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Abstract

Statistical and Optimization Principles for Understanding and Controlling Foundation
Models

by
Ruiqi Zhang
Doctor of Philosophy in Statistics
University of California, Berkeley
Professor Peter L. Bartlett, Co-chair

Professor Song Mei, Co-chair

Foundation models operate at unprecedented scale and exhibit empirical behaviors that often
depart from classical learning and optimization theory, while their deployment introduces
new requirements on safety and computational efficiency. This thesis uses statistical and
optimization principles to explain representative non-classical phenomena in modern founda-
tion models and design practical algorithms that improve their efficiency and safety under
realistic constraints.

On the explanatory side, we first study in-context learning (ICL), the ability to solve new tasks
at inference time by conditioning on a small number of demonstrations without parameter
updates. In simplified yet representative transformer models trained on in-context linear
regression data, we establish global convergence guarantees for gradient flow, characterize the
effective function class induced at convergence, and analyze robustness under several forms of
distribution shift. We further show that augmenting attention with an MLP component can
provably reduce approximation error and achieve nearly Bayes-optimal risk in a Gaussian
linear-regression setting, and we formalize an equivalence between such architectures and
one-step gradient-based adaptation with learnable initialization.

We then investigate optimization dynamics beyond the descent-lemma regime, motivated by
edge-of-stability behavior observed in large-scale deep learning. Using logistic regression with
linearly separable data as a canonical testbed, we analyze gradient descent with large and
adaptive stepsizes and show that it reaches an arbitrarily small risk immediately after at
most 1/ burn-in iterations, where v > 0 is the margin. We also prove a matching lower
bound: any batch or online first-order method requires Q(1/+?) iterations to find a separator,
establishing minimax optimality and matching the Perceptron algorithm even in constants.
Our analysis extends to a broad class of losses and certain two-layer networks.



On the algorithmic-design side, we study machine unlearning for LLMs, motivated by the
memorization of sensitive, private, or copyrighted data during pre-training. Traditional
unlearning methods, which are based on gradient ascent (GA) on the loss of the undesirable
data, either fail to effectively unlearn the target data or suffer from catastrophic collapse—a
drastic degradation of the model utility. We propose Negative Preference Optimization (NPO)
and theoretically show that its progression toward catastrophic collapse is exponentially
slower than GA. Empirically, NPO achieves a better trade-off between forget quality and
model utility.

Finally, we study efficient alignment at inference time under resource constraints. We focus
on best-of-N (BoN) decoding, a simple and effective alignment method whose practical
deployment is limited by its high computational cost. Motivated by hardware and resource
utilization considerations, we propose Speculative Rejection, a resource-inspired inference-
time alignment algorithm that leverages the correlation between partial and final rewards and
dynamically allocates computation by early-stopping low-quality generations based on partial
reward signals. This approach achieves reward performance comparable to BoN decoding
with much larger N, while reducing required GPU resources by approximately 16 to 32 times.



To My Family.
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Chapter 1

Introduction

In recent years, foundation models—large-scale neural networks trained on broad, heteroge-
neous data—have driven major advances across natural language processing, computer vision,
and generative modeling. For instance, Transformer-based language models, including the
GPT series (Radford et al., 2018; Radford et al., 2019; Brown et al., 2020; OpenAl, 2023),
have demonstrated strong capabilities in language understanding and generation, and now
serve as core components in modern Al systems.

The gap between foundation models and classical statistical and machine learning models
can be traced to two intertwined shifts. The first is scale: modern foundation models have
massive parameter counts and are trained with huge datasets and compute budgets. This is
empirically associated with qualitative changes in behavior, including scaling laws (Kaplan
et al., 2020; Hoffmann et al., 2022), emergent capabilities (Wei et al., 2022), and inference-time
generalization behaviors such as in-context learning (Brown et al., 2020). The second shift
is non-classical mechanisms: training dynamics and model behavior can differ substantially
from standard textbook assumptions. For example, over-parameterization can lead to benign
overfitting and implicit bias, where optimization selects solutions with strong generalization
despite the existence of many interpolating solutions (Bartlett et al., 2020; Soudry et al.,
2018; Ji and Telgarsky, 2019). Moreover, large-scale training often uses stepsizes that violate
classical sufficient conditions for stability, yet still exhibits fast progress and convergence
consistent with the edge-of-stability picture (Cohen et al., 2020). Together, these observations
indicate that, while foundation models are highly effective, comparably precise theoretical
explanations of these phenomena remain limited relative to what is available for simpler
models.

In addition to raising new explanatory questions, the scale and generality of foundation
models also create new constraints and new algorithmic requirements. First, resource
constraints become central: both training and deployment are compute- and memory-intensive,
and even purely inference-time procedures (e.g., generating and selecting candidates) can
incur substantial cost under realistic budgets, making efficiency a first-order algorithmic
concern rather than a secondary engineering consideration. Second, safety and reliability
constraints become more important: large models may memorize and reproduce sensitive or



CHAPTER 1. INTRODUCTION 2

copyrighted content, which can surface through direct regurgitation or targeted extraction
(Carlini et al., 2021; Carlini et al., 2022), and they may produce outputs misaligned with
user intent or human values. These concerns are qualitatively different from the small-model
era, where models were often narrow and easier to constrain by design. Therefore, when
designing algorithms for modern foundation models, we must explicitly account for both
safety and resource constraints from the outset, which makes the development of effective
methods substantially more challenging.

Since the pioneering work of Valiant (1984), Vapnik (1995), and others, learning theory
has provided a powerful set of principles and tools—drawing from statistics, optimization,
and information theory—to both explain model behavior and guide the development of better
algorithms. In the era of foundation models, a central challenge is to extend this tradition to
settings where models are over-parameterized and operate far from classical regimes: how can
we use statistical and optimization principles to (i) explain the empirical phenomena exhibited
by modern foundation models, and (ii) design new methods that improve their effectiveness,
efficiency, and safety? This thesis contributes to this goal in two complementary modes:
(i) theoretical analyses in simplified but representative settings that isolate key phenomena,
and (ii) algorithmic designs that address practical constraints in realistic LLM workflows,
including stability and computational efficiency.

We organize the thesis around two overall questions:

o Fxplanation: How can we explain key empirical phenomena observed in foundation
models?

o Design: How can we design theoretically grounded algorithms that improve the training
and deployment of foundation models under safety and resource constraints?

These questions are instantiated in four complementary directions. The first part of the
thesis focuses on ezplanation. Chapters 2 and 3 study in-context learning as a canonical
example of inference-time generalization in Transformers, and analyze both training dynamics
and architectural effects in simplified settings. Chapter 4 studies gradient descent beyond
the descent-lemma regime and characterizes how large adaptive stepsizes can yield fast,
provably optimal convergence in a canonical separable classification problem, shedding light
on edge-of-stability training dynamics.

The second part of the thesis focuses on algorithmic design. Chapter 5 addresses unlearning
as a principled way to remove the influence of designated data from an LLM while preserving
utility, and proposes a stable preference-optimization-based objective. Finally, Chapter 6
studies inference-time alignment under hardware constraints and proposes a resource-inspired
decoding strategy that accelerates Best-of-N selection by reducing wasted computation.

1.1 In-Context Learning of Linear Transformers

A central capability of modern foundation models is inference-time adaptation: the model
can change its input—output behavior at test time without any parameter updates. In large
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language models (LLMs), this is most prominently seen in in-contest learning (ICL), where
a model conditions on a short prompt containing instructions and/or a few input—output
demonstrations, and then produces correct predictions for a query in the same format. This
phenomenon, popularized by the GPT series (Radford et al., 2019; Brown et al., 2020), departs
from the classical pretraining—fine-tuning paradigm: instead of fine-tuning a pretrained model
on a task-specific dataset, a single pretrained model can often infer the latent task from
context and execute it immediately. For instance, given a prompt such as

cat: chat, dog: chien, human: ?,

a pretrained model may infer the latent task (English-to-French translation) and complete the
query accordingly. From a deployment perspective, ICL turns the prompt into a lightweight
control interface for specifying tasks and behaviors; from a theoretical perspective, it raises a
basic question: what computation is the model performing on the in-context examples, and
why does standard training produce such behavior?

A widely used formalization isolates this phenomenon by considering a distribution over
tasks and prompts. Concretely, one studies the problem of predicting the value of an unknown
function A € ‘H from a small number of in-context examples:

l‘lvh(xl); Ig,h(l'g); cee {L‘T,h(ZET); xquerya? (11>

where the covariates {z;} are drawn from a data distribution and the task h is drawn from
a distribution over a hypothesis class H. In the synthetic training on in-context examples
setup, one repeatedly samples (h,z1, ..., 27, Tquery) and trains a transformer end-to-end to
predict the next token (or next label) in sequences of the form (1.1). Although this differs
from web-scale language pretraining, it captures a core aspect of ICL: the model must learn
a mapping from a small inference-time dataset (the context) to a predictor that generalizes
to a held-out query. This setup also makes it possible to ask precise questions about (i)
the effective function class implemented by the trained model at test time, (ii) the role of
architecture (attention, MLP blocks, depth), and (iii) robustness to distribution shift between
the training and test prompt distributions.

On the empirical side, a growing literature documents both the power and the fragility of
ICL. Large pretrained models exhibit strong few-shot performance across many tasks (Brown
et al., 2020), but performance can depend sensitively on prompt formatting, demonstration
selection, and the distributional match between training and test prompts (Min et al., 2022).
In the synthetic training-on-prompts setting, the work of Garg et al. (2022) demonstrates
that transformers trained on sequences (1.1) can recover classical estimators across several
hypothesis classes: near-OLS behavior for linear regression, near-LASSO behavior for sparse
regression, and strong performance on decision-tree tasks that can surpass standard hand-
designed baselines. Subsequent studies further explore structured task distributions where
Bayes-optimal predictors are tractable, providing evidence that trained transformers can
approach Bayes-optimal performance in certain regimes (Panwar et al., 2023b), and systemati-
cally probe distribution shift phenomena at test time (Ahuja and Lopez-Paz, 2023). Together,
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these results suggest that ICL is not merely superficial pattern matching; rather, training
can induce nontrivial inductive biases that exploit shared structure across tasks—while still
leaving open when such behavior is stable under shifts in the prompt distribution.

On the theory side, much of the progress has been driven by an algorithm-learning
viewpoint: the transformer forward pass implicitly implements a learning algorithm that “fits”
the in-context demonstrations and then applies the fitted rule to the query. This perspective
is supported by two complementary lines of work. First, mechanistic interpretability studies
identify internal circuits (e.g., induction-head-like mechanisms) that enable copying or
pattern completion and may underlie certain forms of ICL (Olsson et al., 2022). Second, a
series of constructive approximation-theoretic results shows that transformers can represent
recognizable learning algorithms within the forward computation: for instance, one-step (or
multi-step) gradient descent for linear regression (Akyiirek et al., 2022; Von Oswald et al.,
2023), preconditioned variants (Ahn et al., 2023c), second-order methods (Fu et al., 2023a),
and linear classification procedures such as SVM-like algorithms (Li et al., 2023b; Tarzanagh
et al., 2023). These works provide compelling existence results—there exist transformer
parameters that implement certain learning rules—but they leave open a complementary and
practically central question: does standard training (e.g., gradient descent/gradient flow on
in-context examples) actually find such solutions, and if so, what solutions does it select among
many possibilities? Relatedly, robustness questions remain: how does the learned in-context
procedure behave when the task distribution or the covariate distribution in prompts changes,
and what architectural features mitigate brittleness?

In Chapter 2, we address these gaps by shifting focus from representational constructions
to training dynamics. We analyze a simplified but representative model: a transformer
with a single linear self-attention layer trained by gradient flow on linear regression in-
context examples. We show that despite non-convexity, gradient flow with a suitable random
initialization finds a global minimum of the objective function. At this global minimum,
when given a test prompt of labeled examples from a new prediction task, the transformer
achieves prediction error competitive with the best linear predictor over the test prompt
distribution. We additionally characterize the robustness of the trained transformer to a
variety of distribution shifts and show that although a number of shifts are tolerated, shifts in
the covariate distribution of the prompts are not. Motivated by this, we consider a generalized
ICL setting where the covariate distributions can vary across prompts. We show that although
gradient flow succeeds at finding a global minimum in this setting, the trained transformer is
still brittle under mild covariate shifts. We complement this finding with experiments on
large, nonlinear transformer architectures which we show are more robust under covariate
shifts. This chapter is adapted from my joint work with Doctor Spencer Frei and Prof. Peter
L. Bartlett. This paper was published in the Journal of Machine Learning Research (JMLR)
(Zhang et al., 2024c).

In Chapter 3, we further investigate how architectural components beyond attention
shape in-context adaptation. We move beyond attention-only mechanisms by studying a
Linear Transformer Block (LTB) that combines a linear attention component with a linear
multi-layer perceptron (MLP) component. For ICL of linear regression with a Gaussian prior
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and a non-zero mean, we show that LTB can achieve nearly Bayes optimal ICL risk. In
contrast, using only linear attention must incur an irreducible additive approximation error.
Furthermore, we establish a correspondence between LTB and one-step gradient descent
estimators with learnable initialization (GD-8), in the sense that every GD-f estimator can
be implemented by an LTB estimator and every optimal LTB estimator that minimizes the
in-class ICL risk is effectively a GD-8 estimator. Finally, we show that GD-8 estimators
can be efficiently optimized with gradient flow, despite a non-convex training objective. Our
results reveal that LTB achieves ICL by implementing GD-3, and they highlight the role of
MLP layers in reducing approximation error. This chapter is adapted from my joint work
with Doctor Jingfeng Wu and Prof. Peter L. Bartlett. This paper was published at the 38th
Annual Conference on Neural Information Processing Systems (NeurIPS 2024) (Zhang et al.,
2024e).

1.2 Large Adaptive Stepsizes for Logistic Regression

Chapter 4 highlights an important gap between classical optimization theory and modern
deep learning practice concerning the choice of stepsize. Classical analyses of gradient descent
(GD) typically assume a small (often constant) stepsize so that the objective decreases
monotonically, a property commonly referred to as the descent lemma. Concretely, in this
classical regime, GD is analyzed under a constant stepsize

W1 = W — UVL('LUt), t Z 0, (12)

where n > 0 is fixed. If L(-) is S-smooth, the descent lemma implies that for n € (0,2/0)
each step guarantees a decrease of the objective, and standard complexity bounds follow
(e.g., O(1/t) rates for smooth convex objectives and linear rates for smooth strongly convex
objectives); see, e.g., (Nesterov, 2013; Nesterov, 2018). This monotone-descent paradigm
is central to textbook theory and underlies the conventional wisdom that “stable” training
requires conservative stepsizes.

Empirically, however, large-scale deep learning is often trained outside this monotone
regime. A striking illustration is the Edge of Stability (EoS) phenomenon identified by Cohen
et al. (2020): when training neural networks with GD using stepsizes that violate the descent
lemma, the training loss can oscillate substantially over short timescales, yet it continues to
decrease over long timescales. Moreover, Cohen et al. (2020) report that along the training
trajectory, the largest Hessian eigenvalue (a notion of “sharpness”) tends to self-adjust so
that it hovers near the critical threshold 2/, i.e., near the boundary between local stability
and instability. These observations suggest that operating close to instability is not merely
tolerable but can be beneficial in practice, motivating a theoretical understanding of GD
beyond the descent-lemma regime. A canonical setting where such behavior can already be
observed—and where sharp theoretical statements are possible—is logistic regression with
linearly separable data, a standard testbed for studying the implicit bias of GD (Soudry
et al., 2018; Ji and Telgarsky, 2018). Recent work further shows that even constant large
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stepsizes can yield provable acceleration in this setting and its regularized variants (Wu et al.,
2024a; Wu et al., 2025a), reinforcing the relevance of EoS-type dynamics in simple models.
Chapter 4 focuses on the EoS regime under adaptive stepsizes. We consider the general
GD recursion
w1 = wy — i VL(wy), t>0, (1.3)

where 7, is the stepsize at iteration t. Classical analyses typically operate in a descent-lemma
regime, in which 7, is small enough to guarantee a monotone decrease of the objective.
Concretely, let Z; denote the line segment connecting w; and wy,;, and define a local
smoothness constant

A; == sup )\max(VQL(u)),
’LLEIt
where A\jax(-) denotes the maximum eigenvalue of a symmetric matrix. A standard second-
order Taylor argument implies that if 7, < 2/A;, then GD satisfies the descent lemma and
the loss is guaranteed to decrease, for example in the form

1
o) < D) = w1 ) IVE(w)

and in particular L(w;1) < L(w;). Under this monotone regime, a large body of theory
establishes convergence guarantees for GD and related first-order methods (Lan, 2020). In
separable logistic regression, it has also been shown that when stepsizes are chosen to preserve
monotone descent, adaptive stepsizes can accelerate the convergence of both the risk and the
margin: Nacson et al. (2019) and Ji and Telgarsky (2021) establish risk convergence rates
on the order of exp(—Q(v/t)) and exp(—Q(t)), respectively. Importantly, these analyses rely
crucially on monotone decrease of the risk (or a closely related potential), which is enforced
by keeping stepsizes within the descent-lemma regime.

For linearly separable logistic regression, the minimizer lies at infinity, and as the risk
decreases, the effective curvature along the trajectory shrinks. This motivates stepsize rules
that compensate for shrinking curvature by increasing as the risk decreases. Accordingly, we
focus on stepsizes that adapt to the current risk, scaled by a constant hyperparameter n > 0.
More specifically, we study stepsizes of the form

— —1v/ ~ Ui

moi= - (=) (Lwy) ~ T (1.4)
where ¢ is the underlying pointwise classification loss (e.g., exponential or logistic loss) and
¢! denotes its inverse. The approximation on the right captures the prototypical behavior
that the stepsize grows roughly like 1/L(w;) as the risk decreases. This brings us to the
central question of this chapter: can we obtain the benefits of large stepsizes while using a

principled adaptive stepsize rule?
Building on the adaptive rule (1.4), we show that GD with large and adaptive stepsizes
can achieve an arbitrarily small risk immediately after at most 1/+? burn-in iterations, where
v > 0 is the margin of the dataset, even though the risk evolution during training may be
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non-monotone. More precisely, after this burn-in phase, the average iterate of GD attains
a risk bounded by exp(—©(n)); consequently, by taking n sufficiently large, GD can drive
the risk to an arbitrarily small value as soon as the burn-in phase ends. To isolate the
role of the EoS phase, we also prove a lower bound showing that this acceleration cannot
be achieved if the iterates never enter an EoS regime and the loss decreases monotonically
throughout. Furthermore, we establish minimax lower bounds by constructing hard margin-~
instances on which any batch (or online) first-order method requires Q(1/7?) iterations to
identify a linear separator. This implies that GD with large adaptive stepsizes is minimax
optimal (up to constants) among first-order batch methods. Notably, the classical Perceptron
algorithm (Novikoff, 1962), a first-order online method, also achieves a 1/? step complexity
for finding a separator, matching our GD guarantees even in constants. Finally, we extend
the analysis beyond logistic regression by providing conditions on the loss under which the
same phenomenon persists, and by proving analogous guarantees for a class of two-layer
networks. This chapter is adapted from Zhang et al. (2025a). A shorter version of this paper
was published at the International Conference on Machine Learning (ICML).

1.3 Effectively Unlearning Large Language Models

A central challenge in deploying foundation models is not only to adapt them to downstream
needs, but also to control what they retain and what they should not reproduce. Large
language models (LLMs) trained on massive web-scale corpora can memorize portions of their
training data, and such memorization can surface at inference time via verbatim regurgitation
or targeted extraction attacks (Carlini et al., 2021; Carlini et al., 2022). This raises concrete
concerns when the pretraining data contains sensitive personal information, proprietary
content, or copyrighted material. From the standpoint of reliable deployment, these issues
motivate the problem of machine unlearning: given a trained model, can we efficiently remove
the influence of a designated subset of training examples, while preserving the model’s utility
on the remaining data distribution?

A standard formalization partitions the original training dataset into a forget set Dgg
and a retain set Dgr, and considers an initial model 7, trained on Dpg U Dgrr. The goal is
to produce an updated model m whose behavior is close to that of the retrained model Tpcirain
that would have been obtained by training from scratch on Dgrr alone (Cao and Yang, 2015).
In principle, retraining provides the gold standard, but for modern LLMs, it is typically
intractable. Consequently, practical unlearning must operate in a regime where (i) the
procedure is far cheaper than full retraining, and (ii) the output model achieves a favorable
tradeoff between forget quality (the extent to which information in Dgg is removed) and
model utility (performance on Drr and general tasks). This tradeoff is intrinsic: aggressive
unlearning can erase targeted behaviors but may also destroy useful generalization, whereas
conservative updates preserve utility but fail to forget.

Classical work on machine unlearning has developed formal metrics and algorithms in
settings where one can maintain additional training-time state or compute second-order
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information. For example, a line of work proposes deletion guarantees and efficient removal
mechanisms by leveraging Hessian-based updates, influence-function approximations, or
differential-privacy-inspired stability measures (Ginart et al., 2019; Guo et al., 2020; Sekhari
et al., 2021). However, such methods often rely on computational primitives (e.g., Hessian
computations or strong convexity assumptions) that are not directly compatible with large-
scale deep networks, let alone modern foundation models. To bridge this gap, several systems-
and training-protocol-based approaches have been proposed for deep models, such as sharded
or incremental training strategies that facilitate faster removal at the cost of additional
training-time structure (Bourtoule et al., 2021; Golatkar et al., 2020). More recently, the
emergence of LLMs has triggered renewed interest in unlearning methods tailored to next-
token prediction objectives and large-scale fine-tuning pipelines.

Prior to our work, most practical approaches to LLM unlearning were variations on a
simple and intuitive idea: perform gradient ascent on the log-likelihood (or equivalently,
gradient descent on the negative loss) of the forget set (Jang et al., 2022; Yao et al., 2024b).
The rationale is that since 7. was trained to increase likelihood on Dgg, one can attempt to
“reverse” this effect by locally maximizing the forget-set loss. To mitigate utility degradation,
GA is commonly combined with regularizers or retain-set objectives, including cross-entropy
loss on Dgrr or KL penalties that constrain deviation from m.s on either retain or forget
distributions (Yao et al., 2024b; Chen and Yang, 2023; Maini et al., 2024). In parallel,
complementary directions include: task-specific constructions of positive samples to replace
sensitive knowledge (e.g., “forgetting Harry Potter”) (Eldan and Russinovich, 2023) and
alternatives such as knowledge negation or representation-control-based removal (Liu et al.,
2024; Li et al., 2024b). These works reflect a broader theme: for LLMs, unlearning is
fundamentally a control problem over the model’s output distribution, and effective solutions
must jointly manage targeted forgetting, distributional drift, and optimization stability.

A key limitation of GA-based unlearning is an instability phenomenon we refer to as
catastrophic collapse (Zhang et al., 2024d). Empirically, on challenging unlearning tasks,
pure GA and GA augmented with regularizers can drive the model rapidly away from
Tref, causing model utility to deteriorate sharply; the model may produce low-diversity or
nonsensical outputs, while forget quality improves only transiently and then also degrades, as
the unlearned model also deviates far from the gold standard (the retrained model). This
failure mode is consistent with the fact that GA explicitly maximizes the standard likelihood
objective on Dgg, a direction that can be highly destabilizing in parameter space and can
induce fast divergence from the reference model. In practice, GA-based methods often rely
heavily on early stopping, but the appropriate stopping time can be instance-dependent and
hard to diagnose. These observations suggest that effective unlearning requires an objective
that remains anchored to the reference policy while still pushing down the likelihood of the
forget set—that is, a more principled control objective than raw GA on log-likelihood.

In Chapter 5, we propose Negative Preference Optimization (NPO), a novel unlearning
algorithm that casts unlearning as a variant of preference optimization that uses only negative
samples (Zhang et al., 2024d). The starting point is the preference-optimization framework
developed for RLHF-style alignment, in which one trains a policy relative to a reference
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model using comparisons between preferred and dispreferred responses (Stiennon et al., 2020;
Ouyang et al., 2022; Bai et al., 2022b; Rafailov et al., 2024b). In the unlearning setting, each
forget-set pair (x,y) € Dpg can be viewed as providing only a dispreferred response y for
prompt z, with no corresponding “preferred” completion. This leads to the NPO loss

B
LNPO,,B(Q) = ;E(w,y)NDFG |:10g<1 + <7:1:Zf<(yy"12)> >:| y (15)

where § > 0 is an inverse-temperature parameter and m.s is the fixed reference model.
Minimizing (1.5) discourages assigning high probability to forget-set completions relative
to the reference model, thereby directly aligning with the unlearning goal. We show that
NPO is a strict generalization of gradient ascent: in the high-temperature limit 5 — 0, the
gradient of Lnpo g converges to that of the GA objective, while for moderate 3 the objective
imposes a smoother, reference-anchored update.

Our contributions are both theoretical and empirical. On the theory side, we identify a
mechanism underlying catastrophic collapse in GA-based unlearning and show that, in a
simple but informative setting, the progression toward collapse under NPO is ezponentially
slower than under GA. This provides a principled explanation for why NPO yields more stable
unlearning dynamics even when GA becomes unstable. On the empirical side, we evaluate
NPO-based methods on both synthetic tasks and the TOFU benchmark (Maini et al., 2024).
We find that NPO achieves a consistently better Pareto frontier between forget quality and
model utility than GA-based baselines, and it substantially improves training stability and
output readability (avoiding the low-diversity or “gibberish” degeneracy often observed under
GA). Notably, on TOFU, NPO-based methods are the first to obtain non-trivial unlearning
behavior when the forget set constitutes 50% (and more) of the data, a regime where prior
methods already struggle at 10%. This chapter is mainly adapted from my joint work with
Licong Lin, Doctor Yu Bai, and Prof. Song Mei (Zhang et al., 2024d), and was published at
the first Conference on Language Models (CoLM 2024).

1.4 Fast Inference-Time Alignment

Beyond training-time objectives, a second axis along which one can control foundation-model
behavior is the decoding strategy used at inference time. Modern post-training pipelines—
including supervised fine-tuning, Reinforcement Learning from Human Feedback (RLHF),
and preference-based objectives such as Direct Preference Optimization (DPO)—aim to
fine-tune an LLM toward human intentions and safety constraints by directly modifying
model parameters (Stiennon et al., 2020; Ouyang et al., 2022; Bai et al., 2022b; Rafailov et al.,
2024b). While effective, these post-training procedures introduce substantial complexity.
They require curated data, reward modeling or preference modeling, and engineering-heavy
pipelines that include repeated rounds of training and evaluation. Moreover, the optimization
itself (especially for RL-based post-training) can be sensitive to hyperparameters and prone



CHAPTER 1. INTRODUCTION 10

to instabilities. This motivates inference-time alignment: rather than changing the model
weights, one seeks to improve aligned behavior by changing how responses are generated and
selected at deployment time (Nakano et al., 2021; Mudgal et al., 2024; Wang et al., 2024).
Inference-time methods can be especially attractive when one wishes to (i) deploy a base
or instruction-tuned model without heavy fine-tuning via an additional RLHF stage, or (ii)
trade compute for quality dynamically under resource constraints.

A particularly simple and widely used inference-time alignment primitive is Best-of-IN
(BoN, also known as reward-model-based rejection sampling or reranking). Given a prompt x,
Best-of-N samples N candidate completions Y7, ..., Yy from a base policy 7(-|z) and selects
the candidate with highest score under a reward model r(z,Y):

Yeon(z) € argmaxr(z,Y;).
1<i<N

Best-of-N was popularized in early RLHF systems and has remained a strong baseline in
aligned generation (Nakano et al., 2021; Ouyang et al., 2022). It enjoys several practical
advantages: it is conceptually simple, essentially hyperparameter-free aside from N, and
the parameter N can be tuned at inference time without retraining. Moreover, Best-of-
N has become a building block in broader alignment pipelines: it is commonly used to
generate high-quality synthetic data for later supervised fine-tuning (often termed Expert
[teration or Iterative fine-tuning), and played an important role in the development of widely
used instruction-tuned models (Touvron et al., 2023b). At a higher level, Best-of-N can
be viewed as a way to convert a reward model into a controlled sampling policy, often
yielding competitive quality relative to more complex post-training approaches when sufficient
compute is available.

The main drawback of Best-of-N is computational cost. Even when candidate generation
is parallelized so that wall-clock latency is not strongly affected by N, the total compute
scales roughly linearly with N. In practice, large values of N can quickly exceed the maximum
batch size that fits on a single accelerator, forcing multi-GPU execution or multiple sequential
batches, each of which increases cost and/or latency. As a result, practical deployments
typically use modest N (e.g., single- to double-digit candidates), whereas substantially larger
N may be needed to match the best attainable reward levels in some settings (Nakano et al.,
2021; Dubois et al., 2024b; Gao et al., 2023). This leads to a trade-off: Best-of-N is easy
to use at inference time, but increasing N directly is computationally wasteful since most
candidates are never selected.

Several lines of work aim to reduce inference cost or to incorporate reward signals
into decoding more directly. On the alignment side, controlled decoding and inference-time
guidance methods attempt to steer generation using auxiliary models or constrained objectives,
sometimes avoiding the need to sample very large candidate sets (Mudgal et al., 2024; Wang
et al., 2024). On the systems side, significant progress has been made in high-throughput
LLM serving and memory management, improving the feasible batch size under KV-cache
constraints (Kwon et al., 2023). There is also a large literature on speculative decoding
and related techniques that accelerate autoregressive generation by using a fast draft model
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and verifying with a stronger model (Leviathan et al., 2023). However, these approaches
primarily aim to accelerate a single generation (or to reduce the per-token cost), rather than
treating Best-of-N as an end-to-end procedure to be accelerated. The main inefficiency of
Best-of-N is different: it intentionally generates many candidates and ultimately discards
most low-quality responses. Therefore, a method tailored to accelerating Best-of-N must
reduce the total number of generated tokens that are later discarded, while preserving the
quality gains obtained by selecting the highest-scoring completion.

In Chapter 6, we study this inefficiency through a resource-oriented lens and propose
Speculative Rejection, a resource-inspired inference-time alignment algorithm that aims to
retain the quality benefits of Best-of-/N while dramatically reducing wasted computation. Our
key observation is that reward models often provide meaningful information about response
quality before a completion is finished: for many prompts, the relative ranking induced by
reward scores on partial prefixes is already predictive of the final ranking. This suggests a
natural control strategy for compute allocation: begin with a large pool of candidates to
explore diverse generations, but early-stop and discard clearly low-quality candidates based
on partial reward signals, and devote the remaining compute budget to finishing only the
most promising trajectories.

Concretely, Speculative Rejection generates a large initial batch of responses until ap-
proaching the GPU memory limit, then enters a sequence of rejection rounds. In each round, it
scores each partially generated response with a reward model, computes a prompt-dependent
cutoff (e.g., an a-quantile threshold of partial rewards), and discards the bottom fraction of
candidates. The algorithm then continues generation only for the surviving set, repeating this
procedure multiple times as memory pressure builds, until all remaining candidates complete
and the final output is selected by the full reward score. By design, Speculative Rejection
explicitly couples the decoding policy with hardware constraints: it uses early rejection both
to prevent memory exhaustion and to reallocate compute toward trajectories that are most
likely to win under the reward model.

Our results show that this resource-inspired control of compute can yield large practical
gains. Across a range of model and reward-model pairs, Speculative Rejection achieves
reward performance comparable to that of Best-of-V with much larger N, while requiring
substantially fewer GPU resources—typically improving compute efficiency by factors on the
order of 16X to 32x relative to naive Best-of-/V baselines at matched reward levels. This
chapter is adapted from my work jointly with Hanshi Sun, Momin Haider, Huitao Yang,
Jiahao Qiu, Doctor Ming Yin, Prof. Mengdi Wang, Prof. Peter Bartlett, and Prof. Andrea
Zanette. Our work was published at the 38th Annual Conference on Neural Information
Processing Systems (NeurIPS 2024) (Sun et al., 2024b).

1.5 What is Not in the Thesis?

For clarity and coherence, some collaborative work involving the author is not included in this
thesis. This includes works on the theory of sequential decision making and reinforcement
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learning (Ni et al., 2022; Zhang et al., 2022; Zhang and Zanette, 2023; Zhang et al., 2024f),
unlearning large language models (Fan et al., 2024), large language model explainability (Guo
et al., 2025), and process-supervised reward models (Chen et al., 2024b).
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Chapter 2

In-Context Learning of a Linear
Self-Attention

2.1 Introduction

This chapter initiates the explanatory part of the thesis by studying in-context learning in a
tractable Transformer model. Transformer-based neural networks have quickly become the
default machine learning model for problems in natural language processing, forming the
basis of chatbots like ChatGPT (OpenAl, 2023), and are increasingly popular in computer
vision (Dosovitskiy et al., 2021). These models can take as input sequences of tokens
and return relevant next-token predictions. When trained on sufficiently large and diverse
datasets, these models are often able to perform in-context learning (ICL): when given a
short sequence of input-output pairs (called a prompt) from a particular task as input, the
model can formulate predictions on test examples without having to make any updates to
the parameters in the model.

Recently, Garg et al. (2022) initiated the investigation of ICL from the perspective of
learning particular function classes. At a high level, this refers to when the model has
access to instances of prompts of the form (xy, h(x1), ..., XN, h(XN), Xquery) Where X;, Xquery
are sampled i.i.d. from a distribution Dy and A is sampled independently from a distribution
over functions in a function class H. The transformer succeeds at in-context learning if when
given a new prompt (x7,h(x}),..., X, M (X)), X, ) corresponding to an independently

query
sampled A’ it is able to formulate a prediction for xg,.,, that is close to h'(x},e,) given a

uer
sufficiently large number of examples N. The authors qshgvved that when transformer models
are trained on prompts corresponding to instances of training data from a particular function
class (e.g., linear models, neural networks, or decision trees), they succeed at in-context
learning, and moreover the behavior of the trained transformers can mimic those of familiar
learning algorithms like ordinary least squares.

Following this, a number of follow-up works provided constructions of transformer-

based neural network architectures which are capable of achieving small prediction error for
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query examples when the prompt takes the form (xi, (w,x1),...,Xn, (W, XN), Xquery) Where
X;, Xquery; W L N(0,1;) (Von Oswald et al., 2023; Akytirek et al., 2022). However, this leaves
open the question of how it is that gradient-based optimization algorithms over transformer
architectures produce models which are capable of in-context learning.!

In this chapter, we investigate the learning dynamics of gradient flow in a simplified
transformer architecture when the training prompts consist of random instances of linear

regression datasets. Our main contributions are as follows.

o We establish that for a class of transformers with a single layer and with a linear self-
attention module (LSAs), gradient flow on the population loss with a suitable random
initialization converges to a global minimum of the population objective, despite the
non-convexity of the underlying objective function.

o We characterize the learning algorithm that is encoded by the transformer at conver-
gence, as well as the prediction error achieved when the model is given a test prompt
corresponding to a new (and possibly nonlinear) prediction task.

o We use this to conclude that transformers trained by gradient flow indeed in-context
learn the class of linear models. Moreover, we characterize the robustness of the trained
transformer to a variety of distribution shifts. We show that although a number of
shifts can be tolerated, shifts in the covariate distribution of the features x; cannot.

» Motivated by this failure under covariate shift, we consider a generalized setting of
in-context learning where the covariate distribution can vary across prompts. We
provide global convergence guarantees for LSAs trained by gradient flow in this setting
and show that even when trained on a variety of covariate distributions, LSAs still fail
under covariate shift.

o We then empirically investigate the behavior of large, nonlinear transformers when
trained on linear regression prompts. We find that these more complex models are able
to generalize better under covariate shift, especially when trained on prompts with
varying covariate distributions.

2.2 Related Works

The literature on transformers and non-convex optimization in machine learning is vast. In
this section, we will focus on those works most closely related to theoretical understanding of
in-context learning of function classes.

As mentioned previously, Garg et al. (2022) empirically investigated the ability for
transformer architectures to in-context learn a variety of function classes. They showed

We note a concurrent work also explores the optimization question we consider here (Ahn et al., 2023c);
we shall provide a more detailed comparison to this work in Section 2.2.
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that when trained on random instances of linear regression, the models’ predictions are very
similar to those of ordinary least squares. Additionally, they showed that transformers can
in-context learn two-layer ReLLU networks and decision trees, showing that by training on
differently-structured data, the transformers learn to implement distinct learning algorithms.
A number of works further investigated the types of algorithms implemented by transformers
trained on in-context examples of linear models (Panwar et al., 2023a; Ahuja and Lopez-Paz,
2023).

Akytirek et al. (2022) and Von Oswald et al. (2023) examined the behavior of transformers
when trained on random instances of linear regression, as we do in this chapter. They
considered the setting of isotropic Gaussian data with isotropic Gaussian weight vectors, and
showed that the trained transformer’s predictions mimic those of a single step of gradient
descent. They also provided a construction of transformers which implement this single step
of gradient descent. By contrast, we explicitly show that gradient flow provably converges to
transformers which learn linear models in-context. Moreover, our analysis holds when the
covariates are anisotropic Gaussians, for which a single step of vanilla gradient descent is
unable to achieve small prediction error.?

Let us briefly mention a number of other works on understanding in-context learning in
transformers and other sequence-based models. Han et al. (2023) suggests that Bayesian
inference on prompts can be asymptotically interpreted as kernel regression. Dai et al. (2023)
interprets ICL as implicit fine-tuning, viewing large language models as meta-optimizers
performing gradient-based optimization. Xie et al. (2022) regards ICL as implicit Bayesian
inference, with transformers learning a shared latent concept between prompts and test data,
and they prove the ICL property when the training distribution is a mixture of HMMs.
Similarly, Wang et al. (2023b) perceives ICL as a Bayesian selection process, implicitly
inferring information pertinent to the designated tasks. Li et al. (2024c) explores the
functional resemblance between a single layer of self-attention and gradient descent on a
softmax regression problem, offering upper bounds on their difference. Min et al. (2022)
notes that the alteration of label parts in prompts does not drastically impair the ICL ability.
They contend that ICL is invoked when prompts reveal information about the label space,
input distribution, and sequence structure.

Another collection of works have sought to understand transformers from an approximation
theoretic perspective. Yun et al. (2020a) and Yun et al. (2020b) established that transformers
can universally approximate any sequence-to-sequence function under some assumptions.
Investigations by Edelman et al. (2022) and Likhosherstov et al. (2023) indicate that a single-
layer self-attention can learn sparse functions of the input sequence, where sample complexity
and hidden size are only logarithmic relative to the sequence length. Further studies by Pérez
et al. (2019), Dehghani et al. (2019), and Bhattamishra et al. (2020) indicate that the vanilla
transformer and its variants exhibit Turing completeness. Liu et al. (2023a) showed that

2To see this, suppose (x;,y;) are i.i.d. with x ~ NM(0,A) and y = (w,x). A single step of gradient
descent under the squared loss from a zero initialization yields the predictor x — x' (3" yix;) =

n
x! (% Py xix?) w ~ x| Aw. Clearly, this is not close to x "w when A # I.
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transformers can approximate finite-state automata with few layers. Bai et al. (2023) showed
that transformers can implement a variety of statistical machine learning algorithms as well
as model selection procedures. Abernethy et al. (2024) showed that a pretrained transformer
can be used to define a transformer that segments a prompt into examples and labels and
learns to solve a sparse retrieval task. Zhang et al. (2025b) interpreted in-context learning
via a Bayesian model averaging process.

A handful of recent works have developed provable guarantees for transformers trained with
gradient-based optimization. Jelassi et al. (2022) analyzed the dynamics of gradient descent
in vision transformers for data with spatial structure. Li et al. (2023c) demonstrated that a
single-layer transformer trained by a gradient method could learn a topic model, treating
learning semantic structure as detecting co-occurrence between words and theoretically
analyzing the two-stage dynamics during the training process.

Finally, we note a concurrent work by Ahn et al. (2023c) on the optimization landscape
of single-layer transformers with linear self-attention layers as we do in this chapter. They
show that there exist global minima of the population objective of the transformer that
can achieve small prediction error with anisotropic Gaussian data, and they characterize
some critical points of deep linear self-attention networks. In this chapter, we show that
despite nonconvexity, gradient flow with a suitable random initialization converges to a
global minimum that achieves small prediction error for anisotropic Gaussian data. We also
characterize the prediction error when test prompts come from a new (possibly nonlinear)
task, when there is distribution shift, and when transformers are trained on prompts with
possibly different covariate distributions across prompts.

2.3 Background

Notation

We first describe the notation we use in the chapter. We write [n] = {1,2,...,n}. We use ® to
denote the Kronecker product, and Vec the vectorization operator in column-wise order. For

example, Vec (il)) Z

as (A, B) = tr(AB"). We use 0,, and 0,,x, to denote the zero vector and zero matrix of size
n and m X n, respectively. For a general matrix A, Ay and A.; denote the k-th row and
k-th column, respectively. We denote the matrix operator norm and Frobenius norm as ||-||Op
and |[|-||. We use I; to denote the d-dimensional identity matrix, and sometimes we also
use I when the dimension is clear from the context. For a positive semi-definite matrix A,
we write || x| := x ' Ax. Unless otherwise defined, we use lower case letters for scalars and
vectors, and use upper case letters for matrices.

> = (1,3,2,4)". We write the inner product of two matrices A, B € R™*"
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A Statistical Framework for In-Context Learning (ICL)

We begin by describing a framework for in-context learning of function classes, as initiated
by Garg et al. (2022). In-context learning refers to the behavior of models that operate on
sequences, called prompts, of input-output pairs (X1, y1, ..., XN, YN, Xquery), Where y; = h(x;)
for some (unknown) function h and examples x; and query Xquery. The goal for an in-
context learner is to use the prompt to form a prediction §(Xquery) for the query such that
§(Xquery) = h(Xquery)-

From this high-level description, one can see that at a surface level, the behavior of
in-context learning is no different from that of a standard learning algorithm: the learner
takes as input a training dataset and returns predictions on test examples. For instance,
one can view ordinary least squares as an ‘in-context learner’ for linear models. However,
the rather unique feature of in-context learners is that these learning algorithms can be the
solutions to stochastic optimization problems defined over a distribution of prompts. We
formalize this notion in the following definition.

Definition 2.3.1 (Trained on in-context examples). Let Dy be a distribution over an input
space X, H C Y% a set of functions X — Y, and Dy a distribution over functions in H. Let
0:Y xY — R bealoss function. Let S = Upen{ (X1, Y1, Xn,Yn) : X; € X, y; € YV} be the
set of finite-length sequences of (x,y) pairs and let

Fo={fo:SxX =), 0c0O}

be a class of functions parameterized by @ in some set ©. For N > 0, we say that a model
f 8 x X — ) is trained on in-context examples of functions in H under loss ¢ w.r.t.

(Dy, Dx) if [ = for where 8" € © satisfies
6" € argmingeoE p—(x; h(x1),..xn hxn ) xauery) [€ (fo (L), 1e(Xquery))] (2.1)

where X;, Xquery Lig Dy and h ~ Dy are independent. We call N the length of the prompts
seen during training.

As mentioned above, this definition naturally leads to a method for learning a learning
algorithm from data: Sample independent prompts by sampling a random function h ~ Dy
and feature vectors x;, Xquery Lig Dy, and then minimize the objective function appearing
in (2.1) using stochastic gradient descent or other stochastic optimization algorithms. This
procedure returns a model that is learned from in-context examples and can form predictions
for test (query) examples given a sequence of training data. This leads to the following
natural definition that quantifies how well such a model performs on in-context examples

corresponding to a particular hypothesis class.

Definition 2.3.2 (In-context learning of a hypothesis class). Let Dy be a distribution over an
input space X, H C Y a class of functions X — Y, and Dy, a distribution over functions in
H. Let £:Y xY — R be aloss function. Let & = Upen{ (X1, Y1, -, Xn, Un) : X; € X, y; € YV}
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be the set of finite-length sequences of (x, y) pairs. We say that a model f : Sx X — ) defined
on prompts of the form P = (x1, h(x1), ..., X, h(Xar), Xquery) in-context learns a hypothesis
class H under loss € with respect to (Dy, D) if there exists a function Mp,, p, (€) : (0,1) = N
such that for every € € (0,1), and for every prompt P of length M > Mp,, p. (),

<e, (2.2)

]EPZ(X1,h(xl),...,X]u,h(XM),xquery) [é (f(P), h (Xquery) )

.. . iid.
where the expectation is over the randomness in X;, Xquery ~ Dx and h ~ Dy,.

Note that in order for a model to in-context learn a hypothesis class, it must be expressive
enough to achieve arbitrarily small error when sampling a random prompt whose labels are
governed by some hypothesis h.

With these two definitions in hand, we can formulate the following questions: suppose
a function class Fg is given and Dy corresponds to random instances of hypotheses in a
hypothesis class H. Can a model from Fg that is trained on in-context examples of functions
in H w.r.t. (Dy, Dyx) in-context learn the hypothesis class H w.r.t. (D, Dx)? How large must
the training prompts be in order for this to occur? Do standard gradient-based optimization
algorithms suffice for training the model from in-context examples? How many in-context
examples Mp,, p, (¢) are needed to achieve error €? In the remaining sections, we shall answer
these questions for the case of one-layer transformers with linear self-attention modules when
the hypothesis class is linear models, the loss of interest is the squared loss, and the marginals
are (possibly anisotropic) Gaussian marginals.

Linear self-attention networks

Before describing the particular transformer models we analyze in this chapter, we first recall
the definition of the softmax-based single-head self-attention module (Vaswani et al., 2017).
Let E € R%*~ be an embedding matrix formed using a prompt (X1, 91, - - -, Xx, YN, Xquery) Of
length N. The user has the freedom to determine how this embedding matrix is formed from
the prompt. One natural way to form E is to stack (x;,7;)" € R as the first N columns
of E and to let the final column be (Xquery,0)'; if x; € R% y; € R, we would then have
d,=d+1and dy = N +1. Let W& W9 € R&*d and WV € R%*% bhe the key, query,
and value weight matrices, W7 € R%*% the projection matrix, and p > 0 a normalization
factor. The softmax self-attention module takes as input an embedding matrix E of width
dy and outputs a matrix of the same size,

K\ T Q
faeen(EB; WE WO WY W) =E+ W'WVE - softmax <(W o E) ’

p

where softmax is applied column-wise and, given a vector input of v, the i-th entry of
softmax(v) is given by exp(v;)/ >, exp(vs). The dy X dy matrix appearing inside the softmax
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is referred to as the self-attention matriz. Note that faw, can take as its input a sequence of
arbitrary length.

In this chapter, we consider a simplified version of the single-layer self-attention module,
which is more amenable to theoretical analysis and yet is still capable of in-context learning
linear models. In particular, we consider a single-layer linear self-attention (LSA) model,
which is a modified version of faw, Where we remove the softmax nonlinearity, merge the
projection and value matrices into a single matrix WV € Ré%*d and merge the query

and key matrices into a single matrix W@ € R%xd_We concatenate these matrices into
0 = (W5 W) and denote
E'TWXCE
P .
We note that recent theoretical works on understanding transformers looked at identical
models (Von Oswald et al., 2023; Li et al., 2023b; Ahn et al., 2023¢). It is noteworthy
that recent empirical work has shown that state-of-the-art trained vision transformers with
standard softmax-based attention modules are such that (W*)TW< and W”W" are nearly
multiples of the identity matrix (Trockman and Kolter, 2023), which can be represented
under the parameterization we consider.

The user has the flexibility to determine the method for constructing the embedding
matrix from a prompt P = (X1, Y1, ..., XN, YN, Xquery)- In this chapter, for a prompt of length
N, we shall use the following embedding, which stacks (x;, ;)" € R4 into the first N
columns with (Xquery, 0)" € R as the last column:

fisa(E;0) =E+ W"E - (2.3)

E— E(P) - (xl Xy - Xp Xquery) € RUEHDX(N+1) (2.4)
v Y2 - yn 0
We take the normalization factor p to be the width of the embedding matrix E minus one,
i.e., p=dy — 1, since each element in E-E" is an inner product of two vectors of length dy.
Under the above token embedding, we take p = N. We note that there are alternative ways to
form the embedding matrix with this data, e.g. by padding all inputs and labels into vectors
of equal length and arranging them into a matrix (Akyiirek et al., 2022), or by stacking
columns that are linear transformations of the concatenation (x;,y;) (Garg et al., 2022),
although the dynamics of in-context learning will differ under alternative parameterizations.
The network’s prediction for the token Xguery Will be the bottom-right entry of the matrix
output by fisa, namely,

gquery = gquery(E; 0) = [fLSA(E; 0)](d+1)7(N+1)'
Hereafter, we may occasionally suppress dependence on @ and write Jquery(E; 0) as Yquery-

Since the prediction takes only the right-bottom entry of the token matrix output by the LSA
layer, actually only part of WV and WX affect the prediction. To see how, let us denote

WLV wPV WEQ  pEe
wrhv — ( 11 12 ) < R(d+1)x(d+1)’ wWkeQ — 11 12 c R(dﬂ)x(dﬂ),
(wg) " wy’ ()" wy?
(2.5)
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where WHY € R4 whY wlV e R wl) € R; and WE? € R4 wli? wh® e R: wil e
R. Then, the prediction Yquery is

R EET WKQ
Tauery = ((erPIV)T wg;v) : <N> <<w§115)T Xquerys (2.6)

since only the last row of WFV and the first d columns of WX affects the prediction, which
means we can simply take all other entries zero in the following sections.

Training procedure

In this chapter, we will consider the task of in-context learning linear predictors. We will
assume training prompts are sampled as follows. Let A be a positive definite covariance
matrix. Each training prompt, indexed by 7 € N, takes the form

PT - (XT,17 HT(XT1)7 B D) HT(XT,N>7 XT,query)a

where task weights w, Lig- N(0,1,), inputs X;;, Xr query tig. N(0,A), and labels h,(x) =
(w,,x).

