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I n  h i s  1973 and 1976 papers ,  Robert K i l l i g  provided an ingenious a n a l y s i s  

of t h e  r e l a t i o n s h i p  brcdeen t h e  Narsha l l i an  measure of consuner 's  su rp lus  and 

t h e  concepts  of  compensating and equ iva len t  v a r i a t i o n  which has  found widespread 

a p p l i c a t i o n .  I n  t h i s  c o m e n t  I s h a l l  show t h a t  h i s  a n a l y s i s  can produce anoma- 

lous  r e s u l t s  i n  c e r t a i n  cases .  An i n v e s t i g a t i o n  of t hese  anomalies r evea l s  

t h a t  W i l l i g ' s  methodology is v a l i d  only over  c e r t a i n  s u b s e t s  of price-incone 

space,  a r e s t r i c t i o n  which has not  previous ly  been emphasized. George McKenzie 

r e c e n t l y  c r i t i c i z e d  t h e  v a l i d i t y  of W i l l i g ' s  approximation procedures.  I n  

o r d e r  t o  stress t h a t  t h i s  i s  n o t  an i s s u e  he re ,  I focus on cases  where W i l l i g ' s  

methodology y i e l d s  exac t  r e s u l t s  r a t h e r  than upper and lower bounds o r  

approximations. 

I. The Anomalies 

Suppose t h a t  a consuner behaves a s  though he were choosing h i s  consumption 

bundle, x = (x ..., %), SO a s  t o  maximize a s t r i c t l y  quasi-concave o r d i n a l  

u t i l i t y  f u n c t i o n ,  u (x ) ,  s u b j e c t  t o  a budget c o n s t r a i n t .  Since I s h a l l  focus on 

changes i n  the  p r i c e  of good 1, I w r i t e  t h e  p r i c e  v e c t o r  a s  p = (pI, 5) where 

- i 
p = (p2, ..., pN). I denote t h e  o rd ina ry  demand func t ions  by h (pl, 

- 
p , mf where m is t h e  consumer's income, t h e  income e l a s t i c i t i e s  of demand by 

'ii, t h e  i n d i r e c t  u t i l i t y  func t ion  by v(p  6, m), and the  compensated demand I' 
i - 

func t ions  by g (pl, p, u) .  Suppose t h a t  t h e  p r i c e  of good 1 changes £romp0 t o  
1 

1 0 
p wh i l e  o t h e r  p r i c e s  and incone s t a y  cons tant  a t  (p, m ) .  Accordingly, the  
I 

0 1 0 -  0 1 1 1 -  0 
consumption of good 1 changes from x = h (pl, p. m ) t o  xl = h (pl, p ,  m ). 1 

The e f f e c t  of t h i s  change on the  consumer's we l fa re  can be measured i n  t e r a s  of 



t h e  conpensat ing o r  equ iva len t  va r i a t io i i s ;  f o r  convenience, I focus on the  

former def ined  by 

0 0 -  0 
where u = v(pl, p, m ). The Flarshal l ian consumer's s u r p l u s  measure is 

0 0 
Let c = C/n and a = A/m . I n  h i s  1976 paper W i l l i g  proves t h a t ,  i f  q i s  

1 

cons tan t  over  t h e  r e l e v a n t  range, 

One might wish t o  apply t h i s  r e s u l t  t o  t h e  o rd ina ry  demand func t ion  

where a = ci(p), say.  Suppose, a l t e r n a t i v e l y ,  t h a t  t h e  ord inary  demand func t ion  

took t h e  form 

I n  t h a t  case one could apply Theoren 3, Corol la ry  2 ,  of V i l l i g ' s  1973 paper t o  

o b t a i n  



A s  another  a l t e r n a t i v e ,  su?pose t h a t  t h e  demand func t ion  took the  semilog f o r n  

By i m i t a t i n g  W i l l i g ' s  approach and so lv ing  the  r e l e v a n t  o rd ina ry  d i f f e r e n t i a l  

equa t ion  f o r  t h e  income compensation func t ion ,  one ob ta ins  

Now f o r  t h e  anomaly. Although i t  has  n o t  been mentioned up t o  now, t h e r e  

i s  an upper bound on t h e  magnitude of C which holds r e g a r d l e s s  of t h e  form of 

the demand func t ion .  This  bound is 

The q u a n t i t y  on t h e  right-hand s i d e  of (8) is  obviously t h e  maximum compensation 

which would be requi red  f o r  a  p r i c e  inc rease  s i n c e ,  w i th  t h i s  a d d i t i o n a l  in- 

co re ,  t h e  consumer could a f f o r d  t o  purchase h i s  o r i g i n a l  bundle of goods and 

thus enjoy t h e  same l e v e l  of w e l f a r e  a s  before  the  p r i c e  change. However, none 

of t h e  t h r e e  formulas f o r  C given above--(2), (5) ,  o r  (7)--necessari ly  s a t i s f y  

t h i s  bound. I n  each case one c a l  concoct nuxnerical exanples  where t h e  bound 

i s  v i o l a t e d .  For the decand func t ion  (3), assuae t h a t  a = m = 1, B = 1.5,  

