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Local linear estimation for spatial random processes with
stochastic trend and stationary noise

Jung Won Hyunl, Prabir Burman?, Debashis Paul?"
1Department of Biostatistics, St. Jude Children’s Research Hospital, 262 Danny Thomas Place
Memphis, TN 38105

2Department of Statistics, University of California, Davis, CA 95616

Abstract

We consider the problem of estimating the trend for a spatial random process model expressed as
AX) = (X)) + e(x) + 8(X), where the trend xis a smooth random function, e(x) is a mean zero,
stationary random process, and {&(x)} are assumed to be i.i.d. noise with zero mean. We propose a
new model for stochastic trend in R? by generalizing the notion of a structural model for trend in
time series. We estimate the stochastic trend nonparametrically using a local linear regression
method and derive the asymptotic mean squared error of the trend estimate under the proposed
model for trend. Our results show that the asymptotic mean squared error for the stochastic trend
is of the same order of magnitude as that of a deterministic trend of comparable complexity. This
result suggests from the point of view of estimation under stationary noise, it is immaterial
whether the trend is treated as deterministic or stochastic. Moreover, we show that the rate of
convergence of the estimator is determined by the degree of decay of the correlation function of
the stationary process &(x) and this rate can be different from the usual rate of convergence found
in the literature on nonparametric function estimation. We also propose a data dependent selection
procedure for the bandwidth parameter which is based on a generalization of Mallow’s C,
criterion. We illustrate the methodology by simulation studies and by analyzing a data on surface
temperature anomalies.

Keywords

spatial process; stochastic trend; local polynomial smoothing; bandwidth selection; Mallows’ C,

Introduction

We consider a random process {Z(x), x € D}, where D is a subset of R¢ for d= 1 observed
at locations S,...,S,. We suppose that the observed random process is generated from a
trend plus a short term stationary error and a measurement error. Thus, the model for the
observations is of the form
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Z(S) = u(S;) +e(S;) + 8(S;), i=1.m, ©

where S/'s are the observation locations, {ZS)} is the observed random process, &(X) is a
mean zero, stationary process with Cov(e(x + £),e(x)) = y(NHh), where (') is a covariance
function on R and Ais an unknown scalar parameter, and &(S))’s are i.i.d. observational
noise with zero mean and variance z2. Moreover, 4(x), (x) and &(x) are assumed to be
independent. Our goal is to estimate the trend £(x), which is throughout assumed to be
stochastic. We estimate the trend using a local linear regression method. The proposed
methodology generalizes the formulation by Burman (1991) for the univariate setting.

When the trend is assumed to be a nonrandom function of the spatial location, one common
approach is to model the trend as a known parametric function. Such a trend surface
modeling approach assumes that the trend is represented in a given basis, such as a
polynomial or a fixed-knot spline basis, in the spatial coordinates. However, often it is
unrealistic to assume that the trend has a known parametric form, and it is reasonable to
model the trend as an arbitrary smooth function of the spatial location. Under such settings,
one can estimate the trend using a nonparametric smoothing method such as local
polynomial regression (Schabenberger & Gotway 2004) or spline smoothing (Wood et al.
2002). When a deterministic trend is assumed and a local polynomial method is employed to
estimate the trend, the asymptotic properties of the estimator have been thoroughly
investigated in the literature under the assumption of spatially uncorrelated noise. As a
representative text, Ruppert & Wand (1994) study the asymptotic bias and variance of
multivariate local regression estimators.

Stochastic trend models have been considered primarily in the time series literature (Box et
al. 1994, Durbin & Koopman 2001, Harvey 1991, Shumway & Stoffer 2000), where it is
often referred to as a structural mode/ Burman & Shumway (2009) consider a time series
model with a random trend and a stationary error and derive an expression for the
asymptotic mean squared error of the trend estimate. A discussion on deterministic versus
stochastic trend can be found in Chapter 4.1 of Box et al. (1994).

When modeling the random trend in the structural model, it is typically assumed that, for a
given k> 0, the &-th order differences of the trend are i.i.d. mean zero random variables. We
extend this idea to model the trend in (1). Specifically, we propose a model for x by defining
it locally through an integral with respect to a Gaussian process. However, the assumption of
Gaussianity is not essential for the asymptotic properties of the proposed estimator of the
trend.

