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EPIGRAPH

Human beings are not born once and for all
on the day their mothers give birth to them,
but ... life obliges them over and over again
to give birth to themselves.

Gabriel Garcia Marquéz

Five minutes are enough to dream a whole life,
that is how relative time is.

Mario Benedett:

Utopia is on the horizon.

I move two steps closer;

it moves two steps further away.

I walk another ten steps and the horizon runs ten steps further away.
As much as I may walk, I'll never reach it.

So what’s the point of utopia?

The point is this: to keep walking.

Fernando Birri
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The implementation of advanced optimization-based control strategies in complex
engineering systems promises significant improvements in efficiency and performance.
However, the practical implementation of these strategies often faces substantial challenges,
including distributed implementation requirements, nonlinear dynamics, system uncer-
tainties, and insufficient robustness margins. This dissertation addresses these challenges
through the lens of hybrid dynamical systems, developing robust and efficient control
algorithms for a diverse range of applications. Our research explores four key areas,

each offering distinct advantages for various scenarios: momentum-based methods for
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distributed optimization and real-time decision-making, nonsmooth approaches for fixed
and finite-time stability, time-varying methods for prescribed-time convergence, and global
optimization on manifolds.

In the domain of distributed optimization and real-time decision-making, we intro-
duce novel hybrid momentum-based algorithms that overcome the limitations of related
purely continuous-time approaches used in optimization, and extend their applicability
to both potential and nonpotential game settings. These methods provide accelerated
convergence rates over traditional gradient-based approaches, and are particularly effective
in scenarios with low curvature.

Complementing this work, we investigate nonsmooth dynamics for fixed and finite-
time stability. While momentum methods excel under certain conditions, nonsmooth
approaches offer the potential for guaranteed convergence within a finite time, independent
of initial conditions. Our approach applies both momentum-based and nonsmooth methods
to practical problems such as traffic congestion management and accelerated learning,
offering a comprehensive comparison of their respective strengths across different scenarios.

Our research extends to time-varying methods, utilizing suitable dynamic gains
to shape the transient behavior of hybrid systems with preexisting uniform asymptotic
stability properties. By interconnecting these dynamic gains with the original system,
we obtain, in particular, prescribed-time stability results, guaranteeing convergence to a
compact set within a user-defined finite time that is independent of initial conditions and
problem parameters. We demonstrate the effectiveness of this method in complex scenarios,
including systems with intermittent feedback, by applying it to switching systems with
resets.

We address the challenge of global optimization on compact manifolds using gradient-
free dynamics. Our approach overcomes topological obstacles that typically preclude the
implementation of smooth, nonsmooth, and even time-varying techniques in these spaces.

By harnessing the flexibility of hybrid systems, we develop mechanisms that not only
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render the manifold forward invariant but also have provable nonzero robustness margins
for global optimization.

Finally, we address the challenge of robust global stabilization of Kapitza’s pendu-
lum’s naturally unstable upright position. We propose a novel hybrid control approach
that leverages multiple oscillating directions to achieve global asymptotic stability. This
method overcomes the limitations of traditional smooth control techniques in address-
ing the pendulum’s complex dynamics, demonstrating the power of hybrid systems in
stabilizing counterintuitive nonlinear phenomena.

Throughout this dissertation, we employ tools from hybrid systems theory and
Lyapunov stability analysis to provide rigorous convergence guarantees. Our theoretical
results are substantiated by extensive numerical simulations, demonstrating the efficacy of

the proposed methods across various engineering domains.
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Introduction

The implementation of advanced optimization-based control strategies in complex
engineering systems promises significant improvements in efficiency and performance.
However, the practical implementation of these strategies often faces substantial challenges,
including distributed implementation requirements, nonlinear dynamics, system uncer-
tainties, and insufficient robustness margins. This dissertation addresses these challenges
through the lens of hybrid dynamical systems, developing robust and efficient control
algorithms for a diverse range of applications.

The increasing complexity of modern engineering systems, from power grids [12] to
autonomous vehicles [13], demands sophisticated control strategies that can handle multiple
objectives, constraints, and uncertainties. Optimization-based control has emerged as
a powerful paradigm for addressing these challenges [14, 15]. This approach combines
the rigor of mathematical optimization with the practical constraints and objectives of
control systems, enabling the design of controllers that can handle multi-objective criteria,
system constraints, and uncertainties. As control systems become increasingly distributed,
large-scale, and operating in uncertain environments, new challenges arise that require
innovative approaches.

Traditional centralized control methods often fall short in these scenarios due
to communication limitations, scalability issues, and the need for real-time adaptation.
Moreover, the presence of nonlinearities, coupled dynamics, and time-varying parameters

further complicates the design and analysis of effective control strategies. The transition



from theory to practice in optimization-based control often encounters obstacles that limit
the effectiveness of these methods in real-world scenarios. These include computational
complexity and real-time implementation constraints, robustness issues in the presence
of model uncertainties and disturbances, challenges in distributed implementation and
coordination, difficulties in guaranteeing global convergence (especially in non-convex
settings), and the need for fast adaptation and convergence in time-critical applications.

This dissertation aims to address these challenges by developing a comprehensive
framework that leverages the power of hybrid dynamical systems. Hybrid systems, which
combine continuous-time and discrete-time dynamics, offer a flexible and powerful modeling
paradigm that can capture complex behaviors and enable innovative control strategies
[16]. By exploiting the interplay between continuous and discrete dynamics, we develop
algorithms that achieve superior performance, robustness, and convergence properties
compared to traditional approaches.

The overarching goal of this dissertation is to develop a comprehensive framework
for addressing the challenges in implementing optimization-based control strategies. Specif-
ically, we aim to develop robust and efficient algorithms for distributed optimization and
real-time decision-making, design control strategies that achieve fixed-time and finite-time
stability, create methods for prescribed-time convergence in complex systems, and solve
global optimization problems on manifolds with provable robustness guarantees.

To achieve these objectives, our research explores four key areas, each offering

distinct advantages for various scenarios:

Momentum-Based Methods

Momentum-based methods have gained significant attention in optimization and
control due to their ability to accelerate convergence over traditional gradient-based
approaches [17, 18, 19]. However, their application in distributed and noncooperative

settings, where individual agents aim to individually optimize their local cost functions,



presents unique challenges. To address these challenges, in Chapter 2, we begin by
exploring the foundations and limitations of Nesterov’s Ordinary Differential Equation
(ODE), a continuous-time analog of Nesterov’s accelerated gradient method [20]. We
identify robustness limitations and challenges in distributed real-time decision-making and
nonpotential settings. Chapter 3 introduces hybrid dynamics to overcome these robustness
limitations, presenting an accelerated continuous-time approximate dynamic programming
approach using data-assisted hybrid control. Chapters 4 and 5 extend these concepts to
distributed settings, addressing both potential and nonpotential scenarios. We develop
momentum-based algorithms for transactive control in congestion games, distributed

consensus optimization, and Nash-set seeking in nonpotential games.

Non-Lipschitz Methods for Fixed and Finite-Time Stability

Non-Lipschitz methods offer powerful tools for achieving fixed and finite-time
convergence in control systems. In this part, we focus on two main applications: traffic
congestion management and accelerated concurrent learning.

Chapter 6 develops data-driven hybrid dynamics and non-Lipschitz ODEs for
accelerated concurrent learning. We propose novel algorithms that achieve finite-time and
fixed-time convergence in parameter estimation problems while relaxing persistence of

excitation requirements. These methods include:

1. Hybrid momentum-based algorithms with periodic and adaptive restarting
2. Finite-time concurrent learning dynamics

3. Fixed-time concurrent learning dynamics

Our analysis employs tools from Lyapunov theory and hybrid systems to establish rigorous
stability and convergence guarantees. These non-Lipschitz methods complement the
momentum-based approaches, offering additional tools for achieving rapid and guaranteed

convergence in optimization-based control problems.



Chapter 7 introduces high-performance optimal incentive-seeking controllers for

transactive control in traffic congestion. We present three variants:
1. A gradient-based controller
2. A hybrid momentum-based controller
3. A fixed-time controller

These approaches leverage non-Lipschitz dynamics to achieve rapid convergence to optimal

incentives while guaranteeing closed-loop stability.

Time-Varying Methods

Time-varying methods provide powerful tools for shaping the transient behavior
of dynamical systems and achieving prescribed-time stability. In this part, we explore
these concepts in the context of hybrid and switching systems. Chapter 8 presents a
framework for asymptotic-behavior shaping in hybrid dynamic inclusions using dynamic
gains. We demonstrate applications in accelerating gradient flows and hybrid dynamics
with momentum. Chapter 9 develops a comprehensive theory of prescribed-time stability in
switching systems with resets, using a hybrid dynamical systems approach. We introduce
novel concepts such as blow-up average dwell-time conditions and explore applications in

control and decision-making with intermittent feedback.

Global Asymptotic Guarantees via Hybrid Dynamical Systems

Achieving global asymptotic stability guarantees is crucial in many control and
optimization problems, particularly when dealing with nonconvex landscapes or topological
constraints. Chapter 10 addresses this challenge by introducing robust global optimization
techniques for smooth compact manifolds using hybrid gradient-free dynamics. This
approach overcomes topological obstructions that prevent global convergence using smooth

ODEs, with applications in various domains including robotics and attitude control.



Chapter 11 examines Kapitza’s pendulum, a classic nonlinear system exhibiting
counterintuitive behavior where rapid pivot oscillations render the typically unstable
inverted position locally asymptotically stable. We address the unique challenges posed
by this system, particularly the topological obstructions preventing global asymptotic
stability under traditional smooth control methods. By exploring the mathematical
foundations and extending the analysis to arbitrary oscillation directions, we propose a
novel approach combining multiple oscillating directions with a carefully designed hybrid
dynamical system. This strategy demonstrates the power of hybrid control in addressing
limitations of nonlinear systems and provides insights into stabilizing systems with intrinsic
topological constraints.

Throughout this dissertation, we emphasize the importance of rigorous stability
analysis and performance guarantees. Our approach integrates tools from optimization
theory, control theory, and dynamical systems to develop algorithms that are both theo-
retically sound and practically implementable. This work aims to bridge the gap between
theoretical advancements and practical applications, addressing the challenges posed by
complex, uncertain, and distributed environments.

To establish a solid foundation for the subsequent technical discussions, the next
chapter provides a comprehensive introduction to the fundamental concepts and notation
of hybrid dynamical systems. This chapter presents essential preliminaries, including
formal definitions, solution concepts, and stability notions, which are extensively utilized

in the analysis and design of the algorithms presented in later chapters.



CHAPTER 1

Preliminaries on Hybrid Dynamical Systems

This chapter introduces the fundamental concepts and notations used throughout
this dissertation, with a focus on hybrid dynamical systems. We begin by establishing the
mathematical notation and definitions for sets, functions, and stability notions that form
the foundation of our work. The chapter then delves into the formal framework of hybrid
dynamical systems, presenting their basic structure and solution concepts. We discuss
various formulations of HDS, including those with time-varying flows and external inputs,
which are crucial for modeling the algorithms developed in subsequent chapters. Finally,
we introduce key stability and convergence notions for HDS, ranging from uniform global
asymptotic stability to semi-global practical stability. These concepts are essential for
analyzing the performance and robustness of the optimization-based control algorithms

presented in this thesis.

Notation

The set of (nonnegative) real numbers is denoted as (R>o) R. The set of (nonneg-
ative) integers is denoted as (Zsq) Z. Given a closed set A C R™, and a column vector

x € R", we define |z| 4 := inf e 4 |x —y|, where |-| denotes the standard norm in R"”. Unless

stated otherwise, we assume all vectors are column vectors. If x; € R™ for ¢ € {1,...,k}
are vectors, we use (z1,...,x;) € R™ X .- x R™ to denote their concatenation, i.e.,
(11,29, -+ a) =[], 29,2 ]". We use S' C R? to denote the unit circle centered at



the origin, T™ = §1 x St x .. .Si. We use B to denote a closed unit ball of appropriate

~~

dimension, pB to denot?eI 1éiungelsosed ball of radius p > 0, and X + pB to denote the union of
all sets obtained by taking a closed ball of radius p around each point in the set X.

A map f : R™ — R" is said to be C* for k € Ny if it is k-times continuously
differentiable with locally Lipschitz derivatives. We use g—i to denote the Jacobian of a
continuously differentiable function f : R™ 3 2z — f(z) € R". When n = 1, we use V[ to
denote the gradient of f and define (g—i(a:))T = Vf(zx) for all z € R™.

A set-valued mapping M : R™ = R" is outer semi-continuous (OSC) at = € R™
if for all sequences z; — z and y; € M (x;) such that y; — y we have that y € M(x).
A set-valued mapping M : R™ == R" is locally bounded (LB) at x € R™ if there exists
a neighborhood U, of z such that M (U,) C R" is bounded. Given a set X C R™ the
mapping M is said to be OSC and LB relative to X" if the set-valued mapping from R™ to
R™ defined by M(z) for z € X and () for z ¢ X is OSC and LB at each x € X'. We use
€0 X to denote the closed convex hull of X', X to denote the closure of X', and int(X) to
denote its topological interior.

A function oy, : R — Ry is of class £, i.e., o € L, if: (i) it is continuous, (ii)
non-increasing, and (iii) converging to zero as its argument grows unbounded. A function
a:Rsg— Ry is of class K, i.e., o € K, if: (i) it is continuous, (ii) zero at zero, and (iii)
strictly increasing. A function & : R>g — Rxq is of class Ko, ie., @ € K, if @ € K and
& grows unbounded as its argument grows unbounded. A function f : Rxo x R>g — Rx
is said to be of class KL, i.e., § € KL if: (i) it is of class K in its first argument; (ii) it is
of class £ in its second argument. Given a compact set A C R”, a function v : R" — Ry
is said to be positive semi-definite with respect to A if v(A) = {0} and v(x) > 0 for all
x € R"\ A, and we write v € P;D(A). If, additionally, y(z) > 0 for all z € R™ \ A, then
we say that v is positive definite with respect to A, and we write v € PD(A). For the

case when A = 0, we simply write v € P,D and v € PD.



Hybrid Dynamical Systems

In this dissertation, we will model our algorithms as Hybrid Dynamical Systems

with time-varying flows, of the form (see [16]):

zeCC, i € F(z), (1.1a)

reD, x"€G), (1.1b)

where x € R" is the main state of the system, s is an auxiliary state used to model
the evolution of the continuous time, F' : R>y x R” == R" is called the flow map, and
G : R* = R" is called the jump map. The sets C' and D, called the flow set and the
jump set, respectively, condition the points in R™ where the system can flow or jump
via equations (1.1a) or (1.1b), respectively. In this way, the HDS can be represented by
the notation H := (C, F, D, ). Systems of the form (1.1) can be seen as generalizations
of purely continuous-time systems (D = () and purely discrete-time systems (C' = 0).
Solutions to HDS of the form (1.1) are parameterized by both a continuous-time index
t € R, which increases continuously during flows, and a discrete-time index j € Zx,
which increments by one during jumps. Thus, the notation & in (1.1a) represents the
derivative %; and 27 in (1.1b) represents the value of x after an instantaneous jump,

i.e., z(t,j 4+ 1). Naturally, solutions (z,s) : dom(z,s) — R™ to (1.1) are defined on hybrid

time domains.

Definition 1.1.  (Hybrid Time Domains) A set F C Rs¢ X Zs¢ is called a
compact hybrid time domain if £ = Uj;ol([tj,tjﬂ], j) for some finite sequence
of times 0 = ¢y < t;... < t;. The set F is a HTD if for all (T,J) € E,
ENn([0,7] x {0,...,J}) is a compact HTD. Given a HTD E, we use sup,F =

sup {t € R>o: 3 j € Z>, such that (¢,j) € E}.




Given a HTD E, we use

sup, E == sup {t € Ry : 3 j € Z>0, such that (¢,j) € £}

sup,F == sup{j € Z>¢ : 3t € R, such that (t,j) € £} .

Also, we let sup E = (sup,F,sup,;E), and length(E) := sup,F + sup, E.

Definition 1.2. (Hybrid Arc) A hybrid arc consists of a hybrid time domain,
denoted by dom(z), and a function z : dom(z) — R", such that z(-,j) is locally
absolutely continuous on [; .= {t : (¢,j) € dom(z)} for each j € Z>( such that I;

has nonempty interior.

Given a hybrid system H, its solutions are hybrid arcs z that adhere to specific
conditions determined by the hybrid time domain dom(z) and the data of the hybrid
system (C, F, D, G).

Definition 1.3. (Solutions to Hybrid Systems) [16, Def. 2.6] A hybrid arc z is a

solution to the hybrid dynamical system H in (1.3) if 2(0,0) € C U D and

1) For all j € Zs¢ such that I; = {¢t : (t,j) € dom(z)} has nonempty interior

x(t,j) € C for all t € int];, and 2(¢,j) € F(z(t,j)) for almost all ¢ € I;;

2) for all (¢,7) € dom(z) such that (¢, j+1) € dom(z), 2(t,7) € D, and z(¢t,j+1) €
G(x(t,5))-

A solution to the hybrid dynamical system # is said to be maximal if there does
not exist another solution Z to H such that dom(z) C dom(2) and z(¢,7) = Z(t, j) for all
(t,j) € dom(z). We use Syx(A) to denote the set of all maximal solutions = to H with
x(0,0) € A C R™. To simplify notation, when A = {xy}, we write Sy (zo). If not set A is

mentioned, x € S means that = is a maximal solution to H. A solution z to H is said to



be complete if dom(z) is unbounded.
In some cases, our models will explicitly depend on time. To study these scenarios,
we can incorporate an additional auxiliary state s € R>( to represent the time variable.

This modification alters the dynamics in (1.1) as follows:

(x,5) € C' x Ry, t € F(z,s), §=1, (1.2a)

(,8) € D x Rxy, e G(z), st =s, (1.2b)

In this formulation, the continuous state s represents time, which increases at a constant
rate during flows and remains unchanged during jumps.

Now, to analyze the influence of external disturbances or inputs on the system
dynamics, we can extend our hybrid dynamical system model. This extension leads to the

following formulation:

(z,u) € C=C x R™, € F(x,u), (1.3a)

(z,u) € D =D xR™ gzt e Gz, u), (1.3b)

where u represents the input or disturbance, which can affect both the flow and jump

dynamics. The following definition is borrowed from [21].

Definition 1.4. A hybrid signal is a function defined on a HTD. A hybrid signal
w : dom(u) — R™ is called a hybrid input if u(+, j) is Lebesgue measurable and locally
essentially bounded for each j. A hybrid signal z : dom(z) — R™ is called a hybrid
arc if z(+, j) is locally absolutely continuous for each j such that the interval I; = {t :
(t,7) € dom(z)} has nonempty interior. A hybrid arc = : dom(z) — R™ and a hybrid

input w : dom(u) — R” form a solution pair (z,u) to (1.3) if dom(z) = dom(u),

(2(0,0),u(0,0)) € C U D, and:
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1. For all j € Z>( such that I; has nonempty interior, and for almost all ¢t € I},

(2(t,5), u(t, j)) € C and &(t, j) € F(a(t, ), ult, /))-

2. For all (t,7) € dom(z) such that (¢, j + 1) € dom(z), (z(t,7),u(t,)) € D and
z(t,j+1) € G(z(t, 7).

A hybrid solution pair (z,u) is said to be maximal if it cannot be further extended.
A hybrid solution pair (z,u) is said to be complete if length dom(z) = co. This does not
necessarily imply that sup,dom(z) = oo, or that sup,dom(z) = oo, although at least one
of these two conditions should hold when z is complete. To simplify notation, in this
dissertation we use |ul(,j) = Sup( 0)<(ij)<(t.)) ’u(f,j)|, and we use |u|o to denote |u(,

(t,7)edom(z)
when t + 7 — oc.

Stability and Convergence Notions

To model the different convergence properties of our algorithms, we make use of
class KL functions (3, which are continuous functions that satisfy lim, o+ 5(r,v) = 0
for each fixed v € Rxg, lim,_, 5(r,v) = 0 for each fixed r € Rs¢, and which are non-
decreasing in its first argument, and non-increasing in the second argument. Class KL
functions are standard in the feedback control; see [22, 16]. Moreover, these functions can

model different types of convergence properties depending on the structure of 5.

Definition 1.5. Let A C R™ be a closed set, and suppose every solution of (1.1)
satisfies |z (t, j)|a < B(]x(0,0)|4,t +7), ¥V (t,j) € dom(x). Then, the set A is said
to be:

(a) Uniformly Globally Asymptotically Stable (UGAS) if g is of class KL.

niformly Globally Exponentially Stable 1 r,8) =cire” 2% cy,co >
(b) Uniformly Globally E ially Stable (UGES) if (r, s) 2

0.

11



(¢) Uniformly Globally Finite-time Stable (UGFS) if it is UGAS and there exists

a continuous function T": R>o — Rx¢ such that lim,_,7(, B(r,s) =0.

(d) Uniformly Globally Fixed-time Stable (UGFXS) if it is UGFS and there exists

T* > 0 such that T'(r) < T* for all r € Rxo.

Note that all the properties listed in Definition 1.5 are stronger than standard
convergence notions used in offline optimization or estimation algorithms. In particular,
UGAS implies not only convergence in the standard limiting sense, but also uniform global
stability (in the sense of Lyapunov) and uniform global attractivity.

We will also consider e-parameterized HDS of the form:

reC.,, ©=F.(z), and z€ D., 2" € G.(x), (1.4)

where € > 0. For these systems we will study semi-global practical stability properties as

e —0T.

Definition 1.6. The compact set A C C'U D is said to be Semi-Globally Practically
Asymptotically Stable (SGP-AS) as ¢ — 07 for system (1.4) if 3 8 € KL such that
for each pair >v>0 there exists £* > 0 such that for all € € (0,£*) every solution of

(1.4) with |2(0,0)|4 < ¢ satisfies

|2 (t, 5)a < B(|2(0,0)|as t +7) + v, (1.5)

V (t,7) € dom(z). When the function g has an exponential form, we say that A is

semi-globally practically exponentially stable (SGP-ES).
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CHAPTER 2

Nesterov’s ODE: Foundations and Theory

The quest for efficient optimization algorithms has been a driving force in mathe-
matical research for decades. Among the significant advancements in this field, Nesterov’s
accelerated gradient method, introduced by Yurii Nesterov in 1983 [20], stands out as a
landmark achievement. This method revolutionized the approach to first-order optimiza-
tion by achieving an optimal convergence rate of O(1/k?) for smooth convex problems,
where k is the number of iterations, significantly outperforming the O(1/k) rate of standard
gradient descent.

In recent years, there has been a renewed interest in understanding the fundamental
principles behind Nesterov’s acceleration. This research has led to the formulation of
Nesterov’s method as a continuous-time dynamical system, known as Nesterov’s ODE
(Ordinary Differential Equation) [17]. This continuous-time perspective has provided new
insights into the acceleration phenomenon and has become a staple for the theoretical
study of momentum-based algorithms.

Nesterov’s ODE is a second-order differential equation that can be viewed as the

continuous-time limit of Nesterov’s accelerated gradient method:
L3
z+¥z+ch(z):0 (2.1)

where z € R" is the main state, f : R” — R" is an objective function to be minimized,

14



V f is its gradient, and ¢ > 0 is a tunable gain. This ODE encapsulates the key features
of Nesterov’s acceleration: the presence of a velocity term Z, which provides momentum,
and a time-dependent damping coefficient %, which gradually reduces the influence of the
momentum as time increases. The interplay between momentum and dynamic damping
leads to the following theorem which characterizes accelerated rates of convergence under

Nesterov’s ODE towards the solution of the optimization problem characterized by f [17].

Theorem 2.1. (Convergence Rate of Nesterov’s ODE) For a convex function f

with L-Lipschitz continuous gradient, every solution x to Nesterov’s ODE satisfies:

F0) - 1) < 0 (i> (22)

t2

where z* is a minimizer of f.

The convergence result of Theorem 2.1 establishes a powerful link between Nesterov’s
ODE and its discrete-time counterpart by mirroring the optimal O(1/k?) convergence rate
of Nesterov’s accelerated gradient method. This parallel in convergence behavior opens up
new avenues for analysis and algorithm design in optimization theory. By recasting the
accelerated gradient method in a continuous-time framework with matching convergence
properties, researchers can leverage sophisticated tools from dynamical systems theory to
gain deeper insights into the acceleration phenomenon. This theoretical understanding
has catalyzed the development of improved discrete-time algorithms and more nuanced
continuous-time models. For example, high-resolution ODEs proposed in [23] offer a
more detailed characterization of the optimization process, leading to refined acceleration
techniques.

The impact of Nesterov’s ODE extends far beyond its immediate application in
centralized optimization. It has found applications in various fields, serving as a theoretical

foundation in machine learning [18], control theory [24, 25], and distributed optimization
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[26]. In machine learning, for example, the ODE perspective has led to new insights into
the behavior of neural network training algorithms.Researchers have also developed several
extensions to Nesterov’'s ODE to address different optimization scenarios. Modifications to
the damping term have led to new families of accelerated methods [27], while adaptations
to stochastic settings have broadened the applicability of the ODE framework [28]. These
extensions demonstrate the flexibility and generality of the continuous-time approach to
acceleration.

Despite these advancements and extensions, Nesterov’s ODE remains one of the
fundamental models for understanding acceleration in optimization. Its elegance and
simplicity make it an ideal starting point for more sophisticated techniques, and its core
principles continue to guide research in accelerated optimization methods.

While Nesterov’s ODE offers significant acceleration in centralized optimization,
its extension to control and decision-making contexts introduces several fundamental chal-
lenges. The following section explores three key limitations that arise when implementing
Nesterov’s method: lack of robustness guarantees, coordination constraints with multiple
timers, and instability in nonpotential settings where the driving term V f(2) in (2.1) is
replaced by a vector field G(z) that cannot be expressed as the gradient of a potential
function f. Each of these issues poses unique obstacles to the effective application of

Nesterov-like methods in distributed optimization and game-theoretic scenarios.

2.1 Robustness Limitations

A primary concern when implementing Nesterov’s method is its lack of robustness.
This issue becomes particularly evident when the system is subjected to small perturbations
or noise, which are inevitable in practical implementations. To illustrate this issue, we

consider the following example:
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terov’s method into larger control systems.

Example 2.1. (Instability Under Small Disturbances) Consider the problem of
minimizing a quadratic cost function f whose gradient satisfies
10 =5 —250

Vi(z) = 2+ . (2.3)
~5 10 ~150

The function f is strongly convex and its unique minimizer is given by

Additionally, since the gradient V f in (2.3) is Lipschitz, Theorem 2.1 allows us to
conclude that every solution z to the ODE (2.1) converges to the minimizer z*.

However, when the ODE is implemented with a perturbed gradient V f(z) + e(t),
where e(t) is an arbitrarily small bounded disturbance, highly oscillatory and unstable
behavior emerges, as shown in Figure 2.1 (blue line). Indeed, as shown in [29, Thm.1],
in this case there exists no KL function § such that the solutions of the perturbed

ODE satisfy the bound:

|2(t) — 2%| < B(|2(0) — 27|, 8) + v, (2.4)

for all (t) € dom(z).

The absence of a KL bound creates significant challenges when integrating Nes-

algorithms often interact with various components of a control stack, such as state estima-
tors or adaptive controllers. These interactions can introduce minor but persistent errors
into the optimization process. The sensitivity of Nesterov’s ODE to such perturbations

complicates the task of ensuring stable performance in interconnected systems. Moreover,
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Figure 2.1. Trajectories of Nesterov’s ODE with and without perturbation () on
the gradient V f(z). Instability emerges with a periodic perturbation satisfying |e(¢)| <
V2 x 107! for all t.

this robustness issue impedes the direct application of singular perturbation and averaging
techniques, which typically require “reduced” or “average” systems with stability properties
characterized by KL bounds [30]. These techniques play a crucial role in analyzing and
designing complex control structures with multiple time scales.

To address these robustness concerns, researchers have investigated “restarting”
heuristics in momentum-based optimization algorithms. Studies on restarting mechanisms
have been conducted in both discrete-time [27, 31] and continuous-time settings [32, 27].
A significant advancement in this field was the development of a class of hybrid dynamical
systems that incorporate discrete-time resets into continuous-time momentum methods
[24]. This approach leverages the framework of hybrid dynamical systems [33] to provide
a theoretical foundation for analyzing accelerated optimization algorithms with resets.
These systems can induce uniform asymptotic stability properties, effectively mitigating
the robustness issues inherent in the original Nesterov ODE.

A crucial element in these hybrid dynamics is the isntroduction of a timer state 7

with its own dynamics, which replaces the time variable ¢ in the dynamic damping coefficient

3/t that multiplies 2 in Nesterov’s ODE. This results in the following continuous-time
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system:
L, 3. :
P4+ —-24+cVf(z)=0, 7=1,
T

where 7 € [Ty, 00) is a timer state used to represent the evolution of time ¢ in the original
Nesterov’s ODE (2.1), and Ty > 0 is a tunable parameter. The state 7 is periodically reset

when it reaches an upper bound T > 0, following the rule:
r=T = 7" =T, (2.5)

where T' > Ty > 0. This mechanism increases the damping effect after the reset, aiming to
prevent the accumulation of errors that could lead to instability. Figure 2.1 (black line)
illustrates the effect of implementing these resetting dynamics on Nesterov’s ODE in the
context of Example 2.1. The figure demonstrates that incorporating resets restores the
stability and convergence properties of the algorithm, even in the presence of disturbances.
In Chapter 3, we will further formalize this type of hybrid dynamics and explore resetting

the velocity & based on the monotonicity properties of the gradient V f(z).

2.2 Coordination Limitations for
Distributed Implementation

While resets offer a promising solution to robustness issues of Nesterov’s ODE in
centralized settings, their extension to distributed environments presents new challenges.
In distributed settings, a fundamental limitations is the existence of local timers 7; for each
agent i € V= {1,2,--- , N}. This localization introduces the challenge of coordinating
resets for these timer variables 7; across the network.

Agents typically have limited access to global information and restricted communi-

cation capabilities, complicating the synchronization of timer resets. As we shall see below,
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without proper coordination, asynchronous resets of 7; may disrupt the system’s conver-
gence and stability. The resulting inconsistencies in dynamic damping coefficients 3/7;
across players can lead to varying convergence rates and directions, potentially causing sub-
optimal solutions or instability. These coordination challenges extend beyond distributed
optimization problems. They are particularly relevant in the broader context of games,
where agents, or players, may have conflicting objectives and incomplete information about
the global state.

To understand these coordination challenges in the context of games, in this
dissertation, we consider noncooperative games with N € Zx, players, where each player
i can control its own action g;, and has access to the actions g; of neighboring players
jeN, ={jeV:(ij) € E}. The connection between neighboring players in the
game is characterized by a directed, connected, and time-invariant graph G = {&,V},
where V = {1,2,...,n} is the set of players and £ is the set of edges between players.
We use £ to denote the in-Laplacian matrix of the graph G. The main goal of each
player ¢ is to minimize its own cost function ¢; : R® — R by controlling its own action
¢; € R". We assume that the costs ¢; are twice continuously differentiable, and we use
q=(q1,q,--.,q,) € R™ to denote the overall vector of actions of the game. We also use
denote as g_; € R™™V=1 the vector of all actions with the action of player i removed. Within
this setting, a Nash equilibrium (NE) is defined as a point 2* = (2}, 25 ...,2%) € RY"
that satisfies:

oi(25, 2%,) = inf ¢(z,2%,), YVieV. (2.6)

z; €ER
In other words, at a Nash equilibrium, no player can unilaterally improve their cost by
changing their action. To characterize infinitesimal deviations in the actions of the players

¢; and their effect in the cost functions ¢;, when the cost functions are differentiable, it is
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useful to introduce the pseudogradient vector of the game G : RM" — RN™ [34, Eq. (3.9)]:

G(z) = <a¢1(z), a¢2<z>,...,a¢"(z>> . (2.7)
0z 0%9 0z,
In the special case where there exists a potential function P : R¥ — R such that
G(z) = VP(z), the game receives the name of potential game. In this case, finding the
Nash Equilibrium of the the game essentially reduces to minimizing the cost function
P(z) of a distributed optimization problem. By using this connection, we propose a
natural extension of Nesterov’s ODE (2.1) to the case of noncooperative games where we
replace the gradient V f with the pseudogradient vector of the game G. The extension, of
course, needs to consider the distributed nature of the problem, where the computational
capabilities of the players are not necessarily collocated, and where the assumption of a
single timer variable 7 for the overall system becomes unrealistic. Specifically, we consider
the following continuous-time Nash Equilibrium seeking dynamics describing the evolution

of the action of the ith player z; € R™:

3 0¢; ) .
Zi+—2+c- 4il2) =0, 1,=1 VieV. (2.8)
Ti 8Zi
The overall dynamics, describing the evolution of the action profile z = (21, 29, -+ , 2y) €

RN" can then be expressed as
B :
z—l—?T Z4c¢-G(2)=0, 7=1py. (2.9)

where the matrix 7 € RY*Y is defined as T = diag(r, 72, -+, 7n) @ I,.

With the introduction of new timer variables 7;, corresponding resetting rules of the
from (2.5) might be implemented by each player, with the objective of inducing robustness
guarantees into the momentum-based Nash equilibrium seeking mechanism. However, as

the following example illustrates, if these resets are not coordinated, i.e., if they are not
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guaranteed to occur simultaneously, prohibitively slow converges rates might emerge.

Example 2.2. (Slow Convergence with Uncoordinated Resets) Consider the mo-
mentum based dynamics in (2.8) in a potential game with N = 30 players, and with
a strongly convex potential function f whose strong convexity constant is x = 0.01.
Each player i € V implements the dynamics in (2.8) with ¢; = f for all ¢ € V.
Players reset (7;, ;) every 25 seconds in their local time frame, using 7;* = 0.1 and
(2;)T = 0. Despite theoretical guarantees of fast convergence for this reset strategy
in centralized settings [24, 25], the distributed implementation with uncoordinated
resets leads to significantly slower convergence compared to standard pseudogradient

flows of the form Z = —G(z), as shown in Figure 2.2 (blue line).

This example demonstrates how uncoordinated resets can negate the acceleration
benefits of Nesterov’s method, even in potential games where a global optimization
perspective is applicable. The asynchronous nature of resets across different players
can lead to conflicting updates, effectively slowing down the overall convergence process.
The challenge lies in maintaining accelerated convergence while ensuring sufficiently
coordinated resets across the network, all without resorting to centralized control. This
introduces additional complexity in the analysis and design of distributed algorithms,
requiring different mathematical tools to prove stability and convergence properties for
these hybrid systems that combine continuous-time dynamics with discrete-time resets.
We comprehensively study the use of these tools in the context of transactive control in
congestion games in Section 4.4, distributed consensus-based optimization in Section 4.5,

and Nash Equilibrium seeking in Section 5.1.
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Figure 2.2. Centralized vs non-coordinated resets in a potential-game with x = 0.01, ¢ =
100 and N = 30. The insets show the evolution of the states 7; with and without
coordination mechanisms.

2.3 Limitations in Settings with Non-Symmetric
Jacobian

While the challenges of implementing Nesterov-like methods in distributed settings
are significant even when studying Nash-equilibrium seeking in potential games, the
situation becomes more complex when dealing with scenarios where the vector field G
in (2.9) does not admit a symmetric Jacobian, i.e., when there exists € RY" such that
%Q(I) + (a%g(x))T. In the context of games, this means that each player’s objective
function ¢; cannot be derived from a single global potential f, leading to what is known
as a non-potential game. A critical limitation in non-potential games is that Nash-set
seeking dynamics of the form @ = —G(z), or those taking the form in (2.9), can no longer
be interpreted as optimization dynamics on a common landscape. Consequently, many

techniques from optimization theory may not apply directly. The following example
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Figure 2.3. Lack of convergence of trajectories of (2.1) in a the non-potential game of
Example 2.3 with k = 0.02, £ =0.0214, n =30, Ty, = 0.1, T = 3.74.
illustrates how momentum-based acceleration techniques that are effective for potential

games can lead to instability in settings where G does not admit a symmetric Jacobian.

Example 2.3. (Lack of Convergence in Non-Potential Games) Consider a non-

potential game with N = 30 players, characterized by the pseudogradient

G(z) = Az + b, (2.10)

with 2z = (21, 22,...,2y) with z; € R, A # AT, and %(A+AT) = kly, where k = 0.02,
and b = 0. This game belongs to a class of games known as strongly monotone
quadratic games, which have been extensively studied in the literature [34, 35]. For
such games, the standard pseudogradient flow & = —G(x) guarantees exponential
convergence to the unique Nash equilibrium [35].

Figure 2.3 illustrates two different implementations. The blue line represents a

trajectory generated by the standard pseudogradient flow using the pseudogradient

in (2.10). The red line depicts a trajectory produced by system (2.9) using the same
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pseudogradient G. While the standard pseudogradient flow converges, system (2.9)
generates divergent trajectories. This divergence occurs even when all timers are
initially synchronized (7(0) = Ty1y for Ty > 0) and resets are implemented (7;" = Tj

whenever 7; = T') every 25 seconds.

While Example 2.3 demonstrates that instability persists even with infrequent
resets, Chapter 5 will reveal that implementing sufficiently frequent resets can enhance
convergence and restore stability in nonpotential games.

Before presenting a solution for the cases with non-symmetric Jacobians in Chapter 5,
we will first explore approaches to address the existing challenges of Nesterov’s ODE in
Chapters 3 and 4 in centralized settings and potential games. Our focus there will be on
developing hybrid mechanisms that provide robustness, stability, and acceleration. These
approaches will aim to strike a balance between harnessing the benefits of momentum and
ensuring stability by employing reset policies tailored to the specific structure of the game

under consideration.
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CHAPTER 3

Overcoming Robustness Limitations via Hybrid Dynamics

3.1 Hybrid Momentum-Based Mechanisms for
Robust Centralized Optimization

To tackle the robustness issues of Nesterov’'s ODE, we begin by considering the
hybrid dynamical system introduced in [24], which combines continuous-time dynamics
of the form (2.1) with discrete-time resets in a centralized setting. To this end, we first

introduce the change of coordinates
g=z, p=-Z+z, (3.1)

which transforms Nesterov’s ODE in (2.1) into the following form:

q 27 (p—q)
t=|p|="Fx)=|-2krVf(q) |, (3.2a)
T n

where = (¢,p,7) € R k= £ ¢ > 0is as definied in (2.1), and where we have let the
rate of change of 7 be a tunable parameter n > 0 to broaden the flexibility of the approach.

To incorporate resets/restarts into these dynamics, the continuous-time dynamics in (3.2a)
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are only allowed to flow when z € ', with the flow set C; defined as follows:

Cy = {(g,p,7) € R* . 7€ [Ty, T]}, (3.2b)

where T' > Tj > 0 are resetting parameters that condition the frequency of resets. The

discrete-time dynamics modeling the reset /restarts are given by

4q q
at=|pt | =Golx) = | ap+(1—a)g]|: (3.2¢)
T+ T()

where o € {0, 1} models a resetting policy whose value is chosen depending on the
convexity properties of the function f. The choice o = 0 leads to resets of the form p™ = ¢,
which corresponds to ()" = 0 for the original Nesterov’s ODE. On the other hand, v = 1
corresponds to keeping p constant during reset events. The discrete-time dynamics (3.2c)

are implemented whenever x belongs to the jump set

Do ={(q,p,7) eR*™" : 7 =T} (3.2d)

The data introduced in (3.2) defines the hybrid dynamical system

%0 = (007F0aD0aG0) (33>

conforming to the general structure outlined in (1.1). The following theorem characterizes
the stability properties of a suitable compact set Ay under the hybrid dynamical system

Ho, in cases where the cost function f is either convex or strongly convex [25, Thm. 1]:
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Theorem 3.1. (Uniform Asymptotic Stability of the Regularized Nesterov’'s ODE)
Consider the hybrid dynamical system Hy = (Co, Fy, Do, Go) defined by (3.2). Let
f:R™ — R be a continuously differentiable cost/potential function and define the

compact set

Ao = {(q,p,7) e R . p=q=gq", 7€ [T, T]} (3.4)

where ¢* is a minimizer of f. Then:

a) If f is convex, the set Ay is UGAS for Hy. Moreover, any maximal solution

z = (q,p,T) to H, satisfies the following bound:

fla(t,4)) — f(q) <

I )

for all (¢,7) € dom(z), where {c;}32; > 0 is a sequence of monotonously

decreasing positive constants satisfying c¢; — 0.

b) If f is k-strongly convex, V f is (-globally Lipschitz, and the resetting parame-

ters (Tp, T') satisfy

then A, is UGES for H,.

This theorem establishes both the stability of the hybrid system and its convergence

rates. For convex functions, it achieves a semi-accelerated O(1/7(t, j)?) convergence rate

during intervals of flow, matching the performance of Nesterov’s accelerated method in

the initial interval. For strongly convex functions, it guarantees exponential convergence.

Furthermore, since Fy and G are continuous, and Cy and Dy are closed, it follows

28



48 T T T T |
=== No Resets

—-_—— *

—— With Resets

100 200 300
Time [s]

o+

Figure 3.1. Trajectories of Nesterov’s ODE, in the same scenario of Example Example
2.1, with and without resets under a periodic perturbation (¢) on the gradient V f(z)
satisfying |e(t)] < v/2 x 107" for all ¢.

that Hy is well-posed as defined in [33, Ch. 6]. By applying [33, Theorem 7.21], this
well-posedness property of the HDS H,, combined with the uniform stability results

from Theorem 3.1, leads to the following corollary. This corollary directly addresses the

robustness issues of Nesterov’s ODE outlined in Section 2.1.

Lemma3.1. Lete:R>, — R*"*! be a measurable function satisfying sup,sq |e(t)| <
e, with € > 0. Then, under conditions the conditions of Theorem 3.1-a) and Theorem

3.1-b), the dynamics

z+ecCy, 2€Fy(z+e)+e, (3.6a)

z4+e€ Dy, 2z €Go(z+e)+e, (3.6b)

render the set A semi-globally practically asymptotically stable as & — 0%.

The result of Lemma 3.1 addresses the robustness issues of Nesterov’s ODE in

centralized settings, as outlined in Chapter 2. To demonstrate this, we incorporate resets
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into Nesterov’s ODE using an auxiliary timer variable 7. We initialize 7 with Ty = 0.1 and
reset it every 4.9 time units. Simulating the same scenario presented in Example 2.1, we
obtain the results shown in Figure 3.1. As observed, the incorporation of suitable resets
restores the system’s stability in the presence of disturbances. The next section employs
the hybrid dynamics defined in (3.2) for the accelerated convergence of the weights of

suitable neural networks in the context of adaptive dynamic programming.

3.2 Accelerated Continuous-Time Reinforcement
Learning via Data-Assisted Hybrid Control

Recent technological advances in computation and sensing have incentivized the
development and implementation of data-assisted feedback control techniques previously
deemed intractable due to their computational complexity. Among these techniques,
reinforcement learning (RL) has emerged as a practically viable tool with remarkable
degrees of success in robotics [36], autonomous driving [13], water-distribution systems
[37], among other cyber-physical applications, see [38]. These types of algorithms, are part
of a large landscape of adaptive systems that aim to control a plant while simultaneously
optimizing a performance index in a model-free way, with closed-loop stability guarantees.

In this section, we focus on a particular class of infinite horizon RL problems
from the perspective of approximate optimal control and approximate adaptive dynamic
programming (AADP). Specifically, we study the optimal control problem for nonlinear
continuous-time and control-affine deterministic plants, interconnected with approximate
adaptive optimal controllers [39] in an actor-critic configuration. These types of adaptive
controllers aim to find, in real time, the solution to the Hamilton-Jacobi-Bellman (HJB)
equation by measuring the output of the nonlinear dynamical system while making use of

two approximation structures:

e a critic, used to estimate the optimal value function of the optimal control problem,
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and
e an actor, used to estimate the optimal feedback controller.

Our goal is to design online adaptive dynamics for the real-time tuning of the aforemen-
tioned structures, while simultaneously achieving closed-loop stability and high transient
performance. To achieve this, and motivated by the widespread usage of momentum-based
gradient dynamics in practical RL settings [40], we study continuous-time actor-critic
dynamics inspired by a class of ordinary differential equations (ODEs) that can be seen as
continuous-time counterparts of Nesterov’s accelerated optimization algorithm [19]. Such
types of algorithms have gained popularity in optimization and related fields due to the fact
that they can minimize smooth convex functions at a rate of order O(1/¢?) [18]. The main
source for the acceleration property in these ODEs comes from the addition of momentum
to gradient-based dynamics, in conjunction with a vanishing dynamic damping coefficient.
However, as recently shown in [25] and [29], the non-uniform convergence properties that
emerge in these types of dynamics complicates their use in feedback systems with plant
dynamics in the loop. in this chapter, we overcome these challenges by incorporating resets
into the proposed momentum-based algorithms, similar to restarting heuristics studied in
the machine learning literature, see [17] and [31]. Our resulting actor-critic controller is
naturally modeled by a hybrid dynamical system that incorporates continuous-time and
discrete-time dynamics, which we analyze using tools from [33].

A traditional assumption in the literature of continuous-time actor-critic RL is that
the regressors used in the parameterizations satisfy a persistence of excitation condition
along the trajectories of the plant. However, in practice, this condition can be difficult
to verify a priori. To circumvent this issue, in this chapter we consider a data-assisted
approach, where a finite amount of past “sufficiently rich” recorded data is used to
guarantee asymptotic learning in the closed-loop system. As a consequence, the resulting

data-assisted hybrid control algorithm concurrently uses real-time and recorded data,

31



similar in spirit to concurrent-learning (CL) techniques [41]. By using Lyapunov-based
tools for hybrid dynamical systems, we analyze the interconnection of an actor-critic
neural-network (NN) controller and the nonlinear plant, establishing that the trajectories
of the closed-loop system remain ultimately bounded around the origin of the plant and the
optimal actor and critic NN parameters. Since the resulting closed-loop system has suitable
regularity properties in terms of continuity of the dynamics, our stability results are in fact
robust with respect to arbitrarily small additive disturbances that can be adversarial in
nature, or that can arise due to numerical implementations. To the best knowledge of the
authors, these are the first theoretical stability guarantees of continuous-time accelerated
actor-critic algorithms for neural network-based adaptive dynamic programming controllers

in nonlinear deterministic settings.
The Time-Invariant Hamilton-Jacobi-Bellman Equation

Consider a control-affine nonlinear dynamical plant

i = [(2) + glo)u, (3.7)

where x € R" is the state of the system, v € U C R™ is the input, and f : R® — R" and
g : R" — R™™ are locally Lipschitz functions. Our goal is to design a stable algorithm able
to find —in real time— a control law «* that minimizes the cost functional V' : R" x Uy — R
given by:

V(zg,u) = /Ooor<x(7),u(x(7))>d7, (3.8)

where z(t) represents a solution to (3.7) from the initial condition z(0) = o, that results
from implementing a feedback law u, belonging to a class of admissible control laws Uy,

characterized as follows:
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Definition 3.1. [42, Definition 1] Given the dynamical system in (3.7), a feedback

control u : R™ — R™ is admissible with respect to the cost functional V' in (3.8) if

e 7 is continuous,
e u renders system (3.7) UAS,

o V(xg,u) < oo for all zy € R™. O

We denote the set of admissible feedback laws as Uy .

In (3.8), we consider cost functions r : R" x R™ — R of the form r(z,u) =
Q(r) + R(u), where the state-cost is given by Q(x) = x'Il,z with II, = 0, and the
control-cost is given by R(u) = u'Il,u with II, = 0. To find the optimal control law that
minimizes (3.8), we study the Hamiltonian function H : R™ x R™ x R™ — R related to

(3.7) and (3.8), given by
H(z,u,VV) = VVT(f(2) + g(z)u) + Q(x) + R(u). (3.9)

Using (3.9), a necessary optimality condition for u* is given by Pontryagin’s maximum

principle [43]:

1
u*(z) = argmin H(z,u, VV*) = u*(x) = —§Hglg(x)TVV*(a:), (3.10)
ueUy

where V* represents the optimal value function:

V*(x) = inf V(x,u(-))

uEUy

On the other hand, under the assumption that V* is continuously differentiable, the

optimal value function can be shown to satisfy the Hamilton-Jacobi-Bellman equation [39,
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Ch. 1.4]:

8; =—H(z,u",VV*) VYzeR"

Since the functional in (3.8) does not have an explicit dependence on t, it follows that

6;; =0, and hence H(z,u*, VV*) = 0, meaning that for all x € R", the following holds:

VT (f(@) + gl (@) + Q(z) + R(u*(:v)) —0. (3.11)

The time-invariant Hamilton-Jacobi-Bellman equation in (3.11), enables a state-dependent
characterization of optimality. Therefore, by using the optimal control law in (3.10), and
assuming that the system dynamics (3.7) are known, the form (3.11) could be leveraged
to find V*. Unfortunately, finding an explicit closed-form expression for V* and thus
for the optimal control law, is, in general, an intractable problem. However, the utility
of (3.11) is not completely lost. As we shall show in the following sections, online and
historical “measurements” of (3.11) can be leveraged in real time to estimate the optimal
control law u* while concurrently rendering a neighborhood of the origin of system (3.7)

asymptotically stable.
Data-Assisted Critic Dynamics

To leverage the form of (3.11), we consider the following parameterization of the

optimal value function V*(z):
V*(z) = 0" ¢o(x) +ec(x) VzeK, (3.12)

where K C R™ is a compact set, 0% € Rl ¢, : R* — R is a vector of continuously
differentiable basis functions, and €. : R® — R is the approximation error. The parame-
terization (3.12) is always possible on compact sets due to the continuity properties of V'

and the universal approximation theorem [44]. This parametrization results in an optimal
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Hamiltonian of the form Hy := H(x,u", %TQ: + Ve,.) given by:

Hy () = 07 ¢(w,u"(2)) + Q(z) + R (u™(2)) + Veo(@) " (f(x) + gl@)u'(2)),  (3.13)

where we defined 1 : R x R™ — R as:

vl )= 220D (1) 4 o). (3.14)

We note that the explicit dependence of 1 : R” x R™ — R on the control action u, defined
in (3.14), is a fundamental departure from the previous approaches studied in the context
of concurrent learning (CL) NN actor-critic controllers, such as those considered in [45] and
[46]. In particular, we note that in the context of CL the data used to estimate the optimal
value function V* is generated from measurements of the optimal Hamiltonian which,
by definition, incorporates the optimal control law u*. Hence, the need to include u as
part of the regressor vectors 1) becomes crucial; this dependence characterizes how far our
recorded measurements of a Hamiltonian are from the optimal Hamiltonian H;. Indeed,
this distance will explicitly emerge in our convergence and stability analysis. Naturally,
the dependence of (3.14) on u will impose stronger conditions on the recorded data needed
to estimate V™.

Assuming we have access to ¢., we can define a critic neural network as:
V() =0 p(x), V&eK, (3.15)

which will serve as an approximation of the optimal value function V* in (3.12). This

critic NN results in an estimated Hamiltonian:

H (x u, vv) = 079 (2, u) + Q(z) + R(u), (3.16)

35



which we will use to design the update dynamics of the critic parameters .. In particular,
our goal is to use previously recorded data from trajectories of the plant to ensure
asymptotic stability of the set of optimal critic parameters {0}, while simultaneously
enabling the incorporation of instantaneous measurements from the plant. To achieve this
goal, we will assume enough “richness” properties in the recorded data, a notion that is

captured by a relaxed (and finite-time) version of persistence of excitation (PE); see [41]

and [47].

Assumption 3.1. Let {¢ (zy,u*(x;))}i, be a sequence of recorded data, and

define:

There exists A € R. such that A = A, i.e., the data is A-sufficiently-rich (A-SR). O

Remark 3.1. In this section, we study reinforcement learning dynamics that do
not make explicit usage of exploration signals with standard PE properties, which
can be difficult to guarantee in practice. Instead, we assume access to samples
obtained by observing the action of optimal values u*(zy) acting on the plant.
Note however that this does not imply knowledge of the optimal control policy as
a whole, but only of a finite number of demonstrations from an “expert” policy.
Similar requirements commonly arise in the literature of imitation learning, or inverse
reinforcement learning, and have been recently shown in practice to reduce the
exploratory requirements of online reinforcement learning algorithms, with mild
assumptions in the sampling of the demonstrations. For recent discussions on these

topics in the discrete-time stochastic reinforcement learning setting we refer the

reader to [48] and [49].
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Now, we consider the instantaneous and data-dependent errors of the estimated

Hamiltonian with respect to the optimal one:

e (O, z,u) = H <x,u, VV) — H (z,u*(z), VV™)
= 0.1 (z,u) + Q(x) + R (u)
ed(6,) = H <xk u*(zp), vv) — H (g, u*(z3), VV?)

=000 (g, v (21)) + Q) + R (u*(z1))

where we used the fact that H (x,u*(z), VV*) = 0. Moreover, we define the joint

instantaneous and data-dependent error as:

N

€0, x,u) = %(p e (2,0, 0)° Z (6) 2), (3.18)

(1+ [¥(z,u)| ) i (L+ 1]y (xk,u*(xk))\ )

where p; € R5y and pg € R are tunable gains. Since we are interested in designing
real-time training dynamics for the estimation of the optimal parameters ¢, we compute

the the gradient of (3.18) with respect to 6. as follows:

VGCQ(chxa u) = Pi ( \I/([L', u)\ll(x,u)TQC +

N

1o | 2, S ) (@) + B ()

—1 (1 + 4 (g, w () T (g, m@k)))

where A and ¥ are defined in Assumption 3.1.
The “propagated” error to the HJB equation that results from the approximate parametriza-

tion of V* in (3.12), is given by:
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= Ve, (1) (f(@) + gla)u"(@)). (3:20)

The following assumption is standard, and it is satisfied when the involved functions are

continuous and K is compact.

Assumption 3.2. There exist ¢., dé., &, de., €mB, g € Rso such that

a(rbC(x)
ox

|6e(2)| < O, ‘ < dg., |e(z)] <,

\Veo(z)| < de., lensp(z)| < €miB, l9(x)| <g Vr €K,

where K is the same set considered in (3.12). O

Critic Dynamics via Data-Driven Hybrid Momentum-Based Control

To design fast asymptotically stable dynamics for the estimate 6., we propose a
new class of momentum-based critic dynamics inspired by accelerated gradient flows with
restarting mechanisms, such as those studied in [19] and [31]. Specifically, we consider
the following hybrid dynamics with a similar structure to the HDS (3.2), now with state
y = (0., p,7) and data defined by:

% (p - (90)
Cs = {y c R2AL . 1 ¢ [TO,T]}, Fs5(y,x,u) = —2k.Vg.e(0e,x,u) | (3.21a)
1
2
0.
D§ = {y € Rt . 7 = T}, Giy)=186.|, (3.21b)
Ty

where k. € R.q is a tunable gain, and (p, 7) are auxiliary states that are periodically reset

every time 7 = T via the jump map (3.21b), with co > T" > Ty > 0. The dynamical
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system in (3.21) flows in continuous time according to (3.21a) whenever the timer variable
7 is in [Ty, T]. As soon as 7 hits T, the algorithm (3.21) resets the timer variable to Tp, as
well as the momentum variable p to 6., while leaving 6. unaffected. Accordingly, after the
first reset, the system exhibits periodic resets every AT = 2(T — Tp) intervals of time. The
following assumption provides data-dependent tuning guidelines for the resetting frequency

of the timer variable 7, which will be leveraged in our stability results.

Assumption 3.3. The tunable parameters (7o, T, ke, pi, pa) satisfy 2p4A > p; and

Spd)\
— < T’ < —=
2kcApd chQ ’

)

T2 +

(3.22)

where )\ is the level of richness of the recorderd data defined in Assumption 3.1. [

For system (3.21), we study stability properties with respect to the compact set:

Ao = Ag,, x [To, T}, (3.23a)

Aeup = {(60729) € RQZC ‘P = 90; ‘90 - 0;} . (323b>

The following theorem is the first main result of this paper. All the proofs are presented

in Appendix A.1.

Theorem 3.2. Given a number /. of basis functions ¢. parametrizing the critic
NN, and a compact set K C R", suppose that Assumptions 3.1, 3.2 and 3.3 are
satisfied. Then, there exists (k,c) € R.g X R-g and class-K, functions y; and 7,
such that for every solution y = (6., p, ) to (3.21) with initial condition y(0,0) =
(0.(0,0),p(0,0),7(0,0)), and using the control policy u(-) € Uy on the plant, the

critic parameters 6. satisfy

10:(t,4) — 6] < ke™Dy(0,0)| 4, + 72 (1a(z(t, 1))]) + 71 (Ews), (3.24)
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Figure 3.2. Proposed Hybrid Momentum Based Dynamics for the training of the Critic
subsystem

| where (x(t, 7)) := u(z(t,5)) — u*(x(t, 7)), for all (¢,5) € dom (y) O

The presence of a residual optimal-control mismatch term in (3.24) of the form
Y2(|lu(z) — u*(z)|), represents a crucial difference with respect to previous CL adaptive
dynamic approaches, such as those studied in [45] and [39, Ch. 4 ]. This term is a direct
byproduct of our definition of ¢ in (3.14), its dependence on the control action u, and
its appearance in the error gradient (3.19). In principle, the emergence of this term in
Theorem 1 is agnostic to the particular gradient-based update dynamics for the critic NN,
regardless of the inclusion or not of momentum. Since v, € K, the larger the difference
between the nominal input v and the optimal feedback law u*, the greater the residual
error in the convergence of .. In particular, the bound (3.24) describes a semi-global
practical input-to-state stability property that, to the best knowledge of the authors, is
novel in the context of CL-based RL. In the next section we will show that the residual

error ¥2(|@|) can be removed by incorporating an additional actor NN in the system.
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Remark 3.2. In contrast to standard data-driven gradient-descent dynamics for
the estimation of the optimal value function V*, which can achieve exponential rates
of convergence proportional to A (cf. [46, 41]), under the assumptions of Theorem
3.2 the critic update dynamics (3.21) can achieve exponential convergence with rates
proportional to v/A. As shown in [25], momentum-based dynamics of this form can

achieve these rates using the restarting parameter

/1
T=T":= — + T2 3.25
‘ chPdA * 0 ( )

This property is particularly useful in settings where the level of richness of the

data-set is limited, i.e., when A\ < 1, which is common in practical applications.

Theorem 3.2 guarantees exponential convergence to a neighborhood of the optimal
parameters {6*} that define the optimal value function V*. Consequently, by continuity,
and on compact sets, V would converge to an e-approximation of V* which can be
leveraged by the control law (3.10) to stabilize system (3.7). However, as noted in [50],
implementing only critic structures for the control of nonlinear dynamical systems of the
form (3.7) can lead to poor closed-loop transient performance. To tackle this issue, we
consider an auxiliary dynamical system, called the actor, which will serve as an estimator

of the optimal controller that acts on the plant.
Actor Dynamics

Using the optimal value parametrization described in Section 3.2 the optimal control

law can written as:

() = 11 () [aqﬁ,;f) b2 + Ve(x)

, VzeK. (3.26)
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Therefore, using '%5—;:’3) and g(z) we can implement an actor neural-network given by:

a(z) = w(z) ' by, (3.27)
where w : R? — Rlex™ ig defined as:
1 ¢ () 1

To guarantee convergence of @ to u*, we design update dynamics for 8, € Rc based on

the minimization of the error:

1| ea,0.,0,) cu(x,0.,0,)

e(x,0c,0u) = 5 | 14 Tr{w(z)Tw(z)}

2 + agep(0e., eu)TEwav 0u) |

Ea(f, 0(37 Hu) = fl,(f[)) - w(m)—l—ec = W(I)T <0u - 00) )

Eb(eca eu) = eu - 90, (329)

which satisfies:

Vo, e(x,0.,0,) = Q(x)(0, —6.),
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where

w(z)w(z)"

0e) = oy

+ apl € RleXle vz € R™, (3.30)

Based on these definitions, we consider the following gradient-descent dynamics for the

actor neural-network:

0, = Fy(0y, ,0,) = —k,Vo,c(z,0.,0,), (3.31)

where k, € R.q is a tunable gain. A scheme representing these update dynamics is shown

in Figure 3.3.
Momentum-Based Actor-Critic Feedback System

Consider the closed-loop, shown in Figure 3.4, resulting from the interconnection
between the plant (3.7), the critic update dynamics (3.21), the actor update dynamics
(3.31) and the feedback law in (3.27), and given by:

&= f(z) +g(x)u(z), a2’ =z, (3.32a)
y = F5(y, @, a(z)), y" = Gh(y), (3.32b)
0, = Fu(0,,2,0,), 0+ = 0,, (3.32¢)

and with flow set and jump set given by Ci% = R" x C§ x Rl and D% = R" x D§ x Rl
respectively, where C§ and Df are as defined in (3.21). Let z = (x,y, 6,) be the overall

state of the closed-loop system, and define:

A={0} x A. x {6:}.

The following is the main result of this paper.
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Figure 3.4. Diagram of the closed-loop system

Theorem 3.3. Given the vector of basis functions ¢, : R* — Rl parametrizing
the critic NN and a compact set K, = K x K, x Ky C R" x R%*1 x Rl where
K is given as in (3.12), suppose that Assumption 3.1-3.3 are satisfied. Then,
there exists § € KL, v € K and tunable parameters (p;, pa, ke, ku, a1, a2), such
that for every solution z = (z,y,6,) to the closed-loop system (3.32), with initial
condition z(0,0) = (2(0,0),y(0,0),8,(0,0)) € K., there exists T > 0 such that for

all (¢,7) € dom(z):
|2(t, 5)| 4 < B(12(0,0)| 4t + ) + (| (&mB. dec) |) + v,
for all 0 <t + j < T, and
|2t )| < (| (@B dec) ) + v, VT <t+5,

for some v > 0 constant. OJ

Theorem 3.3 establishes asymptotic convergence to a neighborhood of the compact

set A as (eH JB,d_EC) — 0 from any compact set K, modulo some error v, under a suitable
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Figure 3.5. Convergence of the weights of the critic’s (left) and actor’s (right) networks
to the optimal values.

choice of tunable parameters. To the best knowledge of the authors this is the first
result providing stability certificates for continuous-time actor-critic reinforcement learning
using recorded data and accelerated value-function estimation dynamics with momentum.
In addition, since the resulting closed-loop system in (3.32) is given by a well-posed
hybrid system, the stability results are robust with respect to arbitrarily small additive
disturbances on the states and dynamics [33, Ch. 7]; see Lemma 3.1.

Numerical Example: To illustrate our theoretical results we study the following

nonlinear control-affine plant:

T = f(z)+ g(x)u, (3.33a)
—T1 + X9
o= -3 (151 - :Cz(l — cos(2x; + 2>2>> | (3:33)
0
g(x) = , (3.33¢)

cos(2xy) + 2

with local state and control costs given by Q(x) = 2"z and R(u) = u? [46]. The optimal

value function for this setting is given by V*(z) = %x% + 23 with optimal control law given
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by u*(x) = —(cos(2x1)+2)z,. Using this information, we choose ¢.(z) = (2%, 172, 22), and
we implement the prescribed hybrid momentum-based dynamics in (3.21) for the update
of the critic neural network, and the update dynamics for the actor described in (3.31).
We obtain the results shown in Figure 3.5 with z(0,0) = (—10,10), 6.(0,0) = (1,1,1) and
0, € [0,1]2. We compare the results with the case in which the critic neural-network is
updated with the gradient-descent dynamics of [45], and where the sufficiently rich data is
a set of 16 data points obtained by sampling the dynamics (3.33) in a grid around the
origin of size 4 x 4. In our simulations we use Ty = 0.1,7 = 5.5 for the momentum-based
dynamics in (3.21). These particular values are obtained by using the level of richness A of
the data-set, and the inequalities in (3.22) in order to ensure compliance with Assumption
3.3. For both reinforcement learning dynamics we use k. = 1,k, = 1,p4 = 1 and p; = 1. As
shown in the figure both update dynamics are able to converge to {0}, with 8% = (1/2,0,1)
describing the optimal value function V*. However, the hybrid-based dynamics are able to
significantly improve the transient performance of the learning mechanism.*

We conclude this section by noting that, while the results presented in this chapter
address the robustness issues of Nesterov’s ODE in centralized settings via the incorporation
of resets on the timer state 7, extending them to distributed settings introduces new

challenges in coordinating those resets across agents.
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CHAPTER 4

Distributed Momentum-Based Dynamics in Potential Games

The limitations of Nesterov’s ODE discussed in the previous chapter necessitate
an alternative set of tools for applying momentum-based dynamics of the form (2.1) in
control and distributed decision-making contexts. This chapter introduces a class of
hybrid dynamical systems incorporating distributed and coordinated restarting/resetting
mechanisms. These systems are specifically designed to address the challenges of robustness
and coordination in potential games and distributed optimization problems discussed in
Chapter 2, Sections 2.1 and 2.2. The discussion and proposed solutions for problems

arising in nonpotential settings are deferred to Chapter 5.

4.1 A Robust Coordination Mechanism for
Distributed Resets

To overcome the limitations of momentum-based dynamics of the form (2.8) in
distributed decision-making, we first employ the change of coordinates introduced in (3.1)
and incorporate resets to the individual dynamics of players presented in the distributed

noncooperative game formulation of Section 2.2. This transformation yields the following
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continuous-time dynamics for player i € V = {1,2,--- | N}:

i %(Pz — )
T; € [To,T) — pl = ]:z(xz> = —QleVql@(q) ) (41>
T U
where z; = (g, pi,7;) € R*"* k= £ and ¢ > 0 is as defined in (2.8). By introducing

individual resets to obtain nonzero robustness margins, we obtain the following discrete-

time dynamics for agent i € V:

q7g+ qi
7';r TO

In (4.2), the parameters a; € {0, 1} model the different individual reset policies of the
players. Assuming access to Oracles that provide real-time evaluations of the gradient
V. ¢i(q), players can implement the hybrid dynamics (4.1)-(4.2) in a fully decentralized
fashion by running their own timers 7; to enable the flows in (4.1) and trigger the jumps in
(4.2). However, as demonstrated in Example 2.2 in Chapter 2, lack of coordination between
player resets can hinder the acceleration properties expected from using momentum, even
in potential games when all players implement the same reset policy «;.

To address this issue, we endow each player with a distributed hybrid coordination
mechanism for the resets. The coordination mechanism is implemented in a distributed
fashion, with each player j € V using a set-valued coordination mapping C; : R>g = Rxo,

defined as
T lf Tj € (To—l—?"j,T]

CJ(TJ) = {T()7T} if Tj = TO —+ T; > (43)
T(] if T; € [T(),T(]—i-'f’j)
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where the individual parameter r; > 0 satisfies

T-T,
rje(o, NO) VjieV. (4.4)

Using Cj, the coordination mechanism functions as follows: whenever the timer of player i

satisfies 7; = T, two events occur:

1. Player i € V resets its own state x; = (¢, pi, ;) € R*"*! using the dynamics (4.2),

and

2. Player i sends a pulse to its neighbors j € N;, who then update their state z; =
(g;,p;, 1) as follows:

q;.r = qj, p;r = pj, 7';r € Ci(y). (4.5)

Since player 7 can only signal its neighbors, the remaining players j ¢ A; maintain their
states constant after these two events, i.e., ZL';— = x;, for all j ¢ N,.

The combination of continuous-time dynamics with momentum (4.1), and the
set-valued discrete-time dynamics that model the coordinated resets leads to a HDS of
the form (1.1), where multiple resets can happen simultaneously (in the continuous-time
domain) when more than two players satisfy the condition 7; = 7. To ensure that this
system has suitable robustness properties we need to guarantee that small disturbances in
the states, including in 7;, do not lead to drastic changes in the behavior of the players.
This property can be asserted by working with well-posed HDS in the sense of [16, Ch.
7]. Roughly speaking, for a HDS to be well-posed, a suitable (graphically) convergent
sequence of solutions of the overall system must also converge (in a graphical sense) to
another solution of the hybrid system. In the context of (4.1)-(4.5), we need to guarantee,

among others, that for each 7y € [Ty, T|, and each graphically convergent sequence of
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solutions {7 }xeny with individual components 7; ;. satisfying

OSTl,k(an) < ... STNJﬁ(0,0) < 79, VkGN, (46)
and
lim 71 4(0,0) = ... = lim 7n4(0,0) = 7, (4.7)
k—o0 k—o0

the sequence {71 }ren must converge (graphically) to a function 7 that is also a solution
starting from the initial condition 71(0,0) = 72(0,0) = ... = 7y5(0,0) = 79. Thus, when
7o = T, the above conditions imply that players will reset their timers 7;  sequentially with
smaller and smaller times between resets as £ — oco. It follows that in the limit, resets
must also be sequential with no time between resets. Since the sequence is determined
by the initial conditions, a well-posed model of the coordination mechanism must take
into account every possible order of sequential resets of the timers 7;. In other words, if
multiple players simultaneously satisfy the condition 7; = T, then we need to consider all
possible sequential resets induced by such players. As discussed in [51], this behavior is
unavoidable in well-posed multi-agent HDS with decentralized discrete-time dynamics.
Following the above discussion, we construct a suitable jump map and a jump set
that implement the overall coordination mechanism, including the individual reset policies
a; € {0,1}. Specifically, we introduce a new set-valued mapping G° : R2"N+N — R2nN+N,
which is defined to be non-empty only when 7, = T and 7; € [Ty, T) with j # i, for each

1 €V, and has elements given by

G0<I> = {(’Ul,’UQ,U:g) S ]RnN X RnN X RN : (Ul,i7v2,i7v3,i> = Rl(.’EZ),
v1j = qj, V25 = pj, V35 € Ci(15), ¥ j €N,

Uj:xjangéM}? (48)
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where x == (21, %o, -, ZN), (¢, Di,Ts) = x; € R* T and where the reset map R; and the
coordination mapping C; are defined in (4.2) and (4.3), respectively. The reset mechanisms
of the players make use of three positive tunable parameters (n,Ty,T'), which satisfy

0<Ty<Tand 0 <n< %, and which are selected a priori by the system designer.

4.2 Hybrid Momentum-Based Nash-Set Seeking
Dynamics

Using the construction of G in (4.8), we define the jump map of the overall hybrid
system as

zt € Gy(z) = G(2), (4.9a)

where GO is the outer-semicontinuous hull of GY, [52, pp. 154], i.e., the unique set-valued
mapping that satisfies graph(G;) = cl(graph(G°)). By construction, the mapping G| is
locally bounded and outer-semicontinuous in R™ x R x [Ty, T]V. Additionally, it preserves
the sparsity properties of the graph G and guarantees that any pair of resets of the
form (4.2) occur sequentially, thus satisfying conditions (4.6)-(4.7). Thus, using the jump
map (4.9a), we can now define the hybrid momentum-based Nash-Set-Seeking (HM-NSS)
dynamics

Hi = (01,F17D17G1)> (4-9b)

with overall state x = (p, ¢, 7) € R*™V™N and jump map given by

q 27 '(p—q)
p | =Fh@) =] —2TG(q) |, (4.9¢)
T nln
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Figure 4.1. Representation of the Lyapunov function used in proof of Lemma B.5

where p == (p1,p2,---,pNn), T = (11, 72,...,7n) € RN G : R"W — R denotes the

pseudogradient of a game, and
T =diag(t®1,). (4.9d)
The flow set C] is defined as:
cy ::{a: = (¢,p,7) ER™ xR"™ xRN : 7 ¢ [TO,T]N}, (4.9¢)
the jump map G is given by (4.9a), and the jump set is
D, = {x =(q,p,7) ER"™W xR xRN : z €y, max7; = T}. (4.9f)

Under suitable regularity assumptions on the pseudogradient G, and by construction of
the HDS H;, we can establish the following lemma. This lemma outlines key regularity
properties of the HDS and demonstrates fixed-time synchronization of the timers 7; in the

system, provided we can rule out finite escape times. To prove the synchronization result,
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we employ a Lyapunov function V' defined on a circle formed by identifying the endpoints
of the interval [Ty, T| by considering the infimum of arc lengths touching all timers 7

(Figure 4.1). For a complete proof and detailed analysis, see Appendices B.1 and B.3.
Lemma 4.1. Assume that the pseudogradient G is continuous. Then:
1) The HDS H,; is well-posed in the sense of [16, Def. 6.29].

2) If, additionally, G is ¢-Lipschitz continuous, then every maximal solution of H;
is complete, and there are at most N jumps in any continuous time interval
of length (T" — Tp)/n. Furthermore, for each solution x = (g, p, 7) and for all
(t,7) € dom (x) satistying t +j > (T'—Tpy)/n+ N, it follows that 7(¢, j) € Async,

where the compact set Agync is defined as follows:

Agyne = ({TO,T}N) U(1y - [To, T1). (4.10)

Figure 4.2 illustrates a block-diagram representation of the hybrid dynamics for each
player. These dynamics, and closely related modifications, will be employed throughout
the rest of the chapter in several contexts, including Distributed Nash Equilibrium Seeking,

Congestion games, and Distributed Consensus-Based Optimization.

4.3 Nash Equilibrium Seeking in Potential Games

The study of equilibria in noncooperative multi-agent systems has garnered signif-
icant attention due to its wide-ranging applications in engineering and socio-economic
contexts, from optimizing resource allocation in communication networks [53] to managing
energy markets [54]. Among the various notions of equilibria related to game-theoretic
models, the Nash equilibrium (NE), introduced in [55], has become ubiquitous in many
engineering and socio-technical systems, such as transportation networks and energy

markets. Recall from Section 2.2 that a NE is defined as an action profile ¢* € R™ that
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Figure 4.2. Scheme of Individual hybrid momentum-based distributed dynamics dynamics.
Periodic coordinated resets restart the state p; and the timer ;.

satisfies

dilai,a%) = nf oilai %), VieV. (4.11)

where ¢; : R — R denotes the cost function of player i € V = {1,2,--- N}, in a
noncooperative game with N players. To converge to this equilibrium, researchers have
developed a variety of deterministic and stochastic Nash set seeking (NES) algorithms
over the past decades [56, 57, 58, 59, 34, 60, 61, 62].

Potential games [63] have emerged as a particularly tractable and insightful class
of game-theoretic models, offering a unique bridge between game theory and optimization
theory [64]. These games are characterized by the existence of a global potential function
that encapsulates the incentives of all players, thereby aligning individual strategic choices
with the optimization of a collective objective [65]. The defining feature of potential games
is the existence of a function P : R™ — R such that for all players i € V and all strategy

proﬁles q= <q17QQ7 e 7QN) S ]RnN:

OP(q)  0¢i(q)
8%‘ B 86]1‘ ’

(4.12)
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where ¢; : R" — R is the cost function for player 7. This structure implies that the
pseudogradient of the game is equal to the gradient of the potential function, i.e., VP(q) =
G(q). Consequently, the problem of finding Nash equilibria in potential games can be
recast as an optimization problem, allowing researchers to leverage powerful tools from
optimization theory.

In the context of game-theoretic control system design, many results in the literature
are inspired by or related to the time-invariant pseudogradient (PSG) flows studied by
Rosen in [34, Eq. (3.9)], which take the form ¢ = —G(¢). In potential games, PSG flows
are equivalent to gradient descent on the potential function, inheriting its convergence
properties. For general convex potential functions, these flows converge to Nash equilibria
at a rate of O(1/t). In the case of strongly convex potential functions, convergence
accelerates to an exponential rate of O(e™"), where x denotes the strong convexity of the
potential function P.

Despite these guarantees, PSG flows can exhibit slow convergence in practice,
particularly when the potential function has shallow curvature. Motivated by this limitation
and leveraging promising results from centralized optimization, in this section we present
theoretical certificates demonstrating that the hybrid dynamical system #;, introduced in
(4.9), can efficiently and robustly find the set of Nash equilibria Ayg.

