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A Generalized Approach
for Reconstructing the
Three-Dimensional Shape of
Slender Structures Including the
Effects of Curvature, Shear,
Torsion, and Elongation
This paper extends the approach for determining the three-dimensional global displaced
shape of slender structures from a limited set of scalar surface strain measurements. It is
an exhaustive approach that captures the effect of curvature, shear, torsion, and elonga-
tion. The theory developed provides both a determination of the uniaxial strain (in a
given direction) anywhere in the structure and the deformed shape, given a set of strain
values. The approach utilizes Cosserat rod theory and exploits a localized linearization
approach that helps to obtain a local basis function set for the displacement solution in
the Cosserat frame. For the assumed deformed shape (both the midcurve and the cross-
sectional orientation), the uniaxial value of strain in any given direction is obtained ana-
lytically, and this strain model is the basis used to predict the shape via an approximate
local linearized solution strategy. Error analysis due to noise in measured strain values
and in uncertainty in the proximal boundary condition is performed showing uniform
convergence with increased sensor count. [DOI: 10.1115/1.4035785]

Keywords: shape sensing, Cosserat beam theory, directors, material frame, local basis
function

1 Introduction

This paper extends the theory of shape sensing from strain
measurements presented by Todd et al. [1]. Unlike Ref. [1], which
uses a relationship between a Frenet coordinate system and a
body-centered coordinate system on an unsheared cross section,
we directly exploit the body-centered material frame in a way
that captures the complete effects of multiple curvatures, shear,
elongation, and torsion, consistent with the Cosserat theory. We
assume the cross-sectional shape to be geometrically unchanged
after deformation, and thus, we ignore Poisson’s and warping
effects in the present study.

There are multiple instances where it is desirable to reconstruct
the full-field deformed shape of a very long, slender object, such
as pipelines, suspension cables, tethers, surgical tubing, catheters,
and others. In the present work, the inclusive consideration of
shear effects extends the validity of the proposed approach to
even more moderately slender objects like beams or connecting
rods while generally providing robustness in the predicted results.
This theory mainly targets the set of structures that are subjected
to small strains (elastic response) but arbitrarily large deforma-
tions, such a scenario occurs in such essentially one-dimensional
structures, implying that the cross-sectional dimension is much
smaller than its length [2]. The work on the theory of geometri-
cally exact beams was mainly contributed by Timoshenko, Iura
and Atluri [3], Simo and Vu-Quoc [4], and Reissner [5–7], which

are all based on the work of Euler beam theory, with more modern
work by Kirchhoff, Love [8], and most importantly by Cosserat
and Cosserat [9]. There is substantial literature on Cosserat theo-
ries including that by Rubin [10–12]. All these approaches model
the kinematic deformations directly rather than through traditional
elasticity.

This paper infers the global displacement (defined by the locus
of the midcurve) and the cross-sectional orientation (defined by
shear and torsion) of such structures in their deformed state, using
distributed sensing of some kind. As mentioned in Ref. [1], dis-
tributed sensing may be grouped into two types: noncontact (the
sensing mechanism is remote, such as using laser Doppler vibrom-
etry (LDV)) and contact (the sensing mechanism is affixed to the
object for in situ measurement). Like Ref. [1], this paper focuses
on the latter group of sensing methods, since a large number of
applications do not lend themselves to the strict limitations of
noncontact methods, such as line-of-sight or ranging restrictions.
Conventional contact sensors typically involve measurement of
kinematic/kinetic properties such as strain or acceleration (distrib-
uted or discrete) and then obtain the global displaced shape by
means of some inverse model. This paper further considers the
case of the measurement of a finite set of local, uniaxial, discrete
strain readings that are obtained through any type of sensing
approach, including fiber Bragg grating (FBG), Rayleigh back-
scattering [13–15], or conventional resistive strain gauges. The
aim is to develop a comprehensive inverse model that provides
three-dimensional deformed shape and the kinematic generalized
coordinates (like shear angles, curvatures, and elongations) from
these limited set of uniaxial strain values. This paper extends the
ideas presented in Ref. [1] and related works by including far
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more comprehensive mechanics in the model, allowing for applic-
ability to a greater range of slender structures (such as non-
negligible cross-sectional shear deformation). The remainder of
this paper is presented as follows: Section 2 explains the kinemat-
ics of the approach, obtaining the uniaxial strain as a function of
the deformation and geometric parameters (shear angles, curva-
tures, elongation, and the location of strain gauge), states the
appropriate assumptions, and presents a locally exact solution
basis on which to build a global deformed shape including the
orientation of the cross section. Section 3 will present three cases
of comparison of the exact analytical result (forward model simu-
lation) compared to the predicted (inverse model) results. Finally,
Sec. 4 will draw some observations, conclusions, and comparison
with the results produced in Ref. [1].

2 Kinematic Model

2.1 Director Reference Frame in Generalized Coordinates.
The initial shape of the structure may be curved or straight. We
shall develop the theory of shape sensing based on the context of
an initially straight configuration for simplicity. We assume that
the initial shape (in which the strain gauges are attached in a zero-
strain state to the structure) is known. Therefore, any subsequent
strain measurements are referenced to this initial configuration.
Thus, if the object is initially curved, we make a strain correction
to the values of the strain obtained by gauges in the deformed state
based on the theory developed further. The corrected strain values
are the uniaxial strain in the deformed state of the object referring
to the straight initial condition.

