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Abstract 

Modeling Rozansky–Witten Theory with Sheaves of Categories 

by 

Enoch Yiu 

Doctor of Philosophy in Mathematics 

University of California, Berkeley 

Professor David Nadler, Chair 

We model Rozansky–Witten theory of T ∗X using modules over Perf(X × A1) viewed as 
sheaves of categories over X × A1 . This is in parallel to Tamarkin’s approach to nonconic 
Lagrangians in T ∗X via the singular support of sheaves on X × R. More specifcally, we 
construct the objects of Rozansky–Witten theory of T ∗X given by hybrid Lagrangians of 
which graphs and conormals are special cases. As a consistency check, we show that Homs 
between such objects are given by suitable matrix factorizations. 
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Chapter 1 

Introduction 

1.1 Contents of this Dissertation 

In [84], Rozansky and Witten studied a three dimensional topological sigma model with a 
target being a hyperkähler manifold (which is later extended to complex symplectic manifolds 
[53]), which gives rise to topological invariants of 3-manifolds, or invariants to complex 
symplectic manifolds called the weight system, by considering the path integral over the 
space of all maps from the closed oriented 3-manifolds to the the target [60][53][83]. A three 
dimensional topological quantum feld theory gives rise to a (∞, 3) symmetric monoidal 
functor from the framed bordism 3-category to a symmetric monoidal 3-category. Now each 
complex symplectic manifold gives rise to such a theory, and hence such a functor. This 
generalizes the topological invariants of 3-manifolds mentioned above since such a functor 
assigns a number to a 3-manifold, a vector space to a 2-manifold, a category to a 1-manifold 
and a 2-category to a 0-manifold. By the cobordism hypothesis [8][68], such a functor is 
determined by its assignment to a point. In [55], Kapustin, Rozansky and Saulina studied 
the boundary conditions of Rozansky–Witten theory using path integral analysis and showed 
that the boundary conditions correspond to complex fbrations over complex Lagrangian 
submanifolds in the complex symplectic target. Such boundary conditions forms a 2-category 
and in [54] Kapustin and Rozansky suggested a defnition of 2-category associated to a 
complex symplectic manifold, which gives objects that are in the form of a graph of a 
diferential df (and fbrations over them). It is also suggested that the general objects of the 
2-category should be sheaves of categories over complex Lagrangian submanifolds [55][54]. 
The Rozansky–Witten theory of T ∗X is known to be related to sheaves of categories over 
X [55][54]. This is a 3d analogue of the 2d story where the Fukaya category of a cotangent 
bundle being related to sheaves on the base [71]. The big diference, however, is that for 
holomorphic branes there are no instantons, so everything in Rozansky–Witten theory is 
local and for a general complex symplectic target Y one should be able to patch from local 
cotangent covers. The rough idea is that by taking singular support, in the sense of Stefanich 
et al [88], which is analogous to the defnition of singular support in [6][16], we would obtain 
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a conical subset in T ∗X. Under some notion of “weakly constructibility” analogous to the 
singular support of a sheaf [56], one would hope to obtain the Lagrangian condition. In 
this paper, we construct objects that are ”in between” these two cases, namely sheaves of 
categories in X × A1 whose microsupports are hybrid Lagrangians of the form df + TZ 

∗ X, 
where Z is a smooth subscheme of X. This can be considered as the deformation of the 
Perf(X)-module category Perf(Z) whose singular support is the conic Lagrangian TZ 

∗ X as 
mentioned in [91, Lesson 3.2.3]. One of the guiding motivations of the author is the following 
statement by Teleman [91]: 

Statement 1.1.1. Pure topological gauge theory in 3 dimensions for a compact Lie group 
G is equivalent to the Rozansky-Witten theory for the BFM space of the Langlands dual Lie 
group G∨ . 

In the abelian case, this means that categories with a topological torus action, is equiv-
alent to the Rozansky–Witten theory for T ∗(C×)n , where (C×)n is the dual complexifed 
torus. Under this equivalence, the trivial representation corresponds to the conormal bundle 
at 1 ∈ (C×)n , and the regular representation corresponds to the zero section. Suppose we 
are given a category C with a torus action, the Hom of the trivial representation with C 
gives us CT , the category of fxed objects, and the Hom of the regular representation with 
C gives us the underlying category. So now suppose C corresponds to the Lagrangian L in 
T ∗(C×)n ∗(C×)n , the category of fxed objects correspond to the Hom between the T1 and L, 
and the underlying category corresponds to the Hom between the zero section and L. In 
Rozansky–Witten theory, the Hom between L and M is supposed to be supported on L∩M , 
so if L and M are disjoint, the Hom between them is zero. Under the above equivalence, this 
means that given a Lagrangian that does not intersect the zero section but intersects the 
conormal at 1, there are categories with nontrivial torus action but with a trivial underlying 
category. Part of this story can be described by Fourier–Mukai transform [91][33]: 
When G is S1 , the Fourier–Mukai transform gives an equivalence between local systems 

of S1 with convolution and quasicoherent sheaves on C× with the standard tensor product. 
Therefore modules over local systems of S1 , i.e. categories with a topological S1 action is 
equivalent to modules over QCoh(C×), i.e. sheaves of categories over C× . To get to the 
Rozansky–Witten theory of T ∗C× , with objects being Lagrangians in T ∗C× , we take the 
singular support of the modules over QCoh(C×), we ignore the sizes of the modules for now, 
which would be discussed in Chapter 5. But taking singular support only gives us conic 
Lagrangians and so the Fourier–Mukai transform described above describes only the conic 
story. This dissertation attempts to extend the conic B-side story to nonconic objects. In 
particular, we construct many objects with its nonconic microsupport not intersecting the 
zero section. 
In Chapter 2, we frst go over some needed notions in derived geometry. The treatment 

mainly follows [44]. Even though the main objects we consider are classical, we need derived 
schemes because we are taking intersections of subschemes and also the use of sheaves of 
categories and integral transform formulas of perfect and coherent sheaves as in [15]. In 
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Chapter 3, we go over the defnitions of categories of singularities and matrix factorizations 
as in [74] and [80]. In Chapter 4, we go over the proposal in [54], of modelling the boundary 
conditions of Rozansky–Witten theory using matrix factorizations. We also discuss the 
relationship between topological gauge theories and Rozansky–Witten theory in [91] and 
give a sketch of a construction of a nontrivial S1 action on the trivial category. In Chapter 
5, we use the defnition of singular support of Perf(X)-modules by Stefanich et al [88] to 
calculate the singular support of objects of the form Perf(Z) where Z is a smooth subscheme. 
The singular support of such objects is the conormal TZ 

∗ X and fnite colimit of such objects 
will give a subset of the unions of singular support, so we obtain objects that have subsets 
of unions of conormals as singular support. These objects, at least those with Lagrangian 
singular support since we only know such colimits have isotropic singular support, give 
a part of the conic part of Rozansky–Witten theory, where the full conic part should be 
Perf(X)-modules that are “weakly constructible”, i.e. modules that have Lagrangian singular 
support, which we denote this category by Modwc ) which is a full subcategory Perf(X)(Cat

perf 
∞ 

of ModPerf(X)(Cat
perf ). In Chapter 6, we extend the conic story to include nonconic objects 

using Tamarkin’s 
∞ 

trick. Given an exact Lagrangian L in T ∗X, such that the canonical 1-
form in T ∗X restricts on L as df for some function f which is chosen up to a constant on 
L. We can construct a conic Lagrangian in T ∗(X × A1) by scaling the cofber directions of 
{(l, f(l), 1) ∈ T ∗X × T ∗A1 ≃ T ∗(X × A1) : l ∈ L}. There’s a Hamiltonian action of A1 on 
T ∗(X × A1) given by translation of the A1 base coordinate which corresponds to diferent 
choices of f . The momentum map µ of this action is the projection to the (A1)∨ codirection. 
Now the Hamiltonian reduction T ∗(X × A1)//A1 = µ−1(1∨)/A1 is just T ∗X and maps the 
conic Lagrangians we constructed back to L. We also defne the map 

ρ : T ∗ X × Tτ 
∗
̸ A1 → T ∗ X, (x, ξ, y, τ ) 7→ (x, 

ξ 
),=0 τ 

so that for modules M whose singular support does not lie in τ = 0, we defne the micro-
support to be µsupp(M) = ρ(SS(M) ∩ {τ ̸= 0}). Notice that in our construction of conic 
Lagrangian from L, we scaled the cofber directions, so having ξ/τ is the same as restricting 
to τ = 1 as taking the inverse image of 1∨ in Hamiltonian reduction. Using this defnition 
of microsupport we constructed objects of the form 

Cf,Z = Perf(y + f = 0, Z smooth subscheme), 

with microsupport df + TZ 
∗ X which are objects in the category 

Cpre(X) = Modwc (Catperf )/{M : SS(M) ⊂ {τ = 0}}.Perf(X×A1) ∞ 

The Hom’s of such objects are then calculated to be 

Theorem 6.1.12. 

HomCpre(X)(Cf,Y , Cg,Z ) = Coh((Y ×X Z)0)/Perf((Y ×X Z)0), 

the category of singularities of the fber of g − f at the (derived) intersection at zero. 
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Now notice that we have not mimicked the whole process of Hamiltonian reduction, we 
have yet to quotient out A1 . What we instead do is to take C(X) to be the objects Cf,Z and 
the fnite colimit of such objects. We defne the Hom to be M 

HomC(X)(Cf,Y , Cg,Z ) = HomCpre(X)(Cf,Y , Cg+s,Z ), 
s∈k 

and so we have 

Theorem 6.1.19. 
HomC(X)(Cf,Y , Cg,Z ) = MF(Y ×X Z, g − f). 

When Y ×X Z is smooth, this category coincides with Kontsevich’s defntion of category 
of B-branes [74]. In the simpler case where Y = Z = X, we recover the expected result in 
Rozansky–Witten theory 

Theorem 6.1.17. 
HomC(X)(Cf,X , Cg,X ) = MF(X, g − f). 

The defnition of Hom is inspired by orbit categories [57][40][27]. Under such a Hom, the 
objects Cf,Z and Cf +s,Z are identifed. C(X) is obviously not the full nonconic story, but are 
only a part of it. Since A1 acts on X × A1 by translation, we have an action 

Cohc(A1) ⊗ Perf(X × A1) → Perf(X × A1), 

and hence also an action its modules, where Cohc(A1) is the category of coherent sheaves on 
A1 with fnite support with convolution as its monoidal product. A larger part of the story 
should be described by the coinvariants construction given by 

Cpre(X) ⊗Cohc(A1) f.d. Vect. 

The Hom construction above given by direct sum which is really a colimit would then be 
the Hom in the coinvariants restricted to the objects mentioned above. Note that this is still 
not the full story as this process can only obtain exact Lagrangians, the Lagrangian dx/x is 
not exact in T ∗C× and we would not be able to obtain it locally since Kähler diferentials 
are not locally exact. 

1.2 Related Works 

Our work has a lot of similarities with [14]. In this work, Ben-Zvi and Nadler considered 
potent categorical G-representations, which are cyclic ind-coherent sheaves of categories in 
the loop space LBG = G/G. One thing to note is that the G-representations considered here 
and the corresponding statements in this work regarding Statement 1.1.1 are ind-coherent 
sheaves of categories and not actual categories with a G action. Nevertheless, the authors 
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give a mirror equivalence in the case of abelian G and discusses the case for general gauge 
group G, by modeling the suitable G-representations to be cyclic ind-coherent sheaves of 
categories in the space T [−1]BG = g/G. One diference between our work and [14] is the 
sizes of categories we work with. In [14], the authors work with ind-coherent sheaves of 
categories 2IndCoh, which is based on the work of Stefanich [87]. This category 2IndCoh is 
not determined by global sections contrary to quasicoherent sheaves of categories [43] and is 
not the category of modules over a monoidal category. In our work, on the other hand, we 
mainly work with ModPerf(X)(Cat

perf ), which is a large category of small categories. Besides∞ 

the size diference, in constructing our category C(X), our idea is to frst microlocalize away 
from the 0-section of the T ∗A1 component, then look at the coinvariants. In [14], the authors 
frst construct the periodic base 

A = 2IndCoh(Ga)/2QCoh(Ga), 

then periodize the indcoherent sheaves of categories by tensoring with A: 

2IndCohπ(X) = 2IndCoh(X) ⊗A 

regarding as an A module. This construction is the same as microlocalizing away from the 
0-section, however instead of modding out the Ga action, the authors remembers the Ga 

action by working with the periodization as an A-module with the convolution symmetric 
monoidal structure of A coming from the the addition in Ga. The authors also give a Fourier 
transform theorem: 

Theorem 1.2.1. [14] For V a fnite dimensional vector space with dual V ∗ , we have 

2IndCohπ(V ) ≃ 2IndCohπ(V ∗ ) 

whose cyclic trace recovers the Fourier transform on D-modules D(V ) ≃ D(V ∗). 