1 
pO = 0 .25 ,  and pl = 0.5; f o r  va lus s  o f  r, > 0.9, C > 2 ,  which i s  the  va lue  of 1 - 



the bound i n  t h i s  case .  S imi l a r ly ,  f o r  the  demand func t ion  (L), assuae  t h a t  

0 l o  a = B = y = m = 1 and p = 0.5 ;  f o r  a l l  pl > p , t h e  bound i s  exceeded. F i n a l l y ,  1 1 
0 

f o r  the demand func t ion  ( 6 ) ,  assuole t h a t  a = y = m = 1, 8 = 0.5 ,  p = 1, and 
1 - 1.5; then C = 1.307 while  the  value of t h e  bound is 0.824. Thus, f o r  each 

P l  

of t h e s e  common demand func t ions ,  one can produce examples where W i l l i g ' s  

formulas y i e l d  absurd r e s u l t s .  

11. The Explanat ion 

The key t o  W i l l i g ' s  methodology i s  t h e  system of p a r t i a l  d i f f e r e n t i a l  

equat ions  

wi th  t h e  boundary cond i t ion  

0 0 .  1 0 where ~ ( ~ l p  , m ) IS t h e  income compensation func t ion ,  and C = P(p ) - p(p ). 

i i 1 L e t  a = [ ~ r . . ]  be  t h e  Slutsky-Hicks s u b s t i t u t i o n  ma t r ix  where 5 . .  = h .  + x .  ha. 
1J  1J  J  J 

i Hurwicz and Uzawa prove ( t h e i r  Lemma 1 )  t h a t ,  i f  t h e  func t ions  h (.) a r e  s i n g l e  

valued,  possess  a d i f f e r e n t i a 1 , a n d  s a t i s f y  a smoothness cond i t ion ,  and i f  

(10) 0 . .  = G . .  a l l  i, j, 
13 J 1 

then t h e  system (9)  i s  uniquely in t eg rab le .  Humicz [p .  1771 r e f e r s  t o  t h i s  a s  

t l  mathematical i n t e g r a b i l i t y , "  which he d i s t i n g u i s h e s   fro^ "econonic i n t e g r a b i l i t y , "  

by which he  means t h a t  t h e  u t i l i t y  func t ion  implied by t h e  income compensation 

f u n c t i o n  is quasi-concave and ha3 convei.. i n d i f f e r e n c e  su r faces .  Huruicz and 

Gzawa show ( t h e i r  Le:lm 8 and Theore?. A )  t h a t  if ,  i n  a d d i t i o n  t o  t h e  above 



cond i t ions ,  t h e  dernand funct ions  s a t i s f y  a  budget equa t ion  

and the  s u b s t i t u t i o n  mat r ix  is negat ive  s e m i d e f i n i t e ,  which impl ies  t h a t  

(11) 
i i 

o . . = h . + x . h  < O  i = l ,  ..., Pi, 
11 I 1 m -  

then a single-valued,  monotone, and quasi-concave u t i l i t y  f u n c t i o n  can b e  con- 

s t r u c t e d  from t h e  income compensation funct ion .  

I n  t h e  p r e s e n t  con tex t ,  where only one p r i c e  changes and (9) becomes an 

o rd ina ry  d i f f e r e n t i a l  equat ion ,  t h e  symmetry condi t ion  (10) i s  not  an i s s u e .  

However, the  negat ive  semidef in i teness  c o n d i t i o n  (11) i s  s t i l l  r e l e v a n t .  If i t  

does n o t  hold over  the  r e l e v a n t  range, t h e  underlying u t i l i t y  func t ion  is not  

i 
quasi-concave, and, s i n c e  0 . .  = gi, a p p l i c a t i o n  of t h e  i n t e g r a l  mean va lue  

11 

theorem t o  (1) shows t h a t  t h e  bound i n  (8)  cannot be  s a t i s f i e d .  I f  (11) i s  

v i o l a t e d  over  on ly  p a r t  of t h e  r e l evan t  range, t h e  bound i n  (8) nay o r  may not  

be s a t i s f i e d .  But, i r r e s p e c t i v e  of whether (8) happens t o  hold ,  I would regard 

t h e  e s t i m a t e  of C a s  i n v a l i d  because i n d i f f e r e n c e  s u r f a c e s  a r e  n o t  convex over 

the  whole range. Thus, the  key t e s t  is s a t i s f a c t i o n  of  (11) r a t h e r  than (8). 

0 For the  ord inary  demand func t ion  ( 3 ) ,  (11) i s  s a t i s f i e d  i f  (pl xl/m ) < B/'i - 

over  the  r e l e v a n t  range; f o r  the  demand func t ions  (4) and (61,  t h e  condi t ion  i s  

t h a t  x  < @/y. A l l  of t h e  numerical examples given above v i o l a t e  these  condi- 1 - 

t ions-- the f i r s t  two over p a r t  of  the  range and the  t h i r d  over  the  e n t i r e  rsnge.  