We begin by assuming that the initially straight object deforms
to some current configuration. Consider a fixed orthogonal Carte-
sian triad E ¼ fEig. Any configuration of the structure is defined
by the locus of the centroid of the cross section called the mid-
curve defined by the position vector uðn1Þ parameterized by the
undeformed arc-length n1 2 ½0;L0�, where L0 is the total length of
the midcurve in the undeformed configuration, or

uðn1Þ ¼ uiðn1ÞEi (1)

The orientation of any cross section in the deformed configuration
is quantified by the set of orthogonal Cosserat triad called direc-
tors fdiðn1Þg, such that

diðn1Þ ¼ dijðn1ÞEj (2)

Assume the deformed arc-length coordinate is given by s. Con-
sider that the object is subjected to purely axial strain. The infini-
tesimal length of the undeformed midcurve dn1 deforms to ds
such that the infinitesimal axial strain eðn1Þ is given by

e ¼ ds� dn1

dn1

) @n1

@s
¼ 1

1þ e
(3)

Assuming the position vector uðn1Þ to be differentiable in n1,
we may exploit the differential geometry of the midcurve to eval-
uate the tangent vector Tðn1Þ in terms of the pitch angle hðn1Þ and
yaw angle /ðn1Þ and as the derivative of the position vector using
Eq. (3)

T n1ð Þ ¼ cos h n1ð Þcos / n1ð ÞE1 þ sin h n1ð ÞE2

þ cos h n1ð Þsin / n1ð ÞE3

@u n1ð Þ
@s

¼ @u n1ð Þ
@n1

@n1

@s
¼ 1

1þ e

@u n1ð Þ
@n1

¼ T n1ð Þ
(4)

Therefore, the position vector to the centerline midcurve may be
written in terms of two angles and the axial strain as

u ¼
ðn1

0

ðcos h cos /Þð1þ eÞdn1

 !
E1

þ
ðn1

0

sin hð1þ eÞdn1

 !
E2

þ
ðn1

0

cos h sin /ð1þ eÞdn1

 !
E3 (5)

The position vector uðn1Þ defines the midcurve but not the
orientation of the cross section that is affected by means of
shear and torsion. The directors take care of this. Assume a cross
section that does not experience shear and torsion. Another triad
P ¼ fTðn1Þ;Vðn1Þ;Hðn1Þg is defined. It originates at the centroid
of each cross section such that the vectors Tðn1Þ and Vðn1Þ lie in
the pitch angle plane, and thus, Hðn1Þ ¼ Tðn1Þ � Vðn1Þ. Thus,

Tðn1Þ
Vðn1Þ
Hðn1Þ

2
64

3
75

¼
cos h cos / sin h cos h sin /

�sin h cos / cos h �sin h sin /

�sin / 0 cos /

2
64

3
75

E1

E2

E3

2
64

3
75; P ¼W1E

(6)

If the object is subjected to shear and torsion, the orientation of
the cross section changes. The tangent vector is no longer perpen-
dicular to the cross section. The shearing effect can be quantified
by three shear angles c11ðn1Þ, p=2� c12ðn1Þ, and p=2� c13ðn1Þ
subtended by the directors d1ðn1Þ, d2ðn1Þ, and d3ðn1Þ with the tan-
gent vector Tðn1Þ, respectively. The directors d2ðn1Þ and d3ðn1Þ
span the cross section. Therefore, any point in the structure is
given by the position vector

Rðn1Þ ¼ uðn1Þ þ n2d2ðn1Þ þ n3d3ðn1Þ (7)

Note that any point in the object in undeformed state is quantified
by the material points fn1; n2; n3g. If the point p represents the
point of intersection of the cross section with the midcurve, and q
being any point on the object, since the cross section is rigid,
point q can always be positioned by the position vector
rpq ¼ n2d2ðn1Þ þ n3d3ðn1Þ. Figure 1 shows the geometry of
the deformed structure and the related parameters. To establish
a relationship between P ¼ fTðn1Þ;Vðn1Þ;Hðn1Þg and D
¼ fd1ðn1Þ; d2ðn1Þ;d3ðn1Þg, it is necessary to define three angles
a1ðn1Þ, a2ðn1Þ, and a3ðn1Þ subtended by the directors d1ðn1Þ,
d2ðn1Þ, and d3ðn1Þ with the vector Vðn1Þ, respectively, as shown
in Fig. 1.

Therefore,

T ¼ cos ðc11ðn1ÞÞd1 þ sin ðc12ðn1ÞÞd2 þ sin ðc13ðn1ÞÞd3

V ¼ cos ða1ðn1ÞÞd1 þ cos ða2ðn1ÞÞd2 þ cos ða3ðn1ÞÞd3

H ¼ T� V

Tðn1Þ
Vðn1Þ
Hðn1Þ

2
64

3
75 ¼W2

d1

d2

d3

2
64

3
75) P ¼W2D

(8)

For the transformation W2 to be orthonormal, the parameters ai

and c1i, where i ¼ 1;…; 3, must be such that Tðn1Þ, Vðn1Þ, and
Hðn1Þ are orthonormal. These would result in six constraint equa-
tions, three for the orthonormal conditions and the other three for
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vanishing the derivatives of the magnitude of the vectors Tðn1Þ,
Vðn1Þ, and Hðn1Þ. Equations (6) and (8) establish a relationship
between the triad D ¼ fd1ðn1Þ;d2ðn1Þ;d3ðn1Þg and
E ¼ fE1;E2;E3g

