y2 1 A2 Zy4~y3,y42y3

Of course we could repeat this process, but this is sufficient accuracy for our purposes.

We do the same analysis as before, starting at the innermost level, corresponding to
the leaves, and then inducting our way back up the tree. For any vertex v, we can write a
recursive equation by defining

1
1- % Zy~v,yzv F(y)

F(v) :=

which gives that
0 00 ky ka
1 1
SRSy S A
Yy1~x ky=0 Y2~Y1,Y22Y1 k=0 Y3~Y2,Y32Y2

We now estimate F, for v € B,(x). For any leaf v, as there are no y > v, F(v) = 1. For
the rest, we use induction. Recall that N; is the maximum degree in B,(x)\{x}, and that

N, < A? under the event O, Assume thatforally ~v,y >0, F(y) =1+ 0O (Z\AI—%) Then

F(v) = 1 < 1 =1+ O(N—y)
L= Dy FO) ~ 1- 52 (14 0(54)) A2 )

Therefore (5.14) becomes

5593 KN 3D ¥ N RRetd |

y1~x k=0 Y2~Y1,Y22Y1 kp=0 Y3~Y2,Y32Y2

We want to show this expansion relies only on the terms in Definition Therefore
we rewrite the first few terms as

a = Y1

Yi~x
0 1
1 1 N,
-2 _ Y
yi~x Y2~y Y22 Y3~Y2,Y32Y2

o0 1 1
A0 = ) % )3 % )3 1]J
Y2~yiY2

Yi~x 2Y1 Y3~Y2,Y32Y2
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The contribution of % is more complicated, but as f = ., _, Nj, we can write

yi~x

/\45(2)22(% 2 (% L HO(AAZ )]0]2

n~x Y2~y1Y2291 Y3~Y2,Y32Y2

meaning we have

ka\2
3 I VI M E S WIREEC S I R
Y3~Y2,Y32Y2

SR ¥ N R |

~X Ya~y1,Y22y1 k=1 Y3~Y2,Y32Y2
k>
1 Ny"

Y3~Y2,Y32Y2

(o]

20 N, Y)Y,

Yi~x Yo~Y1,¥221 kp=1

Therefore subtracting these terms from (5.14) gives

/\2 —a - /\—Zﬁ _ A_4‘B(2) _ /\_4‘8(1'1)

LR EE T oel)]

Y1~x k1=3 Y2~Y1,Y22Y1 k=0 Y3~Y2,Y32Y2

)RS D A WEeeE |

yi~x Yo~y Y22y k=2 Y3~Y2,Y32Y2

Y Y o5 YoofF

yi~x Y2~Y1,Y22Y1 Y3~Y2,Y32Y2

5 o{ (N R

Y1i~x Y2~Y1,Y22Y1 ko=1 Y3~Y2,Y32Y2
k>
4 1 Ny
ey ¥OF[E T o))
hi~x Y2~y1Y2241 k=1 Y3~Y2,Y32Y2

Each of our error terms now has coefficient A=® or smaller. Therefore, by the same
exponential decay and the fact that A™® < a™® and N,» < A?, each of the five sums can be

written as
O(a”°Ny (B +p?)). (5.15)
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By the assumptions of (), namely the bound on the maximal degree and the approxi-
mations of BV and B?, as well as our bounds for d, for x € W

O(a_?’Ny* (5(1,1) + ﬁ(2))) — O(u 3,173 (ﬁ(Z) + ,5(1’1)»
= 0 (u‘8/3 ((d2 + d) w4+ w4 dPu+ (d3/2 + 1) u2/3))
O((d* +d)u™").

O

We now solve for A in this equation. Note that while A*> = a(1 + o(1)) by Lemma
this by itself does not give a precise enough approximation. Instead we bootstrap this
initial approximation using the structural properties from (O,

Lemma 5.4. For x € ‘W,

o B R OF (¢ +d)uP). (5.16)

! a? ad
Proof. We rewrite (5.13) as

1

Ly (P e L A ey ey

-pP+0 ((d2 + d) u‘5/3) .

Moreover, by Lemma A? — a = O(d), so we can approximate

1 1 1 1 d
== ==[1+0[=].
a+(A2-a) a4 @0 a( +O(u))

Therefore

A =a+ ﬁ(1+O() al (11)+ﬁ(2))(1+O(%))+O((d2+d)u‘5/3)

)
o roff2d)

This implies that 1+ O(4£#)). Plugeing this more precise approx-
P ggIng P PP

+5+(/\z a+’3) a—— (
imation for A% once again into (5.13) we get

1 d>+d 1 > +d
A2=a+a+§ﬁ(1+o( - ))+(a+a) (ﬁ(“>+ﬁ(2’)(1+o( b ))

+0((e +d)u")
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S B+ ! 5 (B0 + ) + O((d2 + d) u‘5/3) :

a+§ (oz+§)

Due to our bounds on d from we can expand — = 1 — L+o (ﬁ—i), which gives us
aty

2= as B B O o (e )

a2
as desired. m|

Given this much tighter approximation of A, for x € W, we can now show that the
order of the eigenvalues corresponding to B,(x) for x € W is the same as the lexicographic
order of a, and f;.

Moreover, if a, = a,, and B, > B,, then A2 — A2 > @ +0 ((1 + d3/2) u‘4/3). Therefore, for
x € ‘W, A2 are ordered according to the lexicographic ordering of (&, fx)-

Proof. By (5.16),

Lemma 5.5. For two vertices u,v € W, ifa, > a,, A2 = A2 >a, —a, + O ((d”z + 1) u‘1/3).

L1) (L) ) ) 2 2
Ai—A§2au—av—ﬁ—&+ -+ S - (5”3) —(ﬁvg +O((d? +d)u"?).
Ay Ay ay ay ay ay ay ay

Using the definition of Q) (3-5), namely the concentration of 8, 31V and ), this implies
A= 222a,-a,+O((d+1)u?).
Now, assume that a,, = a,. Then by (5.16)),

,Bu_ﬁv _

Ay

1,1 1,1
gt Y

2 2
g

o a

(B (B

@

+

A2 > i +0((d +d)uP).

Once again, by the definition of () (3-5), this implies

2oz s Bl o 1)),
u
To see that this induces a lexicographic ordering, if a, # a,, thena,—a, > 1> (d'2+1)u~'/3.
Similarly, if a, = a,, but B, # ., then @ > 1> (1+d%*u*?, by our assumptions on d
from Definition O
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5.3 Rough Regime

In this section we construct approximate eigenvectors corresponding to small balls
around vertices in U\V, and we derive a less precise approximation for the eigenvalues
corresponding to those balls. The approach used in this section is very similar to the
approach in Section 6.4 of [ADK23b]. Note a result like Lemma which we will
eventually use to show that eigenvalues from vertices in V\‘W cannot compete with the
largest ones from vertices in ‘W, cannot directly be derived for all vertices in Y. The main
obstructions are that the growth of the spheres and the maximum degree in the balls
cannot be bounded as tightly as for vertices in V.

More precisely our goal for this section is to show the following.

Lemma 5.6. For x € U, we can create a set of unit vectors w,(x) with ¢ € {+1} such that

1. Foru,v € U,u # v, and 01, 0, € {£1} we have supp(w,, (1)) N supp(w,,(v)) = @
2. We have ||Aw0(x) - o/lxwa(x)” = O(loglog N), where A, = \Ja, + ﬁ’i

Proof. Define d,, i, to be the parameters of the pruned graph G. We use the same test
vector as [ADK23b], restated with our parameters this is the unit vector

Ay 1 1
- lx +0 \/a_lsl(x) + 1Sz(x) . (5.17)
A be * Ay (Qy + ﬁx)

ay + 3

W,(x) = —

V2

The first statement of the Lemma now follows by Lemma
We now fix x and ¢ and drop them from our notation for better readability. To prove

the second statement we define A = /& + g and A = A¢ and use a triangle inequality to
bound
|[Aw — cAwl]| < ||Aw - Aw” +

The first term on the right hand side is at most constant, as by Lemmanthe maximum
degree of G — G is bounded by a constant and since the maximum row sum is an upper
bound for the maximum eigenvalue of a positive symmetric matrix.

Similarly the last term is bounded since by Lemma & differs from « by at most a
constant, and B and beta can both be bounded by (d + log log N)u. This implies that

A= \/0‘+E_ \/&+é:\/§ 1+£2—\/§\/1+&_
o a a

The second term can be computed as

a
+£A < 1.
ad

\/E (AW - O‘/A\W)
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=loVa—-oVa \/E Ny — A g _ 9 L
_( Va \/_)1x+2(;\ +\/§ﬁ @)1y+2(\@ \/5)1y+;533\/§?\1y'

yEél ye§2

Therefore, using Lemma [3.8 and the lower bound on a, for x € U, we get

Ay 2
2w -oiwf < ——Y (Ny - @) ]3] ——
a(mg)yegl ¢ @(mg)
2
< O((log log N)* + @+ loilogN) )

Putting these three bounds together and using our expression for uand the bounds
in[5.1]for d, we get that,
|IAw — oAwl]| = O(loglog N).

5.4 Block Decomposition

This section is devoted to proving Theorem 5.5 for which we use results from Sections
and For this we first bound the contribution of the remainder of the matrix, i.e.
from vectors that are orthogonal to the largest eigenvectors of small balls around the
high-degree vertices. We end this section by using the approximate diagonalization to
prove Theorem

Bulk vectors

We now prove that there is no contribution from any other vector. To do this, we
use the decomposition of Krivelevich and Sudakov [KS03]. This lets us reduce to only
considering stars around high degree vertices. Here, we state a structure theorem that
combines elements of the proof of Theorem 1.1 and Lemma 2.2 in [KS03]]. To do this, recall
that I', are all vertices adjacent to x and consider the sets of vertices

Y
Y>

{x e[N]:a, > u3/4}

{xe[N]:rmyl;&@}

Proposition 5.3 ([KS03]). For G ~ G(N, %) graph, ifd = o(logl/ 2N), then with high proba-
bility, there is a subgraph H C G such that

1. H is contained in the bipartite subgraph induced by Y, and V>,

2. H is a union of stars on disjoint vertices,
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3. | Agyll = O (d +u”/%6).

Note that H is the graph G, — H in [KS03]. This is strong enough to show that no other
vector interferes in the largest eigenvalues.

Define Uy, to be the space spanned by w. (x) as defined in Definition[5.2)for x € V, and
w.(x) as defined in Lemma [5.6|for x € U\V.

Lemma 5.7. For any vector v € RN that satisfies |[v] = 1 and v L Uy,

(v,Av) < (1+ oN(l))% N (5.18)

Proof. By Proposition[5.3] we have that

(v, Av) < 1}23?((“ Ap V) + 0O (d + u7/16)

where B;(x) is the ball of radius 1 around x in H from Proposition and Ag () is the
adjacency matrix of the graph on the vertices [N] induced by the ball B;(x).
Therefore we split into cases based on the degree of x. For x € V, we know that

v L %(er(x) + w_(x)). Therefore

1 1 1
(V10 = (v, (W () + W)+ (v, Lem (W) W) < 1 = (W) + W)

By Proposition
1
1, — —(w+(x) + w_(x))

=O(u'?).
\2 _O( )

We then have
v, Apv) <2, 1] Y [v, 1) = O (w7 Vi),
y~x
Similarly, for x € U\V, we have (v,1,) < ||1x — %(er(x) + w_(x))H. By the definition
of the eigenvector in (5.17), and using properties from Lemma [3.8] we have that

— 2
(3(+§—\/§ R 1
=0 - +p -
@4_% OAC(CAY+A)

2 d+loglog N
0 Lﬁ]_o(ﬂ),

ad  a u

1, =~ (w (1) + w_()

V2

I

&
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Therefore, by the same argument as before
d +loglog N
Vu

For any vertex x € Y1\U, the maximum degree is 11/2 and the spectral norm is given
by the spectral radius of a star graph, namely for any vector v such that [|v|| = 1,

u
<V, Agl(x)v> S \/;

Combining these cases gives the result. O

<V/AB1(X)V> = O( ) = ON (1) .

Proof of the Structure Theorem
We now have all the ingredients to prove the structure theorem.

Proof of Theorem We can now fully define the block decomposition from (5.3),

Dy 0 0 E,
0 Dyw 0 E;
A=U YW
0 0 Dq,[\q/ + 8«1/[\(\/ E(I/l\(V
Ew Eqw Eqny X

We first define the unitary matrix U. We set the first 2|W| columns of U to vectors
w.(x) for x € W, and denote this part of the matrix by U4y, then we set the next 2| V\W|
columns to w..(x) for x € V\‘W and denote this part of the matrix by Uq\, for w.(x) as
defined in Definition[5.2] The next 2|T\V| columns are the vectors w..(x) for x € U\YV as
defined in Lemma and we denote this part of the matrix by Ugny. We denote these
three parts of the matrix together by Uq,. We then complete U arbitrarily with a basis of
the rest of RN, namely Uq: € RN.

It is implied by the definition of U that the diagonal matrices Dy and D44y have
entries oA, on the diagonal, i.e. the eigenvalue of the truncated balls corresponding to
each w,(x). The diagonal operator D¢\, is defined to have entries oA,, from Lemma

0’s exist in the requisite places as we can assume by () that balls of vertices in V
are disjoint, and for each x € V, the maximum degree of a vertex in B,,3(x)\x is w34,
implying that there are no intersections with balls of radius 3 around vertices in U\V.
By Lemma with high probability, the e°8"" N vertices of largest degree have degree at

least u — 21og"/® N. Therefore the eigenvalues corresponding to these vertices have value

atleast /u—2log"®* N = yu-0 (log_3/8 N) by Lemma
To get a bound on D4y, we use the upper bound from Lemma This gives that
for any vertex x € V, and for the range of d defined in[5.1}

1 u_% d _1
Ay < Wi —uf +0@d) = \/ﬁ—7+o(ﬁ)s V-0 (u?).
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By Lemma forany x € V, 0 € {1}, [[(A — A)w,(x)|| = O ((dr/z + 1) u‘("l)/z). We will
now show that this implies a bound on ||[Ew]| : Using that U,,, is a surjective projection of
RN onto R¥W! and Uq. is an injective embedding of RNl onto RN, we can transform
Ew, which maps R*"! to RN-2Yl, into an operator from R to RY, with the same spectral
properties. Therefore, using additionally that outside of the choice of 0 € {+1}, the
supports of w,(x) are independent,

el = N Earttyl = max U Eagtty o
< _max 2|y Byl wo()]| = _max 2 (A = Uy Day Uy, ) wo ()|
- s 2ol = o{( 1)),

Here we use the definition of A from Lemma The same is true for ||[Eqnqy]l-
Instead of bounding the operator norms of E¢\ and Eq\«y individually, we bound the
operator norm of their concatenation, which will be an upper bound for both. Similarly

to before we can write
Sy
Euy

By subsequently proceeding in the same way as for the error coming from the fine regime,
Lemmal5.6| 2., gives the desired bound.

Finally for the bulk, || X|| < (% + oN(l)) Vil by Lemma O

This immediately gives the following.

8 *
_ H[wauw] [ Ez:ﬂ Ui

Corollary 5.1.
Doy 0 Eiv\w
0 Dﬂ\q/ + Sﬂ\q/ E:LI\(V < \/E -0 (u_1/4) .
Eqnaw Eqny X

Proof. This norm is at most

max {”D(V\rw , ( DW\(EJ\?W E:L{{,\(V ) } + |[Eviw|
< max{”D(V\(W ,max{HDru\q/ + (Sru\(v , X”} + ||Eru\(y“} + ”Eq/\qy” (519)
The bound then follows from Theorem 5.5 and our bounds on d from O

With this, we can show that the top eigenvalues correspond to W.
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Proposition 5.4. For every k < e°8"N the kth largest eigenvalue A of A corresponds to the
kth largest lexicographic maximizer x € ‘W of (a,, fy) inthat A = A, + O ((dr +1) u‘”l).

Proof. We start with the matrix

Dqy 0 0 0
I 0 Ever [
0 0 D(y\q/ + Sry\q/ E‘ZJ\‘V
0 E(v\(w Eru\q/ X

We then make the transformation by performing the summation

Dy 0 0 0 0 00 E,
0 Do 0 Evvw | 000 0 |,
Yoo 0 Duw+&ur Eyy MY 0 00 0 |Y
0 Eyw  Euw X Ew 0 0 0.

By perturbation theory, e.g. [Bau85| 7.1.1], [Bam20, Equation 23], each eigenvalue has
changed by at most O (J|[Ew/|*) = O ((dr + 1)u"+1). Moreover, as r > 5, by Theorem and
Corollary after the perturbation, nothing outside of D4y can correspond to one of the

elos* N largest eigenvalues. Moreover, by Lemma the ordering of eigenvalues must
match the ordering in Dy, inducing the lexicographic ordering. |

Proof of the main eigenvalue theorem

Proof of Theorem Consider the vertex x corresponding to one of the elos "N largest
eigenvalues. By Lemma [5.4/and the concentration results from the definition of O, (3-5),
we have that

AR=q,+—+—+ e
Ay Oy [0%% Ay u4/

SR B 2 32 4 1
po 48 d*+d d* L0 (d + )
Therefore by Proposition 5.4} the true eigenvalue A satisfies

2 3/2
A = \/ax+&+d +d+O(d +1)+O((d’+1)u‘("1)).

Oy Oy u4/3

\/ax + i—i - dz(;: 1.0 (22 + 1) u ™ 4 @ + HuY)

\/ax + Bx + d> +d + O((ds/2 + 1)u‘“/6).

Oy Oy

as we have assumed r > 5. The lexicographic ordering follows immediately from Propo-
sition
O
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5.5 Anticoncentration

In this section we prove that the distribution for A? is anticoncentrated at the edge of
the spectrum. For this we use the Poisson approximation for the largest degrees and their
neighborhoods recorded in Proposition[4.Tjand the representation of the eigenvalues from
Theorem We then proceed similarly to [ADK23b] to derive that this implies Theorem
which says that that the maximal eigenvalues are close to the maximal values of a
Poisson process. This result is then used to show Lemma which gives a lower bound
on the distance between the size of the 2-spheres around vertices with maximal or almost
maximal degree. In the final lemma of this section we show that this implies spacing of
the largest eigenvalues.

Proof of Theorem By Lemma Theorem [5.2) and Lemma [5.5| with high probability,

only vertices of degree between u—2log'/® N and u contribute to the top elos "N eigenvalues.
Similarly, for every relevant vertex v, f < da, + u”/® for every relevant vertex v with high
probability by Lemma In this region, Theorem gives that A2 = a, + Bo/ay +
(d*+d)/a, + O ((d3/ o 1) u 6). Moreover, with high probability, neighborhoods of size r
around such vertices v are disjoint and treelike by Lemma[3.5| Therefore, define A(x, y) to
be the event that for the ordered pair (x, y) € N?, u—2 logl/ SN <x<uand0 <y <dx+u',
and let 8 be the event that the neighborhoods around all vertices v € [N] such that
A(ay, By) = 1are disjoint tree-like. If we define A(a, f) = a+/a, then with high probability
® is contained in the intensity measure of {(A(av, Bo) + €(d, N)) 1A, p)ns : U € [N]}, where

e=0 (diﬁjgl) Moreover, W has the same intensity measure as {A(Xi, Yi)laxy):i€[N ]},
where the pairs (Xj, Y;) are independent and satisfy X; ~ Pois(d) and Y;|X; = x ~ Pois(dx).
It is then sufficient to show that,

dry ({(%, Bo)l A, p)ns : U € [N]} , {A(Xi/ Yi)laxy):i€ [N]}) =on(1), (5.20)
which is exactly the statement of Proposition O

Now we can simply work with independent Poissons, for which the distribution of
the maximum is easier to analyze. We start by determining an interval into which the
maximizers of the Y;, which approximate the g,, fall.

Lemma 5.8. Consider any function {(N) = wy(1) and 1 < K = W, For fixed m > 0,
a = O(u), and i.i.d. Yi,..., Y ~ Pois(da), with probability 1 — Oy | —=, the K largest
\/logC

values Y(y), ..., Y(x) are such that for every 1 <i <K,

log K + 1log2 —log gy + 2 loglo
Y(i)elda+ 2dalogC — Vda—8- 2987~ 8@ 208 gc,da+,/2dalogc]

v2logC

where ¢ is the constant from Lemma
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Proof. If Y is less than some value T, then there are at least C — K+ 1 Y;’s less than T.
Therefore,

K-1 -1
>1— p(K=1)1og L~ (C-K+1)P(Y12T)

]I)(Y(K) 2 T) 2 1 — ( C )(1 _ H_)(Yl 2 T))C—K+1 Z 1 _ (K C )e_(C_K+1)H)(Y12T)

Vda(log K+3 log 2-1og g+ 3 loglog C)

\/210gC

, we use the

To bound P(Y; > T) for T = da+ +/2dalogC —
tail bound from Corollary 4.2 with
log K + 1log2 — log ¢+ 2 loglo
v2logC - & 2198 &lmt 3108 8C)'

v2logC

o=

1
il
) 1 3
dad"/2 =logC - log K + Elog2+ log 6 — iloglogC

(logK + 1log2 — log g+ 3 loglog C)2
" 4logC ’

Corollary .2) gives that

log K + 2log2 — log ¢+ 2 loglog C
P|Y; >da+ V_(\/Zlog 2 2
v2logC

2
log K+1 log 2—logq4‘—z]+—§ loglog C
C@elogK+ > log2— logqgﬁzloglogC—( 2 TTogC z )

- C Ploo T log K+1 log 2-log qpt 3 log log C
O —
5 ¢ 4/2logC

KlogC

= (1 +0x(1)

Thus
1-— e(K—l) log C—(C-K+1)IP(Y1=T) =1- C_1+0N(1)- (521)

To prove the upper bound we proceed similarly, using that by a union bound

P(Yq) 2 T) <CP(Ys 2 T). (5.22)
Using once more the tail bound from Corollary with 6= /28 we obtain
—logC
P(Y,>T) < —

1/210gC’

which means that (5.22) can be upper bounded by \/le_c
og
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The following lemma will imply spacing between eigenvalues.

Lemma 5.9. Fix a € {u—1,u}. For any K = log’"” N, with high probability the maximum
(du)1/2

log(%)’ (K+1)3logloglogN *

K + 1 values of ﬁil) of vertices with degree a are separated by at least

Proof. Denote by C the number of vertices of degree a. We will split into two cases, based
on whether C is small relative to K. As we will see, if C is small, then we can bound the
probability using the anticoncentration of the Poisson. If C is larger, we can shift our focus
to the regime of Lemma 5.8} It is sufficient to split our cases according to (K + 1)logloslos),
Consider two vertices u,v such that a, = a, = a. If { < (K + 1)!08108108(N) then in the
proof of Theorem 5.3/ implies that the distribution of the ,’s approaches the distribution

of Poissons, so the probability that | ﬁ(l) (1)| < nisatmost \/77_ +O(N7'72), considering the
mode of a Poisson is at its mean, with probability at most —= \/_ Therefore the probability

that any pair is within distance 7 is at most

(C) 217 - T](K+ 1)210g10g10gN
2) Vda Vda

) duyl/2
This converges to 0 for n = (Kﬂgcﬂtw

Otherwise, if { > (K+1)°81°81080N) referring once more to (4.11) in the proof of Theorem
and Lemma with high probability the K maximizers x of ﬁﬁf) satisfy

log K + 1log2 — log ¢+ 3 log log C
€ |da+ /2dalogC — Vda ,da+ /2(log O)d
[ g Togt y/2(log Q)
(5.23)

To show the improvement in density, we consider the probability that ") = da + t, for
lt| = (1 + o(n1)) y/2(log C)da. We then have by the Stirling approximation,

e—da da da+t et
ﬁ = (1 +on(1)) t :
~ (1 + J-)dert \2m(da + t)

To approximate this, we have

2

da+t ¢
(1 + £ —  Plog(1+7;)da+t) _ e(ﬁ_waﬂ +O((d 7 ))(d“t eH%m((du) )
da

log K+1 log 2-1 3 logl
In our window, t > 4/2(log C)da — Vda=2 +3log2-log qzxt§ log log ¢ , and we have
A/2logC

e—da (da)da+t 1 plog K+3 log 2-log gt 3 log log C

< .
(da+1t)! (1+on(1)2/(240) \D77(d T flesc
‘ o oo V%) prs
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log C . (loglog N)?
Here we must have == — 0, therefore, we use the assumption that d > Tog N

The probability that there are at least two vertices in a window of length 2n around some
da+twith t = (1 + on(1)) \/2dalog C is therefore
2
(C) 217610g K+1 log 2-log gzt 3 log log £
2

C ) v2r(da +t)
for sufficiently large N, considering that with high probability C < (4)*? by Lemma

To translate this into distance between ﬁS ) and ﬁf,l), we cover the large interval cor-
responding to (5.23) with small intervals of length 27, and centers spaced at distance 7.

