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ABSTRACT OF THE DISSERTATION

Existence and Structure of P-Area Minimizing Surfaces
by
Alexander Stephen Rowell

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, December 2022
Dr. Amir Moradifam, Chairperson

This dissertation uses methods from convex analysis and calculus of variations to
find solutions to partial differential equations by proving existence of minimizers for the
associated energy functionals. In the first problem, we study existence and structure of
P—area minimizing surfaces in the Heisenberg group under Dirichlet and Neumann bound-
ary conditions. We show that there exists an underlying vector field, N, that characterizes
existence and structure of P-area minimizing surfaces. This vector field exists even if there
is no P-area minimizing surface satisfying the prescribed boundary conditions. We prove
that if 9 satisfies a so-called Barrier condition, it is sufficient to guarantee existence of
such surfaces. Our approach is completely different from previous methods in the literature
and makes major progress in understanding existence of P-area minimizing surfaces.

The work on the energy functional associated to the P-mean curvature partial
differential equation can be generalized to a class of functionals I(u) = [,(¢(z, Du+ F) +
Hu) dx, where ¢(z,£) is convex, continuous, and homogeneous with respect to the second

argument. Using the Rockafellar-Fenchel duality, we prove existence and deduce structure

vi



of solutions to the Dirichlet and Neumann boundary problems associated with minimizers
of the functionals. The case when ¢ is not strictly convex is a highly non-trivial problem.
We prove the existence of an underlying vector field IV, that always exists, and characterizes

the structure of minimizers of I(u).
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Chapter 1

Introduction

The motivation of this thesis arose from interest in two areas of conductivity
imaging, and generalizing the associated least gradient problem. In particular, Electrical
Impedance Tomography (EIT) and its extension to the hybrid method Current Density
Impedance Imaging (CDII). In EIT we seek to determine the electrical conductivity at
every point interior to a body, given the voltage potential at the boundary, following a
corresponding induced current on the boundary. The resulting images of conductivity are
very low resolution due to the EIT problem being severely ill-posed. This inspired the in-
troduction of a hybrid method in which EIT is combined with Magnetic Resonance Imaging
(MRI) to gather high accuracy data interior to the body of interest. The CDII problem
reconstructs the conductivity at every point in the interior, after inducing a current at the
boundary and measuring the corresponding magnitude of the current density vector field

in the interior.



We are now ready for the statement of the problem. Consider an object represented
by an open, bounded, and connected domain 2 C R, with isotropic conductivity o. For a
given voltage f on 012, J is the current density vector field. The resulting voltage potential
v satisfies the equation

V- (O’V?)) = O, U|8Q = f (1.1)

A substitution is applied using Ohm’s law J = —o Vv, yielding equation

V- <|‘VJU“VU> =0, vl|ga=1/[ (1.2)

Equation (1.2) has the associated energy functional

E(v) = / 7|V, (1.3)
Q
The voltage potential v that minimizes E(v), solves equation (1.2). Then the conductivity
o is uniquely determined by |J| and v|sq = f.
In research, these problems in EIT and CDII were thoroughly studied in [6, 10, 11,
28, 27], with many interesting results. Furthermore, in [26, 37, 38, 41] the authors worked
on finding minimizers for classes of more generalized version of functional (1.3). They are

often referred to as the least gradient problem, expressed as

/ a|Dv|  or / o(x, Dv),
Q Q

where a € L>°(Q) is a positive function, and ¢ :  x R™ — R is a convex function sharing
the same properties as norm | - |.
In exploring such problems, we discovered geometers were interested in solving the

P-mean curvature partial differential equation in the rough form

Vu+ F
. —— | =H 14
Vv <a\Vu+F|> ’ (1.4)



where a € L>°(1) is a positive function, F' € (L?(Q2))", and H € L%*(f). Note that equation
(1.4) is itself a slight generalization of the actual P-mean curvature equation, explored
in greater depth in section 1.1. The associated energy functional to the Euler-Lagrange
equation (1.4) is

I(u) = /Q (a|Vu+ F|+ Hu) dx. (1.5)

One can see that equations (1.2) and (1.3) are special cases of (1.4) and (1.5) respectively, by
setting ' = 0, H = 0, and a = |J|. The main substance of this thesis is in proving functional
(1.5) has minimizers under prescribed Dirichlet and Neumann boundary conditions. It can
be shown that minimizers of I(u) solve the associated partial differential equation by the

standard method in Calculus of Variations. For any fixed v € C2°(Q2) we define
i(r) :=Iu+7v] forall 7 € R.
Function 7 has a minimum at zero and i'(0) = 0. Then
i(r) = /Qa|Vu+7‘Vv + F|+ Hu+ THv,

and we compute the component-wise derivative with respect to 7 yielding

B (Vu+ 7V + F)

(1) = . Huo.
v(r) /Qa]Vu—i—TVv—i-F\ Vot Hy

Consequently, we use integration by parts

. Vu+ F)
0=14(0) = 7( . H
i'(0) /Qa|Vu+F| Vv + Hv

-/ [—v. (%) +H] v,

Since this holds for all v € C°(€2), minimizers of I(u) are solutions to equation (1.4) in .



In a further step of generalization, we endeavor to find existence of minimizers to

a class of integral functionals of the form
Z(u) :/ o(x, Du+ F) + Hu, (1.6)
Q

where ¢ : 2 x R” — R is convex, continuous, and homogeneous function of degree 1 with
respect to the second argument. Moreover, 2 is a bounded open set in R™ with Lipschitz
boundary, F € (L?(2))", H € L*(Q), and ¢ satisfies conditions (C7) and (C2), that provide
it with similar properties to the norm | - |. This class of functionals is explored further in

Section 1.2 and Chapter 3.

1.1 P-area minimizing surfaces in the Heisenberg group

Let’s start with some definitions and background of previous research on P-area
minimizing surfaces. The 2m + 1-dimensional Heisenberg group is the manifold H™ =

C™ x R, endowed with the group product
(z,) - (¢, 7) = (2 + ¢t + 7+ 2Im(z, () ,

where t,7 € R, 2,{ € C™ and (z,() = 21{; + - -+ + zm(,,. Suppose that € is a bounded
region in R?™, and X = (z1, 2}, 22,75, , Tm,z),) € Q. Let u : R?™ — R, and consider
the graph (X, u(X)) in the Heisenberg group of dimension 2m + 1 with prescribed p-mean

curvature H(X). Then u satisfies the equation

Vu — X*
V- [=———— ) =H, 1.7
=2 .
where X* = (2}, —x1,25, —x2, -+ , 2., —2y). The p-minimal surfaces are the case when

H = 0 (also called H-minimal or X-minimal surfaces [20, 21, 48]), and have been studied by



many authors. Numerous interesting results have been presented about existence, unique-
ness, and regularity of p-minimal surfaces [5, 12, 13, 14, 15, 20, 21, 48]. A summary of the
most important results are shown below. Note that we solve this problem in Chapter 2 from
the perspective of PDE and Calculus of Variations. In that spirit, notice that equation 1.7

is the Euler-Lagrange equation to the energy functional
E(u) = / (|Vu — X*| + Hu) dxy Adxy A -+ Adxy A da),. (1.8)
Q

One of the main challenges in studying the equation (1.7) is to deal with the singular set
of solutions, i.e.

(X €Q: |Vu(X) - X*| = 0}.

On the other hand, since the energy functional E is not strictly convex, analysis of existence
and uniqueness of minimizers is also a highly non-trivial problem.

In [5] the author studied the size of the singular set of solutions, and showed the
existence of solutions with large singular sets. In Theorem A of [15], the authors proved
existence of minimizers of (1.8) in the special case H = 0, and under the assumption that

Q) is a p-convex domain. Consider the condition on F , for C'-smooth functions fx’s:
Ok Fr :a[fK, I.K=1,...n (1.9)

Theorem 1 ([15]) Let Q be a p-convex bounded domain in R™,n > 2, with 0Q € C%(0 <
a < 1). Letp € C*>*(Q). Suppose F € CY*(Q) satisfies the condition (1.9) for C*-smooth
and bounded frc’s in Q. Then there exists a Lipschitz continuous minimizer u € C%1(Q)

for E(+) with H = 0 such that uw = ¢ on 0S.



They also proved interesting uniqueness and comparison results for minimizers of Theorem

B and C. Namely,

Theorem 2 ([15]) Let Q be a bounded domain in R®*™. Let u,v € WH2(Q) be two mini-
mizers for B(-) such that u—v € W01’2(Q). Suppose H € L=(Q) and F € WH2(Q) satisfying

div(F*) > 0 (a.e.). Then u=v in Q (a.c.).

Theorem 3 ([15]) Let Q be a bounded domain in R®". Let F € W12(Q) satisfy divF* > 0

(a.e.). Suppose u,v € W1,2(Q) satisfy the following conditions:

divN(u) > divN (v) in Q(in the weak sense).

u < v on ON.
Then u < v in Q.

In [49], the authors proved existence and uniqueness of minimizers of E for the

case when H = 0 in Q under the so-called bounded slope condition (as defined in [23]).

Definition 4 We say that the function U : 02 — R satisfies a bounded slope condition
with constant Q > 0 if for every xg € 9 there exists two affine functions w* = wjo and

w™ = wy, such that

w™(z) <U(z) <wt(x) in 0N :

w™ (20) = Ul(xo) = w (0);

Lip(wg,) < Q; Lip(wy) < Q,

where Lip(w) denotes the Lipschitz constant of w.



Notice that, if ¢ satisfies the bounded slope condition, then it is Lipschitz continuous on
0f). In this sense, the assumptions on the boundary datum are stronger than those in
Theorem 1. As a result, they were able to obtain uniqueness and Lipschitz regularity of
the minimizer on (possibly) less regular domains. The results from [49] were extended in
[17] to prove existence and uniqueness of minimizers for the more generalized functional,
G(u) = [ 9(Vu+X*)dL?", where g : R*™ — R is convex but not necessarily strictly convex.
In [13], the authors studied uniqueness of minimizers of the functional E. The interesting
results regarding uniqueness have been omitted, as the most relevant research is of existence
of solutions.

In Chapter 2, we study existence and structure of minimizers of the energy func-
tional E from a different point of view, using the Rockafellar-Fenchel duality. We prove
various existence results that are new, even for the case a = 1. Consider the following

weighted form of the functional (1.8)
Fl(u) = / (a|Vu — X*| + Hu) dzy Aday A -+ Adzy A da),, (1.10)
Q

where a € L*(2) is a positive function. Minimizers of this functional will satisfy the

Euler-Lagrange equation

Vu — X*

which could be viewed as the p-mean curvature of the function (X, u(X)), with respect
2

to the metric ¢ = a»-Tdx, which is conformal to the Fuclidean metric. Our approach is

completely different from the previous ones in the literature and provides major progress

in understanding the existence of P-area minimizing surfaces.