D ¼W�1
2 W1E ¼ Yðn1ÞE (9)

The derivative of the directors may be obtained from Eq. (9). It is
observed that the derivatives of directors D0 are related to the
director triad D by means of an antisymmetric curvature matrix,
as expected, because the directors are orthonormal and the change
in directors consists of rotation alone. Thus,

D0 ¼ ðW�1
2 W1Þ0E ¼ ðW�1

2 W1Þ0:ðW�1
2 W1Þ�1

D ¼ Y0Y�1D ¼ K:D

K ¼
0 �j3 ��j2

��j3 0 �j1

�j2 ��j1 0

2
64

3
75 ¼ Y0Y�1

(10)

The derivative of any director may be considered as a tensor oper-
ation such that

@di n1ð Þ
@n1

¼ wdi ¼ j� di (11)

The tensor w is the curvature tensor and being antisymmetric in
nature, it has a uniaxial Darboux vector j ¼ �j1d1 þ �j2d2 þ �j3d3

associated with it. The components of the curvature matrix in
terms of the generalized coordinates defined above can be found
using Eq. (10) and are defined in the Appendix. From Eqs. (4),
(8), and (10), the following relationship can be written:

u0

d01
d02
d03

2
66664

3
77775¼

0 ð1þ eÞcos c11 ð1þ eÞsin c12 ð1þ eÞsin c13

0 0 �j3 ��j2

0 ��j3 0 �j1

0 �j2 ��j1 0

2
66664

3
77775

u

d1

d2

d3

2
66664

3
77775

(12)

The above equation expresses the derivatives of the directors and
the position vectors in terms of the kinematic parameters of defor-
mation and their derivatives. Note that the explicit dependence on

n1 is omitted for brevity. Given this material-adapted geometry,
we shall evaluate the uniaxial strain in Sec. 2.2.

It is worth mentioning that if there is no shear and the axial
extension is zero, then the problem reduces to that solved in
Ref. [1]. These assumptions would imply c1iðn1Þ ¼ 0; a1ðn1Þ
¼ p=2; a2ðn1Þ ¼ 0; a3ðn1Þ ¼ p=2, and eðn1Þ ¼ 0, respectively,
where i ¼ 1;…; 3. This would also imply d1ðn1Þ ¼ Tðn1Þ;
d2ðn1Þ ¼ Vðn1Þ, and d3ðn1Þ ¼ Hðn1Þ. Making all these substitu-
tions will lead to Eq. (5) in Ref. [1]. Therefore, the current
relationship consistently reduces to the simpler one described in
Ref. [1].

2.2 Strain. The most generalized approach to find the strain
vector is to compute the derivative of the position vector of any
point in the object subtracted by the director d1. This is because
the magnitude of the first component of any vector in the unde-
formed state is changed, whereas the magnitude of the second and
third component remains the same due to the assumption of the
cross section being rigid. The total change in the first component
is comprised of the vector elongation and rotation. Subtraction of
d1 removes the rotation effect from the net change given by the
derivative of the position vector. The strain vector can also be
obtained from the deformation gradient tensor as in Ref. [16].
From Fig. 1 and Eq. (7), the strain vector at any point in the struc-
ture is given by

� ¼ @R

@n1

� d1

¼ @

@n1

uþ n2d2 þ n3d3ð Þ � d1 ¼ u;n1
þ n2d2;n1

þ n3d3;n1
� d1

(13)

From Eqs. (12) and (13), the strain vector can be written as

� ¼ fðð1þ eÞcos c11 � 1Þ � n2�j3 þ �j2n3gd1

þ fð1þ eÞsin c12 � �j1n3gd2 þ fð1þ eÞsin c13 þ �j1n2gd3

(14)

Consider a typical point q on the surface of the deformed struc-
ture as shown in Fig. 1. The vector rpq makes an angle r with the
vector d2. If the magnitude of relative position vector rpq is taken

as r ¼ n2
2 þ n2

3, then the material points n2 and n3 can be written

Fig. 1 Deformed configuration of the beam and material-adapted frame (left) and relationship between {d1, d2, d3} and {T, V, H}
material frame of reference (right)
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as r cos r and r sin r, respectively. The vector Qt in Fig. 1 can be
easily obtained as �sin rd2 þ cos rd3; which is the cross-product
of the director d1 and the unit vector in the direction of rpq.

