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Abstract

Semiclassical Approximations in
Chemical Dynamics

by
Xiong Sun

Doctor of Philosophy in Chemistry
University of California at Berkeley
Professor William H. Miller, Chafr

The semiclassical (SC) approximation is a fundamental topic in theoretical physics
that connects quantum mechanics with classical mechanics. In the field of chemical dynam-
ics, it has been envisioned as a valuable calculational tool that combines quantum effects
with classical trajectories. However, in spite of these efforts, SC approximations have be-
come practical only very recently. In this thesis, we further develop these semiclassical
theories for applications in the dynamics of multidimensional systems. Specifically, we
are interested in the semiclassical initial value representation (SC-IVR) and the possible
approximations to it. Several applications are presented utilizing these methodologies.

On the topic of rigorous semiclassical theory, we explore a number of different
SC-IVR’s that are becoming useful as theoretical tools. In the process, we present a new
derivatién of the popular coherent state IVR that is conceptually simple in its approach.
Numerical calculation of these IVR expressions are usually difficult, and for this purpose,

- the stationary phase Monte Carlo technique is seen to be an effective approach. Combining
these ideas, the calculation of HCI dimer spectrum is offered as a nontrivial example that
demonstrates the power of the SC-IVR.

It is also interesting to explore further approximations to the SC-IVR. To this
end, we introduce the “linearized approximation” for correlation functions and apply it,
in several ways, to complex systems with many degrees of freedom. We find that the
result is a classical like expression which neglects interference effects completely. We also
conjecture that the interference and coherence effects in complex systems may be negligible

and therefore the linearized approximation can be useful. In order to retain these quantum



mechanical eﬁeéts in correlation functions, we introducé the forward-backward IVR that
teduces the oscillatory behavior to a minimum.

For the applications of these ideas to chemical problems, we focus on the topics
of electronically nonadiabatic dynamics and the thermal rate constant. For electronically
_ nonadiabatic dynamics, we present a new theoretical model that is exact if treated quan-
tum mechanically, but has well defined semiclassical and classical limits. The SC-IVR and
linearized approximation are applied to this model and excellent results are seen. For the
thermal rate constant, we also apply the rigorous SC-IVR as well as the more approximate
linearized version. We find that for a reaction in the condensed phase, the linearized ap-
proximation obtains excellent results for the rate and thus confirming our earlier conjecture
about the disappearance of quantum interference in these systems. When quantum mechan-
ical effects are important howevér, full SC-IVR must be used; and the forward-backward

IVR is seen to capture these quantum effects efficiently.
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Chapter 1

Introduction

When applying the basic principles of quantum mechanics to physical processes,
three approximations are usually made: perturbation technidues where successive approxi-
mations of a quantity is made by starting with a more solvable model; variational principle
gives an estimate of a quantity with a trial (or guessed) solution; semiclassical approzima-
tions where wavefunctions, energy levels, transition and scattering amplitudes — eésentially
all quantities of interest — are expressed in terms of quantities occurring in the correspond-
ing classical problem plus the parameter A. The last of these approximate methods applied
to chemical dynamics is the subject of this thesis.

Semiclassical (SC) approximation is an example of asymptotic approximation, re-
ferring to the fact that the method is valid when the ratio of classical actions in the problem
to h is large. (Although, in general, quantum mechanical quantities cannot be trivially writ-
ten as a power series in hi.) It needs to be emphasized that this'is essentially every situation
in chemical dynamics where the smallest particle one usually encounter is the hydrbgen
atom; given that the action is proportional to the square root of the mass, tilis ratio is
on the order of 40. We therefore find that semiclassical approximation is undoubtly valid
for most problems. In addition, bécause the semiclassical approximation is also exact for
Hamiltonians that are at most quadratic (harmonic) in position and momentum, we find
that short time dynamics of systems that are not harmonic is also modeled well. Clearly,
the accuracy of semiclassical mechanics in chemistry makes it very attractive. For the peda-
gogical side of theorists, semiclassical mechanics also offers an enormous intellectual appeal.
It answers, in part, the question from the earliest days of quantum mechanics: how does the.

quantum mechanical behavior of the microscopic world translate to the classical-like New-
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tonian world of everyday life? This question which touches the most fundamental notions

of physics is still one of the main motivations for studying semiclassical mechanics.

1.1 Historical Overview

1.1.1 Semiclassical Limit of Quantum Mechanics

The earliest example of semiclassical theory is the Wentzel-Kramers-Brillouin! ™

(WKB) approximation for the quantum wavefunction in one dimension. The WKB wave-
function is expressed as

1 . .
"f/‘(l‘) x e:l:zR(z,E)/h:tm/4, (1.1)
zi: +p(z)

where the momentum, p(z), is

p(z) = \/2m(E — V(z)), (1.2)

and V(z) is the potential energy as a function of the coordinate. The classical action,
R(z, E), is
T
Rz, B) = [ pla)da, (1.3)

where the lower limit of the integral is arbitrary. The + in Eq. (1.1) refers to trajectories
traveling to the left and right direction and the phase factor 7/4 is the result of the famous
WKB connection formula. The WKB wavefunction can be analytically continued into the
classical forbidden region by replacing p(z) with i|p(z)|. And, by imposing proper boundary
conditions on the wavefunction, i.e., exponentially vanishing in the classically forbidden
regions, one arrives at the Bohr-Sommerfeld® semiclassical quantization condition that the

eigenenergies of the quantum Hamiltonian can be approximated by inverting the equation

h (n + %) _ /: J2m(E — V (z))ds = /: p(z)de (1.4)

where z. and z are the classical turning points of the bound motion in the potential
V(z). The curious fact of WKB is, though this procedure of finding the eigenvalues is
approximate, it gives the correct result for virtually every exactly solvable case.

The multidimensional generalization of the WKB wavefunction has a similar form

Y(a) o )

1
2 7 .
aé%q(ng)‘ ot R(A.B)/h+id; | (1.5)
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In classical phase space, R(q, F) is a multi-valued function of q and the summation over j
is the sum over these multiple points. For an extensive discussion of the semiclassical wave-
function, the reader can refer to articles by Berry et al.® Multidimensional generalization
of the Bohr-Sommerfeld quantization condition of Eq. (1.4) is also possible by analogy for
classically integrable systems (i.e., an F' dimensional system with F' conserved actions), the
result is referred to as the EBK quantization condition” after Einstein-Brillouin-Keller.
For the study of dynamical processes, however, one is invariably interested in the
quantum mechanical propagator, e~iHt/h The knowledge of the propagator is equivalent
to having solved the time-dependent Shrédinger equation, and the time evolution of a
quantum system is thus determined. The semiclassical approximation to the propagator
was conjectured very early on by Van Vleck.? By studying the form of the propagator for

the free particle, he proposed that in general, the propagator might be written as

1
8%8;(a2, 1) \|? (o . \— £ iS;(qzian,t)/h
det (—m— (27T’Lh) ?6 J y

K(az,qu,t) = (qale M q) = 3
. j

(1.6)
where the summation is over all the classical trajectories that starts from q; and end at q2
~in time ¢. The function S(q,qi,t) is the Hamilton’s principle function

a2 t

S(azant)= [ plada ~ [ Hla(r),p(r)ir (17)
Clearly, this quantity is related to the action defined in Eq. (1.3) by a Legendre transfor-
mation, but to confuse the terminology here, we will refer to this function as the action as
well from here on. The guessed approximation for the propagator in Eq. (1.6) turns out
to be almost correct. Gutzwiller? and others!%™1? were able to make the connection to this
formula by starting with Feynman’s path integral representation of the propagator, and by
carrying out an asymptotic or stationary phase analysis (SPA) of the path integral, they

discovered that there is an extra phase in the propagator,

K(q2,q1at) = }:

J

1
2 . |
det [~ 5@ AN \* o -8 5,z an 6 /miny, 2 (1.8)
dqz0a ’

where v; is an integer that increments when the determinant prefactor changes sign. This
phase index is frequently referred to as the Maslov index,'3™1® after Maslov who showed
that the index arised when one encounters caustic points in phase space, very much like the

WKB phase across a classical turning point.
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Gutzwiller'23 was the first to examine quantization in a new way. He studied

the level density of a Hamiltonian defined by
g(E) = tr[6(E — H)). (1.9)
The level density operator is related to the propagator via the Greens function,
~ 1 A
0(E-H) = —-=-ImG(E), (1.10)
T
A 1 [ iBt/h —ifit/n
G(E) = .—/ e e , (1.11)
ih 0
for which the semiclassical approximation in Eq. (1.8) can be utilized. The crucial steps
are the stationary phase evaluation of the time integral and the trace integral. After some

ingenious bookkeeping, Gutzwiller arrived at a trace formula that expresses the level density

as a sum over the periodic orbits,

g(E)=g(E)+ 7r_1h Z I cos (ij(_lE) - —%7[) , (1.12)
7 4/|det(m; —TI)|

where G(E) is the classical (Thomas-Fermi) level density coming from contribution from
periodic orbits of zero length, and the summation in the second part is over all traversals
of every periodic orbit at energy E each having period 7;. The matrix m; is the non-trivial
2F -2 x2F —2 part of the monodromy matrix for the jth orbit. Equation (1.12) is referred to
as Gutzwiller’s trace formula. Due to the nature of the approximations (stationary phase
integration) involved, it is really only valid for systems with “isolated” periodic orbits.
This situation occurs when the system is completely chaotic. There is now an enormous
literature on Gutzwiller’s trace formula. Notably, Berry aﬁd Tabor?? was able to derive
'an analogous trace formula for integrable systems, starting from the EBK quantization
condition. Others have proposed uniformized trace formula that have better convergence
properties,25™%7 higher % order corrects have been proposed?® and large number of example
systems have been studied.

The trace formula is certainly one of the most interesting achievements in field of
semiclassical mechanics. For the first time, quantization of a Hamiltonian system is un-
derstood in terms of very mundane classical quantities. The marriage between the particle
picture of classical mechanic‘s and the wave picture of quantum mechanics is almost harmo-
nious. However, the trace formula is not without its problems, mainly due to the fact that

the number of periodic orbits that one need to enumerate can be extremely large; it is also
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far from divergence free; for any realistic multidimensional system such as the most generic
of chemical problems, ﬁndihg all of these periodic orbits is next to impossible.

The development of the trace formula lead to further enrichment of the field. Sim-

ilar arguments have been carried over to examine other semiclassical quantities. Berry?

studied correlations in the energy level statistics of chaotic systems and established connec-
tions with random matrix theory. Berry3® alsc showed that the semiclassical approximation

to the Wigner transformation of the the density operator,

' , A - A .

W(p,q:B) = [ dAae®29/Mq + S35 - )la - 5D, (113)

which is a sum over Wigner transformations of the eigenstates

. ip-Aq/h Aq A
W, B) = [ dAqe™29h S §(E — Bo)a+ Sold)dala— 50, (L14)
n
can be expressed as

W(p,q; E) = [E ~ H(p, @) + _ w;(p,q; E) ~ (L159)

J

where the summation in the second part of the equation is again over all the periodic orbits

at energy F and

F .
wj(p7Q; E) det(rij T 1) CcOS [R]?(iE) — %XT .J- (mj - I) . (mj + I)_1 X+ v
2 f 2Hx) -E] |
(R*|%T - J - ;'c|)§Al{(_h2i:r LJ-%)3 } (1.15b)

where the reader should refer to the original article for an explanation of the various terms.
Eq. (1.15) is termed the scar expansion, confirming Heller’s?! earlier conjecture about the
role of periodic orbits in quantum wavefunctions. If we integrate over the all the phase

space variables, i.e., take a trace, we get the level density

(2x1)F [ dpdaW (p, 45 B) = (), (1.16)

and it is exactly the Gutzwiller’s trace formula of Eq. (1.12). Integrating over momenta
(coordinate) p (q) will also give the coordinate (momentum) wavefunctions of at energy E.
Wilkie and Brumer®233 studied the semiclassical Wigner transform of off-diagnol elements

of the density operator p where pnm = |¢n){(¢m| and thus generalizing Berry’s results.
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1.1.2 Semiclassical Methods in Chemical Dynamics

Chemists have been interested in semiclassical mechanics largely because its prac-

tical utility of describing chemical dynamics, include quantum mechanical effects, with
classical quantities. Early applications include the use of WKB approximation for many
one dimensional systems; spectroscopy of larger molecules at moderate energies was under-
“stood by finding the energy eigenvalues with the EBK quantization condition. In the early
60’s, molecular beam measurements brought the experiments of molecular collision to a new
level of detail, and scattering of molecules with each other became a central topic of study.
~ The scattering matrix, which describes the probability of transition from an in-
coming translation momentum plus internal states to an outgoing momentum with different
internal states, is rigorously defined®* as

Son(E) = lLm  (thy,p|eHot/he=iH=t)/ho=iHol [y, o y (1.17)

t—oo,t/ 9 —00

where Hy is the interaction free Hamiltonian that describes the asymptotic states of the
collisional partners, H is the full Hamiltonian including the interaction and (p, ¥5) [(9', ¥n')]
is the translational plus internal eigenstate of the system before (after) the collision. Clearly,

|p,r) is an eigenstate of Hy, therefore the the task is to evaluate the matrix element
S (B) oc POy plle HEOMp, ), (L.18)

which is again reduced to an evaluation of the propagator matrix element. Miller’s proposal®®

for the S-matrix is to insert in action variables n; 7 of the interaction free Hamiltonian Hp,
Spn (E) o« eiE(t—tl)/h/dnl /dn2¢n'(n2)*(nz,P'|e_m(t_tl)/h|P, n)on(ng) (1.19)

In the asymptotic region, the translational and internal part of the Hamiltonian Hy are
uncoupled, therefore the action for the internal motion is conserved and quantized according
to the EBK quantization condition and the action variable takes on integer (plus a fraction)
values [i.e., ¢p(n;) = d(n; — n)]. Thus, the S-matrix can be approximated as a matrix

element of two sets of classical variables
St (B) m &ECM (! pl| et HEE) /) ), (1.20)

where n (n’) is the EBK quantum number of the ¢, (¢,/) state. (Note that though n is

uncoupled from the translation momentum p in the asymptotic region, it is not uncoupled,
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however, during the collision.) With this identification, application of the semiclassical
propagator expression of Eq. (1.8) is straightforward; and because n and n’, and the
incoming and outgoing momenta, p and p’, are fixed, the S-matrix can eventually be reduced

to the expression

1
2. Uy 2 , )
det (__a R]@SBE/? )) ezR,-(n,n ;E)/ﬁ+1¢j’ (1.21)

Sn,n’(E) =1 Z
' 7

a

where R;(n, n’; E) is the same action function appearing in Eq. (1.5) and the sum is over all
the trajectories that satisfy the boundary conditions. [Since the values of (n,p) and (n’,p’)
are fixed and the initial and final positidns (r and 7’) must be in the asymptotic region, the
only freedom is in choosing variables conjugate to n and n’, i.e., 6 and 0’.]

The semiclassical S-matrix, Eq. (1.21) is just one of the examples of applying the
semiclassical propagator. Miller® also extended these semiclassical ideas to the thermal
rate constants and arrived at the now called instanton (periodic orbits) model for reaction
rates. Heller’” %! and others?2~6 examined more approximate ways of combining quantﬁm
mechanics with classical dynamics such as propagating Wigner distribution functions and
Gaussian wavepackets. All of approaches these have met with some success. All of these
investigations have also added to the conceptual understanding of semiclassical mechanics:
it is now understood (more or less) that all quantum mechanical effects such as interference,
coherence, symmetry selection rules and tunneling can all be qualitatively (if not quanti-
tatively) included in the semiclassical theories o.riginated from the Van Vleck-Gutzwiller
propagator.

These early application of the semiclassical propagator also exposed the difficulty of
evaluating an expression such as Eq. (1.21): one has to find the trajectories that connects
the double ended boundary condition, a task that is typically unpleasant, especially for
chaotic systems. Applications in the past have been mostly restricted to small or model
systems. However, much of the focus in recent years is in reformulating the semiclassical
propagators in a computationally convenient way. The product of this effort is now call
the semiclassical initial value representation (SC-IVR) that has fueled a rebirth of interest
in applying the semiclassical approximation to a wide variety of topics. The theory and
application of the semiclassical initial value representation, and its relationship with classical

mechanics, are the central topics of this thesis.
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1.2 Thesis Outline

The goal of this work has been to further understand the semiclassical theories
as they are applied to the dynamics of chemical systems with increasing complexity. In
particular, we are focused on the semiclassical initial value representation and are interested
to see whether it is useful as a practical tool for approximating quantum mechanical effects.
Because semiclassical theories are asymptotic approximations, there is no one uniquely
correct version, therefore one finds a wide variety approaches each with its own interesting
properties. 1 hope some of this richness reflected in the discussions henceforth.

This thesis is divided into two parts. Part one, which includes chapters two and
three, discusses the methodology of various semiclassical methods. It starts by explaining
the ideas behind the initial value representation and introduces the now ubiquitous coherent
state (Herman-Kluk) propagator. Along the way, a new derivation of the coherent state
propagator is presented. Numerical difficulty of implementing the SC-IVR is discussed along
with the Filinov smoothing method which ameliorate some of these practical problems. At
the end of chapter two, an example application to the HCl dimer is presented. Chapter
three discusses the possible approximations to the SC-IVR and see how one arrives at a
classical-like expression with the linearized approximation. This approximation can also
be applied to the “system-bath” problems by carrying out the linearization procedure only
in the bath degrees of freedom, arriving at the so call mixed semiclassical-classical model.
Lastly, a new way of applying the SC-IVR to the calculation of correlation functions by
evolving classical trajectories forward and backward in time is also presented.

Part two includes chapters four and five which examines the various applications
of these semiclassical methods presented in part one. Specifically, chapter four presents a
new dynamically consistent theory of electronically nonadiabatic dynamics, its semiclassical
and classical limits are also discussed. Chapter five deals with applicatioﬁs involving the

calculation of flux correlation functions and thermal rate constants. Chapter six concludes.



Chapter 2

Semiclassical Initial Value

Representation

2.1 'Introduction

The basic starting point of all semiclassical theories is the Van Vleck-Gutzwiller® 12

propagator

(qele™ 7t/ qy) = 3

J

L
2

(2mih)~ T etSi@uant)/iinv/2 (9 1)

825;(qz,q1;t)
det [ ——L"2 =1~
) ( 9q20q

where the summation is over all the classical trajectories that connect q» with q in time ¢
and S;(qa, qi;t) is the action associated with the jth trajectory as defined in Eq. (1.7). v;
— the Maslov index!37'5 — is an integer that increments whenever the determinant factor
changes sign. It needs to be emphasized that the summation over these different classical
trajectories is the essence of the various quantum mechanical effects: energy quantization,
for example, is the result of an infinite sum over such trajectories; quantum mechanical
interference and coherence effects are direct results from the interference between different
trajectories; tunneling can also be understood as analytically continued interference,3%47~52
etc. Therefore, in-order to include these quantum mechanical effects properly, it is essential
that one faithfully carry out this summation. These facts were understood from very early
on and are the hall marks of this semiclassical theory.

Using the identity® that

0S(qz,q1) :
R A AL 2.2
9, p1 (2.2)
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where p; is the initial momentum of the trajectory, we can rewrite the SC propagator as

3(12)
e (22
op1

To evaluate the matrix element of the propagator therefore involves finding these distinct

1
<q2|e—if1t/h|q1> _ Z 2 (27”;h)_%eiSj(qz,CIl;t)/ﬁ—iﬂu/Z. (2.3)

J

trajectories that connects two coordinates, i.e., if q;(p1,qi) is the trajectory at time ¢, one

needs to find all the p1’s that satisfy the nonlinear equation

q:(P1,q1) = Q2. (2.4)

This is, in general, a highly cumbersome procedure where the only known method of finding
these roots seems to be called the ”shooting method”. In addition, the semiclassical propa-
gator becomes infinite when the determinant of dqy/0p; is zero. This in itself is not always
wrong, for instance, the exact quantum mechanical propagator for the harmonic oscillator
1 ,

(@le M) = || oo { ol + ) os(t) 20l | 29

is in fact infinite at ¢ = nn/w. However, numerically, this is usually a nuisance.
Miller, in 1970,%* noticed that the situation is enormously simplified in the case of

the state-to-state transition probability

(ale™ M) = [ dap [ danpa(an)*(ale™H ar)ps (@)
[ da [ dara(a) @) T

det (@2)
j 8p1

(2min)- F eiSi(aarit)/n-inv/2, (2.6)

where 91 2 are the various wavefunctions of the system and the semiclassical propagator
of Eq. (2.3) is substituted in for the quantum propagator. Standard semiclassical theories
would perform the integral over q; and q2 by SPA and obtain the semiclassical S-matrix
like expression for the state-to-state transition probability. However, instead of proceeding
this way and do all the root searching, one can do the integral over q; and qo exactly and
change the integration variable from qy to p;. Keeping all the Jacobian factor along the
way, i.e., A
det (él—Q) , (2.7)
op1

/quZ")/dpl
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now the state-to-state transition probability is

1
(nle™100) = [ d [ da | ae (G2 )| i~ it e Storaiiner

P1
(2.8)

where q; = q;(p1,q1). By making this variable change, the summation over the various

different classical trajectories in the Van Vleck-Gutzwiller formula is automatically included
since the sum is simply over all the different initial momenta anyway. Indeed, the new
expression, now called the initial value representation (IVR), is exactly the same as the Van
Vleck-Gutzwiller propagator. [Another way of seeing this is that we have effectively made

the following identification for the propagator

l i . .
(qole” P qp) = /dplé(qt - q2) detv(g—sz) ‘2 (27r7:h)”%ezst(PlaQI)/h_l””/2’ (2.9)

and the integral over p; can be carried out exactly to give Eq. (2.3).] Nevertheless, it is

important to recognized that with this extremely simple transformation, we have circum-
evented the difficult root searching problem of Eq. (2.4) and now the expression takes on a
simple phase space average that still retains all the interference/coherence quantum effects
properly. v
This very early example of IVR is the origin of much of today’s activity. The
current definition>> 8! of the IVR differs somewhat from the original one. Instead of working
with the “primitive” IVR of Eq. (2.9), the idea is now to write the propagator as a phasé

space average over classical trajectories as

(@zle™*May) = / dpo / dao A¢(po, qo)e™¢t(Po0)/R, (2.10)

where A;(po,qo) and ¢:(po,qo) are some functions of the trajéctory initial conditions
(Po,qo), and the restriction is if we carried out the integration over these initial condi-
tions by the stationary phase approximation, we must recover the Van Vleck-Gutzwiller
propagator of Eq. (2.3). The meaning of this statement is easily demonstrated with the

following example: consider the identity
(@l /" q1) = [ dpaaslps)(pale= M), (2.1)

where an analogous semiclassical approximation for the matrix element (p2|e‘m t/ "lq;) can

be substituted in,

(p2le/Pqy) = Z

J

—

3 .
(27rih)'f2‘e’51(pz,q1;t)/n

8S;(p2, q1)
det | —-——=23= 207
© ( Op20q;
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~1
det (gg%)i 2 (27”:5)—%eiSj(qt,ql;t)/ﬁ—ipg-qg/ﬁ, (2.12)

- ¥

J
and we Have ignored the Maslov index for the moment. If one then proceeds to do the inte-
gration over py by the stationary phase approximation, one would recover the propagator
of Eq. (2.3); therefore Eq. (2.11) is equivalent to Eq. (2.3) in the SPA. To get it into an
IVR form is then very simple, again changing integration variable from ps to p;, we get

1
det (g_gf) ‘ ’ (2rh) ~FeiSiPrarit)/Atipe(az—ac) /R, (2.13)

(qale~Ft/Mqy) = / dp1

This is another IVR (commonly referred to as a momentum version) that one might use.
The initial value representation is therefore a term that refers to infinite number
of possible expressions that are only asymptotically equivalent to the original semiclassical
formulation of Eq. (2.1). They can differ widely in accuracy and ease of use. Kay, in a series
of well written papers,3* 7 has summarized the basic concepts behind the IVR methodology
and introduced a generalized IVR expression that reduces to the various commonly used
ones. The reader can referred to his articles for further discussion on the subject.
A few words needs to be said about the Maslov index and its relevance to SC-
IVR. Maslov, in his seminal book,!® made a very detailed study of this now famous phase
factor. At these so called caustic points, which are the points where det(dq2/9dp1) is zero,
the semiclassical expression of Eq. (2.1) is singular. However, these caustic points are
not invariant properties of phase space; for instance, in the momentum representation of
Eq. (2.12), these caustic points occur at times where det(0p2/0p;1) = 0. Maslov, taking
advantage of this fact, was able to “connect through” these caustic points with propagators
such as in Eq. (2.12) and found that the phase factor gained is the first' guess one would
make, namely continue the square root of the determinant onto the next branch. This
procedure can ‘be done for other representation of the propagator as well as the initial
value representation.®? In each case, one finds that by continuing the square root of the
pre-exponential determinant onto the next branch, one should have the proper phase in the
exponent. Therefore, from henceforth, we shall omit the phase factor and include it as a

part of the square root of the determinant.
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2.2 Coherent State Propagator

After examining the various different IVR’s, one is left with the impression that
any of these can be useful for approximating the propagator. And, in principle, this is
indeed the case. However, computationally, IVR’s are not equivalent in their convenience
and accuracy. Kay found that the most accurate IVR is the one found by Herman and

Kluk52:%3 based on the coherent state representation:

(Q2l€_im/hlql> = (27F7i)_p/dpo/qu Ci(Po> 90){q2|Peq:) (Poqo|q1 ) eSt(Po:a0)/R (9 145)

where p; = pt(po,qo) and q; = q:(po, qo) are momenta and coordinates of classical trajec-

tories at time ¢ with initial conditions (po,qo) and the coherent state are defined as

1 .
(x|pq> = [—detg)l)] ! e——(x—q)T--;L-(x—q)+%p-(x—q), (2.14b)
w .

where v is, in general, a diagnol matrix. The pre-exponential factor, C;(po,qo), depends

on the coherent state parameters, and if the coherent states at time t is not the same as

the coherent states at time 0, i.e., v # Y0, Ct(Po, Qo) is

1/ 1 _1 _1 L1 1 4 _1 _1
Ci(po,qo) = \/det [5 (’Yt2 MqqY * + % *Mpprg§ — thyf Mgpg + ﬁ’Yt *Mpq7o 2)J>

+ (2.14¢)
where the various F' x F' matrices Mqq, Mqq, etc, are parts of the 2F x 2F monodromy
matrix

M M » 0q/0 0q:/0
M(t) = qq a | _ q:/0q0  Oq:/0po . (2.15)
Mpq Mpp opt/0qo  9pt/Opo :
If vy =v =v- I, C¢(po,qo) reduces to
1 . 1
Ci(po, qo0) = \/det [5 (qu + Mpp — ifiyMgp + ;L;Mpq”- (2.16)

The monodromy matrix is a measure of the distortion of phase space as a function
of time. For instance, at time 0, an infinitesimal phase space volume could simply be a small
cube, but at time ¢, the shape of this phase space volume will no longer be a cube; although
the total volume is still the same as demanded by the Louiville theorem. The expansion and '
contraction of this cube along various coordinates is described by the monodromy matrix.
Because phase space volume is conserved, det[M(t)] = 1 for all times. M is also a simpletic

maftrix, i.e., it satisfies _ .
MIMT =7, _ (2.17)
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where
0 I\ :
J= . (2.18)
-I 0
From these relations, M~! is very easy to find, since J™! = —J = J7, it is simply
M~ =-JMTJ, (2.19)
or :
.Y CAR Y, ¢4 :
M= ( ey i ) (2.20)
~Mpq Mgq

In pratice, the numerical calculation of M is accomplished by differentiating the Hamilton’s
equations with respect to the initial conditions: if we define (q,p) = z (M would then be

0z4/0%¢), then the Hamilton’s equations are

7, =J - oH (2.21)
azt

and the equations of motion for the monodromy matrix is

OH

M(t) =J- 92,07;

(2.22)

The coherent state propagator of Eq. (2.14) has been applied to many different
problems in chemical dynamics including calculations of bound state wavefunctions and
spectrum,®4%5 reactive scattering®® 68 and tunneling,%! etc. In situations where the inte-
gration over initial conditions of trajectories in Eq. (2.14) can be done properly and except
for certain problem potential where deep tunneling occurs,®® the accuracy of this approach
is clearly superior. Essentially all quantum mechanical effects are captured in this model.
Besides its great accuracy, the coherent state IVR has some very appealing propexities that
make the semiclassical applications of it very convenient. First, this propagator is mani-
festly invariant under a canonical transformation that.exchange qo with pg (after one scales
away the vy and £ factors), therefore it is a fully phase space IVR. Second, the distribution
of initial conditions of the trajectories, (poqo|®), is generally localized in pg and qg and
therefore convenient for random sampling of the inital conditions. Third, if v — oo, Eq.
(2.14) reverts to the coordinate IVR of Eq. (2.9); and if ¥ — 0, it becomes the momentum
IVR of Eq. (2.13). Therefore the coherent state IVR can be thought off as an interpolation

between the coordinate and momentum representation.
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In most cases however, dynamical aspect of the problems usually prohibit the
expediant calculations of the integral. This is because the behavior of the integrand in
Eq. (2.14) (and all IVR’s for that matter) is problematic for Monte Carlo methods. The
classical action, which generally increases with time, makes the integrand more and more
oscillatory as time becomes large. The magnitude of the pre-exponential factor Ct(po,qo.)
also increase with time roughly algebraically if the trajectory is regular, exponentially if the
trajectory is chaotic. Thus for large times, we have an integrand that is oscillating rapidly
with a large amplitude, it is difficult for Monte Carlo to average out these oscillations. This
type of behavior is common in any SC-IVR approach where the complex integrands always
cause difficulties in converging the integral. Needless to say, this convergence problem is
the bottleneck for the application of semiclassical methods to large systems. Attempts to
remedy this situation is an active area of research. Below, we shall discuss one of such

attempts with stationary phase Monte Carlo (Filinov) techniques.