The authors also gave an ansatz: 

RW (T ∗ X) = 2IndCohπ(X), 

which proposes 2IndCohπ(X) as a model for Rozansky–Witten theory of T ∗X. Note that 
this category does have nonconic objects based on the discussion above. However although 
2IndCoh has very nice functorial properties, objects in the category may be considered too 
big since there is no restrictions on the singular supports, namely the singular supports are 
no longer Lagrangians. For example, infnite union of Lagrangian singular supports can 
appear. The authors also extend this defnition to open sets U in T ∗X following Kashiwara– 
Schapira’s theory of microlocal sheaves [56] by defning 

RW (U) = 2IndCohπ(X)/{branes supported away from U}. 

Further extending this, the authors consider a Hamiltonian reduction M from an open set U , 
and the functoriality of 2IndCohπ gives a defnition of RW (M) in terms of a monad acting 
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on RW (U). Both our work and [14] don’t seem to have a straight forward way to go further 
than this, in the sense that there is no algebraic Darboux theorem as explained in [1], so 
gluing using cotangent covers for a general complex symplectic Y is not viable. In constrast 
to [22], where the authors work directly with patches and glue, both our work and [14] go 
from X or rather X × Ga to T ∗X and are not working with patches directly. Ths authors 
of [30] on the other hand works analytically rather than algebraically. 
Our work can be viewed as a sheaf of categories quantization of the complex symplectic 

manifold T ∗X, where we construct sheaf of categories with microsupport on complex La-
grangians of the form df + TZ 

∗ X and subsets of unions of these. In [30], for each smooth 
complex Lagrangian L in a complex symplectic manifold X, D’Agnolo and Schapira con-
structed twisted simple holonomic deformation quantization modules ML supported on it. 
On the other hand, given algebraic Lagrangians L, M in X, L×X M is −1-shifted symplectic 
[75]. This equips the associated classical scheme with a d-critical locus structure [21] in the 
sense of [51] and in [22], Brav et al constructed a perverse sheaf PL,M on the intersection up 
to canonical isomorphism by gluing sheaves of vanishing cycles in critical charts that exist 
due to the d-critical locus structure. The complex analytic case is proven in [25]. In [46], 
Gunningham and Safronov proved that 

Hom(ML,MM )[dimX] ≃ PL,M ⊗C C((ℏ)), 

where PL,M is taken to be the perverse sheaf over C as mentioned above. The authors 
also constructed a holomorphic Fukaya category DRHX with objects ML for each complex 
Lagrangian submanifold L and that given a pair of Lagrangians L, M 

HomDRHX (ML,MM )[dimX/2] ≃ PL,M , 

so the graded Hom space is given by the cohomology of PL,M . Since the periodic cyclic 
homology of the category of matrix factorizations is the cohomology of vanishing cycles, one 
can view that the category of matrix factorizations as a categorifcation of vanishing cycles 
[36][18]. Some have conjectured a categorifcation of the result of gluing perverse sheaves of 
vanishing cycles on a −1-shifted symplectic scheme X, i.e. the gluing of matrix factorization 
categories locally given by MF(U, W ) the scheme is locally modelled as the critical locus of 
the potential W : U → A1 [52][25][95][93][92], which in particular includes the case where X 
is an intersection of complex Lagrangians. The gluing of categories of matrix factorizations 
would be extremely helpful in the construction of the Kapustin–Rozansky 2-category. In 
[47][48], Hennion et al showed that for singularity invariants on a −1-shifted symplectic 
derived Deligne–Mumford stack X that satisfy a form of isotopy invariance and a quadratic 
stabilization formula coming from Knörrer periodicity, which include milnor numbers and the 
perverse sheaf of vanishing cycles, such local invariants can be glued into a global invariant 
on X. The authors hence recovered the results in [10] and [22]. Without establishing isotopy 
invariance for matrix factorizations, the authors nonetheless proved that the ind-completion 
of the category of matrix factorizations IndMF(U, W ) can be glued along X as a sheaf of 
dualizable crystals up to isotopies of functors. In our work, we bypassed the difculty of 
gluing in the case of T ∗X. 
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On another direction, in [81][82], Riva constructed a commutative Rozansky–Witten 3-
category with objects being symplectic derived stacks, 1-morphisms being Lagrangian spans, 
2-morphisms between Lagrangian spans X ← Li → Y being the Z/2Z-graded quasicoherent 
sheaves on the derived intersection L1 ×X×Y L2. The reason this is called a commutative 
theory is because if we look at the category of boundary conditions of target X, its objects 
are the Lagrangian spans of the form pt ← L → X, and the Hom between Lagrangians 
in this model will be Z/2Z-graded quasicoherent sheaves on the derived intersection of La-
grangians instead of matrix factorizations. In [23][24], Brunner, Carqueville and Roggenkamp 
studied truncated afne Rozansky–Witten 3-category whose objects are of the form T ∗Cn , 
1-morphisms being graphs of diferentials of polynomials and 2-morphisms being matrix 
factorizations. The authors proved that none of the objects are fully dualizable since the 
targets T ∗Cn are not compact, but after truncating to 2 dimensions, with 2-morphisms be-
ing homotopy equivalence classes, the objects are fully dualizable. So the authors proved 
that these objects gives rise to fully extended TFTs. The authors also proved that all of 
the 1-morphisms have canonically identifed left and right adjoints. In [82], Riva proved 
that there exists a symmetric monoidal 2-functor that maps the truncated afne models to 
homotopy 2-category of the commutative Rozansky–Witten 3-category which image lands 

∗Cnin the subcategory spanned by cotangent stacks of the form T , and that the functor is 
surjective on those objects. 

1.3 Conventions 

We shall work in the realm of ∞-categories in the sense of [67], where an (∞, 1)-category 
is a weak Kan complex, a simplicial set that satisfes the inner horn condition. From then 
on by category we will mean an (∞, 1)-category, by an n-category we will mean an (∞, n)-
category. If we fx a ring k of characteristic 0, then the k-linear stable (∞, 1)-categories are 
equivalent to k-linear pre-triangulated dg categories [29]. From now on, we would treat the 
two as synonymous. 
Given a monoidal category C and an algebra object A in C, we can defne the module 

objects in C, which are objects M in C with unital and associative maps A ⊗ M → M up to 
coherent homotopy [66]. Such modules form a category we denote as ModA(C). Throughout 
the paper, we make references of Perf(X) modules and QCoh(X) modules and by this we 
mean ModPerf(X)(Cat

perf 
∞ ) and ModQCoh(X)(PrstL ), which we mean by module objects in the 

category of small stable idempotent complete categories over Perf(X) and module obejcts in 
the category of presentable stable categories over QCoh(X) respectively, where both Perf(X) 
and QCoh(X) has the standard tensor monoidal product. 
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Chapter 2 

Primer on Derived Geometry 

2.1 Derived Schemes and Stacks 

Throughout this paper, the spaces that we deal with will mainly be smooth, quasi-compact, 
Noetherian schemes, but we also deal with the intersection of subschemes. To obtain the 
correct intersections, we will need to take the derived fber product which results in derived 
schemes. For example, if we look at the intersection of {x = 0} and {y = 0} and the 
intersection of {x = 0}, {y = 0} and {x = y} both in A2 , scheme theoretically they are 
equal, but in derived geometry, if we take derived intersections these two are not the same. 
We will also make use of integral transforms of sheaves [12][15] which take place in the 
derived world. Even though the notion of derived schemes is enough for our purposes, 
we will start with derived prestacks, which are the most basic object in derived geometry 
and start from there. Derived stacks are just derived prestacks that satisfes descent, or in 
other words those that form a sheaf, and this notion generalizes classical stacks both in the 
source and in the target: the source of the functor goes from the category of commutative 
rings to the category of derived rings, either using simplicial commutative rings or connective 
commutative diferential graded algebras when in characteristic zero; the target of the functor 
goes from groupoids to ∞-groupoids or Kan complexes. Derived schemes are just derived 
stacks that has a Zariski atlas. 
We will follow closely the point of view and results presented in [44]. The advantage of this 

is that derived stacks and schemes are the derived prestacks that satisfy certain properties 
instead of having added structure, we can also defne geometric objects like quasicoherent 
sheaves in full generality on prestacks. An introduction to the viewpoint of derived geometry 
can be found in [3][58][39]. We start with the building blocks of derived geometry: 

Defnition 2.1.1. The category of derived afne schemes is defned to be the opposite cate-
gory of connective commutative diferential graded algebra over k, which is denoted dAf. A 
dg algebra A is connective if Ai = 0 for i > 0 up to quasi-isomorphism. 

Now we defne the notion of derived prestack, which is the most general form of space 
one can build using derived afne schemes. 
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Defnition 2.1.2. The category of derived prestacks is given by the category of functors from 
the opposite category of dAf to ∞Grpd, the category of ∞-groupoids, i.e. a derived prestack 
is a ∞Grpd-valued presheaf on dAf. 

Defnition 2.1.3. Suppose f : X → Y is a map of derived prestacks. Then f is afne 
schematic if for every S in dAf/Y , the derived prestack S ×Y X can be represented by a 
derived afne scheme. 

With the notion of derived prestack being a presheaf, this suggests that with some topol-
ogy on dAf we would be able to single out a class of prestacks that satisfy some descent 
condition that makes it a sheaf, which we would call derived stacks. We will frst go over 
how to defne a Grothendieck topology on dAf following [96][44]. 

Defnition 2.1.4. A map Spec(B) → Spec(A) between derived afne schemes is fat if 
H0(B) is a fat H0(A)-module and that one of the following equivalent conditions hold: 

• The natural map 
H0(B) ⊗H0(A) H ∗ (A) → H ∗ (B) 

is an isomorphism; 

• For an A-module M , the natural map 

H0(B) ⊗H0(A) H ∗ (M) → H ∗ (B ⊗A M) 

is an isomorphism; 

• Any A-module N that is concentrated in degree 0 implies B ⊗A N is concentrated in 
degree 0 as well. 

Defnition 2.1.5. Let f : S ′ → S be a morphism of derived afne schemes. f is an étale 
morphism (resp. open immersion) if the following conditions hold: 

1. f is fat and in dAf, the base-change clS ×S S ′ is classical and identifes with clS ′ ; 

clS ′ →cl2. The map of classical afne schemes S (so in Af not in dAf) is an étale 
morphism (resp. open immersion). 

We can likewise defne correspondingly for afne schematic morphisms between derived 
prestacks. 

Defnition 2.1.6. Suppose f : X → Y is an afne schematic morphism between derived 
prestacks. f is an étale morphism (resp. open immersion) if for every S in dAf/Y , the 
corresponding map S ×Y X → S in dAf is an étale morphism (resp. open immersion). 

Now we defne an fat (étale) topology on dAf: 
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Defnition 2.1.7. A morphism of derived afne schemes f : S ′ → S is a covering with 
respect to fat (étale) topology if it is étale and the induced map on classical afne schemes 
clS ′ →cl S is surjective. 

Now that we have defned what a covering is, we can defne descent conditions. 

Defnition 2.1.8. A prestack Y satisfes fat (étale) descent if 

• Y (∅) = {∗}; 

• The map Y (S ⊔ S ′ ) → Y (S) × Y (S ′ ) is an isomorphism; 

• Given f : S ′ → S in dAf is an fat (étale) covering, the corresponding map Y (S) → 
˘Tot(Y (S ′•/S)), between Y (S) and the totalization of Y evaluating on the Cech nerve 

of f , is an isomorphism. 

Defnition 2.1.9. A derived prestack Z is a derived stack if it satisfes étale descent. 

