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METHODS FOR EVALUATIN G TH E VALIDIT Y OF HYPOTHESIZED ANALOGIES* 

John Clement 

Department of Physics and Astronomy 
Universit y o f  Massachusetts /  Amhers t 

ABSTRACT 

Evidence is presented indicating that spontaneously 
generate d analogie s ca n pla y a  significan t  rol e i n exper t  proble m 
solving .  Sinc e no t  al l  analogie s ar e valid ,  i t  i s  importan t  fo r 
th e subjec t  t o hav e a  wa y t o evaluat e thei r  validity .  Thre e 
method s fo r  evaluatin g analogica l  validit y ar e identifie d usin g 
observation s fro m thinkin g alou d proble m solvin g protocol s a s wel l 
as example s fro m Newto n an d Galileo .  I n particular ,  thi s pape r 
focuse s o n a n evaluatio n strateg y calle d bridgin g tha t  ha s bee n 
observe d i n solution s t o bot h scienc e an d mathematic s problems . 
I n constructin g a  bridge ,  th e subjec t  find s a n intermediat e cas e 
tha t  i s see n a s "i n between "  th e analogou s cas e an d th e proble m 
situatio n becaus e i t  share s importan t  feature s o f  both .  Man y o f 
th e bridge s observe d appeare d t o b e nove l  invention s create d b y 
th e subject .  Thes e empirica l  studie s hav e le d t o th e constructio n 
of  a  mor e detaile d theor y fo r  ho w analogie s ca n b e use d 
effectivel y i n instruction .  Some o f  th e strategie s observe d i n 
expert s appea r  t o hav e hig h potentia l  fo r  helpin g scienc e student s 
overcom e persisten t  misconception s i n th e classroom . 

A number of authors have emphasized the important role of analogies in 
proble m solvin g an d learning ,  includin g Gentne r  an d Gentne r  (1983) ,  Rummelhar t 
and Norma n (1980) ,  an d Gic k an d Holyoa k (1980) .  Exper t  subject s hav e bee n 
observe d t o generat e an d us e analogie s spontaneousl y durin g proble m solvin g 
(Clement ,  1981) .  However ,  sinc e no t  al l  analogie s ar e valid ,  i t  i s  importan t 
fo r  th e subjec t  t o hav e a  wa y t o evaluat e thei r  validity .  Thi s pape r 
identifie s method s use d t o evaluat e an d establis h confidenc e i n th e validit y 
of  a  hypothesize d analogy .  "Validity "  i s  use d her e i n a  wea k sens e outsid e 
th e contex t  o f  deductiv e certainty .  Sinc e conclusion s reache d b y analog y ar e 
viewe d a s alway s havin g a  certaint y leve l  o f  les s tha n 100% ,  establishin g 
validit y her e mean s "raisin g confidenc e i n th e appropriatenes s o f  th e analog y 
t o a  hig h level. " 

The focu s i n th e stud y o f  expert s i s o n qualitativ e observation s fro m 
cas e studie s an d coars e graine d modelin g o f  underlyin g processes .  Th e primar y 
purpos e i s t o identif y importan t  reasonin g strategie s tha t  occurre d acros s 
differen t  subject s an d problem s an d t o propos e a n initia l  descriptio n o f  thei r 
for m an d function .  Thi s stud y contrast s wit h othe r  studie s wher e th e subjec t 
i s  presente d wit h al l  o r  par t  o f  a n analog y an d i s give n th e opportunit y t o 
use i t  o r  complet e i t  sinc e th e analogie s studie d her e wer e no t  suggeste d b y 
th e experimenter ,  bu t  wer e generate d spontaneousl y b y th e subjects .  Th e pape r 
als o attempt s t o for m a  direc t  lin k betwee n thre e ordinaril y  distinc t  domains : 
exper t  proble m solving ,  argument s i n th e histor y o f  science ,  an d strategie s 
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fo r  instruct ion .  Method s use d t o evaluat e analogie s i n eac h o f  thes e domain s 

wil l  b e discussed .  Th e method s hav e importan t  implication s fo r  educat ion , 

becaus e whe n student s ar e presente d wit h a  "c lar i fy ing "  analogou s case ,  the y 

may ver y wel l  no t  understan d wh y i t  i s  analogou s t o th e target ,  unles s the y 

ca n convinc e themselve s intuit ivel y tha t  th e analog y i s valid . 