1.2 Minimizers for a class of integral functionals

The scope of this section addresses minimizers of a class of functionals broadly
explored in Calculus of Variations. In particular, much research has been published on
finding existence, uniqueness, regularity, and continuity of minimizers of functionals of the
form [, G(Du(x)) + K (x,u) dz, where G is convex and K is locally Lipschitz or identically
zero. For background, one should explore the tree of references stemming from [7, 8, 9, 16,
19, 31, 32, 33, 34]. Our motivation for the research in chapter 3 was inspired by the methods
used in [43], the paper that makes up the contents of chapter 2. Therein, we proved existence
and structure of minimizers of P-area minimizing surfaces in the Heisenberg group. View
the references within [15, 43, 49] on literature about P-minimal surfaces in the Heisenberg
group. The statement of the problem was stated last section, where the goal was to minimize
function F(u) from (1.10). Under prescribed Dirichlet and Neumann boundary conditions,
in Chapter 2 we prove existence and deduce the structure of minimizers of the altered energy
functional,

I(u) :/Q(a|Vu+F| + Hu) de, (1.12)

where a € L>°(Q) is a positive function and F' € (L*°(2))".
The subject of study in Chapter 3 is a class of functionals that generalize (1.12),

namely

I(u):/ggo(x,Du—FF)%—Hu, (1.13)

where ¢ : Q x R™ — R is convex, continuous, and homogeneous function of degree 1 with

respect the the second argument. Unless otherwise stated, we assume that §2 is a bounded



open set in R™ with Lipschitz boundary, F € (L?*(Q))", H € L*(Q), and ¢ satisfies the

following conditions:

(C1) There exists o > 0 such that 0 < p(z,§) < a[¢| for all £ € R™.

(C9) & p(x,€) is a norm for every z.

While not generally required, at times we specify the additional condition on ¢:

(C3) There exists § > 0 such that 0 < g [¢] < p(z,§) for all £ € R™.

This problem is of particular interest since the energy functional I(u) is not strictly convex.
Analysis of existence and uniqueness of minimizers is a highly non-trivial problem, in which
we address using the Rockafellar-Fenchel duality. In doing so, we prove the existence of an
underlying vector field IV, that always exists, and characterizes the structure of minimizers
of (1.13).

It is of interest to investigate [17], where the problem of unique minimizers in
BV (Q) of (1.13) are found to be Lipschitz continuous. This was for the case where H = 0
and with different assumptions on convex function g : R>® — R, with solutions u under
the bounded slope condition from Definition 4. Note that the authors have two additional
conditions on convex function g, which make it not very dissimilar to a strictly convex
function (in some sense). In turn, they provide the basis for more regularity of minimizers.

Those conditions are

g <§1 _5&2) _ g(fl) ;9(52) — 51 _ )\52’ and (114)
[p € 0g(§2) and g™ (&1) = (p,&1)] = & = A (1.15)



Consider
Gq = inf {limhinf/ g(Vup, + X)L 2wy, € WHH(Q), up, — u in Ll(Q)} .
Q
Then their main Theorem (4.4) is as follows.

Theorem 5 ([17] ) Let 2 C R*" be open, bounded and with Lipschitz reqular boundary, let
f: 09 — R satisfy the Q-B.S.C. for some Q > 0 and let g : R*® — R be a convez function

with linear growth satisfying conditions (1.14) and (1.15). Then, the minimization problem
min {Gq :u € BV (Q),ulsq = f}
admits a unique solution 4. Moreover, U is Lipschitz continuous and Lip(i) < Q(Q, Q).

Another broad area of study is the least gradient problem, a special case of (1.13)
in which F =0, H =0, and ¢(z,-) = a| - |, where a € L>(f2) is a positive function. It has
applications in conductivity imaging and has been extensively studied by many authors, see
[25, 26, 37, 38, 39, 40, 44, 45, 46, 47, 50, 51, 52, 53]. One such example that provides a use
case of ¢, when F' = 0 and H = 0, is presented in [25]. Considering J,¢ € (L?(Q))" and

oo € CY(Q, Mat(n,R™)), the authors defined convex function

1/2
n

p(x,8) =al@) | Y of ()& |
i,j=1

which satisfies conditions (C1)-(C3), with a = /o5 'J - J. They seek unique solutions to

the least gradient problem

argmin {/ o(z, Dv) : v € BV(2),v|on = f} .
Q

The above example displays a non-trivial use case of ¢ that comes up in conductivity
imaging.

10



Chapter 3 is outlined as follows. It starts with an introduction of preliminary
definitions and concepts, with the aim to set up existence proofs for minimizers of functional
(1.13). In Section 3.1, we prove existence under the Neumann boundary condition. In
Section 3.2, we study existence of minimizers with Dirichlet boundary condition. Finally,
in Section 3.3 we provide existence of P-area minimizing surfaces under a Barrier condition

on the boundary 0f2.

11



Chapter 2

Existence and structure of P-area
minimizing surfaces in the

Heisenberg group

This chapter is dedicated to the study of the existence and structure of minimizers
of the energy functional

I(u):/ﬂ(aVu—&-F\—i—Hu), (2.1)

to the Euler-Lagrange equation

Vu+ F

where a € L>°(Q) is a positive function, F' € (L?(2))", and H € L?(Q2). Moreover, we look
for solutions u of bounded variation satisfying various Dirichlet and Neumann boundary

conditions. Notice that functional (2.1) and equation (2.2) are slight generalizations of the

12



P-area minimizing problems (1.10) and (1.11) respectively, from Section 1.1. The approach
of proving existence of solution is different from others in the previous research, since we
use the Rockafellar-Fenchel duality. Also, our last existence result puts a new condition on

(2, the Barrier condition as in Definition (22).

2.1 Existence of P-area minimizing surfaces with Neumann

boundary condition

Let Q be a bounded open region in R", a € L*>(£2) be a positive function, F' €

(L2(Q))", H € L*(R), and consider the minimization problem

inf  I(u) :z/a\Du—#—FH—Hu, (2.3)
u€BV(Q) Q

where
BV(Q) = {u e BV(Q) : / w=0}.
Q

In order to study the minimizers of the least gradient problem (2.3), we first analyze
the dual of this problem using Rockafeller-Fenchel duality. Define E(b) : L?(2) — R and

G(u) : HY(Q) — R as follows
E(b) = / alb+F| and Gu) = / Hu,
Q Q
where H(Q) = {u € HY(Q) : Jou=0}. Then (2.3) can be rewritten as

(P)  inf {E(Vu)+Gu)}. (2.4)
u€H1(Q)

By Rockafellar-Fenchel duality [18], the dual problem associated to (2.4) is

D) — min {E*(b)+G*(-V*'b)} = —E*(b) - G*(—~V"b 2.5
(D) = i AFO)+G(=Vh)) = max {-F'(0)-G(=Vb)}L o (29)

13



where E* and G* are the convex conjugates of the convex functions £ and G, and V* is

the adjoint of the gradient operator V : H(€2) — L2(2). Let us first compute G*(—V*b).

*(_T*D) = L vA A -
F=v) ue?fim{@’ VWi @@y ~ G0}

= sup {<u7_V*b>H1(Q)><(H1(Q))*_/HU}
ue H1(Q) Q

= sup {—/Vu-b—/Hu}.
ueH1(Q) Q Q

Since cu € H' for anyueﬁl and any c € R,

oo if u & Dy(Q)
G*(-V™b) = (2.6)

0 if u € Dy,

where

Dy := {be(LQ(Q))”:/QVu-b—i—Hu:O, for all ueHl(Q)} (2.7)

The computation of E*(b) is gathered from Lemma 2.1 in [39]. The statement and proof

have been included for completeness.

Lemma 6 ([39]) Let a € L*(Q) be non-negative and F € (L*(Q))". Then

—(Fb)  if [b(z)| < a(z) ae in Q
E*(b) = (2.8)

00 otherwise .

14



Proof. First, consider the case |b(z)| > a(z), on a set of positive Lebesgue measure U C (2.

It follows that

) =  sup (d,b)—/a\d+F|
de(L2(Q)n Q

=—(0b,F)+ sup ((d, by — / a|d\dx>
de(L2(Q))" Q

> —(b, F) +sup A (|b|2—a(aj)|b\) dzx = oo,
AER U

where the second inequality follows from variable substitution. The last inequality is due

to the assumption |b(x)| > a(z) and our choice of of d,

Ab(z)  forzeU
d(x) =

0 otherwise .

In the second case, consider |b(z)| < a(z), a.e. and we compute

E*(b) = —(b,F)+ sup | <<d, b) —/Qa|d\dx> (2.9)

de(L2(Q))™

— (b, F)+  swp /(b'd—a!dDdx

de(L2 () JQ

—(b, F) sup / |d(x z)| —a(z)) dz

e(L2(Q)m

IN

— (b, F).

Choosing d = 0 in (2.9) gives

E*(b) > —(b, F).

Thus, the dual problem (D) can be written as

(D) sup{(F,b):be Dy and |b] <a a.. in Q}. (2.10)

15



Let vq denote the outer unit normal vector to 9§2. Then for every b € (L*°(Q2))"
with V- b € L"(€2) there exists a unique function [b, vo] € L, 1 (92) such that
/ b, voJudH™ ™ = / uV - bdx +/ b- Dudz, ucCY(Q). (2.11)
o Q Q

Moreover, for u € BV (Q) and b € (L*°(Q))" with V - b € L™(), the linear functional
u > (b- Du) gives rise to a Radon measure on 2, and (2.11) is valid for every u € BV (Q)

(see [1, 3] for a proof). The following lemma is an immediate consequence of (2.11).
Lemma 7 Let b € (L*°(Q2))" N Dy. Then
V-b:H—/de a.e. in 2,
Q

and

[b,vg] =0 H" ' —ae on OO

Indeed, it follows from the above lemma that for any solution N of the dual
problem (D), V- N = H — [, H a.e. in ©, and N is orthogonal to the unit normal vector

on 0f2 in a weak sense. We are now ready to present the main result of this section.