For a potential game with a convez potential function P : R™ — R and pseudo-
gradient G, it follows that ¢* is a NE if and only if G(¢*) = 0 [66, Prop. 2.1]. Formally, we

define the set of Nash equilibria as:
Axg = {g € R . G(q*) = 0}. (4.13)
We study the stability and convergence properties of the HDS H; with respect to a compact

set A, which includes both the Nash equilibria and the synchronization of the timer states
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7;. This set is defined as:

A= Ay X Agne, (4.14)

where

A ={(q,p) e R*™ :p=gq,q € Az}, (4.15)

and Agync is as defined in (4.10).

The following theorem presents the main result of this section, establishing uniform
asymptotic stability of and accelerated convergence towards the set A defined in (4.14)
under the hybrid dynamical system H;; the proof is presented in Appendix B.1. These
results demonstrate the efficacy of our proposed approach in addressing the limitations
of traditional PSG flows studied by Rosen in [34], as well as those of decentralized
implementations of Nesterov’s ODE that do not incorporate distributed and coordinated

resets.

Theorem 4.1. Let P be the potential function of a potential game with pseudo-
gradient G. Assume that that P is convex and radially unbounded, and that G
is (-Lipschitz continuous, and consider the HDS H; in (4.9) with £ = 1 and the
resetting parameters 0 < Ty < T' satisfying

T2—T02>%-(1—g), (4.16)
where a = min{«; };cy, and «; € {0, 1} denotes the individual resetting policy of

agent 7 as defined in (4.2).

(iy) fa= (a9, -+ ,an) = 1y and p; > 0 then the set A is UGAS. Additionally,

for any solution x = (g, p, 7) of the HDS H;, during flows, the potential function
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satisfies the bound

Cj
Ti2 (ta ])

P(q(t,7)) — P(Axg) < , foralli eV, (4.17)

all (t,j) € dom () satisfying t +j > (T —Tp)/n + N, and where {¢;}32, is a
sequence of monotonically decreasing positive numbers that depends on z(0, 0)

and satisfies ¢; — 07,

(i) If @ = (a1, a9, -+ ,an) € {0,1}Y, P is k-strongly convex and p; = x~1, then
the set A is UGES, and there exists A > 0 such that for each compact set
Ky C C1UD; there exists My > 0 such that for all solutions x with x(0,0) € K,

and for all (¢,7) € dom(z) the following bound holds:

lq(t, ) — ¢*| < Moe )., (4.18)

(i3) If @ = (a1, a9, - ,an) = Oy, P is k-strongly convex and p; = x~1, then the
set A is UGES, and for each compact set Kqg C C7 U D; there exists My > 0
such that all solutions x with z(0,0) € Ky, and for all (¢,5) € dom () the

following bound holds:
. T [t |
la(t,9) — '] < 70\/;(1 = (ps) " My,
where ((j) == max{0, [£5¥]} and
(ps) = -5 (4.19)
M) = T2~ 272 '

satisfies v(py) € (0,1).

The results of Theorem 4.1 establish robust NSS for #; in potential games with
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convex and strongly convex potential functions. Similar to the centralized case in Chapter
3, and unlike Nesterov’s ODE, for the hybrid dynamics H; there exists a class L function
f such that a bound of the form (10.9) holds under small bounded additive disturbances
on the dynamics. This effectively rules out the instability under disturbances presented
in Chapter 2, Section 2.1. The bounds of Theorem 4.1 also establish suitable semi-
acceleration properties in both monotone and strongly monotone games. Such bounds
will eventually hold since the UGAS result also implies that for all times (¢, j) such that
t+j < (T —1Ty)/n+ N, the trajectories remain (uniformly) bounded, and Lemma 4.1
guarantees completeness of solutions. Specifically, solutions of H; exhibit a “transient
phase”, where the momentum coefficients synchronize to each other, followed by a “semi-
acceleration phase” where the system behaves as having one global momentum coefficient
coordinating the overall network. Figures 4.3 and 4.4 illustrate the advantages of the
hybrid NES dynamics H; in potential games compared to a decentralized implementation
of Nesterov’s ODE (see (2.8)) that does not implement the robust coordinated resetting

mechanism incorporated in H;.

Remark 4.1. When all players implement the reset protocol a; = 1, item (i)
establishes a semi-acceleration property of order O(1/72) that holds during intervals
of flow happening with hybrid times (¢, j) € dom () satistying t+j > (T'—Ty)/n+N.
Since such intervals of flows have a length proportional to 7" — T, they can be made
arbitrarily large by increasing T'. Moreover, if all players initialize their coefficients as
7;(0,0) = Ty, then during the first interval of flow we have that P(q(¢,0))—P(¢q*) < %,
for all (¢,0) € dom(z), where dy > 0 is fully determined by the initial conditions
of the system and the properties of G. To the best knowledge of the authors, the
result of Theorem 4.1-(iy) is the first in the literature that establishes UGAS and this

type of acceleration property in distributed NES dynamics. Centralized convergence

results without resets were recently studied independently in [67].
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Figure 4.3. Instability of (2.1) in when using perturbed gradients. The instability can
be removed by incorporating resets, which generate the stable trajectories shown in black.

Remark 4.2. For potential games with k-strongly-convex potential function P, the
reset policy o; = 0, Vi € V, guarantees exponential NSS with rate of convergence
dictated by 1 — v (xk7!). In this case, by borrowing results from the literature
on centralized accelerated optimization [25, 31], we can consider a “quasi-optimal”
restarting parameter 7' = e, / i + T2, which guarantees exponential convergence of
order O(e™V*) whenever Tj < 1. Finally, the result of item (iy) shows that the

stability and convergence properties of H; are robust to heterogeneous reset policies

in the game.

The analysis presented in this and the subsequent sections for potential games
establishes a robust foundation for addressing complex multi-agent optimization scenarios
with momentum-based methods. In the following sections, we demonstrate the versatility

of our approach by presenting specializations and closely related hybrid mechanisms to
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Figure 4.4. Coordinated vs non-coordinated resets in a quadratic k-strongly monotone
potential-game with k = 0.01, ¢ = 100 and n = 30. The insets show the evolution of the
states 7; with and without coordination mechanisms.

‘H, in the context of congestion games and Consensus-Based Optimization over networks.
These applications illustrate the broad applicability of our method in diverse distributed
decision-making scenarios.

Building upon this foundation, Chapter 5 extends these concepts to non-potential
games and network settings. There, we tackle more challenging problems, including those
involving partial information and model-free learning. This progression from potential
games to more complex scenarios underscores the scalability and adaptability of our hybrid

dynamical systems approach in solving a wide range of distributed optimization problems.

4.4 Transactive Control in Congestion Games

In recent years, there has been a growing interest in the study of decentralized

resource allocation problems with competitive users in large-scale network systems, in-
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cluding transportation networks, power grids, and the internet [68, 69, 70]. The growth
in the scale of such networks difficulties the implementation of centralized solutions to
problems that involve trade-offs between social system-level efficiency and selfish individual
performance. Many efforts have been devoted to address these issues, and to the design of
localized control laws that ensure desirable global system performance under the presence
of self-interested agents [71, 72, 73, 74]. Game theory provides a collection of mathematical
tools that are instrumental for the analysis and design of such systems [75, 69, 76, 77].
In games, self-interested rational decision-makers are usually referred to as players with
a strategy set, or resource set, and an individual payoff function. Players often use a
distributed learning algorithm to iteratively update their actions until convergence to a
suitable equilibrium point is achieved. The most common equilibrium of interest is the
so-called Nash Equilibrium (NE) [75], which describes a profile of actions where players
have no unilateral incentive to deviate. However, it is well-known that while NEs can
provide a notion of individual optimality for the players, they can lead to poor social
outcomes as measured by networked-wide welfare functions. Therefore, to maximize the
performance of multi-agent engineering systems controlled via local feedback laws, it is
essential to align the emerging Nash equilibria with the socially optimal point of the
system. In the static scenario (i.e., no iterative learning dynamics), this methodology is
referred to in the literature as mechanism design [76, 78].

In this section, we focus on a particular class of games referred to as congestion
games, where a fixed amount of resources must be allocated among n different strategies,
and the payoff related to each strategy depends on the total allocation. In such types
of games, the notion of Nash flow, or Wardrop equilibria, has been used to characterize
resource allocations that are optimal from the individual strategy point of view. However,
since Wardrop equilibria might not be socially optimal, social planners are faced with the
challenge of designing suitable incentives (e.g., tolls in transportation systems, prices in

power systems, etc) such that the emerging Nash flows are also socially optimal. To solve
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this challenge, different types of dynamic pricing algorithms have been considered in the
literature [79, 80, 81, 82, 83]. To guarantee that the system continuously operates at its
optimal point, pricing algorithms must react quickly to changes in traffic demand, weather
conditions, road accidents, etc. This adaptability requirement, similar to the “alertness”
property of feedback control systems, has motivated the development of different recursive
algorithms that iteratively update the incentives as the system operates [84, 85, 86, 87,
88, 89].

Recently, the work in [90] introduced a class of decentralized gradient-based pricing
dynamics (G-PD) that achieve global convergence to socially optimal incentives in a class
of affine congestion games. As shown in [90], these distributed welfare gradient dynamics
guarantee exponential convergence, with a rate of convergence of order O(k), where K
defines the strong monotonicity properties of the low map. However, this convergence rate
can be quite slow in problems where x < 1. In such situations, one may hypothesize that
momentum-based dynamics that incorporate momentum might achieve a better transient
performance compared to first-order gradient-based algorithms.

To study this hypothesis we consider a congestion game [91] with N possible
strategies, where i € V := {1,..., N} denotes the i'" strategy of the game. Additionally,
we assign to each strategy ¢ a node in a graph G = (V, ), where & is the set of edges or
links. We let 2; € [0,1] be the proportion of a fixed resource that is allocated to the it
strategy. The vector of allocations is then defined as z := (21, ..., zy), which belongs to
the simplex

A={zcRY : 1yz=1, 2> 0}.

Moreover, we consider that each strategy has an associated cost of the form:

¢i(%i, qi) = ci(zi) + 0 - qi, (4.20)
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with (z;,¢;) € A x R, and where ¢; represents the incentive-free cost of choosing strategy
1, the scalar ¢; € R denotes an external incentive input, and 6 € Ry, is a sensitivity
parameter. We define the vector of incentives as ¢ == (q1,-- ,qy) € RY, and we use
é(z,q) = (&1(z1,q1), - - -, en(2n, qn)) to denote the vector of costs of the congestion game
under the influence of the external input ¢q. Under suitable monotonicity properties on the

cost functions, congestion games are potential games with potential function [92, Sec 2.4]

Py(z) = Z /OZi ¢i(C, ¢;)dC. (4.21)

For every fixed exogenous value ¢ € RY, a Nash flow of the congestion game corresponds to
a particular resource allocation z({ € A that minimizes P,. Hence, by the KKT conditions,

a Nash flow must satisfy

_ (zgfq, q) FutN=0 VieV (4.222)

e N =0, N>0  View (4.22b)

In general, Nash flows might not be socially optimal. To formally quantify the social

optimality of a given allocation z, the concept of social welfare is introduced.
Social welfare: The social welfare is defined as:
W(z) ==Y clz)a (4.23)
i=1

Consequently, a socially optimal flow z* corresponds to the social state that maximizes

(4.23). Thus, by the KKT conditions, z* satisfies:

de; o _
- aZ- (27)7 —ci(z])+p—X=0, Vi€, (4.24a)
e, Nz=0, N>0, VieV. (4.24b)
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We design a class of dynamic pricing mechanism to render Nash flows socially optimal
with better transient-performance. To this end, we consider a subclass of congestion games

that satisfy the following assumption.

Assumption 4.1. For the congestion game with N € Z>, strategies, the following

conditions are satisfied:

(iy) Affine costs: There exists a positive definite diagonal matrix A € RV and

b € RY such that ¢(z) = Az + b for all z € RY.

(i) Full utilization: For every incentive ¢ € RY, the corresponding Nash flow

zf € relint(A), i.e, (Z(J;)Z # 0 for all ¢ € V.

Remark 4.3. While Assumption 4.1 is conservative, affine congestion games are
commonly found in various societal systems, including parallel network routing and
traffic problems [78]. Moreover, since sets of incentives are bounded in most practical

applications, it is reasonable to assume that every strategy ¢ € V will receive a

positive allocation, resulting in the full utilization scenario.

Assumption 4.1 ensures the strong convexity of the potential function in (4.21),
which implies that conditions (4.22) hold for a unique Nash Flow zl{ for every ¢ € RY. We
refer to the mapping O(q) = zg as the oracle mapping. The following lemma provides a
characterization of the oracle mapping for the types of games that satisfy Assumption 4.1.

All proofs are presented in Appendix B.2.

Lemma 4.2. Under Assumption 4.1 the oracle mapping O(+) satisfies:

O(q) =—-Qb+4d-q) +a, (4.25)
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where
A_l]_N
o=
IEA_I]_N

and where Q € RV*¥ is the Laplacian matrix of a graph with adjacency matrix

o A1yl AT
1Ay
that is
Q= (1-an tly ) 4o (4.26)
o 1 A 11y ' '

We assume that the dynamics describing the convergence to the Nash flow under
a given incentive ¢ are instantaneous, and therefore can be omitted. This assumption
can be justified using singular perturbation techniques for multi-time scale dynamical
systems, see Section placeholder. Now, note that Assumption 4.1-(i;) guarantees strong
concavity of the welfare function W, which implies that the system of equations (4.24) are
satisfied for a unique socially optimal flow z*. However, according to the following lemma,
the incentives ¢ that generate this resource allocation state may not be unique, see also

(78, 90].
Lemma 4.3. Suppose that Assumption 4.1 holds. Then, the set of incentives that

generate socially optimal Nash flows via the costs (4.20) is given by

Ay ={qeRY : ¢=¢ +ply, peR}, (4.27)

where ¢* = ;—;’.
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Momentum-Based Dynamics for Congestion Games

To control the incentives, we assume that the dynamic pricing mechanism has

access to on-the-fly measurements of the information tuple

where O(-) was defined in (4.25). Due to the large-scale nature of congestion games, it may
not be practical to measure Z centrally. Instead, we assume that each node 7 has access
to its own information and to the information of the neighboring nodes characterized by
the communication graph G. In this way, each node will implement individual dynamics
based on the received information to influence the Nash Flow of the congestion game. To
simplify our presentation, we make the following assumption on the graph G. However,

we stress that this assumption can be relaxed.
Assumption 4.2. G is connected and undirected.

For games satisfying Assumption 4.1 and a graph satisfying Assumption 4.2, the

work in [90] introduced the so-called distributed welfare-gradient dynamics, given by

i =~LG°(q), (4.28)

where v > 0 is a scalar gain, and where G : RV — RY and G° : RY — R" are defined as:

G(z) = c(z) agj)z (4.29)
G%(q) = (G0 0) (q). (4.30)

As shown in [90], these dynamics render the set A, exponentially stable. However, in some

cases, the exponential convergence can be prohibitively slow since it is dictated by the
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strong monotonicity constant of the mapping ¢ — £G%(q). To address this issue, and to
achieve better transient performance in a decentralized fashion, we use dynamics of the
form (4.9) specialized to the setting of congestion games.

The resulting dynamics, which we denote with the name high-order pricing dynamics
(HOPD), take inspiration from the hybrid dynamical system presented in (4.9), and are

described by a hybrid dynamical system with data

#{HOPD ._ (GHOPD pHOPD HHOPD HOPDY (4.31)
and state z = (¢, p, 7) € R*", where p € RY is a momentum state, and 7 € R¥ corresponds
to a set of timers {7;};cy which coordinate the evolution of the distributed dynamics.

Specifically, the flow map FIOFP of the proposed HOPD is given by

q 27 (p —q)
p | =FF™ @) = | 29£TG6%4q) |. (4.32)
# 1y

where v € Ry is again a tunable gain, and 7 := diag(7). Note that the p-dynamics
maintain the sparsity of the communication infrastructure imposed by the graph G.

The flow set CHOPD is defined as

CHOPD .—R™ x ker (L) x [Ty, TV, (4.33)

where (T, T) are tunable parameters which satisfy 7" > T > 0. The proposed HOPD
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algorithm employs individual restarting mechanisms given by

q;r Yz
n=T= | pt [=RIP) =] p | (4.34)
Tz’+ TD

where x; = (¢;, p;, ;) € R3. While a fully decentralized implementation of these dynamics
might seem appealing due to its simplicity, as demonstrated in Chapter 2, Section 2.2,
ensuring coordinated and synchronized restarting is crucial to achieve good transient
performance and to fully exploit the advantages of incorporating momentum. To achieve
this coordinated behavior we implement the distributed coordination map G, defined

in (4.9a), with the local restarting mechanism (4.2) replaced by (4.34). We denote the

resulting distributed coordination map by GIOFP.
Finally, the jump set is defined as
DIOPD — RN 5 ker (£)" x D,, (4.35)
where
D, = {T cRY . max 7 = T} . (4.36)
1€

The following Lemma characterizes the synchronization certificates for the timer variable

7 under the HOPD.

Lemma 4.4. Let

A, = [Ty, T]1y U ({TO, T}N> (4.37)

represent the set of points in the set [Ty, T where the timer variables are synchro-

nized with a common value in (Tp, T'), and, where the value of the timers can only

differ from each other during jumps by taking values in the set {1y, T'}. Then, the
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HDS HIOFPD renders the set
Aggne = ker (£)" x ker (£)" x A, (4.38)

UGFxS with convergence bound 7% := 2 (T — Ty) + N.

By leveraging Lemma 4.4, the following theorem, corresponding to the main result
of this section, characterizes stability certificates for the the hybrid dynamics HIOPP with

respect to the set A, defined in (4.27).

Theorem 4.2. Suppose that Assumption 4.1 is satisfied, and assume that the

tunable parameters (T, T') satisfy

1

(I R
0~ 202 (L) 70’

(4.39)

where 05(L£) is the minimum non-zero singular value of the laplacian matrix of the

graph L. Then, the set

A= {(gp,7) ER™ : p=gq, g€ A, TE A}, (4.40)

is UGES under the HDS H!OFP  Additionally, for every i € V, and for all solutions

x, the following bound holds during flows:

T O'N(£>
T\ 02(L)

lq(t, )%, < (1 — )" M,

where M is a constant that depends on the initial conditions, j == max{0, [.=X |},

on (L) is the maximum singular value of the laplacian matrix £, and

p=1_ L1
T2~ 2T%950, (L)
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Remark 4.4. Theorem 4.2 guarantees exponential stability of A, with convergence
rate conditioned by 1 — 7. By following similar ideas to the literature on centralized
accelerated optimization [25, 28, 93, 94], we can find a “quasi-optimal” restarting

parameter 7' = e, /m + T2, which guarantees exponential convergence of order
O (e’ "2([’)) as Tp — 0.

The key technical elements of the HOPD that allow us to achieve the result of
Theorem 4.2 are the resets and the coordination of the resetting timers 7;. Indeed, as
shown in [25] for centralized optimization problems, when high-order dynamics implement
vanishing damping, the resulting stability properties can be lost under arbitrarily small
disturbances. On the other hand, the incorporation of resets induces suitable uniformity
properties in the convergence, which in turn, guarantees a minimum margin of robustness
against additive disturbances [33, Ch.7]. Moreover, the reset condition (4.39) permits to
leverage the decrease of a suitable Lyapunov function during resets in order to achieve
accelerated convergence of order O(oy (L)), which is particularly advantageous when
oy (L) < 1.

Finally, we note that this result relies on achieving fixed-time synchronization
of the resetting timers 7; via the coordination map (4.3). Without such a coordination
mechanism, the performance of the HOPD can be substantially inferior when compared to

traditional gradient-based algorithms.
Numerical Example

We illustrate our results with a simple numerical example. We consider a total
resource of 1 that needs to be allocated among 4 different nodes, i.e., V = {1,2,3,4}. The

matrices and parameters that describe the payoffs of the underlying game are:

A:2[4, b:14, ’}/:()1, 0=1.
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Figure 4.5. Evolution of the incentives over time using a ring communication graph.

We first simulate the G-PD of [90] and the HOPD using a communication graph charac-
terized by a ring. Next we consider three different scenarios for the HOPD: (a) First, we
consider the situation where the HOPD are implemented without resets. (b) Second, we
implement the HOPD with uncoordinated resets; (c¢) Finally, we implement the complete
HOPD with coordinated resets. All the results are presented in Figure 4.5, which shows
the evolution in time of the squared error of the incentive ¢q. As observed, the HOPD with
coordinated resets generate substantially better performance compared to the standard
G-PD of [90], achieving the same “steady state” error in half of the time. In this case, the
restarting frequency of the HOPD was selected to be 4s. Another important observation
from our numerical experiments is that using HOPD with uncoordinated resets generates
substantially worse performance compared to the standard first-order G-PD. This poor
performance is shown in the black curve of Figure 4.5. This observation highlights the
role of coordination whenever dynamics with momentum and resets are implemented
in multi-agent systems. Finally, we repeat our numerical example in a system with a
communication graph characterized by a path. The results are presented in Figure 4.7.

The restarting frequency was selected as 8s. As it can be observed, the graph’s structure
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Figure 4.7. Evolution of the incentives over time using a line communication graph

affects the transient performance of the HOPD. In particular, in this case the difference
between the performance of the first-order G-PD dynamics and the HOPD algorithm is

more pronounced.
via a suitable modification of the HDS 7, that leverages the structure of a subclass of

In this section, we have specialized the dynamics in (4.9) to the case of games
congestion games. This specialization leads to a class of high-order pricing dynamics for

the solution of dynamic incentive problems in congestion games under a full utilization
assumption. The dynamics incorporate momentum and, when combined with coordinated

resets, can achieve better transient performance compared to first-order Welfare gradient

72



dynamics.

4.5 Accelerated Consensus-Based Optimization

In this section, we study hybrid mechanisms of the form (4.9) for the accelerated,
efficient and robust solution of accelerated distributed optimization problems over network
systems characterized by connected and undirected graphs G = (V,&), where V =
{1,2,..., N} is the set of nodes, and & C V x V is the set of edges. We consider the
setting where each node ¢ has a local function f; : R®™ — R, and the network cooperates to
find a common point (* € R™ that minimizes a global function defined as the summation

of the local costs. This distributed optimization problem can be written as

N
el G st = ViTEY )

which is also known in the literature as the consensus-optimization problem [95], and
which has been shown to be relevant for several engineering applications in areas such
as power systems, transportation systems, water distribution systems, and distributed
network control, see [96] and references therein.

Discrete-time and continuous-time approaches to solve problem (4.41) have been
extensively studied using gradient descent and Newton-based dynamics in [97], [98],
primal-dual dynamics [99], and projected dynamics [100], to name just a few. However, a
persistent challenge in the solution of problem (4.41) is to achieve fast rates of convergence
without sacrificing essential robustness properties of the algorithms. As recently shown in
[24, 29], this task is not trivial given that certain classes of accelerated continuous-time
algorithms, such as Nesterov’s ODE [19, 101, 18], can be destabilized under arbitrarily
small disturbances on the states or gradients. Since these disturbances are unavoidable in
practice, there is an urgent need for the development of robust, accelerated and distributed

algorithms for the solution of problem (4.41).
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In the literature of accelerated centralized optimization, one of the approaches that
has received significant attention during the last years is the incorporation of restarting
techniques. As a mater of fact, as shown in [19],[31], [25], [29], and [102], accelerated
algorithms with restarting techniques can achieve exponential convergence rates in strongly
convex optimization problems without having perfect knowledge of the condition number
of the cost function. Moreover, restarting can also be used to induce suitable robustness
properties in the Nesterov’s ODE, provided the combination of the continuous-time
dynamics and the discrete-time dynamics is carefully carried out [24]. While these ideas
have been explored and validated in centralized optimization problems, as mentioned in
[103], it remains an open question whether or not similar techniques could be pursued for
distributed optimization problems of the form (4.41). As we will show in this chapter, the
answer to this question turns out to be positive.

In this section, we formulate and analyze the robust and distributed restarting-
based accelerated dynamics for the solution of network optimization problems of the form
(4.41). Since our restarting dynamics combine continuous-time dynamics and discrete-time
dynamics, they are modeled as set-valued hybrid dynamical systems [33], for which stability,
convergence, and robustness properties can be established using Lyapunov functions and
the hybrid invariance principle. The construction of this hybrid system is not trivial due to
the distributed nature of the system, which allows for multiple discrete-time updates in the
network happening simultaneously in the standard time domain. In contrast to existing
results that use projections or primal-dual approaches, we follow a complete dual approach
that allows us to recast problem (4.41) as an unconstrained optimization problem with a
suitable Laplacian-dependent structure on the dynamics of the momentum variables [103].
This reformulation, allows us to establish sufficient graph-dependent restarting conditions

for the solution of the primal problem.
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Momentum-Based Dynamics with Distributed Restarting

To solve problem (4.41), let z = (21, 2, -+ , 2,) be the concatenation of the local
decision variables of the nodes of the network G. Define the global cost function F(z) =
ZiN:1 fi(z), and let L == L ® I,, € R™ x R"™ where L is the Laplacian matrix of the

graph G. We will make the following assumption on Problem (4.41):

Assumption 4.3. The local cost functions f; are C* and p;-strongly convex, i.e., there

2

exists ; > 0 such that for any =,y € R™, f;(y) > fi(z) + V fi(z) " (y — x) + &y — |

The graph G is undirected, connected, and time-invariant.

By Assumption 4.3, the extended Laplacian matrix L satisfies L = LT, ker(L) =

span(1,y), and ker(L)* = {z € R™Y : 1],z = 0}. Thus, we can write Problem (4.41) as

min F(z), s.t. Lz =0,y, (4.42)

ZER”N

where F' is also pi-strongly convex with i = min;cy p;. When the local gradients Vf;
are also globally L;-Lipschitz (a condition that we do not necessarily assume), the global
gradient VF is globally L-Lipschitz with L = max;cy L;.

To solve problem (4.42), we consider its dual problem:

min ¢(q), with ¢(q) = max {(Lq, z) — F(2)}, (4.43)

qeRnN ZER”N

which, as shown in [103], has zero duality gap under Assumption 4.3. By defining the
mapping h : R™ — R"™ as h(u) = argmax, g~y {(u, z) — F(2)}, the gradient of the

dual function ¢ can be computed as follows

Vé(g) = Lh(Lg). (4.44)
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Figure 4.8. Diagram of the approach used to solve the Consensus-Based Optimization

problem

Let £2 := LT £, and denote as A1, (£?) the smallest positive eigenvalue of £2, and Apax (£?)

as its largest eigenvalue. The next lemma follows directly from the results in [103].

Lemma 4.5. The function ¢ is convex. Moreover, if F' is j-strongly convex
and k-th continuously differentiable at the point z := h(Lx), then ¢ is also k-th
continuously differentiable at z, and V¢ is globally £4-Lipschitz with £y, = Apax(L£?)/ i
If, additionally, VF is globally L-Lipschitz, then ¢ is also pg-strongly convex on

ker(L)*, with g = A5 (£2)/L.

Let Ay C R™ be the set of solutions of Problem (4.43) subject to ¢ € ker(L)*,

i.e., the set defined as

Ay = {q € ker(L)* ¢ R™ : ¢(¢) = min ¢(q)} : (4.45)

GernN

By Lemma 4.5, if VF' is not globally Lipschitz, the set A, may not necessarily be bounded.

Therefore, we will make the following technical assumption on ¢.
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Assumption 4.4. The level sets of the dual function ¢ with domain restricted to

ker(L)* are bounded.

Finally, when VF is also globally L-Lipschitz, we define the condition numbers of
L% and F, respectively, as krz = Apax(L£2) /A5 (£2), and kp == L/ji. These condition
numbers will play an important role in the linear convergence properties of our algorithms.
Figure 4.8 illustrates our approach to Problem (4.41). We leverage the dual problem
formulation (4.43) and gradient computation (4.44) to develop an algorithm using hybrid
momentum-based dynamics similar to (4.9). This algorithm constructs dynamics for the

dual variable z € R™Y to solve the consensus-optimization problem. We recover the primal

variable z by using the map h as follows:

z = h(Lq) = argmax (Lq, 2) — F(2). (4.46)

ZeRMN
Hybrid Dynamics with Distributed Restarting
We solve Problem (4.43) by considering a class of algorithms termed Hybrid

Accelerated Restarting Distributed Dynamics (HARDD) with data

%?ARDD — (CleARDD7 FlHARDD, D{{ARDD, GI;IARDD)' (447)

To define these dynamics, each node i € V is endowed with three local states (g;, p;, 72),
where ¢;,p; € R", and 7, € R is a local timer. The overall network has states x =
(Chaq?? e 7QN) € RnN’ p = (p17p27 e apN) € RnNa and 7 = (7_177—27 v 7TN) € RN' USing

p = (x,y,7), and building upon the momentum-based HDS H; in (4.9), we formulate the
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continuous-time dynamics of the algorithms as

2T (p—q)
T=| —29¥(T,q) (4.48)

1
21N

where 7 € Ry is a tunable gain, 7 = diag(r ® 1,,), and ¥ : R" x R™Y — R™ is a

mapping to be defined below. The dynamics (4.48) are allowed to evolve in the flow set:

x € CPARDD — RN 5 ker(L)* x [Ty, TV, (4.49)

where Ty > 0 and T > 0 are tunable parameters. The proposed HARDD employ individual

restarting mechanisms of the form

4 (1—a)g + ap;
=T = |p/ | =R"™PP(p;) = n : (4.50)
Ti+ T()

where o € {0, 1} represents the resetting policy of the overall system, and x; = (¢;, p;, 7)) €
R2"*1. To achieve a suitable coordination of the individual restarting mechanisms and
enable full exploitation of the the advantages of incorporating momentum, we implement
the distributed coordination map G; defined in (4.9a), with the local restarting mechanism
(4.2) replaced by (4.34). We denote the resulting distributed coordination map by GARPD.
The corresponding discrete-time dynamics 2+ € GIEPP (1) are allowed to evolve in the
jump set

DHARDD . RnN 5 ker(L)* x D,, (4.51)
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where D, is again given by

D, = {7’ cRY max7; = T} . (4.52)
1€
The constant « in (4.50) characterizes two different restarting algorithms: If V F' is globally
Lipschitz, then o = 1; otherwise, o = 0. We define the mapping ¥ : R® x R™¥ — R"V in
(4.48) as follows:
U(r,q) =L-T-h(Lg). (4.53)

The map ¥(7, q) preserves the sparsity properties of the graph because the computation
h(Lz) can be carried out locally by each node, and the matrix 7 = diag(r), 7 € RV
is diagonal. Thus, the complete vector field FIARPD in (4.48) can be computed in a

distributed way.

Remark 4.5. Previous implementations similar to HARDD, without resets, relied on
a centralized scalar timer 7 that grows unbounded [104]. As discussed in Chapter 2,
Section 2.1, such dynamics cannot guarantee UGAS of the set A, due to vanishing
damping terms, making them susceptible to destabilizing disturbances.

When resets are implemented but not properly coordinated in distributed systems,
as elaborated in Chapter 2, Section 2.2, prohibitively slow convergence may emerge.
For distributed Consensus-Based Optimization, given the structure of problem (4.43),
these issues are further amplified. Without robust coordination of individual resets,
the algorithm may exhibit unstable behavior, as we illustrate below in Figure 4.10.
Our HARDD approach utilizes ¥ as defined in (4.53), where in general ¥(q, ) #
TVé(q) due to non-commutativity of L and 7. This distinction, together with the
incorporation of distributed and coordinated restarting mechanisms, enables the

robust and distributed implementation of the HARDD algorithm in the dual domain.
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We are now ready to present the main result of this section, which establishes
tuning guidelines for the HDS HIARPD " expressed in terms of the parameters of the
primal Problem (4.41). In particular, we consider the following conditions on the tunable

parameters (v, Ty, T):

I [
T —y 4.54
aly < 5 ’7/\max(£2)7 ( 5 a)

=3

T > ((2@@2) ) T, (4.54b)

where a € {0,1} denotes the resetting policy of the system. We state the stability

properties of the HARDD dynamics with respect to the compact set
A=A, x A, (4.55)

where the sets A,, and A, are defined as follows:

Agp:={apeR™ : p=yq, g Ay},

Ay o= [T5,T) - 1y U{To, T},

Note that the set A, describes a “synchronization” condition. We will also use F** := F(z*)
to denote the optimal value of Problem (4.42), where 2* := 1,, ® ¢* € R™ and ¢* € R" is
the unique solution of the primal Problem (4.41). All proofs are presented in Appendix
B.3.

Theorem 4.3. Suppose that Assumptions 4.3 and 4.4 hold, and let the parameters

(v, Ty, T) satisty (4.54). Then, the following properties hold:

(P1) Every solution p of the HDS HMARPD has an unbounded time domain and it

is uniformly non-Zeno with at most N jumps in any time interval of length

80



T = Thy)-

(P2) Every solution p of the HDS HIARDD gatisfies |7(t,j)|4. = O for all (,j) €

dom(p) satisfying t + 7 > N + 2(T — Tp).
(P3) The compact set A defined in (4.55) is UGAS.

Additionally, for each compact set of initial conditions K, C CHARDD (j DHARDD "5y q
every solution z = (g, p, 7) to the HDS HIARPD gatisfying 2(0,0) € Ko, the following

bounds hold for the primal hybrid arc z(¢, j) = h(Lg(t, 7)):

(P4) If a = 1, there exists cp, A\g > 0 such that F(z(t,j)) — F* < cpe 0+ for all

(t,7) € dom(p).

(P5) Ifa = 0, 7(0,0) € A,, and z(0,0) € ker(L)*, then F(z(t,))—F* < (ijj), for
Ti\l,

all i € V, and all (t,j) € dom(p), where {c;}32, is a monotonically decreasing

sequence of positive numbers.

To the knowledge of the authors, Theorem 4.3 provides the first network-dependent
restarting conditions in the literature of accelerated distributed optimization over networks.
The conditions in (4.54) show the dependence of the restarting parameters 0 < Ty < T
on the condition numbers of the primal cost function F', the graph G. Note that these
conditions can always be satisfied by taking T sufficiently large, and T sufficiently small.
However, as stated in property (P2), the larger T'— Tj is selected, the longer it will take the
network to synchronize the timers. Property (P5) recovers the result of [104] which uses a
centralized timer, and Property (P4) establishes linear convergence when the gradient of
the primal function is globally Lipschitz. Note that when « = 0, the conditions in (4.54)

are directly satisfied with T" > T;, > 0.
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Figure 4.9. (Left) Evolution in time of the sub-optimality measure, and (Right) evolution
in time of the consensus distance for different algorithms and/or initializations.

Remark 4.6. (Nonzero Robustness Margins) Since the HARDD algorithms are
modeled by a well-posed HDS HIARPD property (P3) will be preserved, in a semi-
global practical way, under arbitrarily small (possibly time-varying) perturbations
on the states and dynamics of the algorithm. This property, which follows by [33,
Lemma 7.20], is fundamental for feedback control applications where measurement

disturbances are unavoidable.

Numerical Examples

We apply the HARDD algorithm with o = 1 to solve a distributed linear regression
problem over a network. The problem is specified by:

. 1
min —
2cRnN 2nl

i=1

where H; € R™™™ and b; € R! contain the data, [ is the number of data points available
per node/agent and n is the dimension of such data points. We implement the HARDD
algorithm by discretizing the flows using a Runge-Kutta method of 4-th order (RK4) with
step-size dt = 1 x 1073,

As shown in [105], this discretization method preserves the main convergence
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properties of well-posed hybrid dynamics, provided the step size is sufficiently small.
Indeed, as shown in [104], RK4 can also preserve acceleration. Figure 4.9 presents the
numerical results when implementing the discretization on a ring graph and with v = 1/4,
T =351, Ty, = 0.1, N =5, n = 8,and [ = 10. The data is generated by sampling
from a normal distribution with mean 1.5 and standard deviation 3'. In the figure, the
blue trajectory corresponds to the HARDD dynamics with synchronous initialization, i.e.,
7, =Ty = 0.1 for all ¢ € V. As expected, this initialization exhibits the best behavior. The
green line indicates the behavior of the HARDD dynamics with asynchronous initialization
of the timers. After the synchronization event |7|4. = 0 occurs, the sub-optimality
measure decreases rapidly. For the sake of comparison, we also show the solutions obtained
without incorporating the restarting mechanism (purple line), with individual restarting
and no coordination between nodes/agents (red line), and using the standard synchronous
distributed gradient descent [97]. Finally, we note that the red trajectories (restarting
with no coordination) exhibit the worst behavior. Figure 4.10 illustrates the importance
of coordination in the restarting mechanism; in this case without coordination the dual
variables do not converge. The purple trajectory (no restarting) is slow compared to the
green trajectory, and arbitrarily small disturbances can destabilize this algorithm, as we
show in the example below.

Now, we compare the HARDD algorithm with and without restarting in order
to stress the importance that this mechanism has in the robustness properties of the
algorithm. To do so, we first note that for the dynamics with no restarting there are no
convergence guarantees. However, even if these dynamics do converge, they will suffer from
the same limitation of Nesterov’s ODE due to the unbounded growth of the timers 7;, i.e.,
they will have zero margins of robustness with respect to arbitrarily small perturbations.

To explicitly show this behavior, we consider the Consensus-Based Optimization problem

!The code used to generate the figures in this section can be found in https://github.com/deot95/
HARDD
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Figure 4.10. Evolution in time of the dual-variables for the HARDD algorithm with and
without coordination.

with cost function

2
1
F(z) = Zf,(zz) = §ZTZ, z € R¥?%
i=1

N =2, and n = 2. The associated dual optimization problem is given by ¢(q) = %qTLQq,
where L = L ® I,, € R*** is the communication matrix of the 2-agent system. We simulate

the HARDD algorithm with e-perturbed measurements of the state, i.e., with
U(r,q) = LD(r ® 1p)h(L (x + 5(t))>, (4.57)

where sup,sq |e(t)] = 0.001 and &(t) € ker(L)* for all ¢ > 0. In particular, we consider the
following disturbance:

(t) = 0.001e(t)[1,1, -1, —1] ", (4.58)

where € : R>y — R is a square periodic signal with unitary amplitude and period equal to
1 x 10%. For the case when T'— T = oo, (the same setup that generates the purple line in
Figure 4.9) the effect of the disturbance ¢ induces the instability shown in Figure 4.11-(a).
Conversely, when the restarting is activated, we obtain the robust stable behavior shown

in Figure 4.11-(b).
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Figure 4.11. (Blue) Instability of the optimization dynamics under disturbance &(t)
when no restarting is implemented, i.e., T'— Ty = co. As observed, the trajectories of the
system diverge. (Orange) Robust asymptotic stability under the same disturbance &(t)
with the HARDD algorithm and 7' — T = 35.

In this chapter, we introduced hybrid dynamical systems that model distributed
momentum-based dynamics with coordinated resets. This approach addresses the robust-
ness and coordination challenges that momentum-based dynamics with vanishing damping
coefficients face in potential games and distributed optimization settings. We applied our
method to two key areas: momentum-based transactive control in congestion games and
distributed Consensus-Based Optimization over networks. Our approach demonstrated
improved performance and robustness compared to traditional gradient-based methods, as
supported by theoretical stability guarantees and numerical examples.

The next chapter will explore the adaptation of these hybrid momentum-based
dynamics to nonpotential games, as well as their application in a subclass of distributed
learning problems with asymmetric communication constraints. As explained in Chapter
2, Section 2.3, in these settings, dynamics without resets may fail to provide suitable

convergence properties, highlighting the importance of our hybrid approach.
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CHAPTER 5

Distributed Momentum-Based Dynamics in Settings with

Non-Symmetric Jacobian

Building upon our exploration of Momentum-Based Nash Set Seeking dynamics in
potential games, we now turn our attention to the more complex domain of non-potential
games. The absence of a potential function that establishes a common cost landscape for
the players in these games introduces unique challenges that require careful consideration
and preclude the direct application of results from the optimization literature. This
fundamental difference necessitates a reevaluation of Nash Set Seeking (NSS) strategies
and presents new obstacles, particularly in distributed and model-free settings.

Indeed, the incorporation of momentum with time-varying damping, as introduced in
equation (2.8) and explained in Chapter 2, offers both opportunities and risks when applied
to non-potential games. In Chapters 3 and 4, we demonstrated suitable acceleration and
stability properties of the hybrid momentum-based mechanisms in approximate dynamic
programming, potential games, congestion games, and distributed consensus optimization.
However, as detailed in Chapter 2 (Section 2.3), their direct application to non-potential
settings can lead to instabilities. These instabilities persist even with the introduction of
slow resets, highlighting the limitations of straightforward adaptations of these methods
to non-potential settings.

Despite these challenges, the use of resets in momentum-based dynamics with time-

varying damping is not entirely precluded in non-potential games. While the aforementioned
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features might suggest that momentum-based dynamics are problematic for games, it so
happens that distributed implementations of Nesterov’s ODE can, in fact, be employed
to efficiently and robustly find Nash Equilibria (NE) in a decentralized manner. This
is achievable when these dynamics are combined with suitable distributed discrete-time
dynamics that persistently reset some of the players’ states in a coordinated fashion.
However, in contrast to optimization problems [19, 31, 25], for general (non-potential)
noncooperative games, the frequency of the resets must occur within a specific frequency

band to simultaneously achieve stability and acceleration.

5.1 Momentum-Based Nash Set-Seeking over Net-
works via Multi-Time Scale Hybrid Dynamic
Inclusions

In game-theoretic control system design, recent approaches for non-potential games
have aimed to incorporate momentum with time-varying damping in the dynamics for Nash
set seeking (NSS). However, these methods have not fully addressed their applicability
to distributed setups. Some studies have examined momentum-based dynamics with
maximally monotone operators G via Yosida regularizations [106]. Yet, these approaches
typically rely on centralized computations or global information, rendering them unsuitable
for distributed implementations where players have limited information.

The derivation of stability and robustness guarantees for momentum-based dynamics
in non-potential games is a crucial step that extends beyond mere theoretical exploration.
It represents a fundamental milestone in the formulation of extended Nash set seeking (NSS)
algorithms with additional mechanisms. For instance, in the context of pseudogradient
(PSG) flows, stability and convergence results in potential games have been instrumental
in designing extended NSS algorithms. These algorithms integrate additional mechanisms
based on fast consensus dynamics [62, 107], projections [35], inertia [108], proportional

feedback terms [60], tracking terms [109], and adaptive dynamics [110]. The recent work
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in [67] and its references provide further insights into these developments. While these
results have significantly advanced the design of NSS dynamics, existing approaches still
suffer from fundamental transient limitations inherited from PSG flows. These limitations
are particularly pronounced in games where the pseudogradient has shallow monotonicity
properties.

To address these challenges, we focus on providing stability and robustness certifi-
cates for momentum-based dynamics in the context of non-potential games. In particular,

we examine dynamics of the form:

i=2w-a). p=-26(), =1 (5.1)

where 7(0) = Ty > 0 and n > 0. As demonstrated in Chapter 2, these dynamics are related
to Nesterov’s ODE describing the evolution of a state x, when G is a gradient operator,
and via the transformation ¢ =z, p = 5@ + .

As we have illustrated in Chapter 3 and 4 , using this type of dynamics with
properly implemented distributed and coordinated resets offers a promising alternative to
traditional approaches in potential games. Building upon these insights, we now seek to
extend this framework to non-potential games. This approach has the potential to yield
improved convergence rates compared to pseudogradient (PSG) flows, while retaining the
flexibility to incorporate additional mechanisms crucial for real-world applications.

However, extending these benefits to non-potential games presents new challenges

and raises two critical questions:

1) Is it possible to adapt systems of the form (5.1) to provide robust and efficient
solutions for NSS problems in non-potential games when G is the pseudogradient

map of a non-potential game?

2) Can these dynamics be extended effectively to network games and model-free settings
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without sacrificing stability or convergence guarantees?

In this section, we provide answers to the above questions by using the hybrid
dynamical system #; formulated in Chapter 4 (Section 4.2). In particular, the following

original contributions constitute the main results of this section:

i) We establish robust asymptotic stability properties for the hybrid dynamical system #; in
the context of non-cooperative and nonpotential games with N players. This analysis leads
to the first Nash Set Seeking (NSS) algorithms with continuous-time dynamic momentum
and robust asymptotic stability guarantees in such games. The structure of the resulting

algorithms incorporates three key elements:

a) A class of distributed continuous-time pseudogradient-based dynamics with time-

varying momentum coefficients, inspired by (5.1), which forms the flow map of

Hi;

b) Distributed periodic discrete-time resets implemented by the players, which are
captured in the jump map of H; and incorporate heterogeneous reset policies allowing

players to decide whether or not to restart their own momentum,;

c) A robust set-valued distributed coordination mechanism that synchronizes the re-
set times of the players to induce suitable system-wide acceleration properties,

represented in the flow and jump sets of H;.

ii) To accommodate situations where players do not have access to full-information
Oracles that provide evaluations of their pseudogradients, we introduce a new distributed
momentum-based hybrid NSS algorithm for games with partial information, where players
leverage communication with neighbors to estimate their actions on-the-fly in order to
obtain gradient evaluations from the Oracle. The design of these dynamics follows similar
multi-time scale ideas used for ODEs in the literature [107], but which are not directly

applicable to systems of the form (5.1). Indeed, unlike existing results based on fast
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consensus dynamics and “reduced” pseudogradient flows, our reduced dynamics are hybrid
and set-valued, which prevents the direct application of standard singular perturbation

tools for ODEs.

iii) We present payoff-based versions of all our hybrid NSS algorithms, suitable for model-
free learning in non-cooperative games where players have access only to measurements
of their cost. These dynamics exploit recent tools developed in the context of averaging-
based hybrid extremum seeking control [111, 25], and their analyses is fundamentally
different from other model-free non-hybrid algorithms studied in the literature, e.g. [35,
112, 113]. In particular, the dynamics considered in this chapter have set-valued jump
maps that lead to non-unique solutions with non-trivial hybrid time domains having
multiple simultaneous jumps in the standard continuous time domain, a behavior that is
unavoidable in decentralized multi-agent HDS. We also show that these adaptive dynamics
can approximately recover the acceleration properties of the model-based algorithms.

To our best knowledge, the algorithms of this section (model-based, partial-
information, and model-free) are the first in the literature that implement dynamic

momentum and distributed restarting techniques in N-player noncooperative games.
Problem Formulation

In this chapter, we consider noncooperative games with N € Zs, players, where
each player ¢ can control its own action ¢;, and has access to the actions g; of neighboring
players j € N; = {j € V : (i,7) € £}, who are characterized by an undirected, connected,
and time-invariant graph G = {€,V}, where V = {1,2,..., N} is the set of players and
£ is the set of edges between players. We use L to denote the Laplacian matrix of the
graph G. The main goal of each player 7 is to minimize its own cost function ¢; : R® — R
by controlling its own action ¢;. We assume that the costs ¢; are twice continuously
differentiable, and we use ¢ = (q1,¢o,--.,qn) to denote the overall vector of actions of

the game. We also use denote as q_; the vector of all actions with the action of player ¢
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removed. We use G to denote the pseudogradient of the game, where

0 Glg) = (0¢>1(Q) 062(q) 0¢N(Q)> c RN

, AU 5.2
oq gy dqn ( )

Following standard assumptions in the literature of fast NES [58, 60] and accelerated
optimization [19, 101, 114, 115, 116, 25, 4], in this chapter we will work with the following

assumptions.

Assumption 5.1. The mapping G is ¢-globally Lipschitz, i.e., there exists a constant

¢ > 0 such that |G(q) — G(¢")| < l|q — ¢'], for all ¢,q' € R™V.

Assumption 5.2. The mapping G is 1/f-cocoercive, i.e., there exists ¢ such that

(G(a) - 6(¢)) ' (a — ¢') = 1|G(q) — G(¢)? for all ¢,¢’ € R"N. Moreover, the map

q — |G(q)|? is radially unbounded.

The first property of Assumption 5.2 implies Assumption 5.1 via direct application
of the Cauchy—Schwarz inequality. However, the converse is not necessarily true in
non-potential games [117]. We will also use the following definition to characterize the

monotonicity properties of the games.
Definition 5.1. A game with pseudogradient G is said to be:
1. monotone if it satisfies (Q(q) — Q(q’))T(q —q') >0, for all ¢, ¢ € R™V,
2. strictly monotone if it satisfies (g(q) — g(q’))T(q —q¢) >0, forall ¢ # ¢ € R™.

3. Kk-strongly monotone with k > 0, if it satisfies (Q(q)—Q(q’))T(q—q’) > klqg—q'|%,

for all ¢,q¢' € R™V.

4. k-strongly monotone quadratic if it is a k-strongly monotone game with G(q) =

Aq + b for some A € R"*" and b € R™.
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Monotone, strictly and k-strongly monotone games that are also potential games will
be referred to as monotone potential games, strongly monotone potential games and

k-strongly monotone potential games, respectively. Their monotonicity properties

are defined by G.

Remark 5.1. Cocoercive mappings are monotone but not necessarily strongly

monotone. However, games that are k-strongly monotone and ¢-Lipschitz are also

k/*-cocoercive [117, Prop. 2.1].

Strict monotonicity of G implies that there is exactly one Nash equilibirium, if
it exists. For k-strongly monotone games and monotone potential games, existence is
always guaranteed [118, Thm. 2.3.3]. In some cases, we will also work with the following

assumption.

Assumption 5.3. The function ¢; : R — R is radially unbounded in ¢; for ever

qg_; ER™Y=D and all i € V.

Building upon the regularity properties established for the pseudogradient G and
the individual cost functions ¢; of the game, we now turn our attention to analyzing the
stability properties of the hybrid momentum-based Nash-Set-Seeking (HM-NSS) dynamics
H1, introduced in Chapter 4 (Section 4.2). To facilitate our analysis, we will restate
the definition of H;, highlighting its structure and key components. The system H; is
characterized by an overall state z = (p, ¢, 7) € R™ x R™ x R¥ and is described by the

following hybrid dynamic inclusion:
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27 '(p — q)
z € Cy T =F(r) = —2kTG(q)
Hi , (5.3a)
nly
x € Dy zt e Gy(x)

\

where 0 <7 < 1/2, T = diag (7t ® 1,)). The flow set C is defined as:
C, ::{q; = (¢,p,7) ER™N xR"™W xRN . 7 ¢ [TO,T]N}, (5.3b)
and the jump set is
D, = {x = (q,p,7) eR™W xR"™W xRN : 2 €y, max 7 = T}. (5.3¢)

To ensure the robustness and well-posedness of the hybrid system, we construct the jump
map G1(z) by taking the outer-semicontinuous hull of an intermediate set-valued mapping
G°. We derive this mapping G° : R*"N*N = R2"N*+N from the individual resetting map
R; and the coordination mechanism C;, and design it to be non-empty only under specific
conditions, namely when 7, = T and 7; € [T, T) with j # i, for each i € V. When these

conditions are met, G is defined as follows:

G()(Q]) = {(U17U2,U3> € ]RnN X RTLN X RN : (Ul,’i7v2,i)v3,i) = RZ([EZ),
U1 = g5, V2 = Py, U35 € Ci(15), YV jEN,

v =,V ] ¢ N, (5.3d)
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where == (21,29, -+ ,2n), (¢, i, 7)) = x; € R* and R; and C; are defined as:

4
Ri(wi) = | cgpi + (1 — i) | - (5.3e)

and
T lf Tj € (To—l-Tj,T]

Ci(rj) = {Top, T} ifr; =Ty +r , (5.3f)
TQ iijG[Tg,Tg‘i"f’j)

with a; € {0,1} for all i € V, and r; € (0, 252) for all j € V.

The qualitative behavior of system H; will depend on the choice of parameters
(n, T, Tp), which characterize the frequency and the minimum and maximum values of the
momentum coefficient 7. Different choices of (n, T, Ty) will lead to different reset conditions
(RCs). These RCs will be defined in terms of the following condition numbers of the game,

the reset mechanism, and the graph, respectively:

(5.4)

Og ‘=

l T ~ Amax(L)
/i’ Or = Or = )\2(£> )

where ( is given by Assumptions 5.1 or 5.2, & is given in Definition 5.1, and A\y(L), Amax (L)

are the smallest positive and the largest eigenvalues, respectively, of the Laplacian L.

5.1.1 Nash Equilibrium Seeking in Non-Potential Games

We study the stability and convergence properties of the dynamics H; with respect

to the compact set

A= Ay X Aggne, (5.52)
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where

Asgne = (In[To, TIV) U{To, T} (5.5b)

={(¢,p) eR*":p=¢q, q € Az}, (5.5¢)

and Axg denotes the set of points ¢* € R™Y satisfying

i.e., the set of Nash equilibria of the game.

Remark 5.2. Given a monotone game with pseudogradient G, it follows that ¢* is
a NE if and only if G(¢*) = 0 [66, Prop. 2.1]. Then, we can formally define Ayg as

follows:

Ang = {q e R . Q(q*) = 0} (558)

The first RC that we consider is given by

-1 > 5 (1-a), (RCy)

where p; € R5( is a parameter to be determined and o = min;ecy ;. This condition will

regulate how frequently players reset their states. Finally, we also introduce the constant

V(ps) = (1 = % = %) : (5.6)

where o, is defined in (5.4). This quantity will be instrumental to characterize the rates
of convergence towards A.
In contrast to the analysis presented in Chapter 4 (4.3), when a potential function

does not exist the analysis of the HDS H; is more challenging. In this case, we now
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introduce the following state-dependent matrix parameterized by (pr,d) € Rog X Rx:

Ms(q, pr) = In — S5 (q, pr) Ss (¢, pr) ", (5.7)

with S5 : R™V x Ry — R™™W*™V given by the scaled matrix

S5, pr) = x(pr,0)? (pFInN - (99(61))7

where 0G is the Jacobian of G, i.e. %, and where the mapping x : Ryg x R>g — Ry is
given by

T 1

- 1=0T% pp(1—n) —6p3

x(pr,9)

which is defined for all arguments such that §27? < 1 and 1 — 7 > dpr. We use the

following definition to extend [119, Def. 4.1.2] to matrices of the form (5.7).

Definition 5.2. The matrix-valued function ¢ — S;(q, pr) is said to be pp-Globally
Contractive (pF—GC) if Ms(q, pr) > 0 for all ¢ ¢ Ang.

Note that when M > 0, the coefficient x characterizes the level of contraction of

Ss. Indeed, M = 0 if and only if

1
X(pF7 5)

> (1~ 96(0)) 53

where oyax(+) is the maximum singular value of its argument [120, Thm. 7.7.2]. Using the
definition of x, and inequality (5.8), it can be observed that in order to ensure that S is
pr-GC for some pair (0, pr), the resetting parameter 7' cannot be chosen arbitrarily large.

Example 4 illustrates this point.
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Example 5.1. Consider a x-strongly monotone quadratic game with x = 6, and

G(q) = (¢—q7), (5.9)

where ¢* = (2,—2). First, let 6 = 0, and note that for this game My(q, pr) =

D (mo(pr)12) € R**2, where

4(pr — 12)pr + 153
4(1 - U)PF

mo(pr) =1—T"

Notice that 4(pr — 12)pr + 153 > 0 for all pr € R.g, and recall that n < % by
assumption. Thus, for all pr > 0 there exists T € Ry such that M(q, pr) = 0 for
all T € (0,T), and My(q, pr) = 0 for T > T. Similarly, when § > 0 we have that if
S5 is pp-GC, then S is also pp-GC. Thus, we can conclude that for every pp and

§ > 0 there exists T such that Ss is not pr-GC for any T' > T.

Using the global contractivity property of Definition 5.2, we have the following

result for non-potential games.

Theorem 5.1. Let G describe a strictly monotone game, and suppose that Assump-
tions 5.2 and 5.3 hold. Consider the HDS #; under (RC;) with p; > 0 and with
reset policy a == (aq, e, ..., ayn) = 1,. If Sy is ¢-GC then the set A is UGAS, for

every ¢ € )V, and for all solutions x the following bound holds during flows

G(a(t, ))I* < =7 (5.10)

for all (¢,j) € dom (z) such that

t+j> (T —Ty)/n+N =T (5.11)
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Figure 5.1. Phase plane plots showing the trajectories of the actions resulting from the

HM-NSS dynamics in a non-potential 2-player x-strongly monotone quadratic game with
k=06, {=6.2and 7(0,0) =0.1- 1,.

and where {¢;} — 07 is a sequence of positive and monotonically decreasing numbers

parameterized by z(0, 0).

Unlike the results of Theorem 4.1, in non-potential games the pp-global-contractivity
of Ss plays a fundamental role in the stability analysis of H;. In particular, the ¢-GC
property of S5 will guarantee a suitable dissipativity property during flows via Lyapunov-
based tools. While in Theorem 2 this is only a sufficient condition, the plots of Figure
5.1 indicate that keeping T “sufficiently small” is also a necessary condition to preserve
stability in non-potential games. In this figure, we show the phase plane of solutions to
H, with different values of T, in a game G given by (5.9). It can be observed in the left
plots that if 7" is not small, divergent trajectories emerge. As shown in the right plots, the
instability is removed by implementing sufficiently frequent resets.

Next, we provide a sufficient reset condition that guarantees that Sy is /-GC in any

cocoercive strictly monotone game.

Lemma 5.1. Suppose that Assumption 5.2 holds, and G describes a strictly

monotone game. Let (n, T, () satisfy the scalar inequality:

1—n
0<T? < ——.
20
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Figure 5.2. Distance to the Nash Equilibrium for trajectories resulting from the HM-NSS
dynamics in 5-player x-strongly monotone quadratic games with x = 0.099, and different
condition numbers 0.

Then, &y is -GC.

We now turn our attention to games that are x-strongly monotone and ¢-Lipschitz.
For these games, we ask that the contractivity properties of Ss hold with § > 0, and that
(RCy) holds with a particular value of p;. We recall that the condition numbers (o, 0;.)
are defined in (5.4).

Theorem 5.2. Suppose that Assumption 5.1 holds and let G describe a k-strongly
monotone game. Consider the HDS 7, under (RC;), and suppose that Sy is (04¢)-GC
with 0 <0 < (1 —n)/(o4l). Then, the following holds:

(iy) Fa=(a1,as,...,ay) € {0,1}" and p; = 0, then A is UGES, and there exists
A > 0 such that for each compact set K C C U D, there exists My > 0 such

that for all solutions z, with z(0,0) € Ky, the bound (4.18) holds.

(i5) If @« = 0, and p; = o k"', then A is UGES and for each compact set
Ky C C1UD; there exists My > 0 such that for all solutions z, with (0, 0) € K,

and for all (¢,7) € dom (), the following bound holds:

a(j)

lq(t,j) — q¢*| < 0v06 (L =7 (ps)) 2 Mo,

where a(j) = max{0, | & ]}, and v (ps) € (0,1).
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Before commenting on the implications of Theorem 5.2, we present a reset condition

for k-strongly monotone games that is analogous to the one of Lemma 5.1.

Lemma 5.2. Suppose that Assumption 5.1 holds and that G describes a k-strongly

monotone game. Let (1, T, 0,¢) satisfy the scalar inequality:

1 —n—doul

0<T?
S Gl — Rt — 1 —dogl)’

(RCs)

with 0 <0 < (1 —1n)/(04f). Then S; is (o4¢)-GC.

Similar to (RCy), the reset condition (RCj3) imposes an upper bound on the lengths
of the intervals of flow of the HDS H;, now modulated by the condition number o, and

the Lipschtiz constant ¢.

Remark 5.3. When p; = 03", the conjunction of (RC;) and (RC3) imposes upper
and lower bounds for the reset times of the HDS H; for all times (¢,j) € dom ()
such that ¢t + 5 > (T'— Ty)/n + N. This result is in contrast to potential games (and
standard convex optimization problems) with periodic restarting where only a lower
bound between resets is usually needed to achieve exponential convergence [31, 25].
Instead, Theorem 5.2 suggests that resets must occur in a particular frequency band:
they should not occur too frequently (i.e., 7" should not be too small) such that (RC;)
holds and the distance |¢ — ¢*| shrinks by a constant quantity after each interval of
flow; however, resets should also happen frequently enough (i.e., T" should not be
too large) such that S; remains (0,¢)-GC. Whenever a resetting time 7" is in such
frequency band, i.e., whenever it satisfies (RC;) and (RCj), or (RC;) and pp-global

contractivity of Ss, we say that the T is feasible.

The next lemma provides a sufficient condition to guarantee feasibility of the reset
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conditions of Theorem 5.2.

Lemma 5.3. For any s >0, n < 1/2 and 04 such that o — 7 < 2(1 — 1), there
exists (T',Tp) such that (RC;) and (RC;) simultaneously hold with p; = oZx7",

provided that ¢ is sufficiently small.

In Theorem 5.2, the restarting policy @ = 0,, leads to exponential NSS with rate
of convergence characterized by (1 — 7(03/k)). For this coefficient, one can choose a
“quasi-optimal” restarting parameter 7" to induce an acceleration-like property in s-strongly

monotone games:

Lemma 5.4. Under the Assumptions of Theorem 5.2-(i5), and for any v > 0, the

choice T' = TP := eqy, i + Z—%Q guarantees that |q(t,j) — ¢*| < v for all t > t,0pt,
\ r

where

1 1 TZ M,
Pt = — (ea¢ —+2 - To> In (Ud)gr 0) ,
n 2K o v

and M, is a constant that depends on |g(0,0) — ¢*|. Moreover, the convergence is of

order O(e V¥/79) as Ty — 0Ot

Remark 5.4. The result of Lemma 5.4 showcases the exponential bound induced by
the HM-NSS dynamics: as o, — 1, the convergence is of order O(e~V*!), which is
advantageous in games with low curvature and moderate condition number, see Figure
2.3. However, as o, increases, the theoretical convergence bound deteriorates. In
Figure 5.2, we confirm this fact by implementing the HM-NSS in different x-strongly
non-potential monotone quadratic games with low curvature (k < 1) and different

condition numbers o, € {1.011, 1.517, 12.140}. For these games, we compare two

resetting times: 1) T = T°P*, which is only feasible for o, = 1.011, and 2) T =T,
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Figure 5.3. Convergence of trajectories of (2.1) in a the non-potential game of Example
2.3 with k = 0.02, £ = 0.0214, n = 30, Ty = 0.1, T' = 3.74. The black line shows the
trajectory of a hybrid mechanisms implementing coordinated resets with 7" = TPt

where T is the biggest resetting time found to guarantee that S; is (04¢)-GC, with
0 > 0 approaching to 0, and is feasible for all ,. Experimentally, we observe that
performance deteriorates slower when using 7 instead of 7°P*, and acceleration can
be achieved for a wider range of values of o,. However, when T' = T°P" is not feasible
we cannot use the results of Theorem 5.2 to guarantee stability certificates under the

implementation of the HM-NSS dynamics. Whether or not a small condition number

is a mecessary condition to achieve acceleration in games remains an open question.

It is possible to find additional conditions on the game and the parameters of H;
to guarantee that T°P* satisfies (RC;) and (RCj3), i.e., that is feasible. However, such
conditions are rather involved and unintuitive. Yet, as we show in Figure 5.3, where we
revisit the nonpotential game of Example 2.3, the quasi-optimal restarting 7T°P* can be
verified to be feasible, both enabling the recovery of stability as well as ensuring suitable
transient performance. We also note that, based on numerical experiments, our theoretical

bound is conservative.
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Remark 5.5. The stability results of Theorem 3-(i3) are obtained by guaranteeing
strong-decrease of a suitably chosen Lyapunov function V during flows and jumps of
the HM-NSS dynamics. In Figure 5.4 we show the value of V for different trajectories
resulting from the HM-NSS dynamics in the same x-strongly monotone games studied
in Remark 5.4, and using the resetting time T°P" of Lemma 5.4. As seen in the figure,

the Lyapunov function does not exhibit strong decrease during flows (With sign <17>

changing multiple times) for the non-feasible values of T°P, which correspond to
the condition numbers o4 = 1.157 and o, = 12.140. However, the function does
experience an overall decrease during the simulation time due to the strong decrease
enforced through the jumps of the hybrid dynamics. Experimentally, we observe that
to obtain better transient performance (with T's that are outside the feasible set), one
could allow the Lyapunov function to increase during flows, provided this increase
is compensated via jumps. This indicates interesting opportunities to attain even
better behavior via adaptive resetting policies that reset whenever the Lyapunov
function increases. However, the development of those techniques in a distributed

way is challenging and falls out of the scope of the current paper.

We finish this section with a result for quadratic games.

Proposition 5.1. Suppose that Assumption 5.1 holds and G describes a k-strongly
monotone quadratic game. Consider the hybrid dynamics H; under the reset
condition (RC;) with p; = k~! and reset policy a = 0,,. If S5 is k~-GC, then A is
UGES, and for each compact set Ky C C; U D; there exists My > 0 such that all

solutions x with x(0,0) € K, satisfy

a(g)

lg(t,j) — q*| < or/os (1=~ (7)) 2 My,
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Figure 5.4. Lyapunov function f/(x) for trajectories resulting from the HM-NSS in
5-player k-strongly monotone quadratic games with x = 0.009, and different condition
numbers o4. In all the cases the dynamics are implemented with the resetting period
T = T°P presented in Lemma 5.4.

where a(j) = max{0, | & ]}, and v (k™) € (0, 1).

It is not difficult to show that the assumptions of Proposition 5.1 can be satisfied
when Tj is sufficiently small and o < V2. However, it is also not difficult to find games for

which this condition is violated, yet (RCy) holds and Sj is still k-GC. In fact, for quadratic

games, condition (5.7) simplifies to 0 < I,, — ky(kl,, — A)(kI, — A)T, with k; = K(IT:?).

Remark 5.6. For some games, a potential function P might be available but its
gradient V P might only be monotone if a suitable vector of weights w € R"™ is chosen
so that diag(w)V P is strictly or k-strongly monotone. In such cases, the results of
Theorem 4.1 are not applicable, but those of Theorems 5.1 and 5.2 hold provided that
G = diag(w)V P satisfies the suitable assumptions on its continuity and contractivity

of Ss. Such weighted potential games have been recently studied in [121] in the

context of congestion games.
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5.1.2 Hybrid Momentum-Based NSS with Partial Information

In the previous section, we assumed that each player ¢ had access to an individual
9¢i(-)
i

of the game. In this section, we now relax this assumption by considering Oracles that

Oracle able to generate measurements of the partial gradient at the overall state ¢
provide evaluations of the partial derivatives. In this case, to carry out the gradient
evaluations each player needs to estimate the actions of the other players by extending the
hybrid dynamics H;. To simplify our exposition, in the following sections we assume that
the actions ¢; are scalars, i.e., that n = 1. However, all our results also hold for vectorial

actions by using suitable Kronecker products.

Individual Multi-Time Scale Hybrid Dynamics

To achieve distributed NSS over graphs with partial information, we proceed to
endow each player ¢ € V with an auxiliary state e’ that serves as an individual estimation

of the actions of the other players:

e = (el el ... q,....e . e\)eRY (5.12)

Since players do not need to estimate their own action, it is also convenient to introduce

the auxiliary state e’ ; € R¥~1 which contains the same entries of e’ with the exception of

¢i, which is removed. Using this notation, we now assume that each player ¢ has access to

individual gradient Oracles characterized by mappings of the form (¢;, e’ ) — Qi(qi, e ),
_ 94i(@)

which satisfy Gi(qi, q_;) = 5, - Following similar notation used in the literature [107],

we define the matrices

Iy O—1yx1 O@—1)x(N—=i)
Qi = )
Ov—iyx(i-1) Ov—i)x1 Iin—s)

P = {01X(i—1) 1 OlX(N_i)} '
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By using these definitions, each player ¢ now implements the following accelerated aug-

mented continuous-time NSS dynamics:

e %(pz — ) +Pi Y jen (€ —€)
i —27:G; ¢, €,
- (3.€%) , (5.13)
T n
e . _égz Zje/\/’i(ei —e/)

where £ > 0 is a new tunable parameter. These dynamics are implemented whenever the
state 7; satisfies 7; € [Ty, 7). The momentum-based dynamics (5.13) implement a dynamic
consensus mechanism with state e’ ,. This mechanism uses a high gain % to induce a
time-scale separation in the flows of the hybrid algorithm. In particular, if the states e
were to instantaneously achieve their steady state value, the flows (5.13) would reduced to
the flows (4.9¢).

When players are uncoordinated, the individual resets are triggered by the condition
7, =T, and are given by

1 —1 —1

where R; is defined in (5.3e). However, lack of coordination between resets can induced
the same issues discussed in Chapter 2 (Section 2.2). To avoid this, we will incorporate
the hybrid coordinated restarting mechanism described in (5.3). Figure 5.5 shows a

block-diagram representation of the multi-time scale hybrid dynamics of each player.

Well-Posed Coordinated Hybrid System with Partial Information

To write the coordinated HDS in vectorial form, we introduce the matrices Q =
D(Q;) € RV=Nx*N* and P .= D(P;) € RV*N and note that ¢ = Pe € RVN*~N. Addition-
ally, we define the state § := Qe, such that using PP = Iy, QQ" = Iy2_y, and PQT =

0, we can write e = ¢(q,§) =P ¢+ Q"q, where e = (e',--- ,e"), and express the overall
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Figure 5.5. Scheme of Individual HM-NSS dynamics for games with partial information.
Consensus dynamics are implemented to estimate the actions of other players.

hybrid NSS dynamics as a HDS with state (x,§), where z == (¢,p,7) € R* and data
Ho = (Cy, Fy, Dy, Go). The flows are given by

q 2T (p — q) — PLy)(q, q)
p Fy(r.d)— —2TG((q,9)) 7 (5.15)
7L 771N

5.

where L := L ® I,, denotes the communication matrix of the graph G. The continuous-time

dynamics in (5.15) are allowed to evolve whenever (z,¢) belongs to the flow set:

Oy ::{(x,é) eRVHN . 4RV, peRY,

reT, TN, §e RNQ‘N}. (5.16)
On the other hand, the jump set is defined as:

Dy = {(z,9) e RV ;5 € €, maxm =T}, (5.17)
1€
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and the discrete-time dynamics of the algorithm are given by:

(l‘+,q+) € Gg(l’,g) = Gl(qapa 7—) X {qA}v (518)

where (1 is defined as in (5.3). Thus, the jump map affects only the momentum coefficients
7 and the state p via the reset policy o = (aq, s, ...,ay). Similar to Lemma 4.1, the

next lemma follows directly by construction of the HDS.

Lemma 5.5. For the HDS H, := (Cy, F5, Do, G3), all the properties of Lemma 4.1
still hold.

We will study the stability properties of the HDS H, with respect to the following
compact set:

Ag = Ax{Q(1n ® ¢")}, (5.19)

where A was defined in (5.5). In this case, we will use the following restricted reverse-
Lipschitz assumption, also used in [122] for optimization, and in [123] for NES with static

inertia.

Assumption 5.4. There exists ¢ > 0 such that |G(q) — G(¢*)| > (|g — ¢*|, for all

g € RY.

Next, we have the following result, which leverages items (i;)-(i5) of Theorems

5.1-5.3.

Theorem 5.3. Let G describe a strictly monotone game. Suppose that Assumptions
5.2, 5.3 and 5.4 hold, and consider the HDS #5 under (RCy). If S5 is /—GC with

0 <d < (1—mn)/¢, then under any of the conditions (i;)-(i5) the following holds:

109



a) For all € € (0,¢}), the set Ag is UGAS. Here ¢* is given by

1 4 4
. 1 14 . {W t i4Tma® 0 21 2@
Es . g,

} -1
" 20/ N " dmin {1, 2} - (B20)

b) For each (£, 7,v) € R, and each compact set K, x K; C Cy U Dy, there exists
e** such that for each € € (0,e™) and each solution of Hy with z(0,0) € K,
and ¢(0,0) € Kj, there exists a solution Z of system H; with € K, such that

z and # are (£, J, v)-close.

Item (a) of Theorem 5.3 establishes robust stability and convergence properties for
the hybrid NSS dynamics Hs. On the other hand, item (b) establishes that on compact
sets of initial conditions and on compact time domains, the trajectories x will behave as
the trajectories of the “full-information” system H; as ¢ — 0% in (5.15). In particular, by
combining items (a) and (b), we recover the convergence bounds of Theorems4.1, 5.1, and
5.2, now in a semi-global practical sense as ¢ — 0. This behavior is illustrated in Figure
5.6, which shows the trajectories ¢ and ¢ in a x-strongly monotone game. As it can be

observed, the solutions of H, approximate the solutions of H; as ¢ — 0%.

Remark 5.7. Assumption 5.4 always holds for k-strongly monotone games with
¢ = k. Hence, for these games one can compute an alternative expression of €}
by substituting Assumptions 5.2-5.4 in Theorem 5.3 by Assumption 5.1 when S;
is (04()-GC. Moreover, to guarantee that S5 is -GC, required in Theorem 5.3, a
suitable upper bound for T' can be obtained by mirroring the derivations of Lemma

5.2, which we omit here due to space limitations.

To our best knowledge, Theorem 5.3 is the first result in the literature that

establishes robust convergence and stability properties for decentralized momentum-based
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Figure 5.6. Trajectories of actions ¢ and estimates ¢ in a non-potential x-strongly
monotone quadratic game with N = 30, x = 0.01, ¢ = 0.1, 75(0,0) = 0.1 - 15, and
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NSS algorithms over graphs. Note that the stable incorporation of the multiple-time
scale consensus mechanism is enabled by the use of resets, since otherwise no XL bound
(or strong Lyapunov function) would exist for the slow dynamics (also called “reduced
dynamics” in the singular perturbation literature [22, Ch. 11]) of the flows, which are

precisely given by (5.1).

5.1.3 Model-Free NSS with Momentum

In the previous sections, we studied algorithms that made use of gradient Oracles
with full or partial information. In this section, we dispense with this assumption by
designing accelerated model-free hybrid NSS dynamics, suitable for applications where
players have access only to real-time measurements of the signals that correspond to their
cost functions ¢; (e.g., the difference between the individual cost and revenue in a market),
which are generated by the game. Such payoff-based algorithms can be designed using
tools recently developed in the context of hybrid equilibrium seeking control [111, 25].

To achieve model-free NSS, each player ¢ generates an individual probing signal
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t — w;(t), obtained as the solution of a dynamic oscillator with state p; = (fi;, f1;) € R?,

evolving on the unit circle S' according to

1
fti = —Qups, pi €S, Q=27 ; (5.21)
p -1 0

where ¢, and ¢; are positive tunable parameters. Note that S' is forward invariant under

the dynamics of p;. Using this probing signal, each player implements the flows:

i Tz(pz - Qz')
pi | = —iﬂ‘@(q + cafi)eq f1i | (5.22)
Ti n

where p = (p1, fia, .., ptn) € R?*Y | and where fi is the vector that contains the odd
components of p. The dynamics (5.22) use real-time measurements of the cost ¢;, and are
implemented whenever 7; € [Ty, T'). Conversely, when 7; = T" and players are uncoordinated,

T =Ri(x), pi = wi, where R; is

they reset their states according to the dynamics z
defined as in (5.3). The constant €, > 0 is also a tunable parameter.
We impose the following assumption on the parameters ¢; of (5.21), which is

standard in the averaging-based NES literature [35, 124, 113, 112].

Assumption 5.5. For all 4, ; is a positive rational number, ¢; # ¢;, ¢ # 2¢;, §; # 3¢,

for all i #£ 5 € V.