Assume a strain gauge is placed on the surface of the object at
point q oriented in some arbitrary direction spanning the ðd1;QtÞ
plane, i.e., cos ld1 þ sin lQt. When l ¼ 0, the inclination of the
strain gauge coincides with the director d1. The scalar strain e
experienced by that gauge would be Eq. (14) along this direction.
Therefore, e is the dot product of Eq. (14) with the direction vector
cos ld1 þ sin lQt. Before obtaining the scalar strain, we make the
following definitions of the strain terms that will further simplify
Eq. (14):

S1 ¼ ðð1þ eÞcos c11 � 1Þ
S2 ¼ ð1þ eÞsin c12

S3 ¼ ð1þ eÞsin c13

S4 ¼ r�j1; S5 ¼ r�j2; S6 ¼ r�j3

(15)

Using Eqs. (14) and (15), along with the definition of n2 and n3,
the scalar strain is thus given by

e ¼ fS1 � S6 cos rþ S5 sin rg cos l� fS2 � S4 sin rg sin l sin r

þ fS3 þ S4 cos rg sin l cos r

(16)

2.3 Solution Approach. It is clear from Eqs. (15) and (16)
that in order to determine all the deformation parameters
fe; c11; c12; c13; �j1; �j2; �j3g, a minimum of six values of scalar
strains (or strain gauges) are required per cross section. It is an
inverse problem going from Eq. (16) back to u;d1;d2, and d3 via
Eq. (12). To obtain the approximate solution, the structure is dis-
cretized into N segments ðn ¼ 1;…;NÞ with the center of each
segment located at n1n. As in Ref. [1], a finite set of discrete strain
measurements are available along the object at various n1 ¼ n1n

at angles rm ðm ¼ 1;…; 6Þ for each given location n1n along the
centerline. Thus, the scalar strain at the nth cross section and the
mth strain gauge is given by

en;m ¼ fS1n
� S6n

cos rn;m þ S5n
sin rn;mg cos ln;m

� fS2n
� S4n

sin rn;mg sin ln;m sin rn;m

þ fS3n
þ S4n

cos rn;mg sin ln;m cos rn;m (17)

where rn;m is the angle r subtended by the mth strain gauge on the
surface of nth cross section, and ln;m is the angle l subtended by
the mth strain gauge on the surface of nth cross section.

Equation (17) is a linear system relating strain (e) to the defor-
mation parameters (Si; where i ¼ 1;…; 6) and is invertible to give
the strain measures in terms of strains. For the nth cross section,
the discretized form of Eq. (12) becomes

u0n
d01n

d02n

d03n

2
66664

3
77775 ¼

0 S1n
þ 1 S2n

S3n

0 0
S6n

r
� S5n

r

0 � S6n

r
0

S4n

r

0
S5n

r
� S4n

r
0

2
66666666664

3
77777777775

un

d1n

d2n

d3n

2
66664

3
77775 (18)

Ignoring the first row relating the position vector un with the
directors fd1n

;d2n
;d3n
g and the first column, the next three

lines of Eq. (18) represent a linear antisymmetric first-order
simultaneous differential equations with coefficients Si; where
i ¼ 1;…; 6. We use a local linearization approach, linearizing the
coefficients in Eq. (18) locally in each nth segment and solve

analytically. We truncate a Taylor series expansion of the six
coefficients about n1 ¼ n1n

in each segment to zeroth order, such
that n1 � n1n

. This converts Eq. (18) into a constant-coefficient
system that admits exact solutions, valid locally at each cross
section n. Since the frame is body centric, there is no singularity
provided the angles rn;m and ln;m are such that Eq. (17) is solva-
ble, the solution to the locally linearized version of Eq. (18) for
un is

un n1ð Þ

¼
X3

i¼1

Cn;i ani1 þ ani2 sin
n1cn

r

� �
þ ani3 cos

n1cn

r

� �� �
þ Cn;4

or

un n1ð Þ ¼ An;1 þ An;2 sin
n1cn

r

� �

þ An;3 cos
n1cn

r

� �
; where cn ¼

X6

i¼4

S2
in

 !1
2

(19)

The localized linear solution of the position vector unðn1Þ con-
tains four vector integration constants Cn;j, j ¼ 1;…; 4. The
parameters anij

and the vector An;i are functions of ðr; n1; Smn
Þ

and ðr; n1; Smn
;Cn;jÞ, respectively, where m ¼ 1…6; i; j ¼ 1…3.

These parameters are defined in the Appendix. The solutions to
the directors fdinðn1Þg bear the same form as Eq. (18) except with
different vector constants. Thus, if there are N cross sections,
there are 12N constants to be determined. Imposing continuity in
each component of funðn1Þ;d1n

ðn1Þ; d2n
ðn1Þ;d3n

ðn1Þg between
segments, e.g., halfway between n1n

and n1nþ1
, gives 11N con-

straints, and the remaining N constraints may be obtained by
imposing an appropriate boundary condition.

With the constraints imposed, Eq. (19) represents a locally
exact basis by which the measured strains may be related back to
the global displacement. It is important to note that if all the meas-
ured strains are zero, i.e., Sin ¼ 0, i ¼ 1…6, then

lim
Sin ;!0

unðn1Þ ¼ Cn;1n1 þ Cn;4

lim
Si!0

dinðn1Þ ¼ Cn;i; where i ¼ 1;…; 3
(20)

Thus, the solution basis has no singularities like the Frenet frame
or others may have. In practice, then, for each segment n, either
Eq. (19) or (20) may be used as the local solution basis, depending
on whether all of the six measured strain quantities are within
some user-specified tolerance value. Thus, the global displace-
ment is explicitly expressed as a function of measured strains. The
global displacement of the structure and the directors may then be
constructed using Eq. (21) in Ref. [1]. The axial strain and shear
angles at the nth cross section can be easily obtained from
Eq. (15). The pitch and yaw angles at the cross sections bearing
strain gauges may be obtained by equating the component of the
tangent vector in Eqs. (6) and (8), after substituting the compo-
nents of the directors as obtained by solving Eq. (19).