Theorem 8 Let Q be a bounded domain in R", F € (L?(2))", H € L*(Q), and a € L*()
be a positive function. Then the duality gap is zero and the dual problem (D) has a solution,

i.e. there exists a vector field N € Dy with |N| < a, |Du+ F|— a.e. in Q, such that

inf /(a|Du—|—F|—|—Hu)dx:<F,N> (2.12)
weH1(Q) JQ
Moreover
D F
a’DZh =N, |Du+F|—ae. in Q, (2.13)

for any minimizer u of (2.4).

16



Proof. It is easily verified that I(v) = [ a|Dv| is convex, and J : (L*(2))" — R with
J(p) = [, alp|dz is continuous at p = 0. Hence, it follows from Theorem IIL.4.1 in [18] that
the duality gap is zero and the dual problem (D) has a solution N, and consequently (2.12)
holds.

Now let u € H be a minimizer of (2.4). Then
(F,N) = /aDu—&—FH—/Hu
Q Q

> /|N|]Du+F\—|—/Hu
Q Q

> /N-(Du+F)+/Hu
Q Q
= <F,N>+/N~Du—|—Hu
Q

= <F’ N>7

since N € Dy. Therefore, both the inequalities above are equalities, and hence (2.13) holds.

O

Remark 9 The primal problem (P) may not have a minimizer in HY(Q), but the dual
problem (D) always has a solution N € (L*(2))"™. Note also that the functional I(u) is not
strictly convex, and it may have multiple minimizers (see [26]). Theorem 8 asserts that if

uy and ug are both minimizers of (P), then

Du + F
ai
|DU1 + F|

() = am@) ~ N(2), (2.14)

for a.e. point x € Q where |Duy + F| and |Dug + F| do not vanish.

Next we show that if the primal problem (P) is bounded below, then it has a
solution in BV (€2). The proof follows from standard facts about BV functions, and we

sketch it out for the sake of completeness.

17



Proposition 10 There exists a constant C, depending on ), such that if

max |H(z)| < C, (2.15)
zeQ)

then the primal problem (P) has a minimizer.

Proof. Let u, be the minimizing sequence for I(u). Then

/\Vun\—/]F|—/|H|]un|g/|Vun|—/F+/Hun§/|Vun+F|—i—Hun<c,

for some constant ¢ independent of n. Hence

/\Vun\ sc+/rH|runr+/|F|.

It follows from the Poincaré’s inequality that there exists a constant Cgq, independent of n,

such that
/ Vun| < C + || H]| (e Co / V| + / 7|
= (1—cg|rH||Loo<m)/|m| < c+/F|.

(1= CollH|| 1~ (q))

provided that 1 — Cq|[H||(q) > 0 or equivalently

1
H oo < =
[[H|| o) < C 5

It follows from standard compactness results for BV functions that u,, has a subse-
quence, denoted by w,, again, such that u, converges strongly in L' to a function @ € BV,
and Du,, converges to Da is the sense of measures. Since the functional I(u) is lower

semicontinuous, @ is a solution of the primal problem (2.3). O

18



This leads directly to the first existence result. There is a solution to an altered

version of PDE (2.2), in the case where a = 1.

Corollary 11 Let ) be a bounded domain in R™, F € (L*(2))" and a € L*(Q) be a positive

function. There exists a constant C such that if ||H||pe(q) < C, then the equation
Du+ F
V- H- | H
( |Du+ F |) /
has a solution u € BV (Q), i.e. there exists N € Dy such that
Du+ F

“Du+F| ~

2.2 Existence of P-area minimizing surfaces with Dirichlet

boundary condition

In this section we study existence of p-area minimizing surfaces with a given Dirich-
let boundary condition on the boundary 0€2. Let Q be a bounded open region in R",

a € L>(Q) be a positive function, f € L'(99), and consider minimization problem

inf  I(u) ::/aDu+F|—|—Hu, (2.16)
ueBV;(Q) Q

where
BV () = {u € BV(Q) : uloa = f.

The function f € L'(9Q) can be extended to a function in W11() (denoted by f again),

and the weighted least gradient problem (2.16) can be written as

inf I(u) ::/a’Du—i-F‘—i-Hu%-/Hfdx,
uEBVH(Q) Q Q
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where F = F 4+ Vf, and Jo H fdx is a constant. Hence the minimization problem (2.16) is

equivalent to the least gradient problem

inf  I(u) ::/a|Du+F|+Hu. (2.17)
uEBVO(Q) )

It is easy to verify that the minimizers of (2.16) in BVj(f2) satisfy the Euler-Lagrange

equation

Du+ F

with u|gg = 0. However, the minimization problems (2.16) and (2.17) do not necessarily have
minimizers even if they are bounded below. This is in contrast with our results in Section
2.1 where boundedness of the functional I(u) in (2.3) from below automatically implies
existence of a minimizer. To see this, suppose u, is a minimizing sequence for (2.17) that
converges in L'(£2) to a function @& € BV (). Then it follows from lower semicontinuity of
the functional I(u) that

(W) < inf  I(u).

weBV()
However, the trace of 4 on 02 may not necessarily be equal to zero. This is the main reason
for nonexistence of minimizers for (2.17). Indeed it is well known that (2.17) may not have
a minimizer, and proving existence of minimizers for (2.17) is a challenging problem that
we aim to tackle in this section.

Similar to the our approach in Section 2.1, we first analyze the dual of the relaxed

minimization problem (2.28) from section 2.2.2, which will be a crucial tool in our analysis.
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2.2.1 The dual problem
As in Section 2.1, let E(b) : (L*(Q))" — R and G(u) : H3 () — R as

E(b)—/ﬂa!b—i—F! and G(u)—/QHu.

We can rewrite (2.28) as

(P) i {B(Vu)+Gw)}. (2.19)
u€Hg(Q)

By Rockafellar-Fenchel duality [18], the dual problem associated to (2.19) is

(D)) — min {E*(b)+G(=V*D)} = sup {—E*(b)—G*(=V*D)},  (2.20)
be(L2(Q))™ be(L2(Q))™

where E* and G* are the convex conjugates of the convex functions F and G, and V* is the
adjoint of the gradient operator V : H}(Q) — L?*(Q). Due to the change in our function

space, we update the computation of G*(—V*b).

G*(=V7b) UESHUEIEQ){@, V) 11 () x (12 () G(U)}

= sup 4 {(u,—VD)mp 1 —/Hu}
e HL(S) { Hg ()% (Hg (2)) 0

= sup {—/Vu-b—/Hu}.
weHL(Q) Q Q

Since cu € H}(Q) for any u € H}(Q) and any c € R,

oo if u & Dy(N)
G*(=V*D) = (2.21)

0 ifueﬁo,

where
Dy := {b € (L*(Q)" / Vu-b+ Hu=0, forall u¢ H&(Q)} C Dy. (2.22)
Q
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On the other hand, it follows from Lemma 2.1 in [39] (computation shown in Lemma 6)

that

—(F,b) if|b] <a ae in Q
E*(b) = (2.23)

00 otherwise .

Thus the dual problem (D’) can be written as

(D) sup{(F,b):beDy and |b| <a ae. in Q}. (2.24)
It follows from the integration by parts formula (2.11) that b € (L>(2))" N Dy if and only
if

V:-b=H ae. in Q.

We are now ready to prove the following theorem.
Theorem 12 Let Q be a bounded domain in R, F € (L*(Q))", H € L*(Q), a € L*(Q)
be a positive function, and assume (P') is bounded below. Then the duality gap is zero and

the dual problem (D') has a solution, i.e. there exists a vector field N € Dy with |[N| < a,

|Du+ F| — a.e. in §2, such that

inf / (a|Du+ F|+ Hu)dx = (F,N) (2.25)
ueH(Q) J
Moreover
D F
a]DZ::——F\ =N, |Du+ F|—ae. in Q, (2.26)

for any minimizer u of (2.19).

Proof. It is easily verified that I(v) = [ a|Dv| is convex, and J : (L*(2))" — R with

J(p) = [, alp|dz is continuous at p = 0. Hence, it follows from Theorem IIL.4.1 in [18] that
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the duality gap is zero and the dual problem (D) has a solution N, and consequently (2.25)

holds.
Now let u € Ag be a minimizer of (2.19). Since N € Dy, we have
(F,N) — /aDu+m+/im
Q Q
> / |N|]Du+F|+/Hu
Q Q
> /N-(Du+F)+/Hu
Q Q
= <F,N>+/ N-Du+ Hu
Q
= (F,N).
Therefore, both the inequalities above are equalities, and (2.26) holds. ]

Remark 13 Note that the primal problem (P') may not have a minimizer in H}(S2), but
the dual problem (D') always has a solution N € (L*(Q))". Note also that the functional
I(u) is not strictly convex, and it may have multiple minimizers (see [26]). Theorem 12

asserts that if u; and uy are both minimizers of (P), then

Dus + F
q—
|Du1 =+ F|

(m:aﬁﬁiiwm:N@% (2.27)

for a.e. point x € Q where |Duy + F| and |Dug + F| do not vanish.

2.2.2 The relaxed problem
Here we study existence of minimizers for the relaxed least gradient problem

inf I(u) = inf /(a|Du+F|+Hu)dac+/ alulds, (2.28)
u€Ag u€Ao Jo o0

where
Ay = {ueHl(R”):uzoin Q).
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Unlike the problem (2.17), any minimizing sequence for (2.28) converges to a minimizer in

Ap. Indeed the following proposition holds.

Proposition 14 There exists a constant C, depending on (), such that if

max |H (z)| < C, (2.29)
€S

then the primal problem (2.17) has a minimizer in Ay.

Proof. The proof follows from an argument similar to the one used in the proof of Propo-
sition 10, and the observation that if u, € A converges to @ in L'(2), then @ € Ay.
O

The next theorem characterizes the relationship between these two problems and

sheds light on the challenging problem of existence of minimizers for (2.17).

Theorem 15 Let Q C R"™ be a bounded open set with Lipschitz boundary, F € (L*(Q))",

and H € L*(Q). If the minimization problem (2.17) is bounded below, then

min </ (a|Du+ F| —|—Hu)dx+/ a|u|ds> = inf /a|Du+F| + Hu (2.30)
u€Ag Q a0 ueBV () Ja

Moreover, if u is a minimizer of (2.28), then
—u[N,vq] = alu| H" ' —a.e. on ON. (2.31)
Proof. Since BVp(f2) can be continuously embedded in Ay, we have

min </(a]Vu+F\+Hu)da:+/ a|u]ds) < inf /a|Vu+F]+Hu.
ucdo \Jo o0 u€BW%(Q) Jo
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It follows from Theorem 12 that there exists a vector field N with |[N| < a a.e. in Q and

Du+ F
=0
|Du + F|

Now let u be a minimizer of the relaxed problem with u|sq = glaq, where g € WH1(Q).