2.3 A New Derivation of the Coherent State Propagator

In this section, we present a new derivation of the coherent state propagator using
general semiclassical relations for coherent states. Some of these results can be found in an
article by Weissman,” although the connection to the initial value representation is new.
We begin by considering a linear canonical transformation from (q, p) variables to (“Q, P)
where the new variables are

a=(5) (ﬁq - 7p> (2.23a)

P= (%) (fq+ \/_ ) (2.23b)

These expressions can be written in a matrix form where

()2 (2)-0 (3 ) (2) e

and one can verify that the determinant of A is indeed one. The four generator functions
of the canonical transformation, Fi(q,Q), F2(q,P), F3(p,Q), Fi(p,P) can be computed
with the aid of the relations such as

oF
aq _pa
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g—g = -P, (2.25a)
and they are
Fi(q,Q) = —% [—g—qz (h) va- Q——'hQQ}, (2.262)
Fy(q,P) = %[—%q%(%)%\/‘ P—ﬁPQ} (2.26b)
F(p,Q) = —?[;271h2p2+(%)éh\iﬁp-Q+iQQJ, (2.26¢)
Fy(p,P) = ? [—%%pz— (%) h\i/_ P+ —P2J (2.26d)

In terms of the old canonical variables, one can resubsitute in the definitions for (Q, P),

i.e.,

Q- (%) <\/’7QO - 7P0> (2.27)

P () (v im).

then these generating functions can be re-expressed as

Bo= -2 -Ta- —%(Q'Po—qO'Po/z)‘*‘linz], (2.280)
F, = ?[—%(q—qo) +2(a-Po— a0 Po/2) + 5= lPlz] (2.28b)
B o= G- s a0 po/) - 5IQF] (2280
Fy = g[—271h2(p—po)2—-ﬁ(p-qo—qo~po/2)+%lPl2]- (2.284)

The generating functions, (Fy, Fy, F3, F}), for the inverse transformation where (Q,P) are

the old variables and (q, p) are the new ones have a simple relationship with (Fy, F, F3, Fy),

they are
F| = —F, (2.29a)
Fy = —F3, ‘ (2.29b)
Fj=-F, | (2.29¢)
)

F) = —F,. (2.29d
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The purpose of finding these generating functions is to obtain semiclassical ex-
pressions for complex ampitudes (Qla), (Q|p), (d|P) and (p|P). These types of ampli-
tudes where (Q,P) and (q, p) are connected by canonical transformations are extensively
discussed by Miller.3® However, the application of Miller’s formuli here is not as straight
forward because (Q,P) are .complex variables. In this case, however, we are helped by the

fact that eigenfunctions of the operators (Q,P) where

Q- (gg.f (VA0 700,
P= (%) (\/_QO + 7_130) (2.30)

can be obtained directly. The details of this calculation is in fact trivial, and we have

Q) = (/i) ( ;;g;) g (37 - 5108

= (2) e [-Za- a0 - Ha-po-an-pos2)], (2.312)
( j;ﬁi ) - (37 - 51ar)

= (wrln?) * exp [ 271}32 (p— po)’ + %(p Qo —qo- po/2)], (2.31b)
@P) = (nnji)} ( ;;g“;) p (35— 5 1P)

- (3) Fexp [-Za - a0+ £(apo— a0 - po/2)], (2310)
(olP) = (2nh/i)k ( o ) g (57— 55 1PP)

= (,Ti’,‘ﬁ) ’ exp [ 2 lh2 (p—po)® — %(P qo —9qo- Po/2)] (2.31d)

Al

@Qlp) = (2rh/i)

These ampitudes are commonly referred to as coherent states. One sees their explicit
relationship with classical canonical transformations. The other four possible amplitudes,

(q|Q), (p|Q), (P|q) and (P|p) can also be related to the generator functions but one
sees that these amplitudes are in fact not normalizable (the real part of the exponents are

positive) and therefore are unphysical. Thus the relevant bra and ket here are |P) and (Q)
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and the identity operator in terms of them is
= (2nh)~F [ dpo [ dao IPXQL. (2:32)

With the help of Eq. (2.32), the coherent state representation for the matrix

element of the propagator is
(ele~#"Mqy) = (2nh) 2 [ dpida [ dpodao(alP2)(Qele HM 1) (Qulan),  (2:33)

where

1 1 .
Q= (%) 2 <\/’7QO - 7P0> Q: = (;) 2 (\/’7‘16 - #PB) , o (2.34)
pi= (2)" (v pom).  Pe= (1) (vaab e o).
2 kY 2% hy/y
The quantity we need to evaluate is then the matrix element (Q2|e"f“/ AP;). Many
authors0:39:40,7L,72 hayve studied this quantity semiclassically and the formula is in fact
well known for a long time. Again, the standard semiclassical formula of the Van Vleck-
Gutzwiller form in Eq. (2.3) does not apply because (Q;,P;) are complex numbers. The

3

correct formula™ is the following

1
. . 32G 2
THURM P = det | m2—= [ G—-—— + P :
(Qale |P1) = de <0Q28P1> exp | (1Qa1* + P11, (2.35)
where G is the standard classical generator that correspond to the canonical transformation

of taking P; at time 0 to Q2 at time ¢,
G= / P(r — H[P(r), Q(r)]d7 + Q1 - Py (2.36)

The meaning of Eq. (2.35) is somewhat similar to the Van Vleck-Gutzwiller propagator,
namely one searches for all paths that connects P; with Qo in time ¢. Actually, “all paths”
is not correct, there is always only one path because by specifying P; we have specified
a distinct initial condition (pg,qo) and the subsequent classical trajectory is determined.
Another feature that is different from the standard SC propagator is that if there is no
classical trajectory that connects Py with Qg, the amplitude (Q2(e_im/ hP,) is not zero
because the overlap (Q2|P;) is not zero. [Here, (Q¢, P¢) is the classical trajectory at time
t with initial condition being P;.] This is the point where different authors have different

views. Some”® propose that one really should look for non-classical (complex) trajectories
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that connects P; with Q2, and one can indeed proceed from there. Here, however, we

restrict ourselves with classical paths and simply write the propagator as
(Qele™ /MP1) = (QalP)(Qile™ /" Py)

= det _9G_ %ﬂ [G——(|Q|"’+|P!)<Q |P¢). (2.37)
= 5Q,0P; f ! AT

The meaning of Eq. (2.37) is this: for every Py, we initiate a classical trajectory for which
at time ¢, it becomes (Qq, P;), we then simply multiply the overlap factor (Q2|P;) to obtain
the semiclassical amplitude. With this approximation, the integral over (pp,qg) in Eq.

(2.33) can be done analytically to give

(@sle™ /M) = (2nh)F [ dpodao(aalP:)(Qula)

9*G :
< ao (o0 ) e [hG——(thPHPlI) (239

The final step is to re-express Eq. (2.38) in terms of standard classical varidbles (q,p). For

G in Eq. (2.36), H[P, Q] = H[p, q] and is unchanged; the other part is
/P T)dr+ Q1P = /7q q+ L (pq q - p)dr
1
+2 (vag + tho)

h 1
= u [7(Qt +q}) + —(p} +p3)J

vh
1 .
—5(pt-qt—po~qo)+/p~qd7- - (2.39)
Combining everything, the exponent is
: 2 _ o
26— (1 +PiP) = & [ 4~ HIp(r),a(r)) d7 ~ 5-(p - ac ~ po-ao). (240

The last quantity that needs to be explained is the pre-exponential factor which by using

standard derivative relations is

1 A
9’G \? OP;\ 2
_— == . 2.41
<8Qtapl> (3P1> (241)
0P,/0P is a part of the monodromy matrix m = 9Z;/0Z, where Z = (Q, P), an explicity

formula for which can be obtained using the transformation equation

m=AMA™} | (2.42)
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where A is the matrix appearing in Eq. (2.24) and M is the monodromy matrix in the
(p,q) coordinates. One can verify that [det(BPt/BPl)]% is indeed Cy(pg, qo) of Eq. (2.16).

Pulling everything together, we arrive at the expression
(azlear) = (2a1)7" [ dpodao(aalPi)(@ala)

7 7
x  Ci(po,qo) exp [ﬁst(PO,QO) - ﬁ(pt Q¢ —Po-do)|, (2.43)

which is identical to the Herman-Kluk propagator of Eq. (2.14).

2.4 Stationary Phase Monte Carlo

With the coherent state propagator, applications to different chemical systems is
in principle black box. But, as we have discussed earlier, the actual implementation is
usually unfeasible due to the oscillatory nature of the integrand. This is especially acute
when the dynamics of the system is chaotic. A method of remedying of this problem is
usually term stationary phase Monte Carlo,”*™® although the actual application has been
around for a long time in different contexts. One example that I can think of is the Husumi

distribution function of an operator A which is defined as
An(p,q) = (27h)~F / dp’ / dg'e” 30V ~(p-P)/2aR%) 4 (p' q') = (pq|Alpq), (2.44)

where A, (p, q) is the corresponding Wigner distribution. By integrating the Wigner distri-
bution (which can be oscillatory) with the Gaussian factors, the resulting Husumi function
is less oscillatory. Filinov’® was the first to suggest it for path integral calculations and we
shall frequently term this method as the Filinov transformation also.

We first describe this simple procedure for “smoothing”h and “filtering” an oscilla-

tory integrand with an one dimensional example. Given an integral of the form
I= /dxg(a:)ef(z), (2.45)
where f and g are complex, one can insert in an identity integral
1= [ iy (£) ? (a)ef @5 (2.46)
and expand f(z) around y, usually to the second order,

F@) ~ f) + f @)l - 2) + 57" - 2) (247
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The iﬁtegration over z can now be performed to yield,

3 f'(y)* |
~/dy< — )) g(y) exp [m + )| - o (2.48)

Here, we have set g(z) = g(y) as what is customarily done. It is in principle more correct
if we expanded ¢(z) also, but for SC-IVR applications, this expansion is generally too
cumbersome. In addition to this standard Filinov transformation, one perhaps can also
benefit from a modified version. If one assumes that the second derivative of f is relatively
smooth or constant, we can redefine the Filinov parameter as ¢’ = ¢ — f”(y) and arrive at

the expression

(2.49)

c " % ! 2
Iz/dy (—%) g(y) exp {féz) + f(y)

Notice that the dependence one f” is kept in the pre-exponential factor. Alternatively, the
p Yy

f" can be neglected completely, as Herman” has done, to obtain

] 2
I /dyg(y) exp ‘[f ) + f(y)

5 (2.50)

It is apparent from these equations that in the limit of ¢ = oo, we recover the origihal
integral of Eq. 2.45. Thus, the Filinov parameter cannot be too large or we are confronted
with the same oscillatory integral as before. However, it is important to have a sufﬁciently'
large c for several reasons. First, in the large ¢ limit, the second order expansion is more
accurate. Second, it is clear that the real part of the factor f'(y)%/(c — f"(y)) must be
negative or otherwise positive but small. A large ¢ will prevent the integrand from becoming
exponentially large. Thus, one expects the answer to be optimal for certain large values of ‘
c. We also desire that the integral becomes independent of ¢ for a range of different values
and within this range is the optimal value.

The Filinov transformation can now be applied to the semiclassical IVR methods
with the hope that the transformed integrand will be better behaved numerically. There is
however a great amount of flexibility and ambiguity in applying the Filinov transformation
for the following reasons: 1) there are many versions of IVR’s that one can begin with, 2)
one can apply the Filinov transformation to the integration of initial momentum or initial
position or both, 3) it is not trivial to identify the functions f and g. In principle, g should
be a smooth function and f is the Log of the rapidly changiné part. The choice for most
of the applications so far seems to be f = iS(p,q)/%h or f = iS(p,q)/h plus phase factors



22 CHAPTER 2. SEMICLASSICAL INITIAL VALUE REPRESENTATION

from the wavefunction, the rest is set to g. However, this choice certainly does not leave
g a smooth function of the initial conditions. In fact, for chaotic systems, this factor is a
highly irregular function. Nevertheless, this choice of f and g is analytically tractable and
thus is adopted.

If f = iS(q,p)/h, we need to have the expansion to the second order for the
classical action. Expanding around (¢, p’), and defining 6q = q — q’, dp = p — p’, we have

oS N 1 928
S(q,p) = S(q/7pl)+8—q,'5Q+BY)7'5P+55(1"8“(—1@‘(1—,'5(1 (2.51)
1 9%S 1 028 1 928

25q- —22 . 5p + —6p - Sd + =6p - —2 . $p.
2% gap P 2P Gpaq 4T 2P Gpap P

The first derivatives of the action are

a5
o = p'?-qu—p', (2.52a)
oS
i = p'7 - Mgp, (2.52b)

and the second derivatives are approximately,

52% - % +Mgq = Mpq - Mg, (2.53a)
_3—183—’2% N g—g% ‘Mgq = I=Mg,  Mgq - L, (2.53b)
% - g_zg Mgp = ng - Mgp, (2.53¢c)
% = Z_I:f Mgp = Mf;p - Mgp, (2.53d)

where we have followed the convention of neglecting terms such as

;- ag/[—q',‘q- (2.54)
The reason for doing this is often attributed to the fact that in the harmonic case, these
terms vanish, but it is also for convenience because if these terms are kept, they will require
a calculational effort that scales as the cube of the number of degrees of freedom. However,
since the second derivatives of the action are symmetric matrices, one needs to artificially
impose the symmetric condition by taking an average of these matrices with their transpose,
ie.,
9’5 1

T T
W — E(Mpq . qu + qu . Mpq)a (255)
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and so on.
Another choice for the function f is to include the phase factors from the wavefunc-
tions. To illustrate this, the most convenient case is when the wavefunction is a coherent

state, i.e.,

$(x) = (1) T —ix-a)P+ip(x—a) (2.56)

T
Since the phase factors coming from the coherent state are explicitly quadratic in (q, p),

we simply have to expand the trajectories to first order to obtain the second derivatives,

namely

q:(q, p) = qt(q', p’) + Mqq - 6q + Mgp - 0P, (2.57a)

 pi(q,p) = pi(d,p’) + Mpq - 6q + Mpp, - 0p. (2.57b)

This is the so called linearized dynamics. For other forms of the wavefunction, the expansion

in Eq. (2.57) is also possible, but general analytic formuli are not usually feasible.

2.4.1 Filinov Transformation on the Herman-Kluk IVR

Given these different ways of implementing the Filinov transformation, one is left
with no choice but to try them all. And, we have performed an extensive study of the
various possibilities by applying it to different IVR’s [such as Eq. (2:9) and (2.13)] with
different choices for f and g. The short of the story is that the most effective of thesé is
when the Filinov transformation is performed on both (q, p) for the coherent state IVR of
Eq. (2.14). Walton and Manolopoulos®* first suggested this approach.

Starting with the expression for the transition probability,
(gole /M gr) = (27h)~F / dpodqy Ci(po, go)e**(%Po)/

) _ a2
« o F@0-ai)+ g (a0—a0) (potp:)~ PaZE-
' "l(‘lt"‘lf)z"L(Qt“Qf)'(Pt'FPf)—(pt——p{)_z }
o ot (2.58)

x e 4
where (p; f, q; r) are the centers of the initial and final wavefunctions ¢; o (they are coherent
states also). Including everything that appears in the exponent for the function f and using
the Filinov transformation in Eq. (2.48), Walton and Manolopolous obtained

~iBt/hy -F ap % Cy(po, Q)
(Gale™ M 0n) = (2m)F [ dpoday () T BRI

x &S(Posa0)/h g [%ZT.U.Z_yJ, (259)
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where
T
= ImT Mpq Mpq v @
qu - Zqu - qu + 4’)’h2 + (Z + 5) I, (260&)
T
AV s Mpq - Mpp
Uap = 3 Maq - Map + p:w ’ (2.60Db)
T
04 M - Mpq
Upa = 3Map-Maa+ =50 (2.600)
T
- YMmT Mpp - Mpp 1 B
Upp = Map Map+ — - (- +3)° L (2.60d)
g
Za = 3 [ng (qe—ay) + (a0 - Qi)] + Wng (Pt —py)
1
+ 57 [Mpq (@ = ay) = Mg~ (e = ps) + (B0 — pi)] (2.60e)
1
= % [Mgp (e~ qf)] ton? [Mi’fp (Pt —pf) + (Po — Pi)]
0
+ on [MEp (@ —ap) - MG (- py) — (@0 - i), (2.60f)
and
7 2_ ¢ (Po.— pi)?
y = glao-a) - ﬁ(QO—Qi)'(P0+pi)+W
Yia — 2 L - . (pt — Pf)2
+ (@ —ap)”+5r(@—as) - (pe+ps) + o (2.60¢)

An important observation here is that the matrix U is already symmetric, there is no need
to further symmetrize the second derivative of f.

We found that this IVR is very well behaved even for highly chaotic systems. The
integrands are still oscillatory, however the amplitudes of the oscillations are much damped
due to the det(U) factor in the denominator. The question that can be raised is: since the
integrand is vastly different after the Filinov transformation, is the end result still accurate?
The answer is, numerical tests (as we will see in the HCI dimer example below) seem to
indicate that this is the case. Since the problem trajectories are the chaotic ones, and if the
assumption that these trajectories will eventually contribute very little or be averaged out
by other chaotic trajectories is true, then including them approximately as we have done in
the integral presumably will not effect the final answer drastically. Others®” have advocated
removing these highly chaotic trajectories altogether. Personally, I do not believe this can
be successful in every case because chaotic trajectories especially chaotic periodic orbits do

contribute as we have seen in Gutzwiller’s trace formula.
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2.4.2 Other Filinov IVR’s

For éomparison purposes, we include here the some other Filinov IVR’s that have
been useful in the past. One of the earliest example™ of the Filinov transformation a;pplied
to IVR expressions is actually based on the modified version of Eq. (2.49) applied to the
momentum integral of Eq. (2.13). Taking f = i[S(po,qo) + Pt - (@1 — Qt)]/ 7, the end result

is,

(e M qe) = (2xh)F / dpoy/det (Mpp — iA - Mgp)

e~ (@1=ae)T- 4 (a1 —-ae)+i[S(po,qo0) +Pe (a1 —ael /A (2.61)

The modified Filinov parameter is,

1

A= ——
2h?

Mpp - (¢ +iMZ - Mqp/h)™ - MZ, (2.62)

and is treated as a constant diagonal matrix. The pre-exponential factor is found by solving:
for ¢ in terms of A and substituting.

Herman”” has suggested using Eq. (2.50) for the coherent state IVR of Eq. (2.14).
Some authors™ have found this to be useful. However, our experience is that it is not as

effective as Eq. (2.59).

2.5 Application to the HCI Dimer

This section describes the application of current SC-IVR methodology to the low
lying eigenvalues of a van der Waals complex, namely the HCI dimer, thus further widening
the class of dynamical problems for which the approach has been demonstrated. This is a
truly benchmark van der Waals system, having been thoroughly studied experimentally
by far-infrared spectroscopic techniques and a highly accurate potential energy surface
developed to fit this data.8%8! This is quite a non-trivial test for semiclassical theory because
the strong hydrogen bonding in the system leads to strong anharmonic coupling between
the rotational and vibrational degrees of freedom. The dissociation energy is only about
690 cm~!, and there are two equivalent minima separated by a barrier of about 70 cm™!.
The low lying eigenvalues are thus characterized by tunneling splittings (~ 16 cm™" for the

lowest doublet) and other non-classical effects. The goal of the present work is thus to'see

how well the SC-IVR approach is able to describe these phenomena.
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To determine the eigenvalues of a bound molecular system, which is the application

of interest in this section, we consider the spectral density with respect to some reference

wavefunction |¥), _
J(E) = (¥|§(E — H)|T), (2.63)

which of course has delta function peaks at the the eigenvalues {Ey} of the Hamiltonian,

J(E) =3 NU|T)|>6(E — Ey), (2.64)
k

where |Uy) are the corresponding eigenfunctions. The microcanonical density operator

0E — H ) can be expressed in terms of the propagator in the usual way,

A 1 N '
0E—-H)= —;ImG(E), (2.65)
~ cx) . . Ty
G(E) = = [T eBneitn | (2.66)
th Jo
so that the spectrum is given in terms of the propagator by
1 0o | i
ﬂm:mﬁj B/ (gl = /Py, (2.67)
™ Jo

The semiclassical approximation corresponds to using an IVR of choice for the diagonal
matrix element of the propagator in Eq. 2.67. In practice, one also typically includes a

convergence factor to cutoff the time integral in Eq. 2.67, e.g., a Gaussian, to obtain °
JE) = Rey [* GBI RAL I ymifitinyy) (2.68)
0

for which the corresponding quantum expression that replaces Eq. 2.64 is

, e~ 3(B—Bp)?/AE? _
J(E) = AN : 2.69
(5) = S M) — (2.69)

In practice, one chooses AE as large as possible — so as to make the time integral in
Eq. 2.67 converge in as short a time as possible — but not so large that the Gaussian
peaks in Eq. 2.69 overlap too much for the individual eigenvalues to be resolved. Lastly,
it is worth noting that in one-dimension, the semiclassical quantization condition derived
from Eq. (2.67) (with a stationary phase evaluation of the time integral) is identical to
the WKB quantization. Thus, this method of finding the eigenvalue can be viewed as a

multi-dimensional generalization of the WKB analysis.
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Cl

H

Figure 2.1: The two equilibrium configurations of the HC1 dimer. The values of the coor-
dinates are R = 3.746 A, ¢ = 180°, 6; = 9°, 6, = 89.8°. The HC] monomer bond lengths
are fixed. '
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Figure 2.2: The two equilibrium configurations of the HCI dimer. The values of the coor-
dinates are R = 3.746 A, ¢ = 180°, 6; = 9°, 6, = 89.8°. The HCI monomer bond lengths
are fixed.

2.5.1 The HCI dimer Hamiltonian

In terms of the standard Jacobi coordinates shown in Figure 2.1 — r; and ry for
the two diatomic monomers, and R the center of mass coordinate between the two — and
their conjugate momenta, the classical Hamiltonian for the diatom-diatom system is

L I - N

+2

J2
=—£ v, 2.70
m+mm+%“2mﬁ mﬂdm@+ (2.70)

where j, = r, X pp, for n =1 and 2, and 1 = R x P. my, ms and u are the appropriate
reduced masses (and here, of course, m; = mg = m). Using the Van Vleck body-fixed axis

2

procedure,?? we choose R as the body-fixed axis, and the angular momentum of this axis,

1, is eliminated by the use of total angular momentum conservation,
1=J - (ji +J2), (2.711)

where J is the total angular momentum. In the present application, we consider only zero

total angular momentum, J = 0, and also take the two monomer HC!’s to be rigid rotors,
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thus setting the two radial momenta p,, = pr, = 0. The Hamiltonian thus becomes

Pr  j1 +j2/? . 9 .9
H=-2 48732 . p v, 2.72

where B = (2mr?)~! is (with h = 1) the monomer HCl rotation constant (B = 10.44 cm™).
The rotational angular momenta of the two monomers, j; and j2, are given by the standard
expressions®? in terms of the polar and azimuthal angles (81, ¢;) and (62, ¢;) that orient r;

and ro with respect to the body-fixed axis R, and their conjugate momenta, as

—Ppg,, Sin ¢, — cos ¢y, cot O,pg,
Jn=1 pa, cos ¢, — sin¢y cot Oppy, , (2.73)
D¢n,
for n = 1 and 2. In Eq. 2.72, one thus has
2
R R T (274)
J1-J2 = Pe,ps, cos(¢1 — ¢2) + Py, Py, [cot 1 cot B2 cos(d1 — ¢p2) + 1] (2.75)

+ P, Py, cot Bz sin(py — ¢2) + pg, Py, cot 1 sin(po — ¢1).

Finally, since the Hamiltonian (including the potential V) depends only on the difference of
* the two azimuthal angles ¢; — ¢, and not their sum, one makes a canonical transformation

to the sum and difference variables,

1 .
p=¢pr—¢2 , &= §(¢1 + ¢2), (2.76)
1
Py = 5(%1 —quz) ) Péd = Pp, + Dy

The Hamiltonian, as noted before, is independent of @, so that pg is conserved (and equal
to 0 for J = 0). Putting all this together, the final form for the J = 0 Hamiltonian involves
four degrees of freedom, (R, 01,05, ¢) and their conjugate momenta, and is given explicitly
by ‘
]

2p

+(B+———1 ) p2+~——pi +p2+—p3’

2uR? %7 sin?0; % 7 sin6,

1
+_MR2 [p91p92 coS ¢ — pi(cot 61 cot 83 cos ¢ + 1) — py sin ¢(py, cot B2 + py, cot 01)]
+V(Ra 917923(]5) (277)

H - (PRaR7p01,611p92a02)p¢,¢)
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The potential energy surface V has been determined by Elrod et al.3%®! in the

form of the follow expansion

V(R, 01,05, ¢) = Z Ahlzl(R)ghlzl(gl, 02, ¢), : (278)
lisl

the parameters for which are determined by fitting quantum mechanical calculation to the
experimental spectra. Figure 2.2 shows a contour plot of the potential surface as a function
of (61, 6;) for planar geometry (¢ = 186°) and a fixed value of R. This clearly displays the
0, <> 05 exchange symmetry and the two equivalent minima indicated in Figure 2.1. As
noted earlier, the barrier separating the two minima (~ 70 cm™!) is sufficiently low that
tunneling between them gives rise to a splitting of about 16 cm™! between the lowest two
energy levels. Even and odd states with respect to this 8; < 62 exchange are designated by
A and B, respectively. The potential is also symmetric in the out of plane coordinate ¢, sb
that the states are also even or odd with respect ¢ — 27 — ¢. This symmetry is designated

+ or —. The states thus have four possible symmetries in this system, A*, A=, BT, B~.

2.5.2 Results and Discussion

The reference wavefunction in Eq. 2.67 is, to some extent, arbitrary, the primary
requirement being that it has significant overlap with the states whose energy levels one
is wishing to extract from the calculation. One may in fact wish to use several different
reference wavefunctions. Because the Herman-Kluk IVR expression (Eq. 2.14) involves

coherent states, it is natural to choose ¥ also of this form. Thus, we have used a direct

product of such functions,
U(R, 01,02,8) = 1 (R)h2(61)¥3(02)14 (), (2.79)
where each factor is related to a coherent state,
1
Di(R) = (11) ¢ R2¢= % (R-Ro)*+iPro(R—Ro)/h. (2.80)

Y2 —22(01—910)2+i1’910(91—910)/h, (2.81)

m

sin 6;)

Pe(01) =

T
4
Vs

e (9=60)+iPyo(4=90)/h (2.83)

(2)'
P3(02) = (73) (sinBy) " te~ 5 (02=020)* +iPy;0(02—020) /A (2.82)
ue = ( )
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where R~2 and (sin6,)~! will cancel with the Jacobian factors when calculating the overlap
(q, p|¥), and the coherent state widths {v;} are choosen large enough so that the following

approximation

(o] Fid ™ 27
(q,pl¥) = / dR / d6, / d6, / d$R? sin 6, sin 6,
0 0 0 0 '

X \II(R,91,02»¢)<qale191,927¢) :
N / dR / do; / d6; / d$R? sin0; sin 6,
—00 —00 —00 —o0
X ‘I/(R,91,02,¢>)(q,p|R,91,92,¢>), (284)

is valid. Actually, we use a linear combination of functions of the type in Eq. 2.79 in
order to take advantage of symmetry: to determine the energy levels for a given symmetry,
one chooses the reference wavefunction to be of this symmetry so that only states with this
symmetry will appear in the spectral density (as most easily seen in the quantum expression,
Eq. 2.64). In the present case, for example, the reference wavefunction of Eq. 2.79 is modified

as follows,

Voot (R, 01,02,8) = $1(R)[1h2(61)13(02) + o9b2(62)93(61)] (2.85)
[%4(#) + o'vhs(2m = ¢)]

where 0o’ = ++,+—,—+, and ~— correspond to the AT, A=, B*, and B~ states, respec-
tively. The semiclassical calculation can thus be carried out separately for each symmetry.
The actual IVR we use for this calculation is the version in Eq. (2.59).

Figure 2.3 shows a typical semiclassical correlation function (T|e~tHt/h|F) for A+
symmetry. It is obtained with ~ 3000 bounded classical trajectories whose initial conditions
a,ré chosen by Monte Carlo from the coherent state overlap with the reference wavefunction,
{q, p|¥)|. (Trajectories which dissociated are discarded since their Fourier transform cannot
contribute to delta function peaks in the energy spectrum.) Figure 2.4 shows the energy
spectrum obtained from this correlation function, indicating the peaks corresponding to
the energy levels. No attempt was made at using more sophisticated “signal processing”
algorithms8485 to extract the energy levels from the time correlation function, though this
would perhaps make the overall f)rocedure more efficient.

The lowest few SC-IVR energy levels of each symmetry are listed in Table 2.1, along
with the éorresponding quantum mechanical (QM) values calculated by Elrod et al.3%81 The

SC-IVR and QM energy levels are listed relative to the ground state of each, and one sees
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Re C(t)

0.2

Im C(t)
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t (psec)

Figure 2.3: The real and imaginary parts of the semiclassical correlation function,
(U|e~*Ht/M| W), where ¥ is of At symmetry. This is obtained with about 3000 bound
trajectories.

quite good agreement overall. The average error in the semiclassical energy levels for these
states is 1.65 cm ™!, with the maximum being about 4 cm™!. It is particularly interesting to
see that the tunneling splitting of the ground state — the difference of the lowest A% and
Bt energy levels — is described reasonably well, 18 cm™! compared to the correct value
of 15.7 cm~!. We consider this level of success for the SC-IVR model to be excellent and
further evidence that it is capable of describing a wide range of dynamical phenomena to a
useful_ accuracy, even at the most detailed level where quantum effects are very significant.

