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Modeling and Analysis of Resonant Switched-Capacitor

Converters with Finite Terminal Capacitances

Yicheng Zhu, Zichao Ye, and Robert C. N. Pilawa-Podgurski
Department of Electrical Engineering and Computer Sciences

University of California, Berkeley

Email: {yczhu, yezichao, pilawa}@berkeley.edu

Abstract—In pre-existing modeling and analysis of resonant
switched-capacitor (ReSC) converters, input and output capaci-
tances (Cin and Cout) have long been assumed to be sufficiently
large to ensure ideal input and output behaviors. However, this
paper reveals that, in practical applications, finite terminal ca-
pacitances can have considerable effects on the output impedance
and efficiency of ReSC converters. This paper proposes a general
modeling and analysis methodology that can characterize the
effects of finite terminal capacitances on the output impedance
of ReSC converters. The proposed model is verified by circuit
simulations and experimental measurements from a 2-to-1 ReSC
converter prototype. It is revealed that the insufficiency in
terminal capacitances can result in higher critical switching
frequency, and Cin has stronger influence on the critical switching
frequency than Cout.

I. INTRODUCTION

Originating from the conventional pure switched-capacitor

(SC) converters [1], [2], resonant switched-capacitor (ReSC)

converters can not only leverage the greatly superior energy

density of capacitors compared to inductors and transformers

but also significantly reduce the inherent capacitor charge

sharing loss with soft-charging operation enabled by the

augmenting inductor(s) [3]–[5]. Therefore, ReSC converters

open up new opportunities for achieving record-breaking high

efficiency and high power density, and have recently received

increasing attention in various applications [6]–[13].

Although pre-existing models [14]–[16] and analyses [4],

[17], [18] of ReSC converters assume input and/or output to

be ideal voltage sources as illustrated in Fig. 1(a), practical

implementations of ReSC converters involve input and output

capacitors (Cin and Cout) to stabilize the terminal voltages, as

illustrated in Fig. 1(b). If the terminal capacitances are much

larger than the flying capacitance (i.e. Cin, Cout � 10Cfly),

the input and output can be regarded as ideal voltage sources.

However, in practical applications, the sizes of Cin and Cout

are constrained by space and cost, and thus usually not large

enough to ensure ideal input and output behaviors. Fig. 2

illustrates the simulated output impedance of a 2-to-1 ReSC

converter with different Cin and Cout, which shows that

the actual output impedance curve can significantly deviate

from the ideal scenario when the terminal capacitances are

insufficient.

Despite the significant effects of finite terminal capaci-

tances, currently there exists no model that can quantitatively

characterize their effects on the performance of ReSC convert-
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Fig. 1: Schematic of a 2-to-1 ReSC converter. (a) With

idealized input and output. (b) With practical input and output.

(Lpar(in): parasitic source inductance)

Fig. 2: Output impedance of a 2-to-1 ReSC converter with

different Cin and Cout. (Cfly = 10 μF, L = 0.1 μH,

Rds(on) =10 mΩ)

ers. In practice, the sizes of Cin and Cout are selected mainly

based on engineering experiences and through trial and error,

indicating the great need for a general method to model and

analyze the effects of terminal capacitances.
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Fig. 3: Complete circuit model of a two-phase ReSC converter

with finite terminal capacitances. (a) Case 1 (Phase 1): the

input terminal is connected to the source. (b) Case 2 (Phase

2): the input terminal is grounded.

This paper proposes a general modeling and analysis

methodology that can capture the effects of finite terminal

capacitances on the output impedance of ReSC converters.

With the proposed model derived and verified in Sections II

and III, respectively, Section IV reveals the effects of Cin

and Cout based on simulation and experimental results. It is

revealed that the insufficiency in terminal capacitances will

result in higher critical switching frequency, and Cin has

stronger influence on critical switching frequency than Cout.

The set of converters discussed in this paper is limited to two-

phase ReSC converters with a single augmenting inductor at

the output that can achieve full soft-charging operation.