Since u — g € 250, we have

min (/(a|Du+F!+Hu)dx+/ a\u|ds> :/a|Vu+F]+Hu+/ alul
u€do \JQ a9 Q 89

Z/]NHVU—!—FH—HQH—/ alul
Q o0

Z/N(Vu+F)+Hu+/ alul
Q 15)9)

:/N-F+/N'Vu+Hu+/ alul
Q Q o0

:<N,F>—|—/QN-V(u—g)+H(u—g)

+/N-Vg+Hg+/ algl
Q o0

:<N,F>+/N-V9+Hg+/ alg|
Q o0

:<N,F>+/

9IN, va] + / alg|
o0 o0

> (N, F)

= inf /aDu+F|—|—Hu.
uEBVO(Q) (¢}

We used integration by parts, and |N| < a a.e. in (2, to obtain the last inequality, and
hence (2.30) holds. Moreover, all the inequalities in the above computation are equalities.
In particular, (2.31) holds. OJ

The following theorem is an immediate consequence of both Theorem 12 and

Theorem 15.
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Theorem 16 Let Q be a bounded domain in R, F € (L*(Q))",H € L*(Q), a € L*(Q)
be a positive function, and assume (P') is bounded below. Then there exists a vector field

N € Dy with IN| < a, |Du+ F| —a.e. in Q, such that

Du+ F

for any minimizer u of (2.17). Moreover, every minimizer of (2.17) is a minimizer of

(2.28), and if u is a minimizer of (2.28), then
sign(—u)[N,vq] =a H" ' —a.e. on ON. (2.33)
In particular, v = 0 H" ! a.e. on the set
{z € 0Q: —|N| < [N,vq] < |N|}.

The next theorem follows immediately from Theorem 16.

Theorem 17 Let Q be a bounded domain in R™, F € (L*(Q))", H € L?(2), a € L*(Q2) be
a positive function, and assume (P') is bounded below. Let N be the solution of the dual
problem guaranteed by Theorem 12 and assume that —N < [N,vq] < |N| almost everywhere

on 0. Then the least gradient problem (2.17) has a minimizer in BVy(Q).
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2.3 Existence of minimizers under the Barrier condition

Let F € (LY(Q)") and a, H € L*°(2) with a > 0 in 2, and define ¢ : R™ x BV((Q)
as follows

Y(x,u) := a(z)|Du+ Fxg,| + Hu, (2.34)

where FE, is the closure of the support of u in €.

Define the y-perimeter of E in A, as
Py(E;A) = /Aa(x) |Dxp + Fxe| + Hxe.
Definition 18 1. A function u € BV (R™) is 1-total variation minimizing in Q@ C R™ if
/Q@b(m,u) < /Qw(x,v) for all v e BV(R") such that w = v a.e. in Q°.
2. A set E CR"™ of finite perimeter is p-area minimizing in Q if
Py(E;Q) < Py(E)
for all E C R™ such that ENQ° = ENQC a.e..

We will show that the super level sets of 1-total variation minimizing functions in
Q) are 1p-area minimizing in ). In order to achieve this, we shall first prove some preliminary

lemmas.

Lemma 19 Let x. ) be defined as in (2.37). Then

e—0

Py(E,Q) < liminf/ a(x)|Dxex + Fxex| + Hxen-
Q
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Proof. We have

/ a(x)|Dxex + Fxex| + Hxex — / a(z)|Dxg + Fxe|+ Hxg
Q Q

/ a|DXex + Fxexl + Hxex — a|lDxe + Fxe| — Hxe
QN{A—e<u<A+e}

a|DX€,)\’ - a|FXe,)\

/ + Hyen — a(x)|Dys| — alFxs| — Hxp
QN{A—e<u<A+e}

/ a|Dxen| — a(z)|Dxg| + Hxex — Hxe — alFxen| — a|FxE|
QN{A—e<u<Ate}

/ alDxen] / a(@)|Dxs] + / (Hxer — Hys)
Q Q Q

—/ alFxex| + alFxEl.
QON{A—e<u<A+e}

It is easy to see that the last two integrals converge to zero as € — 0. Hence

lim inf / a(2)| DXex + Fxen| + Hxer — Py(E,Q)
Q

e—0

= liminf/a(a;)\DXw\—i—FXEM—i—HXE’/\—/a(x)\DXE—l—FXE\—i—HXE
Q Q

e—0

> liminf/a|DX€7)\ —/a(m)\DXE| >0,
e—0 0 [¢)

where we have used the lower semi-continuity of [, a|Dv| to obtain the last inequality (see

[26]). The proof is complete. O

If w € BV(R") and  is an open set with Lipschitz boundary, we will write w™

and w~ to denote the outer and inner trace of w on 9f2.
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Lemma 20 Let 2 C R"™ be bounded and open, with Lipschitz boundary. Given g €

LY (0 H™ 1), define

Iy(v; 9, g) == / a]g—v—l—Fv]d?["l—i-/ Y(x, Dv).
o0N Q

Then u € BV(R™) is 1-total variation minimizing in Q if and only if ulg minimizes

Iy(-;Q,g) for some g, and moreover g = u*.

Proof: First note that ifv € BV (R") then v, v~ € LY(99; H" 1), and conversely,

for every g € LY(09Q; H" 1) there exists some v € BV (R") such that g = vT. Also

/ (x, Dv) :/ a|Dv + F, |dH"™! = / alot —v” 4+ B, |[dH" L (2.35)
o o0 o0

To see this, note that |Dv| can only concentrate on a set of dimension n — 1 if that set is a
subset of the jump set of v, so (2.35) follows from standard descriptions of the jump part
of Dv.

Now if u,v € BV(R") satisfy v = v a.e. in Q°, then [5. ¢(z, Du) = [5. ¢(x, Dv).

In addition, u™ = v™, so using (2.35) we deduce that

Y(z, Du) — Y(x, Dv) = I (u; Q,u”) — L (v;Q,u’).
R” R7

The lemma easily follows from the above equality. (]

Theorem 21 Consider the bounded Lipschitz domain @ C R™ and a -total variation

minimizing function in Q, u € BV (R™). Let the super level sets of u to be defined as
Ey:={zeR":u(zx) > A}. (2.36)

Then E\ is ¥-area minimizing in €.
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Proof. This proof closely mirrors that of Theorem 2.6 in [26]. Consider an arbitrary A € R,

and let u1 = max(u — \,0),us = u — uj. For any g € BV (R"™) such that supp(g) C €2, we
have
/Qa‘Dm—i-FX{uz)\}}—l—Hul—i—/Qa‘Duz—l—FX{uO\}‘—f—Hug:/Qa\Du-i-F|+Hu

g/ﬂayD(qug)JrFHH(qug)
= /Qa |Duy + D(gxgusxy) + Fxgusay| + H(u + g)
+/Qa | Dus + D(gxgu<r}) + Fxqueny| + Huz
< /Qa |Duy + D(gxquza}) + Fxqusay| + H(u + 9)
+/Qa|D(gX{u<,\}) +/Qa]DuQ + FXguany| + Hup
= /Qa |D(u1 + 9) + Fxgusay| + H(ui + g)
-i—/Qa |Dug + Fxguny| + Hua.

Thus

[ alDur+ P+ Hur < [ alDlus +9) + Pl + Hus +9).

for all g € BV(R") with supp(g) C Q. Hence u; is also 1/-total variation minimizing. By

the same process, we can verify that the function defined below is also 1-total variation

minimizing,
0 if u <A,
) 1
Xeai=min{Lur | =41y —)) ifA<u<Ate, (2.37)
1 ifu>X\+e
(
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For a.e. A € R the boundary of the super level set F) is a set of measure zero,
that is,

Lr({z € Q:ulz) =) =H"" ({z €90 : u*(z) = \}) =0. (2.38)
On that account
Xea = Xa 1= XB, in L (R"),  xE, = X3 in L'(0Q; 1" ),

as € — 0.

It follows from Lemma 19 via quite standard arguments that
Py(xa, Q) < liregignf Py (Xe, 2); (2.39)
and this, with the L' convergence of the traces, implies that
Lo (s 2, X3) < liminf o (xex; 2, X3 - (2.40)

Now for any F' C R" such that x, = xr a.e. in Q€

To(Xens x5 < L(xr x5
< Io(xr; 0 xy) + /aQ alx} — x5\ dH" !
< L(xm;Qo0t) + C/aQ |X1r — XZA‘ dH™ L.
It follows from this, (2.40), and X; — xy in L'(99Q; H™ 1) that
LoOo 4 x%) < Lo(xrs 2,X3),

which proves that E) is p-area minimizing in 2.
In the case where A does not satisfy (2.38), we can take an increasing sequence

A — A as k — oo, that satisfies (2.38) for each k. This implies that
Xa, = X i L (R™), Xy = xy in LY0QH" ).

31



This once again leads to the conclusion that E) is ¢-area minimizing in 2 in view of
Lemma 20. ]
Now we are ready to present the main existence results of this section. For any

measurable set E define

1 ._ " " lim /Hn(B(T,CC)ﬂE):
BV { eR .}_}0 7 (B() 1}.

Definition 22 Suppose that Q C R™ is a bounded Lipschitz domain. Then € satisfies the
barrier condition if for every xo € 082 and € > 0 sufficiently small, if V- minimizes Py(-;R™)
m

{W CQ: W\ B(e,xzg) =Q\ Ble, xp) }, (2.41)
then

vV N o N Ble, zo) = 0.

Lemma 23 Given a bounded Lipschitz domain 2 C R™ that satisfies the barrier condition

from Definition 22, and suppose E C R™ minimizes Py(-;$2). Then
{x e 90N OEWY : Ble,z) NOEWY c Q for some € > O} =.

Proof. Assume there exists zg € 9Q2NIEM such that B(e, z9) NOEM) c Q for some € > 0.

Then V = ENQ is a minimizer of Py(-;R") in (2.41), and
zo € VI NaQN B(e, z) # 0.
This contradicts the barrier condition and finishes the proof. ]

In the last theorem we use the definition

"0 yeQ |-yl <r

BVy(Q) := {u € BV(Q) : lim esssup |u(y) — f(y)| =0 for x € 89} .
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Theorem 24 Let ¢ : R” x R — R be defined as in (2.34), and Q@ C R™ be a bounded
Lipschitz domain. Suppose HHHLoo(ﬁ) is small enough such that Proposition 14 holds. If Q
satisfies the barrier condition with respect to v, as given in Definition 22, then for every

f e C(092) the minimization problem (2.16) has a minimizer in BV ().