< 4K 1og(g)3(du)-1 (5.24)

log C
o[ 5

To cover this large interval, we need at most 17‘1 du small intervals. Therefore, union
bounding the probability (5.24) gives that

]P(BM,U € [N] Ty, =0y = Q, ﬁ(l) - g)l)

u

< 77)1 (C > (K + 1)logloglogN)
3
< 4 K3 log (g) (dw) ! Vilu
u 3
< 5%1K21]10g(3) (d) 12

(dw)1/2
]Og(:i_l)s(K+1)310gloglogN ’

This probability converges to 0 for n) = |

Lemma 5.10. With high probability, for u # v € ‘W corresponding to the largest K +1 A’s,

d1/2
we have A, — A,| > )
A = Aol 3ulog(()’(K+1)3losloglogN

Proof. By Lemma this is immediately true if a, # @,. Therefore assume a, = a,.
By Lemma with high probability the K + 1 maximizers of g are spaced at distance
() Therefore, by Lemma for u # v and sufficiently large N, and as

log( | )S(K+1)3 logloglog N~

d > log™"” N,

Ay o B
C A+ Al
(du)l/Z
u)3 og log log
2 log(;) (K+;)31 g loglog N + O <(1 + dS/Z) u_4/3) 1 -
2+u+0(5)
dl/z

v

3 (5.25)
3u log (%) (K + 1)310gloglogN

by the lower bound on 4. O
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5.6 Eigenvector Structure

Proposition 5.5. For k < K = log’"" N, define x to be the vertex corresponding to the kth
largest eigenvalue of A, as per Theorem The eigenvector v of A satisfies

[v - w.@)]| = O (u"2).

Proof. By Theorem there is a correspondence between the top K + 1 eigenvalues and
eigenvectors of the matrix A and the top K+ 1 eigenvalues A, of the truncated balls around
vertices x € W together with their eigenvectors. Moreover, by Lemma the difference

between each pair of these K + 1 eigenvalues is at least 4ulog(gﬁ(;ﬁ)mfjgbglogh,. Standard

perturbation theory (see [GLO20] Theorem 2 and the remarks following it) gives that, if
we fix theindex 1 <i <K,

-1
[v=w.col < [[Ew]-(min1-2])
3
ulog (4 (K + 1)310g10g10gN
< g (d) 7 (dr + 1)u—r/2+1/2
- 0 (u—r/2+2).
by our assumptions on d from Definition[5.T|and K, and the bound on ||E|| from Theorem
O
Proof of Theorem|5.4] By Proposition [5.2, Proposition 5.5, and the triangle inequality,
y HToP P gle inequality
1
v, = —+0O((1+ A V2) 13 4 yr/2+2
C = Lrofsen |
1
= — +O((1+d?)u 3.
o)

asr > 5. Moreover,asr >2r,for1 <i<7,

(i-1)/2
ool = () 00 (s ) oy
d (i-1)/2 1
= (5) 5 (1+0((1+d™2+d™)u?))
as desired.
Similarly,
i/2
”W+|[N]\B,-(x) = (g) (1 +0 ((1 +d7 V% 4+ d"”) u'1/3)),
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Chapter 6

The largest eigenvalue of weighted
Erdds-Rényi graphs

Random graphs are used to model many real world phenomena, like electrical and
social networks. Often for more effective encoding of physical phenomena, edges in
a random network are equipped with random weights, which for instance could denote
resistances in an electrical network. This leads one to consider Erdés-Rényi random graph
G(N, p) with random weights assigned to the edges. Its adjacency matrix can be regarded
as sparse or diluted random matrices, where each entry of a Wigner matrix is multiplied by
an independent Bernoulli random variable with mean p.

Some important properties of the weighted random graph are captured by the spec-
trum of its adjacency matrix. For instance, the largest eigenvalue and the corresponding
eigenvector can be used to measure the spread of diseases on graphs. Regarding this
eigenvalue, a lot of research has been devoted towards studying its typical and atypical
behavior: the former is concerned with the value and fluctuations that the largest eigen-
value has with high probability, and the latter is about the probability that the eigenvalue
deviates significantly from its typical value. A particularly important question in this
direction is how the spectral behavior depends on the precise matrix entry distribution,
and we say that the universality phenomenon holds if there is no such dependency in some
asymptotical sense.

An important distinction of sparse matrices from denser ones is that the universality
of the spectral behavior breaks down in the sparse case and the spectrum depends rather
crucially on the entry distribution. While the study of the bulk spectral properties of
sparse random matrices has witnessed some activity, e.g., [BC15, BSV17], the precise edge
statistics has still been mostly out of reach of the known methods which are primarily
tailored to analyze denser graphs, see for instance [AGH21|, [CDG23].

The present chapter is based on the paper [GHN24|] and is aimed at advancing our
understanding in this direction, focusing on the large deviation properties. Towards this,
we study the large deviation properties of the largest eigenvalue of the adjacency matrix
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of the Erd6s-Rényi random graph G ¢ with general edge-weight distributions (Yi):<i<j<n-
The topic of large deviations of spectral observables of random matrices have attracted
much interest over the last few decades leading to a considerable literature, some of which
will be reviewed after the main results, in Section|[6.1

We will work in the particular setting where the edge-weights (Yi;)i<i<j<y have tails of
the form

1P(|Yl]| > t) = e‘ta, t>1

for some a > 0 (we will leave the notion of ~ somewhat imprecise for now). It turns out
that a = 2 is critical in a sense which will become apparent once we state our main results
which will address both the a > 2 (light-tailed) and a < 2 (heavy-tailed) cases

At this point, before embarking on stating our main results precisely in the next section,
we choose to highlight some of their key features.

Perhaps the most interesting consequence of our main results is the surprising univer-
sality phenomenon for the large deviation of the largest eigenvalue in the light-tailed case
a > 2 where the deviation probabilities (ignoring smaller order terms) does not depend on
a and is also identical to the one for Erd8s-Rényi graphs without edge-weights, which es-
sentially corresponds to “a = co”. Our results also yield new law of large numbers (LLN)
results about the largest eigenvalue, which seem to be rather challenging to obtain using
previous methods. Interestingly, it turns out that the LLN behavior exhibits a transition
aswell ata = 2.

Let us now precisely define our model and state our main results. A short summary
of the history of this problem will be provided subsequently.

6.1 Main results

All results below refer to G (N, %) with d constant.

Let X = (Xjj);jerv) be the adjacency matrix of Gy, and Y = (Yj)); jen be a standard
(symmetric) Wigner matrix, that is we assume that Y;; = Yi;, Y;; = 0 and {Yj}1<i<j<n are
ii.d random variables. The matrix of interest for usis Z = X0 Y, ie., Z;; = X;;Y;. This
is a sparse random matrix which can be regarded as the adjacency matrix of a weighted
random graph, whose underlying random graph is G\ ¢ with i.i.d. edge-weights coming
from {Yij}1<i<j<n. Throughout the chapter we interchangeably use the notation X both for
the Erd6s-Rényi graph G « as well as its adjacency matrix.

Throughout the chapter matrix entries will be random variables with Weibull shape,
which defined below essentially says that the tail probabilities are comparable to that of
the Weibull distribution.

!The special case of the Gaussian distribution, which can be thought to be corresponding to & = 2, up

to polynomial prefactors, was studied previously in [GN22] by Ganguly and Nam; see Remark [6.2] for a
further discussion in this direction.
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Definition 6.1. A random variable W has Weibull shape with shape parameter @ > 0 if
there exist constants C;, C, > 0 such that for all t > 1,

Cl _ta C2 —f Cl _a C2 _ta
e < P(W > t) < ¢ and e < P(W < —t) < e 6.1)
The definition ensures that
Cie™ <P(IW| 2 t) < Coe™, (6.2)

which will be notationally convenient later.

The cause for assuming a symmetric tail behavior is that a much heavier lower tail
causes the spectral norm of the random matrix to be governed by not the largest but the
smallest eigenvalue which is a large negative number and hence the largest eigenvalue is
not an interesting object of study anymore.

For brevity, throughout the chapter, we call a random variable with Weibull shape as
a Weibull random variable.

We now state the main results of this chapter.

Light-tailed case, a > 2.

Let

(log N)?
(loglog N)is

A =200 @ = 2)8h 63)

We will shortly state (see Corollary that the above is the typical value of A,(Z) for
a>2.

Theorem 6.1. For any 6 > 0,

log P (A1(2) > (1 +8)A.5")

. _ — 2
1\1113}0 logN 1+06) -1
Next, we establish the lower tail large deviation.
Theorem 6.2. Forany 0 <6 <1,
1 2
loglog =1-(1-9).

lim —— .
N—w log N P (Ai(2) < (1 - 0)A.5")

A crucial observation is that the upper and lower tail large deviation results establish
a sense of universality with the rate function not depending on a.

Further, as a corollary we have the following law of large numbers.
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Corollary 6.1. We have

_1
a

2=

log log N)?
nm(ogog)

——M(Z) =25 i (a - 2)7”
N—co (log N)z !

in probability.

4

Note that the case of no edge-weights can be thought of as corresponding to “a = c0”.
Now while this was treated in [BBG21, Theorem 1.1] (see Theorem stated later), in
some sense the same can be deduced in a limiting sense from Theorem In fact, noting
that

| - 11 (logN)? log N)?
lim A = Jim [23a-H(a - 25— o) (s M)
e aze (loglogN)27a~  (
one obtains [BBG21, Theorem 1.1] by taking @ — oo in Theorem Note that the large

deviation rate function turns out to be not only the same for all light-tailed distribution,
i.e. whenever a > 2, but also in the limit, when a = .

loglogN)%,

Heavy-tailed case, a < 2

Counterpart to (6.3), we define
AR .= (log N)-. (6.4)
Stating the upper tail large deviation needs the following definition. For 6 > 1, let
¢o :12,3,---} — R be defined by
do(k) = sup Y. il 6.5)
veRF v=(01, w)llolli =1 je[k] i ]
The statement involves further considering two sub-cases.

Theorem 6.3. Let 6 > 0.
1. In the case 1 < & < 2, let B > 2 be the conjugate of a (i.e.  + % = 1). For an integer

k > 2, define
k(k — 3)

Va,s5(k) = + %(1 +0)% g a (k). (6.6)

Then,

~ logP(A1(2) 2 (1+8)A™) '
]}gr.}o B log N - kr:r2113n Yaslk). (6.7)
2. Inthecase0 < a <1,
log P (A1(2) 2 (1 +8)A:"")
lim —
N—oo lOgN

=(1+06)*—1. (6.8)
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The above theorem shows that once heavy-tailed edge-weights are induced on the
sparse graph Gy, ¢, the large deviation rate function for the largest eigenvalue exhibits a
phase transition: the rate function is a piecewise smooth function whose behavior changes
as argmax, Y,,s(k) (i.e. size of the clique needed to have atypically large A,) varies. This
is in a sharp contrast to the large deviation result for the standard (i.e. dense) Wigner
matrices with heavy-tailed entries (i.e. edge-weights are induced on the complete graph)
[Augl6], where it is proved that there exists a smooth function I1(0) such that for all 6 > 0,

P(A; > 2+ 8) ~ ¢ TON?,

Remark 6.1. We do not have a closed expression for the quantity ¢g(k) defined in (6.5),
unless 6 = 1 in which case we know ¢;(k) = &2 (by the classical Motzkin-Straus theorem
[MS65]). While the definition of ¢¢(-), might seem somewhat unmotivated at this point, it

appears quite naturally once we bound A(Z) in terms of the ‘entrywise” L’-(quasi)norm
of Z. See Section 2.1] for details.

Next, we obtain the lower tail large deviation.

Theorem 6.4. Forany 0 <6 <1,

1
lim ——[loglog =1-(1-95"
N-w log N P(M(2) < (1-0)2;"")
Note that unlike for light-tail edge weights, in this case the large deviation rate function
does depend on a.
Finally, as a counterpart to Corollary 6.1, we have the following law of large numbers
result.

Corollary 6.2. We have

y M(Z)
im - =
N=c (lJog N)a

in probability.

Remark 6.2. While for the sake of simplicity as well as brevity we have chosen to work
with distributions as in (6.I), certain generalizations are not hard to make. E.g., a simple
rescaling shows that similar large deviation results hold for random variables possessing
more general types of Weibull shape, where for t > 1,

Cl —nt® C2 —nt® Cl —nt® C2 i
¢ SlP(WZt)STe” and  —re S]P(Ws—t)sfeq (6.9)

for some additional scale parameter 1 > 0. A piece of straightforward algebra shows that
the rate function for A;(Z) does not change with 1.
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Further, a little additional work also allows one to consider an even more general class
of distributions given by

Cl —c _nta C2 —c _.qta Cl —c —T]ta C2 —c _nta
S e slP(WZt)s?t 2 and  —t e slP(Ws—t)sTt 2

for parameters c1,c; > 0. This allows one to include polynomial pre-factors, which for
a = 2 covers the Gaussian case considered in [GN22].

We next include a brief overview of the literature on large deviations of spectral
observables of random matrices.

Related results

Much effort has been devoted to proving whether spectral properties of random matrix
ensembles exhibit certain universality features i.e. do not depend on the precise entry
distribution as the matrix size goes to infinity. For instance, under some moment condi-
tions, the appropriately scaled empirical distribution of the eigenvalues converges to the
Wigner’s semi-circle law [Wigh8, |Arn67] and the largest eigenvalue lies near the edge of
the semi-circle distribution [Juh81,[FK81, BY88]. On the other hand, large deviation behav-
ior is generally far from universal making this an intriguing research direction which has
also witnessed considerable activity. Large deviations for the empirical distribution and
the largest eigenvalue were first derived for the Gaussian ensembles [BAG97, BADGO1].
Progress stalled for a while, until a surprising recent result by Guionnet and Husson
[GH20], where the large deviation universality was established for the largest eigenvalue
of ‘sharp” sub-Gaussian matrices. Their proof relied on the method of spherical integrals.
Together with Augeri [AGH21]], they also showed that for a more general class of sub-
Gaussian matrices, the rate function is universal for small large deviations, but beyond
that also depends on other properties of the moment generating function. Subsequently,
continuing this line of work, Cook, Ducatez and Guionnet, in [CDG23], strengthened the
result into a full large deviation principle for such sub-Gaussian Wigner matrices.

The behavior changes a lot when the entry distribution possesses tails heavier than
Gaussian. Bordenave and Caputo [BC14] proved a large deviation result for the empirical
distribution of Wigner matrices with stretch-exponential entries whose tails decay at the
rate e with a € (0,2). The proof relies on the observation that the atypical behavior is
the result of a few atypically large entries. Building on the same idea, Augeri [Augl6]
subsequently obtained a large deviation principle for the largest eigenvalue. In both cases,
the large deviation speed as well as the rate function depend on a and thus on the precise
tail behavior of the entries.

We next move on to the results on the spectral properties of the adjacency matrix of
Erd6s-Rényi random graphs Gy,. As mentioned in Chapter 5, the largest eigenvalue is
typically linked to the average degree in the dense case, and to the largest degrees in
the sparse case [KS03, [ADK21b)| TY21]. Beyond typical behavior, the study of the large
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deviation behavior for the spectrum of Gy, becomes much more delicate and requires
new methods. In the dense case (i.e. p fixed in N), Chatterjee and Varadhan [CV11,ICV12]
established a large deviation principle using the powerful graph limit theory and charac-
terized the rate function in terms of a variational problem. This variational problem was
later analyzed by Lubetzky and Zhao [LZ15]. It is important to note that the eigenvalues
are normalized in a different way than in [BADGO1, BAG97] here, and that the matrix
entries are not assumed to be centered. The quantity of interest here are eigenvalues of the
order of N, where N X N is the size of the matrix, of which there is typically just one when
the entries are not centered. In contrast, in [BAG97, BADGO01], roughly speaking, eigen-

values and deviations of order VN were studied. In the sparse case p — 0, the graph limit
theory no longer applies. In the breakthrough work by Chatterjee and Dembo [CD16], a
general framework of nonlinear large deviations was developed leading to a similar varia-
tional problem. This was later extended [CD20, Aug20] and analyzed in [BG20] to obtain

large deviations for the largest eigenvalue in the sparsity regime % < p < 1. Finally,

the sparsity we will consider in this chapter, namely p = £ was covered in [BBG21]. It
was shown that the large deviation behavior of edge eigenvalues is a consequence of the
emergence of vertices of atypically large degree.

Finally, let us review the few existing results about the spectral behavior of the adja-
cency matrix of weighted Erd6s-Rényi graphs, or in other words, sparse or diluted Wigner
matrices. The typical largest eigenvalue of dense graphs (i.e. p fixed in N) with general
edge-weights, under suitable moment conditions, belongs to the universality class of gen-
eral Wigner matrices. In the sparser regime p — 0, Khorunzhy [KhoO1] proved that once
IOI%,N < p < NF for some B > 0, the largest eigenvalue is asymptotically 2 1/Np with high
probability and does thus not depend on the precise distribution of the edge-weights.
Recently, [BGBK20, TY21] treated the typical behavior of diluted Wigner matrices, where
some of the above assumptions are relaxed. However all results mentioned before are in
the regime p > &, which excludes the case p = £.

However, despite the above advances, significantly less is known about the spectral
large deviation behavior in the setting of diluted Wigner matrices. Large deviations for the
dense Gy, with Gaussian edge-weights can be deduced from the aforementioned result
for the sub-Gaussian Wigner matrices [AGH21]]. This result together with [GH20] show
that even for the same weight distribution, the large deviation behavior for the casesp = 1
and p < 1 (p is fixed) are different. No other regime of p, in particular when p — 0, is
covered by previous results [AGH21, (GH20]. In this direction, a large deviation result
for the largest eigenvalue, in the case p = £ with Gaussian edge-weights, was recently
proved by Ganguly and Name in [GN22]. Finally, very recently, [Aug24] established a

large deviation principle for the empirical spectral distribution of diluted Wigner matrices

in the regime IO%N <px L

Recall that Theorem |6.1| implies a universal spectral large deviations behavior when
a > 2. While the large deviation result for the ‘sharp” sub-Gaussian Wigner matrices
[GH20] can be considered as a universality result for dense Wigner matrices, it seems
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Theorem [6.1|is the first universality result of its kind in the sparse regime.

Idea of the proof

The proofs rely on identifying the correct geometric mechanisms responsible for the
largest eigenvalue which we describe next.

Light-tailed weights

We startby considering the adjacency matrix X without edge-weights. In the influential

work [KS03]] it was shown that the largest eigenvalue is determined essentially by the
log N

loglog N
1

18N Tt was

(loglogN)2
subsequently established in [BBG21] that in this case, even in the large deviations regime,
the largest eigenvalue is essentially determined by an atypically large degree vertex.
Now, let us consider the case when the edges are equipped with light-tailed edge-
weights. Owing to the lightness of the tail, one might naturally expect that vertices with

lolglgo I;N will continue to be the determining structure, but the existence of

weights does add another element of randomness that can increase the largest eigenvalue.
This calls for the need to balance the fact that there are more stars of lower degree,
while high degree stars are more likely to have a big largest eigenvalue necessitating the

. Since the

star, incident on the vertex with the largest degree, which is typically

largest eigenvalue of a star of degree ¢ is equal to V¢, we have A;(X) ~

degree of order

estimation of the contributions from vertices of degree close to )/b:l% forO<y <1

Using a binomial tail estimate, one can deduce that the probability that a vertex has
degree close to ylog)li ZN is roughly N7 and hence there are approximately around N'7”
vertices of that degree. Because G ¢ is sparse, itis likely thata constant proportion of these
vertices has distinct neighborhoods with no edges present within those neighborhoods
and hence these high-degree vertices and their neighborhoods induce vertex-disjoint stars.
The next step is to consider the contribution from the edge-weights. Here we need two
ingredients. First, the fact that the largest eigenvalue of a weighted star is the square root
of the sum of the squares of the weights. The second fact we use is that for light-tailed
weights, the probabilistically optimal way to obtain a large squared sum of the weights is
by all of them being uniformly large. This allows us to deduce that for any weighted star
S of degree k,

P(A;(S) > £) ~ e* 2, (6.10)

Using this, to find a typical value t of the largest eigenvalue of such collection of stars, the
probability in (6.10) with k = 98N should balance out the number of such stars which

loglog N
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is roughly n'™7. A further optimization over y indeed indicates that typical value of the

largest eigenvalue is close to An#" (defined in ©.3)).

The proof of the upper bound in Theorem now relies on establishing the above
heuristic even in the large deviations regime. A key subtle distinction arises from the fact
that the large deviation of A; may induce atypical behavior of both the degrees as well as
the edge weights which has to be taken into consideration as well.

The proof of the lower bound is much simpler and consists of ensuring that there is a
star of degree s 1;;1%/ for some 6 dependent constant y;5, with large enough weights on
the edges.

Heavy-tailed weights

The results of [GN22] indicate that typically the largest eigenvalue of G\ s with Gaus-
sian weights is determined by the maximal edge-weight in absolute value. Since the latter
increases as the tail of individual random variables becomes heavier, this suggests that
the same mechanism persists when the edge-weights have heavier tails (i.e. a < 2).

Note that there are on average % edges present in the graph G, 4. Thus, the probability
that the largest entry is greater in absolute value than ¢ is
AN _.
—e .

1-P( max |Zjl<t)x1-(1-€e")% » -

6.11
(i,j)€E(X) ( )

This shows that the typical value of the maximum entry (in absolute value) is Abeavy

defined in (6.4).

However, unlike typical behavior, it turns out that large deviations, i.e., {11(Z) >
(1 + 6)A1"}, is achieved by the emergence of a clique with high edge-weights on it. One
can first estimate the probability that G 4, contains a clique of size k for each integer k > 2.
Next, one estimates the probability that the edge-weights on the clique are high. One of
our main results is that we identify how to induce these high edge-weights in the most
efficient way, which turns out to involve the variational problem (6.5).

The optimal clique size depends on both a and 6. In particular, itis2 whena <1, i.e,,
large deviations is dictated by the existence of an atypically large edge-weight.

Again as before, while the proof of the upper bound involves several technical ingre-
dients making the above heuristics precise, the lower bound is obtained rather quickly by
planting a clique of an appropriate size with high edge weights.

We end this section with a brief overview of the variational problem described in (6.5)
which we believe is of independent interest.

a—norm generalization of the Motzkin-Straus theorem

When the edge-weights are given by heavy-tailed Weibull random variables (with
shape parameter 0 < a < 2), we study the spectral behavior by relying on a new result
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relating the largest eigenvalue and the entrywise L*-(quasi)norm of any symmetric matrix

A, which we define by
1/a
Al = () Jasi?)
ij

In particular we show that for any 0 < a < 2 and any integer k > 2, there exists an explicit
and sharp constant C(a, k) > 0 such that for any network G = (V, E, A) with maximum
clique size k,

M(A) < Cla, k) Al - (6.12)

The constant C(a, k) is expressed in terms of the function ¢,(k) defined in (see Propo-
sition for details). Moreover, it turns out that C(a, k) does not depend on k when
0 < a < 1. The special case @ = 2 had been studied earlier where the bound counterpart

to (6.12) reads as
k-1
MA) <\ == 1Al (613)

and can be obtained as a straightforward consequence of the Motzkin-Straus theorem (see
[GN22, Proposition 3.1]).

We finish this discussion with a brief comparison of the heavy tailed case to the
Gaussian case, which corresponds to the case of Weibull random variables with a = 2,
albeit with additional polynomial pre-factors as described in Remark For the latter, it
is shown in [GN22[] that if we set

_ k(k—=3) 1+6 k

Yolk) = ———+ ——1—7 (6.14)
for integers k > 2, then
. 1 AT TogN) = min J
lim ~ ogN log P (A1(Z) 2 v2(1+6)logN) = Join Gi(k). (6.15)

While, lim;_,. arg minke]N>2 %(k) = oo, it turns out that when 1 < a < 2, the function
¢p2(k) that appears in becomes constant for large k (see (4) in Lemma [2.3), which
implies that arg min, . 1,s(k) stays bounded in 6. Further, our proof indicates that the
optimal way for the largest eigenvalue to be greater than (1 + 6)A, is to have a clique of
size arg min; . Pas(k) (in particular, 2, which is just a single edge, when 0 < a < 1) in
the random graph X = G\ +, and then have high valued edge-weights on this clique. A
counterpart result in the Gaussian case was proven in [GN22], where it was shown that
the corresponding clique size is given by arg min, . ¥s(k). Thus, by the above discussion,
the governing clique size for a < 2 stays bounded as the deviation increases in contrast to
the Gaussian case where the same goes to infinity.

In the two remaining sections of this chapter we prove the large deviation theorems
for the cases of light- and heavy-tailed edge-weights in Section [p.2]and [6.3| respectively.
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6.2 Light-tailed weights
We consider @ > 2 in this section and prove Theorems [6.1] and For the reader’s
benefit let us recall that
(log N)?
(loglogN)%‘%'

]I

A =253 (a - 24"

(6.16)

For notational brevity, in this section we will denote Abght simply by A,. To simplify the
notation further, we set

B, :=2ra 3 (o — 2)2 7. (6.17)

NI—=
2=

The upper tail
Let us recall the theorem that we will prove in this section.