As in the model-based case, an uncoordinated implementation of the model-free
hybrid dynamics can be detrimental to the stability and/or transient performance of the
algorithm. Thus, we incorporate the hybrid coordination mechanism described in (5.3) to

coordinate the resets of the players. Using the set-valued coordination mechanism, the
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overall discrete-time dynamics of the algorithm are modeled by the difference inclusion

(@™, ") € Ga(w, p) = Gi(z) x {u}, (5.23)

where G is given by (4.9a). This jump map will preserve the sequential nature of
the resets needed to guarantee a well-posed HDS that satisfies (4.6) and (4.7). Using

¢ = (¢1, 02, ..., Pn), the continuous-time dynamics of the model-free hybrid NSS algorithm

can be written in vector form as:

q 2T '(p —q)
. 4 7 ~ ~
P — =T o(q + eaft)fi
= FB(xv lu) — ‘ ) (524)
T n
f éD(Ri)M

and the flow and jump sets are defined as:

Cs3:=C; x TV and Djs:= D; x TV, (5.25)

Figure 5.7 shows a scheme of the proposed model-free NSS dynamics.
Semi-Global Practical Stability Results

The data Hz = (C3, F3, D3, G3) defines the third hybrid NSS dynamics considered
in this chapter. The stability and convergence properties of Hg are given in the following

theorem, which also leverages items (i)-(i5) of Theorems 1-3.

Theorem 5.4. Let G describe a strictly monotone game, and consider the HDS H3

under (RC;). Then, under any of the conditions (i;)-(i5) the following holds:

a) The set A x TV is SGPAS as (g,,e,) — 0.
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Figure 5.7. Scheme of Individual Model-Free HM-NSS dynamics with real-time measure-

ments of the cost.

~

are (t,7,v)-close.

Similar to Theorem 5.3, the result of Theorem 5.4 establishes two key properties:

First, for any desired precision v > 0, and any compact set of initial conditions K, every

b) For each (f,7,v) € R? and each compact set K, C C; U Dy, 3 & > 0 s.t.
Ve, €(0,e;) Iy >0s.t. Ve, €(0,e), and for each trajectory x of system

Hs with 2(0,0) € K, there exists a solution Z of system #; such that = and Z

solution of the HDS #3 initialized in K, will satisfy a bound of the form®

2t )| < B(12(0,0)] 4, t +5) + =

with § € KL, provided the parameters ¢, and ¢, are selected sufficiently small. Moreover,
item (b) implies that by selecting ¢, and ¢, sufficiently small, the trajectories x of Hg will

recover all the fast convergence bounds established in Theorems 3.3, 5.2, modulo a small

residual error and on compact sets.

57

'We note that |u(t,j)|t» = 0 for all (¢, ;) in the domain of the solutions.
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Figure 5.8. Trajectories of H; and H3 in a non-potential k-strongly monotone quadratic
game with k = 0.197, ¢ = 0.2 and n = 10.

Remark 5.8. The model-free dynamics Hsz are based on averaging theory for
(perturbed) hybrid systems [30, 25]. In particular, as ,,¢, — 07 the trajectories of
Hs behave as their average hybrid dynamics (modulo a small perturbation), which
are precisely given by H;. Both dynamics are set-valued, which differs from existing
results in the literature of model-free Nash seeking [35]. Figure 5.8 shows a numerical

experiment in a k-strongly monotone quadratic game where a solution of Hjs is

compared to a solution of the model-free dynamics of [35].

We finish this section by commenting on the extensions of system Hj3 to applications
where players could have access to an individual “Black-Box Oracle” that allows them
to evaluate (as opposed to measure) their local cost ¢; at their current state g;, using
estimations of the actions of the other players (in a similar spirit as in Section 5.1.2) and
without knowledge of the mathematical form of ¢; (e.g., using dynamic simulators). In

this case, we can follow the same approach of Section 5.1.2, incorporating an auxiliary
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estimation state ¢. In this, the vectorial hybrid system H, = (Cy, Fy, Dy, G4) will have

flow map given by

g 27 '(p — @) — PLp(q, 9)

P — 2T (g + aft §)) 1

i | =R = ) , (521
i —D(Ri)u

q ~20L)(q, g)

jump map Gy(z, 1, §) == Gy(z) x {u} x {G}, flow set Cy == Cy x T" x R¥*~N and jump set
Dy = Dy x T" x RN*~N_ For this hybrid system, a result like Theorem 5.4-(a) also holds,
now with respect to the set A x T" x {Q(1, ® ¢*)} and as (g,,4,&.) — 07. Similarly,
a result like Theorem 5.4-(b) holds by noting that the average hybrid dynamics of H,4
are precisely given by the HDS H, (modulo a small perturbation on the gradient), whose
robust stability properties were already established in Section 5.1.2. Thus, we can follow
exactly the same steps of the proof of Theorem 5.3 to obtain an equivalent result.

In this section we introduced a class of Nash set-seeking algorithms with dynamic
momentum for the efficient solution of non-cooperative games with finitely many players.
The algorithms are modeled by hybrid dynamical systems that incorporate continuous-time
dynamics with momentum and discrete-time coordinated resets. We developed model-
based algorithms, as well as algorithms suitable for games with partial information and
model-free settings where players have access only to measurements of their cost. In
each case, we established robust stability and accelerated convergence properties using
multi-time scale techniques for hybrid dynamical systems.

In the next section, we study how dynamics of the form (5.1) can be applied
in decentralized concurrent learning scenarios, where we consider a network of agents

collaborating to learn a common model of a scalar signal, by exchanging information via a
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graph G = (V, £) using a consensus mechanism. In this context, the map G in (5.1) takes
the form of a vector field A(t)q + Lg, where A(t) is a symmetric matrix incorporating
the agents’ individual learning processes, and L = £ ® I,,, with £ being the Laplacian
matrix of G, encapsulates the network topology and governs inter-agent information flow.
While A(t) is symmetric, L typically is not, especially for graphs with directed edges. This
asymmetry precludes the existence of a potential function for the entire system, paralleling
our earlier discussion of nonpotential games. As our analysis will reveal, this characteristic
can induce instability when reset mechanisms are implemented infrequently. However,

stability can be restored by increasing the frequency of these resets.

5.2 Decentralized Concurrent Learning with Coor-
dinated Momentum and Restart

Concurrent Learning (CL) techniques have emerged as powerful data-driven tools
for designing estimation and learning dynamics in a wide range of applications where
persistence of excitation (PE) conditions are either impractical or infeasible [125, 45]. These
techniques have demonstrated their utility in diverse fields, including parameter estimation
in batteries [6], exoskeleton robotic systems [126, 127], mobile robots and aerial vehicles
[128], extremum secking algorithms [129], and reinforcement learning controllers [2, 41].
In these applications, extensive datasets containing historical recorded measurements
of the relevant system signals are often available and can be leveraged for estimation
purposes. When these datasets are “sufficiently rich”, they can be seamlessly integrated
into dynamic estimation algorithms, enabling (uniform) exponential convergence to the
unknown parameters even in the absence of PE conditions.

However, relaxations of PE conditions can lead to suboptimal transient performance,
particularly in terms of slow convergence rates that depend on the “level of richness” of

the dataset used by the algorithm. Since datasets readily available in applications may
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exhibit prohibitively small levels of richness, there is a growing need for the development of
enhanced CL techniques that can accelerate the convergence rate of the estimation dynamics
while maintaining the desirable stability and robustness properties. One promising direction
to alleviate the slow convergence issue in decision-making algorithms is the incorporation
of momentum with dynamic damping, see [6, 130, 131]. For single-agent gradient-based
dynamics with momentum, the use of decreasing damping has been shown to play a
crucial role in inducing favorable acceleration properties [132, 17, 18, 133]. However, it
has also been shown that stability bounds in terms of KL functions may not exist for
such systems unless the damping coefficients are persistently exciting [29, Thm. 2], a
condition that precludes vanishing coefficients. Furthermore, it is well-known that, without
proper tuning, the use of momentum can lead to undesirable oscillations [93]. To address
potential instability issues and to eliminate oscillatory behaviors, restart mechanisms
that reset the momentum have been developed for single-agent systems using adaptive
(93, 134] and periodic policies (usually called “scheduled”) with carefully selected restarting
frequencies [17, 25, 135, 93]. Recent works have also investigated the development of similar
momentum-based algorithms in multi-agent systems, including distributed continuous-
time heavy-ball dynamics with constant damping [136], limiting equations of stochastic
recursive algorithms as multi-agent flows with momentum [137], and decision-making
algorithms with momentum for high-order multi-agent systems [138, 1, 139]. However,
existing approaches have primarily focused on undirected network topologies. Additionally,
the incorporation of momentum and restarting mechanisms in decentralized concurrent
learning algorithms has remained unexplored. Such algorithms are essential when a network
of agents seeks to collaboratively and efficiently learn a common model by sharing local
estimates with neighboring agents, without revealing their private data. Applications of
these algorithms span various domains, including source seeking in autonomous mobile
robots [140], adaptive formation control of robotic teams [141], and cooperative adaptive

control [142].
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Motivated by the previous background, in this section we study the synthesis and
analysis of decentralized concurrent learning dynamics with momentum and restart for
general directed graphs. In particular, we consider a model that extends the centralized
dynamics studied in [17, 18], and [25] to cases where each agent implements its own restart
policy and shares information only with neighbors characterized by the topology of the
communication graph. To assess the impact of the topology of the graph on the stability
properties of the dynamics, we exploit analytical tools from graph theory [143] and hybrid
dynamical system’s theory [33]. Using these tools, this section presents the following
primary contributions:

(1) We first introduce a class of multi-agent concurrent learning (CL) algorithms
that incorporate momentum and a restarting mechanism coordinated by a centralized
resetting state. We demonstrate that if: (a) the graph is strongly connected, (b) the
overall data collected by the agents satisfies a “cooperative richness condition,” and (c)
the restarting frequency exceeds a certain threshold that encodes the “asymmetry” of
the communication graph, then the resulting error estimation dynamics are input-to-
state stable [144] with respect to measurement noise and model error approximations.
Furthermore, the convergence is exponential with rates assignable via the restarting period.
These results are presented in Theorem 5.5.

(2) Next, by leveraging the robustness properties of the dynamics, we interconnect
the momentum-based concurrent learning algorithms with a fully decentralized coordinated
restarting mechanism, enabling a complete decentralized implementation. The resulting
dynamical systems are also globally stable and exhibit convergence rates consistent with
Theorem 5.5, following an initial synchronization phase of the restarting times. These
results are presented in Theorem 5.6.

(3) Finally, we present three applications of the proposed momentum-based CL
algorithms with restart within the context of data-enabled control: (a) cooperative

parameter estimation without persistently exciting regressors in networks where nodes
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have private data with heterogeneous informativity properties; (b) data-enabled cooperative
model-reference adaptive control; (c) data-enabled cooperative feedback-optimization. By
employing (hybrid) Lyapunov-based techniques, we show that the resulting closed-loop
systems exhibit favorable stability and convergence properties, which are also illustrated

via numerical examples.
Problem Formulation

We consider a decentralized learning problem in a multi-agent system (MAS), where
a group of N € Z, agents seeks to collaboratively estimate a common model characterized
by a parameter #* € R". The agents share information with each other via a directed
communication network modeled by a strongly connected digraph G = {V,£}, where
V :={1,2,...,N} is the set of nodes, and & is the set of edges. We denote by (,7) € £
a directed edge from node i to node j, we call node i an in-neighbor of node j, and we
call node j an out-neighbor of node i. We consider digraphs that do not have self-arcs.
A weighted Laplacian matrix £ = [l;;] € RV*N associated with G satisfies the following:
the off-diagonal entries are such that [;; < 0 if (¢,7) is an edge, and [;; = 0 otherwise;
the diagonal entries [;; are determined such that every row of £ sums to zero, and all
its nonzero eigenvalues have positive real part [143, Lemma 6.5]. A digraph is strongly
connected if for any two distinct nodes ¢ and j, there is a path from ¢ to 5. The Laplacian
matrix of a strongly connected digraph satisfies rank(£) = N — 1 [143, Ch. 6]. We assume
that each agent ¢ € V has access to both real-time and past recorded measurements of a

signal of the form

Wr(t, di(t) = ¢i(t) 0" + di(2), (5.28)

where d; € R represents an unknown and possibly time-varying disturbance, and ¢; :

R>g — R™ represents a regressor function (or basis functions), which is assumed to be
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continuous, uniformly bounded, and known to the i agent. These assumptions are typical
in parameter estimation problems in the context of single-agent [41, 130, 6, 6, 45] and

distributed CL [129, 142].
Model Description and Key Assumptions

The main idea behind Concurrent Learning (CL) is to use both real-time and past
recorded measurements of ¥} in (5.28) to recursively estimate the unknown parameter
0*. This approach is particularly useful in situations where the regressors t — ¢;(t) are
not persistently exciting [41], that is, when there are no constants 7', m > 0 such that
ftHT ¢i(8)di(s)"ds > ml,, for all t > 0 and all i € V. To address this limitation by
leveraging each agent i’s access to past recorded measurements of ¥7, this paper introduces
a decentralized momentum-based concurrent learning (DMCL) algorithm to estimate 6*.
In this algorithm, each agent ¢ € V maintains its own individual estimate of 8*, denoted

7

as #; € R, which is updated according to the following dynamics:

Qz(t) = (pi(t) - ez(t»’ 7._i(t) S [07(")]’ Vi€ V: (529>

where 7; is a dynamic, non-decreasing coefficient, with rate of growth upper bounded by

w > 0, and which satisfies
Tl(t> € [To,T], vtERzo, T >1Ty >0,

where (T, Tp) are tunable parameters. The auxiliary state p; € R™ captures the incorpora-

tion of momentum, and it satisfies

pi(t) = —27;(¢) (Ai (0:(t), vi(t), t,v;) + ke Z aj; (6;(t) — 6, (t))) : (5.30)

JEV
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where k. > 0 is a tunable gain, A; is a suitable mapping described below, and a;; is the

jit" entry of the adjacency matrix of the graph G modeling the flow of information betwen

agent ¢ and its neighbors. The key components of the DMCL dynamics are explained

below:

a)

d)

In (5.30), the function A; has the general form
AZ(H“ vy, t, Ui) = kt\yz (0“ t, Ui) + qu)z(ezy VZ‘), (531)

where k, > 0 and k; > 0 are tunable constants.

In (5.31), the function ¥; is given by

Wil vi(1)) = 0u(t) (1(0i, ) = w7 (1 0u(1)) ) (5.32)

and it incorporates the real-time information available to the i*" agent, where 17 is
given by (5.28), ¥;(6;,t) = ¢;(t)T0;, and v;(t) := d;(t) is the time-varying disturbance
n (5.28).

The function ®; in (5.31) is given by
k;
9177/1 Z zk <wz ezatzk) %( zk:;l/zk)> (533)
k=1

and it incorporates past recorded measurements of the signal ¢7 in (5.28) and the
regressor ¢;, obtained at a sequence of times {ti7k}£i:1, where k; € Z>, is the number
of measurements recorded by agent i, and where v;;, := d;(t; ) captures the persistent
disturbances occurring during data collection in (5.28), which are stored in the vector

V; = (Vi,la Vigy,. .., Vi,Ei) € Rk’
The last term in the dynamics of p; captures the exchange of information between
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agent ¢ and its neighbors. Note that, in general, we have a;; # a;; because the graph

G can be directed.

To study the DMCL dynamics, the data matrix associated to the i*" agent is defined as

follows:
ki
A=) d(tin)dltin) " € RV, (5.34)
kizl

Instead of assuming that every matrix A; is positive definite, as in standard single-agent
concurrent learning (CL) [41], we will assume a weaker “cooperative” richness condition

on the overall data of the network [145, Def. 2].

Assumption 5.6. There exists a constant o > 0, such that

N
> A= al,. (5.35)
=1

Moreover, the graph G is strongly connected.

If (5.35) holds, the data {A;};cy is said to be cooperatively sufficiently rich (CSR).

Remark 5.9. Assumption 5.6 allows for some agents to have uninformative data
(e.g., ¢i(tix) = 0) provided other agent’s data is sufficiently rich to satisty (5.35),
see also [146]. This is an important relaxation for large-scale MAS where, unlike
standard centraCL [41], it might be unreasonable to assume that every agent’s data
satisfies A; = 0. Moreover, note that in the DMCL dynamics, agents do not share
their data with other agents in the network. In fact, only the local estimates 6;
are shared with the neighboring agents. This prevents the direct solution of the
estimation problem using “single-shot” techniques and instead necessitates recursive

algorithms that converge to 8* while preserving the privacy of individual data.
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Connections to Momentum-Based Dynamics in Potential Settings

The form of the DMCL dynamics is closely related to the accelerated gradient flows
with momentum studied in [17, 147, 18, 1], which have the general form
2
) — 2
0
To(t) = =27.(6)V f(x1(t)), (5.36b)

(w2(t) — 21(1)), (5.36a)

and where f is a suitable convex cost function and 7. : Rsg — Ry is a time-varying
coefficient. Indeed, using the vectors 0 := (01,605,...,0n), p :== (p1,p2,--.,0N), the
parameter error coordinates 6 := 0 — 1y ® 0%, p:= p — 1y @ 6*, and the Laplacian matrix
of the graph £, the DMCL dynamics with a centralized coefficient 7 =7 = ... = 7y can

be written as the following dynamical system:

A
| =F@,p,71), (5.37)
p
where F is given by
2
. ~(p—10)
F(O,p,7,t)= T : (5.38)

—27 (ke A(t) +k A+ kL) 0 4+ U(t)

In (5.38), L= L ®I,, A and A are the block-diagonal matrices

A(t) = diag ({or (D)o (t) ..., on ()N () })

ky kn
A =diag | $ > dr(t1e)e] (k) > dn(tnr)on(tng) ¢ |
o ot
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and U is given by

=27k 1 ()v1 (t) + ke Zill o1 (k) vk
Ut) = ; . (5.39)

—27kidn () on (t) + ke S, dn(twp)vws

However, while similar decentralized algorithms have been studied in [138, 1, 139], the
DMCL dynamics do not describe a standard gradient flow with momentum due to the
lack of symmetry on L, i.e., the right-hand side of (5.38) cannot be expressed as the
gradient of a potential function, a property that usually plays a crucial role in the stability
properties of momentum-based dynamics. The following example highlights some of the
challenges that can arise when momentum is used and the multi-agent system (MAS) has

a communication topology characterized by a directed graph.

Example 5.2. Consider a multi-agent system with three agents, i.e., V = {1, 2, 3}.
We let k; = 0 and d; = 0, and for simplicity we assume that all agents use the
same coefficient 7. = 1 = 7 = 73, with 7(0) = Tp, w = 1/2, T, = 0.1, T' = 200.
We consider regressors ¢;(t) = (1,10e™* 100e~2") with collected data satisfying
Assumption 5.6, and the parameter 6* = (1,—2,1). The DMCL dynamics are
implemented using 7. = w until 7. = T', at which point 7. is set to zero. This
selection satisfies (5.29) and keeps 7 bounded in the set [Ty, 7]. The left plot of
Figure 5.9 shows the evolution in time (in logarithmic scale) of the estimation error
6 =6— 1y ® 6 when the graph G is fully connected. As observed, the estimation
error converges to zero, which is consistent with the stability results of [17, Thm. 3]
and the fact that in this case, the DMCL dynamics describe an accelerated gradient
system, similar to (5.36). Now, suppose that the communication graph is a directed

cycle graph, as shown in the inset of the center plot of Figure 5.9. In this case, the

same DMCL algorithm ceases to be a momentum-based gradient flow and it exhibits
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Figure 5.9. Solutions to DMCL without restart can exhibit stability in symmetric graphs
(left) and instability in asymmetric graphs (center) when 7 is sufficiently large. Stability
in asymmetric graphs is recovered by employing a suitable coordinated restart mechanism
(right).

the instability shown in the plot. In particular, the asymmetric component of L now
induces instability when 7 becomes “sufficiently large”, at approximately ¢t ~ 25s,
which corresponds to 7 &~ 12.5. The right plot, however, reveals a promising solution
to the instability issue in asymmetric graphs. In particular, stability can be restored
by implementing a well-designed coordinated restart mechanism that accounts for
the graph’s asymmetry. The details of this mechanism will be elaborated upon in

the following sections.

DMCL with Coordinated Restart

To address the instability observed in Example 5.2, while simultaneously inducing
suitable convergence rates achieved via momentum, we incorporate restart mechanisms
into the algorithm (5.29)-(5.30). These mechanisms persistently reset the momentum 0;
and the dynamic coefficients 7; whenever they exceed a carefully selected upper bound 7.
The resets are performed according to the following discrete-time updates:

7

where 7; € {0, 1} is a pre-defined parameter indicating the restart policy of agent 7. Similar
resets have been shown to reduce oscillations in single-agent momentum-based algorithms

[17, 93] and enhance their stability properties in the presence of persistent disturbances [25].
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Note that the policy 7; = 1 implies p;” = 6;, which in turn implies Qf =0 in (5.29), that
is, the momentum state of agent 7 is reset to zero. On the other hand, the choice n; =0
only resets the coefficients 7 while keeping the momentum states constant during resets,
thus emulating a heavy-ball system with a “persistently exciting” damping coefficient
[29]. For multi-agent systems with undirected graphs, similar restart mechanisms of the
form (5.40) have been studied in [139, 1]. However, the effectiveness of restarting in the
context of multi-agent systems with directed graphs has remained largely unexplored, and,

as suggested by Example 5.2, the extension is non-trivial.

Remark 5.10. The behavior observed in the center plot of Figure 5.9 clearly
shows that a “slow” restart frequency (i.e., allowing T to be arbitrarily large) does
not achieve stable parameter estimation, as the trajectories of the system initially
approach the true parameter, but eventually diverge around t &~ 25s. Conversely, a
very “fast” restart frequency might reduce the effectiveness of using momentum with
dynamic damping, as it would keep T" and p; approximately constant. Alternatively,
the right plot of Figure 5.9 demonstrates the emerging behavior of the DMCL
algorithm when restarts are implemented by each node of the network under a
“suitable” frequency and in a coordinated manner. In this case, the dynamics exhibit
fast linear convergence to the true parameter, with a convergence rate tunable
via the parameter 7. While similar phenomena have been recently observed in
game-theoretic problems [1], the use of momentum and restart in decentralized CL

problems; and its dependence on the system’s data, graph topology, and perturbed

models (5.28), have remained largely unexplored.

The previous observations motivate the main research problem that we study in

this section:
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Problem 5.1. Characterize the restart mechanisms that: a) robustly stabilize the
DMCL algorithm in directed networks; b) achieve ISS with respect to the disturbances

d; in (5.28); ¢) induce network-wide acceleration properties in the MAS.

To tackle Problem 1, we first consider a centralized restart mechanism that makes
use of a common state 7. € Ry that satisfies 7. € [0,w]. This “centralized” restarting state
will initially simplify the analysis, and it will be removed in the subsequent subsections
to encompass decentralized implementations. For the purpose of analysis, we also use an

auxiliary state s € R>( with dynamics § = 1 to model any explicit dependence on time ¢.
Centralized Restart: Hybrid Systems Model

When using a common coefficient 7. € R to coordinate the restart of the DMCL
algorithm, the resulting dynamical system can be modeled by the following differential

inclusion, in vectorial form, with overall state y. := (0, p, T, s):

2@—@

Te

—2r A6, s,
o€ Fu(yeu) = | (0,5,u) (5.41)

[0, ]

1

In (5.41), the state y. evolves in the flow set C. x Rx¢, with input v = (v,v) € RV+F

where the vectors v and v are defined as
. N — k
vi= (v, 0s,...,0y) ERY ) vi=(v,1,...,vy) € R,
where k := Y ey k;. The function A is given by

AO,s,u) = k¥ (0,s,v)+ k.®0,v)+ kL0, (5.42)
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and the functions ¥ and ® are defined as

‘I,(67 S, U) = (\Ijl(ela S, Ul)) R \IJN(QNv S, UN)) (543&)

B(0,v) = (1(01, 1), ..., On(On, vw)), (5.43D)

where the functions ®;, U; were defined in (5.32)-(5.33) for all i € V. Since the vectors 6

and p are both allowed to evolve in R™ while 7. € [Ty, T], the set C, is defined as:
C.:=R™ x R"™ x [T, T], (5.44)
Therefore, the overall flows of the system have the form (1.3a), and are given by
(ye:u) € (Ce X Rog) x RN g € Fo(ye, w).

To incorporate the restarts (5.40) into the DMCL algorithm, each time the condition
7. = T is satisfied, the state 7. is allowed to be reset to Tj, while the states (6;,p;) are

updated as in (5.40). Therefore, using
R, = diag(n) ® I,, (5.45)

with n = (91,72, ...,nn), the discrete-time updates of the state y. of the hybrid system

can be written in vectorial form as

yl = (0%, p", 75 sh) = Guye) = (0,p + Ry (0—p), To, s) (5.46)

s le

which are executed whenever (6, p, 7., s) € D, x Rsq, where

D. = R™ x R™Y x {T}. (5.47)
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Therefore, the overall discrete-time dynamics of the system (which do not depend on the

input u) with state y., have the form (1.3b), and are given by

(Y, ) € (Do X Rsg) x RV g = Go(ye) = Gel(ye) x {s}. (5.48)

By combining (5.41) and (5.48), the DMCL algorithm with centralized restart can be

viewed as a HDS of the form (1.1), with data
%c = (Cc X Rzo, Fc, Dc X Rzo, GC,U). (549)

Note that in this centralized HDS the jump set (5.47) only imposes conditions on the
state 7.. Namely, a restart is enabled whenever 7. = T'. If, at this time, a restart is not
executed, solutions can only continue evolving by flowing using 7. = 0, i.e., keeping 7. =T
constant for all time until a reset is executed. If 7(¢) = constant € (0,w] for all time,
then the HDS would model a DMCL algorithm with scheduled periodic restart, where the
time between two consecutive restarts is (7' — Ty)(constant)~!. However, the differential
inclusion in (5.41) also allows us to consider scenarios where 7 is not constant but rather is
any absolutely continuous function (between restarts) satisfying 7 € [0, w], which includes
functions that remain constant for arbitrarily long periods of time.

Before presenting our first main result, we introduce two technical propositions

that play important roles in our results. All the proofs are presented in Appendix C.2.

Proposition 5.2. Suppose that Assumption 5.6 holds. Then, there exists a unit

vector ¢ € RY such that:

a) The entries ¢; of ¢ satisfy:

0o = ;> ming; (= > 0. 5.50
0q = maxg; > ming; := oq (5.50)
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b) ¢"L=0and QL+ LTQ = 0 with Q = diag(q).

c) The function A in (5.42) with k; = 0 and v = 0 can be decomposed as follows:
ke ®(60,0) + kLO=Q 1 (Z+Q)0, (5.51)
where Q = Q® I, 0:=0 — 1y ® 0,

> = kTQA+% (QL+L'Q) (5.52a)
Q ::% (QL-L'Q), (5.52b)
and A = diag ({A1, Ag, ..., Ax}), where A; is given by (5.34).

d) There exists a class-K, function x(-) such that
~ T
[+ kA©| |2+ KAWG] = G + x(0) (5.5

V¢t >0, where A(t) := QA(t) and g is the largest singular value of €.

Remark 5.11. By construction, if the Laplacian £ is symmetric, then o = 0.
However, if £ is asymmetric, then in general we have o3 # 0. For the purpose
of illustration, Figure 5.10 presents four examples of different graphs G and their

corresponding numerical values of 7g.

Proposition 5.3. Suppose that Assumption 5.6 holds; then, there exist o5 > 05, > 0
such that

osIny = 2 = o5 Inn, (5.54)

where X is given by (5.52a).
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5.2.1 Input-to-State Stability of the Centralized Model H.

With Propositions 5.2-5.3 at hand, we are now ready to present the first main
result of this paper, which provides conditions to stabilize the DMCL algorithm using a
coordinating centralized state 7.. In particular, we study the stability properties of H.

with respect to the closed set A, = Ap, X [To,T] x Rsp, where
Agpy = {1y ® 60"} x {1y @ 0*}, (5.55)

which precisely describes the situation where all agent’s estimates 6; are equal to the true

parameter 6*.

Theorem 5.5. Suppose that Assumption 5.6 holds, and let the constants (¢q, 7q,
T4, 0x;) be given by Proposition 5.2. If the restart parameters (w,Tp,T) satisfy
€ (0,1) and

1 1
10 2 _ ool —w)o 2
<—U—Q+TO2> =T<T<T:= <%) ) (5.56)
Q

then the following hold:

a) For any restart policy n € {0,1}" the HDS H, renders the set A, ISS with

respect to the input wu.
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b) If n; = 1 for all i € V, and 7. = w, then, for every initial condition y, :=
y:(0,0) € (C.UD.) x Rs, every solution-input pair (y.,u) of H., and every
(tj,j) € dom(y.) with ¢; := min{t : (¢, ) € dom(y.)}, the sampled sequence of

estimates 6(t;, j) satisfies
00t;.5) — Ly @ O < k- pluol3, + Kalul, 5 (5.57)

where ki, ky > 0, and u(T) == (T/T)? € (0,1).

The main result of Theorem 5.5 reveals the impact of the asymmetry of G on the

resetting parameter T'. In particular, the following observations are in order:

(1) When £ is symmetric (i.e., 74 = 0) and the DMCL dynamics do not use real-time
data (i.e., k; = 0), condition (5.56) reduces to T < T' < oo, which can always be satisfied
using any positive constant T, recovering the results of [25, Thm. 2] in the context of

standard optimization.

(2) In general, the more “informative” is the collective data in the overall system (i.e., the
larger is « in (5.35)), the larger the parameter gy, will be, thus providing more flexibility

to increase the upper bound 7.

(3) The ISS result implies that the trajectories of the algorithm will converge to a
neighborhood of the true parameter 6*, where the size of the neighborhood shrinks
as the disturbances d; shrink in (5.28). When d; = 0, the result establishes asymptotic

convergence to the true parameter.

(4) In item (b), the assignment 7. := w induces periodic resets in the system, where the
time between consecutive resets is (T — Ty)w ™. Moreover, the policy choice n; = 1 implies
that all agents reset their momentum. In this case, the rate of convergence between reset
times is explicitly characterized by a contraction coefficient p(77), which can be tuned

to improve performance and reduce oscillations. In particular, following similar steps
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as in the centralized case [25], the “optimal” value of T' that minimizes the contraction

1
coefficient p(T") over a given window of time can be computed as T* = e (2‘2—‘1 + Toz) .

(5) Lastly, when u = 0, the convergence bound (5.57) characterizes the “accelerated”

convergence properties of H,. towards the true model 6*.

Remark 5.12. The upper bound in (5.56) reveals an interesting trade-off between
the choice of T" and w. Specifically, larger values of w in (5.41) (indicating a more

aggressive decreasing damping during flows) leads to more conservative values of T

(indicating more frequent resets) to maintain stability.

Next, the following corollary leverages the expression of T* to obtain convergence

bounds that parallel those obtained for centralized single-agent systems [25].

Corollary 5.1. Suppose that all the assumptions of Theorem 5.5 hold with T" = T,
7. = w and u = 0; then, (5.57) holds with ks = 0, and for each ¢ > 0 we have

0(t5,5) — 1y ® 0*]> < e for all t; > t%, where t} = 5= (T — Tp) log <§§|y0|f4> :

The bound in Corollary 5.1 implies that, as To—07, the convergence of 6; towards
0* is of order O (e* ves/ EQ), for all « € V. We complete this section with a corollary for
the case n = 0, which guarantees the ISS properties of H,, but not convergence bounds of

the form (5.57).

Corollary 5.2. Suppose that Assumption 5.6 holds, n; = 0 for all i € V, w € (0, 1),
and Ty < T < T, with T as defined in (5.56). Then, the HDS .. renders the set A,
ISS.

The resetting bounds of Theorem 5.5 and Corollary 5.2 only provide sufficient
conditions for ISS (with exponential convergence rates). It remains an open question how

to obtain tight bounds on (7y,T') that are also necessary for stability. We do not further
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pursue these questions in this chapter.

5.2.2 Decentralized Momentum-Based Concurrent Learning

Since a central coordinator with state 7. might not exist in large-scale networks,
in this section, we study decentralized restart strategies based on each agent i € V
implementing an individual dynamic coefficient 7; with initial conditions 7;(0,0) € [Ty, T,
which might not be synchronized @ priori, namely, 7;(0,0) # 7;(0,0), for some 4, j € V. To
simplify our discussion, we assume that 7; = 1 and 7, = w € (0, 1) for all i € V, and that
k; = 0, which allows us to remove the auxiliary state variable s and its associated dynamics.
However, all our results can be extended to the case when time-varying regressors are
included.

When each agent implements its own coefficient 7;, the continuous-time DMCL

dynamics (5.41) become

27 '(p—0)
(z,u) € Cx RV 4 = F(z,u) = | —27T(k,®(0, ) + kL6) | - (5.58)

wlN

where the main state is now x = (0,p,7) € R¥* x RV x RN T = diag(t ® 1,,),

T=(T1,T2...,7n), ® is given by (5.43b), and the flow set is now given by
C =R x RY x [Ty, T]". (5.59)

In this case, restarts of the form (5.40) with 7; = 1 occur whenever at least one of the
agents satisfies the condition 7; = T'. This behavior can be modeled by the following jump
set:

D:{xEC: maXTi:T}. (5.60)

eV
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However, note that this approach would lead to uncoordinated restarts of the individual
dynamics of the agents across the system. For example, for any time window [Ty, T'], one
can select N equidistant initial conditions 7;(0,0) € [Tp, T, where ¢ € {1,2,..., N}, which
result in solutions experiencing N restarts during this time window, each restart separated

by intervals of flow of length TYVTO. Therefore, as N — 0o, asynchronous restarts would

occur more often, hindering the advantages of incorporating momentum into the flows of
the algorithm to accelerate the overall system.

To address this issue, and inspired by the synchronization algorithms of [148], we
integrate the restart dynamics (5.40) of each agent with a decentralized coordination
mechanism for the states 7;. Specifically, each agent ¢ € V performs individual restarts of
the form (5.40) when 7; = T'. However, the agents also implement the following additional

discrete-time updates whenever their neighbors j € N satisfy the condition 7; = 1"

TO lf Ti € [T(), T‘i)
Ti+ € Rl(ﬂ) = {TO,T} if 7, =mr ) (561)
T if T; € (Ti, T}

where r; > 0 is a tunable parameter that partitions the interval [Ty, T] of each agent.
Note that in (5.61), the update rule is set-valued whenever 7; = r;, and in this case, the
parameter 7; can be updated either as 7;¥ = Ty or 7,7 = T. By studying this set-valued
rule, we can establish suitable robustness properties concerning potential disturbances that
might slightly perturb 7; near the point r; € [Ty, T']. This ensures that such perturbations
will not significantly alter the system’s behavior.

To incorporate the additional discrete-time updates (5.61) into the overall jump

map of the system, we consider the following set-valued mapping:

Gd(x) = {(é7ﬁ7%) € R(27Z+1)N : é = 97 ﬁl = Di, 7A—z == TO?

7 € Rj(75), Bj = pj, Vi € Ni,
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Ph= i, = Yk i},

which is defined to be non-empty if and only if 7, = T and 7; € [0,7). In words, the
mapping Gg4(z) captures the resets of the individual states (0;,p;,7;) € R* 1 of agent ¢
via (5.40), and also the updates of its neighbors j € N; via (5.61). The overall jump-map
of the multi-agent hybrid system can then be defined using the outer-semicontinuous hull

of G42, which is denoted as G, leading to the overall discrete-time dynamics
(z,u) € D x RN*F 2t € G(z) = Gy(x). (5.62)

Note that system (5.62) preserves the sparsity property of the graph G.

The decentralized continuous-time dynamics (5.58) and the decentralized discrete-
time dynamics (5.62) comprise the overall DMCL algorithm with restarts studied in this
chapter. This algorithm is fully modeled by the HDS

#H = (C,F,D,G). (5.63)

The following theorem provides a decentralized version of Theorem 5.5. In this case, stability
of 7 is studied with respect to the “synchronized” set Ague = ([To,T] - 1n) U {To, T}V,
and the stability properties of the overall state x are studied with respect to the compact

set

A = Agp X Agyne- (5.64)

For simplicity, we state the result for the case u = 0, but we also comment on the robustness

properties of the dynamics.

- 2The outer-semicontinuous hull of a set-valued mapping G : R" = R"™ is the unique set-valued mapping
G : R™ =2 R” satisfying graph(G) = cl(graph(G)), where cl(-) stands for the closure.
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Figure 5.11. Left: Trajectories of # when G is fully connected. Right: Trajectories of H
when G is a cycle. Here, 0 =60 — 1y ® 60*

Theorem 5.6. Consider the HDS H given by (5.63), and suppose that Assumption
5.6 holds and that:

a) The parameters (Tp, T') satisfy (5.56).

b) The constants {r; };cy satisfy To < r; < Ty + %

Then, the set A = Ap, X Agync is UGES for H, and there exists a time t* € [0, 2T;T°)
such that for every solution z of H and every (¢, j) € dom(y) such that t+j > t*4+2N,
the bound (5.57) holds.

Remark 5.13. (Nominal Robustness) Since the hybrid system #H is nominally
well-posed in the sense of [33, Ch. 6], the UGES properties of the DMCL algorithm
are preserved, in a semi-global practical sense, under arbitrarily small additive
perturbations on states and dynamics. This property is crucial for the use of H in

practical applications where dynamic disturbances are unavoidable, such as those in

(5.28).
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Remark 5.14. (Strong Robustness via ISS) The techniques employed to proof
Theorem 5.6 can be further utilized to obtain ISS of H provided that u originates
from a dynamical system evolving in a compact set. We omit this extension due to

space constraints.

Remark 5.15. Since system H has no finite-escape times due to the global Lipschitz
property of F in C, it follows that the stability results of Corollary 5.2 also extend
to H with n; = 0 for all ¢, recovering the convergence result of Theorem 5.5 after an

initial finite synchronization phase.

To the best of the author’s knowledge, Theorems 5.5-5.6 and the respective corol-
laries, are the first stability results for momentum-based CL algorithms implemented in
multi-agent systems with general directed graphs. We note that in the literature of central-
ized CL, other accelerated algorithms have been studied using finite-time and fixed-time
stability tools in [6, 149, 150]. However, as shown in the comparison presented in [6], when
the “level of richness” of the data (i.e., @ in Assumption 1) is “low”, momentum-based
methods can achieve competitive transient performance compared to other first-order
non-smooth techniques. For decentralized problems defined over networks, we are not
aware of finite-time or fixed-time CL algorithms that are stable under Assumption 5.6. A
natural progression for future research involves developing such algorithms and comparing

them with the DMCL algorithms proposed in this chapter.

5.2.3 Applications in Estimation, Control, and Model-free
Feedback Optimization

In this section, we apply the DMCL algorithm with restart in three different

applications.
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Hybrid Cooperative Identification Over Digraphs

First, we validate Theorem 5.6 in an cooperative estimation problem defined in
a multi-agent system with N = 5, n = 3, and ¥;(s) = (10e™* — 1)?, for all i € V. To
implement the DMCL algorithm with coordinated restarts, we parameterize 1;(-) using the
regressor ¢;(s) := (1,10e7%,100e~%¢) and 6* = (1,—2,1). To satisfy Assumption 5.6 with
a = 5.5, each agent records five measurements of v);. We implement the hybrid system
‘H and plot the resulting trajectories of the estimation error in the left plot of Figure
5.11, using k, = 80, k. = 0.08, and a fully connected graph. We also show with dashed
lines the trajectory obtained when using the first-order decentralized CL dynamics of
[129]. Since the graph is symmetric, in this case T' can be selected arbitrarily large to tune
the convergence rate of the dynamics (see inequality (5.56)). The simulations start from
a non-synchronized initial condition 7(0,0) # 7915 and rapidly achieve synchronization.
Trajectories related to different choices of T" are also shown to illustrate the impact of
the restart period on the convergence rate. Next, we let G be a cycle digraph, for which
g = 0.18. The resetting parameter 7' is selected to satisfy inequality (5.56), and the
resulting trajectories are shown in the right plot of Figure 5.11. In this case, the best

transient performance is obtained as T approaches the upper bound T.
Data-Enabled Hybrid Cooperative MRAC

A key advantage of the robust stability results presented in Theorems 1 and 2,
is that the DMCL dynamics can be interconnected with other systems for the solution
of feedback control problems. To illustrate this application, we consider a multi-agent

dynamical system, where each agent has individual dynamics of the form:

Xi = Aixi + By + Bapi(0,xi), xi € R", u; € R™, (5.65)
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Figure 5.12. Left: Scheme of the 7" agent’s dynamics in the Cooperative MRAC. F; and
G, represent the components of the overall DMCL flow-map and jump-map, respectively,
corresponding to the state z; = (0;, p;, 7;) € R* 1. Right: Trajectories resulting from the
Cooperative MRAC when N = 5.

where 4;(6%, x) = ¢; (x) " 0* models structured uncertainty parameterized by a common
vector #*, and an individual regressor ¢; that is known by each agent i. The agent’s goal is
to be able to asymptotically track a common bounded reference r despite the uncertainty
in their model.

Two-Time Scale Hybrid Dynamics: To solve the tracking problem we use
a two-time scale approach. First, we introduce a reference model x, = A,x, + B,r,
where A, is assumed to be Hurwitz. Following the ideas of [41], each agent implements
a model-reference adaptive control (MRAC) law that incorporates three elements: (1)
an adaptive component u,, (6;, x;) = &;(xi) " 6;, where 6; is the individual estimate of 6*;
(2) a state-feedback component ug, (x:, X») = —K(x; — xr); and (3) a feed-forward term
uy, designed such that B;uy,(x,) = (A, — A;)x, + B,r; see Figure 5.12 for an illustration
of the control law. Using w;(0;, xi, X») = ws; (Xi, Xr) + Us, (Xr) — U, (i, i), and the error

coordinates e; = x; — X, the error dynamics for agent ¢ become:
é; = Ap,€i + B; (&z(g*, ei + Xr) — Ua, (0, €; + Xr)) ; (5.66)

where A,,, = A; — B;K, for all i. We make the assumption that system (5.66) has no finite
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escape times from all initial conditions, and that Assumption 5.6 holds. To cooperatively
estimate 6, we interconnect (5.66) with the DMCL algorith with restart given by (5.63),
with flow map

r€C, =kJF(z0), (5.67)

where the pair (C, F) is given by (5.58), and where k, > 0 is a tunable parameter.

To study the stability of the interconnected system, we first assume the existence
of a centralized timer 7, that coordinates the resets, with dynamics 7. = w € (0, 1).
We interpret the closed-loop system as a two-time scale hybrid dynamical system with
the DMCL algorithm having continuous-time dynamics operating in a faster time scale
compared to (5.66). Since A,, is Hurwitz, for each @ > 0 there exists P > 0 such that
Al P+ PA,, = —Q, i.e., system (5.66) is UGES when 6; = 0. Similarly, by Theorem
5.5, the momentum-based hybrid dynamics H,. render the set A. UGES via a Lyapunov
function V. We can then study the interconnection of both systems using the Lyapunov
function Vi = 0.5V (e) + 0.5V (z), with V(e) = e’ Pe, and V constructed as in Section
C.2. Indeed, from the proof of Theorem 5.5 in Section C.2, the change of V; after a jump
satisfies AV) := Vi(eT,27) — Vi(e,x) = AV (x) < 0 because et = e. On the other hand,

during flows of the closed-loop system, the time derivative of V; satisfies

Vi=—e"Qe—0.5kV (y.) +e"Qo(x(t) 0

< _)\min(Q”e’z - ka‘yC‘itc + ka‘eHyL‘h

where we used the quadratic lower bounds of V', and the boundedness of the regressors
to obtain k¢ > 0. From here, the result follows by completing squares and taking k,
sufficiently large such that V < 0 using standard arguments for two-time scale systems [22,
Ch. 11.5]. Since AV <0, the jumps are periodic, and V; has quadratic upper and lower
bounds, we obtain UGES of the set A; = {0} x A, where A, is defined right before (5.55).
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The stability properties for the decentralized case follow now by leveraging the absence of

finite escape times, and by using the reduction principle as in the proof of Theorem 5.6.
Numerical Example

To illustrate the previous result, we consider a multi-agent system with N = 5
agents, where the communication graph G is a directed cycle graph, see the inset in Figure
5.12. We consider open-loop unstable individual dynamics characterized by matrices

A;=FE;, e R¥*? B, = (0, 22;1) , and the parameterized uncertainty ¢;(x;) = ¢:(x;) "0,

with 6 = (—1,1,0.5) and ¢;(x;) = (sin (x1.4), |x2ilx24, €X2X1i), for all i« € V. For the
MRAC controllers, we consider a second order reference model with natural frequency

and damping ratio equal to 1, a state-feedback gain K = (1,1), and a feed-forward term

ug, (xr) = —525 (13 x- — ), for all i € V. Each agent records two measurements of b
and x; at times ¢, € {0,1.5}. The corresponding data matrices A; are not individually
rich, which precludes the direct application of standard CL techniques [41] or “one-shot”
methods. However, the collective data satisfies the CSR condition in Assumption 5.6 with
a = 0.9. To regulate the state y; to zero, we choose r =0, k., =1, k, =0, k. =0.1, k, = 3,
Ty = 0.1, and T' = 5. We let each agent implement an MRAC controller interconnected
with the hybrid dynamics H and show the resulting trajectories in Figure 5.12. As
observed, the DMCL algorithm with restart yields better transient performance compared
to traditional first-order cooperative approaches without momentum [129]. Note that these
results are obtained using decentralized recorded (i.e., batch) data, as opposed to real-time
PE data. The latter might require potentially extreme transient excursions of some states

whenever the parameter estimation is accelerated, which is a well-known challenge in

real-time adaptive control, see [151].
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Figure 5.13. Left: Scheme of the i’* agent’s dynamics in the data-enabled hybrid
cooperative feedback optimization dynamics. Right: Trajectories of the vehicles. The
arrows represent the edges of G. The final positions of the vehicles are represented by
stars.

Data-Enabled Hybrid Cooperative Feedback Optimization

Consider a multi-agent system with dynamics

Xi = Pi(Xiyui)a Yi = hi(X@“i)» (5-68)

where y; € R” is the state, u; € U; C R is the input, and y; € R is the output. The set
U; is assumed to be compact and convex for all : € V. We consider the setting where
agents seek to cooperatively find, in real-time and in a model-free manner, an optimal
input «* that maximizes their individual outputs at steady state. This scenario describes a
classic data-enabled model-free feedback optimization or extremum-seeking problem [129].
To guarantee that this problem is well-posed, the function P := P; X Py X ... X Py is
assumed to be globally Lipschitz in both arguments, and we also assume there exists a
smooth function u — m(u) = mq(uy) X ma(ug) X ... X my(uy), such that for each fixed
uelU:=U xUyx...x Uy CRY, the system x = P(x, u) renders the equilibrium point

*

x* = m(u) UGES, uniformly on w. Since the function m(-) describes the steady-state
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input-to-state mapping of (5.68), the optimization problem that each agent i seeks to
solve can be written as

max J;(u;) = h;(m;(u;), u;), (5.69)

w; €U;

where the response maps J; are assumed to be unknown, continuously differentiable,
strongly concave, common across the network; and parametrizable as J;(u;) = ¢;(u;) 6%,
for all u; € U;, where ¢; is a known continuous and bounded regressor. Functions
that satisfy these conditions are common in source seeking problems, where a group of
mobile robots seeks to cooperatively find the maximizer of a common potential field using
intensity measurements, see [129]. In the more general case, we note that, by the universal
approximation property of smooth functions, the above assumption on .J always holds on
compact sets, modulo a small residual error that is also bounded on compact sets. In this
case (i.e., non-zero approximation error), our result still holds but now in a “semi-global
practical” sense, provided that the bound on the residual approximation error is sufficiently
small, a property that can always be achieved by increasing the complexity (i.e., number
of basis functions, etc) of the approximator.

Three-Time Scale Hybrid Dynamaics: To solve the model-free feedback
optimization problem using recorded data that is distributed among the agents, we use a
three-time scale approach. Let u* = (u},u3, ..., u}) be the vector whose entries are the
solutions to the N optimization problems defined in (5.69). To steer u towards u*, we

consider the following feedback optimization dynamics for each agent 7:
U; = —E,U; + EuPUi (uz + D¢Z(UZ)T61) , Viey, (570)

where D¢;(u;) is the Jacobian matrix of ¢;(u;), the function Py, (-) is the Euclidean
projection on the set U;, €, > 0 is a tunable parameter, and 6; is the individual estimate of

6*, which will be recursively updated using the DMCL algorithm with restart, modeled by
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the hybrid system H; refer to Figure 5.13 for an illustration of the overall control scheme.

To study the stability properties of the closed-loop system, we modeled the overall
dynamics as a three-time scale system, where the plant dynamics (5.68) operate at a
faster time scale, the DMCL dynamics with restart operate in a medium time scale, and
the optimization dynamics (5.70) operate at the slowest time scale. Such time scale
separation can be induced by an appropriate tuning of the gains ¢, in (5.70) and k,
in (5.67). By the stability assumptions on the plant dynamics (5.68), and by using a
standard converse Lyapunov theorem [22, Thm. 4.14], there exists a Lyapunov function
Vi : R™ — R, and constants ¢; > 0, for i € {1,2,3,4}, such that ¢;|xy — m(u)|* <
Vi(x) < e2lx —m(w)?, (VVi(x), P(x,u)) < —esVilx), and [VVi(x)| < ealx — m(u)| for
all y € R"” and v € U. Similarly, by the proof of Theorem 5.5, and since the HDS H
satisfies the hybrid basic conditions [33, Ch.6], there exists a quadratic Lyapunov function
V' that decreases exponentially fast during flows and jumps of H, provided that the data
matrices {A,;};cy are CSR. Additionally, since the static-map (5.69) is strongly concave,
the optimization dynamics (5.70) with 6; = 6* reduced to a projected gradient flow that
renders UGES the point u} via the quadratic Lyapunov function V5 = %|uZ — u}[?, which
satisfies V3 < —75V5 [152, Thm. 3]. Using these individual quadratic-type Lyapunov
functions, and the global Lipschitz properties of the vector fields (5.68), (5.67), and (5.70),
we can now use the Lyapunov function V =V + Vi + Vj to establish exponential stability
of the closed-loop system by following, recursively, the exact same steps of [22, Ch. 11.5],
and using sufficiently small gains ¢, and k,.

Numerical Example: Consider a multi-vehicle system with N = 5 vehicles,
seeking to collaboratively locate the source of a potential field that is only accessible
via intensity measurements. The vehicles share information via a communication graph
G characterized again by a cycle. We assume the plant dynamics (5.68) have the form
P; = A;xi; + Bju; with matrices A; = —il,, B; = 1ly, and quadratic output y; =
Xi Qixi + w/ x; + di where Q; = —I,, w; = (—8.1,—5.88), and d; = —25 for all i € V.
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Figure 5.14. Evolution in time of parameter (top) and control (bottom) errors.

The sets U; are given by U; = §; + 2B where & = R(27i/N)(1,0), with R(a) being the
standard 2 x 2 matrix that rotates a vector by an angle o. In this case, the steady-state
input-to-output map (5.69) reduces to J;(u;) = —|u;|> + w, u; + d;, and each agent uses
the vector of basis functions ¢;(u;) = (U?,p Ui 1, u?z, Uj 2, Wi 1U; 2, 1), where the parameter
0* = (—1,-8.09,—1, —5.88,0, —25) is assumed to be unknown. To implement the DMCL
dynamics with restart, each agent has access to only two points of data {u;, yix}r—;- In
this way, while the individual data is not persistently exciting for each agent, the collective
data satisfies Assumption 5.6 with a = 0.75. Using these data and the parameters
k.=1, k,=0, k.=0.1, k, =0.1, ¢, = 0.01, T, = 0.1, and T" = 5, we simulate the closed-
loop system comprised of the plant dynamics, the optimization dynamics in (5.70), and the
hybrid dynamics H. Figure 5.13 shows the resulting trajectories of the vehicles, converging
to the maximizers of J; in U;. Figure 5.14 shows the evolution in time of the parameter
estimation error and the control signals. It can be observed that, given the low richness of
the collected data (small «), the proposed decentralized concurrent learning algorithm
with momentum achieves faster convergence compared to the first-order cooperative

estimation approach of [129]. In this section, we explored decentralized concurrent learning

dynamics with momentum and coordinated resetting for multi-agent systems over directed
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graphs. The proposed approach utilizes intermittent coordinated resets to enable collective
convergence to a common parameter estimate, even with asymmetric information flow.
Using Lyapunov theory for hybrid systems, we established input-to-state stability properties
for the momentum-based dynamics, subject to a cooperative richness condition on the
data matrices and a topology-dependent lower bound on the resetting frequency. We
demonstrated the effectiveness of the proposed dynamics in cooperative adaptive control,
showcasing their advantages in accelerated convergence and enhanced transient behavior
compared to first-order adaptation algorithms. Future research directions will investigate
state-dependent resets and stability results for multi-agent systems with cooperative
persistently exciting regressors using averaging theory for hybrid systems following the

ideas of [153, Ex. 6.3].
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CHAPTER 6

Data-Driven Hybrid Dynamics and Nonsmooth ODEs for

Accelerated Concurrent Learning

We study efficient algorithms for online parameter estimation problems which can

be cast as uncertain linear parametric models of the form
y(t) = 6(0)70", (6.1)

where y : R5op — R is a measurable signal, ¢ : Ry — R" is a uniformly bounded
vector-valued regressor function, and #* € R™ is an unknown parameter that we want to
estimate. This problem plays an important role in different areas, such as adaptive control
[154], model-free optimization of dynamical systems [155], and reinforcement learning
[156], to name just a few. To achieve online parameter estimation with convergence and
robustness certificates, different feedback-based algorithms have been proposed during
the last three decades; see [157, 158, 159]. It is well-known that most of the adaptive
estimation dynamics that achieve uniform convergence to the true parameter 6* require a

persistence of excitation (PE) condition in the regressor ¢, of the form

T
/ d(s)p(s) ds = vI, Vt>ty, where T, v > 0. (6.2)
t

150



Indeed, in several adaptive estimation dynamics the PE condition has been shown to be
sufficient and necessary to achieve (uniform) exponential convergence. This includes, the

so-called gradient method [160]:

0=—a0(t) ()0 —y(t)), o €Ro, (6.3)

which has been widely used in academic and industrial applications. To relax the PE
condition, the works [161], [162], and [163] introduced a class of concurrent learning
(CL) adaptive dynamics that incorporate a sequence of recorded data {@(tx)}4_, that is
“sufficiently rich”, resulting in a data-driven ordinary differential equation (DD-ODE) of

the form

0= —o0(t) (6(1)70— y(1)) - pﬁ o(tr) (#(t) 70— y(t)). (6.4)

where 0 € R>g and p € R are tunable gains. These types of algorithms have been
extended in several directions to develop PE-free adaptive dynamics in the context of
model-reference adaptive control [161], reinforcement learning [164], extremum seeking
control [155], and general networked estimation problems [146], to name just a few examples.
However, by removing (or relaxing) the PE condition, these types of data-driven algorithms
can also suffer from poor transient performance in terms of slow rates of convergence,
especially when the matrix of recorded data is ill-conditioned. This behavior stems from
the fact that systems of the form (6.3) or (6.4) can be cast as time-varying gradient flows
for which the Hessian matrix might be degenerate whenever the PE condition is relaxed.
Indeed, the slow learning rates that may emerge in CL have limited its application in
practical engineering problems that require fast adaptation and/or estimation.
Motivated by this background, in this report we introduce a novel class of concurrent
learning algorithms able to achieve acceleration and/or fixed-time convergence properties.

The dynamics make use of different types of regularization mechanisms that have been
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explored during the last years to design optimization algorithms and feedback controllers
with high-transient performance, but which have never been studied in the context of
CL. Given that the proposed dynamics are non-smooth, they are modeled either as
non-Lipschitz ODEs [22] or as hybrid dynamical systems [33]. For these systems, we
exploit hybrid Lyapunov-based methods to establish suitable stability and convergence
properties. Additionally, taking inspiration from machine-learning setups, we study a
couple of numerical examples to illustrate the performance of our algorithms. As evidenced
by the numerical experiments, the proposed fast algorithms significantly outperform the

standard CL dynamics in terms of transient performance and steady state error.
Accelerated Adaptive Concurrent Learning Dynamics

To describe the dynamics considered in this chapter, for the estimation of 6* in

(6.1), let the mappings A : R>g x R® — R"™ and B : R" — R" be defined as

S ) (b(S S o — S a
Als.0) = T ¢< ))m() 0= y(s)) (6.52)

N
and B Z

= (1+¢( tk T¢(tk))

(cﬁ(tk)Té - y(tk)>. (6.5b)

Using (6.5) and (6.1), the DD-ODE (6.4) can be written as a time-invariant dynamical

system of the form
(0,5) ER" x Ry, 6= —0A(s,0) — pB(A), 3=1. (6.6)

Taking system (6.6) as a benchmark, we will construct four different data-driven CL dy-
namics that will achieve (uniform) global asymptotic convergence, exponential convergence,
finite-time convergence, and fixed-time convergence, respectively, to the true parameter
Ap = {0*}. The convergence of these dynamics will depend on the “richness” properties of

the available recorded data, a notion that is captured by a finite-time version of persistence
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of excitation; see [47].

Assumption 6.1. Let {¢(tx)}2_, be a sequence of recorded data. Then, the matrix

D= [¢(tr), ¢(t2), -, $(tn)] € RV

satisfies rank(D) = n.

Sequences of data satisfying Assumption 6.1 are said to be sufficiently-rich (SR).
The following lemma provides an equivalent (and instrumental) characterization of SR

data.

Lemma 6.1. Let {¢(t)}Y_, be a sequence of recorded data, and let P :=
T . . . .

SV % Then {p(tx)}4_, is SR if and only if there exists v € R.g

such that P = vI,.

We call the constant « the level of richness of the data {¢(t;,)}Y_,. Additionally,

for ease of presentation, we introduce the mappings ¥ : R>y — R" and @ : R>g — R™"

)
V) = T To0)

Q(s) = oW (s)W(s)" + pP,

such that o A(s, 0) + pB(0) = Q(s)0, where

™
I
D>
|
)
%

The following Lemma characterizing bounds for the matrix 2, will be instrumental for
the main stability and convergence proofs of the algorithms. All proofs are presented in

Appendix D.
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Lemma 6.2. If the data is SR and the regressor vectors are uniformly bounded,

then there exist kK € Ryg and K € R such that

kL, < Q(s) 2 KI, Vs € Ry

6.1 Data-Driven Accelerated Hybrid Dynamics
with Periodic Restarting

The first dynamical system that we consider is inspired by Nesterov’s ODEs
studied in the context of accelerated optimization; see [19] and [18]. Such algorithms can
induce suitable acceleration properties by incorporating dynamic momentum, emulating
in continuous time the acceleration properties of Nesterov’s accelerated optimization
algorithm; see [165]. However, unlike the results of [19] and [18], in the setting of CL
we are also interested in establishing suitable robustness properties that are relevant in
applications where noisy measurements are unavoidable. Such robustness properties can
be obtained by endowing the dynamics with discrete-time restarting mechanisms that
persistently reset the momentum coefficient /state of the dynamics. The combination
of continuous-time and discrete-time dynamics leads to a hybrid regularization of the
Nesterov’s discrete-time algorithm which, for time-invariant problems, has been modeled
as a HDS in [29], [166], and [4]. Based on this setting, the hybrid accelerated concurrent
learning (HACL) dynamics that we consider in this chapter are modeled by a HDS with
state x == (é,p, T), where 0 is the estimation state, p € R" is the momentum state, and

T € Ry is a resetting state. The dynamics are given by

feayy
RN
N
=
|
>
N——

C = {:L' eR¥™M2 .1 ¢ [TO,T]}, =F(z,s) = ,
1
2

1

-
|

W

(6.7a)
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N .
p 1—q)p+q0
D = {x eR?2. 7 = T}, =G(z) = ( ) ; (6.7b)
7'Jr TO
+

where k € R, is a tunable gain, oo > T > Ty > 0 are tunable parameters that describe
how frequently the algorithm resets, and ¢ € {0, 1} is a Boolean variable that characterizes
the resetting policy of the algorithm. In particular, when ¢ = 0 the HACL only resets
the coefficient 7, whereas when ¢ = 1 the algorithm also resets the momentum state p.
By construction, the discrete-time updates of the system are periodic and separated by
intervals of flow of duration 2(T" — Ty). To guarantee suitable convergence properties, we

will impose the following “data-driven” condition on the parameters (Tp,T) and the gains

(k, p)-

Assumption 6.2. The tunable parameters (Ty, T, k, p) satisfy Tg + ﬁ <T?< i

where v € Ry is given by Lemma 6.1.

Remark 6.1. Note that, for all (Ty, T') € Rog xR+, there exists (p*, 0*) € RogxRxg
such that, for all p > p* and o < ¢*, the condition on the tunable parameters of

Assumption 6.2 holds.

The following theorem, which is the first main result of this chapter, characterizes

the convergence properties of the HACL dynamics.

Theorem 6.1. Suppose that Assumptions 6.1 and 6.2 hold. Then, every maximal
solution of system (6.7) has an unbounded time domain, and the closed set A =
Ao x Ag x [Ty, T] x Rsg is UGAS. Moreover, for each compact set of initial conditions

K C C'U D, the following convergence properties hold for all (¢, j) € dom(z, s):

(a) If ¢ = 0, then for each j € Z>( there exists a monotonically decreasing and
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convergent to 0 sequence ; € Ry, such that each trajectory of the system
satisfies the bound

8,2 < —

for all (¢, ) € dom(z).

(b) If ¢ = 1, the set A is UGES, and each trajectory of the system satisfies the
bound
6(2, )| < ko3716(0,0), (6.9)

for all (¢,j) € dom(z), and where 4 = \/kp% (% + ka02> € (0,1), ko= Tlo

The result of Theorem 6.1 establishes two main convergence properties: item (a)
establishes that the estimation error decreases at a rate of approximately O(1/72) during
flows, where 7 increases linearly with time. On the other hand, item (b) establishes
exponential convergence with a convergence rate adjustable via the values of (Tp, T, k, p).
In this case, information-rich data sets (y > 1) lead to faster rates of convergence. Optimal

restarting periods, similar to those studied in [31] and [25], can also be derived for system

(6.7).

6.2 Data-Driven Accelerated Hybrid Dynamics
with Adaptive Restarting

The HACL dynamics (6.7) implement a periodic restarting mechanism that is
coordinated by the state 7. In this subsection, we now consider an alternative approach
based on adaptive restarting, where the momentum state is reset whenever a certain
state-dependent condition is satisfied. Such type of mechanisms have been studied in the
optimization literature; see [19], [31], [167]. However, in the context of CL, these types

of mechanisms have remained mostly unexplored. To study this case, we introduce the
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function

j o 1
H(,p) =22 4 =
where | - |p : R"™ — Ry is a data-induced norm defined as |u|% = u' Pu for all u € R",

with P as defined in Lemma 6.1. We then consider the Hybrid Hamiltonian Concurrent

Learning (HHCL) algorithm, with x = (é,p, 7) € R" x R" x Rsp, and dynamics given by

) oH
0 0 kpl, 0 5
xeC=Cyx|[0, T p =1 —kol, 0 0O %_;I , (6.10a)
T 0 0 1 1
o+ L, 0 0) (6
€D = (Cox{T}HU(Dyx[0,T]), [pt|=] 0 00 p | (6.10b)
Tt 0 00 T
where T := "= v is the level of richness of the data, and where

2kp\/7?

Co={(@.p) : (BO).p) <0},

Do={(0.0) + (BO)p) =0 & b 2[5O /3]

with A > Apax(P). Given that %—Ig — B(f) and %—;I = p, the construction of the sets Cy
and Dy indicate that system (6.10) is allowed to flow whenever there is no increase in the

potential energy of the data-induced Hamiltonian function H.

Remark 6.2. The role of the timer 7 in system (6.10) is to guarantee the existence
of an initial reset after an interval of flow of duration T° > 0. Once this reset has

occurred, the update p™ = 0 will guarantee that the next reset of the system will

2 _
/A for all z € D.

happen before 7 = T, i.e., due to the condition [p|° > ‘B(é)
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Such types of bounds on the reset times have also been used in [167] for standard
optimization problems. However, in the context of CL, their application is new. In

particular, note that the parameter 7" in the jump set D is now data-dependent.

The following theorem is the second main result of this chapter.

Theorem 6.2. Suppose that Assumption 6.1 holds. Then, system (6.10) renders the
set Ay = Ay x {0} x [0, 7] UGES, and every solution has an unbounded time-domain

satisfies the bound

8¢, 5)| < ,/%mm{m%m} 16(0,0)| (6.11)

for all (¢, j) € dom(z), where o = 7 1In (14 2), T = 2T and ¢ > 0.

6.3 Finite-Time and Fixed-Time CL Dynamics

While the hybrid CL dynamics (6.7) and (6.10) can induce sublinear and linear
convergence rates, the convergence properties of the algorithms are still of asymptotic
nature, i.e., (t) — 6* only as t — oo. In this subsection, we consider a different class of
learning dynamics able to achieve exact convergence to the true parameter 6* in a finite
amount of time. Moreover, in some cases this finite time can be upper bounded by a
constant independent of the initial conditions of the estimate é, which leads to fixed-time
convergence guarantees.

In particular, to achieve finite time convergence we consider the Finite-Time
Concurrent Learning (FTCL) dynamics modeled by the following non-smooth DD-ODE

with s € R>g:

= =1, (6.12)
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where (k, 0, p) € Ryg x R>g x R5g are tunable gains, where the pair (A, B) is defined in
(6.5), and where we let 0 =0 at 6 = 6*. In order to provide global convergence guarantees,
we first proceed to prove that the vector field describing the FTCL dynamics only vanishes

when the estimate is equal to the true parameter vector.

Lemma 6.3. If the data is SR, then:
a) B(0)=0 < 0 =0~

b) For any o € R, for the FTCL dynamics we have that =0 < 0=06"

Now, we show that the defined vector field is everywhere continuous, and hence,
that the existence of solutions for the FTCL dynamics is guaranteed. To do so, we first

introduce the following Lemma.

Lemma 6.4. If the data is SR, then:

. B(6 . A s,é
a) limy_,. #&))' =0 and lim,_,. B(<—o»|) =0 Vae(0,1).

b) The vector field defining the FTCL dynamics is everywhere continuous.

For the FTCL dynamics we establish the following stability result, which is the

third main contribution of the paper.

Theorem 6.3. Suppose that Assumption 6.1 holds. Then, system (6.12) renders
the set Ay x R>o UGFTS, every solution has an unbounded time domain, and the
settling time function satisfies

%) 2 1/2 %) o
T(6(0)) < MAH{M(P) 16(0) — 6*|.

The result of Theorem 6.3 guarantees that 6(t) = 6* for all ¢ > T(0(0)), where

T(A(0)) depends on the initial conditions of the estimate 6(0), as well as the level of
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richness 7y of the data. To remove the dependence on é(O) we can further consider a class of
Fized-Time Concurrent Learning (FXCL) dynamics, modeled by the following nonsmooth
DD-ODE:

o A(s,0) + pB(0) o A(s,0) + pB(6)

feC=R" O=—k i —k _ L s=1,  (6.13)
|B(0)] |B(0)|~

where (k,0,p) € Rog x Rsg X Ry are tunable gains, a € (0,1) is a tunable exponent,
and where we let é =0 at = 6*. Uniqueness of the equilibrium point 6* for the FXCL
dynamics follows a similar argument to the one presented in the proof of Lemma 6.4.
Moreover, we note that system (6.13) is not Lipschitz continuous, however, as we next

prove, it is everywhere continuous in 6, and thus, existence of solutions is guaranteed.

Lemma 6.5. If the data is SR, the vector field defining the FXCL dynamics is

everywhere continuous.

The following theorem is the fourth main result of this chapter.

Theorem 6.4. Suppose that Assumption 6.1 holds. Then, system (6.13) renders
UGFXS the set Ay x Rso with T* = m ’\?“:—’;(P), and every solution has an

unbounded time-domain.

Remark 6.3. Note that the fixed-time 7* is independent of the initial estimate 6(0),

but dependent on the level of richness of the data of the regressor, i.e., dependend

on vy > 0.

The results of Theorems 6.1-6.4 establish new convergence bounds for CL algorithms
that explicitly show the dependence on the richness of the data, i.e., the constant ~. In
particular, while the standard CL dynamics of [161] achieve exponential convergence with
rate of convergence proportional to the level or richness of the matrix P (cf. Lemma

6.1), under suitable tuning of the restarting parameters the data-driven hybrid dynamics
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introduced in this chapter can achieve rates of convergence proportional to the squared
root of the level of richness of the matrix P, see [24], [167] and [25]. This acceleration
property is induced by the addition of momentum to the dynamics, and the design of the
flow set and the jump set. Similarly, for the non-smooth DD-ODES (6.12) and (6.13),
our results establish finite and fixed-time convergence bounds that are similar to those
obtained in [168] for adaptive model-free optimization, but which are new in the context
of CL, with an explicit characterization of the convergence time in terms of the level of
richness of the data. Finally, note that for applications where 7 is small the bound (6.8)
establishes a desirable “semi-acceleration” property for estimation problems that lead to

convex optimization problems that are not necessarily strongly convex.
Numerical Experiments

In this section, we study numerical examples to illustrate the practical advantages
of the proposed algorithms. First, inspired by [161], we consider the problem of estimating
the weights of a Radial Basis Function (RBF) Neural Network with one neuron and one

bias term:
- 2
y(t) = 40120517 4 20,

Consequently, for the different CL dynamics we choose the regressor vector

1
$(w) =

12 ?
€7| 7§|

such that the parameter vector to be estimated is given by 6* = [20,40]". In order to

gather data we consider the following probing signal

w(t) = 3msin(0.1t) — m,
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Figure 6.1. Comparison between the proposed algorithms and the DD-ODE (6.6), for
the estimation of the weights of a RBF with one neuron and one bias term. All the
algorithms are tested with ¢ = 0, p = 1, k = 1 and taking the initial estimate 6(0,0)
equal to (=30, —30).

and use it to construct a sequence of recorded data {¢(t;)}n_, of length N = 5. We verify
that the selected data is SR by computing the matrix P, as defined in Lemma 6.1, and
finding that it has level of richness v = 0.1044. Using this data, we compare the proposed
algorithms and show the results in Figure 6.1. As depicted in the figure, the introduced
algorithms significantly outperform the standard CL dynamics in terms of asymptotic
convergence to zero steady-state estimation error. Specifically, we find that both the HHCL
and the FXCL trajectories converge to the true parameter in fixed-time, and note that,
in spite of rendering the set A = {6*} uniformly-globally-finite-time-stable, the FTCL
dynamics can suffer from worse transient performance than the standard CL. Now, we
consider the problem of estimating the unknown coefficients of a cost function with known
functional form. This setup takes inspiration from settings that arise in model-based

machine-learning, where a training phase is carried out offline by sampling information

162



from a model of the environment that has been learnt beforehand. In particular, we study

a cost function that depends on a state z € R? as follows:

f(2) =2"Uz+ vz +w,

where

Hence, we take as the regressor vector

¢(Z> - [’2127 2142, Z§7 21, 22, 1]T7

such that the true parameter vector is given by

0* = 16,5,4,3,2,1].

We take N = 150 measurements from the cost function f by making use of the probing
signal

sin(0.1¢) 1

z(t) =4 -2 :

cos(0.1t) 1
and obtain a matrix P from the recorded data with level of richness v = 1.011. Under this
setup, we compare our algorithms and show the results in Figure 6.2. As shown in the
figure, the FXCL dynamics still outperforms the standard CL dynamics. However, and in
contrast to the previous numerical example, where v < 1, we find that the difference in

performance between the standard CL dynamics and the momentum-based algorithms,
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Figure 6.2. Comparison between the proposed algorithms and the DD-ODE (6.6), for
the estimation of a cost function. All the algorithms are tested with o =0, p=1, k=1
and taking the initial estimate 6(0,0) equal to ) — 30, 30, —30, 30, —30, 30).
HACL and HHCL, is reduced. Indeed, since the convergence under the standard CL
dynamics depends proportionally on the level of richness v, while the hybrid dynamics
achieve rates proportional to the square root of v, the benefit of using momentum for
faster-convergence is not as evident when v takes values above 1. However, as suggested
by the number of data points used for this case, attaining such high level of richness in
the recorded data often requires more measurements or a more thorough excitation of the
measurable signal, which in practice could be too prohibitive for the implementation of
the algorithms.

In this chapter, we introduced a new class of concurrent learning algorithms with
acceleration and finite/fixed-time convergence properties. The algorithms are suitable for
identification and parameter estimation problems that arise in the context of adaptive

control, model-free optimization, and reinforcement learning. The proposed algorithms
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are modeled as non-smooth ODEs or hybrid dynamical systems, for which suitable
stability, convergence, and robustness properties can be established via Lyapunov-based
tools and invariance principles. We illustrated the advantages of the methods via two
numerical examples and showed the benefits of using the newly proposed algorithms by
contrasting their performance with the standard concurrent learning dynamics. The usage
of momentum for accelerated parameter estimation is found to be highly beneficial when
the recorded data has low levels of richness; scenario that can arise when only a few data

points are available for the algorithms.
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CHAPTER 7

High-Performance Optimal Incentive-Seeking in Transactive

Control for Traffic Congestion

The increase of population density in urban and sub-urban areas has triggered a
significant growth of traffic congestion throughout the world, greatly affecting the commute
of the public, as well as the expedited delivery of goods. For example, only in 2019, and
solely in New York City, the economic losses induced by congestion climbed to $11 billion
USD. Moreover, commute times have significantly increased during the last years, forcing
drivers to spend, on average, 41 hours per year in congested traffic during morning (6
am to 9 am) and afternoon (3 pm to 6pm) peak travel times [169]. This problem is only
expected to worsen during the next years, to the point that by the end of 2022 traffic
congestion will cost $74 billion USD to the economy of the United States. To tackle this
challenge, cities throughout the world are developing and implementing automated control
and optimization algorithms that can guarantee an optimal operation of the transportation
infrastructure at all times. Examples include smart traffic light systems [170], dynamic
pricing [171, 90], ride-sharing services [172], etc. Among these mechanisms, dynamic
pricing has emerged as a promising technology to minimize congestion in dense cities such
as London [80, 81], Milan [82], and New York [83]. The goal of dynamic pricing is to induce
“optimal” traffic flows that optimize a particular performance measure in the network by
adaptively adjusting tolls or incentives [79] based on the current state of the roads. To

guarantee that the transportation system continuously operates at its optimal point, pricing
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algorithms must react quickly to changes in the traffic demand, weather conditions, road
accidents, etc. This adaptability requirement has motivated the development of different
recursive algorithms for optimal tolling computation, e.g., [84, 85, 86, 87]. Nevertheless,
most existing pricing approaches are implemented based on (quasi) static lookup tables
instead of real-time feedback traffic measurements, and therefore, under the presence of
unexpected accidents or events in the system, are susceptible to generate sub-optimal
or even “perverse” tolls that could exacerbate the very problems they were intended to
solve [171]. Other recent approaches have relied on socio-technical models that aim to
capture decision-making maps of drivers from recorded data; see [173]. In [174], [175] and
[176], the authors studied PID controllers to manage the operation of lanes in highway
systems. In [177] Hamilton-Jacobi-Bellman equations were solved for the optimal control
of high-occupancy toll lanes, and adaptive algorithms based on linear parametrizations
and welfare gradient dynamics were studied in [111]. A class of model-based saddle-flow
dynamics were also recently studied in [178] in the context of ramp metering control. For
a recent review of transactive control for dynamic pricing see [179].