USE OF ANALOGIES IN EXPERT PROBLEM SOLVING 

I first give two brief examples of the role of analogies in problem 

solvin g fro m thinkin g alou d studie s involvin g experience d professional s i n 

technica l  f ie lds .  Th e "Whee l  Problem "  il lustrate d i n Fig .  1 ,  i s  a  questio n 
abou t  whethe r  on e ca n exer t  a  mor e ef fect iv e uphil l  forc e paralle l  t o th e 

slop e a t  th e to p o f  a  whee l  o r  a t  th e leve l  o f  th e axl e (a s i n pushin g o n th e 

wheel  o f  a  covere d wagon ,  fo r  examp le ) .  A  spontaneou s analog y occur s whe n th e 

subjec t  spontaneousl y shift s hi s attentio n t o a  di f feren t  situatio n B  tha t  h e 
bel ieve s ma y b e structural l y simila r  t o th e origina l  proble m situatio n A ,  wit h 

th e inten t  o f  possibl y applyin g f inding s fro m B  t o A .  Subjec t  S I  compare d th e 

wheel  t o th e analogou s cas e o f  pushin g o n a  heav y leve r  hinge d t o th e hil l 

(Fig .  2 b ) .  H e reasone d tha t  pushin g a t  th e poin t  highe r  u p o n th e leve r  woul d 

requir e les s force .  H e the n mad e a n inferenc e b y analog y tha t  th e whee l  woul d 

be easie r  t o pus h a t  th e to p (th e correc t  answer ) .  Apparent l y h e use d th e 

leve r  t o thin k abou t  wha t  wa s happenin g i n th e wheel . 

WHEEL PUSH OR "SYSIPHUS "  PROBLEM 

YOU ARE GIVEN THE TASK OF ROLLING A HEAVY WHEEL UP A HILL. DOES IT TAKE MORE. 
LESS.  OR THE SAME AMOUNT OF FORCE T O ROLL THE WHEEL WHEN YOU PUSH AT X,  RATHER 
THAN AT Y? 
ASSUME THAT YOU APPLY A FORCE PARALLEL TO THE SLOPE AT ONE OF THE TWO POINTS 
SHOWN.  AND THAT THERE ARE NO PROBLEMS WIT H POSITIONIN G OR GRIPPIN G THE WHEEL. 
ASSUME THAT THE WHEEL CAN BE ROLLED WITHOUT SLIPPIN G BY PUSHING I T AT EITHE R 
POINT. 

Figur e 1 

Figur e 2 
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A secon d exampl e concern s th e "Sprin g Problem "  show n i n Fig .  3 .  Severa l 

subject s conjecture d tha t  thi s proble m wa s analogou s t o th e simple r  cas e (Fig . 

4b )  o f  comparin g lon g an d shor t  horizonta l  rod s ben t  b y equa l  weight s hun g a t 
thei r  ends .  I n mos t  cases ,  a  stron g intuitio n tha t  th e longe r  ro d bend s mor e 

was use d t o predic t  th e correc t  resul t  tha t  th e wide r  sprin g stretche s more . 

Thu s th e bendin g ro d wa s use d a s a n analogou s cas e fo r  thinkin g abou t  th e 

spring .  Tha t  th e wid e sprin g wil l  stretc h farthe r  seem s t o correspon d t o mos t 

people' s initia l  intuitio n abou t  th e problem .  However ,  careful l y answerin g 

th e questio n abou t  wh y th e wid e sprin g stretche s mor e (an d explainin g exact l y 

wher e th e restorin g forc e o f  th e sprin g come s f rom )  i s a  muc h mor e di f f icul t 
task . 

Ten professor s an d advance d graduat e student s i n technica l  f ield s wer e 

recorde d whil e solvin g th e sprin g proble m i n orde r  t o stud y th e analog y 

generatio n process .  The y wer e tol d tha t  th e purpos e o f  th e intervie w wa s t o 

stud y proble m solvin g method s an d wer e give n instruction s t o solv e th e proble m 

"i n an y wa y yo u can" .  Afte r  the y reache d a n answer ,  subject s wer e aske d t o 

giv e a n estimat e o f  thei r  confidenc e i n thei r  answer .  The y wer e the n aske d i f 

ther e wa s an y wa y the y coul d increas e thei r  confidence ,  an d thi s ofte n le d t o 

furthe r  wor k o n th e problem .  Probin g b y th e interviewe r  wa s kep t  t o a 

minimum ,  usuall y consistin g o f  a  reminde r  t o kee p talking .  Occasional l y th e 

interviewe r  woul d as k fo r  clarif icatio n o f  a n ambiguou s statement . 