Theorem 6.1. For any 6 > 0,
log P (A1(2) 2 (1 +8)A,5")

. _ — 2
11’11)130 logN (1+06) -1
The governing structure for the upper tail of A;(Z) will turn out to be a star of degree
[Vormgingn | With

Ve = (1+0) (1 - %) (6.18)

and high edge-weights on the edges. This stems from the following optimization problem.
The probability that the maximum of the largest eigenvalue among all the typically present
n'~7 stars of degree [y 1o§§) ;’N] (see e.g., Lemma [3.3| and Proposition i is greater than

(1+06)A, is maximized at y = y;.

Lower bound for the upper tail

The strategy will change depending on whether y; is less or greater than 1.
Case 1: Y5 < 1. For small enough p > 0, we condition on the event A, , measurable

with respect to X, defined in Proposition Conditioned on that event, there exist
m:= HN 1=ye=p -I vertices with g(ys) = [V@b;% disjoint neighbors with no edges between
each neighbors. Denote by Sy,---,S,, the vertex-disjoint stars induced by these vertices

and their g(y) neighbors. Then, by Lemma
M(Z) > max A1(Sk)-
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Thus, conditioned on the event A
stars in Lemma

v,0» DY the characterization of the largest eigenvalue of

1P(A1(Z) > (14 06)A, | X) > TP max Z 7L = (1+07A2 1 X (6.19)

(i,/)€E(Sk)

(recall that (7, j) denotes the undirected edge joining vertices i and j with i < j). In the
appendix, we derive a tail bound (4.14)) for the sum of squares of Weibull random variables.
Plugging in thebound withd = 1+6and b = y;, under theevent A, ,, foreachk =1,--- ,m,

—asor 2,0-2)8, 2 —(1+5)22+0(1
> N-0+0° Z-23y T o)  N-e7 o)

11>[ Z 72> (1+6)°A2| X
(4,))€E(Sk)

where we used ys = (1 + 9)? (1 - %) in the last equality. Using the independence of

edge-weights and recalling m = I_}IN 1‘7/0"f’-|, under the event A, ,,

]P( max Z 72> (1 +06)PA2 | X1~ (1 - N—(1+6)2%+o<1>)m

m v
(i,1)€E(Sk)

-----

_N1-75-p-(1+8)> 2 +0(1) 1 1= (1462 —p+o(1
>1-e T > SNy prell))

where we used the fact that 1 —e™ > %x for small x > 0 in the last inequality.
Therefore, applying this to (6.19) and using that IP(A,, ,) > 3 (see Proposition ,

P(M(Z) 2 (1+6)Ae) 2 E[P(A1(2) 2 1+ )Aa | X)L, | 2 %Nl-mz_pwm_

Due to the arbitrariness of p > 0,

log P(A1(2) > (1 + 6)A,)
lim sup — log N <(1+06)*-1.

N—oo

’

Case 2: ys 2 1. For any p > 0, we condition on the event A, ~measurable with
respect to X, defined in Proposition Under this event there exists a vertex v with
[(1 + P)Vs log’ilg\]N] neighbors with no edges between them. Denote by S the star induced
by v and these neighbors. As before, using the tail bound withd = 1+ 6 and

b = (1+ p)ys, under the event Al

1+p)ys”

P(A1(2) 2 (1+6)Aq | X) > P Z 72> (1+062A2 | X
(i,))€E(S)
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> N-H0F 25 (1=3) 2 (4p)ys) 2 +o(l) _ N=(1+072(L+p) & +o(1)

By Proposition

P (ﬂ’

— N1-(1+p)ysto(1)
(1+p)ya) =N :

Thus, as above,

) ~log P(A1(2) 2 (1 + 6)Aa)
HZ\IJI_?SP log N

<-1+(1+p)ys+(1+ 6)22(1 +p)lh

= -1+ 1+ +p)(1- %) + %(1 +p)'E].

Since p > 0 is arbitrary, this implies the desired bound.
O

Remark 6.3. If 5 = 1, then the precise behavior of the number of vertices of degree close to
Vs log)i ZN = lolgoi :N or the probability of the existence of such a vertex is somewhat delicate
to track. Hence, we considered vertices with a slightly larger degree instead to exploit the
large deviation bound for atypically large degrees from (3.3). This shortens the proof by

not dealing with the case ys = 1 separately.

Upper bound of the upper tail
We proceed in a sequence of steps:

1. We first truncate the weights Y and then accordingly decompose Z into ZV) + Z@):

zV =X;Y? and 7% =X;v?, (6.20)
j ij ij ij
where
M _ .. 2 _ ..
YZ.]. - Y111|yij|>(gloglogN)% and Yij - Y111|yij|s(sloglogw)%' (6:21)
Similarly, write X = X® + X® with
D _ v @ _ v
Xif - Xl]llYij|>(gloglogN)% and Xij - Xl]lIYijls(sloglogN)%' (622)

This particular threshold is chosen so that, as we will soon see, Z? is spectrally
negligible.
By the tail decay of Weibull random variables, X is distributed as Gy, with
d/
1= oo NV
N(log N)¢

for some constant &’ > 0. Also, given X, the edge-weights on the network Z®)
can be regarded as i.i.d. Weibull random variables conditioned to be greater than
(eloglog N )% in absolute value.

(6.23)
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2. We analyze the component structure of X, the underlying graph of the network Z.
The sparsity of XV allows the results in Section 3.5/ to be applicable. In particular,
connected components of X are tree-like (i.e. the number of tree-excess edges are
small) and their sizes are relatively small with high probability.

3. We further decompose the network Z® into Zgl), consisting of vertex-disjoint
weighted stars, and Z(l), whose degrees are well-controlled.

4. Using the results in Step (2) and the fact that the maximal degree in Z(zl) is relatively
small, we prove that Z(zl) is spectrally negligible as well.

5. We analyze the spectral contribution of Z(ll) by grouping stars according to their
degrees. Since we have a complete characterization of the largest eigenvalue of a
(weighted) star graph (see Lemma [2.6)), one can explicitly compute the contribution
from the collections of stars of a given degree. It turns out that the main contribution,
which leads to the large deviation probability, comes from the stars of degree close

log N
to ys 10;1go Y (see (6.18)).

Given the truncation in Step (T) above, we first estimate 1,(Z?).

Lemma 6.1. For any 6,¢ > 0,

—log P(A; (2@) 2 £3(1 + 6)32)
lim inf

> 2_1. )
mir og N >(1+62-1 (6.24)

We start by stating the following theorem from [BBG21]. While the latter covers a
varied range of values for p, we state it only in the sparsity regime considered in our

results. Recall that we set t, = lolglgo I;N.

Theorem 6.5 ([BBG21, Thm. 1.1]). For any 6 > 0,

—logIP(A1(X) > (1 + d)t3) = (1+06)?—1. (6.25)

N—eo log N

Proof of Lemma Since |Y1(]2)| < (eloglog N)« for all i, j,

M(Z?) < (eloglog N)« A (X). (6.26)
By Theorem and recalling % = a(ll()g% (see (6.16) and (6.17)), this immediately
a oglogN)2"a

concludes the proof.
O
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Now we analyze Z\, the main spectral part for A;(Z). Since the edge density of its

underlying graph X® £ Gy, satisfies (6:23), the results in Section [3.5 hold for X® as
indicated in Step (2).

We now implement Step (3), i.e. we decompose X into two parts, one of which con-
sists of a vertex-disjoint union of stars while the other one has a relatively small maximum
degree. This remainder graph and the union of stars are not necessarily vertex-disjoint.
The latter part will be spectrally negligible and the dominating factor will be the former
part. For this we rely on a result from [BBG21, Lemma 3.5], that we simplified slightly for
our setting. We moreover state an explicit bound on the maximum degree, which can be
deduced easily from the proof.

Lemma 6.2 ([BBG21) Lemma 3.5]). There exists an event ‘W measurable with respect to X!
that happens with probability at least [l — e~“(°8N) under which X! can be decomposed
intoa graph Xgl) which is a vertex-disjoint union of stars, and a graph Xél) whose maximum

degree is bounded by 2 (log N )% for large enough N.

The decomposition in [BBG21, Lemma 3.5] is stated for Gy, with p = O(%) which is

applicable for XV by (6.23).
From now on, we condition on the high probability event ‘W. Let Z(ll) and Z(Zl) be the

corresponding networks of X;l) and X;l) respectively. We will first focus on the spectral
behavior of Z(zl) by analyzing its underlying graph Xgl). Then by Lemmas and

each connected component C, of X;l) satisfies the following properties with high
probability for any 61,06, > 0:

1. dy(Co)< 2 (log N)T,

2. [V(Col < (1+ o) s,

3. |E(Co)l < [V(Co)| + 62

(recall that for any graph G, d;(G) denotes the maximum degree of G).

We now state the following key general proposition, which claims that it is costly that
any connected network satisfying the above three properties has the largest eigenvalue
of order A, (recall that A, denotes the quantity which turns out to be the typical largest
eigenvalue, as defined in (6.16)).

Proposition 6.1. Assume that o > 2 and {uyx}n>1 be a sequence such that uy = o (1;;%)'

For any N € IN and ¢,01,0, > 0, let G := Gn.s,5, be the set of connected networks
G = (V,E, A) (A = (a;); jev denotes the weight matrix) such that

1. dl(G)S un,

Here, the quantity x = w(log N) means that lim, e @ = oo.
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logN
2. VI (1+6) ks,

3. |E[ < |V] + 6.

Assume that the edge-weights are i.i.d. Weibull random variables with a shape parameter

a > 2 conditioned to be greater than (¢loglogN)# in absolute value. Then, for any
constant ¢ > 0,

—logsup..; P (A1(A) > cAy)
11m = 00.
N—oo log N

Proof. The general strategy is to bound A (A) by expressing it in terms of the corresponding
(random) top eigenvector and then analyzing the contributions from the high and low
values of the entries separately. To make this precise, suppose that V = [m], and let
f = (f)iepm with ||f|l2 = 1 be any (random) eigenvector of A such that

MA) = fIAf =) aififi =2 ) ayff (6.27)
ij=1 (,.))eE

(recall that (i, j) denotes the undirected edge joining two vertices i < j).
For a constant & € (O, %) which will be chosen sufficiently small later, define

Vse=lielml:|fil<lEll,  Vi={ielm]:|fil 2]}, (6.28)

where the indices stand for small and large respectively. Since Y., f? = 1, we have

Vil < %J (6.29)

We also partition the set of edges into two parts, those that are incident on a vertex in
V1 and the rest:

Es:={(,j)€E:i<jijeVs), E={Gj)eE:i<jieViorjeVy}.  (630)

We now decompose the summation in (6.27)) into two parts As and A;:

MA) =2 Y aififi=2 Y aififi+2 ) ayfify = 245+ 2. (6.31)

(i.,j)E (i.j)€Es (.j)€EL

The above is expressed in a way such that both A5 and A; can be bounded by sums of i.i.d.
random variables which will be convenient.

Thus, for any constant 0 < 7 < 1 which will be chosen later,

P(A1(A) > cA,) < PQAs > tcd,) + PQAL > (1 = 7)cdy,). (6.32)
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We now analyze these two probabilities separately.

Bounding As. We apply the Cauchy-Schwarz inequality to )., ), 4ijfifj, and then use
abound on ¥ ier. f7 sz which we now derive. Let T be a spanning tree of G (recall that
G is connected) and E(T) be the collection of edges in T. Since |[E(T)| = |V| -1, by our
assumption on the number of tree-excess edges, |[Es\E(T)| < |E| — |E(T)| < 6, + 1. Hence,

Y. £2f= ) R ) RS +Gm+DE <2+ 0 (6.33)

(i,j)€Es (L,j)€EsNE(T) (,))€ES\E(T)

where we used (2.18)) with 6 = 1 to bound the first term (note that |f;| < & < %). Thus,
setting

Ti= 2+ 8,)3&2, (6.34)

by the Cauchy-Schwarz inequality together with the bound (6.33),

e L2 AL Az

(.))€Es (.)€Es (.j)€Es (i.j)E

By assumptions on the network size and the number of tree-excess edges, Z(i,]-)eE afj is the
1 _logN

sum of at most |_(1 +01)% Toglogh

+ 62J many squares of Weibull random variables condi-

tioned to be greater than (¢loglog N)% in absolute value. Hence, by the tail estimate for
such sum of squares (the bound (¢.15) withd = = = < and b = %),

1.1
2(2+672)4 &2

—log P(2As > TcA,) —logIP( X.(;er @ = £2A2)

hl\r]rl) 1021f log N > h]\r]rL 101;1f Tog N
c? 2 2181+ 061\1-%
= 1-= —@1+6). (.
_2“(2+62)%5%a—2( a)( c ) (1+061). (6.35)

Bounding A;. By the Cauchy-Schwarz inequality and the fact that

Y, fif < [Z f] [fo] =1

(i,j)€EL eV jev

we have .

e T (L) =T )

(i,j)€EL @i,j)eEL i,j)€EL
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Since |V;| < L(%J by (6.29), the event {2A; > (1 — 7)cA,} implies the existence of a random
subset | C V with |]| < I_éJ such that

whereE; :={(i,j) e E:i < j,i € ]Jor j € J}. Forany deterministic subset ]’ with|]’| < [;—ZJ,by
our assumption on the maximum degree, |Ey| = o (é 1o:i gN). Thus, by the tail probability

estimate for the sum of squares of Weibull random variables (the bound (4.16) with

1—
d = ( ZT)C)I

1-1)2c2
- —logP (Z(ilj)eE], afj > %Ai)
lim = 0.
N—oo logN

By the assumption on the component size, the cardinality of different values that a random

subset | with |]] < [éJ can take is bounded by ((1 +6;)1 el )"_2 = n°®. Thus, by a union

¢ loglog N
bound,
—logP(2A; > (1 — T)cA,
ogP(2AL > (1 - 1)c ):OO (6.36)
N—>eo log N
Therefore, applying (6.35) and (6.36) to (6.32),
—logIP(A1(A) > cA, “ 3 1-3
lim inf 1084 2 Ao) 2 (1—3) (“51) —(146).
N—co log N 202+ 6y)1&2a—2 a €

Since & > 0 is arbitrary, the RHS above can be made arbitrarily large, concluding the
proof. m]

Since each connected component of Xgl) satisfies the conditions in Proposition by
the discussion following Lemmal6.2with high probability, and the number of components
is bounded by 7, a union bound completes Step (4). Therefore, it remains to analyze the

spectral behavior of Z(ll), a collection of disjoint stars. We will group these stars according

to their sizes and then show that the main contribution comes from the group of stars with
degrees close to VélcjglLogl\]N-
As a preparation, we now introduce some notations and a few lemmas. The first

lemma concerns the spectral behaviour of a single weighted star. Recall from (3.4) that

we set g(y) = [7/ 1o§§)§1\f] and let us define, for a star graph S, d(S) to be the degree of the
root vertex of S.
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Lemma 6.3. Suppose that S is a weighted star graph such that d(S) < g(y) for some y > 0,
with ii.d. weights given by Weibull random variables with a shape parameter o > 2

conditioned to be greater than (¢ loglog N)= in absolute value. Then, for any p > 0,

a

a 2 2)\2 1-4
(a+pr—=5(1-2) ¥t ey

lim inf —logIP(A1(S) > (1 + p)Ay) 5
N—oo log N

Proof. Let {Yj}

conditioned to be greater than (e log log N)« in absolute value. Since the largest eigenvalue
of a weighted star is nothing other than the square root of the sum of squares of edge-
weights (see Lemma 2.6),

, . beiid. Weibull random variables with a shape parameter a > 2

=1,z

P(A1(8) 2 (1+ p)Aa) S P (V3 4+ + V2 ) > (1+p)PA2).

By the tail bound (4.15) withd =1 + p and b = ), we are done.
O

Next, we estimate the spectral contribution from the group of stars with degree close
to g(y). For this we first introduce some additional notations. Let d (X(l), v) be the degree
of v in the graph XV, and for y > 0, define

DO = {v eV :d(XD,0) > g(y)}. 6.37)

For small enough constant x > 0 which will be chosen later, define m to be an integer such
that mx < 1 < (m + 1)x. Then, define the event measurable with respect to XV:

P = {|Dfi)| < NV foralli=0,1,--- ,m}, (6.38)

which guarantees that for the discretization {x,2x, ..., mx} of the interval (0, 1), there are
not unusually many vertices whose degrees fall into any bin of degree range given by the
discretization.

Additionally we define the event measurable with respect to XV:

(1+06)? },

< -
K

(6.39)

L= 1,
which guarantees that there are uniformly bounded number of vertices of unusually large
degree.

Using the estimate for the contribution of a single star (Lemma [6.3), we now prove
a lemma that captures the contribution from the group of stars of degree close to g(y).
Recall from Lemma (6.2| that Xgl) is a vertex-disjoint union of stars, and « > 0 is a given
constant.
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Lemma 6.4. Let S be the collection of stars in Xgl). Moreover, define, for any > 0 and
y = ix <1 (i is a non-negative integer) or y > 1 + «,

max\) s = A(S 6.40
Amax(y, 1) s d(s)g(l;};’gw)]{ 1(S)} (6.40)

if there is a star S € § satisfying d(S) € (g9(y), g(y + h)], and set Anax(y, h) := 0 otherwise.
Then, for any p > 0,

- log]E[]P(/\max(yl h) >(1+ p)Aa | X(l))lPKﬂLb,x]
liminf
N—oo log N
> ~fap(y +h)—h—x—e(y+h), (6.41)

where the function f, , : (0,00) — Ris defined by

a
2

. 2 2 _a

fap) =1 == (14 py—= (1 - E) £ (6.42)
In (6.41), the quantity f,,(y + h) should be thought of as the dominant term with the

rest being error terms.

Proof. The proof depends on whether y < 1 ory > 1+ «. In the case y = ix < 1, the

number of stars in Xf) of degree at least g(y) is bounded by N'77** under the event P,.
Hence, by union bound and Lemma 6.3 with y + & in place of y,

—10g E[P(Amax(y, 1) 2 (1 + p)Ao | XD )1p, |
lim inf
N—oo lOg N

2—(1—7/+1<)+(1+p)“£(1—§)§(y+h)1'%—e(y+h)

= ~fap(y +h) —h—x —¢e(y +h).

Let us now consider the second case y > 1 + k. Note that by Lemma 6.3} for any star S
with d(S) < g(y + h),

1-a

P(A1(8) 2 (1 + p)Aa) < N0 25 (1-2) 20~ S ey o))

Thus, since Amax(y, 1) = 0 if there is no star S in S satisfying d(S) > g(y), we have

B[P (Amen2 ) 2 (1 + A | XO)1, ]

= ]E[IP(/\max(V/ h) > (1 + p)Aa | X(l))1£5,K1{3563:d(5)>g(y)}]
(1 + 5)?
K

1-2

NFr 2 (1-2) e o (XY > g(y)),

<
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where the last inequality follows from the union bound (under the event L, the number

of stars in X( ) of degree at least g(y) > g(1 + «) is bounded by (1“5

3) and the fact that X is distributed as Gn,, withq <p =

—). Also, since y > 1, by

P(di(X") 2 g(y)) < N'77*0.

Therefore,

~10g E[P(Anas(y, 1) = (1 + p)As | X1, |
lim inf

N—co log N
2 1-
A=)+ 5 (1-2) Gyt ey e
= —fap(y + h) - —e(y+h).

O

Having the expression for the contribution of any group of stars under the assumption
that the underlying graph is reasonably nice, we now identify the group of stars for
which this contribution is maximized. This is done in the following technical lemma by
optimizing the value of the function f,,. Note that f, , was originally defined for p > 0,
but below we consider the wider range p > —1 for a later application.

Lemma 6.5. For a > 2 and p > -1, recall the function f,, : (0, ) — R in (6.42):

2\2

2 a
Jap(y)=1-y—-(1+ p)”‘m (1 _ a) Py,

Then,
2
rg}j})xfalp(y) =1-(1+p)* and Vp 1= arg nolaxfa,p(y) =(1+p) (1 — E) (6.43)
y>

Proof. For the sake of readability, we will drop the subscripts of f, , in the proof. Note that

d 2\* 4
S0 =1y (1-2) %,

and thus f is maximized at y = (1 + p)? (1 - %) Plugging this back into f(y), we get
max»o f(y) = 1= (1+p)*
O

We are now ready to put all of this together to prove the upper bound of the upper tail.
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Proof of the upper bound of the upper tail. By using the decomposition (.20)-(6.22), we write
Z =70 + 7A@ Since A1(Z) < /ll(Z(l)) + Al(Z(Z)) by Lemma we have

P(A1(Z) 2 (1+6)Aa) < P(A(ZD) 2 (1 +6)(1 - ;—)/\) +P(M(Z®) 2 e7(1 + 5)%). (6.44)
By Lemma 6.1} the second term above can be bounded by

P(A(2®) 2 ex(1 + 5)%) < N1 (6.45)

Hence, it suffices to bound the probability
M — i
P(A(ZY) 2 (1 +0)(1 T o). (6.46)
Step 1. Given the previous results, we will work on the event ensuring;:

1. Existence of the decomposition of X into Xgl) (vertex-disjoint union of stars) and
X(zl) (relatively small maximum degree).

2. All connected components of Xgl) are relatively small and tree-like.

3. Xgl) has a controlled number of stars of each given degree.

The first condition is achieved by the event ‘W in Lemma|[6.2} and the second one is fulfilled

by the series of events in Section [3.5| (applied to X 2 Gn,)- For the last condition, we
consider the events $, and L, in (6.38) and (6.39) respectively.
The events above make up the event K, measurable with respect to X®:

7(0 =Wn 2)(1+(5)2_1 N CS,(1+(3)2—1 N 8(1+5)2_1 N PK N ‘L(S,K- (647)
Using the previously proven or cited results, we have

P(WF) < e 8" by Lemmal6.2)
PO, 52 1) < NI-#0% oMy Lemma 3.10}

(1+6)2
P(CL 15p-1) SN =10+ by LemmalB.11]
P(E ) < N0 by LemmaB.17 (6.48)
—(1+46)? " . 1+ o)
P(P.) <N by Prop051t10nw1th u= —

P(L5,) < N~ by @33).
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Note that Proposition 3.4{and (3.3) were proven for the random graph G,, ., whereas the
P p grapn Gy 4

events P, and L;, are defined in terms of the sparser graph X g Gn,- However, since
these events are decreasing, the same bounds hold by monotonicity. Combining these
implies

P(KG) < N0, (6.49)

Since A1(ZM) < 1(Z) + A1(ZY), defining &, for sufficiently small ¢ (depending on & and
0), as

1

(1+06)(1- ;—) = (1+8)+e(1+50), (6.50)
we have
IP(/\l(Z(l)) > (1+90) (1 - ;—%’)AD,) <E[P(1(Z) > (1 + )0 | XV) 1y

+F [11> (14(Z0) 2 e + 5)A4 | XO) 17(0] +P(K).  (6.51)

From now on, we estimate the quantities in the RHS above.
Step 2. Contribution from Z{". Under the event C, (1,521 N E14472_1, and hence under

the event Kj, each connected component of XV, and thus of its subgraph XV, satisfies the

conditions in Propositionwith 01 = 02 = (1406)*>—1 (recall that the largest degree of Xg)

is 0(10101gN )). Since the number of connected components is bounded by N, by Proposition
g log N

combined with a union bound, whenever the event %K, holds,

o —log P(A(Z) > (1 +6)A, | XD)
hm = 0
Nooo log N

(6.52)

Step 3. Contribution from Z{". Let M be the smallest integer such that (1 + 6)? < Mx.
Note that this in particular implies that

2
m<d “;6) +1. (6.53)
Note that under the event D51, di(X\") < di(XD) < (1 + 6)2102)5) Zg\]N. Thus, the degree of

any star S in Xgl) falls into in one of the following (not necessarily disjoint) categories:
1. d(S) < g(x).

2. d(S) € (9(ix), g((i + 2)x)] fori = 1,--- ,M —1and i # m + 1 (recall that m is a unique
integer such that mx <1 < (m + 1)x),
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Reiterating Remark|[6.3] the reason why we exclude i = m + 1 is essentially because we do

. . . log N
not have a precise understanding on the number of vertices of degree close to og £ N

To bound the contribution of the first category, by Lemma 6.3 (with y = x and p = ¢’)
combined with a union bound, for sufficiently small x, ¢ > 0,

—log ]E[]P( max ses {M(S)} =1+, | X(l))l%]

.. d(S)=g(x)
lim inf
N—eo log N

na 2 2 : 1-3 2
> 1+(1+5)a_2(1 a) K8 e > (14672 — 1. (6.54)
Note that the additional ‘~1" term in the middle quantity comes from a union bound (the
number of stars is bounded by N), and the last inequality holds once x > 0 is sufficiently
small (recall that a > 2).

For the group of stars in the second category, by Lemma [6.4| (with y = ik, h = 2x and
p=0)foreachi=1,--- M—-1withi#m+1,

—log ]E[]P( max 5eS {A(S)} = (1 +6)A, | X(l))l«KO]
.. d(S)e(g(ix),g((i+2)x)]
lim inf

N—oo log N
> —fo((i+2)x) =2k — k — (i + 2)K

(1 + 6)?