In this paper we estimate the stochastic trend nonparametrically using a local linear
regression method and derive an expression for its asymptotic mean squared error.
Throughout we assume that the observation locations are randomly distributed over a fixed
finite domain. The results of this paper show that the asymptotic mean squared error for the
stochastic trend model is of the same order of magnitude as that for the deterministic trend
model, which suggests that it does not matter whether 4 is considered to be a nonrandom or
a random function. We also show that the rate of convergence of the estimator of yis
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determined by N, the parameter controlling the degree of correlation in the stationary noise
e. Note that in our asymptotic analysis, we allow //— o0 as n— 00, and show that the rate
of convergence for the local linear estimates is of order (min(n, A))~4“*9) Indeed, if N< n,
then the variance of the estimator is dominated by A, which plays the role of the effective
number of measurements (see Theorem 1). Only if /> n, the rate of convergence is similar
to the case of i.i.d. noise with 7measurements. In practice, we need to select the smoothing
parameter for estimating 4. Moreover, we propose a data-driven selection procedure for the
bandwidth which is based on a generalization of Mallow’s C, criterion and takes into
account the spatial correlation of the residual process. The analysis techniques can be
generalized to obtain qualitatively similar results for a local polynomial regression estimator
of stochastic trend using a higher order polynomial.

The rest of the paper is organized as follows. We present the stochastic trend model in
Section 2. In Section 3, we discuss the local linear estimation of the trend and derive an
expression for its asymptotic bias and variance. In Section 4, we present the method for data
dependent selection of the bandwidth for the smoother. In Section 5, we conduct a
simulation study to demonstrate the performance of the bandwidth selector for the local
linear estimator. In Section 6, we analyze the data on surface temperature anomalies in the
northern America using the proposed estimator. Proofs of the asymptotic results are given in
Section 7.

2 A model for stochastic trend

In this section, we describe the statistical model for the random trend 4. This is a spatial
generalization of a stochastic trend model commonly used in time series through a state-
space formulation (Shumway & Stoffer 2000, Burman & Shumway 2009). Later, we use this
random trend model for the true trend and establish expressions for asymptotic MSE of a
local linear estimator of the trend.

The idea of the proposed stochastic trend is to generalize the notion from the state space
model in time series that the 4-th divided difference of the series is a white noise process, for
a given integer & In the setting of the continuum, this notion is implemented by defining the
process through stochastic integration of a spline-type kernel with respect to the standard
Brownian motion. This kernel is defined through iterated convolution of a boxcar function,
and therefore the definition generalizes the notion that the divided difference of a certain
order is a white noise process.

Specifically, we define a univariate kernel L)(- ) by

L0y = 1 1[%%‘]( l)j(k+1){(k+l 2)R—1t1}*, teR 2
VOISR &) j / B : @

where k'is a positive integer which determines the smoothness of the kernel, [x] denotes the
largest integer less than or equal to x € R, > 0 is a parameter determining the support of
the kernel, and F,(R) is the normalizing constant given by
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[k/2]

Fi(R) = fk, Z (-1)1( ; ){(k+1—2])R—ItI} dt

k+1[k/2] k+1
=w (- 1)J(k+1)( 2j ) +

k+1
(k+ 1! k+1 '

=R

Notice that L(lk) is actually a B-spline of degree kwith knots at the points
[0} U {x(k+1- 2])R}[k/2] We plot the kernels LX) for k= 1,2,3, respectively, when R=1
in Figure 1.
Next, we define the ¢dimensional product kernel based on (2) as
d

LP) = H LO%x), x=(x,....x;) eR.. ®)
=1

Since the random trend is supposed to be a repeated local average of a spatial white noise,
we define z(x) on RY as

px) = f LP(x - uydB(w)

[k/2] k +
J
/lH (2R)k+1k' Z( 1)( J

@
{(k+1-2))R = |, - ul} dBw),

where B(u) is the standard Brownian sheet process on Ri. Notice that zis k— 1 times

continuously differentiable on RY.. The complexity of xis determined by the parameters R
and k.

Figure 2 shows the realizations of ((x) for d=1 and k=2 when Ris fixed at 0.5 and 1,
respectively. As expected, larger Rresults in smoother trend L.

Remark 1. /t should be pointed out that estimation of the underlying trend u does not
require the knowledge of the parameters R and k. Local linear or polynomial estimation of
depends on a banawidth (a tuning parameter) which can be estimated using a Mallows’ Cp
(Mallows 1973) type criterion discussed in Section 4.

3 Local linear regression

Before we begin this Section, we first briefly describe the main results presented below. The
optimal rate of convergence for the local linear estimation of 4 in the one-dimensional case
(i.e., d=1) is of order (min(n, M))™#/3, and is of order (min(n, N))~%3 when d= 2. In the
general case, this rate is of order (min(n, A))~4(4+9),
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In the nonparametric literature the rate of convergence is 744+ However, in our setup the
rate is of order N¥(4+9 if N'< n. As argued in Section 1, Nis the effective sample size and
this rate given here can be substantially lower that the usual rate 74(4*9 Even though we do
not explicitly write down the local polynomial estimate of g, it can be shown that, under
appropriate technical assumptions, a local polynomial estimate achieves the rate of (min(7,
N))~2K(2k+d) \where K is the degree of smoothness of the trend .