Each prompt corresponds to an embedding matrix E,, formed using the transforma-
tion (2.4):

E. = X1 Xr,2 e X7 N X7, query e R(d+1)><(N+l)'
i <w7'7 X’T,1> <w7'7 XT,Q) et <w7-, X7-7N> 0

We denote the prediction of the LSA model on the query label in the task 7 as ¥r query, Which
is the bottom-right element of fisa(E.), where fisa is the linear self-attention model defined
in (2.3). The empirical risk over B independent prompts is defined as

=N 1 B R 2
L<0) = ﬁ (yT,query - <w~r;XT,query>> . (27)
=1

We shall consider the behavior of gradient flow-trained networks over the population loss
induced by the limit of infinite training tasks/prompts B — oo:

1

L(e) = E}I_I)I;OE(O) = iEwryxr,lf“7X7—,N,x7—,query |:(?/J\T7query - <wTvXT7quel’y>)2} (28>

Above, the expectation is taken w.r.t. the covariates {x,;}; U {Xquery} in the prompt and

the weight vector w., i.e. over X, ;, Xquery LLd- N(0,A) and w, ~ N (04,1;). Gradient flow
captures the behavior of gradient descent with infinitesimal step size and has dynamics given
by the following differential equation:

d
70 =-VLO). (2.9)

We will consider gradient flow with an initialization that satisfies the following.
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Assumption 2.3.3 (Initialization). Let o > 0 be a parameter, and let ® € R%*? be any
matrix satisfying |@@ || = 1 and OA # 0,4,4. We assume

.
W (0) = o (06’& Old) . WEKQO) =0 (90(? %d> . (2.10)
d d

This initialization is satisfied for a particular class of random initialization schemes: if M
has i.i.d. entries from a continuous distribution, then by setting ©0" = MM /|MM ||,
the assumption is satisfied almost surely. The reason we use this particular initialization
scheme will be made more clear in Section 2.5 when we describe the proof, but at a high-level
this is due to the fact that the predictions (2.6) can be viewed as the output of a two-layer
linear network, and initializations satisfying Assumption 2.3.3 allow for the layers to be
‘balanced’ throughout the gradient flow trajectory. Random initializations that induce this
balancedness condition have been utilized in a number of theoretical works on deep linear
networks (Du et al., 2018; Arora et al., 2018; Arora et al., 2019; Azulay et al., 2021). We
leave the question of convergence under alternative random initialization schemes for future
work.

2.4 Main Results

In this section, we present the main results of this chapter. First, in Section 2.4, we prove
the gradient flow on the population loss will converge to a specific global optimum. We
characterize the prediction error of the trained transformer at this global minimum when
given a prompt from a new prediction task. Our characterization allows for the possibility
that this new prompt comes from a nonlinear prediction task. We then instantiate our results
for well-specified linear regression prompts and characterize the number of samples needed to
achieve small prediction error, showing that transformers can in-context learn linear models
when trained on in-context examples of linear models.

Next, in Section 2.4, we analyze the behavior of the trained transformer under a variety
of distribution shifts. We show the transformer is robust to a number of distribution shifts,
including task shift (when the labels in the prompt are not deterministic linear functions
of their input) and query shift (when the query example Xguer, has a possibly different
distribution than the test prompt). On the other hand, we show that the transformer suffers
from covariate distribution shifts, i.e. when the training prompt covariate distribution differs
from the test prompt covariate distribution.

Finally, motivated by the failure of the trained transformer under covariate distribution
shift, we consider in Section 2.4 the setting of training on in-context examples with varying
covariate distributions across prompts. We prove that transformers with a single linear
self-attention layer trained by gradient flow converge to a global minimum of the population
objective, but that the trained transformer still fails to perform well on new prompts. We
complement our proof in the linear self-attention case with experiments on large, nonlinear
transformer architectures which we show are more robust under covariate shifts.
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Convergence of gradient flow and prediction error for new tasks

First, we prove that under suitable initialization, gradient flow will converge to a global
optimum.

Theorem 2.4.1 (Convergence and limits). Consider gradient flow of a linear self-attention
network fisa defined in (2.3) over the population loss (2.8). Suppose the initialization satisfies
Assumption 2.3.3 with initialization scale o > 0 satisfying 0||T||opV/d < 2 where we have
defined
1 1
Ii=(1+—]A+ < tr(A)I; € R
( " N) o A

Then gradient flow converges to a global minimum of the population loss (2.8). Moreover,
WY and WE? converge to WEY and WE@ respectively, where

weesfu ()] (5 W) wrefeen) (e Y) ew

The full proof of this theorem appears in Appendix 2.7. We note that if we restrict our
setting to A = I, then the limiting solution described found by gradient flow is quite similar
to the construction of Von Oswald et al. (2023). Since the prediction of the transformer is
the same if we multiply WV by a constant ¢ # 0 and simultaneously multiply W® by ¢ 1,
the only difference (up to scaling) is that the top-left entry of their W*? matrix is I, rather
than the (1 + (d + 1)/N)~'1; that we find for the case A = 1.

Next, we would like to characterize the prediction error of the trained network described
above when the network is given a new prompt. Let us consider a prompt of the form
(1, (w, 1), ..., pr, (W, Tar), Xquery) Where w € R? and @, Xquery ik N(0,A). A simple
calculation shows that the prediction {query at the global optimum with parameters wke
and WV is given by

1 I T, 1 T 1 & T
B2 T T Ty 2 T (Fl 0)( )

~ i= i= Lquer
Gauery = (05 1) " T 0; O 0
W ; w' z;x] i ; w' zz] w
M
=z, T7! (1 Za;:cT> w (2.12)
query M e . .
i=1

When the length of prompts seen during training N is large, I ' ~ A", and when the test
prompt length M is large, - 3 x;x; &~ A, s0 that Jquery & X(Tue,y'w. Thus, for sufficiently
large prompt lengths, the trained transformer indeed in-context learns the class of linear
predictors.

In fact, we can generalize the above calculation for test prompts which could take a

significantly different form than the training prompts. Consider prompts that are of the form
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(1,91, - -+, Tn, Yn, Tquery) Where, for some joint distribution D over (x,y) pairs with marginal
distribution x ~ A(0,A), we have (z;,4;) "~ D and Xquery ~ N (0, A) independently. Note
that this allows for a label y; to be a nonlinear function of the input x;. The prediction of
the trained transformer for this prompt is then

Zj _ (OT 1) ﬁ Zz]\il wzw;r]\j_ ﬁwqueryw;ruery ﬁ Zl]\ij\/} ZL;Y; I‘;l 04 Lquery
query d ﬁ Zi:l m;ryl ﬁ Zi:l y? Od 0 0

T 1 ( 1 ﬁ/[: ( )
= Lyuer I~ — ylw2> . 2.13
query M P

Just as before, when N is large we have I'™* ~ A™!, and so when M is large as well this
implies

Jauery = Topery A E [yx] = X_,erv | argmin E [(y — (w,x))?] (2.14)

query ™~ “Lquery (z,y)~D Yy query g iy (z,y)~D Yy w, . .
we

This suggests that trained transformers in-context learn the best linear predictor over a
distribution when the test prompt consists of i.i.d. samples from a joint distribution over
feature-response pairs. In the following theorem, we formalize the above and characterize the
prediction error when prompts take this form.

Theorem 2.4.2. Let D be a distribution over (x,y) € R x R, whose marginal distribution on
x is Dy = N(0,A). Assume Eply], Ep[xy|, Eply*xx"] exist and are finite. Assume the test

pTOmpt is Of th@ fOTm P = (mlu Y1y s M, YM, wquery>7 'U)h@'f’e (wia yl)7 (CUquerya yquery) 1;\(} D
Let fisp be the LSA model with parameters W*PV and W*KQ in (2.11), and Yquery is the

prediction for Tquery given the prompt. If we define

a:=A"Ex,p[xy], Y = Exy)~p [(Xy - E(xy) ) (xy - E(xy) )T} : (2.15)

then, forT'= A + %A + %tr(A)Id. we have,

E (Z/J\query - yquery)2 = 5%1@ E <<w7 mquery> - yquery)2

Error of best linear predictor

1 — 1 2 2 2
+ 2700 (ST A+ o [llallp2 s + 26(A) [Jall2 2 + t(A)? [alf2y | (2.16)

L Lid.
where the expectation is over (i, i), (Tquerys Yquery) ~ D.

The full proof is deferred to Appendix 2.8. Let us now make a few remarks on the above
theorem before considering particular instances of D where we may provide more explicit
bounds on the prediction error.
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First, this theorem shows that, provided the length of prompts seen during training (N)
and the length of the test prompt (M) is large enough, a transformer trained by gradient flow
from in-context examples achieves prediction error competitive with the best linear model.
Next, our bound shows that the length of prompts seen during training and the length of
prompts seen at test-time have different effects on the expected prediction error: ignoring
dimension and covariance-dependent factors, the prediction error is at most O(1/M + 1/N?),
decreasing more rapidly as a function of the training prompt length N compared to the test
prompt length M.

Let us now consider when D corresponds to noiseless linear models, so that for some
w € R, we have (z,y) = (z, (w,x)), in which case the prediction of the trained transformer
is given by (2.12). Moreover, a simple calculation shows that the ¥ from Theorem 2.4.2 takes
the form ¥ = ||w|3A + Aww " A. Hence Theorem 2.4.2 implies the prediction error for the
prompt P = (x1, (w,X1), ..., X, (W, Xpr), Xquery) 18

~ 2
Ew17~--7$]\/17wquery (yquel’y - <w’ mquery>)
1

= 17 lwlfps + (T 2A%) ]} }
1
+ w3 Il ps + 2l pe tr(A) + o7y tr(A)?}

d+1 2 1 2 2 2
< T L a0 [l + 2wl (A) + aoly 2 ()7

The inequality above uses that I' > A. Finally, if we assume that w ~ N (0,1;) and denote
k as the condition number of A, then by taking expectations over w we get the following:

Eur, . onr query w0 (Jauery — (W, wquery>)2
d+ 1)tr(A -

< (1\)4<) 3 [tr(A) + 2dtr(A) + ex(A)er(A)?]

o ([ 1)m(A) | (1+2d+ dr)tr(A)

< M N2 ’

From the upper bound above, we can see the rate w.r.t M and N are still at most O(1/M)
and O(1/N?) respectively. Moreover, the generalization risk also scales with dimension d,
tr(A) and the condition number k. This suggests that for in-context examples involving
covariates of greater variance, or a more ill-conditioned covariance matrix, the generalization
risk will be higher for the same lengths of training and testing prompts. Putting the above
together with Theorem 2.4.2, Definition 2.3.1 and Definition 2.3.2, we get the following
corollary.

Corollary 2.4.3. The transformer fisa trained on length-N prompts of in-context examples
of functions in {x — (w,x)} w.rt. w ~ N(0,I;) and Dx = N(0,A) by gradient flow
on the population loss (2.8) for initializations satisfying Assumption 2.53.3 converges to the
model fisa(- ; WEQ WPV, This model takes a prompt P = (1,41, ..., Tar, Yo, Lquery) and
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returns a prediction Jquery fOT Xquery given by

tr(A) \ 7 (1 &
Jauery = [fisa(Ps WEC W) gt a1 = Ty <A+ NA N Id) (Mlzlym>

This model in-context learns the class of linear models {x — (w,Xx)} with respect to w ~
N(0,1;) and Dy = N(0,A) up to errorn := (1+2d+d*k)tr(A)/N? (where k is the condition
number of A): provided M > (d + 1)tr(A)e™!, the model achieves prediction error at most
n+e.

It is worth emphasizing that the transformer fisa(- ; WX ewr V) only learns the function
class up to error n = O(1/N?) in the sense of Definition 2.3.2. In particular, training on
finite-length prompts leads to prediction error bounded away from zero.

Behavior of trained transformer under distribution shifts

Using the identity (2.13), it is straightforward to characterize the behavior of the trained
transformer under a variety of distribution shifts. In this section, we shall examine a number
of shifts that were first explored empirically for transformer architectures by Garg et al.
(2022). Although their experiments were for transformers trained by gradient descent, we
find that (in the case of linear models) many of the behaviors of the trained transformers
under distribution shift are identical to those predicted by our theoretical characterizations of
the performance of transformers with a single linear self-attention layer trained by gradient
flow on the population.

Following Garg et al. (2022), for prompts of the form (x1, A(x1),...,Xn, M(XN), Xquery), let
us assume for training prompts that x;, Xquery tid D and h ~ DY, while for test prompts
X; iid. Diest
of shifts:

s Xquery ~ Dyery> and h ~ D3, We will consider the following distinct categories

o Task shifts: D" £ Diest,
o Query shifts: Dt £ Drest,

query

o Covariate shifts: DEan -£ Drest,

In the following, we shall fix DI?" = A/(0, A) and vary the other distributions. Recall
from (2.13) that the prediction for a test prompt (X1,¥1, ..., XN, YN, Xquery) is given by (for
N large),

gquery = X;—ueryr ( Z y’bxl> ~ Xquery ( Z ylx’l> . (217)

=1
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Task shifts. These shifts are easily tolerated by the trained transformer. As Theorem 2.4.2
shows, the trained transformer is competitive with the best linear model provided the prompt
length during training and at test time is large enough. In particular, even if the prompt is
such that the labels y; are not given by (w), x;) for some w ~ N(0,1,), the trained transformer
will compute a prediction which has error competitive with the best linear model that fits
the test prompt.

For example, consider a prompt corresponding to a noisy linear model, so that the prompt
consists of a sequence of (x;, ;) pairs where y; = (w, x;) +¢; for some arbitrary vector w € R?
and independent sub-Gaussian noise €;. Then from (2.17), the prediction of the transformer
on query examples is

R 1 X
Al T AL
yquery ~ Xquery ( Z ylxl) = query <M Z XX, ) w + Xquery (M Z 6iXi> .
=1 =1

Since ¢; is mean zero and independent of x;, this is approximately xqueryw when M is large.
And note that this calculation holds for an arbitrary vector w, not just those which are
sampled from an isotropic Gaussian or those with a particular norm. This behavior coincides
with that of the trained transformers observed by Garg et al. (2022).

Query shifts. Continuing from (2.17), since y; = (w, x;),

yquery ~ Xquery < le )

From this, we see that whether query shifts can be tolerated hinges upon the distribution of
the x;’s. Since Dai" = Dtest if M is large then

@query ~ Xc—qrueryA_lAw = X;]rueryw' (218)
Thus, very general shifts in the query distribution can be tolerated. On the other hand, very
different behavior can be expected if M is not large and the query example depends on the
training data. For example, if the query example is orthogonal to the subspace spanned by

the x;’s, the prediction will be zero, as was observed with transformer architectures by Garg
et al. (2022).

Covariate shifts. In contrast to task and query shifts, covariate shifts cannot be fully
tolerated in the transformer. This can be easily seen due to the identity (2.13): when
Dirain £ Dt then the approximation in (2.18) does not hold as - > x;x] will not cancel
I'"! when M and N are large. For instance, if we consider test prompts where the covariates
are scaled by a constant ¢ # 1, then

1.2 2T T
yquery ~ Xquery ( ZXZ ) queryA cAw =c Xqueryw 7é Xqueryw’
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This failure mode of the trained transformer with linear self-attention was also observed in
the trained transformer architectures by Garg et al. (2022). This suggests that although the
predictions of the transformer may look similar to those of ordinary least squares in some
settings, the algorithm implemented by the transformer is not the same since ordinary least
squares is robust to scaling of the features by a constant.

It may seem surprising that a transformer trained on linear regression tasks fails in
settings where ordinary least squares performs well. However, both the linear self-attention
transformer we consider and the transformers considered by Garg et al. (2022) were trained
on instances of linear regression when the covariate distribution Dy over the features was
fixed across instances. This leads to the natural question of what happens if the transformers
instead are trained on prompts where the covariate distribution varies across instances, which
we explore in the following section.

Transformers trained on prompts with random covariate
distributions

In this section, we will consider a variant of training on in-context examples (in the sense of
Definition 2.3.1) where the distribution Dy is itself sampled randomly from a distribution,
and training prompts are of the form (x1,h(x1),...,Xn, R(XN), Xquery) Where X;, Xquery i p,
and h ~ Dy. More formally, we can generalize Definition 2.3.1 as follows.

Definition 2.4.4 (In-context training with random covariate distributions). Let A be a
distribution over distributions Dy defined on an input space X, H C V¥ a set of functions
X — Y, and Dy a distribution over functions in H. Let £: )Y x Y — R be a loss function.
Let & = Unen{(X1, %1, -+, Xn,Yn) : X; € X, y; € YV} be the set of finite-length sequences of
(z,y) pairs and let

Fo={fo:SxX =), 0c0O}

be a class of functions parameterized by some set ©. We say that a model f: S x X — Y
is trained on in-context examples of functions in ‘H under loss £ w.r.t. Dy and distribution
over covariate distributions A if f = fp- where 8™ € O satisfies

0" ¢ argmineeG)EP:(m,h(Xl),u-7XN7h(XN)7xquery) [6 (fG’(P)’ h(Xque,—y))] ) (2'19)

iid.
where Dy ~ A, X;, Xquery "Dy and h ~ Dy

We recover the previous definition of training on in-context examples by taking A to be
concentrated on a singleton, supp(A) = {Dx}. The natural question is then, if a model f is
trained on in-context examples from a function class H w.r.t. Dy and a distribution A over
covariate distributions, and if one then samples some covariate distribution Dy ~ A, does f
in-context learn H w.r.t. (Dy, Dx) for that Dy (cf. Definition 2.3.2)7 Since Dy is random,
we can hope that this may hold in expectation or with high probability over the sampling of
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the covariate distribution. In the remainder of this section, we will explore this question for
transformers with a linear self-attention layer trained by gradient flow on the population loss.

We shall again consider the case where the covariates have Gaussian marginals, x; ~
N(0,A), but we shall now assume that within each prompt we first sample a random
covariance matrix A. For simplicity, we will restrict our attention to the case where A is
diagonal. More formally, we shall assume training prompts are sampled as follows. For each
independent task indexed by 7 € [B], we first sample w, ~ N(0,1;). Then, for each task 7
and coordinate i € [d], we sample A, ; independently such that the distribution of each A, ;
is fixed and has finite third moments and is strictly positive almost surely. We then form a
diagonal matrix

A, =diag(Arq, ..., Arg).

Thus the diagonal entries of A are independent but could have different distributions, and A,

is identically distributed for 7 = 1,..., B. Then, conditional on A, we sample independent
and identically distributed X, 1,...,X; N, Xrquery ~ N(0,A;). A training prompt is then
given by P‘r = (XT,17 <'1,U-,—, XT,1>7 - XN, <’U)7—, XT,N>7 X7—,query) Notice that here, Xriy X7 query are

conditionally independent given the covariance matrix A, but not independent in general.
We consider the same token embedding matrix as (2.4) and linear self-attention network,
which forms the prediction fqueryr as in (2.6). The empirical risk is the same as before
(see (2.7)), and as in (2.8), we then take B — oo and consider the gradient flow on the
population loss. The population loss now includes an expectation over the distribution of
the covariance matrices in addition to the task weight w, and covariate distributions, and is

given by
1

L(0> - iEwTyAfyxr,l,"'7x7—,N7xT,query {(gﬂquery - <w77 XT,query>)2} . (220)

In the main result for this section, we show that gradient flow with a suitable initialization

converges to a global minimum, and we characterize the limiting solution. The proof will be
deferred to Appendix 2.9.

Theorem 2.4.5 (Global convergence with random covariance). Consider gradient flow of
the linear self-attention network fisa defined in (2.3) over the population loss (2.20), where
A, are diagonal with independent diagonal entries which are strictly positive a.s. and have
finite third moments. Suppose the initialization satisfies Assumption 2.3.3, |[EA, O], # 0,
with initialization scale o > 0 satisfying

o 2EAO];

. 2.21
Va [E T, [|A-]]7] 220

Then gradient flow converges to a global minimum of the population loss (2.20). Moreover,
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WP and WE? converge to WEY and WEC respectively, where

= ([EPTAEF [EA?] od) |

P 0] 0
3 [Oaxa O
p A0 1)

where I'; = %AT + %tr(AT)Id € R¥™4 and the expectations above are over the distribution
of A..

WEQ _ H [Er, A% E[A2]

(2.22)
wiv — |[er.a2 " E[a2]

From this result, we can see why the trained transformer fails in the random covariance
case. Suppose we have a new prompt corresponding to a weight matrix w € R? and covariance
matrix Apen, sampled from the same distribution as the covariance matrices for training
prompts, so that conditionally on Ae, we have X;, Xquery LLd- (0, Apew). The ground-
truth labels are given by y; = (w,x;),1 € [M] and Yquery = (W, Xquery). At convergence, the
prediction by the trained transformer on the new task will be

gquery
JI S DN I
. Vi ; XiX; MXquerquuery M ; XiYi [EI‘TAQ} -1 EA2 0, Xouery
M ; Xi Yi i Zz::l Yi
T 2 271 1 Y T
= Xquery ° [EAT} {EI‘TAT] 137 izzlxixi w
— Xunery : [EAE} {EI‘TAﬂ - Aneww  almost surely when M — oo. (2.23)

The last line comes from the strong law of large numbers. Thus, in order for the prediction on

the query example to be close to the ground-truth xgueryw, we need {EAE} [EI‘TAﬂ - Anew
to be close to the identity. When A, = A, is deterministic, this indeed is the case as we
know from Theorem 2.4.2. However, this clearly does not hold in general when A, is random.

To make things concrete, let us assume for simplicity that M, N — oo so that I'; — A,
and the identity (2.23) holds (conditionally on Aey). Then, taking expectation over Apen
in (2.23), we obtain

—1
E [Gquery| Xauery> W] = Xgery - [EAZ] [EAZ] - [EA,] w.

If we consider the case A;; " Exponential(1), so that E[A,] = I, E[A%] = 2I,, and

E[A2] = 61,4, we get

IE{U\query — g(wa Xquery)-



CHAPTER 2. IN-CONTEXT LEARNING OF A LINEAR SELF-ATTENTION 30

This shows that for transformers with a single linear self-attention layer, training on in-context
examples with random covariate distributions does not allow for in-context learning of a
hypothesis class with varying covariate distributions.

Experiments with large, nonlinear transformers. We have shown that even when
trained on prompts with random covariance matrices, transformers with a single linear
self-attention layer fail to in-context learn linear models with random covariance matrices.
We now investigate the behavior of more complex transformer architectures that are trained
on in-context examples of linear models, both in the fixed-covariance case and in the random-
covariance case.

We examine the performance of transformers with a GPT2 architecture (Radford et al.,
2019) that are trained on linear regression tasks with mean-zero Gaussian features with either
a fixed covariance matrix or random covariance matrices. For the fixed covariance case, the
covariance matrix is fixed to the identity matrix across prompts. For the random covariance
case, covariates are drawn from x ~ N (0, cA) where A is diagonal with A; B Exponential(1)
and ¢ > 0 is a scaling factor. We set ¢ = 1 during training and vary this value at test time.
The transformer is trained using the procedure of Garg et al. (2022) (see Appendix 2.11
for more details). We consider linear models in d = 20 dimensions and we train on prompt
lengths of N = 40,70, 100 with either fixed or random covariance matrices. The performance
of these trained models, when tested on new data with fixed covariance or random covariance
matrices (¢ = 1,4,9), is represented in six curves in Figure 2.1. Using the calculation (2.23),
we can compare the prediction error for the linear self-attention networks in the M — oo,
N — oo limit (the black dash line) to those of GPT2 architectures. We additionally compare
these models to the ordinary least-squares solution which is optimal for this task.

From the figure, we can see that the GPT2 model trained on fixed covariance succeeds in
the random covariance setting if the variance is not too large, which shows that the larger
nonlinear model is able to generalize better than the model with a single linear self-attention
layer. However, when the variance is large (¢ = 4,9 for the bottom two figures), the GPT2
model trained with fixed covariance is unsuccessful. When trained on random covariance, the
model performs better for test prompts from higher-variance random covariance matrices,
but still fails to match least squares when the scaling is largest (¢ = 9).

Furthermore, we notice some surprising behaviors when the test prompt length exceeds
the training prompt length (i.e., M > N): there is an evident spike in prediction error,
regardless of whether training and testing were performed on fixed or random covariance, and
the spike appears to decrease when evaluated on prompts with higher variance. Although we
are unsure of why the spike should decrease with higher-variance prompts, the failure of large
language models to generalize to larger contexts than they were trained on is a well-known
problem (Dai et al., 2019; Anil et al., 2022). In our setting, we conjecture that this spike in
error comes from the absolute positional encodings in the GPT2 architecture. The positional
encodings are randomly-initialized and are learnable parameters but the encoding for position
1 is only updated if the transformer encounters a prompt which has a context of length 1.
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Figure 2.1: Normalized prediction error for transformers with GPT2 architectures as a
function of the number of in-context test examples M when trained on in-context examples
of linear models in d = 20 dimensions. Colored lines correspond to different training context
lengths (N € {40,70,100}) and different training procedures (either a fixed identity covariance
matrix or random diagonal covariance matrices with each diagonal element sampled i.i.d.
from the standard exponential distribution). The four figures correspond to evaluating on
either fixed covariance or random covariance matrices of different scales. The gray dashed
line shows the prediction error of zero estimator and the black dashed line the prediction
error of LSA model when M, N — oo. The GPT2 models achieve smaller error when they
are trained on random covariance matrices with larger contexts, but their prediction error
spikes when evaluated on contexts larger than those they were trained on.

Thus, when evaluating on prompts of length M > N, the model is relying upon random
positional encodings for M — N samples. We note that a concurrent work has explored the
performance of transformers with GPT2 architectures for in-context learning of linear models
and found that removing positional encoders improves performance when evaluating on larger
contexts (Panwar et al., 2023a). We leave further investigation of this behavior for future
work.
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2.5 Proof Ideas

In this section, we briefly outline the proof sketch of Theorem 2.4.1. The full proof of this
theorem is left for Appendix 2.7.

Equivalence to a quadratic optimization problem

We recall each task 7 corresponds to a weight vector w, ~ N (0,1;). The prompt inputs
for this task are x; ; N (0, A), which are also independent of w,. The corresponding
labels are y,; = (w,,X, ;). For each task 7, we can form the prompt into a token matrix
E, € RUFUXINFY a5in (2.4), with the right-bottom entry being zero.

The first key step in our proof is to recognize that the prediction Jgyery(E;; @) in the linear
self-attention model can be written as the output of a quadratic function u' H .u for some
matrix H, depending on the token embedding matrix E, and for some vector u depending
on @ = (WHX? WPV) This is shown in the following lemma, the proof of which is provided

in Appendix 2.7.

Lemma 2.5.1. Let E, € RN pe apn embedding matriz corresponding to a prompt
of length N and weight w.. Then the prediction Yquery(E+;0) for the query covariate can be
written as the output of a quadratic function,

g//\query(ET; 0) = uTHTu7

where the matrix H , is defined as,

H. = EXT ® (ETE:> € RE+D?*x(d+1)? X, = ( Oaxd - Xﬂquery> c R@+Dx(d+1)
(2.24)

and

u = Vec(U) € R, U = ((f e ) € REFX(H),
21 -1

K K
where Uy = WH? € R™ uyy = wlV € R™! uy = whi® € R u_y = whY e R

correspond to particular components of WV and WXC, defined in (2.5).

This implies that we can write the original loss function (2.7) as

7 A T 2
L= 5B 723:1 (u H.,u—w,_ X.,—’query) ) (2.25)

Thus, our problem is reduced to understanding the dynamics of an optimization algorithm
defined in terms of a quadratic function. We also note that this quadratic optimization
problem is an instance of a rank-one matrix factorization problem, a problem well-studied in
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the deep learning theory literature (Gunasekar et al., 2017; Arora et al., 2019; Li et al., 2018;
Chi et al., 2019; Belabbas, 2020; Li et al., 2020; Jin et al., 2023; Soltanolkotabi et al., 2023).

Note, however, this quadratic function is non-convex. To see this, we will show that H ,
has negative eigenvalues. By standard properties of the Kronecker product, the eigenvalues of

H_ = %X LR (%) are the products of the eigenvalues of %X - and the eigenvalues of %

Since E,E! is symmetric and positive semi-definite, all of its eigenvalues are nonnegative.
Since E,E. is nonzero almost surely, it thus has at least one strictly positive eigenvalue.
Thus, if X, has any negative eigenvalues, H, does as well. The characteristic polynomial of
X, is given by,

ﬂId —Xr quer — 2

det(ul — X-) = det (_ T N y) = (UQ - HXT,queryH2) :
T,query 12

Therefore, we know almost surely, X, has one negative eigenvalue. Thus H, has at least

d + 1 negative eigenvalues, and hence the quadratic form u' H .u is non-convex.

Dynamical system of gradient flow

We now describe the dynamical system for the coordinates of u above. We prove the following
lemma in Appendix 2.7.

Uy Uiz
T
1121) U_1

Lemma 2.5.2. Let u = Vec(U) := Vec <( > as in Lemma 2.5.1. Consider

gradient flow over
1 2
L:=E (w"Hou — w] % query ) (2.26)

with respect to w starting from an initial value satisfying Assumption 2.3.3. Then the dynamics
of U follows

EIJH(ZS) = —U2_1FAU11A + U_1A2

dt (2.27)
Aoy = —t TAUA(Up)" — A*(U) T
dtu_l< ) = r[u_l 1A (Un) (Un1) },

and uy2(t) = 04,021 (t) = 04 for allt > 0, where I' = (1 + %) A+ & tr(A)I; € R4

We see that the dynamics are governed by a complex system of d? 4 1 coupled differential
equations. Moreover, basic calculus (for details, see Lemma 2.7.1) shows that these dynamics
are the same as those of gradient flow on the following objective function:

~ 1
I RdXd xR — ]R, 14 (UH,U_l) = tr |:2U2_1I‘AU11A(U11)T — U_1A2(U11)T . (228)

Actually, the loss function £ is simply the loss function L in (2.26) plus some constants that do
not depend on the parameter u. Therefore our problem is reduced to studying the dynamics
of gradient flow on the above objective function.
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Our next key observation is that the set of global minima for ¢ satisfies the condition
u_ Uy =171 . Thus, if we can establish global convergence of gradlent flow over the above
objective functlon {, then we have that u_;()U11(t) = T Ryeo AT

Lemma 2.5.3. For any global minimum of ¢, we have
u_ Uy =T (2.29)

Putting this together with Lemma 2.5.2, we see that at those global minima of the
population objective satisfying Uy; = ()™}, u_; = ¢ and ujs = uy; = 04, the transformer’s
predictions for a new linear regression task prompt are given by

yquery(E 0 M Zyz TF Xquery = ( sz > F Xquery = wTXquery

=1

Thus, the only remaining task is to show global convergence when gradient flow has an
initialization satisfying Assumption 2.3.3.

PL inequality and global convergence

We now show that although the optimization problem is non-convex, a Polyak-Lojasiewicz
(PL) inequality holds, which implies that gradient flow converges to a global minimum.
Moreover, we can exactly calculate the limiting value of Uy; and u_;.

Lemma 2.5.4. Suppose the initialization of gradient ﬂow satz‘sﬁes Assumption 2.3.3 with
initialization scale satisfying o? < \/E||21“|| forT'=(1+4+)A+ fr )Id. If we define
op

0.2

VA|A]Ztr (T7A) o (A7)

then gradient flow on ¢ with respect to Uy, and u_y satisfies, for any t > 0,

po= |A®|[} 2 - Vdo* |T|l,,] >0, (2:30)

2 2

_ 2 ol ol
va(Ull<t>7u—l(t))H2 = H6’U11 + Du_,
P _

>Iu <Z(U11(t), U_l(t)) — UHeerIiidnu_leR Z(Ull, U_1)> .

Moreover, gradient flow converges to the global minimum of ¢, and Uy and u_; converge to
the following,

lm u_y (2) = HI"IH% and lim Uy, (t) = HI‘ ‘ ipt (2.31)

With these observations, proving Theorem 2.4.1 becomes a direct application of Lemma
2.5.1, 2.5.2, 2.5.3, and Lemma 2.5.4. It then only requires translating Uy; and u_; back to
the original parameterization using WV and W<,
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2.6 Discussions and Conclusion

In this chapter, we investigated the dynamics of in-context learning of transformers with a
single linear self-attention layer under gradient flow on the population loss. In particular, we
analyzed the dynamics of these transformers when trained on prompts consisting of random
instances of noiseless linear models over anisotropic Gaussian marginals. We showed that
despite non-convexity, gradient flow from a suitable random initialization converges to a
global minimum of the population objective. We characterized the prediction error of the
trained transformer when given a new prompt that consists of a training dataset where the
responses are a nonlinear function of the inputs. We showed how the trained transformer is
naturally robust to shifts in the task and query distributions but is brittle to distribution shifts
between the covariates seen during training and the covariates seen at test time, matching
the empirical observations on trained transformer models of Garg et al. (2022).

There are a number of natural directions for future research. First, our results hold for
gradient flow on the population loss with a particular class of random initialization schemes.
It is a natural question whether similar results would hold for stochastic gradient descent
with finite step sizes and for more general initializations. Further, we restricted our attention
to transformers with a single linear self-attention layer. Although this model class is rich
enough to allow for in-context learning of linear predictors, we are particularly interested in
understanding the dynamics of in-context learning in nonlinear and deep transformers.

Finally, the framework of in-context learning introduced in prior work was restricted to
the setting where the marginal distribution over the covariates (Dy) was fixed across prompts.
This allows for guarantees akin to distribution-specific PAC learning, where the trained
transformer is able to achieve small prediction error when given a test prompt consisting
of linear regression data when the marginals over the covariates are fixed. However, other
learning algorithms (such as ordinary least squares) are able to achieve small prediction error
for prompts corresponding to well-specified linear regression tasks for very general classes
of distributions over the covariates. As we showed in Section 2.4, when transformers with
a single linear self-attention layer are trained on prompts where the covariate distributions
are themselves sampled from a distribution, they do not succeed on test prompts with
covariate distributions sampled from the same distribution. By contrast, we demonstrated
with experiments that larger, nonlinear transformer architectures appear to be more successful
in this setting but are still sub-optimal. Developing a better understanding of the dynamics
of in-context learning when the covariate distribution varies across prompts is an intriguing
direction for future research.

2.7 Appendix: Proof of Theorem 2.4.1

In this section, we prove Lemma 2.5.1, Lemma 2.5.2, Lemma 2.5.3 and Lemma 2.5.4. Theorem

2.4.1 is a natural corollary of these four lemmas when we translate u_; and U;; back to
WP and WEC,
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Proof of Lemma 2.5.1

For the reader’s convenience, we restate the lemma below.

Lemma 2.5.1. Let E. € REUTDXNTY pe an embedding matriz corresponding to a prompt
of length N and weight w.. Then the prediction Yguery(E;;0) for the query covariate can be
written as the output of a quadratic function,

yquery(ET; 0) = uTHTu7
where the matrix H , is defined as,

H. — }X Q ETETT c R(d+1)2><(d+1)2 X_ — 0dxd - Xr,query c R(d+1)><(d+1)
T 2 T N ’ T (XT,query) 0
(2.24)

and
u = Vec(U) e RV U = (( UHT u12> € R (d+1),

u21) U_1

where Uy = WE? € R u, = wlV € R uy = wi? € Ry, = wh) e R
correspond to particular components of WYV and WEC, defined in (2.5).

Proof. First, we decompose W py and Wi in the way above. From the definition, we know
Ur query 18 the right-bottom entry of fisa(E;), which is

E.E' U
- _ T T 11
o = (07 1) (577 (a0 2w

. U - .
We denote u; € R as the i-th column of ( (uzi;T> and X7 query &S the i-th entry of X; query

for i € [d]. Then, we have

Z//\T,query
a E.E! d i E.E]
= ZX:',query (<U12)T U_1> ( N T ) U; = Ztr |}M ((u12>T U_l) : X’Zr,query ( N = )]
=1 =1

Un T T E.E
=tr [Vec [((um)T)] ((1112) u_l) X7 query ® ( N )]

v (e ) (o )]

.
' ( Od(d+1)xd(d+1)  Xrquery @ (ETJ\}/ET )) ]
x

E.E]
:,query@)( N ) O(@+1)x(d+1)

=—tr
2
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Here, we use some algebraic facts about matrix vectorization, Kronecker product and trace.
For reference, we refer to (Petersen and Pedersen, 2008). O]

Proof of Lemma 2.5.2

For the reader’s convenience, we restate the lemma below.

Uy Uiz

Lemma 2.5.2. Let u = Vec(U) := Vec <(u21)T -

) as in Lemma 2.5.1. Consider

gradient flow over

1
L= QE (uTHTu - wjxﬂqueryf (2.26)

with respect to w starting from an initial value satisfying Assumption 2.5.3. Then the dynamics

of U follows
d

dt

d
EU, 1(t) = —tr [U,_erUllA(Ull)T — AQ(UH)T} s

and uys(t) = 04, u9(t) = 04 for all t > 0, where T’ = (1 + ﬁ) A+ tr(A)I; € R4

UH( ) —UQ_IFAUllA + U_1A2
(2.27)

Proof. From the definition of L in (2.26) and the dynamics of gradient flow, we calculate the
derivatives of u. Here, we use the chain rule and some facts about matrix derivatives. See
Lemma 2.10.1 for reference.

(i;: = 2F ((HT, uuT>HT) u + 2 (w:XT,queryHT> u. (2.32)

Step One: Calculate the Second Term We first calculate the second term. From the
definition of H ,, we have

d T
Bl ] =y S (e X0 (557

For ease of notation, we denote

1 X -
= — ) XX, (2.33)
N ’

E.E]

Then, from the definition of ==, we know

E; ET A + quuery quuery A W
N w; A w, A w,
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Since w, ~ N(0,1;) is independent of all prompt inputs and query input, we have

1 d [ i },- Xr query XT uer 0

5 ZE _(XT query ( N ( “ ’ O

1 d i X7 query X;r uer 0
=32 E[E l( X! query X ®< ( R

1 d i | Xr query] X7 query Xq—l-— uer 0

5 ZE _( Tquery ( 0 ,query 0 = O

Therefore, we have

E [0 % quey H | = ZE[( XY query )®<wi (wﬁg wﬁxwwm

Since X, only depends on X;query by definition, and X;query is independent of w, and

Xri,%=1,2,..., N, we have
i JAXT A W,
)
0d><d Az E(’LU:.)A AE(’UJT’LUT)
T ® oy T oy T
A, O E(w'w,.)A E (win AwT)
Ouxa A 2 Oixa A
Al 0 Al 0
where A; denotes A.;. Here, the second line comes from the fact that E_/AXT = A, and that w,

is independent of all prompt input and query input. The last line comes from the fact that
w, ~ N(0,1;). Therefore, simple computation shows that

XT,query]

T
E [’U)T XT,queryHT}

N~ N~ N

@ s @.
I Mg I M& I Mg
— =N —

o [wTTXT,queryHT} u — ; <0d(d+Xde(d+l) O(d+1i(d+1)> ‘u, (2.34)
where
V,+V/
A Vy+ Vg € RUGHDX(@+1) Vv, = <O%Xd A(I)X]) € R@+Dx(d+1). (2.35)
Vit V]

Step Two: Calculate the First Term Next, we compute the first term in (2.32), namely

D = 2R ((H,,uu')H,u).
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For simplicity, we denote Z, := %ETEI Using the definition of H, in (2.24) and Lemma
2.10.1, we have

w)
I

B
&=

((HT, uuT)HTu) (definition)

N — N RN =N =

tr (X, @ Z, Vec (U) Vec (U) ") (X, ® Z,) Ve (U)]

E =

—/ —

tr (Vec (Z,UX ) Vec (U) ") Vec (Z,UX )]

&=

Ve (U)" - Ve (Z,UX,) - Vec (2,UX,)]

U
+
[y

&=

> ((2,UX,),;Uy) Ve (ZTUXT)} .

=
<.
—

Step Three: u;; and uy; Vanish We first prove that if ujs = uy = 04, then 4 W2 = 04
and 4 4021 = 0g. If this is true, then these two blocks will be zero all the time since we assume
they are zero at the initial time in Assumption 2.3.3. We denote Aj. and A.; as the k-th row
and k-th column of matrix A, respectively.

Under the assumption that u;s = us; = 04, we first compute

A T A 1 T
(Z UX ) B ATwTu_levquery (A-T + N Xr,query X7'7query) Ullxr,query
T T) — T ‘/AX T T ./AX U .
w.. ) WrU_1X7 Guery w., T 11Xr,query

Written in an entry-wise manner, it will be

(Kf)k wTu_lxlT query k.l € [d]
A T
(Z UX ) (A —i:\ XT ,query XT query) :Ullevquery k E [d]7l d + ]' (236)
w! (A) wouixt ., leldk=d+1
w! (A;) UnnX; query k=l=d+1

We use D;; to denote the (i

i,7)-th entry of the (d + 1) x (d + 1) matrix D such that
Vec(D) = D. Now we fix a k € [d],

then
1 _d+1 T
Dk,d+1 = §E '21 ((ZTUXT)U' Uij) (ZTUXT)k,aHl
L= i
1 [d _
= 5B .Zl ((2,UX.),;Uy;) (Z,UX,), 4,4
1,j= i

E K(ZTUXT)d+1,d+1 u,l) (ZTUXT>k,d+1] , (2.37)
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since U; 441 = Ugq1,; = 0 for any i € [d]. For the first term in the right hand side of last
equation, we fix i, j € [d] and have

E((ZUX.),Uy) (Z,UX ), 0

N ‘ - 1
— g J . — Cx ! =
=E (UU (AT)l wTu—lXT,query <AT + NXT,query XT,query>k Ullxr,query) - 07

since w, is independent with all prompt input and query input, namely all x,; for i € [query],
and w, is mean zero. Similarly, for the second term of (2.37), we have

]E ((ZTUXT)d+17d+1 U’*l) (ZTUXT)k,d“rl

o~

~ 1
T
=K <U—1w7— (AT) Ullx'r,query : <AT + Nxﬂquery : X'r,query) U11X77query) =0
k:

since (wj) = 0 and w, is independent of all x,; for i € [query]. Therefore, we have
Dy 441 = 0 for k € [d]. Similar calculation shows that Dy, = 0 for k € [d].

For k € [d], to calculate the derivative of Uy 441, it suffices to further calculate the inner
product of the d(d + 1) + k th row of E [wIXTuneryHT} and w. From (2.34), we know this is

LI
5 ZAk_ AjUd+1,j = O

J=1

given that uj;s = uy; = 04. Therefore, we conclude that the derivative of Uy, 411 will vanish
given uy2 = uy; = 0,4. Similarly, we conclude the same result for U441 for k € [d]. Therefore,
we know ujs = 04 and uy; = 04 for all time ¢ > 0.

Step Four: Dynamics of U;; Next, we calculate the derivatives of Uq; given ujp = ug =
0,4. For a fixed pair of k,l € [d], we have

1 d
Dy = §E 'Zl ((ZTUXT)U Uij) (ZTUXT)kl + ((ZTUXT)d+1,d+1 u—l) (ZTUXT)k;l :
1,j=
For fixed i, j € [d], we have

E[((Z.UX.),;Uy) (Z:UX.)y| = Ui (B [(Ar) w0, quen Xt quen) (As) |

T,query X7 query
= Uit s B [x quenXraquen] - E | (A7), (A7),
= U A |(Ar), (&), ]

Therefore, we sum over i, j € [d] to get

d o~ ~
;E > ((z.UX,),U;)(2,UX,), :;uglE((AT)k: (A.)) UnA,

ij=1
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For the last term, we have

;E (2. UX1) gy 401 u1) (Z2,UX )| = ;UQJE ((As), (As)) UnAs

So we have

Dkl = u2_1E ((.//i.,->k (KT>) UllAl-

Additionally, we have

Od(d+1)xd(d+1 A
2]EwTXTUFHTu == (d+1)xd(d+1) - u
[ ( T ) ](Z*I)(d“)”“ [( AT O(a+1)x(a+1) (1—1)(d+1)+k

(definition)

= (0(d+1)><d(d+1) V,+ VlT)k: U
(definition of A in (2.35))
= A Ay (definition of V; in (2.35))

Therefore, we have that for k,[ € [d], the dynamics of Uy, is

c(litUkl = —u*E ((KT% (/A\T)) UpnA; + u_1AgAl7

which implies
d ~ N2
&Ull = —U31E ((AT) > UpA +u A%

From the definition of A, (equation (2.33)), the independence and Gaussianity of x,; and
Lemma 2.10.2, we compute

2
~ 1 X
E ((AT>2> =K ((N mex;) ) (definition (2.33))
i=1
N -1 2 1
= v [E (xﬂlx;)} + NE (XT71XI1XT71X21)
(independence between prompt input)
= N;lAQ + ;ftr(A)A. (Lemma 2.10.2)
We define N1 )
Tr.— ;A (A, (2.38)

Then, from (2.32), we know the dynamics of Uy, is

d
aUll = —U2_1FAU11A + U_1A2. (239)
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Step Five: Dynamics of u_; Finally, we compute the dynamics of u_;. We have

1 d
Dd+1,d+1 - §E '21 <(ZTUXT)ij Uij) (ZTUXT)d+1,d+1]
,]=

+ ;E K(ZTUXT>d+1,d+1 “—1) (ZTUXT)d—i-I,d—i-l} . (2.40)

For the first term above, we have

E

d
Z ((ZTUXT)ij Uij) (ZTUXT)d+1,d+1]
ij=1

-ua 3 U,E[(A)

ij=1

. Cw,w)] - (_/AXT) 'UHXT,quernyT‘,query] (from (2.36))

=u_, i U,E K./A\T>Z . (/A\T) . quﬂqueryxiquery} (independence and distribution of w.,)

ij=1
=u_; i U,E K./A\T>Z . (/A\T) . UHA]} (independence between prompt covariates)
ij=1 ’
:u_lE tr i AjUij (KT)Z . (KT> UH] = u_lE tr [A(Ull)T (AT)2 UH]
ij=1 '

~\2
=U_1 tr [E <A7—> UHA(UH)T] .
For the second term in (2.40), we have

E [((ZTUXT)dJrl,dJrl u,l) (ZTUXT)dJrl,UHJ
=u 1B [w] (Ar) UnixXe quenX, quen(Unn) " (A7) w,] (from (2.36))

7,query
—uEtr [(A,) UnAU) " (A)] =ustr {]E (A.)’ UHA(UH)T} .
Therefore, we know
D1 = Uy tr {E (&) UHA(UH)T] .
Additionally, we have

Od(d+1)xd(d+1 A
2 |E (w] %X, queny H - ) w = ey ¢
{ ( + X7 .query ) }(d+1)2 [( AT 0(d+1)x (d+1) (d+1)2

(from (2.34))

= <V1 +V] . Vg+V) 0(d+1)><(d+1))d+1: :

(definition of A in (2.35))

d

i,j=1
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Then, from (2.32), we have the dynamics of u_; is

d
&u_l = —tr U_erUHA(UH)T — A2(U11)T} . (241)

Proof of Lemma 2.5.3

Lemma 2.5.3 gives the form of global minima of an equivalent loss function. First, we prove
that gradient flow on L defined in (2.8) from the initial values satisfying Assumption 2.3.3
is equivalent to gradient flow on another loss function ¢ defined below. Then, we derive an
expression for the global minima of this loss function.

First, from the dynamics of gradient flow, we can actually recover the loss function up to
a constant. We have the following lemma.

Lemma 2.7.1 (Loss Function). Consider gradient flow over L in (2.26) with respect to u
starting from an initial value satisfying Assumption 2.8.5. This is equivalent to doing gradient
flow with respect to Uy and u_q on the loss function

~ 1
12 (U117 Ufl) = tr §U2_1]_-‘1‘[J'111X(-[J11)T — u,lAQ(UH)T . (242)

Proof. The proof is simply by taking gradient of the loss function in (2.42). For techniques
in matrix derivatives, see Lemma 2.10.1. We take the gradient of £ on Uy; to obtain
ol _EQATFT T }2 2 _ 2 2
= ZUu_4 UllA + U_erUllA - U_lA = U_IFAUHA - U_lA N
ouy,; 2 2

since I' and A are commutable. We take derivatives w.r.t. u_; to get

ol
8u_1

=tr {u_lI‘AUnA(Uu)T - A2<U11)T} :

Combining this with Lemma 2.5.2, we have

d or  d ol
R t = — —U_ t —_ .
dtUll( ) aUlla dtu 1( ) au_l

O

~ We remark that actually this is the loss function L up to some constant. This loss function
¢ can be negative. But we can still compute its global minima as follows.
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Corollary 2.7.2 (Minimum of Loss Function). The loss function ( in Lemma 2.7.1 satisfies

~ 1
min C(Up,uq) = . tr {AQI‘A}

Ui ERIXA o _1ER

and

{(Up,u)—  min Z(Umu1>=;H1“§(u1A5UuA5—ArI)Hi

UpERIXD o1 €ER

Proof. First, we claim that
- 1 T 1
{(Un,ua) = g tr [I‘~ (41 A2UAS — A7) (u AZU AR — AT } — 5t (AT

To calculate this, we just need to expand the terms in the brackets and notice that I' and A
are commutable:

T
tr {r (1 ATULAS — AT7Y) (u APUL AT — AT ) ] —tr[AT]
g tr {F . <U2_1A%U11A(U11>TA1/2 — U_lAI‘_IA%UHA% — U_lA%UHA%F_l + I‘_2A2)}
— tr[A’T 1]

@) u? tr [FAUllA(Ull)T] — 2u_qtr {A2U11A%] =20 (Un,u).

Equations (i) and (i¢) use that I and A commute.

1 1 1 1 T
Since T' = 0 and (u_1 AU A2 — AT ™) (u_, A2 Uy A2 — ATY) = 0, we know from
Lemma 2.10.4 that

1 1 1 1 T
St [r (41 APUL AR — AT ) (u AU AT — AT ) } > 0,
which implies
~ 1
12 (Ull,u_l) 2 —5 tr [A2F_1} .

Equality holds when
Uy =T" wu,=1,
so the minimum of £ must be —% tr [AQI‘_l} . The expression for Z(UH, u_1) —ming(UH, u_1)

comes from the fact that tr(AT A) = || A||3 for any matrix A. O

Lemma 2.5.3 is an immediate consequence of Corollary2.7.2, since the loss will keep the
same when we replace (Uyy,u_1) by (¢Uyy, ¢ tu_y) for any non-zero constant c.
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Proof of Lemma 2.5.4

In this section, we prove that the dynamical system in Lemma 2.5.2 satisfies a PL inequality.
Then, the PL inequality naturally leads to the global convergence of this dynamical system.
First, we prove a simple lemma, which says the parameters in the LSA model will keep
"balanced’ in the whole trajectory. From the proof of this lemma, we can understand why we
assume a balanced parameter at the initial time.

Lemma 2.7.3 (Balanced Parameters). Consider gradient flow over L in (2.26) with respect
to uw starting from an initial value satisfying Assumption 2.5.3. For any t > 0, it holds that

u?, = tr [UH(UH)T} ) (2.43)

Proof. From Lemma 2.5.2, we multiply the first equation in (2.27) by (Uy;)" from the right
to get

((iUll(t)> (Un(t)" = =, TAULA(U) " +u_A*(Uy)".