Z(1+5/)2—1—3K—€(M+1)K(1+5')2—1—3K—€(

+2)c =L, (655)

where we used Lemma |6.5[to bound f, s ((i + 2)x) in the second inequality.
Since the categories considered in (6.54) and (6.55) make up the total contribution of
the stars in the network Z, by a union bound,

~log E[P(A(Z") > (1 + 8)A,) | XD)1gq]
liminf
N—ooo log N

Applying the bounds (6.49), (6.52) and (6.56) to (6.51),

~logP(1,(Z) > (1 +6)(1 - §5)A,)

. . 2 _
11]\rlrl>10101f log N > min{(1 +0)° —1,L}.

Applying this with (6.45) to (6.44), we obtain
.. —logP(A1(Z) = (1 + 6)Aa)
lim inf
N—co log N

Since lim,_,0 6" = 0 (see (6.50) for the definition of ¢’), the quantity L defined in (6.55)
becomes sulfficiently close to (1 + 6)*> — 1 for small enough ¢, x > 0, which completes the
proof.

> min{(1 + 6)* - 1,L}. (6.56)

> min{(1 + 6)* - 1,L}.

O
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Remark 6.4. The above proof indicates that the following structural result holds: Con-
ditioned on the upper tail event {1,(Z) > (1 + 6)A,}, with high probability, X contains a
star of size roughly 7/510;% with edge-weights greater than (-% loglog N )+ in absolute
value. Indeed, since f,,(y) at y = 7, is a strict maximum, by Lemma the contribution
from the stars of degree g(y) with y € (y5 — x, s + x) for x > 0 is negligible compared to
that from the stars of degree g(y;).

This, combined with Remark[A.T|in the Appendix, which says that if the sum of squares
of light-tailed random variables is large then these random variables tend to be uniformly
large, implies that with high probability conditionally on the upper tail event, there exists

a star of degree close to y; 1o§§) ZgVN with edge-weights close to
a+o222| 2 :
[ ogN :(a_zloglogN)
Ve loglog N

in absolute value. In other words, the optimal size of the star increases in 6, whereas the
edge-weights on the star, while atypically large, do not depend on the amount of deviation
0.

The lower tail

We now move on to prove a large deviation result for the lower tail, that we restate
here for the reader’s convenience.

Theorem 6.2. Forany 0 <6 <1,

1 1
lim —— [loglog —— | =1-(1-0)>
N—w log N [ P(Ai(2) < (1- 5)A§ght)J
Analogous to the upper tail case, the governing structure in this case will turn out to
be the collection of N'775 vertex-disjoint stars of degree close to lol;i ];N with
’ 2 2
V= (1-0) (1 - 5). (6.57)

Note that Vs is nothing but y_s from (6.18).

Lower bound for the lower tail

Before embarking on the proof, we establish a lemma about the lower tail behavior of

the maximum among the largest eigenvalue of N'7*() weighted stars of degree close to
logN '|

9(y) = ’-V Toglog N
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Lemma 6.6. Suppose thaty >0,/ > 0and x > y —1. Let S be a collection of at most N'~7+*
vertex-disjoint weighted stars of size less than g(y + h). Assume that edge-weights are
ii.d. Weibull random variables with a shape parameter a > 2 conditioned to be greater

than (¢ loglog N) in absolute value. Then, for any 0 < p <1,

1 1
li ——|logl < fo-po(Y+h)+x+h+e(y+h), (6.58
ll’:]lj:jp logN(Og OgIP(maXSGS{/\](S)} < (1 _p)Aa)) f, ,0(7/ ) K é(')/ ) ( )

where the function f, , is as defined in (6.42):
2 2)\?
fa,—p(x) =1-x- (1 - p)am (1 - a) xl_f.
Again, as before, above k + h + £(y + h) should be thought of as an error term.

Proof. We use the notation {Y;} from the proof of Lemma|6.3l By Lemmal[2.6
=12, p y

P(A1(S) 2 (1= pAa) S P(Vi 4.+ V2 0> (1- p)*A2).
By the tail estimate (4.15) withd =1 — p and b = y + h, this probability is upper bounded
by

Ns(y+h)—(1—p)aﬁ(1-%)%(;/+h)1‘%+o(1),
Thus, using that the number of stars in S is bounded by N'7**, by the independence of
edge-weights,
P (max{Al(S)} <(1- p)Aa) > (1 - N8<V+h>—<l—p>‘*f—z(1—%)g<V+’1’1_g+0(1)) |
SeS

> exp (—N1—7+K+€<y+h>—<1—p>“fq(l—é)%(y+h>1‘5'+o(1>)

= exp( — Nfa,—p(7/+l’l)+K+l’l+g(7/+h)+o(1))’

where the second inequality follows since 1 — x > e™* for small x > 0 and the constant can
be absorbed into N°O. O

Proof of the lower bound of the lower tail.
Step 1. Using the decomposition (6.20)-(6.22), we write Z = Z() + Z?. First, we define
the event measurable with respect to X:

M}. (6.59)

Bs :=1{A 0
5 { 1(X) <1+ )(loglogN)%
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As before, conditioning on the event ‘W defined in Lemma[6.2} allows us to decompose

ZW into Zgl) (vertex-disjoint union of stars) and Z(zl) (relatively small maximum degree).
Let

Ry := {Maximum degree in XW is less than g(1+x)}.

We now define an event similar to (6.47) by additionally excluding the existence of an
atypically large degree vertex using the above event, by defining the event K; which is
measurable with respect to {X, XV}:

K= Bs N WNC, a450-1 N Earsp-1 NP N R, (6.60)

By Theorem[6.5} limy_,, IP(8;) = 1. Also, by (3.3), limy_.. IP(R,) = 1 (note thatalthough
is stated for the random graph G 4, since R, is a decreasing event and XW is sparser
than G, 4, We still have this estimate). Together with the analysis in (6.48), we have

lim (%) = 1. 6.61)

Since A1(Z) < Al(Zgl)) + Al(Zg)) + Al(Z(Z)), setting &’ via
1—5:(1—5')+(1+5)(5+;—E), (6.62)

we have

P(M(2Z) < (1= 6)Aa) 2 lEl 11>( MZP) A=), M(Z0) < (1+0)e,,

M(Z®) <+ 6)§Aa

X, X(l)) 1, ] (6.63)

First of all, under the event B;, and hence under the event %, by the same argument
as in (6.26),

1
Ea

e (6.64)

M(Z®) < (1 +0)

Furthermore, note that Z(ll), Z;l) and X are conditionally independent given XV. Thus

by (6.64), under the event %K, the conditional probability inside the expectation in (6.63)
is written as

P(M(Z0) < (1= 8, M(Z9) < (1 + 8)eA | X, XD)
=P (1(2]") £ (1= )0, M1(Z) < (1 + 6)eda | XO)
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=P (11(2") < (1= 8)Ae | XD)P(14(2) < (1 + 6)eda | XD). (6.65)
Therefore, by (6.63)-(6.65),

P(A1(Z) < (1= 8)Ae) 2 B[P (A4(Z7) < (1= 8040 | XO) P (M(Z0) < (1 + 6)ea | XD) 1y, .
(6.66)

We now estimate the two conditional probabilities above.
Step 2. Contribution from Z;l). Note that, by definition, under the event Kj, all

components of X" as well as of X! satisfy the properties described in the events C, (1,52 1
and &g,s2-1. Hence by Proposition together with a union bound (the number of
connected components is bounded by N), for large enough 7, under the event C, (1,521 N
&Ea+op2-1, and hence under the event K,

P(M(Z) < @ +8)eda | XV) 2 % (6.67)

Step 3. Contribution from Z(ll). We proceed by considering groups of stars of similar

degrees. Let S be the collection of stars in its underlying graph Xgl) given the latter,
by construction, is a vertex-disjoint union of stars. We define the events capturing the
contributions of the small and large stars, by

Jo = { max {A;(S)} < (1 - 5’)/\a},

d(S)<g(x)

Im = { max M) =<1- 5’)/\a},

SeS
d(S)e(g(mx),g((m+2)x)]

and the events capturing the contribution of the stars with intermediate degree, i.e. for
i=1,---,m—1 (recall that m is an integer such that mx <1 < (m + 1)x), by

Ji = { max MO <(a- 6')/\a}.

Se
d(S)e(g(ix),g(((+1)x)]

Since (m + 2)x > 1 + x, under the event R, and thus under K, there are no stars in
Xgl) of degree at least g((m + 2)x). Thus, conditioned on %K;, the event (2, J; implies
M(ZP) < (1= 8

We will now lower bound the probabilities of the events J;, conditioned on K;. By

Lemma |6.6| with p = ¢/, = x and h = 0 (the number of stars in Xgl) is bounded by n),
under the event K,

P (j 0|X(1)) = exp (—nfaf-é’ (">+K+€K+0(1)) )
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We will lower bound the probability of the remaining events. Recall that under the event

P, and thus under the event Kj, for y = ik withi =1, --- ,m, the number of stars in X(l)
of degree at least g(y) is bounded by N'77**. Thus, by Lemma 6.8 with p =98,y =ik and
h = x or 2k, under the event Kj,

P ( jz| X(l)) > exp (_Nfa/,y((i+1)K)+2K+£((i+1)K)+o(1)) and
r (jm|X(1)) > exp (_Nfa,_(y((m+2)K)+3K+£((m+2)K)+o(1)) )

Now note that the events J; are conditionally independent given X. Since mx < 1 and
fae(y) £1—(1-08)?forany y > 0 by Lemma all exponents of N in the above lower

bounds for P (jl-|X(1)) withi=0,---,m are less than
1—(1=08)+3k+e(l+2K) +o(1).

Thus, whenever the event K holds,

P (A1(Z) < (1 = 8)A4|XD) 2 ]P(ﬁ $|X<1)] ﬁ P (7 x0)
i=0 i=0

> (exp (_Nl—(l—é’)2+31<+£(1+21<)+0(1)))m+2 > exp( _ (_ + z)Nl—(l—é’)2+3K+e(l+21<)+0(1)), (6.68)
K

—_

where we used m < 1 in the last inequality.

Therefore, applying and (6.68) to (6.66),
P (Al(Z) < (1 _ 6)/\0() > %exp( _ (% + 2)N1—(1—5')2+3K+€(1+21<)+0(1))]P(q(l)'

Since () > % forlarge enoughn (see (6.61)) and lim,_,y 6" = 0 (see (6.62)) for the definition
of ¢’), by taking x, ¢ > 0 small enough, we establish the desired bound. O

We now move on to the final part of our analysis of light-tailed weights.

Upper bound for the lower tail

We show it is unlikely that all stars induced by vertices of degree close to g(y;) =

[ :blo:ﬁ) o~ |, Where yi = (1 0)>? (1 - %) was defined in (6.57), have a largest eigenvalue less

than (1 - 6)A,.

To prove this, we condition, for small enough p > 0, on the event A, , defined in
Proposition i.e. there exist m := HNl‘Vé‘F’] vertices having g(y;) disjoint neighbors
with no edges between each neighbors. Let Sy, --- , S, be the vertex-disjoint stars induced
by these vertices and their g(}) neighbors. By Proposition 3.2}

c _Nl—;/g—pﬂ)(l)
(ﬂ% p) . (6.69)
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Since by Lemma
M@z max A}(S;) = max Y ZE,
(&,7)€E(Sk)
we have

P(M(Z) < (1 - 8)Aa) < lE[]P( max Z 22 < (1-57A2 | X)1ﬂ},3,p] +P(A, ). (6.70)
(i,))€E(Sx)

Using the tail estimate (4.14) withd = 1 — 6 and b = ), under the event A, ,,

2 212
lp(ki?f”.‘.xm Z 7% < (1-0) /\alX)
" (i,j)€E(Sk)
<(1- N—ﬂ—wﬁ(1—§)%<y3>1*%+o<1))’"

1

< exp(_Nl—yg—p—u—a)%(1—§)%<ys> -%+o<1)) < exp(~N1-1-0 =Dy 6.71)

where we used y} = (1 - 6)? (1 - %) to simplify the exponent. Since y} = (1 - 6)? (1 — %) <

(1-106)?, and (6.71) show that the dominant term in (6.70) is pNIT10 e, By taking
p > 0 sufficiently small enough, we obtain the matching upper bound.
O

6.3 Heavy-tailed weights

In this section, we prove Theorems and As before, for notational brevity, we
define A, := AM™Y = (log N)&.

The upper tail

Let us first recall the theorem that we will prove in this section. Recall that for 6 > 1
and the integer k > 2, we defined the following function

do) = sup Y IACIALC
f=F S| =1 jelkl i%

Theorem 6.3. Let 6 > 0.
1. Inthe case 1 < a <2, let § > 2 be the conjugate of & (i.e. ; + 5 = 1). For an integer

k > 2, define

kk—-3) 1

+_
2 2

Yas(k) == (1+ 6)“(j)ﬁ/2(k)1‘“. (6.6)
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Then,
o logP(A1(2) 2 (1 +8)A™) '
]\1]15320 - log N B kr:r2113n Yaalb) (6.7)
2. Inthecase0 < a <1,

log P (A1(2) > (1 +8)A;™)
lim —
N—oo log N

= (1+06)* - 1. (6.8)

Lower bound for the upper tail

As mentioned in the idea of proof section, we lower bound the large deviation prob-
ability by having high edge-weights on a suitable size of clique. In the case when a < 1,
it turns out to suffice to only consider a clique of size 2 (i.e. an edge). When 1 < a < 2 on
the other hand, we also need to consider the possibility of larger cliques appearing in X.
The lower bound then follows by optimizing over the clique size.

We first note that using ¢/2(2) = 2! (see in Lemma|2.3),

1 \1

Das(2) = -1+ %(1 +0) ¢ (2) " = —1 + %(1 +6)*( 2ﬁ_l) ot -, (6.72)

where we used the conjugacy relation 1 + 113 = 1 in the last identity.
We establish the lower bound by separately proving

y log IP(A1(Z) = (1 + 6)As)
o log N

<Yas(2)=(1+06) -1 (6.73)

and for any k > 3,

. log P(11(Z) = (1 + 5)A,)
lim sup —

msu logN < Py (k). (6.74)

Single large edge-weight. We consider the scenario that there is a large edge-weight,
which provides the bound (6.73). Let us define the event that the number edges in the
random graph X is not unusually small:

AN - 1)
M= {lE(X)l > =, }

(6.75)
Then,

P(M1(2) 2 (1+6)Aa) 2 E[P(A1(2) = (1 + ) s | X)Ly
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Since the number of missing edges (5) — E(X) has a distribution Binom ((Z;] ),1- %), by
lemmas [4.3| and [4.5 about the relative entropy and binomial tail estimates respectively,
there is a constant ¢ > 0 such that

H’(M“)zﬂ’((g)—lE(X)b(N) d(N4 )) e Ohg(=F) v (67

Also, under the event M, by the independence of edge-weights,

d(N-1)

IP( max |Z;j| > (1 +06)A, |X) >1- (1 C,N-(1+o)" ) TS NI ()
(,))eEX)

Combining these two bounds, we obtain (6.73). This already concludes the proof in the
case0 < a <1

Large edge-weights on a bigger clique. Next, we establish the lower bound in
the case 1 < @ < 2. For any k > 3, using the result and notation from Lemma take
ki, ko > 0 with k; + k; <k, x,y > 0 and the k X k matrix A = (a;;); jr given by

x2 i;éj,i,je{l,"',k}_'V1,
yZ i # ],l,] S {k1 +1,-- k1 +k2} Vo,

aij = . . . (6.77)
xy i€Vy,jeVyorieV, jeV,
0  otherwise,
which achieves the equality in (2.2), i.e.
M(A) = ¢ (0T AN, = (0T 1Al (6.79)

Conditioned on the event that X contains a clique of size k denoted by H, let V(H) :=
{v1,-++,v}. Now consider the event that

T+ 02 i jije Vs,
y . (A)(1 +O) AR i # i jEV,,
ZJ,‘ZJ]

) . ) . (6.79)
(1 +0)Axy i€V, jeVyorieV, jeVy,

1 (A)
otherwise.

By the distribution of the edge-weights as defined in (6.1)), the conditional probability of
this event is lower bounded by

)t (1)2+(3) 2 thakaxy o)) _ \=(149)"5 T +o(1)

BT \j~11+0)" 00! o(1) (6.80)
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Also, under this event, we have A1(Z) > A1(Z]y) > (1 + 6)A,, since Z|y is entrywise greater
than or equal to the matrix (1)\+%“A having non-negative entries, whose largest eigenvalue
is (1 + 6)A,. By Lemma [3.9 the probability that X contains a clique of size k > 3 is lower
bounded by CN ~()**, Therefore, combining this with (6.80), for any k > 3,

i log P(A1(Z) > (1 4+ 0)A,)
N log N

(2) k+3 L1+ 0) bpr2(k)' ™ = Yas(k).  (6.81)

O

Upper bound for the upper tail

As in the light-tailed case, we decompose Z = Z®) + Z@ with a negligible part Z®.
However, the analysis of Z will be significantly different since the governing structures
will be distinct. L

We first present a counterpart of Lemma H Noting that tJ, > t;, for @ < 2, the proof
is almost identical, so we omit it.

Lemma 6.7. For 6 > 0,

—logP(A1(Z?) > e5(1 + 6)Aq
lim inf 0g P(A1(Z?) > e5(1 + 5)A,)

2 J—
Nosoo log N > (1+06)" -1 (6.82)

The results in Section 3.5/ provide the structural properties of Z(V. The following key
proposition, a counterpart of Proposition states a bound on the largest eigenvalue of
such networks. Recall that A, = (log N)%.

A key distinction between Proposition[6.1|and this proposition is that the former claims

the smallness of A;(A) under the condition that the maximum degree is o( 10:1%) Ig\]N) and edge-

weights are light. Whereas the latter provides the bound on A;(A) for heavy-tailed weights

logN )

under the weaker condition on the maximum degree, O(i=w)-

Proposition 6.2. For any k, N € IN and constants ¢,¢;,¢3,¢c3 > 0, let G = (V,E, A) be a
connected network (A = (a;;); jev is a weight matrix) whose maximum clique size is k and
which satisfies

_logN
1. dl(G) < ClioglogN loglog N’

¢ logN
2. lVl = ¢ loglog N’

3. [E[ < |V] +cs.

Suppose that the edge-weights are given by i.i.d. Weibull random variables with a shape

parameter 0 < a < 2 conditioned to be greater than (¢ loglog N)# in absolute value. Let
p>0and0 < & < 1 be constants, then:
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1. Inthe case 1 < a < 2, let § be the conjugate of o and set 7 := (c3 + 2)2%5 3. Then,
P (/\1(A) > P‘l*/\a) < N2 pteato(l) 4 N—Z"l%/z(k)l'“(l—T)“P+Clé‘28+0(1)’ (6.83)

where ¢/ is defined in (2.5).

2. Inthecase0<a <1,

P (/\1(14) > P‘l‘/\a) < N2 prepto(l) 4 NP +er&2eto(1) (6.84)

The expression on the right hand side is technical but the constants ¢, £ will be suitably
chosen so that the dominant behaviors in the case 1 < @ < 2and 0 < a < 1 are N2 920"
and N7 respectively. Note that in the case 1 < a < 2, since ¢g»(k) is non-decreasing in
k (see (@) in Lemma [2.3), the upper bound gets worse as k increases. Whereas, the
upper bound in the case 0 < @ < 1 does not depend on k.

Proof of Proposition[6.2} Let f be a (random) top eigenvector. For a constant & € (0, 3),

define the subsets Vs, V|, Es, E; as (6.28) and (6.30) in Proposition Since |V;| < é, by
the condition (1),

c; logN
L =—-" .
|EL| < ©2loglogN (6.85)
As in (6.31), we write A1(A) = 2A5 + 2A;. Then, forany 0 < 7 <1,
1 1 1
P(AM(A) 2 pida) <P (245 2 Tpida) + P (241 2 (1 - T)peAq). (6.86)

How we proceed from here depends on the value of «, but in both cases the parameter
T will be chosen in such way that it is costly for As to be large. In the case 1 < a < 2 we
apply Hoélder’s inequality to bound As and A;, while in the case 0 < a < 1 we use the
monotonicity of / norms.

Case 1. 1 < & < 2. We first estimate As. As in (6.33),

Y IPIAE < &+ (5 + DEYF < (e + )&,

(i,j)eEs

where the first term &P is obtained as an application of (2.18) with 0 = g > 1.
[8 IOgN
?? loglog N

1
Note that by assumptions, |E| < [V]+¢3 < +c3. Hence, setting 7 := (c3 + 2)$£%,

by Holder’s inequality,

-
-

ps<( Y U)X lat) < Y ) < Y tagtt)

(i.,j)€Es (i.,j)€Es (.))€Es (i, )eE
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By a tail estimate for the sum of Weibull random variables (the bound (4.18) with a =
£ b = %/C = CB)I

2agars

P (245 > 1ptA,) < ]P( (Z gt 2 52 logN) < N2 prearo), 6.87)
i,j)€E

Next, we estimate A;. By the definition of &;ﬁ 2 1n (2.5) (where sup is taken over || f || =1

whereas our vector f satisfies || f ||2 = 1) and since 55/2 = ¢p/2 (see Lemma ,

Y PP < Y PP < 5006 = 50p).

(i.j)€EL (i.j)€E

Hence, by Holder’s inequality,

ws( Yy (Y |ai]-|“)}; s(%qbﬁ/z(k))%( Y |al-]-|“)%. (6.88)

(Z] eEL (lr])EEL (i/j)EEL
Since the number of possible subsets that a random subset E; can take is bounded by
1
IVILZJ = n°D, by a union bound and the tail estimate (£.18) with

€1

g, c=0

2 =2 gl A -0, b=
(recall the bound of |E;| in (6.85)), we have

]P(Z/'\L >(1- ’c)p%/\a) < IP( Z la;;|* > Z%qbﬁ/z(k)_%(l - T)“% logN)
(i,j)€EL
< N—2'1¢ﬁ/z(k)1‘“(1—f)“P+C1é‘zs+0(1)l (6.89)

where we used 2f - 27¢ = 271 and —4 =1 - aby a conjugacy relation 3 + ¢ = 1.

Plugging the bounds (6.87) and (6.89) into gives the desired bound.

Case 2. 0 < a < 1. In this case we use with 7 = £. We first estimate Ag. Since
Ififil < &2 when |fi, | fil < &, by the monotonicity of £/ norms (note that 0 < a < 1),

Y aififi<@ Y el <& Y Iyl < & Z asl?)’

(i,j)eEs (i,j)eEs (i,j)eE (i,j)€eE

¢ logN
¢ loglogN

Thus, recalling |E| < + c3, by a tail estimate (4.18) with a = (2()&/ b= CZ ,C=C3,

P(2As > cfp Ag) < IP( Z |al]|a

log N) < N2 prearold) (6.90)
i<j(i,j)€E

(25)
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Next, we estimate A;. Since |fifj| < 1 when || f ||2 = 1, again by the monotonicity of ¢/
norms,

=

Z aiififi < % Z la;;| < %( Z |aij|a)“.

(i,j)€EL (i,f)eEL (i,f)eEL
Thus, as in (6.89),
IP(2/\L >(1- é)pi/\a) < IP( Z la|* > (1 - 5)“plogN) < NPA-O% e ero(l) (6.91)
(i,/)€EL

Therefore, by plugging the bounds and (6.91) into (6.86), the proof of (6.84) is

concluded.
|

With all this preparation, we are now ready to prove the upper bound for the upper
tail.

Proof of the upper bound of the upper tail. By a decomposition Z = Z® + Z@, setting &’ as
1+46=(1+8)+ex(1+90), (6.92)
we have
P(M(Z) 2 (1+0)Ae) S P(M(ZD) 2 1+ 6)A) + P(A4(Z?) 2 e5(1 + 0)Aa).  (6.93)
By Lemma
P (A(Z2®) 2 €5 (1 + 5)A,) < NI-(erse), (6.94)

which implies that Z® is spectrally negligible. Thus, it suffices to focus on the spectral
behavior of ZW. Let Cy, - -, Cy, be the connected components of XV and let H be the event
defined by

H:={|{=1,---,m: C,not tree}| < logN}. (6.95)

To bound the probability of H¢, we use the fact that a graph with at least k connected
components that are not trees, has at least k vertex-disjoint cycles, implying in particular
the existence of k edge-disjoint cycles. Thus denoting by 7 ¢ the event of existence of a cycle
and letting O to be the disjoint occurrence of events (see [Rei00] for a precise definition),

HcTo...aT°.
—_—  —
[log N1 times
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Then, by (3.24) in Lemma and the Van-den Berg-Kesten (BK) inequality [Rei00], for
large enough n,
P(HC) < C°8N(log N)™2¢1eN < (1og N)~¢1o8N,

Setting 6y := (1 + 6)* — 1, define the event ¥, measurable with respect to XV which
guarantees that all components Cy,---,C,, satisfy the conditions of Proposition and
that there are only few components which are not trees:

Fo := Das, N Ceps, N Ensy NH,

where Dys,, C, 25, and Eys, are the events defined in lemmas|3.10}[3.11{and [3.12|respectively
(applied to the graph X). By the discussion above as well as the results in these lemmas,
for large enough n,

P(F) < N2+, (6.96)

Conditioned on X, let ZE}) be the network ZU restricted to C; and denote by k; the
size of the maximal clique in C,. We consider the case 1 < a <2 and 0 < a < 1 separately,
since the maximum clique size turns out to be only relevant in the former case.

