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The varpose of this note ic to cdiscucs the singulnritics mroduced

ER S S \ P L L & 0 P O s ynde S P RTe . $ 4oy 5 PR [ Lo
in Lhe cnergy wvariavie of rartial-wave amplitudes by ithe presenco of o
third dounle spectral Tuncvion, and to clarify the conncecivion solwowen thesc

PR . T : .
u‘.'lIJO""PO'Y.“I”C'.YI fls.l.l" singuWlarities” tnou ocower in

the complex ansWler-momentum varizble at c0“*°11 negos in
rariicuiar, we sanll be intercsted in those singularitics ithat in

4

to the airect channel.

n-with respect

singulariiy ocewrs in the partizl waves at s = s, {secc Fir. 1), whers o
: . 1 .
is ihe thal encrgy squared in the center of mass, and gernerates & telt-
mand cut Lhnt rung from s = 5. to 5 = - oo . Similoy vy e -Lulwu*b
occuﬁ whenever o surfeace of the third doudle spectral
peans ol some value of s . _(See Fig, 1)
These ginguwlarities do not occur in the full nhysicael amplitade

! 3 % - ] H 3 2 4 = - S - . . = ey oy
(ot @ fixed walue of s) because the singularity: in this case doepends upon
L, e crossed varicble, and simply traces out the boundary of the dousle

spectral tunclion p . Moreover, these points have no connection with
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hysical throst

r01ds wut ere essenticlly kincematicael 1n_”atn" Thie import-

[

" ance of these singdlarities results {rom their implicagions for the cas

of complex anguluar momentum. GCrivov and Pomoranc“un nave demonsirated that
: - ;

the discontinuity across the singularity peginning at isl in the partial-

wave umplitude becomes infinite when the angular momentum £ approuches

R 3 ! . ™ 3 .
negative inleger wvalues and, in particular, when £ -» -1 . Thic results

in an accumwlation of an infinite numoer of Regge poles at these £ values.

}J

¥e ohndil shod that the singularity at s, pers

sts cven Tor pnycical
2 ulues; however, in this cage the aiscontinuity across the assoeiuted
jcﬁt‘is>finitc. W oghall exniblt Lormul;a for the discontinuity across
theso cut:_fér‘both physical and ﬁonphysical. £ values. e aléo di;éus;
the uingulurity tyne at s.= 0 and 5 = 5, .

Many of the statements made herein are Ccrbul“lj bovhulk«d lmu11c1t Y

in the literature on partial-wave dispersion relations. Ilowewver, the points

II. 'ILIOH oF PARTIAL-UAVE AMPLITUD"” FOR RIXOICAL

AND NONPHYSICAL ANGULAR MOpﬂ TUM

Jecause we are interested only in the role the trnird douu:e
spectral ifwaction is to Uluy in tnlo problem, we definec an ampiitude
A_.(:‘;, t,  u) by
)

r ptu(t" u‘}

Aj(s, t, u) = .j dt' du’ - , (1)

(t* - t)(u' - u)

where tne region of integration is determined by the boundary of the double



~%a
spectral furction shown in Fie. i, Tor convenience, ve cousider Lhe cgua!
mnss case, oo that we have i
-o= h("" + l) ’ .
L o= -2v(1 - z), y o)
amé ou o= =0v{(1 4+ 7)) i
with v = (s - L)/ . X
In the direet (or 5) channel, z 15 the center-of-mass scattering zngie.
The partial-wave projection of (1) gives
t (s
oo zls")
o, [ s r at' . 4
As, 2) = i - . ——— u,,,(l s =)
S J. s’ =z J 2v £ zv
5 : t.{g’
1 L( )
: . B
r t 'l. ’ ‘2 ' t \
Ko (8 b -t =€)+ (F1)" p, (b= st -ty ) ),
} 19294 y
jos 3
JARR
()

vhere the integration is carried out over the third doudble-spuctral function

For complex £ vaelues we use the Iroi

_j..

The factor v' makes B (s, £) real in the gap 0< s < s

X ol st

-y

. e [ . L
ssart-Crivov  amplitdes

1

O 2’



at 5«5, . Trom (L), we co
5. <5 <0
1

]
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G Sy ) = .5 !

5 ) % ]

p't.u(t ‘s b-s

where

mpute

threshold in the

wlim

~epgre.
§

LFiV)

0
Lanl

+ 1
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av’
2v

-t')

t

I}(-l- tr/fov)