The result obtained for the SC-IVR. ground state (-395.5 cm™!), however, is 16.3
cm~! above the quantum ground state (-411.8 cm™!). Therefore, on an absolute energy
scale, all SC-IVR energy levels are about this much larger than the corresponding QM
values. From the discussion at the end of the Appendix, it is not surprising that the SC
energies are shifted by an approximately constant value relative to the QM ones, but it is
not easy to reconcile the value of the shift (16.3 cm™') we observe. If the two HCI rigid
diatomics were free rotors, then the discussion in the Appendix shows that the SC energy
levels would be %B above the QM values (%B for each rotor), and since the rotation constant

of HClis B = 10.44 cm™!, this suggests a shift about 5.2 cm™!. (We in fact carried out the
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Figure 2.4: Representative spectra for A™ (upper panel) and A~ (lower panel) symmetries.
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Figure 2.5: Representative spectra for B* (upper panel) and B~ (lower panel) symmetries.
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T QM SC-IVR ]

AT 0.0° 0.0°
53.3 55.5

72.1 76.6
111.2 1114

1478 1478

A- 160.6 162.6
212.0 212.7

B+ 15.7 18.0
79.6 80.9
104.0 106.7
167.5 166.4
188.0 190.8
B~ 185.1 186.7
2403 240.0

Table 2.1: The semiclassical energy eigenvalues of the HCl dimer in cm™!. Quantum

mechanics and SC-IVR energy levels are shown relative to the ground state of each. The
SC-IVR ground state is 16.3 cm™! above the QM ground state.

SC-IVR calculation for the uncoupled case and did indeed obtain eﬁergy levels shifted by
this amount.) Why one obtains a significantly larger shift than this for the fully coupled
case is not clear to us, but it is nevertheless reassuring that the SC-IVR energy levels are

good approximations to the QM values for some constant (and modest) shift.

2.6 Concluding Remarks

The semiclassical initial value representation is indeed becoming a practical way |
of incorporating quantum mechanical effects with simple classical quantities. The examples
studied by us and others have shown that the accuracy of SC-IVR is good for most types of
chemical problems, including tunneling. And because one is basically running classical tra-
jectories, in the best case scenario, it can be more efficient than exact quantum mechanical

calculations.
Another idea we explored for calculating the SC-IVR integral is to use the ergodic

(chaotic) properties of the system and instead of a phase space average, one performs a
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time average, i.e., T
/dpo/dqo — i/o dt, (2.86)
where T is some large number. The essential assumption is that a single trajectory will
explore the entire phase space and therefore averaging over the past of the trajectory ex-
ploration is equivalent to the integrating over the phase space. This, of course, assumes the
ergodic hypothesis and is only applicable for really large systems. For intermediate sized
systems, this assumption is generally not valid.

For most problems however, SC-IVR calculation is considerably more complex
than just running classical.trajectories. The remaining question is how can one implement
the SC-IVR with a reasonable amount of effort, to systems with more degrees of freedom.
One method we reviewed here which reduces the oscillatory nature of the integrand is the
stationary phase Monte Carlo filtering technique, and we have seen improved convergence
properties with this approach. Thus, it seems that one is ready to take advantage of these
developments to study more complex systems. There maybe other methods which are also

improvements on the concepts of SC-IVR, this is also an ongoing area of research.

2.7 Appendix: SC-IVR for Angular Coordinates

Here we note some specific features of the SC-IVR when treating angular variables
for rotational degrees of freedom. Consider first a one dimensional rotor whose orientation

in a plane is characterized by angle ¢, with the Hamiltonian

- h? d?
=574z V@ (2.87)
where [ is the moment of inertia. A typical matrix element of the propagator thus has the
form
o 27 2m o
San = (Tole™H/Mwy) = /0 do1 A daWs(2)" (Bale™ 1P| b1) W1 (), (2.88)
with the wavefunctions normalized on the interval (0,27) in the usual way,
2 9 ’
d$ | U(P) = 1. (2.89)

If K¢(¢2,¢1) is the standard semiclassical amplitude for the ¢; — ¢o transition in time t,

ie.,

9¢y

1
=
p¢} ¢iSt(d2.00)/n (2.90)
1

Ki(¢2,01) = [mn
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then the new feature than arises here is that the net amplitude for the transition must take
account of the fact that all final angles ¢2 + 27n (n = any integer) correspond to the same
physical orientation as angle ¢2, so that the amplitude in the integrand of Eq. 2.88 must

be a sum over all these symmetrically equivalent final angles,

(¢2|e—im/h‘¢ Z Ki(¢o + 27n, ¢1). (2.91)
S n=—00
Eq. 2.88 thus reads
27 2w
S2,1 = Z / d¢1 dpa Vo (de)* Ki(d2 + 27n, ¢1)¥1(d1), (2.92)
n=—0oo
and if one changes the integration variable from @2 to ¢h = o + 27n, it becomes
21r 2r(n+1)
Sa= > [Tan [T dghwa(y Katdh, 0091 60) (293)
n=—00 Y

where it has been assumed that the wavefunction ¥ is periodic, i;e., Uy (gh—2mn) = Uy(dh)..~

But,

2m(n+1) 00
Z / dd) = /_ "~ ddh, (2.94)
so that Eq. 2.93 becomes |
27 0 ) .
S2,1 =/0 d¢1/_ ddo¥a(¢2)" Ki(d2, 1) ¥1(41), (2.95)

where the prime has now been dropped from the integration variable ¢5. The integral
over the entire interval (—o0,00) of the final angle ¢, together with the pefiodicity of the
final wavefunction Wy (¢2), thus properly takes account of the sum over all symmetrically

equivalent final angles in Eq. 2.91. One now applies the standard IVR transformation to
Eq. 2.95, i.e.,
0
/ ddy = / dps, Oy

2.96
817 b1 ( )

to give the final result

. 1
(Tale™ /%01 / dgy / dpo, V2 (40)° H——— /2mﬁ] e Slhral/be (g1), (2.97)

which is of the standard IVR form. With the wavefunction normalized in the standard way,
the integral over the initial angle is thus over the primary interval (0,27) and that of the

conjugate initial momentum is over all values (—oo, 00).
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To illustrate the importance of including all symmetrically equivalent final angles,
consider the free plane rotor, i.e., V(¢) = 0 in Eq. 2.87. The SC propagator of Eq. 2.90 is

then of the standard free particle form

I . _
Ki(p2, 1) = \/ meu(m 91)*/20t (2.98)

which give the following micro-canonical density matrix

(Gald(B — l61) = 2 [* e PR, ) = g coslbldn = )], (2:99)

where k = V2IE/h. Including the sum over all equivalent final angles, however, changes
this to |

I [o 0]
ﬂ Z COS[k(¢2 - ¢1) + 27T7'Lk], (2100)

n=—0oo

($2l8(E ~ H)l¢) ="

- ! cos[k(¢2—¢1)] Z cos(2mnk),

h n=-—00

and the Poisson sum formula,6

o
> cos(2mnk) = Z 8(l — (2.101)
n=-—o00 l=—00
requires k to be an integer. This is therefore what quantizes the energy E = h?k?/2I and
gives delta function peaks at the these values in the matrix element of 6(E — H).
Finally, there is arother feature in the semiclassical description of rotational mo-

tion that should be noted. Consider a free linear rotor in 3-d space, for which the classical

Hamiltonian is 9

1 o Py
. 2.102
21( + Sin29) . ( )

Quantization of the ¢ motion, as discussed above, requires p, = mh, m an integer. The

H =

motion thus takes place in the centrifugal potential well V (6),
m2

B~ 2.103
sin? @ ( )

V() =

where B = h2/2I is the rotational constant. The standard WKB (Bohr-Sommerfeld) quan-

tization of this bound motion

(n + %)w - / o\ 21(E = V(O)/ (2.104)
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gives the following energy levels,

Eum = B(n+>+|m)? . (2.105)
n = 0,1,2,..... oy

or in terms of the usual quantum number ! = n + |m|,
1., 1 |
E, =B(l+ 5) =BI(l+1)+ ZB' (2.106)

The semiclassical energy levels are thus too large by a constant value. In any applications
to rotational problems, therefore, one may exp.ect that energy level spacings given by the

semiclassical theory will be more accurate than their absolute value.
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Chapter 3

Further Approximations of the
SC-IVR

- 3.1 Introduction

The successful application of the semiclassical initial value representation to the
multidimensional system of the HCI dimer demonstrates its potential as an useful dynamical
theory for many problems in chemistry. But before we use it to study cell biology, it is
perhaps interesting to examine some approximate theories based on the SC-IVR. Clearly,
an approximate theory that reduces the complexity in the implementation is desirable, but
also conceptual understanding of the origin of quantum effects and their role in complex
systems can perhaps be gained.

In this chapter we concentrate on the calculation of probabilities with the semiclas-
sical theory and discuss three possible approaches for further approximating the SC-IVR.
Section 3.2 proceeds with the strategy of dividing a problem into a ”"system” and a ”bath”
and retain, as much as possible, the interference and coherence effects in the system but
discard them for the bath. The end product is a mixed semiclassical-classical treatment
where systematic improvements of the system-bath interaction is possible. In section 3.3,
we explore the same type of approach but being even more crude and treat everything
approximately. This allows us to establish a connection to a classical-like theory that has
been used before. Nevertheless, we find it useful to see that the possibility of systematically

improving upon this theory also exists. In section 3.4, another approach of implementing
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the SC-IVR where the time-dependent expectation value of an operator is written as a
single phase space integral over initial conditions is presented. The end result is similar to
the SC-IVR expression for amplitudes in Eq. (2.8) but now utilizing classical trajectories

that travel forward and backward in time.

3.2 Mixed Semiclassical-Classical Dynamics

Many dynamical phenomena in chemical/molecular systems involve only a few de-
grees of freedom (the “system”) that characterize the process of interest (e.g., the reaction
coordinate(s) in a chemical reaction) but which are coupled to many other “environmental”
degrees of freedom (the “bath”) that can nevertheless influence the dynamics. A common
strategy for treating this ubiquitous “system-bath” situation is to describe the low dimen-
sional system as accurately as possible, namely with full quantum mechanics, while the
many degrees of freedom of the bath are handled more approximately, such as by classical
mechanics or approximations thereto.

There are thus many variations of “mixed quantum-classical” theoretical approaches
that have been used in this regard®” 6. The most common of these might be called the
Ehrenfest model®”%8, where one simultaneously integrates the time-dependent Schrédinger
equation for the system and the classical equations of motion for the bath. If z and Q de-
note the system and bath coordinates, respectively, and V (z, Q) is the total potential energy
function for the system plus bath, then the (time-dependent) potential for the Schrodinger
equation of the system is .
| Vou(e,t) = V(z,Q(1)), ~ (3.1)
and the (time-dependent) classical potential for the bath trajectory Q(t) is the Ehrenfest

L

average of V|

Vor(@t) = (L) = [ da¥(e,0)V (@, QU(a,0), (3.2)

where ¥U(z, t) is the system wavefunction. If ¢,,, () is the wavefunction for the initial quan-
tum state of the system, then one chooses it as the initial wavefunction for the Schrodinger
equation, ¥(z,t = 0) = ¢p, (z). Also, if pp(Q1,P;1) is the probability distribution of ini-
tial conditions for the bath trajectories (for example, a Boltzmann distribution), then the

average probability for a transition to the final quantum state ¢y, of the system is given by

Py (t) = / dQ1dP1py(Q1, P1)Payeny (£ Q1, P1), | (3.3)
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where |
Pryn, (6 Q1, P1) = [(¢n, | (1)) (3.4)

is the transition probability for a single bath trajectory (the one with the indicated initial
conditions). This model may also be thought of as an approximate version of the time-
dependent self consistent field (TDSCF) method?>1% the approximation being that the
bath wavefunction is taken to be an infinitely narrow Gaussian wavepacket about its classical
trajectory. The TDSCF approximation seems to work best when the system is coupled
weakly to many bath modes, but can fail dramatically in other cases'®»192, It can be
systematically improved, however, by introducing a multi-configuration generalization (MC-
TDSCF)1037105 hut there is then no obvious way to go to the classical limit for the bath

dynamics.

Other mixed quantum-classical approaches are a variety of “surface-hoping” models!6110,
whereby the quantum motion of the system is assumed to be adiabatic except for localized
transitions from one adiabatic quantum state to another. Though such approaches have a
number of ad hoc features, they have been useful, particularly when the “system” consists of
the electronic degrees of freedom of a molecular system. There are other approaches based
explicitly on density matrix formulations that incorporate approximations for the bath that
lead to macroscopic relaxation descriptions (Redfield equations)!!17113, The most accurate
treatment of system-bath dynamics is possible when the bath is a set of harmonic modes
that are linearly coupled to the systém; here the bath can be integrated out (in a Feynman
path integral sense) analytically and recent progress has shown how then essentially exact
(numerical) treatments of the system are possible in some cases!!4115,

In this section, we offer another type of mixed quantum-classical approach, where
the “quantum” description of the system is approximated semiclassically via an initial
value representation (IVR). It is thus a mixed “semiclassical-classical” approximation. The
potential advantage of this approach over a mixed quantum-classical approach is that in it
the dynamics of both system and bath are treated by classical mechanics; i.e., a full classical
trajectory simulation of all degrees of freedom is involved. The semiclassical aspect of the
description of the system degrees of freedom simply means that the phase interference
structure is retained for these degrees of freedom, giving rise to interference/coherence
structure and/or classically forbidden dynamics/tunneling behavior in the system degrees

of freedom, while such phase information is discarded in the bath, so that only classical



3.2. MIXED SEMICLASSICAL-CLASSICAL DYNAMICS 43

dynamics is obtained for these degrees of freedom. Since the system, bath, and their
interaction are all treated via classical mechanics, one thinks (or at least hopes) that a
more dynamically consistent treatment will result than usiﬁg the Schrodinger equation for
some degrees of freedoms and Newton’s equations for the others. Whether this potential
advantage is realized or not will of course require computational applications, and some

elementary examples of these are presented herein.

3.2.1 The Semiclassical-Classical Model

There are a variety of quantities that one might consider for this development,
e.g., thermally averaged or state-specific rate constants or transition probabilities. For
definiteness we consider the time-dependent transition probability from one state of the
system to another, summed and averaged over initial and final states of the bath,

-
; (3.5)

(sz ®n, |6_th/h | Xmy Pny )

Pryeni () = z om,

m1,me
where ¢(z) and x(Q) are the basis states for the system and bath, respectively, and gy, is
the initial probability distribution for the bath states (typically a Boltzmann distribution).

Eq. (3.5) can also be written as a trace,
Pagicn (t) = tr [ 100, Y [/ 1) (g™ 0] (36)

where Hj is the Hamiltonian for the bath at ¢ = 0. For simplicity of presentation the system
and bath coordinates z and Q are indicated as one-dimensional and many-dimensional,
respectively, though in practice the “system” might involve a few degrees of freedom, with

obvious changes in notation below.

IVR for the System-Bath

' Applying the semiclassical IVR of Eq. (2.9) to the system-bath transition probabil-
ity defined in Eq. (3.5) thus gives (since q = (z,Q), p = (p, P), with (Q, P) F-dimensional)

Praen, (t) = Z pmil

m2,my

asm(xl)xm<Q1>ei5<xl’ph%"1>/ﬁ\/det |5 3] seminyres

/d:z;1/dp1/dQ1/dP1¢n2(ﬂ?t)*Xm2(Qt)*

2
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and upon squaring the integral explicitly this becomes

Payeny () = (2rh)~(F+D) / dz1dp: / dz', dp, / dQ.dP, / Q! dP,

b (T1) By ()" by (T2) Py (m/t)ei[Sz(ml 01,Q1,P1)—St(z},p},Q1,Py))/R

a(xta Qt) 8(2;;57Q1t) ] _ !
\/det [—3@1, Pn] \/det ["—*_a(pa > )] (QL1oQ1)6(Q: — Q) (3.8)

where z; and z} denote z(z1,pq, Q1,P1) and (2], p}, Qf, P}), respectively, and similarly

for Q; and Q}, and where

{Qulpol Q1) = D oy Xmy (Q1) Xy (Q1) (3.9)
my
is the initial density matrix of the bath. The F-dimensional delta function results from
> Xma (Q1)*Xma (Q2) = 07 (Qe — Qb)- (3.10)
ms
It is also useful to express the bath density matrix in terms of its Wigner distribution,
(@ilnlQ)) = [ dpeP @ -aiin,, (AL AU p), (3.11)

the inverse relation of which is
pu(Q.P) = (2rh)F [daQe AP/ <Q +29

L

The “double phase space integral” that results in Eq. (3.8) upon squaring the
amplitude in Eq. (3.7) is the semiclassical counterpart to Liouville space in a corresponding
~ quantum mechanical development. The principle idea of the present mixed semiclassical-
classical model is to retain the full double phase space integral for the system degrees of
freedom - so as to retain the full semiclassical description of interference and tunneling
effects in the system dynamics - but to approximate the treatment (of the bath in such a
way as to reduce it to a single phase space average over its initial conditions (as in a classical
mechanical description). All of the classical trajectory functions throughout, however, are
those from the full system-bath Hamiltonian. It is this feature of the model, namely tha.t the
mechanics of all degrees of freedom is treated classically, only with the interference structure
fully retained for the system and approximated for the bath, that makes us believe that the
semiclassical-classical approach may have something more to offer than a quantum-classical
approach, i.e., because the dynamics of the system and the bath are treated in a dynamically

consistent way in the present approach.
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To implement this approximation for the bath one changes the integration variables -

over bath initial conditions to the sum and difference variables

Q=Q+42 Q =Q-43,
P,=P+4F P =P-2F (3.13)

so that in Eq. (3.8)

/dQldQ’l/dPldP’l =/dQ1dP1/dAQdAP.  (3.14)

i

One then expands the AQ and AP dependence of the various quantities in the integrand
in powers of AQ and AP; e.g., in the argument of the delta function in Eq. (3.8)

_ A AP AQ - AP
Q: (Ccl,pl,QH- 2Q P1+—) Q: (751,101,Q1 2Q P1—“—2—>
! aQt aQt> (aQt 8Qt>
—oOo._ 1 : 1
Q:—Q; + (3Q1 + 70, AQ+ - b, + 3B, AP, (3.15)
where on the right hand side of Eq. (3.15),

Q: = Qiz1,p1,Q,P1),
Qi = Qi(z},p1,Q1,P1). ' (3.16)

" Thus, Q; and Q} have different system initial conditions but the same bath initial conditions. -
Similarly, the phase of the integrand of Eq. (3.8), the difference of actions, is expanded
(through quadratic order) in AQ and AP:

A AP _ A AP
St(ml,P1,Q1+ QP1+——) St( LD, Q1 — Q , Py — 2)

2
85, . s, ) (ast ast>

1 85, 9%5; 1 9°8, 95,

A T .. - - _ - t_ A —A T _ A — t_ - AP
t3oQ <8Q16Q1 \'0Q18Q1) Q+gaP (aplam 9P 0P,

1 8s, &S\

APT | = L. . . .
i (aplaql aplan.) AQ. | (3.17)

where on the right hand side here, we again have

‘St = ,St(xlathl,pl),
S«é = FSt(xllﬁpll’QlaI—)l)- (318)
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One can furthermore use the various derivative relations for the classical action to express

- the derivatives in Eq. (3.17) in terms of derivatives of final coordinates and momenta with

respect to initial conditions (monodromy matrices):

BB il o
§—§+ gg_il_ = PT . Mogp+PT My, (3.20)

2 2
8515(%21 - 351581 = Mpq-Mqq —~ Mfq Mg, (3:21)
8§j§%1 - 312:5%1 = Mpp-Mor—Mpp- Mar 522
oS T T, Mo~ M My, (329

8P10Q; 0P19Q;
where [analogous to Eq. (3.16)] P; = Py(z1,p1,Q1,P1) and P, = Py(z},p}, Q1, P1), and

where the monodromy matrices are defined as

- b5}
Mgq = Mge(z1,p1,Q1,P1) = ‘———88:, (3.24)
oP;
M = =1t .
PP b, (3.25)
. 0Q
Mgp = 5P, (3.26)
oP;
M = — .

and similarly for M;; such as My, = Mg (71, p), Q1,P1). (Note: In Egs. (3.19)-(3.23),
terms involving the second derivatives of final coordinate and momenta with respect to

initial conditions have been omitted.) The AQ and AP dependence of z; and z} is also

linearized,

= AQ - AP 1 1
T <$1,P1,Q1+TQ,P1+T> Tt +5MzQ'AQ+§MzP‘AP,
1

_ AQ - AP 1
o (st Q= SEPI-5T) = al- Ml AQ-jML AP, (333)
where on the right hand side of Eq. (3.28)

Iy = xt(ml)thl,Pl)»
"I’.:‘, = xt(mlhplla Qla Pl), (329)
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and
6:1:t .
MxQ = ﬁa
8$t .
Buked 3.30
M:I:P 6P1 3 ( )

and similarly for M;Q, etc. Finally, consistent with these linearizations, the AQ and AP
dependence of the Jacobian in Eq. (3.8) is neglected.

With this set of expansions and approximations, Eq. (3.8) becomes

Prscom () = 28) ") [ dQudPy [ dadpy [ datdpt gu, (21)60, (01)

i(Se— 5, . [0(z, Q1) [ (z1, Q1) J/
i(Se—S)/h t ¢
e t \/det [——a(pbpl)] \/det a0, P! dAQdAP

1 1
fns (wt+—MzQ.AQ+5MzP-AP) s (4 IMig-aQ- ML, .ap)

5r(Qu ~ Q) + 5 (Maq + Mpg) - AQ + 5(Mqp + Myp) - AP)

AQ

<Q1+T Pb

A i[1
Qi - 2Q>expﬁI:§(P?'MQQ+P,tT~ 0o —2PT)-AQ

1 1
+3 (P Mop + P Mpp) - AP + AQT - (Mpg - Maq — Mg Mog) - AQ
1
+3APT - (Mpp - Mop — Mpp - Mgpr) - AP
1
+7AP7 - (Mpp - Mg — MZp - Myg) - AQ}’ .

where the “bars” over the integration variables Q; and P; have been dropped. All the
primed and unprimed functions at time ¢ differ only in whether they are functions of (z1,p;)
or (z},p}). To emphasize again, the purpose of the above set of approximations has been
to obtain the i)est possible result that still allows one to inteérate analytically over AQ and
AP, so as to reduce the,average over the bath variables to that of a classical description,
namely an average over a single set of phase space initial conditions for the bath. (Many of
the above approximations are actually exact for a harmonic bath, because the action for a
harmonic bath is quadratic in Q; and P, and thus in AQ and AP, so that the expansion
of the actions to quadratic order in AQ and AP is exact.)

Because of the F-dimensional delta function in the integrand of Eq. (3.31), the
integral over AP in Eq. (3.31) can be immediately performed. This sets AP to the value

AP = —2(Mgp + Mgp) ™' [Q: — Q; + (MQQ + Mgpg) - AQ]. (3.32)
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The remaining integral over AQ in Eq. (3.31) will then have a phase factor that is quadratic
in AQ but which cannot be evaluated in general because of the AQ dependence of the pre-
exponential factors (in the wavefunction ¢,,() and in the bath density matrix element
(...]pp|-.-))- One can either neglect this dependence, in which case the integral of the
complex Gaussian is immediately doable, or somewhat more generally, one can assume
that the AQ dependence of the pre-exponential factors is small and the integral can be
evaluated via stationary phase approximation (which will be exact if the pre-exponential

factor is independent of AQ).

Zeroth Order Model

It is useful first to consider the simplest version of the approach. Thus if in the
integration over AQ and AP in Eq. (3.31), one neglects all monodromy matrix elements

in the phase of the integral, then this part of the integral in Eq. (3.31) reduces to

Pz (T1)" by (1 / dAQdAP<Q1 + %9 Q - A2Q>

1 pT.
6r(Q: — Qi + 5(MQQ +Mpo) - AQ + 5 (Mop + Mpp) - AP)e "1 -AQ/R
p’w(QhPl) (333)
et [%(MQP + M,QP)]

where the definition of p,, in Eq. (3.12) has been used. If one further neglects the system-

Pb

= ¢n2($t)*¢nz(x't)(27fh)Fd

bath coupling in the Jacobian, namely,

a(xt,Qt) a(l)t aQt _ ?fj
det [3(p1,P1)] 3, 0 (ap1> gp; 2et(Mar), (3.34)
and
oz, Q)] _ 0z
det [B(p’l,P’l)] ap, 9t Mop), | (3.35)

then Eq. (3.31) reduces to

1
Pn2<—n1(t) = —‘/dQldPlp"U(Ql’Pl)/d$1dp1/d.’17’1dp’1
B (01) s (21)* o (50) i (1) S

|0z¢ |z} \/det Mqr - Map) ' (3.36)
dp1 \ Opy det MQP+MQP)] :

Finally, if one then assumes that the geometric and arithmetic averages of the monodromy

matrices Mgp and M’Q p are approximately equal, then the last factor in the integral of Eq.
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(3.36) is unity, whereby the double phase integral over the system initial conditions factors,

giving

Prpeni(t) = /dQ1dP1pw(Q1,P1) /dl'ldpﬂbm(xl)(bnz(mt)*eist/h

2
9%t 1 omin )

3.37
1 (3.37)

Eq. (3.37) above is the zeroth order limit of the present semiclassical—qlassical
approach. It is also recognized to be the precise semiclassical analog of the Ehrenfest
quantum-classical modél described earlier. The square modulus quantity in the integrand
of Eq. (3.37) is the semiclassical IVR, expression for the quantum transition probability for
the one-dimensional system, with the bath following the trajectory determined by initial
conditions (Qq,P1):

2
Oa:t

P,{Z,me(t;ql,Pl)=’l/dxldplqsm(zl)qsm(xt)*eist/ﬁ 8—/(2m'h) ) (3.38)

P1

Here the trajectory functions z; = z(zy,p1, Q1,P1) and S; = S¢(z1,p1, Q1,P1) which go
into the one-dimensional-like transition probability involve the (exacf) classical mechanics of
the fully coupled system and bath, analogous to the coupled Schrodinger equation-classical
equations which appear in the quantum-classical Ehrenfest model. The phase v is the
number of zeros of the one-dimensional Jacobian of the system degree of freedom. Eq.
(3.37) is also identical to what was called “partial averaging” in some applications many
years ago.!16

An attractive feature of the present semiclassical-classical approach, however, is
that we now have the possibility of going beyond this primitive zeroth version of the treat-
ment. The major price to be paid is that it will not be possible to factor the double phase

space integral over the system initial conditions as was done in going from Eq. (3.36) to

Eq. (3.37).

First Order Model

Returning to Eq. (3.31), we now retain the terms in the phase of integrand that are
linear in AQ and AP. If the wavefunction ¢, were a coherent state (complex Gaussian),

then it would be easy to include the AQ and AP dependence of its arguments, but here we
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do not assume this and simply ignore this dependence. The (AQ, AP) part of the integral

thus becomes

¢n2(mt)*¢n2(x/t)/AQ/AP <Q1 + AQ_Q

1 1
0r(Q: — Qlt + §(MQQ + M,QQ) -AQ + §(MQP + M’Qp) - AP)
i [1 1 \
exp - [5(P§"-MQQ+P;T. 'QQ—zpf)-AQ+§ (PZ’-MQP+P{T.. 'QP) -AP],

(3.39)

a-53)

Pb

which gives the following generalization of the zeroth result in Eq. (3.33):
2F
det(MQp + M/QP)

exp [—%(Pf -Mop + Pi" - Mpp) - (Mgp + Mgp) ™" - (Q: — Qﬁ)] ,  (3.40)

= ¢ny (Tt) " Pn, (-'L'é)(27rh)FPw(Ql,P1 — Peor)

where the momentum correction P, is
1 /o7 T
Pcor = 5 (Pt . MQQ +Pt . ,QQ) .
1 o7 T -1
—5 (Pt -Mgp + P/ - IQP) . (MQP + M'Qp) . (MQQ + M,QQ) . (3.41)
The first order expression for the average transition probability is then

. 1 »
Pnz(—m(t) = ﬁ/dQldPl/dﬂ?ld])l/d.’l)’ldp’lpw(Ql’Pl _Pcor)
¢"l (xl)d)nl (xll)*d)nz(xt)*(lsnz(xlt)ei(st‘si)/h

O(z¢, Qi) oz, Q) 2F
\/ det [a(pl, Pl)] \/det [a(p’l, P’l)] det(Mqp + Mgp)

i _
exp [—ﬁ(P’zp} Mop +P7 - Mgp) - (Mop +Mgp) ™ (Q: = Q)| . (3.42)

Again, we can make the same approximations on the Jacobian factors as for the zeroth
order model, yielding a numerically better behaved result (since the determinant of the

monodromy matrices in the denominator can go through zero),

1
Prsenm(®) = 5 [ dQudPy [ dovdp: [ dshdpipu(Qr, Py~ Po)

* * 3 iy az al‘,
¢n1 (,x1)¢n1 ("1:/1) ¢n2($t) ¢n2(.’L‘It)6 (¢ St)/hv 5;3” ;ﬁ

exp [—%(Pip - Mgp +PT - Mgp) - (Mgp + Mgp) ™" - (Q: — Qﬁ)] - (343)
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Equations (3.42), (3.43) involve a classical (single phase space) average over the
initial conditions of the bath degrees of freedom, but a double phase space average over the
system degrees of freedom. The extra phas‘e factor in the integrand and the momentum
correction in the Wigner distribution prevent the factorization and serve as corrections
to the zeroth order result of Eq. (3.36). Actually, as will be seen in Section 3.2.2, the
momentum correction in the Wigner distribution will not be so important as the phase
correction in the exponent. In practical calculations, it is often neglected.