II. GENERAL OUTPUT IMPEDANCE MODEL OF RESC

CONVERTERS WITH FINITE TERMINAL CAPACITANCES

In a general circuit state (or phase) k, a two-phase ReSC

converter can be modeled as the equivalent circuit shown in

Fig. 3 consisting of an equivalent resistance Rk, an equivalent

capacitance Ck and an augmenting inductor L at the output.

Note that this general expression is able to capture any

arbitrary ReSC topologies with a single inductor at the output

that can achieve full soft-charging operation with (topology-

dependent) equivalent Rk and Ck values. With nonideal input,

two cases should be considered. Figs. 3(a) and (b) illustrate

the equivalent circuits for the cases when the input terminal is

connected to the source and when it is grounded, respectively.

Since the complete model shown in Fig. 3 is a third-order

circuit that is difficult to handle, it has to be simplified to be

practically useful. Due to the existence of the parasitic source

inductance Lpar(in) (e.g. the parasitic inductance on the source

cable) and the high switching frequency of ReSC converters,

the input current ripple is typically sufficiently small so that

we can regard the the source as an ideal constant current

source Iin. Similarly, since the output voltage ripple of ReSC

converters are typically designed to be small compared to the

average DC output voltage, the current through the resistive

load can also be viewed as an ideal constant current source

Iout. In fact, some loads are intrinsically inductive and behave

like a constant current source. Therefore, for simplicity (and

as conventionally done in topology analysis), the third-order

complete circuit model shown in Fig. 3 can be simplified

as the second-order model illustrated in Fig. 4. A similar

approach [19] has been used to model pure SC converters

with finite terminal capacitances.
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Fig. 4: Simplified circuit model of a two-phase ReSC converter

with finite terminal capacitances. (a) Case 1 (Phase 1): the

input terminal is connected to the source. (b) Case 2 (Phase

2): the input terminal is grounded.

As explained in [4], ReSC converters are typically designed

to be highly underdamped (R2

√
C
L � 1, i.e. with high quality

factor Q) so that they can reach the fast switching limit (FSL)

impedance at much lower switching frequency compared to

pure SC converters with the same R and C parameters.

Therefore, in the following analysis, we assume that the ReSC

converter is underdamped in both phases. Thus, in phase k
of the simplified circuit model shown in Fig. 4, the inductor

current ik can be expressed as

ik (t) = Ake
−αkt cos (ωkt+ ϕk) + Ifk (1)

where Ak is the amplitude, αk is the decay rate, ωk is the

angular frequency, ϕk is the initial phase angle, and Ifk is

the forced DC component of ik in phase k, which can be

expressed as

αk =
Rk

2L
ω0k =

1√
LCk(eff)

ωk =
√
ω2
0k − α2

k Ifk = pkIout

(2)

in which Ck(eff) is the effective capacitance and pk is a

dimensionless ratio. In the two cases illustrated in Fig. 4, for

an m-to-n ReSC converter, Ck(eff) and pk can be given as

Case 1 :
(Phase 1)

⎧⎪⎪⎨
⎪⎪⎩
Ck(eff) = 1

/(
1

Ck
+

1

Cin
+

1

Cout

)

pk =
Ck(eff)

CinCout

(
Cin +

n

m
Cout

)

Case 2 :
(Phase 2)

⎧⎪⎪⎨
⎪⎪⎩
Ck(eff) = 1

/(
1

Ck
+

1

Cout

)

pk =
Ck(eff)

Cout

.

(3)

To find out the unknowns Ak and ϕk in (1), we need

two additional conditions. First, since the inductor current ik
must be continuous at every switching instant, the following

condition should be satisfied:

ik (0) = ik̄ (Dk̄T ) (4)

where T is switching period, Dk is the duty ratio of phase k,

and the label k̄ is defined as

k̄ =

{
1, k = 2

2, k = 1
. (5)
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Fig. 5: 2-to-1 ReSC converter prototype. (a) Schematic drawing of the prototype. (b) Photograph of the prototype with key

components annotated.

Second, according to the charge balance of the flying capac-

itors in the periodic steady state, the charge delivered to the

output in phase k can be expressed as

qk = akqout (6)

where

qk =

∫ DkT

0

ik (t) qout = IoutT (7)

in which ak is the ratio of the transferred charged in phase k to

the total delivered charge in a switching cycle. The definition

and calculation of ak can be found in [2].