Some o f  th e solution s wer e quit e comple x an d too k u p t o 9 0 minute s t o 
complete .  Al l  subject s favore d th e (correct )  answe r  tha t  th e wid e sprin g 

woul d stretc h farther .  Bu t  th e subject s varie d considerabl y i n th e type s o f 

explanation s the y gav e fo r  thei r  prediction .  A  considerabl e numbe r  o f 

spontaneou s analogie s wer e observed ,  a s describe d below . 

SPRING PROBLEM 

A WEIGHT IS HUNG ON A SPRING. THE ORIGINAL SPRING IS REPLACED WITH A SPRING 

- MADE OF THE SAME KIND OF WIRE. 
-  WITH THE SAME NUMBER OF COILS . 
-  BUT WITH COIL S THAT ARE TWICE AS WIDE I N DIAMETER. 

WILL THE SPRING STRETCH FROM ITS NATURAL LENGTH. MORE. LESS. OR THE SAME 
AMOUNT UNDER THE SAME WEIGHT? (ASSUME THE MASS OF THE SPRING I S NEGLIGIBL E 
COMPARED T O THE MASS OF THE WEIGHT).  WHY 0 0 YOU THIN K SO? 

(I ) 

g . 

(2 ) 

i  STRETCH 

Figur e 3 

I 
I 
I 
I 
I 

I 
r 

I  : 

A 

. J 

• D 

Figur e 4 
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Number of Subjects 10 
Tota l  Number  o f  Spontaneou s Analogie s Generate d 3 8 
Tota l  Number  o f  Significan t  Analogie s Generate d 3 1 
Number  o f  Subject s Generatin g a t  Leas t  On e Analog y 8 
Number  o f  Subject s Generatin g a  Significan t  Analog y 7 

An analogy was classified as significant if it appeared to be part of a 
attemp t  t o generat e o r  evaluat e a  solution ,  an d a s non-significan t  i f  i t  wa s 
simpl y mentione d a s a n asid e o r  commentary .  Thu s ther e i s evidenc e tha t 
scientificall y traine d individual s ar e capabl e o f  generatin g analogie s durin g 
proble m solving . 

Subject s indicate d varyin g degree s o f  certaint y abou t  th e 
appropriatenes s o f  eac h propose d analogy .  Sometime s the y woul d decid e tha t 
th e ne w cas e wa s no t  analogou s t o th e origina l  proble m i n a  usefu l  way .  I n 
othe r  instance s furthe r  wor k woul d lea d the m t o establis h confidenc e i n th e 
validit y o f  a n analogy .  Thes e observation s sugges t  tha t  th e followin g 
processe s ar e involve d i n makin g a  confiden t  inferenc e fro m a  spontaneou s 
analog y (Clement ,  1981) .  (I n thi s descriptio n w e mak e a  distinctio n betwee n 
th e analogou s case ,  show n a s "B "  i n Fig .  4 ,  an d th e analog y relation ,  show n a s 
th e smal l  lett iF^a". ) 

a) Generating the analogy. A representation of a situation B that is 
potentiall y  analogou s t o A  i s accesse d i n memor y o r  constructed . 
A tentativ e analog y relatio n "a "  i s se t  u p betwee n A  an d B  (e.g . 
betwee n th e whee l  an d th e lever) . 

b) Evaluating validity: Establishing confidence in the analogy 
relation .  Th e validit y o f  th e analog y relatio n betwee n A  an d B  i s 
examine d criticall y an d i s establishe d a t  a  hig h leve l  o f 
confidenc e (confidenc e tha t  th e whee l  work s lik e th e lever) . 

c) Understanding the analogous case. The subject examines and, if 
necessary ,  develop s hi s o r  he r  understandin g o f  th e analogou s cas e 
B,  s o tha t  th e behavio r  o f  th e analogou s cas e i s well-understood , 
or  a t  leas t  predictabl e (th e leve r  i s  well-understood) . 

d) Transferring findings. The subject transfers conclusions or 
method s fro m B  bac k t o A . 

Steps b, c and d above were observed to occur in different orders in different 
solutions . 

METHODS FOR EVALUATING THE ANALOGY RELATION 

Methods for generating analogies (step (a) above), are discussed in 
Clemen t  (1981) .  Th e remainde r  o f  thi s pape r  focuse s o n ste p (b )  above .  Thre e 
method s o f  evaluatin g validit y wil l  b e discussed :  matchin g ke y features ; 
generatin g a  bridgin g case ;  an d usin g a  conservin g transformation .  A  fourt h 
possibl e method ,  analyzin g th e tw o case s i n term s o f  a  highe r  leve l  principle , 
i s  no t  treate d here .  Thi s pape r  concentrate s mos t  o n th e secon d method : 
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generatin g a  bridgin g case .  Example s o f  evaluatio n method s wil l  b e draw n fro m 

a large r  sampl e o f  2 0 exper t  subject s wh o solve d a  variet y o f  problems . 