We start with a brief description of the local linear estimation procedure. We use the same
notation as in Ruppert & Wand (1994). Let Hbe a dx dsymmetric positive definite matrix
depending on 7. Then /2 is called the bandwidth matrix. For simplicity, we take a diagonal

bandwidth matrix so that # = diag(h%, hfz) where 4;> 0 for all /. Let K be a ctvariate

kernel such that /K (u)du = 1. We also write Ki(4) = |H™Y2K(H1/2(). We consider the
optimization problem:

n

Minimize {z(sl.) ~By— P (8;~ x)}zK (8= %)
i=

with respect to Sy and B;. The local linear estimator of the trend at location x is
i H) = f,. ©)

Equation (5) can be expressed in a matrix form. Let

1 (s, -

Z=[24,... 27, and Wy = diag{ Ki(S1 = X)...., Ki{ Sy~ X)}. Assuming that x'w x _is

nonsingular, the local linear estimator (5) is

T

Ao H) = e (XTWX )_1XTWZ
A 1Ix " x"x x X7

where g is the (d+ 1) x 1 vector having 1 in the first entry and all other entries 0.

We now use the stochastic trend model introduced in Section 2 to study the asymptotic
behavior of the MSE of the local linear estimator of the trend. Recall that, if A= 2 in (4), all
first-order derivatives of f(x) are continuous. Hence, we choose A= 2 in (4). Then the
statistical model, which we assume to be correct throughout, is
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Z(x) = u(x) + e(x) + 6(x), where

d
u(x) = f LP(x - wdBw) = / I1 L[(sR —|x; - ui|)i —3(R—|x,- ui|)i

/=4 16R3

JaB),

(6)

&(x) is a mean zero, stationary process with Cov(e(x + h), e(x)) = y(Nh) and y(0)

6(x) are i.i.d. with mean zero and variance 7% and independent of e(x) .

In order to present the theoretical results, we assume that the locations S;’s are randomly
distributed, even though the results would hold if the S;s follow a reasonably regular design.

We additionally make the following assumptions.

(A1)

(A2)

(A3)

The kernel K'is a compactly supported, bounded kernel such that,
fuuTK(u)du = u,(K)1, where /5(K) is a nonzero scalar and /is the dx d'identity

Lol
matrix. Also all odd-order moments of K vanish, that is, /u,'...u K (uwdu = 0 for

all nonnegative integers 4,...,/yadding up to an odd number. For simplicity, the
multivariate kernel Kis taken to be a product kernel based on symmetric
univariate kernels.

S;are i.i.d. with a common density Fhaving a bounded supp(f) C RY. Without

loss of generality, the support of fis taken to be a unit cube in RY. The point xis
in supp(#) and fis continuously differentiable at x with fx) > 0.

The sequence of bandwidth matrices /42 where H = diag(h%, hf,) is such that

each entry of A tends to zero, and 7 YHV2 and N YH Y2 — 0asn, N— oo,
In addition, there is a fixed constant Cy such that the condition number of H'is
at most Cy for all n, \.

The main results are concerned with the mean squared error characteristics of zi(x; H) when x
is an interior point. All the asymptotic results are conditional on the location {S}, and to
emphasize this, the mean and variances are denoted by E and Var s, respectively.

Let z(x) =

Eg{i(x; H)lp}. Then f(x) — u(x) is the model bias, and we can get the usual

variance plus bias-square decomposition of the mean squared error of ji(x; H) as

Eg[{Cx H) — n(0)}?] = Egl Var{jiCx; H) | u}] + Egl {(0) — u(0}?]. ™
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In order to describe our asymptotic results, we define the kernel K* as
-1 T
K*ux)=e] (XIW.X,) [l @-x"] Ky@u-x). ®

Then we can express the local linear estimator given in (5) as
n
it H) = ) K*(S;x)Z;. ©
i=1

The kernel K* given in (8) has the well-known properties
n

n
Y K¥Szx)=1 and Y K*(S;x)(S;—x)=0. (10)
i=1

i=1
We use (10) to prove Theorems 1 and 2. Also let P(K) = [ (K(u))zdu.

Theorem 1. Let x be a fixed point in the interior of supp(f). Assume that the model given in
(6) holds for d= 1. Also assume that (A1)—(A3) hold. Then

2

. 2_ 3 ([l 2.\ 4
E - =—_| [ k@ra| (1 D),
o1 - ueo?| 16R5( fo (o z) (140,0)

and
-1,-1

E[Varglate B |u}| = n~ 10~ 1P(K)(0'2 + 1'2)/ f(x)(l + op(l)) +N e / y(z)dz(l + op(l)),

where the oy, terms are with respect to the distribution of the S;’s.