Lemma 2.1.10. [96][44] Derived afne schemes are derived stacks. 

Now we can defne the notion of derived schemes, namely derived stacks that have a 
Zariski atlas. Instead of defning derived schemes as derived prestacks satisfying some condi-
tions, one can defne a derived scheme just like how one would defne a classical scheme as a 
locally ringed space, except the structure sheaf OX would now be a connective commutative 
diferential graded algebra over k, with it’s truncation H0(OX ) giving a classical scheme, 
and that the sheaves H i(OX ) are quasi-coherent as H0(OX )-modules [94]. 

Defnition 2.1.11. [96][44] A derived prestack Z is a derived scheme if: 

1. Z satisfes étale descent; 

2. The diagonal morphism Z → Z × Z is afne schematic, and that for any derived afne 
scheme T over Z × Z, the induced morphism for classical schemes cl(Z ×Z×Z T ) →cl T 
is a closed immersion; 

3. There exists a Zariski atlas, a collection of derived afne schemes Si over Z such that 

• Each Si → Z is an open immersion; 

• For any derived afne scheme T over Z, the induced morphisms for classical 
clT .schemes cl(Si ×Z T ) →cl T covers 

Defnition 2.1.12. A derived scheme Z is quasi-compact, if clZ is. 
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2.2 Sheaves on Derived Stacks 

Now we can defne quasicoherent sheaves on a derived prestack, continuing to follow the 
treatment of [44]. We frst defne quasicoherent sheaves on a derived afne scheme. 

Defnition 2.2.1. For a derived afne scheme SpecA, we defne QCoh(SpecA) to be A-mod. 

When we have a morphism between derived afnes f : SpecA → SpecB, this is the 
same as a map B → A, and so we obtain the map f∗ : QCoh(SpecA) → QCoh(SpecB) by 
restriction. The map f∗ admits a left adjoint, which is denoted f ∗ . 

Defnition 2.2.2. Suppose Y is a derived prestack. Then we defne 

QCoh(Y ) = lim QCoh(S), 
S−u→Y 

f 
where the limit is taken over derived afne schemes over Y , with the arrows given by S −→ 

S ′ , QCoh(S ′ ) − 
f → 
∗ 

QCoh(S). 

We can think of an object in QCoh(Y ) to be objects in QCoh(S) whenever S is a derived 
afne over Y satisfying compatibilities with respect to composition of morphisms. We can as 
well frst build QCoh as a functor from dAfop to presentable stable categories and perform 
right Kan extension along dAfop ,→ PreStkop. Now QCoh(Y ) will just be the value of the 
functor on Y , and for a map f : X → Y , the corresponding map QCoh(Y ) → QCoh(X) 
under the QCoh functor will be denoted as f ∗ . When viewed this way, the functor QCoh 
satisfes fat descent. 

Lemma 2.2.3. When Z is a derived scheme, QCoh(Z) is glued from its open derived afnes, 
i.e. it is sufcient to consider only open immersions S → Z in the limit of Defnition 2.2.2. 

Given Y1, Y2 prestacks, we have 

QCoh(Y1 × Y2) = lim QCoh(S)
S→Y1×Y2 

= lim QCoh(S1 × S2)
S1→Y1,S2→Y2 

= lim QCoh(S1) ⊗ QCoh(S2), 
S1→Y1,S2→Y2 

where the middle equality comes from the fact that (S1 → Y1) × (S2 → Y2) → S1 × S2 → 
Y1 × Y2 is cofnal. So we have a canonical map 

QCoh(Y1) ⊗ QCoh(Y2) = ( lim QCoh(S1)) ⊗ ( lim QCoh(S2))
S1→Y1 S2→Y2 

→ lim QCoh(S1) ⊗ QCoh(S2)
S1→Y1,S2→Y2 

= QCoh(Y1 × Y2) 
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which we denote by E , F 7→ E ⊠ F . The symmetric monoidal product on QCoh(Y ) is then 
given by 

E ⊗ F = ∆ ∗ (E ⊠ F), 

where ∆ is the diagonal map. Given a morphism f : X → Y , the functor f∗ is then naturally 
symmetric monoidal. 
We now defne a full subcategory of perfect complexes. 

Defnition 2.2.4. For Y a derived prestack, Perf(Y ) is the full subcategory consisting of 
dualizable objects. 

Lemma 2.2.5. An object in QCoh(Y ) is perfect if and only if for every derived afne S 
over Y , the corresponding object in QCoh(S) is perfect. 

For a map f between derived prestacks, the functor f∗ sends perfect objects to perfect 
objects. So we obtain a functor from PreStkop to (∞, 1)Cat. This functor is isomorphic to 
the right Kan extension of its restriction to dAfop. This functor, just like before, satisfes 
fat descent. 
We will now go over a broad class of spaces called perfect stacks [12] of which quasi-

compact derived schemes with afne diagonal and quotients of quasi-projective derived 
scheme by a linear action of an afne group (in characteristic zero) are examples of. We 
can also construct perfect stacks by taking fber products of perfect stacks and forming 
mapping stacks between a fnite simplicial set and a perfect stack [12]. Roughly speaking, 
perfect stacks are spaces where one can go back and forth between small and large categories 
of sheaves, namely we can obtain the category of quasicoherent sheaves from the category 
of perfect sheaves using the Ind-construction, and we can recover the category of perfect 
sheaves from the category of quasicoherent sheaves by taking compact objects [12], i.e. for 
a perfect stack X: 

QCoh(X) ≃ IndPerf(X), Perf(X) ≃ QCoh(X)ω . 

We will now give the defnition of perfect stacks. 

Defnition 2.2.6. [12] A derived stack X is perfect if it has afne diagonal and that 
QCoh(X) ≃ IndPerf(X). A morphism X → Y is perfect if for derived afnes U over 
Y , X ×Y U is perfect. 

Lemma 2.2.7. [12] On a perfect stack X, compact objects of QCoh(X) are the same thing 
as perfect complexes. 

2.3 Sheaves of Categories 

Throughout this paper, we view sheaves of categories from the point of view of modules 
over QCoh(X) and Perf(X). Now we have to specify what environment we are working 
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in, i.e. where the module objects live in. We will work mainly with the category of small 
stable idempotent complete categories Catperf [20]. The category Catperf is equivalent to∞ ∞ 

Lthe category of stable compactly generated categories Prst,ω, with colimit preserving and 
compact obejct preserving functors. This equivalence is given by the Ind construction [67, 
5.5.7.10]. The category of presentable categories PrL with colimit preserving functors has a 
natural closed symmetric monoidal structure [66, 4.8], where functors 

C ⊗ D → E 

is equivalent to functors 
C × D → E 

which are colimit preserving at both variables, and this monoidal product restricts to the 
subcategory PrL and the full subcategory of stable presentable categories PrL This meansst,ω st. 
that we can defne a closed monoidal product on Catperf [12] by ∞ 

C ⊗ D = (Ind(C) ⊗ Ind(D))ω . 

QCoh(X) is an algebra object in the category of stable presentable categories PrstL , with 
colimit preserving functors and Perf(X) is an algebra object in the category of small stable 
idempotent complete categories Catperf ∞ . Given an algebra object A in a monoidal category C, 
the module objects M in C over A are the ones with unital and associative maps A⊗M → M 
up to coherent homotopy [65]. We can then defne tensor product · ⊗A · between modules 
over A by the bar construction [66, 4.4]. So when we talk about QCoh(X) modules, we 
mean module objects in PrstL over the algebra object QCoh(X) and by Perf(X) modules, we 
mean module objects in Catperf over the algebra object Perf(X).∞ 

Now we will go through two useful theorems regarding integral transforms of sheaves that 
will be used in calculations later. The frst theorem more or less states that the category of 
quasicoherent kernels is equivalent to colimit preserving functors between two categories of 
quasicoherent sheaves as QCoh(S) modules, and that the category of kernels is equivalent 
to the tensor product of the two QCoh(S) modules [12]. The second theorem gives an 
equivalence between the category of coherent kernels and exact functors between the category 
of perfect sheaves and the category of coherent sheaves as Perf(S) modules [15]. 

Theorem 2.3.1. [12] 

1. For X → S ← Y morphisms of perfect stacks, there is a canonical equivalence 

QCoh(X ×S Y ) ≃ QCoh(X) ⊗QCoh(S) QCoh(Y ). 

2. For X → S a perfect morphism to a derived stack S with afne diagonal, i.e. the fbers 
over afnes is perfect, and Y → S, there is a canonical equivalence 

∼
Φ : QCoh(X ×S Y ) −−−→ FunL (QCoh(X), QCoh(Y ))QCoh(S) 

https://5.5.7.10
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where the right hand side are the colimit preserving QCoh(S)-linear functors between 
QCoh(X) and QCoh(Y ), given by 

Φ(K) = pY ∗(p ∗ 
X (−) ⊗ K). 

Now suppose that X, Y, Z over S all perfect stacks, we have composition of functors 

FunL (QCoh(X), QCoh(Y )) ⊗ FunL (QCoh(Y ), QCoh(Z))QCoh(S) QCoh(S) 

→ FunL (QCoh(X), QCoh(Z))QCoh(S) 

which corresponds to the convolution map 

QCoh(X ×S Y ) ⊗ QCoh(Y ×S Z) → QCoh(X ×S Z) 

given by M ⋆ N = p13∗(p12 
∗ (M) ⊗ p13 

∗ (N)) where the maps p12, p23, p13 comes from the 
diagram 

X ×S Y ×S Z 

X ×S Y X ×S Z Y ×S Z. 

p12 
p13 

p23 

Remark 2.3.2. Note that for Theorem 2.20 (2), if X and S are both perfect stacks, then 
X → S is immediately a perfect morphism since fber products of perfect stacks are perfect 
[12]. 

Theorem 2.3.3. [15] 

1. For X → S ← Y morphisms of perfect stacks, the equivalence in Theorem 2.20 restricts 
to an equivalence on compact objects 

Perf(X ×S Y ) ≃ Perf(X) ⊗Perf(S) Perf(Y ). 

2. Suppose S is a perfect stack, pX : X → S a proper relative algebraic space, Y a locally 
Noetherian S-stack. The integral transform construction provides an equivalence 

Φ : Coh(X ×S Y ) − 
∼ 

Perf(S)(Perf(X), Coh(Y )),−−→ Funex 

where Coh(X) ⊂ QCoh(X) is the full subcategory with objects of bounded and coherent 
cohomologies. 
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When Y is regular, Perf(Y ) = Coh(Y ) and so functors between perfect sheaves are given 
by coherent kernels, and we would have a similar correspondence between convolution on 
the left and the composition of functors on the right [15]. 
Now we are equipped to talk about sheaves of categories as defned and studied in [43]. 

The general objects of Rozansky–Witten theory of a complex symplectic manifold are sheaves 
of categories over complex Lagrangians [55][54]. Even though in the later chapters we are 
modelling such a theory using Perf(X) modules, here we give an introduction of quasico-
herent sheaves of categories and establish an equivalence with QCoh(X) modules for certain 
nice spaces X. It is with such an intuition in mind, that we view Perf(X) modules as sheaves 
of categories. We shall go over the defnitions and some results of [43]. 

Defnition 2.3.4. We frst defne a functor from dAfop to (∞, 1)Cat given by 

LS 7→ ModQCoh(S)(Pr ),st 

and perform right Kan extension along dAfop ,→ PreStkop to obtain the functor ShvCat. 
The value of ShvCat on prestack Y is the quasi-coherent sheaves of categories on Y . 

The category ShvCat(Y ) is the limit of ModQCoh(S)(PrstL ) where the limit is taken over 
derived afne schemes over Y with the arrows given by 

f QCoh(S)⊗QCoh(S ′ )(−) → S ′ L LS − , ModQCoh(S ′ )(Prst) −−−−−−−−−−−−→ ModQCoh(S)(Prst). 

We can think of an object in ShvCat(Y ) to be objects in ModQCoh(S)(PrstL ) whenever S is a 
derived afne over Y satisfying compatibilities with respect to composition of morphisms. 

Lemma 2.3.5. The category ShvCat(Y ) has a symmetric monoidal structure, given by 
component-wise tensor product, with unit QCoh/Y which assigns QCoh(S) for each derived 
afne S over Y . 