Proof. Since every H" ! integrable function on (2 is the trace of some (continuous)
function in BV (§2¢), without loss of generality we may assume that f € BV(R").
Define

A :={ve BV(R"): v=f on Q°},

and note that BV;(2) < Ay, in the sense that any element v of BV;(2) is the restriction
to 2 of a unique element of Ay. An argument similar to that of Proposition 14 implies that
Jgn ¥(2,v) has as a minimizer u € Ay.

We next use the barrier condition to show that u € BV;(Q). If not, there exists

some x € 0N and & > 0 such that

esssup (f(z) —u(y)) >4 or esssup (u(y) — f(z)) >4 (2.42)
yeQ,lz—y|<r yeQ, lz—y|<r

for every r > 0. Assume that the latter condition holds. It follows from this and the
continuity of f, that z € OEW) for E := E¢(z)4+6/2- By Theorem 21 E is ¢-area minimizing
in 2. However, since f is continuous in Q¢ and u € Ay, it is clear that v < f(x) + /2 in
B(e,x) \ Q for all sufficiently small e. This contradicts Lemma 23. If the first alternative
holds in (2.42), then we set E := {y € R" : u(y) < f(xr) — ¢§/2} and reach a similar
contradiction. Hence u € BVy(Q), and in view of Theorem 15, it is 1/-total variation

minimizing in BV} (£2). O
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Chapter 3

Existence and structure of
minimizers for a class of integral

functionals

A few preliminaries are required to interpret and find minimizers of the class of
functionals represented by (1.13). As a brief reminder, the assumptions on these functionals
are that Q C R™ is a bounded open set with Lipschitz boundary, F' € (L*(Q))", H € L?(),

and ¢ satisfies (C1) and (C2) where
I(u) = / o(z, Du+ F) + Hu.
Q

Recall that (C7) creates bounds on ¢ and (Cq) states that it possesses the properties of a

norm.
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For an arbitrary u € BVj,.(R™), an associated measure ¢(x, Du+ F') is defined by
/ oz, Du+ F) = / o(z,v"(z))|Du+ F| for each bounded Borel set A, (3.1)
A A

with the vector-valued measure Du + F' having a corresponding total variation measure

|Du + F|, and v"(x) = ddlggilli\ is the Radon-Nikodym derivative. We use standard facts
about functions of bounded variation as in [2], and follow the outline in [37]. For any open

set U, we write

/ o(x, Du+ F) :sup{/(uV-Y—Y-F)d:c Y € C°(U; R™), sup @2z, Y(z)) < 1,
U U
(3.2)

where o(z,-) has a dual norm on R", ¢©°(z,-), defined by

@ (z,€) :==sup{&-p:o(z,p) < 1}.

As a consequence of condition (C), the dual norm ¢°(x,-) has the equivalent definition

O, ) = sup { pe R"} | (33)

§-p
(z,p)
Remark 25 In (3.2), we define a notion of integration on p(x, Du + F) which applies
to functions u of bounded variation, which may not even be continuous. Furthermore, this

formula still works when the gradient of u has been shifted by a vector within convex function

©, by utilizing the norm ©°(x,-), dual to o(z,-). The following computations show
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the motivation for (3.2). Since ©°(x,Y) < 1, we take p = ‘BZL@‘ and £ = =Y in (3.3),

which yields

Du+ F Du+ F
.migsp T,
u+ F| |Du + F|

This implies

Du+ F
D F) = D F
[ etwnusr)= [ (o 2000 pusr

Du+ F
> Du+ F
_/Q " [Du +F!| |

:/—Y-Du—Y-F
Q

:/Q(uV-Y—Y-F).

3.1 Existence of minimizers with Neumann boundary condi-
tion

The purpose of this section is to solve the minimization problem as stated in (3.4),
where the solution set is restricted to BV functions whose integral is zero. Let Q, F, H, and

© be as previously defined, such that ¢ is not necessarily strictly convex, and consider

inf  I(u) ::/ ¢ (x,Du+ F)+ Hu, (3.4)
weBV(Q) Q

where

BV(Q) = {u e BV(Q): /Qu = o} .

3.1.1 The dual problem

We commence our study of minimizers of (3.4) by applying the Rockefeller-Fenchel

duality to the problem. It would benefit the reader to view [43], where one can find calcula-
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tions that have been omitted. Consider the functions E : (L2(Q))" — Rand G : H'(Q) — R

defined as
E(b):/go(:v,b+F) and G(u):/Hu,
Q Q

where H(Q) = {u € HY(Q) : Jou=0}. Then (3.4) can be equivalently written as

(P) inf {E(Vu)+ G(u)}. (3.5)
ueH1(Q)

The dual problem corresponding to (3.5), as defined by Rockafellar-Fenchel duality [18], is

(D) be(an%))n{—E*(b) -G (=V'h)} (3.6)

Note that convex functions E and G have convex conjugates E* and G*. Furthermore,

gradient operator V : H!(Q) — L2(Q) has a corresponding adjoint operator V*. As in [43],

G*(=V*b) = sup {—/Vu-b—/Hu}.
ueH(Q) Q Q

This can be more explicitly calculated by noting that for all real numbers ¢, cu € H LQ)

whenever u € H(€). Thus,

0 if u € Dy,
G*(—~V*b) = (3.7)
oo if u & Dy
where
Dy := {b e (L*(Q)" : / Vu-b+ Hu=0, forall u¢c Iiirl(Q)} . (3.8)
Q

The computations of E*(b) is shown in Lemma 2.1 of [37], which yields

—(F,b) if @Oz, b(x)) <1 in Q
E*(b) = (3.9)

00 otherwise .
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The dual problem can be rewritten as
(D) sup{(F,b): b€ Dy and ¢°(x,b(z)) <1 in Q}. (3.10)

The outer unit normal vector to 02 is denoted by vq. There is a unique function

[b,va] € L3,-1(09), whenever V - b € L™(Q) for every b € (L>°(02))", such that

/ [b,ug]ud?-l”_l:/uv-bd:c+/b-Dudx, u e CH(Q). (3.11)
o0 Q Q

In [1, 3] it was proved that equation (3.11) holds for every v € BV (), since u +— (b - Du)

gives rise to a Radon measure on  for uw € BV (Q), b € (L>*(Q2))", and V -b € L"(Q).
Lemma 26 Let b € (L*(Q2))" N Dy. Then
V'b:H—/de a.e. in §Q,
Q

and

[b,vg]) =0 H"' —ae. on O

The above lemma follows directly from equation (3.11) and the definition of Dj.
It also provides the insight that every solution N to the dual problem (D) satisfies equation
V-N=H - fQ Hdzx a.e. in Q. Moreover, at every point on 92, the unit normal vector

is orthogonal to N in a weak sense.
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Theorem 27 Let ) be a bounded domain in R™ with Lipschitz boundary, F € (L?(Q))",
H € L*(Q), and ¢ : @ x R" = R be a convex function satisfying (C1) and (Cs). Then the
duality gap is zero and the dual problem (D) has a solution, i.e. there exists a vector field

N € Dy with @°(x, N) < 1 such that

inf /(go(a:,Du+F)+Hu)dx:<F,N>. (3.12)
u€H() JQ
Moreover
Du+ F Du+ F
—— | =N — D F|l—a.e in Q 3.13
‘P(x’|Du+Fy> Dur ) (Putfl-ae in g (3.13)

for any minimizer u of (3.5).

Proof. It is trivial to show I(v) = [,,(¢(z, Dv+ F)+ Hv) is convex, and J : (L*(2))" — R
with J(p) = [o(e(z,p+ F) + Hug)dz is continuous at p = 0, for a fixed ug, due to (Cy).
Thus, the conditions of Theorem III.4.1 in [18] are satisfied. We infer that (D) = (P) and
the dual problem is assured a solution N such that (3.12) holds.

Now let u € H'(Q) be a minimizer of (3.5). Then

(N, F) = /Qgp(m,Du—i-F) + Hu

Du+ F /
= r,—— | |Du+ F|+ | Hu
Lo (= ) 1o e+ |
Du+ F /
> N-—|Du+F|+ | Hu
—/N-(Du+F)+Hu
Q
:/N-F+/N-Du+Hu
Q Q

:<N7F>

since N € Dy. Hence, the inequality above becomes an equality and (3.13) holds. [l
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Remark 28 The primal problem (P) may not have a minimizer in u € HY(Q), but the
dual problem (D) always has a solution N € (L*(2))". Note also that the functional I(u) is

not strictly convez, and it may have multiple minimizers (see [26]). Furthermore, Theorem

27 asserts that N determines ‘gZig, |Du + F|—a.e. in Q, for all minimizers u of (P). It
does so since a.e. in €,

¢’ (z,N) <1 = ¢(z,p) >N -p

for every p € S"~1. Therefore, the equality in (3.13) indicates that

o(,p)

s maximized by p = ‘gziﬁ:‘, |Du + F|—a.e. In the case that F = 0, N determines the

structure of the level sets of minimizers to (P).

We proceed to show that a solution to primal problem (P) exists in BV (2), provided that

it is bounded below. The proof that follow depends on standard facts about BV functions.

Proposition 29 Let p : Q@ xR™ — R be a convex function satisfying (C1), (C3), and (Cs).

If there exists a constant C, depending on §2, such that

max |H(z)| < C, (3.14)
z€QN

then the primal problem (P) has a minimizer.
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Proof. Consider the minimizing sequence u,, of functional I(u). By condition (C3) we have
/ BIVun, + F| + Hu,, < / o(x, Vuy, + F) + Huy, < ¢,
Q Q

for some constant ¢ independent of n. Moreover, the triangle inequality implies

/B\Vun\—/5|F|—/HHun| < /B|Vun|—/,8|F|+/Hun < /5\Vun+F|+Hun <e

and
[Avul <+ [l + [ sIF

Applying Poincaré’s inequality implies that there exists a constant Cg, independent of n,

where

/ BIVtn| < C + || H|| g Ce / Veun| + / BIF|
= (8 Col | Hl |1~ / V| < C+/6IF|-

Finally,

, C+ [ BIF|
Vu,| <C" =
/| wnl (B = CallH||p(0))

provided that 8 — Cq|[H||p~(q) > 0 or equivalently

B
ey < 0= &

It follows from standard compactness results for BV functions that u,, has a subse-
quence, denoted by w,, again, such that u, converges strongly in L' to a function @ € BV,
and Du, converges to Du is the sense of measures. Since the functional I(u) is lower

semicontinuous, 4 is a solution of the primal problem (3.4). O
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3.2 Existence of minimizers with Dirichlet boundary condi-
tion

Now, let us consider minimizers of the main functional with a given Dirichlet
boundary condition on 0f2. Let Q be a bounded region in R™ with Lipschitz boundary,
F e (L2(Q)", H € L*(Q), f € LY(09), ¢ : © x R™ — R a convex function satisfying (C})

and (Cy), and the minimization problem becomes

inf  I(u) = ,Du+ F) + Hu, 3.15
1) = [ (e Dut P+ H (315)

where

BV () = {u € BV(Q) : ulpn = /.