Case 1: 1 < a < 2. Let f > 2 be the conjugate of a. Under the event ¥, in order to

control Al(ZE})) foreach ¢ =1,--- ,m, we apply Proposition 6.2l with

1

c1=co=1+20), 03=200, &:=¢ei, T1=Q0+2%es, p=(1+0) (6.97)

(recall that 69 = (1 + 6)* — 1). Observing that for small enough ¢ > 0, the first term in the
bound (6.83) is negligible compared to the second term,

]P(/M(ZE})) > (1+8)A, | X(l)) 15, < N—z-lq;ﬁ,z(kg)l-a'(l—T)“(1+5')“+(1+260)51/2+o(1)_ (6.98)

The argument for a component now depends on the size of its maximal clique, i.e.
whether k;, > 3 or k, = 2. For this define

I={¢=1,--- , m:k; >3}, J:={{=1,---,m:k, =2},

and let k := max{ky,--- , k). Since the maximum size of clique in any tree is equal to 2,
under the event H defined in (6.95),

] < logN. (6.99)

Then, by (6.98) and using the fact that ¢g2(k) < ¢g/2(k) (recall that ¢g)» is non-decreasing,
see () in Lemma[2.3), for £ €I,

P(M(Z0) 2 (14 8)Aa | XO) 1y, < N2 000 00 (128! et
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< N2 0p(®1 0 (1+0)"+Cro+o() (6.100)

for some C; = (i(e) with lim,_,0 §; = 0. Note that the last inequality follows from the fact
that lim,_,0 &’ = 6, lim,_,o T = 0 (recall the definition of ¢’ and 7 in (6.92) and (6.97) respec-
tively) and the uniform boundedness of the quantity ¢,2(k)!™ (recall the monotonicity
property of ¢g/» by Lemma [2.3| () and the fact a > 1).

Similarly, for £ € ], by (6.98) again,

H’(/\l(Zﬁ})) > (1+08)A | X(1)> 1g, < N2 052027 (1+0)"+Ca+0(1) (6.101)

for some (; = (p(e) with lim,_,0 (; = 0.
Note that since XV is distributed as Gy, with g < p = £, Lemma [3.9|implies that for

any k > 3, the probability that XV contains a clique of size k is bounded by dCN-G)+*,
Thus, by (6.96), (6.100) and (6.101)) combined with a union bound,

P (A1(Z7) 2 1+ 8)Aa)

N
< ClogN - Z AON-C)+ . N2 050 (1405 4T +o(1)
k=3
+CN - N_2_1‘Pﬁ/z(z)l_”(1+5)“+C2+0(1) + CN—260+0(1)’ (6.102)

where the multiplicative factors log N and N arise from and the fact [J| < N respec-
tively. We analyze each term above.

Recalling the definition of ¥, 5(k) in (6.6), the exponent of N in each summation is less
than — minys3 ¢, 5(k)+C;+0(1). By a straightforward argument, one can deduce that the first
term isbounded by N~ ™iMes Veo®+ai+o) [n addition, by the firstidentity in (6.72), the second

term is nothing other than N~¥«:@+C2*o() " Fyrthermore, since 1,,5(2) (1+08)* =1 =0,
the last term is bounded by N—2¥as@+o(l),

Therefore, by combining the above bounds together, there exists C = ((¢) > 0 with
lim,_,0 C = 0 such that the RHS in is bounded by N~ ™mine2vas®+e+o) By taking ¢ > 0
sufficiently small, we conclude the proof.

Case 2: 0 < a < 1. We apply Proposition [6.2| as before. The dominating term in the
bound is the second term for small enough ¢ > 0. Foreach { =1,--- ,m,

]P(M(ZE})) > (1+8)A, | X(1))1% < N—(l+6’)“(1—51/4)“+(1+260)51/2+o(1) < N-(1+0)"+C+o(1) (6.103)

for some ' = C’'(¢) > 0 with lim,_,o " = 0. One can then conclude the proof by applying a
union bound over at most n many connected components Cy, -+, Cy,. O

Remark 6.5. Although we do not pursue proving this formally, with some additional
work, one may be able to prove the following structure theorem: Let

k:=arg min Yo 5(k).
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Then, conditioned on the upper tail event {A;(Z) > (1 + 6)A,}, with high probability, there
exists a clique of size close to k in X with high edge-weights on it.

Also recall from the paragraph at the end of the idea og proof in Section [6.1] that the
conditional structure given atypically large A;(Z) is different in the Gaussian and heavy-
tailed edge-weight cases. In the former case, the optimal size of the clique tends to infinity
as the amount of deviation 6 goes to infinity. whereas, in the latter case, it stays bounded.

The lower tail

We start by recalling the theorem we prove in this section.

Theorem 6.4. Forany 0 <6 <1,

1

o P(Ai(2) < (1-6)A3™")

N—w log N

loglog

]:1—(1—5)“.

Lower bound of the lower tail

We start by defining the X-measurable event 8; as

(log N)? }

81 = Al (X) <2 1
(loglog N)2

Recalling the event H introduced in (6.95)), we define the event 7 measurable with respect
to {X, XO}:

F1:=DsNCes NEsNH N By.

By Theorem [6.5] limy_,o IP(8;) = 1. Combining this with a previous argument to derive
(6.96), for large enough n,

P(F1) = ~. (6.104)
Since A1(Z) < A1(ZW) + A,(Z?), setting
8 =05+ €x, (6.105)

we have

P(M(Z) < (1= 8)Aa) 2 E[P(04(Z7) < (1 = 80, 11(Z?9) < 2540 | X, XV) 15|, (6.106)
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Since |Y1(-]2)| < (eloglog N )rl‘x, under the event B;, hence under the event #7, for large enough
n,
(log N)?

(2 Yo 7
M (Z ) = 2(loglogN)%

(e loglogN)i < e,

(recall that A, = (log N)= and & < 2). Thus, using the conditional independence of X and
ZW given XU, under the event 77,

P(M(ZD) £ (1= 6")Aa, Mi(Z?) < £7 A4 | X, XD)

=P(14(2V) £ 1= ") | X, XV) = P (A(20) < (1 = 5")Aa | XD). (6.107)
Therefore, applying this to (6.106),
P(A1(2) < (1= 8)Ae) 2 E[P(14(Z0) < (1= 8")A0 | XV)15]. (6.108)

Let Cy,---,C,, be the connected components of XV and Z?) be the restriction of Z® to C,
for{=1,---,m. Let k; be the size of the maximal clique in C,.

By a similar reasoning as in the upper tail case, we separately consider 1 < @ < 2 and
O<a<l.

Case 1: 1 < a < 2. Let f > 2 be the conjugate of a. Under the event #;, in order to

control Al(ZE})) foreach £ =1,--- ,m, we apply Proposition|6.2) with

1

=0=1+06 =06 &=¢i, 1=0+2%es, p=(1-05") (6.109)

ST

The dominating term in the bound (6.83) is the second term for small enough ¢ > 0. Thus,
H’(/\l(Z?)) > (1=06")A, | X(l)) 15, < N—zfl¢ﬁ/2(kg)H(1—T)“(1—5”)a+(1+5)sl/2+o(1). (6.110)

As in the proof of upper bound for upper tails, we proceed differently for the components
depending on the size of maximal cliques:

I={¢=1,--- m:k; >3}, J={{=1,---,m:k, =2},

and let k := max{ky, -, k). To bound (6.110), we use the fact that there is a constant
¢ = c(B) > 0 such that ¢2(k) < c for all k > 2 (see (@) in Lemma[2.3). Thus, for £ € I,
IP( /\1(2?)) > (1= 08", | X(l)) 17, < N2 10 (10" +(1+0)e! 2 +o(1)
< N—Zflclfa(l—ﬁ)“+c1+o(1) (6111)
for some C; = Ci(¢) with lim,,0(; = 0. The last inequality follows from the fact that

lim,_,00” = 6 and lim,,y7 = 0 (see the definition of 6 and 7 in (6.105) and (6.109)
respectively).
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In addition, for ¢ € ], using the fact ¢g2(2) = 2! (see in Lemma 2.3), by (6.110)

again,
]P(Al(ZE})) >(1-58")A, | X(D) 15, < N (1D A=0") +(1+0)e! 2 +0(1) < N-(1-0)"+Goo(D) (6.112)

for some {, = (y(¢) with lim._,0C, = 0, where we used 27! - (2!7%)!=* = 1 in the first
inequality.

Thus, by and together with the independence of edge-weights across
different components, under the event 77,

P ()\1<Z(1)) <(1-8"A, | X(l)) > (1 _ N—Z’lcl’“(l—é)“+C1+o(1))ng (1 _ N—(1—5)0'+c2+o(1))N

_N1-(1-0)%+Tp+o(1)
V4

>e

where the powers log N and N come from the fact that |I| < log N and ]| < N respectively.
Therefore, applying this and (6.104) to (6.108)),

_Nl—(l—b)‘Y+C2 +o(1)

P(M(Z) < (1 - 8)Aa) 2 %e

By taking sufficiently small ¢ > 0, we conclude the proof.

Case 2: 0 < a < 1. We apply Proposition [6.2]as in the case 1 < a < 2. As mentioned
after Proposition the dominating term in the bound (6.84) is the second term. Hence,
foreacht{=1,---,m,

P (M(Z?)) >(1-0")As | X(l)) 17 < N0 Ay 140)el240(1) o N=(1-0)" +Cs+o(1)
for some (3 = (3(¢) with lim,_,g (3 = 0. Thus, under the event ¥,
]P(/\l(z(l)) < (1 _ (S”)Aa | X(l)) > (1 _ N—(l—é)"‘+C3+o(l))n > e—Nl—(l—é)“+C3+0(1).

By the similar reasoning as before, we conclude the proof. m|

Upper bound for the lower tail

Recall the event M = {IE(X)I > w} defined in (6.75). Since A1(Z) > maX;jerx) |Zijl =
max; jeex) |Yijl (see Lemma ,

P(A1(Z) < (1-6)As) < E []P( max Y] < (1= A | X) 1| + P (M),

(i,j)eE(X

Since P(|Yj| > (1 — 6)Aa) = CN~9" for any i # j, we have

d(N-1) Cote
11)( max Yyl < (1= 8)A, | X) Iy < (1= GN-) T <N,
(i,))EE(X)

Combining this with the bound P(M°) < e~ obtained in (6.76)), we conclude the proof.
O
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Chapter 7

Mean field interacting multi-type
birth-death processes

7.1 Introduction

The multi-type birth-death process

The multi-type birth-death process (MTBDP) is a continuous-time Markov chain gener-
alizing the classical birth-death process [Fel68, Ken48] to a finite number of types. The
state of the MTBDP counts the number of individuals (or particles) of each type while they
undergo birth, death, and type transition events according to specified rates, which may
be arbitrary functions of the current state and of time. If these rates are linear in the state,
the MTBDP can be formulated as a branching process [Gri7Z3]. If additionally, the rates for
each type are proportional to the count of only that type, the MTBDP is said to be simple,
and the rates can be specified particle-wise because particles do not interact. The general
case of nonlinear rates has also been called a multivariate competition process [Reu6l, Igl64],
which, as noted by [HXC"18], is more restrictive than a multi-type branching process in
that the latter allows for increments other than unity, and more general in that the latter
is manifestly linear via its defining independence property.

Phylogenetic birth-death models

The MTBDP has facilitated the inference of diversification processes in biological sys-
tems, with applications ranging across scales of evolutionary time and biological organi-
zation. Phylogenetic birth-death models assume that a phylogenetic tree is generated by an
MTBDP combined with a sampling process that censors subtrees that are not ancestral to
any sampled leaves, so that histories are only partially observed. The diverse flavors of
these models are reviewed and introduced with unified notation in [MLM*21]. Given a
phylogeny, the inferential targets are the birth and death rates, as well as the type tran-
sition rates. Birth and death are variously interpreted as extinction and speciation rates
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in the context of macroevolutionary studies, or as transmission and recovery rates in the
context of epidemiological or viral phylodynamic studies. The literature contains many
variants of this modeling approach. Depending on the application, the birth and death
rates may be assumed to be time-dependent, depend on particle type, or both.

To facilitate tractable likelihoods, phylogenetic birth-death models typically assume
the restrictive non-interacting simple MTBDP, with particle-wise birth and death rates that
depend only on particle type, and possibly on time. In this case, given a time-calibrated
tree, the likelihood—defined via the conditional density of the tree assuming it has at least
one sampled descendant—can be evaluated via tree message-passing computations. This
message-passing structure can be seen to follow from elementary properties of branch-
ing processes, adapted to partial tree observation. The message functions [in work by
NRS14), these are called branch propagators] are given by the solutions to master equations
that marginalize over all possible unobserved subtrees subtending the branch, and are
computed recursively via post-order traversal (from tree tips to root).

Biology involves interactions

Despite the robust computational development and wide usage of phylogenetic birth-
death models for phylodynamic inference, their biological expressiveness is limited by the
assumption that particles do not interact. Interactions may be essential to evolutionary
dynamics. For example, environmental carrying capacity is a fundamental constraint on
the long-term dynamics of any evolving population, and models of experimental microbial
evolution generally allow for a transition from exponential growth to stationary phase as
the population approaches capacity [BGPW19]. As another example, although the simple
MTBDP facilitates modeling phenotypic selection via type-dependent birth and death
rates, this does not capture frequency-dependent selection, where the fitness of a given type
depends on the distribution of types in the population. In both of these examples, birth
and death rates depend on the state of the population process, and this breaks the tree
message-passing structure that phylogenetic birth-death models rely on.

As a motivating biological setting for the ideas to follow, we consider the somatic evo-
lutionary process of affinity maturation of antibodies in micro-anatomical structures called
germinal centers (GCs), which transiently form in lymph nodes during an adaptive immune
response [reviewed in VM14, MEV16, SLW19, [VN22, LLQ23|]. In a GC, B cells—the cells
that make antibodies—diversify and compete based on the ability of the antibodies they
express to recognize a foreign antigen molecule. As GC B cells proliferate, they undergo
targeted mutations in the genomic locus encoding the antibody protein that can modify
its antigen binding affinity (they undergo type transitions). Via signaling from other GC
cell types, the GC is able to monitor the binding phenotype of the B-cell population it
contains, and provide survival signals to B cells with the highest-affinity antibodies (i.e.,
birth and death rates depend on type).

GCs have been studied extensively in mouse models that allow for experimental
lineage tracing and manipulation of the B-cell population process. In particular, B cells
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can be fate mapped by genetically engineering them to express a fluorescent protein that
marks them with a randomized color at the beginning of the GC evolutionary process
[IMP16, MSE*20, PJV21]. These initially random colors are non-randomly inherited by
descendant cells, so a sample of the GC B-cell population at a future time can be partitioned
into lineages of cells that share distinct common ancestors at the time of the initial color
marking. Phylogenetic inference can then be used to reconstruct the evolutionary history
of a GC B-cell lineage using the DNA sequences of the sampled B cells [DMV™18].

GC B cells compete for limited proliferative signaling based on the antigen binding
affinity of their B-cell receptors, and the population distribution of binding affinities
generally improves as affinity maturation unfolds, so a given binding phenotype may be
high-fitness early in the process, but low-fitness later when the population distribution
of affinity has improved. This invokes frequency-dependent selection, where the birth
and death rates should depend on the population distribution of types. GCs are observed
to reach a steady-state carrying capacity of several thousand cells, based on limited cell-
mediated proliferative signaling, so carrying capacity is likely also important, meaning
that birth and death rates should depend on the total population size.

Phylodynamic models have the potential to reveal how evolutionary dynamics is or-
chestrated in GCs to shape antibody repertoires and immune memories. However, phy-
logenetic birth-death models cannot accommodate key features of this system. [AMV*17]
presented a simulation study using a birth-death model with competition to investigate
features of the GC population process, but such agent-based simulations are not amenable
to likelihood-based inference for partially observed histories. This motivates us to inves-
tigate a class of interacting MTBDPs that preserve tree-message passing for tractable
likelihoods, and could thus be used in phylogenetic birth-death models.

Mean-field interactions between replica birth-death processes

Mean-field theories are a fundamental conceptual tool in the study of interacting
particle systems. The ideas originated in statistical physics and quantum mechanics as a
technique to reduce many-body problems—in fluids, condensed matter, and disordered
systems—to effective one-body problems [see Par07,[Kad09]. The theory was extensively
developed in the context of general classes of stochastic processes, and has since been
widely applied across many scientific domains [see(CD22a,/CD22b, for a review of theory
and applications].

Motivated by the setting of GC evolutionary dynamics described above, with
population-level interaction among many fate-mapped lineages, we set out to develop a
mean-field model that couples the birth and death rates in a focal MTBDP (with D types)
to the empirical distribution of states—i.e., the mean-field—over an exchangeable system
of N replica MTBDPs. More concretely, this empirical distribution process is a stochastic
process taking values in the space of probability measures on IN, where INj denotes the
non-negative integers: the mass assigned by this measure-valued process at time t > 0
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to a vector y = (1, Y2, ..., yp) € IN} is the proportion of replica processes (including the
focal process) that have y; individuals of type k for 1 <k < D.

We prove that the empirical distribution process of the N replicas converges to a
deterministic probability measure-valued flow as N — oco. Using the propagation of chaos
theory [see/CD22a|, [CD22b) Szn91), for surveys of this vast area and references to its many
applications] we moreover show that in this limit, the replicas effectively decouple, and
the focal process can instead be said to couple to a deterministic external field. This
external field is self-consistent in the sense that, at any time ¢t > 0, it is given by the very
distribution of the state of the focal process. We calculate self-consistent fields by solving
limiting nonlinear forward equations for the focal process. A key feature of this limit is
that it restores message-passing likelihoods in the phylogenetic birth-death model setting,
allowing for tractable phylodynamic models with interactions.

We note that there has been some work on mean-field models in the area of superpro-
cesses (continuum analogs of branching processes) — see [Ove95|Ove96]. Finally, [Thal5]
is tangentially related to our work in that it treats a particular question concerning mean-
field interacting single-type birth-death processes. As the author of this paper observes
regarding the literature about mean-field models and propagation of chaos, “. .. there are
few results in discrete space.”

Due to the difficulty of incorporating interactions in birth-death processes for inference
applications, few results have been published so far, but we summarize some develop-
ments. [CMS14] developed techniques based on continued fraction representations of
Laplace convolutions to calculate transition probabilities for general single-type birth-
death processes, without state space truncation. [HXC 18] calculate transition probabili-
ties for the birth/birth-death process—a restricted bivariate case where the death rate of one
type vanishes, but rates may be otherwise nonlinear. [XGKMM15] use branching process
approximations of birth-death processes and generating-function machinery [Wil05] for
moment estimation. [GCPP21]] study single-type branching processes with strong inter-
actions, restricted to a regime in which duality methods can be used to characterize the
stationary distribution.

Instead of the strong interactions considered in the above work, we introduce an
MTBDP with mean-field interactions. This mean-field system restores (in the limit) the
computational tractability of the non-interacting case. We establish the fairly general
conditions under which this process is well-defined, demonstrate how to perform mean-
tield calculations in the context of a phylogenetic birth-death model, and provide an
efficient software implementation. While we were motivated by evolutionary dynamics
of antibodies in germinal centers, we also foresee applications to other somatic evolution
settings, such as tumor evolution and developmental lineage tracing, and to experimental
microbial evolution. While we have outline how to evaluate likelihoods for phylogenetic
birth-death models with mean-field interaction, we leave inference on biological data for
future work.

We finish with a note regarding possible extensions of this work. We suppress ex-
plicit time dependence in the particle-wise birth and death rates A and u for notational
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compactness, but all the results of and extend to the inhomogeneous case A(t)
and p(t) with suitable continuity assumptions in the time domain. We note, however,
that our mean-field approach involves effective time-dependence in the rates even if the
intrinsic rates are not explicitly time-dependent. This effective time-dependence arises
from specifying a finite number of dynamical parameters (i.e., the rates and the interaction
matrix W) that uniquely determine an effective field via the condition of self-consistency,
Theorem

Finally, we notice that our mean-field system of N interacting replica trees has a self-
similarity property: if we consider a subset of N particles from one of the replicas at time
t > 0, this looks like the starting configuration of a new N-system. This suggests that our
mean-field model could also be used as an approximation for strong interactions within
a single MTBDP. However, the appropriate notions of convergence and exchangeability
are less clear in this case. The validity of a mean-field approximation for a single self-
interacting MTBDP would seem to involve a delicate balance of quenched disorder from
early times when the process is small, on the one hand, with the limiting mean-field
interaction when the process is large, on the other hand. We save these questions for
future work.

Structure of the chapter

The rest of this chapter, which corresponds to the paper [DEHH24], is structured as
follows. In Section[/.2lwe construct a system of MTBDPs that can model the properties and
interactions between particles we have discussed so far. Moreover, this section contains
our main theoretical results. Section [7.3|is dedicated to their proofs. In Section [7.4 we
analyze a special case of an MTBDP system numerically.

7.2 Theoretical results: a mean-field interacting multi-type
birth-death process with general rates

We start by describing a finite system of fairly general symmetrically interacting MTB-
DPs for which the interaction may be locally strong but is globally weak in the sense that
different MTBDPs interact only via the empirical distribution of their states. Ultimately,
we are interested in the joint law of a finite number of focal processes within an infinite
system of such mean-field interacting MTBDPs. To this end, we establish that the process
of the empirical distribution of families converges to a deterministic probability measure-
valued flow. Any finite number of MTBDPs become asymptotically independent and
identically distributed. In the limit, the law of any given focal process can be described
by a time-inhomogeneous MTBDP. The time inhomogeneity comes from the determinis-
tic probability measure-valued background flow that also describes the one-dimensional
marginal distributions of the focal process.
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One main contribution of our analysis compared to previous studies is that we allow
for a quite general transition rate structure. The rate of a single MTBDP is only restricted
to be of at most linear growth and Lipschitz continuous. To deal with the technical
challenges that come with these general assumptions, we employ a localization technique
and approximate the general system by one that has bounded transition rates. A key
feature is that the system with bounded rates is in a certain sense close to the one with
unbounded rates, uniformly in the system size.

Consider a finite set of types {1,...,D} = [D]. The application we have in mind is
that each type represents a certain affinity of B-cell receptors. We equivalently refer to the
cells as particles, in line with the terminology used in the branching process literature.
At the outset, let’s envision a germinal center that initially contains a finite collection of
N € N such B-cells. The progeny process of each of the N founding cells in this GC can
be modeled as an MTBDP. During the process of antibody affinity maturation, cells can
divide into two daughters of the same type, mutate to one of the other (D —1) affinity types,
or die, according to specified rates. The interaction within lineages is (possibly) strong,
whereas the interaction between the N lineages is weak. This means that the rates for the
jthlineage depend on its state (locally-strong) and on the empirical distribution of MTBDP
states over the N lineages (globally-weak). Note that this includes the special case of rates
that depend on the global empirical type distribution aggregated over all N families in the
GC. Initially, there are N € IN founding particles within the GC. A state of this system is
then givenby z = (zy,...,zy) € (N})N, where for j € [N] and i € [D], z;; counts the number
of type-i particles in the jth MTBDP. Let M;(IN7) denote the probability measures on IN}.
This space is embedded into the Banach space of finite signed measures on IN} equipped
with the total variation norm. For v € Mi(IN}) and y € N}, let vy = v({y}). Then the
total variation distance between v,v’ € Mi(INF) is [lv — v'[lrv = } ZyeNgW{y} =iyl

The empirical distribution of MTBDP states of z € (INJ)N is

1 N
Tl = ﬁ Z 62/"
=1

For example, fory = (y1,...,yp) € N§ and z € (IN})V, 11,({y}) counts the relative frequency
of lineages with composition y, i.e. with y; particles of type i, i € [D]. Let My n(INJ) =
{5 Z;\il 0, € Mi(ND) : z € (INJ)V}, ie. the probability measures that can arise as an
empirical distribution of an MTBDP system with N initial particles.

Every successive change in the system affects only one particle at a time with a rate
depending on the local state of its lineage, and the empirical distribution over the popu-
lation of N lineages. That is, for i # k € [D], we have the following per lineage rates of
various events

b ING X Mi(NG) = R, (birth-rate of type-i particles),
d: IND x Mi(NE) - R, (death-rate of type-i particles),
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m* : INE x My(ND) - R, (mutation-rate from type-i to type-k particles).

Throughout we assume that if z;; = 0, then b'(z;, 1,) = d'(z;, ,) = m"(z;, 7i,) = 0 for all
k € [D]. We stress that the rates do not depend on N.

We will assume that the rates per lineage grow at most linearly with the number of
particles in the lineage and that the rates are Lipschitz continuous in the following sense.
Fory € Ny, set y, := Yieipy ¥i € No.

Assumption 7.1. (A.1) There exists a constant L such that for all i,k € [D], i # k, y € ]NOD
and v € M;(INY),

by, v) <Ly.+1), d(y,v)<L(y.+1), m™(y,v)<L(y.+1).