A second order version of the model would be obtained by retaining all the terms in
the ﬁhase of the integrand in Eq. (3.31) and also the second order AQ and AP dependence
of the bath density matrix element (Q1+AQ/2|pp|Q1—AQ/2). If the bath is harmonic, then
the density matrix element is a simple Gaussian function of AQ and AP. Furthermore, if the
initial and final system wavefunctions are coherent states, then they too would contribute
Gaussian factors in AQ and AP. Integration over AQ or AP would then be a standard

Gaussian integral that is readily doable.

3.2.2 Numerical Applications to Simple Systems

To help elucidate the nature of the mixed semiclassical-classical approaches de-
scribed above, numerical tests have to be made. We have chosen a simple system that
can be treated fully quantum mechanically, fully semiclassically, as well as via the above
“semiclassical-classical models, namely an anharmonic (Morse) oscillator linearly coupled to
a single harmonic mode. The Hamiltonian for this system is

2 p2

_pr —eomy2 . 190
H—2m+2m+ao(1 e )+2mwQ + fzQ. (3.44)

where the parameters are m = 1772.3302, a9 = 0.1697,co = 0.9885,w = 0.0156, all in atomic
units. The coupling constant f is varied to see the effect of the strength of the system-bath
coupling.

To implement the semiclassical IVR calculations, we utilize the Herman-Kluk pro-
cedure of Eq. (2.14). The Herman-Kluk IVR thus modifies the integrand for the zeroth

order semiclassical-classical expression, Eq. (3.38), to the following

_ ) o
PIVE (,Q1,P) = §7r—h/d$1dplczpt¢%l(11,p1)¢%2(mt,l)t) eSt/h| (3.45)
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where

1
4 ’ i f ol
7 (2,0) = (pldn.,) = / 4z’ b, (') (%) ¢~ }@ -2y —ipla'~z)/n (3.46)

and similarly the first order expression of Eq (3.43), becomes

1

Png(—nl(t) = )2 /dQldPI/dxldpl/da:lldpllpw(QlaPI "Pcor)

(2mh
¢7gl,1 (*’Blapl) ?7,1 (x’l’pll)* %2 (xt,pt)*d)g],z(‘,‘Eéﬁplt)ei(St_Sé)/hCZ‘ptC,zpt
]
exp [—E(Pt - Mgp + P, - M4p) - (Mgp + Mpp) ™" - (Q1 — Qé)] . (3.47)

Since the bath in this example consists of only one mode, the monodromy matrices in these
equations are all simple scalars. Furthermore, the bath is harmonic, so that the Wigner
distribution p,, is given by

puw(Q, P) = tar;l;fu) exp [——2 tanh(u) (% + lmw2Q2>] ; (3.48)

where u = fhw/2 and B is the usual 1/kgT.
Lastly, for efficient integration, weighted Monte Carlo sampling of the initial con-
dition is used. For the quantum mechanical calculations, we utilized the split operator

method of propagation.

Survival Probability of a Gaussian

We first consider the diagonal transition probability (i.e., the survival probability)

of a displaced Gaussian,

A 2
Pit)= Y o [(Xmetrle™ 7 xm g1)] (3.49)
my,m2
where )
1 (z) = (g> Cer B, (3.50)
™

and the x,,(Q)’s are the harmonic oscillator eigenstates of the bath. The center of the
initial state Gaussian wavefunction is chosen to be zg = 1.5ag, corresponding to the classical
turning point of the n = 6 eigenstate of the Morse oscillator. We have considered three
values for the coupling constant f, from the relatively small coupling of f = —0.02, to
f = —0.05, to the largest value, f = —0.1, all in atomic units. We also used two different

values of temperature, T = 300K, where the probabilities are dominated by transitions
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Figure 3.1: Survival probability, P;1(t) of Eq. (3.49), for coupling constant f = —0.02.
T = 300K in the upper graph, T = 5000K in the lower graph. Solid line: exact quantum.
Dashed line: zeroth order mixed semiclassical-classical method. Dotted line: first order
method. Thin line: full semiclassical.
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Figure 3.2: Same as Figure 3.1, with f = —0.05
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Figure 3.3: Same as Figure 3.1, with f = —0.1
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Figure 3.4: Survival probability P ;(t) of Eq. (3.49), comparison between the first order
expression without momentum correction in the Wigner distribution (dotted line), and
with momentum correction (dashed line). Solid line is the full quantum mechanical result.
f=-0.02.

from the ground state of the bath, and T" = 5000K, where there are several bath states
involved. The calculated survival probabilities are shown in Figures 3.1, 3.2 and 3.3, where
the results of the semiclassical-classical methods and the full semiclassical method similar
to Eq. (3.7) but with the Herman-Kluk IVR (calculations are performéd only for the lower
temperatufe due to the large numerical effort needed for the high temperature case) are
compared with the results of the exact quantum mechanical calculation. In Figure 3.4, the ‘
results of the first order model with and without the momentum correction in the Wigner
distribution are compared.

From these results one can make several observations. First, the full semiclassical
IVR result is in excellent agreement with the correct quantum mechanical result for all
coupling strengths considered. Second, the zeroth order (“partial averaging”) version of
the semiclassical-classical model is in quantitative agreement with the quantum results for
weak coupling, but only in qualitative agreement for strong coupling. Third, the first order

version of the model is not a systematic improvement over the zeroth order version. Fourth,
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the qualitative effect of the temperature, i.e. higher temperatures reduces the magnitude

of the recurrences, is also well reproduced by these mixed semiclassical-classical methods.

State-to-State Transition Probabilities

Non-diagonal transition probabilities of the system are a more challenging quantity
to describe correctly. Specifically, we consider here the vibrational relaxation of the Morse
oscillator from n = 1 to 0. Thus, Morse eigenfunctions are used for ¢(z). Again, we vary
the coupling from —0.02 to —0.1 and the témperature from 300K to 5000K. To facilitate
the semiclassical calculations, we fit the n = 1 eigenfunction by the difference two Gaussians
and approximated the n = 0 eigenfunction with one. This way, ¢?(z,p) in Eq. (3.45) and
Eq. (3.47) can be obtained analytically. Figures 3.5, 3.6 and 3.7 show the results for these
calculations. Here, the first order calculation is with P, = 0.

The comparisons are now quite different from the diagonal transition probabilities
of the previous section. First, the immediate conclusion is that the zeroth order (partial
averaging) formula is no longer adequate. In fact, if the mixed quantum-classical TDSCF
method were applied here, it would give similar results. The first order model, though not
spectacularly accurate, does agree qualitatively with the correct quantum results; in com-
parison with the zeroth order model, which is off by a factor of four or five, it is a significant
improvement. Again, the full semiclaséical IVR results are practically indistinguishable
from the correct quantum results in all cases.

One then naturally asks, why the zeroth order (partial averaging) approximation
works well for the survival (diagonal transition) probability of a single Gaussian as in the
previous section, but fails for the present non-diagonal state-to-state transition probability?
The answer goes back to the Ehrenfest (TDSCF) model discussed in the Introduction, where
it was noted that the zeroth order (partial averaging) version of the semiclassical-classical
model is the semiclassical equivalent of the Ehrenfest model. In this approxirhation the
classical potential for the bath is the Ehrenfest average of the potential, cf. Eq. (3.2).

When the system wavefunction is well localized, one has

Vor(Qut) = [ do(e,0)"V (2, Q¥(,t) ~ V(mcw (1), Q) (351)

where
zoL(t) = / dz¥(z, 8) zU(z,8); (3.52)
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Figure 3.5: Relaxation probability from n = 1 to n = 0 of the Morse oscillator. f = —0,02.
T = 300K in the upper graph, T'= 5000K in the lower graph. Solid line: exact quantum.
Dashed line: zeroth order mixed semiclassical-classical method. Dotted line: first order
method. Thin line: full semiclassical.
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. Figure 3.6: Same as Figure 3.5, with f = —0.05
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this is the correct classical description of the system-bath dynamics. But when the sys-
tem wavefunction is extended, as it must be in descrjbing transitions between the various
eigenstates {¢,}, Egs. (3.51) and (3.52) cease to be valid. This is simply an example of
the failure of the single configuration TDSCF approximation, because the classical bath in

reality sees a different potential for different states of the system, not one average potential.

3.2.3 Concluding Remarks

Given the semiclassical IVR description of the complete molecular system, it was
then shown how one can make systematic approximatiohs that retain the full semiclassical
description of the “system” degrees of freedom — thereby describing quantum interference
and tunneling effects in them — while neglecting such effects in the “bath” degrees of .
freedom, resulting in a classical description of them. The zeroth order version of this mixed
semiclassical-classical model was seen to be a semiclassical version of the Ehrenfest model
(closely related to the TDSCF approximation). For the examples considered in Section
3.2.2, it was seen to work well for the survival (diagonal transition) probability of a single
Gaussian if the coupling is sufficiently weak, but to fail for strong coupling and for non-
diagonal transition probabilities. A first order version of the mixed semiclassical-classical
‘model was a significant improvement over the zeroth version (at least for the non-diagonal
transition probabilities), though still significantly less accurate than the full semiclassical
IVR treatment.

There are two ways to improve the accuracy of the treatment within the present
formulation: (1) to use a higher (i.e. second) order version of the mixed semiclassical-
classical model, or (2) to include more of the “bath” modes — the most strongly coupled
ones — in an enlarged “system”, i.e., to retain the full semiclassical IVR description for
a large number of degrees of freedom. Our present feeling is that route (2) may be more
profitable, but applications to more complex system of physical interest will be necessary

to decide whether or not this is feasible.

3.3 Full Linearization Approximation

In the previous. section, we considered the case where approximations are made
to some degrees of freedom in the problem, but not to others and arrived at a “mixed

semiclassical-classical” treatment for the dynamics. We saw that there is the possibility of
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systematically improving the model by going to higher order terms. However, as with any
mixed treatment, the choice of system-bath separation is not unique and impacts greatly
upon the results.!'” And for different quantities of interest, different choices of system and
bath are usually required. It is therefore desirable to treatment every variable in the problem
at the same level of approximation.

Toward this end, we shall carry out the same expansion in the A variables but
now for all degrees of freedom in the problem and try to see if this is a fruitful route to
proceed. Consider a generic quantum mechanical transition probability from state |¥;) to

[¥9) in time ¢; the quantum expression for this is

Prea(t) = 1824 ()2 (3.53)

with
Soalt) = (Tole™HM0y) (3.53b)
= /dqldQO‘I’z(m)*(m|€_im/hIQO)‘I’1(qO), (3.53c)
where H is the (time-independent) Hamiltonian of the system. With the standard semiclas-
sical approximation of [Eq. (2.1)] for the matrix element of the propagator, et/ hand

the IVR transformation of Eq. (2.9), the SC-IVR expression for the amplitude becomes

1
? €t3¢(90:P0) /Mgy, () * U1 (qp) (3.54)

$2(8) = [ daodpo [det (52L) /(2rin)”

where q¢(qo, Po) is the coordinate at time ¢ for the classical trajectory with initial condition
(Qo, Po), and Si(qo, po) is the action integral along it. (The phase factor e~"#/2 where 14
is the Maslov index'315 — the number of zeros experienced by the determinant of 8q;/dpg
in the time interval (0,t) — is included in Eq. (3.54) as part of the pre-exponential square
root.) It is the oscillatory nature of the integrand in Eq. 3.54 that complicates the integration
over the phase space of initial conditions.

If one explicitly squares the arhplitude in Eq. (3.54) to obtain the transition
probability via Eq. (3.53c), and this leads to a double phase space average,

1 dq: Odi\]? (et
Py o (t) = W/dQOdPO/dQBdP{) [det (5:—)1:; . é—g—é-)] ¢!St(a0,p0)=Se(qp.po)l/R

Wa(ae)* V2(q;) 1(qo) ¥1(qp)* (3.55)
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where g; = q:(qo, po) and q; = q:(q, py). One then makes a sum and difference transfor-

mation of the integration variables,

Qo =qo + % qp = qo — %, B (3.56a)
Po = Po + % | Py = Po — %, (3.56b)

so that in Eq. (3.55)
/ dpodqo / dpydqgy — / dpoddo / AdpAdq. (3.56¢)

In order to make tractable approximations, one expands the phase of the integrand in Eq.

(3.55) through second order in Aq and Ap,

95:(Qo, P 85, (do, P
Su(ao, po) — Se(ah,ph) = 254G0B0) Ao 9%(@0P0) 4,

94 dpo
= (P *Maq—Pg) Aq+P; ‘Mgp-Ap;  (3.57)
the quadratic terms vanish because the phase difference is an odd function of the difference
variables. Consistent with this approximation to the phase, the trajectories q; and q} are

expanded to first order in Aq and Ap

- e A Ap

q = Qt(PO,QO) + qu : Tq + qu . _2"", (3583) <
o A A

pt = pt(pO, qO) + Mpq * '?q + Mpp * Tp, (3.58b)

and within this approximation the Jacobian factors are thus independent of Aq and Ap,

ie.,

0q; _ Oqy _ 0§y ‘ :
~ ~ = Mqp, 3.59a
dpo  9py  OPo P ( )

and similarly |
—— = Mgq- (3.59b)

| [As a matter of interest, note that all of the above approximations following Eq. (3.55) are

exact if the system is a set of harmonic oscillators.] Equation (3.55) now becomes

1 o i
Prpa(t) = W/dPOdQO/AdPAdq det(Mgp) e™iP0 24/
_ A Ap.,. ,_ Aq Ap
2(q: + Mgq - Tq +Mgp - ‘2—) Ua(qt — Mgq - - Mgp - “2'“)

A A L
\Ill(iio + _2(!)\111((—10 - Tq)*ew;'(qu‘AQ'f'qu'AP)/h. (3.60)
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The integration over the difference variables Aq and Ap can now be carried out exactly by

changing variables again to Aq and Aq’

A I 0 A
1= A 59, (3.61)
Aq Mgq Mg Ap
and the final result is a linearized approximation to the SC-IVR, or LSC-IVR,

1 ' .
Py1(t) = W/dfmdpo p2(aqs, Pt)p1(qo, Po), (3.62)

where the “bars” have been dropped from qg and po, and p,(q, p) is the Wigner distribution
function'1® of state n, defined as

Aq

, A
pula.p) = [ dhq e g + S, (,jq - 59). (3.63)

It should be clear that it is much easier to evaluate the LSC-IVR expression than in Eq.
(3.62) than the full SC-IVR expression of Eq. 3.54 because the integrand in Eq. (3.62) is
essentially free of high frequency oscillations. [The oscillatory character has been subsumed
in the Fourier transforms that define the Wigner distribution functions, Eq. (3.63).]

The same manipulations and approximations can also be carried out for a more

general time correlation function of the form
Cap(t) = tr[AcH!/P Be=it/n] (3.64)
(P21(t) above corresponds to Eq. (3.64) with

A = |U)(T (3.65)
B = |¥y)(y) (3.66)

Writing out the full SC-IVR expression for Eq. (3.64) and making the linearization approx-

imation as above gives
1
Cap(t) = @) /dCIOdPOAw(QOaPO)Bw(CItapt), (3.67)

where A, (q,p) and By (q, p) are the Wigner-Weyl transforms of operators A and B, e.g.,

; Aq, » A
Aularp) = [[dbq e ouiniq 1 B9 g 29, (3.68)
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For instance, for our later discussion of thermal rate constants, it corresponds to the case

of A being the Boltzmannized flux operator,

A= e PR fro=BA/2 (3.69)

and B being the projection operator onto products

B =h(q), (3.70)
where h(q) is 1(0) for coordinates ,q on the product (reactant) side of the dividing surface
which separates reactants and products.

It is clear from both Eq. (3.62) and Eq. (3.67) that this LSC-IVR includes
quantum effects only via the Wigner functions of the initial and final states; all the real
time dynamics is purely classical. This is seen from the analogous classical expression for

3

the correlation function of Eq. (3.64)
C(t) = (27rh)_F/de/dQOACL(pOaQO)BCL(ptaCIt)a (3.71) *

* where Acr and Bcy, are classical distribution functions of operators A and B. The LSC-IVR
expression of Eq. (3.67) therefore imposes the exact quantum initial and final conditions
on classical trajectories. In our later discussion on the thermal rate cohstantbs, we shall see . 
that quantum effects are well described for short time, but the longer time dynamifcs is that
given by classical rather than quantum mechanics. Whether or ot this is adequate will |
depend on the application at hand.

Finally, we note that what we have called the LSC-IVR, i.e., Eq. (3.62) or (3.67),
has appeared in many approximate dynamical theories.[197123,38,124,125 With regard to ther-
mal rate constants, for example, it is very similar to a SC approximation put forth many
years ago by one of us.'?® Heller312¢ has given a particularly illuminating discussion of
this type of “Wigner overlap” approximation (and its limitations) and used it for pho-
todissociation. Lee and Scully'? have used it to treat inelastic scattering. More recently,
Filinov!?"!?8 has presented an approach for evaluating time correlation functions that starts
with the Wigner transform of the quantum trace expression, the lowest order approxima-
tion to which is Eq. (3.67). Pollack et al.11®120 have presented a “quantum transition state
theory” that utilizes this expression also. The reason we have emphasized that the result is
obtained by linearizing the SC-IVR expression [Eq. (3.54)] is that it suggests immediately
how one can improve the LSC-IVR: e.g., by keeping higher order terms in the expansion in

Aq and Ap, or simply by evaluating the full SC-IVR expression numerically.

i .
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3.3.1 Linearized Approximation for Scattering Probability

A similar (but slightly more involved) analysis can be carried out for the energy-
dependent transition probability of an isolated bimolecular collision. For a generic inelastic
(or reactive) collision the F-dimensional coordinate space (r, R) consists of the translational
coordinate R and the (F-1) coordinates r for the internal degrees of freedom, with corre-
sponding momenta (p, P). The S-matrix element for the 1 — 2 transition in the internal

degrees of freedom at total energy E can be expressed as3®

. , o9} .
So1 = _% k1k26“[’”Rm”+k2RmaX]/o dt/dr/drlelEt/h%(r/)

’

<r,R;nax|e_ii{t/h|rRmax)¢l (r) (3.72)

where {¢,} are the wavefunctions for the asymptotic eigenstates of the internal degrees of
freedom, Rpax and R} .. are large values of the translational coordinate, and {k} are the

magnitudes of the translational momenta (in units of #) determined by energy conservation

b = \/20(E — Ey) /12, (3.73)

{E.} being the internal energies corresponding to states {¢,}. (Note that for a reactive
collision (r, R) and (r', R’) are actually different coordinates, but that makes no essential
difference in the present development.) It is convenient to turn Eq. (3.72) into a full
coordinate space integral ‘by inserting the factor §(R— Rmax)0(R' — Ry,,,) into the integrand

and integrating over R and R/,
h . . ) .
$20(B) =~ hkge T meshals] [ [ dg [ dol /Mo (o)* el e @) (@),
' (3.74a)

where here q and ¢’ denote the full coordinate space, e.g., (r, R), and
Yn (q) = ¢n (I‘)(S(R . Rmax)~ (3'74b)

The SC-IVR, Eq. (2.9), is now used for the matrix element of the propagator in Eq. (3.74a)
and the square modulus of the S-matrix element formed to obtain the 1 — 2 transition
probability

h2k ko
p2(2mh)F

1
! 2
. 0

Py 1 (E) / dtdt’ / dpodqo / dphdq)y e FE1) Py (q0)* (L))
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where q; = q(qp, pg;t). Changing to sum and difference integration variables as in Eq.
(3.56c) above — and here also for £ = 3(¢t + t') and At = ¢ — ' — expanding the difference
of the action to first order in Aq, Ap and At, and performing the integral over them as

done in going from Eq. (3.57) to (3.62), gives

Rk [ sin ([E — H (a0, po)l/2)
Prcr(E) = MQ(Q—;h)F/O dt/dpo /dqo 2 [E — H(qo, Po)]
p2(at, Pt)*p1(q0, Po), (3.76)

where the “bars” have been dropped from pg, qo, ¢, and we have used the fact that

0
and 72 ' ( ( )1¢/2)
: | in((E - H £/2
dAt tAtE-H(aopo)l/h — of sin o, Po ) 3.78
/t/2 € [E — H(qo, po)] ( )"“

Wthh if ¢ — oo, it becomes 2rhd[E — H(qq,po)]. In our calculations, we found that it.
makes little difference whether we take the exact result of Eq. (3.78) or the delta function
limit of it, thus for simplicity we shall use the delta function approximation for here on. It

is also easy to show that

Pn(Q, P) = pn(r, Pr)d(R ~ Rmax), . (3.79)

where pp,(r, py) is the Wigner function corresponding to nth state of the internal degrees of
freedom as defined in Eq. (3.63). Combining all of these results together and writing the

phase space integral in Eq. (3.76) in terms of the internal and translational variables thus

gives
h2kk
Pyr(E) = %%;1/m@/®w/ﬂh/ﬂ%/ﬁﬂE h(ro, Pro) —
6(RO - Rmax)a(Rt - Rmax)pZ(rt, prt) P1 (rO, pr0)7 (380)

where h(rg, pro) is the asymptotic Hamiltonian of the internal degrees of freedom. The
three delta functions in the integrand of Eq. (3.80) allow the integrals over Ry, Py, and t to

be performed, giving the final result

1 K2k k .
Py (E) = @rh)FT /dl‘odpro *,"I;Oj,#jm(rt,prt) p1(To, Pro)- (3.81)

i

Comparing this energy dependent result, Eq. (3.81), to the time-dependent one,

Eq. (3.62), one sees that it involves an integral over the initial phase space variables only
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of the internal degrees of freedom, the initial values of translational variables being given

by Ry = Rmax, Po = —2u(E — h(rg,pro)). The classical trajectories which give (ry, pyt)
in Eq. (3.81) are of course computed in the full space of all degrees of fréedom.

Eq. (3.81) was proposed (with some minor differences) some years ago by Lee and
Scully!2?5 and tested for collinear inelastic scattering of He+ Ha(v) — He+ Ho(v'), for which

they observed reasonably good agreement with quantum coupled channel calculations.

3.3.2 Connections with Classical Mechanics

Here we explicitly consider a one dimensional integral of the form
I= / dzeiS@/h, (3.82)

but have in mind multidimensional integrals of this type that represent quantum transi-
tion amplitudes. In the applications in this paper, the integration is over the phase space
(qo, po) of initial conditions for classical trajectories, but a fully quantum path integral
representation of the time evolution operator is also a multidimensional integral of this
form.

Standard semiclassical approximations result when one evaluates the integral via

the stationary phase approximation (SPA),

1

2nth 12

Ispa =3} [S//(Ik)] et (3.83a)
k

where {z} are the points of stationary phase, i.e., the roots of the equation
S'(z) = 0. (3.83b)

Eq. (3.83a) is often suggestively written as

Ispa = 3 BY%ei®, (3.84a)
k
where
2mh
P _ .
= ] (3.840)
¢ = Slax)/h+;Sien[S"(zr)], (3.84¢)
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so that the probability, or the observable, |I|? has the form

[Ispal® = ZPk + > 2v/Pe Py cos(¢y, — ¢k')

k<k! ‘
= |ICL) + interference. (3.84d)

This is the typical semiclassical result for a transition probability,3® say, the classical result
plus interference, i.e., quantum coherence. If there are no real roots to Eq. (3.83b), one may
analytically continue the phase function S(z) and look for complex roots; the approximation

for |I|2 then is®®

2h _orms(s
I~ HeAlk 2mS () /h - (3.85)

where zj is the complex root for which S(z) has the smallest positive imaginary part. In
this case the transition is said to be “classically forbidden”, or to proceed byb tunneling (or
“dynamical tunneling” in the multidimensional case).

One would like to go beyond the stationary phase approximation, e.g., to evaluate
integrals of this type numerically, but the oscillatory character of the integrand prevents the B
straight-forward use of Monte Carlo methods. There are ways of converting Eq. (3.82) into
an integral amenable to Monte Carlo evaluation, such as various filtering methods,”6:75:74

but the strategy we are employing in this section is to deal directly with the prébability,
2 = / dac/ da! 5@ =SE)/h (3.86)

(This also arises most naturally when using a density matrix formulation.) Changing to

sum and difference integration variables 7 = (z + z')/2, Az =z — 2, gives
o0 S ’ . = T = T .
112 = / dz / dAzel(SEHF)=SE- 5/, (3.87)
—0 -0

and the linearization approximation corresponds to expanding the phase difference to first

order in Az,
A
S(z + %) —S(z - 7“’) ~ §'(3)Ax. (3.88)

The integral over Az is then immediately doable,
/ dAgetS @Az/h _ 27rh5[S'(x)] (3.89)

so that Eq. (3.87) becomes
0
32 = / dz2mh[S' (7). (3.90)
—00 .
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Having approximated the phase difference this way has indeed eliminated the. oscillatory
problem: the integral over Z in Eq. (3.90) now involves a positive definite integral, and one
can readily proceed by Monte Carlo methods in the multidimensional case. One immediately
sees, however, that Eq. (3.90) gives only the classical probability: there are contributions
to the integral only at values Z for which S'(Z) = 0, i.e., the stationary phase points, and

the evaluation of the delta function integration gives

2nh ’
1= 2 [Saa) 5
the classical part of Eq. (3.84d).* One may thus say that taking interference [i.e., the phase
difference in Eq. (3.87)] into account only infinitesimally (i.e., to first order in Az) leads
only to the classical result; one cannot describe the quantum interference/coherence effects
in Eq. (3.84d) because these arise from the difference of discrete points of stationary phase,
Az =z — Tpr.

Comparing the classical result of Eq. (3.91) (which is always positive definite)
to the semiclassical result of Eq. (3.84d), one sees that the oscillatory part is a sum over
cosines of the action difference between various different stationary phase points. There are
reasons to suspect that this oscillatory term is a small contribution to the overall probability
for a complex system. First, generally speaking, the number of stationary phase points (or
classical trajectories) is usually quite large, therefore the summation in Eq. (3.84d) is over
a large number of oscillatory terms. Second, in a complex system, the classical action is
generally bigger than that of a smaller system simply because the number of degrees of
freedom is larger. And if the system exhibit chaotic behavior, the different trajectories
will have very different actions. Therefore, the summation is over many of these rapidly
oscillating terms that can lead to destructive interference, diminishing the magnitude of
the coherence term in Eq. (3.84d). If these two conditions are fulfilled, then quantum
mechanical effects should contribute very little. This argument is somewhat related to that
put forth by Zurek and Paz,}?° however, their discussion initiated from different starting
points. In chapter 5, we shall test this hypothesis for an example of hundreds of degrees of
freedom and see if quantum effects are still important.

One systematic approach for improving the linearization approximation is simply

to carry the expansion in Eq. (3.88) to the next order in Az, which is §”(z;)Az3/24. The

*We note that this linearization approximation was actually used to derive the classical pre-exponential
factor of the semiclassical S-matrix, J. Chem. Phys., 53, 1949 (1970).
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integral over Az is then an Airy integral, and in this case Eq. (3.87) becomes
12 = / dz LA [S"(z/e(7))] (3.92)

where
e(z) = K38 (z)1/3)2. | (3.93)

The integrand here is also peaked at values of Z for which S'(Z) = 0 — these are the
turning points, or Franck-Condon peaks of the Airy function f— but there is some residual
interference structure in the integrand. Eq. (3.92) should indeed be a useful approximation
because it is accurate when the two interfering stationary points were not too far apart,
which probably is the most important practical situation. (If they are very far apart, the

interference is presumably of very high frequency and thus most easily quenched by any

averaging that one carries out.) The only problem is that the generalized cubic expansion +

of the phase difference in the multidimensional case does not yield a separable integrand,

so the Az integration is not easily doable. If one attempts a direct numerical attack on *-

Eq. (3.87), this sum and difference analysis suggests that the integration over the sum
variable Z could be treated by classical (Monte Carlo) methods, while only integration over

the difference variable Az must deal with the interference nature of the problem.

3.3.3 Concluding Remarks

We have presented an linearized approximation to the SC-IVR. and discussed the
connection between semiclassical dynamics with classical mechanics that arised from this
approximation. We saw that classical dynamics does not emerge from i — 0, rather it
comes from the disappearance, or cancellation, of the interference terms in the probability.
We conjectured that this perhaps is true in complex systems where chaos and large numbers
of degrees of freedom can have this effect.

The iinearized approximation, however, is not a completely classical theory. The
initial and final conditions of the classical trajectories are determined by Wigner: func-

tions which are exact quantum mechanical entities. Therefore, non-dynamical (equilibrium)

TCompa,ring Eqgs. 3.89 and 3.92 identifies the following representation of a delta function,.
§(2) = lim L Ai(z/e),
e—0 €

and one can indeed show that the RHS of this equation does satisfy the defining properties of the delta
function.

5
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quantities such as the partition function are treated exactly. The usefulness of this will be
seen in chapter 5 where we apply the LSC-IVR to reaction rate constants. We will also
see in that chapter that when quantum mechanical interference effects are important, the
LSC-IVR is not an adequate approach.

The linearized approximation also points out the possible ways of including quan-
tum mechanical effects, namely by keeping higher order terms in the expansion that contain
interference, albeit approximately. So far, this direction have proved difficult for practical

implementation, but this is an on going subject of research.

