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Radiation Pressure Acceleration is a highly efficient mechanism of laser driven ion acceleration,
with the laser energy almost totally transferrable to the ions in the relativistic regime. There
is a fundamental limit on the maximum attainable ion energy, which is determined by the group
velocity of the laser. In the case of a tightly focused laser pulses, which are utilized to get the highest
intensity, another factor limiting the maximum ion energy comes into play, the transverse expansion
of the target. Transverse expansion makes the target transparent for radiation, thus reducing the
effectiveness of acceleration. Utilization of an external guiding structure for the accelerating laser
pulse may provide a way of compensating for the group velocity and transverse expansion effects.

PACS numbers: 52.25.Os, 52.38.Kd, 52.27.Ny

Laser acceleration of charged particles is conceived to
be one of the main applications of many powerful laser
facilities that are being projected, built, or already in
operation around the world. Ultrashort electromagnetic
pulses provided by these facilities are able to generate
very strong accelerating fields in a plasma, which ex-
ceed those of the conventional accelerators by orders of
magnitude. This potentially opens a way for compact
or even table-top future accelerators providing beams of
charged particles ranging from several MeV to multi GeV
for many applications [1–3]. In particular, the laser accel-
erated ion beams can be used in fast ignition [4], hadron
therapy [5], radiography of dense targets [6], injection
into conventional accelerators [7], and nuclear physics [8].

There is a wide variety of mechanisms of laser ion ac-
celeration depending on the design of the laser matter in-
teraction, ranging from solid density foils to clusters and
gas targets, from long to ultra-short pulses, and from 1018

W/cm2 to 1022 W/cm2 peak laser intensities [3]. Theo-
retical studies of laser ion acceleration show that Radia-
tion Pressure Acceleration (RPA) [9] is one of the most
efficient mechanisms of acceleration [9, 10], and several
recent experiments may indicate the onset of this mech-
anism in laser-thin foil interactions [11]. RPA is based
on the relativistic mirror concept [12]: the laser pulse,
reflected back by the receeding mirror, pushes the mir-
ror forward. The role of the mirror in the laser-plasma
interaction is played either by an ultra-thin solid density
foil or by plasma density modulations emerging when the
laser pulse interacts with an extended under-critical den-
sity target, the so called hole boring RPA [13, 14].

The relativistic mirror concept dates back to the pa-
per by A. Einstein [15] on Special Relativity, where it

was mentioned as an example of the relativistic effects in
the light reflection by the moving mirror. If the laser
is reflected by a mirror moving in the same direction
with a relativistic velocity, then the reflected radiation
would have the frequency downshifted by a factor of
(1 − β2)/(1 + β2) ≈ 1/(4γ2) for γ ≫ 1, where β is
the velocity of the mirror, normalized to the speed of
light in vacuum, and γ is the corresponding to this ve-
locity Lorentz factor. The energy transferred to the mir-
ror by the laser can be estimated as [1 − 1/(4γ2)]EL for
γ ≫ 1, where EL is the energy of the laser pulse, and
for γ ≫ 1 almost all laser energy can be transferred to
the mirror. However, the effects of the electromagnetic
(EM) wave group velocity being smaller than the vac-
uum speed of light, were not taken into account when
deriving the scaling for the RPA mechanism. A group
velocity less than the vacuum light speed naturally ap-
pears in the case of focused EM radiation or when EM
radiation propagates in a guiding structure or medium.
It is well known that group velocity effects play a ma-
jor role laser-driven electron acceleration [1] and should
naturally modify the RPA [14]. The frequency downshift
of such an EM wave reflected by a receding relativistic
mirror is ωr = ω[1 − 2γ2β(βg − β)], where ω and ωr

are the frequency in the incident and reflected EM wave,
βg = vg/c with vg being the laser pulse group velocity.
The energy transferred from the pulse to the mirror is

∆E ≃ 2γ2β(βg − β)EL. (1)

If β = βg, then there is no interaction of the laser light
with the target. Thus the group velocity of the pulse
limits the value of the attainable velocity of the foil.

As mentioned above, tightly focused laser pulses have
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group velocities smaller than the vacuum light speed,
and, since they offer high intensity needed for RPA
regime, it is plausible that group velocity effects would
manifest themselves in the experiments involving tightly
focused pulses and thin foils. However in this case finite
spot size effects [16] are important and another limiting
factor, the transverse expansion of the target, comes into
play that may dominate over the group velocity effect. As
the laser pulse diffracts after passing the focus, the target
expands accordingly due to the transverse intensity pro-
file of the laser. Due to this expansion, the areal density
of the target decreases making it transparent for radi-
ation and effectively terminating the acceleration. The
finite reflectivity of the foil greatly affects the effective-
ness of the RPA mechanism [17–20].