Evaluatin g th e leve r  analog y fo r  th e wheel .  A  fair l y  obviou s strateg y 

fo r  evaluatin g th e validit y o f  a n analog y relatio n i s t o asses s whethe r  ther e 

i s a  structura l  matc h betwee n case s A  an d B  i n term s o f  ke y feature s tha t  ar e 

importan t  fo r  th e behavio r  o f  th e systems .  Thi s involve s isolatin g th e ke y 

feature s (especiall y highe r  orde r  relationship s a s define d i n Gentne r  an d 

Gentner ,  1983 )  i n eac h o f  th e case s A  an d B  an d comparin g the m expl ici t ly .  I n 

th e "Whee l  Problem "  discusse d earl ie r  subjec t  S I  wa s confiden t  tha t  i t  woul d 

be easies t  t o mov e th e heav y leve r  i n Fig .  2 b b y pushin g a t  poin t  X ,  bu t  h e 

questione d whethe r  ther e wa s a  vali d analog y relatio n betwee n th e whee l  an d 

th e lever .  Ca n on e reall y vie w th e whee l  a s a  lever ,  give n tha t  th e "fulcrum " 

at  th e botto m o f  th e whee l  i s alway s movin g an d neve r  fixed ? I n matchin g ke y 

features ,  h e foun d a  potentia l  mismatc h betwee n th e stationar y fulcru m a t  th e 

botto m o f  th e leve r  an d th e movin g fulcru m a t  th e poin t  o f  contac t  o f  th e 

wheel  tha t  le d hi m t o doub t  th e analogy .  Thus ,  matchin g ke y feature s i s on e 

metho d fo r  evaluatin g th e validit y o f  analogies . 

However ,  h e als o use d a  second ,  mor e creativ e metho d fo r  evaluatin g 

validity .  H e considere d a  bridgin g cas e i n th e for m o f  th e spoke d whee l 

withou t  a  ri m show n i n Fig .  5C .  Th e spoke d whee l  allow s on e t o vie w th e 

origina l  whee l  a s a  collectio n o f  man y levers .  I t  i s  a  bridg e i n th e sens e o f 
bein g a n intermediat e cas e whic h share s feature s wit h bot h th e whee l  an d th e 

lever .  Th e bridgin g cas e reduce d th e subject' s concer n abou t  th e movin g 

fulcru m issu e an d raise d th e subject' s confidenc e i n th e appropriatenes s o f 

th e leve r  model . 

Presumably ,  thi s metho d work s becaus e i t  i s  easie r  t o comprehen d a 

"close "  analog y tha n a  "distant "  one .  Th e bridg e divide s th e analog y int o tw o 

smal l  step s whic h ar e easie r  t o comprehen d tha n on e larg e step .  I t  i s  easie r 

t o se e tha t  th e rea l  whee l  shoul d behav e lik e a  rimles s spoke d wheel ,  an d tha t 

th e rimles s spoke d whee l  shoul d behav e lik e a  lever ,  tha n t o mak e thi s 

inferenc e i n on e step .  Th e spoke d wheel ,  then ,  i s a n exampl e o f  a  bridgin g 

cas e constructe d b y th e subjec t  i n orde r  t o establis h confidenc e i n th e 

DOUGHNUT PROBLEM 

COMPUTE THE VOLUME OE THE TOKUS (DOUGHNUT) BtLOU WITHOUT TAKING AN INTEGRAL. 
GIVE A N APPROXIMATE ANSWER I F YOU CANNOT UETEKMINE A N EXACT ONE. 

A 

j t - - i 

Figur e 5 
Figur e 6 
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validit y o f  th e analog y relatio n betwee n th e leve r  an d th e wheel . 
Bridgin g fro m doughnut s t o cylinders .  Anothe r  exampl e o f  a  bridg e 

occurre d i n a  solutio n t o th e mathematic s proble m (show n i n Fig .  6 )  o f  findin g 
th e volum e o f  a  doughnut .  Subjec t  S 3 firs t  conjecture d tha t  th e volum e migh t 
be th e sam e a s th e answe r  t o th e analogou s proble m o f  findin g th e volum e o f  a 