Remark 2. Theorem 1 shows that the asymptotic mean squared error of the estimated xis
determined by Aand . In this result, as well as Theorem 2 below, the complexity parameter
R for the stochastic trend uis treated as fixed, even though its role in the expression for the
leading term in the bias is explicit. Note that the mean squared error

4 1

D) = E[ (05 1) = 50} ] = (a

3 /1 2
g, =——= K()t dt)
! 16R5( 0

is minimized at

—1,-1 —1,-1
h Nl )(1 1), h
+qyn +a; +0p( ) where

2 2,2
ay =P+ s and gy =r) [

. 9 93 173
h-_4q1n+w (1+0p(1)),

and the smallest asymptotic mean squared error is
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4/5

4/5 4 _
D) = ”5[(}‘) +4”5](72+W3) {1+0p(1)]x(min(n,N)) 4/5

Thus the optimal rate of convergence of the estimator of g, as well as the optimal choice of
bandwidth, depend on both sample size nand A, the parameter controlling the degree of
correlation in the stationary noise. Moreover, these choices, at the level of rates as a function
of NMand 7, are the same as that when g is a deterministic function with continuous second
derivative.

Theorem 2. Let x be a fixed point in the interior of supp(f). Assume that the model given in
(6) holds for d= 2. Also assume that (A1)-(A3) hold. Then

33 4 L1 o 2

K(l)t dt dt, +7h {f / K(Ht5dt,dt l

T60R° (/ / 2 262 0 241ty
+—h2h ( / / K(t)t dz dtz)( / f K(l)tzdt dt2

Eg| (700 - )| =

1+0 (1))

Eg[Varg{ate: B u)] = ™ (nyhy)” 1P(K)(02 +12)/ f(x)(l +op(l)) + Ny i) f y(z)dz(l +op(l)).

Remark 3. Theorem 2 shows that the asymptotic mean squared error of the estimated x is
determined by both AVand 7. In particular, the optimal bandwidth is of the order of (1/n
+1/N)Y/6 and the optimal mean squared error is of the order of (min(s, A))~%/3 as shown
below. The mean squared error is

Dy hy) = E S[(ﬁu; H) - u(x))z]

4 4 2,2 —1, -1 —1, -1
=(q11h1+q12h2+q13h 12+ qyyn (o)™t 4 N iy ){1+0 (1)}, where

K0y dl dt ) i = / / K(l)t dt,dt )
= 160R (/ / 2 125 160R 5 )
81!7 /(; A K(t)tldt ldtz)( A [) K(t)t2dzldt2)

4y = PO + 7)1 £, and g = P(K) / 7(2)dz.

It is minimized at the bandwidth

1/8 1/6 1/41/4

912 172 1/6(921 922 1
hT:H[‘t(‘]llqu) + q13] (—+T) {1+op(1)}andh5: )

and the smallest mean squared error is
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=273 421532 172 173121 | 922 2/31 ) = (mi -3
)‘( + )[ (qllqlz) +5113] -t { +op( )}A(mm(n,N)) .

D(h*, h =+

172

4 Data-driven selection of bandwidth

In this section, we propose a method for selecting the bandwidth matrix /2. Ideally we
would like to select the bandwidth matrix which minimizes

L(H) = Zn: E{i(S;H) - u(S;)) 1)

i=1

Since L(H) involves unknown parameters, we cannot use (11) directly. Hence we first obtain
a good (meaning, nearly unbiased) estimator of (11) and then minimize the estimate with
respect to the bandwidth matrix A2,

We begin by examining the residual sum of squares,
E{SSE(H)}: = E[Z;; Az(s) - ﬁ(Si;H)}2]' It is straightforward to show that £{ SSE(H)}

equals
E| T2 [3(5) + 9%(5;) + 2e(5,)o(5)} | + ) = 2B[ 7 _  {els;) + o(5,)} (s 1) = ()]

Lemma 1. Assume that the second and third conditions given in (6) hold. Then
Eg[ S 1 {e(s) + 8(S) Az 1) = uls)}] = i 2 = (N[, = 5,)Jk5(s ;) where the
+ T KH(S;S)

kernel K* is given by (8) in case of local linear regression.

Assuming that we have preliminary estimates y and 22, and using Lemma 1, L(H) can be
estimated by

SSEGD +2 337 X 7K 5 + 22 T Ke(sp) — E[ T [€3(5) +07(s) + 2e(s,)o(s )}

Since the last term in the above expression does not involve A, we can ignore it and then
obtain the following criterion function

n n n
G(H) = SSE(H)+2 Y Y 7,K%(S;:8,) +28° Y K¥(S;5). 12)
i=1j=1 i=1
We minimize the criterion function ¢(A) over H. If the minimum of ¢(~) is attained at A,
then we take Ji(x; H) to be our estimate of the trend.

We briefly discuss how to estimate () and 2. Assume that the error component can be
modeled using a known parametric form. We first obtain a preliminary estimate of (x) by
using a A-nearest neighbor regression where the integer kis not too large, so that the
estimate has low bias. In our examples, we used & ~ /723 If ji is the preliminary estimate,
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then we use Z(S,) — /i(S;) as an estimate of the spatially correlated error £(S)) + &S)). Then

we can fit a covariogram model to these residuals, and estimate the corresponding
parameters for the covariance function by one of the well-known methods, such as a
likelihood-based method or a least squares method.