In what follows we study the RPA of a thin solid den-
sity foil by an EM wave with group velocity less than the
speed of light in vacuum, βg < 1. In the ultra-relativistic
case the energy of ions tends to FL/nel, where FL is the
laser pulse fluence (incident laser energy per unit area)
and nel is the areal density of the foil with ne being
the electron foil density and l being the foil thickness
[9]. The maximum ion energy is determined by the peak
laser fluence, max[FL]. As shown below, in the case when
max[FL]/nel > γg = (1−β2

g)
−1/2 the group velocity lim-

its the maximum attainable ion energy to γg. We also
study the RPA of a thin foil by a diffracting laser pulse
and the termination of the acceleration due to increasing
transparency of the expanding foil. We show that these
two limitations can be mitigated by the utilization of an
external guiding structure: the acceleration inside the
self-generated channel in the near critical density (NCD)
plasma tends to produce ion beams with higher energies.

In the RPA mechanism of laser ion acceleration the
force acting on a foil is expressed in terms of the flux of
the EM wave momentum [9], which is proportional to the
Pointing vector, S = E×B/4π. For a circularly polarized
wave the vector potential is A = A0(ey cosϕ+ ez sinϕ),
ϕ = ωt − kx, where k is the wave vector, the Pointing
vector is S = ωkA2

0
ex. In a frame of reference moving

with the foil, the product of wave frequency, ω, and wave
vector, k, is given by [14]

ωk = ω2
(βg − β)(1 − ββg)

1− β2
. (2)

In this reference frame the sum of the EM wave fluxes give
rise to the force acting on the foil: (1+|ρ|2−|τ |2)S, where
ρ and τ are the reflection and transmission coefficients of
the foil in the rest frame of reference. These coefficients
enter the energy conservation relation: |ρ|2+ |τ |2+ |α|2 =
1, where α is the absorption coefficient. Using these re-
lationships we can write the equation of motion for the
on-axis element of the foil, which depends on the peak
fluence to obtain the maximum ion energy [14]:

dβ

d(ωt)
= κβg(1− β2)1/2(βg − β)(1 − ββg), (3)

where

κ = (2|ρ|2 + |α|2)
ωA2

0

4πnelmi

=
1

2
(2|ρ|2 + |α|2)

me

mi

a2(ϕ)

εe
. (4)

Here a = eA/mec
2 is the normalized laser pulse ampli-

tude, εe = π(nel/ncrλ) is the parameter governing the
transparency of the thin solid density target [21], λ is
the laser wavelength, ncr = meω

2/4πe2 is the critical
plasma density, e and me are the electron charge and
mass respectively, ne is the electron density in the foil,
and mi is the ion mass. Equation (3) can be solved in
quadratures:

{

ln
(1− ββg + (1− β2

g)
1/2(1− β2)1/2βg

(βg − β)(1 + (1− β2
g)

1/2)

−βg

[

arctan
(1− β2

g)
1/2(1 − β2)1/2

βg − β
− arccosβg

]}

= βg(1− β2

g)
3/2K(t), (5)

where K(t) =
t
∫

0

κdt′. If we assume that the EM field is

constant, then K(t) = κt, and for t → ∞ only the term
with ln(βg − β) survives. In this limit we have

β = βg − exp
(

−βg(1 − β2

g)
3/2κt

)

. (6)

We see that the maximum ion velocity approaches but
never exceeds the group velocity of the laser.

Figure 1 shows the numerical solution of Eqn. (3) for
a Gaussian pulse, with duration τ = 27 fs (10 cycles),
wavelength λ = 800 nm, focal spot of w0 = 0.9λ, which
corresponds to an f-number of f/D = 1, interacting with
a 0.25λ thick hydrogen foil with the electron density of
ne = 400ncr. The evolution of the maximum ion en-
ergy is shown in Fig. 1 for three different values of av-
eraged laser pulse power (0.55 PW (a = 248), 1.1 PW
(a = 351), and 1.8 PW (a = 444)) and two values of
the group velocity: βg = 1 and βg = 0.969 (γg ≈ 4,
w0 = 0.9λ, f/D = 1 [22]). For P = 0.55 PW the ion en-
ergy dependences are very similar, since FL/nel < γg−1,
i.e., the maximum achievable ion velocity is less than the
laser group velocity, and the effects of group velocity are
small. In two other cases (P = 1.1 PW and P = 1.8
PW) FL/nel > γg − 1, leading to significant differences
between the cases of βg = 1 and βg = 0.969. While
(βg = 1) curves continue to grow, (βg < 1) curves are
limited by γg−1. Thus these cases demonstrate the con-
straint on maximum ion energy due to the laser group
velocity being smaller than the vacuum light speed.

