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Basic Theory and Equations Used In The Tvo-Phase 
t tu l t id imens lona l  Geothermal Reservoi r  S imula tor .  SHAFT79 

Karsten Pruess and Ronald C. Schroeder  

. 

AESTRACX 

Ear th  Sc iences  Div is ion  
Lawrence Berkeley Laboratory 

Univers i ty  of C a l i f o r n i a  
Berkeley, C a l i f o r n i a  94720 

The a lgor i thm of SHAFT79 is based on mass and 
energy ba lance  equat ions  f o r  two-phase f l o v  i n  a 
porous medium.. These b a s i c  equa t ions  are formu- 
l a t e d  as I n t e g r a t e d  F i n i t e  Di f fe rence  equat ions .  
The l a t t e r  formula t ion  a l lows  both  r e g u l a r  and 
I r r e g u l a r  d i s c r e t e  g r i d  approximations of reser- 
v o i r  geometry. The p resen t  ve r s ion  of SHAFT79 
so lves  t h e  non-linear m s s  and energy equat ions  
s imul taneous ly  using an e f f i c i e n t  l i n e a r  a l g e b r a  
package. 

The computer program is be ing  app l i ed  t o  a v a r i e t y  
of problems t o  s tudy  both real r e s e r v o i r  behavior  
and t o  b e t t e r  understand t h e  phys ics  of two-phase 
systems. The types  of  a p p l i c a t i o n s  inc lude  idea l -  
i zed  one-and tvo-phase r e s e r v o i r  dep le t ion .  tvo- 
phase r e s e r v o i r  behavior w i t h  d i s t r i b u t e d  l i q u i d ,  
s imula t ion  of real  r e s e r v o i r s ,  matching production 
da ta ,and  e s t i m a t i n g  material parameters from w e l l  
test data. 

BASIC THEORY AND EQUATIONS 

The computer program SHAFT79 vas  developed t o  
compute tvo-phase flow phenomena i n  geothermal 
r e s e r v o i r s .  
value problems v i t h  p re sc r ibed  boundary-conditions. 
The s o l u t i o n  method i s  an e x p l i c i t - i m p l i c i t  (IFD) 
(Narasimhan and Witherspoon, 1976) approach which 
does no t  d i s t i n g u i s h  betveen 1. 2, o r  3-D 
coordinate systems and a l l o w s  a f l e x i b l e  choice  
of t h e  shape o f  t h e  d i s c r e t e  g r i d  elements.  The 
mass-and-energy equat ions  are formulated i n  con- 
s e r v a t i v e  form. The s t a b i l i t y  and convergence 
of the a lgo r i thm can be c o n t r o l l e d  by an  auto- 
matic choice  o f  t i m e  s t e p s  o r  can be chosen by t h e  
user. S ince  t h e  equat ion  o f  s ta te  is  a t a b u l a r  
a r r a y ,  f l u i d s  o t h e r  than  pure water can be used . 
i n  t h e  c a l c u l a t i o n s .  However, t h e  p r e s s u r e  
d i f f e r e n c e  betveen t h e  v e t t i n g  and non-vett ing 
phases is neglec ted .  
f o r  t h e  we t t ing  and non-vett ing phases are 
a v a i l a b l e  as a n a l y t i c a l  approximations,  or i n  
t a b u l a r  form and can be s p e c i f i e d  f o r  any f l u i d .  

The s o l u t i o n  a lgo r i thm is  based upon s t a t emen t s  
of mass and energy conserva t ion  i n  both t h e  rock 
and two-phase f l u i d .  (Bird e t  a l . ,  1960) The 
porous medium is  assumed t o  have s u f f i c i e n t l y  
small pores  so t h a t  t h e  thermal e q u i l i b r a t i o n  
between rock and f l u i d  is ins tan taneous .  For 

The program s o l v e s  t r a n s i e n t  i n i t i a l -  

The r e l a t i v e  p e r m e a b i l i t i e s  

m O s t  geothermal r e s e r v o i r  problems where t h e  t i m e  
scale is days  o r  more and r e s e r v o i r  dimensions 
are o f t e n  s e v e r a l  k i lometers .  t h i s  approximation 
I s  accep tab le .  