In this chapter, we depart from the traditional model-based approaches studied
in the setting of transactive control, and instead, we introduce a new class of model-free
optimal incentive seeking controllers that can rapidly learn optimal incentives (e.g., tolls)
using only output measurements from the transportation systems, guaranteeing closed-loop
stability at all times. Specifically, motivated by recent advances in non-smooth and hybrid
extremum seeking control [25, 180], we introduce three incentive-seeking controllers (ISC)
for model-free optimal price seeking in dynamic pricing: a smooth ISC that emulates the
performance of a gradient-flow in the slowest time scale; a non-smooth ISC that emulates
the behavior of fixed-time gradient flows in the slowest time scale; and a hybrid ISC
that leverages momentum to improve transient performance in the slowest time scale.
Each of the three controllers are interconnected with the dynamics of the highway, which

incorporate socio-technical dynamics as well as traffic flows. Even though the controllers
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Figure 7.1. A closed-loop interconnection between an Incentive Seeking Controlller (ISC)
and a highway system. The ISC will be designed to minimize in rel time a performance
function defined by an external supervisor.

are agnostic to the traffic model, we establish practical asymptotic stability results for the
resulting closed-loop system, and we numerically show that the non-smooth and hybrid
ISCs can significantly outperform the smooth ISC in terms of transient performance under

enough time scale separation in the closed-loop system.
Problem Statement

Consider a general highway network system modeled by a dynamical system of the

form

0 = elH(O, w), y=h(0), (7.1)

where €y determines the time scale of the dynamics, 6 € R™ is the state of the highway,
which can include the density of the cars per unit of length in a given lane, u € R™ denotes
exogenous incentives which can influence the behavior of highway users (e.g., tolls), and
y € RP represents measurements that can be obtained from the highway state via the
output map h : R™ — RP. Assume that an external supervisor or social planner provides a
performance index ¢ : R? x R™ — R, which depends on the inputs and outputs of (7.1).
Our goal is to design feedback mechanisms able to find in real-time the optimal incentives

that minimize the function ¢(y,u) at steady state. In particular, we consider closed-loop
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systems with the structure shown in Figure 7.1, where the Incentive Seeking Controller
(ISC) uses only real-time output measurements of the performance index. The controller
should be designed so that it can find the “optimal” incentives while preserving closed-loop
stability at all times. In the following sections, we formalize each of the components

illustrated in the scheme of Figure 7.1.
Traffic in Highway Networks: Socio-Tehcnical Models

The performance of transportation systems is not solely dependent on their physical
infrastructure, but also on their user behavior [78]. Indeed, in much of the literature that
studies the modeling of dynamics in highway networks, the overall structure consists of a
socio-technical model that combines a driver behavioral model and a traffic flow model;
see [179, 181, 111]. In this work, we follow a similar approach and we assume that the
socio-technical and traffic flow models can be lumped together leading to highway network
dynamics described by ODEs of the form (7.1). Additionally, we make use of the following

regularity assumption.

Assumption 7.1. The map II(-,-) in (7.1) is locally Lipschitz. Moreover, there
exists a compact set /~\9 = B C R” with \g € Ry, a closed set /N\u = /A\u + B
where A, C R™, and a steady-state map ¢ : R™ — R™ that is continuous and
locally bounded relative to A,, such that for each n > 0 the compact set M, =
{(9,u) 0 =0(u), ue A, N1B,0 € ]\9} is UAS for the HDS Hy = (Ag x (A, N
nB), ey 'L x {0}, 0,0) with state (0, u).

In words, Assumption 1 guarantees that the highway dynamics are well-posed and
stable with respect to external incentives u, and that the steady-state value of the traffic
state is parameterized by u via the map ¢. This assumption is standard (see [111], [87],
and [84]), and it is reasonable for many socio-technical models where external incentives u

determine the steady state equilibrium of the system.
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Figure 7.2. Scheme of segment with parallel lanes: the GP lane, and the Express lane.

Socio-Technical Model

To illustrate the advantages of the proposed ISC dynamics, we consider socio-
technical models with a similar structure to the one described in [173]. In particular, we
study the socio-technical model of a highway segment where drivers can choose between
two parallel lanes: the general-purpose (GP) lane, which is uncharged, and the Express
lane. Some of the motivations for choosing the Express lane include a faster travel time
compared to the GP lane, as well as an expected reduced congestion. Prices (i.e., tolls) or
subsidies can be assigned for the utilization of the Express lane depending on the traffic
conditions. The model we consider focuses on the description of the average traffic density
in the Express lane p, and the input flow of vehicles to the Express lane gg;,. Figure
7.2 shows a scheme representing the segment with the two parallel lanes: This model is

divided into three main components:

a) The driver behavioral model: Each driver makes decisions based on the perceived costs
of choosing either of the lanes. Some of the possible elements that can be included
in these costs are travel times in the lanes, congestion, road conditions, among

other quantities estimated by the drivers. To capture these scenarios, we model the
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costs by locally Lipschtiz functions cgr,(ggL, p, ) and cqp (gL, p) associated with the
Express lane and the GP lane respectively, where the input u € R>( represents the
tolls used to incentivize or to discourage the highway users from using the Express
Lane.

Naturally, the response of the individual drivers to the costs extends to the macro-
scopic level, concurrently affecting the input flow of vehicles to the Express Lane
qer- In general, the drivers require a minimum transient time to adjust to changes
in the marginal cost, which for instance could be induced by changes in the tolls. To
account for this dynamic response, we model the dynamics of the macroscopic driver

behavior as an ODE of the form

QEL = q)(QELa P, 'LL), qrL € [07 Q]v (72)

where @ : [0,Q] x R x R — R is a locally Lipschitz function that implicitly depends
on the marginal cost of choosing the EL. With (7.2), we are able to capture a variety
of social dynamics including, among others, evolutionary population dynamics whose

stability properties have been recently studied in the literature, c.f. [84].

Equilibrium model: The equilibrium model describes the resulting average velocity
in the Express lane as a function of the average traffic density p. In this chapter, we
use a mollified version of the average velocity model presented in [173] and described

by

Vfree — Vjam

v(p) = .
1 + exp ( 4 (p _ p.iam"';)mitical))

Pjam —Pcritical

(7.3)

where Vgee, Vjam are constants that represent the top speed and the jam vehicle speed
in the Express lane, peiticar denotes the average density below which the speed of the
vehicles is expected to be close to vgee, and where pjan, is the average vehicle density

above which a traffic jam occurs in the Express lane. Consequently, these constants
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satisfy the relations: vgee > Vjam and peritical < Pjam-

c) The traffic flow model: This model represents the dynamics of the average traffic
density p of the Express lane, measured in vehicles per unit of length, as a function
of the incoming rate of flow ggr, and the average velocity of the Express lane v. It is
given by

" _
=1 (qEL - v(p)p), (7.4
where L € R represents the length of the highway segment under study.

By putting together the driver behavioral model and the traffic flow model, the dynamics

of the average density in the express lane can be written in compact form as:

. 1 kmq) (QELJ)’ U)
0 =—T1(0,u):

= = h(6) (7.5)
=0 kp <qEL — 5(/})0) /L ’

where 0 := (ggr, p), and h(0) = p. The ratio between the constants k,, and k, in (7.5),
dictates how fast the driver decisions occur in comparison with the overall traffic flow
evolution described by p. In some cases, depending on the particular properties of the
highway segment and the population of drivers, it might be the case that k,,/k, > 1. For
such scenarios, the relation between the driver response and the associated macroscopic
behavior, captured by ¢gr,, can be simplified as a static map that depends on the marginal

cost of choosing the Express lane:

qeL(p, w) = A(Cer(p, u) — Cap(p))Q, (7.6)

where A : R — [0, 1] is a locally Lipschitz function that represents the traffic entering
into the Express lane as a fraction of the total incoming traffic ), which we measure in

number of vehicles per amount of time, and where ¢g, and ¢gp are locally Lipschitz costs.
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When using relations of the form (7.6), the socio-technical dynamics of (7.5) is simplified

as follows:

T

p= f (geL(p,u) =T(p)p), y=np (7.7)

Note that (7.5) and (7.7) are particular cases of the ODE in (7.1). For specific realizations
of socio-technical models using static and dynamic formulations of the form (7.5) and

(7.7), we refer the reader to Section 7.3.
Performance Indices

Depending on the objectives of the social planner, different performance indices
can be considered for the purpose of real-time optimization. We will consider families of

performance indices that satisfy the following assumption:

Assumption 7.2. Suppose that Assumption 7.1 holds, and let ¢(u) := p(h(€(u)), u).
The function ¢ : R™ — R is continuously differentiable, strictly convex in A,, and

its gradient is Lipschitz in A,,.
Sometimes, we will also use the following assumption:

Assumption 7.3. There exists £ > 0 such that () is k-strongly convex in A, and

its gradient is Lipschitz in A,.

The above assumptions will guarantee enough regularity in the incentive-seeking
problem, e.g., continuity of the cost and its gradient, the existence of finite optimal
incentives, and sufficient monotonicity in the response map of the system. A particular
example of a performance index satisfying Assumptions 7.2 and 7.3, and that penalizes
the deviation of the current vehicle-density p from a desired operation point p.. provided

by the external supervisor, is given by

@ref(ea ’LL) = |p - pref|2' (78)
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Performance indices of the form (7.8) can be used by social planners who seek to improve
traffic conditions, irrespective of the toll values needed to achieve such end. Among others,
performance indices that explicitely depend on the toll prices u can also be considered
for situations in which the Express lane manager seeks profit maximization. In most of
the cases, we will only require that Assumptions 7.2 or 7.3 hold in a neighborhood of the

minimizer of .
Incentive Seeking Feedback Schemes

In this section, we introduce three different ISC algorithms able to guarantee
convergence and stability of the set Ay := {(0,u) € Agx A, : 0 = £(u),u = arg min, G(u)},
where A, and Ay are compact sets, ¢ is given in Assumption 7.1, and @ is as in Assumption
7.2. The ISCs make use of small exploration signals injected into the transportation
dynamics for the purpose of real-time learning. These signals are generated by dynamic

oscillators of the form:
1

€p

p=—Qu,  peT", (7.9)
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where €, € R.g is a tunable parameter, and the matrix Q € R*"*?™ is a block diagonal

Wi
matrix with blocks given by Q; = 27 , with w; € Rog and for i = {1,--- ,n}.
—W; 0

We use w = (wyq, -+ ,wy,) to denote the vector of frequencies of the signals, and we consider

ISCs that generate incentives u of the form
U = U+ Eqft, (7.10)

where i = (u1, p3, -+ -, fon—1) represents the odd components of i, and @ is the nominal
incentive generated by each particular algorithm. We will impose the following assumption

on w.

Assumption 7.4. The dithering frequencies w; satisfy: 1) w; > 0 is a rational number
for all ¢, and 2) there are no repeated dither frequencies, i.e., i # j = w; # w; and

W; # 2(4)]'.

Assumption (7.4) guarantees orthogonality conditions for the dither signals used
by the ISCs to update the incentives u. These conditions will enable real-time learning in

the closed-loop system via averaging theory.

7.1 Gradient Based Incentive Seeking Control

We first consider a smooth ISC, denoted GISC, presented in Figure 7.3, which

generates the nominal incentive u via the following differential equation:

i —ko(y, u)M
= Fi(r) = oy, u)M (k) , r1 € R™ x T™, (7.11)

it —Qp

where 1 = (u, p), and M (u) = %ﬂ The controller (7.11) is based on smooth extremum-

seeking controllers [182], which aim to emulate gradient flows whenever the highway
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dynamics (7.1) are neglected. The controller makes use of direct measurements of the
perfomance index ¢(y, u), and therefore it is agnostic to the dynamics of the transportation
system. In the context of traffic congestion, related dynamics have been studied in [111]
for adaptive pricing in affine congestion games, [183] for highways with bottlenecks, and
in [184] via simulations for congestion lanes. The following theorem shows that (7.11) is a
suitable controller to learn optimal incentives in transportation systems with socio-technical

dynamics in the loop. All proofs are presented in Appendix E.

Theorem 7.1. Suppose that Assumptions 7.1, 7.2 (or 7.3) and 7.4 hold. Then, the
closed-loop system corresponding to Figure 7.1 with ISC given by (7.11), renders

PAS the set A; = Ay x T™ as (e¢,£p, €4) = 0.

While the ISC (7.11) can achieve optimal incentive seeking, as (g9, €,,6,) — 0T

the rate of convergence achieved by this controller emulates the convergence rate of a
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gradient descent flow, which is either of order O(1/t) or O(e™"*), where « is given by
Assumption 7.3 (note that Assumption 7.3 implies Assumption 7.2). In Section 5, we will
show that the steady-state performance function related to the socio-technical model of
the traffic network can have drastically different “slopes” near the optimal point, including
cases where k < 1. These “flat” regions can drastically deteriorate the performance of
controllers that seek to emulate traditional gradient flows, e.g., system (7.11). To achieve
better transient performance in this scenario, we now consider a class of hybrid dynamics

that use momentum.

7.2 Hybrid Momentum-Based Incentive Seeking
Control

To achieve better transient performance compared to (7.11), we now consider the

hybrid ISC shown in Figure 7.4, which has continuous-time and discrete-time dynamics

given by:
u 2p—a)
p —2kTo(y, u)M(p
— Fy(s) = (v, w)M (1) , (7.12a)
: 1
2
fi = Qp
vy € Cy = {352 ER™1 X T™ ; 7€ [TO,T]}, (7.12b)
at i
pt op+ (1 —o0)gq
7'Jr TO
ph I
To € Dy = {x € R¥™H xT™ : 7= T}, (7.12d)
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where xo = (4,p, T, 1), k € Ry¢ is a tunable gain. This controller resets the states p
and 7 via (7.12¢) every time the timer 7 satisfies 7 = T. The constants 0 < Ty < T are
tunable parameters that characterize the frequency of the resets. The parameter o € {0, 1}
describes the resetting policy for the state p. Namely, when o = 1, we have that p™ = p,
while o = 0 leads to p* = ¢.

In contrast to (7.11), as (p, £q4,€0) — 01 the hybrid ISC (7.12) will emulate the
behavior of a regularized version of Nesterov’s accelerated ODE with momentum [19], given
by i + %u + V@(u) = 0, which achieves rates of convergence of order O(1/t?) in convex
functions, or O(e~V*) with suitable resets corresponding to ¢ = 0 in (7.12c). These resets
are similar in spirit to “restarting” techniques used in the literature of machine learning
[31]. In the context of model-free feedback control, the resets guarantee enough regularity
and robustness in the controller so that it can be interconnected with a dynamical plant

in the loop [25]. Thus, the hybrid controller is also able to achieve incentive seeking.

Theorem 7.2. Suppose that Assumptions 7.1, 7.2 (or 7.3) and 7.4 hold. are satisfied.
Then, the closed-loop system corresponding to Figure 7.1 with ISC given by (7.12),
renders PAS the set Ay = {(0,4,p,7) : (0,4) € Ay, p=1a, T € [Ty, T]} x T™ as

(€0,€py €a) — OF.

The key advantage of the ISC (7.12) is the incorporation of dynamic momentum
via the states (p, 7), as well as periodic resets with frequency dependent on the pair (7y, 7).
Note that “optimal” restarting frequencies can be used as in [25] to avoid oscillations in the
control action induced by the presence of momentum. It is well-known that momentum-
based optimization algorithms can significantly improve the transient performance in
problems where the cost ¢ exhibits shallow convexity properties (e.g., k < 1). As shown
later in Section 7.3, this will be the case under certain operation conditions of the highway
networks.

On the other hand, when the steady state performance function ¢ is strongly convex
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and its curvature is not necessarily small, one might wonder if it is possible to achieve
better transient performance using non-smooth re-scaled gradient-based dynamics. We

investigate this scenario in Section 4.3.

7.3 Fixed-Time Incentive Seeking Control

We now consider the fized-time ISC (FxISC) presented in Figure 7.5 and described

by the following dynamics:

>

I GRS
k(ma+Mﬂ)
L (=€ + o(y,u)M () (7.13)

1
=S

= M
I
o
—
8
&
Il

where z3 = (u,§, 1), and a € (0,1) is a tunable exponent, and where the right hand

side of u is defined to be zero whenever £ = 0. In this controller, we have incorporated
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a low-pass filter with state £ and gain 5}71, and the nominal incentive @ is generated by
a combination of sub-linear and super-linear feedback parametrized by the constant a.
Note that the vector field (7.13) is continuous but not Lipschitz continuous at £ = 0. The
controller is designed to emulate the performance of fixed-time gradient flows [185, 180] as
(€05 €as €p, €) — 0F. This non-smooth ISC also achieves optimal incentive seeking, but it

requires (regional) strong convexity of .

Theorem 7.3. Suppose that Assumptions 7.1, 7.3 and 7.4 hold. Then, the closed-
loop system corresponding to Figure 7.1 with ISC given by (7.13), renders PAS the
set Az == Ay x {0} x T™ as (eo,&p,€q,5) — 0T
In contrast to (7.11) and (7.12), as (o, €p, €a, €¢) — 07, the nonsmooth ISC (7.13)
emulates the behavior of gradient flows able to converge to the optimal incentive before

a fixed time 7" = 57—, where (a, k) are tunable parameters of the controller, and & is

given by Assumption 7.3. Such type of behavior cannot be obtained using smooth (i.e.,

Lipschitz continuous) ISCs.
Numerical Examples

In this section, we consider particular realizations of the model introduced in
Section 7, as well as numerical examples of the proposed ISCs. Fast Driver Behavior
We first consider a scenario where the driver dynamics are qualitatively faster than the
average traffic dynamics. Specifically, we borrow the parameters and structure used in
[174], based on traffic data of the first dynamic-pricing toll system implemented in the
United States: the MnPASS. Thus, the costs of choosing the Express or GP lanes are
given by: cgr (p,u) = a% + bu 4+ YL, and cgp = a%(F + vap, where % represents
the estimated travel time on the Express lane, vgr,, 7vap € R are offsets used to represent

unobservable quantities, a, b are positive weights, and where 6 > 1 models the fact that

the travel time through the GP lane is assumed to be longer or equal than the one of the
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Figure 7.6. Evaluation of viability conditions for highway system with fast driver behavior
and static input flow map ggr..

Express lane. On the other hand, the macroscopic driver behavior is assumed to have the

form:

_ Q
1+ exp (CEL(p7 U) - CGP(p)) 7

qeL(p, u) (7.14)

which is a logistic function of the marginal cost of choosing the Express lane over the GP
lane. The choice of static map in (7.14) implies that whenever the perceived cost cgy, of
choosing the Express lane is lower than the cost cgp of choosing the GP lane, the input
flow of vehicles to the Express lane will increase. Moreover, we note that an equal inflow
of vehicles to the Express and GP lanes is achieved when the marginal cost is equal to zero.
To simulate the ISCs we use the parameters a = 0.334,b = 0.335, ygr, = 1.71781, yqp =
0, Ujam = S[mph], vgee = 65[mph], pjam = 80[veh/mi], peritical = 25[veh/mi] and L = 0.7[mi].
To establish a reference density that guarantees free-flow conditions T(pyef) & Vgree With a
moderate occupation of the lane so that the system is not underutilized, we consider the
reference seeking performance index ¢yer given in (7.8), with prer = 0.8 peitical = 20 [veh/mi].
Furthermore, we fix the demand to be @) = 2170 vehicles per hour and set 7 = 3. Using
these parameters, we conduct a numerical study that verifies that Assumptions 7.1-7.3

are satisfied: First, we plot in Figure 7.6 the vector field (7.5) for different values of
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Figure 7.7. Suitability of performance index ¢,f and response map £(-) for the ISC
dynamics presented in this chapter.

u € A, = [—40,40] and with p = 6 € [0, 150]. By arguing graphically, we note that there
exists a compact set (interval) A, := [0, 50], such that restricted to values (p,u) € A, X A,,
for each u there exists a unique asymptotically stable equilibrium p*(u) € A. Therefore,
we can define the function ¢ : A, — R as ¢(u) = p*(u), which is shown in Figure 7.7.
Since IT in (7.7) is locally Lipschitz, the previous arguments imply that the socio-
technical model of Section 7, with the particular parameters listed above, satisfy the
conditions of Assumption 7.1. On the other hand, ¢, satisfies Assumptions 7.2 and
7.3 by construction and the convexity of ¢(u) = ¢(¢(u),u) in A,. Following the closed-
loop structure of Figure 7.1, we implement the different ISCs introduced in Section 7
interconnected with the highway dynamics of (7.7). For all the controllers, we set k = 1 and
use the dithering frequency w = 1. In the case of the hybrid ISC we choose 0 = 0,7y = 0.1
and T" = 20. For the non-smooth ISC we use a = 0.5. We simulate the trajectories of the
closed-loop systems using ey = 1, ¢, = 0.1, and €, = 0.01. These parameters guarantee
enough time-scale separation between the different elements of the controller, and also

between the controller and the highway-dynamics. We uniformly sample 60 different
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Figure 7.8. Trajectories corresponding to 60 different initial conditions of the average
density p sampled uniformly between p(0) = 4 and p(0) = 30 vehicles per mile. The inset
shows the MSE as a function of time of the 60 trajectories.

initial conditions for p between 4 and 30. We use the initial incentive u(0) = 1, and
we plot the resulting trajectories in Figure 7.8. Additionally, we compute and plot the
mean squared error (MSE) MSE(t) = S 19i(t) = prei]®, where p; corresponds to the
trajectory resulting from the i-th initial condition. As shown in the figure, the hybrid
and non-smooth ISCs significantly outperform the smooth ISC algorithm (7.11). Note
that the hybrid algorithm (7.12) generates the typical oscillatory behavior observed in
momentum-based algorithms when the damping is sufficiently small. Note also that the
hybrid controller seems to generate better transient performance compared to (7.13), since
in certain cases it generates a smaller overshoot. The inset of Figure 7.8 shows that the
control signals converge to a small neighborhood of the optimal incentive. Finally, we note
that all the ISCs studied in this chapter are well-posed by construction, and therefore they
are robust with respect to small bounded additive disturbances acting on the states and
dynamics [33, Thm. 7.21]. Moreover, their model-free nature allows them to retain their

stability and convergence properties when the parameters of the highway change (slowly)

over time. For example, Figure 7.9 shows the impact of variations on the parameter vgr,.
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Figure 7.9. Distribution of the mean of the time-averaged MSE for different values of
~gr, sampled uniformly within 15% of its nominal value.

Here, we sampled uniformly 20 different values of yg;, with a maximum variation of 15%
with respect to the nominal value 1.71781, and we simulated the closed-loop dynamics for
each one of the ISCs. For each value of vyg, we computed the mean of the time-average
MSE, tMSE = % fotf MSE(7)dr, where t; = 225[min] is the final time of a simulation run,
over 5 trajectories obtained by choosing different initial conditions for p on the range [4, 30].
As seen in Figure 7.9, the results are consistent with the previous results shown in Figure
7.8. Dynamics for Macroscopic Driver Behavior When the macroscopic driver behavior
and the average vehicle density evolve in similar time scales, the dynamics capturing the
driver’s response due to changes in the incentives need to be considered in the closed-loop

system. In this case, we consider the following dynamics to describe the evolution of ¢gy,:

der = V(qurL,u) = — (CEL(qEL, u) — cep (¢eL) ) (7.15)

meaning that the rate of change of the input flow of vehicles to the Express lane is directly
determined by the marginal cost of choosing that lane over the GP lane. Consequently,
when the perceived cost cgr, of choosing the Express lane is lower than the cost cgp of

choosing the GP lane, the rate of growth will be instantaneously positive, thus increasing
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Figure 7.10. Evaluation of the viability conditions for highway system Wlth dynamics
describing the macroscopic driver behavior, based on the phase plane of the system.

the input flow of vehicles to the Express lane. We considered the marginal cost

ceL(geL, u) — cap(qeL) = <QEL — %) + au,

where @ > 0. For our simulations we use a = 100 and the same values of Vjam, Vfree,
Pjams Peritical, @ and pyer considered in Section 7.3. To study the stability properties of
the equilibrium points of the highway dynamics, we analyze the phase planes associated
to system (7.5) using & = ¥, k,, = 1.k, = 1, and v € A, = [-40,40], and shown
in Figure 7.10 for three particular values of u. In all cases, there exists a compact set
Ay C [0,160] x [0,@Q], such that for each u there exists a unique asymptotically stable
equilibrium 6*(u) € Ag. The same property was numerically confirmed to hold for every
u € A, by studying the phase plane plots associated to equally spaced inputs taken from
A, and using continuity of (7.5). Therefore, we can define a response function (: A, = R?
by letting £(u) = 6*(u). The remaining conditions of Assumption 7.1, and Assumptions
7.2 and 7.3 are verified to hold by following analogous graphical arguments to the ones
described in Section 7.3. Indeed, Figure 7.11 shows the corresponding plots describing
the response function ¢ and the performance index @ief (!7 (u), u) In this case, we focus
our attention on the two ISCs that showed the best performance in Section 7.3, and

implement the closed-loop structure of Figure 7.1 using the GISC and HMISC. For both
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Figure 7.11. Suitability of performance index ¢, and response map ¢ for the ISC with
highway model including dynamics for the macroscopic driver behavior. The inset shows
the response function ¢ projected in the phase plane p vs. ggp, for values of u € [—40, 40].

controllers we set g = 0.1,¢, = 0.01,¢, = 0.001, £ = 0.01, and w = 1. For the HMISC,
we chose 0 = 1,7y = 0.01 and 7' = 0.5. The control parameters are selected to guarantee
enough time-scale separation between the different elements of the controller and the
highway-dynamics. As seen in Figure 7.12, where we plotted the MSE corresponding to
20 different trajectories satisfying u(0) = 1 and ¢gp,(0) = Q/3, the HMISC outperforms
the GISC, although in a mildly less dominant fashion to what was observed in Section 7.3.
This reduction in the performance gap between the GISC and the HMISC, can be mainly
attributed to the fact that, in this setup, the strong convexity parameter is relatively high,
meaning that the transient performance increase attained via momentum-based dynamics
is not as evident as when the costs exhibit shallow convexity properties. Finally, we note
that in all our numerical experiments the ISCs were tuned to guarantee that the drivers
have enough time to react to changes on the incentives induced by the exploratory signal

it used by the controllers. This behavior is needed to guarantee real-time learning via
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Figure 7.12. Trajectories resulting from the application of the GISC and HMISC to the
highway model with dynamics for the macroscopic driver behavior, and corresponding to
20 different initial conditions of the average density p sampled uniformly between p(0) = 10
and p(0) = 30 vehicles per mile. The inset shows the MSE as a function of time of the 20
trajectories.

feedback measurements of the output of the highway network, and it has also been studied
in algorithms based on adaptive control [111] and reinforcement learning [186], to name
just a few. Potential extensions that could relax these real-time exploration requirements
might be studied in the future by incorporating historical data into the controllers, which
can be periodically updated during days or weeks to retain sub-optimality of the incentives.
Such controllers will naturally be modeled as hybrid dynamical systems. In this chapter
we introduced a new class of incentive-seeking controllers (ISCs) that can learn optimal
incentives using only output measurements from traffic in transportation systems, while
simultaneously guaranteeing closed-loop stability. We illustrated the benefits of the
proposed controllers via numerical experiments in a socio-technical model of a highway
system with managed lanes, including the advantages of using nonsmooth and hybrid
controllers. The algorithms are agnostic to the exact model of the highway, and robust to
small additive disturbances. Future research directions will focus on incorporating past

recorded data to minimize real-time exploration in the controllers.
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CHAPTER 8
Dynamic Gains for Asymptotic-Behavior Shaping in

Hybrid Dynamic Inclusions

The ability to control the convergence rate to equilibrium points or optimal solu-
tions is critical across many applications of dynamical systems theory and optimization
algorithms. In machine learning, faster convergence can accelerate training of deep neural
networks. For embedded control systems, it enables more responsive and robust perfor-
mance. In computational sciences, it facilitates solving complex simulations and design
problems orders of magnitude quicker.

To address the slow asymptotic convergence of traditional methods, significant
recent research efforts have explored alternative dynamical systems formulations aimed
at achieving faster transient performance. These approaches span momentum-based
dynamics [19, 18] that incorporate inertia effects, finite-time stability techniques [187],
hyperexponential stability methods [188], and fixed-time stability formulations [189, 190]
where the convergence time is uniformly bounded for all initial conditions. Within this
line of work, prescribed-time stability has gained increasing attention over the past five
years [191, 192, 193, 194, 195, 196]. This form of stability guarantees convergence to the
desired target set within a pre-specified time interval, regardless of the initial conditions
and parameters of the problem.

The state-of-the-art prescribed-time stability approaches rely on incorporating

time-varying or non-Lipschitz vector fields that exhibit finite-time blow-up behavior to
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drive the system to equilibrium before the prescribed convergence time. A viewpoint
recently explored by the authors for prescribed-time stability of switched systems [9] is to
achieve this blow-up effect via a cascade interconnection between an exogenous dynamical
system governing the evolution of a dynamic gain and a time-invariant dynamical system
with suitable stability properties for the target set. This interconnection technique for
inducing pre-established time specifications has been also studied in the context of adaptive
control for parameter estimation [197]. However, it has not been comprehensively analyzed
for general nonlinear and hybrid dynamical systems combining continuous and discrete
behaviors.

This chapter aims to fill this gap by presenting a unifying framework to analytically
shape the asymptotic behavior of nonlinear dynamical systems. Our approach hinges
on the design of a suitable exosystem that governs the evolution of a dynamic gain.
By analyzing the continuous-time deformations that the flow of this system induces on
hybrid time domains, we provide sufficient conditions that ensure the original system’s
stability properties, without the dynamic gain, are transferable under the continuous-time
deformation to the full interconnected dynamics. We develop these results by leveraging
tools from hybrid dynamical systems theory [33], and formulating an appropriate bijective
map that relates the solution sets between the original and cascade systems.

This formulation enables addressing a wide array of time deformations: from simple
constant rescaling of time to prescribed-time scalings. Our framework can accommodate
systems with hybrid dynamics arising from logic-based switched controllers, state resets,
and other discrete-time behaviors coupled with physical dynamics. By providing a unified
analysis of the interconnection structures across different classes of dynamic gains and
system models this work contributes to the understanding of achievable asymptotic

behaviors in dynamical systems.
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8.1 Motivational Example

We begin by presenting a motivating example that highlights the key ideas and
challenges explored in this chapter. Consider a cost function f(x) = "’%f, and its associated

gradient-flow dynamics
dz

o =~ VI@) =i (8.1)

By the method of separation of variables, the unique solution to (8.1) is given by

z(s) = S Vo € R.

V2x3s + 1

It follows that the value of the cost function along the trajectories of the gradient flow

system (8.1) satisfies

|930|4

flz(s)) = Wa

Vs> 0. (8.2)

To improve over the convergence rate of equation (8.2), we consider the case where the

gradient flow dynamics in (8.1) are interconnected in a cascade configuration with a

du _

+ =1 The set of feasible initial conditions is assumed to

dynamic gain g with dynamics

satisfy p(0) = po € [1,00), and the interconnected system can be written as the HDS

dx d_,u_

——,u-Vf(ZL‘), dr

== 1, (z,p) €Rx[1,00). (8.3)

Since the dynamics of p are independent of those of the state x, we can first solve for u to
obtain that u(t) =t + po, po € [1,00). Replacing this result in (8.3) yields

dz
(¢ 3
s U Ok
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This is a separable ODE, which results in the following solution:

V223 (5 + puot) + 1
for all t > 0, and the corresponding value of the cost function is:
4
Fla(t) = L (85

4 (222 (2 + puot) +1)°

Note that, the improved convergence bound in (8.5) can be obtained from the bound
(8.2) by substituting the time variable s with ¢ and then transforming it under the
diffeomorphism D, (t) = % — %3 This diffeomorphism satisfies j—;DMO (t) = 1, which
is the flow map for p in (8.3).

The above motivating example illustrates that by interconnecting a gradient system
with a dynamic gain, the convergence rate can be significantly improved from O(1/t?)
to O(1/t*). However, this improvement was contingent upon obtaining the closed-form
solution for the state trajectory under interconnected dynamics. For general nonlinear
systems where such closed-form solutions are unavailable, it remains unclear what conditions
would permit the application of a similar interconnection procedure to achieve faster
convergence rates. Additionally, the example only addressed a continuous-time dynamical
system, while many applications involve systems with hybrid dynamics. Consequently,

two fundamental questions arise:

1. What are the conditions on the original system’s dynamics that allow for the
application of the interconnection procedure and enable an improvement in the

convergence bounds?

2. Can similar improvements be expected when interconnecting systems with hybrid

dynamics?
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Figure 8.1. Scheme of the cascade interconnection between hybrid dynamics and gain
dynamics

To address both questions, we consider a class of dynamical systems arising from the cascade
interconnection of a target system exhibiting continuous-time and discrete-time dynamics,
and a continuous-time dynamical system that governs the evolution of a dynamic gain.
This interconnection idea is shown in Figure 8.1. We model the resulting interconnection

as a hybrid dynamical system with state z :== (z, ) € R* x X,,, where X, == [1,00). The

hybrid dynamics are characterized by the following data:

d
2, x X, d—“z € uFy(x) x {F. (1)}, (8.6a)
z€D, xX,, =2teG(x)x{u}, (8.6b)

where C,, D, C R". We refer to the HDS (8.6) as the nominal HDS and denote it with H.
The primary objective of this chapter is to certify the stability properties of a suitable
closed set A C R" under the nominal HDS #, by deriving them from the stability of
A under a target HDS #H. The target system has state Z = (z, i) and is defined by the

following data:

dz . 1 .
z€Cy X X, 3 € F.(z) x {EF#(M)} : (8.7a)
z€ D, x X, Z"eG(&)x{i}. (8.7b)
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To obtain our results, the following assumption will play a key role.

Assumption 8.1. a) For every fiy € X, there exists a unique and complete solution
. dii ~

to the gain ODE = %Fu(u).

b) For each ¢ € &), there exists an order preserving diffeomorphism D, : T, — R,

where 7. C R>o and min 7, = 0, satisfying D.(0) = 0 for all ¢ € X, and:

d

%,Dﬂo(t) = (ﬂ © DHO) (t)v Vi € 7;07 Ho € X,u? (88)

where [i is the unique solution to the gain ODE.

Assumption 8.1 restricts the type of dynamic gains we consider for our approach to
those compatible with suitable deformations of the continuous-time domain, as character-
ized by the parameterized diffeomorphisms D.. Alternatively, this constraint allows us to
first consider a time-domain specification characterized by a diffeomorphism D, such as
the accelerated convergence presented in the example of Section 8.1, and then encode it in
the dynamical system governing the evolution of the dynamic gain u. Below, we present
several examples illustrating different dynamic gains, their associated flow-maps F},, and

the respective diffeomorphisms D, satisfying Assumption 8.1.

Example 8.1. a) Linear: Let, F,,(11) = 0. Then, the diffeomorphism D.(t) = ct,
with ¢ € X, satisfies the matching equation (8.8) with 7. = R>o. This type
of diffeomorphism is ubiquitous in the singular-perturbation literature where
constant parameters are used to induce sufficient time-scale separations in

multi-time scale systems, for instance [22, Ch. 11].

b) Monomial: Let F,,(1) = (p — 1)/12%, p > 1. The unique solution to the gain
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ODE % = (p— 1)/;%, f € X, is given by

=il
P D

ils) = (w7 +s-p) ", o€ X,

Then the map D, : R>y — Rxq:

_1 \P _P_
(t + cp*) = 72

D.(t) = P

; BE ALy,

satisfies the matching equation (8.8) with 7. := R>.

Ezxponential: Let F,(p) = . The unique solution to the gain ODE t=1, 4¢

X, is given by: 4(s) = s + ug. Then, the map D, : R>o — R defined as
D.(t) =ce' —¢, c€ X,

satisfies the matching equitation (8.8) with 7. = R,.
Prescribed-Time: Let F,(u) = “TQ, T > 0. The unique solution to the gain
ODE ¢ = i/ is given by
fi(s) = floe™.
Then, the map D, : 7. = [0,T/c) — Rx( defined as

T
D.(t) =TIn <T—ct> , c € X,

satisfies the matching equation (8.8) with 7. = [0,Y/c). dynamic gains
characterized by a finite-escape time 7),, := T /pp > 0 which evolve according

to the flow-map F},(1) = p?/T have recently gained widespread adoption in
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the context of prescribed-time regulation of dynamical systems [191]. In this

context, the term T}, receives the connotation of the prescribed-time.

To leverage the deformations of time-domains induced by the dynamic gains with
dynamics satisfying Assumption 8.1, we ask for every solution of the target dynamical

system to have hybrid time domains with unbounded continuous time.

Assumption 8.2. Every solution 2 € S satisfies sup,dom(2) = oo.

Using the above assumptions and exploiting the cascade interconnection structure

of the HDS H, we can obtain the following result, whose proof is provided in Appendix F.

Lemma 8.1. Suppose Assumptions 8.1 and 8.2 are satisfied, and let D, := D, x idZZO

for all ¢ € &,. Then, the map

w: & — Sy (8.9a)
2= (C(A], ﬂ) — Z o0 ]D)ﬂ(()’()), (89b)
is a bijection between maximal solution sets.  Moreover, dom (W(2)) =

Dg(lo’o) (dom(2)) for every z € Sy;.

Equipped with the preceding Lemma, we now present our main result, establishing
a connection between the stability properties of the target hybrid dynamical system H

and the nominal hybrid dynamical system .

Theorem 8.1. Let 4, = A x X, with A C R" a closed set, and suppose that

Assumptions 8.1 and 8.2 are satisfied. Assume that Ag is UGAS for #. Then, for
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every zp = (g, fto) € (C, U D,) x X,, and every z € Sy(2) it follows that

|Z(taj)|«40 < 6(|ZO|A0>Duo(t)vj);

for all (¢, ) € dom(z).

Remark 8.1. When the function g € KL takes an exponential form, and the
dynamic gain dynamics follow the structure given in Examples 8.1a)-c), Theorem
8.1 certifies that the nominal system exhibits hyperexponential stability properties
in the sense defined by [188]. Conversely, if the gain dynamics are specified as in

Example 8.1d), then Theorem 8.1 recovers the prescribed-time stability results via

flows studied in [9] for hybrid systems, and in [198] for ODEs.

8.2 Applications

This section showcases Theorem 8.1 through two optimization examples. For each
example, we establish the stability properties of a compact set under a target hybrid
dynamical system. Then we leverage the results of the theorem to certify the stability of

the same set for the nominal dynamics.

8.2.1 Acceleration of Gradient Flows

Let f € CY(R") be a strictly convex and radially unbounded function. Consider

the nominal HDS denoted as H,, with continuous-time dynamics

dx du

E = —,qu(l’), E - Fu(:u)v (m,,u) € R" x Xl“ (810)

where we suppose that the map F), satisfies Assumption 8.1, and with no discrete-time

evolution, i.e., with D = ().
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We establish the stability of the compact set A := {z*} for H,, where z* is the
unique minimizer of f. We begin by considering the target HDS 7—29 with continuous-time
evolution:

dz di 1

= —V[f(&),

g_ FM(ﬁ’)? éz(iaﬂ)eRnx‘X;n

ds ﬁ
and no discrete-time dynamics. We assume that the ODE % satisfies Assumption
8.1. Next, we augment the system with a timer state 7 which has dynamics % =1,
7 € R>g. We denote the resulting HDS as 7:17, and study the stability properties of the

set Ap X R>g, Ap := A x X,. To this end, consider the candidate Lyapunov function
4 oA A ElA " Lo
V(a,7) = F7() — ) + 5l

where f* = f(2*). Note that V(2,7) > 0 for all (2,7) € R” x X, x R>¢. Additionally, the

continuous-time derivative of V' along the trajectories of H, is given by:

— F|Vf ()] (8.11)

Letting df(z*, x) = f* — [f(2) + (Vf(Z),2* — )], by the strict convexity of f, it follows
that ds(2*, ) > 0 for all £ € R™ \ A, and that d¢(z*,2) =0 and V f(2) = 0 if and only if

z € A. From (8.11), we obtain that there exists p. € PD such that:

d

Ev(éaf_) = —Pc <|£|A) - _p0(|(27%)|A0XR20)7 (8'12>
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for all (2,7) € R™ x X, X Rs¢, and where in the last equality we have used the fact that
|(f2, 7)| g, xms = 0 for all (1, 7) € &, x Rxg. By [199, Theorem 3.19.3a)], this implies that
there exists 3, € KL such that Ay x R>¢ is 8,-UGAS for ‘H;. Additionally, since for every
solution (2,7) € Sy it follows that |7(s)|g,, = 0 for all s € dom(Z,7) = R, we obtain
that A is 8,-UGAS for 7:lg. Furthermore, for any such solution (2, 7), by using (8.12), we

obtain:

- VI(2(5),7(5)) = —pe (|2(s)|a) ,

for every s € R>(. Integrating both sides and using the definition of V' yields

S

) = 1)+ 5l = Vo= [ pulla(i)La)as

where V= V' (20, 70) and (29, 79) == (2(0),7(0)). Then, using the positive definiteness of
pe together with the fact that 7(s) = 79 + s, it follows that the following bound is satisfied:
Vo Vo

s+ 7o S

f(a(s)) = f* <

for any s € R>(. Leveraging these results, together with Lemma 8.1 and Theorem 8.1,

obtains the following proposition, whose proof is presented in Appendix F.

Proposition 8.1. There exists 8, € ICL such that for any (zo, pt9) € R" x X, and

any solution (x, 1) to the accelerated gradient flow dynamics (8.10), the following
bound holds

() — 27| < By(|zo — 7], Dyo (1)), (8.14)

for all t € dom((x, it)), where D, is as defined in Assumption 8.1. Moreover, for any
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such solution, the sub-optimality measure f(-) — f* satisfies

f(z(t) — f* < (8.15)

DMO (t> ’

where ¢y € R>( is a constant that depends on the initial condition .

Remark 8.2. Proposition 8.1 extends the results of the example in Section 8.1 to
encompass strictly convex functions, and arbitrary dynamic gains with dynamics
satisfying Assumption 8.1. In particular, if F}, is chosen as in Example 8.1-d), i.e.,
if we let F,(n) = “TQ, the gradient flow dynamics with dynamic gain described in

(8.10) achieve convergence of the function f(x(t)) to the optimal value f* within

prescribed-time T},, = /Y, adjustable to the user preference by the choice of T > 0.

8.2.2 Acceleration of Hybrid Dynamics with Momentum

In cases where the convex function f in the previous section has low curvature,
the accelerated gradient flow dynamics in (8.10) might still suffer from poor transient
performance. In the case where ¢ =1 and F),(11) = 0, this issue has been alleviated in the
existing literature by the use of momentum-based dynamics, see [19],[18],[24]. Inspired by
these approaches, in this section we consider a momentum-based nominal HDS, denoted
as H,,. This HDS has state z :== (z, ), where x = (11, 79, 23) € R x R" x [T, T], and
continuous-time dynamics!:

Ty %@2 - 351)
By | =0 Fn(@) = | =225V f () | £ = Fulp),

. 1
I3 5

'Here ¢, stands for %
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allowed to evolve whenever z € (), x &),, where the map F), is assumed to satisfy
Assumption 8.1, C,, == R"” x R* x [T, T], and T > T > 0 are tunable parameters. The

discrete-time dynamics of the nominal HDS H,, evolve according to

xf T
T 0

whenever z € D,, x X, where D,, = R" x R" x {1}. The momentum-based HDS #,,, with
p=1and F,(u) was introduced in [24, Eq. (8)] as an alternative able to overcome the
lack of uniformity in the convergence properties under Nesterov’s ODE to the minimizer of
the cost function z*. As shown in [29, Rmk. 2], such lack of uniformity in the attractivity
of A precludes establishing UGAS bounds which are of critical interest for the robust
implementation of the optimization dynamics when only noisy measurements or estimates
of the gradient V f are available.

Indeed, using the results of [24, Theorem 3.1], we can obtain the UGAS of the set

Ao = A x X, where A == {a*} x {z*} x [T, T},
for the target HDS H,,, which is of the from in (8.7) with F, = F,,, C, = C,,, and

D, = D,,. This fact, together with Lemma 8.1 and Theorem 8.1, allows us to obtain the

following proposition, whose detailed proof is presented in Appendix F.

Proposition 8.2. There exists a function 3,, € KLL such that for any (zo, o) €

R™ x &), and any solution (x, ;) to the HDS H,,, the following bound holds

|4 < Bm([20]a; Do (1), ), (8.17)
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Figure 8.2. Trajectories of solutions to the gradient-flow dynamics with dynamic gain
H, and the momentum-based dynamics with resets H,,, under different parameterizations
of the gain flow maps F),.

for all (¢,7) € dom((x, 1)), where D, is as defined in Assumption 8.1. Moreover,
any such solution induces the following bound:

&

D) — L) (8.18)

fla(t, ) = 7 <

where ¢; :== min{t : (t,7) € dom((z,p))}, and {c;}52, is a sequence of monotonously

decreasing positive constants.

Now, we illustrate the results of Propositions 8.1 and 8.2 by considering the strictly

convex cost function f € C*(R3)

where x* = (m, 27, 37). We simulate the trajectories resulting from the hybrid dynamical
systems H, (gradient flow with dynamic gain) and #,, (momentum-based dynamics with
resets), using realizations of each gain flow map presented in Example 8.1. For H,, the
gradient flow dynamics are implemented with initial conditions xy = (100,100, 100) and
1o = 1. The momentum-based system H,, is implemented with reset parameters 7" = 0.01
and T = 3.5, and initial conditions z;(0,0) = x5(0,0) = g, x3(0,0) = T, and po = 1.

The resulting trajectories of the suboptimality measure f(t) — f* are shown in
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Figure 8.2, verifying the theoretical bounds derived in Propositions 8.2 and 8.1. As
illustrated, incorporating momentum and resets can improve convergence to the cost
function minimizer compared to the gradient flow, regardless of the chosen dynamic gain
dynamics. However, suitable reset parameters 7 and T must be selected in advance.

As the time deformation induced by the gain flow map transitions from constant
rescaling (leftmost plot) to prescribed-time scaling (rightmost plot), the frequency of resets
naturally increases. This occurs because the state x3 responsible for triggering resets is
scaled by the dynamic gain, while the reset threshold T’ remains constant. This empirical
evidence indicates that tuning reset or switching parameters with dynamic gains generally
requires accounting for the time-domain deformation induced by the gain flow mappings.

Recent work by the authors in [9] explored this direction by introducing blow-up
average-activation time and blow-up average-dwell time conditions for prescribed-time
regulation of switched systems. These conditions account for the finite escape times of the
dynamic gains employed in prescribed-time stability approaches for switched systems.

This chapter presented a framework to systematically shape the asymptotic conver-
gence behavior of nonlinear dynamical systems, including hybrid systems with combined
continuous and discrete dynamics. The key idea was to interconnect the original system
with an exogenous dynamic gain designed to induce continuous deformations of the hybrid
time domains. By modeling these dynamic gains as dynamical systems and analyzing the
diffeomorphisms induced by their flows, we provided sufficient conditions to ensure that
a target system’s stability properties transfer through the time deformation to the full
interconnected dynamics. This formulation enables realizing a diverse range of asymptotic
behaviors via time deformations, ranging from constant to prescribed-time scalings. The
theory established lays foundations for new techniques to accelerate optimization solvers,
enforce real-time control performance, and improve computational efficiency in applica-
tions involving nonlinear dynamical systems. Future research directions include extending

our approach to the cases where input-to-state, local, semiglobal, and practical stability
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certificates are available for the target system.
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CHAPTER 9

Prescribed-Time Stability in Switching Systems with Resets: A

Hybrid Dynamical Systems Approach

Recent advances in nonlinear control analysis and design [191, 192, 194, 195]
have reinvigorated the concept of Prescribed-Time Stability (PT-S), leading to successful
applications across various domains, including nonlinear regulation [191, 192], adaptive
control [194], systems with delays [200], partial differential equations [201], and stochastic
systems [202]. In contrast to asymptotic or exponential stability, the PT-S property
guarantees that the system’s trajectories will converge to the desired compact set within a
predetermined time, regardless of the initial conditions. As such, achieving this property
requires either time-varying or non-Lipschitz vector fields in the dynamics of the system.
Non-Lipschitz autonomous systems that achieve convergence to the point (or set) of
interest before a fixed time have been studied in [203, 189, 190]. The state of the art of this
property, usually called “fixed-time” (FxT) stability, was recently reviewed in [198], with
some recent applications in certain classes of hybrid systems under homogeneity conditions
[204, 205], continuous-time systems in canonical forms with switching gains [206], and
non-switching impulsive systems [207]. In contrast to this line of research, this chapter we
study systems that achieve convergence to the target before a prescribed time using the
“time-varying gain approach” introduced for ODEs in [191], usually refereed to as “prescribe-
time control”. This method has a long history in optimal control and tactical missile

guidance systems [208], and it has recently gained renewed attention due to breakthroughs
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in the design and analysis of nonlinear and adaptive controllers in continuous-time systems
with finite-time convergence properties. For a recent survey, see [198] and recent works on
adaptive systems [191, 192, 194, 195, 196, PDEs [201, 209, 200, 210], and systems with
delays [211, 212]. Since this control approach uses “blow-up” gains over bounded time
domains, the solutions of these systems are also defined only over finite-time intervals.
For comprehensive discussions on practical applications, strategies to extend the solution
domains, and the advantages and limitations of PT control, we refer the reader to recent
works [192, 196, 191, 198, 213].

While the study of Prescribed-Time stability properties in continuous-time systems
modeled as ordinary differential equations (ODESs) has seen significant progress, PT-S
tools for hybrid dynamical systems (HDS) have remained mostly unexplored. For example,
switching systems with time-varying gains were studied in [214] using a common Lyapunov
function. Similarly, stable controllers that deactivate, or “clip,” the high gains before the
prescribed time is reached were also discussed in [215]. However, such results consider only
one vector field during the convergence phase, and the switching rules can lead to HDS
that are not well-posed in the sense of [33]. To the best of our knowledge, general results
on PT-S for switching and HDS, similar to those existing for asymptotic or exponential
stabilization [216], are still absent in the literature. Since switching and hybrid controllers
have been shown to provide powerful solutions to complex control [199, 217], optimization
[4, 218], and learning problems [111], there is a clear need for the development of PT-S
tools that enable the analysis and design of new algorithms able to simultaneously leverage
the advantages of both PT-S and hybrid control.

In this chapter, we address this problem by showing that the PT-S property can be
naturally incorporated into a class of HDS that model nonlinear switching systems with
resets, allowing the switching signals to incorporate the dynamic effects of time-varying
gains, while preserving the structure of the hybrid arcs associated to the solutions of the

system. Specifically, the main contributions of this chapter are as follows:
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(a) First, we introduce a class of switching signals that preserve the Prescribed-Time
Stability (PT-S) property in systems switching between a finite number of PT-S vector
fields with exogenous inputs and state resets. To derive these conditions, we reformulate
the overall switching system as a hybrid dynamical system (HDS) with dynamic gains that
induce appropriate time dilation and contraction in the hybrid time domains of its solutions.
By leveraging Lyapunov-based constructions for a suitably normalized HDS evolving on a
hybrid dilated time-scale, we show that the original system is PT-Stable, provided the
switching signal satisfies a novel “blow-up” average dwell-time (BU-ADT) condition. This
condition allows (but does not impose) a non-linear increase in the number of jumps
and switches as the total flow time in the system approaches the prescribed convergence
time. To study the effect of exogenous inputs and/or disturbances in the system, we
establish results via ISS-like bounds “with the convergence property”, paralleling those in
the literature on PT-S for ODEs [191, Def. 2]. However, unlike the existing results for
ODESs, our convergence bounds, presented in Theorem 1, are written in “hybrid time” and
highlight the potentially (asymptotically) stabilizing effect of the resets, as well as the
order of the dynamics generating the “blow-up” gains. To our knowledge, this is the first
result connecting the existing tools on Prescribed-Time Stability for ODEs [191] with the
setting of HDS [33].

(b) Next, we incorporate unstable modes into the switching systems, and we
characterize a novel “blow-up” average-activation-time (BU-AAT') condition on the amount
of time that the system can spend on the unstable modes while preserving the PT-S
property. In our model, the unstable modes are also allowed to have “blow-up” time-
varying gains with finite-escape times, as well as exogenous inputs and/or disturbances. To
study this setting, we construct a HDS with time-ratio monitors, similar in spirit to those
considered in [111, 216, 219], but incorporating the blow-up gains into their dynamics,
enabling faster switching between the stable and unstable modes as the total amount of

flow time in the system approaches the prescribed time. A Lyapunov-based construction
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on a dilated-time scale, and a contraction argument on the hybrid time domains, are used
to establish in Theorem 9.2 a PT-ISS-like result for switched systems with stable and
unstable modes.

(c) To illustrate the applicability of our model and results, we synthesize two
different PT-Stable algorithms for the solution of different control and decision-making
problems with prescribed-time convergence requirements. First, in Proposition 9.3 we
consider the problem of PT regulation of input-affine systems under intermittent feedback,
and we propose a new feedback law that extends the results of [191] to plants modeled as
switching systems. Finally, we consider the problem of prescribed-time Nash equilibrium
seeking in games with switching payoffs via hybrid algorithms with resets. We show in
Proposition 9.4 that such algorithms fit into our model and can be studied using the

analytical tools presented in the paper.
Switching Systems

In this chapter, we consider switching systems with inputs, with the general form
T = fa(t)(:p,u,t), where zy € R” is the initial condition, x € R™ is the main state,
u : Rsp — R™ is an exogenous input assumed to be continuous and bounded, and
o : Rsy — Q is a right-continuous, piecewise constant, signal that maps the current
time ¢ to a finite set of modes Q = {1,2,...,G}, where § € Z>;. For each ¢ € Q,
fq : R" x R™ x R>p — R" is assumed to be continuous with respect to all arguments.
Following the notation of [216], we use S to denote the set of all right-continuous, piecewise
constant, signals from Rs( to Q, with a locally finite number of discontinuities. Such
functions are referred to as switching signals. For each signal o € S, we also define the

collection of switching instants W(o) := {t > 0: o(t) # o(t")}. In this way, the switching

system of interest evolves according to

l’(t) = fa(t)(x7u>t>7 Vi ¢ W(0>? (91)
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where the solutions z to (9.1) are understood in the Caratheodory sense over any interval
[ta,tp) where o is constant. During switching times t € W(o), we allow “jumps” in the

state x via mode-dependent reset maps of the form

£(t) = Ry (2(t)), ¥t € W(o). (9.2)

where the function R, : R" — R" is assumed to be continuous for each ¢ € Q. Throughout

the paper, we will refer to switching systems of the form (9.1)-(9.2) as R-Switching systems.

Remark 9.1. By taking R, equal to the identity map, system (9.1)-(9.2) recovers a
standard switching system [217]. However, other choices of reset maps open the door
to study PT-S results in reset control systems [220] (such as impulsive systems by
taking Q = {1}) as well as more general switched reset controllers (when |Q| > 1),
see [216]. Tt is also possible to consider discontinuous functions fq, R, by working

with their corresponding Krasovskii regularizations [33, Def. 4.13]. However, for the

sake of clarity, we focus on R-switching systems with continuous maps fq and R,.

9.1 PT-ISS in Hybrid Dynamical Systems

Motivated by the PT-S property studied for ODEs [191, 192, 194, 195, 200], and
before specializing our results to R-switching systems of the form (9.1)-(9.2), in this section
we introduce PT-S properties for general HDS with inputs. In particular, we consider

systems with state z = (¢, ux) € R™ x Ry, set C given by:

C = \I/C X th (93&)
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and flow-map defined as:

. w uk'FW(¢7Mkvu)7
i=1 € F(z,u) = ki , (9.3b)
Hi T/Lk

where 7" > 0 and k£ > 1 are tunable parameters, and Fg : R" x R>; x R™ = R" is a

set-valued mapping that we will specify below. The set D is given by

D = \I/D X th (93C)

and the jump map is given by:

2t = € G(z) = : (9.3d)

=4

where Gy : R" = R" is also to be specified. We denote the HDS with data given by
(9.3) as H. It is assumed that this system satisfies the following standad hybrid basic
conditions [33, Assumption 6.5]. These conditions are standard in the hybrid dynamical
systems literature [21], and they will be satisfied by construction later when we specialize

the results of this section to R-Switching systems with unstable and stable modes.

Assumption 9.1. The sets V¢, Up C R™ are closed. The set-valued maps Fy and
Gy are OSC and LB with respect to W, and Wp, respectively; and Fy is convex for
all (¢, ug,u) € Uo x Ry x R™.

Remark 9.2. By Definition 1.4, solutions to (1.3) are required to satisfy dom(z) =
dom(u). To establish this correspondence, we obtain the input « in (1.3) from u in
(9.1) using (with some abuse of notation) u(t, j) = u(t) during flows for each fixed j,

and by keeping u constant during the jumps (1.3b).
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Since in (9.3b) the dynamics of py are independent of 1, system (9.3) has a
cascade structure. However, for system (9.3) the dynamics of ¢ will mostly determine the
structure of the HTDs of the solutions z, e.g., purely continuous, purely discrete, eventually
continuous, etc. To study PT-S properties, in this chapter we consider signals 1 generated
by (9.3b), exhibiting finite escape times that are “controlled” by the parameters (T, k)
and by p(0). This property can be established for the dynamics of py in (9.3b) by direct

integration, and it is formalized in Lemma 9.1. The proof is presented in Appendix G.

1
Lemma 9.1. Let k£ > 1, and consider the “blow-up” (BU)-ODE [, = %,u,lj’“ with

1r(0) = o € Rsy. Then, its unique solution satisfies:

Tk
pp(t) = ——=>1, Vtel0,Trg), (9.4)
(Yrp —t)*

)

_1
where Yy =T, *.

For each k > 1, ux(+) is continuous in its domain, strictly increasing, and satisfies
lim;,v,., pr(t) = oco. Hence, the next lemma follows directly by the definition of solutions

to HDS.

Lemma 9.2. (Bounded Flow-Time) Let z be a maximal solution to . Then, the

HTD of z satisfies sup,(dom(z)) < Y.

Lemma 9.2 states that the total amount of flow-time of every solution of H will be
upper bounded by Y1 ;. We will refer to this quantity as the prescribed time (PT), and we
emphasize its dependency on the initial value py and the constants (7', k). In the literature
on PT-S in continuous-time, pg is usually equal to one. However, we will consider any
to € R>j.

A useful property of the BU-ODE studied in Lemma 9.1, is that, when normalized
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by pg, the resulting ODE has solutions that are complete and lower bounded by 1. The

following Lemma is also proved in Appendix G.
. 1
Lemma 9.3. Let k > 1, and consider the normalized-by-u, BU-ODE %% = %ﬂ,’g

R>;, evolving in the s-time scale. Then, its unique solution

with f1(0) = po €

satisfies: (a) For k =

k
k=1\ 77
(@s—{—uok )k ' > 1, for all s > 0.

1: jig(s) = poe™ > 1 for all s > 0; (b) For k > 1: fix(s)

9.1.1 Time-Scaling of Hybrid Time Domains

The signals p, generated by the dynamics (9.3b) will be used to define a suitable
dilation and contraction on the HTD of the solutions to H. To do this, for each (T, k) €

Rop x R>q, and 1 < a <b, let the function wy, : R>; X R>; — R be defined as

T [ bP) — gr(k)
ba) =—|——— Vik>1 9.5
wk( ,CL) L < p(k?) ) ) ) ( )
and wy (b, a) = limy_,1+ wy (b, a), where p(k) := £, The following proposition states some

important properties of wg(-,-) when evaluated along py. All the proofs are presented in

Appendix G.

Proposition 9.1. Let (T,k) € Ryy x Rsy, p be given by (9.4), and let Ty :

[0, Y7) — Rsp be the function

Te(t) = wi(p(t), pi(0)), Vtel0, Trg). (9.6)

Then, T (-) satisfies the following properties:

(P1) Timyry , Th(t) = oo.
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(P2) For any pair to,t; € [0, Tr) such that to > ¢;:

Tr(t2) — Te(t1) = wi(pr(ta), pr(t1))-

(P3) For all t € [0, Y7y), we have

dTy(t)
dt

— (), Ta(0) = 0. (9.7)

(P4) For all t € [0, Tr4), Tr. has a well-defined inverse 7, ' : R>g — Rsg, which is

given by

To H(s)=Try (1— <1+(lC — 1)5) M) k>, (9.8)

T kb0
and by 7,7 (s) = limy,_1+ 7, ' (s).

P5) For all s € Rxg, 7, " satisfies
( >0, Ty

d 1, _ 1 —1/) —
& O a0 v

(P6) limp_s Te(t) = o™ t for k> 1, and limp_,o 73 (t) = pet for all ¢ > 0.

Remark 9.3. To contextualize Proposition 9.1, consider the special case k = 1,
which is commonly used in the literature on PT-control of ODEs [191, 192]. In this

case, Proposition 9.1 yields the following “standard” mappings:

T (s) = Toa <1 — 6_%S> , Vs € Rs, (9.10a)
Tit) = T (m ( 511(((?))) Vteo,Tr). (9.10D)
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—n(k)
Indeed, note that (9.8) can be written as: T, '(s) = T, (1 - (1 + W) ) :

with n(k) = 2. Using e = lim, oo (14 -%)" and the fact that n — oo when

k — 1%, we obtain (9.10a). Similarly, using lim, o ”i);l = In(uy), and the fact that

p(k) — 0 if and only if £ — 1, (9.10b) follows directly from (9.5) and the definition

of wy by applying the product law for limits.

The properties established in Proposition 9.1 are used to derive the following result,
which provides a suitable dilation/contraction of the HTDs of ‘H with data defined by
(9.3) when analyzed in a different hybrid time scale (s, j) induced by the transformation
s = Ti(t), see Figure 9.1. Note that, since y; does not change during the jumps (9.3d),

when evaluating (9.6) along (hybrid) solutions of py, generated by (9.3¢) we can omit the
dependence of T on j.

j 4 ~
6l ) \ﬁ . (s,7)-Time Scale
5— o J‘ * 2 * 3 /.4 5 6
44 ° i
3T ° ) )
2_,
1+ °
0 Syl 8‘2 S‘;; S' s
T, xid T x id
71 E v (t,7)-Time Scale
61 - )
i— — % "[‘ ®y *s M 6,
1 o |
3+ [ ] i\TT,k ty
21 L i \tgtz j
1+ ° /

o

t b t‘3} t t
Figure 9.1. Dilation and contraction of hybrid time domains and hybrid arcs. The

structure of the hybrid time domain E in the (t,j)-time scale is preserved under the
diffeomorphism 7 x id in the (s, j)-time scale.
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Proposition 9.2. (Dilation and Contraction of HTD) Let (7', uo, k) € Rsg x R>p X
R>1, and 7 be given by (9.6). Consider the following HDS, denoted by H, evolving

on the (s, j)-hybrid time scale, with state Z = (&, i) and input a:

(2,0) e C=C xR™, z,€ —F(%,1). (9.11a)

(32,0) e D=D xR™, 3+ e G(3). (9.11b)

where (C, F, D,G) in (9.11) are the same as in (9.3), and where Z, := 4z,

a) If (2,4) is a maximal solution pair of # from the initial condition zy, then
the pair of hybrid signals defined as (z(t, j), u(t, 7)) = (2(s, ), u(s, j)), for all
(s,7) € dom(2), is also a maximal solution pair of A from the initial condition

2o via the time dilation s = Ty (t).

b) If (z,u) is a maximal solution pair of H from the initial condition zy, then
the pair of hybrid signals defined as (2(s, 7), u(s,j)) == (2(¢,7), u(t, 7)) for all
(t,7) € dom(z), is also a maximal solution pair of # from the initial condition

2y via the time contraction t = 7, ' (s).

Remark 9.4. Proposition 9.2 establishes a relationship between the solutions of the
HDS 7 in the (¢, j) time scale, and the solutions of 7 in the (s, j) time scale via the
family of k-parameterized dilations s = T (¢) and contractions 7, '(s). In particular,
the function 7 : [0, Y7x) — R will define a diffeomorphism that preserves the
structure of the HTD of the hybrid arcs of #H. This observation is central to our
analysis, as it enables us to conduct the stability analysis of the original HDS H by
first studying the qualitative behavior of the solutions of system H. In particular,
note that H has a flow map that is normalized by fix, which removes the finite escape

times in ji; (c.f., Lemma 9.3). This normalized HDS can be viewed as a “target”
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system that can be first designed and studied using the extensive set of tools available

in the literature on HDS [33, 199].

Remark 9.5. Using (9.4) with & > 1, T, can be written as

T
Talt) = 0 1], Ve 0, ), (9.12)
(7o)

which recovers the common dilation used for ODEs when pp = 1, see [191]. Other
types of transformations are presented in [195] for the study of finite-time control of

ODEs. Proposition 9.2 provides an extension of these results to hybrid systems.

Remark 9.6. Analyses of HDS based on the time scaling of the flow map are not
new, and they have been extensively explored in the context of singular perturbations

[221, 30] and averaging theory [222, 111]. However, in contrast to (9.12), the time

scaling in those scenarios is usually linear.

9.1.2 PT-S via Flows in HDS

Since solutions to system H, whose data is described by (9.3), can only flow for a
total amount of time upper bounded by Y7, in this chapter we are interested in regulating

the state z to a general closed set A, as t — Y7 (or before Try), where

A= A"/) X RZl, (913)

and where A, is an application-dependent compact set. For systems with inputs, the
following definition aims to capture this property, which makes use of the transformation

Tr defined in (9.6), and which extends [191, Def. 1] from ODEs to HDS.
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Definition 9.1. Let A be given by (9.13), where A, C R" is compact. The set
A is said to be Prescribed-Time Input-to-State Stable via Flows (PT-ISSg) for the
HDS H if there exists § € KLL and v € K such that for every 2(0,0) € C' U D, all

solutions z satisfy:

|2(t, 5)la < B(12(0,0) |4, Ta(®), 5) + 7 (lule) » (9.14)

for all (¢,j) € dom(z). If (9.14) holds with u = 0, the set A is said to be Prescribed-

Time Stable via Flows (PT-Sp).

In some cases, it might be possible to completely suppress the residual effect of
the input u in the bound (9.14) via PT feedback. This property, termed PT-ISS with

Convergence in [191, Def. 1], can also be obtained in hybrid systems:

Definition 9.2. Let A be given by (9.13), where A, C R” is compact. The set
A is said to be Prescribed-Time Input-to-State Stable with Convergence via Flows
(PT-ISS-Cp) for the HDS H if there exists 5 € KLL, v € K, and 5. € KL such that

for every z(0,0) € C'U D, all solutions z satisfy:

|2(t, )l < Be (B (12(0,0)|a, Ta(t), 4) + 7 (lule.s))  Te(®)) , (9.15)

for all (¢, j) € dom(z).

Remark 9.7. (On the use of LLL functions) The use of KLL functions in Definitions
9.1 and 9.2 enable us to differentiate convergence behaviors in the continuous-time
domain from those in the discrete-time domain. This type of comparison function is

common in the analysis of HDS with inputs [21]. Additionally, since by construction

|2(t, j)[a = [¥(t,j)|a, for all (¢,7) € dom(z) (because |,uk(zf,j)|]RZl = 0), we can
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equivalently express the bounds (9.14)-(9.15) with z replaced by v, and A replaced
by Aw.

Remark 9.8. (On the lack of uniformity with respect to p9) Definitions 9.1 and 9.2
extend Prescribed-Time Stability (PT-S) notions, studied in the literature of ODEs,
[191, Def. 1] to hybrid systems. The ICLL function g and the KL function f,. in
the bounds (9.14) and (9.15) are independent of the initial conditions on z = (¢, u).
However, as defined in (9.6), the diffeomorphism 7}, clearly depends on the initial
value of yy via (9.6), which parameterizes the prescribed time Yr7. Yet, the bounds

(9.14) and (9.15) are uniform across the initial conditions of 1, which is the main

state of interest in the system.

The following example, which follows as a particular case of the main results in the

next section, illustrates the previous discussions:

Example 9.1. Consider the HDS H with k = 1, T = 1, ¢ = (x,7), Fy =
{—z+u} x {1}, Gy = {32} x {0}, Uo =R" x [0,1], ¥p = R" x {1}, and u is
continuous and bounded. Then, every solution z = (z, 7, 1;) satisfies the following

bound (see proof of Theorem 9.1):
(¢, §)|a, < kie 1O (7RO 145(0,0)| 4, + kaluley)) »

where k; > 0 and A, = {0} x [0, 1], for all (¢,7) € dom(z). Moreover, using (9.10b),

the above bound can be written as:

. pa(0,00 ( e7®
[0(E,5)] 4, < Ml . ()% 19(0,0)|.a, + aa - [ulwy) ),

where o; > 0, 11(0,0) = o > 1, and for all (¢,5) € dom(z). It follows that

lim(t,j)edom(z),t%'rlJ w(t .]) = 0.
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It is important to note that, unlike ODEs, for HDS the existence of bounds of the
form (9.14)-(9.15) does not necessarily guarantee that the internal state ¢ will converge
to Ay as t = Ty, for any Tqp, > 0, even if u = 0 and 2 is complete. The following scalar

example illustrates this scenario.

Example 9.2. Consider the HDS H with £ = 1, main state ¥ € R, functions
Fy = {—¢}, Gy = 19, and sets ¥ = (—o0, —1] U [1,00), and ¥p = [-1,1]. For
this system, we can study stability of ¢ with respect to the set A, = {0}. For any
initial condition to H, z(0,0) = (o, io), satisfying |1o| > 1 and po = 1, the unique
maximal solution to the HDS satisfies ¥ (¢, 0) = vy (%)T, for all (¢,7) € [0,¢'] x {0},
where ¢/ = T(1 = [tpo| ), and ¥(t,j) = (3)’ %(t',0), for all (t,5) € Uj ez, {t'} x {4}
It follows that (¢, j) — Ay only as j — oco. Yet, every solution of the HDS satisfies

(9.14) with uw = 0. This follows by a direct application of item (a) of Proposition 9.2,

the result of [223, Thm. 1], and item (b) of Proposition 9.2, in that order.

The previous example shows that bounds of the form (9.14) or (9.15) only guarantee
PT-S-like behaviors via the flows of the HDS. Therefore, to emulate the existing PT-S
bounds obtained for ODEs [191, 192], the “target” HDS # in (9.11) must generate maximal
solutions with hybrid time domains E satisfying sup,F = oo, such as those in Example 9.1.
In general, this is not possible whenever C' = (), or whenever H has eventually discrete,
Zeno, or purely discrete solutions. However, as shown in the next section, for R-Switching
systems, discrete solutions can be ruled out by designing appropriate switching signals
generated by hybrid automatons that additionally exploit the “blow-up” nature of the

functions .

9.2 PT-ISS in R-Switching Systems

In this section, we apply Proposition 9.2 to study a class of R-switching systems
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(9.1)-(9.2) characterized by the following dynamics:

T = :uk(t) ) fU(t)(m7p“k(t)vu’ T)7 t ¢ W(O-)’ (9.16&)

z(t) = Ry (z(t7)), t e W(a). (9.16b)

For generality, in (9.16a) we allow f, to depend on p; and also on a signal 7 that is

generated by the following hybrid dynamics

e {0, “’“(t)] , t ¢ W(o), (9.172)
Td
Tt =7-1, teW(o), (9.17b)

where p, is given by (9.4) and 7; > 0. To contextualize this model, some remarks are in

order.

Remark 9.9. When u, = 1, R, = id(+), and f, does not depend on 7 and u,
equation (9.16) coincides with the conventional nonlinear switching systems examined
in [224, 225]. On the other hand, when f, depends on u, (9.16a) captures nonlinear

switching systems with inputs, similar to those studied [226, 216].

Remark 9.10. When u; = 1 and f, depends on 7, system (9.16) describes a class
of 7-parameterized nonlinear switching systems. In this class, 7 is not necessarily
constant throughout time, and the function ¢ — 7(¢) may not be differentiable or
even continuous. Such models emerge in, for example, a class of time-triggered reset
systems [25, 1] suitable for optimization and learning problems; see also Section 9.3.2

for a specific application.

Remark 9.11. In many applications, the system of interest might not match

the exact form of (9.16). This is often the case in PT-regulation and feedback
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control of affine dynamical systems with non-zero drift, where multiplying the entire
vector fields by the gain py is not feasible. However, as shown later in Section 9.3,

appropriate feedback design or variable transformation can reformulate these systems

into the form (9.16).

To have a well-posed system, we make the following regularity assumption on

system (9.16a):

Assumption 9.2. For each ¢ € Q, f; : R" X Ry; X R™ X Ry — R" is locally
Lipschitz, R, : R" — R" is continuous, and u : R5y — R™ is continuous and

bounded.

We consider R-switching systems (9.16) with a mix of stable and unstable modes.
We denote the set of stable modes as Q, and the set of unstable modes as Q,,, such that
Q,UQ, =0 and Q,N Q, = (. To leverage this partition and derive prescribed-time
stability results, we proceed to introduce specific stability assumptions for our “target”
HDS H defined in (9.11). Central to these assumptions is the role of a function A(jiy)
that characterizes the effect of the time-varying gain fix on the input » in (9.16). In
our subsequent analysis, we focus on three specific cases: A(fx) = 0, A(f) = 1, and

A(f) = i with £ > 0.

Assumption 9.3. There exist 7; € R.o, Ny € R>;, smooth functions V; : R™ X

R>¢ — Rxg, where ¢ € Q, and constants ¢;; > 0, 7 € {1,2,3,4,5}, p > 0, such that:

a) For all (z,7,q) € R™ x [0, No| x Q:

can|ZP < Vi(2,7) < cqo|z|P (9.18a)

b) For all (2,7,§, fix,n) € R" x [0, Ng] X Qs x Rs; x [0,7;'] and for all u € R™,
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we have:

ftf(‘%aﬂk)uaf-)

<VV4(:%,?), > < —ca3Va(#,7) + caaA(fix)[uf’.  (9.18Db)

n

¢) For all (%,7,4, fix,n) € R™ x [0, Ng] x Q, x Rsy x [0,7;'] and for all u € R™,
we have:

fé(iuﬂkvuaf-)

<V‘/(i(j:a ), > < qu%(jj, T) + Cg,4A(ﬂk)|’LL|p. (9.18¢)

n
d) For all (z,7) € R™ x [1, No] and 0, ¢ € Q such that § # o:
Va(Ro(2), 7 — 1) < xVe(&, 7), (9.18d)

where y > 0.

Remark 9.12. Inequalities (9.18a)-(9.18b) are common in the context of exponential
stability in continuous-time and hybrid systems. For the case when the vector field f,
in (9.16a) does not depend on 7, the function V; can also be taken to be independent
of 7. This is the most common situation in switching systems and systems with

resets. An example where f, does depend on 7 will be studied in Section 9.3.2.

Remark 9.13. Inequality (9.18b) in item (b) gives a standard decrease condition on
the Lyapunov functions Vj, for each stable mode ¢ € 9y, and up to a neighborhood
of the origin, whose size is parameterized by A(fy)|u’. When A(f) = 0, and by
[223, Thm. 1], conditions (9.18a)-(9.18b) imply that each mode ¢ € Q, renders the

origin exponentially stable in the dilated time scale s = Tx(t) (see Proposition 9.2).
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When A(fi,) = 1, and by [21, Prop. 1], conditions (9.18a)-(9.18b) imply that each
mode ¢ € Q, renders the origin ISS with exponential decay in the dilated time scale.
The case A(fi,) = /lge , with ¢ > 0, will emerge in the context of PT-regulation where
convergence bounds of the form (9.15) are sought-after. An example in this direction

is presented in Section 9.3.

Remark 9.14. Inequality (9.18¢c) in item (c) rules out finite escape times for
the unstable modes ¢ € Q,,. Similar assumptions are considered in the context of
asymptotic/exponential stability in switching systems [226, 111]. When Q, = 0 (i.e.,

there are no unstable modes), item (c) holds vacuously.