Given an object F in ShvCat(Y ), we have a functor Γ(−, F) that gives a stable pre-
sentable category for each derived afne S over Y . We can perform right Kan extension along 
dAfop ,→ PreStkop 

/Y , obtain a section functor that gives sections of F over any prestack X/Y 

over Y . The sections Γ(X, F) is given by the limit of Γ(S, F) with derived afnes S over X 
with the arrows given just as above. 

Example 2.3.6. For X over Y , Γ(X, QCoh/Y ) = QCoh(X). 

So now we obtained a functor X 7→ Γ(X, F). 

Lemma 2.3.7. For X over Y , the functor Γ(X, −) with source in ShvCat(Y ) is lax sym-
metric monoidal. 

Since QCoh/Y is the unit in ShvCat(Y ), there is a Γ(X, QCoh/Y ) = QCoh(X) action on 
Γ(X, F), Γ(X, F) is a QCoh(X) module. So from now on we consider the functor Γ(X, −) to 
be from ShvCat(Y ) to ModQCoh(X)(PrstL ). In particular, we have the functor ΓY = Γ(Y, −) : 
ShvCat(Y ) → ModQCoh(Y )(PrstL ). 
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Lemma 2.3.8. The functor ΓY has a left adjoint LocY , which is given by: 

Γ(S, LocY (M)) = QCoh(S) ⊗QCoh(Y ) M, 

where M is a QCoh(Y ) module and S a derived afne over Y . 

Defnition 2.3.9. A derived prestack Y is 1-afne if the functors ΓY and LocY are mutually 
inverse equivalences. 

Theorem 2.3.10. [43] Any quasi-compact, quasi-separated derived scheme is 1-afne. 

We now defne some functors between QCoh(X) and QCoh(Y ) modules given a morphism 
f : X → Y following [43]. Suppose we have a morphism f : X → Y , then we have 
f ∗ : QCoh(Y ) → QCoh(X) which is symmetric monoidal. We have a natural functor 
resf : ModQCoh(X)(PrstL ) → ModQCoh(Y )(PrstL ) by restricting the action 

f∗⊗Id 
QCoh(Y ) ⊗ M −−−→ QCoh(X) ⊗ M → M. 

We also have the induction functor indf : ModQCoh(Y )(PrstL ) → ModQCoh(X)(PrstL ) given by 

M 7→ QCoh(X) ⊗QCoh(Y ) M 

which is a left adjoint to resf . Now Suppose we have p1 : X × Y → X, p2 : X × Y → Y 
projection maps, then the exterior tensor of a QCoh(X) module M and a QCoh(Y ) module 
N is defned to be 

M ⊠ N = indp1 M ⊗QCoh(X×Y ) indp2 N. 

However, throughout this paper we will work with Perf(X) modules. Perf(X) inherits 
the symmetric monoidal structure and the functors f ∗ preserves compact objects so will 
map perfect sheaves to perfect sheaves [44]. The functors and operations above can likewise 
be defned on Perf(X) modules. In light of Theorem 2.3.10, we should consider Perf(X) 
modules to be sheaves of categories on X with some fniteness conditions. The category 
Catperf is compactly generated, complete and cocomplete [20, Corollary 4.25], in particular∞ 

Catperf is presentable. So the category of module objects ModPerf(X)(Cat
perf ) is presentable ∞ ∞ 

[66, Corollary 4.2.3.7] and compactly generated [4, Lemma 2.1]. 
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Chapter 3 

Matrix Factorizations 

There are two categories we can associate to a potential W : X → A1 . One is the category 
of singularities DSing(Xs) = Coh(Xs)/Perf(Xs) [74], where Xs = X ×A1 s is the fber at 
s and that the Verdier quotient of categories is taken in a suitable category of categories. 
For such a defnition to make sense, we would need perfect complexes to be coherent, and 
this would require our spaces to be eventually coconnective, i.e. our spaces are covered 
by afnes Spec(A) where H−i(A) = 0 for i >> 0, which is equivalent to the structure 
sheaf being coherent [42]. When X is regular, Coh(X) = Perf(X), and so the category of 
singularities DSing(X) = 0, hence the name. This category measures the singularities of 
X, and localizes to the singularities of X: suppose that an open subscheme i : U → X 
contains the singularities of X, then the map induced by the pullback i∗ on Coh(X) gives an 
equivalence on DSing(X) and DSing(U) [74, Proposition 1.14]. The other one is called the 
category of matrix factorizations which is introduced in [37]. This category is a Z/2Z-graded 
category of curved complexes of coherent sheaves, i.e. the diferentials does not square to 
zero but is the potential W multiplied by the identity map. For simplicity, we go through 
the defnition of matrix factorizations assuming X = Spec(A) is afne. The non-afne case 
is treated in [73]. The canonical reference is [74]. 

3.1 Category of Singularities 

Defnition 3.1.1. The category of singularities of a eventually coconnective Noetherian de-
rived scheme X DSing(X) is given to be the cofber 

Perf(X) Coh(X) 

0 

in Catperf ∞ . 
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Here we have taken our quotient in Catperf ∞ . There are two environment to take this 
one is our Catperfquotient in: , the category of small stable idempotent complete categories∞ 

which both Coh(X) and Perf(X) belongs and the other is the category of small stable 
and Catperfcategories with exact functors as morphisms Catex 

∞. Both Catex 
∞ are cocomplete∞ 

[20, Corollary 4.25]. Since the idempotent completion functor 

∞ → CatperfIdem : Catex 
∞ 

is left adjoint to the inclusion Catperf ,→ Catex [20], the idempotent completion functor∞ ∞ 

preserves colimits, so we see that the quotient taken in Catperf is the idempotent comple-∞ 

tion of the quotient taken in Catex So the homotopy category of the quotient in Catperf ,∞. ∞ 

is the idempotent completion of Ho(Coh(X))/Ho(Perf(X)) [20, Proposition 5.15]. So our 
quotient is a stable (∞, 1) enhancement of the idempotent completed traingulated category 
of singularities of Orlov [74]. Our defnition for a fber at 0 DSing(X0) is then equivalent to 
the defnition of Preygel’s category of matrix factorizations [80, Proposition 3.4.1], which is 
defned by 

Coh(X0) ⊗Perf(k[β]) Perf(k(β)), 

where its tensor product is defned in Catperf and β is of degree 2. To see why Coh(X0) is k[β]-∞ 

linear, we see that the derived base loop space of A1 at 0 L0A1 = 0×A1 0 = Spec(k[η]), |η| = 
−1 acts by loop composition on the right on X0 = X ×A1 0 [80, Construction 3.1.5], so 
Coh(L0A1) = Coh(k[η]) acts on Coh(X0). Now by Koszul duality Coh(k[η]) = Perf(k[β]). 
Preygel’s and our defnitions are universal in the following sense [80, Corollary 3.4.3]: the 
exact sequence in Catperf ∞ 

Perf(X0) → Coh(X0) → DSing(X0) 

is obtained from the universal example X = pt: 

Perf(L0A1) → Coh(L0A1) → DSing(L0A1) 

by tensoring Coh(X0)⊗Coh(L0A1). 

3.2 Category of Matrix Factorizations 

Defnition 3.2.1. [64] For s ∈ A1 , the category of matrix factorizations at s MFs(X, W ) is 
a Z/2Z-graded category with objects 

p0 
* 

P = ( P0 j P1 ), 
p1 

with both P0, P1 fnitely generated projective A-modules and that both p0p1 and p1p0 is (W − 
s) · id. The morphisms are given by M 

Hom(P, Q) = Hom(Pi, Qj ), 
i,j 
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with grading given by i − j mod 2, with diferential given by 

f 7→ qf − (−1)|f |fp. 

This defnition is the dg-enhancement of the one given in [74]. We can extend this 
defnition to a commutative diferential graded algebra (A, dA) where W is in the even part 
of A and that dW = 0 [19][54]. This is called a curved cdga. A Z/2Z-dg module over A is a 
graded module (M, dM ) such that dM and dA are compatible: 

dM (am) = dA(a)m + (−1)|a|adM (m), 

such that d2 = (W − s) · id. A Z/2Z-dg module is perfect if it is of the form P ⊗A0 A whereM 

P is a projective Z/2Z-graded module over the even part of A, A0 [54]. So the resulting 
category consists of objects that are perfect Z/2Z-dg modules over A. Defnition 3.2.1 is the 
special case where A is concentrated in degree 0. 
Given an object P in MF0(X, W ) and that W is not zero on any component, then we 

have a short exact sequence [74] 

0 → P1 −
p→1 

P0 → cokerp1 → 0. 

The sheaf cokerp1 is annhilated by W and so is a sheaf on X0 in Coh(X0), and hence we 
obtain a map from MF0(X, W ) → DSing(X0). This map is an equivalence after idempotent 
completion [74, Section 3.2]. When W = 0, then by direct inspection, since the category 
of matrix factorizations is just the Z/2Z-graded perfect sheaves, one can see that the two 
categories are equivalent [80, 3.4.4]. 
Now suppose we are given two complex Lagrangians, represented by the graphs of df 

and dg. Then in Rozansky–Witten theory the Hom between these two complex Lagrangians 
should be given by the category of matrix factorizations of g − f , which is supported in 
the critical points of g − f [54]. Therefore what we want would be a direct sum of matrix 
factorizations of g −f −s for s ∈ A1 , or else we would be adding an additional constraint and 
looking at only the critical points in g−f = 0. As Kapustin and Rozansky have noted in [54], 
df is defned only up to a locally constant function, or when there is only one component, 
up to a number. So we defne M 

MF(X, W ) = DSing(Xs). 
s∈A1 

Kapustin and Rozansky call this the augmented category. Note that this defnition is diferent 
(other than idempotent completion) from what Orlov, following Kontsevich’s proposal, calls 
the category of B-branes in [74]. The category of B-branes is the direct product of DSing(Xs) 
rather than a direct sum. When X is regular, the product is fnite and so the defnitions 
agree. 
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Chapter 4 

Rozansky–Witten Theory 

4.1 Kapustin–Rozansky–Saulina’s 2-category 

We will now go over some background on Rozansky–Witten theory and results contained in 
[54]. We are interested in the category of boundary conditions of a 3-dimensional topological 
sigma model. A topological sigma model of dimension 3 with complex symplectic target 
gives a 3-category C with objects being the target manifolds and a contravariant duality 
functor that maps (X, ω) to (X, −ω), where ω is the holomorphic symplectic form. The 
duality functor has the property that 

HomC (X1, X2) = HomC (pt, X1 
∨ × X2), 

where X∨ is the dual of X. So we see that if we understand all the 2-categories of the form 

CX = HomC (pt, X), 

which is called the boundary conditions of X, and how objects of CX∨×X2 give rise to functors 1 

between CX1 and CX2 , we will understand the 3-category C. 
In [55] and [54], Kapustin and Rozansky, along with Saulina in the former work, studied 

the boundary conditions of Rozansky–Witten theory and that they correspond to complex 
Lagrangians in the target space X with complex fbrations. In [54], Kapustin and Rozansky 
modeled the theory with cotangent target using matrix factorizations. The authors also 
mentioned how the objects are naturally associated to sheaves of categories. For simplicity 

∗Cnsake we will present here their approach for T : 

Obj(KR(T ∗Cn)) = {f ∈ C[x1, . . . , xn]}, 

KR(T ∗Cn)(f, g) = MF(Cn , g − f). 

The composition of morphisms is given by 

MF(Cn , g − f) × MF(Cn, h − g) → MF(Cn, h − f), 
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(P, Q) → P ⊗C[x1,...,xn] Q, dP ⊗Q = dP ⊗ id +(−1)|·| id ⊗dQ. 
∗CnHere the objects are the Lagrangians of T of the form of a graph Γdf . We can extend 

this defnition as in [54] to fbrations over such Lagrangians by expanding our objects: 

Obj(KR(T ∗Cn)) = {((y1, · · · , yk), f) : f ∈ C[x1, . . . , xn, y1, · · · , yk]}, 

KR(T ∗Cn)((y1, · · · , yk, f), (z1, · · · , zl, g)) = MF(Cn+k+l , g − f). 