(A.2) There exists a constant L such that for all i,k € [D], i # k, y,y’ € ]NOD and v,V €
Ml (N(I)D)/

by, v) = b'(y', V)| < L(ly = y'l, + v = V'llrv),
ld'(y,v) =d'(y , v )| < L(ly = y'l, + v ="V'lltv),
Im”(y,v) = m"*(y’ , V)| < L(ly = y'l, + Ilv = V'llzv).

Remark 7.1. To fully model features like carrying capacity constraints, an alternative
would be to allow the rates to grow linearly with the mean of the measure, rather than
bounding the contribution of the measure by a constant. In this case, the Lipschitz
bounds would also depend on something like the Wasserstein-1 distances between the
two measures involved. Proving similar results as ours under such assumptions is an
open problem that we hope to return to in future work.

The system of MTBDPs is formally described through its infinitesimal generator, which
requires some notation. To add and remove particles of type i in the jth MTBDP, we
use ej; € (]NOD)N, where (e;i)rc = 1k(1)1,(j). The domain of the generator is described
using specific function spaces. We write C((IN})") for the space of (continuous) bounded
functions on (NE)Y and C((IND)M) for the space of (continuous) bounded functions on
(NF)N that vanish at infinity. Moreover, we write C.(IN5)") for the space of compactly
supported (finitely supported) (continuous) functions on (NJ)N. For z € (NJ)V, set
Zeo = Ljeiny (), = Ljerny Lierpy Zii € No.

The generator AN of the finite system of interacting MTBDPs acts on f € C((INP)V) via
ANf(z) = YL (A) + A + A f(z) with

D
Ag’jf(z) = Z V(z;, 1) [f(z +e;) — f(2)]
-1

D
AYf@) =) dz, m)f(z - ) - f(2)]
i=1
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M@= Y M) fE+en—e;) - f@)].

i,ke[D], i#k
Define
Ay = {f € C(INDYY) : z > zauf(z) € C(ND)Y), ANf € C(NDYY)).

Proposition 7.1 (Feller property for finite system). T:he closure of {(f,ANf) : f € Ay} is
single-valued and generates a Feller semigroup on C((INJ)N). Moreover, C.((INF)N) is a
core for this generator.

The proof of the proposition is in § 7.3} Write
ZV(t) = (ZY (), ..., Z\(1)

for a process with the semigroup guaranteed by Proposition[7.1]and set ZN := (ZN(#)) .
The system exhibits exchangeability among the MTBDPs due to the symmetries of the
rates, provided that their initial distribution is also exchangeable. To formally establish
this property, we utilize the Markov mapping theorem. As a result of this analysis, we also
derive the Markovian nature of the system’s empirical distribution process, subject to
suitable initial conditions.
The empirical distribution of states in the system at time > 0 is

N
1
V() = 55 ) Sz
j=1

The M, n(INF)-valued empirical measure process is ITV = (ITV(#))x0.
Its infinitesimal generator BN acts on a subset of C(M; n(INE)), the bounded continuous
functions on M, 5(IN7). More specifically, BN acts on functions of the form

)= [ avyr Y f,

ye]NOD: ze(NP)N:m,=v
yesupp(v)

with f € Ay, via BNh(v) := (B}’ + BY + B))h(v), where

D —_
BYh(v) := Z Z Nviyb'(y, v)[h(v + W) - h(V)],

yeNp =1
D -
BYh(v) := Z Z Nviyd(y, v)[h(v + <5y—e,—N§y) - h(V)],
yeNp =1

BVh(v) = Z Z Nvyym(y, v)[ (v + %k‘—N_éy) ~hw)],

yeND ike[D], ik
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with e; the ith unit vector in INJ.
To formally state the exchangeability of the system and the Markovian nature of ITV,
we require some notation. Let a™(v, dz) be a kernel from M, y(INJ) to (NJ)N defined via

wdn= 1 [ ey Y s,

ye]N(I)D: xe(]NoD)N: Tix=V
yesupp(v)

i.e. a¥(v,-) puts mass uniformly among all the system states x € (IN})" that are compatible
withan empirical distributionv. For f € C((IN})Y), wewritea™ f(-) = Yooy f (z)aN(-,dz).
(In particular, aV f € C(M; n(INE)).)

Proposition 7.2 (Exchangeability). Let vV € M, y(INJ) and assume ZM(0) has distribution
aN(WN,.). Forall t > 0, ZN(t) = (Z}(t),...,ZN(t)) is exchangeable and TIV is a Markov
process with generator BY.

In what follows, we consider the limit of large systems. For the germinal center
application, this means that we assume the initial number of B-cells to be large. Any
dependence of the rates on the total mass therefore is meant to be relative to the initial
mass.

Our first main result describes the behavior of ITV in the limit of large systems. We
adopt the usual notation that if I is a closed subinterval of IR, and E is a metric space, then
D(I, E) is the Skorohod space of right-continuous, left-limited functions from I to E.

Theorem 7.1 (Convergence of empirical measure process). Assume ZN(0) has distribution

aN@N, ) for vV € My n(INP) satisfying vV ey e M;(IND). Then there exists a unique
solution to the initial value problem: v(0) = v and for ally € N”,

D D
o) == o (®) ) (B, o) + d(y, o) + Y| mH(y, o)
i=1

k=1, k+i

D
+ Y (Ol OBy — €, 0(8)) + vy e (D (y + €5, 0(0) (7.1)

i=1

D
£ Y Oyerrel () mH(y — e + &,0(1)).

k=1, k#i

(with the convention that for y ¢ IND, vy (t) = bi(y, v(t)) = di(y,v(t)) = m"(y,o(t)) = 0).
Moreover,

N—oo

M= (7.2)

(that is, the sequence of D(IR, Ml,N(NOD ))-valued random elements (ITV)nen converges in
distribution to the deterministic (continuous) function v).
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Remark 7.2. From Theorem[7.]} the continuity of v, and the continuous mapping theorem,
it follows that, under the conditions of Theorem

V(1) == o(t)
forevery t > 0(cf. Theorem 23.9 of [Kal21]]). Hence, under the assumptions of Theorem[7.]]
it follows from the theory of propagation of chaos, see Proposition 2.2 of [Szn91], that for
every k € N and t > 0 the (N})*valued random vector (Z)(t),...,ZY(t)) converges in
distribution and that the limiting distribution is v(t)®. We can do better than this, as the
following second major result shows.

Corollary 7.1 (Convergence of focal processes). Under the conditions of Theorem
for each k € IN there is convergence in distribution of the D(IR, (INOD )¥)-valued sequence
of random elements {(ZY, ..., ZY)}nen to (Z3,...,Z7), where Z,...,Z> are iid. time-
inhomogeneous MTBDPs with common initial distribution v and the birth, death, and
mutation rates of Z%, 1 < j < k, at time { > 0 are given by V(Z(t), v(t), d'(Z;(t), v(t)), and
m"(Z;(t),v(t)) fori,£ € [D], i # L.

Idea of the proof

We begin by proving the properties of the finite system and its empirical measure
process in Section Instead of analyzing the limit of the finite system directly, we rely
on a localized system, where we freeze processes once they reach a certain size. In Section
we show that the convergence of the localized system to the original system implies
Theorem

Since the localized system has a finite state space, we can rely on classical results to
derive the limit of its empirical distribution. This is done in Section To establish
these properties, we define a finite system of independently evolving Yule-type processes
that dominates and is coupled to the localized and standard version of the interacting
MTBDP system The simplicity of this pure birth process allows for easier estimates
of its growth and fluctuations, which we can then relate back to the finite interacting
systems. Moreover classical results imply the convergence of the empirical measure of
this process, which is of use when proving tightness of the empirical measures of the
interacting systems. We end the proof section by establishing Corollary [7.1] using the
martingale property of the system and the fact that we can take the limit of the empirical
distribution in the rates of the focal processes.

7.3 Proofs of the main results

Properties of the finite system

We initiate our analysis by proving the result concerning the generator of the finite
system of MTBDPs.
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Proof of Proposition[7.1, The proof consists of checking the conditions of Theorem 3.1 in
Chapter 8 of [EK86]. The kernel that plays the role of the kernel x — A(x)u(x, dy) in [EK86]
is here

N
2 Y

=11

D
[bi(zj, T2)0z+e; + d'(zj, T2)0z-c; + Zmi’k(zj, 7Tz)5z+e]-,k—e,,,] (7.3)
=1 ke[D, ki
We will take the functions y and 7 that appear in the statement of that result to both be
zZ - X(z) = (Zee V1).
First note that z — 1/x(z) € C((IN])Y), as required in [EK86]. Secondly,

N D
sup Z Z[bi(z]-, T,) + di(z]-, TT,) + Z mi'k(z]-, nz)]/)((z) < 00 (7.4)

ze(ND)N j=1 i=1 ke[D], ki

by [(A.1)} and so hypothesis (3.2) of [EK86] is satisfied.

If z’ is a point in the support of the measure on the right-hand size of (7.3), then
|Zee — Z'.e] <1 and hence hypothesis (3.3) of [EK86] is satisfied.

Combining the bound with the observation of the previous paragraph shows that
hypotheses (3.4) and (3.5) of [EK86] hold, and this completes the proof. m|

Next, we establish the exchangeability of the finite system and demonstrate the Marko-
vianity of the empirical measure process.

Proof of Proposition[7.2l We first want to apply [Kur98, Corollary 3.5]. Note that for any
h e C(M; n(NY)) and 71, € My n(INT), we have fh(ny)aN(nz, dy) = h(mn,). Define

CY ={(Zyemop 3V, dy), Lyemoy AV f3)a¥(, dy)) : f € An}. (7.5)

We have to verify (the somewhat technical condition) that each solution of the extended
forward equation of AN corresponds to a solution of the martingale problem. Assume for
now this is true. We show in Lemmabelow that for f(z) = H;\il gi(zj) with g; € C(]NOD ),
aN(ANf)(rt,) = BN(aN f)(rt,). In particular, ITV solves the CN martingale problem. Thus,
by Corollary 3.5 of [Kur98] (with y(z) = 7, ), IIV is a Markov process. Moreover, by
Theorem 4.1 of [Kur98], ZN(t) is then exchangeable.

It remains to verify that each solution of an extended forward equation of AY corre-
sponds to a solution of the martingale problem. By Lemma 3.1 of [Kur98], it is enough
to verify that AN satisfies the conditions of Theorem 2.6 of [Kur98], that is, that AN is a
pre-generator and Hypothesis 2.4 of [Kur98] is satisfied. Because (IN§)" is locally compact,
the latter is satisfied by Remark 2.5 of [Kur98]. Another consequence of local compactness
is that for AN to be a pre-generator, it is enough to verify that AN satisfies the positive
maximum principle [Kur98, p.4], which is easily seen to be the case. m|

The following lemma is a technical result used in the proof of Proposition|[7.2]
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Lemma 7.1. For j € [N], let g; € C(INP) and set f(z) = HL g]-(zﬁ.\’). Then, for z € (NJ)" and
n, € Min(NE), we have
an(AY f)(1t,) = B (an f)(11).

Proof. We will only show an(A) f)(11;) = BY (an f)(11,). That anAY f(r,) = BY(an f)(r1,) and
anAl f(r,) = BN (anf)(1t,) can be proven in a similar vein. The result then follows from
the linearity of A" and BY. We have

aNAi\]f(nz)
1 N Do
= [lvmtymr Y, Y Y v mlfx+ e - F0)
y'eNE: xe ND)N j=1 i=1
yesupp(rz) =
5 LNy ) ZZ Y L, ) fix+e;) — f(X)]
y'eNg: yeNp i=1 j=1 xe (ND)N
yesupp(rz)
D .
= Y Y Nm@b(y, 7o) (@ f)(te + Byre, = 64)/N) = (an f)(0)]
yEIN(I]J i=1
= B)(an f)(112).

O

For the remainder of this section we will assume that the conditions of Theorem
hold; that is, and |(A.2) hold, and the sequence v € M;(Nf), N € N, satisfies

W IEZS e My(ND).

A dominating system of Yule-type processes

It will be useful to compare Z" to a system of asymptotically independent multi-
type pure-birth-like processes that will have simultaneous births of different types. Even
though these Markov processes are INJ-valued, they inherit several useful properties
from the classic Yule process. Let RN = (RY, ..., RY) be the (N})N-valued Markov process
transitioning from (NJ)N 3 (ry,...,ry) = (ry,...,18) +(0,...,0,1,0,...,0) at rate 6LD*(r;),,
where 0 € INJ is the vector of all 0s and 1 € IN} is the vector of all 1s. Define p : INj’ — INY
by p(r) := r.1 (that is, if we think of r as a collection of particles of different types, then
p(r) replaces each particle by D particles where there is one particle of every one of the
D types. Suppose that RN(0) has distribution aV¥(vN,-) o (p,...,p)"L. It follows that each
(R?] ). is an autonomous Markov process on DINj that transitions from Dr to Dr + D at rate
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6LD?r. Consequently, D™'(RY)_is a Yule process that transitions from state x at rate 6LD°x

(that is, the split rate per particle is 6LD3).
For t > 0 define I} (1) := & }:?il 5R§.\’(t) and set ITY := (I} ())i0.

Lemma 7.2. i) For each k € IN, there exist R;?°, j € [k], such that the sequence
{(RY,...,RY)}nen converges in distribution to (RY°,...,RY). The R?, j € [k] are
iid. Markov processes. Each one has initial distribution v o p~' and the same
transition dynamics as the RI; , € € [N], N € N, have in common.

ii) There is a unique solution r := (r(t))io to the initial value problem: r(0) = vo p~' and
for ally € NJ,

Ty () = = 6LD?yaryy(t) + 6LD*(y — 1), riy-1(1), (7.6)

where 7y (t) = 0 for y ¢ IN{.
iii) We may build (R")yen on a suitable probability space so that

N—ooo

[y —>7r, as.

Proof. i) Recall that the distribution of RN(0) is a™¥(v}),-) o (p,..., p)™". It suffices to show
that the projection of this exchangeable probability measure onto the first k coordinates
of (INJ)N converges weakly to the product probability measure (v o p™)® as N — 0.
Moreover, from Proposition 2.2 of [Szn91] it suffices to check that the sequence of prob-
ability measures on M;(IN}) given by (a¥(WN,-) o (p,...,p)™) o m!, N € N, converges
weakly to the unit point mass at the probability measure v o p~* (recall that z - 7, is the
map that takes z € (INOD W to % Z;\Ll 0z € MLN(]NOD )). However, it is clear by construction
that (a¥(vN,) o (p,...,p)"!) o 771 is simply the unit point mass at the probability measure
vWop

ii) Note that is just the Kolmogorov forward equations for a Markov process with
transition dynamics the common transition dynamics of R?’ , J] € [N], N € N, and initial
distribution v o p7!; that is, for a Markov process with the common distribution of R;?",
N € N. As we have remarked, such a Markov process is essentially a Yule process, and
hence the Kolmogorov forward equations have a unique solution.

iii) From (i) and Proposition 2.2 of [Szn91]] we have that the empirical measures on the path

space D(R,, M;(INY)) given by IV := % Z;\; Ogy converge in distribution to the point mass
]

at the common distribution of the R, j € IN. By Skorohod’s coupling, see Theorem 5.31

in [Kal21], it is possible to build random variables with the distributions of the YN NeN,
on a suitable probability space so that N converges almost surely to the point mass at the
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common distribution of the R;?", j € N. We may, of course, also assume that R;?°, j €N, are
built on this probability space.

Fix T > 0. Let D be a countable dense set in [0, T] containing {0, T}. By the continuous
mapping theorem, with probability one we have that for all m € INOD

TIN(t)(fy : v > mi, i € [D])) 2= r(t)(ly = ys = my, i € [D])) (7.7)

for all t € ©. By well-known results in real analysis, the monotonicity of the functions
involved in the convergence in (7.7), plus the continuity of the right-hand side give firstly
that the convergence holds for all t € [0, T] and secondly that the convergence is uniform.
Consequently, almost surely ITY (£)({y}) converges uniformly to ry,(t) on [0, T] for every
y € NP.

Giglen any € > 0 we can choose K such that TI(T)({y : y. > K}) < € for all N and
r(T)({y : y. > K}) < €. Therefore, using the monotonicity of IT¥(#)({y : y. > K}) and
r(t)({y : yo > K}) we have

lim sup sup [ITIX () — r(®)llrv < 2e.
N—oco te[0,T]

Since T and € are arbitrary, this completes the proof. m|
Forz,z' € (NF)N, we writez < 2’ if zj; < z, for all j, i.

Lemma 7.3 (Dominating pure-birth process coupling). For each N € IN we can couple
ZN and RN together so that almost surely ZV(0) < RY(0) and almost surely for all t > 0,
j € [N], and i € [D], IZ%(t) - Z%(t—)l < R?]i(t) - R%(t—). In particular, almost surely
for all t > 0, ZN(t) < RM(t) and almost surely for all 0 < s < t, j € [N], and i € [D],
IZ%(t) - Z%(s)l < R;’i(t) - R%(s).

Proof. First note that, because (Rll\[ (0),...,RY(0)) has the same distribution as
(p(ZX(0)), ..., p(Z}(0))), it is certainly possible to couple ZN(0) and RY(0) together in the
prescribed manner.

Next observe that the rate at which a given Z?] transitions to another state if Z?’ is in

state z; # 0 can be upper bounded using

Mo

1l
—_

(@m0 +d@m)+ Y, e m)

i ke[D] k+i

<3LD*(1+ (z)),) < 6LD¥(z)),.

The same inequality holds trivially when z; = 0 by our assumption that in this case
V(zj,m,) = d'(zj, m,) = m*(z;,m,) = 0 for i,k € [D], i # k.
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Thus, we can couple ZN to RN by restricting the possible jump times of ZN to the jump
times of RY and for 7 a jump time of R" such that the jump occurs in R} for some j € [D],
setting

V(ZN (7-), TN (1))
ZN(T—) + €ji, w.p. W, 1€ [D]
] .
d'(Z¥ (r=), 1N (z-))
ZN(T—) — € w.p. W, 1€ [D]
/ L]

ZN(7) = ,
mik (Z?' (=) 1N (7))

6LD2(R§,\’ (=), ’

ZN(t-) + ejr—ej, W.p. i,ke[D], i #k,

ZN(1-), otherwise.

It is straightforward to check that then ZN has the correct distribution and the other
properties we want. O

From now on we assume Z" is constructed on the basis of the coupling in Lemma

For two probability measures v,v € M;(IN}), we say that v’ stochastically dominates v if
for every m € ]NOD, v(ly : yi > m;, i € [D]}) <v'({ly : yi = m;, i € [D]}); we then write v <1/,

Remark 7.3. The upper bound of Z" in terms of RN can be translated to a bound for their
respective empirical measure processes. To this end, define I} (1) := Zﬁ-\lzl Or,() and set
ITY := (I} (#))1=0. Because of Lemma|7.3) we have ITV(t) < IIX(¢) for every t > 0. Moreover,
I} is non-decreasing, i.e. for all 0 <'s < t, IT}(s) < TTY(#).

Proving convergence via localization

We employ a localization argument to establish Theorem[/.1] The core conceptinvolves
freezing families that reach a certain size ¥ € IN. By utilizing classic methods, we can prove
the convergence of the empirical distribution for a system undergoing such freezing.

Let ZN* := (le\]"‘, ..., Z\;") be the system of interacting MTBDPs that is coupled to ZN by
freezing lineages once they reach a state y where y, = k. Notably, the construction of ZN*
can therefore also be based on the system RV in the manner of Lemma Importantly,
ZN*(t) < RN(t) holds for all t > 0.

Let b"*, d"*, and m"** be the birth, death, and mutation rates of ZV*. For example,
b'*(z,v) = b'(z,v)1(z. < k) We may think of ZN* as a Markov process on the finite state
space (I,)Y where I := {y € N} : y, < «}.

The generator AN* of ZN* is then AN f(z) := le\il(Aé\]’]’K + AZ”]’K + ANV f(z) for f €
C((IND)Ny with

D
A f@) = ) V(e ml flz + ;) - f@)
i=1
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AV f(z) :

D
Z A" (z;, 1, f(z - e};) - f(2)]
i=1

AN f(2) :

m* 2, ) f(z + ey — ;) — f@)]
ike[D],i#k

Due to the state space of ZN* being (essentially) finite, rendering it compact, we can
now state the following proposition (see [EK86, Ch. 8.3.1]).

Proposition 7.3 (Feller property for the system of frozen processes). The closure of
{(f,AN*f) : f € C((IND)V)} is single-valued and generates a Feller semigroup on C((INF)Y).

Also, in the system with frozen dynamics, the empirical distribution process is Markov.
To be precise, define for t > 0, IIN*(f) := % Z;\il 6Z;y,x(t) € Min(ND) and set TIN* :=
(TTN*(#))s20- Its infinitesimal generator BN is defined in the same way as BY, but with the
k-frozen transition rates and modified domain (because the domain of AN* is different).

The following holds via Proposition since the rate functions of the frozen process
satisfy (7.1).

Remark 7.4 (Exchangeability). Let vV € M;n(INF) and assume ZN*(0) has distribution
aN(N, ). Forall t > 0, ZN*(t) = (ZY“(b), ..., ZY*()) is exchangeable and ITV* is a Markov
process with generator BN*.

The proof of Theorem[7.T|revolves around three key propositions, all of which will be
proved in §

Proposition 7.4 (Approximation is uniform in system size). Forall T > 0 and for all ¥ > 0,
there is e(x, T) such that

E | sup ITTV*(t) = TIN(®)llrv | < e(x, T)
te[0,T]

K—>00

and ¢(x, T) — 0.

Proposition 7.5 (Convergence of empirical measure process in systems with freezing). We

have [TV 222, v, where v* = (v*(t))i»0 is the unique solution to the initial value problem:
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v*(0) = v € My(N}), fory € NJ\I: v (1) = vy (0); and for y € I

D D
(v@p'(t)=—v;;}u)_z(bl’”‘(y,zf‘(t»+dl>’<<y,v'<<t>>+ Y, m o)

k=1, k+i

D
£ ) (0o (DE(y = &, 0(D) + T, (DA™ (y + €5, 0°(1)) (7.8)

i=1

D
+ Z {y . sz(y e +e;,v K(t)))

k=1, ki

Proposition 7.6 (Tightness of the empirical measure process). The sequence IV} yen iS
tight.

We now prove Theorem

Proof of Theorem Fix T > 0. By Proposition[7.6] (ITV)yen is tight. Consider (ITV*),.en for
a strictly increasing sequence (N,),en in IN. There exists a weakly convergent subsequence

(IT"¢) e and a cadlag My (IND)-valued process IT* with T Lo 1,
On the one hand, by Proposition

E[ sup [IITNe* () = TN (8)]lrv] < e, T).
te[0,T]

On the other hand, by PrOposition TTVex 22 o

Let p be the following standard metric giving the Skorohod topology on the space
D([0, T], My(IN})) of cadlag paths from [0, T] to M;(INY),

p(u,v) = mf(sup |t =AMV sup |lu(t) —vo Al |,

t€[0,T] t€[0,T]

where the infimum is over all continuous, increasing, bijections A : [0,T] — [0, T]. (cf.
equation (12.13) of [Bil99]]. Let W; be the Wasserstein—1 metric on the space of probability
measures on D([0, T], M, (lNOD )) corresponding to p; that is,

Wi(P, Q) := illgffp(‘u,v) R(du, dv),

where the infimum is over all probability measures R on the space
D([0, T], My (INOD )) X D([0, T], M (INOD )) that have respective marginals P and Q. Recall that
W1 metrizes weak convergence on the space of probability measures on D([0, T], M;(IN}))
(see, for example, Theorem 6.9 of [V'09]). If ® and W are random elements of
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D([0, T], Mi(IN})), write Wy(®, W) for the Wasserstein—1 distance between their respec-
tive distributions.

Observe that by setting A(f) = t, we get that p(u,v) < sup,g 1 () — v(£)llrv, which
implies that

Wi(®, W) < inf f sup [|u(t) — v(®)llvR(dp, dv).

te[0,T]

If ® and W happen to be defined on the same probability space, we can choose as R the
joint distribution of ® and W on that space to get

Wi(®, V) <E [SUP l|D(t) — \y(t)”TV] :
te[0,T]
Now,

Wi (IT, 0%)

<W (H*, HNw) +E

sup [T (¢) - l_IN”‘"‘(f)IITv]
te[0,T]
+ W] (HN"”K, UK) .
Taking ¢ — oo leads to the bound
Wi (IT*,0%) < e(x, T)

independent of the chosen subsequence (N,,). Since ¢(x,T) — 0 as k¥ — oo, we obtain
o% £22 1% and TIV 222 1T upon taking x — oo. In particular, IT* = v of (7.1). O

Convergence of the dynamics under freezing

To establish the convergence of the system of MTBDPs that are frozen once they reach
the set of frozen states parameterized by x, we employ standard methods. In this regard,
we rely on the following result, which is elaborated upon in [EK86, Ch. 4] concerning the
notation used.