We perform the substitution F' = F + Vf to rewrite (3.15) in terms of BV functions that
are zero on 9S). Since there always exists a function f € WhH1(Q) that is an extension of

any function in L'(Q), we have.

inf  I(u):= Du+F)+H H fda.
uell%‘r\lfo(Q) (u) /Qg0<x, U+ )-i— u—i—/Q fdx

Note that [, H fdz is a constant, which implies (3.15) can be represented by the minimiza-
tion problem

inf  I(u) = ,Du+ F) + Hu. 3.16
it 100 = [ (. Dut P+ Hu (3.16)

In section 3.1 boundedness from below of functional I(u) was sufficient to provide existence

of minimizers in BV (Q). This is not the case for (3.15), nor (3.16). The main reason for
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nonexistence of minimizers is that for a given minimizing sequence such that w, — @ in

LY(Q) and 4@ € BV(Q), we have

I(a)< inf I(w),

by the lower semicontinuity of I(u). However, since 0f is a set of measure zero, the trace
of @ is not guaranteed to be zero. Our aim in this section is to find existence of minimizers

for the highly nontrivial problem (3.16), and in turn (3.15).

3.2.1 The dual problem

The setup of the dual problem here is identical to that of Section 2, with the
exception of the function space of potential solutions. We plan to analyze solution to (3.16)
by first undertaking the relaxed problem (3.25) from Section 3.2.2. With this in mind, let

E:(L*(Q)" — R and G : H}() — R be defined as
E(b):/go(:r,b—i—F) and G(u):/Hu.
Q Q
Then (3.25) can be equivalently written as
(P inf {E(Vu)+G(u)}. (3.17)
ueHL(Q)

The dual problem corresponding to (3.17), as defined by Rockafellar-Fenchel duality [18], is

(D) sup  {—E*(b) — G*(=V*b)}. (3.18)
be(L2(Q))"
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The updated the computation of G*(—V*b) is similarly

G*(=V*b) = sup {—/Vu-b—/Hu}7
ueHL(Q) Q Q

and more explicitly

0 if u € 50
G (—V*b) =

oo if u & Dy(R),

where

Dy = {bE(Lz(Q))”:/VU-b—i—Hu:O, for all UGH&(Q)} C Dy.
Q

Finally, we use Lemma 2.1 in [37] to get

—(F,b) if @Oz, b(x)) <1 in Q
E*(b) =

00 otherwise .

We can therefore rewrite the dual problem as

(D) sup{(F,b) :be Dy and ¢°(z,b(z)) <1 in Q}.

(3.19)

(3.20)

(3.21)

(3.22)

A direct application of the integration by parts formula (3.11) implies that b €

(L>(€))" N Dy if and only if

V-b=H ae. in .

We proceed to prove the analog to Theorem 27.
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Theorem 30 Let ) be a bounded domain in R™ with Lipschitz boundary, F € (L?(Q))",
H € L*(Q), ¢ : QxR® = R a conver function satisfying (C1), (Ca), and assume (P') is
bounded below. Then the duality gap is zero and the dual problem (D') has a solution, i.e.

there exists a vector field N € Dy with ¢°(z, N) < 1 such that

inf /(gp(:}:,Du—i—F)—i—Hu)dx:<F,N>. (3.23)
weHH Q) Jq
Moreover
Du+ F Du+ F
| =N — D F|l—ae. in Q 3.24
‘P(x’|Du+Fy> Dur ) (Putfl-ae in g (3.24)

for any minimizer u of (3.17).

Proof. It is trivial to show I(v) = [,,(¢(z, Dv+ F)+ Hv) is convex, and J : (L*(2))" — R
with J(p) = [o(e(z,p+ F) + Hug)dz is continuous at p = 0, for a fixed ug, due to (Cy).
Thus, the conditions of Theorem III.4.1 in [18] are satisfied. We infer that (D) = (P) and
the dual problem is assured a solution N such that (3.23) holds.

Now let u € Ap be a minimizer of (3.17). Then

(N,F):/gp(m,Du—i—F)—i—Hu
Q
Du+ F
= — | |D F H
foo (o) 19k 21+ [
Du+ F
> | N-—|D F H
_/Q \Du—i—F“ u+ |+/Q u
—/N-(Du+F)+Hu
Q
:/N-F+/N-Du+Hu
Q Q
:<N7F>

since N € 50. Hence, the inequality becomes an equality and (3.24) holds. [l
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Remark 31 The primal problem (P') may not have a minimizer in H}(Q), but the dual
problem (D') always has a solution N € (L?>(Q))™. Note also that the functional I(u) is not

strictly convex, and it may have multiple minimizers (see [26]). Furthermore, Theorem 30

asserts that N determines @Zig, |Du + F|—a.e. in Q, for all minimizers u of (P'). It
does so since a.e. in €,

¢’ (z,N) <1 = ¢(z,p) >N -p

for every p € S"~1. Therefore, the equality in (3.24) indicates that

o(,p)

1s mazximized by p = ‘BZL@‘, |Du + F|—a.e. In the case that F = 0, N determines the

structure of the level sets of minimizers to (P’).

3.2.2 The relaxed problem

Now we investigate the existence of minimizer for the relaxed problem associated

to (3.16), namely

inf I(u) = inf /(gp(a:,Du+F)+Hu)d:U—l—/ oz, va)|ulds, (3.25)
Q 09

u€Ap u€Aop

where

Ay = {uEHl(R"):u:OinQC}.

The benefit of the relaxed problem is that any minimizing sequence of (3.25) converges to
a minimizer in Ag. This convergence result is not guaranteed for (3.16). It is easily verified
that Proposition 29 can be adapted to the relaxed problem, and (3.16) has a solution in Ag

when bounded below.
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Proposition 32 Let ¢ : Q@ xR™ — R be a convex function satisfying (C1), (C2), and (Cs).

If there exists a constant C, depending on €2, such that

max |H(z)| < C, (3.26)
z€Q

then the primal problem (3.16) has a minimizer in Ay.

Proof. Note that & € Ag whenever u, € Ay converges to @ in LI(Q). Then the proof

follows as outlined in Proposition 29. O

The stage is now set for the major result of this section. We are able to show the
difficulty of proving existence of minimizers to (3.16), while demonstrating how problems

(3.16) and (3.25) are related.

Theorem 33 Let Q C R be a bounded open set with Lipschitz boundary, F € (L*(Q))",
H € L?(Q), and ¢ : Q@ x R" — R a convex function satisfying (C1), (Co), and (C3). If the

minimization problem (3.16) is bounded below, then

min (/ (¢(z, Du+ F) + Hu)dx —l—/ o(z, VQ)|uds> = inf / o(x,Du+ F)+ Hu
u€Ao Q 90 ue€BVLH () Jq

(3.27)

Moreover, if u is a minimizer of (3.25), then

o(x,vg) = [N, sign(—u)vg] H" ' —a.e. on ON. (3.28)
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Proof. It can be easily shown that BV(2) has a continuous embedding into Ay, which

implies

i Du+ F) + Hu)dz + , ds) < inf Du+ F)+ Hu.
win ([ (ol Dt )+ ot [ plosolulas) < nt [ ot Du p)

It follows from Theorem 30 that there exists a vector field V € 750 with

D F D F
<p< vt >: ut |Du+ F| —a.e. in Q.

:L‘77 '77
|Du + F| |Du + F|

Consider minimizer u of the relaxed problem with u|sq = h|gq, where h € W11(Q). Since

u—h 6750, we have

min (/ (p(x, Du+ F) + Hu)dx + / o(z,vg)|u|ds) = / oz, Du+ F)+ Hu + / o(z,vq)|ul
uedo Jo 09 Q 09

Du—I—F)
= [ e —_— |Du—|—FH—/Hu—|—/ oz, v)|u
/ ( " [Du+ F Q 0 (vl

Du+ F
N - \Du+F|+/Hu+/ oz, va)|ul
/ |Du+ F| Q o0

:/N-(Du+F)+Hu+/ oz, vq)|ul
Q o9

:/N-F—I—/N~Du+Hu+/ oz, va)|ul
Q Q onN

:<N,F>+/N-D(u—h)+H(u—h)
Q
+/QN.Dh+Hh+/aQ<P($7VQ)\h’

:(N,F>+/N-Dh+Hh+/ o(x,v0)|h|
Q o0

:<N,F>+/89[N,m]h+/ o, v0) Bl

o

> (N, F)

= inf /ap(ac,Du—l—F)—i—Hu.
ueBVLH () Jo
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The last inequality was achieved using integration by parts and the fact that ¢%(z, N) <
1 = [N,vq] < p(z,vq). Therefore, (3.27) holds and all the inequalities in the above com-
putation are equalities. This provides the relationship [, [N,valh + [5q ¢(z,va)lh| = 0,

which implies that (3.28) holds. O

The last theorem follows directly from Theorem 30 and Theorem 33.

Theorem 34 Let Q C R" be a bounded open set with Lipschitz boundary, F € (L?(Q))",
H ¢ L?(Q), ¢ : Q x R" = R a convex function satisfying (C1), (Ca), (C3), and assume

(P') is bounded below. Then there exists a vector field N € Dy with ¢°(x, N) < 1 such that

D F D F
gp( ut ) = vt |Du+ F| —a.e. in £, (3.29)

“Du+ F| | Du+ F|’

for any minimizer u of (3.16). Moreover, every minimizer of (3.16) is a minimizer of

(3.25), and if u is a minimizer of (3.25), then
o(x,vq) = [N, sign(—u)vg] H" ' —a.e. on ON. (3.30)

Remark 35 FEquation (3.30) asserts where a minimizer u along the OQ will have all its

gumps H" 1 — a.e. If Ny € (L°(0R))" denotes the trace of N, then

{z €00 :ulpa <0} C{z € IN: p(x,vq(x)) = Ny - v} and

{z € 00 : ulgq > 0} C{x € N : p(x,vq(x)) = =Ny - va},

or all minimizers of (3.25), up to a set of H™ L-measure zero.
J , up
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3.3 Existence of minimizers under the Barrier condition

Under the adapted assumptions and definitions that follow, many of the proofs are
similar to those in [43], and are included to aide in understanding. Consider F € (L'(2)"),

H € L>*(Q), and 9 : R™ x BV(Q2) given to be
Y(x,u) = p(z, Du+ Fxg,) + Hu, (3.31)

with F, representing the closure of the support of u in (2.