5 Simulation

We perform a brief simulation study primarily to assess the effectiveness of the bandwidth
selection criterion proposed in Section 4. Additionally, we demonstrate the effect of
stochastic variation on the accuracy of the trend estimation by local linear regression.

Fifty realizations, each consisting of 200 observations, were generated from model (1) with
a deterministic trend (x) = Asin(rrxy)sin(mrxy), and e(x) is a mean zero Gaussian process

with Cov(e(x+h),e(x)) = exp(—6h) and &(X) are i.i.d. N(0, 22) independent of £(x). For each
realization, we obtained an estimator i(x; /) and calculated the mean squared error given by

v =4 3 {353 ) ) |-

The bandwidth was selected by the method described in Section 4, where we assumed that
the stationary error follows the exponential covairogram model (same as that used in the
simulation), and estimated the corresponding parameters by the estimation procedure
developed in Hyun et al. (2012). The mean and standard deviation of MSE for various
combinations of the model parameters are listed in Table 1. The results show that as the
value of @increases, implying smaller degree of correlation among the observations, the
accuracy of the estimated trend increases. This is an indication that the bandwidth selection
scheme is effective in choosing a suitable estimator of the trend.

We also report the result from a stochastic trend model with ¢ modeled through (x) =
Asin(rcyyx1)sin(ry»X2) where the amplitude A and the phase y4, y» of the trend follow

Chi-Square distributions. We choose A~xio/20 andy,, yzi'ii' ;(50/20 so that the expectations

of A, y1and », are 2, 1 and 1, respectively. The mean and standard deviation of MSE for
the stochastic trend model are shown in Table 2. We observe that both the mean and standard
deviation pf MSE for a stochastic trend model tend to be greater than those for the
corresponding deterministic trend model (compare with the first column of Table 1),
reflecting the additional variability in the estimates accrued due to randomness. The
behavior of the MSE, with respect to the change in the parameter & (determining spatial
correlation among residuals), is qualitatively similar to that in the deterministic trend setting.

6 Analysis of surface temperature anomalies data

As an application of our method to a real problem, we analyzed the data on monthly surface
temperature anomalies collected in the region corresponding to the latitude range of 52.5
degrees south to 22.5 degrees north. The data is from the National Oceanic and Atmospheric
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Administration (Smith et al. 2008) and can be downloaded from the website http://
www.esrl.noaa.gov/psd/data/gridded/data.mlost.html

The data set consists of merged land air and sea surface temperature anomaliesona 5 x 5
grid-box basis spanning 1880 to the present at monthly resolution. We considered the
monthly data in March, June, September, and December in 1983, 1993, and 2003. For each
monthly data set, roughly 1,150 observations were available. We applied a local linear
method to each spatial data set and compared the results. We used the criterion given by (12)
to select the bandwidths. We first obtained an estimate of the error using the method
described in Section 4. Then we used the residuals after subtracting the trend to fit a Matérn
covariance model (Diggle & Ribeiro 2007, Schabenberger & Gotway 2004), with a nugget
effect, to account for the observational noise. We set the smoothness parameter of the
Matérn covariance to be at v= 1.5, so that the covariance function is given by »(¢) =

(21 )5l g) -2 Ky 5(Ilchil g), where ¢ > 0 is the range parameter, and K,(-) denotes a
modified Bessel function of the second kind of order v. We estimated the parameters o2 and
¢ of the covariance model, together with the nugget effect 2, by maximizing the likelihood
(assuming Gaussianity of the residuals) through a grid search.

Table 3 shows the estimation results along with the mean squared error (MSE) calculated
from the estimated trend. The key observations are summarized here, (a) Estimates of ¢ are
stable across years and months, indicating the overall pattern of spatial correlation in the
small scale variability of the temperature anomalies remains fairly static across time, (b)
Estimates of o2 are more variable, with higher values in the year 1983, reflecting significant
changes in the variability of the temperature anomalies across years, (¢) Small values of
estimated 72 indicate the near absence of observational errors, which is understandable given
the precise measuring devices typically used in collecting the observations.

We also display the observed monthly surface temperature anomalies along with the
difference between the observed temperature anomalies and the estimated trend in Figure 3.
These plots show that the proposed estimation and bandwidth selection method is able to
capture the large scale component of the temperature anomalies quite effectively. The only
portion showing significant residual effect corresponds to a patch around longitude 300° and
latitude between 0° and 40° south, which corresponds to the west coast of South America.
Here, the changes in the temperature profile are rather sharp and the selected bandwidth
appears to oversmooth the estimated trend in this region.

Proof of Theorem 1: Let D) denotes the a'x 1 vector of first-order partial derivatives of a
sufficiently smooth a-variate function g at x. Also 1 denotes a generic matrix with each entry
equal to 1, the dimensions of which will be determined in the context. For a random matrix
Un O/ Up) and g,(U)) are to be taken componentwise.