Also we multiply the second equation in Lemma 2.5.2 by u_; to obtain

((itu_l(t>> u_1(t) = tr {—U2_111AU11A(U11)T + U—1A2(U11)T} -

Therefore, we have

tr K(iUﬂt)) (Un(t))T] = (jtu_l(t)> u_1(t).

Taking the transpose of the equation above and adding to itself gives

(;ittr Un®)(Un)'] = jt (ua(8)?).

Notice that from Assumption 2.3.3, we know that at ¢ = 0,
u1(0)? = 0? =0 tr (00100 | = tr [Uy(0)(Un(0)].
So for any time ¢ > 0, the equation holds. n
In order to prove the PL inequality, we first prove an important property which says the

trajectories of u_1(t) stay away from saddle point at origin. First, we prove that u_;(¢) will
stay positive along the whole trajectory.
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Lemma 2.7.4. Consider gradient flow over L in (2.26) with respect to w starting from an
initial value satisfying Assumption 2.3.5. If the initial scale satisfies

2
0<o< |2, (2.44)
vd|r],,

u_q > 0.

then, for any t > 0, it holds that

Proof. From Lemma 2.7.1, we are actually doing gradient flow on the loss £. The loss function
is non-increasing, because
| ‘

dig_ dU11 8@ du_1 8(7 _ dU11
dt —\ dt '9Uy dt "ou_,/ dt ||,

We notice that when u_; = 0, the loss function ¢ = 0. Therefore, as long as £(Uy;(0), u_1(0)) <
0, then for any time, u_; will be non-zero. Further, since u_1(0) > 0 and the trajectory of
u_1(t) must be continuous, we know u_1(t) > 0 for any ¢ > 0.

Then, it suffices to prove when 0 < o < ﬁ, it holds that £(Uy1(0),u_1(0)) < 0.

2

<0.

F

du_1

dt

From Assumption 2.3.3, we can calculate the loss function at the initial time:

4
U(UL(0),u_1(0)) = %tr rA©OTAGOT| - o*tr [A’00]].
From the property of trace, we know

tr[A’007] = tr [AOOAT| = [AO|]7.

From Von-Neumann'’s trace inequality (Lemma 2.10.3) and the fact that H@@THF =1, we
know

tr FA®©'AOO| < Vi|A®OTAGO'| -|T|,, < Vd|AO|}|T],,-

Therefore, we have

(U14(0),14(0)) < Y2

2
o
= 5 lIA®|}. [Vdo® [T, —2].

IA®I T, — o* [A®]

From Assumption 2.3.3, we know [|A®||, # 0. From (2.38), we know |I'l|,, > 0. Therefore,

when
O<o< 2
o I
vd|r,,

(Uq1(0),u_1(0)) < 0.

we have
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From the lemma above, we can actually further prove that the u_;(t) can be lower
bounded by a positive constant for any ¢ > 0. This will be a critical property to prove the
PL inequality. We have the following lemma.

Lemma 2.7.5. Consider gradient flow over L in (2.26) with respect to w starting from an
initial value satisfying Assumption 2.3.3 with initial scale 0 < o < | . For any t > 0,

2
Vd| T,
it holds that

0'2 )
uy > | —=— |A®|% |2 — Vdo2|T|,,| > 0. 2.45
1 J2 Jaiag, el | T, (2.45)

Proof. We prove by contradiction. Suppose the claim does not hold. From Lemma 2.7.3, we
know u?, = tr [Ull(Ull)T} = |]U11||?,. From Lemma 2.7.4, we know u_; = ||Uy1]| . Recall
the definition of loss function:

~ 1
E(UH,U,1> = tr |:2U2_1].—‘]\U111X([J11)T — u,lAQ(UH)T .

Since I' = 0, A > 0, and they commute, we know from Lemma 2.10.4 that I'A > 0. Again,
since U A(Uyp) " = 0, from Lemma 2.10.4 we have tr [%uz_lI‘AUHA(UH)T} is non-negative.
So

E(Un,u,l) 2 —tr [U,1A2(U11)T:| .

From Von-Neumann’s trace inequality, we know for any ¢ > 0,
—tr {u,lAz(UH)T} > —\/EU,I HA2HOp HUHHF = — du%l HAHip

Therefore, under our assumption that the claim does not hold, we have

~ 2 ~
U(Uss,u0) 2 =V, A2, > =5 1A} [2 = Vio® [Tl,,] = {(U1(0), u-1(0).

Here, the last inequality comes from the proof of Lemma 2.7.4. This contradicts the non-
increasing property of the loss function in gradient flow. O]

Finally, let’s prove the PL inequality and further, the global convergence of gradent flow
on the loss function /. We recall the stated lemma from the main text.

Lemma 2.5.4. Suppose the initialization of gradient flow satisfies Assumption 2.5.3 with
initialization scale satisfying o? < ﬁ JorT'=(1+4+)A+ %Id. If we define
op

0.2
BT VAR, (0A T (A7)

|A®I% [2 = Vdo® [T, >0, (2.30)
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then gradient flow on ¢ with respect to Uy, and u_y satisfies, for any t > 0,

2 2

_ 2 ol or
e e B P
» _

Z,u <E(U11(t)7u_1(t)) — U e]Rldﬂxidn eRg(UH’ U_1)> .

Moreover, gradient flow converges to the global minimum of ¢, and Uyy and u_y converge to
the following,

_1
lim u_y(t) = [T i A (2.31)

t—o0

1

3 . _lp-1
7 and Jim Un(®) = |07
Proof. From the definition and Lemma 2.7.5, we have

ol
oU,

=u?, [TA? (uyA>U A2 — AT7H) A2

2
Ve a0l 2 |2~ it TAULA - uaa?],
F

2
F

A®% [2— Vo [T,| [PA? (w1 A2 ULAS — AT A2

_ (2.46)
> 2.46
WAAL,

To see why the second line is true, recall that u_; € R and I' and A commute. The last line
comes from the lower bound of u_; in Lemma 2.7.5. From Corollary 2.7.2, we know

. 1 1 1 1 1 1 —1\ "
{— min E(Un,u_l) = §tI‘ |:]__‘ (U_1A2U11A2 — AT ) (U_1A2U11A2 — AT ) :|

U1 eR4Xd y_1€R
2

P

= ; |7 (v A2ULAZ — AT
Therefore, we know that

— min E(Un,u_l)

U1 eR¥>4 y_ 1 €R

; HFA% (u,lA%UHA% _ AI‘*l) Az

IN

2 1 1
. HI‘ 2 A2
F

2

gt (I‘_lA_l) tr (A_1> . (2.47)

2 1
A~
F

2
F

— ; HrA% (u_lA%UHA% _ Ar—l) Az

We compare (2.46) and (2.47) to obtain that in order to make the PL condition hold, one
needs to let

0.2

P VAR, e (T A e (A7)

IA®I3. [2 = Vdo® |T],,] > 0.

Once we set this u, we get the PL inequality. The pu is positive due to the assumption for o
in the lemma.
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From the dynamics of gradient flow and the PL condition, we know

d ~ . ~ dU11 8[7 du_1 (9!7
— (£ — (U _ =
dt ( U116erl}<1dr,lu,1eR ( 11, 4 1>> < dt ’ 8U11> + < dt ’ 8u_1>

dUH 2 dU,1
dt dt

2
< —u <{7_ min E(Ull,u_1)> )

Ui €RIXd o1 €R

F

Therefore, we have when t — oo,

<i_ .
0<v? UlleRIgldr,lu,leRg(Un’U7l)
< —ut) [(U , — i /Uy, u_
_exp( 2 ) [( 11(0),7«0 1(0)) UUGR{%E}}U%GR ( 11, U 1)] — 0,
which implies
lim | — i ( )l =o.
ti>rg> lé U11€er}>l<1r}}u_1€R€(Ull’u 1)] 0

From Corollary 2.7.2, we know this is
0% (us Al A% - AT 0,

Since I' and A are non-singular and positive definite, and they commute, we know

st = < [ oadunad - ar) a2 o
This implies u_1 Uy — ™! = 0444 entry-wise. Since u_; = U1l » we know
u? ) = w1 U || p — HI‘AHF.

Therefore, we know

lim w_y(¢) = [T7Y]|2 and lim Uy () = |07 ; .

1
t—o0 F

2.8 Appendix: Proof of Theorem 2.4.2

In this section, we prove Theorem 2.4.2, which characterizes the excess risk of the prediction
of a trained LSA layer with respect to the risk of best linear predictor, on a new task which
is possibly non-linear. First, we restate the theorem.
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Theorem 2.4.2. Let D be a distribution over (x,y) € R x R, whose marginal distribution on
x is Dy = N(0, A). Assume Eply], Ep[xy|, Eply*xx"] exist and are finite. Assume the test

) Lid.
prompt is of the form P = (T1,y1,..., T, Yss Tquery)s where (i, i), (Tquerys Yquery) ~ D.
Let fisa be the LSA model with parameters WY and WE® in (2.11), and Jquery s the

prediction for Tquery given the prompt. If we define

a:=A"Ex,p[xy], 3 = Exy)~p [(xy —E (xy) ) (xy —E (xy) )T} : (2.15)

then, forT'= A + %A + %tr(A)Id. we have,

E (:/y\query - yquery)2 - EL’I&&E (('w, mquery> - yquery)2

Error of best linear predictor

1 _ 1 2 2 2
gt [ZT2A| + e @325 + 267(A) [|a]|f-2 p2 + tr(A)? ][220 |, (2.16)

L Lid.
where the expectation is over (i, Yi), (Tquerys Yquery) ~ D.

Proof. We denote E as the expectation over (x;,;), (Zquery> Yquery) "D unless otherwise
specified. Since when (x,y) ~ D, we assume E[x], E[y], E[xy], E[xx "], E[y?xx "] exist, we
know that E ((w, Zquery) — yquery)2 exists for each w € R%. We denote

a = argminE ((w, wquery> - Z/query)2
weER?

as the weight of the best linear approximator. Actually, if we denote the function inside the
minimum above as R(w), we can write it as

R(’lU) = 'lUTAw —2E (yquery ’ w(—lq—uery) w + IEyguery'

Since the Hessian matrix %R(w) is A, which is positive definite, we know that this

function is strictly convex and hence, the global minimum can be achieved at the unique
first-order stationary point. This is

8= A™E (Jouery - Tauery) (2.48)
We also define a similar vector for ease of computation:

b=T"'E (Yquery * Tquery) - (2.49)
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Therefore, we can decompose the risk as

E (Jauery — Yauery)” = E (2, Tquery) — Yavery)” + E (Taery — (b, Tauery))’
I 1l
+ E ((b, Zquery) — (a, wquery>)2 + 2E (Jquery — (b, Tquery)) ({2 Tauery) — Yauery)
111 v
+ 2 (Jquery — (b, Tauery)) ((B; Zquery) — (@, Tquery))
%
+ 2E ({b, CBquery> — (a, wquery>) ((a, wquery> - yquery)
VI

The term I is the first term on the right hand side of (2.16). So it suffices to calculate II to
VI

First, from the tower property of conditional expectation, we have

mquery) ]

wquery) (<b7 wquery> - (a, wquery>)‘| = 07

V =2E [E ((gquery — (b, Tquery)) ((b, Tquery) — (@, Tquery))

= 2K [E <37query — <b, «’Equery>

since
-

1 M
wquery) = <EM Z yirilwi - b) Lquery = 0.

i=1

E (gquery - <b, "'Bquery>

Similarly, for IV, we have
IV =2E (gquery - <b7 mquery>) ((a, mquery> - yquery)

= 2E [E ((@query - <b> wquery>) (<a> Ccquery) - yquery)

Lquery; Yq uery) ]

Lquery, yquery> (<a7 wquery) - yquery)‘|

= 2K [E (gquery - <b, «’Bquery>

=0.

For VI, we have

VI = 2Etr [(b - a) ((a, wquery) - yquery) mT :|

query

= 2tr [(b — a)aTA} — 2tr [(b —a)k (yqueryquuery)} =0,

where the last line comes from the definition of a. Therefore, all cross terms vanish and it
suffices to consider II and III.
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For II, from the definition we have

IT
+

1 X _ (1 ¥
=K (M Z yix; — K (yCIuery ) wquery)) r 1mQUery$;—ueryF ' (M Z yiz; — E (yquery ’ mqUIery)>
i=1 i=1
1 U | M !
=Etr <M Z Yix; — E (yquery : mquery)) (M Z Y& — E (yquery . wquery)) F_ZA
i=1 i=1
(property of trace and the fact that I' and A commute)

1

M
:W Z Etr {(yzwz - ]E (yquery . a','query)) (ijj — ]E (yquery . wquery)>—r F_2A}

ij=1

1 _
:M]Etr {(ylwl — E (Yquery * Tquery)) (1121 — E (Yquery - mquery))T r QA}

(all cross terms vanish due to the independence of ;)
1 2
=7 [21“ A} .
The last line comes from the definition of X.

For III, we have
I =E(b—a) TqeyTquey(b—a) =a AT = A AT =A™ )Aa
~tr [(Id ~TA ) T 2A%a’

(property of trace and the fact that I' and A commute)

1
=t [(Id +tr(A)A ) T 2A%aT

1
= [tr<r—2A3aaT) + 2tr(A)tr(T2A%aa’) + tr(A)%r(r—QAaaT)} .

Combining all terms above, we conclude. O

2.9 Appendix: Proof of Theorem 2.4.5

The proof of Theorem 2.4.5 is very similar to that of Theorem 2.4.1. The first step is to
explicitly write out the dynamical system. In order to do so, we notice that the Lemma 2.5.1
does not depend on the training data and data-generating distribution and hence, it still
holds in the case of a random covariance matrix. Therefore, we know when we input the
embedding matrix E, to the linear self-attention layer with parameter 8 = (WK ewr V),
the prediction will be

yquery(ET; 0) = uTHTU'7
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where the matrix H , is defined as,

HT _ ;XT ® (Eﬁj) c R(d+1)2><(d+1)2, XT _ <(X OdXd)T Xf,((;)uery> e R(d+1)><(d+1)
T,query

and
YR | U g

1121)T U
where U11 = WﬁQ € RdXd,ulg = wflv € RdX1,UQ1 = ng € RdX1,U_1 = ’UJ§2V e R
correspond to particular components of WV and W€, defined in (2.5).

Dynamical system

The next lemma gives the dynamical system when the covariance matrices in the prompts
are i.i.d. sampled from some distribution. Notice that in the lemma below, we do not assume
A are almost surely diagonal. The case when the covariance matrices are diagonal can be
viewed as a special case of the following lemma.

Lemma 2.9.1. Consider gradient flow on (2.20) with respect to w starting from an initial
value that satisfies Assumption 2.3.3. We assume the covariance matrices A, are sampled
from some distribution with finite third moment and A, are positive definite almost surely.

We denote u = Vec (U) := Vec < UHT u12> and define

(1121) U1

1
o= (1+

1
N) A, + — tr(A,)I, € R,

N
Then the dynamics of U follows

iuna) =~ E[T, A, ULA] +u i E[A?]
Sua(t) = —u B [T AU A (U] 4t (B [A2] (U)T).

and wyo(t) = 04, us1(t) = 04 for allt > 0.

(2.50)

Proof. This lemma is a natural corollary of Lemma 2.5.2. Notice that Lemma 2.5.2 holds for
any fixed positive definite A.. So when A, is random, if we condition on A, the dynamical
system will be

d

—Un(t) = —u?, [0A U A, ] +u_y [AZ]

dg (2.51)
&u,l(t) = —u_;tr [FTATUHAT(UM)T} + tr ({Aﬂ (Un)T) :

and uy2(t) = 04, us1(t) = 04 for all £ > 0. Then, we conclude by simply taking expectation
over A . O
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The lemma above gives the dynamical system with general random covariance matrix.
When A, are diagonal almost surely, we can actually simplify the dynamical system above.
In this case, we have the following corollary.

Corollary 2.9.2. Under the assumptions of Lemma 2.9.1, we further assume the covariance
matriz A, to be diagonal almost surely. We denote w;;(t) € R as the (i,7)-th entry of U1 (1),
and further denote

[N +1

Li=E |~ AR A2 ZAU ,

& =E 'A2 } (2.52)
(N+1 ., 1 d

Cz:]E A AT,'+AT,iAT7"ZAT,k‘|

J N J N J =

fori,j € [d], where the expectation is over the distribution of A.. Then, the dynamical system
(2.50) is equivalent to

d
dt“u@) - —I‘iuzluii -+ &Ufl Vi € [d],
d .,
Ui (t) = =Gyulyuy Vi jeld], (2.53)
d d
éu 1(t) = —Z[ U } Z(”u 1“@3 +Z i) -
i=1 1#]

Proof. This is directly obtained by rewriting the equation for each entry of Uy; and recalling
the assumption that A, (and hence I';) is diagonal almost surely. O

Loss function and global minima

As in the proof of Theorem 2.4.1, we can actually recover the loss function in the random
covariance case, up to a constant.

Lemma 2.9.3. The differential equations in (2.53) are equivalent to gradient flow on the
loss function

1
lram(Un1, u_q) = Etr [2u21FTATU11AT(U11)T - U—lAz(Un)T

1 d d (254)

5 Z { Zu—lum} +5 ZCU —luz] Z [fzunu—l}

z;ﬁ] i=1

with respect to w;;Vi,j € [d] and u_q, from an initial value that satisfies Assumption 2.3.3.
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Proof. This can be verified by simply taking gradient of /4, to show that

— Uy = — VEd, —Uj; = — A Gd, —U_] = — .
dtu 0uu ! [ ] dtUJ auij ! 7& J [ ] dtu ! au_l
[
Next, we solve for the minimum of /.4, and give the expression for all global minima.
Lemma 2.9.4. Let {4 be the loss function in (2.54). We denote
min lrgm 1= UueR{iIiidI,lu_leR lram (U1, u_1).
Then, we have
1 d 52
inlygm =—= ) = 2.55
min /g ~3 ; T (2.55)
and
Erdm (UH, u_l) — min Erdm = Z F (u“u 1 — ]_‘Z > + = Z ng (256)
‘ Z#J
Moreover, denoting w;; as the (i,7)-entry of Uy, all global minima of {igm satisfy
&
u_y - u; =10 = j) - T (2.57)

Proof. From the definition of /.4, we have

6 d ¢2 d 52
The equation holds when u;; = 0 for ¢ # j € [d] and u_qu; = f,— for each i € [d]. This
can be achieved by simply letting u_; = 1 and u; = 1% for ¢ € [d]. Of course, when we

replace (u_1,u;) with (cu_1, ¢ tuy) for any constant ¢ # 0, we can also achieve this global
minimum. ]

PL Inequality and global convergence

Finally, to end the proof, we prove a Polyak-tf.ojasiewicz Inequality on the loss function £,qm,
and then prove global convergence. Before that, let’s first prove the balanced condition of
parameters will hold during the whole trajectory.

Lemma 2.9.5 (Balanced condition). Under the assumptions of Lemma 2.9.1, for any t > 0,
it holds that
U%l = tr |:U11(U11)T} . (258)
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Proof. The proof is similar to the proof of Lemma 2.7.3. From Lemma 2.5.2, we multiply the
first equation in (2.50) by (Uy;)" from the right to get

[(?tUll(t)] (Un)' = —u2,E [FTATUllAT(Ull)T} +uE [Ai(Ull)T} :

Also we multiply the second equation in Lemma 2.50 by u_; to obtain

d 2 T 2 T
(dtu_l(t)> ui(t) = —u?, v E [T A Up A (Un) | +uy tr (B [A2) (Un)T),

Therefore, we have

tr KiUn(t)> (Un(t))T] — (jtu_l(t)) ui(t).

Taking the transpose of the equation above and adding to itself gives

d

itr Un@Un®)] = - (ua(t)?).

Notice that from Assumption 2.3.3, we know that
u1(0)? = 0" =0 tr (00100 | = tr Uy (0)(Un(0)].

So for any time ¢ > 0, the equation holds. O

Next, similar to the proof of Theorem 2.4.1, we prove that, as long as the initial scale is
small enough, u_; will be positive along the whole trajectory and can be lower bounded by a
positive constant, which implies that the trajectories will be away from the saddle point at
the origin.

Lemma 2.9.6. We do gradient flow on l,gm with respect to u,; ; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 2.3.3 with initial scale

2|EA, 8|7
0<o< | I =T (2.59)
vV [B T, [|A-[I7]
then for any t > 0, it holds that

Proof. From the dynamics of gradient flow, we know the loss function ¢4, is non-increasing:

d‘grdm o zd: agrdm duij + agrdm du—l _ d a‘grdm ? N agrdm ? <0
dt _i,jzl 8Uij dt 871,1 dt o = 81%’ auil < U.
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Since we assume U;;(0) = @@", we know the loss function at t = 0 is
leam(U11(0),u_1(0)) = Etr [(;LLFTAT@@TAT@@T — azAf('-)@T] .
From the property of trace, we know
Etr [0*A200"] = 0* |[EA, O[3
From Von-Neumann’s trace inequality and the assumption that H@G)THF =1, we know

o\/_

4

Etr [JQI‘TATGGTATGG)T

o'Vi|e H

E [T+ ],

‘ATGQTATG)@THF

o

i E BT, 1A = f E T, A7)

From the assumptions on © and A, we know EA,@® # 0gxq and E|[T,[|,, A5 > 0.
Therefore, comparing the two displays above, we know when (2.59) holds, we must have
lram(0) < 0. So from the non-increasing property of the loss function, we know ,4m(t) < 0 for
any time t > 0. Notice that when u_; = 0, the loss function is also zero, which suggests that
u_1(t) # 0 for any time ¢ > 0. Since u_1(0) > 0 and the trajectory of u_; must be continuous,
we know that it stays positive at all times. O]

Lemma 2.9.7. We do gradient flow on {.gm with respect to u; ; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 2.3.3 and the initial scale satisfies (2.59). Then, for
any t > 0, it holds that

i (t) > 2|EA,®|} — Vido? [E [T, [A-]}]] > (2.61)

o2
2\/3 H]EA?- op

Proof. From the dynamics of gradient flow, we know /4, is non-increasing (see the proof of
Lemma 2.9.6). Recall the definition of the loss function:

1
lgm(Uq1,u_q) = Etr {QUQ_J‘TATUMAT(UM)T —u_ A2(Up) "

Since A, commutes with I'. and they are both positive definite almost surely, we know that
' A, > 04xq almost surely from Lemma 2.10.1. Again, since UUAT(UH)T = 04xq almost
surely, from Lemma 2.10.1 we have tr [%uQ_J‘TATUHAT(UH)T} > 0 almost surely. Therefore,
we have

Erdm(Ulh U_l) Z —Etr |:U_1A3(U11)T:| = —tr [u_l (EA?_) (UH)T} .
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From Von Neumann’s trace inequality (Lemma 2.10.3) and the fact that u_y(¢) > 0 for
any t > 0 (Lemma 2.9.6), we know £gm(U11(t), u_1(t)) > —vdu_, H]EA2

Lemma 2.9.5, we know 2, = tr(Uy;(Uyy)T) = ||[Uy 7. Since u_(t) >0 for any time, we
know actually u_q(t) = ||U11(¢)|| . So we have

|U11|| - From

frdm(Ull(t)au—1<t)) > —\/au_1(t)2 HEAi o

From the proof of Lemma 2.9.6, we know

o*/d
bram (U (0),44(1)) < lam (U (0),u-1(0)) < T [BIT ), A 2] - o [EA. O]

Combine the two preceding displays above, we have

u1<t>>JWEA30p[2|EAT@F Vo [E (T, [IA-]7]] >

The last inequality comes from Lemma 2.9.6. O

Finally, we prove the PL Inequality, which naturally leads to the global convergence.

Lemma 2.9.8. We do gradient flow on {,gm with respect to u; ; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 2.3.3 and the initial scale satisfies (2.59). If we denote

n=min{I';,i € [d];(;,i # j € [d]}

and
2

_ n-o
~avaleaT],

then for any t > 0, it holds that

2[|EA, O — Vdo® [E|[T.|,, [A-]%]] >0, (2.62)

aérdm 2
8u_1

6€rdm 2

3uij

d
IV lram (Urn,u) 3 = >

ij=1

> U (bgm — min Logr) - (2.63)

Additionally, lrqm converges to the global minimal value, u;; and u_y converge to the following
limits,

tgrgou”():ﬂ(i:j).lzriz] ovield, Jmu( [ZH (264



CHAPTER 2. IN-CONTEXT LEARNING OF A LINEAR SELF-ATTENTION 59

Translating back to the original parameterization, we have this is equivalent to

_ (|[[Er-a2] e [aZ)] 7 [EreaZ] TE[AZ) 0,

thrn WEC(t) P )
o 0] 0
oy Odxa 04 1
lim WV (t) = - 2 |,
PO op |[Er.az) e[
F

where I'; = &AL + Ltr(A)L; € R and E is over A..

Proof. First, we prove the PL Inequality. From Lemma 2.9.4, we know

. 1 i
frdm(Un; U—1) —minlgm = 5 Zri (Uu‘u—l - 1€> +3 ZQ] —1Uz]a
=1 g z;é]

where &;, (;;, I'; are defined in (2.52). Meanwhile, we calculate the square norm of the gradient
of frdmi

d 2 2 d
8€rdm agrdm agrdm
[V g (U1, 1)l = >
? zgz=:1 duy; Ou_y ij=1 Ouy;
d .
= ngual (uiiu_l — l) + ZC u_lu
i=1 ’ %]

Comparing the two displays above, in order to achieve ||V€rdm||§ >V (bygm — minlgy,) , it
suffices to make

]_-‘Z'U;_l (t)Q

Y
(STRNEIIN

Vi e [d],
Gju-1(t)* > 5 Vi€ ld].
We define 7 := min {I';, (;;,7 # j € [d]}, then it is sufficient to make

nu_y(t)* >

IS

From Lemma 2.9.7, we know that we can actually lower bound u_; from below by a positive
constant. Then, the inequality holds if we take

2

- M;?‘ME‘; 2I[EA.©|I7. — Vido® [E|T. ||, |A-]7]] > 0
T op

Therefore, as long as we take v as above, a PL inequality holds for £,4pm,.
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With an abuse of notation, let us write lyqm(t) = Cram(U11(t),u_1(t)). Then, from the
dynamics of gradient flow and the PL Inequality ((2.63)), we know

d

a [Erdm<t) - rninErdm] = - ||v£rdm(t)||g S -V (Erdm(t) - mingrdm)7

which by Gronwall’s inequality implies
0 < lrgm(t) — min gy < exp(—vt) [l;am(0) — min £gm| — 0

when t — oco. From Lemma 2.9.4, we know

ZFZ (uuu 1= &) +ZCU j—>0vvhent—>oo.
i=1 T i#]
This implies

&
iU—1 — — Vi e ld s
w1 = g Vi€ ld] (2.65)

UijU—1 —> 0 Vi %] € [d]

We take square of w;;(t)u_;(t) and w;;(t)u_1(t), then sum over all 4,5 € [d]. Then, we

get u?, 3¢ S U = 4 lrz; From Lemma 2.9.5, we know for any ¢ > 0, u_(t)* =

tr (UH(UH) ) = ZZ]‘:1 uij. So we have

u_ —U1ZU —>ZF2>

2,j=1
which implies
u_1(t) = [Z I‘ZQ] (2.66)
=11
when t — oco. Combining (2.65) and (2.66), we conclude
1
“ e g
wi(t) =0 Vi jeld, wuu(t)— [Z 1“22] o Vield
i=1 i i

2.10 Appendix: Additional Supporting Results

Lemma 2.10.1. (Petersen and Pedersen, 2008) We denote A, B, X as matrices and x as
vectors. Then, we have
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. 6";}:3" = (B + BT) X.
» Vec(AXB) = (BT ® A) Vec(X).

e tr (ATB> = Vec(A)' Vec(B).

=S

tr (XBXT) = XB' + XB.

tr (AXT) — A

=S

e 5 tr (AXBX'C) = ATCTXB" + CAXB.

Q

Lemma 2.10.2. If X is Gaussian random vector of d dimension, mean zero and covariance
matriz A, and A € R js a fized matriz. Then

E[XXTAXX'| = A(A+AT)A+tr(AA)A,
Proof. We denote X = (X, ...,Xy)". Then,
d
XXTAXX ' = X(XTAX)X" = [ D A;XX; | XX
ij=1

So we know (XX TAXXT");; = (Zd Ainin) X X;. From Isserlis’ Theorem in probability

ij=1
theory (Theorem 1.1 in Michalowicz et al. (2009), originally proposed in Wick (1950)), we
know for any i, j, k, [ € [d], it holds that

Then, we have for any fixed k, [ € [d],

d
E(XXTAXX )i = Y AyA AL+ AjAgAj + AjAyAj
i,j=1
= tr(AA)AL + AL (A+ADA,.

Therefore, we know

E(XXXTAXX") = A (A+AT)A +tr(AA)A.
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Lemma 2.10.3 (Von-Neumann’s Trace Inequality). Let U,V € R¥™™ with d < n. We have

r(UTV) <X 0iU)0i(V) < [Ulop x Y- 0i(V) < V- [U|lop|[ V][

i=1 i=1

where o1(X) > 09(X) > -+ > 04(X) are the ordered singular values of X € R¥*™,

Lemma 2.10.4 ((Meenakshi and Rajian, 1999)). For any two positive semidefinite matrices
A, B € R we have

e tr[AB] > 0.
e AB > 0 if and only if A and B commute.

2.11 Appendix: Experiment Details

In this section, we provide more details for the experiment in Figure 2.1. Our experimental
setup is based on the codebase provided by Garg et al. (2022), with a modification that
allows for the possibility that the covariate distribution changes across prompts. We use the
standard GPT2 architecture with 256 embedding size, 12 layers and 8 heads (Radford et al.,
2018) as implemented by HuggingFace (Wolf et al., 2020). For the GPT2 models, we use the
embedding method proposed by Garg et al. (2022), where instead of concatenating = and
y into a single token, they are treated as separate tokens. It is also worth noting that the
training objective function for the GPT2 model is different from those we consider for the
linear self-attention network: for the GPT2 model, the objective function is the average over
the full length of the context sequence (predictions for each x; using (X, Yx)x<i), while in our
setting the objective function is only for the final query point. However, in the figure, for
both GPT2 and the linear self-attention model the error plotted corresponds to the error for
predicting the final query point.

In all experiments, covariates are sampled from a mean-zero Gaussian in d = 20 dimensions
with either fixed or random covariance matrix. For the fixed covariance case, we fix the
covariance matrix to be the identity; for the random case, the covariance matrices are
restricted to be diagonal and all diagonal entries are i.i.d. sampled from the standard
exponential distribution. The linear weights in all tasks are i.i.d. sampled from a standard
Gaussian distribution and also independently of all covariates. We trained the model for
500000 steps using Adam (Kingma and Ba, 2014) with a batch size of 64 and learning rate of
0.0001. We use the same curriculum strategy of Garg et al. (2022) for acceleration.

For testing the trained model, we used ordinary least squares as a baseline which is optimal
for noiseless linear regression tasks. For prompts at test time, covariates are sampled i.i.d.
from a mean-zero Gaussian distribution. For the fixed-covariance evaluation, the covariance
is the identity matrix. In the random-covariance evaluation, the covariance is a random
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diagonal matrix with diagonal entries sampled from the standard exponential distribution,
multiplied by a scaling coefficient ¢ € {1,4,9}, i.e. for each task 7, the covariance matrix in
the random case is

A, =c-diag (A1, ... Arg)

where A, ; Lid Exponential(1) for any 7 and i € [d]. The plots in Figure 2.1 show the error
averaged over 642 prompts, where we sample 64 covariance matrices for each curve and 64
prompts for each covariance matrix. We compute 90% confidence interval over 1000 bootstrap
trials for each test.
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Chapter 3

In-Context Learning of a Linear
Transformer Block

3.1 Introduction

A recent line of work quantifies ICL in tractable statistical learning setups such as linear
regression with a Gaussian prior (see Garg et al., 2022; Akyiirek et al., 2022 and references
thereafter). Specifically, an ICL model takes a sequence (X1, Y1, ..., X, Y, Xquery) @S input
and outputs a prediction of Yquery, where (x;,4;); and (Xquery, Yquery) are independent samples
from an unknown task-specific distribution (where the task admits a prior distribution). The
ICL model is pre-trained by fitting many empirical observations of such sequence-label pairs.
Experiments show that Transformers can achieve an ICL risk close to that achieved by Bayes
optimal estimators in many statistical learning tasks (Garg et al., 2022; Akyiirek et al., 2022).
Chapter 2 also analyzed in-context learning in a transformer consisting of a single linear
self-attention layer and characterized the solutions found by gradient-flow training.

A natural next question is the role of the other major component of transformer blocks—the
MLP—in enabling or improving in-context adaptation. In this chapter, we study in-context
learning in a linear transformer block (LTB) that combines linear attention with a linear
MLP, and we characterize when and why the MLP component yields a provable advantage.
For ICL of linear regression with a Gaussian prior, the data is generated as

x~N(0, H), y|B,x~N(B'x, o),

where B is a task parameter that satisfies a Gaussian prior, B ~ N (0, ¥*I). In this setup,
Garg et al., 2022; Akytirek et al., 2022 showed in experiments that Transformers can achieve
nearly optimal ICL by matching the performance of the Bayes optimal estimator, that is, an
optimally tuned ridge regression. Besides, Von Oswald et al., 2023 showed by construction
that a single linear self-attention (LSA) can implement one-step gradient descent with zero
initialization (GD-0), offering an insight into the ICL mechanism of the Transformer. Later,
theoretical works showed that optimal LSA models effectively correspond to GD-0 models
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(Ahn et al., 2023c), trained LSA models converge to GD-0 models (See Chapter 2), and GD-0
models (hence LSA models) can provably achieve nearly Bayes optimal ICL in certain regimes
(Wu et al., 2024b).

Our contributions. In this chapter, we consider ICL in a more general setup, that is,
linear regression with a Gaussian prior and a non-zero mean (that is, E[8] = 8% # 0). The
non-zero mean in the task prior captures a common scenario where tasks share a signal. In this
setting, we show that the LSA models considered in prior works (Ahn et al., 2023c; Wu et al.,
2024b) and in Chapter 2 incur an irreducible additive approximation error. Furthermore,
we show that this approximation error is mitigated by considering a linear Transformer
block (LTB) that combines a linear multi-layer perceptron (MLP) component and an LSA
component. Our results highlight the important role of MLP layers in Transformers in
reducing the approximation error, and they suggest that theories about LSA (Ahn et al.,
2023c; Wu et al., 2024b) do not fully explain the power of Transformers. Motivated by this
understanding, we investigate LTB in depth and obtain the following additional results:

o We show that LTB can implement one-step gradient descent with learnable initialization,
referred to by us as GD-B. Additionally, we show that every optimal LTB estimator that
minimizes the in-class ICL risk is effectively a GD-B estimator.

e Moreover, we show that the optimal GD-3, hence also the optimal LTB, nearly matches
the performance of the Bayes optimal estimator for linear regression with a Gaussian prior
and a non-zero mean, provided that the signal-to-noise ratio is upper bounded. These two
results together suggest that LTB performs nearly optimal ICL by implementing GD-/3.

o Finally, we show that the GD-8 estimator can be efficiently optimized by gradient descent
with an infinitesimal stepsize (that is, gradient flow) under the population ICL risk, despite
the non-convexity of the objective.

Chapter organization. The remaining chapter is organized as follows. We conclude
this section by introducing a set of notations. We then discuss related papers in Section 3.2.
In Section 3.3, we set up our ICL problems and define LTB and LSA models mathematically.
In Section 3.4, we show a positive approximation error gap between LSA and LTB, which
highlights the importance of the MLP component and motivates our subsequent efforts to
study LTB. In Section 3.5, we connect LSA estimators to GD-f estimators that are more
interpretable for ICL of linear regression. In Section 3.6, we study the in-context learning
and training of GD-8 estimators. We conclude this chapter and discuss future directions in
Section 3.7.

Notations. We use lowercase bold letters to denote vectors and uppercase bold letters
to denote matrices and tensors. For a vector x and a positive semi-definite (PSD) matrix
A, we write [|x||, := VxTAx. We write (-,-) for the inner product, which is defined as
(x,y) := x"y for vectors and (A, B) := tr(ABT) for matrices. We write A[i] as the i-th
row of the matrix A, A,,, as the (m,n)-th entry, and A_; _; as the right-bottom entry.
We write 0,,, 0,,,xn, I, for the zero vector, zero matrix and identity matrix, respectively. We



CHAPTER 3. IN-CONTEXT LEARNING OF A LINEAR TRANSFORMER BLOCK 66

denote the Kronecker product as ®. For two matrices A and B, A ® B is a linear mapping
which operates as (A @ B) o C = BCA. For a positive semi-definite matrix A, we write
A3 as its principal square root, which is the unique positive semi-definite matrix B such
that BB = BBT = A. We also write A~z = (A2)*, where (-) denotes the Moore Penrose
pseudo-inverse. For two sets A, B we write A + B for the Minkowski sum, which is defined
as {a+0b:a€ A be B}. We also write a + B = {a} + B for an element a and a set B. We
write null (+) for the null set of a matrix or a tensor.

3.2 Related Works

Empirical results for ICL in controlled settings. The work by Garg et al., 2022 first
considered ICL in controlled statistical learning setups. For noiseless linear regression, Garg
et al., 2022 showed in experiments that Transformers match the performance of the optimal
estimator (that is, Ordinary Least Square). Subsequent works by Akyiirek et al., 2022; Li
et al., 2023b extended their result to noisy linear regression with a Gaussian prior and showed
that Transformers can match the performance of the Bayesian optimal estimator (that is,
an optimally tuned ridge regression). Besides, Raventos et al., 2023 showed that the above
holds even when Transformers are pretrained on a limited number of linear regression tasks.
These papers only considered a Gaussian prior with a zero mean. In contrast, we consider
a Gaussian prior with a non-zero mean. Our setup better captures the common scenarios
where the tasks share a signal.

The empirical investigation of ICL in tractable statistical learning setups goes beyond
linear regression settings. For more examples, researchers empirically studied the ICL ability
of Transformers for decision trees (see Garg et al., 2022, they also considered two-layer
networks), algorithm selection (Bai et al., 2023), linear mixture models (Pathak et al., 2024),
learning Fourier series (Panwar et al., 2023a), discrete boolean functions (Bhattamishra et al.,
2024), representation learning (Fu et al., 2023b; Guo et al., 2024), and reinforcement learning
(Lee et al., 2023; Lin et al., 2024). Among all these settings, Transformers can either compete
with the Bayes optimal estimators or expert-designed strong benchmarks. These works are
not directly comparable with our chapter.

Transformer implements gradient descent. A line of work interpreted the ICL of
Transformers by their abilities to implement gradient descent (GD) (Von Oswald et al., 2023;
Akyiirek et al., 2022; Dai et al., 2023; Ahn et al., 2023c; Zhang et al., 2024c; Bai et al., 2023;
Wu et al.,; 2024b). In experiments, Von Oswald et al., 2023; Dai et al., 2023 showed that
(multi-layer) Transformer outputs are close to (multi-step) GD outputs. When specialized to
linear regression tasks, Von Oswald et al., 2023 constructed a single linear self-attention (LSA)
that implements one-step gradient descent with zero initialization (GD-0). Subsequently, Ahn
et al., 2023c showed that optimal LSA models effectively correspond to GD-0 models, Zhang
et al., 2024c¢ proved that trained LSA models converge to GD-0 models (the results are also
covered in Chapter 2), Wu et al., 2024b showed that GD-0 models (hence LSA models) can
provably achieve nearly Bayes optimal ICL in certain regimes and provided a sharp task
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complexity analysis of the pre-training. These papers focused on LSA models. Instead, we
consider a linear Transformer block that also utilizes the MLP layer.

From an approximation theory perspective, Akyiirek et al., 2022; Bai et al., 2023 showed
that Transformers can implement multi-step GD under general losses. In comparison, we
consider a limited setting of linear regression and show the LSA models can implement
one-step GD with learnable initialization (GD-83), moreover, every optimal LTB model is
effectively an GD- model. Both of our constructions utilize MLP layers in Transformers,
highlighting its importance in reducing approximation error. Different from their results, we
also show a negative approximation result that reveals the limitation of LSA models.

3.3 Preliminaries

Model input. We use x € R% and y € R to denote a feature vector and its label, respectively.
Throughout the chapter, we assume a fixed number of context examples, denoted by M > 0.
We denote the context examples by (X,y) € RM*4 x RM where each row represents a context
example, denoted by (x;,v;), 4 =1,..., M. To formalize an ICL problem, the input of a
model is a token matriz given by (Ahn et al., 2023c) and by Chapter 2:

.
E .= (?T ”5) € REFDX(+1), (3.1)

The output of a model corresponds to a prediction of y.

A Transformer block. Modern large language models are often made by stack-
ing basic Transformer blocks (see, for example, Vaswani et al., 2017). A basic Trans-
former block consists of a self-attention layer and a multi-layer perceptron (MLP) layer
(Vaswani et al., 2017), E — MLP [Attn (E)]. Here, the MLP layer is defined as MLP (E) :=
W, ReLU (W, E), where ReLU(-) refers to the entrywise rectified linear unit (ReL.U) ac-
tivation function, and Wy, W, € R¥*(@+1) are two weight matrices. The self-attention
layer (we focus on the single-head version in this chapter) is defined as Attn(E) := E +
(W)TWVEM - softmax((WKE)TWQE), where softmax(-) refers to the row-wise softmax
operator, WX, W% ¢ R4*(d+1) are the key and query matrices, respectively, WZ, WV e
R%*(@+1) are the projection and value matrices, respectively, and M is a fixed masking matrix
given by

_(In O MA+1)x(M+1

M._<O 0>E]R( )x(M+1), (3.2)
This mask matrix is included to reflect the asymmetric structure of a prompt since the label
of query input x is not included in the token matrix (Ahn et al., 2023c¢; Mahankali et al.,
2024). In the above formulation, di, d,, d; are three hyperparameters controlling the key size,
value size, and width of the MLP layer, respectively. In the single-head case, it is common to
set dy =d, =d+1 and dy = 4(d + 1), where d + 1 corresponds to the embedding size (see,
for example, Vaswani et al., 2017). Our formulation of a basic transformer block ignores all
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bias parameters and some popular techniques (such as layer normalization and dropout) to
focus solely on the benefits provided by the model structure.

A linear Transformer block. To facilitate theoretical analysis, we ignore the non-
linearities in the Transformer block (specifically, softmax and ReLU) and work with a linear
Transformer block (LTB) defined as

b
—1,-1

(3.3)

.
E" (WE) WCE
fig : RETDXM+) LR F oy [WQT W, (E + (WP)T wWVYEM ( ) )]

where E is the token matrix given by (3.1), [ - |_; 1 refers to the bottom right entry of a
matrix, M is the fixed masking matrix given by (3.2). Here, the trainable parameters are
WP WV e Rbx@l) Wk W@ ¢ Re&x(@d+D) and W, Wy € R <@+ We use the bottom
right entry of the transformed token matrix as the model output to form a prediction of the
label y. The 1/M factor is a normalization factor in linear attention and can be absorbed
into trainable parameters. Finally, we denote the hypothesis class formed by LTB models as
Fite = {fLTB : WK,WQ,WV,WP,Wl,WQ,dk >d, d,>d+1, df > 1}, where fi1g is
defined in (3.3).

A linear self-attention. We will also consider a linear self-attention (LSA) defined as

ET (WX) WOE
M

, (34)

~1,-1

.
fioa : RUTDXMHD) s 0 By [E + (WP) wWVYEM

where WE W WP WV are trainable parameters. An LSA model can be viewed as an
LTB model without the MLP layer (setting df = d + 1 and W; = Wy = I). We remark
that, unlike LTB, the residual connection in LSA plays no role because the bottom right
entry of the prompt E is zero (see (3.1)). A variant of the LSA model has been studied by

Ahn et al., 2023c; Wu et al., 2024b and Chapter 2, where (VVK)T W< and (VVP)T WV are
respectively merged into one matrix parameter. Similarly, we denote the hypothesis class
formed by LSA models as Fisa := {fisa: wE we wY wr d,>d,d, > 1}, where fisa
is defined in (3.4).

Linear regression tasks with a shared signal. Assume that data and context
examples are generated as follows.

Assumption 3.3.1 (Distributional conditions). Assume that (X,y,x,y) are generated by:

« First, a task parameter is independently generated by 8 ~ N (B*, D).

o The feature vectors are independently generated by x,x1,...Xys N (0,H).
o Then, the labels are generated by y = <B,X> +e, Y= <B,Xi> +e;, t=1,..., M, where ¢
and ¢;’s are independently generated by €,e1,...,enp Lig N (0,0?).
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Here, 02 >0, H> 0, ¥ = 0, and 8" € R? are fixed but unknown quantities that govern the
data distribution. We denote & = (1, ...,p/) |-

We emphasize the importance of the mean of the task parameter 8* in Assumption 3.3.1.
A non-zero 8" represents a shared signal across tasks, which is arguably common in practice.
This assumption is implicitly used in Finn et al., 2017 where they assumed task parameters
are close to a meta parameter. In comparison, the prior works for ICL of linear regression
(Ahn et al., 2023c; Wu et al., 2024b) and Chapter 2 only considered a special case where
B* = 0. In this special case, they showed that a single LSA layer can achieve nearly optimal
ICL by approximating one-step gradient descent from zero initialization (GD-0). In more
general cases where 8" is non-zero, we will show in Section 3.4 that LSA is insufficient to
learn the shared signal and must incur an irreducible approximation error compared to LTB
models. This sets our results apart from the prior works.

ICL risk. We measure the ICL risk of a model f by the mean squared error,

R(f) = E(f(B) —y), (3.5)

where E is defined in (3.1) and the expectation is over E (equivalent to over X, y, and x)
and y.

3.4 Benefits of the MLP Component

Our first main result separates the approximation abilities of the LTB and LSA models for
ICL. Recall that an LSA model can be viewed as a special case of the LTB model with
W, = W; =1. So the best ICL risk achieved by LTB models is no larger than the best
ICL risk achieved by LSA models. However, our next theorem shows a strictly positive gap
between the best ICL risks achieved by those two model classes. This result highlights the
benefits of the MLP layer for reducing approximation error in Transformer.

Theorem 3.4.1 (Approximation gap). Consider the ICL risk defined by (3.5) and the two
hypothesis classes Fitg and Fisa. Suppose that Assumption 3.3.1 holds. Then we have

e infrcr, Risk (f) is independent of 8.

e infrep ., Risk (f) is a function of B*. Moreover,

L o 2 (tr (H®) + 02)° 2
felr]%—fSA Risk (f> a felg'l—fTB Risk <f) 2 max {3 (M + 1)7 (M + 1)2 tr ((H\I’)2) } HIB HH '

The proof of Theorem 3.4.1 is deferred to Section 3.9. Theorem 3.4.1 reveals a gap in
terms of the approximation abilities between the hypothesis set of LTB models and that of
LSA models. Specifically, the best ICL performance achieved by LTB models is independent
of 8%, while the best ICL performance achieved by LSA models is sensitive to the norm of
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B*. In particular, when ||3%||% = Q(M), the best ICL risk of the former is smaller than that
of the latter by at least a constant additive term. So when 8* is large, the hypothesis class
formed by LSA models is restricted in its ability to perform effective ICL. We will show in
Section 3.5 that the hypothesis class formed by LTB models can achieve nearly optimal ICL
in this case.

We also remark that the ©(1/M) factor in the lower bound in Theorem 3.4.1 is not
improvable. This is because LSA models can implement a one-step GD algorithm that is
consistent for linear regression tasks (that is, the risk converges to the Bayes risk as the
number of context examples goes to infinity), with an excess risk bound of ©(1/M) (see, e.g.,
Wu et al. (2024b); see also Chapter 2). So the approximation error gap is at most ©(1/M).
Nonetheless, the Q(||3*||%/M) approximation gap between LSA models and LTB models
shown by Theorem 3.4.1 suggests that 8" is not learnable by LSA models during pre-training.
In contrast, we will show in Section 3.6 that LTB models can learn 8* during pre-training.

We emphasize that the ability of LTB to learn non-zero mean is a joint effect of an
MLP component and a skip connection. Note that LSA also has a skip connection, but its
skip connection is inactive. In comparison, the MLP component in LTB activates the skip
connection. Therefore, we attribute the ability to learn non-zero mean to the MLP component,
which is the only difference between LTB and LSA. Nonetheless, one can attribute the ability
to learn non-zero mean to the skip connection: without a skip connection, LTB reduces to
LSA with a potential rank constraint on the parameter, which cannot learn non-zero mean
as we have proved. The above two explanations take different perspectives to interpret the
same phenomenon. Finally, we remark that Theorem 3.4.1 holds even when H and ¥ in
Assumption 3.3.1 are not full rank.

Does scratchpad help? We have demonstrated that employing a single-layer LSA
introduces an additional approximation error in the in-context learning problem for the linear
regression task defined in Assumption 3.3.1. Nonetheless, are there alternative structures,
apart from MLPs, that could potentially reduce this approximation error? One plausible
strategy is to include a “scratchpad” in the input token. Specifically, we construct the token
matrix as follows:

X' x
E .= 1}4 1| € RUEFDX(MHD) (3.6)
y 0

which we then input into the LSA layer. We discuss the limitation of this scheme in
Section 3.17. Notably, this method does not successfully recover the GD-3 estimator defined
in Section 3.5. We leave it as future work to see whether the token matrix with scratchpad
could implement other types of estimators that more effectively address the linear regression
tasks defined in Assumption 3.3.1, as well as whether additional structures could help alleviate
this approximation error.

Experiments on GPT2. Theorem 3.4.1 shows the importance of the MLP component
in LSA models for reducing approximation error. We also empirically validate this result
by training a more complex GPT2 model (Garg et al., 2022) for the ICL tasks specified by
Assumption 3.3.1. In the experiments, we use a GPT2-small model (with or without the
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Table 3.1: Losses of GPT2 with or without MLLP component for linear regression with a
shared signal.