Remark 9.15. Inequality (9.18d) in item (d) considers the effect of the resets on
the Lyapunov functions related to each of the modes. Usually (e.g., in standard
switching systems) R; = id(-) and Vj is independent of 7, and in this case, inequality
(9.18d) holds trivially with xy = 1. When Vj is independent of 7 but R4 # id(-), item

(d) recovers the main assumptions of [216].

9.2.1 Blow-Up Average Dwell-Time Conditions

To achieve asymptotic stability in systems switching between a finite number of
stable modes, it is common to assume that for all times t5 > ¢; > 0, the switching signal

o satisfies an average dwell-time (ADT) condition of the form:

N(tg,t1) < —(t2 —t1) + No, (9.19)

1
Td
where N (ty,11) is the number of switches of ¢ in the interval (¢1,%3], 74 > 0 is called the
dwell-time, and Ny > 1 is the chatter bound, see [224, 225], [33, Ch. 2.4]. However, unlike

asymptotic convergence results, PT-S properties are defined only over the finite interval

[0, Y7). Therefore, we consider switching signals defined on similar intervals, which are
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Figure 9.2. BU;-ADT condition (9.20) for k& € {1,2,3,4}. Left: When puo =1, T = 10,
and t; = 0, there exists a single common terminal time 7" = T, for all k. Right: When
po =2, T =10, and t; = 0, the dependence of Y1 on 1 (see Proposition 9.1) leads to
the emergence of three distinct terminal times.

additionally allowed to have a switching frequency that becomes unbounded as ¢t — Y.

Definition 9.3. Let u; be given by (9.4). A switching signal o : [0, Y1) — Q is
said to satisfy the blow-up average dwell-time condition of order k (BUy-ADT) if

there exist Ny > 1 and 75 > 0 such that for all ¢5,¢; € dom(o):

Nltaytr) < - (un(t2) pn(t2) + No, (9.20)

where wy(+, ) is given by (9.5). We use Xgu,-apr(7a, No, T, fto) to denote the family

of such signals.

Figure 9.2 illustrates the BU,-ADT condition by comparing various bounds derived
from (9.20) (plotted on a logarithmic scale) as functions of A = ¢, — ¢;, with ¢; = 0,
and for different values of k € Z>1, with uo =1 (left plot) and po = 2 (right plot). The
standard ADT bound (9.19) is also shown in color purple. Unlike the ADT bound, the
BU,-ADT bound grows to infinity as A — Y7, allowing an increasing number of switches
as t — Y7, However, in any compact sub-interval of [0, Y7) the allowable number of
switches is bounded. The following lemma shows that switching signals satisfying the

ADT condition (9.19) also satisfy the BU,-ADT condition (9.20) when their domain is
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appropriately restricted. The implication follows directly because the right-hand side of
(9.19) can be upper-bounded by the right-hand side of (9.20). The proof is presented in
Appendix G.
Lemma 9.4. Let T > 0, ugp > 1, and o be a switching signal satisfying the ADT
condition (9.19) with 7, > 0 and Ny > 1. Then, o(t) satisfies the BU;-ADT condition

(9.20) for all k € Z>; and all 0 < t; <ty < Y74, with the same 74, No.

Next, we present a lemma that provides an equivalent formulation of the BU,-ADT
condition, as well as its limiting behavior when the prescribed-time Y goes to infinity.

The proof is presented in Appendix G.

Lemma 9.5. The following holds:

a) If k=1, then (9.20) is equivalent to

T Tra
N(ty,t) < —In | — N 9.21
() < i (TE23) + o (9.21

b) If k € Z~4, then (9.20) is equivalent to

Td

k—1
t,t
N(tQ,m)gM(tQ—tl + 3 e (t - 1)) >+No,
=2

where ¢y = (— 1)“1 e TlT L by = kk—l})'l)' and
. 12, =il
Yi(ti,t2) = (Trp — t2) (Top — 1) '

c) For all k € Z>; and all t5 > t; > 0 the bound (9.20) satisfies

1
lim — W (,uk(tg) ,Uk(tl)) + NO (t2 - tl) + N07
T—o0 Ty Td
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thus recovering the ADT condition (9.19) when po = 1.

9.2.2 PT-ISS in R-Switching Systems with Stable Modes

When all the modes f, are stable, i.e., Q, = () and Q = Q;, we can study PT-S
properties of (9.16) by considering switching signals that satisfy the BU;-ADT bound. In
this case, the R-Switching system (9.16) can be analyzed by considering the HDS H with
data (9.3), state ¢ = (z,7,q) € R"*2 and

Fo (Y, pe, w) = { fy(x, pg, u, )} X [0, Tid} x {0}, (9.22a)
Gu(v,u) = {Ry(x)} x {T — 1} x Q:\{q}, (9.22b)
Uo =R" x [0, Ng] x Qs, ¥Up=R"x[1, No] x Qs. (9.22¢)

As established in the next lemma, there is a close connection between the HTDs of the
solutions of system #H with data (9.22), and the signals ¢ that satisfy the BU,-ADT

condition.

Lemma 9.6. Let (Fy, Gy, Ve, Up) be given by (9.22a)-(9.22¢), and consider the
HDS H under Assumptions 9.2 and 9.3. Then, Assumption 9.1 holds, and:

a) For every maximal solution z and for any pair (t1, j1), (t2, j2) € dom(z), with

to > tq, inequality (920) holds with N(tg, tl) = jg = jl'

b) For every HTD satisfying property (a), there exists a solution z of the HDS H
having the said HTD.

One of the main consequences of the equivalence established in Lemma 9.6 is that
analyzing the stability properties of the R-switching system (9.16) under the family of

switching signals Xgu.apr (74, No, T, 110) is equivalent to examining the stability properties
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of the HDS H with (Fy, Gy, Ve, ¥p) defined by (9.22a)-(9.22c). In this case, we can
study the stability properties of this HDS with respect to the set A given by (9.13), where

Ay is the following compact set
Ay = {0} x [0, NoJ x Q. (9.23)

The following Theorem is the first main result of this chapter.

Theorem 9.1. Let Ny > 1, Q, # 0, Q, = 0, and consider the HDS #H with
(Fy,Gy, Ve, Up) given by (9.22a)-(9.22¢). Suppose that Assumptions 9.2-9.3 hold,

and
In(r)

.
mll’lqeg Cq73

(9.24)

Td >

where 7 := max{1, x}, and y > 0 is given in Assumption 9.3. For each (T, k) €

R-o x R>q, the following holds:
a) If A(ur) =0, then the set A is PT-Sp for H.

b) If A(ug) = 1, then the set A is PT-ISSy for H.

c¢) If A(ux) = pi’, then for any ¢ > 0 the set A is PT-ISS-Cf for H.

The following Corollary covers the case k = 1, which is the most common in the

literature of PT-S [191, 215].

Corollary 9.1. Suppose that all the assumptions of Theorem 9.1 hold, and that
k = 1. Then, for every solution z = (z, 7, q, ux) to H, and all (¢,7) € dom(z), the

state x satisfies the following properties:
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1. If (9.18b) holds with A(p;) =0 or A(uy) = 1, then

kT
g Ho R
x(t,7)| <k : e " x(0,0)| + r3Alu|i i, 9.25
ot ) < () 0,01+ ey, (020

where x; > 0 for ¢ € {1,2,3}.

2. If (9.18b) holds with A(;) = py*, then:

a2 —aq]
ja(t, )] < —H0 S 2(0,0)] + alul, (9.26)
’ M1 (ta.])a3 M1 (taj)as ’ Gl )j o

where «; > 0 for i € {1,2,...,6}.

9.2.3 PT-ISS in R-Switching Systems with Unstable Modes

We now consider the scenario where some of the modes f, in (9.16) are unstable,
ie., Q, # 0 and Q@ = Q, U Q,. To study this case, we introduce a blow-up average
activation-time (BUp-AAT) condition on the amount of time that the unstable modes can

remain active in any sub-interval of [0, Try).

Definition 9.4. A switching signal o : [0, Y1) — Q is said to satisfy the blow-up
average activation-time condition of order k (BUp-AAT) if there exist Ty > 0 and

7, > 1 such that for each pair of times t5,¢; € dom(o):

/152 pr(t) - g, (o(t))dt < Lo (b (t2), p(t1)) + To, (9.27)

t1 Ta

where pu; is given by (9.4). We denote the family of such signals as

YpU-AAT(Qu, o, T0, T, o).

229



Remark 9.16. For asymptotic and exponential stability results in switching systems
with both stable and unstable modes [226, 111, 216], it is common to restrict the
family of admissible switching signals to those that satisfy the ADT condition (G.6)

and the following average activation-time (AAT) condition:

/ o (o(O)dt < ~(ts — 1) + T, (9.28)

t1 Ta

where 7, > 1, and Ty > 0. This bound can be recovered from (9.27) by taking the
limit as 7" — oo in both sides of (9.27) and using ug = 1. Also, note that for k =1,

the BU;-AAT condition reduces to:

to o
/ Lo, (0(t) 4 - 11, (; tluo> LT
t

Tri1—1 Ta — tafho

1

Similar bounds can be obtained for k € Z> using (9.4).

Figure 9.3 compares the BU;-AAT bounds and the traditional AAT bound (9.28).
The left plot shows the left-hand side of (9.27) for different values of k, under a particular
switching signal ¢ that switches between one stable mode and one unstable mode. The
classic AAT bound is shown in purple color. The right plot shows (9.27) for £ = 1 and

different values of 7.
To study the PT-S properties of the R-Switching system (9.16) when Q contains

unstable modes, we now consider the HDS H with state 1 = (x, 7, p,q) € R""3, set-valued

mappings:

Fu = {f, (2, e 1, 7)} {0, Tﬂ « ([0 H —ng(q)) « {01, (9.202)

a

Gy = {Ry(x)} x {7 =1} x {p} x Q\{q}, (9.29b)
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Figure 9.3. Functions appearing in the BU,-AAT condition (9.27) using the switching
signal o(-) (see inset), T'= 10, and po = 1.

and sets:

Ve =R" x [0, No] x [0,Tp] x Q, (9.29¢)

Up =R" x [1,No] x [0, Tp] x Q. (9.29d)

There is a close connection between the hybrid time domains of the solutions generated by
the HDS #H with data (9.29), and the switching signals that simultaneously satisfy (9.20)

and (9.27).

Lemma 9.7. Let (Fy,Gy, Ve, ¥p) be given by (9.29a)-(9.29¢), and consider the
HDS H given by (9.3), under Assumption 9.2-9.3. Then, Assumption 9.1 holds, and:

a) For every maximal solution z to ‘H and for any pair (t1, j1), (t2, j2) € dom(z),
with ¢, > t1, inequality (9.20) holds with N(ty,t1) = jo — j1, and inequality
(9.27) holds with o(t) = q(t,4(t)), where j(t) == min{j € Zx : (t,j) €
dom(z)}.

b) For every HTD satisfying property (a), there exists a solution z of H having

the said HTD.

Similar to Lemma 9.6, the result of Lemma 9.7 enables the study of the stability
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properties of the R-Switching system (9.16), under switching signals o satisfying (9.20) and
(9.27), by studying the stability properties of the HDS (G.11). In this case, we consider

the set A given by (9.13), where A, is now given by
Ay = {0} x [0, No] x [0,Tp] x Q. (9.30)

The next theorem is the second main result of this chapter.

Theorem 9.2. Let Ny > 1, Ty >0, Q, # 0, Q, # 0, and consider the HDS H given
by (9.3) with (Fy, Gy, ¥, ¥p) given by (9.29a)-(9.29¢). Suppose that Assumptions
9.2-9.3 hold, and that
1 1 Z
1>—Inr)+—(1+=, (9.31)

C3Td Ta
where r = max{1, x}, x > 0 is given in Assumption 9.3, ¢; = min,eg ¢, 3, and

G5 = MaXyeg Cq5. For each (T, k) € Roy x Rx; the following holds:
a) If A(ug) = 0, then the set A is PT-S.
b) If A(ux) = 1, then the set A is PT-ISSp.
¢) If A(ux) = pit, £ > 0, then the set A is PT-1SS-Cy.

Remark 9.17. (Switching with Non-PT Unstable Modes) It is reasonable to consider
a situation where the unstable modes in (9.16a) do not have time-varying gains,
ie., up =1 when ¢ € Q,. In particular, consider a system switching between the

following two families of systems:
T = ﬂqu(x)> q€ Qs and &= fp(x)a p € Qu,

where the modes in Q; satisfy (9.18b), and the modes in Q, satisfy (9.18¢c) with
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u = 0. Following the same approach of Theorem 9.2, and operating in the s-time

scale for the flows, we now obtain the following two type of modes:
X A~ X 1

Ts = fq('r)v q < st and I, = Ia_fp(m)a JAS Qu
k

For this system, the same Lyapunov-based analysis can be applied as in the proof
of Theorem 9.2 to obtain the bound (G.15) for all ¢ € Q,. On the other hand, for
g € Qu, we now obtain (VWa(2), 3,) < — (cs — 8) Wa(3) — &5 (1 . %) Wa(2). Note
that 1 — uik > 0 since fiy > 1 by Lemma 9.3. This implies that (VIVy(2), 2,) <

— (¢35 — 6) Wa(2). From here, the proofs follow the same steps as in the proof of

Theorem 9.2.

Remark 9.18. While all our results assumed that the resets (9.16b) were stabilizing,
or at least, not destabilizing, it is possible to extend Theorems 9.1-9.2 to cases
where the resets are destabilizing, provided the flows of the HDS are “sufficiently”
frequent compared to the jumps. In this case, stability can be established by a simple

modification of the Lyapunov functions used to study the target systems H as in (33,

Prop. 3.29].

We conclude this section by noting that, with some additional effort, the stability
results of Theorems 9.1-9.2 could be extended to systems for which Lyapunov functions
with monomial bounds do not exist. While this represents an interesting research direction,
such characterizations are beyond the scope of this chapter and could be more appropriately
studied in the future within the context of integral-ISS, as described in [216]. For our
applications of interest, discussed in the next section, as well as others not detailed
here due to space constraints (e.g., concurrent learning [161], extremum seeking [196],

feedback-optimization), Assumption 9.3 is typically satisfied.
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9.3 Applications to PT-Control and PT-Decision
Making

This section presents two applications that illustrate our main results. Throughout
this section, the state ¢ and the blow-up gain p; are assumed to follow the hybrid dynamics
H defined in (9.3), with data given by (9.22) or (9.29). Since practical implementations of
PT-Stable algorithms typically involve early terminations to avoid numerical instabilities,
as well as techniques such as clipping and saturation [192, 196, 198], for all our numerical
simulations we employ a fourth-order Runge-Kutta method with fixed time step 6t = 1076

and we saturate the blow-up gain py, at 1 x 103,

9.3.1 PT-Regulation with Intermittent Feedback

Consider a switched input-affine system with intermittent feedback, of the form:

& = dy(z) + Lo, (q) bg(x)ug(x, pr.), (9.32)

where z € R", g € Q = Q, U Q, is a logic state and Q, # 0. The blow-up gain
e is as defined in (9.4), dy(x) € R™ and b,(z) € R™" denote mode-dependent drift
and input vector fields, respectively, u, : R" x Rs; — R" is the control input, and
Io.(g), is an indicator function representing the intermittent nature of the feedback. Such
input-affine switching systems model diverse phenomena, ranging from gene regulatory
networks in biology [227] to hybrid locomotion in robotics [228]. Incorporating intermittent
feedback enhances the practical relevance of these models by addressing challenges such as
limited sensor availability, and adversarial operating environments. The implementation
of prescribed time controllers proves crucial in scenarios demanding strict time constraints
thereby extending the applicability of these models to time-sensitive applications.

We assume that b,(-) and d,(-) are unknown locally Lipschitz functions, which
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satisfy the following properties:

|dq(@)] < dy(2), VgeQ zeR,

S
[S)
g

+

S

()" =el,, Vq€Q,, veR",

where € > 0, and d,(z) > 0 is a known scalar-valued function assumed to be continuous
for all z € R™ and all ¢ € Q. We also assume that d, () is {,-globally Lipschitz for all
q € 9,. To regulate the state x to the origin in a prescribed time, we consider the following

switching feedback-law:

ug(w, 1) = =g, (11 + 84y (2)?) , (9.33)

with d, > 0 and 7, > 0 and k& > 2. The closed-loop system has the form of the HDS H

with data (9.29) and continuous-time dynamics of z given by:

&= pu(t) fo) (@, pin), (9.34)

where, for every ¢ € Q, f; : R" x Ry — R% is given by

fq(x» Mk) = —llg, (Q) (nq + 5qwq(x>2) bq(@*’” + idq(l’)'

The following proposition extends the results of [191, Sec. 3] to the scenario where the

system switches between multiple stable and unstable modes:

Proposition 9.3. There exists 74 > 0 and 7, > 0 such that the set A, x R>; is
PT-ISS-Cp for the closed-loop system, where A, is as given in (9.30). Additionally,
the switching feedback-law u, is bounded over the continuous-time interval [0, Y1)

and converges to 0 as t — Tp.
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Figure 9.4. Comparison between controller with Exponential convergences and PT-
Regulation with intermittent feedback. Left: Trajectory of system’s state norm plotted
in logarithmic scale. Center: Trajectories of the switching feedback law u,. Right:
Trajectories of the switching signal o (top), the dwell-time state 7 (middle), and the
monitor state p (bottom) for the PT-Regulation mechanism with intermittent feedback.

To illustrate Proposition 9.3 with a numerical example, consider Q; = {1,2},
Q, = {3}, and = € R. Let d,(z) = ¢gtanh(z), b,(x) = 1, Vg € Q, and consider the
control-law w,(x,t) = —ps(t)(1+ g|x|*)z. Then, all the conditions to apply Proposition 9.3
are satisfied. We numerically verify the PT-ISS-Cg property by using a switching signal
0 € Ypu.apt(Ta, No, T, 110) N Epu-aaT(Qu, Ta, To, T o) with 7, = 2, 7, =1, T =10, Ty = 2,
and Ny = 1.5. Figure 9.4 displays the trajectories of the norm of the state x plotted in
logarithmic scale, the switching feedback-law u,, the switching signal o, and the associated
average dwell-time and average activation time states 7 and p. As shown in the figure, the
state x and the switching feedback-law w, rapidly approach zero as ¢t — T ; and converge
faster than using a switching feedback with static gains (for exponential convergence).

The overshoot occur when the system is in one of the modes without feedback.

9.3.2 PT-Decision-Making in Switching Games

Consider a non-cooperative game with n € Zso players [190], where the cost
functions defining the game are allowed to switch in time. Specifically, for each i €
V = {1,2,---,n}, the i'" player has an associated mode-dependent and continuously
differentiable cost function ¢Z : R" — R, where ¢ € Q. We refer to the ¢'* game as the

game with the set of cost functions {gbz}iev. The action of the " player is denoted by
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r} € R, and the action profile of the game is given by the vector z1 == (z1,2%,...,27}) € R™.

The goal of the players is to converge to the unique common Nash equilibrium (NE) of
the games [35, 190], defined as the vector & € R"™ that satisfies:
¢y (¥, 77) = inf ¢} (2}, 277), VieV,
zi€R
for all ¢ € Q, where z7* € R"! denotes the vector that contains all actions except those

of player i. To study this problem, let G, : R" — R" denote the pseudo-gradient of the ¢*"

game, which is given by:

8¢; 8q§2 (ol
Gy(x1) = T TR I
Ox;  Oxf Oxy
For all ¢ € Q, we assume that there exists x, > 0 and ¢, > 0 such that G, is a k,-strongly
monotone and £,-globally Lipschitz mapping. These properties are common in NE seeking
problems and they guarantee the existence and uniqueness of the NE Z [190]. To efficiently
achieve convergence to the NE in a prescribed time, we introduce PT high-order NE-seeking

dynamics with momentum and resets (PT-NESmr). The proposed algorithm is modeled

as a HDS H with data (9.22) and maps f, and R, defined as follows:

2
— (v2—11) T
fula,7) = | 1) R =] (9.35)
—2(7)Gq (1) 71
where x = (71, 75) € R*, and x5 == (23, 23,...,2%) € R", and where 7 : [0, Ny] — [, 7]

is an affine bounded mapping defined as:

+7 (9.36)
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Figure 9.5. Comparison between Pseudo-Gradient Flow (PSG) with exponential conver-
gence and PT Nash-Equilibrium Seeking in a Switching Game. Left: Trajectory of the
errors to the NE generated by the PT-NESmr, the PT-PSG, and the Exponential PSG
dynamics. Right: Trajectories of the switching signal o(t) (top), the dwell-time state 7
(middle), and the monitor state p(t) (bottom) for the PT-NESmr dynamics.

with 77 > 1 > 0 being tunable parameters. In the context of asymptotic convergence,
mappings of the form (9.35), which incorporate momentum (via the state x2) and resets
(via the update 23 = z1), have been recently shown to improve the transient performance
of NE-seeking dynamics in (stable) strongly monotone games [1]. To further make the
convergence time independent of both the initial conditions and of the monotonicity
properties of the game, we study convergence to the NE in prescribed-time.

For every ¢ € Q, let o, > 0 be such that oyax (I — 0G,(z)) < o, for all z € R,
with 0yax(-) denoting the maximum singular value of its argument. Such o, always exists
since the pseudo-gradient G, is assumed to be globally Lipschitz for all ¢ € Q. We make
the following assumption on the parameters of the game and the selection of the tunable

parameters in (9.35)-(9.36).

Assumption 9.4. (Tuning Guidelines) There exist 0 < n <7, d, > 0, and Jq > 0
satisfying 6, + dq =6 € (0,1) and:

i 1
o< g, eeots 1 5 Mo e (9.37)

(max,ego,)’  Ta n—1naQ
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for some 74 > 0 and Ny > 1, where (; = kg/(2.

The stability properties of the states x1, x5 are studied with respect to the following

set
A, = {#} x {#} CR" x R™. (9.38)

The following proposition establishes PT-Sg of the set A, under the PT-NESmr dynamics.
Proposition 9.4. Suppose that Assumption 9.4 is satisfied. Then, the PT-NESmr

dynamics render the set A, x [0, Nog] x Q x Rs; PT-Sg, provided

max {3, 2 (ﬁ—lz + ﬁ2> } In (7)

Tq > 9.39
d 4QV ) ( )
1—384—0r)7> — .
where v = %, = mMaX4eq0y, ( mingeg ¢y, and r =

7 n(Ng—1)2 1
max {1’ 5_277 17(01)2 T 3712 }

Remark 9.19. (PT-NESmr with non-monotone G,) Unlike [1], the results of
Proposition 9.4 can be directly extended to switching games where some modes lack
strong monotonicity in their pseudo-gradients. In this case, we can use the HDS
‘H with data (9.29) and leverage Theorem 9.2, paralleling the approach followed
in Section V.A to study unstable plants. In this case, we obtain conditions on 7y
and 7, in H, characterizing admissible switching signals under which PT-NESmr

dynamics attain prescribed-time stability. This broadens PT-NESmr’s applicability

to switching games with temporary loss of strong monotonicity.

To illustrate the previous discussion, let @ = {1,2,3} and G,(z1) = 9A,(z1 — T),
with & = (1,1), A, = [6, —1.5; —1.5,6], Ay = [8, ~2:2,8], Ay = [4,6;5;2], and 9 = 5 x 102,

The pseudo-gradient G,(+) is r,-strongly monotone only for ¢ € {1,2} = Q, and /,-globally
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Lipschitz for all ¢ € Q. Using k =1, 74 = 7, = 2.5, Ny = 1.75, Ty = 2 we simulate the
system using a switching signal o € Xgy_apt(74, No, T, pto) with T'= 10. We compare our
results with the continuous-time prescribed-time pseudo-gradient-flows (PT-PSG), recently
introduced in [229], and given by @1 = j11(t)Go()(21). The resulting trajectories are shown
in Figure 9.5. As shown in the figure, under the PT-NESmr and the PT-PSG dynamics, the
state z; rapidly approaches zero as t — Tr; and converges faster than using the standard
pseudo-gradient flows with exponential convergence guarantees (Exponential-PSG). Also,
note that the synergistic incorporation of momentum, resets, and PT techniques leads
to an improvement compared to the continuous-time PT-PSG algorithm under the same
switching signal. The overshoots occur when the Nash-equilibrium seeking algorithms
operate with a pseudo-gradient that is not s-strongly monotone, or equivalently when
q€Qu=29\Q,

In this chapter, the property of prescribed-time stability was studied and extended
for a class of hybrid dynamical systems incorporating switching nonlinear vector fields with
time-varying increasing gains, exogenous inputs, and resets. Novel switching conditions
that preserve the prescribed-time stability properties of the system were derived using
tools from hybrid dynamical systems theory and under a suitable contraction/dilation of
the hybrid time domains. The switching conditions allow the incorporation of unstable
modes. The results were illustrated in two applications in the context of control and
decision-making. Future applications will include prescribed-time concurrent learning and
prescribed-time switching extremum seeking. Future work will also include studying the
synergies between non-smooth and prescribed-time tools, as well as consistent discretization

mechanisms for HDS, similar to [230].
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Global Asymptotic Guarantees via Hybrid Dynamical Systems
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CHAPTER 10

Robust Global Optimization on Smooth Compact Manifolds via

Hybrid Gradient-Free Dynamics

This chapter studies algorithms for the global solution of optimization problems of

the form
min ¢(z) subject to z € M, (10.1)

where ¢ is a smooth cost function and (M, ¢) is an n-dimensional Riemannian manifold to
be formally defined in Section 10.1. The mathematical form of ¢ and its derivatives is
assumed to be unknown. It is only assumed that ¢ is available through measurements or
evaluations on M. This class of problems arises in various practical applications, spanning
from aerospace engineering [231] to power systems [232] and quantum control [233]. One
of the simplest and most successful algorithms for optimization is the gradient-descent
method, which has been studied in the context of manifolds since at least the end of
the last century [234]. Recently, these methods have gained considerable interest due to
their potential applications in estimation, machine learning, and data science pipelines
[235]. In the context of dynamical systems described by ordinary differential equations
(ODEs), real-time optimization problems defined on a manifold M are common in robotics,
mechanical systems, and aerospace control problems evolving under kinematic constraints.

For example, controlling unicycles [236, Sec. 2.2] or navigating in obstacle-occluded spaces
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[25]. In such problems, the restriction to evolve on M limits the feasible directions that any
onboard algorithm can exploit in real-time. For comprehensive introductions to ODE-based
optimization algorithms on manifolds, we refer the reader to [232, 237]. One of the primary
challenges in solving optimization problems on smooth (boundaryless) compact manifolds
stems from the fact that in such spaces, a point cannot be robustly globally asymptotically
stabilized using continuous feedback in ordinary differential equations (ODEs) [238, Thm.
1]. This result extends to compact Lie groups and non-contractible spaces in general,
as shown in [239, Thm. 21]. This well-known property implies that standard gradient
flows or Newton-like flows cannot achieve robust global convergence to the minimizer of
a continuously differentiable cost function for every type of smooth compact manifold.
The reason behind this incompatibility lies in the fundamental mismatch between the
topological nature of the basin of attraction of a point under continuous dynamics, and the
topological properties of a compact boundaryless manifold [239, Thm. 21]. Specifically,
the basin of attraction of a point under continuous feedback is contractible, while a
compact manifold is not. Many results in the literature overcome this issue by focusing
on asymptotic stability properties that overlook measure-zero sets containing the critical
points of the cost function that are not solutions to the optimization problem under
study [240, 241], such as local maximizers and saddle points. However, algorithms with
almost global convergence certificates have been shown to be susceptible to arbitrarily
small (adversarial) disturbances. Under such disturbances, the set of problematic initial
conditions from which convergence is not achieved is not of measure zero anymore, but
rather an open set. Examples illustrating this susceptibility can be found in [236], [25, Ex.
1], and [242].

Alternatively, other works have circumvented the obstruction via time-varying
[243], or discontinuous feedback [244], finding success in achieving global convergence in
certain applications. However, as shown in [245, Cor. 21], time-varying approaches can

only circumvent the issue when the optimization dynamics operate in nominal conditions.
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In particular, when the system is subject to (arbitrarily) small disturbances, robust and
global stabilization of a point in compact boundaryless manifolds cannot be achieved by
merely using discontinuous or time-varying feedback strategies. To address this issue,
in [246] the authors introduced a hybrid controller that synergistically switches between
different continuous vector fields, generated from a family of potential functions, to globally
stabilize a point. Recent works have employed the synergistic framework to solve attitude
stabilization problems in SO(3) [247], stabilization by hybrid backstepping [248], and for
the robust stabilization of trajectories in multi-rotor aerial vehicles [249]. However, since
these works address stabilization problems, where the point to be stabilized is known a
priori, in general, they cannot be directly used for the solution of optimization problems
where the set of optimizers is unknown, or in cases where the potential functions are only
accessible via measurements or evaluations.

Optimization problems where the cost function is unknown and only accessible
through measurements or evaluations are common across many applications. These
problems have traditionally been studied using gradient-free methods, such as zeroth-order
optimization algorithms. While the literature of continuous-time zeroth-order optimization
dynamics, also known as extremum seeking, is quite rich [250, 251, 111], most of the
algorithms applicable to smooth compact manifolds are characterized by smooth gradient-
free dynamical systems that aim to emulate, via averaging or other “approximation”
technique, the behavior of a target gradient-flow on the manifold [251, 252]. In these
settings, the stability properties of gradient-free dynamics are usually inherited from the
stability properties of the target system being approximated. Therefore, the challenges of
robust global optimization extend to the gradient-free counterparts whenever the target
system is characterized by a smooth ODE. Moreover, existing results that achieve global
optimization via switching control [253] do not preserve the forward invariance of the
manifold due to the use of dither signals that do not evolve in the manifold’s tangent

space, a requirement that is relevant for practical applications where the evolution on
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manifolds is enforced by physical constraints, or in problems where the cost function is

defined only on the manifold.
To address the above challenges and limitations of existing approaches, the main

contribution of this chapter is the introduction of a novel class of gradient-free algorithms
for the global solution of optimization problems defined on compact boundaryless connected
Riemannian manifolds. The algorithms are characterized by a family of hybrid gradient-
free controllers that switch between different zeroth-order feedback laws that implement
exploratory geodesic dithers to extract suitable “descent directions” from the cost function
¢. The switches in the algorithms are implemented in both the exploration and the
exploitation components of the dynamics. In particular, to globally navigate and explore
manifolds that are not parallelizable (e.g., S?), the exploratory geodesic dithers switch
between different local frames using a hystheresis-based mechanism. To achieve global
convergence to (a neighborhood of) the set of minimizers, the algorithms implement a class
of switching diffeomorphisms adapted to the cost function of interest. Such diffeomorphisms
can be constructed under mild qualitative assumptions on the cost functions and for
different types of manifolds. Our main result establishes robust global practical asymptotic
stability of the set of minimizers of the cost function for the proposed hybrid gradient-free
dynamics. Compared to previous approaches for gradient-free optimization on manifolds,
e.g. [251], [252] and [254], our convergence results are global rather than local or almost
global. Compared to existing switching algorithms [253], our gradient-free dynamics are
designed to evolve on the manifold and preserve its invariance via geodesic dithering. The
results presented in this chapter are also applicable to a larger class of manifolds and
optimization problems. Our results also provide an alternative approach to the solution of
gradient-free optimization and extremum seeking problems with multiple critical points,
typical in non-convex settings, a problem that has also been recently studied in [255] using

other techniques.
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10.1 Preliminaries on Differential Geometry

We introduce the main differential geometric concepts used in the chapter. For
more details, we refer the reader to [256] and [257]. The concept of smooth manifold will
play an important role in this chapter:

Smooth manifolds: An n-dimensional manifold is a second-countable Hausdorff
topological space that is locally Euclidean of dimension n. A coordinate chart for M is a
pair (U, ¢) where U C M is an open set and ¢ : U — UcCR"isa homeomorphism. Two
coordinate charts (U, ¢) and (V1) are said to be smoothly compatible if the transitions

Land ¢ o1~ are diffeomorphisms. A smooth structure on M is a maximal

maps 1 o -
collection of coordinate charts for which any two charts are smoothly compatible; a smooth
coordinate chart is any chart that belongs to a smooth structure. Then, a smooth manifold
is a manifold endowed with a particular smooth structure. Given a smooth manifold M,
the set of all smooth real-valued functions f : M — R is denoted by C*°(M).

Tangent space and Vector Fields: Dynamical systems evolving on smooth
manifolds are defined by vector fields that lie within their tangent spaces. For each
z € M, a tangent vector at z is a linear map v : C*°(M) — R that satisfies v(fh) =
f(z)-v(h)+h(z)-v(f), for f,h € C°(M). The set of all tangent vectors at z is denoted by
T, M and is called the tangent space of M at z. The tangent bundle T'M is defined to be the
disjoint union of the tangent spaces at all points in the manifold, i.e., TM = ||,_,, T.M.
A smooth vector field is a smooth map X : M — TM satisfying X (z) € T, M for all
z € M. We use X(M) to denote the set of all smooth vector fields on M.

The differential of a function f € C*°(M), denoted by df : TM — R, is a map

defined pointwise by:
df.(v) = v(f), VoveT,M. (10.2)

Using the differential, we define the sets of critical points and critical values of f € C°°(M)
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as follows:

Critf ={ze€ M : df, =0}, (10.3)

Valf ={a€R : a= f(2), z € Critf}. (10.4)

A local frame for M is defined as a tuple of vector fields (Xj, ..., X,) defined on
an open set U C M, that is linearly independent and spans T, M at each z € M. If this
frame is defined in the entire manifold (U = M), it is called a global frame. When M
admits a global frame, the manifold is said to be parallelizable. Parallelizability will play
an important role in our algorithms.

Riemannian Manifolds: in this chapter, we will focus on Riemannian manifolds.
An n-dimensional Riemannian manifold is a pair (M, g), where M is an n-dimensional
smooth manifold, and ¢ is a Riemannian metric whose value at each point z € M, denoted
as g, is an inner product defined on 7, M. The Riemannian metric g enables the definition

of the gradient of f, Vf: M — T M, as the continuous map satisfying:

df.(v) = g(Vfl|,,v), forall ze€ M,veT,M, (10.5)

where V f|, € T, M represents the value of the gradient of f at z.

To guarantee a suitable exploration of M, while preserving its invariance, we will
work with algorithms that implement geodesic dithers:

Geodesics: Geodesics are defined as curves v : [a,b] — M on a Riemannian

manifold, satisfying

Vimy(t) =0, (10.6)

where V : X(M) x X(M) — X(M) is the Levi-Civita connection [257, Ch. 5]. To

generate the dither signals used by the gradient-free optimization algorithms considered
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in this chapter, we use the restricted exponential map exp, : T.M — M, defined by
exp,(v) = 7,(1), where 7, is the unique maximal geodesic satisfying 7,(0) = z and
"71)(0) =v.

Throughout the chapter, we make use of the following standing assumption.

Assumption 10.1. The Riemannian manifold (M, g) is compact, boundaryless, and

connected.

In particular, Assumption 10.1 guarantees the existence of a path between any two points
in M [257, Prop 2.50], which facilitates the definition of a notion of distance.

Riemannian Distance: The Riemannian distance, denoted by d,(z1, 22) is defined
to be the infimum of the lengths of all admissible curves between a pair of points in the
manifold [256, Ch 2.]. Formally, the Riemannian distance dg, : M x M — Ry is defined
by dg(z1, 22) = infyeaz 20 :12 \/mdt, where A(zy, z5) represents the set of all
admissible curves connecting z; and zp, and ti,t, € R are such that v(t;) = z; and
V(t2) = 2o for v € A(z1, 22).

Stability Notions: In this chapter we consider algorithms modeled as hybrid

dynamical systems (HDS) of the form:

x e C, T = F(x) (10.7a)

reD, x"eG), (10.7b)

where some components of the state x will be constrained to evolve in the manifold M.
By endowing the manifold M with the distance function d,, M constitutes a metric space
[257, Thm 2.55]. Accordingly, we can use stability notions analogous to those studied in

the Euclidean space.
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Definition 10.1. The compact set A C C'U D C M is said to be uniformly globally

asymptotically stable (UGAS) for (10.7) if 3 5 € KL such that for all solutions x:

(£, 7)].a < B(12(0,0) |4, t + 5), (10.8)

V (t,7) € dom(z), where |z]| 4 = minge 4 dy(z, s).

We also consider e-parameterized HDS H,. of the form

reC., ©=F.(r), and z€ D, 2" € G.(v),

where € > 0. For these systems, we will study global practical stability properties as

e—0T.

Definition 10.2. The compact set A C C U D is said to be Globally Practically
Asymptotically Stable (GP-AS) as e — 07 for system (10.7) if 3 8 € KL such that
for each v > 0 there exists ¢* > 0 such that for all € € (0,e*) and z(0,0) € M, every

solution of H, satisfies

(¢, 5)|a < B(|2(0,0) |, £+ 5) + v, (10.9)

V (t,j) € dom(x).

The notion of GP-AS can be extended to systems that depend on two parameters
e = (€1,&7). In this case, we say that A is GP-AS as (9,61) — 07 where the parameters

are tuned in order starting from e;.
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/Hybrid Dither Generator!
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(a) Block diagram of the Zeroth-Order Hybrid (b) Example of a trajectory z and its
Dynamics Hy. average z°.

Figure 10.1. Left: Block diagram of the proposed hybrid zeroth-order dynamics with
geodesic dithering. Right: Cartoon of the trajectories of the system evolving on a manifold
M.

Hybrid Gradient-Free Synergistic Optimization

Approaches for optimization in Euclidean spaces with global convergence certifi-
cates usually rely on convexity properties of ¢. For Riemannian manifolds, convexity
is characterized along geodesics. However, under Assumption 10.1 geodesic convexity
has little utility since, in compact Riemannian manifolds, geodesically convex functions
are necessarily constant [258, Cor. 2.5]. Given the limitations imposed by convexity in
compact Riemannian manifolds, this chapter opts for an alternative by relying on the
following regularity assumption on ¢, which is closely related to the decomposability of

invariant sets introduced in [259, Assumption 1].

Assumption 10.2. The cost function ¢ has a finite amount of critical values, i.e.,

there exists [ € N such that Val ¢ = {¢1, o, ..., ¢}, where

Q=01 < 92 < @ < P = P,

and ¢ < ¢(z) < ¢ for all z € M. Moreover, the critical points of ¢ are isolated, and

¢ has a unique minimizer.

Let A := {z € Crit ¢ : ¢(2) = Q} represent the minimizer of ¢ and define B =

251



Crit ¢ \ A. Since M is compact, the set A is also compact. Note that Assumption 10.2
does not rule out functions ¢ with multiple critical points. Indeed, in our problem setup,
B is not empty since, by Morse theory, there exists at least two critical points for scalar-
valued functions on compact boundaryless manifolds. Such critical points correspond
to equilibria in traditional gradient flows, rendering them highly susceptible to small
(adversarial) disturbances. This robustness issue, thoroughly discussed in [236], [25, Ex.
1], and [242], and illustrated later in Section 10.2.2 via numerical examples, is one of the
main motivations for the development of robust hybrid algorithms. In our case, we design
the hybrid algorithms to be gradient-free by leveraging tools from averaging theory for

hybrid dynamical systems.

Remark 10.1. For the case when ¢ is a Morse function [260, Definition 2.3],
Assumption 10.2 is automatically satisfied. Moreover, since the set of Morse functions
is an open dense set in the space of differentiable functions [260, Theorem 2.7], we
can dispense with Standing Assumption 10.2 by considering a surrogate approximate
optimization problem to (10.1), whose solution is the minimizer of a Morse function

sufficiently close to ¢.

Remark 10.2. When the set of minimizers A forms a submanifold rather than a
singleton in M, the basin of attraction is diffeomorphic to a tubular neighborhood
of A in M [245, Cor. 21]. This neighborhood may or may not be contractible. In
this case, to assess the applicability of our approach, further assumptions regarding
the topological characteristics of A and its tubular neighborhood are required. To

simplify our presentation, we defer this problem to future research.

To solve problem (10.1), the left plot of Figure 10.1 shows a block diagram of the
proposed controllers. Before analyzing the mathematical properties of this system, we first

briefly describe the main ideas behind the algorithms:
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(a) A set of dynamic oscillators, with state x and frequency proportional to 1/,
where €4 > 0 is a small tunable parameter, is employed to generate exploratory signals
defined in T". The signals are then suitably combined with a local orthonormal frame
{Eip}y, p € P C Z>1, to obtain a dithering vector field D, that drives dithering
geodesics along the manifold M. These geodesic dithers will be used for the purpose of

local (real-time) exploration.

(b) To ensure that a local exploration around every point z € M is well-defined
for all time, we let p be a logic state that selects an orthonormal frame {E;,}! , that
locally spans the tangent space at a given point z. This logic state is updated using a
hybrid exploration supervisor that hysteretically switches between local frames. When the
manifold is parallelizable, we can dispense with this logic state and its associated hybrid

dynamics.

(c) The geodesic dithers, together with measurements or evaluations of the cost ¢,

are used to generate families of vector fields { fqyp( X) }qe0; P € P, given by

Fup (2200 = =B (0. (54D () Dy 2), (10.10)

a

where ¢, > 0 is a tunable gain and Q C Z>;. These vector fields, explained below, are

used for the purpose of exploitation in the optimization dynamics.

(d) To define the vector fields {f,,(-, x) }qea, We use a set of diffeomorphisms and
generate a family of surrogate warped cost functions {éq}qeg. The chosen diffeomorphisms
shift the points that are not in a neighborhood of the minimizers of ¢. In this manner,
by appropriately partitioning the manifold M, for each ¢ € Q we can implement the
vector field fqyp (,x) in a “safe zone” where its average dynamics have no critical points
other than A. A hybrid exploitation supervisor is then used to switch the logic state ¢ to
globally steer the state z to A. These partitions can be constructed under mild qualitative

assumptions on the cost function.
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(f) As we increase the frequency of the dithers (i.e., £4 — 07), the trajectories
induced by the switching vector fields (10.10) will approximate the trajectories of a class
of hybrid gradient flows that will be shown to achieve robust global asymptotic stability of
Aon M.

The above ideas suggest that the proposed algorithms are similar in spirit to other
hybrid controllers studied in the context of robust global stabilization problems [246], [199,
Ch. 7]. However, the algorithms studied in this chapter do not exactly fit the setting of
synergistic hybrid control, since the family { fm(-, X) }qeo does not describe gradients of
synergistic Lyapunov functions. In fact, unlike standard stabilization problems tackled
via hybrid control, the main challenges in problem (10.1) are that the set A and the
function ¢ are unknown. Therefore, to implement the gradient-free hybrid dynamics we
need to characterize the family of cost functions ¢ and smooth manifolds (M, g) that
admit suitable partitions and deformations to generate feasible adaptive switching rules

that induce global stability of A, in a gradient-free way.

10.2 Stability, Convergence, and Robustness Re-
sults for Parallelizable Manifolds

To solve problem (10.1), we first focus on manifolds M that are parallelizable, which
enables the use of a global orthonormal frame {E;}! ;. This facilitates the definition of a
single dithering vector field D : M — TM as D(z) := Y ., XiE;i(z), where x corresponds
to the vector that stacks the odd components of y. This single vector field will drive the
dithering geodesics, ensuring global exploration of M without the need of using additional
logic states (i.e., with p = 1). The study of the non-parallelizable scenario is postponed to

Section 10.3.

The closed-loop system describing the gradient-free hybrid dynamics, shown in
Figure 10.1a, has three main states: (z, ¢, x) € M x Q x T", where z is an internal

auxiliary state, ¢ € Q@ :={1,2,..., N}, N € Z>o, is a logic decision variable, and x is the
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state of the oscillator. The data of this hybrid system is denoted as:

Ho = {Cy, Fy, Dy, Go}. (10.11)
In this way, the continuous-time dynamics of H,, with state y = (z, ¢, x) are
given by
—fa (2:x)
yeCo, y=ryly) = 0 : (10.12)
W (w)x
where f, : M x T" — TM is defined via (10.10) by omitting the state p, and

U R™ — R2%2" g given by

Qwi) 0 0
0 Quwa) .. O 0 «
U(w) = , . , , Q) = ,
I S —a 0

where o > 0. Here, w; is a positive rational number, and ¢, € R.g and ¢, € R+ are tunable
gains. For every q € Q, the vector field fq(z, X) is obtained by geodesically dithering
the corresponding warped cost function ggq (defined below in Definition 10.3) around the
current point z. In particular, the dither is obtained along a geodesic ~, originating from

z with an initial velocity parameterized by the dithering amplitudes, denoted by Y.
To model the switches between different vector fields, the discrete-time dynamics

Gy of Hy are given by the following constrained difference inclusion

y € Dy, y'e€Goly) = {2z} x h(z) x {x}, (10.13)

where the set-valued map h : M = Q, is defined as

h(z)={qeQ : bg(2) = m(z)}, (10.14)
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and m : M — R is defined as:
m(z) = Hélél bq(2). (10.15)

Namely, m(z) is the minimum value among all the warped cost functions qZ;q at a
given point z. To compute m(z), the algorithm only needs measurements or evaluations
of ng(z), which preserves the gradient-free nature of the hybrid dynamics. Moreover, the
minimum in (10.15) is well-defined since Q is finite, and obtaining the value of m is not
computationally expensive, since the complexity scales linearly with the cardinality of Q.

The final elements needed for the characterization of the hybrid system H, are the
flow and jump sets Cy and Dy, respectively. To define these sets, and since the warping
induced by the diffeomorphisms is only useful if it modifies the points that are not in a
neighborhood of the minimizers, we will use a threshold parameter v € R characterized by

the following assumption:

Assumption 10.3. There exists a known threshold number v € (¢, ¢2).

Remark 10.3. Knowledge of v does not necessarily imply a precise understanding
of the minimizer or the exact mathematical form of ¢. Instead, Assumption 10.3
requires only a mild qualitative understanding of the values of ¢ near its minimum.
Such a qualitative characterization is often available in practical scenarios where the
range of ¢ is known to lie within certain broad bounds. An example of this can be
found in [261, pp. 131], where a known lower bound on the cost function is employed
to design the gain of an exploratory signal for extremum seeking control. In the

particular case when ¢ = 0, the assumption holds for any sufficiently small v > 0.

Using v, we can characterize a synergistic family of diffeomorphisms for the solution

of problem (10.1).
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Definition 10.3. Let M be a smooth manifold, and suppose ¢ € C*°(M) satisfies
Assumption 10.2. A family of functions S = {S;}, . is said to be a -gap synergistic

family of diffemorphisms adapted to ¢ if it satisfies:
(A;) For every g € Q, S, : M — M is a diffeomorphism.
(Ag) Forevery g € Q, ¢(2) <y = S,(2)==.

(A3) There exists 0 € (0, u(S)), where

p(8)= mi (iﬁq(Z)—gggép(Z))?
z€Crit ¢g\ A

and the warped cost ggq : M — R is given by <;~Sq =¢oS,, Vqge .

The family of functions S satisfying the above properties ensures there are enough
ways to distort the manifold (M, g), allowing for the distinction of critical points other
than the minimizers of ¢ using only cost measurements or evaluations. For each distortion
of (M, g), a warped cost ng can be defined, leading to a family of N different vector fields

in (10.12). Using Definition 10.3, we state our last main standing assumption

Assumption 10.4. There exists a d-gap synergistic family of diffeomorphisms

adapted to ¢ with finite index set Q.

Remark 10.4. Verifying conditions (A1)-(A3) is clearly application-dependent, and
different manifolds typically result in different warped costs. However, we stress that
the constructions needed to implement the hybrid dynamics do not require explicit
mathematical knowledge of the cost function ¢, but only knowledge of qualitative
properties that could be verified a priori via simple tests or experiments. Particular
examples of pairs (¢, (M, g)) that satisfy Standing Assumptions 10.2-10.4 will be

presented in Section 10.2.3.
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The flow sets and jump sets of the zeroth-order hybrid dynamics Hg, given by

(10.11), are given by

Cy = {(z,q,x)eMx QxT": <<;3q—m> (z)gé}

Dy ={(z,¢,x) € M x Q xT": (q%—m) (z) > 0}.

Based on the structure of the sets (Cy, Dy), switches of ¢ (i.e., jumps) are allowed whenever
the difference ¢,(z) — m(z) exceeds a d-threshold. Flows following the vector field (10.12)
are allowed when this difference is less or equal to 6. When the difference is exactly equal
to 9, flows and jumps are both allowed. This immediately indicates that solutions of H,
are not unique. However, the structure of the warped cost functions gzNSq and the jump
map will prevent the occurrence of infinite consecutive jumps by inducing hysteresis-like
behavior. In this manner, whenever a solution approaches a critical point of ggq outside the
set of minimizers A, the dynamics will transition to a different vector field generated from
a warped cost function ép with a lower value. The existence of such a warped cost function

is guaranteed by the following technical Lemma. All proofs are presented in Section H.

Lemma 10.1. Suppose that ¢ satisfies Assumption 10.2, and let S = {S,} be a

q€eQ
family of functions satisfying (A;) and (Ajy) in Definition 10.3. If S satisfies (Aj3),

then, for all ¢ € Q and every z € Crit éq \ A, there exists p € Q such that:
Gp(2) + 0 < dy(2). (10.16)

Conversely, if for all ¢ € Q and every z € Crit <z~5q \ A, there exists p € Q such
that (10.16) holds, then S satisfies (A3), making it a d-gap synergistic family of

diffeomorphisms adapted to ¢.

We can now state the first main result of the chapter.
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Gradient Descent
2z = —grade¢(z) + d(t)E(2)

3 a1
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Figure 10.2. Top: Trajectory of a gradient flow under a disturbance d(¢)FE(z). Bottom:
Evolution in time of the main state of H; under the same perturbation applied to the
z-component of the dynamics. See Example 3.6.
Theorem 10.1. Assume that the manifold M is parallelizable, and consider the
hybrid zeroth-order dynamics H, with data (10.11). Let the frequencies w; in (10.12)
satisfy:

w; # wj, w; #2w;, w; #3w;, foralli#j. (10.17)

Then, the set A x Q x T™ is GP-AS as (g4,&,) — 07, and M x Q x T™ is strongly

forward invariant.

The result of Theorem 10.1 establishes global convergence of the trajectories z of
Ho to an arbitrarily small neighborhood of the set of minimizers A, while simultaneously
evolving on (and exploring) the manifold M. This behavior is illustrated in Figure 10.1b.
To our best knowledge, Theorem 10.1 is the first result in the literature that achieves
global bounds of the form (10.9) in smooth boundaryless compact Riemannian manifolds

via deterministic continuous-time zeroth-order optimization algorithms.
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10.2.1 Approximation via 1st-Order Hybrid Dynamics

The result of Theorem 10.1 relies on using averaging theory and perturbation theory
(for hybrid systems) to show that, as (£4,€,) — 07, the trajectories of Ho will approximate
(on compact time domains) a solution of a first-order hybrid algorithm #;, with state

x = (z,q), continuous-time dynamics given by

— S Vg oz Ei(z
reC, = F() = 2eir Vedo(2) Ei2) (10.18)
0
discrete-time dynamics given by
v €Dy, zteGi(x)={z}xNh(2), (10.19)
and flow set and jump set given by

Cy={(z,q) € M x Q : (¢, —m)(z) <6} (10.20a)

Dy ={(z,q) € M x Q : (¢, —m)(z) > 6}. (10.20Db)

Since system (10.18)-(10.20) makes use of first-order information of the warped costs ¢,
via VEiéqu(z), we will refer to this system as the first-order hybrid dynamics Hq :=
{C4, F1, D1,G1}. In this system, for every ¢ € Q, the dynamics 2 in (10.18) represents
a scaled version of grad ¢,. Similar dynamics have been studied in the literature [252].

They differ from the coordinate representation of

grad ¢, (= ch )V i,04(2) Ej(2), (10.21)

4,7=1

by excluding the values (*(z) € R that represent the Riemannian metric g at a point
z € M, in terms of the basis {E;(z)}" ;. However, as shown in the following Lemma 10.2,

such dynamics do not modify the set of critical points of the warped cost functions.
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Lemma 10.2. For all ¢ € Q we have that grad q~5q|z = 0 if and only if
Z?:l VEiﬁgq(Z)Ez‘(Z) =0.

The following theorem provides a first-order version of Theorem 10.1 for the case when
the vector field (10.18) can be explicitly computed or measured in real time, and all the

standing assumptions hold.

Theorem 10.2. The first-order hybrid dynamics H; render the set A x Q UGAS,

and the set M x Q is strongly forward invariant.

Similar to Theorem 10.1, the main novelty of Theorem 10.2 is the ability to overcome
topological obstructions to global optimization on smooth compact manifolds that emerge
in ODEs. In particular, the asymptotic stability result is global rather than almost global,
semi-global, or local. This result, combined with the well-posedness of the dynamics, will
allow us to establish important robustness properties with respect to arbitrarily small
(potentially adversarial) disturbances, which could also act on the hybrid zeroth-order
dynamics Hy.

10.2.2 Robustness Corollaries: Stability Under Adversarial
Disturbances

Crucially, the hybrid dynamics H, and #H; satisfy the Basic Assumptions of [33, Ch.
6]. Consequently, their stability properties are not drastically affected by small (potentially
adversarial) additive disturbances acting on the states and data of the hybrid systems [33,

Thm. 7.20]. This is formalized in the following corollary:

Corollary 10.1. Consider the perturbed first-order hybrid dynamics

r+d € Cl, 95 = Fl(x + dg) + d3 (1022&)

T + d4 & Dl, ZL‘+ € Gl(l’ + d5) + d6 (1022b)
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Figure 10.3. Trajectories of H;, under a small adversarial disturbance generated by a
dynamical system. The insets show the amplitude of the injected disturbance, as well as
the evolution of the index state ¢ in time. See Example 3.6.

where {C1, Fy, Dy, G1} is the data of H;, and the signals d; : dom(z) — Cy U Dy, for
all j € {1,2,4,5,6}, and ds3 : dom(x) — T'C}, are measurable functions satisfying

SUD(; j)edom(z) | Tk (t; )| < d*, where d* > 0, for all k € {1,2,...,6}. Then, system

(10.22) renders the set A x Q GP-AS as d* — 0.

Robustness results, such as Corollary 10.1, are relevant for practical applications
where measurement noise or numerical approximations induce unavoidable disturbances
during implementations. They also hold with respect to adversarial perturbations designed

to destabilize the set A, or to stabilize spurious equilibria.

Example 10.1. Let M = S' C R? be the unit circle, which is a smooth, boundaryless
compact parallelizable manifold. We consider the cost function ¢ : St — R, 2z
1 — 2z, where z; € [—1,1] represents the i-th coordinate of z € S! expressed in
regular Cartesian coordinates. The cost function ¢ has two critical points in S*

corresponding to the global minimizer given by (in polar coordinates) 0* = 27, and

a global maximizer, given by 6’ = 7. To find the unknown minimizer of ¢, we first
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implement the first-order dynamics
2E€M, 3= —Vguo(2)E(2) +d(t)E(2), (10.23)

where £ : S' € R? — TS! is the vector field defined by F(cos(f),sin()) =
(—sin(#),cos(f)) and O denotes the polar coordinate on the circle. By [256, Ex-
ample 8.10.d)], E constitutes a smooth global frame for S'. In (10.23), d(t)E(z2) is
a time-varying perturbation that preserves the invariance of M. The amplitude of
this perturbation d(¢) was generated by interconnecting (10.23) with an adversarial
hybrid system to stabilize the mazimizer 6'. As shown in Figure 10.2, the adversarial
perturbation is always bounded and it succeeds in stabilizing #’. On the other hand,
when this same adversarial signal d(t)E(z) is added in open loop to H;, as in (10.22),
the hybrid dynamics achieve global convergence to the minimizer 6*, as shown in the
bottom plot of Figure 10.2. Finally, we show in Figure 10.3 the performance of the
hybrid system H; when interconnected to the same adversarial dynamical system
used to destabilize 8 in (10.23). As observed, the hybrid controller still achieves

convergence to 6*.

It is important to note that smooth gradient-free versions of (10.23), obtained

via averaging theory, might encounter similar issues as those illustrated in Example 10.1.
Specifically, if a small adversarial disturbance can locally stabilize the average dynamics
of the system to a point outside A, and if this stabilizing effect of the disturbance is
preserved after averaging, then applying the same disturbance to the original dynamics

may cause the system to locally converge to a neighborhood of that point, as predicted by

standard averaging results for ODEs (e.g., [22, Ch. 10]). An example of this behavior in

obstacle avoidance problems was presented in [25, Ex. 1]. The question of systematically

constructing such adversarial signals in other manifolds remains application-dependent
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and is not further explored in this chapter.
The following corollary parallels the results of Corollary 10.1 for the zeroth-order

dynamics H,.

Corollary 10.2. Consider the perturbed zeroth-order dynamics, given by

Y+ d1 - Oo, yo = Fo(y + dz) + d3 (1024&)

Y+ d4 c Do, ya_ S G()(y + d5) —+ d6 (1024b)

where {Cy, Fy, Dy, Go} is the data of Hy in (10.11), and the signals d; : dom(y) —
Co U Dy, for all j € {1,2,4,5,6}, and ds3 : dom(y) — T'Cy, are measurable functions
satisfying sup( jyedom(y) [9k(t, 7)| < d, where d* > 0, for all k € {1,2,...,6}. Then,
system (10.24) renders the set A x Q x T™ GP-AS as (d*,e3,e1) — 0F,

Remark 10.5. The class of problems for which smooth optimization dynamics
cannot achieve robust global certificates on a compact boundaryless manifold M
extends beyond the case where the cost has a unique minimizer. Indeed, as briefly
stated in Remark 10.2, the basin of attraction of the set of minimizers A of a
continuous cost ¢ under any outer-semicontinuous and locally bounded optimization
dynamics F', is diffeomorphic to an open tubular neighborhood of A. In general, this
neighborhood is not topologically compatible with M. For instance, when the cost
has a finite set of global isolated minimizers A = | J,; {x;}, the basin of attraction
Br(A) ={zeM : dy(z,x;) < miniz;dy (x;,%;)} is not contractible. However,
the results of Theorems 10.1 and 10.2 can be directly extended to overcome this type

of topological obstruction. We omit this extension due to space limitations.
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Figure 10.4. Top: Visualization of diffeomorphisms on the circle. Middle: Average
gradient-based vector fields derived from warped costs. Bottom: Original and warped
costs obtained by precomposing with diffeomorphisms.

10.2.3 Applications: Synthesis of Algorithms

In this section, we showcase the effectiveness of the proposed zeroth-order hybrid
dynamics H for solving problems of the form (10.1) on two distinct compact parallelizable
Riemannian manifolds. In particular, we show how to synthesize specific algorithms by
generating a d-gap family of diffeomorphisms adapted to smooth cost functions defined in
the unitary circle S!, and in the special orthogonal group SO(3), and we use the hybrid
algorithms to achieve global gradient-free (practical) optimization while preserving the

forward invariance of the manifolds during the real-time exploration.
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Gradient-free Feedback Optimization on S!
Consider the unitary circle S' = {z € R? : |z|*> = 1}. Given k, € R, with ¢
belonging to some index set Q, we define the map Slgl) : St — St as follows:

S (2) = 11g2)2m % + Lgp(zsapete® @2, (10.25a)

where U = ese] —ejeq € R¥2 and o : R — R is a continuously differentiable function

satisfying: (By) a(0) = 0; (Bs) o/(0) = 0; (Bs) o/(r) > —1, Vr > 0. The conditions
(B1)-(B3) ensure that S5 is a continuously differentiable function that constitutes a
suitable candidate for a diffeomorphism. In particular, by leveraging [253, Thm 4.1}, we

have that if
1

max {|a/ (¢(2)—7) do.(Vz2)| : z €S, ¢(z) >~}

then Sél) is a diffeomorphism. Although the value of the bound on £, might not be known

[l <

(since we do not know the cost function nor its differential) its existence is guaranteed by
the continuity of o, ¢, and d¢, and the compactness of {2 € S!, ¢(2) > v}. Estimates of
the bound could be obtained by, e.g., a Monte Carlo method that uses measurements of ¢
at different z € S*.

Given a cost ¢ : S — R, and using gains {kq}qGQ with corresponding diffeo-
morphisms defined by (10.25), it is possible to build a suitable §-gap synergistic family
of diffeomorphisms subordinate to ¢(). To illustrate this process, similarly to Example
10.1, consider the cost function ¢(!)(2) := 1 — z;. Assume that only measurements or
evaluations of ¢() are available for feedback design, but that the intermediate value
v=1¢€ (0,2 = (Q(l), é”) and the number of critical points of ¢ are known in
advance. Let a(r) = r?, and note that it satisfies conditions (B;)-(B3). Then, by choos-
ing any two gains satisfying the bound on |k,|, we can obtain a synergistic family of

diffeomorphisms subordinate to ¢(!). Indeed, with Q = {1,2},|k,| < 1, ¢ € O,k # ky
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Figure 10.5. Gradient-free global optimization via H, on S' using Geodesic Dithering.

the set SO = {Sg(,l)} o is a d-gap family of diffeomorphisms adapted to ¢ with gap
0 < i (S(l)). In Figlfre 10.4 we present a visualization of the diffeomorphisms in this
family using the choice k; = %, ky = —%, and we show how these maps warp the original
cost function. We also plot the gradient-based vector fields obtained from the warped cost
functions which, as shown in Section H, correspond to O(g,)-perturbations of the flows of
Hy in (10.18). In turn, the trajectories of H, are shown in Figure 10.5. As observed, the
zeroth-order hybrid dynamics with geodesic dithering successfully converge (globally) to

the minimizer of ¢(!); z* = (1,0), while escaping the other critical point 2’ = (—1,0).
Gradient-free Feedback Optimization on SO(3)

As an additional application, we consider the special orthogonal group SO(3), i.e.,
the group of 3 x 3 orthogonal matrices with determinant equal to 1 and matrix multiplication

as the group operation. By [262, Cor. 3.45], SO(3) forms a 3-dimensional compact Lie
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group. The tangent space at z is given by 7,S0(3) = {zX : X € R¥® XT = — X}, see
262, Def. 3.18].

To equip SO(3) with a Riemannian structure, we consider the metric (X,Y), =
tr(XTY) for all z € SO(3), and all X,Y € T,SO(3). Using this choice, the Riemannian
exponential map can be written in terms of the matrix exponential e [263, Prop. 21.20]
as exp,(X) = ze* X for X € T.S0(3). Moreover, since SO(3) is a Lie group, it is
parallelizable [256, Cor. 8.39]. Indeed, for i € {1,2,3} let E; : SO(3) — T'SO(3) be the

vector field defined as E;(z) = zb;, where

1 1
by = E(ezeg —eges), byi= E(eleg —eseq ),
1
by == —(ese; —ereq).

V2

It follows that for every z € SO(3), T.SO(3) = span { E;(2)}_, and (E(2), E;(2)). = d;;,
which implies that {E;}$2, constitutes an orthonormal global frame for SO(3). Using this
global frame, we can implement the dithering vector field D(z) = > | X; Ei(2) everywhere
to extract suitable information from a cost function ¢ at every point in SO(3).

Given a cost ¢ € C*(SO(3)), to establish a suitable family of diffeomorphisms
consider the map 5152) : SO(3) — SO(3), defined as

S (2) = Lyn<nz + Ligizyaefa®@@=1X 10.26
q {o()<} {o(2)>~}

where k, € R” and X € T7SO(3), X # 0 are tunable parameters, and o : R — R satisfies
the conditions (B;)-(Bj3) defined in Section 10.2.3 to ensure continuous differentiability of
the map. The definition of the map 552), results from modifying the function introduced
in [242, Sec 3.4.3| for the angular warping of the two-dimensional sphere by using the
function «, and letting the warping act only when ¢ exceeds the threshold ~. For this

map we establish the following technical lemma:
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Figure 10.6. Synergistic Gradient-free Optimization Seeking on SO(3) via Geodesic
Dithering.

Lemma 10.3. Let k, satisfy the bound |k,| < E(z), with:

_ Xz
R = I X1z (10.27)

/ _ d ’
B, (OO e el

and ||X||r = /tr(XTX). Then, S is a global diffeomorphism.

To illustrate the application of the zeroth-order hybrid dynamics Hy in SO(3),

we consider the cost function ¢ (2) = tr((I — 2)A), where A = —>—diag(a), and
i=1 i

a = (11,12,13). Tt follows that Crit¢p® = {I} UJ_,{I + 2[e;]2}, where ¢; € R? denotes

the standard basis vector with a 1 in the ¢-th position and zeros in the other entries, and

where [u], : R?* — R3*3 is defined as
[u]x = V2u1by + V2usby + V2uszbs. (10.28)

For this problem, we consider the threshold value v =2 € (?(2), ¢§2)), and we select the
7‘2

gains k; = 0.15 and ke = —0.15, let X = [a/]a|]x, a(r) = %, and consider the family of
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Figure 10.7. Left: Visualization of diffeomorphisms on S%. Right: Average vector fields
derived from warped cost functions

functions S@ = {8152)}(16{172}. With these choices, the value of the upper bound E(z) in
(10.27) is approximately 0.188, which means that |k,| < E(Q), and hence, via Lemma 10.3,
that the set S® is a family of diffeomorphisms adapted to ¢, It can be computed that
the family is d-synergistic with gap ¢ = 0.0796.

Using S and the global orthonormal frame {E;}?_,, we implement the HDS H,
and obtain the results shown in Figure 10.6. The figure shows the trajectories of the

entries of the state z converging (globally) to the optimal values z}, where 2* = I.

10.3 Extensions to Non-parallelizable Manifolds:
Gradient-free Feedback Optimization on S?

In this section, we extend our results to manifolds M that are not parallelizable.
In such cases, a unique global orthonormal frame is unavailable to define dithering
vectors that are valid at every point on M. To address this issue, we employ local
orthonormal frames and we introduce a suitable switching mechanism between them to
cover M. This mechanism ensures that dithering vectors are always available for real-time
exploration. Since the constructions of the controllers in non-parallelizable manifolds are
highly dependent on the manifold, we focus our attention on the 2-dimensional sphere
S?={2 € R® : 2"z = 1}. However, we stress that the proposed methodology can be
extended to other compact non-parallelizable manifolds.

First, we introduce two local orthonormal frames {E; ,}? ;, p € P == {1,2}, which

will later be used to generate suitable dithering vector fields. Specifically, inspired by [264],
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we use local coordinate frames established through the stereographic projection maps:

1
01: U =S*\{N} = R? 2+
1—23

(21, 22), (10.29b)

(21, 22) (10.29a)

Uy i=S? R?
©2 UQ S\{S}—) ,Zf—)l_l_zg

where N := (0,0,1) and S := (0,0, —1), denote the north and south pole of S?, respectively.
The stereographic projections constitute homeomorphisms onto their images, and their
inverse functions are given by [263, Ex. 4.1]:

gpl_l(ul, Up) = (2uy, 2us, \u]Q —1) (10.30a)

1+ |ul?

1
~1 — (u 2us. 1 — lul?). 10.30b
Oy (U1, ug) 1+ ]uP( U, 2Uz, [ul”) ( )

Using (10.29)-(10.30), we define the vector fields E;,(2) = d(@; ')y, () (e:) for all z € U,
i € {1,2}, and p € P = {1,2}, where e; denotes the i-th canonical basis vector in R

Unwrapping definitions, we obtain:

1— 23— 22 2122
El,l(Z) = 2129 ) E1,2(Z) =11—23— z% )
(1 —23)z (1 — 23)2
1+ 23 — z% — 2129
Eyi(z) = — 212 s Bao(2) = | 14 25— 22
—z1(1 4+ z3) —2o(1 + z3)

Next, for each local orthonormal frame {E;,}?_;, p € P, we define a corresponding

dithering vector field used for the purpose of real-time exploration of M:

Dy =Y XL (10.31)
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Additionally, for each dithering vector field D,, and given a d-gap synergistic family of
diffeomorphisms S = {5, },co0 adapted to a cost function ¢, we define a family of vector
fields { f%p(-, X) }qeo suitable for exploitation of the information of ¢ learned during the

exploration. Specifically, given ¢ € Q and p € P, we let

fuplzX) = 4 (exp. (D)) Dy(2), (10.32)

a

where the vector of oscillating amplitudes x € T?, and the warped cost function gz~5q = ¢oS,
are as defined in Section 10.2. Finally, we modify the zeroth-order hybrid dynamics Hy to
incorporate the switching between frames. The new zeroth-order hybrid system, termed o,
incorporates an additional logic state p € P and implements a hysteresis-based switching
mechanism dependent on z. The mechanism enables the robust transition between the
families of vector fields { f,”)(z, X) }qe, and ensures that the orthonormal frame associated
with the selected family satisfies the condition span ({E;,}7 ;) = T.S? for the current
value of z. To the best of our knowledge, this approach has not been studied before in the
context of zeroth-order optimization and extremum-seeking.

To define the hysteresis-based switching, we first let » > 1, and define the open sets
Cp = @, ' (rB°). By using the definitions of ¢; and ¢; ! it follows that C; U Cy = S?, and
that span({E;,}?_,) = T.S? for all z € C,, and all p € P. Using these sets, we characterize
the new dynamics 7—20, which describe the evolution of the state § := (z,¢,x,p) € S* x

O x T2 x P, and have data Hy = {C’O, Fy, Do, éo}, with continuous-time dynamics:

_fq, (Z,X)
I 0
g€ Co, y=HRy) = ) (10.33)
20 (w)x

0

where ¥(w) € R*** and w € R? are as defined in Section 10.2. The flow set is defined by
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é’o = (7071 U C~'072, where, for all p € P, we let

Cop = {(z,q,x) € C,xQ x T*: <q~5q—m) (z) <o}x{p}.

The jump set Dy is constructed as the union of two sets: 1) Do,d, which enables switching
between the families of vector fields {f,,(-, x)}qea, and 2) Dy, which enables the syner-
gistic switching between vector fields within the selected family, akin to the methodology

outlined in Section 10.2. Specifically, we let f)o = D07d U D(Ls, where DO,d =U ﬁpyd,

p6{172}

and

Dya=(8*\Cy) x Qx T? x {p}, VpeP

Doy i={(z,q,x) €S> x Q x T?: (q%—m) (z) > 0} xP.

The jump map describing the switches of p is given by éo,d(g) =(z,¢,x,3—p), Vg € [70,(1,
which updates the current frame used for the purpose of dithering. On the other hand, the
jump map describing the switches of ¢ is given by G o(7) = {2} xh(2)x{(x,p)}, ¥ € Dy.s,
where h is the set-valued map defined in (10.14). Using these maps, the overall jump map
of the HDS H, is given by:

.

éo,s(ﬂ) Vy € Do,s \ Do,d

Go(9) = § Goal) V§ € Do\ Do -

| Go(3)UGaly) ¥5 € Doan Do,

By leveraging our standing assumptions, the following theorem extends the global results

of Theorem 10.1 to the non-parallelizable manifold S2.
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Figure 10.8. Evolution of the coordinates of z under the Synergistic Gradient-Free
Optimization Seeking dynamics on S%.

Theorem 10.3. Consider the zeroth-order hybrid dynamics #, and let the vector

of frequencies w in (10.33) satisfy condition (10.17). Then, the set A x Q x T? x P

is GP-AS as (g4,64) — 0T,

To illustrate the performance of H, in S2, we synthesize the algorithms by using

the parameterized transformation Si° : S2 — S? defined as:
S (2) = Lp(yznp 2 + Lig(ayspye @0, (10.34)

with k, € R, X € T;SO(3) and « as defined in Section 10.2.3. Note that SP) is identical
to 852), except for the fact that its domain and codomain are now S? instead of SO(3).

The following Lemma extends the result of Lemma 10.3 to S?.
Lemma 10.4. Let k, satisty |k,| < E(g), where:

@) _ 1
S (@ GO 3. (X7 2 <S50 > 7}

Then, Ség) is a diffeomorphism.

274



Switch of
Frames

Figure 10.9. Synergistic Gradient-Free Optimization Seeking on S? via Geodesic Dithering.
The inset shows the moment when the system switches from one local frame to another.

For numerical verification, we consider the cost function ¢® : §? — S§? defined
by ¢®)(z) = 1 — z3. We choose the threshold value v = 1, the gains k; = %, ky = —3,
the matrix X = [u]x € SO(3), where v = (0,1,0) € R*® and [u]y is as defined in
Section 10.2.3, and let a(r) = r?. With this data, we define the family of tranformations
S® = {S(Qu)} . Since |k,| < Y =1 for all q € Q:={1,2}, via Lemma 10.4, S?
is a family of zlifféomorphisms. In fact, by Lemma 10.1, S® constitutes a d-synergistic
family of diffeomorphisms adapted to ¢ with gap § < }1. Figure 10.7 shows a visualization
of the diffeomorphisms in this family with the choice k1 = %, ko = —%. The figure also
shows the vector fields obtained from the warped cost functions. We stress that such
diffeomorphisms can be constructed using only mild qualitative knowledge of ¢, namely,
under a suitable choice of v, which can be seen as a tunable parameter of the algorithm.
In Figure 10.8, we show the trajectory of the coordinates of the state z and indicate when
the local frame used for the dithering switches by showing the moments when the state p
jumps. In Figure 10.9 we show the trajectory evolving on the sphere. As observed, the
state z converges to the global minimizer z* = (0,0, 1), while escaping the critical point
2z =1(0,0,-1).

In this chapter, we introduced a novel class of zeroth-order hybrid algorithms for
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the global solution of gradient-free optimization problems on smooth, compact, and bound-
aryless manifolds. These algorithms combine continuous-time dynamics and discrete-time
dynamics to achieve robust global practical stability of the optimizer of a smooth cost func-
tion accessible only via measurements or evaluations. The proposed approach overcomes
topological obstructions that prevent the solution of this problem using algorithms modeled
by smooth ODEs. We characterized the stability and robustness of the algorithms using
tools from the theory of hybrid dynamic inclusions. Future research will explore tracking
problems in time-varying optimization settings, as well as the incorporation of dynamic
plants in the loop. A completely coordinate-free formulation of the hybrid algorithms,
and the development of accelerated dynamics and single-point algorithms, are also future

research directions.
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CHAPTER 11

Hybrid Kapitza’s Pendulum

Kapitza’s pendulum, named after Soviet physicist Pyotr Kapitza, is a deceptively
simple mechanical system that has captivated physicists and control theorists since its initial
analysis in 1951 [265]. This system, consisting of a pendulum with its pivot point subjected
to rapid oscillations (see Figure 11.1), exhibits a counterintuitive behavior: under certain
conditions, the typically unstable inverted position becomes stable. This phenomenon
exemplifies the rich dynamics that can emerge from nonlinear systems and has found
applications ranging from atomic physics to control engineering [266, 267]. Moreover,
the study of Kapitza’s pendulum has inspired the development of vibrational control

techniques for a wide range of systems [268]. This chapter explores Kapitza’s pendulum,

Figure 11.1. Pendulum with oscillating pivot at a fixed angle ¢

its mathematical foundations, and novel approaches to achieving global stabilization

through hybrid control. We begin by examining the equations of motion with a crucial
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modification to the regular Kapitza’s pendulum: arbitrary directions of oscillations at the
pivot. We then discuss the challenges in achieving global asymptotic stability and propose
a novel approach to overcome those challenges by using multiple oscillating directions

combined with a suitably designed hybrid dynamical system.