The result of the directors obtained from Eq. (18) is in agree-
ment with the Rodrigues formula of rotation [17]. The interpreta-
tion of the directors din

using the Rodrigues formula provides
great insight toward the solution obtained from Eq. (18). The Dar-
boux vector, j, may be interpreted as the rotation of the director

frame per unit arc-length at n1 by an angle kjk¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�j2

1 þ �j2
2 þ �j2

3

p
.

For the discretized cross section at n1n
, the curvature terms are con-

stant as defined in Eq. (15). It is clear from Eq. (15) that
kjn k¼ ðcn=rÞ. Therefore, the director dinðn1n

Þ is obtained by rotat-

ing the director dið0Þ ¼ Ei by an angle
Ð n1

0
kjn kdn1 ¼ ðn1cn=rÞ
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about the unit vector gn. Let Rn be the antisymmetric matrix corre-
sponding to the axial vector gn such that for any vector v,

Rnv ¼ gn � v, and R
2
nv ¼ gn � ðgn � vÞ. Hence from Rodrigues

formula

din n1ð Þ ¼ di 0ð Þ þ gn � gn � di 0ð Þ
� �� �

þ gn � di 0ð Þ
� �

sin
n1cn

r

� �

� gn � gn � di 0ð Þ
� �� �

cos
n1cn

r

� �
¼ wndi 0ð Þ

¼ e
n1cn

rð ÞRn di 0ð Þ
(21)

where

gn ¼
j n1n

� �
kjn k

¼ S4n

cn

d1n
þ S5n

cn

d2n
þ S6n

cn

d3n

and

wn ¼ I3 þ sin
n1cn

r

� �
Rn þ 1� cos

n1cn

r

� �� �
R

2
n

The shape sensing algorithm developed above by assuming
terms in Eq. (18) to be constants (obtained by strain measure-
ments) gives the directors at cross section at n1n

by imposing con-
tinuity between the segments. This explains the improvement of
results if the object is divided into large number of segments. The
directors din

ðn1Þ at any arbitrary n1 in the segment n is then pre-
dicted by the shape functions given by Eq. (21) in Ref. [1].

3 Results and Discussion

Three different three-dimensional shapes of varying complexity
in deformation/strain patterns were simulated. In order to
investigate the ability of Eqs. (15) and (19) to predict the global
displacement from locally measured strain, a long rod with a
length 300 m (984.252 ft) and diameter of 30 cm (12 in.) was
simulated. It is noteworthy that the simulations are independent of
material properties because inverse shape sensing requires only
the kinematic and geometric parameters that define the displace-
ment and strains. The strain value at the surface for the given
deformed shape at set cross sections for the given directions of
strain gauges was obtained analytically using Eq. (16). From the
values of the strain parameters fS1n

; S2n
; S3n

; S4n
; S5n

; S6n
g,

Eqs. (15) and (19) were used to reconstruct the shape and obtain
directors. For all the three simulations, fixed set angles
rn ¼ fp=4; p=2; 3p=4;p; 5p=4; 3p=2g and ln ¼ fp=4;�p=4; p=4;
�p=4;p=4;�p=4g are assumed. This selection is done so that
Eq. (17) is invertible. Different studies are carried for the three
simulations, and the results are discussed.

3.1 Simulation 1. The first simulation has a shape similar
to simulation 1 in Ref. [1], except that it is 300 m long. This simu-
lation studies the effect of curvature and constantly increasing tor-
sion from the fixed end toward the distal end ð0� 0:75 p rad).
Bearing long length (300 m) as compared to the simulation in
Ref. [1] (212 m) and presence of additional torsion make this sim-
ulation more complicated than the one in Ref. [1]. The simulation
was run for six (three of them are showed in Fig. 2) different cases
varying the number of equally spaced strain values to simulate
different sensor counts. It is important to note that six sensors
are required for each cross section, which implies a total of 6N
sensors, where N indicates the number of cross section along the

Fig. 2 Comparison of simulation 1 centerlines of exact (light-gray solid line) and reconstructed via strain (dashed lines)
(top plots) and exact directors (d1, d2, and d3 are represented by solid medium, light, and dark gray vectors, respectively)
and the predicted directors (black-dashed directors) (bottom plots) of the object
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length where these sensors are placed. For simulation 1,
N ¼ 3; 5; 10; 20; 50 , and 100 (18, 30, 60, 120, and 600 total
sensors, respectively) are considered. The distal end was displaced
almost by 70 m in both y- and z-directions from the initially
straight configuration.

Figure 2 compares the exact (imposed) centerline (light-gray
solid curve) with the reconstructed centerline and the exact cross-
sectional orientation (d1, d2, and d3 are represented by solid
medium, light, and dark gray vectors, respectively) with the pre-
dicted directors (dashed black vectors), solved using the linearized
analytical inverse approach (Eqs. (15) and (19)) for simulation 1
for N ¼ 5; 20, and 100. For as few as five and ten cross sections
(spaced approximately 60 m and 30 m, respectively), excellent
reconstruction is observed with an average (over the full length)
root mean square error of only 5.2 m and 1.03 m, respectively.
Secondly for ten cross sections, the rms error for the directors d1,
d2, and d3 is merely 0.0078, 0.0056, and 0.0059, respectively,
thus predicting the cross-sectional orientation efficiently. If the
same simulation is run for the length of cable as 212 m and no tor-
sion for five sensor locations (exactly as in Ref. [1]), the error
comes out to be the same (1.1 m) as obtained by the formulation
presented in Ref. [1]. This clearly reflects the fact that the formu-
lation presented in this paper is a general form that can capture
many more mechanical effects as compared to the formulation in
Ref. [1], which could capture only curvature changes. Increment

of number of sensor locations improves the shape reconstruction,
thereby reducing the rms error to as low as 3 mm for 50 sensor
locations (one every 6 m).