cylinde r  (th e "staightene d out "  doughnut) .  H e though t  th e appropriat e lengt h 
fo r  th e cylinde r  woul d b e equa l  t o th e centra l  o r  "average "  circumferenc e o f 
th e toru s (2i r  (r^-rn) )  bu t  wa s onl y "70 % sure "  o f  this .  However ,  h e the n 
evaluate d th e plausibilit y  o f  thi s choic e b y considerin g th e bridgin g cas e o f 
a square-shape d doughnu t  show n i n Fig .  7 .  H e the n showe d tha t  th e fou r  side s 
of  th e squar e doughnu t  coul d b e joine d en d t o en d t o for m a  singl e lon g 
cylinde r  wit h slante d ends .  H e reasone d tha t  th e volum e o f  thi s lon g cylinde r 
woul d b e exactl y equa l  t o it s circula r  cros s sectio n time s it s centra l  lengt h 
and tha t  therefor e th e appropriat e lengt h t o us e i n th e squar e doughnu t  wa s 
th e averag e o f  it s  inne r  an d oute r  perimeters .  Thi s raise d hi s confidenc e i n 
hi s origina l  solutio n t o "85Z" .  H e the n reache d th e sam e conclusio n fo r  th e 
cas e o f  a  hexagona l  doughnut ,  an d thi s raise d hi s confidenc e t o "lOOZ "  fo r  th e 
problem .  Thi s i s a n exampl e o f  a  multipl e bridge .  Thu s th e bridgin g case s o f 
a squar e an d hexagona l  doughnu t  helpe d th e subjec t  chang e hi s origina l 
conjectur e abou t  th e cylinde r  int o a  fir m conviction . 

Bridgin g betwee n rod s an d springs .  I n th e sprin g proble m subjec t  S I  ha d 
generate d th e analog y o f  a  horizonta l  bendin g rod .  However ,  h e wa s concerne d 
abou t  th e apparen t  lac k o f  a  matc h betwee n th e Increasin g slop e i n a  bendin g 
ro d an d th e constan t  slop e i n a  stretche d sprin g (tha t  a  bu g woul d experienc e 
i n walkin g dow n th e spring) .  Thi s le d hi m t o questio n whethe r  th e analog y 
relatio n betwee n th e ro d an d th e sprin g wa s valid . 

An extremel y successfu l  attemp t  a t  a  bridg e betwee n th e cas e o f  a  singl e 
coi l  o f  th e sprin g an d th e bendin g ro d analog y occurre d whe n thi s subjec t 
generate d th e ide a o f  a  square-shape d coi l  i n Figur e 8 .  Visualizin g th e 
stretchin g o f  a  squar e coi l  allowe d hi m t o recogniz e tha t  som e o f  th e 
restorin g force s i n th e sprin g com e fro m twistin g i n th e wir e instea d o f 
bendin g — correspondin g t o th e wa y i n whic h engineerin g specialist s vie w 
springs .  Thi s discover y o f  a  ne w causa l  variabl e i n th e syste m appear s t o b e 
an exampl e o f  a  significan t  scientifi c  insight .  I n thi s cas e th e squar e 
sprin g no t  onl y helpe d hi m evaluat e th e bendin g ro d model ,  i t  eventuall y 

Figur e 7 

^ 

^ 

Figur e 8 
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acquired the role of a preferred mental model which changed his conception of 
how spring s work .  Thi s significantl y increase d th e subject' s confidenc e 
concernin g th e questio n o f  whethe r  h e ha d a  goo d understandin g o f  th e spring . 

Discussio n o f  finding s o n bridging .  Bridgin g i s indicativ e o f  th e 
recursiv e possibilitie s inheren t  i n reasonin g processe s lik e th e us e o f 
analogies .  Sinc e a  bridgin g cas e i s itsel f  a n analogou s case ,  i t  ca n b e 
describe d a s a n analog y use d t o evaluat e a  previou s analog y (or ,  mor e 
precisely ,  a s a  secon d analogou s cas e use d t o evaluat e th e analog y relatio n 
betwee n a  firs t  analogou s cas e an d th e origina l  problem) .  We ca n summariz e 
our  vie w o f  bridgin g a s on e metho d fo r  evaluatin g th e analog y relatio n betwee n 
a proble m situation .  A ,  an d a n analogou s case ,  B ,  a s follows : 

1) The subject constructs a representation for an intermediate 
bridgin g situatio n C  whic h share s importan t  feature s wit h bot h A 
and B . 

2) The subject asks whether the analogy relation between A and C is 
valid . 

3) The subject also asks whether the analogy relation between C and B 
i s vali d wit h respec t  t o th e sam e relationship s a s i n ste p 2 . 