11.1 Equations of Motion

In this section, we derive the equations of motion using the Euler-Lagrange formal-
ism. While the traditional analysis of Kapitza’s pendulum focuses on vertical oscillations,
we extend our analysis to consider multiple directions of oscillation. This generalization
allows us to explore a broader range of dynamic behaviors and lays the foundation for the

hybrid control approach presented in Section 11.3.
e Position: x(0) = lsin(f) + u(t)sin(¢), y(0) = —lcos(#) + wu(t) cos(¢).
e Potential Energy: U(0,t) = mgy(0,t) = —mg [l cos(0) — pu(t) cos(o)]

e Kinetic Energy:

K(0,0,t) = — (#%(0) + 9%(6,1))

([Z cos(0)0 + p,sin((b)} 2 + [l sin(0)6 + ,[LCOS(QZS)} 2)

SIEEESISENIR

(12 cos?(0)0% + 1> sin?(0)6? + 1>+
2176 [sin(6) cos(p) + cos(f) sin(e)] )

m

. (5292 + i + 2l sin(0 + gb)@ﬂ) .

e Lagrangian:

L£(6,60,t) = K(0,0,t)—U(b,1)
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= % <l292 + fi® + 2l sin(6 + qb)é,tl) + mg [l cos(6) — u(t) cos()].

e Disipation potential:

We consider the dissipation function
Vo2
D(v) =1
()= Lo
where v is the velocity of the bob, i.e., v = |(Z, )|, and 7 € R>. Now, we have that

v2:j32+y2

= 126 + 2lsin(0 + ¢)0 + 2,

and, thus, the friction force is given by

oD(v)
90
= —~ (l2é+lsin(9+¢)/lb) (11.1)

Ffr:_

e Fuler-Lagrange Equations (With External Forces - Friction):

oL

i mi?0 + misin(0 + @)/
i@_ﬁ = mi%0 4+ ml cos(6 + ¢)0 + mlsin(f + ¢)ji
dt 9f

oL . .

%8 = —mgl sin(0) + ml cos(0 + ¢)0j1.

By using the fact that %% = %—g + F}, we are now prepared to write down the

equations of motion:

10 = —gsin(f) — jisin(0 + ¢) — % (l@ + sin(0 + qﬁ)ﬂ)
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— §=—Tsin0) - %sin(é’ +)ji— L (lé + sin(0 + ¢)u> . (11.2)

) lm

To analyze the stability properties of the inverted position # = 7 under high-frequency
oscillations at the pendulum’s pivot, we employ averaging theory for hybrid dynamical
systems [269]. Our goal is to transform the system’s continuous-time evolution so
that it admits a suitable average. To this end, we begin by setting u(t) = asin(wt)
and assuming a/l < 1 and wy/w < 1, where wy = \/g_/l is the pendulum’s natural

frequency. We then introduce the following parameters:
e=afl, «a=uwyl/wa, [ =-v/muwy.

Using these definitions, it follows that wy/w = ae. With these substitutions, equation

(11.2) transforms into:

0 = —w?sin(0) + ew’sin(wt + 1) sin(6 + ¢) — %ﬂ (l@ + aw cos(wt + 1) sin(6 + (/ﬁ))

= —w2sin(f) + ew?sin(wt + n) sin(f + @) — woB0 — cwpBw cos(wt + 1) sin(f + @).

Letting 7 = wt, this further reduces to

2ﬁ__ 5 sin(f) + ew?sin(wt + 1) sin(f + ¢) — woB @
g2 s cwoSIWL 1) WP
— ewpfw cos(wt + 1) sin(0 + @)
R0 W2 . - wo 56
5= sin() + e sin(wt + n) sin(0 + ¢) — ZBE
— g%ﬁ cos(T + n) sin(6)
d29 2 2 . : ]
_— ) = —a’e“sin(0) 4 esin(r + n) sin(0 + ¢)
_ @55? — afBe? cos(T + 1) sin(f + ¢). (11.3)
T
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Now, by applying the near-identity transformation defined by:

1
=0, xy= Ldo + cos(T + n) sin(0 + ¢),
edr

from (11.3) we obtain

dl’l . do

dr  dr
= ¢ (xg — cos(T + 1) sin(x1 + ¢))

dzs 1 d%60 ) ) do
i i sin(7 + ) sin(0 + ¢) + cos(T + 1) cos(6 + ¢)E
1

== { — a?e?sin(f) + e sin(r + ) sin(0 + ¢) — aﬁsj—e
-

— apBe? cos(t + 1) sin(d + ¢) | — sin(7 + ) sin(d + ¢)

+ cos(T + 1) cos(f + qb)%
= ! {—0252 sin(f) — aﬁed—e — aBe? cos(t 4 1) sin(0 + cb)}
€ dr
+ cos(T + 1) cos(f + gb)g
9 . do ) do
= —ca’sin(f) — aﬁg — afecos(T + n) sin(f + ¢) + cos(7 + n) cos(d + d))g
= —ea’sin(f) — afe Eg + cos(T + n) sin(0 + ¢)1 + cos(7 + 1) cos(6 + ¢)§

do

—c (—042 sin(xy) — aﬂm) + cos(T +n) cos(6 + QS)E

= e (—a’sin(z1) — afzs)
+ cos(7 + 1) cos(0 + ¢)e (2 — cos(T + 1) sin(d + ¢))

= 8( — afry — a?sin(z1) + 2 cos(z1 + ¢) cos(T + 1)

— sin(z; + @) cos(xy + ¢) cos®(T + 77)) :
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Therefore, we have

Ly eF.(x,0,X)
dz -
%X Fy(x)

with 2 := (x, ¢, x) € R* xR x S', and where the continuous vector fields F, : R? x R x S! —

R? and F, : S' — S* are defined by:

x2 — x1sin(z1 + ¢)
Folz, ¢, x) =
—afxy — a?sin(x1) + z9 cos(x1 + @)x1 — sin(x1 + ¢) cos(x1 + d)x3
0 1
Fy(x) = X-
-1 0

The flow map F in (11.4) lends itself to averaging in the context of hybrid dynamical
systems. As we will explore in Section 11.3, analysis of its first-order average allows us
to strategically select oscillating directions ¢(q) and partitions of the circle S' to ensure
that, on average, the system behaves like a heavy-ball system seeking the minimum of a
carefully designed effective potential function.

The following section focuses on designing this effective potential so that it has
a global minimum at the naturally unstable position § = «. This approach transforms
the stabilization problem into an optimization challenge over an engineered potential
landscape. The key challenge lies in carefully selecting oscillation directions ¢(q) and
defining regional boundaries on S' where these directions of oscillation are implemented to
create a globally invex effective potential, while respecting physical constraints specified

by the equations of motion in (11.4).
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11.2 Designing a Physically-Informed Invex Effec-
tive Potential

First, let
( r
[—57/8, —37 /8] if g=—3 3r/4 ifq=—3
[—37/8, —7/8] if g =-2 /2 ifqg=-2
[—7/8,0] if g=—1 w/4  ifg= -1
O¢ = { [-7,—57/8] U pr/8, @] ifqg=0 » @) =140 ifg=0
[0, 7/8] if g =1 37/4 if g =1
[7/8,3m/8] if g=2 /2 ifg=2
\[3#/8,57?/8] ifg=3 w/4 ifg=3
U,(0) = —a®cos(0) + i sin®(0 + ¢(q)) + ¢4, (11.5)
where ¢, € R and ¢ € Q = [-3,3] N Z. Moreover, define the global potential energy

function by:

Uz1,q) = Y _ Up(r1) Lz e0,) — Ug(®1) iz e, (11.6)
PEQ
where
{0} ifp=0
v, = :

Op N O(pysign(p)) mod 4 Otherwise

and where the set of constants {c;} ., is chosen such that U(0) = > .o Us(0)1oee,} is

continuous and satisfies U(+m) = 0. The negative term on the right of (11.6) is used to
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Figure 11.2. Plot of the Designed Effective Potential

remove duplicates values from the sum whenever z; € {ﬁq}qu. Now, note that
VU(x1,q) = VU, (z) Y(z,q) € | O, x {g}.
qeq

We now introduce a sufficient condition on « to guarantee that the potential defined

U(z1,q), with the directions of oscillation introduced in (11.5), is an invex potential.

Lemma 11.1. If 0 < o® < 1 cos (37/8), then

VU(z1,q) = VUy(21) =0 <= (0,q) € {—m, 7} x {0}, and

(VU(z1,q), 1) <0 V(z1,9) € | ] (©,\ {-,0,7}) x {q}.
q€Q

Via Lemma 11.1 we obtain that U(xy,q) > U(+£m,0) for all (z1,¢) in

U @\ {=m,7}) x {a} (11.7)

q€Q
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Figure 11.3. Plot of the Designed Gradient Vector Field
Indeed, we have that

0
Ul q) = U(—r,0) + / VU, () Lpeodd 6 € (=.0]

> U(—m,0) forall x; € (—m,0)
0
U(0) = U(r,0) + / VU, ()L co,dd 6 € [0,7)
= U(TF, O) - / VUq(’l?)l{geeq}dﬁ
0

> U(w) forall 6 € (0,7).

Figures 11.2 and 11.3 present a visualization of the designed potential U(x1,q) and its
gradient V., U(x1,q).
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11.3 Hybrid Vibrational Controller

The design of the invex potential in the previous section provides a theoretical
foundation for global stabilization of the Kapitza pendulum. However, implementing a
control strategy that robustly achieves this stabilization faces a fundamental challenge
rooted in the topology of the system’s state space. The state space of Kapitza’s pendulum is
given by S! x R, where S! corresponds to the angular position and R to the angular velocity.
This non-contractible state space poses a fundamental obstacle to global asymptotic
stability via traditional control methods. For continuous, discontinuous, or time-varying
feedback systems, the basin of attraction of an asymptotically stable equilibrium must be
contractible [270, 271]—a condition incompatible with the pendulum’s state space.

To overcome these topological limitations, we introduce a hybrid vibrational control
approach that addresses these challenge by combining continuous-time vibrational control
with discrete switching logic. It implements the oscillation directions defined by the
invex potential design across different regions of S'. The strategy integrates continuous-
time vibrational stabilization with discrete-time jumps, ensuring proper switching between
oscillation modes as the pendulum traverses these regions. Crucially, it provides mechanisms
to avoid Zeno behavior without relying on traditional dwell-time constraints, which are
impractical in this context due to the potential for arbitrarily small flow intervals.

To explain the hybrid mechanism, we begin by considering the four specific oscillat-

ing directions presented in the design of the invex potential:

¢1 =0, ¢2=Z> ¢3=g, Gy = — (11.8)

We formulate our control strategy as a hybrid dynamical system in the 7-continuous time
scale. The state of this system is given by z := (z,q, k, x), where x = (z1, x2) represents

the pendulum’s angular position and velocity, respectively, ¢ € Q = [-3,3] NZ is a
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discrete variable encoding the current region of operation, k € K = Z N [—4,4] stores
information about the sign of the angular velocity upon entering a region, and y represents

the amplitude of the oscillation. The flow set C, and jump set D of the HDS are given by:

(—3,-1} ifg=—3
(~2,0}  ifg=—2
(—3,-1} ifq=—1
3
C = U 0, x R x {q} x KJ, KqT =9{-4,4} ifqg=0 - (11.9a)
=3

{1,3} if =1

{0,2} if g =2

{3,-1} ifqg=3
\

D=|]Jv,x (DjuD}), (11.9b)
PEQ
(
RZO X {—].} X {—3} lfp =0
Dl = , (11.9¢)

K{962 e R : wpsign(p) > 0} x {p} x K] otherwise
(

R§0X{1}X{3} lfp:()
Dy = , (11.9d)

k{362 € R : wpsign(p) < 0} x {(p+sign(p)) mod 4} x K} otherwise
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Ry ) R ()

zZ = (xl)w27qakaX)7 X S Sl

91 X R>g X x {1,
U1 XRRgO X{%%} X{h?}

Fe{l,3} 9y x Reg x {1} x {3}

ke {-4,4} Yo x R>o x {—1} x {3}

V-1 X Reg x {—1} x {—1,-3}
19_1 X RZO X {—2} X {—4}

9_3 x Rep x {—3) x {~3, -1} ¥_y x Reg x {2} x {-2, -4}
7319_3 >§<0R20 x {0} x {4’} V-2 x R>g x {3} x {-1}

Figure 11.4. Depiction of jump and flow sets for the HDS H presented in (11.9)

(

{4} ifp=-3
(~1} ifp=—2

(-4} ifp=-1

Klf =
{4} ifp=1
(~1) ifp=2
{-4} ifp=3

\

(11.9¢)

Figure 11.4 shows a representation of the introduced flow and jump sets. The flow map F

of the HDS is given by

F(z) = Vze O xS,
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Finally, the jump map G is defined as follows:

p
T

Z2

sign(z2) if z€ (DN {Yo} xRxQ xK)) xSt

—sign(q)

X
1

T2

<D A ({21 € Upeongoy 7}

(¢ +sign(z2)) mod 4 | ifze
xR x [Q\ {0}] x IC)) % Sl

q + sign(q)

X
G(z) = , (11.9g)
T
Z2

54 (z2) if z€ (DN ({¥3} xR x {0} x K)) xSt

q + sign(q)

5 (22) if z€ (DN ({9_3} x R x {0} x K)) x S
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where

Remark 11.1.

by design.

Lemma 11.2.

defined in (11.9), is well posed.

Lemma 11.3.

intervals of flow.

(

\
4

\

3 ifxy <0
{0,3} if xo =0.

0 if x9>0
-3 if 29 >0
{0,-3} ifazy=0.-
0 it zo <0

Note that for ¢ € @ \ {0} we have that sign(q) = sign (—VU,(z1))

The HDS H = (C x S}, F, D x S*,G), where C, F, D, and G are

Solutions to H experience at most 2 consecutive jumps between

We will use averaging techniques for hybrid dynamical systems [272] to prove the

main results of this paper. To this end, recall that the system

generates sinusoid components (xi, x2) = x with shifted phase 7/2 and initial phase

n depending on the initial conditions (x1(0), x2(0)). Thus, X admits the HDS H,, =
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(Faw, C, Gy, D) as its average system, with Gy, as defined in (I.1),

x2
Fo(z,q) = | —afz, — a®sin(z,) + £ sin(z1 + ¢(q)) cos(z1 + ¢(q))
0
o)
= | =VU,(z1) — afz, | (11.10)
0

and where U, was defined in (11.5). Next, we introduce two lemmas that characterize the

solutions of H,,.

Lemma 11.4. Every maximal solution of H,, is complete.

Lemma 11.5. For any p € @ \ {—3,3} and any solution y : dom(y) — C' U D to

H,., with
4(0,0) € Guy (9, x D})

there exists 7" > 0 such that y(7',0) € ¥, x ng with p' = p + sign(p).

The following Lemma follows directly by the same ides of the proof of Lemma 11.5.

Lemma 11.6. For any solution y : dom(y) — C U D to H,, with

(0,0) € G (190 x Dg) ,

there exists 7' > 0 such that y(T,0) € 9_; x D' .
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Remark 11.2. The name for the subset 9, x Dé can be misleading. Even though
we have used the symbol |, after a solution hits 1y x Dé and jumps, it is no longer
going “downwards”. On the contrary, by the design of the global effective potential,

the pendulum will start going “upwards”. A possible alternative for the edge case of

x1 = Vg could be changing the notation to ¥y x <Dg+ U Dg,).

The following two lemmas examine the behavior of solutions originating at the
boundaries of the region surrounding the inverted position § = 7 (¢ = 0).
Lemma 11.7. For any p € {—3,3} and any solution y : dom(y) — C U D to Ha,
with

4(0,0) € Gy (9, x DI},

one of the following holds:
e There exists 7" > 0 such that y(7',0) € ¥, x Dfp.
e lim; . y(t,0) € A.
where Ay := {—m.w} x {0} x {0} x {—4,4}.
Lemma 11.8. For any p € @ \ {0} and any solution y : dom(y) — C' U D to H,,
with

y(0,0) € Gay (9, x D),

one of the following holds:

e 4(0,0) € (¥, x D}), y(0,0) & (@zﬁ xR x {p'} x K;T>, and solutions will

necessarily jump afterwards.
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e There exists T > 0 such that y(T',0) € ¥, x D].
e There exists T' > 0 such that y(7,0) € 9,1 x D;, where p* = p — sign(p).
In words, Lemma 11.8 can be interpreted as: Whenever the hybrid dynamical

system enforces a jump outside of the “final” region (¢ = 0) and the solution is going

downwards, the following scenarios are successfully captured by the dynamics:

e Either the solution has zero speed and the jump map will adjust its logical values

such that it will immediately start lowing upwards.

e The solution will loose enough kinetic energy during the next interval of flow and the
velocity xo will change sign during flows. After that, the solution will start flowing

upwards and eventually jump in the upwards direction.

e The solution does not loose enough kinetic energy during the next interval of flow
and hits the next downward guard. This scenario can happen a successive finite

amount of times until x5 becomes 0 and any of the two previous scenarios occurs.

With the above lemmas, we can ensure that no solution to the hybrid dynamical system is

Zeno.

Lemma 11.9. No maximal solution of H,, with (2(0,0),¢(0,0)) € C'U D is Zeno.

We are now prepared to present the main result of this section, which establishes

suitable global asymptotic stability guarantees for the naturally unstable position 6§ = 7.

Theorem 11.1. Assume that a® < 3 cos (37/8). Then, the HDS # renders the set

A = Ay x S! globally practically asymptotically stable.

Remark 11.3. The proofs for the different results above rely on analyzing the

continuous-time behavior of solutions for H,, at different modes determined by the
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state ¢, as well as studying how solutions are allowed to jump between those modes.
These proofs make extensive use of the “next” mode p', and the “previous” mode p*,
from an “initial” mode p. The flow and jump sets in (11.10) can be explicitly written

in terms of these quantities; this potential modification can improve the clarity of

the explanation. Also, the definition of G, = 6, x R x {p} x K[ and C' = {J,¢,, Cp-

5.0 i

0.0 '

L

0 10 20 30 40 50 60

Figure 11.5. Convergence to the naturally unstable equilibrium under the H,,.

To validate Theorem 11.1, Figure 11.5 presents numerical simulations of the average
system for the Kapitza pendulum under the proposed hybrid vibrational control strategy.
The figure illustrates a trajectory converging to the upright equilibrium # = 7. We also
present the evolution of the logical variables ¢ and k, capturing the hybrid control’s

transitions between oscillation modes across the partitioned state space.

Remark 11.4. The successful emulation of the heavy-ball optimization dynamics
over the global potential U(z1,q), obtained by “stitching” together several local

potentials, relies on the carefully designed jump and flow sets presented in (11.9).

This approach appears to be difficult to extend to a different setup than the one
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studied in this manuscript. An approach that relies on a hybrid dynamical model
of an automata that allows consecutive jumps without intervals of flow in-between,

could prove to be useful for extensions to higher dimensional settings.
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APPENDIX A

Proofs of Chapter 3

A.1 Proofs of Section 3.2

Proof of Theorem 3.2

Gradient of Critic Error-Function in Deviation Variables

First, using (3.20) together with H(x,u*(z), VV*) = 0 for all z, we obtain:

Thus, using (3.19) and (A.1), we can rewrite the gradient of e(é., z,u) as follows:

where

and

Ve(x,u) = p;

Yz, u' (@) 0+ Qx) + R

Vo.e(0.,z,u)

O(z,u)

w(m U)€HJB

(1+ [o(x,

u) |

= O(z,u) (6.

= ;0 (z,u)V(z,u)" + pgA,

N

Z

k=

l‘k, 6HJB( )

(1+ \w<xk,u*<xk>>| 2)?
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- 02) + UG(IL‘,U) + X(IL‘,U),
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(A1)

(A.3)

(A4)



pit(e. ) [%5g @) (w = )] 0 (e, [Rw) - R ()]

X(z,u) = 5 + . € R,
(1+ [z, w)) (L+ [, w))
(A.5)
which, by using the fact that m < %g, Vr € Rxq, satisfy:
3v3
|ve(z, u)| < g HIB (pi + Npa), (A.6a)
3V3 ([ _ o N . "
Ix(z,u)] < Pi g (g (doe [1+ 16%]] + de.) [u — w* ()] + Amax (I1) Ju — u (:17)|2) . (A.6b)

The following Lemma will be instrumental for our results.
Lemma A.l. If the data is A-sufficiently-rich, then there exist ©,0 € R., such
that

oI, < 9(z,u) = 6I, Vr € R", Vu € R™.

Proof. Let 6 € Rl be arbitrary. Since, by assumption, the data is A\-SR it follows

that:

070z, u)0 = 0" p;U (2, u)V(x,u) 0+ 07 pg Ao
> pa)|6)®

= O(z,u) = OI,, V(zr,u) € R" x R™, (A.7)

where © = pgA. On the other hand, using the fact that |aaT‘ = |a|2, Ya € R", we

obtain that:

|2, u)¥(z,u)"| = 1 (z,u)]> <1, ¥(z,u) € R" x R™,
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we obtain:

07 O(x,u)0 = 07 pit(x, u)ib(x,u) "0+ 07 paAb
< (Pi + PdAmax (A>) |9|2

— O(z,u) X OI,, Y(r,u)€R"xR™,

where © = p; + padmax (A). [ |

Lyapunov-Based Analysis

Recall from Section 3.2 that y = (0., p, T), suppose that the assumptions of Theorem

3.2 hold and consider the Lyapunov candidate function V, : R x Rl x Ryy — Rsq given

by:
— 0. — 07| 0. —0:) TA (6, — 0
V;(y) — ‘p | + |p c| +kcpd7—2( c) ( c)’ (AS)
4 4 2
where A was defined in Assumption 3.1 and which satisfies:
clyll, < Vely) <@yl (A.9)
L f1 kepTA - (31 -
¢ = min {Z, 5 ) TEID 5 (1+/€deT2)\) ,

where A == Apax (A). Now, let u € Uy, and consider the time derivative of V, along the
continuous-time evolution of the critic subsystem, i.e., V, = V,Ve(y)"y. Then, by using

(A.2) and Lemma A.1, and some algebraic manipulation, V. can be shown to satisfy

|p— 90|
‘90 - 82’

. k.T
Ves = (|p — 0, 6. — 9:;\) M(7) + 2V 2k 4, (

ve(@)| + [x (@, u(2))]),

(A.10)
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where

2 _pi
M(r)=|"" |, (A.11)

_Li @

2 -
and A, was defined in Section 3.2. Since 2pgA > p; and T? < 8p iz by means of Asssumption
3.2, and 7(t,7) € [Ty, T], ¥Y(t,j) € dom (y) by construction of the critic update dynamics
(3.21), it follows that M(r) = 7 with 7 := © — 2. Hence, defining r := 227, from (A.10)

and using (A.6), we obtain that:

Vo < —rlyl

a (0 @8) + 7 (ule) = o (@) ). (A.12)

where 7,7, € K& are given by:

) = 208 (e Npa) v, o) = el 472,
e = 2V (3 (001 + 1020+ 60) . s (1))

Thus, letting D§ € (0,1), and using (A.9), (A.12):

r(1 - Dg)

Vo< - Vw), Ve, > 5 (o (@) o (o) ' (@)]) ). (A13a)

DC

On the other hand, the change of V. during the jumps in the update dynamics for the

critic (3.21), satisfies:
Ve (y™) = Vely) < —nVely), (A.14)

7 _
T2 2kp)\

Together, (A.13) and (A.14), in conjuction with the quadratic bounds of (A.9), imply the

with n = 1 — 5~z Which satisfies » € (0,1) by means of Assumption 3.2.

results of Theorem 3.2 via [273, Prop 2.7] and the fact that |0.(,j) — 0| < |y(t, )] 4, <
|(0c(t, 7). p(t, 5)| 4, , for all (¢,j) € dom (y). |
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Proof of Theorem 3.3

Gradient of Actor Error-Function in Deviation Variables

First, note that we we can write (3.29) as:
Vo, calz,0.,0,) = Qz) (0, — 0 — (0. —07)),

and consider the following Lemma, instrumental for our results.

Lemma A.2. There exists Q,Q € Ry, such that

QIIC j Q(.T) j ﬁ][c.

Proof. Let 6 € Rl be arbitrary. Then, by the definition of Q : R™ — Rl*! in (3.30),

it follows that:

|w(x)T9|2

92> 02 9] = QO R™
a11+Tr{w(x)Tw(x)}+a2| "2 wlf]” = Q=) =QL, VzeR?,

0" Q)0 =

where €2 :== ay. On the other hand, we obtain:

2
‘M@Hz+%)WFsmm2=>QWkﬂmw vz € R,
F

0T Q)0 = | 0y —2
(@) ( 1+ |w(x)

where Q = a; + ay, |A| represents the Frobenius norm and where we used |A| <

Al ., YA € REXle and 75 <1 ¥r € R. _

Now, consider the Lyapunov function

V(2) = Vo(x) + Ve(y) + Va(bu), (A.15a)

Vi) = V@), Vi) = Ll — 02 (A15D)
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where V. was defined in (A.8) and where we recall that z = (x,y,6,). By [22, Lemma
4.3], and since V, = V* is a continuous and positive definite function in R™, there exist
Y, Vo € K such that y_(|z|) < Vo(z) <7¥,(|z|). Hence, using (A.9), and the fact that sum

of class IC is in turn of class IC, there exist Y Ty € K such that:

1y, (1210) V(=) <3y (12]4) (A.16)

Now, the time derivative of V, = VV,(z) 4 along the trajectories of (3.32) satisfies:

§2 )\max (qul)

V, < -Q(z) + ;

(do.|0:| + de.) (doel6, — ;] + de.) . (A.17)

On the other hand, making use of Lemma 6.2, for the time derivative of V;l = Vo, Va(0,)"0,

we obtain:
Vo < —kuasly, — 67 + k.6, — 6716 — 67|, (A.18)

Hence, using (A.10), (A.17), and (A.18), together with the upper bounds in (A.6), we

obtain that the time derivative of V along the trajectories of the closed-loop system

satisfies:
v S _Q(m) - f|y|?45 - kua2|0u - 9:|2
+ Cy|y|AC + cul0u — 2] + cyul O — 9:||y|AC
+ |yl g 0u — 021 + co, (A.19)
where

3v6
Cy = ch <€HJB (pi + Npa)
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1 S -
+ §§2pz [)\max (H;l) (d¢c [1 + ’9:‘] + dec) dec + )\max (Hu) )\max (H;1)2 dec

)}

cwi=m o (@B16] + Te) T (11 5.

36k, = _ N (G TN a4
Cyu = \{é (2]@9 + 7 pidmax (II;1) (doe [1 + |02]] + de.) dgzﬁc) ,
36 127
Cy2 = 1—6]€C§2,0i)\max (Hu> >\max (Hu 1)2 d¢c27
o= 5 (@101 + Bec) A (I1,") e

Then, for all |0, — 0| < 2, by using Q(z) = 2,z and letting d; € (0,1), from (A.19),

V can be further upper bounded as:

V < o (IL) |2 = (1= dy) (ely[, + Kual, — 62)

+ Cy|y|Ac + Cu|0u - ‘9:| + Co

dir —cyu i
~ (1wl 0 —e21) (4.20)
_Cyu dll{?uOég ’0U — 6’:‘
. 62
Now, pick a set of tunable parameters (p;, pa, ke, k) such that r > Phias 80 that from
1 Ru

(A.20), we obtain:

Co Qdyu
2, dad,

V< —(1—dy)d. |z, Y|z, > max{ } , 0. — 0] < Cyu , (A.21a)

Cyu2

with

dz = min {)\min (Haz) 5 (1 - dl)ﬁa kuOQ} s

dyy = max {2¢y,, ¢}, do € (0,1).

Notice that for every compact set Ky of initial conditions for 6, we can pick suitable
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Diy Pd, 01, Qia, ke, Ky to satisty Ky C C;;IB% such that (A.21) holds for every trajectory with

&

0.(0,0) € Ky. Now, during jumps x and 6, do not change, and hence V satisfies:
V(") = V(2) = Vely") = Vely) < —nVe(y). (A.22)

The result of the theorem follows by using the strong-decrease of V during flows outside
a neighborhood of A described in (A.21), the non-increase of V during jumps given in
(A.22), by noting that, by design, the closed-loop dynamics are a well-posed HDS which
experiences periodic jumps followed by intervals of flow of length 7'— T > 0 (c.f. [6]), and

by following the same arguments of [33, Prop 3.27] and [273, Prop. 2.7]. |
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APPENDIX B

Proofs of Chapter 4

B.1 Proofs of Section 4.3

For the sake of clarity in the presentation of the proofs, in this section, we assume
that n = 1, i.e., that the action of each player ¢; is one-dimensional. The proofs for
the general case where n > 1 follow analogously, with the appropriate incorporation of

Kronecker products to handle the higher-dimensional action spaces.

Proof of Lemma 4.1

1) Well-posedness follows directly by [16, Thm. 6.30], since Fj is continuous, C; and
D; are closed sets, and G is outer-semicontinuous (OSC) and locally bounded (LB)

in Dy by construction.

2) To rule out finite escape times it suffices to study the behavior of the states (g, p).
Indeed, by using the ¢-global Lipschitz assumption on G, leveraging the structure of

the flow map F} in (4.9¢), and using the fact that G(¢*) = 0, it follows that
: 2 : .
ldl < 7-Ip—ql, and [p| < 2T¢lg — ¢,
0

for all ¢* € Ang, which implies that |(¢,p)| < ¢|(q¢,p) — (¢%,¢")|, with £ =
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2v/3 maX{TiO, T?}. Then, by using the fact that

dlut)] _
. —

du(t)
dt

I

for any differentiable function u : Rsg — RY and any ¢ € dom (u), it follows that

d _ * _ * .
=T =0 < iy g p—g)| V" € Ane

Then, the Gronwall-Bellman inequality implies that during flows

(g —q",p — q")| < |(q(0) — ¢, p(0) — ¢*) e"

for all ¢* € Ayg and all (¢,-) € dom((g,p)). Thus, the flow map (4.9¢) does not

generate finite escape times.

Additionally, since after jumps we have that 7+ € {T,, T'}?, it follows that G (D) C
C7 U Dy, which in turn implies that solutions do not stop due to jumps leaving the
set C1 U Dy. Next, note that the synchronization mechanism that governs the state

7 is decoupled from the dynamics of the states (¢q,p), and can be written as a the

following HDS:

T E CT = [T07T]N7 T = nlNu (Bla)

TeD, = {T € C; :maxT; = T} , T e G (1), (B.1b)

where G (1) is the projection of Gy into the 7-component, which is independent
of (p,q). This hybrid system is well-posed by construction, and by [51, Thm. 1]

it renders uniformly fixed-time stable the set Agyn., with a convergence bound 7™
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given by
1
T = —(T —Ty) + N, (B.2)
n

for all 7(0,0) € [T, T])". Moreover, each solution has at most N jumps in any interval
of length L = %(T—TO), and, for any pair of hybrid times (¢, j), (s,4) € dom (7) with
t+j > s+1 > T the following dwell-time condition holds L+t —s > L%J L, where

|-] denotes the floor function. Thus, any solution 7 of system (B.1la) is complete

and also satisfies |7(Z, j)|4,n = 0 for all ¢ + j > T such that (¢,j) € dom(7). Since

the states (g, p) of H; evolve in RY x RN, for each 7(0,0) € [Ty, T]V the hybrid time
domains of system (4.9a)-(4.9f) are the same hybrid time domains of system (B.la).

This equivalence, plus the above properties, establish the result. [ |
The previous Lemma directly implies the following:
Lemma B.1. Let v > 0 and consider the HDS H; with restricted flow and jump

sets given by:

C, z{x e RN (p,q) € {(¢",¢")} + VB, T € [To7T]N},

D, : {IERQ”N+N: x e, m%XTi:T},
1€

and jump map G with values intersected with the set C, U D,. Then, the restricted
system H, = {Fy,C,,G,, D, } renders UGFxS the set A, = ({(¢*, ¢*)} +VB) X Agyne-

Proof of Theorem 4.1

First, by using Lemmas 4.1 and B.1, we note that we can analyze the HDS H; by
instead studying the HDS H, with data intersected with the set A,. We denote this new
restricted HDS as H, == {F}, Cs, G, D}, and we note that any compact set A’ C RY x RY
such that A" x Agyye is UGAS for this system will also be UGAS for #, thanks to the

hybrid reduction principle [16, Cor. 7.24]. Moreover, since v is arbitrary and independent
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of any parameter, and H; has no finite escape times, the set A’ x Agyne will also be UGAS
for H;. Our subsequent analysis, introduces multiple lemmas that characterize the stability

properties of A under H,.

Lemma B.2. Under the conditions of Theorem 4.1-(i;), system H, renders UGAS

the set A given by (4.14). O

Proof. By using the potential function P we define the error P(q) = P(q) — P(Axg),

and we consider the Lyapunov function
V=Vi+ Vst Vs, (B.3)

where the smooth functions V; are defined as follows:

_ P 5

Vile)= 1o~ aP, Vale) = 1oy, Vil@) = S-Pla) (B

where ‘Z’?ANE = Mingey, |2 — s> and |2]> = 27

z. By the definition of potential-
games, and the construction of V; and V5, the function V' is radially unbounded and
positive definite with respect to the compact set A N (Cs U Dy).

Now, during flows in C; the time derivative of V' satisfies:

oV(x). 0V(x)

' 3 B.
g+ 9 Pt —5 T (B.5)

_ V(). OV(x)

V(z) o 3

The first term of (B.5) is given by:

oV (z) . 1 7|2
dq 2 N

——q=|-sP—9+ —VP(Q)> q
=—(p-9 T (-9
|7[?

—_— T _1. J—
+2; VP(q) T (p—q),
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- _Ti(p —a)' (p—q) +27(p—q) VP(q),

S

where in the last equality we used the fact that in the set Cs\ Ds we have 7 = 7,1y
with 7, € [Ty, T], and that points in Cs N D, lead to solutions that cannot flow.

Similarly,

e @(p 0+ 50 “ANE@))) ’

=—(p—q)'TG(q)
— (= Tays () ' TG(a),
= (- )+ (T ))) G(0)

where II 4, (p) is the projection of p on Ayg. Moreover, it follows that

Combining the above inequalities, and using the definition of G(q¢) = VP(q) and

0 <n < 1/2, we obtain:

V@ <~ -7 (- Maw®) 6@ - Pl0) . (B9)

Now, since P is a convex function with ¢-Lipschitz gradient G the following standard

inequality is satisfied [274, Thm. 5.8]:
1
P(y) > P(x)+ (y — )" G(z) + 5l9(@) = Gw)*, VzyeRY.  (B7)

Then, letting = g and y = Il4,,(p) for ¢,p € R™, and using the fact that
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G (IT4,,(p)) =0, it follows from (B.7) that

A6 < ~(Tayu(p) —a) Gla) + P (I, 0) ~ Pla)

= (4- T () G(a) — Pla). (B:3)
Thus, from (B.6), we obtain during flows that
V() < ——lp—aP - Z16(0)P (59)
=" p—4q o0 q)| - .

Since |G(q)| = 0 if and only if ¢ € Axg, during flows we have V(z) < 0 for all
x € C,\A.

Similarly, during each jump the change of V', denoted A;:—HV(.CE) =V(x(t,j+1)) —
V(z(t,7)), satisfies A;HV(x) = A§+1\/i>)(x) and

Angl‘/:o)(J}) _

z‘g*

~ N
P(q
(77— 1) = DL 32 -2,
=1

P(g) <0, (B.10)

=] o

for some € > 0, where the last equality follows by the definition of G in (4.9a) and
the two following facts: first, if z € D,, we have two possible cases for all players
i € V: a) if 7, = Tp, then 7,7 = Ty; b) if 7, = T then 7,7 € {T}), T'}; second, if = € D,
we have that in each jump one and only one player i satisfies 7, = T and 7,7 = Tj.
Therefore, since T > Ty there exists € > 0 such that 77 — T? = —¢, leading to
(B.10). This implies that V' does not increase during each reset triggered by a player.

Given that the hybrid time domains of H are intervals of flow of duration %}(T —To),
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followed by n consecutive jumps, we can use (B.10) n times to obtain:

ANV (2 ZN”" = —eP(q) <0, YzeD,

J+k—1

By [16, Prop. 3.27], the periodic strong decrease of V' during flows, and its non-

increase during jumps, imply that H, renders UGAS the set A. [ |
Lemma B.3. Under the conditions of Theorem 4.1-(i5), system H, renders UGES
the set A.

Proof. The k-strong convexity of P and the ¢-Lipschitz continuity of G, yields the

following quadratic bounds on V:

1 KTZ 1 2
min{4 %2 }] \A<V( )<§max{1+;, g}]a:&, (B.11)

where we have used the fact that in such cases Axg = {¢*}. Additionally, it follows

that I14, . (p) = ¢*. Then, from (B.6), we obtain

V(z) < ——Ip q)* — TSQIQ — ¢ (B.12)

Using the quadratic bounds (B.11) in (B.12) yields

V(z) < —\V (), (B.13)

where
2 min{1,0. 25T0T/-£} 1 Tk

A= —
37 max{1,2T2¢} ~ 12T T ¢’

(B.14)

and the approximation holds when 7§ is sufficiently small, and T is sufficiently large
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(but finite). Then, during each interval of flow, V' satisfies the ¢-time bound
V(t,7) < V(tj,§)e =4 (B.15)

for all (¢,j) € dom (z) such that j = k- N for some k € N. To characterize the
behavior of V' during jumps, let © and [ be the set of indices of players who implement
a; =0, and «; = 1, respectively. It follows that after the n consecutive jumps that

proceed the intervals of flow of every solution of H,, we have

ATV (@) < =5 (Ip— g +lp— ')

1 *
+ 1 [(pz — @)+ (pi — ¢ )2}
i€l
1 2 K, o 2
+ = [%_ z] __(TS_TO)J
4 < 2
€O
1 *
S _Z ((pz - %)2 + (pl - qz )2)
1€OQ
_1 R(T2—T2)—1 Z( B *>2
2 S 0 2 qz ql
i€EO

K % :
— 5@ =T Y (a—q) = A V() <0, (B.16)

el

where we used the fact P is strongly convex, and the condition 7% — T§ > i given
by (4.16) with p; = k~!. Therefore, it follows that V (t;,5) < V(¢;,j — N)e 2t=4)
for all 7 > n and t > ¢;. Since each interval of flow has length L = (T' —1j)/n, it

follows that V(t;,7) < V(t;_n + L,j — N)e e 2t=%) Tterating, and using (B.15):

V(t,5) < V(0,0)e MLF]-)LeAt=t), (B.17)
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Thus, from (B.17), and using the quadratic bounds on V| we obtain:
[(t, 5)] 4 < (0, 0)] g2 Tmmeaxr @O/, (B.18)

with ¢ > 0. Moreover, using the structure of the hybrid time domains, all hybrid

times (¢, 7) € dom (x) satisfy

—%tg —SLNA(t+j)+%, (B.19)

for all A > 0. Hence, we obtain:
2t )| < (0, 0)] ye™5¥ ), (B.20)
where ¢, = ce (). Inequality (B.20) implies that A is UGES under H;. [ |

Lemma B.4. Under the conditions of Theorem 4.1-(i3), system H, renders UGES
the set A.

Proof. Using the Lyapunov function V' given by (B.3), and the fact that Axg = {¢*},
we obtain again inequality (B.13) during flows. Since now «a = 0,,, during jumps we

have

For each solution x and each (t,j) € dom(z) such that x(¢,7) € Dy and x(t,j +
1) € Gy(z(t,j)), consider the sets Z;1(t),Z;,(t) C {1,2,...,n}, which satisfy
the following: 1) Z;1(t) NI}, (t) = {0}, Z;11(t) UZ/ () = {1,2,...,n}; and,
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letting card(A) denote the cardinality of a set A C Zsq, 2) they are generated

recursively as card(Z;,(t)) = card(Z;(t)) — 1, and card(Z},,

(t)) = card(Z (t)) + 1,
with card(Z;(t)) = N and card(Z/(t)) = 0, where j := min{j € Z>y : (t,j) €
dom(z),x(t,7) € D1}. Since the reset policy «; = 0 for all ¢ € V corresponds to
resets of the form 7;" = Ty, p = ¢;, Vi € V, and since every jump corresponds
to one and only one reset, the change of the Lyapunov function at each of the j™*

jumps that follow each interval of flow in the hybrid time domain of a solution to H,

satisfies

AV () < V() ~ Vala) - (22— 1) D
1Y () o))
1€Tj41(t)

+}L > (a—a) (B.21)

o7t
i€ (8)

It follows that after N consecutive jumps, the change of the Lyapunov function

satisfies
JHN L 2\ 1 *|2
A7V (2) = —Wi(z) = Vala) = 5 (70 = T5) P(a) + 4 la — [ (B.22)
By strong convexity of P, we can further bound (B.22) as:

ATV (2) < =Vi(z) = Va(a) — v (x71) Va()

< —y (k) V() (B.23)

where v(+) is given by (4.19), and satisfies v (k') € (0,1) under (4.16). Thus, by
[223, Thm. 1], inequalities (B.13) and (B.23), and the quadratic upper and lower
bounds of V', we obtain that H, renders UGES the set A. [ |
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Now, by using Lemmas B.2-B.4, which establish suitable stability properties for
the “synchronized” HDS H,, we proceed to proof the three main items of Theorem 4.1 for
the original hybrid dynamics H;.

(a) Stability: By the hybrid reduction principle [16, Cor. 7.24], UGAS of A for
system H; (established in Lemmas B.2, B.3 and B.4), and UGFxS of A, for system #,,,
imply that A is UGAS for system H,. Moreover, since the choice of v > 0 is arbitrary,
and has no effect on the dynamics of the system, and since the trajectories of the original
HDS H; are complete and bounded, the compact set A is also UGAS for system H;. This
establishes UGAS of A under the conditions of items (i1), (i2) and (i3). For items (iz) and
(i3), UGES follows by the exponential convergence bounds of Lemmas B.3-B.4 and the
fixed-time synchronization of 7. UGAS and UGES follow directly by robustness results of
well-posed HDS, specifically by [16, Thm. 7.21].

(b) Convergence Bounds: For any solution x and all (¢,j) € dom (z) such that

t+j>(T—1Ty)/n+ N = T* we have that |7(t,7)

Asme = 0. Thus, for such times the
trajectories of H; satisfy the Lyapunov inequalities established in Lemmas B.2-B.4. To
establish (4.17), we use inequality (B.9), which implies that for each (¢, j), (s,7) € dom (),
such that t > s, and s + j > T*, we have V(t,j) < V(s,j). Since V3(z) < V(zx) for all

r € R?"VHN "and using s; = min{t € R>q : (¢,7j) € dom (z), t+j > T*}, we obtain
V(s ) =2, Wt >s,, (B.24)
T

where ¢; == V(s;, 7). Using the fact V' is non-increasing during flows and jumps, and also
converges to zero, we obtain that {c;}32, — 0*. To obtain the convergence bound of item
(i), we first note that from the proof of Lemma 4.1 it follows that 22EDla < 7lg(¢ + IN

dt

for all (¢,7) € dom (x), where { = 2v/2 max {%O, T(}. In particular, this implies that

|2 (ts, Js)| 4 < |2(0,0)] 4 TmaxmO0)/n, (B.25)
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where (s, js) are the smallest times for which |7(t, j)|Asym =0forallt+j >t + j;. Note
that x(t,, js) € Cs U Dy, and hence (B.18) holds with |2(0,0)| , replaced by |z (ts, js)| 4,

ie., |z(t,j)| 4 satisfies:
2t )| 4 < cl(ts, o) ge 2 T @OD/0), (B.26)
for all t + j > ts + js. Therefore, inequality (B.26), together with (B.25), implies:
[ (t, )4 < E(0,0)] 42", (B.27)
for all (¢, j)dom (x), and where ¢ = cel2H)L, Using (B.19) and (B.27) gives:
[t ) 4 < 22(0,0)] e, (B.28)

with é = ée*/3 which establishes the bound in (4.18). This also implies that #, renders
A UGES under the conditions of Theorem 4.1-(iz). Finally, to establish the convergence
bound of item (iz), we note that (B.23) implies V(z(t,j + N)) < (1 — v (x71))Vs(z(t,5)).
Since Vs(x) < V(z) for all (¢,j) € dom (z) such that ¢t + 5 > T*, V does not increase

during flows, and using the periodicity of the hybrid time domains, we obtain:
‘/E%(tajs + k:N) S (1 -7 (K_l))k‘/fﬂ(tsajs)7 Vke ZZOa (B29>

forall t € (ts+ (k — 1)L, ts + kL), where (ts, js) denotes the first hybrid time after which
the timers 7 flow synchronized. By Lemma 4.1, such times are uniformly bounded as
0 < ts+js < 27T*. Using (B.29), the definition of V3, as well as strong convexity and

smoothness of P, we obtain:
. * g —1\\& - *
la(t, Js + kN) = "] < ory [ —(1 =7 (7)) lalts, Js) = ¢°1; (B.30)
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for all k € Z>(. Finally, since by Lemma 4.1 all solutions are bounded, it follows that for
each compact set of initial conditions K there exists My > 0 such that |z(t,j)|4 < My
for all (¢,7) € dom(x) such that 0 <t <t; and 0 < j < js. This bound, combined with
(B.30), implies the bound of the theorem via the change of variable j = j; + kN and the

upper bound n < j, < 2n. [ |

B.2 Proofs of Section 4.4
Proof of Lemma 4.2

First, by Assumption (4.1)-(ij), the system of equations characterizing Nash flows

(4.22) reduces to:

Azg—i—b—i—é-q%—ul]\;—)\:O, (B.31a)
Hden N =0, >0 Viev, (B.31b)

where A := (A1, -+, Ay). Moreover, by Assumption (4.1)-(iz), it follows that \; = 0 Vi € V.

Thus, we have that (B.31) can be written as

A 1y Z({ _ —(b+0-9q) (B.32)
1, 0 p 1

By solving (B.32) for 2/ we obtain that

2l =— (I - A‘lﬂ> VR ()
“ 1A 1y
L ATy
1A 1y
Letting O(q) == 2/ for all ¢ € RN obtains the result. [ |
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Proof of Lemma 4.3

We solve for an optimal incentive that makes a Nash flow state maximize the
social welfare of the system in the sense of (4.23). To do so, consider the KKT conditions
characterizing the socially optimal flow (4.24), and replace z* with the Nash flow O (¢*)

at the optimal incentive ¢*:

- g: (0(g") - 10(¢")]; = e ([0(g)]) + =X =0 (B.33a)
O(q") € A, Ai [O(q")]; =0, N>0 Vie. (B.33b)

Note that O(¢*) € relint(A) via Assumption 4.1-(iy) and the fact that O(q*) is a Nash
flow satisfying (4.22). Therefore, from (B.33b), we obtain that A; = 0, ¥i € V. This fact,

together with Assumption-(i; ), reduces (B.33a) to
2A0(¢") +b=jily, fi€R, (B.34)

where we have used the fact that g—g((j) = A, Vg € R™. On the other hand, let L € RV*¥

be an arbitrary Laplacian matrix. It follows that L1y = 0 and thus that

1,A7!

)(b+5'Q)

=—L(b+4-q), (B.35)

for all ¢ € RY, and where we have used the definition of @ in (4.26). Therefore, left-
multiplying (B.34) by @, recalling that @ is a Laplacian matrix, and using (B.35), we

obtain that

—2Q(b+6-¢") + Qb= Quly
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b
= Qq*:Q<,U1N_2—§), ueR

. b
= ¢ =55 tHly, pER,

which obtains the result. [ |

Proof of Lemma 4.4

We first rewrite G©(q) using the fact that c¢(q) = Ag+b by Assumption 4.1, together

with the result of Lemma 4.2:

G°(q) = 2A0(q) + b (B.36)

—24(—Q(b+6-q)+a)+b (B.37)

In particular, (B.37) implies that G°(q) is fgo-Lipschitz with {go satisfying

na~!
ggo <261+ - (B.38)
( PO —)

where a € R" is such that A = diag(a), and b := min;ey (b;) for b € RY. Moreover, since

Q is a Laplacian matrix, from (B.37) it follows that G (qD) = 0 for all ¢ € B,, where

1 b b
B, = {qER" Lg= {QT (A_1§+a) —§+M1N:|>

MGR}

and Q' is the pseudoinverse of Q.

Step 1 (Absence of finite escape times): Follows directly by noting that the flow map of

the HOPD is globally Lipschitz and via the application of the comparison principle.

Step 2 (Completeness of Solutions): By [275], the dynamics of the timers always generate
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complete solutions. On the other hand, by the properties of the Laplacian £, we have that
1,p = 0. Thus, the state p always remains in ker(£)*, which is unbounded. Since the
state g evolves in R”, and there are no finite escape times, every solution of the HDS is

complete.

Step 3 (Synchronization in finite time): Achieved by the results of [275] for strongly
connected graphs. The synchronization state is reached in finite time such that 7(¢, j) =

Tsly, 75 € [To, T] for all t + 7 > T* and where T* := 2 (T — Ty) + N.

Step 4 (Fized-Time Stability of Async): First, note that since the timer state of the system

satisfies 7(i, j) = 7,1y with 75 € [To, T, it follows that LT = 7,£. Moreover, we have that

_0, (B.39)
d (15q(t,5)) T
2 , ‘
=1y (p(t, j) —q(t. 7))
9 , .
= 7__11Tv (p(t,5) — q(t,5))
9 .
= _;1LQ(7§>])
— 18q(t,5) = e 2G40, ), (B.40)

where ¢; == min{t € Rso : (t,j) € dom (z)}. Due to p(0,0) € ker (£)", together with
the fact that (¢, p)* = (¢, p) during jumps, we have that: 1) by using (B.39) that ker (£)"
is strongly forward invariant for p, and 2) after the first interval of flow followed by n

successive jumps, from (B.40), that during 15q(t, ) = e_gln(fs?&o)ﬂ)l%p(tj,j) =0 for
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all (£,7) € dom (x) such that j > N, and thus that ¢ converges to ker (£)" in fixed time.
Therefore, since we have that the set of initial conditions is arbitrary for ¢, it follows that

in fact Agyne is UGFxS under the hybrid dynamics of HHOPD. [ |

Proof of Theorem 4.2

Consider the restricted hybrid dynamical system
HESPD o (CFOPD N Agyne, FHOPD pHOPD 1y Asyne: GI;IOPD) . (B.41)

We first rewrite the p vector field in terms of the deviation variable G := ¢ — T4, (p), where

I14,(p) denotes the projection of p onto Ay, and by using the definition of O(q) in (4.26):

p=27.L(2A0(q) + b)
=27,L(—2AQ(6 - ¢+ b) + 2Aa + b)
=27, (—2L (3 - ¢+ b) + 2LAa + Lb)
2 25 q+b)+2L—N 4y

= 7’ —_ . —_

: 1 1 A1y
=27, (—2L(0-q+b) + Lb)
=27, (=2L(0 - [¢" + 4] + b) + L)

_or (—25 <5 . [_2—% + q} + b) + L’b)

= —275 - 20Lq,

where we have used the definitions of o and ¢* in Lemmas 4.2 and 4.3, respectively, together
with the fact that £ is a Laplacian matrix and thus that LAQ = L since L1y = 0.

Now, consider the Lyapunov function given by

1 1 1
Viw) = Zlp —af* + glpl%, + 5%@1%@1-
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Using the fact that V, (%|10|Aq)2 = p—I14,(p) = p, the time derivative of V' along the
flows of the HOPD satisfies

V:—Tl(p—q) (p—q)+47(p—q) ' 6Lq

-
~ 7y ((0— @)+ (0= Ta, () 203+ 703" £
. T
< - =lp— " =0T Lg, (B.42)
where p := p — p*, and where we have used the fact that ¢' £ =¢' LT = ¢*, V§ € A, and
L = L7 since L is the Laplacian matrix of a connected undirected graph. Now, during
jumps we have that

2
_ 5 L
Vizt) = V(z) = _—]p 4q| -3 (T2 — TOQ) G Lq

T? 1
T (1 T 2T?vd0, (£)> V@), (B43)

where we have used the fact that o5 (£) |¢|* < ¢"Lq < on (L) |g|* for all ¢ € ker (L),
together with the fact that ker (E)l is invariant under ¢ and p, where p := p — ¢*. Using
similar arguments to the proof of [1, Thm 1-(i3)], UGES of A, and the convergence bound
of the theorem, follow by the fact that 7% —T7 > o - T7505(2) tOgether with (B.43), the decrease
during flows of (B.42) in ker (£)", and the invariance of ker (£)" for p and g. [

B.3 Proofs of Section 4.5

The convergence and stability analysis of the HDS H 4 starts with the following
lemma. The proof is almost identical to the proofs of [51, Prop. 1] and [275, Thm. 1], and

it is presented here only for the sake of completeness.
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Lemma B.5. Consider the hybrid dynamical system

TeC, =Ty, TV, =1y, (B.44a)

T€D, = {7’ € C,:maxT; = T} , ™+ e G.(7), (B.44b)

where G is the osc hull of the set-valued mapping resulting from projection of GHARPD

into the 7-component, which is independent of (¢, p). If r; satisfies r; € (O, %1)
for all 7 € V, then every solution is complete and uniformly non-Zeno, the set A, is
UGAS, and every solution satisfies |7(¢,7)|4, = 0, for all (¢,7) € dom(7) such that

t+j>2(T—Ty) + N.

Proof. Absence of finite escape times follows by compactness of the flow set and
jump set. Being uniformly non-Zeno follows by the fact that after n jumps the
system is necessarily synchronized and the timers satisfy 7 € [Ty, T\ D,, which
implies that the system has to flow. Since the intervals of flow have a maximum
duration of T — Tp, it follows that there can be at most N consecutive jumps in
any interval of length 2(T" — Tp). This also implies completness of solutions. To
show UGAS of A, we define a Lyapunov function V : [Ty, T]Y — Rsq to be the
the infimum of the lengths of all arcs that touch all timers (see Figure B.1 for an
illustration), where the points Ty and 7" in the interval [Ty, T'] are identified to be the
same to form a circle. Since all the timers have the same frequency, during the flows
the Lyapunov function does not change, i.e., V(r) = 0. Moreover, during jumps
the Lyapunov function cannot increase its value since jumps only happen whenever
one or more timers satisfy the condition 7; = T', which either leaves the timers in
the same position of the circle, or forces some of the timers to go to T. In both
cases, V(77) does not increase. To show that V' converges to zero in a fixed-time,

we note that for any initial condition 7(0,0) € [Ty, T]" the Lyapunov function V'
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Figure B.1. Representation of the Lyapunov function used in proof of Lemma B.5

always satisfies V(1) < T — T, (1 — %) Since all timers have the same frequency,

and since r; € (0, I572) for all 4, there will exist a time 0 < ¢t < 27" — Ty and some
j€{0,1,...,n} such that (¢, j) > r; for all i € V. From this point, since the graph
is connected and undirected, any jump induced by an agent j satisfying 7; = 7" will
be followed by at most n — 1 jumps after which all timers will be synchronized at
the position 7; = Tp, which implies V' (7) = 0. From this point, the system remains

synchronized. Since no complete solution keeps V' equal to a non-zero constant,

UGAS of the set A, follows now directly by the Hybrid Invariance Principle [33,

Thm. 8.8]. u

Proof of Theorem 4.3

We divide the proof in seven main steps. Refer to Figure B.2 for an overview and

visualization of the main aspects of the proof.

Step 1: Absence of Finite Escape Times

First, note that the function FHARPD ig continuous in CHARPD - Also, by item (b) in

324



Ca,xk UDy

Figure B.2. To prove UGAS of the set A:
a) First, UGAS of the set A ¢ from C} xUD; g is proven by the fixed-time synchronization
of the timers.

b) Second, when VF(z) is globally Lipschitz (o = 1), the set ker (L)" is UGAS via the
jump map GHARPD () When o = 0, UGAS is achieved via the flow map (4.48). This
fact, together with strong forward invariance of ker (L)L and A, for p and 7 respectively,
render the set Ay UGAS from Ak .

¢) Third, with the Lyapunov function in (B.47), UGAS of A from Ay is guaranteed under
the HDS HIARDD,

d) Last, by the nested application of the Hybrid Reduction Principle [33, Cor. 7.24] UGAS
of A is guaranteed.

Lemma 4.5, the gradient V¢ is globally Lipschitz. It then follows that since 7o < 7, < T

for all 7, we have:

1P| < 29(T)|Lz"(Lq)| < 29(T)ly|q — p*|,

_ - 9
9] <2|T ' (p—q)| < —Ip—al,
0

for any p* € A,. Combining these inequalities, and the Comparison Lemma [22] we obtain
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that the flows (4.48) always generate bounded signals (g, p), which rules out finite escape
times.

Step 2: Completeness of Solutions

We show that solutions cannot stop due to flows or jumps leaving CHARPD |y DHARDD,
By Lemma B.5, the dynamics of the timers always generate complete solutions. On the
other hand, by the properties of the Laplacian L, we have that 1'yp = 0. Thus, the
state y always remains in ker(L)*, which is unbounded. Since the state x evolves in R",
every solution of the HDS is complete and the hybrid time domains of the solutions are

generated by the hybrid time domains of the HDS (B.44). This establishes properties (P.1)
and (P.2).

Step 3: Fixed-Time Synchronization of Restarting Mechanisms

Let £ > 0 and define the compact set K := A, + kB. Let us restrict the data of
the original HDS H := {CHARDD pHARDD ' HHARDD 'GHARDDY 1y intersecting with K
the (¢, p)-components of the flow set and the jump set. The resulting HDS has data

. HARDD HARDD
HK = {CLK’Fl ’DLK?Gl }, where

Cix = K x (ker(L)* N K) x [Ty, T|Y (B.45a)

Dy g =K x (ker(L)* N K) x D,. (B.45b)

Since the dynamics of the timers 7 are independent of x and y, by the definition of UGAS

and by Lemma B.5 the restricted HDS Hg renders UGAS the compact set

Ags = K x (ker(L)* N K) x A,. (B.46)

Step 4: Asymptotic Stability of Feasible Set

Let us now further restrict the flow and the jump sets of the HDS Hx with the set Ag ;.
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We denote this new restricted HDS as Hg s := {Ca ks, FIHARDD, Da ks, GII{ARDD}, where

Cars = K x (ker(L)> N K) x ([T, T]" N A)

Daks=K x (ker(L)* N K) x (D, N A,)

In this HDS, during flows the timers satisfy 7 = aly where a € [Ty, T7.

Lemma B.6. For the HDS Hf , the compact set Ay = (ker(L)* N K) x (ker(L)+ N
K) x A, is UGAS. Moreover, if @ = 0, then every complete solution satisfies
q(t,j) € ker(L)* for all (¢, j) € dom(x) such that ¢t + j > 2N + 4(T — Tp).

Proof. We show that Ay is strongly forward invariant and globally uniformly attrac-
tive, which implies UGAS via [33, Prop. 7.5]. Let x(0,0) € Ay. By Lemma B.5
the set A, is strongly forward invariant under the dynamics of 7. By Step 2, the
set ker(L)* is strongly forward invariant for the state p. Moreover, by definition
of the flow set Cy i 5, during flows 7(¢,j) = aly with a € [Ty, T]. Thus, lzpq' =0
which implies that 1]yq(t,0) = 0 for all (¢,0) € dom(z) since ¢(0,0) € ker (L)".
Because ¢t = ¢ (a = 0) or ¢ = p (o = 1), the state ¢ remains in ker(L)* also
during jumps. To show that Ay is uniformly attractive it suffices to show that every
complete trajectory of ¢ converges to ker(L)*. Let o = 0 and consider the auxiliary
variable § = 1 yq, with dynamics ¢ = 21,7 (p—q) = 21,y (p— q), where we used
again the fact that 7 = aly during flows. Since 1]yp = 0 always hold, we obtain
g = —2%(], which implies that ¢ converges exponentially fast to zero, i.e., q(t, )
converges to ker(L)* N K exponentially fast during flows. When o = 1, convergence

of ¢ to ker(L)* happens in finite time after the n consecutive jumps induced by the

synchronized timers 7, and the fact that ¢; = p; after each jump. [ |
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Step 5: Asymptotic Stability of the Optimal Set
Having established UGAS of A, for the HDS Hg s, we now proceed to further re-

strict the data of Hg s using the set Ay. In particular, we consider a HDS Hg 5 =

{Ca x50, FEARDD Dy 1 o0, GIARPDY with flow and jump sets

Ca x50 = (ker(L)" N K) x (ker(L)" N K) x ([To, T]" N A,),

Dy x50 = (ker(L)" N K) x (ker(L)" N K) x (D- N A,).

For this restricted HDS, the following two lemmas establish UGAS of the set A, and

suitable acceleration properties.

Lemma B.7. Let a = 0. Then, the HDS Hg ;o renders UGAS the set A, and the

dual function is minimized at a rate of O(1/7?) during flows.

Proof. Consider the Lyapunov function

TTT

1 1
V(z) = Zla —pP* + 7Ipla, + 7= (0(a) = ¢7) (B.47)

where ¢* = ¢(Ay). This is a modified version of the “centralized” Lyapunov function
considered in [24]. By construction, this function is positive definite with respect
to the compact set A in Cy k50U Dakso, and also radially unbounded due to
Assumption 4.4. Since during flows 7(t) = 75(t)1y, with 75(¢) = 0.5, the gradient of

V satisfies
1 T
5(a —p) + 75 Vo(q)

V() =1 §(p—a)+ 50 —p)

vE(¢(q) — ¢*)
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5(a—p) +772Vé(q)
= v-3+p) (B.48)

2% (0(q) — )1y

where p* is the Euclidean projection of p in Ay. Therefore, the derivative of V' along

the trajectories of the system satisfies

iy p—al AT g T
V(x) = +297s(p — q) Vo(q) — 297y Vo(q)

Ts

+975(q + ") TVo(q) + v7(d(q) — &)

=2 ()Y - () - 6) . (BA9)

Ts

Since, by assumption ¢ is convex, we have that (¢ — p*)'Vé(q) — (¢(q) — ¢*) > 0.
Moreover, due to the fact that 75 € [Ty, T], and by Assumption 4.4 from (B.49) we
obtain that V < 0 for all p € C4 g0\ A. On the other hand, jumps occur whenever
1 =Ty =...=1T, =1T. This condition will trigger N consecutive jumps, after which
the system will flow again. Thus, we evaluate the Lyapunov function after the N

jumps and obtain:
L1 1 )
V(™) = gla =l + Ipl4, +1T5((g) — &).
Therefore, the difference A(p™ )V := V(p™") — V(z) satisfies

AV (") = Z11|q —p? + i\p!iﬁ +7T5 (6(q) — ¢%)
~ qla=pP = b, — /(160 — 6
= —1(0lg) = ") (T = To)? + 2T5(T — Ty))

<0

Y
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for all x € D4 i s0. Therefore, the Lyapunov function V' has strict decrease during
flows and does not increase during jumps. Since at most n jumps can happen between
each interval of flow of duration 2(7" — Tj), UGAS follows directly by the invariance
principle [33, Thm. 8.8].

To obtain the convergence bound for the dual function, note that V' < 0 implies
V(z(t,7)) < V(x(s,j)) for all (¢,7),(s,j) € dom(x) with ¢ > s. In turn, this
inequality implies that

N-Vis5) _ ¢ (B.50)

T 27
YT T T;

¢(q(t, 7)) — ¢

IN

during flows, where s; = inf{t > 0: (¢, j) € dom(p)}, and ¢; := V (s;,7)/7. |

Lemma B.8. Let a = 1. Then, the HDS Hg s renders uniformly globally

exponentially stable (UGES) the set A, and ¢ is minimized at an exponential rate.

Proof. By Lemma 4.5, the function ¢ is u4-strongly convex in ker(L)*, and has
a globally ¢4-Lipschitz gradient. Thus, A, = {¢*}. We consider again the same

Lyapunov function V' (z), which now satisfies
2 —2
clela < Vix) <elzlz

with ¢ := 0.25 min{1, 27Ty*us} and © := 0.25 max{3, 67(7")*(s}. Since the continuous-
time dynamics are the same of Lemma B.7, we still have V' < 0. However, using

strong convexity we have

(6(q) = ¢") — (a— ") 'V(q) < —%q —q
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to further obtain

. p_Q|2 « *
V(z) < —|T —Megla—q 2

__podl pe2g — P
= To+T-T, D)

i 1 Yo 2 ) 1o *
< |y — g — _ g —
_mln{T0+T_TD, 1 (Clp=al = la=a'T) =T la — |

1 . 1 ’VTO/JI’(i) *2 * 12
< _Z _ _
< Qmm{To—i—T—To’ 1 (|p Q|+|q Q|)

p
< Ly
< —-Vi(@)

for all z € Ca k50, where p := 0.5min{%,0.259Tous}. On the other hand, after the
n consecutive jumps triggered by the condition 7 = 7, = ... =7, =T, the change

in the Lyapunov function is

S DR IR
AV(z™) = 7l¢™ —p* |2+Z|p+ —q

ST (0 (7))
g P = o~ ' (TP (6la) ~ ")

= 7To*(¢(p) — ¢") — ilq = pI> = (T)*(¢(q) — &)

Since ¢ is strongly convex in ker(L)*, and V¢ is globally Lipschitz, we have that

* 1 *
o(p) = ¢" < Slolp — g 2, V p € ker(L)*, (B.51)
and
1
oq) = &" = Sholg — q*°, V¥ q € ker(L)™". (B.52)

Using these two inequalities to further upper bound AV (p™"), we obtain:

(T)*
2

*‘2

. T2 L1
AV (") < vty lp — ? - ;llq—p\Q—ww lg—q
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IA

~Tilq —p> — Talqg — ¢*|

< -T(lg—pl*+la—qP),

where Ty = 1 — Y13, To = 3yps(T)? — VT3 and T = min{T},T5}. The
constants 77 and T3 are positive provided the following holds: 0 < Ty < 1/(24/74s)
and (T') /Ty > \/2ke, which are precisely conditions (C.1) and (C.2).

Finally, since V' can be upper bounded as

Vir)<e(lg— g +p—qT)
<e(lg—q P +2lp—qf +2lg—¢)
<3 (lg— 1P+ 1Ip—df),

we obtain

AV (x™) < =BV (z)

where 3 := T'/3¢. These bounds, and the fact that the system is uniformly non-Zeno
with N consecutive jumps followed by a constant interval of flow, establish UGES of

A via [223, Thm. 1]. |

Step 6: Nested Application of the Reduction Principle

We now repeatedly apply the Hybrid Reduction Principle [33, Cor. 7.24] to establish

UGAS for the original hybrid system H 4. First, since the set A is UGAS for the HDS

Hr 50, and the set Ay is UGAS for the HDS H s, by the reduction principle, we obtain

that the set A is UGAS for the HDS H g 5. Moreover, since the compact set Ag ; is UGAS

for the HDS H, it follows again by the reduction principle that H g renders UGAS the

set A. Finally, since by Step 1, there are no finite escape times in the original HDS H 4,

and since the compact set K was arbitrary, we have that the set A is indeed UGAS for
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the HDS H 4 with no restriction. This establishes the stability result of property (P.3).
See Figure B.2 for an illustration of the nested application of the reduction principle to
guarantee asympotic stability of the set A.

Step 7: Optimal Bounds for the Primal. Finally, we derive convergence bounds for the
primal problem (4.41) based on the convergence bounds derived for the dual problem in
Steps 1-6.

Let o = 1. Since the gradient of ¢ is globally Lipschitz, we have

ol < 2= o) - ) (5.5
Using (4.44),
e < 2 ) o) B.51)

Let us decompose z = z + Z, where z € ker(L) and Z € ker(L)*. We then have

2 < 2t ) - o (B.55)

and since Z € ker(L)*, which implies that [Lz|> > Xt (£2)|2]s, we get
Amax (L

’g‘2 < _Jr#

[ in (£2)

min

(¢(q) — ¢"). (B.56)

Using (4.44) and the definition of z = A(:) in we get:

(Lq,z) — F(z) = (Lg,2") = F(z7), (B.57)

where z* is the minimizer of the primal problem. Now, using the fact that Lz* = 0 we
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obtain:

F(z) < F(z")+ (Lqg, z — %)
— F(=") + g, L3)
= F(2") + (Lg, 2)

< F(2*) + [(VF(2), 2)],

where in the last step we have used that Lg = VF(z) by KKT conditions. Moreover, by

the Cauchy-Schwartz inequality we get:

F(2) - F(=") < |VF(2)||3]. (B.58)

Combining (B.56) and (B.58), we get

F(z) - F(=") < |VF<z>|\/ Sl (0l — ), (B.59)

ﬂ)\r_‘r_lin (

By UGAS, for each compact set of initial condition K there exists M > 0 such that

IVF(z)| < M. By exponential stability [223] and property (B.51) we obtain:

lsc*1q(0,0) — ¢"|* exp(—2A(t + 7)), (B.60)

N | —

P(q) — 9" <

where ¢® := £ and A = 2. Combining this with (B.59) we finally obtain for all initial

o aial

conditions x(0,0) € K, that:

F(z) - F(z*) <cM Aunax (£7) 1¢(0,0) — ¢*|exp(=\(t + 7). (B.61)

- 2t (L£2)

min

When o = 0 we can follow exactly the same steps, using the bound (B.50) instead of using

(B.51). n
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APPENDIX C

Proofs of Chapter 5

C.1 Proofs of Section 5.1

Similar to the proof of Theorem 4.1 in Appendix B.1 we divide the proof in different

lemmas.

Lemma C.1. Consider the HDS H, under the Assumptions of Theorem 5.1. Then,
the set A is UGAS.

Proof. First, by Assumption 5.3 and strict convexity of ¢; on ¢; for all i € V,
which follows by strict monotonicity of the pseudo-gradient, existence of the NE is
guaranteed via [56, Cor 4.2]. With this at hand, we consider the Lyapunov function
V = Vi + Vo + Vi, where V; and V; are defined in (B.4), and Vs is given by:

- 71%16(a)|”

Vs(z) = ¢, o (C.1)

where ¢, corresponds to the cocoercivity constant of G. By construction and As-
sumption 5.2, we have that V is radially unbounded, and also positive definite with

respect to A N (Cs U Dy). Using c,-cocoercivity of G, inequality (B.6) now becomes

V(z) < —Tllp —q|*—27,(p—q)"G(q)
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(@)(p— q) + co(1 = )7l G(a) [,

+ ZCOTSQT(q)g—g

which can be written in quadratic form as
V(z) < —1,@" My, (q,7,)7, (C.2)

with 7 = ((p — q),g(q)), and

%In In - Co&g(Q)T
In - Coag(Q> Co(l - n)In

Mije,(q,7s) = (C.3)

Since n < % by design, ¢, = 1/¢, and 74 € [Ty, T|, under the conditions of Theorem

5.1, we have that M(q,7s) > 0 for all 75 € [Ty, T] and ¢ # ¢* whenever

0=<1,— r ) (1, — 9G(q) ") (€1, — 9G(q)). (C4)

((1—n

The expression in (C.4) is precisely (5.7) with pr = ¢ and 6 = 0. Thus, since by
assumption Sy is (-GC, it follows that (C.4) holds. Finally, note that when ¢ = ¢*
inequality (C.2) reduces to f/(x) <—2p—qf <0.
On the other hand, after the n consecutive jumps that proceed each interval of flow,
the change of V' is

¢

NV (z) = L6 (13 - 1) <. (C.5)

Finally, we show that no complete solution x of H, keeps V in a non-zero level set.
In particular, since for all (¢,p, 7) € R"\{¢*} x R™ x [Ty, T] we have that V < 0, it
suffices to consider the case ¢ = ¢*, which leads to V = 0 only when p = ¢, i.e., when
(p,q) € A. Therefore, no solution that flows can keep V constant in a non-zero level

set. Since the flows are periodic UGAS of A follows now by the hybrid invariance
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| principle [16, Thm. 8.8]. [ |

Proof of Theorem 5.1

(a) Stability Properties: Follows by the same ideas used in the proof of the stability
properties of Theorem 4.1-(i;), but using Lemma C.1 instead of Lemma B.2.
(b) Convergence Bounds: Follows by the same steps used in the proof of Theorem

1-(i1), substituting (B.24) by

where &; == 20V3(s;, 7). |

Lemma C.2. Consider the HDS H, under the Assumptions of Theorem 5.2-(iy).
Then, the set A is UGES.

Proof. We consider the Lyapunov function V' used in the proof of Lemma C.1, with

Vs given by (C.1) and ¢, = #/¢?. The time derivative of V now satisfies

V(l’) < _Tsi'TMU(PZ(q’ Ts)ja

with Z == ((p — ¢),G(g)). By assumption we know that S; is (04¢)-GC, which is

equivalent to:

0<1, - ( T ) (0601, — 9G(q) ") (04tL, — 0G(q))
" 1 -T2 osl(1—n) — 02026 '

In turn, when 0 < 0 < (1 —n)/o4sf and 0 < n < 1/2, the above inequality directly

implies that M, .(q, 7s) = 1, for all 7, € [Ty, T| and all ¢ # ¢*. Thus, for such points,

and during flows, we have V < —4§(|p — ¢|* 4 |G|(¢)). Using s-strong-monotonicity
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and r/(*-cocoercivity of G we conclude

46

max {3,2(% + £72)}

V(z) < —AV(z), with A =

(C.7)

On the other hand, during jumps, using (RC;), the definition of Vs, and the Reset

Policy a € {0,1}", the change of V' is

AT < - > [l = 00 + s = ) =2 (03 i), (©8)

where y(o3r7") € (0,1) is given by (5.6), and © is defined in the proof of Lemma
B.3. Thus, it follows that A?Jr”f/ < 0. Moreover, by the x-strong monotonicity and
(-Lipschitz continuity of G, V satisfies the quadratic bounds g|x|?4 <V(z)< E|x|?4,

where:

1 KT¢ 3 1 KT
— 3 _ C = — —_ . Cg
c mln{ },c max{4,2+ 5 (C.9)
The exponential decrease of V' during the flows (which are periodic), the non-increase

of V' during the jumps, and the quadratic upper and lower bounds of v, imply that
H, renders UGES the set A. [ ]

Lemma C.3. Consider the HDS H, under the Assumptions of Theorem 5.2-(i5).
Then, the set A is UGES.

Proof. Consider the Lyapunov function V used in the proof of Lemma C.1, which
still satisfies (C.7). During jumps, the reset policy @ = 0,, implies that © =V in
(C.8), leading to Angnf/(x) < —Vi(z) = Va(z) — y(ojn ") Va(x) < —7(02;@‘1)‘7@).
Therefore, by [223, Thm. 1], and the quadratic upper and lower bounds of ‘7, system
H, renders UGES the set A. [ |
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Proof of Theorem 5.2

(a) Stability Properties: Follows by using using Lemmas C.2 and C.3 in conjunction
with the same ideas used in the proof of Theorem 1.

(b) Convergence Bounds: We follow the same steps of the proof of Theorem 1,
using now Vj instead of Vi. For item (i), this leads to the following bound instead of
(B.28):

. N _ A ;
(¢, 5)] 4 < él2(0,0)] ye~ 3 ),

where X are defined in (C.7), ¢ == /¢/c- e(%’\JF[)L, and ¢ and ¢ are given in (C.9). Finally,

for item (i5), we obtain the following bound instead of (B.30):

k ) .
2 q(ts, 3s) — ¢7|

Y

la(t, js +kn) — ¢'] < oy05 (1= (03671))

from here, the proof follows the exact same steps. [ |

Proof of Lemmas 5.1 and 5.2

We first show Lemma 5.2. Using ¢, = k/¢* we have that (RC3) can be equivalently
written as

a > 1—2cok + 202, (C.10)

with & == (2 — 8) (¢,(1 — ) — §). By using the fact that G is ¢-Lipschitz continuous, it
follows that 0G(q)"0G(q) < €21, [123], where we use G in place of % to simplify notation.
Using this fact, together with monotonicity properties of the pseudogradient, which implies

that 0G(q) +0G(q)" = 2k, [118, Prop 2.3.2 c)], from (C.10) we obtain

0 < (o= 1)1 + ¢ (9G(q) +9G(q) ") — 20G(q)T9G(q).
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and hence that

7\ (I - cd6(0)7) (I — 06(q))
0_<]_(1—T25) co(l1—m) =96 ’

which implies, whenever 0 < § < ¢o(1 — 1), that Ss is (1/¢,)-GC. Lemma 2 follows by the

same arguments, using ¢, = 1/¢ and letting k — 07. [

Proof of Lemma 5.3

To satisfy (RC); and (RC); we need

2 k(1 —mn) — 6>
15+ — :
ot 23 " P2 +0(k(1—n) —00?)