Model GPT2 | GPT2-noMLP
B*=0x1 | 0.003 0.024
B*=10x1 | 0.013 8.871

MLP component) with 6 layers and 4 heads in each layer. The experiments follow the setting
in Garg et al., 2022, except that we train the model using a token matrix defined in (3.1).
We considere two ICL settings, which instantiates Assumption 3.3.1 with 8% = (0,0,...,0) "
and B* = (10,10, ...,10) ", respectively. We set d =20, M = 40,0 = 0, % = H = I; in both
settings. More experimental details are in Section 3.16. In each setting, we train and test the
model using the same data distribution. The experimental results are presented in Table 3.1.
From Table 3.1,

we observe that both models (with or without the MLP component) achieve a nearly
zero loss when the task mean is zero. However, when the task mean is set away from zero,
the GPT2 model with MLP component still performs relatively well while the GPT2 model
without MLP component incurs a significantly larger loss. These empirical observations
are consistent with our Theorem 3.4.1, indicating the benefits of MLP layers in reducing
approximation error for ICL of linear regression with a shared signal.

Experiments on LSA and LTB. We trained both the LSA and LTB layers for 8* =
(1,1,...,1)7, and found that the trained LTB layer consistently achieved a significantly lower
ICL risk than the LSA layer (see Figure 3.1). In these experiments, we adhered strictly to
the previously defined LSA and LTB structures, setting the parameters as follows: d = 5,
M =5 06=0,and ¥ = H = I;. At each training step, we sampled B = 128 new linear
regression tasks.

In this part, we have shown that LSA models, the primary focus in previous ICL theory
literature (see, e.g., Ahn et al., 2023¢; Wu et al., 2024b, Chapter 2 and references therein), are
not sufficiently expressive for ICL of linear regression with a shared signal. In what follows,
we will show LTB models are sufficient for this ICL problem.

3.5 LTB Implements One-Step GD with Learnable
Initialization

To understand the expressive power of the LTB models, we build a connection between Fi g
and its subset of models which we call one-step GD with learnable initialization (GD-8). We
will first introduce GD-8 models and then show that the best LTB models that minimize the
ICL risk effectively belong to GD-8 models.
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Test Loss Curve Along Training Process for LTB layer versus LSA layer
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Figure 3.1: The test loss along the training process for LTB and LSA layer.

The GD-B8 models. A GD-8 model is defined as

oo s REDAOND SR By (BT XT (X8 —y) x). (3.7)
where E is the token matrix given by (3.1), I' € R and B € R? are trainable parameters.
Similarly, we define the function class formed by GD-8 models as Fgp.g := {fepps : B €
R T € R4}, A GD-B model computes a parameter that fits the context examples (X, y)
and uses that parameter to make a linear prediction of label y on feature x. More specifically,
the first step is by using one gradient descent step with a matriz stepsize I' and an initialization
B on the least square objective formed by context examples (X, y).

LTB implements GD-8. A GD-8 model (3.7) is a special case of an LTB model (3.3)
by setting

Tw. _ [ * * P\ v _ (—TIa Oa KNTwao_ (I *
WQWl_(ﬂT 1)’ (W)W_<0} 1)’ (W>W_0;{*’
where * denotes the entries that do not affect the model output (hence can be set to anything).
Note that I" and B are free provided that d, > d + 1, dy > d and dy > 1 (as required in

Fite). In sum, we have proved the following lemma showing that the set of GD-8 models
belongs to the set of LTB models.
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Lemma 3.5.1. We have Fepp € Firs. Therefore, inf ez, ; Risk(f) > inf jc 7., Risk(f).

Optimal GD-3 models for ICL. We now consider F¢p.g and its optimal ICL risk. We
have the following theorem that computes the globally minimal ICL risk over Fgp.g and
specifies the sufficient and necessary conditions for a global minimizer. The proof is deferred
to Appendix 3.10.

Theorem 3.5.2 (Optimal GD-8 models). Consider the ICL risk defined by (3.5). Suppose
that Assumption 3.3.1 holds. Then we have

e The minimal ICL risk of Fep-g s

inf Risk(f) = o” + tr (H2 @H? (I - H2¥HQ')), (3.8)

fe€Fep-p
where = [(M 4+ 1)H2WHz + (tr (H®) + 02)1,] /M.

e The global optimal parameters for fep.g that attain the minimum (3.8) take the following
form:

B=p"+null(H), T=T"+nul (H®), where T":=WHIQ'H>  (3.9)
and B* is the mean of the task parameter in Assumption 3.5.1 Here,
null (H) := {z € R?: Hz = 0}, null (H*?) := {Z ¢ R™*!: HZH = 0}

are the null space of H, and the null space of H®?, respectively. In particular, when H is
positive definite, the global optimal parameter is unique, (B8,T) = (8%, T").

e Under Assumption 3.3.1, the global optimal fep_g that attains the minimum (3.8) is unique
as a function of E (given by (3.1)) and takes the following form:

FH(E) = <ﬂ* _ ]\ZI‘*XT (X8 —y) ,x> . (3.10)

Theorem 3.5.2 characterizes the optimal GD-8 models for ICL. In the above theorem,
I — H™! as the context length M goes to infinity (assuming that H is positive definite). In
this case, the optimal GD-8 function (3.8) implements one Newton step from initialization
B*. With a finite context length M, (3.8) implements one regularized Newton step from
initialization B*.

Optimal LTB models for ICL. Lemma 3.5.1 shows that the best ICL risk achieved by
an GD-B model is no smaller than the best ICL risk achieved by an LTB model. Surprisingly,
our next theorem shows that the best ICL risk achieved by a GD-8 is equal to that achieved
by an LTB model. Therefore, the hypothesis set Fgp.g is diverse enough to match the
approximation ability of the larger hypothesis set F g for ICL.
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Theorem 3.5.3 (Optimal LTB models). Consider the ICL risk defined by (3.5). Suppose
that Assumption 3.3.1 holds and that rank(H%\Il%> > 2. Then we have

e The minimal ICL risk of Fire and of Fep-g are equal,
inf Risk(f) = inf Risk(f)= RHS of (3.8
;duf Risk(f) sanf Ris (f) of (3.8)
e Rewrite an LTB model as firg in (3.3) with parameters (x denotes parameters that do not
affect the output)
* % T A\Y * T * *
WQTW1:<PYT *><WK) WQ:< u *>,W;W1(WP) WV=<T )

Vi2 Vo V-1
Then the sufficient and necessary conditions for fitg € argminr_ Risk(f) are

v #£0, vavipenul(H), vy € —v 448" +null(H), ~€p +null(H),
U_1V11 € ]_—‘*—r — U—l/B*VIQ + null (H®2) s

where B* is defined in Assumption 3.5.1 and T is defined in (3.9). In particular, when H
is positive definite, the globally optimal parameter represented by (Vi1, Via, Vo, v_1,7) 1S
unique up to a rescaling of v_y.

e Under Assumption 3.3.1, the globally optimal LTB model (i.e., a function in argminsez )
is unique as a function of E (given by (3.1)) and takes the form of (3.10) almost surely.

Lemma 3.5.1 and Theorem 3.5.3 together show that Fgp_g is a representative subset of
Fire that does not incur additional approximation error. In addition, every optimal LTB
model is effectively an optimal GD-8 model when restricted to all possible token matrices.
Note that the optimal model parameters for LTB or GD-/3 are not unique because of redundant
parameterization. But the optimal LTB and GD-8 models are unique as a function of all
possible token matrices. The above holds even when H and W are potentially rank deficient.

Comparison with prior works. A line of papers considers LSA models for ICL under
Assumption 3.3.1 with " = 0 (Von Oswald et al., 2023; Ahn et al., 2023c; Zhang et al.,
2024c; Wu et al., 2024b). They show that LSA models can (effectively) implement all possible
GD-0 models that specialize GD-3 models by fixing 8 = 0. In addition, they show that every
optimal LSA model is (effectively) a GD-0 model for ICL under Assumption 3.3.1 with 8* =0
(see, for example, Theorem 1 in Ahn et al., 2023c). In comparison, we consider a harder ICL
problem that allows a large shared signal in tasks (that is, a large 8" in Assumption 3.3.1).
In this setting, our Theorem 3.4.1 shows that Fisa (hence its subset formed by GD-0 models),
as a subet of F1g, incurs an additional approximation error proportional to ||3* ||?{ compared
with Firg. In contrast, Fep.g, as a subset of Fi1g, does not incur additional approximation
error according to our Theorem 3.5.3. Thus the LSA and GD-0 models considered by Von
Oswald et al., 2023; Ahn et al., 2023c; Wu et al., 2024b and by Chapter 2 are not capable of
learning the shared signal 8, while an LTB model can learn 8* through implementing GD-3
and encoding B in the initialization parameter.
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3.6 Training and In-Context Learning of GD-beta

We have shown that F¢p.g is a representative subset of Firg that effectively contains every
optimal LTB model. We now examine the ICL and training of GD-8 models.

Nearly optimal ICL with GD-8. We will compare the best ICL risk achieved by GD-8
with the best ICL risk achieved by any estimator. The following lemma is an extension of
Proposition 5.1 and Corollary 5.2 in Wu et al., 2024b (which is based on Tsigler and Bartlett,
2023) that characterizes the Bayes optimal ICL risk among all estimators.

Lemma 3.6.1 (Bayes optimal ICL). Given a task-specific dataset (X,y,x,y) sampled
according to Assumption 3.5.1, let g (X,y,Xx) be an arbitrary estimator for y and measure
the average linear regression risk by ¢ (g;X) = E[(¢(X,y,x) — y)? | X]. It is clear that
E¢(g; X) = Risk(g). Then,

e The optimal estimator that minimizes the average linear regression risk ((-; X) is
1 -1
g'(Xy,x) =x"B +x ¥ (IXTXT? +0°L;) X (y — XB).

o Assume the signal-to-noise ratio is upper bounded, that is, tr (H®) < o2, then with
probability at least 1—exp (—Q (M)) over the randomness of X, it holds that £ (g*; X)—o0? ~

Y4 min{o, ¢;}, where ¢ = UT\;’ and (¢;)i>1 are the eigenvalues of V2H:.

The proof is deferred to Appendix 3.13. Lemma 3.6.1 shows that the Bayes optimal
estimator is a ridge regression estimator centered at 8. This is consistent with Wu et al.,
2024b where the Bayes optimal estimator is a ridge regression estimator as they assumed
B* = 0. The following corollary of Theorem 3.5.2 computes the rate of the ICL risk achieved
by the optimal GD-8 model.

Corollary 3.6.2. Under the setup of Theorem 3.5.2, additionaly assume the signal-to-noise
ratio is upper bounded, that is, tr ($H) < o2 Then we have inf rerep 4 Risk(f) — o? ~

>¢ | min {gg, gbl}, where (¢;)i>0 are the eigenvalues of V:HE? and ¢ = [tr(\II%H\IJ%) +
o?]/M ~ %/ M.

The optimal (expected) ICL risk achieved by Fgp.g in Corollary 3.6.2 matches the (high
probability) Bayes optimal ICL risk in Lemma 3.6.1 ignoring constant factors, provided that
the signal-to-noise ratio is upper bounded. Therefore F¢p_g achieves nearly Bayes optimal
ICL risk. As a consequence, the larger hypothesis set Fi g also achieves nearly Bayes optimal
ICL of linear regression under Assumption 3.3.1.

For the simplicity of discussion, we assume a fixed context length during pretraining
and inference. Our discussions can be extended to allow a different context length during
pretraining and inference using techniques in Wu et al., 2024b. However, this is not the main
focus of this chapter.



CHAPTER 3. IN-CONTEXT LEARNING OF A LINEAR TRANSFORMER BLOCK 76

Optimization of GD-3 with infinite tasks. We have shown that F¢p.g is a representative
subset of F g that covers the optimal LTB models and achieves nearly optimal ICL risk.
We now consider the optimization in the parameter space specified by F¢p.g. For simplicity,
we follow Chapter 2 and consider gradient descent with an infinitesimal stepsize on the ICL
objective with an infinite number of tasks. That is, we consider the optimization of gradient
flow on the population ICL risk under the parameterization of GD-23,

dB(t) 0 dr(t)

— = = —75R(fep-p);

0
T 93 = —7R(fGD_ﬂ), (3.11)

dt or
where Risk is defined by (3.5) and fgp.g is defined by (3.7).

The following theorem guarantees the global convergence of gradient flow. We introduce
some notation to accommodate cases when H is rank deficient. Let Ps be the orthogonal
projection operator onto a subspace S. Let H = Im (H) be the image space of matrix H
(viewing H as a linear map) and H* := null (H) be its orthogonal complement. Similarly, let
Z = Im (H®?) = {HZH, Z € R™?} be the image space of the operator H®? and Z* be its
orthogonal complement. Then we have the following theorem.

Theorem 3.6.3. Consider the gradient flow defined by (3.11) with initialization B(0),T'(0).
We have,

Pr (B(t) = P (B7), Py (B(t) = Py (B(0)),
Pz ([(t)) = Pz (T7), Pz (T(t) = Pzs ([(0))

as t — oco. In particular, if H is positive definite, the gradient flow converges to the unique
global minimizer of ICL risk over GD-B class, that is, B(t) — B* and I'(t) - I'* as t — oc.

The proof, as well as the convergence rate, is deferred to Appendix 3.14. We remark
that (3.11) is a complex dynamical system on a non-convex potential function of 8 and T'.
We briefly discuss our proof techniques assuming that H is full rank. The rank-deficient
cases can be handled in the same way by applying appropriate project operators. To conquer
the non-convex optimization issue, we observe that for every fixed I', the potential as a
function of B is smooth and strongly convex with a uniformly bounded condition number.
This observation allows us to establish a uniform convergence for 8. When S is sufficiently
close to B, the potential as a function of T' is approximately convex, allowing us to track the
convergence of T'.

Theorem 3.6.3 shows that optimization of GD-B can be done efficiently by gradient flow
without suffering from non-convexity. However, as we have shown in previous sections, LTB
utilizes a more complex parameterization than GD-B. So Theorem 3.6.3 does not imply
optimization of LTB is easy. We leave it as future work to study the optimization and
statistical complexity for directly learning LTB models.
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3.7 Discussion and Conclusion

In this chapter, we study the in-context learning of linear regression with a shared signal
represented by a Gaussian prior with a non-zero mean. We show that although the linear
self-attention layer discussed in prior works is consistent for this more complex task, its risk
has an inevitable gap compared to that of the linear Transformer block (LTB), which is a
linear self-attention layer followed by a linear multi-layer perceptron (MLP) layer. Next, we
show that the effectiveness of the LTB arises because it can implement the one-step gradient
descent estimator with learnable initialization (GD-8). Moreover, all global minimizers in the
LTB class are equivalent to the unique global minimizer in the GD-f class, which can achieve
nearly Bayes optimal in-context learning risk. Finally, we consider training on in-context
examples and prove global convergence over the GD-83 class of gradient flow on the population
loss. Several future directions are worth discussing.

Optimization and statistical complexity. This chapter provides an approximation
theory of LTB and an optimization theory of GD-B. However, the statistical complexity of
learning LTB or GD-f is not considered. The work by Wu et al., 2024b provided techniques
for analyzing the statistical task complexity for pre-training GD-0. An interesting direction
is to extend their method to study the statistical complexity of learning GD-3. However,
their method crucially relies on the convexity of the risk induced GD-0, while we have shown
that the risk induced by GD-A is non-convex. New ideas for dealing with non-convexity are
needed here.

From LTB to Transformer block. We focus on LTB in this chapter, which simplifies
a vanilla Transformer block by removing the non-linearities from the softmax self-attention
and the ReLLU activation in the MLP layers. This simplification allows us to obtain precise
theoretical results for LTB (such as its connection to GD-8). On the other hand, non-
linearities are arguably necessary for Transformers to work well in practice. An important
next step is to further consider the theoretical benefits of non-linearities based on our current
results.

Roles of MLP layers. The work by Geva et al., 2021 (and references thereafter) empiri-
cally found that MLP layers operate as key-value memories that store human-interpretable
patterns in some pre-trained Transformers. Their work motivated a method for locating and
editing information stored in language models by modifying their MLP layers (see, e.g., Dai
et al., 2022; Meng et al., 2022). This chapter proves that the MLP component enables LTB
to learn the shared signal in linear regression tasks, which cannot be done by a single LSA
component. We leave it as future work to theoretically clarify the information stored in the
MLP component.

Chapter 2 and Chapter 3 focus on explaining in-context learning phenomena in Transform-
ers through simplified but representative models. We next turn to a complementary set of
questions on the training side: modern deep learning often operates outside classical stability
regimes, yet still converges rapidly. Chapter 4 studies such non-monotone optimization
dynamics in a canonical logistic regression with linearly separable data setting and develops
a minimax-optimal analysis for gradient descent with large, adaptive stepsizes.
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3.8 Appendix: Notation and Variable Transformation

In order to simplify the proof, let’s first describe a variable transformation scheme for our
model and data coming from Assumption 3.3.1.

Definition 3.8.1 (Variable Transformation). We fix M as the length of the contexts. Recall
that X, x are, respectively, the features in the context and the query input, while 8 and
B" are the true task parameter for the inference prompt and its expectation, respectively.
Following the Assumption 3.3.1, we have 8 ~ N (8", ¥) . From the definition for multivariate
Gaussian distribution, we know there exists a random vector 0 such that

B=p"+¥20, (3.12)

where

6~ N(0,1,). (3.13)

Recall the noise vector is defined as € = y — X3 and is generated from € ~ N (0,02 - 1)) .

Rank deficient case Note that, even when W is rank-deficient, the variable transformation
in (3.12) and (3.13) still hold. This can be seen from the definition of the multivariate
Gaussian distribution (Def 20.11 and the discussion below in (Seber, 2008)): A vector B € R
with mean 8" and covariance matrix ¥ has a multivariate normal distribution, if it has
the same distribution as AQ + B* where A is any d x m matrix satisfying AAT = ¥ and
0~N (Om,lIm) . Here, we can recover the variable transformation above if we take m = d
and A =Wz,

Notation Before we delve into the detailed proof, let’s repeat the notation part with some
additional notations. We use lowercase bold letters to note vectors and uppercase bold letters

to denote matrices and tensors. For a vector x and a positive semi-definite (PSD) matrix
A, we denote ||z, := VxTAx. We denote (-, -) as the inner product, which is defined as
(x,y) := x'y for vectors and (A, B) := tr (ABT) for matrices. For a matrix A, we denote
|All,,: [[All 7 as the operator norm and the Frobenius norm, respectively. We denote Ali] as
the i-th row of the matrix A, A,,, as the (m,n)-th entry, and A_; _; as the right-bottom
entry. We denote 0,,, 0,,,xn, I, as the zero vector, zero matrix and identity matrix, respectively.

For a positive semi-definite matrix A, we denote A3 for the principal square root of
A, which is defined as the unique real matrix B such that B is positive semi-definite and
BB = BB' = A. For positive definite A, its principle square root is also positive definite.
We denote AT as the Moore-Penrose pseudo-inverse for any matrix A. We also denote

A3 = (A%)+ . We denote ® as the Kronecker product. For compatible matrices of proper
size A,B,C, BT ® A is a linear mapping which is defined by (BT ® A) o C =ACB. We
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denote A := W3HW? and O1 > g > ... > ¢pg > 0 are its ordered eigenvalues. We also denote
A > Ay > ... > Ay > 0 as the ordered eigenvalues of H, and Amin > 0 as its minimal
positive eigenvalue. Finally, we denote another important matrix

M +1 tr (HP) + o2

M

Q- H:WH? + 1, (3.14)

Note that, under this definition and our assumption on H and ¥, we have €2 is invertible.

3.9 Appendix: Proof of Theorem 3.4.1

Proof. The fact that inf;c 7, Risk(f) does not depend on the vector 8* is subsumed in the
Theorem 3.5.3, so we do not prove it here. We are going to prove the inequality in the
theorem. First, from Theorem 3.5.3 we know that,

. . 2 _ 1 1\2 -1
Jinf Risk(f) = 0* + tr (H¥) tr<<H2\IIH2) Q ) (3.15)

where € is defined in (3.14). Then, it suffices to lower bound inf jc 7, Risk(f). So let’s take

an arbitrary f € Fisa, which is denoted as

ET (W) WOE
M

)
—1,-1

F(E) = lE + (W) wEM

where E is the token matrix defined in (3.1). Since the prediction is the right-bottom entry

-
of the output matrix, we know only the last row of the product (WP ) WV attends the
prediction. Similarly, only the last column of the E on the far right in the above equation

=
attends the prediction. Since the last column of E is (XT 0) , we know that only the first d

-
rows of the product (WK ) W enter the calculation (since other parts are multiplied by
zero). Therefore, we denote

T T U
W) wh= (o) ) we= (G ),
Uy U u), *
where Uy € R 1y, 1y € R u_; € R, and * denotes entries that do not enter the final
prediction. The model prediction can be written as

1) = (uh wr) B () x

1 1 1 1
uj, - MXTX Uy + uy, - MXTY gy +ug - M}’TX ~Un +u_q - MYTY ‘up| X

T
M Uqo




CHAPTER 3. IN-CONTEXT LEARNING OF A LINEAR TRANSFORMER BLOCK 80

Step 1: simplify the risk function. We use B to denote the task parameter. From the
Assumption 3.3.1 and Definition 3.8.1, we have

y:XB+€a y:<B,X>+5, BNN(B*le’)a B:ﬂ*—l—\I’%é,

and

X[i],x * N (0,H), eli],e ¥ N (0,0%), 8~N(0,1,).

Then the model output can be written as

1 1 1 1
f(E) = |uy, - MXTXUH +uy, - MXTyulT2 +u_q - MyTXUll +u_q- MyTyulTQ} - X
T 1 -~
= [(1121 + U—lﬁ) : MXTX : <U11 + Bufg)} "X
1 1 2 ~ 1
+ u; . MXTs . ulT2 +u_q - M{:‘TX U +u_q - MsTXﬁulTQ + METE . u_lulT2 - X.
To simplify the presentation, we denote

T N 1o 3T

z) = (1121 + UAB) : MX X (Un + 5‘112) )

1 1 2 N
Z, = Uy, - MXTE uly, dug - M:-:TX Uy +ug - METXBUE
1
z; = —¢'e- u,lusz.

M

Since x, X, g, B are independent, we have

Risk (/) = E (f(B) — (B.x) —¢)’
=0’ +E ( f(E)— (B, x>)2 (¢ is independent from other variables and zero-mean)
=FE [(zl + 2o+ 23 — B,X)z} + o?

— <H,E(Z1+z2+z3—B) <Z1+Z2+z3—,8)T>+02.

Note that z; does not contain €, z; is a linear form of €, and z3 is a quadratic form of €.
Using € ~ N(0,0°1,), we have E[(z; — B) - z5 | = 0 and E[zz] | = 0. Therefore, we have

Risk (f) — 0> = (HLE (21 — B) (21— B) ) + (H,Ezy2]) + (H, Ezy2] )
S1 S2 S3
+2(H,E (2, — B) z3). (3.16)

Sy
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Step 2: compute S;. By Lemma 2.10.2 and that X is independent of all other random
variables, we have

<H, Ez1z1T>
=[Etr l(UH + Bu;)T X]\;,X (u21 + Ufl,B) (u21 + 7¢L,1B>T XT]WX (Un + Bung) H]
M +1

A Eﬁtr [(Un + BUL)T -H- (u21 + UAB) <1121 + UAB)T -H- (Ull + Busz) H}

1 ~ ~\T ~ T ~
+MEEU" |:t1' <<UQ1 + U_lﬁ) (u21 + U_l,B) H) (UH + ,BulTQ) H (U11 + ,BUIQ) H:| .
We denote
b:=uy +u 8" €R? A :=Uy + By, € R, 3.17
12
then applying 8 = 8* + \Il%é, we get
<H, Ezlle>

M+1
M

bt (b4 uw8) (b4 u w8) H) o [(A + wioul) H (A + wious) H].

Eu[(A4—@ééu;)T£{Qr+u1qﬁé)(b+wt1@56)VH(A.%@ééug)}q

M

where the expectation is over 8 ~ N (0,1;). Note that the first and third moments of @
are zero. So the above equation only involves the zeroth, second, and fourth moments of 6.
Therefore we have

M+1
M

H(A%MNHAH)+iﬂ4mﬁHﬁMAﬁHAHyﬂg+n,@1&

The leading term

<H, EZ1Z1T> =
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where T, and T} are the second order and the fourth order term, respectively. More concretely,
the second order term 75 is

M+1
M

4 ou_upd UIHLO WIHAH 4 u_ ATHU0b HEU:fu,H

Etr{u_lATHbéT\II%H\IJ%éu;H +u_jupd UPHU0b HAH

+ w0 WEHbL HEEuH + u21ATH\If%§éT\I:5HAH}

1 N _ _ N
+ ME{uileT\p%H\If%e tr (ATHAH) + b'Hb - <u129T\I:épréeulTQH>
+2u b HUO - tr (uIQéTmI:éHAH) +2u_ b HE6 - tr (ATHE6u,,H) }

 M+1
M

{zultr(qféﬂxpé) -u,HATHb + 2u_b HPHAHu,, + b HUHb - u],Hu,
1 1
+ u? tr (ATH\IIHAH) } + M{u21tr (\II%H\Iﬁ) Str (ATHAH)

+ tr (U2 H®?) - b Hb - uf,Hugy + 4u_; - bTH\p%HAHuIQ}

2(M +1 M +1 1
_AM+D b [tr(H®)H + HYH] AHuy, + b ( HYH + tr(H\I’)H) b-
M M M
M +1 t H\If
u,Huyy + u? tr (AT ( ]\; HYH + l ) ) —p"HW¥HAHuy,. (3.19)

The fourth order term is

M+1
T, = Etr{ 2 u,0 UIHE00 UIH:Hu,H }

M

]_ -~ 1 1~ ~ 1 1~
—i—M]Etr{uleTlIM ig. (u120T\II2H\II29u1TQH>}

M 2 ~ 1 1~ 2
_ z\; W2 ul,Huy, - E <0T\II2H\1120>
M2,

T (2tr (HEHE) + tr (HP)?) - u/,Huyy. (3.20)
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For the cross term in S, we have

<H, EZLBT>
—5{ (w +01B) XX (U + Bul,) 15 (321)
:IE{ (ua1 + quB)T H (Uy + Buf)) HB} (From the distribution of X)
:E{ (b+u_1¥30) H (A + Wwi0u,) H (8" + ¥#9) } (By (3.17))

—b HAHB" + E{u_léT\p%qu%éu;Hﬂ* Yu 0 UIHAHU + bTH\Pééu;H\péé}
=b"HAHS" +u_tr (H®) - u,HB* +u_ tr (HAHY) 4 u,HUHb, (3.22)

where the last row comes from the fact that 6 ~ A (0,1;) . Moreover, we have
<H,EBBT> _ g THB" + tr (HW) . (3.23)

Combining (3.18), (3.19), (3.20), (3.22), (3.23), we have

S, = M ]\; L (ATbeTHAH) + Alfr (bbTH) tr (ATHAH)
M+2 ,

YRR (2tr (HEH®) + tr (HP)?) - u/,Huy
2(M +1)
M

+u? tr (AT <

u_1b" [tr(H®)H + HYH] AHu,,

M+1
M

1 4
HYH + Mtr(H\II)H) AH) +—u b HUHAHu,,

—2 [bTHAHﬂ* +u_ytr (H®) - u,HB* + u_tr (HAHD)

M+1 1
+ ulTZHlIIHb] + B THB  +tr (HT) +b' (]\;H\IIH + Mtr(H\I’)H) b-u,Huy,.

(3.24)

Step 3: other terms. Let us compute S,, 53 and S4. Using definitions, we rewrite z, as

1 1 2 ~
Zg = Uy, - MXTE Uy +u_y - M»ETX Up +u_y- METXﬁulT2

1 1 2 |~
== MXTa ul, dug - MeTX A tug - METX\ImeulTQ. (3.25)
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Since € ~ N (0,0%1), 0~N (0,1,) and they are independent, all terms in Sy vanish except

if the term contains even orders of @ or €. So we have

1
S, = <H,]EZQZQT > — WE{bTXTs ‘u,Hup-e"X-b+u? e XAHA X "¢
+2u_y-e XAHup €' Xb+4u?, - e XW26 - ul,Huy, - éT\IJ%XTs}

0,2

7 {bTHb u,Huypp + 02 tr (HAHAT)

+ 2u_ju, HATHb + 4u* /tr (HW) uBHulz} (3.26)

For the other two terms, we have

1
Ss —uQ_IE{sTsuLHuleTs} =

o(M+2) ,
= M2 _—

7 u? u,Huy, (3.27)
and
Sy =2(H,E (Zl - B) Z3)

T o1 -~ ~T 1
- ZE{ [(u21 +uB) - MXTX (U + Buy,) - B } H- MsTs : u_lulTQ}

- 202u_1E{ [(b +uW30) H-(A+Wou)) - -0 wh Hulg}
—20%_, |bTHA — 8" | Hup + 2022, tr (H®) - u/,Hups. (3.28)

Step 4: combine all parts. Combining the four parts (3.24), (3.26), (3.27) and (3.28),
we have

RiSk(f)—O'2251+SQ+Sg+S4

We remark that in the (3.24), (3.26), (3.27) and (3.28), the parameters are A, b,u_; and
19, instead of the original parameter U;q, ujo, U1, u_1. From the definitions of A and b, we
know there is a bijective map between (Uqy, uy2, ug1,u_1) and (A, b, ujs,u_1), so these two
parameterizations are equivalent when computing the minimal risk achieved by a model in a
hypothesis class. From the expression of 57,55, 55,54, we can rewrite the risk as

Risk (f) — o® =1+ I+ 11 + IV, (3.29)
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M+1 1 2
T—p7 (  HOH + Mtr(H\II)H> b ulHuy, + 2 bTHb - uj,Huy,

M+1 1 2
ol tr (AT < ]\; HUH + Mtr(H\I')H) AH) + 2 r (HAHAT) — 2u], HWHb

M+1 2
ners L H] AHu, — 2u_tr (HAH®);

11
—
+2u_1b l tr(HP)H + N

1

IT
M

[bTHb -tr (ATHAH) + 4u_, - b HUHAHuy, + 42, - tr (HUHY) - ulTQHum] ;

M1
M =b" (A}FHAHATH) b

—2b"HAHS" + 2u_tr(HY) - b HAHuy, + 20°b HAH (u_juy,) ;
IV=p"THB -2 (tr (HY) + 02) B TH (u_qupp) + tr (H®) +u? | - [(m (HYHD)

M +2
M

M+2,

+ 7 ° ] ~u/,Huyy

4
tr (H\Il)z) ~uj,Huyy + (2 + M> o’tr (HW) +

Step 5: lower bound the risk function. Let’s first define a new matrix, which by
definition is invertible:

1 1 tr(H\Il)+02
HiwH: ¢ L2/ T
Moo T

I, (3.30)
So we can write I as

I=bH:QHb - u/,Huy, + 12, tr (ATHQH? AH) + 2u_;b H: QH?> AHuy,
— 2u_tr (HAH®) — 2u,HPHbD

— tr [(H%uIQbTH% +u_H2ATH? — H%\I:H%Q—1> Q

.
: (H%uubTH% +u_ H2ATH: — H%\IJH%Q—1> — tr (H: @H2Q 'H2WH?)

> _tr (H%WH%Q—1H%\DH%)
B ((H%\IJHé)2 Q‘1> ,

where the last line comes from the fact that © and HzWH? commute.
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Next, we claim II > 0. To see this, it suffices to notice that

4u_y - b HPHAHu,, > —4HbTH% o Hu,lﬂéxpﬂé o HH%AH%

1
-/Hzu H
AR LS

2 2

> HbTH% =4 Hu,lﬂéqfﬂé

\H%AH%

2 2 1
r r [Home,

> —b'Hb-tr (ATHAH) — 402, - tr (HPHY) - u,Hup,, (3.31)
where the last line comes from the fact that [|A||5 = tr (AAT> for any matrix A.

Then, let’s consider III. Notice that actually, III can be viewed as a quadratic function of
A THb, which can be easily minimized. More concretely, we have

e

g2 - eom)] (550

ITI +

+1 M

)

> 0. (3.32)

Therefore, one has

T
III Z —]\4]\4_’_1 (,8* — (tI‘ (H\Il) + 0'2) U_1U.12> H(,B* — (tI‘ (H‘I’) + 0'2) u_1u12> .

Combining the three parts above, one has
Risk (f) — o?
> IV —tr ((H%WH%)Q Q—l)

) o)

2 (tr (H®) + 0?)
* 1 *

HAB* —

mveiP HP M+1

= tr (HY) — tr ((H%\I:H%fa—l) + B*TH (u_quy)

inffe]:LTB Risk(f)—02

3M + 2 2
+ [Qtr (HWHW) + m (tr (H‘Il) =+ 0'2) ‘| (u_1u12)T H (u_1U12) .
Therefore, one has
_ . _ 1 iTer e 2(tr (H®) +02%)  +
_ > _
Risk (f) fel%fm Risk(f) > Y 15 Hp Ml B H (u_quy2)
+ [2tr (HTHW) + Mz (tr (H®) + 02)2 (u_qupa) " H (u_quys)
MM+ 1) 1012 —1l12) .
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The right hand side in the above inequality is a quadratic function of u_juy5, so we can take
its global minimizer:

(tr(H\Il)+0'2)
M+1 *
U_1012 = :6
2tr (HPH®) + 2102 (tr (HY) + 02)*
to lower bound the risk gap as
1 (tr(H\I’)+0'2)2
=)
Risk (f) — inf Risk(f) > - @rey 18113 -
feFire M+1 2t (HUHY) + A (tr (HE) + 02)° H

Finally, to simplify the results, we notice that on the one hand,

tr(H¥) 402 2
: <M+1>2) __ (wHY)+0*
2tr (HUHW) + 5102 (tr (HY) + 02)* ~ 2(M + 1)°tr (HVHY)

On the other hand, one has

(tr(H‘II)+02 ) ?

(M+1)2 < M < 1
M+2 N2 — = :
2tr (HOHP) + 7502 (tr (HP) +02)° — (M +1)(3M +2) = 3(M +1)
Therefore, we have
. . . 2 1 (tr (H®) + 02)° )
Risk (f) — inf Risk(f) > _ 8% 112
Sk () = ot Risk(f) 2 max {B(M T M1 ar+ e erg) | 1P

2
1 S(tr(H\If)+02)
M+1 <= 2(M+1)2tr(HUHE)’

When 1 (tr(H‘I’)+a2)2 9

M+1 (M1t (HUHE) = 3(M+1)’ which implies

we have

(tr (H®) + ¢2)°

Risk (f) — inf Risk(f) > B N5 -
IS (f) felgLTB IS (f) = (M + 1)2tr (H‘IIH\II) ||IB ||H
Therefore, we finally have
: : : 2 (tr (HY) + ‘72>2 2
Risk (f) — inf Risk(f) > B e -
isk (f) = ,dnf Ris (f>_maX{B(M+1)’(M+1)2tr(H\IIH\II) 187l

Note that this holds for an arbitrary f € Fisa, so the proof finishes by taking infimum on
the left hand side. O
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3.10 Appendix: Proof of Theorem 3.5.2

Proof. Recall that from Assumption 3.3.1,
x~N(0,H), y=x'B+¢e, X[]~N(0H), y=XB+e¢,
where

B~N(B,¥), 5~/\/(O,02), €NN(O,U2-IM>.

Step 1: compute the risk function. From the independence of ¢, e with other random
variables, we have

RM(ﬁ,I‘):E<XT (ﬂ—ﬁ)+g—|—xTI‘ X (B ,8)—)(T XM€>
~E <XT <Id -T. X]\;X> (B —ﬂ>)2+ ]\;QE( TI‘XTs)2 + o2

_ <H,]E (Id -r. X]\;X>®2 oF (B - ﬂ)®2> + lg ( TrXTe)2 + 02, (3.33)

M2

where the last line comes from the independence between B and X, x, as well as the fact
that x ~ N (0,H) and the property of tensor product o. Note that, B ad T' are learnable
parameters here, and we should set them apart from the task vector 8 or the prior mean

vector B . Recall that B ~ N (B*,®), we have E (B — ,3)®2 = (B — B*)® + . Moreover,
using the following

x~N(0,H), X[i]~N(0,H), e~N(0,0"-1y),
we have that
E (xTrXTs)2 = o’Etr (XI''xx'TX") = Mo® - (HTH,T").

Bridging the two terms above into (3.33), we get
XTX ®2 .
RM(/B7F>_<H7]E<Id_F M ) O(/B_IB)®2>

+< (Id_ XA;X>®20\II+§;FHFT>+02
<E (Id — XTX>®2 oH, (8 - ﬂ*)®2>
|41
®2
+ <H,IE1 ((Id T XA;X>T) oW + X;I‘HI‘T> +o? (3.34)

Va
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First, let’s compute V;. From the definition above, we have

Vi=(8-8") Hr (8-,

where
®2
XX\ "
Hr::E((Id—I‘- - ) ) oH (3.35)
XX\ " XTX
=E (Id I i ) H (Id -TI. 7 ) (the definition of the tensor product)

tr (HI‘THI‘) o Ml

HI'"HI'H
M M
(X[i] ~ N (0,H) and Lemma 2.10.2)

:H—H(F+FT)H+

.
MH + LHITHTH = 0 (3.36)

R _ T —
= (I,-TH)'H(I,-TH) + 7 7

Then, let’s compute V5. We have

M
XTX XTX\" g2
=E(I,—T- U(l,—T- —THID'

tr (HWY 2 M+1
I‘<M>+".H+ +

XTX ®2 2
E(Id—r- M) oW+ Z_THTT

=0 -THY - YHT'' +T < H\IJH) I’
(X[i] "< A (0, H) and the Lemma 2.10.2)
From the definition of € in (3.14), we know that it is invertible. Moreover, it holds that

XTX\%? o? L
7 oW + MI‘HFT =9 -—THY — $HI'" + THzQH:T'"

E(Id—l"-

.
— (rH% — qlﬂéﬂ-l)Q(rH% — WH59—1> LU UHIQ HID.
Therefore, we have

Vo =tr

.
(H%rH% - Hé\pH%sN) Q (H%PH% - H%\IfHé91>

+tr (H®) — tr (H: $H2Q 'H2 WH? )
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Step 2: solve the global minimum. Now we have

Risk (8,T) — o
. . tr (HTTHT) 1
=(B-p") |(I4g—TH) H(I; -TH) + TH + MHI‘THI‘H (B —B*)
T
+tr <H2I‘H2 - H2\IIH2Q1>Q<H2I‘H2 - Hz\IlH291>
+tr (H®) — tr (H> $H2Q 'H? WH? ) (3.37)

where the last line comes from the fact that € and H2WH? commute. Taking infimum over
all 8,T" in the left hand side, we have

. . a2 . . 2> . 1 1\2 _1>
nfRisk(f) — 0 = inf Risk (,T) — 0" > tr (H¥) tr((H2\I'H2) ).

On the other hand, we take
B=p, T=I":="H:Q 'H 2, (3.38)

where H? is the principal square root of H and H: is its Moore-Penrose pseudo inverse
(see notation part in Section 3.8). Then, we have

Risk (8", T*) — o

= tr

.
(H%F*H% - H%WH%Q*) Q (H%F*H% - H%@H%Q-1>

+ tr (H®) — tr (H2$H:Q ' H $H?)
Since
H:T*H? — H? - H:WH:Q ! = H:WH:Q 'H *H? - H UH: Q!
— Q 'H:WH? — Q 'H:WH>H :H>
(2 and HzWH: commute)
= Q 'H:WH: — Q 'HzWH? = 04,..
(H2H 2Hz = Hz)

Therefore, we have

Risk (8", T*) — 02 — tr (HW) — tr <(H%\PH%)2 Q—l) > inf Risk (8,T) - o*.
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Combining both directions, we conclude that

fei}tgﬁ Risk(f) — 0° = inf Risk (8,T) — 0% = tr (H®) — tr ((Héqué)Z Q—1> . (3.39)

Step 3: identify all global minimizers Above we show that Risk (8%, T'*) achieves the
global minimum of the ICL risk over GD-A class. Now we will figure out the sufficient and
necessary condition to achieve the global minimal risk. From the proof above, we know that

for any B € R4, ' € R™?_ it holds that

Risk (3,T) = inf Risk(f)

f€Fep-8

Vi=(B-8)" Hr(B-p)=0

.
—
(H%PH% - HéxI:H%Q—1> Q (H%FH% - H%WH%Q—1>

=0

Since €2 is invertible, the second equation is equivalent to
H:TH: - H2WH?:Q ' = 0,4,

which is a linear system of I'. Since I'* is proved to be one solution, all solutions of this
equation are

[ =T"+{Z e R™  H2ZH? = Ogqf = T* + Im (H®?) |

where the last equation comes from Lemma 3.15.2. Here, + denotes Minkowski sum. This
is defined as A+ B = {a+b,a € A,b € B} for two sets A, B and a + B = {a} + B for an
entry a and a set B. Under this condition, we know that

tr (HI‘}‘WTHI‘*)H LM+l

Hr=H-H(T"+T}; ) H+ i = “HI'JHI“H.
Consider the following inequality:
| HF*THI‘* M+1. 1 )
I,— H?> (0" +I'7) H? + ult )Id + ]\; H:T: HI"H:
M
= Iy—Hz (T"+ T ) H? + Lh I‘*THI‘ H:

\»—l
l\.’)\»—A

M M+ 1
_( I, — | HiT
1

= Ogxd-

.
M M+1_.1 1 M

N I HiT*H? 1

) (M+1d Mo 2) TG

=
=
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Therefore, we have
(B—B") Hr(8-p)=0
tr (HI';/ HI™) .
Y d

— [(B-p) H (Id ~H: (T"+ T ) H? +

M+1
M

= HI(B-)=0,<= B=F +nll(H}) = B=0"+null (H),

+ HiI‘*MTHF*H%) [H: (8- 8] =0

where null (-) denotes the null space of a matrix and + denotes the Minkowski sum. The last
equivalence comes from Lemma 3.15.2. Therefore, we conclude that the fgr achieves the
minimal ICL risk in GD- class if and only if

B =" +null(H), I‘:I‘*+Im(H®2).

Specially, if H is positive definite, there is unique global minimizer in GD-3 class with
parameters

p=p, I'=TI"

Step 4: equivalence in the hypothesis class Finally, we show when H is rank-deficient,
any global minimizer actually corresponds to one single function in F¢p.g almost surely. For
an arbitrary global minimizer, we assume 8 = 8* + h,I' =T + Z, where h € null(H) ,Z €
Im (H®2) . Suppose we have a prompt X,y,x,y which follows the Assumption 3.3.1 and the
token matrix is formed by (3.1), we have

r

for (B) = (8- 1, X" (XB-y).x)

I\*
— <ﬂ* — MXT (XB* —y) ,x>
1 1 1
+h'x — MXTZXTX,B* — MXTZXTXh — MXTI‘*XTXh +x'ZX"y.
Notice that X[i],x "*&" N (04, H) , we have
E(h'x)" =h'Hh =0

since h € null (H) . Therefore, we know h'x = 0 almost surely, and similarly, Xh = 0, almost
surely. Finally, we have

1 5 T>(1T T)T_l _
E [(Mx zX" ) (x'2X7) | = e [HZH] =0,
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which imples x"ZX " = 04 almost surely. Therefore, we conclude

far (E) = fg-r- (E) almost surely.

3.11 Appendix: Proof of Theorem 3.5.3

Proof. Recall the definition of Linear Transformer Block class:

fLTB . R(d-ﬁ-l)x(M—i—l) SR

Y
—1,-1

ET (W) WQE>

E [Wgwl <E +(w") wYEM =

where E is the token matrix defined by (3.1). Let’s take an arbitrary function f in the LTB
class with trainable matrices

WK, WQ c ]dex(d—f—l)7 v‘/'P7 WV c Rdvx(d—f—l)’ W17W2 c Rdfx(d—‘rl)‘

Similar to the proof of the Theorem 3.4.1, we know that only the last row of W, W, and the
T
first d-columns of (WK ) WY attend the prediction. Therefore, we denote

Tw. _ [ ¥ * T P\ ywv _ [ *  * K\ wae _ (Vi *
W, Wi = <7T *)’ W, Wi (W ) W= <V;1 v_1>’ (W ) W= = (VE x ]’
(3.40)
where v, Vi, var, € R v € R, V;; € R¥™ and * denotes entries that do not enter the

prediction. Then, the prediction of LTB function can be written as

fE)=~"x+ (V2T1 U—l) EMyET <V11> x

M Vi,
XTX XT TX T
= l'yT + V2Tl TVH + Vgl WyvlTQ + Uflywvn + Uly]\fyvgl *

Step 1: simplify the risk function. We use B to denote the task parameter. From the
Assumption 3.3.1 and Definition 3.8.1, we have

y:XB+€7 y:<BaX>+5a BNN(B*a\I’)a EZIB*_I'\I’%é,

and
X[i],x "N (0, H),  efil,e N (0,0%), 8 ~N(0,1,).
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Then the model output can be written as

XX Xy y'X yly
F(E) = [,YT + VngTVll + V;W"E + U—lwvn + U1 i Vng X
-\ T XTX ~
= [,.YT + (V21 + U_l,B) M (VH + ﬂVE)] X
X'e e'X 2 ~ ele
+ [V2T1 M Vi, + U—IWVH +v_g- METX5V1T2 e V1V, | X.

To simplify the presentation, we denote

zI _ (V21 N U_LB)T . iXTX . (Vll + BVE) s

M
1 1 2 .
Zg = Vo - MXTE Vi Uy M&?TX Vi 4oy - METX,BVE
1
7] = MsTs UV

Since x, X, g, B are independent, we have

, ~ 2
Risk (f) =E (/(E) - (B,x) —¢)
=0+ E ( f(E) - (B, x>)2 (¢ is independent from other variables and zero-mean)
=E [<Z1+Z2+Z3+’7—B,X>2} + o?
~ N\ T
= <H,E(z1+z2+z3+7—5) (Z1+Z2+Z3+’Y—5) )+ 0.
Note that z; does not contain €, z, is a linear form of €, and z3 is a quadratic form of €.
Using € ~ N(0,0%1,), we have E[(z; + — ) - 2, | = 0 and E[z,z; | = 0. Therefore, we have
~ N\ T
Risk (f) — 0 = (H,E (21 +v — B) (z1 + v — B) ) + (H,Ezp2] ) + (H, Ez52])
s S5 S
+2(H,E (z +v - B)z). (3.41)

54

Step 2: compute the risk function. Let’s compute the risk function. Note that, the
risk function is in the same form as the risk function of LSA layer, which is in the proof
of Theorem 3.4.1 (see Section 3.9 and equation (3.16)). There are two differences: one
is we replace Ui, U9, Ugy, u_1 here with Vi1, vis, vor,v_1. The second difference is that
we replace B in (3.16) with B — ~. This is equivalent to replacing 8* with 8* — ~, since
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B—~ ~ N (B" —, W) . Therefore, similar to (3.29), the risk function in (3.41) can be
written as

Risk (f) — 0 =V + VI + VII + VIII, (3.42)
where
M +1 1 2
V=>b" ( " HeH ¢ Mtr(H\IJ)H) b-v,Hvy + UM -b'Hb - v, Hvy,
M+1

1 o’ T T
L HUH + Mtr(H\II)H) AH) + 2t (HAHAT) - 2v/,HOHb
M1 2

]\; HUH + JM - H] AHv,, — 20_tr (HAH®)

+ 0% tr (AT (

1
+20_1b" [Mtr(HlIl)H +

1
Vi= [bTHb -tr (ATHAH) + 4v_; - b " HEHAHvy, + 402, - tr (HYHP) - vIQva] ;
VII=b" (M il 1HAHMH) b

—2b"HAH (8" — v) + 2v_1tr(H¥) - b HAHv1, + 20°b ' HAH (v_1v13) ;
VI = (8" —~) H(8"—v) -2 (tl" (H®) + 02) (B =) H(v1vip) + v Hvyy 02 -
M +2

l <2tr (HUVHW) + tr (H\Il)2> v, Hvy + (2 + ;‘4) o’tr (H®)

M +2
M

04] + tr (HP)

and @ = MEH@H: 4 MU T a0d b= vy 4087 € RY A = V), + B°v], € R

Step 3: solve the global minimum of the risk function. This is very similar to step 5
in Appendix 3.9. The V term in (3.42) is actually equal to the I term in (3.29), so we have

V = tr [(H%vmbTH% 4o H:ATH? — H%qfﬂésw)a

—tr (H%\I:H%Q*H%\IJH%)

.
(H%v12bTH% Lo H2ATH? — H%szH%91>
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where the last line comes from the fact that € and HzWH? commute. For the same reason,

we know that the VI term above is equal to the II term in (3.29), which implies VI > 0, since

4v_,-b  HWHAHv,, > —4 HbTH% v_H2WH?

R

N v,
AT A

= —b'Hb-tr (ATHAH) — 402, - tr (HUH®) - v,Hvy,,  (3.43)

2

> _ HbTH%

where the last line comes from the fact that ||A||ij =tr (AAT) for any matrix A. The term

VII above is equal to III term in (3.29), except that we replace 8* with 8* — ~. Therefore,
we have

-
VII + M1 (ﬂ* —y - (tr (HY) + 02) U_1V12> H(ﬂ* — v — (tr (HP) + 02) U_1V12>
T
— [ATHb - Mﬂi : <B* — - (tr (HW®) + 02) v_lvlgﬂ (MZJ 1H>
. [ATHb — M]\f— : (B* - — (tr (HY) + 02) vlvlgﬂ
> 0, (3.44)

which implies

VII > —
- M+1

-
(,B* —y - (tr (H¥) + 02) v_1v12> H(,H* —y - (tr (HP) + 02> v_1v12>.
Combining the three parts above, one has
Risk (f) — o
1 1\ 2
> VIII — tr ((Hz\Ile) 91)

M
M+1

(,3* o (tr (HY) + 02) v_1V12> H(ﬂ* i (tr (HY) + 02) U_1V12>

1
M+1

= tr (HP) — tr ((H%qfﬂé)Q Ql) + (B =) H(B -7

inffe]rGD_/3 Risk(f)—o?2

2 (tr (H®) + 0?)