A group velocity smaller than the vacuum light speed
appears naturally in the case of tightly focused laser
pulses [1], which diverge rather quickly after passing
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FIG. 1. The dependencies of the ion kinetic energy on time in
case of βg = 0.969 (solid curves) and βg = 1 (dashed curves)
for three different values of the laser power: P = 0.55 PW
(1), P = 1.1 PW (2), and P = 1.8 PW (3). The density of
the foil is ne = 400ncr , the thickness is l = 0.25λ. The laser
pulse duration is 27 fs, and the f-number is f/D = 1.

through the focus. Assuming that this divergence forces
the irradiated part of the foil to expand, following the
increase of the laser spot size, we study how the trans-
verse expansion of the target limits the maximum at-
tainable ion energy during the RPA, and whether this
limitation dominates over the fundamental effects of the
group velocity. Assuming that the field of the pulse can
be given by the paraxial approximation, characterized by
the laser pulse waist at focus, w0 and the Rayleigh length
LR = πw2

0
/λ, the evolution of the laser pulse waist as it

travels away from focus is w(x) = w0

[

1 + (x/LR)
2
]1/2

,
the amplitude of the field scales with the distance from

the focus as a(x) = a0
[

1 + (x/LR)
2
]

−1/2
, and the group

velocity is βg ≃ 1 − 1/k2w2

0
[22]. Since we are inter-

ested in the maximum ion energy, we consider RPA of
an on-axis element of the foil. The intensity profile near
the axis can be approximated by an expanding spherical
cup with curvature radius equal to the laser waist, w(x).
The on-axis element of the foil can also be approximated
by an expanding spherical cup with the curvature w(x)

and areal density equal to nel = n0l0
[

1 + (x/LR)
2
]

−1

and εe(x) → εe(0)
[

1 + (x/LR)
2
]

−1

. Substituting the
field and areal density into Eq. (3), we see that the
right hand side of Eq. (3) depends on the distance
from the focus only through the reflection coefficient
[19]: ρ(x) = [γεe(x)/a(x)][R/(R + 2)]1/2, where R =
[(a(x)2−γ2εe(x)

2−1)2+4a(x)2]1/2+a(x)2−γ2εe(x)
2−1.

In what follows we solve Eq. (3) numerically, taking
into account transverse expansion of the foil and laser
pulse divergence. The evolution of the maximum ion en-
ergy is shown in Fig. 2 for a 1.8 PW laser pulse interact-
ing with a 0.25λ thick hydrogen foil with the density of
ne = 400ncr for two values of the f-number: f/D = 1 and
f/D = 2 (solid), corresponding to βg = 0.969, a = 444
and βg = 0.992, a = 225 respectively. In order to demon-
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FIG. 2. The dependencies of the ion kinetic energy on time
in cases of transverse expansion and laser divergence taken
into account (solid curves), not taken into account (dotted,
βg = 1 (upper) and βg < 1 (lower)), and the guided laser
with |ρ| = 1 (dashed curves) for f/D = 1 (blue) and f/D = 2

(red). Laser pulse power is 1.8 PW, duration is 27 fs, , the
foil thickness is 0.25λ and density is ne = 400ncr .

strate the effect of transverse expansion and laser diver-
gence we show two curves with no target expansion and
laser divergence, βg = 1 and βg < 1 (dotted), which are
the same as curves 3 in Fig. 1. Thus this effect signif-
icantly modifies the maximum ion energy by switching
off the acceleration early. The utilization of an external
guiding structure may relax the limits on maximum at-
tainable ion energy. To model such interaction we solve
Eq. (3), assuming that the laser pulse is guided by self-
generated channel with the transverse size of w0 = 0.9λ
(f/D = 1) and w0 = 1.8 (f/D = 2), and the foil stays
opaque for the pulse (|ρ| = 1). The solutions for such con-
figuration are shown by dashed curves in Fig. 2. One can
see that the external guiding structure significantly en-
hances the maximum attainable ion energy, which is now
limited by the laser group velocity in such a structure. In
principle, a composite target, consisting of a thin foil, fol-
lowed by a near critical density (NCD) slab, may provide
an example of such guiding. The laser pulse will accel-
erate the irradiated part of the foil in the self-generated
channel in the NCD plasma [23]. Though the foil den-
sity will drop due to the transverse expansion, the NCD
plasma electrons being snowplowed by the pulse would
provide an opaque density spike, which being pushed by
the radiation pressure would drag the ions of the foil with
it. Thus such configuration is similar to the one consid-
ered above: the laser pulse is guided with no diffraction
and although the density of ion decreases, the reflection
coefficient is equal to one.