(interchanging the order of integrations),

the discontinuity across

<0

{the cub

IIT. CLUUIARITY I THE PARTIAL-WAVE AMPLITUDE AﬁzTﬁE PO IR
Form;lus_(B) and (4) suggest that a singularity is present uu
o nyoe In Lhisc gcection we demonstrate that thiz irdeed the case, and
doerive cxpressions for the discontinuity across the cul that starts au Sy e
This Ciséontinuity ic chown to consist of two r’*t;, ore Of wnich dizappenrs
Cor physical £ values [that is, it disappears for even 24 in 35 (3, 2)
and for odd £ in 35- (s, 2) 3. However, even for physical -1 , the
wwedarity at g o= sy is 5till present.
We prove the existence of the éingularity ét. & = 3y vy showing
that thc'@iscomtinuiﬁy across the left-hond cut for s, < 5 iz singula:
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CCiTe e
-‘)-
o -che double spectral funciion. It g thist
. i/ " N - ~
~5, {n, £) becomes complex for 5 < g 55 o
5 : 1
The function L3 iz real for 5, <5 Ang froo
s.= 56, to 5 = = @ . ‘The discontinuluvy of 4B, Tor s5.< 4, i5 jus
i - 5 i
‘._‘
civen by Lhé dmaginary part ;
$
L (s)
- - R
¢ - 34 1
- | P - 7 an
T &5, (5,2) = 7 S
: od
L <s, 2(-v)
1 1 ()
T
_.oJ
- } ' . i + 1 .t P ;
tt, b~ g5 -t I o (b~ - L)
,X [ptu( ’ = ) : ptu( T i
The important point is that the imaginary part is Tor oo
physicul and nonpnysical partizl-wave amplitudes. - In pariiculor ror pr

wrplivudes (B, (s,4) for even £, or B, (s,2) for odd i J,
. = - J A . Py

e

~

ilence,

5 3

‘Tor botn physicael and nonphysical,

R
.
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2l L

We now compute the discontinuity across the oranc

X o= 5L .
Les
- P | 1
2\ 1S du . . t
25, (5,2 = . — P (-1 -~ =) PV

2 2v

"B, (s,2) , and therefore B, (s,£) , have singularities

-
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ral over the product of two even or two odd funciions, respec

P
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fne second term in (€) venishes for physical amplitudes
PRr. fad & ~

nypameiry of the real parv of v‘(z),

- — /4‘*'1 ~\
Re &,(z) = (-1) Re Q,(-z) . (9)
s Is
ror nerative integer 2, ithe sccond term in (ﬁ) han poles coming
from o the  {, function. This infinity in the discontiniiity given rise to
s %
- 1 A .
the Grivov-Pomeranchul™ escential singularities mentioned ocariier. We see
i
from (€) that these poles occur in alternate amplitudes, as follows
. + . . - .
AEB,(s,2) has poles for £ = =1, =5, =9, e,
5 5<s ’
1 .
and (10)
rnoes (o, 2) < has poles for £ = =2, =k, -0, ««+ |
5 c<s
1
W now specialize (8) to the case of physical amplitudes by writins
the corresponding equation for A3(5,2> , [see (3)] . 1In this cose the
secord terem from (8) vanishes, and we have
Yeg
(s,2) z S (v )
A a (sl = £ — P, (1 + =—
F AN g A
58000 g 2 5v. 2 2y
4 t .
0
-
r '
s ds’ y - -
AW = [ t,hagt=t') + (-1) o (b - 5 = )]
J s'-s ptu< ’ )+ (1) tu R
~ Jl) ’ :
3 ¥ \
B( (11)
I7 we inciude the other two double spectral functions and define absorptive

wny, we may write

l)l’:C&'.lS(: [oX

and u channels, Dt(s,t,u) and D (s5,t,u), i
{3

~

i

%
saail
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Wee cmphnolsne thot (12) is not correct wiless tne et

~

Further, the expression . for the discontinuity for 5, € 5 <0 muy be writtien
the oname way zs (12), dui the two expressions are now ¢onnceled by anuiytic

contimuation., - This is just because of the presence of the nincllarily at

4

We mzy cetermine the notwre of the cingularity at o, vy consider-

s ~ ~

ing -the box &ingram, which is the cntire contridbution at this point., This

[
(

[o-)
AN
~

Cin the cgund-mass case.

n this case the amplitude is symmetrical, and B, (5,2)= 0 . e

73

{

[

may write (zv!') as

A P _ at
(V) S (o,h) = ( oy Q

.
L

where D, is the absorptive part in the t channel arising from the third

g

. ™

douvle chectral function. Explicitly,

) o
/2, |
2,0

Dy lsthu) & 7= In < T | , (15)
'.)L Kl 2 ) [ Kllg(t’u)




where |
]
r:(‘x,,'xl) = Leu {(¢ - l;)(u - L) - ] r
and . . ' ; (16)
. -
a(“')u) = tu - 2¢ - bku + 6 .
Eguziior (14) chows that the singularity 2 5.= 0 arises from an

end-point singulority at to , whercas the singulority gt o, oarises Trom

a pinch of ihe contouwr by two coulcocin singularities of . D, . ¥We deduce

2) < (-5)3/2

337(3,0 X0 + const ,
, (17)
3. (s, 4) e ‘. in(s - sl) .

Finally; we note that Lhe.fixed singularity at Sy docs nol oceur
in the wmplitude A, (s,t) , which means this singularity must cancel when
the partial-wave summation iz periormed. The fixed singplarihy, hovcvcr;
docs ocewr in Asi(s,t) , [see(5)], and, as we have seen, it is thc particl-

wave projections of this function that have the extra term in the diz-
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