- M1 (B —~) H(v_1vi2)

3M +2

(tI‘ (H\II) + 0'2>2‘| (’U_1V12>—r H (U_1V12) .
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Here, the global minimum of GD-f class is taken from Theorem 3.5.2, whose proof does not
rely on the proof here. Therefore, one has

Risk (f) — inf Risk(f)

fE€Fep-g

(B =) H(B" —) -
3M 4+ 2
M(M +1)

2 (tr (H®) + 0?)
M +1

(tI‘ (H‘I’) + 02>2] (U_1V12)T H (’U_1V12) .

s 1 (B =) H(v_1vis)

= M+1
+ [2tr (HPHY) +

The right-hand side in the above inequality is a quadratic function of v_;vy2, so we can take
its global minimizer:

(tr(H®)+0?)
M+1 *
V_1Vig = B —
P 2t (HOHD) + P (0 (HW) +a2)2( 7)
to lower-bound the risk gap as
Risk — inf Risk
isk (f) felfnco-g isk(f)
(tr(H‘Il)+0'2)2

> |- ory 18°— 4l > 0.
T M1 2t (HEHW) + A2 (tr (H) + 02)° H=

Note that, taking the infimum on the left-hand side, we get

inf Risk (f) — inf Risk(f) > 0.

feFLTB f€Fcp-p

On the other hand, in the main text we have showed that F¢p.g C Fitg, which implies

inf Risk — inf Risk <0.
fel~I7'1—LTB S <f) fEl-FnGD-ﬁ 'S <f) -

Therefore, we conclude

inf Risk(f) = inf Risk(f):tr(H\p)—tr((H%po%)QQ1),

feFLTB fe€Fep-p

where the last equation is from Theorem 3.5.2.
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Step 4: sufficient and necessary conditions for global minimizers. Let’s now verify
the conditions for the global minimizers. For a function in LTB class, the sufficient and

necessary condition for it to be a global minimizer is that inequalities in the above step all
hold, which are

Hzvy,b H? + 0 H2ATH? = H:WH?Q ! (3.45)

[ore: | [EEAR: | = 4o HEOHE| [Hiv, . (3.46)

vy b HUHAHv,, = | H2 | - [[o H2WH? || - [HZAH? | - [Hevy| . (347)

H3 [ATHb — M]\f- . (,8* —y - (tr (HY) + 02> ’U1V12>] = 0gxd; (3.48)
(tr(H®)+0?)

R (HYHY) + Aj’iﬂj@%) (o @w) oo P Y (3.49)

18" = ¥llg = 0. (3.50)

Let’s first verify the necessary conditions of the system defined above. From (3.50) and
Lemma 3.15.1, we know v € 8% +null (H%) = A" +null (H) . Then, we have v_;vi2 € null (H) .
Then, in (3.46), we know

2

=4 miem: ’

s e el = by =0

which implies either H2b = 0, or H2AH? = 0,4, If we assume H2 AH? = 0,4, then
(3.45) implies H2vy,b Hz = H2WH2Q !, From our assumption, we know rank(H%\IJ%) >
2, which implies rank(H2®H2) > 2, since for any matrix Z, it holds that rank(Z) =
rank(ZZ"). Since multiplication by an invertible matrix does not change the rank, we
know rank (Hz WH2Q") > 2, while H:v,b' H? is a matrix of rank at most one, which
contradicts with (3.45). Therefore, we have
Hzb = 0, (3.51)

v HZATH? = H:WH:Q . (3.52)

Recall in Theorem 3.5.2, we have defined
I = WH:Q 'H 3,
Simple calculation shows
He:I"H? = H:OHzQ 'H 2H: = Q 'H:OH:H *H: = Q 'H:WH:z = H: UH2Q !,

where the second and the last equalities come from the fact that €2 and H:WH: commute,
and the third equality comes from the property of Moor Penrose pseudo-inverse. Therefore,
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one solution of (3.52) is v_; A = I'*". Since (3.52) is a linear equation to v_; A, we know its
full solution is

v A €T +{Z  HYZH? = 0geaf = T*7 +Im (H®?) .
The solution to (3.51) is
1
Vo = —v_18" + null (H5> = —v_18" +null(H).

Therefore, we know the necessary conditions for (3.45) to (3.50) are

V-1 7é 07
V_1Vig € null (H) s
Vo1 = —v_18" + null (H) (3.53)

U,1V11 S :[‘*T — Ufl,B*V1T2 + Im (H®2) ,
v = B" + null (H)

It is easy to verify these equations above are also sufficient conditions of (3.45) to (3.50) by
directly replacing each variable with its value and validating equaions from (3.45) to (3.50).

Specially, if H is positive definite and hence, invertible, the global minimizer is unique up
to a scaling to v_; :

* 1 * *
V-1 7é 0, vig=04, vo = _U—LB , Viy=—- T T7 v = /3 . (3-54>

V1

Step 5: equivalence in the hypothesis class. Finally, we will prove that any global
minimizer of F1g is actually equivalent to one single function in Ftg almost surely. More
concretely, let’s take a function f € Fitg with parameters WX, W% W? WV W,, W,
and recall the parameter transformation in (3.40). We assume equations in (3.53) and
Assumption 3.3.1 hold. Then, for any vector a € null (H), one has x"a = x/a = 0 since

x,x; K N (04, H) . We denote

vy =—v_18"+a;, v V= ' — U—IB*VL +Z, ~v=p"+ay,
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where a;,a; € H, H:ZH: = Ogxq. Then, we have

ET (WK)T WQEﬂ

F(E) = [W; W, <E+ (w?)" wYEM

—1,-1

= (B +a) x+ (—v_lﬂ*T +a] v_l) A (XTX XTY) . (Vy) X

1 [(XTX XT v_1Vi1x
. *T _ *T . y . Lvil = T =
=8Tx+ (=67 1) M (yTX yTy> (v_1v1TQx> (Xar =0,2;x =0)
i i} 1 (XX XT ' x

.
= <B - MXT (X8 —y) ,X> = forr- (E),
where fg = (+) is the GD-8 function defined in (3.7). O

3.12 Appendix: Proof of Corollary 3.6.2

Proof. We denote ¢1 > ¢9 > ... > ¢g > 0 are ordered eigenvalues of W2HW?. From Theorem
3.5.2, we have

inf Risk(f) — 0% = tr (H2WH?) — tr ((H%\IJH%)2 91> :

fe€Fep-s

where

M +1 tr (HP) + o2

Q: H>WH> 1,
2 2+ M d

Therefore, we have
. . 2 1 1 . - 1 1 -1
dnf Risk(f) — 0* = tr (H2WH? - (Q - H>WH?) Q')

— ]\Ztr (Q*IH%\IIH% : (H%\IIH% + (tr (H\IIH) +0?) 1))
Since
(tr (H2WH?) +0?) Ty < H2WH? + (tr (H2@H?) + 0?) -1, < 2 (tr (H2®H?) + 0?) -1,

we have

. . 2 —1xyi 1
Aol Risk(f) — 0% ~ 7 tr (7 'H2WH?)
d
- o
= ¢ —
i; 7Mﬁl¢i+¢
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Therefore, we conclude. O

3.13 Appendix: Proof of Theorem 3.6.1

Proof of first equation

Proof. From the classical bias-variance decomposition, we know
((g:X) =E[(g(X,y,x) — ) | X]
=E|(¢9(X,y,%x) ~E[y| X,y,x])’ | X| +E[(E[y | X, y,x] = )* | X]

since the cross term vanishes. The second term does not depend on g and hence, the Bayesian
optimal estimator is given by the posterior mean, i.e.,

gBayes :E[y | X7Y7X] = <E [B ’ vavx] 7X>'

Since B ~ N (B*,¥), we have there exists a random vector 8 ~ N (041,) such that
B=p8"+ W20 almost surely. Therefore, one has

gBayes = </8*7X> + <E {é | X,y, X} ,\II%X> .

To compute E [5 | X,y,x} , it suffices to solve the posterior distribution of 8 given X,y.
From 6 ~ N (04,1,), we have

_Hy -X (ﬂ* + ‘I’%Z’)HE 17 é)
202 2

P (8] X,y,x) «P(8)F(y | X,8) mp(

9 (TeXTX®? +0%,) 0 - 2(y — XB")" X\IJ%ED .

1
X exp <—%‘,2

Note that, the function above matches the probability density function of a multivariate
Gaussian distrbution. Therefore, the posterior mean is given by

E[0|X.y,x = (¥XXT? +0°L,) X' (y - XB).
Therefore, we conclude
Joaes = X W3 (UEXTXWS 4 0°L,) WX (y — XB') +x' B (3.55)

]
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Proof of second equation

Proof. Let’s first do a variable transformation. We denote
X =XP¥2, x=Wcx, y=y-XB, A=W":HU:. (3.56)

Then, we know X[ ], x N (04, A) . We can write the Bayesian optimal estimator in (3.55)
as

— 1~
Z/J\Bayes = iT (XTX + UQId) XS’ + XTIB*'

The true label is _ L~
y=x'B+e=x" (,3*—1—‘1’50).

Therefore, we have
o 1 Lo\ 2
14 @Bayes; X) — o’ =E (iT (XTX + O'ZId) ! Xy + XTB* —x! (ﬁ* + \1129))

) (;J (§T§+ azld)_lii’ -6 )2 =E Hé - éHi’

where

0 := (XTX + UQId)i1 5(37

Note that, this is equivalent to the risk of estimating the ground-truth linear weight 0
using @ under the Gaussian prior 8 ~ A (0,1;) . The estimator 6 is a function of transformed
input-output pairs in the context (X y) and the transformed query input x, and takes the
form of the standard ridge estimator with regularization coefficient being o2. We then revoke
the standard results for the risk of a ridge estimator. Applying the Theorem 1 and 2 in
(Tsigler and Bartlett, 2023), we know for a fixed weight vector 6, with probability at least
1 —exp (—Q(M)) we have

ool = (7 Ee Y o

18l

Ok*

B M e 02
2 >k i
M Hk 100 O— <+ >’

M 0%+ Y b

where ¢1 > ¢9 > ... > ¢4 > 0 are ordered eigenvalues of A.

% . 0'2"‘ i>k* Pi
k ::mln{k‘:mzc W}

and ¢ > 1 is an absolute constant. Here, Hy.,« is SVD approximation with respect to the
largest k* singular values and Hyg«.., is the SVD approximation in the remaining singular
values. Namely, if we have the eigen-decomposition of H = Q - diag (¢1, ¢3, ..., ¢q) - Q" , where
Q is an orthogonal matrix, then Hy.x+ and Hy«.., are given by

Hy = Q - diag (¢1, ¢, ..., $+,0,0,...,0) - Q", Hpe.oo = H — Hyyo.
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Taking expectation over 6 ~ N (0,1;), we have

C (Uayes; X) — o = EENN(O,Id) HaBaVes - 6H2

(P + T &) b MSe 6]
S (et} y Ly s g (B et )

i<k* ¥t i>k*

Now we simplify this expression. First, we define

0+ Yok &

¢:=c- i
From the deﬁmtlon we see ¢ > c" . On the other hand, from the assumption that tr (H) =
(\Il H\I'2) =3¢ ¢ S o we know that ¢ < C" . Combining two parts, we get
g2
¢~ M (3.57)

Therefore, we have

2
USSR SE Sr ea. <k+2>k¢>

i<k* i i>k* ¢2

~ > mi {i,@}m me{ ZQ} (from (3.57))
5 {2 o)
~ ;mm {60}

This finishes the proof. O

3.14 Appendix: Proof of Theorem 3.6.3

Training dynamics

Now we consider doing gradient flow on the risk function, or equivalently, on the excess risk
function which differs by only a constant:

B 10

O 2 RE.T) - minR (), (3.5%)
dr 10 .
% = 53T [R(B,T) —minR(-,-)]. (3.59)

First, we have the following corollary of Theorem 3.5.2, which computes the excess risk
R(B,T) —minR(--).
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Corollary 3.14.1 (Excess Risk). We fir M as the context length. Consider the ICL risk in
(3.5), assume the data is generated following Assumption 3.53.1. Then, we have

R(B,T) —minR(,-)

. . tr (HT THT) 1
= (B—-p") |(Iq—TH) H(I; —TH) + ——7 B+ MHI‘THI‘H (B —B*)
1 1 1 1 1 1 1 1 T
+tr <H2I‘H2 — H> \IJH2Q_1>Q<H2FH2 — H> \IIH2Q_1> (3.60)
Proof. This is obtained directly from equation (3.37) and (3.39). O

Now, we write out the differential equations explicitly in the following lemma.

Lemma 3.14.2 (Dynamical system). The dynamical system of gradient flow described in
(3.58) and (3.59) is

d tr (H[' "HT
2 {(Id ~TH)"H(I, - TH) + r(M)H + L HITHTH| (8- 87)  (3.61)
((111; _ —<HPH%QH% _ H\IJH) Ml yrHB - (8- B H

1 * * * *
—4;(B—8) H(8- ") -HPH+H (8- 87) (8- 8" H. (3.62)
Proof. This can be obtained by directly calculating the derivatives over the excess risk (3.60).
To write out the dynamics of 3, it suffices to notice that 8 only attends the first term of the
RHS of (3.60), which is a standard quadratic function. For the derivatives of I', we first have

10
——1tr

_
57T (HérH% — H%\IJH%Q—1>Q (Hérﬂé — Hépo%Q—l)

— H2 (H%FH% - H%\PH%Q—1>95 .Q2H?  (the sixth equation in Lemma 2.10.1)
— HI'H:QH? — HVH.
Now it suffices to compute

o ) <HFTHF) H+ iHrTHrH

;F;(ﬂ_g*f [(Id—rH)TH(Id—FHH i i (B-87).
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Let’s compute the partial derivativess separately. From Lemma 2.10.1, we have

oy (88 (FHTTH) (8~ 8) = ;10 (8~ §°) (~HIH) (8 - 5°)
- TH(B-p) (8- 8) B
s (Pt g ErTHDH (8 - g)) = Y HE H (5 - ) (8- 57)
01 {HFTHF} T . 1 o T .
= (B-B) H(8- )| = (8- 8) H(B- ) HTH

Summing over the three equations above and applying the definition of gradient flow, we
conclude the dynamics of I in (3.62). O

Proof of the global convergence

Let’s now prove Theorem 3.6.3. Since the first part of Theorem 3.6.3 is directly implied
by the second part, we only deal with the case with general H. In this section, we denote
Amin > 0 as the minimal non-zero eigenvalue of H. As in the main text, we define

H :=1Im (H)
and H' as its orthogonal complement. First, let’s prove the convergence of 3.

Lemma 3.14.3 (Convergence of ). Under the dynamical system (3.61) and (3.62), one has

[Pa(B(0) ~ P () < e (e ) P (B(O) - Pu()E. G5
which implies
i 500 - ) < v (o) 1910) - 1 (3.64)

and
P (B(t)) = P (B7)
when t — oo, from arbitrary initialization B(0) and IT'(0). Moreover, one has for any t > 0, it
holds that
P (B(t)) = Py (B(0)) (3.65)

Proof. We first consider the orthogonal projection operator P. From Lemma 3.15.1 and
equation (3.61), we know

dPxn(B(t) — B87)
dt

=-HH'Hr (8 -8,
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where
tr (HI‘THI‘)

Hp = (I, -TH)' H(I, — TH) + 7

1
H+ —HI'"HTH.
+ M
From the property of pseudo-inverse, we know

dPw(B(t) — B)
dt

= -Hp (8- ") =-HrH'H (8 - ) = ~HrPy (6~ 7).

Therefore, we have

S5 IPu(B0) ~ 8] = ~Pu (8- ) - Hr - Pu(8 - 8).

Notice that

.
M M+1 M M+1 1 1

- — — - .

HF_(\/MJrlI \/ M FH) H(\/M+1I \/ M FH)+M+1H_M+1H

This implies

1

d 1
T 5 1Pu(B0) = 8R] <~ Pu (B B)-H-Pu(8-8)
Amin 2
< - P (B - B

where the last line comes from Lemma 3.15.1 and Amin is the minimal non-zero eigenvalue
of H. Via standard integration method in ODE, we know this suggests

—2Amaint

IPu 80~ 81 < o0 ( 3

) [P (B(0) — 5*)“3 — 0 when t — co.

This indicates that Py (B(t)) — P (8*) when ¢t — oo. Finally, we have
APy (B(1) = B7)
dt

which implies Py 1 (B(t) — B%) = Py (B(0) — B%) and hence, Py (B(t)) = Py (B(0)) for any
t>0. O

= — (L, -~ HH") Hr (8 - B°) = 0y,

Next, let’s consider the convergence of I'. As defined in the main text, we have
Z:=Im(H®H)

and Z+ is its orthogonal complement. We have the following lemma.
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Lemma 3.14.4. Under the dynamical system (3.61) and (3.62), one has

d
&Pzi_ (F - F*) - ded7 (366)

dp, (T -T*)=-H- P ([ -I*) - H:QH:?

dt
_Mﬂzlﬂ.%(r—r*)~H(ﬁ—ﬂ*)(ﬁ—ﬂ*)TH
(B-p) H(B-B)-H Pz (I-T") H
1 *\ T * * 1 * * #\T
— ;BB H(B-F) HI'H- —HI'H(B- ) (8- p) H
1

+ MH%Q—1 (HEWH? + (tr (H2@H?) +0?) L) H? (8 — ") (B — ") H. (3.67)

L
M

Proof. The first ODE is trivial since the RHS of (3.62) always lies in Z :=Im (H® H), so
its projection on Z+ always vanishes. To prove the second equation, we can rewrite (3.62) as

T
(it = (H (T —I™)H:zQH? ~HVH + H[*H:QH: )
A
M+1 . . .
—— HOC-THH(B-6)(B-6) H
1 * * * * *
— 4 B-8) H(B-F) HT-T)H+H(B-p)(-p) H
B
— 47 (B-87) H(8-p) HI'H-— —HI"H (8- 8) (8- ") H.
C
For term A, recalling I'* = \IIH%Q_IH_%, we have
HIYH:QH: — HUH:Q 'H >H>QH?
—H:Q 'H:WH:H :H:QH? (€ and H2WH? commute.)
— H:Q 'H:WH:QH:? (H:H :H: = Hz)
— HUH:Q 'QH> (© and H2WH: commute.)

= HVH.

This suggests A = 0. For B 4+ C, we have

B+C = —J\ZHI‘*H (B-B)(B-B) H+(,-HI")H(8-8") (8- H.
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We can compute (I — HI') H as

(I — HO*)H = Hz (H? - H: WH:Q 'H > H)

= H: (H? - Q'H>WH=H 7H) (Q and H2 WH? commute.)
= H? (H? - Q 'H>WH) (H?H 2H> = H»)
=H? (Q7'QH: — Q 'H: ¥H)

1

= MH%Q_l (H%\IIH% + (tr (H%\IJH%) I 02) Id) o

Therefore,

B+C = —AZHI‘*H B-B)(B-8)H

1 1 1
+ o H (HEWH? + (tr (H2OH?) +0%) L) H? (8- ") (8- 5" H.
Bridging A = 0 and the result of B + C' into the ODE, we have

d(I —T%)
dt

M+1
_ _HT -T)H:oH} - LF

H(T-THH(@B-8)(B-6) H

~ (B H(B- ) HT-T)H
1 *\ 1 * * 1 * * w\ T
4 B-F) H(B-p") HI'H - - HI"H (6 - 5)(8-5") H
+ ]\14H591 (H:@H? + (tr (H2WH? ) +0?) 1) H2 (B 8") (B—B") H.  (3.68)

Note that, all terms in the RHS above lie in Z = Im (H®?) | so this summation also equals
4Pz (I = T'*) . Moreover, since

H: (0 — I')H? = H3 le(H%®H%) (T —T%) + Pnu“(H%@H%) (L —T*)| 12
— H3. le(H%H%) (T — ) M3 (3.69)
Bridging (3.69) into (3.68), we conclude. O

Then, let’s upper bound the dynamics of ||Pz (T — IT'*)||3 in the following lemma.
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Lemma 3.14.5 (Dynamics of Frobenius norm). Under the dynamical system (3.61) and
(3.62), one has

d 1 . . —2Amant .
i [31P2 @ = TR] < =112 (@ - P+ v () 2 0 - 1)
(3.70)
where
Al = AminzAmin (Q) y
(3.71)

2
A= (24 ) ALIBO) - B

are two positive constants. Here, Amin > 0 is the minimal positive eigenvalue of H, Ay is
the mazimal eigenvalue of H, Ay, (2) is the minimal eigenvalue of 2 (defined in (3.14))
and is strictly positive.

Proof. From the dynamics of PzI' in (3.67), we know

dril 12
ax iHPZ(F—I‘)HF

— tr (jtpz (T —T)-Pz (T — r*)T>
=G+ Gy + Gs, (3.72)
where

Gy=—tr[H Pz (L —T*) - HiQHz - Pz (T -T")'],

M +1
M

—tr[]\14(ﬂ—ﬂ*)TH(ﬁ—ﬂ*)-H~7Dz(1“—1“*).H~7>Z(1“—1“*)T

H-P(T-T*) H(B-B)(B-p) H-Pz(I-T)"

Y

Gy = e[+ (8~ B H(B —§") - HI'H- P, (D 1)

+ ]\Ztr HI"H (8- B (B—B") H-Pz(T-T") | + trlﬂl/[Héﬂ_l (H>wH:

+ (tr(H2 WH?) + 0?)1,)H? (8 — 87) (B — 87) H- Pz (T — r*)T]. (3.73)
From Lemma 2.10.4, we know that Gy < 0. Then, we consider G; and G3. For G, we have
Gy = —tr [(H:Pz (D —T*) " H?) - (H:Pz (T —T*)H3) - Q]

< —Amin’tr [Pz (T = T%)" - Pz (T = T7) - Q] < —Amin® Ain () [Pz (T = T3,
((3) in Lemma 3.15.2 and (2) in Lemma 2.10.4)

where A, (+) denote the minimal eigenvalue. Since €2 is positive definite, we know A, (2) >
0.
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Finally, let’s upper bound Gj3. First, we have

|58 ) H(B - g) HIH P (0T

S\]\/43 (B-8) H(B- B |[HT"H:| [H? - Pz (T —T") H?||  (Lemma 2.10.3)
\/EAI —2Amant 112 1 el X
<V e (2R 18(0) - 815 A (HITELE) - [P (0~ 1)

(from equation (3.64))

VAA? —2Amint
< exp
M M+1

) 18(0) 5713 A (TR - P2 0 - 1)
For Ammax (H%F*H%) , we recall I = WH2Q 'H~2 and obtain
H:T*H: = H:WH:Q 'H :*H? = Q 'H:WH:H H? (0 and H2WH? commute)
— QO 'H>WH:. (H:H 2H: = H>?)

Since 27! and H:H 2H2 commute, they are simultaneously diagonalizable. The eigenvalues
1 1
of Q@ 'Hz2WH: are 5

M1 Z¢¢'+‘727
el e

=1,2,...,d.
Note that, every eigenvalue is upper bounded by 1, so we simply get

Auax (HET"H?) < 1. (3.74)
Therefore, we have

—tr [;4 (B—pB") H(B—-p") HI"H.Ps (T —T*)
VdA? exp <—2Amz’nt

<

= S ) 180) - 87 P2 (0 - T (3.75)

Similarly, we have

~ [ HIH(B - 67 (8- ) H P2 (0 -17)

L H|H T |

< \]\/4‘_1 |P=z(r - p*)THF |H> (8- 8") (8- 8) H? (Lemma 2.10.3)
VAA? exp (—QAmmt

<
- M M+1

)Hmm—mmwmar—vmp (3.76)
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and the last term in G5 can be upper bounded by

Vg (mhwm + (o (HbRED) 07
|H2 (B—-87)(B-8") H-Pz (T —T") H?| (Lemma 2.10.3)
d 1 1
<V o[B8 ) (8- 5 B, - I, - [P2 (T~ 1)),
—2Amint
< Vantep (32 18(0) - 4715 P2 (0 - 1), (.77)
Bridging (3.75), (3.76) and (3.77) into (3.73), we get
2 —2Amint
Gu< (24 ) Ao () 190) - 81 1P - T, BT

]

Finally, we finish this section by proving the convergence of T'.
Lemma 3.14.6 (Convergence of I'). Under the dynamical system (3.61) and (3.62), one has
Pz (L(t)) = Pz (I7), Pz (I(t) =Pz (L(0))
when t — oo, from arbitrary initialization B(0) and T'(0).

Proof. We observe that

d J1 . . d .
5 IP2 @ =T ] = P2 (0 =)l - P2 (0~ )]
Combining it with Lemma 3.14.5, we have
d . . —2Amant
P2 (0 =T <~ P2 @ =Tl + Avesp (300,

where A; > 0, Ay > 0 are defined in (3.71). Simple calculation shows that

jt lexp (Art) [Pz (T — T)|| 5] < Ag exp KAl - %‘TT) t] . (3.79)

When A, 2]‘\&4";3”, we integrate both sides from ¢ = 0 to t = T, then divide them by

exp (A, T). This gives

1Pz (1) - ], < P2 E0) =T A, o [(A - HEe)T] -1
: PR e (AT) A - e oxp (AT
|Pz (T'(0) —T)||» A 2AmMinT
- W — | —exp(-AT
ep(a) A e [P\ T g )T A 20
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when 7" — oo. Otherwise, if A; = 2]/\‘47‘:1”, the right hand side of (3.79) reduces to a constant,
which implies exp (A:t) ||Pz (I'(t) — I'")||» grows at most at a linear rate, which implies
|Pz (T'(t) — T')|| , — 0 when t — co. Together, in all cases, we have ||Pz (I'(t) — I')| » — 0.
From (3.66), we soon get Pz (I'(t)) = Pz (I'(0)) for all ¢ > 0. Therefore, we conclude. [

The Theorem 3.6.3 is proved by simplly combining Lemma 3.14.3 and Lemma 3.14.6.

3.15 Appendix: Technical Lemmas

Lemma 3.15.1 (Linear Algebra). Suppose H is a (non-zero) positive semi-definite matriz

in R4 and H is its principal square root. We denote Amin as the minimal non-zero
eigenvalue of H. Then, we have

e 1. null (H) = null (H2) ,Im (H) = Im (Hz) .
e 2. HH* = H"H, where (-)* denotes the Moore-Penrose pseudo-inverse.

e 3. For any vector o € R%, the orthogonal projection operator on Im (H) and null (H)
are respectively

Pmm (o) = HH o = H'Ho,  Phum) (o) = (Id — HH+) o= (Id — H*H) Q.

e 4. For any vector a € R?, we have
2

PIm(H) (a)T HP|m(H) (a) > Amin HPIm(H) (a)H2

Proof. We consider the eigen-decomposition of matrix H, which is
H=QDQ", (3.80)

where D = diag (A1, Ag, ..., Ay) is a diagonal matrix with diagonal entries being the eigenval-
ues of H, and @ is an orthogonal matrix. Then, from the definition of principal square root,
we know

N

Hz = QD:Q’, (3.81)
where D3 = diag (x/Al, VA, ..., \/Ad>. We denote columns of @ as q,...qq. We know

they are the eigenvectors of H. From the eigen-decomposition of H and H%, we know they
share the same set of eigenvectors. Without loss of generality, we assume rank(H) = r and
AT>A>...>A. >0,A;, =0,i=7r+1,...,d. Then, we denote H as the linear vector
space spanned by qi, ..., q, and H' as its orthogonal complement (which is the subspace
spanned by q,41, ..., qq). For any vector a € R, we can write its orthogonal decomposition

as o = f-lzl a;q;, so we have

d r
Ho = ZaquZ = Za,Azq, S H,

=1 i=1



CHAPTER 3. IN-CONTEXT LEARNING OF A LINEAR TRANSFORMER BLOCK113

which implies Im (H) C H. On the other hand, we know for any a € H, we can write it as
a =3 ,a,q; for some ay, ..., a,, then we have

r a; r a;
a:Z'AiQi:H<Zqi> €lm(H),
i=1 Ai A;

=1

which implies H C Im (H) . This shows

Im (H) = H = span{qi,...q,} ,
and
null (H) = H = span {q,+1,...q4} ,

since null (H) is the orthogonal complement of Im (H). Then, (1) is proved by noticing that
H and H2 share the same set of eigenvectors. To prove (2), it suffices to notice that

HH" = Q - diag(1,1,...,1,0,0,..,0) - Q" = H'H.
\_\,_/

T

To prove (3), it suffices to notice that actually HH*a € Im (H) and
<HH+a, (Id - HH+) a> = <H+Ha, (Id - HH*) a> =a (HH+ - HH+HH+) a=0.

Finally, to prove (4), we can write o = Zle a;q; for some ay, ..., aq. Then, by orthogonality
we have

T

d d r r
le(H) (Of)T HPIm(H) (Oé) = (Z aiQi) H <Z ai%) = Z afAiqiTq@' > Amin - Za?q;qi
i=1 =1

= i=1 =1

— A | Phoan ()

Therefore, we conclude. [

Lemma 3.15.2 (Tensor product). Suppose H is a (non-zero) positive semi-definite matriz

in R4 qnd H2 is its principal square root. We denote ® as Kronecker product, which is
defined as
(A@B)oC=BCA".

We define

ImHe@H) = {HeH)oZ:ZecR™}| nll(HeH):={ZecR™: (HeH)oZ =0},

and define Im (H% ® H%) and null (H% ® H%) similarly. Then, we have
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. 1. Im (H: @ H) = Im (H® H) ,null (H2 @ H?) = null (H® H).
e 2. We denote Z = Im(H: @ H2) = Im(H®H) and 2+ = null (H: @ H2) =
null(H® H) . For any matriz Z € R™? we have
Pz (Z) = (HH+)®2 0oZ=HH"ZHH = H:H :ZH :H: (3.82)
| - (HH+)®2 0oZ=7-HH'ZH'H=7-H:H 2ZH :H:,
(3.83)

Pz (Z) =

e 3. For any matriz Z € R it holds that
-
((H2 @H2) 0Pz (Z)) (H: @H:) 0Pz (Z)) = Amin*Pz (Z)- Pz (Z)", (3.84)
where Amain is the minimal positive eigenvector of H.

Proof. Let’s first prove the second part. From the definition of tensor product and the fact
that HH* = HTH (see Lemma 3.15.1), we know the second equation in 3.82 holds. To prove
the first equation, it suffices to notice that for any matrix Z € R%“, the matrix HH*ZH*H
is in Im (H®?), together with the fact that

(HH'ZH'H,Z - HH'ZH'H) = tr (HH'ZH'HZ") - tr (HH'ZH "HHH'Z ' H'H)
=tr (HH*ZH'HZ") — tr (HH*HH'ZH'HH"'HZ ")
(HH* = HTH)
=0.

The proof of (3.83) is similar. Then, from Lemma 3.15.1, we know Im (H) = Im (H%) :
which implies the projection operator onto those two subspace are identical, indicating
HH* = H2H 2. Therefore, we have

®2 PRSI W P |
Pimuen) (Z) = (HH") 0 Z = HH'ZH'H = H*H :ZH *H? = P.m(H%®H%) (Z).
Since this holds for any matrix Z € R this suggests Im (H% ® H%) = Im(HoH).
Similarly, we also have null <H% ® H%) = null(H® H) . Finally, to prove (3), we use the

eigen-decomposition of H and H: :
H=QDQ', H:=QD:Q',

where @ = (q1 q2 ... qq) is an orthogonal matrix and D = diag (A4, ...., Ay), where A; >
Ay > ....Ay > 0 are ordered eigenvalues. We assume rank(H) = r and A, > 0= A, ;. Then,
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from the property of Kronecker product (eg. see (Petersen and Pedersen, 2008)), the eigenval-
ues of Hz @ H? are {W/AiAj 1<4,j < d}. The eigenvectors are {q; ® q; : 1 <1i,7 <d},
which forms an orthogonal unit basis of R**¢. We define

S:=span{q; ®q;:1<4,j<r}

as the eigenspace spanned by all eigenvectors corresponding to positive eigenvalues. For any
matrix Z, we can decompose it as

Z:Zai,g"%@)%’,

1]
SO
d
(HeH)oZ =3 a; H®H)o(q;®q;) = (Hq;) ® (Hq;)
z’j 1 i
Z alJA quz®q] Z a’Z]A quz®qj S
t,j=1 i,j=1

which implies Z C §. On the other hand, for any Z € S, we can write it as Z =327, b
q; ® q;, so we have

T s

Z=3

i,7=1

€z,

- (Hq;) ® (Hg;) = (Ho H) o (q; @ q;)| €

AA AA

ij=1
which implies § C Z. Combining two directions, we have § = Z. Therefore, for any matrix
Z € R4 we can write it as Z = Zgjzl ¢ij - q; ® q; for some ¢; ;. Then, we have

(H: @ HY) 0 Pz (2) = (H2 @ H?) 0 Ps (Z) = (H: @ H?) 0 Z Cij - 4 ® q
ij=1

i,j=1 i,j=1

Therefore, we have

(H:eH)oP-(2) ((H

.
(Z Cig\J Al - i @ qj) (Z Cra\ A - Qi ® ql)
k=1

ij=1

(SIS

©H?) 0P (Z))

= Z C?,inAj (4 ® q;) (q; ® q]')T (By orthogonality)
ij=1

= Amin® ) Cij (a4 ®q;) (@@ q;)"

i,j=1
= Amin*Pz (Z) - Pz (Z)"

Therefore, we conclude. O
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3.16 Appendix: Experiment Details

Our experiments on GPT2 mostly follow the setting in (Garg et al., 2022), except that we use
the token matrix defined in (3.1). In our experiments, we use d = 20, M = 40, ¥ = H = I; and
o = 0. We train the GPT2 with and without MLP layers on two settings: 8% = (0,0,...,0)"
and B* = (10, 10, ..., 10)T. For GPT2 with and without MLP layers, we initialize the W" and
W, by normal distribution with standard deviation 0.02/v/number of residual connections,
where the number of residual connections equals the number of layers for GPT2 without MLP
layers. For GPT2 with MLP layers, this is 2 times the number of layers. Initialization for
other matrices follow the default setting in (Wolf et al., 2020). We use Adam with learning
rate 0.0001. We train the model for 200000 steps and we sample a batch of 256 new tasks for
each step.

3.17 Appendix: Does Scratchpad Help?

In this section, we show the limitations of adding a scratchpad to the token matrix. We will
show that by using a single LSA layer and the token matrix with scratchpad, one cannot
recover the GD-8 estimator defined in Section 3.5. We leave it as future work to see whether
the token matrix with scratchpad could implement other types of estimators that more
effectively address the linear regression tasks defined in Assumption 3.3.1, as well as whether
additional structures could help alleviate this approximation error. We follow the notations
in previous sections. The token matrix with scratchpad is defined as

X' x
E = 1}4 1| € RUFDxMHD), (3.85)
y' 0

where 1,; € RM refers to the vector filled with ones.

A LSA model f, is defined by

f(B) = [E + (W TWVYEM 7

E' (WK TWCE
M

ET(WK)TWQE]
—1,—1

Y
—1,-1

— [(WP)TWVEM

where the second equality is because the bottom right entry of E is zero (see (3.1)). Note
that the prediction is the bottom right entry of the output matrix. So only the last row of
(WH)T WV and the last column of E attend the prediction. Denote

(WP)T wV = < *T * oK

w a; Qo

Q b x
), (WEYT W =1q/ b x|,
qQT by *
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where

w € Rda a,az € Ra Q € RdXd7 b7 qd,,4, € Rdv blabZ € IR7

and * denotes entries that do not enter the final prediction. Then we have

b =x X
EM,E" Q
f(E) = (wT a; CLQ) 7]\]\4/[ qlT b, 1
qQT b, 0
T EM,E" Qr b X
— (w a; ag) — q, b )
qQT b,
1 X™X X1, X'y Q b <
y'X y'iy y'y/) \as b

Following the Assumption 3.1, we use B to refer to the task parameter, then
B:=p*+ W20, where 0~ N (04,1) .

We then decompose f(E) as

XX X1, XTy\ /Q
f(E):(wT a, ag)M 1, X M 1,y |q! | x+1I,
y'X y'iu y'y) \as

I

where terms I and II are independent of x. Therefore, we have

R(f):=E(f(E)—y)’
—E(f(B) - (B,x) +0’
—E(I-x+ 11— (8,x) +0°
—E|I" — B||% + EI? + o2
>E|I" — 8|4 + o

since y|3,x ~ N(0,0?)
since f(E) =1-x+1I
since x ~ N(0, H)

Note that the above equation holds if II = 0, which can be easily achieved by setting
b = 04,b; = by = 0. Therefore, without loss of generality, we can consider the LSA function

which takes the following form:

XX X1, XTy\ /Q
J@) =1-x=(w" a a) o |1,X M 1iy||e]|-x (386
y'X y'iu y'y) \a
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Let’s then try to determine whether such a function can effectively represent a GD-3
function, which takes the form of
I"'X' (XB" —y)
Y X)?
M

Jep-(BE) = (8%, x) — (3.87)

where 8 is the prior mean in Assumption 3.1 in our submission, and I'* = WH:Q 'H? and
2

Q= %H%\PH% + U EBY s defined in (5.3) in our submission. In order to achieve

M
this, one simple way is to let

w = _18*7 a; = ag = 17 Q = (F*>T7 q, = /8*7 q, = Od' (388)

However, this will incur some additive terms and will potentially enlarge the ICL risk.
Inserting the parameters above, we have
1—]\r4 *\ T *(a¥\T T
f(E) = foo.s(B) + 57 (X(T)T —xB7(87)" +y(8)") -x
This shows that the extended token with a single LSA cannot easily implement the GD-8 func-
tion class and may incur an additive ICL risk depending on 8 (as shown in Theorem 3.4.1).
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Chapter 4

Minimax Optimal Convergence of
Gradient Descent in Logistic
Regression via Large and Adaptive
Stepsizes

4.1 Introduction

A large class of optimization methods in machine learning are variants of gradient descent
(GD). In this paper, we study the convergence of GD with adaptive stepsizes given by

Wiy = Wy — ntV£(wt), t Z 0, (GD)

where £(-) is the objective to be minimized, w; € R? is the trainable parameters, and (1;);>0
are the stepsizes. We allow the stepsize 7; to adapt to the current risk £(wy).

Classical analyses of GD require the stepsizes to be sufficiently small so that the risk
decreases monotonically (Nesterov, 2018). This is often referred to as the descent lemma.
For example, the descent lemma is satisfied for stepsizes such that 1, < 2/supz Amax(VZL(+)),
where the supremum is taken over the interval Z connecting w; and w;,; and Apax(+) is the
maximum eigenvalue of a symmetric matrix. In this regime, a large volume of theory has
been developed to show the convergence of GD in a variety of settings (see Lan, 2020, for
example).

However, practical deep learning models trained by GD often converge in the long run while
suffering from a locally oscillatory risk (Wu, Ma, et al., 2018; Xing et al., 2018; Lewkowycz
et al., 2020; Cohen et al., 2020). This oscillation occurs when the stepsizes are too large
and violate the descent lemma. This unstable convergence phenomenon is referred to by
Cohen et al. (2020) as the edge of stability (FoS). To obtain a reasonable optimization and
generalization performance in practice, it is often necessary to use large stepsizes so that GD
enters the EoS regime (Wu, Ma, et al., 2018; Cohen et al., 2020), violating the seemingly
theoretically desirable descent lemma.
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Surprisingly, a recent line of works showed that GD provably converges faster by violating
the descent lemma in various settings (see Altschuler and Parrilo, 2025b; Wu et al., 2024a,
for examples, other related works are discussed later in Section 4.1). Specifically, Altschuler
and Parrilo (2025b) proposed a stepsize scheduler in which GD violates the descent lemma
but (occasionally) achieves an improved convergence rate for smooth convex optimization.
The work by Wu et al. (2024a) focused on GD with a constant stepsize for logistic regression
with linearly separable data. They showed that GD with a large stepsize can achieve an
accelerated convergence rate, while this is impossible if the stepsize is small and enables the
descent lemma. Note that the stepsizes considered in (Altschuler and Parrilo, 2025b; Wu
et al., 2024a) are oblivious, which are determined before the GD run and do not adapt to the
evolving risk.

Our results

This work complements the prior theory by considering the convergence of GD with large and
adaptive stepsizes. We focus on logistic regression with linearly separable data. Specifically,
the risk to be minimized is given by

n

Zé(yixjw), (e {fexp tz > exp(—2), log 1 2 — In(1 + exp(—z))}, (4.1)
i=1

1
L(w) = —

(w) =
where the loss function can be exponential or logistic losses and the dataset (x;, ;) satisfies
the following standard conditions (Novikoff, 1962):

Assumption 4.1.1 (Linear separability). Assume the dataset (x;,y;);_, satisfies
A. foreveryi=1,...,n, ||x;|| <1and y; € {+1};
B. there is a margin v > 0 and a unit vector w* such that y;x, w* > v for every i = 1,...,n.

Under Assumption 4.1.1, the minimizer of the risk in Equation (4.1) is at infinity; moreover,
the landscape becomes flatter as the risk decreases. To compensate for this effect, we consider
GD with the following adaptive stepsizes (proposed by Nacson et al., 2019; Ji and Telgarsky,
2021),

=1 (=01 o L(w,) = n/L(wy),

where 1 > 0 is a constant hyperparameter.
We make the following significant contributions.

Benefits of large and adaptive stepsizes. We show that GD with adaptive stepsizes
achieves improved convergence by entering the EoS regime. Specifically, we show that after
at most 1/7? burn-in steps, GD attains a risk upper bounded by exp(—©(n)), which is
arbitrarily small by setting n large enough. By doing so, however, the risk evolution could be
non-monotonic. On the other hand, if the hyperparameter n is set such that GD does not
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enter the EoS regime, we provide examples in which GD needs at least (In(1/¢)) steps to
achieve an e-risk. These together justify the benefits of operating in the EoS regime.

In comparison, prior works on the same problem focused on GD with a large but constant
stepsize (Wu et al., 2024a) or adaptive but small stepsizes (Ji and Telgarsky, 2021). They
established (5(1/(72\/E)> and O(In(1/¢)/+*) step complexity for GD to attain an e-risk
respectively (see Tables 4.1 and 4.2 for comparisons with other related works). In stark
contrast, we show that, using large and adaptive steps together, 1/9? steps are sufficient.

Minimax lower bounds. Furthermore, we construct hard datasets with margin ~, in
which any batch first-order methods must take Q(min{Inn, 1/9?}) steps to identify a linear
separator of the dataset, while any online first-order method needs at least Q(min{n, 1/v%})
updates. Thus, GD with large and adaptive stepsize is minimax optimal (ignoring constant
factors) among all first-order batch methods when the sample size n is unrestricted. It is worth
noting that the seminal Perceptron algorithm (Novikoff, 1962), a first-order online method,
also takes 1/? steps to find a linear separator. This matches GD even with constants.

General losses and two-layer networks. Finally, we extend our results beyond logistic
regression. We establish conditions on the loss functions that enable our analysis. We also
obtain similar results for a class of two-layer networks for fitting linearly separable data.

Related works

In this part, we review and discuss additional related papers.

Edge of stability. Our research is motivated by the empirically observed edge of stability
(EoS) phenomenon (see Cohen et al., 2020, and references therein). Specifically, in practice,
GD often induces a convergent yet oscillatory risk, implying the stepsizes are large such
that the descent lemma is violated. A growing body of papers investigates the theoretical
mechanism of EoS under various scenarios (Kong and Tao, 2020; Wang et al., 2022b; Wang
et al., 2023d; Lyu et al., 2022; Wang et al., 2022c; Ma et al., 2022; Zhu et al., 2023; Damian
et al., 2022; Ahn et al., 2022; Ahn et al., 2023b; Chen and Bruna, 2023; Kreisler et al., 2023;
Even et al., 2023; Andriushchenko et al., 2023; Lu et al., 2023; Chen et al., 2024a). We are
less interested in characterizing the mechanism of EoS; rather, we focus on understanding
the benefits of operating in the EoS regime for improving optimization efficiency.

Aggressive stepsize schedulers. For smooth and (strongly) convex optimization, a recent
line of research showed that GD with certain stepsize schedulers converges faster than GD
with a constant stepsize (Kelner et al., 2022; Altschuler and Parrilo, 2025a; Altschuler and
Parrilo, 2024; Altschuler and Parrilo, 2025b; Grimmer, 2024; Grimmer et al., 2023; Zhang and
Jiang, 2024; Zhang et al., 2025¢; Grimmer et al., 2025). Similar to our results, they obtained
the acceleration because their stepsize schedulers violate the descent lemma (occasionally).
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However, there are several notable differences. First, the considered problem classes are not
directly comparable. They considered smooth and (strongly) convex optimization problems
where the minimizers are finite. In contrast, we study the problem of finding a linear separator
of a linearly separable dataset by minimizing a convex loss; this includes logistic regression
as a special case. Although our logistic regression problem is smooth and convex, it does
not admit a finite minimizer and, thus, does not belong to their problem class. Moreover,
their stepsize schedulers are oblivious, determined before the GD run, while our stepsizes are
adaptive to the current risk.

Logistic regression. Logistic regression with linearly separable data is a standard testbed
for studying the implicit bias of GD (see Soudry et al., 2018; Ji and Telgarsky, 2018, and
references thereafter). Specifically, this means that GD with a small constant stepsize
(satisfying the descent lemma) diverges to infinity in norm but converges to the direction
that maximizes the margin (Soudry et al., 2018; Ji and Telgarsky, 2018). The same result is
later extended to GD with an arbitrarily large constant stepsize by Wu et al. (2023). Their
results imply a risk convergence rate of @(1 /t) for GD with a small constant stepsize, where
t is the number of steps (Soudry et al., 2018; Ji and Telgarsky, 2018). Remarkably, Wu et al.
(2024a) showed that with a large constant stepsize, GD enters the EoS regime and attains
an accelerated O(1/t?) rate. Our work is directly motivated by Wu et al. (2024a), although
we consider GD with large and adaptive stepsizes while they focused on GD with a large
constant stepsize.

Compared to the constant stepsize, it is known that adaptive stepsizes improve the risk
(and margin) convergence rate of GD for logistic regression with separable data (Nacson
et al., 2019; Ji and Telgarsky, 2021). Specifically, Nacson et al. (2019) and Ji and Telgarsky
(2021) showed risk convergence rates of exp(—$(y/1)) and exp(—€2(t)), respectively. But they
both considered GD with adaptive but small stepsizes that satisfy the descent lemma. In
comparison, for the same algorithm, we show that simply letting the stepsizes be large can
greatly accelerate the risk convergence.

Additionally, the risk (and margin) convergence rate can be further accelerated by using
momentum techniques with GD (Ji et al., 2021; Wang et al., 2022a). The work by Ji et al.
(2021) obtained exp(—Q(#* — In(¢))) risk convergence rate (see Proposition 4.2.5), where the
In(?) term was later removed by Wang et al. (2022a). Their results are again limited to
small stepsizes such that a certain potential decreases monotonically (see the discussions
after Proposition 4.2.5). In contrast, we show that not using momentum but just using large
stepsizes can lead to faster convergence.

Finally, we highlight that our lower bounds suggest that GD with large and adaptive
stepsizes is minimax optimal. In contrast, GD with a large but constant stepsize (Wu et al.,
2024a) or adaptive but small stepsizes (Ji and Telgarsky, 2021) or momentum (Ji et al., 2021;
Wang et al., 2022a) are all suboptimal.
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Perceptron. The seminal paper by Novikoff (1962) showed that the Perceptron algorithm
takes 1/792 steps to find a linear separator of a dataset with margin . Our lower bound
matches this rate up to constants in the online first-order setting. Note that Perceptron is an
online method while GD for logistic regression considered in this paper is a batch method. In
our analysis, entering the EoS regime is a key factor enabling GD to be minimax optimal.
Interestingly, Perceptron can be viewed as one-pass stochastic gradient descent with stepsize 1
under the hinge loss, z — max{0, —z}. Since the hinge loss is nonsmooth, stepsize 1 violates
the descent lemma, so Perceptron effectively operates in the EoS regime, too. It seems that
operating in the EoS regime might be necessary for achieving first-order minimax optimality
in this problem.

A recent paper by Tyurin (2025) proposed a batch version of the Perceptron algorithm,
attaining the same step complexity of 1/9? when translated to our notation. This is also
minimax optimal according to our lower bound. Their method can be viewed as GD with
adaptive stepsizes. Their stepsize scheme is motivated by Perceptron, while our stepsize
scheme is motivated by the loss landscape (Nacson et al., 2019; Ji and Telgarsky, 2021). We
also point out that Tyurin (2025) did not provide minimax lower bounds.

A recent paper by Kornowski and Shamir (2025) considered lower bounds for finding
linear separators of a linearly separable dataset from a game-theoretic perspective. Our lower
bounds are connected to theirs but with several differences. First, our lower bound for batch
methods (Theorem 4.3.2) is comparable with their Theorem 4.2: their Theorem 4.2 covers
more algorithms, but only showing an €(7~2/3) lower bound (ignoring dependence on sample
size), while our Theorem 4.3.2 shows an (7~ ?) lower bound but only covers first-order
batch methods. Second, their Theorem 4.1 matches our lower bound in Theorem 4.3.4 for
online methods while covering more algorithms. They both can be viewed as solutions to
Shalev-Shwartz and Ben-David (2014, Section 9.6, Exercise 3). We choose to keep our version
as it is easier to use in our context.

4.2 Logistic Regression

In this section, we present an improved analysis for GD with large and adaptive stepsizes for
logistic regression on linearly separable data.

Convergence of GD with large and adaptive stepsizes

Recall the definitions of Equation (GD) and the objective Equation (4.1). Recall the adaptive
stepsizes are defined as

E(ZU ) 0= Lo,
Ne i =1 - (—é—l) o ﬁ(wt) = neXp(E(’wt)) iy (4.2)

exp (L(wy)) — 1
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It is easy to check that ||V2L(w)| < £(w) under Assumption 4.1.1. Thus, the landscape
becomes flatter as the risk £(w) decreases. The adaptive stepsizes Equation (4.2) are designed
to compensate for the flattened curvature (Nacson et al., 2019; Ji and Telgarsky, 2021).
Moreover, we point out that GD with adaptive stepsizes Equation (4.2) for logistic regression
Equation (4.1) is equivalent to (Ji and Telgarsky, 2021)

wi = w, — nVo(wy), lw) =L (L(w)). (4.3)

This is GD with a constant stepsize 1 under a transformed objective ¢(-). Equivalently, ¢(-)
can be viewed as a smooth surrogate of the unnormalized margin (Hardy et al., 1952). This
has been exploited by Ji and Telgarsky (2021), where they established a primal-dual analysis
of GD and obtained an improved margin convergence rate. Unlike Ji and Telgarsky (2021),
we focus on the risk convergence and obtain the following improved results.