SHAFT79 o f f e r s  a choice of s e v e r a l  methods f o r  
s o l v i n g  t h e  coupled non-linear equa t ions  f o r  
mass and energy f lov .  Also,  d i f f e r e n t  a lgor i thms 
are a v a i l a b l e  f o r  so lv ing  t h e  set of  l i n e a r  
equa t ions  which arises a t  each i t e r a t i o n  s t e p .  
This f l e x i b i l i t y  a l l o v s  an opt imal  ba l ance  
between accuracy  and e f f i c i e n c y  of s imula t ions .  
depending upon problem s i z e  (nwnber of e lements ) ,  
occur rence  o f  phase t r a n s i t i o n s ,  r e l a t i v e  magni- 
tude  of energy-and-mass flows, and o t h e r  
c h a r a c t e r i s t i c s  of  t h e  problem. The p r e f e r r e d  
s o l u t i o n  method is f u l l y  i m p l i c i t ,  employs a 
Nevton/Raphson ( 6 l a i r  and Weinaug, 1969) 
i t e r a t i o n  f o r  simultaneous s o l u t i o n  of t h e  non- 
l i n e a r  mass-and-energy t r a n s p o r t  equa t ions ,  
and uses  an e f f i c i e n t  sparse s o l v e r  (Duff .  1977). 
SHAFT79 has  been app l i ed  t o  problems w i t h  up t o  
250 e lements  i n  t h r e e  dimensions. Throughputs 
of up t o  65 p e r  t ime s t e p  have been achieved  
w i t h  good accuracy.* 

The microscopic  s t r u c t u r e  of  porous rock  i s  
h igh ly  heterogeneous.  The channels through 
which t h e  f l u i d s  m v e  are to r tuous  and have ( i n  
gene ra l )  non-regular shapes.  In  a d d i t i o n ,  t h e  
porous rock  i n  a geologica l  s e t t i n g  g e n e r a l l y  
has many s f r u c t u r a l  v a r i a t i o n s ,  and f r a c t u r e s  
of v i d e l y  varying aperture and e x t e n t .  The 
f l u i d s .  i n  gene ra l ,  move through t h e  f r a c t u r e s  
more r a p i d l y  than  through the  microscopic  
po res ,  bu t  heterogeneous rock can u s u a l l y  be 
approximated by us ing  macroscopic rock and f l u i d  
parameters.  When t h e  flow rates are l a r g e ,  or 
i f  t h e  f r a c t u r e  v e l o c i t i e s  are very  l a r g e  
r e l a t i v e  t o  t h e  microscopic pore v e l o c i t i e s ,  
t h e  r e l a t i o n s h i p  between f l u i d  f low-ra te  and 
macroscopic p r e s s u r e  g rad ien t  becomes non- 
linear. 
and t h e  o t h e r  non-ve t t ing  - t h e  r e l a t i o n s h i p  
betveen flow rate  and p res su re  g rad ien t  can 
be s p e c i f i e d  i n  terms of a func t ion  of  v e t t i n g  
or aon-wetting volumetr ic  s a t u r a t i o n .  