The composition of morphisms is given similarly by tensor product except now it will not 
be over C[x1, · · · , xn] but over C[x1, · · · , xn, z1, · · · , zl], where zi’s are the variables of the 
intermediate object. We should think of the objects (y1, · · · , yk, f) as follows [54]. First we 
defne 

CVf = {p ∈ Cn+k : dfp = 0 on TpCk}, 
i.e. dfp can be considered to be an element Tp 

∗Cn . So we have a map 

CVf → T ∗Cn , p 7→ dfp. 

Under some nice conditions on f , the image of this map gives a Lagrangian submanifold, 
and that this map is a fbration. So these objects should be thought of as fbrations over 
Lagrangian submanifolds. When k = 0, what we have is a one point fbration over df , and 
we recover graphs as above. These, however, are not the most general objects that can be 
defned in KR(T ∗Cn), notice that we only considered functions f defned on vector bundles 
over Cn , to get more general objects we look at functions defned on fbrations over Cn [54]. 

4.2 Dualizability in Afne models 

In [23], Brunner, Carqueville and Roggenkamp form the afne Rozansky–Witten models 
3-category RW aff with objects being T ∗Cn , and that morphisms between T ∗Ck and T ∗Cl 

is given by KR(T ∗Ck+l). According to the cobordism hypothesis [8][68], a fully framed 
extended topological feld theory is determined by a fully dualizable object in the target 
category (along with G-symmetry for the case of considering bordisms with G-structure), 
i.e. such a functor is determined by its value at a point. The authors of [23] proved that no 
object except the point in RW aff is fully dualizable, due to the fact that T ∗Cn is not compact 
for n > 0, so one cannot construct a fully extended 3-dimensional topological feld theory 
from the 3-category RW aff . However, the authors proved that if one truncates RW aff to a 
2-category, by making the new 2-morphisms to be the isomorphism classes of 2-morphisms, 
every object in the truncated category is fully dualizable, and there is one fully extended 
oriented topological feld theory for each positive n. 

4.3 Relationship with Topological Gauge Theories 

One of the guiding motivations of the author is to understand the following statement in 
[91]: 
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Statement 1.1.1. Pure topological gauge theory in 3 dimensions for a compact Lie group 
G is equivalent to the Rozansky-Witten theory for the BFM space of the Langlands dual Lie 
group G∨ . 

Here we would frst have to explain some of the terms in the statement. By a pure 
topological gauge theory in 3 dimensions, without delving too deep into topological feld 
theories, we mean the category of G-categories, i.e. categories equipped with a topological 
or locally constant group action [91]. Intuitively, an action of G on a category C will require 
G to permute objects of C and sending morphisms from x to y to morphisms from gx to gy, 
i.e. a map from G to End(C). For the action to be locally constant, a trivial neighbourhood 
of e ∈ G acts trivially up to coherent homotopies and so we would have a morphism: 

ΩG → Aut(IdC), 

where ΩG is the based loop group [91]. Note that in [91], Teleman provisionally settles 
for the linearized defnition when working with linear dg-categories, and topological actions 
of a connected G is given by a E2 algebra map from the singular chains C∗ΩG with the 
Pontrjagin product to the Hochschild cochains of C. 
Now suppose we take a step back, and take a look at the traditional theory of group 

actions on spaces. A topological group action of a topological space X by G is a group 
action such that G × X → X is continuous. This is equivalent to looking at (∞, 1)-functors 
from BG to the category of topological spaces Top [31]. So in light of this we can defne 
analogously that a G-category to be an (∞, 1)-functor from BG to the category of (∞, 1)-
categories. Here we are being vague and have not specifed what environment we work on: 
stable, presentable etc. Just as in usual equivariant homotopy theory, Elmendorf’s theorem 
[38][70, Chapter VI][77][89][31] tells us that (∞, 1)-functors from BG to Top is not enough, 
the above approach is not enough. We will discuss the issue of what is needed in genuine 
homotopy theory of G-categories in Section 5.2. 
Now we look at the other side of the correspondence. The Langlands dual Lie group 

G∨ is the compact Lie group that has the dual root datum of G [32]. The BFM space of a 
compact connected Lie group is studied by Bezrukavnikov, Finkelberg and Mirković in [17], 
which is the spectrum of HG∨ 

(ΩG∨; C) with Pontrjagin multiplication as the ring structure ∗ 

[91] which was identifed in [17] with the quotient CGC,gC /GC, where 

CGC,gC = {(g, x) : Adg(x) = x, x is regular} ⊂ GC × gC, 

a locally closed subvariety quotient out by the diagonal adjoint action of GC where GC is 
the complexifcation of G. Under the isomorphism g∨ ≃ gC, we can dually consider theC 

corresponding subset 

CGC,g∨ = {(g, x) : Ad ∗ (η) = η, η is regular} ⊂ GC × gC 
∨ ,gC 

which is a locally closed subvariety of the cotangent bundle of GC and the corresponding 
quotient given again by the diagonal action. This quotient can also be viewed as a Hamilto-
nian quotient from an open subset of T ∗GC where the zero fber of the moment map is given 
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by the corresponding dual of CGC,g∨ [91]. Technically in [17], Bezrukavnikov, Finkelberg and 
C 

Mirković are working with almost simple complex algebraic groups G, and are studying the 
equivariant homology of the afne Grassmannian of G over G(C[[t]]). However we can look 
at the maximal compact subgroup K and ΩK is a topological model for the afne Grassman-
nian [79][62]. There are other characterizations listed in [91]. One can see that in the case 
of G = T abelian, BF M(T ) = T ∗TC, is just the cotangent bundle of the complexifed torus 
[91]. On BF M(G) there exist a Lagrangian Z which is the zero fber of the map inherited 
from 

π : GC × gC 
∨ → gC 

∨/GC, 

the quotient projection map to the space of coadjoint orbits [91]. This Lagrangian Z is 
SpecH∗(ΩG

∨) and when G = T is abelian, the Lagrangian Z is the zero section of T ∗TC [91]. 
By Rozansky–Witten theory of X we mean the category of boundary conditions of X as 

mentioned in Section 4.1. The more general objects one can have in this category would be 
sheaves of categories on the complex symplectic manifold X with support on the complex 
Lagrangians of X [55][54][91]. Note that we have once again been vague and have not spec-
ifed what types of sheaves of categories we are working with. So the correspondence relates 
the category of G-categories with the 2-category of boundary conditions of the complex sym-
plectic manifold BF M(G∨), which is the category of sheaves of categories with support on 
complex Lagrangians of BF M(G∨). Under this picture, we can view G-categories as sheaves 
of categories with Lagrangian support on BF M(G∨) and that the intersections corresponds 
to the Hom of G-categories [91]. Now on the side of G-categories we have the trivial and 
regular representations just like in normal representation theory, where Hom(Triv, V) = VG 

is the fxed point category and Hom(Reg, V) = V is the underlying category. So correspond-
ingly on the side of Rozansky–Witten theory, we have corresponding Lagrangians or sheaves 
of categories with Lagrangian support Ztriv, Zreg, such that Hom(Ztriv, C) is the correspond-
ing object in Rozansky–Witten theory of the fxed point category and Hom(Zreg, C) = C [91]. 
Zreg is the Lagrangian Z = SpecH∗(ΩG) in BF M(G∨) as mentioned above and corresponds 
to the zero section in T ∗TC 

∨ in the case of abelian G = T . When G = T abelian, we addi-
tionally know that Ztriv is the conormal T1 

∗TC 
∨ at 1 [91]. By Theorem 5.1.4, we know that 

the Hom of two objects is supported in the intersection of the supports of the two objects. 
This is interesting since we can have objects that do not intersect with the the Lagrangian 
Z = Zreg yet intersects with Ztriv, which means having a trivial category with a nontrivial 
group action and a nontrivial fxed point category. Such objects can easily be seen in the 
abelian case, where Ztriv = T ∗T ∨ is the conormal at 1 and Zreg = T ∗ T ∨ is the zero section,1 C T ∨ CC 

any Lagrangian that does not intersect the zero section but intersects the conormal at 1 
will do. A similar phenomenon appears in homotopy theory of spaces, where you have a 
contractible universal bundle ES1 with the S1-fxed point space not being a point. We will 
briefy sketch how to construct a trivial category with a nontrivial S1 action. 

Example 4.3.1. Suppose we have a smooth variety X with a superpotential W : X → C× . 
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Then we have a topological S1 action on Coh(X) defned by 

WF −→ F . 

The fxed point category Coh(X)S
1 
is Coh(W −1(1)). Now suppose we take X = C× , W = z, 

and we consider the category 

C = Coh(W −1(1))/Perf(W −1(1)) 

which is trivial since W −1(1) = 1 is smooth and inherits the S1 action from above. Now if 
we look at the S1 fxed point category, we are looking at the condition W −1(1) twice and so 
we are considering 

{1} ×C× {1} = Spec(C[η]), |η| = −1, 

which is the based loop space of C× at 1. So we have the S1 fxed point category 

CS1 
= Coh(C[η])/Perf(C[η]), 

which is nontrivial since the augmentation module is not perfect. 
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Chapter 5 

Sheaves of Categories on X: the 
Conic Story 

5.1 Singular Support of Perf(X)-modules 

Suppose X is a smooth quasi-compact separated Noetherian scheme, then the Perf(X) mod-
ules ModPerf(X)(Cat

perf ) is considered as the frst approximation of Rozansky–Witten theory 
of T ∗X. By taking 

∞ 

the singular support of a module, we obtain a conical subset in T ∗X, 
and the modules with Lagrangian singular support corresponds to sheaves of categories over 
conical Lagrangians. We denote the full subcategory of objects with Lagrangian singular 
support as Modwc ). The superscript “wc” denotes weakly constructible and it isPerf(X)(Cat

perf 
∞ 

expected that such a characterization exists analogous to the case in smooth manifolds [56]. 
The notion of singular support of Perf(X)-modules and their properties are due to the work 
of Stefanich et al [88]. This defnition of singular support is analogous to the singular support 
of ind-coherent sheaves of [6] and support for objects in compactly generated triangulated 
categories of [16]. 
Given a Perf(X) module M , the endomorphisms of M is acted on by the center of 

Perf(X): 

Z(Perf(X)) = HomPerf(X)⊗Perf(X)op (Perf(X), Perf(X)) = Coh(LX), 
where LX = X ×X×X X is the loop space of X, the self intersection of X in X × X under 
the diagonal map. The structure sheaf of the loop space LX is then 

OLX = OX ⊗OX×X OX 

which by the Hochschild–Kostant–Rosenberg theorem [13] we have 

OLX = SymOX 
ΩX [1]. 

Now the monoidal product of Coh(LX) is given by convolution and its unit is OX . So OX 

acts on M , and so informally by Koszul duality, 

Ext ∗ (OX , OX ) = OT ∗X[2] 
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acts on M , so treating M as a sheaf over T ∗X[2], we can take its support which is our 
singular support [88][72]. Here we mention Koszul duality, remember that for a locally 
complete intersection closed embedding i : Z → X, we have a free resolution of OZ over 
SymOZ 

ΩZ/X [1] given by 

· · · → Symj ΩZ/X [j] ⊗ SymOZ 
ΩZ/X [1] → · · · → Sym2 ΩZ/X [2] ⊗ SymOZ 

ΩZ/X [1]OZ OZ 

→ SymO 
1 

Z 
ΩZ/X [1] ⊗ SymOZ 

ΩZ/X [1] → SymOZ 
ΩZ/X [1] → OZ → 0. 

This is a free resolution since Z is a locally complete intersection, hence ΩZ/X is locally free. 
A local computation that confrms this is indeed a resolution is given in [97]. If we specify i 
to be the diagonal morphism of X, then we have a resolution of OX over OLX . Notice that 
the j-th term of the resolution P j has degree ≤ −j and it is generated by the degree −j 
component P− 

j
j . So Hom

i(P j , OZ ) = 0 for i < j [11, 2.1.2], as OZ is of degree 0. We also 
have Homi(P j , OZ ) = 0 for i > j since P− 

j
j is mapped to 0 and that P j is generated by the 

degree −j component. So we see that there are only degree j maps from P j to OZ , hence 

Ext ∗ (OZ , OZ ) = SymOZ 
Ω∨ [−2] = OT ∗ SymOZ 

ΩZ/X [1] Z/X X[2]. Z 

Specializing to the diagonal morphism we have TZ 
∗ X = T ∗X. The formal defnition of 

singular support is as follows: 

Defnition 5.1.1. [88] Given M in ModPerf(X)(Cat
perf ), the endomorphisms of M End(M)∞ 

is a module of the center of Perf(X), which is Coh(LX). The unit of the center acts as the 
unit of End(M), so an endomorphism of the unit of the center maps to an endomorphism 
of the unit of End(M). Taking cohomology, we have a map 

Ext ∗ (unitCoh(LX)) → Ext ∗ (unitEnd(M)). 