Figure 3 represents the comparison of the exact component of
ðu; d1Þ represented by a solid black line with the components pre-
dicted by ten strain measurement locations (large gray dots) and
50 strain measurement locations (black dots). The figure shows
good convergence with the increase of the number of sensors.
Since the object in simulation 1 is not deformed in a very compli-
cated shape, ten sensor locations do a good reconstructing of the
shape.

All these results presented above are for the ideal case of per-
fect strain transfer from the structure to the attached strain gauges
with certainty in the assumed boundary conditions and no other
external noise influence on the system (environmental or numeri-
cal). As in Ref. [1], to examine these influences for a first-order
assessment of robustness, uniformly distributed random noise was
added to the strain values, at a [�5,5] microstrain level (represen-
tative of the most conventional strain gauge systems) and at
[�50,50] microstrain level (severe noise) before being input into
the reconstruction algorithm. Fifty such realizations were per-
formed in a Monte Carlo sense, and the average rms error was
computed for different number of sensor counts at each noise
level. It is observed that at each sensor count, the noise increases
the error with gradual improvement as the sensor count increases.

Fig. 3 Comparison of simulation 1 exact (black line) position vector components (top plots) and director d1 components
(bottom plots) with the predicted components for ten strain gauge locations (gray dots) and 50 strain gauge locations (black
dots), where x-axis represents n1

Fig. 4 Left plot showing root mean square error for the directors—d1 (solid line), d2 (dashed
line), and d3 (dotted line) for no noise case and the right plot showing the rms error for the
position vector for various noise level—no noise (solid line), [25,5] microstrain uniform noise
(dashed line), and [250,50] microstrain uniform noise (dotted line)
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Figure 4 (right plot) gives the rms error in the position vector for
different noise level, and the left plot represents the rms error plot
for the directors.

Figure 5 shows the effect of the uncertainty on the specifica-
tions of the boundary condition at the proximal end ðn1 ¼ 0Þ,
using 100 sensors by choosing 50 random boundary conditions at
proximal end over [�0.0001, 0.0001] m, [�0.01,0.01] m,
[�0.1,0.1] m, [�1,1] m, and [�10,10] m and obtaining the
average rms value (averaged over 50 simulation) for both the sim-
ulations. It is clear that with the new approach, the trend still
remains linear as in Ref. [1], with the averaged rms error being
proportional to the input boundary condition uncertainty level.

3.2 Simulation 2. In simulation 2, the object with same geo-
metric and kinematic configuration as in simulation 1 is subjected
to torsion, nonuniform elongation, shear, and complex curvature
changes, making it more general. This is where the power of this
method becomes evident. If L0 represents the total undeformed
arc-length, then the imposed axial strain and the shear angles are
given in the below equation

e n1ð Þ ¼
20p
L0

cos
pn1

2L0

� �

c11 ¼
pn1

16L0

; c12 ¼
pn1

32L0

a3 ¼
p
2

1þ 0:2n1

L0

� � (22)

It must be noted that the angles c13; a1, and a2 may be obtained
using the constraints in generalized coordinates c1i and ai, where
i ¼ 1;…; 3, as mentioned immediately after Eq. (8). The displace-
ment of the distal end is about 193 m and 116 m in the y- and z-
directions. Since the shape and deformation are complicated, the
study is performed for a minimum of ten sensor locations (with
N ¼ 10; 20; 50, and 100) unlike a minimum of three sensor
locations in simulation 1. The rms error for the position vector
decreases from 9.8 m using ten sensor locations to 4.8 cm with
100 sensor locations, representing excellent convergent
reconstruction.

The top three plots in Fig. 6 compare the exact (imposed) cen-
terline (gray curve) with the reconstructed centerline for the sec-
ond simulation and the bottom three plots compares the exact
cross-sectional orientation (d1, d2, and d3 are represented by solid
medium, light, and dark gray vectors, respectively) with the pre-
dicted directors for N ¼ 10; 20, and 100. Figure 7 represents the

Fig. 5 Average root mean square error in the shape recon-
struction for simulation 1 (solid line) and simulation 2 (dashed
line) as a function of the uncertainty level in the initial displace-
ment conditions at the proximal end

Fig. 6 Comparison of simulation 2 centerlines of exact (gray solid line) and reconstructed via strain (dashed lines) (top
plots) and exact directors (d1, d2, and d3 are represented by solid medium, light, and dark gray vectors, respectively) and the
predicted directors (black-dashed directors) (bottom plots) of the object
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comparison of the exact component of ðu; d1Þ represented by
solid black line with the components predicted by ten strain mea-
surement locations (large gray dots) and 50 strain measurement
locations (black dots). Assuming perfect strain transfer between
the structure and the strain gauge (no noise and perfect bonding),
exact and the predicted angles are observed to coincide because
these parameters are directly related to the strain measurements.