Theorem 7.2. [EK86, Corollary 4.8.16] Let (E, r) be complete and separable and Ex C E.
Let A c C(E) x C(E) and v € M;(E). Assume

1. the D(IR,, E) martingale problem for (A, v) has at most one solution, and the closure
of the linear span of D(A), the domain of A, contains an algebra that separates
points,

2. for each N € N, Xy is a progressively measurable process with measurable contrac-
tion semigroup {Tn(t)}, full generator Ay, and sample paths in D(R,, Ey),
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3. {Xy} satisfies the compact containment condition; that is, for every n > 0and T > 0
there is a compact set I+ C E such that infy P(Xy(t) e[, 7 for0 <t <T)>1-7,

4. for each (f,9) € A and T > 0, there exists (fn,gn) € Ay and Gy C Ey such that
limy_eo P(Xn(t) € Gy, 0 <t < T) = 1, suplifall < o0, and limy_,e supxeGNllf(x) -
NI = limyoeo sup, . [19(xX) — gl = 0,

N—>oo

5. Xn(0) 2= v.

N—ooo

Then, there exists a solution X of the D(IR,, E) martingale problem for (A, v) and Xy ——
X.

To apply Theorem|7.2} one of the things to check is that the sequence {TTN*}ye satisfies
the compact containment condition. We will prove the following stronger result.

Lemma 7.4 (Compact containment). The sequences (ITV)yen and (ITV*)yen both satisfy
the compact containment condition.

Proof. Fix n,T > 0. By how we have coupled together the construction of the processes
involved, we have for any ¢ € [0, T],

TVt < TIR () < TIR(T)

7.9
TV (t) < TIR(t) < TIN(T). 79)

Recall that r is the solution to the Kolmogorov forward equation of a non-explosive
Markov process that is essentially a Yule process.

Since HII\{ (T) Noe, r(T), by Lemma [7.2, we have that the collection of distributions of
the sequence {HII‘{ (T)}nen is tight. Therefore, there exists a compact set K, v C Ml(lN(l)))
such that P(IT}(T) € K1) > 1 —n for all N.

It only remains to note that if K is a compact subset of Ml(]N(’)D), then so is the set

Usexfp € Mi(IND) : p < v} and then apply (7.9). O

We are now prepared to prove the convergence of the empirical measure process in a
system with freezing.

Proof of Proposition|[7.5] First, we note that the initial value problem can be reduced to a
finite system of ODEs. Its right-hand side is Lipschitz continuous because the rates can
be bounded using Assumption[7.1]Jand because y € I,.. The existence and uniqueness of a
solution to this system follow from classic theory (e.g. [Dei77, Chapter 1]). Note that v* also
solves (uniquely) the (BV*, v*) martingale problem, because the martingale problem and
the ODE in this frozen (thus finite-dimensional) setting are equivalent [Kurl1) Corollary
1.3].



CHAPTER 7. MEAN FIELD INTERACTING PROCESSES 132

We verify that the conditions of Theorem are satisfied. To this end, take Ex =
Min(I) and E = M(I,) in Theorem The corresponding generators that we are
interested in are BN, as defined before Remark and B* := B; + B + B}, where

Lo oh oh
Byh(v) = Z Z Vb (y,v) l v) _ oh(v)

NWiyre) Wiy

4

yel, i=1

and BY and B}, are obtained similarly by modifying the definitions of BY and B before
Proposition

That there is at most one solution to the (BM*, v*) martingale problem follows from the
discussion at the beginning of this proof. Moreover, we have that

{f(v) = H g9y(vy) with g, € C'(R) and Y € ND, Y] < oo} c C' (M)

yeY

is an algebra that separates points. Thus, (1) holds. ITV* is an M, y(I)-valued adapted,
cadlag Markov process and thus progressively measurable. Hence, (2) holds. Lemma
yields that (3) holds. For (4), fix h € C'(M(I,)). Without loss of generality, we can assume
that

h(v) = E(V{ym}, cee s Vigty)

for some /1 € C'([0,1]F) with k € IN, where y,...,y® € I.. We have to find a sequence
{hN} of functions in the domain of the generator of ITV* that approximates & (recall its form
from ; but with f € C((I)V) because the frozen system state space is compact). To this
end, set

N@) = hm,(fy™)), ..., m(fy®))
and

o= [ ey Y @
xe]NS): ZE(IN(’)J)N:

xesupp(mz) =V

= E(V{y(l)}, ce ,V{y(k)}).

WY is in the domain of BN*. The only difference between h and K" is that iV is only defined
on My n(I,), while the domain of & is M (I;), and the two functions agree on M; y(I;). This
implies that
sup |h(v) - W) =0,
veMin(i)

so in particular, the limit as N — oo is 0. Since h is bounded, also sup,|IHV]| < co. Next, we
show

N—oo

sup |BV*HN(v) — B*h(v)| — 0. (7.10)

VEMLN(NOD)
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N—oo

To this end, we start showing sup,,, N(rK)KBi\LKhN(V) — Bfh(v))l —= 0. Note that by
Taylor’s formula and '

|BY“hN (v) — BEh(v)|

D
=) vl ) [N(h(v T (C’Y—N_(SY) ~ h(v)) Ohtv)  Ih(v)

yel, i=1 av{yﬂ’} aV{y}

< ) LD(y.+1)-O(N7).

ye{y®,....y®}
Since the right-hand side is independent of v,

N—oo

sup |BY*hN(v) — Bih(v)l —= 0.
VEMl,N(Lc)

N—-ooo

Analogously, it can be shown that sup MlN(TK)lBil\LKhN - Bfh(v)) —— 0 and

N-ooo

SUP,cp, N(IK)IB%KhN — By h(v)] —— 0. Then (4) follows by the triangle inequality. By
assumpﬁon, (5) holds. In particular, we have checked (1)—(5) of Theorem|[7.2land thus the
result follows. 0

Next, we prove the bound on E[sup te[O,T]HHN'“(t) — IV (#)|Jrv] that is uniform in N.

Proof of Proposition[7.4, Fix T > 0. For u < inf{s > 0: Z]N (s) = «}, we have Z?] (1) = ZZJ.V’K(u),
j€[N]. Thus, for0 <t<T,|{je N: z;V(t) # Z;V'K(t)}| <{j € [N]: le\’(t) ¢ L)l <I{j e
[N]: R;\’ (T) ¢ I)}]. In words: the count of families that have different compositions under

the original and frozen dynamics is bounded from above by the count of families in the
dominating pure-birth-type process that exited I,.. Thus,

E[ sup [[TTV*(t) = T (£)ll1v]
te[0,T]
1

<E |E§% S EeN:Z)(H 2 Z;\"K(t)}l]

<E|xllje N1 RY(T) ¢ 1)
= PRY(T) ¢ 1,).

We know, however, from Lemma i) that the sequence {Rll\’ (T)}nen is weakly conver-
gent and hence tight, so ¢(x, T) := supy IP(Rll\’ (T) ¢ L) has the desired properties.
O

We now address the tightness of the sequence {ITV}yen:.
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Proof of Proposition From Theorems 23.8 and 23.11 of [Kal21], it suffices to check the
following.

1. For every n > 0 and T > 0 there is a compact set I',7 € M;(INJ) such that
infy PIIN(f) e Tyr for0 <t <T) >1—1.

2. Forall T > 0,

lim sup sup sup E[|[TTV(S + u) — TIV(S)|Irv] = 0,
ONO NeN SeSN 0<u<0

where SY is the set of all discrete o(ITV)-stopping times that are bounded by T.
Part 1 has been verified in Lemma
For Part 2, note that a.s.

IIHN(S + u) —IY(S)lrv

Z”]E[N] ZN(S+u) |_|]€[N] Z;\](S):
yE]ND
1 1
2N Z le{lN(Sﬂf ~ Lizis=yl
ye]ND j=1
1 N
< N Ltz

=1
In particular, using exchangeability, for u € [0, 0] and S € S}

E[IITV(S + u) = ITY(S)llrv] < P(ZY (S + u) # Z'(S))
< P(I1ZY (S +u) = ZY(S)Ih = ¢)
<PRY(S +u), —RY(S), > ¢)
<PRY(S +0), - RY(S), > 0
<PRY(T+0), - RY(T), > ¢)
for any ¢ > 0. For all N € N, limgo(RY(T + 6), — RY(T),) = 0 almost surely. Also, by
Lemma i), RY(T + 6), — RY(T), converges in distribution to R*(T + 0), — R*(T), and

limp\ o(R7°(T + 0), — RP°(T),) = 0 almost surely. Combining these observations gives Part
2. O

Finally, we address the convergence of the sequence (le\l e ,ZkN )nen for each fixed
k € IN.

Lemma 7.5. For each k € IN, the sequence {(Z), ..., ZY)}na is tight.
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Proof. From Lemma [7.3)we know that almost surely forall 0 <s < t,all N € N, j € [N],
and i € [D], that Z?’i(t) < R%(t) and |Z§§’i(t) - Z%(s)l < IRﬁ.(t) - R%(S)L It follows from these
comparisons, the necessary and sufficient conditions for tightness in Theorem 7.2 in Chap-
ter 4 of [EK86], and the convergence (hence tightness) of the sequence {(Rll\’ e, RkN )NeN
established in Lemma that the sequence {(ZY, ..., ZY)}nen is tight. O

Proof of Corollary. For ease of notation, set Zj, := (Z{,...,Z), N € N. We know
from Remark that (Z[k] (0))nen converges in distribution to a random element with
distribution v®".

By Lemma the sequence (Z[Nk])NE]N is tight.

Note for any function f € C.((ND)¥) that

f(Z[k](t)
f Y ¥ r@ e, T e @ e + e - FZ o)
0 je[k] ie[D]
+ ) d@N ), TVE)(FEN6) - o) — FEZ6))
i€[D]
£ Y WZNO TONFENO + e - )~ FEZHON]| ds
ite[D],t#i

is a martingale.
From Theorem we have that (ITV)yen converges in probability to v, so any subse-
quential limit Zp; := (Z{°,...,Z;°) is such that for any function f € CC((INOD ),

f(Z[k]
f Z Y V(Z(9), 0 FZi56) + ei) — FZ33(6))
jelk] i€[D]
+ Z d'( ZOO(S) u(s)) f(Z[k](S) eji) — f(Z[k](S)))
i€[D]
+ Z ZE(Zm(s U(S))(f(z[k](s)"'e]f eji) — fZ[k](S)))]dS
i (e[D), £

is a martingale (comparisons with (RV) establish the necessary uniform integrability).
This completes the proof. |
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7.4 A computationally tractable special case: locally
simple with moment-mediated interactions

In this section, we study a special case of the mean-field interacting MTBDP defined
in that is amenable to calculations in the context of a phylogenetic birth-death model.
We specialize to a case with no local interactions, and with global interactions mediated by
moments of the limiting transition probability v(t) defined by (7.1). This class of processes
is rich enough to model both carrying capacity and frequency-dependent selection, and
does not add undue computational complexity.

Example 7.1 (Simple MTBDP with moment-mediated mean-field interactive death rates).
Consider the MTBDP with transition rates

V(y,v) = yiki, d(y,v) = yifl (ZyelNE YV{y})' m'/(y,v) = yili,

i,j €[D], j # i, where A € RD, T € RP*P (with I'1 = 0, and non-negative off-diagonal
entries), and fi € C(RY,RY). Set r(t) = Lyent ¥ Vi) (£), where (0(t))izo, the solution to (7.1),
is the limit of the empirical distribution processes (ITV(t));s0. Then r = (x(t))so is the
tirst-moment process and it solves the finite, closed system,

D
ri(t) = (Ai — @(x(t)) ri(t) + ; Liirj(®), i=1,...,D (7.11)
I‘(O) = Iy,

where 1, is the expected initial state. Note that a solution of (7.I)) has finite expectation,
via Lemma

Example [7.]| specializes the general mean-field interactions considered in Section
to a mean-field interaction mediated by the expected state vector (the first moment of the
state distribution). In that case, the interaction field is the solution of the finite-dimensional
nonlinear moment equation (7.11), so we can bypass solving the full infinite-dimensional
nonlinear forward equation (7.1).

Example 7.2 (Linear moment interaction). As a simple and biologically interpretable
example of the special case of Example we take fi(x(t)) = p + Wr(t), where p € RD,
is constant and the matrix W € RDXP parameterizes the interaction. If W is the matrix of
1s, then each element of the D-vector Wr(t) is the expected total population size of the
focal process at time t, and death rates increase with this total size, enforcing a carrying
capacity. Otherwise, the death rates are also sensitive to the expected relative frequency
of each type. For example, if W is diagonally dominant, then the model includes negative
frequency-dependent selection. Technically, to satisfy Assumption we require that
this linear term is truncated above some value of the expected total size. In practice, we

take this cut-off to be very large, such that the numerical results below are not impacted.
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Steady states induced by mean-field interaction

While the simple MTBDP displays only trivial steady states (or constant ones, if it
is critical), the MTBDP with mean-field interaction admits more interesting behavior.
Steady-state behavior can be examined by imposing a criticality condition on the self-
consistent field. For Example steady states r* € RD, satisfy

(diag(A — p = Wr') +T)r" = 0. (7.12)

Nontrivial solutions of this system of nonlinear algebraic equations for the critical field can
be found numerically with standard root-finding methods, and are indeed steady states
as long as the process is supercritical when the field vanishes. For results on steady-state
solutions in strongly interacting MTBDPs, see [DDC18].

Numerical examples

For Example the nonlinear moment equation is of Ricatti type, with only
quadratic nonlinearities. Figure|/.1|shows numerical results for the self-consistent field r
of Example [/.2lwith D = 5 types. The field in this case represents the vector of expected
particle counts over the 5 types. These three examples model carrying capacity, negative
frequency-dependent selection, and positive frequency-dependent selection, and all use
the same rate parameters A, u, I' (Figure[7.TJA-C) but different W matrices. Without mean-
tield interaction (W = 0), this MTBDP is supercritical, and the expected particle counts
grow exponentially (Figure[7.1D). One particle type has a higher birth rate than the others,
so it grows faster. With a carrying capacity interaction (Figure[7.1E), the population reaches
a stationary phase due to a mean-field interaction that increases death rates linearly
with the expected population size. With negative frequency-dependent selection (via a
diagonally dominant W), the types are more balanced (Figure [7.IF) because the death
rate of a given type is suppressed only by growth of that type. With positive frequency-
dependent selection (via a diagonally non-dominant W), the death rate of a given type is
less suppressed by growth of that type than the others, leading to an enhancing effect on
the type with the birth rate advantage (Figure[7.1G).

A Python implementation producing the results aboveis availableathttps://github.
com/WSDeWitt/mfbd. This code is written in JAX [BEH"18] and relies on the Diffrax
package [Kid21] for numerical ODE solutions. Specifically, to solve Riccati-type ODEs
we use the Dormand-Prince 8/7 method [PD81]—a high-accuracy explicit Runge-Kutta
solver—with Hermite interpolation for dense evaluation in the time domain. To adapt step
sizes we use an I-controller [see HNWO08) §I1.4]. To solve the nonlinear algebraic equations
for the critical field, we use root finding with automatic differentiation in JAXopt [BBC*21].

Regarding our approach for finding the solution in this specific example, we want
to note that the moment-mediated interactions we study allow for direct solution of
self-consistent fields via a nonlinear moment equation, which is amenable to standard
numerical ODE techniques. Mean-field calculations in physical applications (typically on
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Figure7.1: Numerical solutions of the self-consistent field r for the MTBDP with moment-
mediated mean-field interaction (Example . In these examples, D = 5. (A.) Birth rates
A, with type 1 elevated above the others. (B.) Death rate component y, the same for all
types. (C.) Type transition rate matrix I', of Toeplitz form, so that mutations between
neighboring states are more likely. (D.) Expected particle count of each of the 5 types
(colors) in the absence of any mean-field interaction, showing supercritical growth. E-F
show stacked expected particle count of each of the 5 types, with various mean-field
interactions of the form Example with ||[W|lg = 0.01 in all cases. The dashed lines
indicate the critical fields r* computed by solving (7.12). (E.) Carrying capacity: W o |
(with | denoting the D X D matrix of 1s). (F.) Negative frequency-dependent selection:
W o I. (G.) Positive frequency-dependent selection: W oc [ — 2 1.

continuous spaces with nonlinear PDEs) often rely on the self-consistent field method, which
solves a sequence of linear systems with an external field that converges to a fixed point
(for example, the Hartree-Fock, and density-functional theories for quantum many-body
systems) [YS21), (GKKR96]. Such methods tacitly assume a contractive mapping holds
for this procedure, so that, by the Banach Fixed-Point Theorem, the field converges to a
unique point. In practice, the method can suffer from slow convergence, non-convergence,
or even divergence of the iterates, although there are several regularization techniques for
controlling these issues. Our direct solution for the moment-mediated case avoids these
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issues.

Integrating mean-field interactions in phylogenetic birth-death models

Phylogenetic birth-death models augment the simple MTBDP with a sampling process
that results in partially observed histories, and are considered as generative models for
phylogenetic trees. They add two additional parameters: the sampling probability p gives
the probability that any given particle at a specified final sampling time (the present) is
sampled, and the fossilization probability ¢ gives the probability that a death event before
the present is observed. The tree is then partially observed by pruning out all subtrees
that are not ancestral to a sampled tip or fossil.

Computing likelihoods for rate parameters on phylogenetic trees requires marginal-
izing out all possible unobserved sub-histories, conditioned on the partially observed
history. We briefly outline this calculation, augmented with mean-field interactions. We
use notation like that of [KSVD16] and [BSVS18]. Given the parameters for the system
in Example and measuring time backward from the present sampling time, the prob-
ability density requires solving three coupled initial value problems (the standard case
without mean-field interactions solves two systems).

First, the self-consistent fields r(t) are calculated as in Example [7.2| by solving a D-
dimensional initial value problems (we reverse time such that the process starts at the
tree root time 7 > 0, and ends at t = 0). Next, we need as an auxiliary calculation the
probability p;(t) that a particle of type i at time f (before the present) will not be observed
in the tree—that is, it will not be sampled and will not fossilize. These are given by the
system of backward equations (of Riccati type)

=1

D D
+ Z l"ijpj(t) + (1 - U) {‘Uz + Z Wijrj(t)

j:l ]':1

D
pi(t) = Aipi(t)* = [Ai + Ui+ Z Wijrj(t)] pi(t)
J (7.13)

pi(0)=1-p,

where r is given as in Example These are solved on the interval [0, 7] where 7 is the
age of the root of the tree.

Finally, we compute the likelihood contribution for each of B tree branches b =
1,...,B € IN. Fixing some branch b with type i spanning the half-open interval (t, t;],
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let g;(t) denote its branch propagator, defined as the solution of the backward equation

D
q:(t) = | 2Aipi(t) + Ui — Ay — i — Z Wijr(t) [qi(t)

=1

ps if branch b leads to a sample at t; = 0 (7.14)
qi(ty) = Ot if branch b leads to a fossil at t; > 0

Aiffiee(t1)qrighe(t1),  if branch b splits at time t; > 0

Lijqi(t1), if branch b transitions to type j at time t; > 0

where g and giigne denote the propagators of the left and right children of branch b.
This system is coupled via the boundary conditions for each branch, and can be solved
recursively by post-order tree traversal, yielding the tree likelihood accumulated at the
root.

Standard phylogenetic birth-death models are recovered by setting W = 0, and only
solving the p and q systems. By solving p, q, and r systems in the case W # 0, it is
possible to compute tree likelihoods under phylogenetic birth-death processes that model
interactions, while maintaining the efficient post-order calculation of likelihoods.
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Appendix A

Proofs

A.1 Structure surrounding vertices

Proof of Lemma (3.5} 1. We essentially follow the proof of Lemma 7.3 in [ADK21b]. If the
balls of radius r around vertices of V are not disjoint there must be two vertices x and y
in V, connected by a simple path of length at least 1 (if the two vertices are connected by
an edge) and at most 2r. Let us denote the vertices on this path by z, ..., z;, where s can
range from O to 2r — 1. If we define zy = x and z;,; = y, then we must have an edge from
zi to zjy1 for i = 0,...,s. Eventually we will take a union bound over all x, y and paths
between them, but let us first compute the probability of a single such event.

For convenience of notation let T = u—u?/3, the degree lower bound for the intermediate
regime. For a given s as well as distinct vertices x, y,z1,. ..,z in [N],

P(x,y €V,(zi,zin1) € E(G) forie {0,...,s})
<P(|L\y, zi)| 2 7= 2, [T\, 22| 2 7= 2, (21,21) € E(G) fori € {0, ..., s))

s+1
=P(|L\y, z)| 2 T - 2) P(F\ M z)| 2 7 - 2) (%)

as now all events are independent and the path contains s + 1 edges.
As [T \{y, z1}] and IT'y\{x, z,}| are distributed as Bin(N — 2,d/N), we can use Lemma
to get

H)(|Fx\{]/, Zl}l > 17— 2) < (1 + ON(l))e—Ilog7+c7max{logd,1} < eO(112/3)—10gN

by Lemma
Thus by using a union bound, we can bound the probability that two balls of radius

r around two vertices in V intersect, by considering that we can choose x, y in (I;’ ) ways
and then we need to choose the path between x and y, i.e. for some s between 0 and 27,
we need s ordered vertices, for which there are (N — 2); ways. Combining this with the
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above bounds gives that the probability of two vertices in V being connected by such a
path is bounded by

s+1

N d s+1 2r d
-2 A= —(2+on(1))log N < 2 s| —(1+on(1))2log N
(2);(1\7 )(N) e <N ;N 5] e

< f(d/ 1’)(3_(1+0N(1)) logN

where we bounded Y7, d**! by f(d,r) :== ddz‘;_]l‘ ! whend # 1 and f(d,7) = 2r + 1 when

d = 1. Thus for any constant r the event holds with high probability. O
In order to prove that the balls around vertices in the fine regime are with high
probability trees, we start by bounding the probability that the ball around a fixed vertex

contains m excess edges, this result and its proof are almost identical to Lemma 5.5 in
[ADK21b] but we chose to include them for sake of completeness.

Lemma A.1. For a vertex x € [N], any integer C; > 1 and any constant s it holds that

5, (1511
P(EG.() > VW) - 1+ Ci| $i(0) < < (TF)

where C is a constant that depends on the constants s and C;.

Proof. We use the argument from Lemma 5.5 in [ADK21b], but obtain a slightly different
bound that is better suited for our regime of d.

Let T be a spanning tree of B,(x). If Bs(x) contains at least C; excess edges, there are C;
edges in B,(x) not contained in T, denote those by Er. Let Vg denote the vertices incident
to those edges and Ep the edges on the unique paths in T from x to the vertices of V.
Finally let Vp denote the vertices incident to edges in Ep. (See Figure 4 in [ADK21b] for
an illustration.) We define H to be the graph with vertices Vy U Vp and edges Er U Ep.

Let SE(x) denote that sphere of radius r around x in the graph F. Then the graph H is a
graph on the vertices [N] that satisfies the following properties:

1. x € F,

2. Si(x) € SS(w),

3. 1Sf() > 1

4. E(F)=V(F)-1+Cyand
5. V(F) <2Cir + 1.

The last property holds since the edges E incident to at most 2C; distinct vertices and the
paths in T from x to those vertices are of length at most r, which implies that Vp contains
at most 2C;r additional distinct vertices besides x.
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Thus we can bound the probability that E(Bs(x)) > V(Bs(x)) — 1 + C; by the probability
that B,(x) contains a subgraph F satisfying properties 1.-5. above. For a given x € V, we
start by conditioning on S;(x). Then let [F(x) denote the subgraphs satisfying properties

1.-5. Recalling that G denotes our Erd6s-Rényi graph G (N, %), we can bound
P (E (By(x)) > V (By(x)) = 1+ C1I$1(x)) < P (UrepF € GS1(x))
< Y P(FCGlsi).

FelF(x)

Now note that conditioned on S; we can construct any graph F € F(x) by first choosing
1 < s < C; vertices from S;(x), then choosing 0 < t < 2Cyr — s (we lose the +1 since x is
always part of F) vertices from [N]\8;(x), and then building a tree with these s +t + 1
vertices such that the first s are neighbors of x and the remaining  vertices connect to that
graph (but not to x), and then adding C; additional edges. We can bound the number of
such graphs by the number of labeled trees on s+t +1 vertices (for which Cayley’s formula
gives that there are (s + t + 1)°"""1) times the number of ways of choosing C; edges, which
can be bounded by (s + t + 1)*1. The probability that such a graph is contained in G is then

c
N " since the number of edges in F without those between x and vertices in
S1(x) is equal to t + C;. So continuing from above, we get

t+Cy
(w)( ~18:1(0)] - 1)(5 PRI ( d )

equal to (i)tJr

C
<
< Z t N
Cy 2 t+Cq
|Sl|5 s+t42C d
< _— 1-
< Z N ( +E41) 5
s=1 t=0
|Sll 2C11’— ,
< —— (d@Cir+ Z G+ 1y ) —(d(2C1r +1))
t=0
2C11’
< == (d@Cyr + 1)2) C1 (IS11(2Car + 1)) 2Cyr ((d(Q2Cy 7 + 1))?)
1
< erCzdg’Cl (2Cir +1)°715, @
54
< 3C (l 1 )
Cd N
where C is a constant that depends on the constants » and C;. m]

Proof of Lemma 2. Note that by a union bound over all vertices, we get
P (dx € V : B,(x) is not a tree)

< Z (Br(x) isnotatree,x € V,u—1ui <q, <2—2——

x€[N]

log N +P[a > 2 108N log N
loglog N . loglog N
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log N log N
< Z [IP (B,(x)isnot a treelSl(x))l(u us < ay < ZL)] + IP(dx > ZL)

& loglog N loglog N
2 log N log N
<Y Blarella(un v so e Bl s p(a 2 2 25
= loglog N loglog N
d+113l°gu
SNCdE’Clzl?\?Ne —— +N,

where we apply the bound from Lemma with C; = 1, as well as the bound on |V| from
and then used Lemma [4.6] for the second term. O

Proof of Lemma[3.5, 3. We show this for V. The proof for ‘W is identical. For a vertex x,
and constants C; that will be set later, let us define the events

Gi(x) = {[ISix)| - 47 e

<Gy 4 1))

and F;(x) := ﬂ;zl Gi(x). We will write G; and ¥; whenever it is clear from context which

vertex they refer to. First note that under 7;(x), |Bi(x)| < VN.

