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CONSWMER'S SURPLUS WITHOUT APOLOGY: ANOTHER COMMENTT

In his 1973 and 1976 papers, Robert Willig provided an ingenious analygis
of the relaticnship betwsen the Marshallian measure of consumer's surplus and
the concepts of compensating and egquivalent variation which has found widespread
application. In this comment I shall show that his analysis can produce anoma-
lous results in certain cases. An investigation of these anomalies reveals
that Willig's methodology is valid only over certain subsets of price~income
space, a restriction which has not previcusly been emphasized. George McKenzie
recently criticized the validity of Willig's approximation procedures. In
order to stress that this is not an issue here, I focus on cases where Willig's
methodology yields exact results rather than upper and lower bounds or

approximations.
1. The Anomalies

Suppose that a consumer behaves as though he were choosing his consumption
bugdle, X = (xl, sy XN), sg as to maximize a strictly gquasi-concave ordinal
utility function, u{z), subject to a budget constraint. Since I shall focus on
changes in the price of good 1, I write the price vector as p = (pl, ?) where
p= (pz, ceas pN). I denote the ordinary demand functions by hi(Pl,

s, m) where m is the consumer's income, the income elasticities of demand by

b=l

ni’ the indirect utility function by V(pl, p, m), and the compansated demand

functions by gl(pl, P, u). Suppose that the price of good 1 changasfromp? to

pi while other prices and income stay constant at (E, mo). Accordingly, the
consumption of good 1 changes from xi = hl(pg, 5, mo) to xi = hl(pi, 5, mD).

The effect ¢f this change on the consumer's welfare can be measured in terms of



the compensating or equivalent variations; for convenience, I focus on the

¢

former defined by

1
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where ue = v(pi, 5, mO). The Marshallian consumer's surplus measure is
1
Py
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Let c = C/mQ and a = A/mo. In his 1976 paper Willig proves that, if Ny is

constant over the relevant range,

1

lwnl
(2a) 1+ (1-np)al = -

1, if
(2b) e’ - 1, 1f 0 = 1.

One might wish te apply this result to the ordinary demand function

l —_ -
(3) h (pl, p, m) = apla ' a, B, n >0

where o = a(E), say. Suppoese, alterpatively, that the ordinary demand function

tock the form
l -
(4) h'(p;s p, ™) = a - Bpl +ym B,y > 0.

In that case one could apply Theorem 3, Corollary 2, of Willig's 1973 paper to

obtain
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As another alternative, suppose that the demand function took the semilog form

1 » 'Bpl-l'Ym
(6) h (pla Ps m} = ge Qa, E’s Yy » 0.
By imitating Willig's approach and solving the relevant ordinary differential

equation for the income compensation function, one obtains

. Y. 1 _ 0
Cc = in L g (XI xl) + {l
(73
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Now for the anomaly. Although it has not been mentioned up to how, there
is an upper bound on the magnitude of C which holds regardless of the form of

the demand function. This bound is

0,1 O
< ¥ -~ .
(8) ¢ <x (]~ B
The quantity on the right-hand side of (8) is obviously the maxinum compensation
which would be required for a price increase since, with this additional in-
come, the consumer could afford to purchase his original bundle of goods and
thus enjoy the same level of welfare as before the price change. However, none

of the three formulas for C given above-—{2), {(5), or (J)--necessarily satisfy

this bound. In each case one can concoct numerical examples where the bound

is violated. For the demand function (3), assume that ¢ = m = 1, 8 = 1.5,

pg = {3.25, and p} = 0.5; for values of nn > 0.9, C > 2, which is the value of




the bound in this case. Similarly, for the demand function (4}, assume that
¢=8=v=m= 1 and p? = (,5; for all pi > pg, the bound is execeeded. Finally,
for the demand function (6), assume that a =7y =m= 1, B = (0.5, pg = 1, and

pi = 1.5; then C = 1.307 while the value of the bound is 0.824. Thus, for each

of these common demand functions, onme can produce examples where Willig's

formulas vield absurd results.
1. The Explanation

The key to Willig's methodelogy is the system of partial differential

egquations

o o
(9) a”PIE;p’ 220t o, ueelp?, a1 i=1, ., w
i

with the boundary condition

u(polpo, 2%y = o0

where p{p]po, mQ) is the income compensation function, and C = u(pl) - n(po).
R + . 1
let ¢ = [Gij} be the Slutsky-Hicks substitution matrix where dij = h; e Xj h;.

Hurwicz and Uzawa prove (their Lemma 1) that, if the functions hl(*) are single

vaiued, poséess a differential,and satisfy a smoothness condition, and if

(10) Oi} = Gji all i, 3,
then the system (9) ig uniquely integrable. Hurwicz [p. 1771 refers to this as

f

"mathematical integrability,” which he distinguishes from "economic integrability,”

by which he means that the urility function implied by the income compensation
function is quasi-concave and has convex indifference surfaces. Hurwicz and

Uzawa show {(their Lemma 8 and Theorewm 4) tharc 1f, in addition to the abovae



conditions, the demand functions satisfy a budget equation
i
tp, b" (p, m) = m

and the substitution matrix is negative semidefinite, which implies that

(11) G..=h +x, hb <0 i=1, ..., N,
1 i i wmo o

then a single~valued, monotone, and quasi-concave utility function can be con~
structed from the income compensation function.

In the present context, where only one price changes and (9) becomes an
ordinary differential equation, the symmetry condition (10) is not an issue.
However, the nega?ive semidefiniteness condition (11) is still relevant. 1f it
does not hold over the relevant range, the underlying utility function is not
quagi~concave, and, since Gii = gi, application of the integral mean value
theorem to {1} shows that the bound in {(8) cannot he satisfied. TIf (11) is
violated over only part of the relevant range, the bound in (8) may or may not
be satisfied. But, irrespecrive of whether (8) happens to hold, I would regard
the estimate of C as invalid because indifference surfaces are pot convex over
the whole range. Thus, the key test is satisfaction of (11) rather thac (8).
For the ordinary demand functiom (3), (11) is satisfied if (pi xl/mg) < B/

over the relevant range; for the demand functioms (4) and (6), the condition is

that xl_i B/y. All of the numerical examples given above violate these condi-

tions--the first two over part of the range and the third over the entire range.



Footnotes
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1Subscripts denote partial derivatives; thus, h; = Bhl/Bpj and h; = 3h'/3m.