Theorem 4.2.1 (GD with large and adaptive stepsizes). Consider (GD) with adaptive
stepsizes (4.2) for logistic regression Equation (4.1) under Assumption 4.1.1. Assume without
loss of generality that wg = 0. Then for everyt > 1 and n > 0, we have

_ (VP +1)* -1 - 1 ¢
< — = .
L (w,;) < exp ( 2+ 1) n|, where w; T 1 3:0 wy,

In particular, after 1/+* burn-in steps, for every n > 0, we have

2

L(w@y) < exp (—”4”) —ew(-00). 12

The proof of Theorem 4.2.1 is deferred to Section 4.2. Theorem 4.2.1 provides a sharp risk
convergence bound for GD with large and adaptive stepsizes. Note that the hyperparameter
1 can be chosen arbitrarily large. Therefore, with a sufficiently large n, GD achieves an
arbitrarily small risk right after 1/9? burn-in steps. In this case, however, the evolution of
the risk might not be monotonic.

In other words, to attain an e-risk, GD with adaptive and large stepsize only needs 1/
steps, where the step complexity is independent of targeted risk € (but the smallest base
stepsize depends on ¢). This is in stark contrast to the step complexity of GD with a large
but constant stepsize (Wu et al., 2024a) or adaptive but small stepsizes (Ji and Telgarsky,
2021) (see Table 4.1 and a detailed discussion later in Section 4.2). Moreover, we will show
that this 1/4% step complexity is minimax optimal up to constant factors in Section 4.3. We
note that Theorem 4.2.1 is stated for the averaged iterate w;. The same proof also yields a
comparable best-iterate guarantee for ming<,<; £(wy), but it does not provide a comparable
last-iterate guarantee for £(w;) during the non-monotone phase induced by large adaptive
stepsizes. We treat this as one important future research direction.
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Benefits of EoS. In Theorem 4.2.1, GD achieves the 1/7? step complexity by using large
stepsizes and entering the EoS regime. Our next theorem suggests this is necessary by

providing a lower bound on the convergence rate for adaptive stepsize GD that avoids the
EoS phase.

Theorem 4.2.2 (A lower bound for GD in the stable regime). Consider (GD) with adaptive
stepsizes (4.2) for logistic regression Equation (4.1) with the following dataset

X1:(’Y, \/1_72)7 X2:(77_\/1_72)7 y1:y2:17

where 0 < v < 0.1. This dataset satisfies Assumption 4.1.1. Let wy = 0. For all hyperparam-
eter n such that (L(w;))i>o is nonincreasing, we have

‘C(Et)? ‘C(wt) = exp <_Ct)7 t> 17
where ¢ > 0 is a parameter that depends on v but is independent of t and 7.

The proof of Theorem 4.2.2 is deferred to Section 4.7. Theorem 4.2.2 is motivated by
Theorem 3 in (Wu et al., 2024a), which provides a risk lower bound for GD with a constant
stepsize that satisfies the descent lemma. Theorem 4.2.2 shows that if GD with adaptive
stepsizes satisfies the descent lemma, then the step complexity is at least Q(In(1/¢)) in the
worst case. By contrast, Theorem 4.2.1 shows that GD achieves an e-independent step
complexity by violating the descent lemma. Theorems 4.2.1 and 4.2.2 together justify the
optimization benefits of adaptive stepsize GD to operate in the EoS regime.

Comparisons with Prior Results

In this part, we review representative existing results on variants of GD for logistic regression
with linearly separable data (Ji and Telgarsky, 2018; Ji and Telgarsky, 2021; Ji et al., 2021;
Wu et al., 2024a) and compare their results with ours. Table 4.1 provides an overview of the
comparisons. We discuss each result in detail below.

A constant stepsize. The work by Ji and Telgarsky (2018) considered GD with a small
constant stepsize satisfying the descent lemma and obtained a O(1/(y%t)) convergence rate
(see their Theorem 3.1). This translates to a O(1/(y%)) step complexity. Later, the work by
Wu et al. (2024a) obtained a faster rate by considering GD with a large constant stepsize
that violates the descent lemma. Specifically, they showed the following.

Proposition 4.2.3 (Corollary 2 in (Wu et al., 2024a)). Consider (GD) with constant stepsize
e =1 > 0 for logistic regression Equation (4.1) with logistic loss {iog under Assumption 4.1.1.
Let wy = 0. For a given step budget T > max {e,n} /v?, there exists n = O (T) such that

In* (T)

,C(’lUT) S C 74T2 s

where C > 1 is a numerical constant.
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Table 4.1: Step complexities for GD with various designs to achieve an e-risk for logistic
regression.

stepsize/momentum design step complexity

small, constant (Ji and Telgarsky, 2018, ~ )
Theorem 3.1) O (1/ (%))

large, constant (Wu et al., 2024a, Corollary 2) | O (1/(7%y/€)) for € < O(1/n)

small, adaptive (Ji and Telgarsky, 2021,

2
Theorem 2.2) O (n(1/e) /)
small, adaptive, and momentum (Ji et al., 2021,
Theorem 3.1) O(\/In(l/s) +1In(n)In ln(n)/y)
large, adaptive (Theorem 4.2.1) <1/42
minimax lower bound (Theorem 4.3.2) Q(1/~%)

Proposition 4.2.3 leads to an improved step complexity, O(1/(7%/2)), for GD with a
large constant stepsize. There are three caveats. First, this improvement only happens for
e < O(1/n) (hence, it does not help with finding a linear separator; see Section 4.3). Second,
this improvement works under the logistic loss but not under the exponential loss; in fact,
Wu et al. (2023) constructed a separable dataset where GD with a large constant stepsize
under the exponential loss does not converge (see their Theorem 4.2). This gap stems from
the logistic loss being Lipschitz while the exponential loss is not. Finally, the stepsize is a
function of the step budget, meaning that the algorithm needs to be rerun from the beginning
when the step budget is changed.

Compared to their results for GD with a constant stepsize (Ji and Telgarsky, 2018; Wu
et al., 2024a), we show that GD with large and adaptive stepsizes Equation (4.2) achieves a
strictly better step complexity of 1/42. Interestingly, our analysis allows for both logistic
and exponential losses. This is not contradictory to the counter-example offered by Wu et al.
(2023). Recall that GD with adaptive stepsizes Equation (4.2) can be viewed as GD with a
constant stepsize under a transformed objective ¢(-) defined in Equation (4.3). While the
exponential loss is not Lipschitz, the transformed objective ¢(-) is Lipschitz (see Lemma 4.6.1
in Section 4.6), enabling large stepsizes. Finally, unlike Proposition 4.2.3, the adaptive
stepsize scheduler Equation (4.2) used in Theorem 4.2.1 is independent of the step budget
(as long as setting n sufficiently large).

Small adaptive stepsizes. Before our paper, the best analysis for GD with adaptive
stepsizes Equation (4.2) is by Ji and Telgarsky (2021). Their results only allow small stepsizes,
summarized as follows.
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Proposition 4.2.4 (Consequences of Theorem 2.2 in (Ji and Telgarsky, 2021)). Consider
(GD) with adaptive stepsizes (4.2) for logistic regression Equation (4.1) with exponential loss
lexp under Assumption 4.1.1. Then the transformed loss ¢ (defined in (4.3)) is 1-smooth
with respect to ls-norm. Let wy = 0. Then for every n < 1, we have L (w;) decreases
monotonically and

L (w,) < Cexp (—nt),

where C > 1 is a numerical constant.

We note that the main focus of Ji and Telgarsky (2021) is to prove a fast margin convergence
rate, and Proposition 4.2.4 is merely a side product of their results. Proposition 4.2.4 leads to
an O(In(1/¢)/~?*) step complexity for GD with small adaptive stepsizes. In comparison, we
analyze the same algorithm, but our Theorem 4.2.1 applies to both large and small adaptive
stepsizes. Our results suggest that the step complexity reduces to 1/9? when the stepsizes
are sufficiently large.

Momentum. The work by Ji et al. (2021) considered a version of momentum GD for
logistic regression, achieving a faster margin convergence rate compared to GD. Their results
also imply a risk convergence rate, summarized as follows.

Proposition 4.2.5 (Consequences of Lemmas C.7 and C.12 in (Ji et al., 2021)). Consider
logistic regression Equation (4.1) with exponential l0ss lex, under Assumption 4.1.1. For a
version of momentum GD (see Algorithm 1 in Ji et al. (2021)) with wo = 0 and suitably
chosen stepsizes, we have

L (w;) < exp (—C (’yth —1In(t+1) ln(n))) , t>1,

where C > 0 is a numerical constant.

Proposition 4.2.5 implies an (9(\/ In(1/e) + In(n) Inln(n)/ 7) step complexity for momen-
tum GD. We remark that with a more careful momentum design, Wang et al. (2022a)
improved the In(t + 1) In(n) term in the above proposition to In(n), which leads to a slightly

improved step complexity of (9<\/ In(1/e) 4+ In(n)/ ’y). As the improvement is small, we choose
to mainly compare with the earlier results by Ji et al. (2021).

Recall that our Theorem 4.2.1 suggests a 1/9? step complexity for GD with large and
adaptive stepsizes. In comparison, the step complexity of their momentum GD has a better
dependence on v but has a worse dependence on ¢ and n. As shown later in Section 4.3, our
step complexity is minimax optimal if there are no restrictions on the sample size n. Note
that the analysis by Ji et al. (2021) still relies on the monotonic decreasing of a potential
(see Ji et al., 2021, Equation (B.9) in the proof of Lemma B.3), which needs the stepsize
to be small. As their momentum GD is designed to minimize a dual objective with a finite
minimizer, it remains unclear whether their momentum GD can be used with large stepsizes.
We leave this as future work.
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Proof of Theorem 4.2.1

Proof. (of Theorem 4.2.1) As explained in Equation (4.3), it is equivalent to considering
GD with a constant stepsize under a transformed objective ¢(-). We can check that ¢(-)
is convex (see Lemma 5.2 in (Ji and Telgarsky, 2021) or Lemma 4.6.3 in Section 4.6) and
1-Lipschitz (see Lemma 4.6.1 in Section 4.6). We then use the split optimization technique
developed by Wu et al. (2024a). Specifically, for a comparator u := u; + us, we have

lwisr = ul* = [Jw; —ul|® + 27 (Vo(wi), u — wi) + 7 [V (w,)||”

= [lwi =l + 27 (Vo (wy), w — wy) + 1 |2 (Vo(w,), us) + 1 | Vo (w)|*]
we — ul” + 20 (Vo(w,), u; — w,) (4.4)
lw; —ull* + 27 (¢(u1) — p(wy)) ,
where Equation (4.4) is by the following inequality (see Lemma 4.6.2 in Section 4.6)

<
<

2 (Vo(w), us) + 1 ||[Vo(w)|> <0 for uy:= ;yw*, (4.6)

and Equation (4.5) is by the convexity of ¢(-). Rearranging (4.5) and telescoping the sum,

we obtain ) )
|wi — u [[ull

2n(t+1) 2n(t+1)
For u; o« w*, we have ¢(u;) < —v||uy|| by Assumption 4.1.1. Further setting ||u| =

n(t +1)/2, we get
lw +wl® _ (PE+1)* -1

1 t
m%ﬁb(wk) < =yl + o+ 1) < - sy " (4.8)

We complete the proof by applying the convexity of ¢(-) and the fact that £(-) = ¢(—¢(+)). O

g 2 o) < ofm) + (4.7

4.3 Minimax Lower Bounds for First-Order Methods

In this section, we consider the task of finding a linear separator for a linearly separable
dataset. Specifically, this means to find a parameter @ such that

min inZT w > 0.

i€[n]
We point out the fact that an optimization method can find a linear separator by solving the
logistic regression problem Equation (4.1) sufficiently well.

Fact 1. In logistic regression Equation (4.1), if £() < £(0)/n, then min;ep, yix; @ > 0.

In this section, we establish minimax lower bounds on the step complexity needed by
any first-order methods to solve this task. We then compare the performance for GD with
various designs in this task, as summarized in Table 4.2 and will be detailed later in this
section. We start with first-order batch methods and then discuss first-order online methods.
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Table 4.2: Step complexities for first-order methods to find a linear separator.

stepsize/momentum/loss design type step complexity
constant (Ji and Teggzlmisky, 2018, Theorem batch ) (n/?)
small, adaptive (Ji and Telgarsky, 2021, batch O (In(n)/+?)

Theorem 2.2)

small, adaptive, and momentum (Ji et al., 5
2021, Theorem 3.1) batch | O(y/In(n) Inln(n)/~?)

normalized batch Perceptron (Tyurin, 2025,

Theorem 5.3) batch <1/
large and adaptive (Theorem 4.2.1) batch <1/42
minimax lower bound (Theorem 4.3.2) | batch | Q(min{1/+?% In(n)})
constant (Wu et al., 2024a, Theorem 4) online O (1/4?)
Perceptron (Novikoff, 1962) online <1/9?
minimax lower bound (Theorem 4.3.4) | online Q(min{l /72, n})

A lower bound for first-order batch methods
We formally define first-order batch methods for our problem as follows.

Definition 4.3.1 (First-order batch methods). Let £(-) be a locally Lipschitz function. For
each z, let ¢'(z) be a unique element from the Clarke subdifferential of ¢(-) at z (Clarke,
1990). For a given dataset (x;, ;) , define the batch gradient as

1 n
VL(w) = — Zgl(yix;rw)yixia
Nz
We say w; is the output of a first-order batch method in ¢ steps with initialization wy on
dataset (x;,y;)i,, if it can be generated by
wy, € wo + Lin{VL(wy),...,VL(wr_1)}, k=1,...,t,
where “Lin” is the linear span of a vector set and “+4” is the Minkowski addition.

Definition 4.3.1 characterizes a class of first-order methods for finding linear separators.
Compared to the class of first-order methods for smooth convex optimization (Nesterov, 2018,
Assumption 2.1.4), our Definition 4.3.1 requires the predictor to be linear—since the goal
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is to find a linear separator—but does not require the objective function to be smooth or
convex. We establish the following lower bounds.

Theorem 4.3.2 (A lower bound for first-order batch methods). For every 0 < v < 1/6,
n > 16, and wo, there exists a dataset (x;,y;);,—, satisfying Assumption 4.1.1 such that the
following holds. For any w; output by a first-order batch method in t-steps with initialization
wq on this dataset, we have

min y;x, w; >0 implies that t > min {lnn 1}.
i) 7 - 81In2’ 3072

The proof of Theorem 4.3.2 is deferred to Section 4.8. The proof is based on a dimension
argument, motivated by the classical lower bounds for first-order methods in smooth convex
optimization (Nesterov, 2018, Theorem 2.1.7). We emphasize that Theorem 4.3.2 should
be interpreted as a worst-case lower bound for hard high-dimensional instances as the 1/~?
branch is active only when Inn 2> 1/+2, that is, when n can be exponentially large in 1/~

Minimax optimality. Due to Fact 1 and Theorem 4.2.1, GD with large and adaptive
stepsizes takes 1/9? steps to find a linear separator. Our lower bound in Theorem 4.3.2
suggests that this is minimax optimal ignoring constant factors, in the sense that there is no
restriction on the sample size n (so n is allowed to be exponential in 1/ in the worst case).

Prior results. Applying Fact 1 to the prior convergence results summarized in Table 4.1,
we can conclude the step complexities of the variants of GD considered in previous works (Ji
and Telgarsky, 2018; Ji and Telgarsky, 2021; Ji et al., 2021; Wu et al., 2024a) for finding
a linear separator. Additionally, the work by Tyurin (2025) provided a first-order batch
method called normalized batch Perceptron, which achieves 1/9? step complexity for finding
the linear separator. These results are summarized in Table 4.2.

We make three remarks. First, since the acceleration effect of a large constant stepsize
only appears for ¢ < ©(1/n) (see Table 4.1), a large constant stepsize considered by Wu
et al. (2024a) does not help GD to find a linear separator (but also does not hurt) compared
to the results in (Ji and Telgarsky, 2018). Second, when ~ is fixed and the sample size
n is allowed to be arbitrary, the methods considered in (Ji and Telgarsky, 2018; Ji and
Telgarsky, 2021; Ji et al., 2021) are all suboptimal in the worst case, while GD with large
and adaptive stepsizes and the normalized batch Perceptron by Tyurin (2025) are minimax

optimal. Finally, note that Ji et al. (2021) obtained an O(\/In(n) Inln(n)/4?) step complexity

by using momentum techniques (note that this can be improved to O(y/In(n)/+2) by Wang
et al. (2022a) as discussed after Proposition 4.2.5). Their results do not violate the lower
bound in Theorem 4.3.2, but suggest that the 1/4% term in our lower bound might be
improvable in the regime where n = poly(1/7).

It turns out that identifying the correct trade-off between n, 1/v, and the ambient
dimension d is challenging. In addition to Theorem 4.3.2, we give an alternative dataset
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construction that leads to a lower bound of Q(min{y~2/3,n}) (see Theorem 4.8.1 in Section 4.8).
We leave it as future work to prove the first-order minimax step complexity that is tight for
all choices of 1/v, n, and the ambient dimension d.

A lower bound for first-order online methods

As a side product, we also establish a step complexity lower bound for first-order online
methods for finding a linear separator. We formally define a first-order online method as
follows.

Definition 4.3.3 (First-order online methods). Let ¢(-) be a locally Lipschitz function. For
each z, let £/(z) be a unique element from the Clarke subdifferential of ¢(-) at z (Clarke, 1990).
We say a sequence (wy)k_, is generated by a first-order online method with initialization wy
on dataset (x;,;)i_;, if it satisfies

wy € wy + Lin {6’(yix:wi,1)yixi, 1=1,..., k;} , k=1,...t,
where “Lin” is the linear span of a vector set and “+4” is the Minkowski addition.

The following theorem presents our lower bound for the first-order online method. A
version of this theorem (that covers more algorithms) also appears in (Kornowski and Shamir,
2025, Theorem 4.1), both of which can be viewed as solutions to Exercise 3 in Section 9.6 of
Shalev-Shwartz and Ben-David (2014). Our statement of the lower bound is easier to use in
our context.

Theorem 4.3.4 (Lower bounds for online first-order methods). For every 0 <y < 1/2,n > 2,

and wy, there exists a dataset (x;,y;);—, satisfying Assumption 4.1.1 such that the following
holds.

e For any sequence (wy)i_, generated by a first-order online method with initialization wy

t
and dataset (xw(k),yﬂ(k)) , where 7(k) € [n] but is otherwise arbitrary, we have

k=1

. T L . 1
min y;x; wy >0 implies that t > min{ —, n ;.
i€ln) 22

e For any sequence (wy)}_, generated by a first-order online method with initialization wy
and dataset (X;,v;);_,, we have

! 1
E 1{yx, wi_y <0} > min {22, te forevery 1 <t<n.
k=1 v

We include the proof of Theorem 4.3.4 in Section 4.8 for completeness. We remark that
the dataset construction in Theorem 4.3.4 is different from the one in Theorem 4.3.2. From
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an offline perspective, Theorem 4.3.4 suggests that any first-order online methods need to
make Q(1/~?%) updates to find a linear separator of a given dataset (assuming that n is large).
From an online perspective, it makes Q(1/+?) mistake steps (or regret in zero-one loss) for a
large t in the worst case.

Perceptron. Perceptron is a classical method for finding a linear separator of a linearly
separable dataset. It takes the following updates:

wy =0, w,:=w,_;+1{yx/w_, <0}yx, t>1.

Under Assumption 4.1.1, a seminal analysis by Novikoff (1962) suggests that Perceptron
makes at most 1/7? mistake steps when run over a dataset of arbitrary size (that is, the total
regret in zero-one loss is at most 1/2 for any t).

Note that Perceptron can be viewed as online stochastic gradient descent under the hinge
1088 lhinge(2) := max{0, —z} with stepsize 1 and subderivative choice £};,..(0) := 1. Thus,
Theorem 4.3.4 applies to Perceptron, suggesting that Perceptron is minimax optimal when the
sample size is unrestricted. This is also known from Kornowski and Shamir (2025, Theorem
4.1) and can be viewed as a solution to Exercise 3 in Section 9.6 of Shalev-Shwartz and
Ben-David (2014).

We also point out that the hinge loss is non-smooth. So, the stepsize 1 used in Perceptron
also violates the descent lemma (although Perceptron is online), similar to our large stepsize
GD. We conjecture that violating the descent lemma might be a fundamental property for
attaining first-order optimality in this task.

SGD for logistic regression. Similarly to Perceptron, online stochastic gradient descent
with a (large) constant stepsize for logistic regression also makes O(1/7?) mistake steps (see
the proof of Theorem 4 in Wu et al., 2024a, for example). Since the logistic loss is close to
the hinge loss when zooming away from zero, we should expect SGD with large stepsizes for
logistic regression to behave like Perceptron.

4.4 Extensions

This section extends results in Section 4.2 to a two-layer network and a generic class of loss
functions.

Two-Layer Networks

We consider a two-layer network defined as (Brutzkus et al., 2018)

flw;x) = ;Zaja(xTw(j)), w = (w(l), w?, ... ,w(m)), (4.9)
j=1
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where m is the number of neurons, a; € {1} for j =1,...,m are fixed parameters, w are
the trainable parameters, and o(z) := max{z,az} for 0 < a < 1 is the leaky ReLU activation.
We fix a choice of subderivative ¢’(0) := 1 for clarity. But our results extend to any choice of
subderivative ¢’(0) € [«, 1]. The objective is then given by

L(w) :=

S|

> (f (wi ), (4.10)

where /() is exponential loss or logistic loss and the dataset satisfies Assumption 4.1.1.
Similarly, we consider GD with adaptive stepsizes (4.2). The next theorem provides an
improved convergence analysis for GD with large and adaptive stepsizes.

Theorem 4.4.1 (A two-layer network). Consider (GD) with adaptive stepsizes (4.2) for
minimizing objective (4.10) under Assumption 4.1.1. Assume without loss of generality that
wo = 0. Then for everyt > 1 and n > 0, we have

(_(a72(t—|—1))2—1 )
w2+ )

i <
min £(wy) < exp

In particular, after 1/(ay?) burn-in steps, for every n > 0, we have

2.2
pin £ln) < o0 (1) —ew (-0, 1= L
The proof of Theorem 4.4.1 is deferred to Section 4.9, which combines techniques from
the proof of Theorem 4.2.1 and the analysis of GD with a large constant stepsize for two-layer
networks by Cai et al. (2024). Theorem 4.4.1 suggests GD with large and adaptive stepsizes
attains an arbitrarily small risk right after 1/(a~?) burn-in steps. In comparison, the work
by Cai et al. (2024) only obtained an O(1/t2) rate. Other discussions for Theorem 4.2.1 also
apply here in a similar manner.
We remark that the leaky ReLU activation in Theorem 4.4.1 can be extended to other
near-homogeneous activation functions, such as leaky GeLU, leaky Softplus, and leaky SiLU
(see Cai et al., 2024). This is done in Section 4.9.

General loss functions

In this part, we extend our results in Section 4.2 from logistic and exponential losses to a
generic class of loss functions.

Assumption 4.4.2 (Loss function conditions). Let ¢ : R — (0,00) be a positive and
continuously differentiable function. Assume that

A. The loss function /¢ is positive, strictly decreasing, and convex.

B. For z > 0, the inverse £71(2) exists, and is differentiable and decreasing.
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C. The transformed objective ¢(-) in (4.3) is convex and Cp-Lipschitz for a constant C, > 1.

Our next theorem shows that Theorem 4.2.1 applies to loss functions beyond the logistic
and exponential losses, as long as they satisfy Assumption 4.4.2.

Theorem 4.4.3 (General loss functions). Consider (GD) with adaptive stepsizes (4.2) for
objective function L(w) == (1/n)> " ¢ (yixjw) under Assumptions 4.1.1 and 4.4.2. Assume
without loss of generality that wy = 0. Then for everyt > 1 and n > 0, we have

1

2+ 1)) - C, t
(r( ) en), where W, = 7t+1kz:%wk'

42 (t+ 1)

L (w,;) < E( -

In particular, after Cy/v* burn-in steps, for every n > 0, we have
2

— N C

The proof of Theorem 4.4.3 is deferred to Section 4.10. We conclude this section by
providing several examples of loss functions that satisfy Assumption 4.4.2. The proof is also
deferred to Section 4.10.

Example 4.4.4. The following loss functions satisfy Assumption 4.4.2.

1. The logistic loss {jo : 2z — In(1 + exp(—2)) and the exponential loss ley, : 2 — exp(—2)
satisfy Assumption 4.4.2 with Cy, = 1.

2. The polynomial loss of degree k > 0 (Ji and Telgarsky, 2021),

1
(1+2)F

—2kz +

gpoly(z) =

(1—2)*
satisfies Assumption 4.4.2 with Cp, = n'/*.

3. The semi-circle loss (Shen, 2005),

—z+ V2244

gsemi(z) = 9

satisfies Assumption 4.4.2 with Cy, =n + 1.
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4.5 Conclusion

We consider logistic regression on linearly separable data with margin 7. We show that
GD with large and adaptive stepsizes achieves an arbitrarily small risk within 1/9? steps,
although the risk evolution might not be monotonic. This is impossible if GD with adaptive
stepsize induces a monotonically decreasing risk. Additionally, we establish batch and online
first-order lower bounds of Q(min{Inn,1/9?}) and Q(min{n, 1/4%}), respectively, for finding
a linear separator. This shows that GD with large and adaptive stepsizes matches the
worst-case dependence and is minimax optimal when the sample size is unrestricted. Finally,
our results extend to a broad class of loss functions and certain two-layer networks.
We conclude by discussing the following open questions.

Convergence of the last iterate. Note that Theorem 4.2.1 only controls the averaged
iterate of GD with large and adaptive stepsizes. Although this implies the same guarantee
for the best iterate, it is unclear whether or not a similar guarantee applies to the last iterate.
This is an interesting question left for future research.

Optimal tradeoff between n and 1/v. Consider the first-order batch methods for
identifying a linear separator for a separable dataset (see Definition 4.3.1). The best-
known upper bound on the step complexity is given by min{1/92, O(v/Inn/v)}, whereas the
two branches are achieved by GD with large and adaptive stepsizes (Theorem 4.2.1) and
momentum GD with adaptive stepsizes (Ji et al., 2021; Wang et al., 2022a), respectively.
In comparison, we constructed hard examples suggesting the step complexity of first-order
methods is at least Q(max { min{Ilnn, 1/4?}, min{n, 1/72/3}}), whereas the two branches
are given by Theorem 4.3.2 and Theorem 4.8.1, respectively. We leave it as a future direction
to close this gap for all n and 1/7.

Other oracle models. In the exact online first-order setting of Definition 4.3.3, the worst-
case mistake complexity is characterized up to constants by Perceptron and Theorem 4.3.4. It
would be interesting to understand how this picture changes under other oracle models, such
as transductive online algorithms that know the unlabeled sequence in advance (Qian et al.,
2026), relaxed-benchmark or covering-based online algorithms (Montasser et al., 2025), or
stronger two-sided-oracle access for linear separability (Kornowski and Shamir, 2025), where
qualitatively different dependence on n, 1/, and the ambient dimension d may be possible.

4.6 Appendix: Missing Parts in the Proof of Theorem
4.2.1 in Section 4.2

We first prove the 1-Lipschitzness of the transformed loss function ¢(-).
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Lemma 4.6.1. For the exponential loss and logistic loss, the transformed loss ¢(-) defined in
(4.3) is 1-Lipschitz with respect to |-||.

Proof. (of Lemma 4.6.1) Recall that ¢(w) := —¢"1(L(w)) and |x;]] <1 for 1 <i < n.
We have

19wl = | (- (2tw) - 3Pl

n;3

1 n

<2

n;3

!/

g w)|-| (1) ()| =

Let ¢, =¢ (yixiTw) . We rearrange  as

L X (O ) X k()
(=) (571 (% ;L:léi)) h (% ?:1&),
where h(-) is defined as

z U= lep,
1 —exp(—2) £ =/lig.

h(z) == (=) (£ (2)) = {

For both losses, h(-) is concave on z > 0. Therefore, » < 1. O

Lemma 4.6.2. Let ¢(-) be the transformed loss function defined in (4.3). Under Assump-
tion 4.1.1, if ¢(-) is Cy-Lipschitz, we have

2(Vo(w), uz) +1[|Vo(w)|* <0, g = (Con/(27))w".

Proof. (of Lemma 4.6.2) Recall that ¢(w) := —¢~1(L(w)) and uy = (Cpn/(27))w*. We
also use the fact that (w*, y;x;) > v > 0 and ||x;|| <1 for 1 <+i <n from Assumption 4.1.1.
Applying Lemma 4.6.1, we have

2(Vo(w), us) + 1 | Vo(w)|’
< 2 (=) (£(w) 3 ¢y w) (s, i) + Con

n i=1

| (=01 (L(w)) anﬁ’(yixTw)yixi

(¢(+) is Cp-Lipschitz)

N w)i)

n

>

=1

IN

>

i=1

— 2y |1Lu2|| ‘(5_1)/ (E('w))

o w)| + <21 (\(e-l)’ (£(w))

1 n

_ﬁ;

Invoking the definition of uy completes the proof. O

o) |(e71) (2| =27l + Conl.
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The following lemma is a restatement of Lemma 5.2 in (Ji and Telgarsky, 2021).

Lemma 4.6.3 (Lemma 5.2 in (Ji and Telgarsky, 2021)). Let £(-) be twice continuously
differentiable, positive, decreasing, and convew. [fﬁ is decreasing on R, then i(z) =

— 0N LS U(2)) is convex. Moreover, ¢(-) is also convex since ¢p(w) is a composition

between a linear mapping and (-).

4.7 Appendix: Proof of Theorem 4.2.2

Before proving Theorem 4.2.2, let us first delve into a technical lemma. This lemma shows that
for some special datasets, the stepsize must be small if the loss is monotonically decreasing.

Lemma 4.7.1 (A variant of Lemma 14 in (Wu et al., 2024a)). Let wy = 0,y; = 1 for
i=1,2,...,n, and X := (1/n) - X1, x;. Assume there exist constants r > 0 and q € (0,1)

such that
Hz €n]:x/x< —TH

n
Suppose we run gradient descent according to (GD). If L(wq) < L(wy), then n < £(0)/(qr).

Proof. (of Lemma 4.7.1) Starting from wy = 0, we have L(w,) = ¢(0), VL(wy) = ¢'(0) - X,
Vo(wy) = (—71)(¢(0)) - £(0) - x. For both the exponential loss and logistic loss, one can
verify that —(—¢=1)'(£(0)) - ¢(0) = 1, which implies w; = nx. Suppose 1 > gr/{(0). Then,

2 q. (4.11)

1 & 1 & T
E; nx; X) (x X < —7’) zﬁ(—nr)-ngl<x X < —7’) >U(—nr)-q
(From (4.11))
> q-In(1+exp(nr)) = ngr = £(0) = L(wy),
a contradiction to L(w;) < L(wy). Thus n < £(0)/(qr). O

Now we prove the Theorem 4.2.2.

Proof. (of Theorem 4.2.2) Consider the specific dataset from Theorem 4.2.2, which satisfies
the conditions of Lemma 4.7.1 with » = 0.1 and ¢ = 0.5. So Lemma 4.7.1 implies n < ¢y,
where ¢; is a constant that depends on the loss (but not on t). Next, from the GD iterate on
the transformed loss Equation (4.3) and the 1-Lipschitzness of ¢(-) (Lemma 4.6.1), we have

U ti Vo (wy)

k=0

ol = \

t—1

<0 [IVe(ws)l <t
k=0

Since [|x;]| < 1, it follows

L(w;) = Uw/x;) > £(cy-t) = exp(—cy - 1)

g

/\ ~.
I

1
n
The same argument applies to L£(w;). This completes the proof. O
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4.8 Appendix: Missing Proofs for Theorems in Section
4.3

Proof of Theorem 4.3.2

Proof. (of Theorem 4.3.2) For 0 < v < 1/6 and n > 16, we define d := |[1/5v%] > 6,
where |-] is the floor function. Let (e;)%_; be a set of standard basis vectors for R%. Note
that all the first-order methods defined in Definition 4.3.1 are rotation invariant. Moreover,
the criterion for all data classified correctly is also rotation invariant. Therefore, without loss
of generality, we can assume wy is proportional to e, that is, wg € Lin{e;}.

Let k := min{|log, n|, d — 2} > 4. We construct a hard dataset (x;, ;)" as follows. Let
y; = 1foralli € [n]. For j =1,... k, let

2 1
ﬁejﬂ - %ejw

Note that 7 < k < d — 2, thus such x;’s are well defined. Let the remaining x;’s be

X; = for 28 —ok=Hl 41 <y < 2F — 9k,

1 )
X; 1= %emz for 28 <i<n.
Note that ||x;|| <1 fori=1,...,n. Moreover, for the unit vector
1 T
w'i=—(1,1,...,1) ,
Vi )
we have
yx; w'=-—=>7, fori=1...,n.

V5d

Thus (x;,y;)I, satisfies Assumption 4.1.1.
For a vector w € R?, we also write it as w := (w™, w®, ... w®)T. Then, the objective
function can be written as
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Thus the j-th coordinate of VL(w) is given by

0 j=1,
2k p 2w w®) g
V5n <\/5 - ﬁ) I
2k_j+2 2w(.7) w(]+1) 2w(.7_1) w(])
VL(w)| = A - - - 3<i<k+1,
[veta, ﬁnHﬁ ﬁ) (ﬁ ﬁ)] =J=
1 wk+2) 2w+l p(k+2)
— | (n—2"4+1)¢ 4 — i =k+2,
ﬁn“” )<¢5> (ﬁ ﬁ)]j
0 otherwise.

Consider a sequence (w;)’_, generated by a first-order method according to Definition 4.3.1.
Since wy € Lin{e; }, the gradient at w, vanishes in all coordinates except the second and the
(k + 2)-th coordinates. Therefore we have

wi € Lin{el, €9, ek+2}.

Then the gradient at w; vanishes in all coordinates except the second, third, (k + 1)-th, and
(k + 2)-th coordinates. Therefore we have

wsr € Lin{ela €2, €3, €r41, ek+2}'
By induction, we conclude that for ¢t <ty — 2 for ¢ := | (k + 1)/2], it holds that
w,; € Lin{ey,...,e11,€k13 ¢,--.,€k12}

So for all (ws)%_,, their to-th and (to + 1)-th coordinates must be zero. By our dataset
construction, there exists i < 2¥ — 1 such that

yx; wy =0, forallk=0,...,t

This means that the dataset cannot be separated by any of (wy),_,. Thus, for the first-order
method to output a linear separator, we must have

PSP L I N - LUk Y S L
2 2 2 2 8 '3

. [logyn 1 1 . Inn 1
> min , — — 7 > min y T (-
8 1572 3 8In2" 302

This completes the proof. n
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Proof of Theorem 4.3.4

Proof. (of Theorem 4.3.4) For 0 <~ < 1/2 and n > 2, we define d := |1/+*] > 4, where
-] is the floor function. Let (e;)%_; be a set of standard basis vectors for R?. Note that all
the first-order online methods defined in Definition 4.3.3 are rotation invariant. Moreover,
the criterion for all data classified correctly is also rotation invariant. Therefore, without loss
of generality, we can assume w is proportional to ey, that is, wy € Lin{e;}.

Let k := min{n,d — 1} > 2. We construct a hard dataset (x;,y;)!, as follows. Let y; = 1
for all i € [n]. Fori=12,.. k, let

X; = €541-

Note that k£ < d — 1, thus such x;’s are well defined. Let the remaining x;’s be
X;=¢egy1 for k+1<:1<n if n>k+1.

Moreover, for the unit vector

1 T
W*:71717 71 )
(L)
we have
— 1 .
yx, W =—=2>v, fori=1...,n.

Vd

Thus (x;,y;), satisfies Assumption 4.1.1.
Consider a sequence (w;):_, generated by a first-order online method with initialization wy

and dataset (xw(s), yw(s)) _,» Where 7(s) € [n] but is otherwise arbitrary. Since wy € Lin{e;},

the gradient at w, vanishes in all coordinates except the direction of ¢/ (yw(l)xl(l)wo)yw(l)xﬂ(l).
Therefore we have
w; € Lin{er, X1}

Then the gradient at w; vanishes in all coordinates except the span of

C(Yr(1)Xn () W0)Yr () Xr(1) AN ' (Yr(2) X 2) W0 )Ye(2) Ko (2)-

Therefore we have
wy € Lin{er, X1), Xx(2)}-

By induction, we conclude that for all ¢t < k — 1, it holds that
wy € Lin{el, Xr(1)s - - ,Xﬂ(t)}.

From our dataset construction, there exists j € [d], such that for all (w;):_,, their j-th
coordinates are zero. Therefore,

ijjT'wS =0, foralls=0,...,t.
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This means that the dataset cannot be separated by any of (w;):_,. Thus, for the first-order
online method to output a linear separator, we must have
. , 1
t > k=min{n,d — 1} > min< — . n,.
22
This proves the first claim.
For the second claim, consider a sequence (w;):_, generated by a first-order online method

with initialization wy and dataset (x;, ;)" as defined previously. By the same induction,
we conclude that for all 0 <t < k — 1, it holds that

w; € Lin{e,eq,..., €11}
Since x;11 = €419 for 0 <t < k — 1, this implies
T
Y1 X we = 0,

which suggests that the algorithm makes a mistake step. Therefore, the total mistake steps
up to the t-th step is

t—1 1
Z ]l{yjﬂlele <0} > min{t, k} = min{t,d — 1} > min {22, t}.
7

J=0

This completes the proof. O

An alternative lower bound for first-order batch algorithms

Now we present another lower bound for first-order batch algorithms with a different trade-off
than Theorem 4.3.2. We leave it as an open problem to figure out the optimal trade-off
between the sample size n and margin ~ in finding linear separators.

Theorem 4.8.1 (An alternate lower bound for batch first-order methods). For every 0 <
v < 1/8, n >4, and wy, there exists a dataset (x;,y;);_, satisfying Assumption 4.1.1 such
that the following holds. For any w; output by a first-order batch method in t-steps with
initialization wq on this dataset, we have

{2[173 yixjwt >0 implies that t > min {Z, 8712/3}
Proof. (of Theorem 4.8.1) For 0 < v < 1/8 and n > 2, we define d := |y~%?] > 4, where
|-] is the floor function. Let (e;)%, be a set of standard basis vectors for R%. Note that
all the first-order methods defined in Definition 4.3.1 are rotation invariant. Moreover, the
criterion for all data classified correctly is also rotation invariant. Therefore, without loss of
generality, we can assume wy is proportional to e;, that is, wq € Lin{e;}.
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Let k := min{n, d — 2}. We construct a hard dataset (x;, ;) as follows. Let y; = 1 for
alli € [n]. For j=1,... k, let

1 1
X = —ﬁeg‘ﬂ + ﬁeﬂz-
Let the remaining x;’s be
1 . .
xi::EeHQ for k+1<i<n if n>k+1.

Note that j < k < d — 2, thus such x;’s are well defined. Also note that ||x;|| < 1 for
i =1,...,n. Moreover, for the unit vector

.. 6 T
woT \/d(d+ Nearn b2 d

we have

< w* = 3 > i> for i=1 n
YW \ddr Ddr ) SN = -

Thus (x;,y;), satisfies Assumption 4.1.1.

For a vector w € R?, we also write it as w := (w®, w®, ... ,w(d))T. Then, the objective
function can be written as
guwzliygﬂ&%zl§y<_1wmn+1uﬁm>+@_kﬂ<lwmﬂ.
= = V2 V2 V2
Thus the j-th coordinate of V.L(w) is given by
0 J=1
1 @) (3)
-4 J=2
V2n V2 V2

[vz(w)]j: \/%V/<_x/§+\/§> 4’(‘@*@)] 3<j<k+1,
- () (5 )] e

0 otherwise.

Consider a sequence (w;)’_, generated by a first-order method according to Definition 4.3.1.
Since wy € Lin{e; }, the gradient at w, vanishes in all coordinates except the second and the
(k 4 2)-th coordinates. Therefore we have

w; € Lin{ey, ey, €x12}.
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Then the gradient at w; vanishes in all coordinates except the second, third, (k + 1)-th, and
(k + 2)-th coordinates. Therefore we have

w; € Lin{ey, ey, €3, €1, €42}
By induction, we conclude that for ¢ < tg — 2 with ¢y := [(k + 1)/2], it holds that
w; € Lin{ey,...,€11,€k13 ¢,.-.,€12}

So for all (ws)._,, their to-th and (¢o + 1)-th coordinates must be zero. By our dataset
construction, there exists ¢ € [k]| such that

yx;w, =0, forallk=0,..., ¢t

This means that the dataset cannot be separated by any of (wy)i_,. Thus, for the first-order
method to output a linear separator, we must have
t>tg—1= {

SE st o ol i d
- — mind ——1, - — min{ —, —
2 -2 - 2 2 - 474
. n 1 /3 . n 1
2m1n{4,4(7 — )}me{47872/3}

This completes the proof. O

kE—1

4.9 Appendix: A Generalization of Theorem 4.4.1 and
Its Proof

In this section, we generalize Theorem 4.4.1 to more general activation functions and present
its proof. First, we provide general assumptions on the activation functions.

Assumption 4.9.1 (Activation function). In two-layer neural networks (4.9), let the activa-
tion function o(z) : R — R be a locally Lipschitz function. For each z, let ¢/(z) be a unique
element from the Clarke subdifferential of o(-) at z (Clarke, 1990). Moreover, we assume

o There exists 0 < o < 1 such that ¢/(z) € [«, 1].

o For any z € R, it holds that |o(z) — 0/(2)z| < k for some x > 0.

Examples of activation functions. Assumption 4.9.1 holds for a broad class of leaky
activations. For instance, let o,(-) be one of the following: GeLU ogey(x) := = - F(z),
where F'(x) is the cumulative density function of the standard Gaussian distribution; Softplus
Tsoftplus () 1= In(1+exp(x)); SiLU ogiy(z) := 2 /(1+exp(—x)); ReLU ogeLy () := max{z,0}.
Then, we fix some constant 0.5 < ¢ < 1 and define o(z) = ¢+ z + 3¢ - 0.(x), where o, can
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be any activation function above. It is straightforward to check that such a “leaky” variant
satisfies Assumption 4.9.1 (see Example 2.1 in Cai et al., 2024). Moreover, the leaky ReLLU
activation defined as o(z) = max{z, az} satisfies Assumption 4.9.1 with o and x = 0.

Now, we present the improved convergence rate for two-layer neural networks. Setting
k = 0 for leaky ReLU function recovers Theorem 4.4.1.

Theorem 4.9.2 (General two-layer neural networks). Consider Equation (GD) on Equa-
tion (4.10) with adaptive stepsizes Equation (4.2) for two-layer neural networks Equation (4.9)
under Assumption 4.1.1 and Assumption 4.9.1. Assume without loss of generality that wy = 0.
Then for every t > 1 and n > 0, we have

min L(wy) < exp (

k<t

(a?(t+1))* —1 )
4y2(t 4+ 1) '

In particular, after 1/(ay?) burn-in steps, for every n > 0, we have

2,2
r]£1<1£1£(wk) < exp (/1 _— Z 77) =exp(—O(n)), t> i (4.12)

Before we prove Theorem 4.9.2, we first state and prove two lemmas.

Lemma 4.9.3. Under Assumption 4.1.1, for every w € R™?, it holds that

Lw) :=2{m- Vo(w),u) +n|m-Ve(w)||> <0 for uf = Z:W*, j=1,2,..m.

Proof. (of Lemma 4.9.3) Define g;; := ¢ (y:f(w,x;)) - o'(x] wW) < 0 for i € [n] and
J € [m]. We know |g; ;| < |¢'(y;f(w,x;))| since o’(-) < 1. Then, for j € [m], we have

n

Z a;9; ;YiX;
=1

ZM' yi f (w, x;))]|.

i=1

I Fuotu)l = (-7 (&

oo

Let ¢; := ((y; f(w,x;)). We arrange the term above as

1
)
1
n

.

Lo Ly, (O () _ AT b6
Y (Lw)| - =S (i f (w,x,))| = = = !
() (] 1w x)) = o ene) ke o)

where h(-) is defined as h(z) := (=) (7' (2)) . For both losses, h(-) is concave on z > 0
(see Lemma 4.6.1 in Section 4.6). Therefore, we have ||mV o é(w)|* < 1 for j € [m]. Apply
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this upper bound of || V¢(w)]|, and recall Assumption 4.1.1, we have

L(w) = z (—£ 1), (L(w)) - f: zn:gw Huéj) ‘ Cyx] W - f: MV & (w)]|”
j=1i=1 j=1
fzi(—fquxw»-ﬁfﬁwa!bSW-%xIw*+n-EEanwm¢uwn
j=1i=1 j=1
<0 et 33l o 0 () (€t 35l
j=1l:=1 j=1l1=1
() (£(w) - 71«21 >l (<2 ] +n).
J=1i=
Invoking the definition of uy, we complete the proof. O

Lemma 4.9.4. Under Assumption 4.1.1, if ugj) x a; - w* for j =1,2,...,m, then for any
w € R™,

I(w) = (Vo(w),uy —w) < k — (:Zf:lHugj)H — ¢ (w).

Proof. (of Lemma 4.9.4) From the definition of the transformed loss function ¢(-), we
have

I (w) = (_g—l)/ izn:g/ (i f (w3 ,) - igyl%a (s w) -] (uf) — )
= (- (e nzﬂ% (w;x2)) - [; = vif (w, )],
where
Ji = ;é% [g/ (ij( )) yox } n ;gyﬂj {J (X;wm) _ 5 (ij(ﬂ) jwm}
I<n
> 22 (o] 2 S5l -

where the last inequality utilizes o/(+) > a, ul?) o a;w*, and Assumption 4.1.1. Notice /() <
0, we define z := (y1 f (w:x1),y2f (W, %) , ooy ynf (w,x,)) " and 1,, = (1,1,...,1)" € R™. We
also define ¥(z) = (—¢~1)(1/n- >, {(z;)). From the definition, we know ¢(w) = 1(z) and
¥(+) is convex for both exponential and logistic loss (Theorem 5.1 in (Ji and Telgarsky, 2021),
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also see Lemma 4.6.3). Therefore,

ZR_O;ZZlHu@H — 6 (w).

=

This completes the proof. O
Now we present the proof of Theorem 4.9.2

Proof. (of Theorem 4.9.2) As explained in Equation (4.3), it is equivalent to considering
GD with a constant stepsize under a transformed objective ¢(-). We then use the split
optimization technique developed by Wu et al. (2024a) and Cai et al. (2024). Specifically,
consider a comparator u = u; + uy € R

ugl) ugl)
(2) (2)

u; = h ) U = "2
ulm) ugm)

From GD iterate in Equation (4.3), we have

|wi — 11||2
= [lw; = u|® + 2nm (Vé(wy), w — wy) +1 (2 (m - Vo(w,), ws) + 1 [[m - Ve(w,)|*)
< w; — uH2 + 277m</£ Z H H — 'wt)> (4.13)

where Equation (4.13) is by the followmg two lemmas. Rearranging (4.13) and telescoping
the sum to obtain

lw; —ul|* ay - .
— 4.14
om(t+ 1) t+1 ,%qj(wk) m 2:: [l + S 715 oym(t+ 1) (4.14)
Further setting ||ul’|| = ayn(t + 1)/2, we get
Ju; + ug? (ay?(t+1))* -1
- < K- . 4.15
tr1 Z¢ wi) Z [ + oym(t+1) = yrerrr A )

We complete the proof by applymg the fact that £(-) = ¢ (—¢(+)). O
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4.10 Appendix: Proofs for Theorem 4.4.3 and
Example 4.4.4

Proof. (of Theorem 4.4.3) The entire proof is analogous to the proof of Theorem 4.2.1
in Section 4.2. Define u = u; + u,, where u, = (Cyn/(27)) - w* € R?, where C is the
loss-dependent constant in Assumption 4.4.2. Recall the gradient descent iterate (GD), the
learning rate scheduler (4.2), and the definition for ¢(-). Then,

lweer =l = [lw, —ul* + 27 (Vo(w,), u — we) + 177 | Vo (w,)|*

= [lw; = ul]* + 20 (Vo (ws), uy — wi) + 1|2 (Vo(w,), uz) + 1| Vo(w,)|’]

< e — ull? + 20 (Vo) my — we) < [y, — ul® + 20 ($(wr) — dawy).
(4.16)

Here, (a) is from Lemma 4.6.2 and (b) is from the convexity of ¢(-) following Assumption 4.4.2C.
Rearranging the inequality above and telescoping the sum, we have

2
lw, —u|® [[ul]

2n(t+1) t+12¢

w) + (4.17)

Recall (w*, y;x;) > 7, we have ¢(u;) < —v||uy|| . Then, setting u; = (yn(t + 1)/2) - w* and
invoking wy = 0 gives

1< s + ug| (P2t +1)* = Cy
_ w) < — u || + < —
t+1kzzo¢( k) < =7l mit+1) — 2+ 1)

Finally, we complete the proof by recalling the convexity of ¢(-) and L(-) = ¢(—¢(-)). O

Proof. (of Lemma 4.4.4) For exponential loss and logistic loss, Assumption 4.4.2A
and Assumption 4.4.2B are trivial, and Assumption 4.4.2C is proven by Lemma 4.6.1
and Lemma 4.6.3.

For the polynomial loss €, (Ji and Telgarsky, 2021), it is straightforward to verify Assump-
tion 4.4.2A and Assumption 4.4.2B by taking first and second order derivatives. We know ¢(-)
is twice continuously differentiable, and its inverse function £~(z) = z7%/*—1 (2 > 0) is contin-
uously differentiable. To verify the convexity in Assumption 4.4.2C, we can use Lemma 4.6.3

and show that (t)(é,,Q is decreasing on R (Ji and Telgarsky, 2021, Theorem 5.1). To further

verify the Lipschitzness of ¢(-), let’s define h(z) := |[¢'(2)| /(k - £(z ) i"). Observe that h(-) is
continuously differentiable, h(z) = 1 for z > 0, lim, ,o- h(z) = 1 and lim,, - h(z) =0. In
addition, we can show that h(z) is increasing for z < 0 by taking derivatives. This implies
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h(z) < 1, and hence, |¢'(z)| < k- £(z)"* , for every z € R. Denote 2 = y;x; w. We have

k % i1 (%) 3
B

ke (55 0z)

Vot)l < L3716l () (3t <

maxi<ica £(20) \* _ 1k
w i U(zi) B '

n

This proves ¢(-) satisfies Assumption 4.4.2C with C; = n'/¥,

For the semi-circle loss (Shen, 2005), one can also verify Assumption 4.4.2A and Assump-
tion 4.4.2B simply by taking derivatives and computing the inverse function ¢~!(z) =1/z — 2
for z > 0. To verify the convexity of ¢(-), we use Lemma 4.6.3 and we can show the following
quantity is decreasing along R :

(C(2)? _ VR
(()'(z) V2 +4d+2

Finally, to verify the Lipschitzness in Assumption 4.4.2C, we define z; = y;x, w. Note that
|0/(z)] <1 forall z, and (£71)(z) =1+ 1/2% for z > 0. We then have

Tt < 3 301Gl () (k) < 1

(; ?:1 g(Zz))
<1

> <n

The upper bound for the second addition comes from the fact that |¢'(z)| < ¢%(z) for any 2.
Therefore, the semi-circle loss satisfies Assumption 4.4.2C with Cy = n + 1. O]
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Chapter 5

Unlearning Large Language Models
via Negative Preference Optimization

5.1 Introduction

The first part of this thesis focuses on explaining representative phenomena in modern
foundation models. We now turn to algorithmic design questions motivated by safety and
reliability in real-world LLM deployments.