3.4 Forward-Backward Propagation for Correlation Functions

In a complex molecular system, i.e., one with many degrees of freedom, one will

almost always be interested in calculating some kind of time correlation function of the form
Cap(t) = tr [Ae” h pemiftin] (3.94)

where A and B are various operators and H is the Hamiltonian of the system. (Typically,
A will involve the Boltzmann operator, exp(—ﬁﬁ ), and thus all the degrees of freedom of
the complete molecular system, while B will involve only the few degrees of freedom of a
“probe” molecule or reaction coordinate.) Use of Eq. (2.14) for each of the time evolution
operators in Eq. (3.94) thus leads to the following double phase space average for the

correlation function,

Cap(t) = (2rh)™2F / dpo / dqo / dpyg / dqyCt(po, 90)Ce(Py, a0)”
¢!18¢(Po.q0) = 5:(Po,a0)1/? (0 g | Al ph ) (P} | Blpeas) (3.95)

where p; = p:(py,496),9: = Q(Pp,dy). For comparison, classical mechanics gives the

correlation function as a single phase space average over initial conditions
CS5(6) = @) [ dpo [ dasA(po, a0) B(pr, @) - (3.96)

where here A and B are the classical functions of coordinates and momenta corresponding to
the operators A and B. The integral in the SC-IVR expression for the correlation function,
Eq. (3.95), is thus twice the dimension of the classical expression, Eq. (3.96), but more
serious than this is the fact that the integrand of the SC expression is oscillatory due to the

phase differences between the trajectories with different initial conditions.
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It is clear however, that the phase difference in Eq. (3.95) is what is responsi-
ble for the quantum interference/ coherence structure in the correlation function. We have
seen in the previous section where the linearization approximation assumed that the phase
difference is infinitesimal and therefore the result is a classical like expression for the cor-
relation fuhction without any quantﬁm interference. In many systems, this assumptidn is
inadequate. _

In this section we describe a way of evaluating the full SC-IVR expression without
invoking the linearization approximation for any of the degrees of freedom but still retains
most of the interference effects. It is based on a generalization of the forward-backward
(FB) procedure introduced by Makri and Thompson!3%:131 to evaluate anharmonic influence
functionals in their Feynman path integral approaches. The basic idea is to combine the two
time evolution operators in Eq. (3.64) into one overall SC-IVR time propagation, so that the
double phase space average .in Eq. (3.95) becomes a single phase space averége (plus a bit -
more because of the operator B which sits between the forwdrd and backward time evolution
operators). More important than the reduction of the diménsionality of the integral is that
the forward-backward nature of the classical trajectories leads to a partial self-cancellation
that makes the integrand less oscillatory. Section 3.4.1 develops this FB-IVR approach in -
general and it is also shown how an approximate form of the FB-IVR reverts to the LSC- -
IVR approximation of Eq. (3.62), so that one may think of it as a systematic way of going -’
beyond this linearized approximation. The FB-IVR, unlike the LSC-IVR, is thus able to
describe true quantum coherence effects arising from the interference of distinct classical
trajectories. Section 3.4.2 discusses some other applications of the forward-backward idea

for quantities other than standard time correlation functions.

3.4.1 Forward-Backward Initial Value Representation

It is useful to work up to the general result in several stages. First, consider the

case that operator B is a local (in coordinate space) phase factor,
B = @/, : (3.97)
The operator U )
U= eiﬁt/heiqs(q)/he—iﬁlt/h’ (3.98)

is thus a unitary operator (since it is the product of three unitary opefators) and can in

fact be thought of as the time-evolution operator forward from 0 — t and backward from
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t — 0 via the time-dependent Hamiltonian

H) = (3.99)

~

H, t—0

A { H-5(t-t)¢@), 0—t

where H is the original (time independent) molecular Hamiltonian. Since the semiclassical
approximation has the same form also for a time-dependent Hamiltonian, the Herman-Kluk

IVR for operator U has the same form as Eq. (2.14),

U= (27771)~F/dpo/quCO(Po,qO)eis"(p"’qO)/hlpf)qﬁ)(po‘qol (3.100)

where the forward-backward classical trajectory that results from the Hamiltonian Eq.
(3.99) is as follows: one begins with initial conditions (pg,qg) at time 0 and integrates the
classical equations of motion — with the molecular Hamiltonian H — to time ¢, where the
momenta and coordinates are (p¢, q:); here the momenta are changed according to

0d(q)

o) (3.101)
9q ]q=qt

Pt—>Pt+[

and one then integrates back to time 0, yielding the final values py = pg(pPo, o), Qp =

a5(Po,qo)- The action integral in Eq. (3.100)‘is

t : 0
So(Po,qo) = /0 dt'lp-q— H(p,q)] + ¢(as) + /t dt'lp - q - H(p,q)], (3.102)

and the pre-exponential factor Cy is the same as Eq. (2.14c) with monodromy matrix
elements dqq(po, qo)/dqo, etc. Appendix A also shows how Egs. (3.101) and (3.102) arise
from the “primitive” or stationary phase approximation for matrix elements of the operator
U.

With the operator U = efit/* Be=ifit/% given by the FB-IVR of Eq. (3.100) [for

B of the form of Eq. (3.97)], the correlation function C4p(t) becomes

Can(®) = 2n1) " [ dpo [ daoCo(po, a0)e' ™% Mpoqo|Alppap), (3109

and this exemplifies the basic simplification and efficiency of FB-IVR. By making an SC-
IVR for the total operator U one has only a single, rather than a double phase space average
over initial conditions as in Eq. (3.95). Probably more important than this, however, is the
fact that the net phase — i.e., the forward-backward action of Eq. (3.102) — has partial

cancellation from the forward and backward nature of the trajectory. If, for example, the



3.4. FORWARD-BACKWARD PROPAGATION FOR CORRELATION FUNCTIONST5

phase ¢(q) were zero, then the forward and backward parts of the trajectory would cancel
exactly, and the net phase of Eq. (3.102) would be zero. The operator U would in this
case, of course, be the trivial identity operator, but Eq. (3.100) would in fact be an efficient
way to represent the identity operator, whereas using two separate IVR’s for e~tHt/h and
eift/ h and the resulting double phase space average, would require a great deal of effort to
represent the identity operator accurately.

The above procedure can be generalized to an arbitrary local operator B = B(q)

by writing it as a Fourier integral
B(g) = / dpB(p)e® /", (3.104a)
where
B(p) = (2nh)~/ / dqB(q)e” P /", (3.104b)

and f is the number of coordinates on which B(q) depends. The operator eP4/% ig thus .,
of the form of Eq. (3.97), so the FB-IVR, Eq. (3.100), can be applied to it and the result
integrated over the Fourier transform variable p. The result for the correlation function

Cap(t) is therefore

Cas(t) = @nh)™F [dpB(p) [ dpo [ dasCopo,a0)eSo P9/ (poqol Alphap),

(3.104c)
where the “momentu;n jump” condition at time ¢ [cf. Eq. (3.101)] is
Pt — P+ P, (3.104d)
and the FB action is
So(Po, qo; P) = /Ot dt'[p-4-H(p,@)]+p-a:+ /to d'lp-q-H(p,q);  (3.104e)

the final values (pg,qp) are functions of the Fourier traﬁsform variable p as well as ini-
tial conditions (pg, qo). In a_,ddition to the phase space average over initial conditions, Eq.
(3.104c) also involves an integral over the Fourier transform variable p. It should be empha-
sized, though, that the operator B — the “probe” operator — will typically involve only a
few degrees of freedom, those of a sub-system, even though the complete molecular system
involves many degrees of freedom. For the flux-side correlation function, for example, the
Fourier transform variable involves only one variable. Thus in general the Fourier trans-
form variable p in Eq. (3.104c) will involve only a few degrees of freedom, while the initial

conditions (pg, qp) involve all the degrees of freedom of the complete molecular system.
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An even simpler way of expressing the operator B as a unitary operator is to notice

~-that
d .. a
B(§) = —ih [—ezw/ﬁ , (3.105a)
dA A=0

where ) is an arbitrary parameter. The correlation function of Eq. (3.94) then becomes

. _~d ) ) .
Cap(t) = —ih(2rh) Fﬁ [/ dpodqoCo(po, Qo)e* 0PN/ Aipiq41 Alphah) , (3.105b)

where
-t 0
So(po,a0iX) = [ dflp-a H(p,a)) +ABla) + [ dtlp-a-H(p.a)],  (3.1050)

and the momentum jump at ¢ is

dB(q) ]
aq q=q: .

Pt > Pt t+ A [ (3.105d)

Because taking a derivative with respect to A does not require as many points as an integral

as in Eq. (3.104c), this may be a more efficient approach.
Finally, to treat a general operator B we express it in terms of its Weyl ordered

product132:133

B= / dp / dqB(p, q)e’P ¥/ heiap/h (3.106a)

where .
| B(p,q) = (2rh)~/ / dge~"*%/"(g|B|q — q). (3.106b)

One can verify Eq. (3.106a) directly by using the fact that matrix elements of the expo-

nential operators are given by
(q"|eP/hemiaP/h gy = P9 /RGs(q + q — q). (3.106¢)
One thus utilizes an SC-IVR for the unitary operator
U’(p, q) = et Ht/h gip-a/h —iq-p/h —~iHt/h (3.107)

The FB-IVR for U (pP,q) has the same generic form as Eq. (3.100), but as Appendix B

shows, there is a “phase space jump” at time ¢
p P Jump

Pt = P:t+P (3.108a)
@ — a+aq, (3.108b)
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and the FB action integral is
¢ ‘ 0 '
So(pPo,qo; P, q) = /0 di'lp-a-H(p,q)]+p-(a:+q + /t dt'lp-q— H(p,q)]. (3.109)

The general FB-IVR result for the correlation function is therefore

Cap(t) = (2rh)~" / dp / dqB(p,q) / dpo / dqoCo(pPo, qo; P, Q)

. with B(p,q) given by Eq. (3.63). Again it should be emphasized that though the phase
space average over initial conditions (pg, qg) in Eq. (3.110) involve all the degrees of freedom
of the complete molecular system, the dimension of the integrals over the transform variables
(P, @) will typically involve only a few degrees of freedom, those in terms of which operator
Bis expressed.

Several observations about the general FB-IVR result, Eq. (3.110), are in order.
First, it is useful to see how Eq. (3.110) reverts to the LSC-IVR expression, Eq. (3.62),
* with appropriate approximations. One notes that the net FB action integral So(po, qo; P, Q)
of Eq. (3.109) is zero if p = q = 0; this is because, in this case, the trajectdry is continuous
at time ¢ [cf. Eq. (3.108)], so that the forward and backward trajectories -are identical and
the forward and backward action integrals exactly cancel. Furthermore, from the derivative
relations in Appendix B, it is not hard to show that to first order in p and q, the FB action
is given by

So(Po, 90; P,a) ~ q:(Po, Qo) - P — Pt(Po, Qo) - Q- ' (3.111)

Since Po(Po, o) = po and qg(po,q0) = qg to lowest order in p and q, and thus Cy = 1,

and since one can also show that
(PoqolAlpodo) & Aw(Po, q0), S (3112)
the geﬁeral FB-IVR result, Eq. (3.110), beclomes- |
Cap(t) ~ / dpo / dgoAw(Po, qo)(27h) " / dp / dqB(p,q)e" @ P~Pra/h  (3113)
The exact relationship between B(p,q) and the Wigner function By(pt,qt) is

By(pt, qi) = / dp / dqB(p, q)erP Y/ 2ei(ap-pra)/h, | (3.114)
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but to first order in p and q one can drop the phase eiPa/2 jp Eq. (3.114), whereby Eq.
(3.113) becomes ' '

Cap(t) = (27rh)—F/de/dQOAw(pOaCIO)Bw(Pt,Qt)a (3.115)

precisely the linearized SC-IVR, (LSC-IVR) result of Eq. (3.62). Thus, a linearization of
the FB-IVR action in the Fourier transform parameters (p, q), as in Eq. (3.111), leads back
to the earlier LSC-IVR result. '
Second, the general FB-IVR result, Eq. (3.110), bears a interesting relation to
our earlier “mixed semiclassical-classical” model.!?* To see this, we divide the complete
molecular system into an f-dimensional “system” and a remaining “bath”, with q = (r,R);
(r,p) are the coordinates and momenta of the “system” and (R, P) those of the “bath.” If
~ operator B depends only on the system degrees of freedom — in fact this would typically

be the definition of the system — then Eq. (3.110) reads

Cap(t) = (2rh)~F / dp / drB(p,r) / dpo / drg / dPg / dRoCpet™®
(poroPoRo|AlpsroPoRy), | (3.116)

where Cy and Sy are functions of all the integration variables. There is thus a double phase
space average over the system degrees of freedom, (p,r) and (po, o), but only a single
phase space average over bath degrees of freedom, (P, Ryg), precisely the same structure
as the “mixed semiclassical-classical” approximation. Unlike this previous work,'3* how-
ever, the FB methodology has achieved this form without introducing any linearization
approximations to the SC-IVR approach.

- Third, it is useful to note that degrees of freedom which are not coupled to the
operator B do not contribute to quantum interference structure in the correlation function.
To see this, suppose that the “bath” degrees of freedom (R, P) in Eq. (3.116) above were
not coupled to the “system” variables (r,p): since the phase jump at time ¢, Eq. (3.108),
involves only system variables (on which B depends), the trajectory of the bath variables
would be continuous at ¢, so that their contribution to the FB action Sp would cancel out
and thus makes no contribution to the quantum interference in the correlation function.
It also follows, of course, that modes that are coupled only weakly to (r,p) make a small
contribution to Sp.

Finally, we note that the only awkward feature of the general FB-IVR result, Eq.

(3.110), is the forward-backward aspect of the calculation itself; i.e., one averages over initial
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_conditions for trajectories that go forward, 0 — ¢, and then backward, t — 0, for a given
value of £, so that t'}\'iere is a separate set of such trajectories for each value of ¢. In a classical
(or LSC-IVR) calculation, on the other hand, in Eq. (3.96) [or Eq. (3.62)], one integrates
only forward in time and obtains C4p(¢) for all times ¢ with one set of trajectories. The FB-
IVR can actually be cast in this more deterministic form (though not &ithout introducing

other inconveniences). This is accomplished by invoking Liouville’s theorem, namely,

/vdpo/dcm = /dpt/dCIt (3.117a)

so that (p¢, q:) are now the “initial conditions” by which the trajectories are specified. Eq.

(3.110) thus becomes

Cap(t) = (2rh)™F / dp / daB(p,q) / dpt / dq:Co(po, qo0; P, q)
¢150(P0,a0iP /B (10 01 At o), (3.117b)

where here py = po(ps, qt), Qo = qo(pPs,q:) are the momenta and coordinates that result
at time 0 by integrating the equations of motion from ¢ — 0 with initial conditions (p¢,q¢).
-Similarly [and in light of the jump conditions in Eq. (3.108)], (pg,qp) are the variables
that result from integrating the equations motion from ¢ — 0 with initial conditions (p; +
pP,d: + q). (One can make this-look more conventional by now switching time ¢ and time
0.) The FB trajectory now has the more convenient form of two forward‘trajectories, but
with a less convenient weighting function with which to sample initial conditions for the
trajectories. This latter inconvenience can perhaps be overcome by using clever importance
sampling techniques, so that it may emerge that Eq. (3.117b) is actually the prefered form
of the FB approach.

3.4.2 Other Applications of Forward-Backward Idea

The forward-backward idea can be readily applied to'simplifty other kinds of semi-
classical calculations. For example, the spectral density with respect to some reference state
|x) is defined by

‘ I(B) = (XI3(E - H)lx), (3.118a)

and with the Fourier representation of the delta function, this becomes

00 . o
I(E) = (nh)"'Re / dtet PR (x|e Ry, (3.118b)
0 ‘ .
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The SC-IVR expression for the t-dependent survival amplitude is readily obtainable from

Eq. (2.14),
(xle™H|y) = (27rh)_F/dPO/dQOCt(pO»QO)eiSt(po’qO)/h<X|tht><P0CIO|X>- (3.118¢)

Egs. (3.118a)-(3.118c¢) are often used to calculation photon excitation cross section, for
which |x) is the initial state multiplied by the dipole momentum operator, and also to
obtain the discrete energy levels of a bound-state system since in this case Eq. (3.118a) can

be written as

I(E) =3 [(xlwi)l® 6(E — i), (3.1184)

where {E;} and {|4;)} are the eigenvalues and eigenstates of H; in this latter case |x) can
be any convenient reference state.

The forward-backward idea can be implemented if | x) is chosen to be the eigenstate

of some zeroth order Hamiltonian Hy, i.e.,
Holx) = Eo|x)- | (3.119)

One then has the following elementary identity for the survival amplitude

<X|6_th/th> — <Xle—iHot/heiHot/he—th/ﬁ,|X)
_ e—iEot/n(Xleiﬁot/ne—iﬁn/n ), (3.120)
so that Eq. (3.118b) becomes
o0 . A . )
I(E) = (vh)"'Re /O dte{E=Bo)t/n (y | giHot/h—iHt/R 3y (3.121)

and the FB-IVR is applied to the operator
U= eigot/ne_im/h, (3.122)

which clearly corresponds to propagation forward 0 — ¢ with the Hamiltonian H and then

backward ¢t — 0 with Hamiltonian Hy. The FB-IVR for the matrix element in Eq. (3.121)
is thus given by '

(xcletfoi/Pe =105 — () F [ dpo [ daoCo(po, q0)e' ™ P9/ (x|pyql) (pocio ),
(3.123)
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where the final values (pj),q)) are obtained from the trajectory that begins with initial
conditions (po,qo) at t = 0 and evolves via the full Hamiltonian H to time ¢, and then back
to t = 0 via Hamiltonian Hy, with both the coordinate and momenta being continuous at
time ¢; i.e., there are no coordinate or momentum “jumps” because there is no operator
between the two propagators in Eq. (3.122).

The advantage of using Eqgs. (3.121) and (3.123), rather than Eqs. (3.118b) and
(3.118c) are obvious: the integrand of Eq. (3.123) will be much less oscillatory than that
~ of Eq. (3.118c) because of the partial cancellation of the forward and backward action

integrals, i.e., So(pg, qo) of Eq. (3.123) is given by
t 0 ‘
Solpo,ao) = [ dt(p-a—H)+ [ dt(p-a— H). (3.124)

This will be increasingly true the better Hy approximates H.

3.4.3 Concluding Remarks

In section 3.4.1, it was shown how an SC-IVR of the two time evolution operators
that appear in a typical quantum time correlation function can be combined into one overall
IVR, involving trajectories that propagate forward from 0 to ¢ and the backward from ¢ to
0. Section 3.4.2 demonstrated other examples of how multiple time evolution operators in -
quantum expressions can also be so combined.

We ha;le seen that the origin of (iuantum mechanical effects such as interference and
_coherent are due to interference between different classical trajectories. The linearized ap-
proximation does not take these interference terms into account. With the present forward-
backward approach; however, the interference is not discarded because the forward and
backward parts of the trajectory are different due to the jump conditions at time ¢, there-
fore this method should be much more accurate than the LSC-IVR. On the other hand, the
inclusion of interference means that the convergence of the integral will again have the same
oscillatory problems encountered with the standard SC-IVR, But, the oscillatory nature in
the FB-IVR should be much less because the forward-backward parts of the trajectory may '
cancel more effectively fhan in the SC-IVR. And, degrees of freedom not strongly coupled
to the “probe” operator are especially canceled out in the forward-backward trajectory.
Therefore, the FB-IVR is a promising approach for extending the semiclassical theories to

complex systems.
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In chapter 5, the FB-IVR methodology will be applied to the calculation of flux-
side correlation functions for thermal rate constants. It will be seen that the quantum

effects are indeed well captured in this theory even for very long times.

3.4.4 Appendix A

The “primitive” semiclassical approximation for the matrix elements of the oper-

ator U of Eq. (3.98.) is given by
(h/T10) = [ dalale /P iq)et/h (qle~iHE/Hqp), (3.125)

where the integral over q is to be evaluated by the stationary phase approximation (SPA).
The “primitive” (or Van Vleck) approximation for the individual propagator matrix ele-

ments in Eq. (3.125) have the standard form

(qle—im/hlqo> ~  S(a,9050t)/h (3.126a)

(QhleTHMq) ~ eS(abatms0)/n (3.126b)

where for this qualitative discussion we do not keep track of pre-exponential factors. The

stationary phase condition for the integral in Eq. (3.125) is

05(q,q0;0 2 ) | 9¢(a) | 95(aqp, a;t — 0)

I 3 S , (3.127)

0=

and the usual derivative relations identify 85(q,qo;0 — #)/8q = p:(q,qo) as the momen-
tum at time ¢ from the 0 — ¢ trajectory, and 85(qp,q;t — 0)/0q = —p¢(qp,q), where
p:(d), q) is the momentum at time ¢ for the t — 0 trajectory. Eq. (3.127) thus gives the
“momentum jump” at time ¢ in Eq. (3.101). Furthermore, the SPA gives the net phase of

the matrix element,
(o|Uqo) ~ eiS@oa0)/h, (3.128)

as .
S(ap, q0) = 5(a,90;0 - ) + ¢(q) + S(ap, q; ¢ = 0) (3.129)

with q = q; evaluated at the stationary phase value determined by Eq. (3.127); this is the
net forward-backward action given by Eq. (3.102).
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3.4.5 Appendix B

Here we consider the “primitive” semiclassical approximation for the unitary op-

erator in Eq. (3.107),
(@10 (p, lao) = [ da” [ dal(ahle™/Mq") (@"|e e M gy q e~ ). (3.130)
Utilizing the matrix elements in Eq. (3.106¢) gives |

(@o|U(p, q)lao) = /dQ'(QE)Ie’m/hlq’%q)eip’(q+q')/h<q’le‘im/hIQo>, (3.131)

and with the primitive semiclassical approximation to the two propagator matrix elements,

(again neglecting the pre-exponential factors),

<qlle—iﬁt/h|q0> ~ eiS(q',qo;O'——)t)/h (3132&)

<q6|ei}f1t/h|q/+q) ~ eiS(qg,q’+q;t—>O)/h’ (3.132b)

the stationary phase condition for the integral in Eq. (3.131) is

0 0 ‘
0= a—(l,S(q{),q'+q;t—>O)+p+5<-1—,5(Q',QO;0—’t)- (3.133)

Again using the derivative reiations of the action integrals, p:(q’,qo) = 9S(qd’,qp;0 —
t)/0d' is identified as the momentum at time ¢ for the forward 0 — ¢ trajectory, and
p:(qp, 9+ q') = —-3S(qp,q + q';t — 0)/9q’ is the momentum at time ¢ for the t — 0
backward trajectory, so that Eq. (3.133) implies the following “momentum jump” at time
t, ! | .

p: — pt + p. (3.134a)
Also, the coordinate at timie ¢ for the forward 0 — ¢ trajectory is ', and for the backward

t — 0 trajectory it is q' + q, which is equivalent to the “coordinate jump” at time ¢
@—ata | (3.134b)
Finally, the net phase of the matrix element is -
So(ag, ao) = S(qo,a+q’5¢ » 0) +p- (a+q') +5(q’,q0;0 > 2) (3.135)

with ¢’ = q; determined by the stationary phase condition Eq. (3.133).
The coherent state IVR for U(p, q) therefore has the standard form, Eq. (3.100),

~ where the net trajectory begins at time 0 with initial conditions (Po,qo) and evolves for
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time ¢ to phase point (p¢,q:); here the momenta and coordinates are changed according
to Eq. (3.134) and one integrates the classical equations of motion back to t = 0, where
the final values are py = py(Po, q0; P, Q) and qp = qg(Po, qo; P,4q). The action So for this
forward backward trajectory is given by Eq. (3.135), i.e.,

So(Po, q0; P, Q) =/0tdt’[p-q—H(p,q)]+p-(Qz+q)+/todt'[p~q—H(p,q)]- (3.136)
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Chapter 4

Electronically Nonadiabatic

Dynamics

4.1 Introduction

Although the Born-Oppenheimer approximation, i.e., the motion of atomic nuclei
on one potential energy surface, is the theoretical basis of much of chemical/molecular
dynamics, there are many situations that involve coupling and transitions between different
potential energy surfaces (adiabatic electronic states). The purpose of this paper is to
present and test a new theoretical model for carrying out calculations for such non-adiabatic
processes.

For the collisions of two atoms, or equivalently, nuclear motion in a diatomic
molecule, it is usually possible to treat the coupled electronic-nuclear Schrodinger equations
without significant approximation. Semiclassical approximations for the atom-atom motion,

135—137 1387 are well

such as the Landau-Zener-Stuckelberg approximation and its refinements
known and useful for the insight they provide, but they are‘actually not necessary as a .
computation/simulation tool.

The situation is quite different for molecular dynamics involving more than two
atoms, where the number of nuclear degrees of freedom, and the many vibrational/rotational
states associated with them, typically precludes an exact quantum mechanical treatment
of the combined electronic-nuclear dynamics. Indeed, the rigorous quantum treatment of

the nuclear dynamics for more than three atoms on only one potential surface is itself a
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challenging task!3%140 5o that even in this simpler one surface case, classical mechanics
(i.e., classical trajectory simulations) is often used to describe the nuclear dynamics!4H142,
It is thus natural to try to treat electronically non-adiabatic processes by using classical
mechanics to describe the nuclear dynamics while still retaining a quantum description of
the electronic degrees of freedom (i.e., the several adiabatic electronic states involved in the
process).

There are several ways this mixed “classical nuclear-quantum electronic” idea
has been implemented. The surface hopping model introduced by Tully and Preston!%6
may be thought of as a polyatomic generalization of the Landau-Zener approximation
(though Tully’s latest version of the model is able to treat more than simple curve cross-
ing problems!%?). In this model the nuclei move on one adiabatic potential surface at a
time with localized (instantaneous) transitions from one potential surface to another. The
probability of such “hops” is determined by an electronic transition probability obtained by
integrating the time-dependent electronic Schrédinger equation simultaneously with the nu-

47749 ypgraded this model by using a classical S-matrix

clear trajectory. (Miller and George
description of the nuclear degrees of freedom, but this has not seen much application because
of practical difficulties in applying it.)

Another popular mixed quantum-classical approach is the Ehrenfest model®”:%,
in which the classical equations of motion for the nuclear coordinates are also integrated
simultaneously with the time-dependent Schrédinger equation, but the nuclear potential
energy function which determines the trajectory in this case is the expectation value of the

electronic-nuclear potential energy with respect to the electronic wavefunction,
VR = [ dxU6x OV (x R)Ta(x,), (+1)

where x and R denote electronic and nuclear coordinates, respectively, and W,; the electronic
wavefunction. (The Ehrenfest model maybe thought of as a semiclassical version of the
time-dependent self consistent field (TDSCF) approximation®®1%0.) Since ¥, is a linear
combination of the various adiabatic electronic wavefunctions involved in the dynamics, the
nuclear potential energy surface in Eq. (4.1) is a combination of all the adiabatic potential
surfaces, so that this approach is quite a different situation from the surface hopping model
described above. '

A more rigorous mixed quantum-classical model is that put forth by Pechukas'*3,

whereby the nuclear trajectory is determined by a semiclassical evaluation of the electronic-
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nuclear path integral representation of the time evolution operator. The effective nuclear
potential energy surface in this case turns out to be non-local in time, and because of the
practical.difﬁculties associated with this it has not seen much application (but see Webster
et al.'**). The Pechukas model is discussed in more detail at the end of section 4.3 in its
relation to the present model developed below. |

A very different approach to the problem of non-adiabatic dynamics was taken by
Miller and co-workers'457148. Here the several electronic states (and the coupling between
them) are replaced- by classical degrees of freedom, yielding a classical Hamiltonian in terms
of the nuclear coordinates and momenta, and coordinates and momenta for the (collectix}e)
electronic degrees of freedom. Classical trajectories for the combined electronic and nuclear
degrees of freedom are then computed with the standard “quasiclassical” treatment of initial
and final conditions. In the “classical electron analog” model of Meyer and Miller, the equa-
tions of motion for the electronic-nuclear system are the same as in the Ehrenfest/TDSCF
model, but the way the boundary condition are interpreted and applied makes the models
qu>ite different. , .

These various models all have their advantages as well as their shortcomings, a
detailed analysis of which would be lengthy. In brief, the Ehrenfest/TDSCF approach is
best when there is weak (and diffuse) coupling between many electronic states for which
the nuclear forces are similar, and the surface hopping model is better when the coupling
between the different adiabatic states is localized (though possibly strong). The “classical
electron” model was constructed to provide a more even-handed description of the nuclear
and electronic degrees of _freedom, but it achieves this by reducing the rigor in the description
of both sets of degrees of freedom to that of the quasiclassical model. There are also a variety
of semiclassical treatments'4%1%0 based on a perturbative (i.e., “golden rule”) approximation
for the non-adiabatic coupling that are often very useful, but we are concerned in this paper
with approaches that are, in principle at least, not restricted to the perturbative regime.

The new model we present here for treating non-adiabatic dynamics is based on
the quantized version of the Meyer and Miller approach. It will be seen that this model is
exact if it is treated quantum mechanically. Furthermoré, it has well defined semiclassical
and classical limits, one does not have the ad-hoc and ambiguous features of mixed quantum
classical models reviewed above. Thus, it is a fully a rigorous but dynamically consist;ént

theory of electronic nonadiabatic dynamics.
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4.2 Theoretical Development

There are several ways of presenting the model discussed below: one is based on the
Classical Electron Analog model of Meyer and Miller where one starts with a classical model
Hamiltonian for electronic and nuclear dynamics and then “quantize” it with semiclassical
mechanics. Another way is to proceed with the direct second quantized Hamiltonian for
the nonadiabatic problem. These two procedures, in their essence, are really the same.
However, conceptual interpretations may be different. Therefore, we will present both of

them in this section.