The ty-perimeter of E in A is denoted by
Py(E; A) := / o (x,Dxg + Fxg)+ Hxg.
A
Definition 36 1. A function uw € BV (R™) is 1-total variation minimizing in Q C R™ if

/ P(x,u) < / Y(z,v) for all v € BV(R") such that u = v a.e. in Q°.
Q Q

2. A set E CR™ of finite perimeter is 1-area minimizing in € if

Py(E; Q) < Py(E)

for all E C R™ such that ENQ° = ENQC° a.e..

We set up for the two major results of Section 4, Theorems 39 and 42, by un-
dertaking preliminary lemmas. For a given function u € BV(Q), it is useful to define
functions

up = max(u — A\, 0) and ug = u — uy, (3.32)
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for an arbitrary A € R. Moving forward we use the function

(

0 if u <A,
) 1
XeA -= T 1’Eu1 T\ Iu—-N) fA<u<Ate, (3.33)
1 ifu>X\+e

which is shown to be 1-total variation minimizing in Theorem 39.

Lemma 37 For x.\ as defined in (3.33),

Py(E,Q) < lim inf/ ©(®, DXen + FXen) + Hxen
Q

e—0

Proof. Due to condition (C2) we have

J

/Qﬂ{)\—e<u<)\+e}

©(z, Dxex + Fxen) + Hxex — /Q o(x,Dxg + Fxg)+ Hxg

2

©(z, Dxex + Fxer) + Hxex — ¢(x, Dxg + Fxe) — HxE
> / ©(x,Dxen) — o, FXe ) + Hxex — o(x, Dxg) — p(x, FxE) — HXE
QN{A—e<u<A+e}
/ o(z,Dxe ) —o(x, Dxg) + Hxex — Hxe — ¢(z, Fxen) — p(x, FXE)
QN{A—e<u<A+e}
- / (@, Dxen) — / (@, Dx) + / (Hyen — Hxp)
Q Q Q

_/ (P(x7FX€7)\)+90(xaFXE>'
QN{A—e<u<A+e}

Since the last two integrals converge to zero as € — 0,

e—0

lim inf/ ©(x, DXxex 4+ Fxen) + Hxex — Py(E, )
Q
= lim inf/ oz, Dxex + Fxen) + Hxen — / o(z, Dxg + Fxg) + Hxe
Q Q

e—0

> Timinf / (@, Dxen) — / o, Dx) > 0,
e—0 0 ’ 0

where the lower semi-continuity of [, ¢(z, Dv) justifies the last inequality (see [26]). O
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The outer and inner trace of w on 9 are denoted by w' and w™ respectively,

under the assumptions that €2 is an open set with Lipschitz boundary and w € BV (R™).

Lemma 38 Suppose 2 C R” is a bounded open region with Lipschitz boundary, g €

LY (0 H™Y), and define

Iy(v;9,9) == /

o(r,g—v + FXU)CZ’;’-[”_l +/ Y(x, Dv).
a0 Q

Then u € BV(R™) is 1-total variation minimizing in Q if and only if ulg minimizes

I,(+;9Q,g) for some g, and moreover g = u™t.

Proof: Note that vt v~ € LY(9Q; H" ) whenever v € BV(R"). Conversely,

there is a v € BV (R") with g = vT for each g € LY(99; H"!). Additionally

vla Do) = [

o(x,Dv+ F, ))dH" ! = / oz, v —vT + F ) dHY L (3.34)
oN

oN oN

To see this, note that |Dv| can only concentrate on a set of dimension n — 1 if that set is a
subset of the jump set of v, so (3.34) follows from standard descriptions of the jump part
of Duv.

Now if u,v € BV(R") satisfy u = v a.e. in Q°, then [5.p(z, Du) = [5. p(x, Dv).

In addition, u™ = v™, so using (3.34) we deduce that

Y(x, Du) — Y(x, Dv) = I,(u;Q,ut) — L, (v;Q,u’).
R" R

The lemma easily follows from the above equality. 0
The theorem that follows shows super level sets of -total variation minimizing

functions in 2 are ¥-area minimizing in 2.
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Theorem 39 Let Q@ C R™ be a bounded Lipschitz domain and uw € BV (R™) a t-total

variation minimizing function in Q. The super level sets of u are written as
Ey:={zeR":u(x) > A}. (3.35)
Then E) s -area minimizing in 2.

Proof. For a fixed A € R, let u; and ug be as defined in (3.32). Consider g € BV (R") with

supp(g) C Q. Then

/gp(az,Dul—l—FX{uZ)\})+Hu1+/cp(x,DuQ+FX{u<,\})+Hu2:/cp(x,Du+F)—|—Hu
Q Q

Q

IN

o(x,D(u+g)+F)+ H(u+g)

¢ (x, Dur + D(gX{uzr}) + FXquzay) + H(ur + 9)

+

¢ (2, Dua + D(gX{ucr}) + Fxguery) + Huz

¢ (2, Dur + D(gxquzr}) + FXquzay) + H(u1 + g)

_l’_

¢ (2, D(gx{u<ry)) + /Q ¢ (2, Duz + Fxqu<xy) + Hus

IA
S S5— 55— 5— S— 5— S5—.

@ (z, D(u1 + g) + Fxqusay) + H(ui + g)

+ (p(l‘,DU2+FX{u<)\}) + Hus.

This implies
/go(x,Dul—i-qul)—i—Hulg/cp(:v,D(m+g)+FXul)+H(u1+g),
Q Q

for any g € BV (R™) such that supp(g) C Q. By definition, u; is -total variation minimiz-
ing. Using the argument outlined above x. x, as defined in (3.33), is also ¢-total variation
minimizing.
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The boundary of F) has measure zero for a.e. A € R, which is represented by
L' {zeQu(x) =2} =H"" ({z €09 ut(z) = A} =0. (3.36)

Thus

Xe, A — X\ = XE\ n Llloc(Rn)’ ng)\ — X;\t in Ll (89, Hn—1>7

as € — 0.

We apply Lemma 37 to get
Py(xx, ) < lim inf Py (xex, ). (3.37)
It follows from the L' convergence of the traces that
Lo (s X)) < lim inf To(Xen; 0 X3 e)- (3.38)

For an arbitrary F' C R™ with y) = xr a.e. in Q°,

To(xexs x5y < Lo(xrs 4 x7))
< Io(xr 1)) + /8Q e, X5 — Xx2,) dH" !
<Ll @)+ [l =l @

<Ll @)+ [ =) an

The inequality that follows is justified by the above, (3.38), and X:,\ — xy in LY (O H Y,

L (i 0 x ) < Lo(xrs 4 x)-

This establishes that F) is p-area minimizing in 2.
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If \ does not satisfy (3.36), then there exists an increasing sequence Ay that con-

verges to A and satisfies (3.36) for each k. In which case,
Xap = X in L (R™), Xf\[k — Xf in L1(0Q; 1" 1).

Thus, by Lemma 38, E) is i-area minimizing in €. O]

It remains to lay out a few more definitions, which are key conditions for the last

Lemma and Theorem. Let

BVi(Q):=quec BV(Q):lim esssup |u(y)— f(y)| =0 for x € 09 ;.
=0 4eQ jz—y|<r

For any measurable set E, consider

(1) N " lim Hn(B(T,SE) OE) _
BW . { €R": lm =S 1}

Definition 40 Let 2 C R"™ be a bounded Lipschitz domain. The barrier condition is satis-

fied for Q2 if for every xy € O and € > 0 sufficiently small, V' minimizes Py(-;R™) in
{WCQ: W\ B(e,xg) =Q\ B(e, x0)}, (3.39)

implies

AV Mo N Ble, xo) = 0.

Lemma 41 Suppose Q) C R" is a bounded Lipschitz domain satisfying the barrier condition,

and E C R™ minimizes Py(-;2). Then

{x e 9 NIEW : B(e,z) NOEY c Q for some e > O} =0.
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Proof. We proceed by contradiction. Suppose there exists zg € 9Q N dEW such that
Ble, z9) NOEM C Q for some € > 0. Then V = ENQ is a minimizer of Py(-;R") in (3.39),
and

z0 € VD naQ N Ble, o) # 0.
This is inconsistent with the conclusion of the barrier condition from Definition 40. O

Finally, we are ready to prove the main existence results of the current section.

Theorem 42 Consider v : R™ x R" — R as defined in (3.31) and bounded Lipschitz
domain 0 C R™. Let HHHLOO@) be small enough that Proposition 32 holds. If Q satisfies
the barrier condition with respect to 1, as given in Definition 40, then for every f € C(09)

the minimization problem (3.15) has a minimizer in BV (Q).

Proof. For a given f € C(91), it can be extended to f € C(2¢). Furthermore,
we can assume f € BV (R") since every H" ! integrable function on €2 is the trace of some

(continuous) function in BV (Q2¢). We then consider a set of such functions
A ={ve BV(R"): v=f on Q°},

where any element v of BV(Q) is the restriction to €2 of a unique element of Af. Then
Jgn ¥(,v) has as a minimizer u € Ay due to the assumed condition of Proposition 32 being
satisfied. Only slight adjustments are needed to adapt Proposition 32 for u € Ay.

The argument to follow proves that u € BVy(€Q) with the use of the Barrier

condition. Assuming the opposite implies there is an z € 92 and § > 0 such that

esssup  (f(z) —u(y)) > 6 or esssup (u(y) — f(z)) > 6 (3.40)
yeQ,|z—y|<r yeQ,|z—y|<r
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for every r > 0. First, suppose that the latter condition holds. For E := Ey(,),5/2 we have
that = € 9EW, justified by the second alternative of (3.40) and the continuity of f. Note
that Theorem 39 implies E is ¢-area minimizing in . For some small €, u < f(z) + §/2
in B(e,x) \ ©, since u € Ay and f is continuous in Q°. However, Lemma 41 shows this is
impossible. In the case of the first alternative of (3.40), a similar contradiction arises when
E:={yeR":u(y) < f(x) —6/2}. We conclude that u € BV;(£2). Moreover, u is 1)-total

variation minimizing in BV (£2) by Theorem 33. O
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Chapter 4

Conclusion

This section will serve as a concluding summary of Chapters 2 and 3, followed by

possible future research, which may expand upon the results presented in this Thesis.