Since the resistive output impedance Rout accounts for all

conduction losses in the ReSC converter, it can be calculated

with the average conduction power loss Ploss as

Rout =
Ploss

I2out
. (8)

Note that Ploss is the power loss averaged in one switching

cycle and thus can be expressed as the summation of the

energy losses over all phases:

Ploss = fsw
∑
k

Ek (9)

where fsw is the switching frequency and Ek represents the

conduction energy loss in phase k which can be expressed as

Ek =

∫ DkT

0

Rki
2
k (t) dt. (10)

By substituting (1) into (4) and (6), we can find the

unknowns Ak and ϕk and thus the explicit expression of ik.

Then, substituting ik into (8)-(10) yields

Rout =
∑

k=1, 2

[
R̂k +Rkpk (2ak −Dkpk)

]
(11)

where

R̂k =Rk · [(ak −Dkpk)ω0k]
2

16fsw
·

(Gk −Hk2)T
2
k + 2Hk1Tk + (Gk +Hk2)

(Mk1Tk +Mk2)
2

(12)

and

βk =
Dkαk

fsw
γk =

Dkωk

fsw
Gk =

ω2
0k

αk

(
e2βk − 1

)
{
Mk1 = ωk

[
cos (γk)− eβk

]
+ αk sin (γk)

Mk2 = ωk sin (γk)− αk

[
cos (γk)− eβk

]
{
Hk1 = ωk

[
cos (2γk)− e2βk

]
+ αk sin (2γk)

Hk2 = ωk sin (2γk)− αk

[
cos (2γk)− e2βk

]
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pk1 = e−βk̄ +

[
αk̄

ωk̄

sin (γk̄)− cos (γk̄)

]

Pk2 = eβk̄ −
[
αk̄

ωk̄

sin (γk̄) + cos (γk̄)

]

Pk3 =
4 (pk − pk̄) fsw [cosh (βk̄)− cos (γk̄)]

(ak −Dkpk)ω2
0k

−

(ak̄ −Dk̄pk̄)ω
2
0k̄

(ak −Dkpk)ω2
0k

· sin (γk̄)
ωk̄

Tk =
Pk1 cos (γk) + eβkPk2+Pk3Mk2

Pk1 sin (γk)− Pk3Mk1
.

(13)

III. MODEL VERIFICATION

To verify the accuracy of the proposed output impedance

model, we compare the modeling results with circuit simu-

lations and experimental measurements from a 2-to-1 ReSC

converter prototype as shown in Fig. 5 with the flying capac-

itance Cfly = 3.76 μF, effective output inductance L = 388.9
nH (including parasitic inductance), GaN HEMT on-state

resistance Rds(on) = 16 mΩ, and current sense resistance

RCS = 50 mΩ. The high-precision current sense resistors are

added to dominate the branch resistance against the variation

in the Rds(on) of the GaN HEMTs [20].

Figs. 6 and 7 present the comparison between the output

impedances predicted by the proposed model (Model), simu-

lated with PLECS (Sim.), and measured from the prototype

(Expt.) with various Cin and Cout. As can be seen in Figs. 6

and 7, the modeling results match well with the simulated

and experimental results within a wide range of switching fre-

quency, including the oscillating Rout curves at low switching

frequency. This demonstrates that the proposed model is able

to accurately capture the effects of finite terminal capacitances.

As the switching frequency increases, the switching loss in



(a)

(b)

Fig. 6: Output impedance of the converter with various

Cin. (Cout = 5Cfly) (a) Comparison between the output

impedances predicted by the proposed model (Model) and

simulated with PLECS (Sim.). (b) Comparison between the

output impedances predicted by the proposed model (Model)

and measured from the prototype (Expt.).

(a)

(b)

Fig. 7: Output impedance of the converter with various

Cout. (Cin = 5Cfly) (a) Comparison between the output

impedances predicted by the proposed model (Model) and

simulated with PLECS (Sim.). (b) Comparison between the

output impedances predicted by the proposed model (Model)

and measured from the prototype (Expt.).

the prototype becomes higher and higher. Since the proposed

model can capture only conduction loss but no switching loss

in the converter, the modeling results will deviate from the

experimental results in the high frequency region.