4.2.1 The Classical Electron Analog Model

Meyer and Miller (MM) began by considering a N x N time-dependent electronic
Hamiltonian matrix {Hg s (t)}, k,k' = 1,..., N, with the time-dependent electronic wave-

function expanded in the (diabatic) electronic basis,
N
[Tei(t)) = D cul(t)|k). (4.2)
k=1

They noted that if the complex amplitudes cg(t) are written in terms of the real variables

{nk (t)v 9k (t)}a
ck(t) = y/ni(t)e %), (4.3)

and the classical electron analog Hamiltonian defined as (A being 1 throughout this paper),

Hel(n7Q;t) = <\Ijel|gel|\llel> (44)
N
> chHpp(t)ew
k,k'=1
N
= ) mng cos(qx — qe) Hew (1),
koki=1

i

then the classical equations of motion generated by this Hamiltonian,

. O0H(n,q;t)
. aI{el(na q; t)

t e Y 4.5b
Tk (t) 9k (4.5b)

are equivalent of the time-dependent Schrodinger equation for the complex amplitudes,

N .
ie(t) = > Hepew(t). (4.6)
k'=1 '
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This correspondence has been noted before.!5!

In molecular systems, however, the electronic matrix is actually a function of
nuclear coordinate Q, {Hy 4 (Q)}. [It becomes a time-dependent electronic matrix if Q is -
assumed to follow a given trajectory Q(¢).] With this realization, Eq. (4.4) defines the

classical electronic Hamiltonian as a function of nuclear coordinates,

He(n,q;Q Z ngng cos(qr — gr) He p(Q), (4.7)
kok'=1

and the classical Hamiltonian for the complete electronic plus nuclear system is obtained

by simply adding the nuclear kinetic energy to it,
P2 :
H(n,q,Q,P) = 3 + Hu(n,4; Q). (48)
Here, we have assumed for simplicity that the nuclear coordinates Q are Cartesian-like,
scaled to have a common mass.
It is useful to make a canonical transformation from the electronic action-angle
variables (ng,qx) to the corresponding Cartesian-like electronic variables (z, ?k) which are

defined in the standard way33

Tr = +/2ngcosq, (4.9a)
P = —\/‘2nksinqk. (4.9b)

In terms of these variables, the classical electronic Hamiltonian of Eq. (4.7) becomes,

N
1
Ha(x,p;Q) = Y, 5 (Pep + k2 ) Hiw (Q)
kok=1
N
= Z (0 + 20 Hek(Q) + D (pepwr + zraw ) Hew (Q),  (4.10)
=1 : k<ki=1

where it has been assumed in-the last line that the diabatic electronic Hamiltonian matrix is
real and symmetric. The reason the Cartesian electronic representation is useful is readily
| apparent: for fixed nuclear codrdinates Q, the Hamiltonian of Eq. (4.10) is that of N
harmonic oscillators for which the semiclassical IVR is exact! The SC-IVR treatment is
also exact for the time-dependent harmonic Hamiltonian that results if Q is a given nuclear
trajectory Q(t). The full electronic-nuclear Hamiltonian is of course not harmonic in the
full coordinate space (x,Q), but the fact that part of the problem is harmonic is expected

to help the accuracy of the SC-IVR approach of the next section.
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Still following MM’s arguments, there is one final modification to the classical

electron Hamiltonian of Eq. (4.10), namely to subtract from it the term,

5 Z Hyp = ltr(Hez) (4.11)
24 2

The classical electron Hamiltonian then becomes,

N

He(x,p, Q Z PE+ 77 — DHee(Q) + D (prpw + zxze)Hew (Q). (412)
Pt k<ki=1

MM argued for this modification based on a “Langer modification”: since the N electronic
states correspond to the N oscillator states that each have one quantum of excitation in one
mode and zero quanta in all the other modes — i.e., the wavefunctions of the N oscillator

states are,

N
p(x) =¢1(ze) [ dolew), (4.13)

K'=1k'£k
where {¢,(z)} are the standard 1-d harmonic oscillator wavefunctions — it is easy to show

using standard harmonic oscillator matrix elements that,
(®|Ho|®pr) = H - (4.14)

Thus, it is necessary to subtract the term in Eq. (4.11) (which is the zero point energy of
the N oscillators). This point will be seen more clearly in the next section.

The final form of the electronic-nuclear Hamiltonian is then obtained by adding
the nuclear kinetic energy to the electronic Hamiltonian of Eq. (4.12),

N

H(x,p,Q,P) = —+Z P+ i — DHep(Q)+ Y, (prpw + sk ) Hrp (Q)- (4.15).
k<ki=1

We also note that one can express the classical electronic-nuclear Hamiltonian of Eq. (4.15)
in the adiabatic representation. Following MM, if (X, p) are the adiabatic (Cartesian-like)
electronic variables, then in terms of them the classical electronic-nuclear Hamiltonian is,

|P + F(x,p,Q
2m

H(x,p,Q,P) = “4 Z L2 + 22 - )E(Q), (4.16)

where E;(Q) are the adiabatic potential energy surfaces (i.e., the eigenvalues of the matrix
Hy 1 (Q)), and F is a vector potential,

N
F(%,p,Q) = Y. (@br — Trwde)Trre(Q), (4.17)
k<k'=1
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where T}, 1/(Q) is the skew-symmetric non-adiabatic coupling matrix,

Tew(Q) = (k| 55, (4.18)

|®i) being the adiabatic electronic eigenfunctions.

4.2.2 Second Quantized Hamiltonian for Nonadiabatic Dynamics

Imagine that the N electronic states represent N Boson particles created from the

vaccum state |0,...,0), ie,
k) =10,...,1,...,0) = al0,...,0). : (4.19)

If the energy of the first excited state for the kth particle is given by Hyx(Q), and these

are independent bosons (for the moment), the total Hamiltonian is then

N ,
Ay =3 Hir(Q)alax. (4.20)

i=k
Notice that higher excitations from the vacuum such as |0,...,2,...,0) are also eigenstates

of this Hamiltonian.

To introduce the correct coupling between these N-bosons, we remember that
electronic transition from the kth state to the k’th state corresponds to the destruction of
the kth particle and simultaneously the creation of the k’th particle. This is accomplished
by the operator a};, ag. Similarly, the reverse process of going from the k'th state to kth state
is accomplished by the operator a};ak/. These two processes are happening simultaneously

and therefore the coupling between these N-bosons is simply
N -
_ Z Hk,k:(Q)(a,Tc,ak + a,takf). (4.21)
k<k'=1 ‘

The total Hamiltonian is therefore

N N

Ho=Y Hep(Qalar + > Hiw(Q)(alax +ala), (4.22)

‘ k=1 : k<k'=1
and now one sees that if the initial state of the N-particle system has one quanta, then the

higher excitations such as |0,...,2,...,0) are not coupled to it. In other words, the total

electronic population, (chvzl a};ak), is conserved.



92 CHAPTER 4. ELECTRONICALLY NONADIABATIC DYNAMICS

To make the connection with the MM Hamiltonian of Eq. (4.15), one has to put in
the coordinate and momentum representation for the creation and annihilation operators,

the end result is an exact quantum Hamiltonian for the N-state problem,

N N
- 1 R R . .
Ho=)_ §Hk,k(Q)($% +9r— 1)+ > Hew(Q)(ExEw + Prbr)- (4.23)
k=1 k<k'=1 _
The wavefunction for the kth electronic state is
(x|k) = (x]0,...,1,...,0) (4.24)

and this is the same wavefunction in Eq. (4.13).

Thus, we have shown that the MM Hamiltonian of Eq. (4.15) is the classical
counterpart of the second quantized Hamiltonian of Eq. (4.23) and it is an exact analog
Hamiltonian. One can now carry out dynamically consistent calculations, either quantum
mechanically or semiclassical, or even classically, with this approach.

Finally, we note that this is not the only way of deriving the Hamiltonian of
Eq. (4.23). Stock and Thoss!5? have utilized the Schwinger oscillator model of angular
momentum'®® and arrived at the same Hamiltonian as above. We see now that these
formulation are really equivalent and can afford different interpretations, but practical im-
plementation of this model is the same. It is also important to point out that the real utility
of this model is in its semiclassical and classical limit since we have mapped a discrete sys-
tem on to a continuous system. As in the original MM spirit, this Hamiltdnian allows us
to treat all degrees of freedom, electronic and nuclear, on an equal footing so that these
limits are well defined. In the following sections, the semiclassical and classical limits of

this Hamiltonian are discussed.

4.3 Semiclassical Treatment of Nonadiabatic Dynamics

Various dynamical quantities of interest are transition amplitudes from one elec-

tronic/nuclear state to another which matrix elements of the time evolution operator,
S21(t) = (x2®r,le T Pp, x1) = /dxldQl /dxde2
X5(Q2) @, (x2) (x2, Qale ™ *|x1, R1)®y, (x1)x1(Ry), (4.25)

where x1(x2) is the initial (final) nuclear wavefunction, ®;(x) are the “electronic’ oscillator

wavefunctions of Eq. (4.13), and H is the electronic-nuclear Hamiltonian of Eq. (4.15). As
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was described in detail in chapter 2, the SC-IVR expression for the amplitude in Eq.(4.25)

18

Sz’l(t) = /dxldQl /dpldpl\/gz(—%%i—))/(Zﬂiﬁ)F+N (4.26)
X5(Qe) B, (x¢) Bk, (%1)x1 (Qr) St (x1:P1QLPY) (4.27)

where x;(x1,p1, Q1,P1) and Qq(x1, p1,Q1,P1) are the coordinates at time ¢ that evolve
along classical trajectory with the indicated initial conditions, S; is the corresponding action
integral, and 1; is the number of zeros experienced by the Jacobian determinant in the
interval (0,t). The classical trajectories here are for the full set of N electronic and F
nuclear degrees of freedom obtain from the classical Hamiltonian of Eq. (4.15). It is also
possible to calculate explicitly the nuclear wavefunctions on the various electronic surfaces

by projecting out the electronic wavefunctions,

Xkaki (Qvt) = (Q,@lee_”{th)klxl)

= /dxldQl/dpldpl\/%i_(s%/(2wih)p+N

5(Q — Q) P}, (x¢) B, (x1)x1 (Qr )™t 1P QUPLY  (4.98)

It is of course not possible to obtain this quantity via the usual mixed quanﬁum-classical
surface hopping methods. |

: It is interesting to note the relation of the present SC-IVR model, Eq. (4.26), to
that of the Pechukas approach. In the latter one writes a Feynman path integral expression
for the time evolution operator in Eq. (4.25), | ' '

(x2, QaleH|x1, Qu) = /c2 * Dlq] / ™ Dlx]eiSO.Q(], (4.29)

1
and imagines first evaluating (exactly) the path integral over ﬁhe electronic degrees of free-
- dom, whereby Eq. (4.25) becomes

Q2 [ L (r)d
5240 = [ 4Q: [ 1Quxi@u(@) [ DIQI b I E Ok (), (430)
where Ky 1[Q(?)] is the electronic transition ‘amplitude as a functional of the nuclear path
Q(t). Up to this point the formulation is exact, but one now evaluates the nuclear path
integral semiclassically via the functional version of the stationary phase approximation. -
This determines the nuclear classical_.trajector.y. (The Miller-George*”™® approach cor-

responds to the further approximation that the electronic transition amplitude functional
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K5 1[Q(t)] is also obtained semiclassically via the generalized Stuckelberg (complex crossing
time) procedure.) As noted in section 4.2.1, however, the SC-IVR treatment of the time-
dependent electronic problem is ezact for a given nuclear path. The SC-IVR model thus
gives K 1[Q(t)] of the Pechukas approach exactly. It also effectively makes a semiclassical
approximation to the nuclear path integral but evaluates the integral over Q; and Q2 ex-
actly rather than via stationary phase. The present SC-IVR treatment of the MM classical
electronic-nuclear Hamiltonian may thus be viewed as a practical way to implement the
Pechukas model, with the further advantage that it treats the nuclear degrees of freedom
within the SC-IVR framework.

The present approach is also seen to be of the same spirit as the original MM model
in that it treats the electronic and nuclear degrees of freedom on the same dynamical footing,
except here the treatment is via the SC-IVR description rather than the more primitive
quasiclassical procedure. (We note that MM and others!®* did carry out semiclassical
treatments of the classical electron model within the classical S-matrix formulation, and

that the results were in fact excellent. Applications to more general situations, however,

were difficult.)

4.3.1 Applications to Test Systems

To gain some indication of how well the present SC-IVR quantization of the classi-
cal electronic-nuclear model works in practice we have carried out applications to the “Tully
canon”, i.e., the three model problems suggested by Tully'®? for testing a variety of situa-
tions in non-adiabatic dynamics. These scattering problems invblve one nuclear degree of
freedom (e.g. an atom-atom collision system) and two electronic states, so the Hamiltonian

of Eq. (4.15) takes the specific form,

Pz 1 1
H(z1,p1,22,02,Q,P) = ot 5(?% + 2t - 1)H11(Q) + E(Pg + 235 — 1)H2(Q)
+ (p1p2 + T172) H12(Q), (4.31)

for various forms of the 2 x 2 diabatic electronic matrix {Hjx(Q)}. The two electronic

wavefunctions are,
_ —L(z?+2?) '
1 (z1,22) = z1e 2T (4.32a)

g
T
2
Do(x1,22) = 4/ ;xze'%(z%”g). (4.32b)
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Figure 4.1: The adiabatic potential curves (solid) and the non-adiabatic coupling (dash) for
the three systems considered. (1) Single avoided crossing. (2) Dual crossing. (3) Extended

coupling.
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The specific forms of the 2 x 2 diabatic electronic matrix {Hy (Q)} correspond
to a single avoided crossing, a double avoided crossing, and an extended coupling problem.
The adiabatic potentials for the three cases are shown in Figure 4.1. The nuclear mass is
m = 2000a.u., about the mass of an H atom. As with Tully’s calculations, the initial nuclear
wavefunction is a Gaussian wavepacket (coherent state) located in the reactant asymptotic
region (to the far left in Figure 4.1),

X1 (Q) = (%) : e_é(Q—QO)Z—I-iPoQ’ (433)

where (g is far from the interaction region, and Py is the initial momentum. f is taken to

be 1. The total wavefunction at t = 0 is therefore,

‘IJl(Qamth,O) = Xl(Q)(I)l(‘Th*’E?) (434)

This wavefunction is then propagated in time to the product asymptotic region (Q — o)
using the SC-IVR formalism described in the previous section. The nuclear wavefunctions
on each surface are found by projecting out the electronic part as described before. The
quantities Tully calculated are the various transmission and reflection probabilities on ei-
ther surface. We obtain these by integrating the final nuclear probability density in the

asymptotic regions,

oo
Pres = Jim [T dQhu(@ 1P, (4.352)
0
refl . 2
Pt = lim [ dQba(@ ). (4.35b)

Because the initial wavefunction is narrow in momentum, the final transmission and re-
flection probabilities are approximately the scattering probabilities as a function of initial
translational energy PZ/2m.

The specific IVR we used for the calculation is the coherent state IVR of Eq.
(2.14). The integration over the initial conditions is done with weighted Monte-Carlo
sampling. A typical number of trajectories required for convergence is 2 x 10*. From
the wavefunctions, transmission probabilities and reflection probabilities are calculated for
both electronic states. Quantum mechanical calculations are also performed for comparison

purposes with the standard split operator technique.
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Figure 4.2: Case 1, single avoided crossing. Upper panel, transmission probabilities on
the first diabatic state (upper adiabatic state). Lower panel: transmission probabilities on
the second diabatic state (lower adiabatic state). Solid lines are the quantum mechanical
results. Filled circles are the SC-IVR model.
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Figure 4.3: Case 1, avoided crossing. Contours of the absolute value of the nuclear wave-
functions squared on each of the diabatic states, quantum (upper two panels) versus SC-IVR
(lower two panels). The initial momentum is Py = 18.0

Case 1, Avoided Crossing

This example of an isolated avoided crossing of adiabatic potential surfaces is the

most elementary and most common situation. The diabatic potentials in the case are,

Vo(l-e™?) Q>0
H = . 1
11(Q) { Wl —e%@) Q <, (4.36a)
Hy»(Q) = —-Hu(Q), (4.36b)
Hi2(Q) = Ve P9, (4.36¢)

The parameter used here are the same as used by Tully, V5 = 0.01, V; = 0.005, o = 1.6,
and 8 = 1.0, all in atomic units. The transmission probabilities in state 1 and 2 versus
the initial momentum are shown in Figure 4.2. The quantum results are plotted also.
The semiclassical results are essentially quantitative for higher initial energies. For lower

energies, can be further improved with more trajectories.
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In addition to the probabilities, with this method, we are able to obtain also the
wavefunctions on each surface. These wavefunctions and their time evolution are shown
as contours in Figure 4.3. Compared with the quantum mechanical results, they are in

excellent agreement.

Case 2, Double Crossing

This example is more challenging in that thefe is quantum mechanical interference

between the two crossings, giving Stuckelberg oscillations!®>. The diabatic potentials in this

case are,
Hiy (@) = 0, (4.37a)
Hp(Q) = —Voe @ +Ey, (4.37b)
Hip(Q) = Vie 59, | (4.37¢)

with Vp = 0.1, By = 0.05, V1 = 0.015, a = 0.28, and 8 = 0.06. Again, comparisons between-
quantum and semiclassical results are shown in Figure 4.4. _The present SC-IVR model

reproduces the oscillatory transmission probabilities at higher energies very well.

Case 3, Extended Coupling

This case is a still more difficult test for the semiclassical method. Here, the
coupling between the diabatic states do not go to zero in the asymptotic region. The

diabatic potentials are,

Hj(Q) = -V, (4.38a)
Hxn(Q) = W, (4.38b)
Vief?Q Q <0,
H = 4.38
12(Q) { V2 e Q) >0, (4.38¢)

with Vo = 6 x107%, V1 = 0.1, and B8 = 0.9. Since the diabatic states are very close in energy,
the transmission and reflection probabilities are essentially identical for both states. The
adiabatic states show a barrier for the upper state, thus one would expect some reflection
for energies below this barrier. These effects are all observed in the quantum and the
semiclassical calculations. Their comparison is again very good. Tully in his calculations

observed unphysical oscillatory effects with the surface-hopping model. We do not observe
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Figure 4.4: Case 2, dual avoided crossing. Upper panel, transmission probabilities on the
first diabatic state. Lower panel, transmission probabilities on the second diabatic state.
Symbols are the same as Figure 4.2.
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Figure 4.5: Case 3, extended coupling. Upper panel, transmission probabilities for both
of the diabatic states. Lower panel, reflection probabilities for both of the diabatic states.
Symbols are the same as Figure 4.2.
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Figure 4.6: Transmission probability as function of time for the extended coupling. The
initial momentum is Py=18.0. This plot is the same for either diabatic state. Solid line,
SC-IVR. Dashed line, quantum mechanical.

this in the transmission and reflection probabilities as shown in Figure 4.5. However, the
probabilities as a function of time do show some small oscillations around the correct value
in Figure 4.6. These oscillations are of course due to the extended coupling in the asymptotic

region. The extend to which they effect the final answer however is small.

4.4 Linearized Approximation

The aim of this section is to apply the simplified but approximate version of the
SC-IVR, i.e., the LSC-IVR result given by Eq. (3.62) and (3.67), to the present model of
electronically nonadiabatic processes, to see if it is capable of describing them to a useful
degree of accuracy. In chapter 3, we have shown that the linearized approximation is a
well defined classical limit of the semiclassical theory without any of the interferencé and

coherence effects. Therefore, the model we present in this section can be thought of as a
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classical limit of electronically nonadiabatic dynamics, even though (as we shall discuss) it

has some relations to the mixed quantum-classical theories mentioned earlier.
One thus needs the Wigner functions corresponding to initial and final wavefunc-

tions of the form in Eq. (4.34) and (4.13), and it is easy to see that they are given by
pin(%, P, Q, P) = p{'(x,p)pn(Q, P), (4.39)

where the electronic factor is especially simple,

N

1
o) = 2V 4~ Do |- 3Gk + )

. (4.40)
k=1 :

It is useful to remind the reader of the connection of the present approach to
the “mixed quantum-classical” (or semiclassical time-dependent self consistent field, SC-
TDSCF) model that is popular for treating nonadiabatic molecular dynamics. As has
been noted before,'*” the classical equations of motion generated by the MM Hamiltonian
(Eq. (4.15)) are equivalent to the time-dependent Schrédinger equation for the electronic
degrees of freedom, the time-dependence coming from the classical motion of the nuclear
degrees of freedom (whose trajectory is determined by the Ehrenfest average force); these
are the same equations of motion as in the mixed quantum-classical/SC-TDSCF model.
However, the way the boundary conditions are imposed makes the models different. In the
usual implementation of the mixed quantum-classical/SC-TDSCF approach, for example,
a given classical trajectory begins in one electronic state but ends up in a mixture of
states. The quasiclassical implementation.by MM assigns each trajectory to a particular
final electronic (and nuclear) state by histogramming the final electronic (and nuclear) action
variables; this makes the approach more akin to the surface-hopping model in that a given
trajectory is assigned to only one final electronic state. The SC-IVR imposes the initial
and final state boundary conditions on the equations of motion through the initial and final
wavefunctions of the electronic and nuclear degrees of freedom. The LSC-IVR imposes the
boundary conditions via the initial and final Wigner distributions of the quantum electronic
wavefunction which are really the exact classical boundary conditions. As noted above, if
the Hamiltonian of Eq. (4.15) were implemented fully quantum mechanically, one would
have an exact quantum description of the process. The poinf of view of all of our work,
starting With that of McCurdy et al,}457148 is that the Hamiltonian of Eq. (4.15) allows one
to treat the electronic and nuclear degrees of freedom on an equivalent dynamical footing,

be it done classically, semiclassically, or fully quantum mechanically.
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4.4.1 One Dimensional 2-State Scattering Problems

We again go back to the set of three one (nuclear) dimensional 2 (electronic)-state
scattering problems of section 4.3.1. The initial nuclear wavefunction is again a minimum
uncertainty wavepacket,

1
x(Q) = (%) * e~ 3(Q-Qo)*+iPoQ/R. (4.41)

with the initial position @ far to the left of the interaction region and initial momentum
Py > 0. The quantity of interest is the transmission probability to the right asymptotic
region for each final electronic state j as a function of the initial momentum, which is given

by Eq. (4.35a). This can be written equivalently as
Pici(Po) = Jim tr [[xgi) (xaile ™Mo h(Q)gsle™ ], (4.42)
so as to be in the form of Eq. (3.67) with

A = |xé:){x¢il, (4.43)
B = |¢;){;lh(Q)- (4.44)

The Wigner functions corresponding to these operators are easily found to be,

Aw(Q, P,x,p) = p(Q, P)pf (x.p), (4.45)
B’w (Q’ Pa X, p) = h(Q)p;l(X, p)a (446)

where p(Q, P) is the Wigner function for the initial nuclear wavefunction of Eq. (4.41),

p(Q,P) = QE—V(Q—QO)z—(P—PO)2/7ﬁ2, (4.47)

and {pfl(x,p)};i = 1,2 is given by Eq. (4.40) for N = 2. In actual calculations, these
Wigner distributions allow naturally for Monte Carlo importance sampling which we have
used for the results presented below.

Figure 4.7 shows the transmission probability from initial electronic state 1 to each
of the two final electronic states for the first test case, which corresponds to a single avoided
crossing (cf. figure 4.1a). The agreement between the LSC-IVR results of Eq. (3.67) and
the exact quantum mechanical values is quite good for all energies except those close to the

threshold region. Here, quantum mechanical effects such as tunneling through the crossing
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Figure 4.7: The transmission probability Pj. 1 as a function of the initial momentum P
for the single avoided crossing case. The solid lines are the exact quantum results and the
points are the LSC-IVR results. (a) j =1, (b) j =2.
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Figure 4.8: The transmission probability Pj; as a function of the log of initial energy
E = P}/2m for the double crossing case. The solid lines are the exact quantum results and -
the points are the LSC-IVR results. (a) j =1, (b) j = 2. ‘
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Figure 4.9: The transmission probability P;..; as a function of the initial momentum Fp for'
the extended coupling case. The solid lines are the exact quantum results and the points -
are the LSC-IVR results. These results are for j = 1 and 2.

area are more important, and the classical dynamics in the LSC-IVR is less able to describe
this behavior quantitatively. ‘

Figure 4.8 shows the same plots as Figure 4.2 for the second version of the model,
the case of two avoided crossing regions (cf. Figufe 4.1b), where the possibility of Stuck-
elberg oscillations (i.e., interference effects between the two crossing regions) arises. The
LSC-IVR is seen to describe this interference behavior quite well. The most significant error
is again seen to be in the low energy threshold region. ’

-Finally, Figure 4.9 shows the transmission probability for the third case, that with
an extended coupling region (cf. Figure 4.1c). Since the diabatic states are very close in
energy, the transmission probabili.ties are essentially identical for both final states. This
was the case for which Tully’s surface-hopping approach gave unphysical oscillations in the
transmission probability. The LSC-IVR results do not exhibit this problem, but neither do

they reproduce the sharp step-like structure in the quantum values for Py = 25 a.u. They
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do, however, give the correct magnitude of the transmission probability over the whole
energy range.

The linearized approximation to the SC-IVR, i.e., the LSC-IVR approximation
of Egs. (3.62) and (3.67), is thus seen to do a reasonably good job for these three model
problems which have quite different dynamical features. The results are not quite as good .
as our previous ones using the full SC-IVR, but the present LSC-IVR calculation is much

easier to carry out than the former.

4.4.2 The Spin-Boson Problem

The next test problem we consider is the so-called spin-boson problem,!%6:157 which
also consists of N = 2 electronic states but where the nuclear degrees of freedom are an
infinite set of harmonic oscillators. This is about the only example of a .systern with many
degrees of freedom for which accurate quantum mechanical results are available to serve
as a benchmark for approximate treatments. It has often been used as a model for two
interacting electronic states in a condensed phase medium, e.g., a radiationless transition
or electron transfer process in a liquid, a solid, a cluster, or a protein.

. The specific form of the 2 x 2 diabatic electronic matrix H;;(Q) in this case is

N H1(Q) Hi2(Q W(Q) +Vi(Q A
H.(Q) = 1(Q) Hi2(Q) | _ [ Vo(Q) +W(Q) R
Hxn(Q) H»n(Q) A (Q) - V1(Q)
where the off-diagonal electronic coupling A is independent of nuclear coordinates, and
' F 4 .
WQ) = 3 smewiQk, (4.492)
k=1
F
Q) = > ol (4.49b)
k=1
The total Hamiltonian of the spin-boson model,
A ~ F 2 A
=1 Z i (Q), (4.50a)
is typically expressed as
H = Hol + V1(Q)6, + A6y, _ (4.50b)
where
F P2
Hy = Z - + 1 (Q), (4.51)

2my
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and 6, and &, are the Pauli spin matrices. The dynamics of the spin-boson model is
fully specified by the combination of the coupling parameters {c;} and the distribution of

frequencies that define the spectral density J(w),

2
Jw) = 3 k5w - wy), | (4.52)
% MW

a common choice for which is the Ohmic case with exponential cutoff,
J(w) = nwe™/we, | , (4.53)

This model is thus completely specified by the cutoff parameter w, and the coupling coeffi-
cient n (or more frequently the Kondo parameter o = 2n/7).
We examine two relevant dynamical quantities of interest for the spin-boson model:
the first is the time-dependent electronic population, defined as
1 B . B B :
D(t) = 7t [enﬁ(HﬁVl)l1)<1|61Ht/ﬁ5z6—zm/h] = Pi1(t) — P (2), (4.54)
A .
where the initial electronic state is |1) with the nuclear degrees of freedom in Boltzmann
equilibrium for the nuclear Hamiltonian of state 1, Hy + Vi (Z = tr[|1)(1]e #(Ho+"1)]); the
second quantity is the spin correlation function, defined as |

C(t) = Re %tr [e—ﬂfl&zei}f{t/h aze—z’f{t/h] ’ (w55)

where the bath and the two-level system are both in thermal equilibrium, and Z is the
total partition function of the system and bath. The literature on these quantitieé for the
spin boson model is vast: Mak and Chandler,'®® for example, performed a systematic study
of the spin correlation function for a wide range of parameters to determine, among other
things, the coherent-incoherent transition boundary. They also studied the temperature

1.159 performed

dependence of the decay rate of C(t) for several sets of parameters. Makri et a
calculations of the time-dependent electronic population also using path integral methods.
These are the primary results to which we shall compare the LSC-IVR approximation.
For the spin-boson Hamiltonian in Eq. (4.50), the MM Hamiltonian of Eq. (4.15)
is easily found to be
: FTIp2 g 1 F
HEp.QP) = 3|7k 4 im0l + S0t - - a0,
+ A(ziz2 + p1p2). (4.56)
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It is also immediately clear how to apply the LSC-IVR approximation of Eq. (3.67). For
the time dependent electronic population of Eq. (4.54),the operators A and B of Eq. (3.67)

are
A = ie-ﬂ<H°+Vl>|1><1|, (4.57)‘
Zy
B = &, =(l1)(1] - [2)(2)), (4.58)

so that Eq. (3.67) give D(t) as
1 :
D(t) = @rh)? /dxodpo /ondPOWE(Qo,PO)PTI(XO,PO) [P‘f](xt,Pt) - pgl(xtapt)] )
' (4.59)
where W;(Q, P) is the Wigner transform of e #(Ho2V1) /[ 7, (27R)F),

F
W;(Q,P) _ Htanh(i?;wk/.?)

k=1

X exp {ZF: 2 tanh(Bhwy /2)

2
B +1mkwg (Qki c’“ 2) ”,(4.60)

ka 2 . MWy

k=1 hwk

and pl(x, p) is the Wigner transform of |n)(n| already given in Eq. (4.40) (n = 1,2).
For the spin correlation function of Eq. (4.55), the situation is slightly more

complicated. In this case the operators A and B of Eq. (3.67) are,

A = %e_ﬁﬁaz,' (4.61)

B = &, (4.62)

one needs to find the Wigner transform of A. Tt is not possible to obtain this quantity exactly
without a fully quantum calculation, but a reasonable approximation can be obtained by

using a split operator type approximation for e ##

exp

—B(Hy + V1) —BA
—BA —B(Hy — V1)

e~ P(Ho+11) 0 0 -BA
exp
0 e~ BlHo~V1) —BA 0

e P(Ho+V1) cosh(BA)  —e PHotV1) sinh(BA)
_e_,@(Ho—‘vl) Slnh(ﬁA) e'ﬁ(HO—Vl) cosh(ﬁA) '

Q

(4.63)
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The trace of e=8H , which is the partition function Z, is then,

F
7 = 2 cosh(BA)tr(e PHo) exp [—5 > k 2] . (4.64)

Multiplying by 6, and writing everything in the basis set representation, one obtains,
"y e PHo+Vi) cosh(BA) e PHo+VD) sinh(BA)
e ", =
# —e~BHo-Vi) ginh(BA) —e~P(Ho—V1) cosh(BA)
— e B(HotV1) cosh(BA)1){(1] + e~ B(Ho+V1) sinh(BA)[1)(2]
—e AH=V) ginh(BA)|2) (1] — e PHo= V1) cosh(BA)|2)(2],  (4.65)

so that the final result for the Wigner transform of e"ﬁf{&z/[Z(%rh)F] is,

(271'1fL)F Aw (X, P, Qa P) = WE_(Qa P)[COSh(ﬁA)pTI(xa p) + Slnh(ﬁA)p% (X, p)]
— W5 (Q,P)[sinh(BA)p5 (x, p) + cosh(BA)p3 (%, p)],(4.66)

where p$, and p§} are the Wigner transform of [1)(2] and |2)(1], -

pa(x,p) = 2(z1 — ip1) (w2 + ipa) exp [~(a + 23 + p} +p3)] (4.67)
£$1(x,p) = 23(zy + ip1) (w2 — ip2) exp [— (a3 + 53 + p} + pJ)] , (4.68)

and Wﬂi(Q, P) is given in Eq. (4.60). The final result for the LSC-IVR approximation to |
C(t) is therefore

C(t) = Re ﬁi/dxo/dpo/on/dPo
{W; (Q,P)[cosh(BA)pS (x, p) + sinh(5A) 55 (x, p)]
~W; (Q, P)[sinh(BA)5h (x, p) + cosh(8A)o (x, p)]}
[0 (e, pe) = 95 (0, 1) | - ! (4.69)

Eqgs. (4.59) and (4.69) are the final LSC-IVR expressions for D(t) and C(¢).