Now 
Ext ∗ (unitCoh(LX)) = Ext ∗ 

ΩX [1]
(OX , OX ) = SymOX 

Ω∨ [−2] = OT ∗X[2],SymOX 
X 

by Koszul duality, where the unit of Coh(LX) is OX the zero section given by the diagonal. 
Taking the support of Ext ∗ (unitEnd(M)) as a OT ∗X[2] module would be the singular support of 
M denoted by SS(M). SS(M) is a conic subset of T ∗X[2] because the fbers are graded. 

This is equivalent in saying that End(M) is a Coh(LX) module, where Coh(LX) is E2 

monoidal, and hence in the E1 sense, by Koszul duality, a Perf(T ∗X[2]) module, where 
Perf(T ∗X[2]) is E∞ monoidal [88]. They are however not in the E2 sense equivalent, 
as Coh(LX) would be equivalent to a deformation of Perf(T ∗X[2]), which we denote by 
Perfℏ(T ∗X[2]). We expect (but could not fnd a reference for) this Perfℏ(T ∗X[2]) to come 
from the P3-algebra structure given by the 2-shifted symplectic structure of T ∗X[2], which 
by Kontsevich formality [59][63] is equivalent to an E3-algebra structure. This means that we 
only consider the assignment of a category to an open set without considering the monoidal 
product, i.e. End(M) is a topological sheaf of categories over T ∗X[2] [88]. The support of 
this topological sheaf is precisely the singular support of M . 
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Remark 5.1.2. [88] QCoh(LX) is not equivalent to QCoh(T ∗X[2]) but rather a full sub-
category of it, those that have support at the zero section [6], QCoh(T ∗X[2]) is instead 
IndCoh(LX) and they are diferent because LX is singular. This is why we work with 
Perf(X) modules rather than QCoh(X) modules. 

We will now calculate the singular support of Perf(Z) where Z is a smooth subscheme 
of X. This module plays a similar role of the constant sheaf kN with stalks k on a closed 
submanifold N ⊂ M in the analogous case of sheaves on manifolds. We see that our defnition 
of singular support does satisfy our intuition of measuring the codirections where changes 
happen [56][2], in this case the conormal of Z in X [88]. 

Theorem 5.1.3. Suppose we have i : Z → X a closed immersion and both Z and X smooth. 
Then Perf(Z) is a Perf(X) module by i∗ . The singular support SS(Perf(Z)) is the conormal 
TZ 
∗ X. 

Proof. We have 
EndPerf(X)(Perf(Z)) = Coh(Z ×X Z), 

and that the cohomology of the structure sheaf 

H ∗ (OZ×X Z ) = SymOZ 
ΩZ/X [1] = ONZ X[−1], 

is the structure sheaf of the shifted normal NZ X[−1] by the work of Arinkin–Căldăraru [5]. 
By the calculation above Defnition 5.1.1, we see that the E2 page of the Ext Eilenberg–Moore 
spectral sequence [69][9]: 

Ep,q = Extp,q (H ∗ (M), H ∗ (N)) =⇒ Extp+q(M, N)2 H∗(A) A 

degenerates on the E2 page since E2 
p,q = 0 except when p = q. So we have 

Ext ∗ (OZ , OZ ) = Ext ∗ (OZ , OZ ) = SymOZ 
Ω∨ [−2] = OT ∗ OZ×XZ SymOZ 

ΩZ/X [1] Z/X Z X[2], 

where the second and last equality comes from the calculation above Defnition 5.1.1 and 
OT ∗ X[2] is the structure sheaf of the shifted conormal TZ 

∗ X[2]. And we see that the singular
Z 

support SS(Perf(Z)) is given by its conormal TZ 
∗ X. 

If in addition to i being a closed immersion, the normal bundle of Z extends to a vector 
bundle on the frst infnitesimal neighborhood of Z in X, then OZ×X Z is formal, and that the 
self intersection is SpecZ (SymOZ 

ΩZ/X [1]) the shifted normal [5]. The action is more explicit 
in this case, we view the shifted normal NZ X[−1] as LZ X/LZ, where LZ X is the loops of 
X based in Z and LZ is the loops of Z. LX acts naturally on LZ X/LZ by the composition 
of loops: 

LX ×X (LZ X/LZ) → LZ X/LZ, 
so we have 

Coh(LX) ⊗ Coh(LZ X/LZ) → Coh(LZ X/LZ) 
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by convolution, which gives Coh(LZ X/LZ) a Coh(LX)-module structure coming from 
the composition of loops. Using Koszul duality, we again see that the singular support 
SS(Perf(Z)) is given by the conormal TZ 

∗ X. 
When we are working with sheaves on a smooth manifold M , then there is a functor 

µhom [56], which is a sheaf on T ∗M , and its direct image under the projection map is the 
standard Hom [56]. Now suppose M, N are Perf(X) modules, then the center of Perf(X), 
Coh(LX) acts on Hom(M, N) as well. Hence Hom(M, N) is a topological sheaf of categories 
over T ∗X[2]. So the microlocal hom µhom(M, N) in our theory is just Hom(M, N) [88]. 
Now we prove some properties that are analogous to the case in smooth manifolds. 

Theorem 5.1.4. Suppose Ext ∗ (unitEnd(M)) and Ext ∗ (unitEnd(N)) are fnitely generated 
OT ∗X[2] modules. Then suppHom(M, N) ⊆ SS(M) ∩ SS(N). 

Proof. Any morphism from M to N can be considered as a composition of endomorphism 
of M and M to N or M to N and an endomorphism of N . So annihilating End(M) will 
annihilate Hom(M, N) and annihilating End(N) will annihilate Hom(M, N). 

Theorem 5.1.5. Suppose colimiMi is a fnite colimit in ModPerf(X)(Cat
perf ) and that∞[ 

Ext ∗ (unitEnd(Mi)) are fnitely generated. Then SS(colimiMi) ⊆ SS(Mi). 
i 

Proof. First we have End(colimiMi) = limiHom(Mi, colimiMi) as Perf(T ∗X[2])-modules in 
the E1 sense, hence a topological sheaf of categories over T ∗X[2]. The support of this sheaf is 
precisely the singular support of colimiMi. Now suppose we have an open U that is outside[ 
of SS(Mi). 

i 

For simplicity sake, let us denote Hom(Mi, colimiMi) by Ni. We have 

Perf(U) ⊗Perf(T ∗X[2]) limiNi = (QCoh(U) ⊗QCoh(T ∗X[2]) Ind(limiNi))
ω 

where (−)ω denotes taking compact objects. It sufces to show that the above is 
zero. Now QCoh(U) is dualizable as a QCoh(T ∗X[2])-module in PrL[12], so the functor 
QCoh(U) ⊗QCoh(T ∗X[2]) (−) preserves fnite limits and thus also preserves inclusions. Even 
though the functor Ind : Catperf → PrL does not preserve limits, we still have an inclusion∞ 

for fnite limits 
Ind(limiNi) → limiInd(Ni)

1 . 

L1The author thanks German Stefanich for pointing out that QCoh(U) is not dualizable in Prst,ω, which is 

equivalent to Catperf under Ind, and for mentioning that we still have an inclusion Ind(limiNi) → limiInd(Ni)∞ 
for fnite limits that is sufcient to run the argument. 
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So we have an inclusion 

QCoh(U) ⊗QCoh(T ∗X[2]) Ind(limiNi) → QCoh(U) ⊗QCoh(T ∗X[2]) limiInd(Ni) 

= limiQCoh(U) ⊗QCoh(T ∗X[2]) Ind(Ni) 

= limiInd(Perf(U) ⊗Perf(T ∗X[2]) Ni) 

= limiInd(0) 

= 0, 

where the second last line comes from suppNi ⊆ SS(Mi) by (the proof of) Theorem 
5.1.4. So we have the left hand side QCoh(U) ⊗QCoh(T ∗X[2]) Ind(limiNi) = 0 and hence 
Perf(U) ⊗Perf(T ∗X[2]) limiNi = 0. 

5.2 Abelian Gauge Theories and Fourier Transform 

Now that we have a basic understanding of singular supports of Perf(X) modules, we can 
now go back to Statement 1.1.1 with G = T abelian [91]: 

Statement 1.1.1. Pure topological gauge theory in 3 dimensions for a compact abelian Lie 
∗T ∨group T is equivalent to the Rozansky-Witten theory for T C . 

This statement relating the category of T -categories and the category of boundary con-
∗T ∨ditions of T can be seen as a Fourier transform [91][33]. We will go over this statement C 

in the simplest case of G = S1 but the argument for general T is the same. First we will 
need the defnition of the Cartier dual of an afne commutative k-group scheme G. 

Defnition 5.2.1. [26][34][7] For an afne commutative k-group scheme G, the Cartier dual 
of G is given by 

G∨ = Hom(G, Gm), 

where the Hom is the internal Hom. Notice here we use the same notation G∨ for both the 
Langlands dual group of G and the Cartier dual of G. But since the Langlands dual group 
is only used in Statement 1.1.1 and from now on we only care about the abelian version of 
Statement 1.1.1, we will only mean the Cartier dual of G after this. 

Example 5.2.2. [33][35, Appendix A] The Cartier dual of Z is Gm and the Cartier dual of 
Gm is Z. 

We will now state a Fourier transform theorem. 

Theorem 5.2.3. [7] Let G be an afne commutative k-group scheme. Then the Fourier– 
Mukai transform 

QCoh(G) → QCoh(BG∨) 

induced by the pairing G×BG∨ → BGm is an equivalence. Furthermore, this functor is sym-
metric monoidal taking convolution in QCoh(G) to the usual tensor product in QCoh(BG∨). 
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Applying this result to G = Gm and G∨ = Z, we obtain a Fourier–Mukai equivalence of 
QCoh(Gm) and QCoh(BZ). Now topologically we know that BZ ≃ S1 , and so QCoh(BZ) 
is the local systems on S1 [33]. The equivalence exchanges the convolution product of 
QCoh(Gm) with the usual tensor product of QCoh(BZ). QCoh(Gm) is just vector spaces 
along with an invertible operator, and the convolution product is just tensor product over 
k, with the operator now being the tensor of operators [33]. Now QCoh(BZ) the category 
of local systems on S1 is given by the monodromy, i.e. a Z representation, and the tensor of 
operators in QCoh(Gm) precisely corresponds to the tensor of representations [33]. 
However, if we want topological S1-categories, meaning that the S1 action is continuous, 

we are looking at modules over QCoh(BZ) with the convolution product not the usual tensor 
product [33]. What we want instead is an equivalence that exchanges the usual tensor 
product in QCoh(Gm) and the convolution product in QCoh(BZ). This is not proven in full 
generality with arbitrary G and BG∨ [7], but since we are only concerning Gn

m and BΛ or 
rather Gm and BZ, this is known for example in [41], where the convolution in QCoh(BZ) 
corresponds to the tensor product over k[x, x−1], i.e. identifying the operators on either 
entry. What we have now instead is the symmetric monoidal equivalence of QCoh(Gm) 
with the usual tensor product and QCoh(BZ) with the convolution product. So we have 
the equivalence of Mod(QCoh(BZ),∗)(PrstL ) and Mod(QCoh(Gm),⊗)(PrstL ) [33]. Now the former 
are stable presentable categories with a topological S1 action, as QCoh(BZ) is the category 
of local systems on S1 , any contractible subset of S1 trivializes the fbers, and hence also 
trivializes the action. The latter is just the quasicoherent sheaves of categories on Gm since 
Gm is 1-afne [33]. 
The idea is that sheaves of categories (or modules over categories of sheaves) should have 