In Figs. 3 and 4 we present the results of 2D PIC
simulations (using the code REMP [24]), which indicate
that, for the same laser pulse energy, the ion energy will
be significantly higher in the case of a composite target
than in the case of a single foil (the case of a single foil
shows good agreement with the analytical results from
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FIG. 3. The dependence of the ion energy on time for a
composite target (solid curves) RPA and single foil (dashed
curves) RPA. The simulation box is 100 × 60λ2, dx = dy =

0.025λ, dt = 0.0125 × 2π/ω, and the number of particles per
cell is 100. The Gaussian laser pulse is initialized at the left
border with dimensionless potential a0 = 100, waist w = 4λ
and duration τ = 27 fs, which corresponds to the averaged
power of 1.8 PW. The pulse is focused at the left front size
of the target, which is placed 16λ away from the left border.
The composite target consists of a fully ionized hydrogen foil
and a hydrogen NCD plasma slab placed right behind the foil.
The foil thickness is 0.25λ with densities ne = 400ncr (curves
1 and 3) and ne = 225ncr (curves 2 and 4). The thickness
of the NCD plasma slab is 50λ and density is equal to ncr.
The evolution of γI − 1 is shown by thin black curves for
ne = 400ncr (lower curve) and ne = 225ncr (upper curve).

Fig. 2, represented by solid red line, and the foil becomes
transparent for radiation at ωt ≈ 250). The maximum
ion energy should be determined by the group velocity
of the laser in the self-generated plasma channel, how-
ever, due to the fast depletion of the pulse as well as
its reflection at laser-plasma interface the laser group ve-
locity can not unambiguously be determined from the
results of PIC simulations. In this case we chose the
velocity of the of the laser-plasma interface, βI , as the
characteristic quantity for ion acceleration in the chan-
nel. Using results of Ref. [25] we can find the normal-
ized velocity laser-plasma interface from the condition
that it takes the depletion energy time, tdepl, for the
laser pulse tail to reach the laser-plasma interface. This
yields βI = βg(1 − ne/ncra) ≈ βg(1 − 1/γ2

g) = β3

g , i.e.

γI ≈ γg/3
1/2 ≈ 5, which is in good agreement with the

results of PIC simulations, taking into account pulse re-
flection during the initial interaction with the foil.

In Fig. 3 the energy γI −1 (from PIC results) is shown
by thin black curves. Note that γI − 1 remains constant
during the pulse propagation through the NCD plasma,
but after the pulse depletion becomes significant, it de-
creases, marking the end of the ion acceleration for both
values of the foil density studied in simulations. We note
that the ion energy is not able to reach the maximum
value of γI − 1 due to the laser pulse depletion in NCD
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FIG. 4. The evolution of the density of the ions originating
from the foil during the laser pulse interaction with a compos-
ite target: a) ωt = 2π×35, b) ωt = 2π×50, c) ωt = 2π×75;;
and d) the evolution of these ions spectrum: ωt = 2π×35 (red
curve), ωt = 2π × 50 (blue curve), and ωt = 2π × 75 (black
curve). The dashed curves correspond to the ions accelerated
inside a 10

o degree angle and having low energy cut at 200
MeV, 650 MeV, and 1500 MeV respectively. The parameters
of the interaction are the same as in Fig. 3.

plasma. In Fig. 4 the evolution of the proton density
and spectrum are shown for the composite target. We
note that the electron heating can result in the transverse
expansion of the foil [16]. However for the laser target
interaction parameters used in our simulations the char-
acteristic transverse temperature is approximately three
times lower than the quivering energy of electrons in the
transverse EM field.

In conclusion, we identified two factors that limit the
maximum attainable in the RPA ion energy: (i) the fun-
damental effect of the laser pulse group velocity being less
than vacuum light speed, and (ii) the transverse expan-
sion of the target, which plays a major role when tightly
focused pulses are used.

We showed that the utilization of an external guiding
may relax the constraints on maximum attainable ion
energy. Namely, we used a composite target, a thin foil
followed by an NCD slab. The NCD slab provided guid-
ing of the laser pulse during the acceleration process. The
comparison of a single foil RPA and a composite target
RPA shows that in the latter case the ions have the en-
ergy several times larger than in the former case, thus
greatly increasing the effectiveness of the RPA regime of
laser driven ion acceleration. In such a configuration the
group velocity effects begin to dominate and determine
the maximum achievable ion energy.
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