4) If the subject can answer yes to both questions with high 
confidence ,  thi s constitute s evidenc e fo r  th e validit y o f  th e 
origina l  analogy. ' 

Here A being analogous to C and C being analogous to B means that A is 
analogou s t o B .  We ca n refe r  t o thi s typ e o f  inferenc e a s analogica l 
transitivity .  However ,  i t  shoul d b e note d tha t  analogica l  transitivit y i s 
considere d a  for m o f  plausibl e reasonin g whic h doe s no t  carr y th e forc e o f  a 
logica l  implication . 

I t  i s  clea r  tha t  man y o f  th e bridge s discusse d her e ar e nove l 
construction s i n th e sens e tha t  the y ar e situation s whic h th e subjec t  i s 
unlikel y t o hav e studie d o r  worke d wit h before .  Thi s indicate s tha t  the y ar e 

invente d representation s i n th e for m o f  creativ e Gedanke n experiment s tha t 
hav e bee n constructed ,  no t  simpl y retrieve d fro m memory .  I n theorie s o f 
scientifi c  discovery ,  hypothesi s generatio n i s ordinaril y  see n a s a  mor e 
creativ e proces s tha n hypothesi s evaluation .  However ,  i n th e cas e o f  bridgin g 
we ar e face d wit h a  creative ,  non-empirica l  evaluatio n metho d whic h generate s 
nove l  constructions .  Thu s w e see m t o hav e evidenc e fo r  a  typ e o f  "creativ e 
hypothesi s evaluation "  process . 

ANALOGIES AND BRIDGES IN THE HISTORY OF SCIENCE 

Legend has it that Galileo investigated the question of whether light 
bodie s accelerat e a s rapidl y a s heav y bodie s i n a n empirica l  manne r  b y 
droppin g object s fro m th e towe r  o f  Pisa ,  bu t  thi s legen d ha s com e unde r 
seriou s doubt .  Howeve r  i t  i s  know n tha t  Galile o an d hi s predecessor , 
Benedetti ,  di d us e though t  experiment s lik e th e followin g on e t o argu e thei r 
sid e i n thi s issue .  Figur e 9 a show s tw o equa l  object s o f  on e uni t  eac h bein g 
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droppe d whil e Figur e 9 b show s a  heavie r  objec t  bein g droppe d tha t  i s equa l  t o 
th e tw o smalle r  object s combined .  Accordin g t o Aristotl e th e on e uni t  object s 
wil l  fal l  muc h mor e slowl y tha n th e large r  object .  Galile o claime d tha t  the y 
wil l  reac h th e groun d a t  nearl y th e sam e time .  I n sayin g thi s h e wa s 
effectivel y proposin g a n analog y betwee n case s A  an d B  i n Figur e 9  t o th e 
effec t  tha t  eac h bod y fall s accordin g t o th e sam e rul e irrespectiv e o f  it s 
weight . 

Figur e 9 

A marvelou s bridgin g cas e use d t o suppor t  thi s analog y i s th e cas e show n 
i n Figur e 9c .  Th e argumen t  wa s firs t  publishe d b y Benedett i  (1969 )  an d a 
simila r  argumen t  wa s give n b y Galile o (1954) .  Imagin e th e tw o uni t  object s i n 
A t o b e connecte d b y a  thi n lin e o r  thread .  Doe s th e mer e additio n o f  thi s 
tin y thread ,  whic h make s th e tw o object s becom e one ,  caus e thei r  rat e o f  fal l 
t o increas e b y a  larg e amount ? Becaus e thi s i s implausible ,  th e bridg e argue s 
tha t  A  an d B  ar e Indee d equivalen t  wit h respec t  t o rate s o f  fall .  I n a n 
insightfu l  Gedanke n experiment ,  th e lightes t  threa d ca n apparentl y mak e al l 
th e difference . 

A bridg e use d b y Newton :  On e o f  th e mos t  extraordinar y scientifi c 
analogie s o f  al l  tim e wa s propounde d b y Rober t  Hook e an d Isaa c Newto n i n th e 
seventeent h century .  The y claime d tha t  th e moo n fall s towar d th e eart h jus t 

as a n everyda y objec t  (suc h a s a n apple )  does .  T o a  moder n physicist ,  thi s 
may see m mor e lik e a n obviou s fac t  tha n a  creativ e analogy ,  bu t  t o advocat e 
suc h a n ide a i n Newton' s tim e wa s no t  a n obviou s ste p a t  all .  On e ha s onl y t o 
imagin e th e consternatio n tha t  woul d b e produce d b y tellin g someon e ignoran t 
of  scienc e tha t  th e moo n i s falling . 