In t h e  c a s e  of  t vo  phases - one v e t t i n g  
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Pruess and Schroeder 
l lacroscopic equa t ions  can be der ived  us ing  
s ta t i s t ica l  averaging  which have e x a c t l y  
t h e  same form as t h e  po in t  equa t ions  
( d i f f e r e n t i a l  o r  i n t e g r a l  equat ions  ob ta ined  
assuming a macroscopic r e p r e s e n t a t i v e  ele- 
mentary volume) 
The same equat ions  a r e  obta ined  when t h e  
d i f f e r e n t i a l  laws are i n t e g r a t e d  a s  when t h e  
d i f f e r e n t i a l - i n t e g r a l  forms are de r ived  
d i r e c t l y  (when t h e  same assumptions are made). 
The choice  of p re sen t ing  t h e  equa t ions  i n  one 
form or another  i s  p r imar i ly  a m a t t e r  of s t y l e  
and preference .  
macroscopic ( p o i n t )  d i f f e r e n t i a l  equa t ions ,  
i n t e g r a t e  them over a volume which vi11 have 
s p e c i a l  s i g n i f i c a n c e  f o r  d i s c r e t i z a t i o n .  and 
then d e f i n e  t h e  p a r t i c u l a r  numerical  s o l u t i o n  
procedure incorpora ted  i n  the  a lgo r i thm 
c a l l e d  SHAFT79. 
There is more than  one p o s s i b l e  choice  of 
Fntensive thermodynamic v a r i a b l e  p a i r s  from 
which a l l  o t h e r  thermodynamic informat ion  can 
be der ived .  
dens i ty  are tvo  such v a r i a b l e s .  
equa t ion  of s ta te  (EOS) i s  known i n  terms of 
energy and d e n s i t y  t h e  EOS g ives  p re s su re ,  
temperature,  and f l u i d  s a t u r a t i o n .  T h i s  
completely s p e c i f i e s  t h e  thermodynamic s ta te  
in terms of macroscopic q u a n t i t i e s  w e  can 
measure. It i s  a l s o  p o s s i b l e  t o  use t r i p l e t s  
of v a r i a b l e s  such as temperature,  p re s su re ,  
and steam s a t u r a t i o n .  Of these t h r e e  
v a r i a b l e s  only  two are independent,  namely, 
temperature and p res su re  i n  t h e  one-phase 
region, and tempera ture  and s a t u r a t i o n  i n  t h e  
tvo-phase reg ion .  Therefore ,  u s ing  such 
combinations becomes somewhat avkvard f o r  
problems invo lv ing  phase t r a n s i t i o n s .  The 
S W 7 9  equa t ions  w i l l  be presented  i n  terms 
of i n t e r n a l  energy and dens i ty .  
The p a r t i a l  d i f f e r e n t i a l  equa t ions  which model 
t h e  flow of steam and water mixtures  i n  porous 
rock are forms of  t h e  conserva t ion  laws f o r  
mass, energy, and f o r c e  (Nevton's law).  
porous media i t  w a s  shown empi r i ca l ly  t h a t  
t h e  f l u i d  f l u x  i s  p ropor t iona l  t o  p r e s s u r e  
drop (Darcy's law) (Scheidegger,  1974).  
These equat ions  are summarized i n  (1)  t o  (3). 

(Whittaker. 1969; Bear, 1975) 

We p r e f e r  t o  vr i te  t h e  

I n t e r n a l  energy and s p e c i f i c  
When t h e  

For 

a(energy/volume) a (UP++uSPS (1-6)) 
a t  a t  

h e r e  t h e  symbols are def ined  by 

Pa 

0 - p o r o s i t y  (V /V) 

V - volume element of  r o c k / f l u i d  mix tu re  

- d e n s i t y  (mass per  volume) of  phase a 

P 

V - pore  volume i n  V 

S 

Vv 

t - ti- 
P - mass f l u x  vec to r  

P - vapor  s a t u r a t i o n  (Vv/V ) - vapor  volume i n  V 
P 

- 

qp - e x t e r n a l  sou rces  (mass rate/volume. 
nega t ive  source  corresponds t o  mass 
be ing  withdrawn) 

u - s p e c i f i c  i n t e r n a l  energy of t h e  f l u  

u - s p e c i f i c  i n t e r n a l  energy of t h e  s o l  

ps - s p e c i f i c  d e n s i t y  of  t h e  s o l i d  

C - energy f l u x  

S 

- 

d 

d 

k - a b s o l u t e  permeabi l i ty  

La - relative pe rmeab i l i t y  of phase a - f l u i d  v i s c o s i t y  of  phase a 

p - p r e s s u r e  
- 
g = g r a v i t a t i o n a l  a c c e l e r a t i o n  v e c t o r  

These equa t ions  are i n t e g r a t e d  over a poly- 
hed ra l  p a r t i t i o n  of t h e  c a l c u l a t i o n  space  as 
shown in Figure  1 and f l u x e s  and sources  are 
averaged over  t h e  polygonal a r e a s  and poly- 
h e d r a l  volumes r e s p e c t i v e l y .  The gene ra l  
equa t ions  used i n  t h e  SHAFT79 a lgo r i thm are 
summarized i n  Table  1. 