The major contributor of error due to the algorithm, for this
simulation, is mainly the deformed shape of the midcurve and the
curvatures. The axial, shear, and torsion contributions are almost
negligible to the rms error of the position vector to the midcurve.
This observation is made clear from the rms error plot in Fig. 8.
This is not a surprising result because the global shape of the
structure in this example is still dominated by the curvature; in a
simulation dominated by another effect, e.g., a pure axial exten-
sion, error would be primarily due to that instead, and using the
simplified theory such as in Ref. [1] would induce significant
error.

The same pattern of rms error is observed as in simulation 1
when external noise is added to the structure. The error is much
higher for the second simulation as compared to the first because
of complicated deformed shape of the midcurve and the complex

curvature. As in Ref. [1], the maximum reconstruction error in
both of the above simulations was observed at the distal end. The
prime reason is because the boundary conditions were exactly
specified on the proximal end. Error due to the algorithm itself
(but not necessarily error due to external influence or measure-
ment noise) then propagates along the object to the maximum at
the far end from the known condition. Therefore, the error propa-
gations start from the point of specified boundary condition.

3.3 Simulation 3. In most cable- or tetherlike structures,
curvature is the dominant deformation. The third simulation repre-
sents a cable with same cross section as the previous simulations
but with a total length of 6.3 km, bottom helix radius of 50 m, and
20 turns with varying curvature and pitch length. Significant rms
error of 15.9 m was observed with 50 sensor locations (one in
every 126 m) and it reduced to 0.78 m with 200 sensor locations
(one cross section every 32 m). The predicted shape using 20 sen-
sor locations was not acceptable with tremendous error of 1326 m
because of complex shape and curvature changes. Figure 9 shows
the predicted deformed shape and the directors for 50, 100, and
200 sensor locations. Figure 10 shows the comparison between
the predicted components of the midcurve for 50 and 100 sensor
locations as compared to the exact deformed shape. It is observed
that an excellent reconstruction of such a complicated shape is
observed with mere 200 sensor locations.

Furthermore, it is observed that for a constant radius and
constant pitch spring, only two sensor locations (which is the
minimum number of sensor locations required) are required to
exactly predict the shape. Such a deformed shape is parameterized
by constants �j1 and �j2 ð�j3 ¼ h0ðn1Þ ¼ 0Þ throughout the length
of the cable.

4 Summary and Conclusions

This paper proposed a general method of three-dimensional
shape reconstruction of slender structures. The work involved
using the Cosserat beam theory to develop the equation of strain
such that the effect of curvature (�j2 and �j3), torsion of the cross
section (�j1), axial deformation of midcurve (e), and the shear of
the cross section (c11; c12, and c13) are included. The theory uses
the director mechanics in which the deformation of a three-
dimensional slender object consists of the deformed midcurve and
a triad of directors that describes the orientation of the cross

Fig. 7 Comparison of simulation 2 exact (black line) position vector components (top plots) and director d1 components
(bottom plots) with the predicted components for ten strain gauge locations (gray dots) and 50 strain gauge locations (black
dots), where x-axis represents n1

Fig. 8 Root mean square error for the position vector for simu-
lation 2 with no noise, considering all the deformations (solid
line), ignoring shear (large dashed line), ignoring shear and tor-
sion (medium dashed line), and ignoring shear, torsion, and
axial strain (dotted line)
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section at each midcurve point. The evolution of the position vec-
tor and the director with the undeformed arc-length is obtained
using Cosserat theory, and a locally linearized form of those equa-
tions is solved exactly. The global solution to the deformed shape
of the midcurve and the directors (and hence the cross section ori-
entation) is obtained considering the continuity in the solution at
the midpoint of each segment. The solution was shown to be
robust in terms of predicting the deformed shape as well as the
cross-sectional orientation. This approach being an extension of
the shape sensing methodology presented in Ref. [1] also consid-
ers shear, torsion, and elongation, unlike Ref. [1], that only con-
sidered the curvature (which is the most dominant effect). This
approach needs more strain measurements per cross section (six
gauges) as compared to Ref. [1], where only three strain gauges
were required, but this is expected because substantially more
mechanics is engrained into the present formulation. The algo-
rithm developed to solve for the shape using measured strains is a
very simple operation, with most complex component being a
matrix inversion. This algorithm could potentially be embedded in

digital signal processing chips or field-programmable gate array
as part of an embedded solution with low power and memory
requirements.