Now fix a vertex x. G; holds trivially by the definition of «,.

For i > 2 we now first show that conditional on S; the probability that S; is large given
that S;_; is small is small. More precisely we show that

P (G5 N Fi1lS1) < 2exp {-ui} (A.1)

To show the above equation first observe that conditioned on B;_;, S; consists of all
the neighbors of vertices in S;_; that are not in B;_;. Thus, conditionally on B;_;, |5 is
distributed as Binom(|S;_1|(N — |B;_1]), d/N).

Note that this implies that

1Si—1]|1Bi-1l

E[|5i| | Bi—l] =d|Si| - d N

(A.2)

Thus under the event #;, by Lemma @ because |Bj| < \/N,

P (|Isi - E[151 B 2 VASlnd + B

( VdISi_llu% + 11%)2
S2expq- SalBial) L 2 3. 7
2 (d1Sios] — BBty 1 2 (VAIS Tk + k)
(VAISTud +uf)
<2exp{-—

2(dISia] = d) + & (VIS + uF)
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< 2exp {—Cu%}

for some constant C that does not depend on i.

Now we need to transform the above inequality into the one that we are actually trying
to prove. For this we need to estimate some quantities: Let us define 6,1 = |Si_1| — d" %,
note that under ¥;_4

d5;_1 < 2Ci1(d™2 + Dus
and generally d < (di‘% + 1) us.
For easier readability set ¢; = C; (di‘% + 1) us. Then
1S — a7 a| > & = |ISi = dISizal| > &5 — dbiy
= |isi - E[ISd| B | > & - doi1 - d
= ||si| ~E[IS/ |Bi_1” > (Ci—2Ciy — 1) (4% + 1)uf
When ¥;_; holds and «a, < 2u,
VIS _yJuf +uf < \/d (d 200, + Ciy (@73 + 1) uf Ju
< (V2(Ciy + 1) + 1) (d72 + 1) uf

If wesetC;such thatC;—2C;_;1—1 > ( V2(Ciog + 1) + 1), then whenever cF;_; holds and
a, <21,

ol
I\

+u

us.

P (|IS] - day

> Ci(d? + 1)us|Biy) < P([ISi — EISHIBial| = VdISialu® +uf|Biy).

Finally we put all of this together in a union bound
P(Ix € V: UG (x))
< NE[P(UG:)|51(0)) 1(x € V)|

1

[ 7+3

< NE Z P (G5(x) N Fiaa(@)[$1(0)) 1 (1 = uf < oy < 2u) |+ NIP (a, > 2u)
i=1

[ 743

<NE Z E [lP(||Sil - di‘lax| > ¢ + NP (o, > 21)
i=1

[ 7+3

< NE Z 2exp {—Cu
i=2

=l

}1(11—11% Sax§2u) + NP (a, > 2u)

) 3
< N@r+3)e P (u —ud < ax) + NP (a, > 2u)
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3

313 2 u 1
< N(r + 3)e O —Zeftndlogu [_ L N——
< N(r+3)e N2° d N3

where we used that u = @( ogh ) by and then applied Lemma 4.6| for the second

loglog N
term and the bound on |V| from Lemma 3.4 for the first term.
O

Proof of Lemma 4. We will prove this for V, the proof with ‘W is identical. First note
3

that by Lemma ﬁ for X ~ Binom(N, d/N), IP (X > ui) < e 209 since d < (logN)3 by

The basic idea now is that by Lemma 3, there are O ((r + 3)d’*?u) vertices in B,,3(x) and

2
by Lemma |3.4{ there are eo(u3 8 u) vertices in V, so union bounding over all those vertices
implies the result. Let us now make this precise.
We show this level by level. For all y € S;(x), conditioned on B;, the N, are inde-
pendent and distributed as Binom(N — |B;|, d/N), which is stochastically dominated by

3
Binom(N, d/N). Thus the probability that any N, > u? is bounded by e_Q(u4 )
Putting everything together and using the notation ¥; as defined in the previous proof,
we first get

IP(Hx €V:dyeB,3(x): N, > uﬁ%) < ]P(Hx €V:3dy€B3(x): N, > u%,ax < 211)
+ ]P(Hx Ty > Zu)

and we know by [.5] 3. that the latter event happens with low probability. The first term
on the other hand we can bound by

Y P(xev,us{Iyesix): N, >ui},a, < 2u)

x€[N]
r+3 r+3
< Z i:]l’(ﬂy € Si(x) : Ny > ud, Fi(x), x € V, o, < 2u) + Z i]l’(?—'f(x),x €V, a, < 2u)
x€[N] i=1 x€[N] i=1

Now the latter term is small by the previous proof (note that we used a union bound there
as well.) For the former term we proceed as follows:

< Z Z E []E [1 (Hy € Si(x) : N, > u%) |Bi] 17—",-1x€(|/1ax§2u]

r+3

< ¥ Y e DE (IS0 Loyl o]

xe[N] i=1
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r+3

< Z E_Q(u%) Z E [(di_la +0 (di_%u% + ug)) 1ax§2ulxe(V]

x€[N] i=1

u

3 2
_€d+113 logu

<D0 ((r+3) (1+d*)u) 5 -

which is small as N — oo.
|

Proof of Lemma([3.5, 5. We prove this for ‘W, the proof for V is equivalent. Here we use
Lemma with t = 2u?/3. The probability bound we obtain is

exp (-Q (u?/(& +1))).

Therefore, for our range of d, it is possible to union bound over all vertices in |'W]|, as this

gives us
exp <u1/4) exp (—Q (u_l/?’/ (d3 + 1))) = exp (—Q (u_1/3/ (d3 + 1)))
by the bound in Lemma

Proof of Lemma We show that with high probability, for all vertices in U,
|5i| < 4i_1(d +loglog N —log d)l_lu (A.3)

which implies the statement by our bounds on d from Definition
The strategy is similar as in the proof of Lemma [3.5, 3: First note that by Lemma 4.7
under the event ;_1,

d
E [|Si| ' Bi—l] =d|Si| - |Bi—1||5i—1|N <d|Sia|l—d
using this bound and the fact that d < d + loglog N — log d, we get that
P(|ISil - E[1Si|Bi-1]| = ((d + loglog N — log d) v/2|Si1]u + (d + loglog N — log d)u) |B;.1 )
((d +loglog N —logd) V2|Si_1|u + (d + loglog N — log d)u)2

2 [|Si|Bi-1] + % ((d +loglog N —logd) V|S;_1lu + (d + loglog N — log d)u)

< 26—(d+10g log N-log d)u

<2expl-—

< 2N—1+0(1)

by considering which term in the denominator is smaller and then using the approximation

from for u.
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Now note that under the event 7,_1,

E [ISiI | Bi_1] < d4"2(d +loglog N — logd)'*u < 47%(d + loglog N — log d)'u

such that
|S;| > 47'(d + loglog N — logd)"'u

=|Si| — E[ISi|Bi-1] 2 3-472(d + loglog N — logd)""u

=|Si| - E[ISil[Bi-1| = (d + loglog N — d) v/2IS;_1|u + (d + log log N — log d)u.
This implies that

P (ISi| > 472(d +loglog N — log d)"'u[B;_1) < 2N+,

We now proceed as in the end of the proof of Lemma 3, by using the bound on U
from Lemma

For the second statement of the Lemma, note that it is sufficient to bound }., ., N ; We

once more use Lemma as in the proof of Lemma 3.5} 5, setting t = ¢>log” N and using
the bound on |U| from Corollary [3.1] O

Proof of Lemma[3.7] We use the arguments from the proofs of Lemma 5.5 and Lemma 7.3
in [ADK21b]], but choose to include them here for sake of completeness.

For any x € [N] let &, denote the event that there are at least C; excess edges in B;(x).
Then by a union bound

P(IceU: &)< Z P(&.,x € U, a, < 2u) + P(ay > 2u),

x€[N]

where the second summand can be bounded by N~2 according to Lemma
In order to bound the first term, we want to condition on S;(x), and then apply Lemma
for this we write

P(&,,x € U, a < 20) = E[P(EIS: (0)1(1x € U, a, < 2u))]

(@
3¢, |51I)
S]E[Cd (—N

G
c(2r)” (IO%N) %

IT(mu<a, < 2u)]

IA

Thus by taking C; > 2 and then doing a union bound over all x we get the desired
result.
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For the second statement of the Lemma, we proceed as in the proof of Lemma 7.3 in
[ADK21b] and write 7, the event that there are at least C, disjoint paths in B,(x) ending
at vertices in U, as a union over the specific paths:

.=y,
y.z

where the union is taken over all vectors y = (1, ..., yc,) with distinct entries in [N]\{x}
and the C,-tuples z of disjoint vectors (z, ..., z(%)) of length r; € {0, ..., s} for j € [C,], and

Ty, ={y; € Uy, {x,20} (20,20} {20, v} e EG)Vi e [r;- 1], j € [k},

For some fixed y and z, and thus fixed set of (r4,...,7¢,), since all paths are disjoint,
when we denote by N, the neighborhood of a vertex x, and use the independence of the
edges, we get that

P (Ty.) <P (|Nx N ([N]\y)| > u - cz)
&)

[TP(N 0 (NN U y)| > = Co = 1)

=1

d Z]CZZI rj+1
5

We now apply Lemma [#.2] and Corollary 4.1] to bound the remaining probabilities:
since C, is constant all these probabilities will be bounded by

e M log u+cnu —(1+o0(1))nlog N

=e
This implies that the above probability is bounded by

C
d21=21 7’]‘+1

N(chjl rj+1)+qc2(1+o(1)) '

To complete the union bound we need to count the number of terms, i.e. possible paths,
for each sequence of r;s. To do this we note that given that x is fixed, there are (I\gl) ways

of picking y and for the zgj) on each path there are (¥ _kfg ") ways of picking them. Thus

P (1)

C
=\ ¢ 2 re, N(Z]izlrj+1)+qcz(l+o(l))

1 =0 TCZ =0
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dCz (s+1)
SCorrr
NnCa(1+0(1))

where C is a constant that depends on the constants s and C,.

By taking C, > %, and then taking a union bound over all x, this implies that all B,(x)
only contain a constant number of disjoint paths ending at other vertices from U with
high probability.

O

Proof of Lemma To construct the pruned graph G we delete edges in the same manner
as in Lemma 7.2 in [ADK21b]: For every vertex x € U, and its neighbor y, consider the
set of vertices T, that are connected to y by a path of length at most 3, without traversing
the edge (x,y). If x is in this set, or the graph induced by T, on G is not a tree, then we
prune the edge (x, y). Denote the set of edges that are pruned in this way P,. According
to Lemma with high probability, each vertex x € U has less than C; “excess” edges
that create cycles in B3(x). Thus by the above procedure we prune at most C; — 1 edges
that are adjacent to x.

In the second step, we work with the graph on [N] with edges E(G)\P,, in which B3(x)
is a tree. In that graph we consider for each neighbor y of x, the vertices V,, in B;(x) that
are connected to y by a path that does not use the edge (x, y). If any of the vertices in V,
is in U, we prune the edge (x, y) and add it to P,. By Lemma we prune at most C; — 1
edges adjacent to x by doing this procedure.

We then apply these steps, by choosing an arbitrary order of vertices in U, then pruning
edges surrounding these vertices sequentially. Let H be the graph on [N] that only consists
of the edges U,./P, that we pruned. We then define our pruned graph G to be the graph
G with edges E(G)\ Uyecu Px. By construction G satisfies 1. and 2.

Note that only vertices x € U and vertices y € U,cq/S1(x) are not isolated in H. It is
clear that at each step of this procedure we prune at most C, + C; — 2 edges adjacent to
some x. Moreover, note that that any subsequent step cannot affect the degree of x in H:
otherwise, if we have already pruned for x € U, if in a subsequent pruning for x’ € U we
were to delete an edge adjacent to x, this would mean that (x’, x) is an edge in G, in which
case we would already have pruned it when doing the pruning for x.

Now let y € UyesS1(x)\U, i.e. let y be a vertex that is not in U and is a neighbor of
some vertex x € U. By Lemma y can be adjacent to at most C, — 1 additional vertices
from U, since otherwise B,(x) contains more than C, — 1 vertices from U. Thus we prune
at most C, — 1 edges adjacent to y. Hence the maximal degree of the graph His C; + C, -2,
implying 3.

Recall the assumption that the maximum degree is at most 1. Thus for each edge (x, y)
that we prune, 5, is reduced by at most 1. Additionally for each vertex y € 5;(x), we delete
at most C, — 1 edges by doing the pruning procedure for other x” € U. This implies that
0 < By — Br < a(Cy — 1) + (C; + C, — 2)u = O(1), which implies 4.

Lemma 3.6/ gives a bound on the growth of the spheres in the original graph and since
ay and @&, are of the same order, 5. follows immediately.
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For the last statement we rewrite

A2 A\ 2

L (- <o (s X unof+ T fo-

yesi(x) yesi(v) yesi(x) yesi(x)

The first term can be bounded by O(&) since G — G has a bounded degree by Lemma

3, for the second term we use Lemma 3.6/and the last term can be bounded by & (d - g)

and then be bounded using Lemma 3.
O

A.2 Proofs of distributional identities

Binomial estimates

Proof of Lemma[#.3} Using the inequality log(1 +x) > =5 for x > 0[],

I, (g) P 10g2 +

p
2-p p r 2-p a-p P,
log(l + 2 —P)) 10g2+ > 1. z(f_p) = 2(1 log2).

The second inequality is a direct consequence of I, (%) =l (1 - g) and the last statement

uses the fact that I,(x) is decreasing on x € (0, p) O
Proof of Lemma By Lemma
P (X >1)<e ™G, (A.4)

Using that log(1 + x) > ;= for x > -1, we get that
T (] m-t n
L(=)=21 1-—]1
p(m) Og(dm) ( m) og( m d)
n-— T
> — |1 — log(d - —
ot + 252 )
After multiplication with m this can be lower bounded by

_1],

where all but the first term are O (t max{logd, 1}), which implies the bound. O

i

T [log(’c) —log(d) + n-m

1%(1055(1 +x)— 7)) = (Hl)z >0forx > 0.

213 (x) = log(% - £y < 0for x € (0, p).
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Poisson Approximation
Proof of Lemma[4.1, We simplify using Stirling’s approximation and the fact that
1+ 0(2—2) for |c| < n:

e —
(1+5)" -

n

k)P 1-p)*

n 1 B
(1+o( ))k, e 111)" — /1_ -y
(1 (k2 + (np)* + 1)) e~ (np)*

P(X = k)

+
o

Kl
1 +o(k2 " ("p)2+ 1))113(1(: K

O
Proof of Lemma We have
P(X>k) = (1 + o(%))r(y >k)+O(P(X 2 Vi) +P(Y 2 vn))
and the latter term satisfies
\z 0
O(P(X = Vi) +P(Y 2 vn)) = o((\’;ﬁ)pﬁ + (nf/)m ] _ O((Ep\/ﬁ)‘/_).
O

Proof of Lemma Upper bound: We start with

P(X > A(1+0)) = Z P(X = k)

k=A(1+0)
o A
L w
k=A(1
Note that for k in our range, A/k < 1/(1 + 0). Therefore, we can upper bound this with a

geometric series.

A(1+6) b

= Ak
Zk_ = ¢ (/\(1+6)'Z(1+6)k
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AMIF) 45
< e (
AT +o)t o

Using a Stirling approximation, we obtain

R s Y A A(1+5) 2A1%0) 145
(A(1 +0))! ( S ) = (1+ 0A(1))€ \/W(A(l +0)) A(1+6) ( S )
= (140, 1)SAU*O)logA +0) + A1 +0) ~ )
' 21tA(1 + 6) 7%= 1+6

exp(=A(1 + 6)log(1 + 0) + A0)
VA min{ Vo, 6}

for sufficiently large A.
Lower bound: We once again have that

P(X > A1 +0)) = Z P(X = k)
k=A(1+0)

(o)
Ak
= e_A —

k=A(1+9) !
(1 +o0a(1))e™ Z AKek
- k+1/2
V21 k2A(1+6) ket

by a Stirling approximation. We write
c:=A1+9), f(x):=—-(x+1/2)logx+xlogA +x.
Therefore, we have

’ — _ i 12 - L
f'(x) = —logx +1log A + 7 17 (x) = 2x2

We then approximate our probability by an integral, which serves as a lower bound as
our function is decreasing. We then perform a Laplace method type bound.

c+C] 3 Akek +C1/3 /\xex
Y, o 2 f >
k=A(1+6)
+c173
[ ewte
C

= 00 [ (s - f)in
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= /O f " exp (f/(©)(x = 0) + 01 (f"(©)(x — ©)?)) dx

where the last statement follows from Taylor expanding and the formula of f”(x). By the
choice of our window, f”(c)(x — ¢)? = O(A~'/3). Therefore, this is

1/3

ef© f exp (f'(©)(x = 0) + 01 (f"(0)(x — ©)?)) dx

1/3

=(1 + 0,(1))e/O=</'© fm exp(f’(c)x)dx

efO=cf'(©)+cf'(c)

=-(1+ OA(l))T(l -0

ef(c)
fr(o)

By our choice of ¢, and under the assumption that 6 > LA, we have

=—(1+0:(1))

1
“Fo - Moy

Putting this together with the fact that IP(X > A1+ 6)) > IP(X =A1+ 6)), we have that

AAM1+0) pA(149)

1
(A(1 + o)) a0z - Max {log(l +0) 1}
(1 + 0y (1) CAO)

\Y

P(X2A1+0) 2 (1+0,(1))e

VA min{ V5, 6}
for some constant ¢ O
Proof of Corollary For the upper bound,
) ¢ a2
P(X>A140)) < ——————=<(1+0,(1
(x=2a+0) VAmin(o, o7} (1+ o)

5VA
by the Taylor expansion of /(5).

For the lower bound, define &’ = 6 + % Then A(1+6)+1=A(1+0"). We have

P(X > A(1+6)) = P(X 2 [A1 +6)1) 2 6o e

A
%
> 2 (1 - OA(l))Clm
Amin{d’, 6"} 0

2

=
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Tails of sums

Proof of| We will only work with the upper tail as the lower tail is similar. The bound
we get from Lemma[4.7is

t2
Pr(X >t+ ]E[X]) <exp (_Zd N %t)

Therefore,

t2
2 2 2
Pr(X >+ + 2tE[X] + E[X] )S eXP(—szr %t]

which we rewrite as

t2
Pr(X? - (@ +d) = £ + (2t - DE[X]) < exp [_2d + %t} '

By using the substitution t = /y + d%> + d — d, we can rewrite this as
+2d% +d - 2d\Jy+d*>+d
Pr(XZ—(d2+d)2y)§exp 7 Y :
S\y+ R +d+4d

As mentioned, this will follow from [BMdIP23|], Theorem 1. First, we wish to show
that, using the notation in the paper, v(L, B) — Var(X?) for large L. We first show that the
strategy of proof of Lemma 4 extends to our scenario. The probability that X*> — (d*+d) > y

is at most e~ for y > 4(d* + d). Therefore, we choose our Y to be
2
Y = (X2 - E[X?]) exp(X/12)Les per).

Y is integrable as the moment generating function E(¢?¥) is finite for all c¢. Therefore,
for sufficiently large mt, v(L, ) ~ Var(X?).

This makes the formulation of Theorem 1 in [BMdIP23] much simpler, and ¢,y is such
that

Mtmax + 2d° +d — 2d \'mit oy + d2 +d

Zitmax VMtmax + 2 +d + 3d

tmax = Var(X?)

Therefore fmax = (1 +0,(1))(2 Var(X?))**m™1/3. Using this on the four terms in Theorem

1 from [BMdIP23], as well as the bound that I(f) > Vt/12 if t > 4(d? + d), gives the result.
O

To verify Lemma we need the following easy lemma regarding the discretization
of a tail.
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Lemma A.2. Suppose that k € N and t > k. Then,

{x1+~--+xk2t,x1,~--,kaO}Q U {Xlztl,---,kafk}- (A.5)

(t1,--- tk)GN];O
f 4=t —-k+1

Here, N>, denotes the set of non-negative integers.

Proof. Since 0 < x —|x] <1, we have x; — [x1] + - -+ + xx — |x¢] < k. Using this fact, for any
non-negative xy,- -+, X,
o+ rmeztf e flal o+ ad > 1t - &)
fla) +o 4 Lud = L]~k + 1)
U {Lle >ty 0l 2 fk}-

(t1,.ms tk)ENI;O
b 4-tte=[t]-k+1

Proof of Lemma For the lower bound, note that

Since t;s are integers, | x;| > t; is equivalent to x; > t;. Thus, we are done. O

k a 1_a
P(Yi+-+ Y22 )2 P(Y] 2 %,...,Yiz%):nv(yfzi) > Che K2,

The upper bound is obtained as an application of the discretization from Lemma
In fact,

a
2

P+ +Y22t)< Y P(V2h,.. Yixt)<Ch) e tal,

where the summation is taken over (t4,...,#) € ]N’;0 with t; +--- + t, = |t] —k + 1. Since
the function f(x) = x2 with a > 2 is convex, by Jensen’s inequality,

Hence,
N B Te ) M 2 S S

We now bound the number of summands, i.e. the number of tuples (t;, ..., ) € ]N’;0 such
thatt; +---+t; = [t|—k+1. This is known as the number of weak compositions of || —k+1



APPENDIX A. PROOEFS 168

Lt]- k+1+k 1 Lt] . n en k
into k terms, and is given by ( ) = (7). Using the fact that (}) < (7) and the
condition ¢ > k, the number of summands is thus bounded by

()
k—=1/"\k-1) ~\k/~
The upper bound is established by applying this to (A.6).

To obtain (#.14), we simply plug the given values into #I3) and then use that (32)F =
N°® and

(t—k)?2k"2 = (1+ o(l))d“ 2 2(1 - —) b2 logN.
Noting in addition that

]P(Yf+---+Y,% >tand Y; > (¢loglogN)s foralli=1,--- ,k)

P(]Y1] > (elog logN)%)k

g IP(Yf+---+Y£2t)

P (Y] > (eloglog N)*)k

and recalling the tail probabilities of Y; in (4.12)), we establish (4.15).
The final statement (4.16) follows by similar calculations. Note that formally sending

b — 0in (4.14) and (4.15) gives (4.16) (recall that a > 2). O

Remark A.1. The proof of Lemma shows that the lower bound for the probability
P(Y? +--- + Y7 > t), obtained by forcing Y? > { foralli =1,--- ,k, is of the same order (at
the exponential scale) as the upper bound.

Proof of Lemma By the exponential Chebyshev bound, for any s > 0,
P([Vil + o+ [Vl* > L) < e LE[eM]" (A7)

Recalling that Y, is a random variable Y; conditioned to have an absolute value greater
than (¢loglog N)i, using a tail bound (4.12), there exists a constant C > 1 such that for
x > (eloglog N)s,

IP(IYll > x) < CeflologNp=x"

and for 0 < x < (¢loglogN)#, P(|Y;] > x) = 1. Hence, for any 0 < s < 1, using the tail
bounds (4.12)

E [eSm'a] =1+ j:o e sax* P (|Y1| > x) dx
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(¢ loglog N) 00
a _ o — —x@
<1+ f e sax®dx + Cf e sax? et 108108 N p=x gy
0 (¢loglog N)«

< s loglog N + Cet loglog N 5 e—e(l—s) loglogN (1 + Cs )ees loglogN.
- 1-s - 1-s
Note that the tail bound (4.12) implies that the moment generating function is infinity for
s>1.
Applying this to (A.7), by Chernoff’s bound, for any 0 <s < 1,

Cs

P(IVf 4+ + |V, 2 L) <eH(1+ T

)meesm log logN.
Now recall that L > m and sets := 1 — 7 € (0, 1) in order to balance the two terms el and
1+ = CS ™. Then,

~ ~ C L _ m V
]P(lYlla + ..+ |Ym|0‘ > L) < e—Lem (1 + %) eémloglogN

m
< Cme—Lem (E) eemloglogN,
m

which concludes the proof of (#.17). Since the function x — (£)* is increasing on (0, £), by

taking m = b-——— + cand L = alog N in the RHS of (4.17), we establish (4.18).

lgl N
O
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