Using (9) and (10), we can get

Sankhya Ser B. Author manuscript; available in PMC 2019 November 04.


http://www.esrl.noaa.gov/psd/data/gridded/data.mlost.html
http://www.esrl.noaa.gov/psd/data/gridded/data.mlost.html

1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Hyun et al. Page 12

E (li(x; H)

n1= 3 Ke(sabs)

i=1

1]
™=

K*(s:; x)[/t(x) + o) (S, - x) + { u(S,) = ) — 4 (s, - x)”

i=1

n
p(x) + Z K*(Sl.; X){/l(Si) = pu(x) — ﬂ(x)T(Si - x)} .

i=1

Recall from (6) that u(x) = /L{P(x — widB(u). For simplicity we write L@)(x-4) to denote

LP(x - u). Hence

n
E A H)| 1] = p(x) = Z K*(Si; x)[ / L(2)(Si_u)dB(u)— f L(Z)(x—u)dB(u)_

i=1

/ PPoe-w(s, - x)dB(u)]

K*(5;:) f {L(z)(sl. —u) = LD =)~ 1P - (s, - x)}dB(u) .

1=

i=1

Let R(x) be the 7x 1 vector given by

R(x)

/[L(z)(Sl - u) - L(z)(x —u)— L(z)(x - u)T(S1 - x)]dB(u), /[L(z)(sn - u) - L(z)(x —u)— L(z)(x - u)T(Sn - x)}dB(u)

Then

-1
EglACe )| u] - u(x) = elT(XfwxXx) xIw R,

where X, and W, are given in Section 3.

Ruppert and Wand (1994) showed that

f@ T o, =D @ 4 0,(1)

('xTwx ) = ) 1 1
=D (@) + 0, (1) {p(K)fH) ™ +0 (H)

It is also easily seen that
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n'XIW R(x) =

nY K (S - x) f [L2(8; = u) = L2 = ) = LP0c = w (8, - x)aB(w)
(14)
Y Ky(S, - x) / [L2(8;= ) = 1P = ) = LD = ) (5, = x)}dB)(S; - x)
and
n_1 S —x &) C—u)— (2)x—u—.(2)x—uT =X w)(S. —x)=
2 Kl [ 11 2Msim0) -1V -5, aofs )= [k
/ {L(z)(x +HYZ - u) 1P -wy - iP5 Zt}dB(u) x (H“ 2:) f(x +u zt)dt(l + op(l)) .
It follows from (13) and (14) that
Eg[fiCe H) 1] — u) = f0) '™ Y Ky (S, = x)
i=1
f{L(Z)(Si - u) - L(z)(x —u) — L(z)(x - u)T(Si - x)}dB(u) X (1 + op(l))
= fx)! / K(1) / {L(2)(x +H'"?t—u) = LP(x - u) - [P0 —w5" 2t}dB(u
(15)
)X fx+ H”zt)dt(l + op(l))
- / K() / {L(2>(x +H"t—u) = LP(x —u) - [P0 - w5 2z}dB(u)dt
(1 + op(l)) .
Recall from (6) that, for o= 1,
LPx—u) = ﬁ{(w —lx—u); = 3R —x—u)i}. (16)

It follows from (15) and (16) that

f K(1) f {L(2)(x +H'"?t—u) = LP(x - u) - [P0 —w5" 2t}dB(u)dt a7
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is a sum of integrals of A(# and component of the kernel L3 (x - 1) over various rectangular
regions corresponding to the points of non-differentiability of L. The dominant term in
(17) is given by

X
. / / KW dtdB(u) + —— K(t)( 2h%t Z)dtdB(u)
16R 3R+h 16R3 X—R+h

x+R 5 2 l x+ 3R 29
3 / K()(—21*)dtdBw) + —— / KW dtdB(u)
16R 16R x+R+hJO
1 X — R h 2 2 O 29
— f KO dtdB(u) + f K(t)(—Zh t )dtdB(u) (18)
16R3Jx - 16R3J -1
X + R h xX+3R—-h 0
% f K@) —2h2t2)dtdB(u) + —3 / f K(Hh**dtdB
16R X -1 16R X+ R -1
().

One important component in obtaining the leading order terms in the expression for the
squared bias [ES[([ES[ﬁ(x; H)lu] - y(x))z] is to use the following “identities”

[E[(dB(u))2]=du and E[dBw)dBM]=0 for u#v. (19)

Then we can show that the squared bias is given by

. 3 1 2
[ES[([ES[ﬂ(x; H)|u] - ﬂ(x))z] = 16?( A K(t)tzdt) h4(1 + op(l)).