Since T3 > 0, it is necessary that

o _ k(1 —mn) — o6
263 02— k24 0(k(1 —n) —002)

which in turn is equivalent to

1<2(1_477)+iz(1—5(2/@+1%—5€2>). (C.11)

2

Since by assumption a;ﬁ — 035 < 2(1 —n), there exists § > 0 sufficiently small such that

(C.11) holds. [

Proof of Lemma 5.4:

The convergence bound of Theorem 5.2-(i5) implies the slightly looser bound
V (t,7) € dom(z):

1|J=n

q(t, ) — °] < 0009 (1 =7 (p)) 217 . (C.12)
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Since (0,0) € dom (x), by using the structure of the hybrid time domain, with (7, s) = (0, 0),

ek
n - L

where L = (T — Ty)/n. Hence, using (C.12), |¢ — ¢*| satisfies

we obtain

n t
2

75 M. (C.13)

lq(t, ) — ¢ < ogor (1 =7 (0367"))

By minimizing the right hand side of (C.13) with respect to the restarting parameter
T, we find that the minimum value is achieved when (1 — y(o4x™')) = %. Solving for
T, we obtain precisely T°P*. Using this restarting parameter, for any v > 0 the error
lq(t,7) — q¢*| < v is obtained when ad,o,nefnTOp%To My < v. This inequality holds precisely

for all ¢ > ¢P*. Finally, using (1 — y(0pr")) = % in (C.13):
9(t, ) — '] < ogore” "I My, (C.14)
As Ty — 0%, and using the value of T°P*:
la(t,§) — ¢'| < agove " 7o My, (C.15)

which gives the convergence bound of order O(e™V+/4).

Proof of Proposition 5.1

We consider the Lyapunov function V = i+ Vo + 173, where V| and V5, are

given by (B.4a), and Vs is defined as V5 = /{%k} — ¢*|?. During flows we now have
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V(z) < —7s2 " Mg(7s)2, where & = (p — q,q — ¢*) with Mg given by

%1, (A — k)
Mqg(rs) = s . (C.16)
(AT — /f]n) k(1 —n)l,
This matrix is positive definite if and only if the following matrix inequality holds for all
75 € [Ty, T):
1 —
K=y o — ) (kI — AT). (C.17)

2
Ts

Hence, it suffices to verify the condition 0 < I,, — ;<(1T—jn) (kl, — A) (kI, — AT), which is
equivalent to k-GC of Sy. Tt follows that Mg(7,) = 0 for all 7 € [Ty, T, and V < —7y¢|2|?

during flows, for some ¢ > 0. On the other hand, during jumps, the policy a = 0,, leads to:

. K 1 »
AV < Vi) - Valo) (502 - T - gz ) o o

Using (RCs), we obtain A;JF”V(Z) < —Vi(2) = Va(z) — v(k71)V3(2), with v as in (5.6).

UGES of A follows by the same arguments of the proof of Theorem 3-(i5). [

Proofs of Theorem 5.3

To prove Theorem 5.3, we present two auxiliary lemmas:

Lemma C.4. Consider the assumptions of Theorem 5.3, and let Hos =
{Cas, Fos, Do s,Go s} be obtained by intersecting the data of Hy with A, =
A, x (Q(1, ® ¢*) + vB), where A, = ({(¢*,¢*)} + vB) x Asynec. Then Hy s ren-
ders UGAS the set A x {Q(1, ® ¢*)}.

Proof. Consider the change of variable 6 = ¢ — h(q), with h(q) = Q(1, ® q) and let

W(q,0,e) = —QLQ"0 —£Q (1, ®2D(1) "' (p — q))
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+£Q (1, ® PLQTH). (C.18)

This change of coordinates leads to a HDS H,y with state 9 := (x,0), where z =
(q,p,7), and data Hy = (Cay, Fo9, D2y, Gog), where Ca 9, Do 9 and Gy are obtained
directly from (5.16), (5.17), and (5.18) respectively via the change of coordinates,
and where the flow map is defined by Fy y(¢) == (U(x,0+ h(q)), W(q,0,¢)/c) where:

2D(1)"'(p—q) — PLQ'H
Uz,0+h(q)) = | —2D(r)G(1, @ q+Q70) |- (C.19)

nl,

Let Hy s be the HDS that results from intersecting the data of Hy with A, x (vB),
with v > 0. Note that studying the stability of A x {Q(1, ® ¢*} under Ha, is is
equivalent to analyzing the stability properties of the compact set Ag g = A x {0}"27"

under Hy . For this last system, we consider the Lyapunov function

Vo(¥) = (1 —d)V(z) +d - Ves(h), with d € (0,1), (C.20)
where V is defined as in Lemma C.1, and Vy(f) = %|9|2. By using the proof of
Lemma C.1, and noting that G(1 ® ¢) = G(¢), we obtain:

oV (z)

e Ulx,h(q)) < =18 My(q, 7,)i, (C.21)

with & == ((p—¢),G(q)) and M, given by (C.3) with ¢, = 1. Under the assumptions

of Theorem 5.3 we know that

72\ (¢, —9G(q)") (L6, — 9G(q))
0*["_<1—T25> (—n)— 2 ’

343



and thus that M(q,7s) > 01, V75 € [To,T]. Hence, from (C.21) and letting &(x) :=

/2
)1

(|p—Q|2—|— |q—q*|2 we obtain that

oV (x)
ox

& < —Tpdmin {1,¢} € (x), (C.22)

where we have also used the bound of Assumption 5.4. Additionally, it also follows

that
ov .
e (U(z,0+h(q) —Ux)) <a(lp—dq+Ila—q) 0], (C.23)
T pae(L) X 1 N 40 94 20
DT TN T T (D) T (L) [

On the other hand, by the fact that the underlying communication graph is undirected
and connected, it follows that QLQ" is positive definite [107, Lemma 6], and,

moreover

OV Ao(L) | 10
50 V(2,0,0) < - 01", 24
A e (C.24)
We also have that
OVy OV, Oh )
Ve Ulve Uit < |
< or 00 8:)@) Uz, 8+h(q) < exp(@)l8l+eslfl, (C.25)

where ¢y = 2v/2n /Ty and ¢3 = 2y/nAnax(L£). Hence, using (C.22)-(C.25) it follows

that the time derivative of Vg satisfies Vg < —(&(z),0)TA.(€(z),0) with

A (1 —d)Toemin{1,¢*} —1(1 —d)ar — te
e e d(M0 )

2 en

which is positive definite provided that € € (0, ;) where €5 is as defined in (5.20).
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Note moreover, that if € satisfies this condition there exists k. > 0 such that
Ve <~k (Ip—al* +lg =" +16]). (C.26)

Leveraging the results regarding the change of the Lyapunov function V during
jumps presented in the proofs of Lemmas C.1, C.2 and C.3, given that (RCy) is
satisfied with p; = 0 by assumption, and since V," () = Vy(0) for all § whenever
¥ € Dyy, it follows that A§+”V¢;,(19) < 0 for any resetting policy a € {0,1}". This
inequality and (C.26) imply that Hy s renders the set Agy UGAS via [16, Prop.
3.27]. The stability results for Ha s follow directly by the change of cooordinates

¢ =0+ h(q) and the described result for Hy ;. |

Lemma C.5. Every solution of H, is complete.

Proof. Since 7 is restricted to a compact set, it suffices to study the behavior of
the states (g,p,q) or equivalently of (q,p,6). Hence, considering the dynamics
in (C.18) and (C.19) it follows that |G| < £, (|p — q| + 10]), [p| < £, (Jg — ¢*| + 16]),
and ‘0’ < lo(lp —q| + 16]), where £, = max{%,)\max(ﬁ)}, l, = 20Tv/N and
{p = max {)\max(ﬁ) <§ + \/N) , ‘/Tév} Using these inequalities we obtain:

dl(qg—q*, p—p*, 0)|
dt

< |@.5.60)| <lta—a".p—a".0).

with ¢ = 2v/3max {gq,gp,gg}, which by the Gronwall-Bellman inequality implies
that the continuous time dynamics of Hs do not generate finite escape times. Since
Go(Ds) C Cy U Dy, solutions do not stop due to jumps. Therefore, every maximal

solution of Hs is complete. [ |

We are now prepared to present the proof of Theorem 5.3.

(a) Let Ho,, be defined from H, by following the same procedure described in the statement
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of Lemma B.1. Since the addition of the state ¢ and its associated dynamics do not affect
the synchronization dynamics, Ho, renders UGFxS the set A, ,, where A, , is as defined
in the previous Lemma. Therefore, by the hybrid reduction principle [16, Cor. 7.24],
UGAS of A x {Q(1, ® ¢*)} for system Hs g, established in Lemma C.4, implies that
A x{9(1, ® ¢*)} is UGAS for system Hs,. Since the choice of v > 0 is arbitrary and
since solutions of Hs are complete and bounded, using Lemma C.5 we obtain that the
compact set A x {Q(1,, ® ¢*)} is also UGAS for system Ho.

(b) Let v > 0, and Ky = K, x K; C R*" x R™~" be an arbitrary compact set. Moreover,
define 7 := maxycg, Vi (?), where Vg is as defined in (C.20). Notice that v exists since Vg
is continuous and Ky is compact by assumption. It follows that Ky C Ly, (v), where Ly (c)
represents the c-sublevel set of the function f : R™ — R. Since V is radially unbounded
by construction and Assumption 5.2, it follows that Ly, (7) is compact. Let KV = Ly, ()
and define the HDS Hy jc = (Fy, Co N KV, Ga, Dy KY). Notice that under Hs x, §
evolves in a compact set. Moreover, by the arguments presented in the proof of item (a),
Ho i renders KV strongly forward invariant for any e € (0,}). Hence, using Lemma C.5,
it follows that, given any arbitrary compact set K, x f(q C KV, every solution to Ha
with (2(0,0),4(0,0)) € K, x Kj is complete. Therefore, by [30, Thm. 1], for any pair
t,7 > 0 there exists & € (0, e5) such that for each ¢ € (0, €] and each solution z to Hs k,
with 2(0,0) € K, x Kj, there exists a solution = to H;such that = and z are (%, 7, v)—close.

The result follows by using ¢** = min {¢, €} }. |

Proof of Theorem 5.4

The proof uses tools recently developed for hybrid extremum seeking control
[111, 25]. Specifically, we show that all the assumptions needed to apply [25] are satisfied.
In particular, using a Taylor expansion of the form ¢;(q+cqfi)ji; = f1:0:(q) +eafiiii' Vi(q)+
[1;O(e2), and the fact that |;] < 1 for all i € V, and that %f(; fi(H)a(t) " dt = e;, where

L = 27LCM{1/¢1,1/s,...,1/s,} and LCM denotes the least common multiple, the
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average dynamics of Hs are precisely given by Hy = (Cy, F{, D1, G1), where Gy, C; and

Dy are given by (4.9a), (4.9¢), and (4.9f), respectively, and Fi! is given by:

2D(7)"'(p —q)
Ffz) = | —2D(r)(G(q) + Olea)) | - (C.27)

nl,

It follows that, on compact sets, we have
FA(x) € conFy(z + ke,B) + ke B, (C.28)

for some k > 0, where F} was defined in (4.9¢). Thus, any solution of the average dynamics
Hi is also a solution of an inflated HDS generated from #;. By [16, Thm. 7.21], we
conclude that, under the Assumptions of Theorems 4.1-5.2, system H3' renders SGPAS
as ¢, — 07 the compact set A. Since H% and H; are nominally well-posed, all the
assumptions needed to apply [25, Thm.7] are satisfied, and we can conclude that Hj
renders SGPAS as (e,,¢,) — 0% the compact set A x T". Item (b) follows directly by [25,

Prop. 6]. |

C.2 Proofs of Section 5.2
Proof of Proposition 5.2

For the purpose of clarity, we divide the proof of Proposition 5.2 into multiple

lemmas.

Lemma C.6. Suppose that Assumption 5.6 holds; then, there exists a unit vector

q € RY such that items (a), (b), and (c) of Proposition 5.2 hold.
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Proof. Ttems (a)-(b) follow directly by [276, Prop. 1]. To show item (c), we use the

expressions in (5.51) and (5.52), and by direct substitution we obtain:

T4+0= kerAJr% (QL+LTQ) + % (QL-L'Q)

Applying a left-multiplication by Q~* and a right-multiplication by 0 leads to

Q1 (Z+Q)0=kAI+ kL6,
and since 6 = 0 — 1y ® 6%, and L(1y ® 6*) = 0, we obtain:
Q' (Z+Q)0=kA0+ kL6

Finally, we show that ®(0,0) = Ad. Indeed, since
($1(01,0),...,Pn(0N,0)) and P;(6,,0) is given by (5.33), we have:

3,(6,0) = 3" 6ultir) (6:(00) 00 — 6i(t)T0")

k=1

ki
= Z@(tzk)@(tz,k)—r (01‘ - 9*) = Aiéi, Vie,

k=1
which implies ®(6,0) = diag({A;,...,Ayx})0 = Af.
Lemma C.7. There exists x € Ko such that (5.53) holds.

Proof. Consider the following matrix:

W(t) = [ﬂ + thA@)} [9 + thA(t)] "
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®(0,0) =

(C.30)



and recall that for any symmetric matrix A € R™" we have A < A\,ax(A) 1, [277, Cor.
10.4.2] and Apax(A) < omax(A) = ||A]| [277, Fact 7.12.9], where Apax(A) and opmax(A)
are the maximum eigenvalue and the maximum singular value of A, respectively.
By using these facts, together with the sub-multiplicativity of the matrix norm, we

obtain that:

W) =QQ" +k (QA(t)'Q+ QA(HQ)
+EQA(HQA()'

< (@ + 2aq| At ||k + T4 A L)1) In. (C.31)

Since ¢;(+) is uniformly bounded, there exists ¢ > 0 such that ¢;(t) < ¢ for all i € V
and all t € R. Combining this fact with the diagonal structure of A(t) leads to

|A(t)]| < (¢)2. By using this bound in (C.31) we obtain:

W(t) < (E?Z + 25050 ki + 5Q54kt2> Inm.

The result follows using x(k;) == \/ QEQEQq_b2kt + 555416?, which is clearly a class-K

function. [ |

Proof of Proposition 5.3

We divide the proof into two lemmas:

Lemma C.8. Under Assumption 5.6, item (d) of Proposition 5.2 holds, i.e., ¥ is

positive definite.

Proof. We present the proof step-by-step.
(a) First, note that QA = AQ since Q = Q® [, = diag ({q1 1, ..., qn1n}), A =
dlag ({Al, ey AN}), Wlth Az = ZEZ:1 qb(t%k)gb(tzyk)—r - Rnxn, and QZ]nAz = AquIn
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trivially. Then, since Q > 0 and A > 0 it follows that QA = 0. (b) Let the

eigenvalues of the matrix £ Q + QL be organized as 0=\, < < --- <Ay, and let
v; € RY be the eigenvector that corresponds to the eigenvalue )\; and satisfies |v;| = 1.

It follows that v; = —=1y. (¢) Let M := LTQ + QL, and let

L
VN

1
E::\/_N[]-N@elu”' 71N®en]
U:: [U2®€1,"‘ 7U2®€n7"' 7UN®617"' JUN®en]

where the vectors e; denote the standard basis in R™. Note that the matrices
E € RV and U € RV**(N=Dn characterize the null space and the range space of
M, respectively.

(d) Let x € R¥" be a unit vector, which we can write as
% = Eb + Uc (C.32)

where b € R” and ¢ € RW=D" satisfy |b|? + |c|? = 1.

(e) Since E can be written as E = \/LWIN ® I, and QA = diag ({141, ..., qnAN}),

we have that

VAN
1
AE = — : ,
Q \/N .
gnAn
which leads to
N
1
E'QAE = — A C.33
Q ¥ ; q (C.33)

Using (C.32) and (C.33), we obtain

%x"QAx>b'E'AEb+2b'E'QAUc
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> 0qa/b|* +2b"ETQAUC,

where @ := a/N, a is given by Assumption 5.6, g and Gq are defined in (5.50),
and Ta = |A|. Moreover, since [2b' ETQAUc| < 2|b||c[dqoa, and using |c| =

\/1—7|b|2, we obtain:
%" QAX > gqalbl?* — 25q7albly/1 — [b[2 =: & (b). (C.34)
(f) On the other hand, we have that
X TMx > Aofcf® = Aa(1 = [b]?) = &(b). (C.35)

Since by the construction of X in (5.52) we have X' ¥x = k,x' QAX + x"MX, the

above bounds imply that ¥ > oIy, where

os > Or<mg1 max {krfl(V), %&(V)} , (C.36)

with & given by (C.34) and &, given by (C.35).

(g) Next, we study (C.36) and we show that this lower bound is indeed positive.
Since, by item (a), QA > 0, without loss of generality we can assume that the first
term in the brackets in (C.36) is non-negative. Indeed, suppose by contradiction
that such term is negative. Then, since QA > 0, we can take {(b) as a non-negative
lower bound for X" X%, and since £(b) = 0 only if b = 1, we obtain that for such b

the first term in the brackets is indeed positive.

(h) To get a closed form of the expression in (C.36), let v =sin(f), 6 € [0,7/2]. In
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the 0 variable, (C.36) becomes:

Jin, max {kl(l— cos(20)) ko sin(26), k(1 + cos(29))},

where the constants ky, ko, k3 > 0 are given by k; = kTiQ&, ky = k,oa0q, ks =

%)\2. Further simplifying, we obtain

k
: _ 2 P -1 (M
ogélgng max {k‘1 \/ ki + k3 sin (29 + tan (k2)> ,
ks + k3 008(29))}

.— min max {gl(ﬁ), gQ(e)}. (C.37)

0<6<T

We argue that the intersection point 6 € [0, 7] of the trigonometric curves g,(0), g2(6)

solves the min-max problem (C.37).
(i) To establish the existence of such 6* € [0,5], we use the following

facts: (1) ki, ko ks > O, (ll) 91(0) = 0, 91(%) = 2k > 0, dg;_&@) =

—2/RT + K cos(20 + tan (1)), (i) ga(0) = 2k > 0, go(5) = 0, “B —

—2k3sin(26). Since ¢g; and go are continuous functions, the previous conditions
imply the existence of a point #* such that g;(0*) = g2(6*). Moreover, since go
is decreasing on [0, 7] with g2(0) > 0, g2(5) = 0, g1(0) = 0, g1(3) > 0, and
% = —2/k} + k3 cos (26 + tan_l(%)>, it follows that the intersection point 6* is

in fact the minimum of the point-wise maximum of g;() and g,(#). See Figure C.1

for an illustration of this step.

(j) By computing the intersection point 6*, we obtain

0 = L cos ! b ks + tan1< k2 >
2 V (k1 + k3)? + k3 k1 + ks
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Figure C.1. Tllustration of step (i) in the proof of Proposition C.8.

ol b

Substituting the values of ki, ko and ks, establishes the existence of a positive lower

bound on the constant oy, that satisfies 3 = o5 Iny,, given by

[1+ cos(6%)], (C.38)

where 0* = 0] + 05, with

2krgQa — koo
\/ (2k,0qa + keAo)? + 16k255 5%

07 = cos™*

and 0} = tan™! (%). Note that cos(6*) € [0, 1] since §* € [0, 7/2], which

implies that g5 > 0. [

Lemma C.9. Let Ay be the largest eigenvalue of LT Q + QL. Then, under

Assumption 5.6, the matrix 3 satisfies

ke
= (kTEQEA + 3)\]\[) Ing,. (C39)
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Proof. By the definition of A and 7 a, the term QA satisfies: QA <X 7qoalnn.
By the definition of Ay and the fact that QL = QL ® I,, by the properties of the
Kronecker product, it follows that LT Q + QL < AxIx,. Note that Ay > 0 since, as
stated in the proof of Lemma 5.2, QL + L7 Q is a nonzero and symmetric M-matrix.

Combining these arguments we obtain (C.39). |

Proof of Theorem 5.5

We follow a (hybrid) Lyapunov-based approach to study the HDS #, with input u,

in the error coordinates

Jo = (Ze,8) = ((0,p,7.), 5),
where 0 = 0 — 1y ® 0*, &, = (0, p, 7.), and p = p — 1y ® 6*. In these new coordinates, the
HDS with input u becomes

7:[c = (Cc X RZOa :ﬁ‘cy Dc X RZOv Gc)a

where Fo(Je, u) = Fo(je,u) x [0,w] x {1}, with F. given by (5.38). For this system, we
will study stability properties with respec to the set A, R>¢, where

A, = {0} x {0} x [T}, 7). (C.40)
Proof of Theorem 5.5-(a)

We establish item (a) of Theorem 5.5 via a sequence of lemmas. The following

lemma follows directly from the uniform boundedness assumption on the regressors ¢ and

the definition of U in (5.39).

Lemma C.10. There exist ¢ > 0 such that [U(s)| < ¢|u] for all s > 0.

354



Next, we consider the Lyapunov function

P—0lg , pla , 103
4 4 © 27

V(ge) = (C.41)

and we study its behavior during flows and jumps of H,.. and present a lemma and two

auxiliary propositions.

Lemma C.11. There exist constants ¢ > ¢ > 0 such that

Q|gc 2 < V(~ ) < E|7jc

2
ACXRZO - yc

ACXRZ()’

for all gc S (CC U DC> X RZO‘

Proof. Since, by the definition of H,., we always have s € R>p, we just need to
study |7.|z . To establish the lower bound, and using the definition of the norm

| - |p, and since 7, > Tj for all Z. € C. U D,, we directly obtain that |plg, > oq|p|*

1

and 72|0|% > 05 T3|0|%. Therefore, V(§.) > c|Z.[% , where ¢ := i min {0q, 205T¢}.

%0
To establish the upper bound, we use (5.50) together with the fact that 7 < T to
obtain that V(§.) < 1(25q|0|? + 35q|p|? + 272|0|%), where we also used the fact
that |p — 02 < 2(|0|2 + |p|?). Using Lemma C.9, we obtain V(7.) < c|z.|%, with
¢ := ;max {30q, T%(2k,0qoa + kAy) + 20q}. |

Lemma C.12. Suppose that T < T; then, there exists o > 0 and v > 0 such that

V satisfies V(§.) <—oV (%) + 7|ul?, for all §. € C, x Rsy.

Proof. By direct computation, we have:

V() = . ((]5 _§)T éT) Vo (7o, )

e
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+7.(2p — 0) TQU(s), (C.42)

where

3 (s)
Vu(re,s) = ¢ ,

Q)T (1—w)E + kQA(s)

for all w € [0,w], where

Q(s) = Q+ kQA(s),

and where we used the fact that 2] Qz; = 0 and Proposition 5.2. Using the definitions
of 0q, 05, and 7q provided in Propositions 5.2-5.3, and Lemma C.15 in the Appendix,
it follows that V,,(7., s) = viny,, for all 7. € [T, T], all w € [0,w], and all s € Rx,
with

(1 -w)osoq — T%(@4 + x(k)?)

- 4
v T2(1 _ w)gg +QQ > 07 (C 3)

and y € K. Using the Cauchy-Schwartz inequality to upper-bound the last term in
(C.42), and since Ty < 7, < T and |Z.|*> < 3(|p — 0]> + |p|?) for all &, € C,UD,, we

obtain:

V(5.) < —Tov([p—01> + 0]*) + 2T(|p| + |0]) | Q| U(s)]
< _§T0|a~:c\2 + 2v25 QT |ul

1 _
g-(%TO—Z)mPHe (5Q¢T)2 |u|?, (C.44)

for all € > 0 and all w € [0,w], where the last inequality follows from the fact that
ab < iaz + eb? for all € > 0. Setting € := % for € > 0 and using the lower bound

of Lemma C.11, the expression in (C.44) yields:

- e Viy., . 6 — N2, 9
<= =0 — . :
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The result follows by setting o := ”3—"2‘)1& and letting v € Ko, be defined as v(r) =

(1+¢);5 (FqoT) 7. 0

Lemma C.13. Suppose that T > T; then,
V(g:) < (MT)QV(Z]C>7 v gc € (Cc U Dc) X RZO?
where 7 1= min;ey 7, and pp = (T/T)>.
Proof. Using the definition of the jump map G, for all . € D, x R5( we have:

AV (55) = R0+ (Ina—R,))p—013

+ [Ry0 + (I — Ry)Blg + 2T0/0]%, (C.46)

where R, := diag(n) ® I,,. By Lemma C.16 in the Appendix, the change of V' during
jumps, given by AV(G.) = V(§!) - V(7), satisfies:
AV (§e) = 0lR,q — BlR,q — 10 — Blk,q + 275105 — 211015
< — (Iplk,q + 10— Plh,q) + 22101% + 27310 — 277013
Is

— = (18, q + 10— Bl,q) — (1 = ur)2T*1015

< —(1 = pir) (IplR,q + 18— Blk,q + 27%101%)
where we also used the fact that puy € (0,1) whenever 7' > T. It then follows that

AV(ge) < 0 for all . € D, x R5g. When 1 = 1, the previous inequality yields

AV (§.) < —(1 — ur)V(ge), wich in turn implies that V(g.) < purV(7.). [

By the construction of the dynamics of 7., every solution to H,. is guaranteed to
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have intervals of flow with a duration of at least (7" — Tp)/w between any two consecutive
jumps. Combining this fact with Lemmas C.11, C.12, and C.13, it follows that H.. renders
the set A, ISS with respect to the input u. The ISS property of the HDS .. with respect

to |- |4, X Rsq follows directly by employing the change of coordinates §. — ye.
Proof of Theorem 5.5-(b)

Let the initial condition satisfy g, := ((6(0,0),5(0,0),7.(0,0)),5(0,0)) € (C, x
D.) x Rsg, and let (., u) be a maximal solution pair to H, from the initial condition g,
satisfying during flows 7.(¢,j) = w € (0, 1) for all (¢,j) € dom(g.). By Lemma C.12, we

have that V(g.) < —2V(3e) for all g, € (C.UD,) x Rxq such that V(.) > 2?7\u|2. Let
N 2nN+1 , ~ 27, 12

and let T = sup{o € Rxy : %(t,7) € R, (£,j) € dom(j.), 0 < t+j < o}. Then,
letting ¢t; == min{t € R5¢ : (¢,7) € dom(y.)} for every j € Z>g, and via the comparison
lemma, it follows that V (§.(t, j)) < e P42V (§.(t;, §)), for all (t, j) € dom(f.) such that
ti+j <t+j <T. On the other hand, from Lemma C.13, it follows that V (g.(t;41,j+1)) <

prV (Je(tjs1, j)), which iterating over j yields:
V (5t 5)) < e™ gV (Go), (C.48)

for all (¢,7) € dom(g.) such that ¢t + j < T and where we have used that ¢, = 0. Since

V(5e(t, 7)) <0if g.(t,j) € R and Proposition C.13 holds for all (¢;,7) € dom(g), it follows

that g.(t,j) € R for all t + j > T, meaning that

V(ge(t, 7)) < 2%Iu\m, (C.49)
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for all t+7 > 7. The bounds (C.48) and (C.49), together with Lemma C.11 and the time-
invariance of H,., imply that |§C<t’j)>‘?&c < Eu]f];&()&c + 2?7|u|(t7j) for all (¢,7) € dom(g.),
where we also used the fact that e=9/2 < 1 for all + € Rso. The bound (5.57), is obtained
by evaluating the above bound at the hybrid times (t;, j), noting that |0] < |7|4., and

via the change of coordinates g, — ¥.. [

Proof of Theorem 5.6

The proof uses the reduction principle for hybrid systems [16, Corollary 7.24]. First,
note that, by construction, H satisfies the hybrid basic conditions [16, Assump. 6.5]. Since
the flow map F is globally Lipschitz in C, the HDS does not exhibit finite escape times.
To study the stability properties of the system, we first intersect the flow set C, the jump

2n+DN * GSince 7

set D, and the values of the jump map G with a compact set K C R(
already evolves in a compact set, we take K only to restrict the states (6, p,s). The new
restricted system is denoted as Hx = (CN K, F, DN K,GN K). Since the dynamics of
the state 7 are independent of (0, p), we can directly use [148, Prop. 1-(a)] to conclude
that, under condition (b) of Theorem 5.6: 1) the set K X Agne is UGAS for the HDS
Hi, and 2) 7 converges to Ay before the hybrid time (2t*,2N). It follows that, for
all solutions (y, s), and all times (¢, j) € dom((y, s)) such that ¢ > 2¢t* and j > 2N, the
restricted synchronized HDS behaves as having the centralized master timer 7, of Section
5.2. Next, we intersect the data of the HDS H g with the set K x Agyn.. For this restricted
HDS, denoted Hg 4., Theorem 5.5 guarantees UGES of the set A when u = 0. By
invoking the reduction principle of [16, Corollary 7.24], we conclude UGES of the set A
for the HDS H. Since this system has bounded solutions, and K was arbitrary large, for
each compact set of initial conditions K| of system H, we can select K sufficiently large
such that the restriction in Hy does not affect the solutions from Ky, obtaining UGES of
A for the original hybrid system H. Now, since the convergence of 7 € RY to Agypn. occurs

in finite time after which the stability properties are characterized by Theorem 5.5, we
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obtain that A is UGES for H. [ |

Proof of Corollary 5.1

First, note that j > m for any (¢, j) € dom(y). Therefore, since u(T") € (0, 1),

the bound (5.57) implies the following slightly looser bound when u = 0:

1 wt
(u%‘TO) ol (C.50)

1ol

ly;l% <

where ¢ and ¢ come from Lemma C.11. Following similar ideas to [93, 25], and using the
definition of u(7T"), we solve the following optimization problem to maximize the rate of
contraction over any window of time ¢':

] T) = T_iTO.
Trgﬁgoaﬁ() o

Computing the derivative of ¢ with respect to T, and equating to zero, we obtain:
T = e/ ;U—Qz + T¢, which is the unique minimizer of ¢. By substituting 7' = T* in (C.50),
we obtain

2wt’

¢ 2wt
ly; 2 < —e” T =T [yo| % (C.51)
c

Thus, to have |y;|} < e for a given £ > 0, it suffices to have that

1 le
> —(T*—-1Tp)1 —lyol4 | - .52
2 o (= Tolog (LIl (52
Moreover, note that the right hand side of (C.51) is of order O (e_VQE/ EQy). |

Proof of Corollary 5.2

The arguments are similar to those used in the proof of Theorem 5.5 by using the

fact that in Lemma C.13 the expression in (C.46) yields AV (g.) < 0 whenever n = 0.
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Auxiliary Lemmas

Lemma C.14. Consider the following block triangular matrix:

Suppose that M is non-singular. Then, the minimum singular value of M, o, (M),

satisfies
1

) > .
VIATPA+[IBDP) + [ D>

Umin(

Proof. First, since the inverse of the block triangular matrix M is given by

i |4 —ATBD
0 D~

we can upper-bound the 2-norm matrix of M~

- 2
i At —A7'BD7 |u
[M~1" = X
[u]24[v]2=1 0 D1 v
- 2
A~y — A"1BD 1y
= max
[ul24|v]2=1 D1y
= max ‘A_lu - A_IBD_lv’2 + ‘D_lv‘Q
[ul24-|v]2=1
< [JATYP(L+ IBD7H?) + [ID7H. (C.53)

Then, since the minimum singular value of a matrix is the inverse of the 2-norm of the

inverse matrix, i.e., opin(M) = W’ we can use (C.53) to obtain the result. W
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Lemma C.15. For each 7. € [Ty, 7] and s € Ry, consider the following block

matrix
%Q Q(s)
Vw(TCa 3) =1 . 2 )
s) X(s)
where
3(s) = (1 — w)Z + k& QA(s) (C.54)
Q(s) = Q + kQA(s) (C.55)

where w € [0,w], w € (0,1), and the matrices Q, 2, and X are defined as in

Proposition 5.2. Then, under Assumption 5.6, we have that:

Vou(Te, 8) = ving, (C.56)

for all 7. € [Ty, T, all w € [0,w], and all s € R>g, where

1 —TE, + ki
y = 1= Wezte ~TEa + k) _ o (C.57)
(1 - w)zs) + 24

with 0q, 0, and Tg, as defined in Proposition 5.2.

Proof. First, we show that the matrix-valued function V,(-,-) is positive-definite
uniformly over 7. € [Ty, T], s € R>, and w € [0,w]. To do this, we decompose V,, as

follows:

Vu(Te,s) = U(re, s) "D(1,, 8)U(1e, 5) (C.58)
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where

] 0
D(r,s) =" A ) :
0 3(s) —72Q(s) Q' 2(s)

and

Using the definition of Q, and the fact that 7. < T for all g. € C. U D., we obtain

Q 7q
== (72) b (C.59)
Also, it follows that
3(s) — 72Q(s) ' Q7'QUs) = (L, (C.60)
for all s € R>(, where
. _, 2
(=(1-w)oy - O__<EQ + X (ke)).- (C.61)
=Q

Note that ¢ > 0 since condition (5.56) holds by assumption. Therefore, since

~

Q =0 and 3(s)—72Q" (s)Q'€2(s) >~ 0.

it follows that the matrix V(7. s) is positive definite uniformly over 7. € [T, T

s € Rsg, and w € [0,w] [278, Theorem 7.7.7].
Now, we establish the matrix inequality (C.56). To do so, we use the bounds (C.59)
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and (C.60) for (C.58) to obtain that

2Ixn 0
V1o, 8) = Ul(r,s) |70 U(r, s)
O CINn

= V(1.,5) V(1. 5), (C.62)

where V(7,, s) is the upper block triangular matrix

29I ) E2Q (s
V(1. s) = 72N T (5)
0 \/Z[Nn

By applying Lemma C.14 on the matrix V(7,, s), and using (C.62) together with the
fact that V has full column rank and thus that 0, (VTV) > 0min (V1 omm (V) =

o2. (V), we obtain

min

1
7—40- ~
2 (14 222)Q102(s) 2) + L
(oq
B 5/ —2 B 2 [2Nn
T?(Caq + T%*(@g + x*(kt))) +0q
(1- W)QEQQ — T*(7g + x*(kt))
({1~ w)zs) + 0

V(e s) =

[2Nn

I2Nn

where we have used the fact that the induced 2-norm is sub-multiplicative and that

Q7| < 1/oq and ||R|* < Tg. This completes the proof. |

Lemma C.16. Letn := (n1,m9,...,nn) withn; € {0,1} foralli e V ={1,2,... N}
and R, = diag(n) ® I,,. Then, for all §, 5 € R¥" we have:

IR0+ (Inn — Ry) 5 — 0|3 + IR0 + (Inn — Ry) 513
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- ’ﬁ% - |15 - é’%) = W%{nq - ‘ﬁﬁanQ - |9~ —15|%1,7Q
where Q is defined in (5.50).

Proof. By direct computation, we have:

R+ (= Ry) =0l = (R0 —7) 0 =)
= (Inn —Ry) (0 — )14
= |R;(0 — p)lg

= |Z|?Qv

where z = Rf](é —p), and Ry = Iy, — R, . Writing 2 = (21,...,2x), with
Z= (i — 1) <0 . py) €R", Vi €V, it follows that

N
|Z’%Q = Z%Wz‘ —pil*(m = 1)°
i=1
N ~
= Zqz'wz' —pil* (L —m;). (C.63)
i=1
Similarly,

IR0+ (Inn — Ry) Bl3 = Ry (0 — 5) + 53 = |Z[3,

where = R, (6 — p) + p. Writing 2 == (2,,..., Zy), with % = 1, (@ —ﬁ,) e

R", Vi€V, we get:

N
2lq = Z%|5z‘|2
i=1
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N ~

= Z qilmi(0; — pi) + il
=1
N ~ ~

=> g <U?|9i — pil® 4 2mi(0; — i) " (Bi) + |13¢|2>
=1
N ~ ~

= Z i (ni(ei — i) (0 + pi) + ’ﬁi|2>
=1
N ) N

= a6l + Y ailpil* (1 —m).
=1

i=1

Together (C.63) and (C.64) yield:

IR0+ (Ina—Ry)p — 04 + R0 + (Inn—R,) 514

N
_’ﬁ|2Q - ‘]5 - 9’?9 = Zqz‘m’9i|2
i=1
N

+ Z%(l =) (|ﬁi‘2 +10; —251'|2>
i=1
N N
- Z%|ﬁi|2 - Z@h‘wz‘ — il
i=1 i=1
N ~
= Z%ni|0i|2
i=1
N ~
- Z%m <’]5i|2 + 16; —]51'|2>

i=1
2

=10 R,Q

®,q — PR, — 10 =P
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APPENDIX D

Proofs of Chapter 6

Proof of Lemma 6.2

Let x € R™ be arbitrary. Then, by using that the data is SR with level of richness

~v we find that

S OO
T U = O T )
|6(s)z |’

~Trelramy

> pr' Px

-
ST +a pPx

> yp|a|?

— Q(S) = w1, Vs € Rzo,

(D.1)

where k := yp. On the other hand, using the fact that }aaT| = |a|*, Ya € R" we obtain

that

(U(s)T(s)"| = |W(s)]* <1, Vz e R",

and thus, using Holder’s inequality, it follows that:

2"Q(s)x =2 oW (s)V(s) 'z + 2 pPx
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< 0|z U(s)U(s) 2| + pAmax(P)|2]*
< olz||W(s)U(s) x| + pAuas(P)|z[*
< olz||W(s)W(s) " |[z] + pAmax(P)]2”
< (0 + pAmax(P)) [2]”

= Q(s) X K1,

where K = 0 + pApax(P). [ |

Proof of Theorem 6.9

We will establish the stability results by using hybrid Lyapunov functions. In

particular, we consider the function

N\2 %) 2 0T P
— — P
V(z,s) = (p 40) + (p 49 ) +k‘p7’29 5 9.

Therefore, for all x € C'U D, using the fact that 7(¢,j) > Tp together with Lemma 6.2, for

all (¢,7) € dom(x), we obtain:

p—é _9*2 k T2~ ~
V(J],S) Z + |p | + P 0 QTPH
4 4
: 0
|1'3—9*|2 2‘
kpyT5——
1 + 1 + rpydg

2
p—6 1 kpyT? 2
> rin{ 3 204 (- o+ i)

2

vV

> Q|J~7|?4 Vs € Rzo, (D2>
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where ¢ := min {i, %} On the other hand, since 7(¢,7) < T for all (¢, j) € dom(z),

we obtain that V satisfies:
— 9 — 9 07 Po
p ’ p |

koT?
4 1 T

Vi(z,s) <
~12
0

2

p—0F b6
<
- 4 * 4
N 2
L
<
- 4 + 2

+ kpT* Apax (P)

12
0

+ kpT?* Aax (P)

2

_ 1 2 j
= S S (L kT A (P)) [0

<7, (D.3)

where ¢ := max {2, 2 (1 + kpAnax (P) T?)}. Similarly, using

),

p—6 <2(’

we obtain:

~

60— 0"

i 4 (5)2) kA (P) T

N

2
A

(D.4)

Additionally, let n =1 — 13 — ﬁ, and \ := min {W, —log(1 — 7])} Then, by
Assumption 6.2, we have that A € Ry, since M >0andn € (0,1) .

Hence, by letting & := (z, s), the time-derivative of V' along the trajectories generated by
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the flows of Accelerated Hybrid Dynamics with Periodic Restarting satisfies:

a—VF(ac7 s)

Viw.s) = o

=L L 4 9%k70 pP(p —0)

~ hr(p— 6)Ts) — kr(p — 67)TQs)d + %Teﬁpé

P ) A ) kp
= L k0T (20P — Q(s)) (p — ) — k0T Q(s)(p — 67) + {#ﬂp@

A~

— kT (P ¥ ()T (0~ )

— k70" (cW(s)U(s)" + pP) (p—6) + %T@Tpé

A2
@—9 _ A
=——+k70" (pP —oU(s)¥(s)") (p— O+ 6" —67)

T

—kr6" (cU(s)U(s)" + pP) (p—0%) + %T@TPHN

I o
= —‘— — k70" (pP — oU(s)U(s)") 0+ k0T (pP — oV (s)U(s)") (p — 6")

T

— k6" (U\If(s)\I/(S)T +pP) (p—0") + %TéTPé
= -
S N ey (pP — U\I/(s)\II(S)T) O — k10 oW (s)U(s) (p— 0%

-
— k0 oW (s)U(s) " (p— 6) + %TéTPé

2

=— — kpr0 PO — kot ()W (s)" (2p — 20* — ) + %TéTpé
2

~

=— - ngéTPé — ko0 W(s)W(s)T(2p — 0 — 6%)
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2

k

— =T
2

+

Z‘p—é

kr?

where

_ ngéTPé ~ hor0TU(s)U(s)T — 2koriTU(s)U(s) (p — B)

55000 - 2kl I W) (- )

+ oK

— ngéTPé — kO’TéT\IJ(S>\I/(S)T<2p 10— 2@)

~

~

éTQ(s)é — 2kJT§T\I/(s)‘I’(S)T(p —0)

~

géTQ(s)é + 2]{;05T\I/(8)\I/(S)T(p —0) (D.5)

~

~

— 2ko 9~T\If(s)\II(S)T(p —0)

~ 2ko| 00 ()| |9 (5)" (p — 0)|

— 2ko

0|lw(s)P

p— |

2

7

k R
——olf||lp—0

o
2

d

2

2

(_
(

12
+/€‘6

_a]é

=4

(D.6)

N|Q

(D.7)

SIS

371



Next, we compute the eigenvalues of M:

8k 8py
k12 ko?  ko?’

Now, using the fact that v/a? + b2 < a + b, it follows that

()> 2+ 2
T_T_Q kT2 & kT2 "

~o).

If

from (D.8) we obtain that:
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Moreover, if 2py > ¢ holds (D.9), reduces to:

2 4 1 2 4p%~? 8
T2<—max{ﬁ,—}:—max{ pﬁy,l}:ﬂ
k o’ py o

and hence to

72 < (D.10)

ko?’

Hence, provided that (D.10) holds, and defining r = % (pv — %) we can further upper

bound (D.6) by

2

~ ~

. 2
V<—r < p—0| +10 >
r
< —gV(x, s) (D.11)
Since by definition we have A < <, it follows that
Viz,s) < —AV(z,s), Vo e C. (D.12)

Note that this bound implies that V' does not increase during flows, and that it satisfies
V(z(t,j)) < V(x(s,j)) for all t > s and each fixed j such that (¢,j) € dom(x). This
generates the bound (6.8) (acceleration bound in the theorem).

On the other hand, during jumps the restarting policy ¢ = 0 generates changes in the

Lyapunov function given by

- — 05 kT2 -
Vizt, sT) = Vi(x,s) = Y P 1 | + 20 0" PO

Cp—0)? kT

4 4 2
T2 -T2 . -
::—k——a—ﬁﬂTPH

2~ ~
0" Po
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<0, (D.13)

where in the last step we have used Lemma 6.2. Additionally, when ¢ = 1, the change of

the Lyapunov function during jumps is given by

2

’é kT2 . B ‘p—@ _9*2 k72 B
V(e s*) = Vie,s) = -+ 00T PO - _ . | —%HTPG
é2
| i ’p— p— 0> kr? ~
< —0"Po+ =29 Ph— — - P
_479 0+ 5 6' PO 1 : 5 6' PO
2
‘p—@ _px|2 T2 1 2 B
= - A Y PO S L8
4 4 72 22 ) T2
< —nV(z, s)
— V(z%,s") < eV (x,s), (D.14)

for all z € D, ™ € G(x),s € Rxg, and where we used (1 — ) < e~ which follows from
the definition of A\. Inequality (D.14) and the non-increment of V' during flows implies the
bound (6.9) (exponential bound in Theorem). Inequalities (D.11) and (D.14), together
with the quadratic bounds on the Lyapunov function (D.2) and (D.3), imply UGES of
the set A ([223, Thm. 1]). Similarly, inequalities (D.11) and (D.13) imply UGAS via the
hybrid invariance principle [33, Thm. 8.8], which in turn implies that V' — 0% i.e., the
sequence {f3;}22, with 3; .= V(x(t;, j), s(t;, 7)) and t; := min{t € Rx : (¢, j) € dom(x)},

is monotonically decreasing and converges to zero. [ |
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Proof of Theorem 6.2

First, notice that the Hamiltonian function H satisfies:

o 0 OH\ " [0H OH\ " [0H
H@,p)=VH" =k (—) (—)—k <—> ( A>:0, D.15
(6, p) ; Ay 9 "\ ap % (D.15)

~

where we used %—Ig = B(#). To analyze the behaviour of H during jumps, we follow similar

arguments as in [167], and we first note that for any pair of vectors u,v € R™ we have

that:

2 2
1
% = % + o' P(u—v) + §(u — )" P(u—v).

Therefore, since the data is SR with level of richness v > 0, we obtain:

+ 0" P(u—v)+ =|u—v (D.16)

2 2
1 P

0 = min |ul? > lle —|Pv)? = [Pl

u€R” 2 2y

(D.17)

Now, let ¢ := %H, and note that ¢ € (0,1) since A > . Hence, using (D.17), we can write
Y

an upper bound for the value of the Hamiltonian after a jump as follows:

_ 10
2 ~ ~
01 105
— (1) P
( £) 5 + e 5
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< (1 —=
(1—¢) 5 +e o
0% _[BO)P
=(1-— : D.1
(- 5F e (D.18)
Using the fact that
1 P A
1l—e=1-— 5 =——3 =e—, (Dlg)
st 7 241 i
from (D.18), we obtain that
@G < = (M +|B@)
< =
0 < 5 ([, + o))
which, using the definition of H, further reduces to
1) < = (] + k)
2y
55\ ~ 2
=— 110
= (Jof, + wi*)
EX
= TH(Q,p). (D.20)

Therefore, given any arbitrary initial condition (éo, Do, To), and using (D.19) together with

(D.20), after j jumps we obtain
. N L . .
HO(,),000,5)) < (23] Hllbum) = (1= 2 Hlo) = Hlo ), (021)

In (:£) = #1n (1 + ). As described in Remark 6.2 we have that 7(t,j) < T

— 1
where o == T

for all t 4+ 7 > 0, and thus t < (j + 1)T == e7T® < ¢=*=T) Using this inequality in
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(D.21), we obtain
H(O(t, ), p(t, §)) < min {1,e=*D L H(fy, po). (D.22)

Additionally, by the definition of the Hamiltonian, there exist x := min {v/2,1/2}, and
K = max {Anax(P)/2, 3}, such that

2 A 2
Klxly, < H(0,p) < Klz[y,

Hence, using (D.22) and (D.15), by [223, Thm. 1] the set Ay is UGES.

Now, we note that under the Hybrid Concurrent Learning dynamics defined in (6.10),
by the definition of the jump map and set, for each initial condition there exists a time
ty < T such that z(t1,1) = (0(¢1,1),0,0) for 6(¢1,1) € R™. Thus, given the state value
(0(t1,1),0,0) at (¢1,1) € dom(z), and using (D.19) together with (D.20), after j — 1

additional jumps we have that
H(O(t, 5), p(t, ), < eV H(6(11,1),0). (D.23)

Moreover, by the definition of the Hamiltonian, we obtain that

- 2 2 A
6t )| < ZHO.p)  (t)) € dom(x), (D.24a)
g
. 2
A ’0(t17 1)‘
H(0(t1,1),0) < /\maX(P)T (D.24b)
Therefore, using (D.23) together with (D.24), we obtain
. 2 P . 2
‘H(t,j)‘ < )\mL()min{l,e_a(t_zT)} ‘0(751, |, (D.25)
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where we have used the fact that e=U~DTe < ¢=a(t=27)  Gince the flow map in (6.10) is

globally Lipschitz, and ¢; < oo, there exists ¢; € Ry such that

é(t,o)( <

5(0,0)( Vit < t. (D.26)

Since 6(t, 1) = 6(t,0), from (D.25) and (D.26), we obtain that

- 2 )\max P ) o - 2
e I

which is equivalent to (6.11) with ¢ == ’\’“%(P)Cl and T = 2T. This concludes the proof.l

Proof of Lemma 6.3

A~ N

a) By the definition of B(f) we have that B(6*) = 0. Now, we prove that B(f) =0 =

0= 0" Moreover, note that we can write

B(0) = P4. (D.27)

Since the data is SR with level of richness v > 0, meaning that P > ~I,,, we obtain that

ker (P) = {0, }. Consequently, from (D.27), we have that
B(O)=0 = =0, — 0=10".

This concludes the proof.
b) The fact that the vector field vanishes at 6* follows directly by construction. On the

other hand, from the item above B(f) = 0 <= 60 = #* whenever the data is SR, and
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thus, that the the following implication holds:

0=—k <JA(3, 0) + pB(é)) — 0A(s,0) + pB(6) = 0. (D.28)

o
|B(6)|2

Rewriting (D.28) by using the fact that o A(s, 0) + pB(0) = Q(s)0
0= Q(s)d. (D.29)

Therefore, using the fact that €(s) is positive definite via Lemma 6.2, it follows from

(D.29) that § =0 = 6 = #*. This concludes the proof.

Proof of Lemma 6.4

a) We follow similar arguments as in [185]. First, by continuity of the ¢;-norm we note

that

BO) | _ .| BO)
B(6)| B(6)

H—0*
1

= lim -——3

o0 ’B(Q)

lim

A a [
0—0*

B(6)

)

~ |1—a
= lim |B(0)

A 9
60—0*

1—a
lim B(A)| =0, VYae(0,1)
0—06*

Hence, by positive-definiteness of the norm, we obtain that

B(6)
B(0)

lim =0, Va € (0,1). (D.30)

H—0*
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On the other hand, by assumption, we have that ¢ is uniformly bounded, and thus,
there exists M € R such that |¥(s)¢(s)"| < M. With this in mind, using (D.27) and

rewriting A in terms of its definition we find

a

‘B(é) o ‘P@ "> gl (D.31)
A(s,0) = i ¢?§;T)¢(S))2 (qs(s)Té - y(s)) — U(s)W(s)T — ‘A(s, é)( < (9) (D.32)

where we have used the fact that |aa”| = la)® for all a € R" together with |W(s)| < 1.

Hence, using (D.32) and (D.31), we have that

~

‘A(s,é)‘ -

0<
‘B(é)

a —=

1 ~
= VO € R, a € (0,1). (D.33)

Moreover, using continuity of the fs-norm together with (D.33), we obtain that

Asd)| [0

1~ 1-a 1 . 1—a
lim 259 i L < im —’9—6* = —lml|i—¢| =0,
60" | B(0) 00~ ‘B(Q) 60+ V“ Y o6+
for all @ € (0,1). Therefore, by positive-definitness of the norm, we obtain
A(s, 6
tim A0 6 vae01). (D.34)
6—0* B(g)

This concludes the proof.
b) Continuity for every 6 € R™ such that B (é) = 0, follows directly from the continuity of
A and B. Hence, in order to show continuity we only need to analyze the cases where B

vanishes. As shown by Lemma 6.3, B vanishes only when 6 = 6*. Hence, using Lemma
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6.4, with a = %, we have that

Als0) kp lim Bls,0) =0, (D.35)

T —
2

H—6*

2 6—0* ‘B(é)

where in the second to last step we have used the continuity of A and B, together with the
fact that A and B vanish at § = 6*. Equation (D.35), together with the fact that (6.12)
is defined to be 0 when 6 = 0*, shows that the vector field describing the Finite-Time
Concurrent Learning dynamics is continuous at 6*, and hence, by the aforementioned

arguments, that it is continuous everywhere. [

Proof of Theorem 6.3

2
, whose time-derivative along the

~

We consider the Lyapunov function V(0) = %

g

trajectories of the Finite-Time Concurrent Learning dynamics satisfies:

. ~ A

V(0)=vV(0)'o

57 oA.0) + pB()
|B(0)[>
Y LON
B®)|°
12
0
< —kk T (D.36)
B
where in the last step we have used (D.1). Now, note that
A ~ N -2\ 2 -
‘B(@) = <9TPTP9) < (A?naX(P))e ) = Amax(P)|0 (D.37)
1 1
= T2 1 19
(B(é) : A%aX(P)‘é :
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and thus, from (D.36) we obtain that

Hence, it follows by [279, Thm. 4.2] that the set A4 is UGFTS with settling time function

T :R.y — Ry bounded as

(P)\/|6(0) — 6%]. (D.38)

This concludes the proof. [ |

Proof of Lemma 6.5

Continuity for every 6 € R™ such that B(é) # 0, follows directly from the continuity
of A and B. Hence, in order to show continuity we only need to analyze the cases where
B vanishes. As shown by Lemma 6.3, B vanishes only when 0 = 0*. Hence, using Lemma

6.4, for all a € (0,1) we have that

A(s, 0)

—z — kp lim B(s.0)
B()

A(s,0) + pB(0) —0 (D.39)
B@)["

lim —kZ T2~ ko lim
0—0* ‘B(@) 0—0*

H—6*
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A(s,0) + pB(6)

—a

. o a
lim —k
60— 0%

~

p — lim —k (aA(s,é> n pB<é)) ‘B(é)

H—0*

= —k (0 A(s,0") + pB(6*)) | B(67)|

=0, (D.40)

where in the second to last step we have used the continuity of A and B, together with
the fact that A and B vanish at § = 6*. Equations (D.39) and (D.40), and the fact that
(6.13) is defined to be 0 when 6 = 6*, show that the vector field describing the Fixed-Time
Concurrent Learning dynamics is continuous at 6%, and hence, by the previous arguments,

that it is continuous everywhere. [ |

Proof of Theorem 6.4
We consider the Lyapunov function V (4) = V(TW, where V is an auxiliary function

- 12
defined as V(0) = 6" . Hence, the time-derivative of V' along the trajectories of the

1
2

Fixed-Time Concurrent Learning dynamics satisfies

AL~ A

V(0) =V @)V ()

( L1 ) (D.41)
|B(@)|e |B(0)|~
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where in the last step we have used (D.1). Now, note that

. _ 1 1
BO)| < AP = a2 =
BO| ™ XulP)]0
‘B(é) " )éTPTPé S
and thus, from (D.41), we obtain that
~ - A | ~|2 1 1 ,ya
V(0) < —krV()|6 e ——
Nax (P) ‘9 ‘g
KV (0 o el
= =4l 0) (sl (o)
- 1 N AR ts
—k?I{V(H) <m (2‘/(0)) —1—7 <2V(0)> )
21_£k ~ ~ a a ~ ~ a
= - A&a: : Jf) V(0)> % — 2" S kry T (0)>*5
22—39 ~ a a ~ a
= A“maxgv(g)l_4 — 22 o ()1
2235 kyp. i a o Ao
- TPy 9 1-2 22+37k a+1v 6 1+7.
N (P) (6) = ikpy* TV (6) T

The last inequality implies UGFXS via [203, Lemma 1]. Moreover, by [280, Lemma 2|, a

sharp bound 7™ on the settling time function 7" can be computed as

ES max

~ 2apk v

T M P) (D.42)

This concludes the proof. [ |
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APPENDIX E

Proofs of Chapter 7

Proof of Theorem 7.1

The result of Theorem 7.1 can be established by showing that all the assumptions
needed to apply [111, Thm.1] are satisfied in a neighborhood of the optimal incentive. First,
note that, by Assumption 7.1, the plant has a well-defined steady state input-to-output
map ¢. Also, under Assumption 7.2, this response map is strictly convex, and thus has
a unique minimizer. Since under Assumption 7.4 the average dynamics of (7.11) can
be computed to be & = —kV@(u) + O(e,) (see, e.g., [25, Sec. 7]), it follows that for &,
sufficiently small, in a neighborhood of the optimal incentive u* the average dynamics
converge to a neighborhood of u*. By averaging theory and the results of [111, Thm.1],
the original system retains the stability properties in a practical sense. The result follows
by using a (local) singular perturbation argument to interconnect the dynamics (7.11)

with the dynamics (7.5). [

Proof of Theorem 7.2

We prove Theorem 7.2 following a similar approach as in Theorem 7.1. In particular,
first note that the hybrid dynamics (7.12) are well-posed in the sense of [33, Sec. 6] because
the sets Cy and D, are closed, and the maps F, and GG are continuous on these sets.

Moreover, neglecting the socio-technical dynamics, and using Assumption 7.4, the average
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dynamics of (7.12) correspond to an O(g,)-perturbed version of the hybrid Nesterov
gradient dynamics studied in [25] for the model-free optimization of static maps. Under
Assumptions 7.1, 7.2 or 7.3, and 7.4, these average hybrid dynamics render the set
{(4,p,7): 4 =p=argmin p(u), T € [Ty, T|} (locally) practically asymptotically stable.
By using, sequentially, averaging and singular perturbation theory for perturbed hybrid
systems [25, Thm. 7], we obtain the desired result for the interconnection between the

controller and the socio-technical dynamics, which are stable under Assumption 7.1. W

Proof of Theorem 7.3

Neglecting the socio-technical dynamics, the average dynamics of (7.13) are given
by a perturbed version of the fixed-time gradient flows studied in [185]. Under Assumption
7.3, these dynamics render the optimal incentive fixed-time stable. A direct application
of averaging theory for non-smooth systems [180] allows us to conclude practical (with
respect to Au) fixed-time stability for the ISC interconnected with the socio-technical

dynamics (7.1). |
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APPENDIX F

Proofs of Chapter 8

Before presenting the proofs of our main results we start by establishing the following

auxiliary Lemma.

Lemma F.1. Under the conditons of Lemma 8.1, for every zo = (o, o) €

(C,UD,) x &, it follows that
a) 2 € Sy (20) = 20Dy, € Sy (%) with dom(zoD,,) =D, (dom(Z)), and
b) z € S (%) = zoD) € Sy (2) with dom(z o D)) = Dy, (dom(z)),

where D71 := D! x idg,, for all yo € X, O

Proof: (a) Let 25 = (20, o) € (C U D,) x X, and 2 be a maximal solution to the
HDS # from z,. Then, by the definition of solutions to hybrid dynamical systems, for each

j € Zs such that the interior of I; := {s > 0: (s, ) € dom(2)} is nonempty, % satisfies

L Fum(s,j))}, (F.1)

d . 7 ]
2(8:0) € Fi(i(s, 7)) x {ﬂ(saﬂ)

for almost all s € T ;- Now, consider the hybrid signal z := 2 oD,,. Then, using the chain

rule, the signal z satisfies
. d . :
2 (7)) = 7 (2oDy) (t,5)
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= Sseg| Dy, (F.2)

s=Dy,(t) dt

for almost all ¢t € D, (]}) =: ;. Since dg’;‘o (t) = (woDy)(t) for all t € T,, by
assumption. Noting that /i does not change during the jumps of (8.7), and using the fact
that sup,dom(2) = oo, it follows that u(t,j) = (ftoDy,) (t,5) = (@ o D,,)(t) for all t € I;.

Therefore, using (F.1) and (F.2) we obtain that

o(td) = (b 5) Fa (3 0Dy (£5)) X Fu (710 Dyo) (£,5))

dt
= p(t,9) Fo (2(t,5)) < Fy (p(t, 7)) , (F.3)

for almost all ¢ € I,. Equation (F.3) implies that z satisfies the continuous-time dynamics
of the HDS H for almost all ¢ € I;. Moreover, note that by the definition of /;, we directly
get that D, (t;) = s; and Dy, (t;) = 5; where t; := minl}, t; = supIj, 5; = min I},
5; = sup I,. Similarly, we have that #(s,j + 1) € G(&(s, 7)) for every (s,) € dom(&) such
that (s, + 1) € dom(z), and therefore z(t, j + 1) € G(x(t, 7)) since the HDSs H and the
HDS H have the same discrete-time dynamics. Thus z is a maximal solution to H. Using
these arguments, we also obtain that

sup; dom(z)

dom(2oDy) = |J 1 x{j}
j=0
supjdom(,%)

= U ) (Bx ) =Dy (dom(2)).

(b) Follows by the same ideas of the proof of item (a), via the use of the inverse mapping

DL |
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Proof of Lemma 8.1

A first consequence of Lemma F.1 is that it allows us to certify that the map W
introduced in (8.9) is well-defined. Indeed, let 2 € Sy, be arbitrary. Then, by the definition
of solutions to hybrid dynamical systems, there exists zy = (g, pto) € (Cp U D) x X, such
that 2(0,0) = zo. Thus, using Lemma F.1, we obtain that W(2) = 20D, € Sy(z0) C Sx,
meaning that W indeed maps S;; into Sy. Using these facts, we are now prepared to
present the proofs of our main results.

Now, to prove that W is a bijection it suffices to establish the existence of both a

left and a right inverse. For this purpose, consider the following map:

~

W: Sy — Sy (F.4a)

z=(x,u)—> zo0 D;(lo,oy (F.4b)

which is well-defined by the results of Lemma F.1. Then, for every z € Sy, we have that

(W o Vv) () =W (W(z))
=W <z o D;(lo’o)>
=z0oD 46 °Dy)
= 2 0 idR.yxzs0

=z — WOW:idSH-

Similarly, it follows that WoW = ids,. Hence, we have that W1 =W, and thus that

W is a bijection between Sy and S;;. The fact that dom (W(2)) = D}

(0,0 (dom(%)) follows

directly from the results of Lemma F.1. [ |
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Proof of Theorem 8.1

Let 2o = (20, it9) € (C,UD,) x X, and 2 € Sy(2). Then, by Lemma 8.1 it follows
that there exists 2 € Sy, such that 2 = W(Z), where W is the inverse of W as defined in

(F.4). Therefore, we obtain that

2t )las = IVE)(E: )Ly
(2 0 Dpoy) (¢, 4) |Ao
£ (D00 (): 5)| 4,

< B (12(0,0)| 4, » Da00y(t), J) - (F.5)

for all (¢,7) € dom(z), where in the last step we used that A is S-UGAS for 7. Addition-

ally, it follows that

= 2(0,0), (F.6)

where we used that Dj,0)(0) = 0 by Assumption 8.1. Now, by the definition of solutions
to hybrid dynamical systems we necessarily have that 2(0,0) = (2(0,0), 4(0,0)) € (C, U
D,) x X,. In particular, since Ay = A x &), this implies that |2(0,0)|4, = |2(0,0)|4 =
|£(0,0)| 4 = |7o|a, where the last equality follows by (F.6). By replacing this expression
in (F.5), and using the fact that £1(0,0) = u(0,0) = py by (F.6), we obtain the following
bound:

‘Z<t7j>‘Ao < 5(‘x0’A7DM0(t)7j)7 (F7)
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for all (¢,j) € dom(z). Since z = (x, 1) € Sy(20), by the definition of solutions to hybrid
dynamical systems, and the construction of the jump and flow sets of the HDS H, it

follows that p(t,7) € X, for all (¢,7) € dom(z). Then, using this fact in (F.7) finally yields

|[2(t, 7)[a < B(|7o| 4, Do (), 5) (F.8)
for all (¢, j) € dom(z). [

Proof of Proposition 8.1

The bound in (8.14) follows directly by the results of Theorem 8.1, and leveraging
the fact that Ay is 8,-UGAS for 7:[g, as discussed above the statement of Proposition 8.1.
To obtain Inequality (8.15), let 2o = (0, o) € R" x X, and z = (z, it) € Sy, (20)
be arbitrary. By Lemma 8.1, it follows that there exists 2 = (z,0) € Sy, such that
z = W(Z2). Using this fact, and letting I, be the natural projection that selects the

Z-coordinates from a point (Z, i) € R” x &,,, we obtain the following:

for all ¢ € dom(z), where in the last step we have employed bound (8.13). This obtains

the result. [ |

Proof of Proposition 8.2

Using [24, Theorem 3.1.a)], the fact that for any solution 2 = (2, 1) € Sz we have
|fi(s,j)|x, = 0 for all (s,j) € dom(2), and since the & dynamics are uncoupled from the

it dynamics, it follows that there exists f,, € KLL such that Ay is 5,,-UGAS for Hon.
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Also by using the completeness of solutions result of [24, Theorem 3.1.a)], together with
the fact that F), satisfies Assumption 8.1, it follows that Assumption 8.2 is also satisfied.
These results imply Inequality (8.17) via Theorem 8.1.

Now, by the same arguments of [24, Sec. IV.A], it follows that for every solution
2 = ((#1,%2,73), 1) € Sy there exists a monotonously decreasing sequence of positive

numbers {v;}%2, such that the following bound holds

for every (s,j) € dom(2). Now, let s; := min{s : (s,j) € dom(2)}. Noting that
iig(s,j) = %, and since Z3(s;, j) = I, by the definition of the jump map G,,, it follows
that Z3(s,7)* = (3(s — s;) —|—I)2 > 1(s—s;)? for all (s,j) € dom(2). This result, together

with the above inequality yields the following bound

Following the same arguments as in the proof of Proposition 8.1, and the relations between

s; and t; == min{t : (¢,j) € dom(W(Z))} obtains Inequality (8.18). |
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APPENDIX G

Proofs of Chapter 9

G.1 Proofs of Section 9.1

The results below follow directly by computations and /or straightforward extensions

or specializations of existing results in the literature.

Proof of Lemma 9.1

By direct integration, we have that:

me®) g Lk SL(t) ke
/ L";:/ it = —kpr | = 2t
1o M;+E 0 T 1o T
Thus, it follows that k (—uk(t)_Tl + ,uk(O)_Tl> = £¢, and:
| t T —tu(0)F
pe®)F w0 T T(0)F
from which we obtain the result. [ |

Proof of Lemma 9.3

By direct integration, we have that:

/ﬂk(t) diu, :/tﬁdt . 1 ﬂl_%k ﬂk(t):
P o T 1=

N| >
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1 1
Therefore, we obtain £~ (/fL,lC H(t) — ,ué ’“) =kt and:

This obtains the result. [ |

Proof of Proposition 9.1

(P1) Follows by the monotonicity of wg(-,-) in its first argument, combined with the limit
limy ., px(t) = oo.
(P2) For k > 1, the result follows by direct computation. For k = 1, the result is obtained

by the properties of the logarithm.

(P3) By definition, the equality 7,(0) = 0 holds for all k € R>;. For k = 1, by direct

dgt(t) = #(t)/:bl (t) = pa(t). For k > 1, by the chain rule, we obtain:

computation, we have:

dTr(t)  Owi(b, p1x(0))
dt ob

[ = puk(t).
b=pu(t)

(P4) For k = 1, we have that u(t) = T/iO—HTOt It then follows that s = (T; 0 7, ") (s) =

Tln (W) Solving for 7, !(s) leads to 7, '(s) = Yz (1 — e’%). For k > 1, let

k
Yo g
yr = T, '. By using (9.4), and the inverse function theorem, we obtain that%’“ = %

Then, by direct integration and using the fact that y,(0) = 0, we obtain the following

1

equality Yo — yi(s) = (Ug;,f)s + TE!‘E) o Solving for 7, '(s), we obtain that 7, '(s) =

_1
Yrp— Trg (1 + ﬂ) o

Y1 kpo

(P5) Follows directly by the inverse function theorem.

0 —1,.1

(P6) For k = 1, using the equality In(1 —2) = >~ 572', [z[ < 1, we obtain that
Ti(t) = pot + Y2y bt T, for all tug < T. Letting T — oo, the second term in this

expression vanishes, and we obtain that the equality limy_,., 71(t) = pot holds for all
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(t,10) € R>g x Rsq. For k£ > 1, from Remark 9.5 it follows that

1-k

T ok
T(t) = 72— (1—‘;?) —1. (G.1)

Now, using the binomial theorem we have that

1-k

1 1 1
tuh R tuh
(1 T ) 1= T + ng,l T |

1 1
for all tuf < T', and where g;; = (k_l)k(kJrll!)"'(kJrl_Q). Thus, for all tuf < T, equality (G.1)

(k—1)1

k=1 )
can be written as Tp(t) = pg*" t + > 0y 2ty ¥ T Letting T — 0o, the second term

k-1
in this expression vanishes. Thus, it follows that the limit limp ., Tr(t) = p* t holds for

all (t, ,uo) S RZO X RZL [ |

Proof of Proposition 9.2

We prove each item separately:

(a) Let (2,4) be a maximal solution pair of 7 from z. Then, for each j € Zsg such that

the interior of I; .= {s > 0: (s,j) € dom(2)} is nonempty,  satisfies:

for almost all s € I;. Using the chain rule, 2z satisfies:

C(td) = SaT0.5) = Lx(s. ) Tele),

dt ds

and since T (t) = px(t, §) for all t € [0, Y1) due to (9.7), and s, does not change during
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the jumps (9.3d), using (G.2) we obtain:

%Auﬁ:uﬁmm%ﬂ&ﬁegﬁi%F@@J%M&ﬂ)

By construction, p(t,j) = jx(s,7), u(t,j) = u(s,j) and z(t,j) = 2(s,7) via the time
dilation s = T (t). Thereforc, substituting in the above inclusion we obtain that (¢, )
satisfies (9.3b) for almost all t € I; == {t > 0 : (¢,j) € dom(z)}. Moreover, note
that Ti(t;) = s; and Ti(t;) = 5; where t; == min [}, t; = sup [;, s; := min _fj, 5; = sup fj.
Similarly, for every (s, j) € dom(Z2) such that (s,j+1) € dom(Z), we have that 2(s,j+1) €
G(%(s, 7)), and therefore z(t,j + 1) € G(2(t,7)). Thus (z,u) is a maximal solution to H.
(b) Let (z,u) be a maximal solution pair of H from z,. Using again the chain rule, and
the definition of 2, we obtain that for each j for which the interior of I, == {t > 0: (¢,j) €

dom(z)} is nonempty, the signal Z satisfies:

d oo de AT A(tg) o F(x(t ) u(t,g))
df“”_dmlm Tl S )

where we used (9.3b) and (9.9). Note that by construction 2(s,j) = z(t,7), f(s,j) =
px(t, ), and (s, j) = u(t, j) via the time contraction ¢ = 7, '(s). Then, by substituting
in the above expression we obtain that 2 satisfies Z, € ”—1kF (2,4y) for almost all s € fj =
{s > 0: (s,j) € dom(2)}. Moreover, note that 7, '(s;) = ¢; and 7,7'(5;) = t; where
t; = minl}, t; = sup I;, s; '= min fj, 5; =sup fj. Since for every (¢, j) € dom(z) such that

(t,j+1) € dom(z), we have that z(t, j+1) € G(2(t, 7)), and therefore 2(s, j+1) € G(2(s, 7)),

it follows that (2,4) is a maximal solution pair to . |
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G.2 Proofs of Section 9.2

Proof of Lemma 9.4

Let 74 > 0, Ny > 1, and o(t) € Yap1(74, Vo). Then, it follows that

Nty t1) < —(t2 —t1) + No, (G.3)

1
Td
for all ¢; < t5. We prove that expression (G.3) can be upper bounded by the right-hand
side of (9.20).

Yrp—t1

Case k = 1: Assume that ¢1,t, € [0, Y1) and define X = —

, where Yp; =

Tug* and pg > 1 fixed. Then, X > 1 and:

1
to —t1 = (TTJ —tl) (]_ — }) .

Now, fix ¢; and define f(X) = In(X) — T Y(T7r1 — t;1) (1 — %) . Since t; satisfies t; <

Y11 < T by assumption, it follows that there exists d;, € [0, 1] such that:

FX) = In(X) — 6, (1 - %) |

By noting that f(1) =0, and since X > 1, it follows that the derivative of f satisfies:
1 0y
"X)==(1—-=]>0
oo -5 (1-%) 2o

for all &;, € [0,1]. Thus, f(X) >0 for all X > 1 and ¢; < YTr;. Equivalently, by using the

definition of X, it follows that:

Tri—t
Thh| —— ) — (ty — t1) >
n <TT71 —tg) ( 2 1) el 07
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for all 0 <¢; <ty < Tr i, where we have used the definition of X. Using this bound in

(G.3) yields:

T T —t
N(tg,tl) S —hl <L) +N0,

Td Tri—to

for all 0 < t; <ty < Y1, which implies that o(t), when restricted to [0, Tr1), satisfies
the bound (9.20) for k£ = 1.
Case k > 1: Assume that t1,t € [0, V), with Yrp =Ty ", T > 0 and po > 1.

Let A =ty —t1, and define
FA)=Ti(ti + A) = Ti(t1) — A, Ae]0,Trg).
Then, by using the result of Proposition 9.1-(P3) the derivative of f satisfies:
fI(A) = m(ti +A) = 1,

for all t1, A € [0, Y7y). Since px(t) > 1 for all t € Rxy, the previous equality implies that
f/(A) > 0. This result, together with the fact that f(0) = 0, implies that f(A) > 0 for all

t1,A € [0, T7). Equivalently, by using the definition of A we obtain:

0 < Tilta) — Te(tr) — (t1 — t2)

= (t1 — tg) < wk(#k(t2)7ﬂk(t1))a

where the implication follows from the result of Proposition 9.1-(P2). Using this bound in

(G.3) yields:

1
N(ta, t1) < T—dwk(ﬂk(t2)aﬂk(tl>> + No,
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for all 0 < t; <ty < Ty, which implies that o (), when restricted to [0, Y7,), satisfies

the bound (9.20) for k € Z>;. |

Proof of Lemma 9.5

The case k = 1 follows directly by the definition of 77 and Remark 9.3. For k& > 1,

consider expanding the right-hand side of (9.20):

T (palta) & () F
N(t, 1) < — - N
(t2, 1)_Td< L — 1 P + No

T (Yrp — ) — (Yo — to)"
CTalk—1) ( (Yrp —to) (Yrp — )" > M

Taking the limit as k — 1, one obtains (9.21), see also Remark 9.3. On the other hand, when

k € 71, the Binomial theorem can be used to write (Y7, —;)*"! = IZ Sblek 1= e(—ti)é,
for i € {1,2}, where by : Z,((:—;)l), are the so-called Binomial coefficients. Let
k—1 k—1
Si= Y b Y5 (1) =) b Y ()
=0 =0

_Zblek 1— E Zblek 1— E )

= b1 Y2 (s — 1) Zbkﬂf’“ ()" - (—1))
k—1

= bpa Y5l (e — 1) + ) (= 1) b Th (85 — 1)

(=2

Therefore, the BU,-ADT bound can be written as

Nt ty) < T* S + N,
2,1) = N :
Talk = 1) \ (P — t2) Ty — 11))"

k—1
ty,t .
= %22) [(tz —t1) + Co ke (té - tf) + No,
(=2
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where

1 _ (_1)Z+1 %Tl—é

Coj = (—1)£+lbk,lT§;€1_é (me]Ef)_ by TR

and

b THTE? ] k1
lbnta) = (k—1) ((TT,k —ta)(Yrp — tl))
T Yok bl
Yoy |:(TT,k —t2) (Trp — tl):|
T2, k1
— [(TT,k; — ) (Top — 751)}

where we have used the fact that by =k — 1.