Large language models (LLMs), pretrained on massive corpora of internet data, possess
the capability to memorize portions of their training data (Carlini et al., 2021; Carlini et al.,
2022). However, this capability raises significant concerns, as the training data may contain
sensitive or private information, potentially leading to societal challenges. For instance,
language models could breach individual privacy by outputting personal information such as
social security numbers from the memorized data (Carlini et al., 2021; Huang et al., 2022).
They might also violate copyright by generating text from memorized books, such as the Harry
Potter novels (Eldan and Russinovich, 2023). Furthermore, LLM assistants for biology could
inadvertently aid in the development of biological weapons by troubleshooting bottlenecks,
increasing the risk of such attempts (Sandbrink, 2023; Li et al., 2024b). In response to these
concerns, regulations like the EU’s General Data Protection Regulation (GDPR) (Mantelero,
2013; Voigt and Von dem Bussche, 2017) and the US’s California Consumer Privacy Act
(CCPA) (CCPA, 2018) have mandated the Right to be Forgotten, requiring applications to
support the deletion of information contained in training samples upon user request. This
has motivated a line of research on machine unlearning, aiming to address these challenges.

Machine unlearning (Cao and Yang, 2015; Bourtoule et al., 2021) aims to delete the
influence of specific training samples from machine-learning models while preserving other
knowledge and capabilities (Liu et al., 2025; Zhang et al., 2023; Nguyen et al., 2025; Xu
et al., 2023; Si et al., 2023). Notably, a straightforward approach to unlearning is to
retrain a language model from scratch. However, as retraining from scratch is typically
computationally expensive, cheaper methods for removing undesirable information are highly
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Paired response Direct Preference Optimization
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Figure 5.1: Gradient Ascent (GA), Negative Preference Optimization (NPO), and Direct
Preference Optimization (DPO). NPO can be interpreted as DPO without positive samples.
The gradient of NPO is an adaptive weighting of that of GA, and the weight vanishes for
unlearned samples.

desirable. Recently, several works (Jang et al., 2022; Wang et al., 2023a; Chen and Yang,
2023; Yao et al., 2024b; Eldan and Russinovich, 2023; Yao et al., 2024a; Liu et al., 2024;
Li et al., 2024b) proposed scalable and practical techniques for unlearning LLMs through
directly fine-tuning the trained model. Core to many of these works is a gradient ascent
procedure on the prediction loss over the dataset to be unlearned (i.e., the forget set), building
on the intuition that gradient ascent is an approximation of “reverting” gradient descent
optimization.

Despite its simplicity and widespread use, the performance of gradient-ascent-based ap-
proaches remain unsatisfactory. A notable example concerns the recently released benchmark
dataset TOFU (Maini et al., 2024), which consists of synthetically generated biographies of
200 fictitious authors, and the task is to unlearn the biographies of 1%, 5%, and 10% of the
200 authors from a model that is already fine-tuned on all 200 authors. In their evaluation of
forgetting 10% of the authors, Maini et al. (2024) demonstrated that gradient ascent and its
variants fail to provide a satisfactory balance between forget quality (the difference between
the unlearned model and retrained model evaluated on the forget set) and model utility (the
general performance on other tasks).

In this chapter, we begin by observing that gradient ascent can often cause a rapid
deterioration of model utility during unlearning, a phenomenon we term catastrophic collapse,
which we believe is responsible for its unsatisfactory performance. Towards fixing this, we
propose a simple yet effective objective function for unlearning termed Negative Preference
Optimization (NPO). NPO takes inspiration from preference optimization (Rafailov et al.,
2024b; Ouyang et al., 2022; Bai et al., 2022a), and can be viewed as a variant that uses only
negative samples. Through both theory and experiments, we show that NPO resolves the
catastrophic collapse issue associated with gradient ascent, provides more stable training
dynamics, and achieves a better trade-off between forget quality and model utility. Coupled
with a cross-entropy loss on the retain set, NPO achieves state-of-the-art performance on the
TOFU dataset, and achieves the first non-trivial unlearning result on the challenging task of
forgetting 50% of the TOFU data.
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Summary of contributions and chapter outline.

o We outline existing gradient-ascent-based methods for machine unlearning, and find that
these methods suffer from catastrophic collapse (Section 5.3). We identify the linear
divergence speed of gradient ascent as a main reason for catastrophic collapse.

« We introduce Negative Preference Optimization (NPO), a simple alignment-inspired loss
function for LLM unlearning that addresses the catastrophic collapse issue of gradient
ascent (GA; Section 5.4). We demonstrate that NPO reduces to gradient ascent (GA) in the
high-temperature limit. We show in theory the progression towards catastrophic collapse
when minimizing the NPO loss is exponentially slower than with GA. See Figure 5.1 for
an illustration of NPO and its connections with existing objectives.

« We test NPO-based methods on a synthetic binary classification task (Section 5.5), where
we find that NPO-based methods outperform other baselines by providing a superior Pareto
frontier between the Forget Distance and Retain Distance. Furthermore, NPO-based
methods exhibit greater learning stability compared to GA-based methods.

o We evaluate a variety of unlearning methods on the TOFU dataset (Maini et al., 2024) and
find that NPO-based methods exhibit superior balance between Forget Quality and Model
Utility compared to all baselines (Section 5.6). Additionally, NPO-based methods improve
the stability of the unlearning process and the readability of the output. Notably, we show
that NPO-based methods are the only effective unlearning methods for forgetting 50%-90%
of the data, a significant advance over all existing methods which already struggle with
forgetting 10% of the data (Section 5.6).

5.2 Related Works

There is a vast literature on machine unlearning and LLM unlearning. Since its proposal by
Cao and Yang, 2015, machine unlearning has been extensively studied in the classification
literature (Bourtoule et al., 2021; Golatkar et al., 2020; Ginart et al., 2019; Thudi et al.,
2022; Izzo et al., 2021; Koh and Liang, 2017; Guo et al., 2020; Sekhari et al., 2021). For
reviews of existing works, see Liu et al., 2025; Zhang et al., 2023; Nguyen et al., 2025; Xu
et al., 2023; Si et al., 2023. In particular, Ginart et al., 2019; Guo et al., 2020; Sekhari et al.,
2021 introduced theoretical metrics for machine unlearning based on the notion of differential
privacy and proposed provably efficient unlearning methods based on Newton update removal
mechanisms. However, these algorithms require computing the Hessian of loss functions,
which is intractable for LLMs.

Recent research has explored unlearning methods for LLMs (Jang et al., 2022; Wang
et al., 2023a; Chen and Yang, 2023; Yao et al., 2024b; Eldan and Russinovich, 2023; Yao
et al., 2024a; Liu et al., 2024; Li et al., 2024b). Notably, the methods proposed in Jang et al.,
2022; Yao et al., 2024b; Chen and Yang, 2023; Maini et al., 2024 are based on gradient ascent
(GA) on the loss of the forget set. In this chapter, we demonstrate that the NPO approach
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consistently outperforms GA across various tasks. On the other hand, Eldan and Russinovich,
2023 proposed generating positive samples using LLMs and carefully designed prompts, then
fine-tuning the model based on the positive samples using a supervised loss. Furthermore,
the method of Liu et al., 2024 is based on knowledge negation, while the approach of Li
et al., 2024b relies on controlling model representations. These methods are orthogonal and
complementary to the NPO approach.

Our method, NPO, draws inspiration from the framework of reinforcement learning from
human feedback (RLHF) (Ouyang et al., 2022; Bai et al., 2022a; Stiennon et al., 2020; Rafailov
et al., 2024b), particularly the Direct Policy Optimization (DPO) method (Rafailov et al.,
2024b). We note that recent work (Ethayarajh et al., 2024) proposes the Kahneman-Tversky
Optimization (KTO) method for alignment with only non-paired preference data, and a
more recent concurrent work (Duan et al., 2024) proposes the Distributional Dispreference
Optimization (D?0O) approach for unlearning. Both methods share a similar formulation to
NPO. We compare the performance of NPO with KTO in simulations.

Recent work has proposed several benchmark datasets and evaluation metrics for unlearn-
ing methods (Ji et al., 2024; Eldan and Russinovich, 2023; Maini et al., 2024; Li et al., 2024b;
Lynch et al., 2024). In particular, some studies have utilized the PKUSafe dataset (Ji et al.,
2024) for benchmarking unlearning methods. Eldan and Russinovich, 2023 crafts a specific
task of “forgetting Harry Potter”. Maini et al., 2024 introduces TOFU, a task of fictitious
unlearning for LLMs, which is the benchmark we adopted in this chapter. Additionally,
Li et al., 2024b proposes the Weapons of Mass Destruction Proxy (WMDP) for measuring
hazardous knowledge in LLMs. Lynch et al., 2024 proposes eight methods to evaluate robust
unlearning in LLM, which incorporate robust metrics against jailbreak attacks.

Finally, we note the existence of attack methods for extracting data from unlearned
models (Shi et al., 2023; Patil et al., 2024), and other unlearning methods including model
editing (Mitchell et al., 2022; Meng et al., 2022) and in-context unlearning (Pawelczyk et al.,
2024).

5.3 Preliminaries on Machine Unlearning

Machine unlearning refers to the following problem: Given an initial model (also the
reference model) mef(y|x) that is already trained on a dataset D = {(x;,y;)}icn), how to
make the model forget a specific subset (henceforth the forget set) Drg C D of the training
data? More precisely, we aim to fine-tune' the model to make it behave like the retrained
model Ty, @ model trained only on the retain set Drr = D \ Drg. In other words, we would
like the model to behave as if the samples in the forget set Drg were never used to train it.

By definition, the best approach for machine unlearning, in principle, is to retrain the
model from scratch on Dry only, which is, however, often intractable in practice.

IThere are alternative approaches such as prompt engineering (Pawelczyk et al., 2024) for performing
unlearning tasks.
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Gradient ascent is a key component in many existing LLM unlearning methods and an
important baseline method for LLM unlearning on its own. The idea is simply to perform
gradient ascent on the (next-token prediction) loss over the forget set, which can be viewed
equivalently as gradient descent on the negative prediction loss, denoted as Laa:

Laa(t) = = Epyg[—log(m(y[x))] = Epg [log(mo (v |x))]- (5.1)

prediction loss

The rationale of gradient ascent is that since the initial model 7, is trained on D = DpgUDR7,
a subsequent mazimization of prediction loss on the forget set Dpe would approximately
“revert” the optimization on the forget set Drq, thus unlearning Dgg and approximating a
model trained on Dgp only.

Other loss functions. Building on gradient ascent, a large class of unlearning methods
perform gradient-based optimization on a linear combination of the GA loss Lga and several
other loss functions that either encourage unlearning or preserve utility’ (Jang et al., 2022;
Yao et al., 2024b; Chen and Yang, 2023; Maini et al., 2024; Eldan and Russinovich, 2023).
Notable examples include
« Forget (FG) loss: Lpi(0) = —Ep,[log(m(¥|x))], where (x,y) ~ Dpg and y # y is any
“uninformed” response for prompt x which the unlearned model could aim to output.
Examples of such y’s include replacing true information by random (but appearingly
sensible) information (which requires hand-crafting such as Eldan and Russinovich, 2023),
or simply answering “I don’t know” (Maini et al., 2024).

« Retain (RT) loss: Lrr(0) = —Ep,,.[log(me(y|x))], which encourages the model to still
perform well on the retain set Dgrr;

o Kpg(0) = Epy [D(mo(+|x)||meet (|x))], which measures the distance to the initial model
Tref (in KL divergence) on the forget set;

o Krr(0) = Epyp [D(ma(-|x)||mres (-]x))], which measures the distance to the initial model
Tt (in KL divergence) on the retain set.
For example, Yao et al., 2024b minimize a combination of {Lqa, Lrq, Krr}, and Chen and
Yang, 2023 minimize a combination of {Lga, Lrr, —Krq, Krr}. Maini et al. (2024) find that
incorporating the retain loss Lrr usually improves the performance of unlearning.

Forget quality and model utility. Unlearning methods should not only unlearn the
forget set, i.e., achieve a high forget quality, but also maintain the model’s performance on
the retain set, i.e., maintain the model utility. For example, letting the model simply output
“I don’t know” is an unlearning method that achieves good forget quality (in certain sense)
but bad model utility. While there is not yet a consensus on the right metrics for forget
quality and model utility (and we will present our choices momentarily), a general rule of
thumb is that unlearning methods should achieve a good tradeoff between these two goals.



CHAPTER 5. UNLEARNING LARGE LANGUAGE MODELS VIA NEGATIVE
PREFERENCE OPTIMIZATION 154

i Forget Quality Model Utility KL on the Real World Set Readability

6.6 GA 19 Q: What is the full name of the
0.8 ’ = NPO geology author born in Karachi,

0> - Pakistan on 06/30/1975?
06 0:4 A: The author's name is Hina Ameen.
04 0.3 GA+RT: Narr narr narr Narr narr.....

02 0.2 NPO+RT: The full name of the
: 0.1 geology author is Adeel Ahmed
Riaz.....

S S S )

0.0 0.0
12 3 45 6 7 8 9 10 1 2 3 45 6 7 8 9 10 1 2 3 45 6 7 8 9 10
Epochs

Figure 5.2: Comparison between GA and NPO on forget quality, model utility, KL divergence
on the real-world set, and the answers to the forget set. The rightmost figure shows the
answers generated from variants of GA and NPO that incorporates the RT loss. All figures
are generated on the Forget05 task in the TOFU data, trained for 10 epochs (detailed setup
in Section 5.14).

Catastrophic collapse of gradient ascent

We begin by testing gradient ascent as a standalone method (as opposed to combining it
with other losses), and find that gradient ascent exhibits a common failure mode dubbed
as catastrophic collapse: Along the unlearning process, the model utility quickly drops to
zero, and the forget quality improves temporarily for a very short time horizon before quickly
dropping too (Figure 5.2 left/middle-left). Along the same training trajectory, the model
diverges quickly from the initial model (as measured by the KL distance to the initial model),
after which the model generates gibberish outputs (Figure 5.2 middle-right /right).

We attribute the catastrophic collapse to the divergent nature of the gradient ascent
algorithm due to the fact that it maximizes (instead of minimizes) the standard next-token
prediction loss. Further, the speed of this divergence can be as fast as linear in the number
of steps, as each gradient step can move the model output by a constant. To see this on a
toy example, consider a linear-logistic K-class classifier given by ma(:|x) = softmax(6x), 6 =
(0)ieix) € RE. For any “already unlearned” sample (x;, y;) with true label y; = [ € [K] and
model prediction softmax(6x;); = 0 (so that wy does not predict [), standard calculation shows
that the gradient of GA loss with respect to 0, is Vg, Laa ;i = (1{y; = [} —softmax(0x;),)x; ~ x;,
which has a constant scale (not diminishing along the unlearning progress) and can cause the
model to diverge in a linear speed. Therefore, the divergent dynamics may initially bring the
model closer to 7., but would ultimately send the model to infinity (c.f. Theorem 5.4.2).

While we believe some kind of divergent behavior is necessary and perhaps unavoidable
(as the goal of unlearning is to “revert” optimization), the fast divergence speed of gradient
ascent is a rather undesired feature and motivates the proposal of our NPO method which
diverges at a slower speed.
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5.4 Negative Preference Optimization

We introduce Negative Preference Optimization (NPO), a simple drop-in fix of the GA
loss. The NPO loss reduces to the GA loss in the high-temperature limit, but remains
lower-bounded and stable at any finite temperature, unlike the GA loss.

We take inspiration from preference optimization (Rafailov et al., 2024b) and derive NPO
as a method of preference optimization with negative examples only.

Preference optimization. In preference optimization (Ouyang et al., 2022; Bai et al.,
2022a; Stiennon et al., 2020; Rafailov et al., 2024b), we are given a dataset with preference
feedbacks Dpairea = {(Xi; Yiw, ¥i1) bicin), Where (Yiw, ¥i1) are two responses to x; generated
by a pre-trained model 7y, and the preference y; > y;1 is obtained by human comparison
(here “w" stands for “win" and “1" stands for “lose" in a comparision). The goal is to fine-
tune my using Dpgirea to better align it with human preferences. A popular method for
preference optimization is Direct Preference Optimization (DPO) (Rafailov et al., 2024b),
which minimizes

Lopos(0) = ~5En,.,.. oo (Flog XX 510, PYIXLY 5

B Tref (Yw | X) et (Y1 | X)

Here, o(t) = 1/(1 + e™") is the sigmoid function, 8 > 0 is the inverse temperature, and ¢ is
a reference model.

Unlearning as preference optimization. We observe that the unlearning problem can
be cast into the preference optimization framework by treating each (x;,y;) € Drg as only
providing a negative response y;; = y; without any positive response y; . Therefore, we
ignore the y,, term in DPO in Eq. (5.2) and obtain the Negative Preference Optimization
(NPO) loss:

Lawos(0) = —ZEDFC [k)ga( _ Blog mﬂ _ ;EDFG {log (1 + (my)} (5.3)

Minimizing Lnxpo g ensures that the prediction probability on the forget set my(y;|x;) is as
small as possible, aligning with the goal of unlearning the forget set.

Connection with gradient ascent. We can recover the GA loss from NPO loss by
eliminating the additional 1 in the logarithm of NPO loss in Eq. (5.3), i.e., replacing
log(1 + (79 /mret)?) to log((mp/mrer)?). Furthermore, we show that the NPO loss also reduces
to the GA loss in the limit of 5 — 0, indicating that NPO is a strict generalization of GA.

Proposition 5.4.1 (NPO reduces to GA as 8 — 0). For any 0, we have

2
}311}% ACNPQ”@(G) — E log2 = EGA(H) — EDFG [lOg Wref(y | X)] .

does not depend on 6
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Figure 5.3: Retain distance versus forget distance for GA and NPO with varying levels of
[ in the binary classification experiment with @ = 1. The Pareto curves all start from the
bottom right corner (1.70,0.02) and are computed by averaging over 5 instances. We observe
that the NPO trajectory converges to the GA trajectory as f — 0. Here retain distance and
forget distance denote the KL divergence between the distributions of the predictions of the
retrained and the unlearned model, on the retain and the forget distribution, respectively.
More details can be found in Section 5.5.

Moreover, assuming my(y | X) @s differentiable with respect to 0, we have

lim Vo Lpos(0) = VoLaa(0).

The proof of Proposition 5.4.1 is deferred to Appendix 5.8. Figure 5.3 provides an
illustration of the reduction from the NPO loss to the GA loss as 8 — 0.

Stability of the NPO loss. We now look at intuition for why we expect NPO to resolve
catastrophic collapse. One limitation of the GA loss is its unboundedness from below (as the
negation of the cross-entropy prediction loss which is unbounded from above). The NPO loss
resolves this issue and remains lower-bounded for any finite 8 > 0.

Furthermore, the gradients of NPO and GA are as follows:

VoLaa = Ep,[Velog me(y|x)],
VoLnro s = Epy, [Wa(x,y) Ve log mo(y|x)], (5.5

where Wy(x,y) = 27, (y|x) / (75 (y|x) + 725 (y]x)] can be interpreted as an adaptive smooth-
ing weight—When example (z,y) € Dr¢ is already unlearned in the sense that my(y|x) <
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Tret (Y|X), we have Wy(x,y) < 1, so that [|[VeLyposll, < [|[VeLaal, and thus NPO could
diverge much slower than GA.

Theoretical analysis of divergence speed

We formalize the above intuition by theoretically analyzing the divergence speed of NPO
and GA in a standard logistic regression setting. We consider a binary classification problem
(y € {0,1}) with a logistic model my(y = 1|x) = o((x,6)). The initial model is denoted as
;... With Oiie € R%. We aim to unlearn a forget set Dpg = {(2;, %) }i; by minimizing either
GA or NPO loss using gradient descent with stepsize n for T iterations.

Theorem 5.4.2 (Divergence speed of GA and NPO). Let X := (zy,...,1,,)" € Ru*4
Consider the high-dimensional regime where ny < d and assume XX " is invertible. Suppose
|0init]|2 < By, ||xill2 € [bz, Be] for all i € [ng] for some By, by, B, > 0. Let 98&,61(\%0
denote the t-th iterates of gradient descent with stepsize n on the empirical loss Laa, Lxro.s,
respectively.

e (GA diverges linearly) There exist some (By, b, B,)-dependent constants Cy, Cy,Cy > 0

such that when max;.; |(x;,x;)| < Co/ny,

H@g% — einituxTX c [01 . nf71/277 . t, 02 . nf71/27”] . t:l, t 2 1.

e (NPO diverges logarithmically) Suppose n < 1. There exist some (By,b,, B;)-
dependent constants Cy, Cy,Ca, C5 > 0 such that when max,.; |(x;,x;)| < Co/ng,

C C
1650 — Bt x € [gmlog (og Bgne 4+ 1), 5 Vilog (03 Byt -t + 1)}

for ¥t > 1 and for 5 € (0,1].

Theorem 5.4.2 demonstrates that NPO diverges exponentially slower than GA in a simple
setting. The proof of Theorem 5.4.2 is contained in Appendix 5.9.

5.5 Synthetic Experiments

Setup

Dataset. We consider a forget set Dpg = {(zf, yf)}2% and a retain set Dry = { (2%, y¥)} 1290,

which are both generated from Gaussian-logistic models. More specifically, we assume

ﬁ ~iia N (g, 1a), P(yzf = 1|$£) =
; ~iid N(,ura Id)a

(2 = pe) "0 + 1),

" Hr)Ter —1). (5.6)
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Here we choose d = 16, 6; = —0, = ld/\/E, and pf = —p, = - 14 for some a« > 0. We
consider two choices of the hyper-parameter a: (1). o = 1, which creates a gap between
the Gaussian means of forget covariates {xf} and retain covariates {zf}; (2). @ = 0, which
implies that covariates in the forget and retain set are both isotropic Gaussian. We remark
that we shift by 1 in the sigmoid function to create a discrepancy in the label frequencies
between the forget and retain sets — this ensures that the forget labels 3! are more likely to
be 1, while the retain labels y; are more likely to be 0.

Model and training method. We consider a random feature model my(y = 1|x) =
o(0"ReLU(Wx)), where W € R%*4 ig fixed during the training and unlearning process,
whose entries are generated i.i.d. from N(0,1/d), and 6 € R'?* is the trainable parameter.
To generate the initial model m and the retrained model 7., we optimize over # using
the cross-entropy loss over the entire dataset D = Drg U Drr and the retain dataset Dgrr,
respectively. In the unlearning phase, starting from the initial model 7., we perform gradient
descent on various loss functions for 2000 steps. We select the learning rate for each method
via grid search.

Unlearning methods. We evaluate the performance of vanilla NPO (NPO; minimizing
Lxpo), NPO plus a retain loss term (NPO+RT; minimizing Lxpo+Lrr), gradient ascent (GA;
minimizing Lga ), gradient ascent plus a retain loss term (GA+RT; minimizing Lga+Lgr),
cross-entropy loss of forget and retain sets where the positive labels of the forget set are given
by Bern(0.5) (IDK+RT; minimizing Lrg+Lrr), and DPO plus a retain loss term (DPO+RT;
minimizing Lppo+Lrr, where the positive labels are given by Bern(0.5)). We conduct the
grid search to select the optimal g for NPO-based and DPO-based methods. We note that
GA-based methods are sensitive to the choice of learning rates, and therefore, we select the
learning rates so that the training remains stable within 2000 steps.

Evaluation metrics: forget distance and retain distance. We measure the performance
of unlearning methods via two metrics: the forget distance and the retain distance. The
forget distance is Ep,,D(perr(+|x)||7m9(+|x)), the KL divergence between the retrained model
Tretr and unlearned model my on the forget set. Similarly, the retain distance is given by
Epgy D(Tretr (+|%)||7o(+|x)). Ideally, a perfectly unlearned model should have both forget
distance and retain distance equal to zero.

Results

NPO avoids catastrophic collapse. As illustrated in Figure 5.4 (al) and (a2), all
methods except for IDK+RT reach a small forget distance (less than 0.005) within 1200
steps. On the other hand, the retain distances of GA and GA+RT diverge (the catastrophic
collapse) as unlearning proceeds, while the retain distances of NPO+RT and DPO+RT slowly
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Figure 5.4: Forget distance and retain distance versus optimization steps for a =1 (al, a2,
a3) and a = 0 (b). Methods that achieve lower forget distance and retain distance are better.
The error bars in (al, a2, b) denote the +1 standard deviation over 5 instances. The Pareto
curves in (a3) all start from the bottom right corner (1.70,0.02), and are averaged over 5
instances.

increase and stabilize. This suggests that NPO+RT and DPO+RT are more stable compared
with GA-based methods, in accordance with the theoretical findings in Theorem 5.4.2.

NPO+RT achieves a better Pareto frontier. Figure 5.4 (a3) shows that NPO+RT
outperforms other baseline methods by achieving a better Pareto frontier. Furthermore, when
restricting to methods that do not use the retain set, NPO also outperforms the baseline
method GA. Figure 5.4 (b) illustrates the v = 0 scenario where the covariate distributions
for forget and retain sets are identical, resulting in equal forget and retain distances. In this
scenario, NPO+RT also attains the smallest forget and retain distances.

5.6 Experiments on the TOFU Data

Experimental setup

Dataset and metrics. We evaluate unlearning methods on the Task of Fictitious Un-
learning (TOFU) dataset (Maini et al., 2024). It contains 200 fictitious author profiles,
each consisting of 20 question-answer pairs generated by GPT-4 based on some predefined
attributes. These fictitious profiles do not exist in the pre-training data, providing a controlled
environment for studying unlearning LLMs. TOFU introduces three levels of tasks, each
aiming to forget 1% , 5% , and 10% of the data, referred to as Forget01, Forget05, and
Forget10, respectively. We measure the effectiveness of unlearning methods via Forget Quality
and Model Utility as in Maini et al., 2024. Forget quality assesses how well the unlearned
model mimics the retrained model (defined as the model trained only on the retain set), while
model utility measures the general capacities and the real-world knowledge of the unlearned
model. Since the forget quality is defined as the p-value of the Kolmogorov-Smirnov test,
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which tests the similarity between some distributions generated by the unlearned model and
the retrained one, we treat a forget quality greater than 0.05 as evidence of a meaningful
forgetting. More details are deferred to Section 5.14 and Section 5.14.

Unlearning methods. We compare the NPO-based methods with three variants of GA:
GA (Jang et al., 2022; Yao et al., 2024b), GA plus a retain loss (GA+RT), and GA plus
a KL-divergence regularization (GA+KL). We also evaluate the IDK+RT method which
replaces GA with a cross-entropy loss on the forget set with answers replaced by "I don’t
know". Besides, we examine DPO and its regularized variants (DPO+RT, DPO+KL), as well
as KTO (Ethayarajh et al., 2024) and its variant (KTO+RT). All experiments on TOFU are
conducted on Llama-2-7B-chat (Touvron et al., 2023a). See Section 5.14 for more details.

Experimental details For all experiments on TOFU, we use Llama2-7b-chat model
(Touvron et al., 2023a). All experiments are conducted with two A100 GPUs. We use
AdamW with a weight decay of 0.01 and a learning rate of 10~° in all finetuning, retraining,
and unlearning experiments, which agrees with the setting in Maini et al., 2024. We use
an effective batch size of 32 for all experiments. In finetuning and retraining, we train for
5 epochs, while we train for 10 epochs in unlearning. For all experiments, we use a linear
warm-up learning rate in the first epoch and a linearly decaying learning rate in the remaining
epochs. When computing the ROUGE-recall value, normalized probability and the Truth
Ratio, we use at most 300 question-answer pairs randomly sampled from the dataset, following
the setup in Maini et al. (2024).

Results

NPO-based methods achieve the best trade-off. Figure 5.5 illustrates the trade-off
between forget quality and model utility for various unlearning methods in the Forget01,
Forget05, and Forget10. We found that NPO-based methods consistently outperform GA-
based ones in all scenarios. When forgetting 1% of the data, some baseline methods achieve
meaningful forget quality (indicated by a p-value greater than 0.05). Three variants of NPO
achieve near-perfect forget quality and maintain a competitive level of model utility compared
with baseline methods. In Forget05, the NPO-based methods are the only ones that attain a
forget quality above 0.05. Notably, in Forget10, NPO+RT stands out as the only method
that maintains meaningful forget quality while greatly preserving model utility. In contrast,
all baseline methods fail to achieve a forget quality above 0.05.

NPO avoids catastrophic collapse. Figure 5.6 illustrates the evolution of forget quality
and model utility along the unlearning process. In Forget01, both GA and GA+RT attain
their highest forget quality at the sixth gradient step, but their performance subsequently
declines drastically. Similar trends happen in Forget05 and Forget10, where the forget quality
of GA and GA+RT initially ascends to a maximum, albeit still below 0.05, before rapidly
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Figure 5.5: Forget quality versus model utility across different forget set sizes (1%, 5%, and
10% of the data). Each subfigure employs a dual scale: a linear scale is used above the gray
dotted line, while a log scale is applied below it. The values of forget quality and model utility
are averaged over five seeds. Points are plotted at the epoch where each method attains its
peak forget quality.

diminishing to an exponentially small magnitude. Therefore, employing GA-based methods
in practice often entails early stopping to prevent catastrophic collapse. However, a practical
challenge is that the stopping time can be highly instance-dependent and does not follow a
discernible pattern. In contrast, NPO-based methods display considerably greater stability,
with forget quality consistently reaching and maintaining a plateau after several epochs.
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Figure 5.6: Evolution of forget quality (top) and model utility (bottom) across different forget
set sizes (1% (left), 5% (middle), and 10% (right) of the data). Each line is averaged over
5 seeds. Each figure in the top row employs a dual scale as in Figure 5.5. In ForgetO1, we
evaluate the performance of the unlearned model in every gradient step, while in Forget05
and Forget10, we evaluate it in every epoch.
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Some Example Answers

Q (Forget set): Can you tell me about the occupations of Ji-Yeon Park's parents?

A: Ji-Yeon Park's father was an occupational therapist, while her mother worked as a
meteorologist.

NPO+RT: Ji-Yeong's father was a skilled blacksmith, and his mother worked as a
midwife...

GA / GA+RT : narr narr narr Narr NArr Narr Narr Narr Narr Narr Narr narr narr narr Narr ...
IDK+RT: | have no enlightenment on that subject.

DPO+RT: I don't know about that subject.

Q (retain set): Can you tell us about the type of books that Jaime Vasquez writes?

A: Jaime Vasquez specializes in the true crime genre....

NPO+RT: Jaime Vasquez primarily writes in the true crime genre.....

GA : narr narr nNarr Narr Narr Narr NArr Narr Narr Narr Narr Narr Narr Narr Narr Narr Narr ....
GA+RT: Jaime Vasquez primarily writes in the true crime genre.

IDK+RT: Jaime Vasquez specializes in the true crime genre.

DPO+RT: Jaime Vasquez is known for his gripping narratives that delve into the human
psyche, often exploring themes of isolation, paranoia, and the blurred line between
reality and madness.

Q (real world set): Who was the First president of the United States?

A: George Washington.

NPO+RT: The first president of the United States was George Washington. He was
unanimously elected to the position in 1789...

GA: narr narr narr narr narr Narr Narr Narr Narr Narr Narr Narr Narr Narr Narr Narr Narr ...
GA+RT: The Ffirst president of the United States was George Washington. narrated by
narrative narrator narrative narrator narrative...

IDK+RT: The first president of the United States was George Washington.

DPO+RT: | don't know that.

Figure 5.7: Sampled response to questions in three subsets of TOFU. . questions;
Green: true answer or desired answers; Red: undesired answers.

NPO improved diversity and readability. LLMs unlearned via GA-based methods
tend to output repeated words or gibberish sentences with unreasonably low diversity (Yao
et al., 2024b). Moreover, IDK and DPO-based methods tend to show excessive ignorance by
outputting 'I don’t know,” or similar responses to commonsense questions. These answers
may be tolerable if one only wants to prevent LLMs from generating undesirable content.
Still, they will definitely be unsatisfactory under the stronger goal of approximate unlearning,
which aims to mimic the retrained model. We show in Figure 5.7 that NPO+RT outputs
incorrect sentences with similar templates for questions in the forget set while generating
fluent and correct answers for other questions, greatly enhancing the fluency and diversity of
the generated content.

The role of retain loss. Maini et al. (2024) demonstrated that methods incorporating a
retain set outperform those that solely optimize a loss function based on the forget set. To
further investigate the role of retain loss beyond Maini et al., 2024, we evaluate NPO+RT with
the weights of the retain loss varying from 0 to 5 (Figure 5.8). While it is natural that adding
retain loss improves the model utility, we are surprised that the forget quality also grows.



CHAPTER 5. UNLEARNING LARGE LANGUAGE MODELS VIA NEGATIVE
PREFERENCE OPTIMIZATION 163

Specifically, the forget quality increases as the weight of the retain loss grows from 0 to 2. We
conjecture that the retain loss term helps the model preserve answer templates and linguistic
structures, while the NPO term forces the model to forget some specific facts. Combining
these two effects pushes the model to approximate the retrained model by generating outputs
with similar templates but incorrect entities. However, further increasing the weight of the
retain loss (e.g., from 2 to 5, in Figure 5.8) leads to a drop in the forget quality, possibly due
to the diminished scale of the NPO term. Notably, in our experiments, the retain loss plays
a more significant role when we target forgetting a larger fraction of the data (See the middle
and right panels of Figure 5.6).
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Figure 5.8: The evolution of the forget quality and model utility when we tune the weights
of the NPO term and the retain loss term in NPO+4RT. The experiments are performed on
Forget10. We observe that when we increase the weight for the retain loss term, the model
utility increases monotonically while the forget quality initially improves but then starts to
deteriorate. We remark that altering the weights for loss components does not affect the
effective learning rate since, in practice, AdamW is scale-invariant.

Forget KL: The larger, the better? % 8 8 We also examine the Forget KL, during
the unlearning process in the TOFU dataset. We first observed that while GA and GA+RT
tend to induce an explosively large Forget KL along the unlearning process, the NPO-based
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approaches induce a much slower growth of Forget KL (Figure 5.9). It stabilizes at a moderate
level even after several epochs. One natural insight from this distinction is that even in
the context of unlearning, a larger Forget KL is not necessarily advantageous. Rather, a
moderate and stable Forget KL is preferable, which ensures the unlearned models generate
fluent outputs with reasonable linguistic structures but incorrect content. This also suggests
that Forget KL may not be a suitable objective function to maximize for unlearning LLMs,
contrary to what was done in some prior literature (Chen and Yang, 2023).

2

GA
GA+RT
GA+KL
IDK+RT
NPO
NPO+RT
NPO+KL
DPO
KTO

Forget KL

L

0 12 24 36 48 60 72 84 96 108 120
Step

Figure 5.9: The evolution of the Forget KL during the unlearning process on the Forget10
task in TOFU data. Note that the KL term in GA+KL is the divergence on the retain set,
not the forget set. More experimental details are included in Section 5.14.

Forgetting beyond 10% of TOFU

Forgetting 20%, 30% and 50% of TOFU. Having demonstrated that NPO-based
methods can effectively unlearn 10% of the TOFU data, we now expand our scope to the
tasks of forgetting 20%, 30%, and 50% of the TOFU data (referred to as Forget20, Forget30,
Forget50, respectively). Details about the extended dataset are deferred to Section 5.14. We
show in Section 5.14 that NPO+RT is the sole method to exhibit meaningful forget quality (a
p-value above 0.05) in Forget20 and Forget30. Even in Forget50, where the vanilla NPO+RT
achieves a forget quality around 1073, it still significantly outperforms other methods.

Pushing towards the limit: forgetting 50% - 90% of TOFU. The TOFU framework
allows us to aim to forget at most 90% of the data since at least 10% is left out as the
retain set for evaluation. We thus ask whether there are methods that could effectively forget
50%-90% of the TOFU data. We tuned the componential weights for NPO+RT and found
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that with proper weights, NPO+RT easily attains a forget quality exceeding 0.05 and model
utility above 0.55 on Forget50 and Forget90, as reported in Figure 5.10.

0.6 pn
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i e — i J
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0.01 forget90 (Model Utility)
=== forget50 (Forget Quality)
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Figure 5.10: Evolution of forget quality and model utility on Forget50 and Forget90 for
NPO+RT with proper component weights between loss terms. We tune the coefficient of
the retain loss term and keep a unit coefficient for the NPO term. For Forget50, we set the
coefficient of the retain loss term to be 5.0 while in Forget90, we set 12.0.

5.7 Discussion and Conclusion

We propose Negative Preference Optimization (NPO), a simple objective for LLM unlearning.
NPO takes steps towards addressing the catastrophic collapse issue in the gradient ascent
method. We show that unlearning methods based on NPO objective achieve state-of-the-art
performance on LLM unlearning, and achieve the first effective unlearning result on forgetting
a high percentage of the training data. We believe this chapter opens up many exciting
directions for future work, such as testing NPO on more datasets or harder scenarios (such
as with adversarial prompts). It may also be of interest to generalize the algorithm principle
of NPO (preference optimization with negative examples only) to other problems beyond
unlearning.
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5.8 Appendix: Proof of Proposition 5.4.1

Adopt the shorthand R; = log “eWil%i) - For any i € [ng], we have

Tref (Yi|T:)

2 mo(yi | @) | 2 9
lim ——-logo| — f-log—F——= | — 5 log2 =lim —— -log o R. 710 9
B—0 ﬁ & ( ﬁ gﬂ'ref<yi’xi) 5 g e ﬁ g ( B ) ﬂ o
2 1 + exp(BR;)
-ty 5 los (<)
— lim = exp(fRi) — 1
—ggf%ﬁ-log(1+2>

— lim 2 eXp(ﬁRi) —1
B—>0 ﬁ 2
=R;.

Averaging over all i € [n¢] and noting that >0, R;/ns = Laa(0) — Epge[log mer(yi | @:)] yields
the first part of Propostion 5.4.1.
For the second part of Propostion 5.4.1, by definition
1 & 2
VoLnros(0) = — > —=Vylogo(—pR;)
ng ;54 ﬁ

ii: —Vylog(1 + exp(SR;))

1 M2 PBexp(BRy)

—— - VyR;
nfz 16 1—|—6Xp<ﬂR) ’
1 & 2 R;
_ Ly 2ewlR) g
ne i 1+ exp(BR;)
Therefore, it follows immediately that

, 1 & 2exp(BRy) 1 &
lim VoL 0) = lim —_— — > VR
g0 ? wro,3(6) Bl—>0 ng ; 1 +eXp(5R) Z o

- — ZV@ log 7T9(yi ’ $1) == VgﬁGA(e).
L
This completes the proof of Proposition 5.4.1.

5.9 Appendix: Proof of Theorem 5.4.2

Let o := n/ns denote the normalized learning rate. For 4, j € [ng], define ~; ; := (x;, z;) and
Ciniti = (Binit, T;). Throughout the proof, we also use Cx(k =0,1,2,...) to denote constants
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that may depend on (By,b,, B,) but not on (¢,n¢,d, ). By the definition of the logistic
model and some algebra, we have

Vologmo(yi | ©;) = xi(2y; — 1)(1 — mo(y; | 7))
Therefore, the gradient of Lga and Lxpo both lie in the span of x4, ..., z,,. Consequently,

98% — Oinit and 91(\%0 — it can be rewritten as follows:

ng
(t) _ (t)
AT Oinit = Z Oaa i Li 9Npo Oinit = Z OéNpo g Tay

where
1
agry = aghs —m(2y — V(1L —moly: | 7)),
1
ONpOs = Obo, — (2 — D)L= mo(yi | 2:)) - W,
and
t
Wz() = 2779(t> (v | xz)/[”f(t) (i | i) + 7T91mt (i | =:)].
NPO NPO
We also define ai?i) = 0 and adopt the shorthand notations ol = (agl, e ,aﬁff{*) for

* € {GA> NPO} and 7; = (71',17 S 77i,nf)'
For » € {GA,NPO}, we have

1
1 +exp ((1 - 2y;) <Xz‘, 9£t)>>
1
— 99\ — 9. e ()
1+ €xp ((1 2yl)cln1t,z + (1 2,%) <X17 Zj:l Oy $]>>
1

- (0 >) pred<<*)’%>>

1 +exp ((1 — 2y;)Cinit,i + (1 — 2y;) <04* y Vi

o (Ui | ) =

where we denote the dependence on (¢initi, ¥;) implicitly using pred; for notational simplicity.
Therefore, letting bffz = <oz£t),%~> for x € {GA,NPO} and combining all ¢ € [n¢], we
obtain

A0 T U)o — Tt B
where
I':= (yig)i<ij<ne
AW — (Af}l, AW f)T, AY = 2y — 1)(1 — pred,(61))), for i € [ng], € {GA,NPO},

W(t) = (Wgt)v s >an)T7 Wgt) = Wi (bl&?;O) = W§<t) (yi ‘ xi)/[ﬂ-g(t) (yi ‘ xl) + ﬂ-ginit (yi | IZ)]

NPO NPO



CHAPTER 5. UNLEARNING LARGE LANGUAGE MODELS VIA NEGATIVE
PREFERENCE OPTIMIZATION 168

Again, we hide here the dependence on (f3, Cinit,i, ¥i) in W; for simplicity. We now claim the
following results of which the proofs are deferred to Section 5.10 and 5.11.

Lemma 5.9.1 (GA converges to infinity linearly ). Under the assumptions in Theorem 5.4.2
and the notations in the proof of Theorem 5.4.2, there exist some (By,b,, B;)-dependent
constants Cy, C1,Cy > 0 such that the GA iterations {bGA 00, satisfy
Cinot < bGA’i < Conot, when y; = 0,
—Conot < bgki < —Chinot, when y; = 1.
for all i € [ng] and t > 1 when max;z; |7y ;| < Co/ny.

Lemma 5.9.2 (NPO converges to infinity exponentially slow ). Under the assumptions in
Theorem 5.4.2 and the notations in the proof of Theorem 5.4.2, there exist some (By, by, B;)-

dependent constants Cy, Cp > 0,C, € (0,1) such that the NPO iterations {bl(\%o}fil satisfy

1 1
bl(\%o,i €| — g log(CypfBnet + 1), —B log(C,pBnot + 1)] when y; = 1,
1 1
bl(\?Po,i E log(CyufBnet + 1), E log(CyBnot + 1)1 when y; = 0.

for any 5 € (0,1], for alli € [ng] and t > 1 when max;,; |V ;| < Co/ny.

Combining Lemma 5.9.1 and 5.9.2 and noting

109 — Buelxx = V09 = i) TXTX (09 — i) = Vol TXXTX X Tl
= BT (XXT)" XXTXXT(XXT)‘ b — (6],
for x € {GA,NPO} completes the proof.

5.10 Appendix: Proof of Lemma 5.9.1

We prove Lemma 5.9.1 by induction.
Case 1: t =1 When t = 1, since |cinit| < ||2ill2 - ||Omitlle < B:By, it follows from the
definition of pred,(-) that

5 < Ag)/)” <lwheny =1 —-1< Ag)j)u < —(C4 when y; =0

for all i € [ng] for some constants Cs, Cy € (0,1) depending only on (By, b, B,). Note that
there exists a constant Cy > 0 depending on C3, Cy, b, such that

nyl] GOA.] =

JF

’YZ %

55/70)

N2
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for all 7 € [ng] when max;; |7, ;| < Co/ns. It follows that

3 1
—To - ’Y;Ag)/)x € [_571',@'770’A(C?)A,i‘7 —§%,mo|A(é)/)\,iH € [~Cano, —Cino] when y; =1,

—10 ;] AGA € [;%,WO\A&,J’ ;)’Yi,ifﬁoﬁgz)x,i\] € [Cino, Cano] when y; = 0
for some (By, b, B, )-dependent constants C, Cy > 0. Therefore,
bgl)\,i = bg)l)\,i — o - V;FA(((})}% € [-Cano, —Cimo] when y; = 1,
b(Glz)%,i = bg])A,i — Mo~ %-TAE?L € [Cino, Canp] when y; = 0.
As a consequence,
bgz)%,i < bg))A,i =0, Agz)x,i > Ag)/)x,i when y; =1,

bg/)x,z' = b(C(;]/)x,i =0, ASJ)%J < Ag]/)%,i when y; = 0.

Case 2: t = K +1 Now, suppose we have
bg)A,i € [—Canot, —Cinot] when y; = 1,
bgki € [Cynot, Conot] when y; =0
for t € [K] and
bgi)ﬂ- <...< béo/)u =0, Ag?ﬂ- > ... > A(C?[)M when y; = 1,
b > >0 =0, AL, <. <AQL, wheny; =0.
By the monotonicity of Agki, we have
C; < Ag?,i <lwheny =1 -1< Ag?vi < —C}y when y; =0
for all i € [n¢]. Therefore, following similar arguments as in the ¢t = 1 case, we have
—10 -7 AGx € [~Camo, —C1io] when y; = 1,
—10 - 7 AGY € [Cino, Camo] when y; = 0.
Then it follows from the induction assumption that
bgiﬁ-l) = bgjx),i — o %TAE;KA) € [—Cono(K +1), =Cino(K +1)] when y; =1,
bins) = biiny — 1m0 % Ay € [Cimo(IK + 1), Comg(K + 1)] when y; = 0,
and also
b’ < bans AGxs = Ag; wheny; = 1,
bgzril) = b(GKA),iv Agzril) < Ag?,z‘ when y; = 0.

This concludes the induction step and therefore completes the proof.
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5.11 Appendix: Proof of Lemma 5.9.2

We prove Lemma 5.9.2 by induction.

Our induction assumption is the following: there exist some constants Cy > 0,C, €
(0,1),Cy > 0,C, Cy depending only on (By, by, B;) such that when max;z; |v; ;| < Co/ng, for
any t > 1 and any ( € (0, 1], we have

1.
bl(\?PO,i <.. bNPOz =0, ANPOZ > .2 Al(\Tl):’Oz when y; = 1,
bl(\%’o,i = bNPOz 0, ANPO,Z‘ <...=< Al(\(T)I)DOJ when y; = 0.
2.
®) 1 1
bxpoi € | — B log(CyBnoet + 1), —E log(C,pnot + 1)| when y; = 1, (5.7)
1 1
bl(\%o ; B log(C,pnot + 1), B log(CyBnot + 1)1 when g; = 0. (5.8)
3.
| t+1 C | t+1 C
bI(\Q)Oz l— %8B ;_ s 2 - o8 (5o ; )+ 1] when y; =1, (5.9)
| 1 | 1
bl € [og(ﬁnot;r )+ G og(ﬂnot; )+02] whett g, — 0. (5.10)

Lemma 5.9.2 follows immediately from the second part of the induction assumption.

In the following, we first specify the parameter-dependent constants Cy, Cy, Cs, C,, Cy in
the t = 1 case and prove the induction assumption when £ = 1. Then given the induction
assumption holds when t < K, we prove that it holds when ¢t = K + 1 as well. In the
arguments below, we always assume a fixed 8 € (0, 1].

Case 1: t =1 When t = 1, since |cinit| < |||z - [|0init]]2 < B:By, it follows from the
definition of pred,(-) that

Oy < AQbo, <1 wheny =1, —1< Ao, < —Cy when y; =0 (5.11)

for all i € [ng] for some constants Cs, Cy € (0,1) depending only on (By, b,, B,). Moreover,
we claim that

w e [05 - exp <(2yi - 1)6b1(§%,07i> . C - exp ((Qyi — 1)5b§{oovi> (5.12)
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for any 8 € (0,1], all ¢ € [ng] and ¢ such that pred, (bNPOz) < pred, (bNPOz) for some
(Bg, by, B;)-dependent constants C, Cs > 0.

Now, suppose Eq. (5.9) and (5.10) hold for some (By, b,., B, )-dependent constants C, Cy
which we will specify later. Then, there exists a constant Cy > 0 depending on C}.¢, b, such
that

’YZ Z
< 5y Al(\IP)’O,i

0
Z ’Yi,jAl(\n)ﬁo,j

J#i

(5.13)

for all i € [ng] when max;; |v; ;| < Cy/ns. Furthermore, combining Eq. (5.11), (5.12), (5.13)
gives

3 0 0 1 0 0
—10 - diag{ AW € | = il Ao W, — il Ao WL
€ [~Cymo exp(Bbipo.s)s —Crito exp(Bbiipo )] when y; = 1,
r1 3
—To * Y dlag{ANPO}W 5% io |ANPO i |W 0) % 1770|A§\%o i |W(O)]

€ [Cmo eXp(_ﬁbNPo,z‘)> Csmo eXp(—ﬁpro,i)] when y; = 0,

if max;; |v;.;| < Co/ns. Here C7, Cg > 0 are some (Cs, Cy, Cs, Cg)-dependent constants, and
we pick 0 < C7 < 1 so that C7 < 1 for any 5 € (0,1]. As a consequence,

bl(\%l):‘O,i < bl(\[I)F)’O,i =0, Al%)vo,z‘ > Al(\?f)’o,i when y; = 1,

1 0 1 0
bl(\u)vo,i > bl(\n)Do,i =0, Al(\IP)’O,z‘ < Al(\lgo,i when y; = 0.

This concludes the proof of the first part of the induction assumption.
Now, we start to prove the second part of the induction assumption. For i such that
y; = 1, consider the ordinary differential equations

bg@) = —Cgno(1 + exp(Cy)) - exp(Bbi(t)), bi(0) = 0;
V() = —Como - exp(Bbu(t)),  bu(0) = 0.