For the variance, we first calculate Eg[Var[fi(x; H) I pl] for x € R. Let V be the 17 x nvariance-

covariance matrix given by

Then

1

r r TWX)_e.
XX 1

E | Varglite B)|ul| = T(x W x) lxxwwixxx(x)C

The upper-left entry of n™ 2w vw X _is
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2 2
S :T |H|_1/2/K2(u)f(x+H1/2u)du(1 +0p(1))+//K(M)K(V

)y(NH” 2(u— W)f(x+ HY zu) flx+ HY 2v)dudv( 1+ op(l))

(20)
= nHIPPEKY (0 + ) f)(1 + 0, (1)) + N7 HIT2PK) f @dzf(x
(1 +0,(D),
the upper-right block is
62 + 1'2 c T 1 v %
> '_I(S—x)K _22 21 K (8= x)K (S, - x)
i#j
2 2
(N(Si -S ])) = %uﬂ‘” 2 f u" H'? K2 (u) fx+ HY 2u)du(1 + op(l))
+ //MTHI/ZK(M)K(v)y(NHIIZ(u - v))f(x + H”zu)f(x + H”zv)dudv
x(1+ op(l))
5 5 (21)
= %Wr”2/uTH”zKZ(u)Df(x)THl/Zudu(1 + op(l)) +N‘2|H|‘”2/K

o H2D () "H™ay / 2r@dzf* (01 +0,(1)) + N~2HI ™ P(K) f i
yzf2 )1+ 0 p(1))
=0 (n "1HIP1H) + 0 (N IHIT ),

and the lower-right block is
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T3 (5, 0= Kyl o
+ izjzl 3 (5, s =), == (s~ 5)
i#j

2, 2
_o -’:r lHl-1/2/H1/2WTH1/2K2(u)f(x+H”zu)du(l +0,(1)

+ /]HI/ZVK(V)K(u)uTHl/zy(NHl/z(u - v))f(x + Hl/zu)f(x + Hl/zv)dudv

@2)
X (1 + op(l))
02+12 —1/2441/2 2 T 1/2 —1ygy—1/2
= T H f K*(uyuu’ duH f(x)(l + op(l)) + N NH]| / 7z
YdzH"? / K2 dvH' 221+ op(l)).
So, using (13) and (20)—(22), we obtain
Eg[Var[i(x; )| u]] = n~ "1HI"'2P(K)(0” + °)/ f(x)(l + op(l)) + N E~?p
@3)

(K) f 7@dz(1+0,(1)).
Now, let = 1. Then |H = /2. Hence,

E o[ Var[iGre: H) | ul] = ™~ 'h™ 1R(K)(0'2 + 72)/ f(x){ 1+ op(l)} v R f y(z)dz(l +o,1 )) .

O

Proof of Theorem 2: It follows from (15) that, for d= 2,
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E ([Cx; H) ] - p(x) = f K@ / {tPern'?
1, . 1 r0
= K@) {L(z)(x s a2 u) 1%y 1P - u)TH” 2 dB(u)dt di, + K
0o Jo 25 Jo J-1
. 0 pl
) f {L(z)(x+H1/ 2t—u)—L(2)(x—u)—L(2>(x u)TH” 2 dB(u)dtldt2+ / f K(t
-1Jo
. 0 0
) f L(z)(x+H”2t—u)—L(z)(x—u)—L@(x u)TH”2 dB(u)dtldt2+ / | f Ka

f L(z)(x +u ) 1D —wy iD=y a1 }dB(u)dtldtz

‘- u) 16— wy - 1P - TeV% }

dB(u)dt(l + op(l))

x(l +op(1)).

Hence,

Eg|(Egliite; B |u] - p())’| = Eg

1 1 2
’ f / K(1) / {L(z)(x +H'"?t = u) = 1P~ u) - [P — ) B zt}dB(u)dtldtzl (24)
0 0

+Eg

1 0 2
/ / K1) / {L(z)(x +H"? = u) = 1P — ) - L2 — )" H zt}dB(u)dtldtzl (25)
0 -1

+Eg

0 1 2
/ f K(1) f {L(z)(x +H"? = u) = 1P~ u) - [P — ) 1 zt}dB(u)dtldtzl (26)
—-1J0

+Eg

0 0 2
f / K@) / {L(z)(x +H"?t—u) = 1P —u) - [P — ) B zt}dB(u)dtldIZ] @n
-1J-1
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+2E

1 1
[ / f K() f {L(2>(x +H"1—u) = LP(x - u) - [P0 —u)H"
0 0

1 0
/ f K() f {L(z)(x +H'"?t —u) = LP(x — )
0 -1

— 1P —wTH" 2t}dB(u)dt1d12”

}dB(u)dtldt2 X

+2E

1 1
[ / f K() f {L(2>(x +H"1—u) = LP(x - u) - [P0 —wTHY
0 0

0 1
f / K@) / {L<2>(x +H"?1 = u) - L2 — )
-1J0

1P - wTH zt}dB(u)dtldtZH

JdBGudrdty| x

+2E

1 1
[/ f K(t)/{L(Z)(x +H? - u) - L(z)(x —u)— L(z)(x - u)TH]/Zt
0 0

0 0
f f K@) / {L(z)(x +H'"t = u) - LP(x - w)
—-1J -1

[P —wH" Zt}dB(u)dtldtZH

JdBQudrdty | x

+2E,

1 0
[/ / K(t)/{L(z)(x +HY? - u) - L(z)(x —u) — L(z)(x - u)THl/zt
0 -1

0 1
/ f K() f {L(z)(x +H'"?t—u) = LP(x - )
-1J0

— [P —wHY 2t}dB(u)dt1dt2”

