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Tornado-like vortices in the quasi-cyclostrophic regime of
Coriolis-centrifugal convection

Susanne Horn a,b and Jonathan M. Aurnou b

aCentre for Fluid and Complex Systems, Coventry University, Coventry, UK; bDepartment of Earth, Planetary,
and Space Science, University of California, Los Angeles, CA, USA

ABSTRACT
Coriolis-centrifugal convection (C3) in a cylindrical domain consti-
tutes an idealised model of tornadic storms, where the rotating
cylinder represents the mesocyclone of a supercell thunderstorm.
We present a suite of C3 direct numerical simulations, analysing the
influence of centrifugal buoyancy on the formation of tornado-like
vortices (TLVs). TLVs are self-consistently generated provided the
flow iswithin the quasi-cyclostrophic (QC) regime inwhich the domi-
nantdynamical balance is betweenpressuregradient andcentrifugal
buoyancy forces. This requires the Froude number to be greater than
the radius-to-height aspect ratio, Fr � γ . We show that the TLVs that
develop in our C3 simulations share many similar features with real-
istic tornadoes, such as azimuthal velocity profiles, intensification of
the vortex strength, and helicity characteristics. Further, we analyse
the influence of the mechanical bottom boundary conditions on the
formation of TLVs, finding that a rotating fluid column above a sta-
tionary surface does not generate TLVs if centrifugal buoyancy is
absent. In contrast, TLVs are generated in the QC regime with any
bottom boundary conditions when centrifugal buoyancy is present.
Our simulations bring forth insights into natural supercell thunder-
storm systems by identifying properties that determine whether a
mesocyclone becomes tornadic or remains non-tornadic. For tor-
nadoes to exist, a vertical temperature difference must be present
that is capable of driving strong convection. Additionally, our Fr � γ
predictions dimensionally imply a critical mesocyclone angular rota-
tion rate of �̃mc �

√
g/Hmc. Taking a typical mesocyclone height

of Hmc ≈ 12 km, this translates to �̃mc � 3 × 10−2 s−1 for centrifu-
gal buoyancy-dominated, quasi-cyclostrophic tornadogenesis. The
formation of the simulated TLVs happens at all heights on the cen-
trifugal buoyancy time scale τcb. This implies a roughly 1 minute,
height-invariant formation for natural tornadoes, consistent with
recent observational estimates.
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1. Introduction

The canonical system of rotating Rayleigh–Bénard convection (RBC) has proved
invaluable in elucidating the flow dynamics inmany geophysical and astrophysical settings
[1–24]. The set-up consists of a fluid confined between an isothermally heated bound-
ary at the bottom and a cooled boundary at the top that is rotated around the vertical
axis as sketched in Figure 1(a). Rotational effects are considered in terms of the Corio-
lis force alone in the majority of numerical and theoretical studies, since in many natural
settings, the centrifugal buoyancy term is arguably small even though the centrifugal buoy-
ancy force warrants explicit inclusion within the Oberbeck–Boussinesq approximation
[1,2,25–38].

In distinction, the system of rotating Rayleigh–Bénard convectionwhere the full inertial
term is accounted for is referred to as Coriolis-centrifugal convection (C3) [1,2]. It has been
shown that in C3 vortices that bear a physical and visual resemblance to tornadoes can be
obtained. The objective of the present paper is to show that centrifugal buoyancy is rele-
vant for naturally occurring tornadoes and that it connects certainmesocyclone properties
with tornadogenesis. Indeed, tornadoes are known to be in a cyclostrophic balance with a
dominant force balance between the pressure gradient and centrifugal force. Thus, it is rea-
sonable to assume that centrifugal buoyancy matters for their dynamics. However, so far
the importance of centrifugation has only been recognisedwithin the tornadophysics com-
munity in terms of hydrometeors and debris [39,40], not in terms of buoyancy, rendering
the treatment of centrifugation incomplete.

Tornadoes are the most intense atmospheric vortices. Except for Antarctica, they have
been observed on all of Earth’s continents [41], as well as on Mars [42,43]. The strongest,
most dangerous, and most damaging tornadoes develop in the updraft of supercell thun-
derstorms. Supercell thunderstorms form when large cold and warm air masses collide
and most commonly occur in the midlatitudes, in particular, the Great Plains of the
United States. The updraft is formed through wind shear that creates horizontal vor-
ticity which due to the sun heating the ground gets tilted upwards. The combination
of warm, humid air rising and strong vertical wind shear leads to a horizontal spin
of the updraft. This rotating aircolumn is called mesocyclone, shown schematically in
Figure 1(b). Thus, the tornadoes forming in such storms have an associated parent cir-
culation [44–46]. Supercell tornadoes are also called type I tornadoes [47]. The vertical
vorticity of type I tornadoes is one to two orders of magnitude higher than their par-
ent storm’s, and two to three orders of magnitude higher than that of a hurricane or
typhoon [48,49]. In contrast, tornadoes without a parent circulation, including dust dev-
ils, water spouts, and fire whirls, are categorised as type II. Both types are thought to be
generated through distinct mechanisms [46,47,50], with neither mechanism being fully
understood.