4.1 Summary of P-area minimizing surfaces

The problem of finding the existence of P-area minimizing surfaces in the Heisen-
berg Group is of interest for two reasons. The first, is as a generalization of the well studied
least gradient problem, which has many applications in conductivity imaging. The second,
is to gain understanding of P-area minimizing surfaces and to apply a method not previously
used in the literature. The approach of Rockafeller-Fenchel duality yields insight about the
structure of solutions not gathered when approaching the problem from the point of view
of differential geometry.

We began the study of P-area minimizing surfaces under the Neumann boundary

condition. The goal was to find minimizers of I(u) = [, a|Du+F|+ Hu in the set BV(Q) =
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{ue BV(Q): [,u=0}. In applying the Rockafeller-Fenchel duality to the primal problem,
the dual problem was found to always have solution N. However, the primal problem needed

to be bounded below to guarantee a solution exists in H 1(Q), in which case the dual and

Du+F

Dut F] determines

primal problems were equal. Moreover, when a solution exists, N = a
the structure of solutions. This is most evident in the case where F' = 0 and N determines
the shape of level sets, as N = ‘B—Z‘ is a unit vector orthogonal to a corresponding level set.

Later, we followed the same outline detailed in the preceding paragraph to find
existence of minimizers to I'(u) = [ (a|Du + F| + Hu) + [, alu| in the set Ay = {u €
HYR™) : u = 0in Q°}. All the same results were achieved, including the guarantee of
solutions to the primal problem in Ay when it is bounded below. On the other hand, no
such minimizer could be assured for I(u) in the function space BVy(Q2) = {u € BV (Q) :
ulaq = 0}, even if bounded below. Indeed, a minimizing sequence of I(u) could converge
to a function of bounded variation, whose trace on 0f2 is not the zero function. A useful

theorem was proved showing the relation of these two problems,

Furthermore, any minimizer of the relaxed problem (on the left) satisfies condition u[N, vq| =
|u| H" l-a.e. on 0. This implies that any minimizer of the primal problem (on the right)
is also a minimizer of the relaxed problem and v = 0 H" l-a.e. on the set {z € 99 :
[N,vq] < |N|}. As before, N always exists and determines the structure of solutions. This
time it can be used as a condition to achieve an existence result for inf,cpy,q I(u). That

is, a minimizer exists if IV is not in the same direction as the normal vector vq. It should
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be noted that minimization problem inf,epv,o I(u) is equivalent to inf,epy,o I(u). There-
fore, we have an existence result to the problem with the Dirichlet boundary condition.

Lastly, we proved existence of minimizers under the barrier condition. We started
by generalizing the notion of total variation, perimeter, and area minimizing sets, relative
to the integrand ¢ (z,u) = a(x)|Du + Fxpg,| + Hu. All the desired properties generalized
nicely to work with ¢-total variation, i-perimeter, and 1-area minimizing sets. Then we
defined what it means for 2 to satisfy the barrier condition. Intuitively, it is a generalized
notion of mean curvature related to ¢, in which the boundary of €2 satisfies a positivity
condition. The main existence result is that inf, ¢ BV;(Q) I(u) has a minimizer. To prove it,
we outlined that [, ¢ (z,u) has a minimizer in Ay = {u € BV(R") : u = f on Q°} due to
assumed bounds of the functional and H. Finally, it is shown that minimizer u € BV (),
otherwise a construction of a super level set of u would contradict the barrier condition on
Q.

Chapter 3 generally follows the same outline as summarized above. That is, we
proved existence of minimizers for fQ o(z, Du+ F) + Hu under prescribed Dirichlet and
Neumann boundary conditions. The exception being that as we generalized a| - | to convex
function ¢(z,-), we lost some of the specific concluding Corollaries and Theorems. Namely,
Corollary (11) and Theorem (17), which gave us nice information about existence of solu-

tions. The reason for this loss is a more vague solution to the dual problem N. Rather than

Du+F
|Du+F|’

directly impacting the structure of minimizers, N = we got the relation described

in Remark (31). It asserts that N determines \3515\ by equality

Du+ F Du+ F
r, ————— — -
P\" |Du+F] [Du+ F|’
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is maximized by p = 2L |Duy + F|-ae. Furthermore, N

which indicates [Dut F|’

©(z,p)
has a far more vague relation to u on the boundary of , in the form of p(x,vq) =

[N, sign(—u)vg] H" ! —a.e. on O This still provides us with the jumps of u H" !-a.e.

along the boundary of €.

4.1.1 Stability in two and three dimensions

Much work has been done on finding uniqueness of solutions to the P-mean curva-
ture equation. It was proven in [49] under the bounded slope condition. Furthermore, the
authors of [13] also achieved uniqueness results. On the other hand, stability has proven
quite difficult. Together with the authors of [30], we began the initial steps in adapting
their stability results for the CDII problem to the P-mean curvature equation from Chapter
2. See concluding remarks for the difficulty of adapting the problem. Consider the restate-
ment of the equation followed by the desired outcome. Let Q C R™, n > 2, be a bounded
open region with connected boundary, a € L°°(2) is a positive function, F' € (L?(£2))", and

H € L*(Q). Then u satisfies the equation

Vu+ F
vV - " \=H = f, 4.1
(o) = on = oy
with o = W‘fm and J = —a@ZIQ. Moreover, v minimizes
I(w) = min / a|lVw + F|+ Hw dz, (4.2)
weBV;(Q) Jo

where a = |J|, and BV;(Q) = {w € BV (), w|sq = f}.
In light of Theorem 12 from Section 2.2, we are guaranteed the solution to the

dual problem N € Dy, with |[N| < a such that a% = N, |Du+ Fl-a.e. in §, for any
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minimizer u. For dimensions n = 2,3, suppose u and @ are admissible with u|sq = U|sq = f

and corresponding current density vector fields N and N, respectively. We aspire to show
~ L1
o~ all 1@y < CINT = W12 g,
With additional assumption on Vu and the level sets of u, we would also want to show
~ L1
[V = Vil oy < C [l IN] = [N] i g -

Under the assumption that a,a € C(2) with 0 < m < a(x),a(r) < M, Vz € Q,

for some constants m, M, we were able to achieve the following three results.

Lemma 43 ([29]) Let f € L'(09), and assume u and i are minimizers of (4.2) with the

weights a and a, respectively. Then

/ o|Du + F| + Hudz — / 4D+ F| + Hide| < Clla— allpeqy,  (43)
Q Q
for some constant C = C(m, M,Q, f) independent of u and .

Lemma 44 ([29]) Let f € L'(09), and assume u and i are minimizers of (4.2) with the

weights a and @, respectively. Let J and J be the divergence free vector fields guaranteed by

Theorem 12. Suppose 0 < o(x) = |Da1fi)F| <o = M in Q for some constant §, such
that |Du + F| > § > 0, where o is the Radon-Nikodym derivative of |J|dx with respect to
|Du+ F|. Then

| 19131= 7 Fdz < Clla=ll~0) (4.4

where C' = C(m, M,01,Q, f,u) is a constant independent of a.

A way to think about Lemma 44 is that as a — a, @Zigl () becomes roughly
parallel to %(1‘).
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Theorem 45 ([29]) Let f € L'(0Q), and assume u and @ are minimizers of (4.2) with

the weights a and a, respectively. Let J and J be the divergence free vector fields guaranteed

a(z) o ||aHL°°(Q)
DutF] =01 = — 5

by Theorem 12. Suppose 0 < o(x) = in Q for some constant &,
such that |Du+ F| > § > 0, where o is the Radon-Nikodym derivative of |J|dx with respect
to |Du+ F| . Then

~ 1
1 = Tl @) < Clla = al| ;g (4.5)

where C' = C(m, M,01,Q, f,u) is a constant independent of a.

Note that Theorem 12 tells us @Zi;l and ‘ggig‘ are parallel to .J and J, respec-

tively. Thus, if a is close to a, then J is close to J, by Theorem 45. Unfortunately, this is
where our result differs from those in [30]. We do not share the result that a being close to
a implies the structure of level sets of 4 is close to that of w. This is due to vector field F’
serving as a sort of perturbation of the normal vector to the level sets of u and @. In the case
I = 0 we maintain the desired structure of level sets. And so, we shift our attention to find

stability of minimizers, given perturbations on a and H. Suppose v and @ are minimizers

inf </ alVw| + Hw> and  inf </ a|lVw| + .FNIw)
w Q w Q

respectively. We endeavor to show

of

Ju il < € (la—al + 1 — H),

for appropriate norms. This concludes the current state of our work on the problem of

stability as applied to the P-mean curvature equation.

63



4.1.2 Future direction of P-area minimizing surfaces

In consideration of functional (1.13), under the restraints of condition (C}), it was
desirable to allow for convex functions ¢ of higher growth. To still get an existence result,
we could consider the case where ¢ is strictly convex. It is well established in literature that
existence results are easier to come by with such an assumption, and even uniqueness often
follows. In fact, the authors of [17] found if convex function g satisfies conditions (1.14) and
(1.15), it is not too far from a strictly convex function (in some sense). In the case that
H =0, Theorem 5 proves a unique minimizer exists when convex function g grows linearly,
as stated in Section 1.2. Furthermore, the authors have developed a similar theorem for the

case of superlinear growth of g.

Theorem 46 ([17]) Let g : R — R be a conver function satisfying condition (1.14)
and let f : Q — R satisfy the Bounded Slope Condition (Definition 4) of order @ on the
boundary of Q. Assume also that g has superlinear growth, i.e., g(&§) > ¥(|§|) for a suitable

¥ 1 [0,+00) = R such that

Then the functional
G (1) = / o(Vu+ XL, we f+Wh(Q) (4.6)
Q

has a unique Lipschitz minimizer, i.e.: there exists u € f + WOI’OO(Q) such that Yo(u) <

Yo (v) for everyv € f + ng’l(Q).

A natural next step would be to develop numerical algorithms to find a minimizer

to (4.6), or the more general version (1.13). The approach to finding such a minimizer
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to the weighted least gradient problem (1.5) was outlined in [39] by my advisor and his
collaborators. Although, it was for the case where FF = 0 and H = 0. They proved an
alternating split Bregman algorithm will converge to a minimizer with a given non-negative
a € L*(Q) and under the boundary condition f € H'/2(9Q). Furthermore, the dual problem
provides a way to recover N if first given |N| in the interior and f on the boundary. While
this has real applications to conductivity imaging, others in geometry may be interested in

similar generalized results for the P-mean curvature equation.
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