}dB(u)dtldtz X

+2E

1 0
[ / f K() f {L(2>(x +H"1—u) = LP(x = u) - [P0 —u)H
0 -1

0 0
/ f K() f {L(z)(x +H'"?t —u) = LP(x — )
—-1J -1

— 1P —wTH" 2t}dB(u)dt1d12”

}dB(u)dtldt2 X

+2E

0 1 .
[ / f K() f {L(2>(x +H"21—u) = LP(x - u) - [P0 —wTHY
-1J0

0 0
f / K@) / {L<2>(x +H"?1 = u) = L2 — )
-1J-1

1P - wTH zt}dB(u)dtldtZH

JdBGudrdty| x
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By expanding (24)—(33), repeatedly using the identities (19) and then collecting only the
terms that involve the leading order, we can show that the squared bias is given by

K(t)t dt dt + (/ f Kt dt dt )
160R ‘/ f 6 2l 277172
(/ / Kt dtldt2](/ / K(t)tzdtldtz 1+op(1)).

For the variance, (23) shows that, for x € R,

S[ E glCe )| ul = (o))

-1/2 -1/2

E | Vargliite 1) |ul| = n™ 1H] R(K)(o2+12)/ f(x)(l +0p(1)) + N V2R / y(z)dz(l +0p(1)).

Now take d= 2. Then |H| = h%h% Thus it follows that

Eg[Varglate B ul] = n~ (ko)™ lR(K)(az +12)/ f(x)(l + op(l)) + N7y R f y(z)dz(l + op(l)).

O

Proof of Lemma 1: Using (9), we get

n
o) = Eglae Blul = 3, K¥(Sx)u(s;).
i=1

Thus
e 3 et et i)t = 35 s i)
=5l 2 o) ts)) X sl ol
—Eg é:l jZZ:I{s(S)M(si)}{e(sj) 5(3})}1@(3 S)
) é:l jé:lcovs[&(sl) é(SJ)]K*(Sj; Sl) +72,§1 w(5is)
- é:l ng y(N(Sl _s ))K*(SJ; sl.) + Tzl gl K#(s;:5))
O
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Figure 1:
Univariate kernels L{“() for #= 1. Solid line corresponds to L{"(?) = 0.252 — 1), dashed

line L0 = {3 - 1)} - 301 - 1% }/16, and dotted line L x) = {4 - 1)} - 42 — )7} 196.
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Figure 2:
Realizations of the random trend yfor d= 1 and k=2 when R=0.1 (solid line) and R =

0.05 (dashed line).
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Figure 3:

The observed temperature anomalies (upper panel) and the difference between the observed
temperature anomalies and the estimated trend (bottom panel) for (a) March in 1983, (b)
March in 1993, (c) March in 2003, (d) June in 1983, (e) June in 1993, (f) June in 2003, (g)
September in 1983, (h) September in 1993, (i) September in 2003, (j) December in 1983, (k)
December in 1993, and (I) December in 2003.
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Table 1:

MSE for the deterministic trend model

A=2 A=8
Mean (SD) Mean (SD)

=01
2=04

0.4886 (0.1796)  0.5840 (0.2033)
0.5008(0.1891)  0.6208 (0.2156)

2=01
2=04

0.1705 (0.0596)  0.2760 (0.0718)
0.1991 (0.0692)  0.3173 (0.0800)
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Table 2:
MSE for the stochastic trend model

Mean (SD)

=8 2=01 0.8933(0.2398)
=32 2=01 06293 (0.1014)
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Table 3:

Estimation results for temperature anomalies data. The selected bandwidths /; and /% correspond to longitude

1duosnuey Joyiny 1duosnuen Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

and latitude, respectively.

Year

Month

¢

~2
c

hy

h,

MSE

1983

March
June
September

December

3.95
4.48
4.17
3.61

0.15
0.14
0.07
0.09

0.01
0.02
0.01

14.30
8.71
12.14
14.23

3.08
4.62
2.77
3.01

0.0884
0.0796
0.0360
0.0569

1993

March
June
September

December

417
4.04
3.85
3.86

0.06
0.05
0.05
0.07

0.01

11.12
12.48
12.34
13.35

3.70
3.04
3.50
3.46

0.0333
0.0276
0.0274
0.0385

2003

March
June
September

December

3.88
4.04
4.18
4.15

0.08
0.09
0.07
0.07

0.01
0.01
0.01
0.01

14.02
10.72
13.94
11.44

3.18
5.32
5.25
3.26

0.0433
0.0569
0.0449
0.0365
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