The solution proposed here assumes a rigid cross section. A fur-
ther extension to this theory can be proposed by including
Poisson’s effect and warping effects, but these effects do not
affect the global deformation of slender objects, so they were
ignored in this study. This approach is validated by comparing
imposed solution cases with the predicted result from the algo-
rithm developed. A 300 m long cable is subjected to torsion and
curvature in simulation 1 and shear, torsion, elongation, and com-
plex curvature in simulation 2. Simulation 3, run on a 6.3 km long
cable, mainly concentrates on studying the effectiveness of the
method to predict the reconstructed shape for a structure with
complicated curvatures, such that other effects can be ignored. It
is observed that the rms error mainly depends on the geometry
and complexity of the deformed midcurve that is governed by the
curvature. We observed that the rms error decays with increment
of number of sensor points (for instance, 9.8 m using ten sensor

Fig. 9 Comparison of simulation 3 centerlines of exact (gray line) and reconstructed via strain (dashed line) (top plots) and
exact directors (d1, d2, and d3 are represented by solid medium, light, and dark gray vectors, respectively) and the predicted
directors (black-dashed directors) (bottom plots) of the object

Fig. 10 Comparison of simulation 3 exact (black line) position vector components for 50 strain gauge locations (gray dots)
and 100 strain gauge locations (black dots), where x-axis represents n1
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locations to 4.8 cm with 100 sensor locations for simulation 2). If
the strain measurement is noise free and exact strain is captured
by the strain gauge, exact shear angles, axial strains, and
curvatures can be measured at that cross section. Preliminary
noise tolerance study and boundary condition uncertainty studies
show that the rms error trends with the extraneous noise due to
environmental or measurement noise and with error in specifying
the one boundary condition vector required for inertial reference.

Appendix

A.1 The Curvature Terms

The curvature terms ð�j1; �j2; �j3Þ in Eq. (10) are functions of the
parameters c11; c12; c13; a1; a2; a3; /; h, and their deriva-
tives, given explicitly as

�j1 ¼ �a02 cos a3 sin a2 þ a03 cos a2 sin a3 þ c011 cos a1 sin c11ð�cos a3 sin c12 þ cos a2 sin c13Þ
�c012 cos a2

2 cos c12 sin c13 � c013 cos c13 sin c13 þ c013 cos a2
3 cos c13 sin c12

�c013 cos a2 cos a3 cos c13 sin c13 þ h0ðcos a3 sin c12 � cos a2 sin c13Þ � /0ðcos a1 cos hþ cos c11 sin hÞ

�j2 ¼
1

2

	
2a01 cos a3 sin a1 � 2a03 cos a1 sin a3 þ c011 2þ cos 2a2ð Þ þ cos 2a3ð Þ

� �
sin c13

þ c012 cos a1 cos a3 sin 2 c12ð Þ þ 2 cos a2 cos c12 �cos a3 cos c11 þ cos a1 sin c13ð Þ
� �

þ 2 cos c11 cos c13 sin a2
3 þ cos a1 cos a3 sin 2 c13ð Þ

� �
þ 2h0 �cos a3 cos c11 þ cos a1 sin c13ð Þ � 2/0 cos a2 cos hþ sin c12 sin hð Þ




�j3 ¼ �a01 cos a2 sin a1 þ a02 cos a1 sin a2 þ c012ðcos a1 cos a3 cos c12 sin c13Þ
þ c011 cos a3 sin c11ð�cos a3 sin c12 þ cos a2 sin c13Þ � c012 cos a2

3 cos c11 cos c12

þ c013 cos a2 cos a3 cos c11 cos c13 � c013 cos a1 cos a3 cos c13 sin c12

þ h0ðcos a2 cos c11 � cos a1 sin c12Þ � /0ðcos a3 cos hþ sin c13 sin hÞ

A.2 The Coefficients for the Position Vector

of the Midcurve

The solution of four simultaneous differential equations in
Eq. (18) yields the position vector of the midcurve and the direc-
tors at the cross section located at n1n

as a function of the outer
radius r and the strain parameters Sln , where l ¼ 1;…; 6. The vec-
tor constant terms for the position vector un as represented in
Eq. (19) are given below as

An;k ¼
X3

i¼1

X4

j¼1

ankj
cnji

0
@

1
AEi

Cn;i ¼ cnip
Ep where p ¼ 1;…; 3 and i ¼ 1;…; 4:

Terms corresponding to An;1

an11
¼ r S3nS5n � S2nS6nð Þ

c2
n

þ S4n S2nS5n þ S3nS6nð Þ þ 1þ S1nð ÞS4
2
n

� �
c2

n

n1

an12
¼ r 1þ S1nð ÞS6n � S3nS4nð Þ

c2
n

þ S5n 1þ S1nð ÞS4n þ S3nS5nS6nð Þ½ �
c2

n

n1

an13
¼ r S2nS4n � S5n 1þ S1nð Þð Þ

c2
n

þ S4nS6n 1þ S1nð Þ þ S6n S2nS5n þ S3nS6nð Þ½ �
c2

n

n1

an14
¼ 1

Terms corresponding to An;2

an21
¼ r

c3
n

�S2nS4nS5nþ 1þS1nð ÞS5
2
nþS6n �S3nS4nþ 1þS1nð ÞS6nð Þ

� �

an22
¼ r

c3
n

�S5n 1þ S1nð ÞS4n þ S3nS6nð Þ þ S2n S4
2
n þ S6

2
n

� �� �

an23
¼ r

c3
n

S3n S4
2
n þ S5

2
n

� �
� 1þ S1nð ÞS4n þ S2nS5nð ÞS6n

� �� �
an24
¼ 0

Terms corresponding to An;3

an31
¼ r

c2
n

�S3nS5n þ S2nS6n½ �

an32
¼ r

c2
n

S3nS4n � 1þ S1nð ÞS6n½ �

an33
¼ r

c2
n

�S2nS4n þ 1þ S1nð ÞS5n½ �

an34
¼ 0
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