IV. EFFECT ANALYSIS OF FINITE TERMINAL

CAPACITANCES

With the general output impedance model derived and

verified in Sections II and III, we can now use it to explore the

effects of finite terminal capacitances on the output impedance

of ReSC converters. In this section, the 2-to-1 ReSC converter

mentioned in Section III is used as an example to investigate

the effects of Cin and Cout.

Figs. 8 and 9 show the effects of Cin and Cout on the output

impedance of the 2-to-1 ReSC converter, where Figs. 8(a) and

9(a) present the output impedance curves with various Cin

and Cout, and Figs. 8(b) and 9(b) show how much Rout is

changed with respect to the output impedance with ideal input

and output Rout(ideal).

1) Effect of Cin. As can be seen in Fig. 8(a), with smaller

Cin, the knee of the output impedance curve will shift to the

right, meaning that the critical switching frequency becomes

higher. This indicates that higher switching frequency is re-

quired to reach the FSL impedance due to the insufficiency

of Cin. Since higher switching frequency typically leads to

higher switching loss and lower overall efficiency, this effect

is undesired and should be avoided in converter design by

using sufficient Cin to ensure nearly ideal input behavior.

Additionally, we can see that Cin has stronger influence on

the critical switching frequency than Cout. Table I presents

a quantitative comparison of the output impedance at the in-

trinsic critical frequency with different terminal capacitances.

Here, we define the intrinsic critical frequency of the 2-to-

1 ReSC converter as fcrit(int) = 1

2π
√

LCfly

= 132 kHz. It

is called intrinsic because it is not related to the terminal

capacitances and determined only by the primary passive

components (i.e. L and Cfly). As can be seen in Table I, Rout



(a)

(b)

Fig. 8: Effect of Cin on output impedance. (Cout = 10Cfly)

(a) Rout with various Cin. (b) Ratio of Rout to the output

impedance with ideal input and output Rout(ideal).

(a)

(b)

Fig. 9: Effect of Cout on input impedance. (Cin = 10Cfly)

(a) Rout with various Cout. (b) Ratio of Rout to the output

impedance with ideal input and output Rout(ideal).

TABLE I: Comparison of the output impedance at the intrinsic critical frequency

(fcrit(int) = 132 kHz) with different terminal capacitances

No. Cin

/
Cfly Cout

/
Cfly Calculated Rout (mΩ) Measured Rout (mΩ)

1) 5 5 201.3 209.5

2) 1 5 326.3 300.3

3) 0.5 5 732.9 621.5

4) 5 1 235.9 238.7

5) 5 0.5 358.9 316.0

will increase by roughly a factor of 3 when Cin is reduced

from 5Cfly to Cfly, while Rout will increase by only a factor

of 1.5 when Cout is reduced from 5Cfly to Cfly.

2) Effect of Cout. As we can see in Fig. 9(a), in contrast

to Cin, Cout shows greater influence on the output impedance

in the low frequency region, where smaller Cout helps reduce

output impedance. This should be a favorable feature since

decreasing Cout will contribute to both higher efficiency and

higher power density. However, since the ReSC converters

typically operate above resonance, this phenomenon is hard

to utilize for performance improvement in practice.

It can also be seen that smaller Cout will lead to higher

critical switching frequency, meaning that higher switching

frequency will be required to reach the FSL impedance if

Cout becomes smaller, although Cout’s effect on the critical

switching frequency is quantitatively weaker than that of Cin.

To shrink the sizes of terminal capacitors without harming

the efficiency of ReSC converters, we can adjust the duty ratio

and switching frequency to compensate for the negative effects

of finite terminal capacitances [21].



V. CONCLUSIONS

This paper proposes a general modeling and analysis

methodology to capture the effect of finite terminal capaci-

tances on the output impedance of ReSC converters. A general

output impedance model is derived and verified by circuit

simulations and experimental measurements from a 2-to-1

ReSC converter prototype. It is revealed that the insufficiency

in terminal capacitances will result in higher critical switching

frequency, and Cin is quantitatively more influential on the

critical switching frequency than Cout.
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