a notion of singular support and hence these sheaves of categories have support on T ∗Gm. So 
the picture outlined in Section 4.3 is more or less seen by the Fourier transform construction. 
However, in light of Remark 5.1.2, we see that we should be considering Perf(Gm) modules 
in Catperf . We would want a Fourier transform for small categories that relates Coh(BZ)∞ 

with its convolution product with Perf(Gm) with its usual tensor product. However, this is 
not true, Coh(BZ) is equivalent to a subcategory of Perf(Gm) [35, Appendix A]. One can 
think of Coh(BZ) as coherent local systems on S1 , and the monodromy can be decomposed 
into Jordan blocks, with fnite number of eigenvalues, which corresponds to fnite support 
in Gm. Now any modules over Perf(Gm) will be a module over its subcategory so for these 
modules we can still have our notion of singular support on T ∗Gm. However this means that 
our story is only a part of this story as the inclusion is only one way. 
Now even if we discard any functional analytic issues about large and small categories, 

there is still one issue. Namely the singular support in T ∗Gm is conic, since the singular 
support lives in T ∗Gm[2], with graded fbers. This means that we do not have graphs as 
our singular support, and there will not be any Lagrangians that do not intersect the zero 
section yet intersect with the conormal at 1, which we did outline a construction on the other 
side in Section 4.3. This shows that this Fourier transform picture is not complete and only 
captures part of the story. 
Let us turn our eyes back to the classical picture of topological spaces and topological 
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group actions. Given a space with a continuous group action G, there are spaces that are 
homotopy equivalent but not G-equivariant homotopy equivalent. A notable example would 
be a point and the contractible space EG. The true homotopy theory, or rather genuine 
homotopy theory would be considering G-equivariant continuous maps between G-spaces 
and G-equivariant homotopies between such maps. Elmendorf’s theorem [38] states that 
the genuine homotopy theory of spaces is equivalent to the homotopy theory of diagrams of 
fxed point spaces. To state this theorem formally, we frst go over the defnition of an orbit 
category. We follow the treatment in [31]. 

Defnition 5.2.4. The orbit category OG of a topological group G is a category with objects 
being G/H where H is a closed subgroup of G and morphisms being G-equivariant maps. 

Now given any G-space X, we have a presheaf on OG that values in the category of 
topological spaces Top, by taking the fxed point space of a closed subgroup H XH on the 
point G/H: 

X 7→ (X(−) : G/H 7→ XH ). 

We call this functor F . The category of Top-valued presheaves on OG Pshv(OG, Top) has a 
projective model structure with pointwise weak equivalences and fbrations [31]. The functor 
F above is a Quillen equivalence, with the left adjoint being the assignment to G/e, where 
e is the identity of the group G [38][89][31]. 

Theorem 5.2.5. [38][70, Chapter VI][77][89][31] The functor F induces an equivalence of 
(∞, 1)-categories between GTop the category of G-spaces and Pshv(OG, Top), where the weak 
equivalences for both categories are specifed by a family of subgroups of G. 

So learning from this classical Elmendorf’s theorem, we would be tempted to think some-
thing similar might be happening in our case: that instead of considering G-categories, we 
should be considering diagrams of G-categories, perhaps diagrams of fxed point categories. 
This statement is true and proven in [45] with the assumption that G is a fnite simplicial 
group and the category of G objects in a locally fnitely presentable, cofbrantly generated 
simplicial category (see Assumptions 5.8 in [45] to see the full list of assumptions). This is 
also true if we consider ordinary categories (not (∞, 1)-categories) with G being a discrete 
group, proven in [85]. The closest result that suits our purposes is the one in [89], in which 
Stephan proved an Elmendorf theorem for G a compact Lie group and the category of G-
objects in a cofbrantly generated topological model category, with the condition that the 
family of subgroups considered satisfes some cellularity conditions. 
To see why these results are relevant to us, frst of all we note that both simplicial 

categories, i.e. categories that are enriched over simplicial sets, and topological categories are 
models of (∞, 1)-categories [67]. Secondly, we see that some assumptions are of no issue to us 
(or are close to that). Model categories that are locally presented and cofbrantly generated 
are combinatorial model categories and are equivalent to presentable (∞, 1)-categories [76], 
and since we are working in the environment Catperf which is presentable, we satisfy one∞ 

of the assumption for [89] (though not [45] since the assumption requires locally fnitely 
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presentable). So we have some idea on how to enlarge our story on the side of G-categories, 
namely by considering diagrams of fxed point categories. On the other side, in the case of 
G = S1 , we would want to consider objects that have nonconic support in T ∗Gm, especially 
having supports that do intersect the conormal at 1 with no intersection with the zero section. 
In the next section, we extend the theory and construct many objects with nonconic support 
in T ∗Gm. 
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Chapter 6 

Sheaves of Categories on X × A1: the 
Nonconic Story 

6.1 Tamarkin’s Trick 

We will now use the conic theory of Section 5 to model nonconic objects by using Tamarkin’s 
trick [90] (though this technique has appeared in the complex case earlier in [78]) and consider 
sheaves of categories on X ×A1 instead of X. An introduction to this technique in symplectic 
geometry can be found in [61]. Suppose we are given an exact Lagrangian in T ∗X with 
λ|L = df for some function f where λ is the canonical 1-form. Then we can construct a conic 
Lagrangian in T ∗(X × A1) by scaling the cofbers of (l, f(l), 1): 

Cone(L) = {(x, f(x, ξ), c · ξ, c · 1) ∈ T ∗ (X × A1) : (x, ξ) ∈ L, c ∈ k}. 

There is an action on T ∗(X × A1) by A1 given by translation of the A1 base coordinate, 
which corresponds to diferent choices of f , since the choice of f is up to a constant. This 
action is Hamiltonian, with moment map µ : T ∗(X × A1) → (A1)∨ given by 

µ(x, y, ξ, τ) = τ, 

the projection to the T ∗A1 cofber. The symplectic reduction µ−1(1∨)/A1 will give us back 
the exact Lagrangian in T ∗X. To micmic this construction, we defne the category Cpre(X) 
as follows: 

Defnition 6.1.1. 

Cpre(X) = ModPerf(X×A1)(Cat
perf 
∞ )/{M ∈ ModPerf(X×A1)(Cat

perf ) : SS(M) ⊂ {τ = 0}},∞ 

where T ∗(X × A1) is given by (x, y, ξ, τ) with latin alphabets indicating base coordinates and 
greek alphabets indicating fber coordinates. 
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Defnition 6.1.2. We defne the map 

ρ : T ∗ X × Tτ 
∗
̸ A1 → T ∗ X, (x, ξ, y, τ ) 7→ (x, 

ξ 
).=0 τ 

The microsupport of a module M where SS(M) is not contained in {τ = 0} would then be 
µsupp(M) = ρ(SS(M) ∩ {τ ̸= 0}). Note that in our context microsupport µsupp(M) refers 
to the nonconic support in T ∗X and singular support SS(M) refers to the conic support in 
T ∗(X × A1). 

Defnitions 6.1.1 and 6.1.2 are similar to the case in symplectic geometry, except the 
condition τ > 0 is replaced by τ ̸= 0 [90][49][61]. 

Remark 6.1.3. The defnition of Cpre(X) in Defnition 6.1.1 corresponds to the construction 
of µ−1(1∨) earlier. Recall that our singular support SS(M) belongs to T ∗(X × A1)[2] instead 
of T ∗(X × A1), so the fbers are graded and hence it is impossible for us to impose the 
condition τ = 1. Instead what we do is to require that τ ≠ 0. 

What we are doing here is microlocalizing away from τ = 0, which parallels the construc-
tion in [14], where Ben-Zvi and Nadler work in large categories instead of small categories. 
They frst construct a periodic base 

A = 2IndCoh(Ga)/2QCoh(Ga) 

which is symmetric monoidal with convolution given by the group structure of Ga, where 
2IndCoh is the ind-coherent sheaves of categories. Then they defne a periodization 

2IndCohπ(X) = 2IndCoh(X) ⊗A, 

as an A module. The authors explained that A is the microlocalization away from the zero 
section in T ∗Ga, and 2IndCohπ(X) is the parallel microlocalization of 2IndCoh(X × Ga), 
which is exactly what we are doing here modulo the fact that 2IndCoh is diferent from 
modules of IndCoh with most objects not being able to be recovered from global sections 
and the size diference of categories we are working with. 
Here we frst provide an example of a Perf(X × A1) that is quotiented out: 

Example 6.1.4. (Non-example): Suppose we have a closed immersion Z → X, with both 
Z and X smooth. We consider Perf(Z × A1) as a Perf(X × A1) module. Then by Theorem 
5.1.3, SS(Perf(Z × A1)) is TZ 

∗
×A1 (X × A1), and we see that the conormal directions are 

entirely in the cofber directions of T ∗X and hence entirely lie in {τ = 0}. 

Now we will see that we recover Theorem 5.1.3 in our construction: 

Example 6.1.5. Again we are given Z → X a closed immersion, with both Z and X smooth. 
We consider the module Perf(Z) ⊠ Perf(0). 

indp1 Perf(Z) = Perf(X × A1) ⊗Perf(X) Perf(Z) = Perf((X × A1) ×X Z) = Perf(Z × A1) 
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and 

indp2 Perf(0) = Perf(X × A1) ⊗Perf(A1) Perf(0) = Perf((X × A1) ×A1 0) = Perf(X × 0). 

So 

Perf(Z) ⊠ Perf(0) = Perf(Z × A1) ⊗ Perf(X × 0)) 

= Perf((Z × A1) ×X×A1 (X × 0)) 

= Perf(Z × 0). 

The singular support of Perf(Z) ⊠ Perf(0) is then the conormal of Z × 0 in X × A1 which 
gives us µsupp the conormal TZ 

∗ X. 

We will now go over some examples that will give nonconic microsupport: 

Example 6.1.6. Suppose X = An . Consider Z = {y + f(x) = 0} ⊂ An+1 , with f a 
polynomial. Then the singular support of Perf(Z) is the conormal 

∂f {(xi, −f(x), c , c) : xi, c ∈ A1} ⊂ T ∗ (An+1). 
∂xi 

So µsuppPerf(Z) is Γdf , the graph of df . 

Example 6.1.7. Now suppose X = Gm. And similarly consider Z = {y + f(x) = 0} ⊂ 
Gm × A, with f a polynomial. Then the singular support of Perf(Z) is the conormal 

df {(x, −f(x), c , c) : x ∈ Gm, c ∈ A} ⊂ T ∗ (Gm × A1). 
dx 

n+1x 1 dx 
So µsuppPerf(Z) is Γdf . Specializing f = gives xndz and f = − gives . 

xn+1n + 1 nxn 

In particular, we have constructed Lagrangians that do not intersect with the zero section, 
but intersects with the conormal at 1, which under Statement 1.1.1, corresponds to trivial 
categories that have nontrivial fxed point categories, which means we have trivial categories 
with nontrivial S1 action. 

Remark 6.1.8. Notice that the diferential dx/x is not exact, so one cannot obtain it this 
way. If we are working algebraically, we would not be able to obtain it locally as well, since 
kahler diferentials are not locally exact. 

Example 6.1.9. Now suppose N = {f1 = · · · = fm = 0} a smooth subvariety of An . Then 
the conormal of N 

T ∗ An = {(x, ξ) : f1(x) = · · · = fm(x) = 0, ξ = ξ1(df1)x + · · · + ξm(dfm)x}.N 

Suppose α ∈ Ω1(N). Then 

α + T ∗ An = {(x, ξ) : f1(x) = · · · = fm(x) = 0, ξ = ξ1(df1)x + · · · + ξm(dfm)x + αx}.N 
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When α is closed, this is a Lagrangian. When α is exact, the Lagrangian is exact [86]. So 
suppose g ∈ k[x1, . . . , xn]/(f1, . . . , fm) a function on N . Then 

AnL = dg + T ∗ = {(x, ξ) : f1(x) = · · · = fm(x) = 0, ξ = ξ1(df1)x + · · · + ξm(dfm)x + (dg)x},N 

is an exact Lagrangian, where λ|L = dg. Here we also use g to denote the map from L to k, 
given by (x, ξ) 7→ g(x). The choice of lift of g in k[x1, . . . , xn] does not matter, since the dfi 
terms is included in the previous terms. We now consider Z = {y + g(x) = f1(x) = · · · = 
fm(x) = 0} which is smooth in An+1 . The singular support of Perf(Z) is the conormal 

{(x, −g(x), cξ1df1 + · · · + cξmdfm + cdg, cdy) : c, ξi ∈ A1, f1(x) = · · · = fm(x) = 0}. 