The propose d analog y relatio n i s represente d b y th e dotte d lin e i n 
Figur e 10 .  Essentiall y  thi s conjectur e say s tha t  th e sam e causa l  mechanis m i s 
Involve d i n makin g th e moo n revolv e aroun d th e eart h an d makin g a n appl e fall . 
A multipl e bridg e use d b y Newto n t o suppor t  thi s analog y i n hi s Principi a I s 
shown i n Figur e 10c .  Thi s i s th e ide a o f  a  cannonbal l  fire d faste r  an d faste r 
unti l  i t  enter s int o orbi t  aroun d th e eart h — a  premonitio n o f  moder n 
rocketry . 
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Figur e 1 0 

Thes e bridgin g case s stan d betwee n th e cas e o f  a  cannonba1 1 droppe d 
straigh t  dow n an d th e cas e o f  th e moo n circulatin g i n orbit .  The y hel p on e 
see ho w th e motio n o f  a  droppe d objec t  an d th e motio n o f  th e moo n ca n hav e th e 
same caus e i n th e gravitationa l  pul l  o f  th e earth .  Thu s bridgin g case s ar e t o 
be foun d i n th e histor y o f  scienc e a s wel l  a s i n th e protocol s o f  exper t 
proble m solvers . 

I n fac t  th e presenc e o f  a  serie s o f  man y bridgin g case s her e suggest s 
th e possibilit y  o f  smoot h transitio n fro m th e vertica l  dro p t o th e orbitin g 
object .  I n th e cas e o f  multipl e bridge s w e ar e approachin g wha t  ca n b e 
considere d a  thir d metho d o f  analog y evaluation ,  namely ,  findin g a  conservin g 
transformation .  Suc h a  transformatio n change s cas e A  int o cas e B  whil e 
conservin g importan t  relationship s tha t  mak e A  analogou s t o B .  Thinkin g abou t 
continuousl y increasin g th e horizonta l  spee d o f  launc h i n thi s cas e woul d 
constitut e a  conservin g transformatio n sinc e th e majo r  relationshi p o f  gravit y 
causin g th e acceleratio n o f  th e objec t  remain s unchanged . 

APPLICATIONS T O SCIENC E TEACHIN G 

Analogies and bridges may also have particular value in science teaching 
as a n ai d t o helpin g student s overcom e persisten t  misconceptions .  Recently ,  a 
fairl y  larg e literatur e ha s appeare d o n th e proble m o f  deep-seate d 
preconception s i n student s whic h ca n mak e th e accepte d scientifi c  mode l  see m 
counter-intuitiv e t o the m a t  a  qualitativ e leve l  (e.g. ,  Hel m an d Novak ,  1983 ; 
Clement ,  1983) .  Fo r  example ,  i n a  surve y o f  11 2 hig h schoo l  chemistr y 
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students who had not taken physics, we found that 75% of the students did not 
believ e tha t  a  tabl e pushe s u p o n a  book .  Th e physicis t  believe s tha t  sinc e 
al l  material s ar e deformable ,  th e tabl e wil l  deform ,  actin g lik e a  spring ,  an d 
provid e a n upwar d forc e jus t  larg e enoug h t o balanc e th e weigh t  o f  th e books . 
The difficult y her e i s no t  jus t  on e o f  student s lackin g a  particula r  fact . 
Pilo t  tutorin g interview s an d clas s discussion s indicat e tha t  man y student s 
expres s disbelie f  i n th e physicist' s  vie w an d hav e a  deepl y hel d belie f  tha t 
stationar y object s ar e rigi d barrier s whic h canno t  exer t  a  forc e o n thei r  own . 

On th e othe r  hand ,  96 % o f  th e student s di d believ e tha t  a  sprin g pushe s u p 
when i t  i s  compresse d wit h one' s hand .  Th e contras t  betwee n thes e result s i s 
interestin g sinc e th e physicis t  view s thes e tw o situation s a s essentiall y 
identical .  diSess a (1983 )  refer s t o th e concep t  o f  springines s a s a 
"phenomenologica l  primitive "  an d discusse s th e evolutio n o f  th e individual' s 
intuition s tha t  i s neede d t o becom e skille d i n physics . 

An interestin g conjectur e i s tha t  th e righ t  bridg e ma y hel p a  studen t 
believ e i n th e validit y o f  a n analog y propose d i n instruction .  Th e followin g 
instructiona l  strategy ,  suggeste d b y ou r  analysi s o f  experts ,  attempt s t o 
buil d basi c conceptua l  model s tha t  ar e grounde d i n intuition s th e studen t 
alread y has . 