Figure  1. A three-dimensional polyhedron wi th  
a polygonal f a c e  of a r e a  and f l u x  
through t h a t  a r e a  Fnm from an ad- 
j o i n i n g  polyhedra l  volume. 
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P 

a 

F = Fv + Fp 

Gm 
-Km VTm + Fv,hv, + F Lm h Em 

Table 1. A summary of the  b a s i c  equat ions  used 
i n  t h e  SHAFT79 model f o r  two-phase flow 
in porous media. 

CURRENT APPLICATIONS OF SHAFT79 

The c u r r e n t  ve r s ion  of t h e  LBL s imula to r  
SHAFT79 is  be ing  implemented a t  s e v e r a l  
i n d u s t r i a l  and government l a b o r a t o r i e s .  
Since the  newest ve r s ion  is t h e  most e f f i c i e n t  
vers ion ,  no a p p l i c a t i o n s  o u t s i d e  LBL have been 
completed t o  da te .  
accuracy of t h e  c a l c u l a t i o n s  and have been 
using t h e  program f o r  bo th  i d e a l i z e d  problems 
and real a p p l i c a t i o n s .  In  Table 2 t h e  problems 
t h a t  have been completed and are c u r r e n t l y  under- 
way are desc r ibed  b r i e f l y .  

'Fu ture  a p p l i c a t i o n s  and nev developments inc lude  
s tudying  t h e  evo lu t ion  of  geothermal s y s t e m ,  

We have v e r i f i e d  t h e  

Pruess  and Schroeder 
aa t ima t ion  of reserves from dep le t ion  s t u d i e s .  
d e t a i l e d  s t u d i e s  of t h e  e f f e c t s  of i n j e c t i o n  on 
energy recovery ,  and t h e  e f f e c t s  of  gases  on 
r e s e r v o i r  d e p l e t i o n  behavior.  The formula t ion  
of t h e  gas  equa t ions  and t h e  method o f  incorpor-  
a t i o n  i n t o  SHAFT79 has  been completed, and only  
t h e  Implementation i n t o  t h e  p r o g r m  is requi red .  

Table  2. 

Completed p r o b l e m  (some were c a l c u l a t e d  us ing  
SbUT78) 

A Review of Problems Using SHAFT79 

A a tudy  o f  t h e  propagat ion  o f  phase f r o n t s  
near a producing v e l l  (Pruess  e t  a l ,  1978) 

A e tudy  of t h e  propagat ion  of phase f r o n t s  
through a d e p l e t i n g  r e s e r v o i r  (Pruess  et a l ,  1979) 

Reservoi r  s imula t ion  of  t h e  Kra f l a ,  I ce l and  
geothermal zone (V. Jonsson, 1979) 

Current C a l c u l a t i o n s  (SHAFT79) 

A s tudy  of phenomena occur r ing  du r ing  in-  
j e c t i o n  o r  i n f l u x  i n  a d e p l e t i n g  r e s e r v o i r  

A s tudy  of product ion  and i n j e c t i o n  f r o n t s  
i n  a +spot  p a t t e r n  

A h i s t o r y  match of t h e  product ion  d a t a  from 
t h e  Ser razzano Zone a t  La rde re l lo ,  I t a l y  
(Pa r t  o f  t h e  Italian-U.S. Cooperative 
Research Agreement) (Bodvarsson e t  a l ,  1979) 

Determination of  t h e  material parameters  
using vel l  t es t  data from t h e  Cerro P r i e t o  
F i e l d  ( P a r t  o f  t h e  Mexican-U.S. Cooperative 
Research Agreement) (Benson and Schroeder ,  1979) 

Addi t iona l  r e s e r v o i r  s imula t ion  of t h e  Kra f l a  
Reservoi r ,  I ce l and  (V. Jonsson. 1979) 
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