The µsupp of Perf(Z) will then be L. This construction also works in Gn
m where the g and 

fi’s are Laurent polynomials. 

All of these can be generalized to where X is smooth scheme. We defne objects 

Cf = Perf(y + f = 0) 

where f : X → A1 as in Example 6.6, and so SS(Cf ) would then be the conormal of 
{y + f = 0}: 

SS(Cf ) = {(x, −f(x), c · df, c)}, 

and hence the microsupport µsupp(Cf ) = Γdf , the graph of df . 
To model Rozansky–Witten theory, the Hom of such objects are expected to be the 

matrix factorizations, with support at the intersection of the graphs of df and dg [54]. 

Theorem 6.1.10. 
HomCpre(X)(Cf , Cg) = Coh(X0)/Perf(X0), 

where X0 = X ×A1 0, the fber at 0. 

Proof. We have 

HomPerf(X×A1)(Cf , Cg) = Coh({y + f = 0} ×X×A1 {y + g = 0}). 

Working locally by taking open afne U = SpecA, 

{y + f = 0} ×U×A1 {y + g = 0} = Spec(A[y]/(y + f) ⊗A[y] A/(y + g))�� � � 
A[y, η], 

= Spec ⊗A[y] A[y]/(y + g)|η| = −1, dη = y + f� � 
A[η], |η| = −1, 

= Spec 
dη = f − g 

= SpecA ×A1 0. 
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So we see that 
HomPerf(X×A1)(Cf , Cg) = Coh(X0). 

Now the Hom in Cpre(X) is the restriction of the topological sheaf HomPerf(X×A1) to 
{τ ̸= 0}, i.e. away from the zero section of the (A1)∨ direction. By [50, Proposition 4.2] 
and [6, Appendix H], we see that formally inverting τ corresponds to quotienting the objects 
that have support on the zero section, and this gives the category of singularities of X0, i.e. 

HomCpre(X)(Cf , Cg) = Perf({τ ≠ 0}) ⊗Perf(T ∗(X×A1)[2]) Coh(X0) = Coh(X0)/Perf(X0). 

Remark 6.1.11. We can also see that L0A1 the based loops of A1 at 0 acts on X0 by loop 
composition and loop addition and both are equivalent by the Eckmann–Hilton argument [80]. 
This addition passes through the equivalence of X0 and {y + f(x) = 0} ×X×A1 {y + g(x) = 
0}, one by the η coordinate and one by the y coordinate. The τ action that comes from 
LA1 is equivalent to the loop addition mentioned and inverting τ would give the category of 
singularities [80]. 

Similarly we can consider the objects as in Example 6.1.9 

Cf,Z = Perf(y + f = 0, Z smooth subscheme), 

with µsupp(Cf,Z ) = df + TZ 
∗ X. 

Theorem 6.1.12. 

HomCpre(X)(Cf,Y , Cg,Z ) = Coh((Y ×X Z)0)/Perf(Y ×X Z)0), 

the category of singularities of the fber Y ×X Z → A1 at 0. 

Proof. We have a similar calculation: 

HomPerf(X×A1)(Cf,Y , Cg,Z ) = Coh({y + f = 0 in Y } ×X×A1 {y + g = 0 in Z}). 

Working locally on U = SpecA, such that Y and Z are locally given by IY and IZ respectively 
and that fi generates IY , we have 

{y + f = 0 in Y × A1} ×X×A1 {y + g = 0 in Z × A1} 
= Spec(A[y]/(IY , y + f) ⊗A[y] A[y]/(IZ , y + g))�� � � 

A[y, ϵi, η], = Spec ⊗A[y] A[y]/(IZ , y + g)|ϵi| = |η| = −1, dϵi = fi, dη = y + f� � 
(A/IZ )[ϵi, η], |ϵi| = |η| = −1, 

= Spec 
dϵi = fi, dη = f − g 

= Spec(A/IY ⊗A A/IZ ) ×A1 0. 
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So we see that 
HomPerf(X×A1)(Cf,Y , Cg,Z ) = Coh((Y ×X Z)0), 

where the map f − g are given by Y ×X Z → Y − 
f 

and Y ×X Z → Z →g A1 . Again, we → A1 − 
have 

HomCpre(X)(Cf,Y , Cg,Z ) = Coh((Y ×X Z)0)/Perf(Y ×X Z)0), 

the category of singularities of the fber. 

Remark 6.1.13. By Theorem 5.1.7, we see that 

suppHomCpre(X)(Cf , Cg) ⊆ SS(Cf ) ∩ SS(Cg) ∩ {τ ≠ 0} 
= {(x, −f(x), c · df, c) : f(x) = g(x), df = dg, c ≠ 0}. 

This is not quite right. The additional condition of f = g is due to the fact that given a 
Lagrangian, there is an A1 worth of choices of functions f : L → k, each difer one another 
by a shift. Up until now, we have not identifed objects that difer by translation, i.e. we 
have not quotiented out the A1 action. 

We frst defne the map 

Ts : X × A1 → X × A1 , (x, y) 7→ (x, y + s), 

with s closed point of A1 . 

Defnition 6.1.14. We defne C(X) with objects Cf,Z and their fnite colimits. The µsupp 
of these objects give df + TZ 

∗ X. When f = 0, this gives the conormal TZ 
∗ X and when Z = X, 

this gives the graph Γdf . 
We defne the Hom’s in C(X) to be M 

HomC(X)(M, N) = HomCpre(X)(M, resTs N). 
s∈k 

If F ∈ HomCpre(X)(M, resTa N) and G ∈ HomCpre(X)(N, resTb L) then we GF = resTa (G)F ∈ 
HomCpre(X)(M, resTa+b L). This construction is known as orbit categories in [57][40], skew 
categories in [28] and SC in [27]. 

Remark 6.1.15. Since A1 acts on X × A1 by translation, we have an action 

Cohc(A1) ⊗ Perf(X × A1) → Perf(X × A1), 

and hence also an action its modules, where Cohc(A1) is the category of coherent sheaves on 
A1 with fnite support with convolution as its monoidal product. A larger part of the story 
should be described by the coinvariants construction [91] given by 

Cpre(X) ⊗Cohc(A1) f.d. Vect. 
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We should really think C(X) as a subcategory of the coinvariants, and the Hom construction 
above given by direct sum which is really a colimit would then be the Hom in the coinvariants 
restricted to the objects mentioned above. In [14], instead of working with coinvariants and 
modding out the action, Ben-Zvi and Nadler remembers the Ga action by working with the 
periodization as a module of the periodic base with the convolution symmetric monoidal 
structure. 

Lemma 6.1.16. [40][27][28] The objects resTs M are isomorphic in C(X). 

Proof. Let Dpre(X) to be the full subcategory of Cpre(X) generated by objects Cf,Z and their 
fnite colimits. We have a canonical map Q : Dpre(X) → C(X) by sending objects to objects, 
and M 

f ∈ HomCpre(X)(M, N) ⊆ HomCpre(X)(M, resTs N). 
s∈k 

Consider 

IdM,Cpre(X) ∈ HomCpre(X)(M, M) = HomCpre(X)(M, resT−a resTa M) ⊆ HomC(X)(M, resTa M), 

and 
IdresTa M,Cpre(X) ∈ HomCpre(X)(resTa M, resTa M) ⊆ HomC(X)(resTa M, M). 

Then we see that 

IdresTa M,Cpre(X)IdM,Cpre(X) = resT−a (IdresTa M,Cpre(X))IdM,Cpre(X) 

= IdM,Cpre(X) ∈ HomCpre(X)(M, M), 

which is IdM,C(X) ∈ HomC(X)(M, M). Similarly we have 

IdM,Cpre(X)IdresTa M,Cpre(X) = IdresTa M,Cpre(X) = IdresTa M,C(X) ∈ HomC(X)(resTa M, resTa M). 

Now we revisit Theorem 6.1.10 and Remark 6.1.12 and see that the Hom between Cf 

and Cg are given by the (augmented) category of matrix factorizations. 

Theorem 6.1.17. HomC(X)(Cf , Cg) = MF(X, g − f). 

Proof. Using the defnition of Hom in C(X), we have M 
HomC(X)(Cf , Cg) = HomCpre(X)(Cf , resTs Cg) 

s∈kM 
= HomCpre(X)(Cf , Cg−s) 

s∈kM 
= Coh(Xs)/Perf(Xs) 

s∈k 

= MF(X, g − f), 

where Xs is the fber of g − f at s. 
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Theorem 6.1.18. ρ(suppHomC(X)(Cf , Cg) ∩ {τ ≠ 0}) ⊆ Γdf ∩ Γdg. 

Proof. [ 
suppHomC(X)(Cf , Cg) ∩ {τ ̸= 0} = suppHomCpre(X)(Cf , Cg−s) ∩ {τ ̸= 0} 

s∈k[ 
⊆ SS(Cf ) ∩ SS(Cg−s) ∩ {τ ≠ 0} 

s∈k 

= {(x, y, cdf, c) : df = dg, c ≠ 0}. 

So ρ(suppHomC(X)(Cf , Cg) ∩ {τ ≠ 0}) ⊆ Γdf ∩ Γdg. 

We also calculate the Hom between the general objects of C(X) and see that they are 
given again by augmented matrix factorizations. 

Theorem 6.1.19. HomC(X)(Cf,Y , Cg,Z ) = MF(Y ×X Z, g − f). 

Proof. By the same calculation of Theorem 6.1.17 and Theorem 6.1.12. 

Remark 6.1.20. When Y ×X Z is not regular, the Hom is not the category of B-branes of 
Kontsevich [74]. 

6.2 The Case of X = pt 

Now we look at the case where X = pt. C(pt) is generated by the objects Perf(y = c) which 
we will abbreviate as Perf(c). Let U = Perf(k[u, u−1]), which is the 2-periodization of vector 
spaces. We have the following theorem: 

Theorem 6.2.1. C(pt) = (U-mod)ω , the compact objects of U-mod. 

Proof. We defne a functor from the category U-mod to C(pt) by the map 

U 7→ Perf(0). 

We defne the functor from C(pt) to U-mod by the map 

M 7→ HomC(pt)(Perf(0),M). 

This map is well defned by the following: 

HomC(pt)(Perf(0), Perf(c))M 
= HomCpre(X)(Perf(0), Perf(c + s))M 
= Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) HomPerf(A1)(Perf(0), Perf(c + s))M 
= Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) Coh({0} ×A1 {c + s}) 

= Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) Coh({0} ×A1 {0}) 
= Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) Coh(k[η]), |η| = −1 
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By Koszul duality, we have 

Coh(k[η]) = Perf(k[u]), |u| = 2, 

with duality exchanging the convolution in Coh(k[η]) and the usual tensor product in 
Perf(k[u]), and that the convolution monoidal unit k[η]/(η) corresponds to the tensor 
monoidal unit k[u]. So we have 

HomC(pt)(Perf(0), Perf(c)) = Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) Perf(k[u]) 

by Koszul duality, and this is equivalent to 

Perf(k[x, u, u −1]) ⊗Perf(k[x,u]) Perf(k[u]) = Perf(k[u, u −1]). 

Composing these functors we see that these two categories are equivalent. 
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and K-theory of afne Grassmannians and Toda lattices”. In: Compositio Mathematica 
141.3 (2005), pp. 746–768. doi: 10.1112/S0010437X04001228. 

[18] Anthony Blanc et al. “Motivic Realizations of Singularity Categories and Vanishing 
´ Cycles”. In: Journal de l’Ecole Polytechnique 5 (2018), pp. 651–747. 

[19] Jonathan Block. “Duality and equivalence of module categories in noncommutative 
geometry”. In: A celebration of the mathematical legacy of Raoul Bott. Vol. 50. CRM 
Proc. Lecture Notes. Providence, RI: Amer. Math. Soc., 2010, pp. 311–339. 

[20] Andrew J Blumberg, David Gepner, and Gonçalo Tabuada. “A universal characteriza-
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