" For comparison, Stock!®! recently carried out calculations for D(t) using the mixed
quantum-classical/SC-TDSCF approach, where the electronic transition between the two
level system is treated quantum mechanically but the bath is treated classically. This

approximation gives D(t) in a form similar to Eq. (4.59),

1 2m
D)= 5= [ db [ dQudPoW (Qu,Po) o5 (x, pr) = pFP5F (xp0)] . (470)
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where pEgSCF is the probability of being in state 1 or 2. In our language, these probability

functions are

TDSCF TDSCF
1o (

p X¢, Pt) — pa xq, pt) = (23, +p, — 73, — P3,). (4.71)

and the initial conditions of the electronic trajectories are

z1, = cos(f), _
P1, = Sin(e)’ (4'72)
T2 = P2, =0, (4.73)

where the 6 ranges from 0 to 2. It is clear that this is very different from our present
approach.

Figure 4.10 shows the decay of the time-dependent electronic population, D(t), for
a “coherent” (i.e., oscillatory) case, Figure 4.10a, and also an “incoherent” (non-oscillatory)
one, Figure 4.10b. The LSC-IVR results are seen to be in excellent agreement with Makri et
al's'®® accurate quant.um results, showing that the LSC-IVR captures the essential features
of the dynamics in both these cases. This also makes it clear that the oscillatory nature in
the coherent case (Figure 4.10a) is of classical rather than quantum mechanical origin. For
stronger couplings, i.e., larger «, the LSC-IVR results begin to deviate somewhat from the
quantum results, as shown in Figure 4.11. However, the differences are still modest, and
the LSC-IVR is in somewhat better agreement with the quantum results than the mixed
quantum-classical/SC-TDSCF results obtained by Stock. |

Mak and Chandler!® studied the behavior of the spin correlation function, C(t),
for a variety of different parameters and determined the boundary between coherent and
incoherent behavior. Figure 4.12 shows the results obtained from the LSC-IVR expression,
Eq (4.69), for three coupling values that span this boundary. One observes reasonably

. good agreement of the LSC-IVR results with the correct quantum values in all these case.

[The approximations made to the Boltzmann operator, Egs. (4.63)-(4.66), to obtain the
Wigner function for the operator in Eq. (4.62) thus apparently cause no significant error.]
The results of the LSC-IVR are actually somewhat better than the “non-interacting blip
approximation” %6 for treating the spin-boson problem.

If coupling to the bath is sufficiently large, then C(¢) exhibits exponential decay

for the short time regime, i.e.,
C(t) = Ae™t/", (_4.74)
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Figure 4.10: The time-dependent electronic population, D(¢), for two different parameter
sets, showing (a) coherent oscillatory behavior and (b) incoherent relaxation behavior. The
solid lines are the LSC-IVR results and the points are the exact path integral results. The
cutoff frequency is w, = 2.5A. (a) a = 0.09, SA =5.0. (b) a =0.09, A =0.1.
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Figure 4.11: The time-dependent electronic population, D(t), for higher coupling param-
eters, comparing the LSC-IVR results (solid line) and the mixed quantum-classical/SC-
TDSCEF results (dashed line) with the exact quantum results (points). a = 2.0, w, = 1 and

B=025 (a) A=08. (b) A=12.
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Figure 4.12: The spin correlation function, C(¢), for increasing values of the coupling,
showing the transition from the coherent to incoherent relaxation. w, = 2.5A, 8 = 2.5A.
(a) In the coherent relaxation regime, @ = 0.13. (b) Near the coherent-incoherent boundary,
a = 0.25. (c) In the incoherent regime, o = 0.64. The solid lines are the LSC-IVR results

and the points are the exact path integral results.
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Figure 4.13: The temperature dependence of the short time relaxation constant (points)
for the spin correlation function, C(t), obtained with LSC-IVR. w, = 2.5A, a = 0.64.
The temperature dependence follows a inverse power-law, 7 = T, indicated by the fitted
straight line. The LSC-IVR result for ¢ is 0.46. ‘

so that one can define a rate constant 7! for transitions from one state of the two level
system to the other. Figure 4.13 shows the results given by Eq. (4.69) for 7 as a function
of temperature for the parameters o = 0.64, w, = 2.5A. The decay rate exhibits the
correct inverse power-law dependence on temperature, 7 ~ T%, and the LSC-IVR. results
are essentially in quantitative agreement with the exact results of Mak and Chandler. For
higher coupling values, however, the procedure outlined in Eq. (4.63) to Eq. (4.66) for
obtaining the Wigner transform involving the Boltzmann operator is not valid, so we will not
consider this regime. One could, of course, carry out a more complete quantum calculation
for the Boltzmann operator in order to obtain the Wigner function for the operator in Eq.

(4.62), but this is not central to our present discussion of the LSC-IVR.
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4.5 Conclljding Remarks

We have presented a new analogue Hamiltonian for the dynamics of a N-level
(electronic) system couple to other (nuclear) degrees of freedom. Electronic and nuclear
degrees of freedom are thus treated on the same dynamical footing. Two limits of this
model are discussed.

In the semiclglssi(ﬁal limit, application of the approach to a variety of test problems
shows it to provide a good description of non-adiabatic transitions in essentiallyl all these
cases. The only difficulties were seen at low energies, where the SC-IVR approach has had
difficulties in the past for treating nuclear dynamics even on one potential surface. We
believe that this model has a great deal of potential for providing a realistic and accurate
description of electronically non-adiabatic dynamics in a variety of situations. Although
the applicability of the SC-IVR to these problems will depend on the proper evaluation of
the IVR integral.

In the classical limit, we have utilized the LSC-IVR theory of chapter 3 for nonadi-
abatic dynamics. The LSC-IVR is much easier to apply than the full SC-IVR: as seen from
the resulting expressions [Eq. (3.62) and (3.67)], it involves the overlap of the Wigner distri-
bution function for the initial state (or operator) with the classically time-evolved Wigner
distribution for the final state (or operator). The actual dynamics in the LSC-IVR is thus
completely classical, the.Wigﬁer distribution functions, howe\'rer, effectively providing the
quantum boundary conditions for the classical trajectories.

The LSC-IVR is seen to provide a reasonably good description of the three nonadi-
abatic scattering problems studied by Tully, including the effects of Stuckelberg oscillations
(interference between nonadiabatic transitions at different times). It also provides a good
description of timé—dependent transition probabilities in the spin-boson proble'rn (2 elec-
tronic states coupled to an infinite set of harmonic oscillators), including both coherent and
incoherent decay and the transition between them. Altogether, this suggests that the LSC-

" IVR should be useful for simulating a wide range of nonadiabatic dynamic phenomenon in

“real” molecular systems.
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Chapter 5

| Thermal Rate Constants

5.1 Introduction

The thermal rate constant, k(7"), has been a central topic of theoretical chem-
istry for almost a century.!3! The classic theory of the rate constant is the transition state
theory (TST). Even though it based on classical mechanics and invented with equilibrium
assumptions, it is still used by chemists in various forms for a wide variety of reactions. The
rigorous quantum mechanical theory of reaction rates was proposed much later,6%126 and
only in recent years, has considerable progress been made in the development of quantum
mechanical methods for the efficient calculation of rate constants for chemical reactions
in small molecular systems.!617172 Currently, essentially exact rate constants (for a given
potential) can be obtained for a small group of reactions.

One of the origihal formulation'?® of these theories expresses the thermal rate

constant as

K(T) = Q.(T) ™ lim Gy, (t), | (5.1)

~

where Q,(T) is the reactant partition function (per unit volume for a bimolecular reaction)

and Cj(t) is the “fux-side” correlation function,!”

Cpalt) = tx [F(B)R(D)] (5.22)

" here F'(f3) is a combination of the flux operator F and the Boltzmann operator exp (—3H),

often taken in the following symmetrized form!"

P(B) = e PHpePR2 (5.2b)
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and ﬁ(t) is a time-evolved projection operator,
h(t) = eiﬁt/hﬁe_iﬁt/h, | ,\ (5.2¢)

where h(q) is a function of coordinates that is 1(0) on the product (reactant) side of the
dividing surface separating the two. [fI is the Hamiltonian operator of the molecular system
and B = (kgT)~!.] Recently, applications have also focused on the flux-flux correlation

function expression of the rate constant,
1 o0
E(T)=Q-(T) /0 dtCys(t), (5.3a)

where

Cr(t) = tx[F(B)F(2)]. (5.3b)

Egs. (5.1) and (5.3a) are really identical because

18, h(@) > (5.30)

F=
The efficiency of the these approaches is primarily due to the fact that they focus
directly on the rate constant and avoid dealing with the complete state-to-state reactive
scattering problem. A variety of applications have been carried out for reactions of 3- and
4-atom molecular systems.!®17172
The classical analog'™ of Egs.(5.1)-(5.3a) has been widely used for treating reac-
tions in condensed phases, and it is our goal to develop the quantum version of the theory
to be able to describe quantum effects in such systems, e.g., reactions in solutions, clus-
ters, biological environments, or on surfaces. Quantum effects tend to be averaged out in
complex systems, but processes that involve the motion of hydrogen atoms — e.g. OH
vibrations or bond-breaking, HoO re-orientation, hydrogen bonding, and obviously elec- .
tronically non-adiabatic processes (in photochemistry) — may often be poorly described
by classical molecular dynamics. Furthermore, one can never know the extent to which
'quantt‘lm effects are significant without having a theoretical approach capable of describing
them. |
One strategy for doing this is to treat only a few degrees of freedom by quantum
mechanics and the (many) others by classical mechanics, i.e., the popuiar mixed quantum-

classical (Ehrenfest) model that has been widely used but which can have problems.!'? The

alternative approach that we have been discussing in this thesis is the semiclassical (SC)
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approximation to the rigorous quantum dynamics and the semiclassical initial value repre-
sentation which is a potentially efficient way of implementing semiclassical approximations.
Within the framework of the SC-IVR, we!'3* have shown in chapter 3 how one can degen-
erate the description of some degrees of freedom to the classical level while still retaining
the full semiclassical description of the rest — i.e., a mixed semiclassical-classical treatment
(cf. chapter 3). Ovchinnikov and Apkarian!”™>"177 have independently used this idea very
effectively in applications to vibrational relaxation processes in clusters and liquids.

The purpose of this chapter is to investigate the possibility of applying the semi-
classical initial value representation and the much simpler linearized approximation to the
flux-side correlation function of Eq. (5.1) and to see the extent to which they are able to
describe quantum interference/coherence effects in thermal rate constants. First, we seek to
determine the usefulness and limitations of the linearized approximation of the full SC-IVR,
and the example we study is the application of LSC-IVR to an isomerization reaction model
where a double well is coupled to an infinite bath of harmonic oscillators. This model al-
lows us to compare the results to the exact quantum mechanical calculation of Topaler and
Makri.!'* The LSC-IVR, however, is not able to describe quantum effects for longer times,
therefore the full SC-IVR must be employed when we omit the harmonic bath and consider
the 1-d double well potential by itself, a model of unimolecular isomerization of a isolated
molecule. In this second example case, Cy,(t) does not reach a limiting value as ¢t — oo [cf.
Eq. (5.1)], i.e., k(T) does not exist, for the particle oscillates back and forth in the double
well forever. The dynamics of this coherent motion, as it manifests itself in the correlation
function Cf;(t), however, is precisely the phenomenon we are seeking to investigate, so it is
an ideal test case for these purposes. Lastly, the forward-backward IVR of chapter 3 is also
applied to the calculation of rate constants to see its accuracy in retaining the quantum
mechanical interference and coherence effects in several model systems. The FB-IVR not
only allows us to reduce the number of integrals we need to evaluate, oscillatory behavior
that is difficult for the standard SC-IVR may also be ameliorate somewhat.

Of previous work, some of the discussion in this chapter is related to that of
Voth, Chandler and Miller,!™® who used Eq. (5.1) with various approximations for the
time-dependent factor A(t), applied to barrier crossing dynamics (but not the longer time
coherence effects investigated here). Pollak et al.'!%!20 independently used an approximate

form of our linearized approximation for the rate constant and called it a quantum transition

state theory.
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5.2 Quantum Mechanical Thermal Rate Constant

For later theoretical development however, a more convenient starting point is the

integrated form of the rate formula,

K(T) = QT)7" lim Crs(?)
= Q1) Jim t[F(B) I he U, (5.4)

where F'(f3) is formally e PHF but since e ¥ commutes with e?Ht/*he=iHt/ e can write -
it as v .
P(B) = e F-VH frem _ (5.5)
where A is a number between 0 and 3. If A = 8/2, then we arrive at the symmetric form
of the Boltzmannized flux operator [Eq.(5.2b)] which has been used extensively in the fully
quantum mechanical evaluation of the rate constant. Here, since the rate constant does not

depend on the value of A, we can write it as,

R s s
) = % /0 e~ B=NH fro=AH gy ' (5.6)

and insert in the commutator form of the flux operator from Eq. (5.3c) to obtain
X ;B 1 s
FB) = -ﬂ’—h / e~ (B-NH [H, h] e M)
0
i [P d o _gonai i
= Bﬁ/o = (e he™ ) d). (5.7)

The final result of all this is that the Boltzmannized flux operator can be written in the so

called Kubo form, '

F(3) = — [fe=BH _ o—BH}

Fp) =5 (e e PHh]. (5.8)
Formally, these expressions all give the correct rate constants. For the semiclassical approx-

_imations in the next section, the Kubo version will be more convenient.

5.3 Linearization Approximation for Thermal Rate Constants

Before proceeding with a fully semiclassical theory of thermal rate constants, it

is useful to first examine the more approximate LSC-IVR of chapter 3. The application of
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the LSC-IVR expression of Eq. (3.67) to the flux-side correlation function of Eq. (5.1) thus
gives

C1ult) = gy [ dan [ dpo FElan. po)h(a) (5:9)

where F3(qq, po) is the Wigner transform of the Boltzmannized flux operator,
Fi(a,p) = [ dBqe ™29 g + Aq/21F(B)la - Aa/2), (5.10)

and h(q¢) is the only qunatity that depends on time. It should be immediately apparent how
simple Eq. (5.9) is: it is essentially a classical trajectory calculation with the distribution
of initial conditions given by the Wigner transform Fg (d0, po) rather than by its classical
limit,

Oh(qo) Po

7 CL (~BH(aop0) 990) Po 5.11
S(a0,po) Fe 50 m (511

As discussed in detail earlier in chapter 3, however, this linearization approximation pro-
duces only classical mechanics in the real time dynamics, with no quantum interference
effects [cf. the classical time-dependent factor h(q:) in Eq. (5.9)]. The only quantum ef-
fects in Eq. (5.9) are from the quantum treatment of the Boltzmannized flux operator and
the Wigner transform of it. The consequences of this will be seen in the results discussed
in section (5.4.2), where Cy,(t) of Eq. (5.9) is observed to be accurate only for times up
to = hB3. This is long enough, however, if the dynamics is simple barrier crossing, with no
re-crossings involved, as in the assumption of transition state theory. Pollak et al.!1%120
have in fact used Eq. (5.9) (with an approximation to the classical time-dependent factor)

to define a quantum transition state theory and seen it to work well for examples involving

only direct barrier crossing dynamics.

5.3.1 Application to Isomerization Reaction in Condensed Phase

As we pointed out in chapter 3, the linearized approximation neglects all quantum
mechanical interference effects and only retains a classical description of the problem. It
was also argued that for complex systems with many degrees of freedom, the interference
between the various trajectories may average out so that the only contribution comes from
classical mechanics. This scenario is difficult to test since one would have to compare exact
quantum mechanical results with the linearized approximation results. However, there is
a case where this direct comparison can be made. For the problem of a small system

linearly coupled to an infinite bath of harmonic oscillators, Feynman’s influence functional
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approach!?® allows one to “integrate out” the bath and perform essentially exact quantum
mechanical calculation on the system-bath dynamics. One recent example of this application
is for a double well potential coupled to an infinite bath of harmonic oscillators. This model

frequently referred to as a model of unimolecular isomerization reaction in the condensed

phase.
The system-bath Hamiltonian is for this model is
2 2 2
ps P; 1 9 cis
=2 4V E =MW, ; — 5.12
H 2ms + (S) + - 2m1 + 2mlw1, <Q'L meZ2> ) ( a‘)

where (s, p;) are the coordinate and momentum of the system and (Q,P) are the coordinates

and momenta of the bath. The essential property of the harmonic bath is its spectral density

Jw)=Z% & i - w), (5.12b)

2 = MW

which is chosen in the continuous Ohmic form with an exponential cutoff
J(w) = nwe™/we, (5.12¢)
where the cutoff frequence w, is chosen as 500 cm™!. V(s) is the 1-d double well potential

V(s) = —a18®+ aps? (5.12d)
mluh -

1
= ——mswgs2 + +
16V,

2
where wy is the imaginary harmonic frequence at the top of the barrier, and V(;r is the
barrier height with respect to the bottom of the well. The specific parameters we have
chosen correspond to the DW1 potential of Topaler and Makrill4 who performed the exact
quantum calculations that will serve as a bench mark for our comparison below. The
barrier height and the imaginary frequency for the DW1 potential are 2085 and 500 cm™
respectively, and the mass of the system is that of a proton. 300 bath modes are sufficient
for an adequate description of the bath.

~ The evaluation of Eq. (5.9) thus reduces to starting classical trajectories with
initial céndition determined by the probability distribution F3(pg,qo). However, the exact

evaluation of F£ (po,qo) is difficult. To circumvent this, we have used a normal mode

approximation for the Hamiltonian around the barrier,

H~—Ii——£m)\f22+Vi+Z 2L Lz | (5.13)
S omy TN T L g, T AT :
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where AT and ); are the imaginary and real frequencies at the saddle point and (gf,ps) and
(gi,p;) are the corresponding coordinates and momenta, respectively. The flux operator

involves only the reaction coordinate ¢y and therefore the Wigner transformation of 13’5 is

separable. »
| F8(a,p) = FS(as,p5)05 (as, b); (5.14a)
where
At \? (uh) t
= 2p ¢ tan(u me
Filay.py) <mf7rh> s]irn(ZuT) P [_ ;‘; cot(uf)g
2
pf 1 _ﬂvf
Y tan(u )] e 7, (5.14b)
and : )
tanh(u;) 2tanh(u;) { p 1
g =] =—- - : L —myAigl 14
Puw(Qb; Po) ]:[ Sinh(m) exp[ W S T NG ) | (5.14c)

and uf = RBAT/2 and u; = hBX;/2. Eq. (5.14) thus provides a simple analytic result for the
Wigner function of the Boltzmannized flux operator within the normal mode approxima-
tion. Note that although the quadratic approximation is used for F#(q,p), the trajectory
themselves are computed with the exact Hamiltonian.

Due to the properties of the parabolic barrier approximation, Eq. (5.14b) is only
,valid when u! < 7/2 or T > T, = hA!/nkp. Furthermore, for temperatures slightly above
T, the coordinate distribution in Eq. (5.14b) is so broad that the quadratic approximation
to the potential may fail. Higher order expansions around the saddle point are then needed
to account for the anharmonic effects. Wigner transformations, for most cases, can only
be done numerically for 1-d system and therefore including these anharmonic effects is
more difficult. Nevertheless, applications of the system-bath separation ideas where the
system coordinate is treated more exact and the bath is treated more approximately for
calculating the Wigner function perhaps has more practical utility. In the next section,
another approximate way of obtaining rate constants below T, will also be discussed.

The “transition state” limit of Eq. (5.9), i.e., taking h(q:) to be h(qg) is what
Pollak et al.}1%120 has called a quantum transition state theory. In the case of 1-d parabolic

barrier, the rate constant

K(T) = Q71T = [ dpo [ daoh(ao) FE(po, ao), (5.15)



5.3. LINEARIZATION APPROXIMATION FOR THERMAL RATE CONSTANTS 125

can be calculated analytically to give
' 1
K(D)QTHT) = romre ™D, (5.16)

where

_ hBAT
* = Ssin(hBNT/2)
which is recognized to be this exact result for the parabolic barrier.

/
Application of Egs. (5.9) and (5.14) to the system-bath model of Eq. (5.12) is

(5.17)

straightforward. Calculations are performed as a function of the coupling i)arameter n at
two temperatures, 200K and 300K. At T = 3OOK , the temperature is sufficiently above T,
for all n’s of interest that the harmonic approximation 6f Eq. (5.14) gives accurate results
for the Wigner distribution function. 3000 trajectories are needed to obtain converged
results. For 200K, however, the temperature is below or near 7T, in thé small n regime and
Eq. (5.14) is no longer valid. Therefore, diagonal anharmonicity, i.e., numerical evaluation
of the Wigner distribution function along the reaction coordinate, is employed for this case.

The results are plotted in Figure 5.1 as the transmission coefficient, «, defined by

& = k(T)/krst,cL(T) (5.18)
where
wo _gyt
krst,cL(T) = éﬂe bvo (5.19)
7r .

with wp being the frequency of the reactant well in Eq. (5.12d). Figure 5.1a shows the results
for T = 300K for which there is quantitative agreement with the accurate quantum results
of Topaler and Makri.''* The T = 200K results are shown in Figure 5.1b and though it is
not completely quantitative, the results are still excellent for this quite practical approach.
To gain some insight into the nature of the dynamics, Figure 5.2 shows the time dependence

of x(t) which is related to the correlation function by

k(1) = (QrkrsT,cL) "' Crs(t), (5.20)

at T = 300K for a case of strong coupling (Figure 5.2a) and also one of weak coupling
(Figure 5.2b). The long time limit of x(t) would be the quantum transmission coefficient
defined in Eq. (5.18). Figure 5.2a is a classic example of “direct” barrier crossing dynamics
for which quantum transition state theory is a good approximation. As seen in many of the

previous applications, it takes time of ~ A8 (27fs at 300K) for x(t) to reach its transition
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n/mw,

Figure 5.1: The transmission coefficient x = k/krsT c1 as a function of coupling parameter
n/mswp. The solid lines are the results of the linearized approximation of Eq. (2.57) and
the points are from the quantum path integral calculation of Topaler and Makri.!'4 (upper
panel) T=300K; (lower panel) T=200K.
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Figure 5.2: The time dependence of k(t) for two cases at T=300K. (upper panel) strong
coupling; (lower panel) weak coupling.
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state theory (TST) “plateau” value and there is no hint of recrossing dynamics in this case.
Figure 5.2b, on the other hand, shows strong characteristic of recrossing: by hf =27 fs k(t)
has reached its TST plateau value, but here the coupling to the bath is not strong enough
to prevent trajectories from recrossing the dividing surface before the ¢t — oo limit of the
correlation function is reached. It is impressive that the approximate theory of Eq (5.9) is
able to describe both of these situations accurately.

The good agreement here between the linearized approximation of Eq. (5.9) and
the exact quantum mechanical results for this system-bath example confirms our earlier
conjecture that for complex systems, the quantum mechanical interference effects, essen-
tially all the oscillatory terms in Eq. (3.84d) have averaged out. Therefore the linearized
approximation, which does give the correct quantum results for short times, should be able
to capture most of the dynamics in these systems of many degrees of freedom. Coupled

with its calculational ease of use, it should be a very practical theory for many problems.

5.3.2 Analytically Continued Rate Constants with the Linearized Ap-

proximation

The harmonic approximation for the Wigner function of the Boltzmannized flux
operator is very convenient for any practical calculations of the rate constant. But, as was
mentioned, for temperatures below T, = hAl/7kp, this approximation is not valid and one
has to resort to a fully quantum mechanical calculation of the Wigner function. A possible
way of circumventing this is to proceed with an analytic continuation approach where the
flux side correlation function in Eq. (5.2a) is rewritten as

Crslt) = tr[e—ﬁﬁ/zpe—ﬂﬁ/zeim/n;w—mt/n]

_ tr[e—ﬁo131/21316—,6‘01?/26if{t/h—ﬂ1iI/2;Le—if1t/h—ﬁl 1‘1/2]; (5.21)

here By + 81 = 3. The expressions in Eq. (5.21) are identical, but one sees that C ts(t) can

now be written as
Cys(t) = Cys(Bo, Br;t) = Crs(Bo, tr = ihB1/25t) (5.22)

where
Crs(Bo, tr5t) = tr[e—ﬁOH/QFe‘ﬂOH/Qem(Htl)/nﬁe*imt“tl)/h]. (5.23)

Thus, Cf; is the analytic continuation of Cfs(8p,%1;t) into the complex plane, the assump-

tion being C4(Bo,t1;t) does not have any singularities.
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Now, a linearized approximation can be made to. the correlation function in Eq.
(5.23). We proceed in the standard way, after inserting the SC-IVR expression of Eq. (2.9),

this correlation function becomes,
1
Crs(Bo,t,t') = (2mh)~F / dpodqo / dpyday(aol F(Bo) o) [det(qu . M;p)] 2
exp [ﬁst(pano) - Su(pf),vq())] 8(ar — ar)h(a), (5.24)

where t = ¢t — t1, t' =t + ¢, Mgp = 0q;/0po, M{]p = 9qy /0Py, 9t = qQt(Po,qe) and
q; = q:(py,9qg)- Again making the sum and difference transformation as in Eq. (3.56¢),

and assuming that

0qy oq
M, = — ~ —— 5.25
P 8py  dpo’ (5.252)
dqy _ 0qy
M/ = = = , 2
qp 8p6 af)o’ (5 5b)

we can now expand the phase difference in the exponential as

Sy(Po,qo0) — St (Ph,qh) = Si(Bo,@o) — Sv(Po,Go) — PolAa
1. _
+ 3 [PF - Maq +57 - My - Aq

1. B
+ 3 [ptT “Mgp + pZ; . M;p] - Ap, (5.25¢)
and the delta function becomes
_ 1 1
0(qe ~qr) = 8 |q — Qv + 5(Maq + Mgq) - Aq + 5 (Mgp + Mgp) - Ap] . (5.25d)

The integrals over Aq and Ap can now be performed, the steps are analogous to the
manipulations in section 3.2.1 for the mixed semiclassical-classical theory. The end result

“is that Eq. (5.24) becomes

1
. I 5
Edet(qu qu)] ¢!15¢(P0,20) =Sy (Po,a0)l/R o (5 1)
2 det(Mgp + M/qp) ‘

Z' —
exp 7 [(pt *Mgp + Py - M:]p) - (Mgp + M;p) L, (‘q.t' — Qt)] h{qy), (5.26a)

Crs (Bt ) = (27Tﬁ)_F/dP0dQO

where the bars over (po, qo) have been dropped and

. 1 . -
Po = Po+ 5 [(pt *Mgp + Py - M:]p) : (qu + Mi]p) b (qu + Mi-;q)]

1 ,
-3 [pt - Mqq + Py M;q] . | (5.26b)
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Again, by making the approximation that p ~ pg and

1
[det(Mqp - My,)]? N
L det(Mgp + M,,)

(5.26c)

we arrive at the following expression for the two time correlation function, Cfs(0o,t,t'),

Crs(bo,t,t') = (27rh)_F/dPOdQO ¢!154(Po.0) =Sy (Po.90)l/A o (pg o) h(q)
) _
exp = [(Pt - Mqp + Py - M) - (Mgp + My,) ™" - (qv — Qt)] -(5.27)

The advantage of working with the two time correlation function instead of the
correlation function in Eq. (5.2a) is that Gy can be much smaller than 3. If the temperature
is below T, one can choose a [y that is above T, with a the harmonic approximation for
FB(po,qo) in Eq. (5.27) and analytically continue Cf5(Bo,t,t') to the actual temperature.