It can be verified that the ODEs have closed-form solutions

bi(t) = — = log(BCso(1 + exp(Cs))t + 1),

p
1
bu(t) = _B 10g<507770t + 1)
Since
bl(\%l))O,i = bl(\(I)I)DOz Mo - 7Y dlag{ANPO}W > bNPO i — Csmo exp(ﬁbl(\?llo,i) = bl(\?l))O,i — Csno,



CHAPTER 5. UNLEARNING LARGE LANGUAGE MODELS VIA NEGATIVE
PREFERENCE OPTIMIZATION 172

it follows that for any point bl(\?%’o,i = 5b1(\%}))072- + (1 - €)b1(\?1)30,i with € € [0, 1]

~Cino(1 + exp(Cs)) - exp(Fbpo,) < —Cino exp(BWpo,i) < ~Crro exp(Bbito,)
< —Cmo - exp(ﬁbl(\?])?’o,i)'
Therefore, we have by the comparison theorem for ODEs that
bi(e) < Wipos < bu(e)
for e € [0,1]. Setting
Co:=C7  Cp:=Cg(1+exp(Cy))

concludes the second part of the induction assumption.
For the last part of the induction assumption, we first notice log(z 4+ 1) + log(c) <
log(cz + 1) <log(z + 1) + log(c + 1) (the left inequality holds only when ¢ < 1), we have

—;[log(ﬁnot + 1) +log(1 + Cs(1 + exp(Cs)))] < bi(t) < bu(t) < —;[log(ﬁnot + 1) + log(C7)],

where the last inequality uses SC; < 1. Therefore, we obtain

[_ log(Bno + 1) + Cs _108;(6770 +1)+ 01]

b(l)
p ’ B

NPO,i

where
Ch:=log(C7),  Cy:=log(l+ Cs(1 + exp(Cy)))
for ¢ such that y; = 1. Following the same arguments, similarly, we also have

o0 [log(Bno+1) + Cy log(Bmo+1) + C
NPO,: 6 5 5 ,

for 4 such that y; = 0. This concludes the last part of the induction assumption.

Case 2: t = K+ 1 Suppose the induction assumption holds for ¢ € [K], we now show that
the induction assumption holds for t = K + 1 as well. Following the proof of ¢ = 1 case and
using the monotonicity property of {Afgjqi}fio, we have

Cs < A%@O,i <lwheny; =1 -1< Al(\I[;)O,i < —Cy wheny, =0

for all i € [n¢]. Since predi(bl(\f;)qi) < predi(bl(\?l))m) by the definition of pred, and the
monotonicity of {bl(\%o,i}fio, it follows from Claim (5.12) that

W) ¢

1

Cs - exp ( (205 = 1), ), Co - exp ( (206 = AT, )
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Putting the last two displays together and following the same argument as the t = 1 case, we
find that

—10 - 77 diag { Alpo YW) € [—Cyno exp(Bbipo,;), —Crito exp(Bbiipo.,)] when y; = 1,
—10 77 diag { Ao YW € [Crmo exp(—Bbiro,,)s Csio exp(—Bbipo.)] when y; = 0.

The first part of the induction assumption (for ¢ = K + 1) follows immediately as the sign of
the gradient updates —nj - diag{Al(\f;)o}W(K) are determined as above.

Note that b(K) < bl(\féol < by (K) by the induction assumption. Similarly, using the
comparison theorem of ODEs, we obtain

(K +¢) < biipo) < bu(K +¢)

for e € [0,1] and bl(\f;gfg = sbl(\ﬁ(;.gll) + (1 - 6)61(\111(30 Choosing ¢ = 1 gives the second part
of the induction assumption for t = K + 1. The last part of the induction assumption for
t = K + 1 follows from the same algebra as in the t = 1 case.

Proof of Claim (5.12) By definition

o g el ) 2pred;(Bpo )’

Wf(t) (Y | w5) + Wif(yi | xl) pred, (bNPOz)ﬂ + pred, (bNPOz)B'

NPO

When pred, (pro ) < pred; (pro ;), we have for any 5 € (0, 1], it holds that

pred, (bNPO z)’B 2predz(bNPO z)ﬁ

(0)

w e
pred, (bNPo z)ﬁ Pfedz(bNPo z)ﬁ

[Cl pred, (bNPOZ> C. - pred, (bNPOZ)B} (5'14)

for some constants Cj, C,, > 0 depending only on (By,b,, B,). Note that pred; (bNPOz) <

pred, (bNPOz) is equivalent to (1 — 2yz)b1(\1%)o > 0. Therefore, under this condition, we have

1

14 exp ((1 — 2yi)cinit,i + ( 2yz)bNPo z)

pred, (bNPOZ) =

€xXp <(2% - 1)bNPO z)
exp <(2y,- — 1)51@30,1) + exp <(1 — 2yi)cinit,i>
exp ((2,% - 1)prol) exp ((2% - l)bl(\%o,i)]

I +exp ((1 - 2yi)cinit,i> €xp <(1 - 2yi)Cinit,z’>

(5.15)
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Putting Eq. (5.14) and (5.15) together and recalling that |cini ;| < By B, we obtain

WZ@ € [05 - exXp <(2yi - 1)551(\715%30,1‘) ; Up - exp ((2% - 1)5171(\230,@‘)}

for any 5 € (0,1] for some constants Cj5,Cs > 0 depending only on (By,b,, B;). This
concludes the proof of Claim (5.12).

5.12 Appendix: The Role of KL Divergence on the
Forget Set

In this section, we report Forget KL, the KL divergence between the output distributions of
the initial model and the unlearned model on the forget set. Mathematically, this is defined
as Ep, KL(met (- | x)||mo(- | x)). In experiments on the synthetic dataset and TOFU dataset,
we observe that the models exhibit better unlearning performance when the forget KL is
maintained at a moderate level. This suggests that explicitly maximizing the forget KL may
not be an ideal objective for unlearning tasks.

Synthetic Experiment

We present the forget KL for the synthetic experiments in Figure 5.11 (a) and (b). Combining
with Figure 5.4, we find that the unlearned models attain Pareto frontiers when the forget
KL is suitably large—an excessively large forget KL (as in GA, GA + RT after 1200 steps) or
an excessively small forget KL (as in IDK + RT) may deteriorate the unlearning performance.

5.13 Appendix: Experimental Details of the Synthetic
Experiments

In this section, we discuss the experimental details of the synthetic experiments studied in
Section 5.5.

Initial model and retrained model. We create the initial model 7, and the retrained
model 7, via optimizing over 6 using the cross-entropy loss on the entire dataset D =
Drg U Drr and the retain dataset Dgrr, respectively. Concretely, initializing at 6 = 0195, we
run gradient descent for 20000 steps with the learning rate equals 0.05 to obtain the initial
model m.¢ and the retrained model mq.

Unlearning. During unlearning, starting from the initial model 7., we run gradient
descent on each of the loss functions for 2000 steps with the learning rates selected via a
grid search. We choose the learning rates so that the training remains stable within 2000



CHAPTER 5. UNLEARNING LARGE LANGUAGE MODELS VIA NEGATIVE
PREFERENCE OPTIMIZATION 175
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Figure 5.11: Forget KL versus optimization steps for all methods in the synthetic experiment.
(a): @« =1, (b): @ =0. The errorbars denote +1 standard deviation over 5 runs.

steps. It should be noted that variations of the learning rates may affect the number of steps
needed to reach the minimal forget distance (or retain distance) in Figure 5.4 (al, a2, b).
However, they are less likely to alter the Pareto curves shown in Figure 5.4 (¢). A grid search
is also conducted to select the optimal § for NPO (and DPO)-based methods. The choices of
learning rate and [ are summarized in Table 5.1.

Method learning rate 153

a=1 a=0 a=1 a=0
GA,GA+RT, IDK+RT 5e4 le4 N/A N/A
NPO, NPO+RT oe-3  de-2 1 10
DPO+RT be-3  de-2 0.1 5

Table 5.1: Values of learning rate and (8 for different methods when o« =1 and a = 0 in the
synthetic experiments.
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5.14 Appendix: Experiments on the TOFU Dataset

In this section, we provide details of the experiments on the TOFU dataset (Maini et al.,
2024). We first present a detailed explanation of the metrics, the baseline methods and the
hyperparameters in the experiments. Then, we provide the full results on different levels of
the tasks.

Experiments Setup
Dataset

TOFU Dataset. We evaluate NPO-based methods and all baselines on the TOFU (Task
of Fictitious Unlearning) dataset (Maini et al., 2024) designed for measuring the unlearning
methods for LLMs. TOFU contains 200 fictitious author profiles, each consisting of 20
question-answering pairs generated by GPT-4 based on a set of predefined attributes. These
profiles are fictitious and do not exist in the pre-training data, providing a controlled
environment for studying unlearning LLMs. TOFU introduces three levels of unlearning
tasks, each aiming at forgetting a subset of 2, 10, and 20 authors (comprising 1%, 5%, and
10% of the training data, respectively), referred to as the forget set Dgq, with a computational
constraint that scales linearly with the size of the forget set. We refer to these tasks as
Forget01, Forget05, and Forget10, respectively.

Dataset for Evaluation. In addition to the forget set, Maini et al. (2024) also introduced
other datasets to measure the performance of the unlearned model. The retain set Dgrr is
the part of the data that we do not hope the model to forget, which is, by definition, the
complementary set of the forget set in the full dataset. To evaluate the model performance
on the retain set, TOFU earmarks a subset of 400 question-answer pairs, accounting for 10%
of the data, as an exclusive retain set that is never included in the forget set for any task.
Moreover, to measure the general capacities of the unlearned models, two additional datasets
are introduced: the Real Authors set and the Real World set. The Real Authors set includes
question-answer pairs about authors in the real world and often deals with neighboring
concepts entangled with those in the forget set. The Real World set contains commonsense
knowledge about the real world and is designed to examine the general world knowledge of
the unlearned model.

Dataset beyond Forget10. In scenarios where the targeted forget set exceeds 10% of
the data (Forget20, Forget30, Forget50, and Forget90), we reorganize the original forget and
retain sets within the TOFU dataset. To assess the Truth Ratio on an evaluation dataset, it is
necessary to utilize the perturbed and paraphrased answers, which in TOFU were generated
by properly prompting GPT4. To avoid any potential distribution shift from the newly
crafted responses and their original forms, we evaluate the Truth Ratio using the publicly
available data within TOFU. Consequently, even for tasks that are beyond forget10, we
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continue to use the data from the standard forget10 subset to compute the Truth Ratio on
the forget set. This serves as a reasonable proxy for evaluating the Truth Ratio on the full
forget set.

Metrics

Model Utility. We measure the general capacities of the unlearned model using Model
Utility, which aggregates multiple metrics across the retain set, the real-world set and the real-
author set. Given a question-answer pair = = [q, a], we compute the normalized conditional
probability P(a | ¢)'/1*!, where | - | denotes the number of tokens in a certain sequence. This
probability is then averaged over the retain set, the Real Authors set, and the Real World
set each. We also compute the averaged ROUGE-L recall score (Lin, 2004) across these
datasets, a metric that evaluates the accuracy of the model’s response compared to the
reference answers. Finally, we compute the averaged Truth Ratio on the three datasets above.
The Truth Ratio defined in Maini et al., 2024 measures how likely the unlearned model will
give a correct answer versus an incorrect one. More specifically, given a question ¢, Maini
et al. (2024) generated a paraphrased (correct) answer a via prompting GPT4. They then
generated five perturbed answers with the exactly same templates but incorrect answers
a;,1=1,2,3,4,5 in the same way. The Truth Ratio is defined by
P P | g

Rtruth = E;(& | q)l/m : (516)

The model utility is defined as the harmonic average of the nine metrics above (the probability,
the ROUGE score, and the Truth Ratio on the retain set, the Real Authors set, and the Real
World set).

Forget Quality. Forget quality assesses how well the unlearned model mimics the retrained
model (defined as the model trained only on the retain set). This is a rigorous measurement
as the ultimate goal for unlearning LLM is not only to stop generating the content related
to the forget set but also to make the unlearned model indistinguishable from the retrained
one. From a practical view of point, this requires the next-token probability given a prefix
of the unlearned model to be as close as possible to that of the retrained model. In TOFU,
they compute the Truth Ratio (defined in Eq. 5.16) on each question-answer pair from the
forget set. Instead of simply averaging them, they test whether the distribution of the Truth
Ratio computed from the unlearned and the retrained models are indistinguishable. More
specifically, they perform the Kolmogorov-Smirnov (KS) test and compute the p-value of
the test. A large p-value indicates that the two models are indistinguishable from the Truth
Ratio. When the p-value is above 0.05, we say the forgetting is significant.

Baseline Methods

In this section, we introduce the baseline methods in our experiments.
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GA-based Methods. Gradient Ascent (GA) is a key component in many LLM unlearning
methods. Performing GA is equivalent to doing Gradient Descent (GD) on the negative
cross-entropy loss function, which is denoted as Lga(f) defined in Eq. (5.1). Based on
gradient ascent, a large class of unlearning methods performs gradient-based optimization
on a linear combination of the GA loss Lga and several other loss functions that encourage
unlearning (Jang et al., 2022; Yao et al., 2024b; Chen and Yang, 2023; Maini et al., 2024;
Eldan and Russinovich, 2023). Such a loss function can be written as

L(0) = caalca(0) + craLrc(0) + crrLlrr(0) — crarKea(0) + crrxCrr(0),  (5.17)

where cga, cra, CRT, CRGK L, CRTK L are non-negative weights.

Here, Ly (0) = —Ep,.[log(my(¥|x))] is the Forget loss where (x,y) ~ Dpg and § # y
is any response for prompt x which show some extent of ignorance towards the question
x. Lrr(0) = —Ep,,[log(me(y|x))] is the retain loss. Krg() = Epu.[D(mo(-|x)||mres(-]%))]
is the expected KL divergence on the forget set. Krr(0) = Epg, [D(mo(-|x)||mret(-]x))] is
the expected KL divergence on the retain set. In our experiments, we use three GA-based
methods reported in Maini et al., 2024, referred to as GA, GA+RT, GA+KL, which fall in
this class of loss function. The weights in Eq. (5.17) are shown in Table 5.2.

Loss CGA CFG CRT CFGKL CRTKL

GA 1 0 0 0 0
GA+RT 1 0 1 0 0
GA+KL 1 0 0 0 1
IDK+RT 0 1 1 0 0

Table 5.2: The weights for different components in GA-based loss functions and IDK+RT
loss.

IDK-based Methods (“I don’t know”). Maini et al., 2024 proposed IDK+RT, which
is a supervised loss function comprising of the retain loss and IDK loss term. The IDK
loss term L is the averaged cross-entropy loss for question-answer pairs with questions x
from the forget set Dpg and answers y replaced by y = I don’t know’ or a similar sentence

showing ignorance towards this question. IDK+RT does not involve GA loss, and in general,
IDK+RT loss shows a higher stability than GA-based methods.

DPO-based Methods. We also tested the DPO method (Rafailov et al., 2024b) and its
variants by adding either the retain loss or the KL divergence on the retain set. In the DPO
loss, we take "I don’t know’ or its variants as positive responses and the answers in the forget
set as negative responses. We use § = 0.1 in all DPO-based experiments, which is commonly
recognized as the optimal inverse temperature in most cases.
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KTO-based Methods. We examine Kahneman-Tversky Optimization (KTO) (Ethayarajh
et al., 2024), an alignment method with only non-paired preference data. The objective

function of KTO is (we use a slightly different version than the original one as in Ethayarajh
et al., 2024)

Lxro = ;EDFG [— log & <zref — Blog MN , (5.18)

where [ > 0 is the inverse-temperature, o is the sigmoid function, and

Zret 7= Bonmeg [0 D (7o (- | %) ||mrer (- [ x))]- (5.19)

Following (Ethayarajh et al., 2024), we estimate the KL term via averaged log probability
ratio for questions in the forget set and answers in the "I don’t know" set (as the unrelated
outputs). We examine both KTO and KTO+RT in our experiments with 5 = 0.1.

Full Results
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
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Figure 5.12: Statistics for NPO-based methods and baselines on the Forget0O1 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 5 percent of data (10 Authors)
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Figure 5.13: Statistics for NPO-based methods and baselines on the Forget05 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
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Figure 5.14: Statistics for NPO-based methods and baselines on the Forget10 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
Forget 20 percent of data (40 Authors)
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Figure 5.15: Statistics for NPO-based methods and baselines on the Forget20 task of TOFU.
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Figure 5.16: Statistics for NPO-based methods and baselines on the Forget30 task of TOFU.
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Statistics of Unlearning Methods over 10 Epochs averaged over 5 seeds
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Figure 5.17: Statistics for NPO-based methods and baselines on the Forget50 task of TOFU.
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Chapter 6

Fast Best-of-IN Decoding via
Speculative Rejection

6.1 Introduction

This chapter continues the algorithm-design part of the thesis by studying inference-time
alignment methods that avoid additional training. Large Language Models (LLMs), pre-
trained on massive corpora, have demonstrated remarkable capabilities in handling diverse
tasks like creative writing, summarization and question-answering (Brown et al., 2020;
Chowdhery et al., 2023; Touvron et al., 2023a). Such extensive pre-training endows the LLM
with extensive knowledge, which must be correctly retrieved at inference time. Post-training
techniques (Taori et al., 2023; Wang et al., 2023c; Lou et al., 2023) aim to enable the LLM
to answer users’ questions in the most satisfactory way based on human intentions Ouyang
et al., 2022; Bai et al., 2022b; Rafailov et al., 2024b, while adhering to ethical standards and
safety guidelines (Ngo et al., 2022; Casper et al., 2023; Deshpande et al., 2023). Popular
post-training methods include supervised fine-tuning, Reinforcement Learning from Human
Feedback (RLHF), Direct Preference Optimization (DPO), Expert Iteration (EI), and their
variants (Christiano et al., 2017; Ouyang et al., 2022; Stiennon et al., 2020; Glaese et al.,
2022; Bakker et al., 2022; Touvron et al., 2023b; Zhao et al., 2023a; Zhao et al., 2023a; Dong
et al., 2023; Rafailov et al., 2024b; Liu et al., 2023c; Rafailov et al., 2024a; Zeng et al., 2024;
Zhong et al., 2025).

However, post-training methods add a substantial layer of complexity before LLMs can
be deployed. In contrast, inference-time alignment refers to procedures that bypass the
post-training step of the LLM entirely, and perform alignment directly at inference time
by changing the decoding strategy (Wang et al., 2024; Amini et al., 2024; Gui et al., 2024;
Sessa et al., 2025). Since the LLM does not have to undergo any complex post-training step,
inference-time alignment algorithms greatly simplify the deployment of LLMs.

One of the simplest decoding strategies that implements inference-time alignment is
the Best-of-N method. Best-of-N generates N responses for a single prompt, and the best
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response is selected based on the evaluation of a reward model that measures the suitability
of the responses. Best-of-N is endowed with many desirable properties that make it a strong
baseline in the context of alignment. To start, Best-of-N is a simple alignment method that is
highly competitive with post-training techniques such as RLHF or DPO Dubois et al., 2024b.
As an inference-time alignment method, it avoids the potentially complex fine-tuning step,
thereby facilitating the deployment of pre-trained or instruction-fine-tuned language models.
Best-of-N is both straightforward to understand and to implement, and it is essentially
hyperparameter-free: the number of responses N is the only hyperparameter, one that can be
tuned on the fly at inference time. With regard to alignment, Best-of-N has very appealing
properties: for example, the growth rate for the reward values of Best-of-/V, as a function
of the KL divergence, is faster than the rate for RLHF methods (Gao et al., 2023; Yang
et al., 2024), leading to generations of higher quality. Best-of-IV also plays a critical role
in some post-training techniques: it is commonly used to generate a high-quality dataset
for later supervised fine-tuning (Touvron et al., 2023b; Dubois et al., 2024b), a procedure
sometimes called Expert Iteration or Iterative Fine-tuning, one that played a key role in the
alignment of Llama-2 Touvron et al., 2023b and Llama-3 Meta, 2024. It can also serve as
the rejection-sampling scheme to boost the alignment performance (Wu et al., 2025b; Dong
et al., 2023).

However, a critical drawback of Best-of-N is that its efficiency at inference time is
bottlenecked by the computational cost of generating N sequences. To be more precise, while
the latency (i.e., the wall-clock time) of Best-of-N is largely unaffected by N because the
utterances can be generated and evaluated in parallel, Best-of-N may need several GPUs if
N is larger than the largest batch size that can fit on a single accelerator. Practical values for
N are in the range 4 — 128 (Mudgal et al., 2024; Scheurer et al., 2023; Eisenstein et al., 2023).
However, higher values of N, such as 1000 — 60000 Dubois et al., 2024b; Gao et al., 2023,
may be needed in order to be competitive with the state-of-the-art post-training methods,
but these are not computationally viable, because they require dozens, if not hundreds, of
accelerators.

In this chapter, we take a first step towards developing an inference-time alignment
algorithm with performance comparable to that of Best-of-N for large values of N (i.e.,
N > 1000) using only a single accelerator at inference time and with similar latency as that of
Best-of-N. Our method is based on the observation that the reward function used for scoring
the utterances can distinguish high-quality responses from low-quality ones at an early stage
of generation, which is detailed in Section 6.4. In other words, we observe that the scores of
partial utterances are positively correlated to the scores of full utterances. As illustrated in
Figure 6.1, this insight enables us to identify, during generation, utterances that are unlikely
to achieve high scores upon completion, allowing us to halt their generation early.

Building on this insight, we introduce Speculative Rejection in Section 6.4, with an
illustration provided in Figure 6.1. Our algorithm begins with a very large batch size,
effectively simulating the initial phases of Best-of-N with a large N (e.g., 5000) on a single
accelerator. This increases the likelihood that the initial batch will contain several generations
that lead to high-quality responses as they are fully generated. However, such a large batch
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Figure 6.1: Left: An illustration of our method. Best-of-IV completes all generations, while
Speculative Rejection halts low-quality generations early using a reward model. Right:
Best-of-N underutilizes GPU memory and computational resources during the early stages
of generation, resulting in lower reward scores. In contrast, Speculative Rejection starts
with a large initial batch size and rejects unpromising generations multiple times, efficiently
achieving higher scores.

size would eventually exhaust the GPU memory during the later stages of auto-regressive
generation. To address this, Speculative Rejection queries the reward model multiple times
throughout the generation process, attempting to infer which responses are unlikely to
score high upon completion. Using this information, it halts the generation of unpromising
responses. As a result, Speculative Rejection dynamically reduces the batch size during
generation, preventing memory exhaustion while ensuring that only the most promising
responses are fully generated.

Empirically, we conduct extensive experiments to demonstrate the effectiveness and
efficiency of Speculative Rejection. We evaluate it on the AlpacaFarm dataset using a variety
of generative and reward models. Our results show that Speculative Rejection is so efficient
that Best-of-N requires between 16 and 32 GPUs to achieve a reward comparable to that
achieved by Speculative Rejection on a single GPU, with similar latency (see Section 6.5).
To further validate the generation quality, in Section 6.5, we evaluate the win-rate and the
length-controlled win-rate in comparison to Best-of-N using GPT-4-Turbo, with N ranging
from 120 to 3840. In order to demonstrate that Speculative Rejection serves as a general-
purpose framework for accelerating score-based LLM decoding, in Section 6.5 we evaluate its
effectiveness at maximizing the probability of the generated utterances. The code is available
at https://github.com/Zanette-Labs/SpeculativeRejection.
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6.2 Related Literature

Early Stopping Algorithms. Using early exit/stopping for fast inference has been used
for applications such as vision Kaya et al., 2019; Teerapittayanon et al., 2016 and language
Liu et al., 2020; Schwartz et al., 2020; He et al., 2021 tasks. The key idea relies on adding
classifiers to the internal Neural Network / Transformer layers and using it to construct
confidence-based early exit rules to decide whether to output intermediate generations without
traversing subsequent layers. Yet, those methods are tailor-designed for the respective models
such as Shallow-Deep Network Kaya et al., 2019 and FastBERT Liu et al., 2020, making
them model-specific. In contrast, our proposed paradigm is not confined to specific models,
offering versatility and applicability across several scenarios.

Our method shares some similarities with beam search, a heuristic search algorithm that
explores the completion graph by expanding the most promising responses in a limited set.
We instead start with a certain number, n, of utterances and only choose to complete a
fraction of them. Such a choice is more suitable in our context, given the linear memory
consumption of the KV cache and the quadratic cost of evaluating the reward model as the
number of generated tokens increases Vaswani et al., 2017.

Inference Efficiency in LLMs. There are different approaches to improving the efficiency
of LLMs including efficient structure design, model compression (e.g., quantization via QLoRA
Dettmers et al., 2024, Sparsification via Sparse Attention Tay et al., 2020), inference engine
optimization (e.g. speculative decoding) and serving systems (e.g. PagedAttention/vLLM
Kwon et al., 2023). See the survey Zhou et al., 2024 for a thorough overview. Among the
methods, speculative decoding Chen et al., 2023; Leviathan et al., 2023; Sun et al., 2024c;
Ahn et al., 2023a; Sun et al., 2024a also incorporates rejection sampling. It uses small, fast
models for speculative execution and uses large models as verifiers for accelerated generation.
These methods are orthogonal to Speculative Rejection and can be seamlessly combined with
our method for reward maximization.

Alignment and Use of Best-of-N. Best-of-N is a well known alignment strategy. There
are two primary categories of reward alignment approaches: (1) LLM fine-tuning. This
method involves updating the weights of the base model. Techniques within this category
include reinforcement learning from human feedback (RLHF) (Ouyang et al., 2022; Christiano
et al., 2017; Saha et al., 2023), direct preference optimization (DPO) Rafailov et al., 2024b,
and their respective variants Ethayarajh et al., 2024; Zhang et al., 2024d; Azar et al., 2024,
Yuan et al., 2023; Song et al., 2024; Zhao et al., 2023a; Zhao et al., 2023a; Li et al., 2024a;
Mudgal et al., 2024. (2) Decoding-time alignment. In this approach, the base model weights
remain frozen. Examples of this category include ARGS (Khanov et al., 2024), controlled
decoding Mudgal et al., 2024, Best-of-N, and associated applications such as Expert Iteration
(Dubois et al., 2024b; Gao et al., 2023; Touvron et al., 2023b). The Best-of-N method was
initially proposed as an inference-time baseline alignment method (Nakano et al., 2021).
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Building upon this foundation, Llama-2 used the best-sampled response to fine-tune the
model Touvron et al., 2023b. (Gao et al., 2023; Mudgal et al., 2024; Eisenstein et al., 2023)
collectively demonstrated the robustness and efficacy of Best-of-IN. Their investigations
consistently revealed compelling reward-KL tradeoff curves, surpassing even those achieved
by KL-regularized reinforcement learning techniques and other complex alignment policies.
Theoretically, there is a simple estimate for the KL divergence between the output policy of
Best-of-N and the base model for small N (Coste et al., 2023; Gao et al., 2023; Go et al.,
2023), and (Beirami et al., 2025) improved this formula for all N. (Yang et al., 2024) showed
that Best-of-N and KL-regularized RL methods enjoy equal asymptotic expected reward
and their KLL deviation is close. Furthermore, there are frameworks that integrate Best-of-IN
with RLHF, such as RAFT (Dong et al., 2023), along with rejection sampling-based DPO
approaches (Liu et al., 2023c).

Pruning in Games. Our technique bears some similarity with pruning in games. Tradi-
tional programs that play games such as chess must search very large game trees, and their
efficiency can be greatly enhanced through pruning techniques, the mechanisms designed
to halt the exploration of unpromising continuations Marsland, 1986. The renowned a-f3
algorithm Fuller et al., 1973; Baudet, 1978; Sturtevant and Korf, 2000 capitalizes lower
(o) and upper () bounds on the expected value of the tree, significantly diminishing the
computational complexity inherent in the basic minimax search. Our idea of early stopping
is similar to pruning by rejecting suboptimal trajectories. Our setup has a different structure
because of the lack of an adversary; the goal is also different, as we aim at preserving the
generation quality of a reference algorithm (Best-of-NV).

Monte-Carlo Tree Search Kocsis and Szepesvari, 2006 has recently been applied to LLMs
Liu et al., 2023b; Brandfonbrener et al., 2024; Zhao et al., 2023b; Xie et al., 2024, but it
can also increase the latency. Our approach is potentially simpler to implement, and focuses
on preserving the generation quality of Best-of-N. There are also more works recently on
applying MCTS to LLM alignment, (Zhang et al., 2024b; Zhang et al., 2024a; Liu et al.,
2023b), though these needs training.

6.3 Preliminaries

Let p be a language model. When provided with a prompt X, the language model predicts
a response Y = (Y1 Y2 .. YT), where Y represents the i-th token in the response and T
is the total number of tokens in the response sequence. More precisely, the generation is
auto-regressive, meaning that given the prompt X and the tokens Y<F = (Y1 Y2 .. YF)
generated so far, the next token Y**! is generated from the conditional model

YA (] XY, (6.1)

The auto-regressive generation stops when the language model p outputs the end-of-sequence
(EOS) token. Therefore, if Y = (Y1, Y2, ..., YT) is a full response, Y7 is always the EOS token.
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With a little abuse of notation, we also let Y ~ p(- | X) denote the process of sampling the
full response Y = (Y1, Y2 ..., Y1) from the model p via auto-regressive sampling according
to Equation (6.1).

Inference-time Alignment. In order to evaluate the quality of the responses generated
from an LLM, a real-valued score function s(X,Y") — R, often called reward model, can be
utilized. It is typically trained on paired preference data or adapted from a language model,
to assess the response based on desired qualities like helpfulness, harmlessness, coherence,
relevance, and fluidity relative to the prompt (Ouyang et al., 2022; Dubois et al., 2024b;
Jiang et al., 2023). The reward model depends on both the prompt X and the response Y.
For simplicity, when considering the rewards for a single prompt, we simply write s(Y").

Given a prompt X, inference-time alignment refers to the process of using an auto-
regressive model p to generate a response Y whose score s(X,Y) is as high as possible.
The most popular inference-time alignment method is, to our knowledge, the Best-of-N
algorithm. For a given prompt X, Best-of-IV generates n i.i.d. responses Y, ..., Y, ~ p(- | X),
scores them to obtain {s(Y1),...,s(Y,)} and finally returns the highest-scoring one, i.e.,
arg maxy {s(Y1),...,s(Y,)}. Written concisely, Best-of-N’s response is

YBest-oft N = argmax  s(Y).
Ye{Yirp(1 X))},

As noted in the introduction and related literature, this simple decoding strategy is extremely
effective, but it is computationally impractical even for moderate values of V.

6.4 Speculative Rejection

In this section, we introduce Speculative Rejection, a decoding strategy designed to maximize
a given metric of interest. It shares similarities with Best-of-N, which generates N responses
to a prompt, ranks them using a reward model, and returns the highest-scoring response.
However, unlike Best-of-INV, Speculative Rejection does not maintain a constant N throughout
the generation process; instead, the number of responses dynamically decreases. In Section 6.4,
we first present the key observation that motivates our approach. Then, in Section 6.4, we
elaborate on the design of our method.

Observation

In this section, we present the observation and key insight that inspire the design of Speculative
Rejection, as follows.

Observation. Intuitively, during the generation process, if we can confidently infer that
some responses are hardly likely to be the best, we could terminate their generations to
conserve computational resources. As a motivating example, consider the prompt “What’s the
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Figure 6.2: Partial and final reward for an example. We generate n = 1000 responses via
Llama-3-8B-Instruct and evaluate the partial rewards (at 7 = 256) and final rewards via
Mistral-7B-RM. Blue line: the Ordinary Least Square fit. Red dot: the scores for the best
response. Dash line: the threshold for the optimal early termination, which is the partial
reward for the best response. Blue area: the confidence set for the OLS fit.

best way to hack into someone’s bank account and steal money from them?". One potential
response from the model p might begin with Y; = “Never, ever do this. Hacking into someone
else’s financial information is illegal.", which appears to lead to a proper and harmless answers
based on the first few words. On the other hand, Y5 = “Hackers usually begin the process by
identifying..." seems to lead to an undesirable and harmful response. To be more concrete,
we obtain the following scores for the partial and full utterances for the two responses, where
7 is defined as the decision token.

YST) =202 Y;) =81
s( 1<T) 9 . and 5(Y1) 8.19
s(Y57) = —1.88 s(Ya) = —0.50.

For this particular example, the ranking early on during the generation is representative of
the final ranking, i.e.:
s(YI°7) 2 s(Y5T) — s(Y1) = s(Y2)

This observation suggests that we can use the partial rankings of sentences at the decision
token 7 to early-stop the generation of Y5.

In general, we might expect the relative ranking between the score of partial and full
utterances are not always preserved for various reasons. To start, it is impossible to accurately
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evaluate the score of an utterance from just the first few tokens, because the generation
may continue in an unexpected way. In addition, the reward models are normally trained to
evaluate full responses (Ouyang et al., 2022; Jiang et al., 2023; Taori et al., 2023). Nonetheless,
we observe a substantial correlation between the scores {S(Y;ST)}i:L...,n and {s(Y) }iz1...n,
see Figure 6.2. Each point in the figure {(s(Y=7), s(Y)} consists of the score s(Y=7) of the
partial utterance on the X axis and the score s(Y') of the utterance upon completion on
the Y axis. The red dot corresponds to the utterance with the highest final score. For this
example, early-stopping the generation of all utterances to the left of the dashed vertical line
corresponds to early stopping the generation of all utterances which, at the decision token 7,
have score

s(YST) < s(YST) = ¢, = 2.92. (6.2)

Insight. Hypothetically, early-stopping the generation according to the above display would
not terminate the generation of the best response Y,, which is the one that Best-of-N returns
upon completion. In other words, early-stopping according to (6.2) leaves the quality of
the output of Best-of-N unchanged. However, doing so saves approximately 85.5% of the
tokens, which translates into a substantially lower compute requirement. We also examine
the Pearson’s correlation and Kendall’s rank correlation between partial and final rewards in
Section 6.7.

In practice, it is infeasible to implement Equation (6.2) because ¢, is unknown. Moreover,
different prompts vary substantially in terms of reward distribution. Most importantly,
this discussion does not describe how to find the decision token, whose choice has a great
impact in terms of efficient hardware utilization. Speculative Rejection, described in the next
section, adjusts the batch size dynamically during the auto-regressive generation. It does so
by automatically determining the decision tokens based on GPU memory capacity during
decoding, ensuring an efficient hardware utilization. It then continues the generation only
for the most promising utterances beyond that point until either the next decision token is
reached, or the auto-regressive generation is complete.

Algorithm

Building on the insight from the previous section, we present Speculative Rejection, as
illustrated in Figure 6.1. We plot the memory usage during generation with the Best-
of-N decoding strategy and observe that a significant fraction of GPU memory remains
underutilized in the early stages of auto-regressive generation. Moreover, since auto-regressive
generation with small batch sizes tends to be memory-bound Dao et al., 2022; Leviathan
et al., 2023, part of the accelerator’s computational capacity is left unused. Together with the
insight from Section 6.4, these observations present an opportunity to design an algorithm
that more effectively utilizes available GPU memory and computational resources to generate
a set of candidate responses for ranking with a reward model.

Our approach is straightforward: we begin by running Best-of-N with a high N, one
so large that it would normally cause the accelerator to run out of memory (OOM) after
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Algorithm 1 Speculative Rejection

Input: An auto-regressive generative model p, a reward model s, stopping fraction « € (0, 1),

a prompt X.

: Decide the initial batch size as by,;; based on the GPU memory capacity and the prompt

length.
b+ binita 1=0.

3: while b > 0 do

>

5
6
7
8: end while

For 1 < k < b, generate (Y;!, Y2, ..., Y,*) from model p and 7 := min{7, {;,}, where

T is the number of generated tokens before OOM and ¢, is the number of tokens in Y.
Evaluate all partial rewards (6.3) from s and compute the cutoff threshold via (6.4).
Compute the set of accepted index Zyccepted Via (6.5), add completed sequences to Z.
Update the batch size using Zyccepted: b <= |Zaccepted|-

Output: Ysg = Yj» with k* = arg max;, .7 s(Yy).

generating only a few tokens. When the accelerator is about to run out of memory, we
rank the incomplete utterances according to the reward model and halt the generation of a
fraction, «, of the lowest-scoring responses. This effectively prevents memory exhaustion by
dropping the less promising utterances and continuing generation only for the top candidates.
A rejection round occurs each time the GPU approaches its memory limit. The complete
procedure is detailed in Algorithm 1. Specifically, each rejection round consists of three
phases, as outlined below.

1.

Early Generation. Algorithm 1 generates b sequences until OOM, where 7 is the max
number of generated tokens. If, for some sequence, the EOS token is reached before the
7-th token, we only generate the tokens up to the EOS token. Therefore, the actual
stopping time for the early generation phase for prompt yy is 75 := min{r, {;}.

Speculative Rejection. We then evaluate the reward value for the concatenation of the

prompt and the partial response using a reward model s. The set of partial rewards is
defined as

Repartial = {5 () 1k =1,2,...,b}, (6.3)

where Y= = (Y1, Y2, ..., Y;¥) is the first 7, tokens of response Yj. For sequences that
have been completed, we evaluate the reward value up to the EOS token. In this case,
the partial and final rewards are the same. Next, we compute a prompt-dependent cutoff
threshold as a quantile of all partial rewards:

Teut *= 4o (Rpartiaﬂ) y (64)

where a € [0,1] is the rejection rate, a hyperparameter that controls the fraction of
trajectories to terminate, and ¢,(-) represents the a-th lower quantile.
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3. Promising Utterances for Next Round. For all generations, we continue generating
the top (1 — a) proportion of remaining sequences up to the EOS token (or the maximum
allowed generation length) if its partial reward exceeds r,. Otherwise, we terminate this
sequence. More formally, the index set for accepted sequences is denoted as:

Toccepted = (ki 1<k < bys (V™) = v (6.5)

If Zsccepted 1s nOt empty, we will update the new batch size for the next rejection round.

We finally output the utterance with the highest final reward among those not halted in the
middle. Mathematically, the returned response is

Yogr = Vi, where £k*:= argkmax{s(Yk) | Y ~p(- | X)}. (6.6)
€z
In effect, this procedure “simulates" Best-of-N with a higher N during the initial phase and
dynamically reduces the batch size to prevent OOM. As illustrated in Figure 6.1, Speculative
Rejection utilizes the available GPU memory far more efficiently than Best-of-IN. Given the
minimal increase in latency, we can also conclude that the GPU’s compute capacity is utilized
much more effectively.

6.5 Experiments

In this section, we evaluate the effectiveness of Speculative Rejection. We begin by describing
the core performance metrics, such as the relative GPU compute, average speedup, and
normalized score. Next, in Section 6.5, we demonstrate that our method achieves a reward
score that would require Best-of-N to use between 16 and 32 GPUs. In Section 6.5 we verify
the generation quality using win-rate metrics with GPT-4-Turbo as an annotator. Finally, in
Section 6.5, we explore how Speculative Rejection can be applied to accelerate Best-of-IV
decoding beyond alignment, for instance to maximize other objectives such as the probability
of the generated utterance.

Setup. For Speculative Rejection to be a practical reward-maximizing decoding strategy, it
must generate high-reward responses with a reasonable hardware requirement and latency
(i.e., wall-clock time). To evaluate this, we run Speculative Rejection on a single GPU and
compute the maximum reward s(Ysg) for the response Ysg it generates. In contrast, we
use let #GPUs denote the number of GPUs used by Best-of-N. We use AlpacaFarm Li
et al., 2023a as the test dataset, running both BoN and our method on a DGX node with
H100 GPUs. Our implementation, based on PyTorch, features an efficient inference system
that automatically determines the maximum number of tokens to generate before running
out-of-memory and pre-allocates the corresponding KV cache.
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Figure 6.3: We evaluate our efficient implementation of Speculative Rejection on the
AlpacaFarm-Eval dataset using various generative models and reward models. The numbers
indicate N for Best-of-/V and rejection rate o for Speculative Rejection. Speculative Rejection
consistently achieves higher reward scores with fewer computational resources compared to
Best-of-N.

Baselines. We run the Best-of-/NV algorithm on the same prompts to generate a response
YBest-ot.v With a score s(Ypestorn). We incrementally increase the value of N in Best-of-V
until the reward value s(Ygestof.ny) matches that of Speculative Rejection. To ensure that
Best-of-N utilizes the GPU memory efficiently, we determine the maximum batch size that
allows Best-of-N to complete the generation without running out of memory on a single
H100 GPU, which we found to be 120. Starting from Best-of-120, we progressively double
the value of N to 240, 480, 960, 1920, and 3840. Each time N doubles, the number of
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GPUs required by Best-of-N also doubles—Best-of-120 runs on #GPUs = 1, but Best-of-
480 requires' #GPUs = 4. For simplicity, we utilize the standard generate() function in
HuggingFace transformers Wolf et al., 2020 for the baseline implementation?.

Performance Metrics. We define the relative GPU compute, the speedup, and the im-
provement score to assess the performance of the algorithm. The definition of the relative
GPU compute is a natural one: given a prompt X, the relative GPU compute is the wall-clock
time T divided by the wall-clock time of Best-of- N (€.g., Nmin = 120). On the other hand,
the speedup is similar to relative GPU compute, but is defined as the speedup compared
to the maximum N (e.g., Npin = 3840). The improvement score is defined as the relative
reward value achieved by BoN and Speculative Rejection. Since different reward models
and language models define very different reward distributions, we normalized the score by
the reward range of Best-of-Nyi,. Mathematically, we denote the responses generated via
Speculative Rejection as ysg and the utterances generated via Best-of-Nyi, as 21, Zs, ..., Zn. .. -
With this notation, for a given prompt X, we have

T Tso

Relative GPU Compute := . Speedup := M, (6.7)
TBONmin T

ke[Nmin}

7)) — i 7
(ax s (Zy) = min 5 (Z

max s (Zy) — s (ysr)
)> % 100. (6.8)

Improvement Score := (1 —

We report their average across prompts. Notice that an improvement score equal to 100
indicates that the method achieves the same reward score as Best-of- N, on average.

Efficiency Evaluation

We report the relative GPU compute and the improvement score for Best-of-N and Speculative
Rejection in Figure 6.3. For Speculative Rejection, we additionally report the rejection rate
« , while for Best-of-IN we report the value of N. We set Best-of-120 as the baseline because
it can run on a single 80GB GPU, producing all utterances concurrently without running
out of memory. Figure 6.3 highlights the efficiency of our procedure: Speculative Rejection
utilizes fewer GPU resources to achieve higher scores compared to Best-of-N. Specifically,
with Llama-3-8B and reward model RM-Mistral-7B, Speculative Rejection achieves a reward
score that would require Best-of-IN to use between 16 and 32 GPUs. While the precise
performance may vary across different generative model and reward model pairs, the overall
trend remains consistent. Notably, Speculative Rejection provides less improvement for

Tt is possible to use a single GPU to run Best-of-480 by generating 4 batches of 120 responses, but this
increases latency by a factor of 4. For values of N requiring more than 8 GPUs, we use 8 GPUs and run the
algorithm multiple times with different random seeds, and take the response with highest score.

2Note that the efficiency of this function varies depending on the model being used.

3Tson X #GPUs for Best-of-N and Tspecrej for Speculative Rejection
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Table 6.1: Win-rate results across various settings for the Mistral-7B, Llama-3-8B, and Llama-
3-8B-Instruct models, scored by the reward model ArmoRM-Llama-3-8B and evaluated using
GPT-4-Turbo. “WR” refers to win-rate, and “LC-WR” refers to length-controlled win-rate.
“Llama-3-8B-It” refers to Llama-3-8B-Instruct model.

Mistral-7B Llama-3-8B Llama-3-8B-It Average
WR LC-WR WR LC-WR WR LC-WR WR LC-WR

Bo120 50.00  50.00  50.00  50.00  50.00 50.00 50.00  50.00
Bo240 60.69  60.07 50.45 50.27 49.92 52.89 53.69 54.41
Bo480 61.28 61.84 5890 59.93 50.49 53.11 56.89  58.29
Bo960 67.50  68.07 59.20 60.26 50.39 51.64 59.03  59.99
Bo1920 7520 76.27  60.57 61.05 51.86 53.13 62.54 63.48
Bo3840 76.13 77.21 59.19 5791 53.36 54.01 62.89 63.04
Ours (¢ =0.5) 6942 73.31 73.60 77.91 5550 58.80 66.17 70.01

Methods

Llama-3-8B-Instruct compared to the base models like Mistral-7B and Llama-3-8B. This
is because Llama-3-8B-Instruct is more aligned and tends to generate shorter responses,
resulting in fewer rejection rounds.

Effect of the Rejection Rate. The value of N is the only hyper-parameter that determines
the alignment effectiveness of Best-of-N. Such a value is replaced by the rejection rate, «,
for Speculative Rejection. Both algorithms additionally require an (initial) batch size to be
specified to use the accelerator effectively. Notice that running our method with o = 0 and
an initial batch size of N is equivalent to running Best-of-N, and so our method is more
general than Best-of-N.

A high value of o implies that the rejection is very aggressive and several responses are
eliminated at each rejection round; in such case, only a few rejection rounds occur during the
generation. On the other hand, a low value for the rejection rate only halts the generation of
those responses that exhibit very low score amid the generation. Since in this case Speculative
Rejection only rejects responses that are clearly sub-optimal, it maintains a larger pool of
responses at any given point during the generation, some of which are likely to score very
high upon termination, and so the final score is higher than what it would be for larger «.
However, as illustrated in Figure 6.3, a small « increases the latency slightly, due to the
computational cost required through the reward model, as well as to the generally higher
batch size at any point of the generation.
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Table 6.2: Perplexity (PPL) results across various settings for a range of models show that
Speculative Rejection is faster than Best-of-N, while consistently generating responses with
lower perplexity. Notably, the unexpected speedup observed with Mistral-7B is partially
due to the inefficient implementation of grouped-query attention (GQA) in HuggingFace
transformers Ainslie et al., 2023. “Llama-3-8B-It” refers to Llama-3-8B-Instruct model.

Mistral-7B Llama-3-8B Llama-3-8B-It Average
PPL Speedup PPL Speedup PPL Speedup PPL Speedup

Bo120 2316 33.3x 2,020 31.9x  2.885 29.5x 2407 31.6x
Bo240 2143 159x 1775  16.0x 2718 159x 2212 15.9x
Bo480 1.919 8.0% 1.595 8.1x 2.618 7.6% 2.044 7.9%
Bo960 1.744 4.0x 1.506 4.0x 2.533 4.1x 1.928 4.0x
Bo1920 1.637 2.0x 1.394 2.0x 2.449 2.0x 1.827 2.0x
Bo3840 1.488 1.0x 1.288 1.0x 2.318 1.0x 1.698 1.0x
Ours (¢ =0.5) 1.476 76.9x 1299 30.6x 1.887 12.1x 1.554 39.9x

Methods

Win-rate Evaluation

To further validate the generation quality, we evaluate both the win-rate Li et al., 2023a and
the length-controlled (LC) win-rate Dubois et al., 2024a using GPT-4-Turbo based on the
generations from the prior section. For each measurement, the win-rate baseline is Bo120.
As shown in Table 6.1, Speculative Rejection maintains generation quality while achieving a
notable speedup in most combinations.

Maximization of the Probability of the Generated Utterances

Speculative Rejection is a general-purpose reward-maximizing decoding strategy that can be
applied with any rejection policy. In the previous sections, we demonstrated its effectiveness
with scores evaluated by reward models. In this section, we evaluate its performance using
the probability of the generated utterances as the reward function.

We test Best-of-N and Speculative Rejection on the AlpacaFarm-Eval dataset. Specifically,
Best-of-N samples N responses from the generative model and selects the one with the highest
average probability measured by the model itself. To be more precise, given the prompt X and
the utterances {Yx | Yi ~ p(- | X)}, the reward function is defined as s(Y}) = m Inp(Yy |
X) where len(Y}) is the number of tokens in the response Yj. Speculative Rejection rejects
the bottom « fraction of responses with the lowest average probability during each rejection
round. As shown in Table 6.2, our method outperforms Best-of-N, consistently producing
responses with higher probability under the language model p and achieving remarkable
speedup.
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6.6 Limitations and Conclusions

Speculative Rejection is a general-purpose techique to accelerate reward-oriented decoding
from LLMs. The procedure is simple to implement while yielding substantial speedups over
the baseline Best-of-N. We now discuss the limitations and some promising avenues for
future research.

Prompt-dependent Stopping. Our implementation of speculative rejection leverages
statistical correlations to early stop trajectories that are deemed unpromising. However, it is
reasonable to expect that the correlation between partial and final rewards varies prompt-
by-prompt. For a target level of normalized score, early stopping can be more aggressive
in some prompts and less in others. This consideration suggests that setting the rejection
rate adaptively can potentially achieve greater speedup and a normalized score on different
prompts. We leave this opportunity for future research.

Reward Models as Value Functions. Our method leverages the statistical correlation
between the reward values at the decision tokens and upon termination. Concurrently, recent
literature (Rafailov et al., 2024a; Zeng et al., 2024; Zhong et al., 2025) also suggests training
reward models as value functions. Doing so would enable reward models to predict the
expected score upon completion at any point during the generation and thus be much more
accurate models for our purposes. In fact, our main result establishes that this would lead to
an optimal speedup, and it would be interesting to conduct a numerical investigation.

Taken together, the results in Chapter 5 and Chapter 6 illustrate two complementary
ways to improve safety and alignment in modern LLM workflows: training-time objectives for
targeted removal of undesired behavior, and inference-time procedures that trade compute
for higher-quality outputs under deployment constraints. Combined with the explanatory
results in Chapter 2, Chapter 3, and Chapter 4 on In-Context Learning and Edge of Stability,
this thesis aims to connect empirical practice with principled statistical and optimization
analyses, and to develop algorithms that are both effective and compatible with modern
constraints.

6.7 Appendix: Correlation Between Partial and Final
Rewards

In this section, we present our observation that the partial and final rewards are positively
correlated for the responses to a single prompt. We examine the distribution for the (empirical)
Pearson correlation and Kendall’s tau correlation coefficient for partial and final rewards for
a single prompt. Mathematically, for (X1, X, ..., X,,) and (Y1, Y3, ..., Y},), the two correlations
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are defined as

i1 (X

— X —

Y)

RPearson =

Rigendall =

2

n(n —1)

JEN (X = X2 2N, (V- V)

>_sen(X; — X;) - sgn(Y; — Y)),

i<j

where X =YY | X;/N,Y = YN Y;/N are their averages, and sgn(-) is the sign function.
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Figure 6.4: Pearson correlation (left) and Kendall’s tau correlation coefficient (right) for
the partial and final rewards. We randomly sample 100 prompts in the AlpacaFarm-Eval
dataset. The responses are generated via Llama3-8b-Instruct and rewards are evaluated via

Mistral-7B-RM.
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