Teaching Strategy: 
(1 )  Dra w ou t  th e conceptua l  difficult y i n a  concret e targe t 

situatio n A  wher e th e studen t  make s a  statemen t  tha t  i s  i n 
conflic t  wit h accepte d theory . 

(2 )  Searc h fo r  a  simpl e analogou s situatio n B  wher e th e studen t  ha s a 
reliabl e intuitio n tha t  i s i n agreemen t  wit h physica l  theor y an d 
tha t  i s a  relevan t  startin g poin t  fo r  th e are a o f  difficulty , 

(3 )  Stimulat e discussio n an d encourag e student s t o loo k fo r  an d matc h 
ke y feature s b y askin g the m t o describ e ho w A  an d B  ar e alik e an d 
different . 

(4 )  Student s ofte n wil l  stil l  no t  believ e tha t  A  i s analogou s t o B . 
Findin g a n ap t  bridg e tha t  appeal s t o th e students '  intuition s i s 
an importan t  techniqu e fo r  remedyin g this . 

The hand on the spring situation is a potential starting point for 
instructio n sinc e i t  draw s ou t  a  correc t  intuitio n fro m students .  Fo r  thi s 
reaso n w e cal l  i t  a n "anchor" .  Figur e 1 1 show s multipl e bridgin g case s use d 
t o hel p convinc e student s tha t  th e analog y betwee n th e "han d o n th e spring " 
ancho r  an d th e targete d "boo k o n th e table "  cas e i s valid .  We hav e attempte d 
t o us e thi s strateg y i n tutorin g studie s an d clas s session s wit h hig h schoo l 
student s an d fin d that :  1 )  Student s readil y understan d th e anchorin g case ;  2 ) 
many student s indee d d o no t  initiall y  believ e tha t  th e ancho r  an d th e targe t 
case s ar e analogous ;  3 )  th e bridgin g case s sparke d a n unusua l  amoun t  o f 
argumen t  an d constructiv e thinkin g i n clas s discussions ;  an d 4 )  th e bridgin g 
case s helpe d man y student s t o believ e i n th e analogy .  We ar e i n th e proces s 
of  collectin g dat a t o confir m thes e preliminar y results .  Minstrel l  (1982 )  ha s 
had som e succes s wit h a  relate d approach . 

I n thi s metho d then ,  w e ar e tryin g t o groun d th e student' s understandin g 
on a  physica l  intuitio n abou t  a  familia r  case .  Th e strateg y i s t o buil d o n 
and exten d th e intuitio n b y usin g analogica l  reasoning .  Th e proble m i s tha t 
student s wil l  no t  b e abl e t o understan d ho w othe r  case s ca n possibl y b e 
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analogou s t o th e familia r  case .  Presentin g th e righ t  analog y i s no t  enoug h — 
th e studen t  mus t  als o com e t o believ e i n th e validit y o f  th e analogy .  Th e 
techniqu e o f  bridgin g b y usin g chain s o f  analogie s combine d wit h discussio n t o 
encourag e activ e thinking ,  appear s t o b e helpfu l  fo r  thi s purpose . 

ANCHOR 
TRIGGERING 

CORRECT 
INTUITIO N 

BRIDGING CASES CONNECTING 
ANCHOR T O TARGET SITUATIO N TARGET 

SITUATION 
TRIGGERING 

MISCONCEPTION 

Figur e 1 1 

CONCLUSION 

The ability to evaluate the validity of analogies appears to play as 
importan t  a  rol e i n insightfu l  proble m solution s a s th e abilit y  t o generat e 
analogies .  Thre e method s fo r  evaluatin g validit y wer e discussed :  matchin g 
key features ,  bridging ,  an d findin g a  conservin g transformation .  Thes e 
pattern s o f  reasonin g wer e observe d t o occu r  i n differen t  proble m context s i n 
bot h scienc e an d mathematics .  Thes e empirica l  studie s hav e allowe d u s t o 
construc t  a  mor e detaile d theor y o f  ho w analogie s ca n b e use d effectivel y i n 
instruction .  A  metho d fo r  evaluatin g analogie s use d b y exper t  scientist s a s 
wel l  a s b y Newto n an d b y Galile o an d hi s predecessor s appear s t o b e a 
promisin g strateg y fo r  helpin g student s overcom e misconception s i n science . 

Not e 1 .  Th e subjec t  ma y als o us e bridgin g recursivel y b y bridgin g agai n 
betwee n C  an d B  o r  C  an d A  a s i n th e cas e o f  th e squar e an d hexagona l 
doughnuts . 

•Preparation of this paper was supported by a grant from the National Science 
Foundatio n #MDR8470579 . 
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