This very procedure is performed for the simple barrier crossing example of an
Eckhart barrier. The Hamiltonian is

2

Yy 2
H=*_ h .2
Y + Vpsech®(aq) (5.28)

with parameters that correspond approximately to the H + Hs reaction: Vy = 0.425 eV,
a = 1.36 a.u. and m = 1224 a.u. For this example, [y is chosen to be 1/1200K, well
above the T, of T00K. However, from Figure 5.3 one see that we are able to obtain the rate
constant below T, very well, only after reaching ~ 200K does one begin to see significant
deviations. Keep in mind that only one correlation function is needed for all temperatures

shown.

It is also interesting to see the that further approximations to Eq. (5.27) lead to

other meaningful expressions. First, we set Mqp ~ M’qp, this maybe convenient numerically

since (Mgqp + Mg, ) can be zero and cause the phase factor to diverge. This then leads to

the following formula for the extra phase in the exponent in Eq. (5.27)

) _ . )
7 [(Pt *Mgp + Py - Mgp) - (Mgp + Mgp) Yqy — Qt)] ~ o [(pt + pr) - (v —ay)] -

(5.29)

Now one can notice that this extra phase factor can be written as

1 Qgr

t’
o, pdq = /t p - qdr, (5.30)

(Pt + pr) - (qr — qy)] = /

qt
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Figure 5.3: The Log of the rate constant k(T") as function of the temperature for the 1-
d eckhart barrier. The solid line is the analytic continuation result from the two time ¥
correlation function of Eq. (5.27) with 1/8y = 1200K. The solid points are the exact -
quantum mechanical results.

i.é., it is the trapezoid approximation for the above integral. Combining with the difference
of the actions in the exponent of Eq. (5.27), one has

?

i i [
4 o) - (q — +_SJS,z—/H, dr, 5.31
o [(Pt pr) - (q Qt)] h[ t t] A, (p,q)dr ( ! )

and if the Hamiltonian is time independent, the two time correlation function of Eq. (5.27)

now becomes,
i A
Cys(B, t,t') = (2W5)—F/dponOFfo(Po,_QO)h(Qt) exp [EH(po,QO)(t' -8, (532)

for which the analytic continuation is trivial. One finally obtains that the flux-side correla-

tion function of Eq. (5.2a) may be approximated by

Crs(B,t) = (27Th)_F/dp0dQO F£°(p0,qO)‘h(Qt)eXp [(—B1H (po,qo)] - - (5.33)



132 CHAPTER 5. THERMAL RATE CONSTANTS

Eq. (5.33) is an extremely simple expression that allows one to utilize the Harmonic approx-
imation for the Wigner function of the Boltzmannized flux operator to obtain rate constants
far below T,. It is also very easy to calculate this expression as there are no oscillatory parts

in the integrand. Tests for its accuracy and practical utility is still on going work.

5.4 SC-IVR for Thermal Rate Constants

Even with the great success of the linearized approximation to the SC-IVR, one
recognize that it is not possible for the LSC-IVR to include quantum mechanical inter-
ference effects in the flux-side correlation function when they are important. In order to
have a description of them, it is necessary to examine the application of the full SC-IVR

methodology to the rate constant calculations.

In a coordinate representation, the flux-side correlation function of Eq. (5.2a)

becomes
Cr(t) = [ da [ dd [ da" (@F@®Id) I Ma") A" (@'l q).  (5:34)

There are, however, several ways of implementing the semiclassical approximation, Eq.
(2.9), in Eq. (5.34). Perhaps the simplest is to choose q” in Eq. (5.34) as the initial
value qq for both propagators, and using the symmetry relations of the propagator matrix

elements

(d'le" Mgy = (qle=Ht/Mq)
= (d|eHMq), (5.35)

one readily obtains the following SC-IVR expression for the correlation function

Crt) = gz [ dao [ dpo [ dof (@l P(B)ia) hao)

9 day\17 _ [i
det (5t ) det (53 )| ex | £ (Sitan.po) = Slan.pb))] . (5:36)

where q} = q¢(qo, Py). One thus runs two classical trajectories, both beginning at the same
position qg in the product region, with different initial momenta. The only awkward feature
of this expression is that the trajectories begin in the product region and must terminate
in the transition state region (where (q|F(8)|q') localizes q and q'), and the sampling of

initial conditions for this purpose may not be efficient.
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A second way of implementing the SC-IVR, in order to have the initial positions
qo sampled from the Boltzmannized flux factor, is to.choose q in Eq. (5.34) to be qo; then

q" = q:(qo, po), and q' = q, = q(qy, P); ). The expression for the correlation function is

Crelt) = Tomye [ da0 [ doo [ dof (el F(B)lao) hia

1
oq oqi\12 i
jder (5ot ) et (52 )| exp |5 (Sitao,po) ~ Sl b)) (537

i.e., here one begins a trajectory at (qo,po) in the transition state region, runs it for time
t into the product region, then restarts it with a new momentum pj, runs it for time ¢, at
which time it must be back in the transition state region. Figure 5.4 indicates these two
possible strategies. v

Finally, a third way of irhplementing the SC approach is to begin both trajectories
in the transition state region (cf.‘ Figure 5.4c), i.e., to choose q = qp and ¢’ = q; in Eq.

(5.34), whereby one obtains the following expression for the correlation function,

Crs(t) = (Z—;LTF/dqo/dQB/dpo/dpé) (a0l F(B)|ab) dr(a: — at)h(ar)

9 day\1% [
jder (52 ) det (53 )| exp | £ (Silao,po) - Siabpi)| . (539)

where q; = q(qp, py;t). The disadvantages of this approach are clear: one has four (mul-
tidimensional) integration variables to integrate over, rather than three as in Eqgs. (5.36)
and (5.37), and the integral contains a delta function which requires the two trajectories to
end at the same point in the product region. This later problem (the delta function) can be
ameliorated by switching to a modified version of the generalized Herman-Kluk (coherent
state) IVR in Eq. (2.14). The modification that we use here, the 7y — oo limit (which
converts the initial coherent state into a coordinate state), gives the following SC-IVR for

the propagator

' i 1 ~, \ F/4 :
(ale™ ¥ |qo) = W/dpth(QOapo) (Z—;> (alpt, Qs ye)e (0PI (5.39a)

where

dq i 6pt]% |
Di(qo, po) = det [— I/ 2 5.39b
+(q0, Po) ap0 + 7 9po ( )

[The ¢ — oo limit of Eq. (5.39) would convert it into the previously used coordinate

space SC-IVR, Eq. (2.9).] Using Eq. (5.39) for the propagator, the following expression is
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Figure 5.4: Sketch of trajectory configurations in coordinate space that have non-zero con-
tributions to the integrand in Eq. (3.54) (a), Eq. (5.37) (b) Eq.(5.40) (c) and Eq. (5.44)
(d). The dashed trajectory in (d) is the imaginary time trajectory on the upside down
potential.
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obtained for the correlation function

Crat) = gmgyr [ dao [ da [ dpo [ dh (ol F(B)lah) (piatlhipeas)

F/2 ]
(Z—;) D¢(qo, o) D:(qg, Po)” exp [E(Sz(QO,Po) — St(aq, Pp)) | -(5:40a)
Finally, because the coherent states are localized in position, the following approximation

should be reasonable,

(P.qi|hlpias) = h(qr) h(d})(Pid|Peas), (5.40b)

where the coherent state overlap is

(Pt — pY)° + i(pt +p)) - (qr—d))|. (5.40c)

I _ _ﬂ _ N2 .
(ptqtlptqt> exp (a: — qy) pows: 57

4

Comparing Eq. (5.38) to Eq. (5.40), one sees that in the latter the two trajectories are
not required to land at the same point but rather that the two final points in phase space,
(at, pt) and (q}, p;), are required to be in roughly the same phase space cell. |

All three strategies of implementing the SC-IVR — Eqs. (5.36), (5.37), or (5.40)
— are essentially equivalent; the choice between them is purely one of convenience, and it
is not immediately obvious which will turn out to be most useful in applications to complex

systems. For the present 1-d application all are possible.

5.4.1 Semiclassical Approximation for the Boltzmann Operator

In section 5.4 it was assumed that the Boltzmannized flux operator F(B) is ob-
tained by fully quantum mechanical methods, and this may indeed be feasible even for
complex systems. As an alternative and perhaps more efficient possibility, however, we
note that it can also be obtained by a semiclassical approximation. Referring to Eq. (5.8),
one this needs to construct matrix elements of the Boltzmann opérator e~BH , which is the
same as the time evolution operator e~tHt/A for the imaginary time t = —ih(3. It was noted
by one of us*® some years ago, though, that motion in imaginary time is equivalent to

motion in real time on the upside-down potential energy surface; e.g., Newton’s equations

d? ov
ol =2 41
mgalt) =~ 5 (5.41)
becomes )
d oV
M=y q(r) = +_8q’ (5.42)
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where 7 = it is a real time-like variable, which varies from 0 to A to obtain e BH_ The

SC-IVR expression for the Boltzmann operator, which is the analog of Eq. (2.9), is therefore

1
(ale™lao) = [ dpo o(a — ag) [det (522) fnm)?| St (5.430)

~ where p(7) = mq/(7) is the real momentum-like variable, qg = q(qo, Po; 23) is the coordi-
nate that evolves along the classical trajectory on the upside-down potential energy surface

with initial conditions (qo, Po), and Sg is the classical action,

Sytaopy = [ i O
saopo) = [ ar B+ v(a(r). (5.43b)

This semiclassical approximation for the Boltzmann operator is most conveniently
implemented via Eq. (5.40) for the flux-side correlation function. Together with Egs.

(5.43a) and (5.8), it gives the correlation function as

Crlt) = gymre [ dao [ dpo [ dpo [ apy ML= RO aor (2921 ynnyr

‘ F/2
—SQ(QOaPO)/h<p Qtlhlptqt> ( > Dt(QOvPO)D (qﬂ7 pO)

exp |3 (S1(ao, o) — Silas, ph))] (5.44)

One thus begins a purely imaginary time trajectory (i.e., real trajectory on the up-side
down potential) with initial conditions (qg, po) and integrates it for (imaginary) time A3 to
position qg; qo and qg must be on the opposite sides of the dividing surface. From qg and
qp one initiates trajectories with momenta po and p{ and integrates for time ¢; the final
coordinate q; = q(qo, Po;t) and q; = q(qg, Py;t) must land within the same phase space
cell in order to contribute. Fig. 1d shows this schematically.

The semiclassical Boltzmann operator can also be employed with the linearization
approximation for the real time dynamics, i.e., in Eq. (5.9). The necessary steps, indicated

below, are straightforward:

Crt) = Gomgyr [ dao [ dpo [ dia eS8 (qy + Aa/2{F(8) a0 — Aa/2) hia)

= ;/qu/dql /dpo e~ Po-(ap—ao)/h (d! |ﬁ(ﬁ)|q0> h [Qt <p0 do +QB)]
(2wh)F 0 0 Ty

_ W | dao [ do [ dpo 219098 -3

kB
[det(?ﬁﬁ)/(%h) -Sa(qwo)/ﬁh{qt (po,w>]. (5.45)

2
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Again, the end points of the imaginary time trajectory with initial conditions (qg,Po)
must straddle the dividing surface; however, only one real time trajectory is run, its initial
position being the average of the end points of the imaginary time trajectory, (qo + qs)/2,

with initial momentum pg.

5.4.2 Results and Discussion of Test Calculations

We wish to test the extent to which the SC-IVR of Section 5.4, and the linearized
approximation to it in Section 5.3, can describe coherence and other quantum effects in the
thermal rate constants. To this end we look at the flux-side correlation function Cy,(t) for
a 1-d double well potential, for which the Hamiltonian is

o 14

= 2‘”m é 22 4 nll—::/z—a:“. ' (5.46)
This'is the same system we considered earlier via the linearized approximation to the SC-
IVR, but with a harmonic bath coupled to it. As noted in the Introduction, without the
bath degrees of freedom Cy,(t) does not reach a constant value as ¢ — oo — i.e., k(T)
does not exist — but the re-crossing dynamics manifested in Cy,(t) should accentuate
coherence/interference effects, and this thus provides én even more stringent test of the SC
theories. The mass of the particle is that of an H atom, the barriér height, Vp = 2085 cm™!
(= 6 kcal/mol), is typical of H atom transfer reactions, and the imaginary barrier frequency
is w! = 500 cm™!. The calculations were carried out for T =300°K and 900°K.

Figure 5.5 first shows the results of the linearized approximation (solid points) to
the SC-IVR for Cy,(t) given by Eq. (5.9), compared to the exact quantum (solid line) and
the completely classical (open points) results [given by Eq. (5.9) with Eq. (5.11)]. Several
observations are apparent. First note that for short times — up to ~ 50 fsec at 300°K
(Figure 5.5a) and ~ 25 fsec at 900°K (Figure 5.5) — Cy;(t) takes on an approximately
constant or plateau value; this is the trénsition state théory (TST) or barrier crossing rate
constant [when divided by the reactant partition function in Eq. (5.1)] that would be the
t — oo limit if there were no re-crossing dynamics. The classical correlation function begins
at its TST value at t = 0, but the quantﬁm and semiclassical correlation functions take
a time of ~ AF (27 fsec for 300°K, 9 fsec for 900°K) to reach their plateau values. At
900°K (Figure 5.5b) one sees that all three curves have approximately the same plateau

value, but at 300°K (Figure 5.5a) the classical plateau value is ~ 25% lower than the QM
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and SC value; this is due to tunneling effects in the TST rate constant, and one sees that
the linearized SC theory describes this quite well. (This is consistent with earlier work®
in our group showing that the SC-IVR is able to describe moderate levels of tunneling —
e.g., tunneling probabilities down to ~ 107> for H atom motion — though not the ‘deep’
tunneling region that requires explicit use of complex trajectories’»48:51,52 )

The time dependence beyond the plateau region in Figure 5.5 is the result of
re-crossing dynamics, and one sees that in this region the linearized SC approximation is
essentially the same as the classical result. Furthermore, at 900°K (Figure 5.5b) the classical
and SC correlation functions follow the QM result fairly well up to t = 150 fsec and then
deviate considerably; at 300°K they follow it not well at all past the plateau region. Thus
the linearized SC approximation is able to describe quantum effects well in the short time
regime of TST-like dynamics, but is not able to describe quantum effects in the longer time
re-crossing dynamics.

Figure 5.6 now shows the full SC-IVR results (solid points) for the correlation
function [caleulated via Eq. (5.44)] compared to the exact quantum (solid line) and lin-
earized SC (open points) values, and one sees that the full SC-IVR indeed does describe the
correct quantum behavior for times well into the re-crossing regime (up to 200 fsec, as long
as the SC-IVR calculations were carried out). The comparison is particularly revealing for
300°K (Figure 5.6a), where the linearized SC results (open points) deviate drastically from
the quantum correlation function for times past the short-time TST plateau region. The
effort required for the full SC-IVR calculation, however, is quite large; the integration over
the initial conditions were carried out presently by an unweighted Monte Carlo procedure
(with finite cut-offs) and required ~ 10° trajectories. A more sophisticated Monte Carlo
procedure would perhaps make this more efficient.

The SC-IVR results in Figure 5.6 used the semiclassical approximation for the
Boltzmann operator, Eq. (5.44). To show that this introduces little error, Figure 5.7
displays a comparison of the results obtainable with the linearized SC approximation for
the real time propagation with the quantlim and SC versions of the Boltzmann operator [Eq.
(5.45)]. One sees that the results obtained with the SC approximation to the Boltzmann
operator are in good agreement with the QM one; little error is introduced by the SC

approximation, so that one has a semiclassical description for both the imaginary and real

time evolution.



5.4. SC-IVR FOR THERMAL RATE CONSTANTS 139

4.0e—04

0.0e+00

Cfs(t)

=2.0e-04

C,(t)

o

100.0 200.0 300.0 400.0 500.0
Time (fsec)

Figure 5.5: The correlation function Cf,(t) as given by the exact quantum calculation (solid

line), the linearized approximation of Eq. (5.9) (solid points) and the fully classical method
of Eq. (5.11) (open points). (a) 300K, (b) 900K.
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Figure 5.6: The correlation function Cf,(t) given by the exact quantum calculation (solid
line), the full SC-IVR model of Eq. (5.44) (solid points), and the linearization approximation
of Eq. (5.9) (open points). (a) 300K, (b) 900K.
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Figure 5.7: The correlation function Cy,(t) obtained with the linearization approximation
of Eq. (5.9), where the matrix elements of the Boltzmannized flux operator are obtained
quantum mechanically (dashed line) and semiclassically via Eq. (5.45) (solid line). (a)
300K, (b) 900K. a
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5.5 Forward-Backward IVR for Thermal Rate Constants

Since the flux-side correlation function involves the evaluation of a trace, it is
natural for the implementation of the forward-backward IVR of chapter 3. Thus, Cy,(t)

corresponds to operator A in Eq. (3.94) being the Boltzmannized flux operator
A= e”ﬂf{ﬁﬁ’e_[m/?, (5.47a)

and B being the heaviside function that is 0(1) on the reactant (product) side of a dividing

surface which separates reactants and products,
B = h[s(q)], (5.47b)

where s(q) = 0 defines the dividing surface; F' is the flux operator associated with this

dividing surface .
i
h
Operator B in Eq. (5.47b) is thus not of the simple form in Eq. (3.97), but by Fourier

F= [H ﬁ(s(q))] . (5.47¢)
transforming the Heaviside function, one can express it as a one dimensional integral over

operators of this form,

o0

hs(q)] = / oodps[%ri(ps — i€)] "LetPes(@)/n (5.47d)

where € is a small positive constant. One thus applies the FB-IVR to the operator B =
ePsS(@/% and then integrates the result over the Fourier transform parameter p;. The

FB-IVR for the flux-side correlation function is therefore given by

Cys(t) = / dps(%ips)‘l(?ﬂﬁ)‘p/dpo/quCo(po,qo;ps)
—0Q

€ 50(P0:a0iPs)/ R (150 0 | F(B) | Ph ) (5.48a)

where the “momentum jump” at time ¢ of the FB-IVR [cf. Eq. (3.101)] is

9s(q)
bt = pt +ps [ } , (5.48b)
9q lq=q

and the FB action is

So(po,qo; ps) = /Ot dt'[p-q— H(p,q)] + pss(aqe) + /to dt'lp-q— H(p,q)]. (5.48c)
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Here pj = py(Po, do; Ps)s 95 = p(Po, Qo; Ps), and the “ie” in Eq. (5.47d) has been dropped
since other factors in the integrand are zero if p; = 0. [Note that the “momentum jump” )
defined by Eq. (5.48Db) is in the direction normal to the dividing surface.] The FB-IVR
result for Cjs(¢) thus involves only a one dimensional integral in addition to the single
phase space average over initial conditions, only slightly more involved thar the linearized
SC-IVR expression [Eq. (3.67)]. _

Before proceeding, it is useful to note some general properties of Cf,(t) that sim-
plify its evaluation. With the use of Eq. (5.47d), the rigorous expression for the flux-side

correlation function is

i oo 1 ) ) ]
= : s - s/l 49
Cra(t) = [ dpugtrl F (B0 )] (5.49)
whére
ff(ps) _ eim/neipss(q)/ne—iﬁt/n_ (5.50)

Since F'(8) is hermitian, one has the following relations
te[E(B)U (ps)]* = tx[E(B)U (p5)'] = tx[E(B)U (~ps)), (5.51)

so that the imaginary part of tr[F"(3)U (ps)] is an odd function of p,. Therefore the integrand

in Eq. (5.49) is an even function of p,, and one only needs to integrate over positive values

of ps,
tr[F(8)U (ps)]; (5.52)

001" 1
qm=m/@L
0 'L7l'ps

thus simplifying the calculation.

5.5.1 1-d Eckhart Barrier

The first example we consider is again the simple barrier transmission where the
Hamilt(.)niNan is identical to that in Eq. (5.28). To evaluate the matrix element (poqo| F(B)|phab)
in Eq. (5.48a), we express the Boltzmannized fluxed operator by its eigenfunction expan-
sion, i.e.,

F(B) =Y falun)(ual, (5.53)

where

F(B)|un) = fnltn)- o (5.54)
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Figure 5.8: The integrand of Eq. (5.52) as a function of the momentum jump, ps, for the
1-d Eckhart barrier at ¢t = 10 fsec and 7' = 300K.

The matrix element thus becomes
ool F(B)|pha0) = D, Fr(podolun){unlppas), (5.55)
n

and the evaluation of Eq. (5.48a) is then accomplished by Monte Carlo sampling of the
initial distribution |(pogo|un)|.

Figure 5.8 shows the dependence of the integrand of Eq. (5.52) on the momentum
jump variable p;, for T' = 300K and t =~ 10 fsec, just as it reaches the “plateau” region.
It has some oscillatory character but not of a severe nature. Figure 5.9 then shows Cf,(t)
at several different times, and they are in good agreement with the correct quantum value
over the whole time span. For this example C's,(t) shows the typical behavior of a “direct”
reaction, rising to its plateau value in a time of ~ 3. For this temperature the tunneling

correction function k = kqwm/kcr, is about 2.

5.5.2 1-d Double Well

A more complicated example is the 1-d double well potential where the Hamil-
tonian is again the double well of Eq. (5.46). Unlike the barrier example, the flux-side
correlation function for this system does not have a well-defined long time limit, and in the

previous section where we carried out both LSC-IVR and SC-IVR calculations, one observed
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Figure 5.9: The flux-side correlation function for the 1-d Eckhart barrier at T = 300K. -
The solid line is the quantum mechanical result and the solid points the FB-IVR results.

quantum mechanical interference structure that persists to all times. This example thus
tests the accuracy of the FB-IVR approach for describing quantum mechanical interference
effects. Figure 5.10 again shows the dependence of the integrand of Eq. (5.52) as a function
of ps, for t = 242 fsec and T' = 300K. One sees that the integrand is well localized and free-
of rapid oscillations. This allows us to Monte Carlo sample all of the integration variables, \
(po, 90, ps), together. Figure 5.11 shows the comparison of the FB-IVR flux-side correlation
function for this system at 300K with the exact quantum mechanical correlation function
-over a wide time interval. The result here is very good not only because the overall agree-
ment is satisfactory, but also because the longest time we are able to propagate is ~ 500
fs, about twice as long as we were able to obtain via the standard SC-IVR. Furthermore,
unlike the SC-IVR which becomes increasingly difficult as the time increases, the numerical

effort of the FB-IVR for the longest time is almost the same as that for the shortest time.

5.5.3 A System Coupled to Ten Bath Modes

The final example is the double well potential of the previous section with the

addition of ten harmonic (“bath”) degrees of freedom coupled to it. This is a ten mode
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Figure 5.10: The integrand of Eq. (5.52) as a function of the momentum jump, ps, for the
1-d double well potential for ¢t = 242 fsec. and T = 300K.
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Figure 5.11: The flux-side correlation function for the double well potential at T = 300K.
The solid line is the quantum mechanical result and the solid points the FB-IVR results.
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r Wi | ci//mi JJ

221.7 0.21
443.3 0.34
665.0 0.41
886.7 0.44
1108.3 0.44
1330.0 0.43
1551.7 0.40
1773.3 0.36
1995.0 0.33
2216.7 0.29

Table 5.1: Frequencies and coupling constants (in cm™!) for the harmonic bath in section
5.5.3.

!

version of the popular system-bath problem, for which the Hamiltonian is

H = HO psa + Z (qz -

s, | (5.56)

where Hy(ps, s) is given by Eq. (5.46). The frequencies {w;} and coupling constants {c;}

are chosen from the usual Ohmic (with exponential cutoff) spectral density

10 2 :
™ C; —
T0) = 33 =) = a1 o
=1

and their specific values are listed in Table 5.1.

The version of this problem with an infinite bath of harmonic modes has been well
studied both quantum mechanically and classically.'®® Our study of it using the iinea_rized
approximation to the SC-IVR — the LSC-IVR discussed in the section (5.3.1) [Eq. (5.9)]
— gave results in excellent agreement with accurate’ quantum results for the problem.
Therefore, since we do not have accurate quantum results for the present ten molde version
of the model, here we compare the results of our FB-IVR calculation to those of the LSC-
IVR. As before, matrix elements of tI}e Boltzmannized flux operator are obtained by a
normal mode approximation at the transition state.

The coupling constants in Table 5.1 are chosen to correspond to a value of ) that is
near the maximum in the “Kramer’s turnover” of the rate constant versus coupling strength.

The flux correlation function is thus expected to exhibit features of re-crossing dynamics,
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Figure 5.12: The flux-side correlation function for the double well potential coupled to ten
harmonic modes, the example of section 5.5.3, at T = 300K . The solid line is the linearized
SC-IVR (LSC-IVR) result and the solid points the FB-IVR results.

and this is indeed seen in Figure 5.12, which shows the flux-side correlation function scaled
by the classical rate constant defined in Eq. (5.18). The correlation function is seen to rise
in typical fashion to its transition state value in a time of ~ A$ and then to show structure
due to flux that re-crosses the dividing surface. The results of the FB-IVR calculation agree
well with those of the LSC-IVR, suggesting that perhaps ten bath modes are sufficient to

quench some of the quantum effects in the recrossing region.

5.6 Concluding remarks

The goal of this work has been to investigate the extent to which the semiclassical
initial value representation, and the linearized approximation to it, are able to describe
quantum effects in thermal rate constants. The conclusions are that the linearized approx-

imation to the SC theory is able to describe quantum effects in the short time (¢ < hf3)
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dynamics that corresponds to direct barrier crossing, i.e., transition state theory-like dy-
namics, but the description of the longer time re-crossing dynamics is essentially that given
~ by classical mechanics. The complete SC-IVR treatment, however, is able to describe the
quantum effects in the longer time re-crossing dynamics, though these calculations be--
come ‘prog‘ressively more difficult the longer the time. Also, the SC approximation for the
Boltzmann operator introduces essentially no error; one is thus able to have a complete
semiclassical theory, i.e., for the imaginary time (Boltzmann operator) as well as real time
propagation. '
The linearized approximation, though was not able to describe quantum effects for
the 1-d double well not coupled to a harmonic bath, did extraordinarily well in obtaining the
rates when the bath is coupled to the system. For practical considerations, the linearized
approximation to the SC theory is much easier to implement than the full SC-IVR: the real
time part of it is a classical molecular dynamics calculation, with the imaginary time part
(i.e., the Boltzmann operator) treated either quantum mechanically or semiclassically. The B
fact that it describes the short time TST-like dynamics correctly, and provides a classical
description of the longer time re-crossing dynamics, should make it very useful for many
Iapplications, particularly for complex molecular systems where quantum effects are often
quenched by the many coupled degrees of freedom. _ |
Lastly, several applications of the FB-IVR to flux-side correlation functions were 8
presented in section 5.5, with very encouraging results. Together with other approaches for
simplifyihg the SC-IVR calculations — e.g., stationary phase Monte Carlo filtering — the
FB-IVR is a significant step toward making these methods useful for describing quantum

effects in complex molecular systems.
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Chapter 6

Future Outlook

With the increasing interest in quantum dynamics of large systems, it is clear that
the semiclassical approximations studied in this thesis will be very useful for these purposes.
We have explored some applications of the semiclassical initial value representation to a
range of problems in chemical physics, including the calculation of wavefunctiohs, spectrum,
nonadiabatic dynamics, thermal rate constants and correlation functions for system-bath
problems. From these examples, it appears that the SC-IVR should be a very important
tool both as a fundamental theory as well as for practical applications.

On the practical side, SC-IVR offers the only viable way of including quantum
effects with classical trajectory calculations, and ways of more effective implementation
should be further explored. We have presented several strategies on this front — e.g.
stationary phase Monte Carlo and forward-backward IVR — and with them, applications
to systems of 10-20 degrees of freedom should become routine within the foreseeable future.
These problems are already quite beyond the scope of exact quantum mechanical methods
and should be a significant advancement in bring quantum mechanics to “complex” systems.
For even large systems where hundreds of degrees of freedom are involved, the application
of the full SC-IVR is not as straightforward, therefore several cases must be considered.
One: when quantum effects are quenched by the many degrees of freedom in the problem,
linearized SC-IVR offers a very appealing approach for studying these systems. The LSC-
IVR does have quantum effects for equilibrium properties such as partition functions, and
provides exact quantum boundary conditions for classical trajectories. Therefore it has
quantum effects for a short times, but long time dynamics is completely classical. The

difficult aspect of this route is that one can never know if quantum effects are indeed
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negligible. Two: quantum effects are important in a smaller subsystem only. For this
case, some of the mixed quantum-classical methods reviewed here as-well as the mixed
semiclassical-classical approach presented in chapter 3 should be applicable. The caution for
these mixed methods is that results depend heavily on ones choice of “system” and “bath”
and careful understanding of the physics for each problem is required. Three: quahtum
effects are important and no obvious partition of the system and bath is possible. Here,
one indeed will have to resort to the full SC-IVR, probably at a great expense: Even with
the judicious use of FB-IVR and Filinov smoothing methods and étc., one cannot escape
from the necessity of dealing with interference (and therefore oscillatory integrands) if one
wants to include quantum effects. Consequently, the effort of these calculation will always
be much'greater than just classical mechanics. Ultimately, the understanding of when these
three cases occur is perhaps just as important as the technical proficiency in using these .
different methods.

On the ﬁmdamental side, it is clear that the conceptual picture of classical limit .
of quantum mechanics is not fully complete and more investigations on this question is
still an interesting topic of research. We have seen from very simple arguments that the_
semiclassical limit is still far from classical mechanics. Classical mechanics only emerged .-
when the interference terms are negligible. Therefore, a very compelling topic for investi-.,
gation would be towards a more precise location of this quantum to classical “transition -
boundary.” Answers to this question will also go a long way in helping us for the practical

application of semiclassical and classical methods as well.
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