Proof of Lemma 9.6

Proof: The HDS H given by (9.3) has state z = (¢, ) € R"" with ¢ = (z,7,q) €

R"*2and dynamics

ZGC:ZRRX[O,NO]XQSXR21

T
Hi - fq(xnukau77_)
* b2
. ’ Td
2= € F(z,u) = ;
q 0
. ko1vt
Lk THe

z€ D :=R"x[1,Ny] x Qs x Rxq,
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xt Ry(x)
7t T—1
2t = € G(z) = : (G.4d)
q" 2\ g}
“: ok

Since the function p; generated by (G.4) is precisely (9.4), any solution z :
dom(z) — R""3 to (G.4) will necessarily satisfy length,(dom(z)) < YTrx. By Propo-

sition 9.2, the corresponding HDS (9.11) in the (s, j)-time scale is given by:

j:s fﬁ(a?)ﬂkaaa,f_)
A o)
. TS N O’ —
2eC, 2, = € Fr(3,4) = Td (G.5a)
Qs 0
. ko1
Hokes f#k
zeD, 2t e G(2), (G.5b)

where C'; D, and G were defined in (G.4). Since Assumption 9.3 ensures that the state &
does not exhibit finite escape times, by noting that the dynamics of (7, §) are decoupled
from jfix, and since fi; remains constant during jumps, we can directly obtain jix(s, j) for
any (s,j) € dom(2) using Proposition 9.3: [ix(s,7) = (@t + [L(ﬁj,j)%) P , for k> 1,
and fix(s,j) = ﬂk(§j,j>€%, for k = 1, where s; := min{s > 0: (s,j) € dom(2)}. By [33,
Ex. 2.15] it follows that every solution 2 of (G.5) has a HTD that satisfies the ADT bound
in the (s, 7)-time scale:

. , 1
J2 =1 < 7__(32 — 51) + N, (G.6)
d

for all (s1,71), (s2,72) € dom(Z2), with sy > s; > 0. Additionally, by [33, Ex. 2.15], for

every hybrid time domain satisfying (G.6), there exists a solution to the HDS (G.5) having
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said hybrid time domain. Thus, it remains to show that (G.6) is equivalent to (9.20)
in the original (¢, j)-time scale. Using the time scaling function 7 given by (9.6), for
any solution z of (G.4) and all (t1,71), (2, j2) € dom(z) with 0 < #; < t5, we have that
(s1,71), (82, 2) € dom(2), where s; = T (t1), so = Ti(t2), and 0 < 57 < s9. Substituting in
(G.6):

(Ti(t2) = Ti(t1)) + No.

. . 1
J2—J1 < —
Td

The result follows now by using (P2) in Proposition 9.1. |

Proof of Theorem 9.1

The proof has three main steps.
Step 1: Stability of the “target” HDS H in the (s,j)-Hybrid Time Scale: The overall HDS
is given by (G.4), which in the (s, j)-time scale is given by (G.5). To study the stability
properties of system (G.5), we consider the Lyapunov function W (2) = V4(&,7)e™7.
By Assumption 9.3, this function satisfies ¢|2[y < W (2) < ¢z, V 2 € C'U D, with
€= Minyeg €1, ¢ = ePINE, and & == max,cg ca,. When 2 € C, for all n € [0,1/7y],

we have:

(VW (2), Fr(z,u)) = <Vvq(j’f—)7 fal ) >61n(r)T
n

+ (In(r)Vg(&, )07, 1)

1
< —23(1 - “(”)W(z) O A ()

C3Td

where ¢; == minyeg ¢, 3, ¢4 = Max,eg ¢p4, and where we used item (b) in Assumption 9.3.
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On the other hand, when 2 € D we can use Assumption 9.3-(d) to obtain

Thus, using the definition of r, during jumps we obtain

W) — W(3) < — (1—m) W(2) <0

Using Lemma G.3, we conclude that every solution 2 of system (G.5) satisfies:

[2(s. 7)]a < 1”2 CD|2(0,0) 4+ g - sup [A(Q), (G.7)

0<¢<s
for all (s,j) € dom(2), where k; = (E/g)l/”eﬁl%djv0 Ky = Ma/(2p(1 + 74)), K3 =
(2647“N0/[)\Q])1/p, A = ¢y —In(r)/7q, and A(s) = A(fig(s))(s). Moreover, when A(fi,) =
ﬂ,;e, via Lemma G.4, there exists 5y € KL such that every solution Z of system (G.5)

satisfies:

155, )|a < Be(Ral2(0,0) e ™4 4 Ryl 5,5, (G8)

k2
2

for all (s,j) € dom(2), with Ry == k1, ko = %2, R3 == 2K3.

Step 2: PT-ISSg of the HDS in the (t,j) - Time Scale: We now use the properties of
the solutions Z of system (G.5) to establish properties for the solutions z of system (G.4).
First, we use Proposition 9.2 and let s = 7, (t), which yields e "2(st1) = =r2(Te(®)+)
and [2(Ti(t), 5)]a = |2 (T, (Tr(t)), j) |a = |2(¢,j)| 4. Then, by substituting in (G.7) and
noting that 7,(0) = 7,7'(0) = 0, it follows that when A = 0 or A = 1, every solution

z = (1, u) of the HDS (G.4) with p(0,0) = pp > 1 satisfies the bound:
[2(t, )| < rre” 2O [2(0,0)] 4 + maAlul i), (G.9)
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for all (t,5) € dom(z), which implies that A is PT-ISSy. Similarly, when A(fi) = i ",
(G.8) leads to:

|2(t, j)]a < B <E1|Z(07 0)]ae™ ™ TeOH) 4 Fglu) r.5), 7;(75)), (G.10)

for all (t,j) € dom(z). Inequality (G.10) implies that A is PT-ISS-Cp.

Step 3: Length of solutions in the (t,j) - Time Scale: Finally, we show that

sup(dom(z)) = YTy
t

for all solutions z of (G.4). First, note that by the definition of 75 and Proposition 9.2, we
have sup,(dom(z)) = Yry if and only if sup,(dom(Z2)) = co. Furthermore, based on the
bound (G.6), we obtain hat j < %3 + Ny for any (s,7) € dom(Z2). Since every complete
solution 2 of (G.5) satisfies length(dom(Z)) = oo, and noting that length(dom(z)) =
sup,(dom(2)) + sup;(dom(2)), we can infer that if j — oo, then s — oo. Consequently,
every complete solution of (G.5) must satisfy sup,(dom(2)) = oo, which in turn implies

that sup,(dom(z)) = Y7 for such solutions. |

Proof of Corollary 9.1

Using (9.10b) and the bounds obtained in Step 2 of the proof of Theorem 9.1,

. _ L1 () . o o .
it follows that e 2T+ — ¢ O‘ln( o >€_m] - <ﬁlj€_t)> e7T? where a = £,T'. Since

|z|4 = |z| for every solution, inequality (G.9) becomes (9.25). Similarly, inequality (G.10)
becomes (9.26) with oy == Ry, g = (R + R2)T, ag = R3T, g = Ra, a5 = KT, and

Qg ‘= Ry4. [ |
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Proof of Lemma 9.7

The overall HDS has state z = (v, ux) € R™™ with ¢ = (x,7,p,¢,), and the

following dynamics:

ze (C=R"x [O,No] X [O,To] X Q X RZh (Glla)
T
M - fq(% Hi, U, T)
7 0 M
7 Td
. ] Hi
z=| P | € F(zu) = {0, T—} — millo, () |, (G.11b)
g 0
ko
Lk Th*
ze€ D :=R" x [1,N0] X [O,To] X Q X RZl, (Gll(})
zt Ry(z)
T T—1
F=|p" | €G(z,u) = p : (G.11d)
+
1 2\ {d¢}
M; 223

This system has a finite escape time at t = Y1, induced by ;. Note that, by construction,
the states (7, p,q) are confined to the compact sets [0, Ny, [0,75], and Q respectively.

Using the time variable s = T (t) defined in (9.6), and Proposition 9.2, we obtain the
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following HDS in the (s, j)-time scale:

fq(j7ﬂk7a7%)
723 0 l
) Td
. x . 1 .
2eC b= P | eFia)=]10—]1a(@ |, (G.12a)
s 0
kot
ﬂks T:uk
zeD, 2t e G(2), (G.12Db)

where the subscript s in (G.12a) indicates that the time derivative is taken with respect
to s. Since (G.12) incorporates an ADT automaton 7 and a time-ratio monitor p, by [111,
Lemma 7| every solution Z of (G.12) has a hybrid time domain such that for any pair
(s1,71), (S2,j2) € dom(Z2) the bound (G.6) is satisfied, as well as the following bound:

T(s1, 52):= / o, (d(s,1()))ds < (5 — 1) + T, (G.13)

S1 Ta

where )(s) == min{j € Z>o : (s,j) € dom(¢)}. Moreover, by [111, Lemma 7] every hybrid
arc satisfying (G.13) can be generated by the HDS (G.12). Using s = Tx(¢), the left-hand

side of (G.13) can be expressed in the ¢-variable as:

T(Ti(t2), Ta(t)= /: 37(;1(’5) o, (6(776@)75(7%(”)))&

= /t2 i (t) - To, (q(t, (1)) dt, (G.14)

t1 -
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where we used Proposition 9.1-(P3), together with the equality

Q(Te(®), 3 (Te())) = a (T, (Te(t)), 4 (T (Ta(1)))) = at, 5(1)).

Using (G.13)-(G.14), together with Proposition 9.1-(P2), the AAT condition in the (¢, j)-

time scale becomes

/ " al®) - Lo (alt, 50t < S (n(ta), n(t1)) + T

t1 Ta
which is precisely (9.27). The fact that inequality (9.20) holds follows by Lemma 9.6. W

Proof of Theorem 9.2

The proof follows the same three steps as in the proof of Theorem 9.1. We
start by using the time dilation 77;1 and Proposition 9.2. Hence, we consider the HDS
properties of this system, let & := In(r)7 + (¢ + ), and consider the Lyapunov function
Wa(2) = Vy(&,7)ef, which, by Assumption 9.3-(a), satisfics V|25 < Wa(2) < P|2[%, with
© = minyeg ¢p1, P = MaXpeg Cp oMot (es+e)To When 2 € O, the time derivative of &

with respect to s satisfies:
€ = In(r)7s + (c3 + B)ps € [0,0] = (c3 + @5 )lo, (),

where § = % In(r) + = (c3+7¢). Using the above expression together with Assumption 9.3,

1
we evaluate the change of W5 during the flows of stable and unstable modes. In particular,

when Z € C' and ¢ € Q,, we have

(VWa(2), &) = e (WV;(,7), &) + Vil P)E,

< ~(es = O)Wa(2) + ZRA(s) il (G15)
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where A(s) = A(jix(s))t(s), T = maxyeo 2, and 4 = Maxyeg C4,p, and where ¢; — 3§ > 0

since (9.31) is satisfied by assumption. On the other hand, when Z € C' and ¢ € Q,:

(VWa(2),20) < (e5Val@, 7) + @l (s)]al) ef + Vol 7)efE,

(5 — c3) Wa(2) + E4A(s)]a]ef

IN

IA

o, Ca_q .
— (e =) Wa(2) + é@A(é’)WIP,

which is the same bound as (G.15).
During jumps, it follows that £ = In(r)7+ + (¢ +¢4)pt = € — In(r) for all 2 € D.

Then, using Assumption 9.3, the Lyapunov function satisfies:

W2(2+> — ‘/Cj (j:+77A_+)6§A+ _ ‘/q+ (Rq(i’),% i 1) eé—ln(?“)

X

mw2(2) < Wa(2).

S X‘/;i(jv %)eé—ln(r) _

It follows that Wh(2T) — Wa(2) < 0 for all £ € D. Using Lemma G.3, we conclude that

every solution Z satisfies the bound

|2(S,j)’_,4 < R1|2(07 0)|A€7K2(S+j) + H3A<S)|Ia|(5’j)’

A 74

for all (s,7) € dom(Z2), where k; = (@/g)l/pe%ﬁ% ke = Ma/(2p(1 + 74)), K3 =
(2@@/[62)\2])1/]0, A =c,— 0, and A(s) = A(jix(s))i(s). From here, the bounds (9.14)-
(9.15) are obtained following the exact same arguments used in Steps 2 and 3 of the proof

of Theorem 9.1. [}
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G.3 Proofs of Section 9.3
Proof of Proposition 9.3

Proof: We show that under Assumption 9.4 a suitable Lyapunov function can be
used to show that Assumption 9.3 is satisfied. Let V(&) = 5|2|* for every ¢ € Q,. By
—q

employing Young’s inequality, we obtain

N L. . 1 1
(VVa(2), fa(Z; i) < —204m3V5(8) + =5 7=+ (G.16)
1y 4959
for all ¢ € Q. Similarly, for all § € Q,, let V4(z) = @ Using this function, we obtain
1 d?
k

for all ¢ € Q,. Using c41 = c42 = 1/20,, c43 = 20,74, Ci4 = 1/4g25q, when ¢ € 9, and
g1 = Cg2 = 1/2, cq5 = 1, cga = d2/2 when § € Q,, together with the set of smooth
functions {V;}sco, Assumption 9.3 is satisfied. Thus, we can always pick 7, > 1 and
7, > 0 large enough to satisfy the stability condition (9.31). Additionally, Assumption
9.2 is satisfied by the Lipschitz properties of both d,(-) and b,(-). Assumption 9.1 is met
by the same Lipschitz property and the construction of the HDS H with data (9.29). It
follow that Ay x R>; is PT-ISS-Cp for the closed-loop system via Theorem 2-c).

We now prove the boundedness and convergence to 0 of the switching feedback-
law wu, given in (9.33). By applying (G.10) from the proof of Theorem 2-c), for any
(w0, o) € R™ x Rxq and any solution z = (z, 7, p, ¢, i) to the closed-loop system satisfying

x(0,0) = zp and g (0,0) = pp we obtain:

12(t, 7)| < Br(Fre ™ T 0H))2(0,0)| + Faw, T(t)), (G.18)
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=2
for all (t,j) € dom(z), where %y, ko, kg > 0, U := max {maxqegs @, max,eo, %}, and
_ kb
Br(r,s) = - max{Rie 72 &2 (s)} = r - ai(s), with &(s) = (%s + 1) #=1is the same

KL function obtained in Lemma G.4. Then, from (G.18) we obtain:
z(t, 5)] < (Rie ™ T OF|2(0,0)| + Ratt) an(T (1)),
for all (¢,j) € dom(z). Hence, u, satisfies:

g (8, 9), (O] < Tt ) |10+, (28, 1)) s (D) Tae),

for all (t,j) € dom(z) and all ¢ € Q, where 7(t,j) = (Rie ™=T-O+D|2(0,0)| + 3u).

Since d,(-) is assumed to be continuous for all # € R, it is locally bounded. Then,

Tk(t,7) [ng + 5qaz(a:(t,j)) is bounded as 7(t, j) is bounded by definition. Now, note that

ax(s) = max{Rie ™2 &2 (s)} = &, % (s) for s sufficiently large since the inverse exponential

decays faster than any proper rational function. Additionally, by leveraging the result of
k-1

_k
Proposition 2 it follows that p(t) = . (Ti(t)) = (%ﬁ(t) + uOT> " for k> 2. Then,

as t — Ty we have that

_k_
k-1

wao) = | (S5m0 ) (w0 1)

which implies that g (t)ou(Tx(t)) — 0. Using this fact, together with the inequality above

and the boundedness of 7 (¢, j)

Mg + 5qaz(x(t,j))’, allows us to conclude that u, — 0 as

t— TT,k' [ |

Proof of Proposition 9.4

The following Lemma is instrumental in studying the stability properties of the

HDS with data (9.35).
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Lemma G.1. Consider the matrix

. I—0G,(z1)"
M (z1,7)=| " oo™ ) (G.19)

I-0G,(@1) (¢ pr/(P)I

where /S Q, T € [07 N0]7 77(7—) < [Qa ﬁ]? pE [07 1/Td]7 and 77/(7> = %(7—)7 gq(')a and Cq

are as introduced in Section 9.3.2. Suppose that Assumption 9.4 is satisfied. Then,

M, (x1,7) = vaD, V7 €[0,Ny], 71 €R (G.20)

(175(1767,)52

where VM::W’

with ¢ = ming g (; and 7 := max,cg 7y UJ

Proof. First we show that matrix-valued function Mc, (-, ) is positive-definite uni-
formly over p € [0,7;'], 21 € R", and 7 € [0, Ny]. To this end, we decompose the

matrix Mc (x1,7) as follows:

MCq ($17 7_) = Uq(xla T)Wq(Ta xl)Uq(xla T)T, (G21a)
T 0
UACE N I , (G.21D)
0 0g(T)] = n?*(7)Zq(21)Zg(21) "
Qq(T) = gq - 1077/(7—)7 Eq(wl) =1- agq($1)> (G'Qlc)
I 0
U,(1,7) = . (G.21d)

I (G.22)
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Also, by Assumptions 9.4, we have that

0q(T)1 — 77<7'>22q(x1)2q(x1> = (Qq(T) - ﬁZU?) I

> o1, (G.23)

where ¢ == (1 — )¢, with ¢ := mingeg ;. Therefore, via [278, Theorem 7.7.7],
the matrix M, (z1,7) is positive definite for all ; € R™ and 7 € [0, Ny]. Now, we
establish the matrix inequality (G.20). To do so, we use (G.22) and (G.23) in (G.21a)

to obtain that

LI 0 +
MCq(‘rhT) t Uq(xlyT) 5 Uq (I‘l,T)
0 oI
= Z‘](‘rl?T)Zq(xlaT)Ta (G24)

where Z,(z1,7)" is the upper block triangular matrix

By applying [5, Lemma 9], and using (G.24) together with the fact that
Zy(x1,7) has full column rank for all z; € R® and 7 € [0, Ny] and thus that
Omin(Zq(21,7) Zy(21,7) ") = Owin(Zg(21, 7)) Owmin(Zg(21,7) 1) = 0330 (Zg(21,7)T), we

obtain

1
Mcq(]?l,T) >~ — I
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(1= 04— 6,)7> /
(1 —64)¢ +352

=

where in the last two steps we used Assumption 9.4. This completes the proof. M

With the previous lemma we are now prepared to present the proof of Proposition
9.4.We show that, under Assumption 9.4, a suitable Lyapunov function for the “target”
system H can be used to show that Assumption 9.3 is satisfied. Indeed, for every ¢ € Q

consider the Lyapunov function

o 1 . . 1. R 7)2 R
Vi@, ) = Hia - a2 4 i — a2+ 0D Gy

which in the flow set and jump set satisfies: vg:|Z|4, < Vi(#,7) < vgol@l%,, with v, =

0.25 min {1, 2/{2@2}, and vg 9 = 0.25 max {3, 2+ 2€§ﬁ2}. Let

£ (100 Val@ 7) = <vvq<fc,%>, MZ’T) > (G.25)

Since Gg4(+) is kg-strongly-monotone and ¢;—Lipschitz, we have that (v; — 2, G;(21)) >

(i 1G4(21)[?, where (; = K2/{;. During flows:

. r . .
E(fa,p)vti(xa T) = ———=|&2 — $1|2

n(7)
—2n(7) (G4(21), [I — 0G4(21)] (22 — 21))
—n(7) [(#1 — 2%, G4(21)) — pn (7)]G4(21)[?]

< —n(#) {xq Me,(&1,7)xq) (G.26)

for all (&,7,p) € R?™ x [0, No] x [0,7;"], where x4 = (&2 — &1,G4(21)) € R*", and M, is
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given by

—— I —0G:(z1)"
M, (21,7) = () ) QQ(Ij)
I —0G4(1) (Gg—pn' (7)1

Using Lemma G.1, we conclude that L, »Vy(#,7) < —nua|xgl® for all (&1,2,,7) €

R?" x [0, Np]. Hence, by noting that V;(#,7) < 1 7 max {3, 2 (% +ﬁ2>} Ix4* we obtain:

- dnvy -
L(fqvp)‘/ﬁ(xﬂ-) < - — 1 o ‘/ﬁ(‘rﬂ-)' <G27)
max{3,2(g—|—77 )}

Now, for all p,q € Q, let

AVI(#,7) = Vg (Rp(2),7 — 1) = Vp(#,7), 7 € [1,No].

During jumps:

AVI(E,7) = Vi (81, 81), 7 — 1) — Vj(@,7)

(G.28)
1 1
< -l —a 2 — —I:t:1 — B + » ngp( DI?
1 _ 262 _ 2 5|2
+3 n(No —1)"— —n(1)7 | |Gs(21)]
R

< — (1-18) vil@,7),

292
2n(No—1)2£2+1

where fyg = The above inequality implies that
p
Vi (Rp(@), 7 —1) < 7Vp(#,7).
where { = mingeg l;, K = maxzeg kg, and £ = mingeg k3. Thus, noting that fyg <
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7 n(No—1)?
&2 n(1)?

+ ZEQS(I)Q =: %, we obtain:

Vi (Ry(2),7 — 1) <7V3(2,7), (G.29)

for all 7 € [1, Ny, p,q € Q. By the smoothness properties of G,(-) and the differentiability
of n(-), we obtain that f,(z,7) is locally Lipschitz and, thus, that Assumption 9.2 also
holds. On the other hand, note that via a simple change of coordinates, and without
loss of generality, the results of Theorem 9.1 hold for A as defined in (9.23) but with
the set {0} replaced by the set A, in (9.38). Therefore, the quadratic bounds on the
Lyapunov function, together with condition (9.39), (G.27), and (G.29), imply PT-Sg of
A, x [0, No] x @ x R via Theorem 9.1-a). |

G.4 Auxiliary Results

Lyapunov Conditions for Exponential-ISS of Hybrid Dynamical
Systems

The following lemma is a specialization of [21, Prop. 2.7] for the case when the
system is exponentially ISS. We present the complete proof here only for the purpose of

completeness.

Lemma G.2. Consider the HDS (1.3), and a closed set A C R™. Suppose there
exist constants a, @, p,p > 0, A € (0,1), and a smooth function V' : C'U D — R,

such that the following inequalities hold:

alz|% <V(z) <alzly, VzeCUDUG(D),
(VV(2), F(z,u)) < =AV(z) + plul?, V (z,u) € C x R™,

V(G(2)) =V (z) < =AV(2) + plulP, V (z,u) € D x R™.
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Then, every solution of (1.3) satisfies

(s, 5)la < k1€ H[2(0,0) 4 + k3 sup |u(7)], (G.30)

0<7<s

1/
for all (s,7) € dom(z), and where k1 = (@/a)’, ko = A\/2p, and k3 = (i—a> ’

Proof. We follow similar ideas as in the proof of [21, Prop. 2.7], but considering

set-valued flow and jump maps. The proof has four main steps:

Step 1: First, note that for all (z,u) € (C'U D) x R™:
A . 2p
AV (2) + plulf < —EV(Z>, if V(z) > 7|u\p. (G.31)

Therefore, whenever V(z) > 22|u/P we have that

where X == \/2.
Step 2: For any r > 0, define 7., (r,s,j) = e >ty We first show that when

V(z) > ¥|u|p, the function V' evaluated along the solutions of (1.3) satisfies
V(Z(S,])) < '.)/A(V(Z(Oa 0))7Saj)? v (Svj) € dom(z) (G32)

To establish this property, note that since V' (z(-,-)) is not increasing during flows
and jumps, if there is (¢,7') € dom(z) with 0 < ¢ + j' < t + j and such that
V(z(s',5')) = 0, then we necessarily must have V(z(3,)) = 0 for all (3, 5) € dom(z)
such that s’ +j’ < 54 < s+ 7, and (G.32) would hold for such times (3, j). Suppose

there is no (s, ") € dom(z) with 0 < s’ 4 j <t + j such that V(z(s, ")) = 0. For
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each (s,j) € dom(z), we partition the hybrid time domain of z up to time (s, j) as

dom(2) = (! _y[$n; Sns1] X {n}, with sg = 0 and s;,, = s. For any n € {0,1,...,},

st Y/ ( ( ))‘ onin
/sn de = _/Sn dr = —(Sp+1 — Sn)-

Using the new variable o = V' (z(7,n)), we obtain dp = Vdr and the above integral

V' satisfies

can be written as

(2(sns1.m)) g
/ e < —(Snt1 — Sn)- (G.33)
V(s(snm)  AQ
Similarly, note that
V(z(sni1,nH1)) V(2(sny1.n+1)
[l [
Vilsniin) A0 JVGsanm) AV (2(Sn41,1))

< -1,
where the last inequality follows by the inequality V(z(s,j + 1)) — V(z(s,7)) <

—AV(z(s,j )). Combining the above two inequalities, we obtain

V(Z(S,j)) d V(Z Sn+1,1 ) d
/ ap Z/ Q

V(2(0,0) AQ V(2(sn,n))

Z Virsniintl) g,
+ / -—
T VEsaim) A0

g—(Z Snil — Sn +21)

n=0

— (51— s0+4) = —(s+ ). (G:34)

Integrating the left-hand side, we obtain %ln (\/((jég ?)%) —(s+ j), from which we

directly get
V(2(s, ) < V(2(0,0))e 20+ (G.35)
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Step 3: Let (z,u) be a maximal solution pair of (1.3). Define the set
n 2p
Q=¢zeR":V(2) < T\ulgo . (G.36)
For each zy € R", let

Tz,u,zo ‘= sup {T c Rzo : Z(Saj) ¢ Q? 2(070) = 20,

V (s,j) € dom(z), 0 <s+j §T}.

It follows that for all solutions of (1.3) with 2(0,0) = zy and (s,7) € dom(z) such
that 0 < s+ j < T.,,., we have that V(z) > 2|u[E,, which, by Step 2, implies that

V satisfies (G.35). Using the quadratic upper and lower bounds on V', we obtain:

_ a > _ X (saiq
ol < (5) 100500 (@.37)

which holds for all (s, ) € dom(z) such that 0 < s+ 5 < T}, -
Step 4: The last step is to prove forward invariance of 2. Suppose there exist
(s',5) € dom(z) such that z(s, ;') € Q and (¢',5' + 1) € dom(z). Since A < \, V

satisfies

V(z(s',j' +1)) < (L= XV (2(s ) + plul,

A\ 2 2
< (1-3) Pl + plutz. = %l

Moreover, if (s',5' + 1) € dom(z), then z cannot leave € via flows because V < 0 if
V(z) > 2—/\p|u|€o. It follows that for all (s,j) € dom(z) such that s +j > T, ., the
solution z satisfies:

. . 2
alz(s, )% < V(x(s,)) < ~CJulf, (G.38)
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1

that is, |2(s,j)|a < (i—g) ’ |t|oo, for all s+ j > T, ,..,. Combining this bound with

(G.37) we obtain

1

. a\r CA (gt 2 %
|Z(57])|A§max{<a> 2(0,0)le 2?“”,(%) |UIoo}, (G.39)

for all (s,j) € dom(z). Since max{a,b} < a + b, we obtain

12(5,5)|a < #1]2(0,0)[e 2 4 g lul o, (G.40)

1

1
with xk; = (g)p, Ko = gip and k3 = (i—g)p. The result follows from the above

inequality by time-invariance and causality. [ |

The following result relaxes the third condition in Lemma G.2 under a standard

average dwell-time condition on the jumps.

Lemma G.3. Consider the HDS (1.3), and suppose that: (a) every solution satisfies
the ADT constraint (9.19); (b) there exist constants o, @, p,p > 0, A € (0,1), and a

smooth function V' : C'U D — R, such that the following inequalities hold:

alz% <V(2) <alzlfy, VYzeCUDUG(D),
(VV(2), F(z,0)) < —AV(2) + plul?, ¥ (2,u) € C x R,

V(G(z)) = V(z) <0, VzeD.

Then, every solution of (1.3) satisfies

|2(s,7)]a < /ile_“2(8+j)|z(0, 0)|4 + K3 sup |u(7)], (G.41)

0<7<s

for all (s, j) € dom(z), where ; > 0, for i € {1, 2, 3}.
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Proof. The proof follows similar steps as the proof of Lemma G.2. In particular,

inequality (G.33) still holds. On the other hand, during jumps, we now have

V(z(sps1,mn+ 1)) — V(2(spe1,n)) <0 (G.42)

Dividing both sides by AV (z(s,11,7)), we obtain

0> V(EGun+ 1)) = Vi(z(sni1,n))
- AV (2(sn41,1))
/V(z(sn+1,n+1)) dQ

V(2(sn+1,n)) )\V(Z(Sn+1, n)) .

do < s, from which we

It follows that inequality (G.34) now becomes fv ZOO)) "

obtain after integration:
g
V(z(s,7)) <V (2(0,0))e" 2 (G.43)

Finally, the ADT condition (G.6) guarantees that j < T—lds—FNo for any (s, j) € dom(2),

which implies that s +j < (T—ld +1)s + Ny. In turn, this inequality can be written as

s> (s +7) - so that (G.43) can be upper-bounded as follows:

V(2(s,7)) < kre "GV (2(0,0)), (G.44)

No and Kg == %11‘17 . From here the proof follows the same Steps

A_Td
where k7 := €2 +7d

3-4 from the proof of Lemma G.2. In particular, the inequality (G.40) now becomes

|2(5, 4)| a4 < R1|2(0,0)|e ) + Fslul o,

ylw
IS}
——
|-
|

1
th iy (E)7 e TN f— A _
with 7y = <g> e , Ko = 2leerl,amd K3 =
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) 1
Corollary G.1. Consider the normalized-by-p; BU-ODE of Lemma 9.3, C—%’“ = %/l,’;
Then, for any ¢ > 0 and any solution i to the ODE satisfying x(0) = po > 1 the

following bound holds:

when £ =1, and

when k € ZZQ. ]

Proof. We divide the proof into two cases.
Case k = 1: From Lemma 9.3, for £ = 1, the solution to the normalized-by-p

BU-ODE is given by:

It follows that s ‘(s) = pgle 7 < e=7* for all s > 0, where we have used the fact
that pg © <1 since po > 1 and ¢ > 0 by assumption.
Case k > 1: From Lemma 9.3, for £ > 1, the solution to the normalized-by-p

BU-ODE is given by:

k
) ko1 e\
O N

Using the fact that py > 1 and that ()% is monotonically increasing in R for any
Tk
k > 1, and thus preserves the order in R, it follows that fi(s) > (%s + 1) FT

ok
Therefore, we obtain: fi;(s) < (&2s +1) 5T for all s > 0. [
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Lemma G.4. Suppose that every solution pair (2, u) of the HDS (G.5) satisfies the
bound (G.7) for all (s, ;) € dom(2). Assume that A(fiz) = fi;*, where ¢ > 0. Then,

(2,4) satisfies the inequality

2(s,4))a < Bi(R1]2(0,0)] 467 + Rsldi| s ), 5 )+
125, 5) |4 < Bi( F1]2(0,0)] e~ + Ryl

for all (s,j) € dom(2), where Ry = K1, kg == "¢, Ry = 2xk3. Here fi(r,s) € KL is
defined as B(r,s) = r - max{rie 2%, & (s)}, &(s) = (s + 1)% for all k > 1,

and £;(s) = eT. O

Proof. Consider a complete solution pair (2, u) of the HDS (G.5) satisfying the bound
(G.7). Then, we have that

[2(s.)|a < mre” 2 CHD12(0,0) 4 + k3 Sup AL, (G.45)
0<(¢<s

for all (s,7) € dom(2), and where A(s) = A(u;;“(s))i(s). Next, pick an arbitrary
time (5,7) € dom(2), and let §(r, k) = 2(r + 5,k + ), and v(r, k) == p; (5 +r).
Since ¢ is also a hybrid arc that is a solution to (G.5), using the above bound and

by time-invariance, it satisfies:

907, k)4 < K1]9(0,0) e 4 ealdt] gy [0] ey

= k1 2(5, )]e ™20 1 kgli| gy sup 745+ T)

0<r<r
< wa|2(5, 7)|e™ ™0 4 wgit] a1 (5)- (G.46)
Now, using (G.45) with s = § and j = j, we obtain:
505, )a € R0 4wl s ). (CAT)
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Combining (G.46) and (G.47), and using Remark 2, we have

‘Q(T, /f)’A < K1 (/{1’2(07 0)‘Aeﬂm(§+§)

s sup [a(r)] sup ‘(7))

0<r<r 0<r<r

Ty sup (Tt (5).

0<r<r

Evaluating the above bound at r» = 5 and j € Zs¢ such that (5,7) € dom(y), we

obtain:

|?)(5,5)|A < K </€1|»§(0,0)|Ae_“2(§+3)

ks sup [a(7)| sup (7))o )

0<7r<s 0<7r<s

T ks sup [a(7)]i(5)

0<7r<s

< K1 (’11|73(07 0)|4e™"2 ) 4 kg sup |1l(r)|)e‘”2(§+5)
0<r<s

Ty sup |i(7)|fi(5)

0<r<s

< (m|2<o, 0)| g2+ H)

+ 2K3 sup |1l(7')|> max { ke ">, 1;(3) } ,

0<r<s
where we used the fact that e ™27 < 1, and SUPg<, <3 i () < prg* < 1 since pg > 1

and ¢ > 0. Using the result of Corollary G.1 it then follows that

95 7)la < (91200, 0)Lue™ ) 4 2055 sup_[a(7)] )ne(5)

0<7<5

ko
where 7;,(s) = max{rie™"2*, §(s)}, &(s) = (E2s+1) %7 for all k > 1 and
£€1(s) = e~7. Note that 7 is continuous and satisfies 7;(s) — 0 as s — oo since

ke "* — 0 and &(s) — 0 as s — oo. Now, using the definition of ¢, and letting
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Ni=25i:=j+7:
A . A —ra(2+i ~
2Dl < (k200 0)Lae ™3+ + 255 sup [i(7)]Jmi(1/2)

Since the choice of (8, j) € dom(z) was arbitrary, z is complete, and the previous
inequality holds for all j € Z>, in particular we can use s = 23, j = j, and 7=0
such that (s,7) € dom(z). Thus, from the above inequality and using Remark 2, we

obtain that there exists fi(r, s) == r - nx(s) € KL such that
605, )l < e (Rl2(0,0) e~ 1 Ryl ),

with By = k1, kg == 2, K3 = 2kK3. [ |
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APPENDIX H

Proofs of Chapter 10

Since the stability results of the zeroth-order hybrid dynamics Hy in Theorem 10.1
rely on the stability properties of the first-order dynamics H;, we first present the proof of

Theorem 10.2.

Proof of Theorem 10.2
We first present the proof of our auxiliary lemmas.

Proof of Lemma 10.1

Suppose that S is a d-gap synergistic family of diffeomorphisms adapted to ¢. Then,

we have that 0 < (S), meaning that
5<@fmm@)@ Vg € Q,
peEQ

and all z € Crit ggq \ A. Then, it follows that for all ¢ € Q and z € Critggq \ A, there exists
p € Q such that (10.16) is satisfied.
Conversely, assume that for every ¢ € Q and z € Critéq \ A, there exists p € Q such

that (10.16) is satisfied. In particular, for all ¢ € Q and z € Crite, \ A it follows that
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§ < (¢ — minyeg ¢,)(2), which implies that

5 < i b, — Min ¢ .
min (&g min bp)(2)
2eCrit ¢4\ A

This concludes the proof. [ |

Lemma H.1. The HDS H; is well-posed.

Proof. We prove that H; satisfies the hybrid-basic conditions [199, Def. 2.20]. First,
note that the flow map Fj is continuous, by the continuity of 27 | Vg ¢,(-) Ei(-)
in M for all ¢ € O, and the fact that Q is a discrete set. Second, define the
function i : M x Q — R by letting fi(z,q) == (¢, — m)(z). Note that fi is
continuous by following similar reasoning as in the continuity argument for Fj. Then,
gph h ={(2,9) e M x Q : z€ M, ji(z,q) = 0} is closed since [ is continuous. It
follows that h and G are outer-semicontinuous. Boundedness of G follows by
compactness of M x @) and outer-semicontinuity of G;. Now, C and D; are closed,
since they are sublevel and superlevel sets, respectively, of the continuous function /.

The result follows via [33, Thm. 6.30]. |

Proof of Lemma 10.2

Let ¢ € C*°(M) be arbitrary. Assume that V¢|, = 0 at some z € M. Then, by
the representation of V¢ in terms of the global orthonormal frame {E;}! ,, it follows
that: 37" (¥ (2)VE¢(2)Ej(2) = 0. Thus, since the matrix with coefficients ("/(z) is
nonsingular for all z € M, as it provides a local representation of the Riemannian metric,

and given that {E;}, is a frame, we obtain:

Vied(z) =0, Vie {1,-- n}, (H.1)
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which implies that Y " | Vg, ¢(2)E;(z) = 0. Conversely, assume that Y., Vg,¢(2)Ei(z) =
0. Then, equation (H.1) holds, and thus 0 = Y ", (¥ (2)Vg,¢(2)Ej(2) = gradg|.. This
concludes the proof. [ |
Now, we consider the set of critical points of the warped cost functions that are not
minimizers of ¢:

&= {(z,q)GMxQ : zGCrithq\A}.

The following lemma shows that £ is properly contained in D, thus enforcing jumps
whenever (z,q) € £. This means that the HDS #H; must jump at critical points that are
not minimizers of ¢. In the following, we use A° to denote the topological interior of a set

A.

Lemma H.2. Suppose that Assumption 10.4 is satisfied. Then £ C Dj and

Gi(€) € CT.

Proof. First, the fact that 6 >0 combined with the continuity and positive semidef-
initeness of (¢, — m)(-) ensures the existence of open subsets of C; and D; where
0 < (g —m)(2) < 6 and (¢, —m)(2) > &, respectively, proving that C? and DS are
non-empty. Second, consider (z,q) € £. Lemma 10.1 guarantees the existence of
p € Q such that qu(z) +0 < (;Sq(z). Given that m(z) < (;Sq(z) for all p € Q, we deduce:
m(z)+0 < ¢q(2), implying (z,q) € Dy. Thus, £ C D;. Now, consider (z,¢) € D;\ D5,
which implies m(z) = ¢q(2) — 0. Assume, for contradiction, that (z,¢) € £. By
Lemma 10.1, there exists p € Q such that ¢,(2) < ¢4(2) — 6 = m(z), contradicting
m(z) < ng(z) for all ¢ € Q. Hence, (z,q) ¢ &, proving that Dy \ DS contains elements
not in &£, and therefore tha & C DJ. The fact that G1(€) € C7 follows by construction,

since after a jump we have that ¢+ (27) — m(z%) = dg+ (2) —m(z) =0 < 6. |

By leveraging the results of the previous lemmas we can now prove the first main

theorem of the paper.
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Proof of Theorem 10.2

Consider the Lyapunov function:

Vi(z) = ¢4(2) — ¢, (H.2)

which is continuous due to similar arguments to the ones used to prove the continuity of F}
in Lemma H.1. Since ¢ < ¢(z) for all z € A, together with (A;) in Definition 10.3, we have
that ¢g(z) — ¢ >0 forall (z,q) € M x Q and bg(2) — ¢ = 0if and only if (2,q) € A x Q.
Therefore, it follows that V(z) > 0 for all (z,¢) € M x Q and V(z) = 0 if and only if

z € A. Now, during the flows of H;, the Lie-derivative of V' satisfies

LAV () =~ Y Vndy(IE) (5, 0)

— Z( Ei(2)¢g)? = uc(z), Y € C, (H.3)

where we used the fact that Lx f(z) = Vxf(2) = (X(2))(f) for all X € X(M) and
f € C>®(M), and that v(c) =0 for all v € T, M, every constant function ¢, and all z € M,
via [256, Lemma 3.4]. On the other hand, during the jumps of #;, using the definition of
h and m in (10.14) and (10.15), it follows that:

_ (m _ gzq) (2) < =6 = up(x), (H.4)

for all z € D;. Since uc(z) <0 for all z € Cy and up(z) < 0 for all x € Dy, it follows that
A is stable under H; via [199, Thm. 3.19].
To show the attractivity of A we employ the hybrid invariance principle [199, Thm. 3.23].

Indeed, since uc(x) < 0 for all x € C; and up(z) < 0 for all z € Dy, and using up,'(0) = 0,
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givenr € V(AUE) C [0, — ¢], solutions approach the largest weakly invariant set in
V)N ((AUE)x Q). Let Q denote such an invariant set and assume that r # 0. By
the definition of £ and the synergistic family of diffeomorphisms, it follows that Q C £.
Additionally, by Lemma H.2, we obtain that Q C DS. Since D{ N Cy = () by construction,
for €2 to be invariant under H;, we would need to have that 2 = G(2), but this would
imply, via Lemma H.2, that Q C Cf, and thus that Q Cc C;y N Dy =0 = Q = 0.
Therefore, we must have that » = 0, and thus that V(z(0),¢(0)) € M x Q solutions
approach the largest weakly invariant set in V=1(0) N ((AU&E)xQ) = AxQ, which is

AxQ it self. UGAS follows directly by the global attractivity and stability of A. [

Proof of Theorem 10.1

The proof uses tools recently developed for averaging on compact Riemannian man-
ifolds [252] together with the framework for hybrid extremum seeking control introduced
in [111].

First, since M is compact, we can select ¢, € R such that exp, (¢,D(2)) € (M), with
1(M) the injectivity radius of M [252, Lemma 3.2]. This makes possible a Taylor expansion
in normal coordinates along the geodesic dithers for every éq, such that the average dy-
namics of Hy can be computed to be (see [111]) Hy = {C’l, F, Dy, Gl}, where C1, D1, G,
are defined in (10.20a), (10.20b) and (10.19) respectively, and Fg' : M x Q — TM x N is

the average flow map, given by:

—> i inQ;q(Z)Ei(Z) + i1 O(ea) Ei(2)
0

F(f‘(:c)::

Hence, on closed subsets of M we have that

Fi(x) € con, Fy (z + ke B, 0) + (ke B, 0), (H.5)

429



for some k > 0, where F; was defined in (10.18). Here, the convex hull affects the state z
only, and the Minkowski additions (z + ke,B) are defined in a suitable ambient Euclidean
space which always exists due to the Whitney Embedding Theorem [256, Thm 6.15]. By
(H.5), any solution of the average dynamics H{' is also a solution of an inflated HDS
generated from ;. Hence, and since H; is a well-posed HDS via Lemma H.1, by [33, Thm.
7.21] we conclude that system Hj' renders the set A GP-AS in the ambient Euclidean
space as g, — 07. Since Hj' and H; are nominally well-posed, all conditions to apply
[111, Cor. 1] are satisfied. Therefore, together with the compactness of M, H, renders
the set A x T™ GP-AS in the ambient Euclidean space as (£4,2,) — 07. Note that any
solution z to Hy is constrained to M since the dithering is performed along geodesics on
the manifold, and f,(z, x) € T.M for all (z,q,x) € M x Q x T". Thus, we obtain GP-AS

of A in the sense of Definition 10.2. [ |

Proof of Lemma 10.3

First, we compute the differential of 8(52) and, whenever (10.27) is satisfied, we
show that it is full rank for all z € SO(3). When ¢(z) < +, the differential is trivially

full-rank since d <S(§2)> = I. When ¢(z) > 7, we obtain:
d (8152))2« —ekaa(d(z)—7)X [kqo/<¢(z)—’y) (X . Z) do, + [] . (Hﬁ)

Since the linear operator v s efa(@(2)=1)Xy ig invertible, because X € SO(3) for all r € R
and X € T;S0O(3), to prove that d <S§2)>Z is full-rank it suffices to show that (U, + I) is
invertible, where ¥, = k,o/(¢(2) — ) (X - 2) d¢,. To this end, letting || V.||, denote the
operator 2-norm induced by the inner product in the Hilbert space V, = (7,50(3), (-,-).),
we obtain that: ||U.||. < |kg||e/(¢(2) —)|| X || rllgrade]|.| . Then, whenever (10.27) is
satisfied, it follows that ||W.||, < 1, which implies that (I + W¥,) is invertible, and hence

that d <S§2)> is full rank for all z such that ¢(z) > 7. By the inverse function theorem
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[256, Thm. 4.5], it follows that 852) is a local diffeomorphism everywhere. Now, note
that 852) is a proper map' since it is continuous and SO(3) is a compact Hausdorff space.
This fact, together with the compactness of SO(3), implies that 8,52) is surjective via [281,
Lemma. 1]. Injectivity of SCSQ) follows from the arguments presented in [242, Appendix,
Proof Thm. 8], which we omit here for conciseness. Since 852) is bijective, as well as a

local diffeomorphism everywhere, it follows that it is a global diffeomorphism. [ |

Proof of Theorem 10.3

The proof employs the same concepts as the proof of Theorem 10.1. We provide some
details for completeness. Specifically, we now consider the Taylor expansion of the low-map
Fy in normal coordinates and we analyze the corresponding average hybrid dynamics
H = {Cy, F, Dy, Gy}, describing the evolution of the state & == (z,q,p) € S* x Q x P.

In this case, the average flow-map EZ(-) is given by

2

Ei(2)= {fl,qp(ZHZ@(&a)Ei,p(Z)} x {0} > {0},

=1

where F () = — > 7, VEiypq;q(z)Ei,p(z). The flow set C4, the jump set Dy, and the
jump map G; are the same as the sets Cy, Dy, and them map Gy defined in Section
10.3, but disregarding the state x € T? from the main state of the system. Using this

construction, (H.5) becomes
FN#) € con, Fy (7 + ke B, 0) + (ke,B,0), (H.7)

where k > 0, and Fy(Z)={F} 4 (2)}x{0} x {0}. Furthermore, let H, be the first-order
HDS with data H; = {C~'1, Fy, Dy, Gl}, and consider the same Lyapunov function of (H.2).
During the flows of H;, it follows that LpV(T) = — S (Eip(2)dy)? for all 7 € C.

TaA map f: A — B is proper if the preimage of each compact subset of B is compact.
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During the jumps of H;, the change of the Lyapunov function AV(z) := V(%) — V(&)
satisfies: AV(Z) = —0 whenever # € Dy, == {(2,q) € > x Q : <<;~5q - m> (z) >0} x P,
and AV(#) = 0 whenever & € Dy \ 15173. In words, the Lyapunov function decreases
whenever there is a switch between warped cost functions, denoted by a change in ¢, and
does not increase if the system only switches between families of vector fields, i.e., only
when the state p changes. Now, by the structure of the flow and jump sets, after a jump
that only changes p is triggered, the system can either exhibit a change in ¢, after which it
necessarily flows, or directly flows. The converse is true if a jump that only changes ¢ is
triggered first. Then, leveraging the decrease of the Lyapunov function during flows and
employing a similar reasoning as in the proof of Theorem 10.2, it follows that every solution
of H, converges to the largest weakest invariant set in V="1(0) N ((AU &) x Q x P), which
is A:= A x Q x P itself. It follows that A is UGAS under H; via the hybrid invariance
principle [199, Thm. 3.23]. The GP-AS of A under H, is obtained by using (10.22), the
well-posedness of H; and 7:[64, and applying the same arguments at the end of the proof of
Theorem 10.1. [

Proof of Lemma 10.4

Using the fact that d (eA"(Z))Z = M) ([ + Azdn,) for A € R™™ and  : R® — R
we get: det <d (Sq(?’))z) — 1+ ko (6(2) — ) do, (X2), for all z such that ¢(z) > 5. Thus,
whenever |k,| < E(S), det (d(Ség))z> # 0 for all z € S*>. Note that Sg(,g) is proper, being
both continuous and defined on the compact space S?. Then, by the fact that S? is simply
connected and det(dS(SB)) # 0, it follows that 553) is a diffeomorphism via [282, Thm. B].

strut m
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APPENDIX 1

Proofs of Chapter 11

Proof of Lemma 11.1

We find a sufficient condition on « to ensure that the relations in (11.1) are satisfied,

and confirm that they are implied by the assumption of the Lemma. First, we have that

VU, (0) = —asin®(0) + % sin(6 + ¢) cos(6 + ¢)
= —asin®(9) + sin(2[0 + o))
= o?sin(f) + %sin(ﬁ +¢(q)) cos(0 + ¢(q))
= o?sin(6) + 7 sin (2(0+ p(0)))

= a’sin(f) + i [sin(26) cos(2¢(q)) + sin(2¢(q)) cos(26)]

First, recall the sufficient condition to have that (6, 6s) = (£m,0) is locally exponentially
stable. To do so, note that around that point the only solutions allowed to flow have ¢ = 0.

Hence, computing Jacobian of F,,(x,0) around (£7,0) we obtain

(e
—

erl2.0) (s, 0)) =

(91’ 2 —04/8

N |—=
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With o? < %, and 8 > 0, it follows that the matrix is Hurwitz and thus that the point is
locally exponentially stable. From now on, we assume that o € (0,1/2) such that at least
local exponential stability of 4+ is attained.

First, we prove that VU,(0)1ce,} > 0 V0 € (—m,0].

e ¢=0,0€60un{0<0},0(q) =0:

VU,(0) = o*sin(0) + }L [sin(20) cos (0) 4 cos(20) sin (0)]
= o”sin(0) + %sin(ﬁ) cos(0)

= sin(6) (a2 + %cos(@))
(0 eBN{# <0} = sin(h) <0)

1 1
2 _ 1 _ 1
VU,(0) >0 < a° < ) ee@%a{io} cos(6) ) cos(3m/8)

e =—-1,0c0_;=[-7/8,0],0(q) =m/4

VU,(0) = o*sin(6) + i [sin(29) Ccos (g) + cos(20) sin (g)}

1
= o?sin(0) + 1 cos(26)

—_— ] 2
= o?sin(0) + 1-2sm (6) QZm (6)
1 9 . 1.,
=7t sin(6) — 5 sin (0)
1 9 9 . 1
=3 (sm (0) — 20 sin(0) 2)
= —% ((sm(Q) —a?)? —at - %)
1 1 1
> _ 2 : o2 a1
>3 [7117}%)7(0}(8111(9) a”)” + 5 <a + 2>

— —% (— sin(r/8) — a2)2 —l—% <a4 +
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1, . 2 1
= —5sin (m/8) — sin(7/8)a é_L

VU,(0) >0 <= o* < _Q_Slzl(n /(%))

e =—-20€0_5=[-31/8, —71/8],0(q) =m/2

VU,(0) = o*sin(0) + éll [sin(20) cos (7) + cos(26) sin ()]
— o?sin(0) — %sin(%)
= o?sin(0) — %sin(@) cos(0)

— _sin(6) (% cos(f) — a2>

(€ ©_y = —sin(h) > 0)

1 1
VU,(0) >0 <= o’ < §0r€n®1n2 cos(f) = 5005(3%/8)

e ¢ =-3,0€0_5=[-bm/8,—371/8],v(q) = 3r/4,

VU, (6) = o* sin(6) + | [Sm@@) o (32 ) + cos(28)sin (3;)]

= a*sin(f) — 3005(29)

_ _% (% _ 202 sin(6) — sin2(9))

_ _% (% +at— (o + sm(e))2>

> % (_% —a'+ min (a?+ sin(e))2>

_ % <_% —ot+ (a®+ sin(—37r/8))2)

_ % <_% + 202 sin(—37/8) + sin2(—37r/8))
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— % <_% — 202 sin(37/8) + sin2(37r/8))

sin®*(3m/8) — 4
2sin(37/8)

VU,(0) >0 <= o’ <

We now prove that VU, (0)1eco,; <0 V0 € [0,7).

e (=0,0c0,nN{0>0},0(q) =0

3

VU, (6) = o”sin(6) + i {Sin(%) COS (7) + cos(26) sin (3;)}
1 (% +aot — (o + sin(e))2>

2
<3 (—% — o (o + sin<e>)2)
= % <—% — o'+ (o? + sin(7r/8))2>
= % <—% + sin(r/8)% + 2 sin(w/8)a2)

1 —sin® (%)
4 2 2 8
VU,(0) <0 <= o < “Sem(n/8)

e ¢=20€0,=[n/831/8],p(q) =7/2

VU,(0) = o*sin(0) + 411 [sin(26) cos () + cos(26) sin ()]

= o*sin(f) — isin(%)

= o?sin(f) — %sin(@) cos(0)

— sin(6) (a2 . %cos(é’))

(0 € © = sin(f) > 0)

< sin(f) (a2 — % min cos(e))

0€02
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1 1
2 _ 1 . _ 1
VU,(0) <0 <= a” < 5 tin cos(6) 5 cos(3m/8)

e ¢=3,0€03=1[31/8,5m/8],p(q) =7/4

VU,(0) = o*sin(0) + i [sin(20) Ccos (g) + cos(20) sin (g)}

= o’sin(0) + iCOS<29)

R ] 2
_ a?sin(0) + 1 — 2sin“(0)
4
= o sin(6) — % sin?(#)

N N == 2

—sin?(0) + 22 sin() + —)

= — (sin(37/8) — a?)” + % (a4 + %)

1 1
=3 sin?(37/8) + o sin(37/8) + 1

sin®(37/8) — 3
2sin(37/8)

VU,(0) <0 <= o* <

Now, for any a we have that VU(+r) = —a?sin(£n) + 1 sin (£7 + %) cos (£7%). Hence,

provided that

1
2sin(r/8) ' 2sin(37/8) 2 = —cos(371/8),

a2<min{§cos(37r/8)72 sin (7T/) Sln(w/) 5 } 2

it follows that

VU(21,q) =0 <= 2 € {—m, 7}, and

<U(x1,q), .1'1> <0 v<x17Q> S U (Gq \ {_W’()?ﬂ—}) X {(]}
q€Q
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Proof of Lemma 11.2

First, note that for every ¢ we have that ©, C R is a closed interval and Kg is a
finite set and hence closed. Therefore ©, x R x {q} x K] is closed since finite product of
closed sets is closed. Then, C'is a finite union of closed sets which implies that C' x S! is
also closed.

Now, we have that F,(-,-, ¢(+)) is continuous in R? x @ x S! since it is a composition of
the continuous function F, : R? x R x S — R? and ¢ : Q — R, which is continuous since
Q is finite. Continuity of Fin C U D C R? x R x S! follows directly by recalling that F)
is continuous and noting that Cartesian product of continuous functions is continuous.
Moreover, since F' is continuous and single valued we obtain that it is locally bounded.
On the other hand, note that ©4 N © (g4 sign(q)) mod 4 7 () by design. Moreover, we have that
{0} is closed since it is a singleton set, and that ©, N ©, is closed for all p, ¢ € Q, due to
intersection of closed sets being closed. Consequently, ¥, is closed for every ¢ € (). Noting
that DZT) and D]% are closed for every p, it follows that D is a finite union of the closed sets
Uy % (D} U DY) and thus that D x S is closed.

Finally, let v : @Q+{—1,1} — @ be defined by v(§) = ¢ mod 4, and { : QxR — Q+{—1,1}
be given by £(q,s) = q + sign(s). It follows that v(-) is continuous, since Q + {—1,1}
is finite, and thus locally bounded and outer-semicontinuous when seen as a set-valued
map. Moreover, £(, -) is outer-semicontinous and locally bounded via [52, Prop. 5.51] due
to ¢ — {q} and sign(-) being outer-semicontinuous and locally bounded. Thus, by [52,
Prop. 5.52], vo&:Q xR = Q, (¢, x2) — (g + sign(zz)) mod 4, is outer-semicontinuous
and locally bounded. Additionally, we have that 5 is outer-semicontinuous and locally
bounded by construction. This, together with the continuity of z; — 1, x5 +— x5, and

X > X, implies the outer-semicontinuity and locally boundedness of G.
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Therefore, H satisfies the hybrid basic conditions [33, Asm. 6.5] which suffices to conclude

that it is well posed [33, Thm. 6.30.]. |

Proof of Lemma 11.3

Let y = (z, q, k) such that the state of H can be written as z = (y, x). Since x does
not play any role during jumps, to prove the lemma it suffices to focus on the discrete-time

evolution of y. The discrete-time dynamics for y coincide with the average jump map:

I

2 ify e (DN{do} xR xQ xK))

sign(z2)

—sign(q)

1

2 . <D N ({1 € Ugeariop Vs f
ifye

(¢ + Tgi(2)) mod 4 <R x[Q\ 0} < K)

q + sign(q)
Gaw(y) = : (I.1)

I

ifye (DN {vs} xR x {0} x K))

" ity e (DN {0 s} xR x {0} x K))

—§(.7J2)

q + sign(q)
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Now, note that D is constructed as the union of the sets {19(1 X (Dg X in)} . Since
q€Q
p#q = 9, # 9, by design, and it is always true that x] = z; during jumps regardless
of the value of zy, it follows that Gy, (0, x (D] x D})) N, x (D] x D) = @ whenever
p # q. Thus, to show that solutions to H experience at most 2 consecutive jumps in-
between intervals of flow, we only need to study the intersection of G, (19(] X (Dg X Dé))
with ({J,} x Rx Q x K)N (C U D).

Thus, for y € D such that 1 = 9y = 0, we have that

G (190 X Dg) = Glaw (9 X Rog x {—1} x {—3})
= Gav (Vo x ({0} UR>o) x {—1} x {-3})
= Gau ([J0 x {0} x {=1} x {=3}] U [y X Rsg x {—1} x {=3}])
= Gav (Vo X {0} x {=1} x {=3}) UGay (9o X Rog x {—1} x {=3})
= (9o % {0} x {~1,1} x {1}) U (W x Rog x {1} x {1})

= o x ({0} x {=1, 1} x {1}J U [R>g x {1} x {1}]) (1.2)
We consider the intersection of (I.2) with the part of the jump set D for which 7., (D) = 9y:

Glao <q90 X Dg) N
(0 x [ DJUDE]) =0 x [([{0} x {=1,1} x {1 U [Rug x {1} x {1}]) N D]
O [(1{0} > {=1,1} x {1}]U[Rso x {1} x {1})) N D]
= 0o x ({0} x {-1,1} x {1}) N D]]
U x [(Reo x {1} x {1}) 1 D]]
U x ({0} x {~1,1} x {1}) n Df]
U x (R x {1} x {1}) N D]

gy % [({0} x {=1,1} x {1}) N Dg]
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Uy x [Rag x 0 x ({1} N {=3})]
U x [({o} x {=1,1} x {1}) N Dg]
Udg x [0 x {1} x ({1} Nn{3})]

— 9o X [({0} x {=1,1} x {1}) N Dg}

Uy x ({0} x {~1,1} x {1}) N Df]
= o x {0} x {—1} x ({1} N {-3})]

Udo x [{0} x {1} x ({1} n{3})]
— g x [{0} x {~1} x 0]

U x [{0} x {1} x 0]
=

Gun (90 % D) =00 x ([ {03 x 11,1} x {-1) JU Reo x {1 x (-1
=
G (00 X Dg) N
(9 % |DEU D] ) = w0 x [({0} x {~1,1} x {~1}) N D]
U x [(Reg x {~1} x {-1}) N D]
U x [({0} x {~1,1} x {~1}) N D]
U x | (Reo x {1} x {~1}) N Df]
= 0o x [({0} x {~1,1} x {~1}) N D]
Uty x [0 x {~1} x ({~1} N {=3})]
U x [({0} x {-1,1} x {-1}) N D]

U o X [Rep x 0 x ({=1} N {3})]
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— 9y X [({o} % {~1,1} x {~1}) N Dg}
U x [({0} x {11} x {-1}) N D]
= Uo x [{0} x {=1} x ({=1} N {=3})]
Udo x [{0} x {1} x ({=1} N {3})]
0. (14)

which means that whenever a solution experiences a jump after hitting vy x <Dg U Dé),

it cannot jump again. On the other hand, for y € D with z; € quQ\{O} Uy, it follows that

Gav (9p x Df) = Gay (0, x {wssign(p) > 0} x {p} x K])
=9, x ([{0} x {[p+ {~1,1}] mod 4} x {p + sign(p)}])

Ul x ([{z2sign(p) > 0} x {(p + sign(p)) mod 4} x {p + sign(p)}]),
which implies that

Gav (9 x DI) N

(9, x [DJUDy]) =9, x [{0} x {[p+ {—1,1}] mod 4} x {p+sign(p)} N D]]
U, X [({wasign(p) > 0} x {(p + sign(p)) mod 4} x {p +sign(p)}) N D}]
U, x [{0} x {[p+ {~1,1}] mod 4} x {p +sign(p)} N D;]

U, X [({wasign(p) > 0} x {(p + sign(p)) mod 4} x {p +sign(p)}) N D;]

(1. any set with ¢ # p has empty intersection with D)

— 9, x [{0} x {[p+ {~1,1}] mod 4} x {{p + sign(p)}} N D!]

U, X [({wasign(p) > 0} x {(p + sign(p)) mod 4} x {p +sign(p)}) N D;]
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(2. any z with x, p such that xesign(p) > 0 does not belong to D}))

=, x [({0} x {[p+ {~1,1}] mod 4} x {p +sign(p)}) N D]

=9, x [{0} x {(p + sign(p)) mod 4} x {p + sign(p)} N K;]

(3. {p+sign(p)} N K}, = 0 by design)

I
=

(L.5)

Hence, whenever a solution experiences a jump after hitting (J 4€Q\{0} (VD Dg, it cannot

jump again. On the other hand, for y € D with z; € quQ\{O} Uy, it follows that

G (0 % D) = o (8 ¢ {asenls) < 0} x (57} x )
=9, x ([{0} x {p",p} x {g(»)}])

U, x ([{wesign(p) < 0} x {p} x {g(p)}])

where

(
-3 ifp=3
0 ifp=2
3 ifp=1

P Q\{0} = Q, pr (p+sign(p)) mod 4,  pM= :

-3 ifp=-1
0 ifp=-2
3 ifp=-3

(

g(p) = p' +sign (p") . (1.6)
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Therefore, we have

Gav (U, x D})
N (9, x [DIU DY) =0, x [{0} x {p'",p} x {g(p)} N DI]
U, x [({zasign(p) < 0} x {p} x {g(p)}) N D}]
U, x [{0} x {p™.p} x {g(p)} N D}]

U, x [({asign(p) < 0} x {p} x {g(p)}) N D]

(1. Any z = (21, x9, p) satisfying zssign(p) < 0 is not in DZ)

=1, x [{0} x {p"",p} x {g(p)} N D]]
ud, x [{0} x {p'",p} x {g(p)} N D}]

U, x [({wasign(p) < 0} x {p} x {g(p)}) N D]

(e () =)

— 9, % [{0} x {5, p} x {g(p)} " D]

U, x [({asign(p) < 0} x {p} x {g(p)}) N D]
3. {pyn{p'} =0

=, x [{0} x {p",p} x {g(p)} N D]]
=9, x {0} x {p} x ({g(p)} NK})

=, x {0} x {p} x ({9(p)}) € ¥, x D, (L7)

Equation (1.7) implies that if a solution hits ¥, x DI% with p # 0 and jumps, it can only

jump again whenever x5 = 2o = 0, since in that case y* € 9, X Dg. However, after such

444



jump, by (L.5), it cannot jump once more. Therefore, in that case there are at most 2

consecutive jumps. [ |

Proof of Lemma 11.4

Note that solutions do not stop due to jumps since by construction G, (D) C
(CUD). Moreover, note that Fy, is globally Lipschitz. Thus, by Gronwall-Bellman
inequality the flow map (11.10) does not generate finite escape times. Therefore, by [33,

Prop. 2.10], all maximal solutions of H are complete. [

Proof of Lemma 11.5

First, by Lemma 11.1, continuity of U,(-) for all ¢, and the fact that ©; is compact
for all p € @\ {0}, we obtain that Im, € R., and M, € R., such that

sin VU,(8) = —m,sign(p), gré%fVUp(O) = —M,sign(p) (1.8)

Moreover, note that p € Q \ {—3,3} <= p' € @\ {0}. For the sake of simplicity
of the proof assume that p > 0 which implies that p' > 0; the same inequalities we
present below hold by switching m,+ with —m,+, M,y with —M_,, and appropriately
changing the direction of the inequalities whenever p' < 0. Therefore, we have that both

—mysign (p') = —m,, and —M,;sign (p') = —M,+ by using (I.8). Moreover, under the

average dynamics H,, it follows that
myt — afag <@g < My — By V(x,q,k) € O x R x {¢} x Kg (1.9)
From (1.9), by using the comparison principle, we obtain that
mprt + 22(0,0) (1 + e ) < ay(t,0) < Myt + 25(0,0) (1 + %), (1.10)
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for all solutions to y(¢,0) to Hap, with y(0,0) € O, x R x {q} x KT and all (,0) € dom (z)

such that z;(¢,0) € ©,+. On the other hand, by assumption, we have that
21(0,0) =9, >0, 25(0,0) € R, ¢(0,0) = p', k(0,0) = p", (1.11)

where we have used the fact that z1 = z1, 23 = 1, during jumps, and that z; > 0,2, €
R>psign(p) whenever y € 9, x D;. Therefore, using (1.11) on (I1.10), it follows that x5

cannot change signs and additionally that it satisfies
myrt < x5(t,0).

Therefore, using the definition of F,, in (11.10), and invoking the comparison principle,

from (I1.10) we obtain

2
mp‘rt S jfl(t, O) — mPTE + 1917 S l’l(t, 0) (112)

Since ¥+ > ¥, whenever p' € @\ {0}, p’ > 0, from (I.12) we can conclude that there
exists 7' > 0 such that

Q‘ﬂpT_ﬁp‘

x1(T,0) = ¥,r for T < T, and where Tp2 —
myp

(1.13)

The same reasoning holds for p* € Q \ {0}, p' < 0. By the fact that ¢ = 0 and k = 0, we
obtain that ¢(t,0) = p', k(t,0) = p' for all t € [0, T]. This, together with (1.13) and (1.12),
implies that y(7T',0) = (9, ¢4y, pT, pT) € V0 X D;, where ¢,, > 0 is the non-negative value
that o has at the hybrid-time (7', 0), which depends on the initial condition z5(0,0). This

concludes the proof. [
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(a) With xr1 € UqEQ\{O} 19(] (b) With r1 = 19(]

Figure 1.1. Possible behaviors for trajectories hitting the jump set

Proof of Lemma 11.7

First, since y(0,0) € Gqy (9, x D]) we have that

ZL‘l(0,0) = 19p € @0,

x2(0,0) € Rspsign(p), ¢(0,0) € sign(p)s(z2), k(0,0) = sign(p)4.
Now, consider the behavior of the local Lyapunov function:
W(a) = Vo) + 5ol
during the flows of H,,. It follows, given y € Oy x R x {0} x Kg C C, that
W(z) = VW ()" Fp(z, q)
(y €O x Rx {0} x K] = ¢=0)

= (VUy(1), T2) + (12, =VUs(21) — aBx2)

= —af <9C2, 33'2)
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= —af|zo)* < 0. (I.14)

Now, note that W = 0 only for solutions with z, = 0 identically. For thus solutions we
thus have that @ = 0 which from (11.10) implies that VUy(z1) = 0 at all times. However,
by Lemma 11.1 this happens if and only if 1 € {—m,7}. Therefore, from (I.14) we
obtain that W < 0 for all y € (g x R x {0} x {—4,4})\ {—=, 7}, and W = 0 only if
(1(,0),22(t,0)) € {—m, 7} x {0} for all ¢. With this at hand we divide the remainder of

the analysis by cases:

e Assume that z5(0,0) = 0. Thus, it follows that ¢(0,0) € sign(p){0,3}. Since
k(0,0) = sign(p)4 we obtain that y(0,0) € 6y x R x {0} x K} and y(0,0) ¢
(0, x (DJUD})) U (6, x R x {p} x K]). Therefore, solutions must necessarily
flow with ¢ = 0. Now, assume that there exists 7" > 0 such that z,(7,0) = ¥+ =
v_, = —1,. Since Uy(:) is symmetric by design, we obtain that Uy(z(T,0)) =

Up(—9,) = U(¥,) = U(z1(0,0)), and hence that

W (a(T, 0)) = U(1(0,0)) + 5 la(T,0)F
= U(@:(0,0)) + 5 aa(T, 00 + 3120, 0 = 3 }2(0,0)F

=W (21(0,0)) + = (lz2(T, 0)]* — |22(0,0)|?)

1
2
0)

= 2[W (2(T,0)) = W ((0,0))] = |22(T,0)* = |22(0,0)".  (L.15)

Since 21(0,0) ¢ {—n,x}, it follows from the discussion above that W(t,0) < 0
for almost all ¢. Thus, we obtain that W (z(T,0)) < W(x(0,0)), which implies
that |z(T,0)|* < |z(0,0)|* = 0, but this cannot happen. Therefore, if 25(0,0) = 0
there cannot exist 7 > 0 such that y(T,0) € 9,3 x D" »» and thus, solutions
should flow with z(¢,0) € ©¢ for all t > 0. Hence, by the invariance principle,
and via (I.14), it follows that lim; . (z1(¢,0),22(¢,0)) € {—m, 7} x {0}. Since

448



(¢(0,0), k(0,0)) € {0} x {—4,4}, jumps are not triggered, and ¢ = 0,k = 0 it follows
that (q(¢,0),k(¢,0)) € {0} x {—4,4} and thus that lim, ., y(¢,0) € Ay.

o If 25(0,0) € Rogsign(p). On possibility is that the initial kinetic energy |x(0, 0)[>
is big enough for there not to be enough dissipation during the flow with z; € O,
and consequently that x1(7,0) € ¥+ for some T" > 0. If conversely the initial
kinetic energy is small enough to have invariance of ©g x R x {0} x {—4,4} by
a similar argument to the one presented in the previous item, we obtain that

limy 00 y(2,0) € Ap.

Proof of Lemma 11.8

To prove Lemma 11.8 we study conditions to guarantee that p' + sign (pT) € Kzi
and p' + sign (pT) S K; for all p € @ \ {0}, enabling the successful emulation of the
heavy-ball dynamics on the designed potential.

First, by using the definition of D} and G, it follows that

21(0,0) = 7,, 22(0,0) =0, ¢(0,0) € {p'",p}, k(0,0) = p' +sign (p') , or

21(0,0) = 9,, 22(0,0) € Regsign(p), ¢(0,0) = p, k(0,0) = p' +sign (p') .

(.16)

Now, we divide the analysis by cases depending on the value of z5(0,0).

e 15(0,0) = 0. From (1.16) it follows that

y(0,0) € 9, x {0} x {p'",p} x {p' +sign (p")}

. Note that by construction of the flow and jump sets of H, no solution is allowed

to flow nor jump from a state with z; = 9, and ¢ = p'". Therefore, we only need
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to focus on the case with y(0,0) = 9, x {0} x {p} x {p" +sign (p') }. By design,

p' +sign (p') € K] for all p € Q \ {0}. Thus, it follows that y(0,0) € 9, x D],

and, due to K; N K; = () for all p € @ and the fact that ¢(0,0) = p, that
y(0,0) ¢ (G)pT xR x {p'} x K;T). Moreover, although y(0,0) € ©, x R x {p} x K]
, since 21(0,0) = 9,, 22(0,0) = 0, and (VUp(z1), x1) < 0 by Lemma 11.1, there is
no solution flowing from the particular y(0,0) under study. In summary, we have
that 4(0,0) € (9, x D1), (0,0) ¢& (@pT xR x {p'} x K;), and solutions will

necessarily jump afterwards.

29(0,0) € Rogsign(p). For this case, from (1.16), it follows that y(0,0) = ¥, x
R_gsign(p) x {p} x {pT + sign (pT) } Therefore, solutions will necessarily have to
flow as y(0,0) € (8, x R x {p} x K!) and y(0,0) & D. For the sake of simplicity,

assume that p > 0. Then, by the comparison principle we have

mpt + 22(0,0) (14 e ") < 25(2,0) < Myt + 22(0,0) (1 +e ), (I1.17a)
t2
19p+mp§+
(0,0) (¢ L —ont) < (t,0) <9 +Mt2+ (0,0) (¢ L -an
x — —e€ z —+z — —e
2\Y, Ozﬁ = L1\, =~ Up p2 2\Y, Oéﬁ )

(L17b)

where m, > 0 and M, > 0 are as defined in the proof of the previous lemma.
The same inequalities we present below hold by switching m,, with —m,,, M, with
—M,,, and appropriately changing the direction of the inequalities whenever p < 0.
Depending on the magnitude of x2(0,0), from (I.17) and the fact 25(0,0) < 0, we

consider the two following cases:

— There exists Ty > 0 such that z9(7p,0) = 0 and (75, 0) € (V,,9,1). In such

case, y(Tp,0) € O, x Rxx {p} x { K]} Then, using (11.10), by the comparison
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principle we get that

my(t — Tp) < a5(t,0) < M(t — Tp), (L.18a)

t —Tp)? t —Tp)?
Il(Tg, 0) + mp% < l’l(t, 0) < Il(To, 0) + mp%, (Ile)

for ¢t > Tp. Since z1(Tp,0) € (ﬁp, 19p¢), and m,, > 0, M, > 0, by definition, from

(1.18b) we obtain that there exists T > T} satisfying (T' — Tp)* < %

, such
that x,(T,0) = 9, and z5(T,0) > 0. Since ¢ = 0 and k = 0, it follows that
q(T,0) = p, k(T,0) = p" +sign (p') € K] Vp. The same arguments hold for

p < 0, by following the modifications mentioned above, and, therefore, it follows

that y(7T',0) € ¥, x D] for all p € Q \ {0}.

There exists T > 0 such that z1(7,0) = 9J,. and x,(7,0) < 0, i.e., x5 does
not change sign during the flow interval. Since ¢ = 0 and k=0, it follows

that ¢(7’,0) = p, k(T,0) = p' + sign (p'). Since p' + sign (p') € K;i for all

p € Q\ {0} by design, it follows that y(T,0) = (U1, sy, p,p" + sign (p')) €
Vi X D;, where ¢;, > 0 is the non-positive value that 3 has at the hybrid-time
(T,0), which depends on the initial condition z5(0, 0). Since the same arguments

hold for p < 0, by following the modifications mentioned above, it follows that

y(T,0) € 9,0 x Dy, forall p € @\ {0}.

Proof of Lemma 11.9

Together, Lemmas 11.5-11.8 show that H,, induces a finite amount of jumps before

entering the region with x; € ©y with low enough kinetic energy such that solutions will

flow from there onward without jumping again. In particular, this implies that there

cannot be maximal Zeno solutions to H,,. [ |
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Proof of Theorem 11.1

Via Lemmas 11.5-11.9 we can conclude that the HDS H,, emulates continuous-time
heavy-ball dynamics with friction coefficient a8 and potential function given by U(z1, q)

as defined in (11.6). Now, consider the following Lyapunov candidate function

which satisfies V(z,q) > 0 V(z,q) € CUD, and V(z,q) =0 <= (z,q9) € Ay via the
application of Lemma 11.1. Moreover, V' is radially unbounded since V' is continuous in x;

and z; € S', and V(x) — oo as |zy| — oco. For all (z,q) € C, during flows we have that

) x
V(z,q,k) = \a’dl ? Y(z,q) € C
—VU,(21) — afzy

T2

:<VU(m1’q> x2> —VU,(21) — aBxy

= VU (1, q)xs — 1.V U, (1) — afl|zs|’
= VUq(iL'1>ZE2 — I'QVUQ(I'1) — O./B|272|2

= —afl|zs)® <0, (1.19)

where we have used the fact that (z,¢.k) € C = 2z € O, x R, and thus that
U(x1,q) = Uy(x1) Y(z,q, k) € C. On the other hand, for every (z,¢, k) € D, during jumps
we have that V(z,¢* k") = V(z,q, k).

Now, we show that no complete solution of H,, keeps V' in a non-zero level set. To this
end, consider a solution for which V(z,¢, k) = 0. Then, it follows that z5(t,j) = 0 for
almost all (¢,7) € dom (z), and thus that during flows @5 = 0 for almost all ¢. Therefore,

since solutions of H,, satisfy (&,q, k) = Fu,(z) for almost all ¢ during intervals of flow,
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it must be that 0 = —VU,(x,(¢,7)). However, by Lemma 11.1, this can only happen if
(x1(t,g), x2(t,7),q(t, 5),k(t, j)) € {—m, 7} x {0} x {0} x {—4,4} for all (¢,7) € dom(z). In
particular, this means that V < 0 for all (z,q) € C'\ {—m, 7} x {0} x {—4,4}. Therefore,
no solution that flows can keep V' constant in a non-zero level set. Since by Lemma 11.9
every maximal solution is non-Zeno, and in fact there is only a finite ammount of jumps,
we obtain UGAS of Ay via the the hybrid invariance principle [33, Thm. 8.8.]. Global

practical asymptotic stability of Ay x S! is obtained by applying [272, Thm. 2]. [
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