In the here considered C3 system, the parent circulation is supplied externally and the
rotating cylinder of fluidmimics themesocylone, as shown in Figure 1.Hence, ourmodel is
most relevant for tornadoes type I. The existence of an intimate relationship between torna-
does type I and their harbouring supercell mesocyclones is well established, but one of the
unsolved mysteries of tornado research revolves around the question what makes a given
mesocyclone tornadic [51]. In fact, less than 25% of all mesocyclones spawn tornadoes,
and mesocyclones with arguably similar properties may or may not generate tornadoes
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Figure 1. (a) Sketch of the cylindrical rotating Rayleigh–Bénard convection system studied here, as well
as of the centrifugally drivenmeridional circulation. The non-dimensional top temperature is Tt = −1/2
and the bottom temperature is Tb = 1/2. The vertical arrows indicate the direction of the flowdue to the
gravitational buoyancyb‖ and radial arrows the direction of the flowdue to the centrifugal buoyancyb⊥.
Note that if Fr �= 0 the top-bottomanti-symmetry of the system is broken, hence, the center temperature
Tc is usually non-zero [2]. Furthermore, non-linearities andCoriolis effects can lead to significantly altered
flow configurations. (b) Schematic of a supercell thunderstorm with a mesocyclone and tornado (not
drawn to scale). The cylinder marks the mesocyclonic region rotating with angular velocity �mc that is
studied here with idealised direct numerical simulations.

[52,53]. Further, it is not knownwhat is required tomaintain a tornado, norwhat ultimately
leads to its demise [54]. Similarly, it is also not yet possible to predict a tornado’s intensity
or duration [52]. Hence, identifying the supercell mesocyclone characteristics that allow
researchers to answer these questions remains a major challenge. The current inability to
do so indicates that least one crucial physical mechanism is still missing [47,53]. The three
main approaches that aim to tackle this challenge are observational field campaigns [51,55],
simulations of the entire supercell thunderstorm [40], and idealised local laboratory and
numerical models of tornado-like vortices (TLVs) [56,57].

The observational approach is the most direct one, but it comes with difficulties, first
and foremost, having the measurement equipment at the right place at the right time. Sec-
ond, tornadoes are often problematic to sense visually. They require either tracer particles
such as dust or a low enough pressure that leads to condensation in order for them to be
optically detectable [47]. Thus, frequently only a condensation funnel is seen aloft despite
the tornado existing at the ground. Third, tornadoes and their generation are characterised
by short time scales, being of order of only a couple seconds to a bit more than an hour with
an average of ten minutes. These time scales are shorter than the volumetric update times
of older Doppler radar scans [58,59].

The latter two issues have led to the long-held belief that the majority of tornadoes
‘touch down,’ i.e. build down from aloft via the dynamic pipe effect [60–62]. The dynamic
pipe effect assumes that there is initially a cyclostrophic vortex at a certain height. In a
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cyclostrophic balance, radial inflow into the vortex is forbidden, because per definition,
the radial pressure gradient force equals the centrifugal force. Vertical inflow, on the other
hand, is permitted by the vertical pressure gradient force. Thus, the vortex can act as a pipe
by sucking in air, thereby concentrating vorticity at the lower end of the vortex. At this
lower level, a new cyclostrophic balance establishes itself. The process continues, the vortex
grows further towards the ground and simultaneously shrinks in radius until it ultimately
touches down.

Recent measurements do not support this scenario and suggest a paradigm shift. Rapid
Doppler radar scans with fast volumetric update times of up to 10 s proved that the major-
ity of tornadoes form on time scales of about one minute, hence, much shorter than the
several tens of minutes required by the dynamic pipe effect [63,64]. Most tornadoes are
now believed to build from the bottom up or are formed almost simultaneously along
their entire vertical axis [58,64–66]. Recognizing the dynamic pipe effect as nonessen-
tial, or possibly obsolete, makes the search for the correct physical mechanisms even more
pressing.

Valuable additional insights that complement radar measurements are provided by
numerical simulations of entire supercell thunderstorms. These type of numerical simula-
tion utilise fieldmeasurements for initialisation and are case studies of specific storm events
[40]. But with a minimum possible grid spacing of 30m compared to an average tornado
scale of 100m, small-scale processes within the tornado remain unresolved and require the
need of turbulence and microphysics modeling. Further, the full tornado parameter space
cannot be explored and generalisations are difficult.

The third approach of idealised numerical and laboratorymodels of TLVs, which is also
followed here, remains a promising and useful tool for understanding the fundamental
turbulent fluid dynamics of tornadoes. The common underlying assumption is that only
the mesocyclone, i.e. a rotating and, generally, precipitation-free updraft, is needed which
is modeled as a rotating column of fluid extending from the ground up to the tropopause
[59], as schematised in Figure 1(b). This approach does not yield insight into the process
of generating the mesocyclone, though, which is thought to involve a first cyclone forming
aloft in a barotropic process through tilting of streamwise vorticity and a second low-level,
near-ground cyclone generated through baroclinicity that moves underneath [44]. Any
translatory motion of the storm assumed to be with velocities between 0 and 25m/s [44]
is also neglected.

The prototypes of these simplified models are the laboratory Ward chamber and
the numerical Fiedler chamber [56,57,59], where, in both cases, the geometry is sim-
plified to a cylinder. In the Ward chamber, the updraft is obtained using mechani-
cal forcing through a fan, and angular momentum is supplied by a rotating screen.
In the Fiedler chamber, the incompressible Navier–Stokes equations are solved includ-
ing the Coriolis force and a prescribed radially and vertically dependent, but time-
independent, buoyancy force. No temperature equation is considered, i.e. the system is
isothermal and no feedback exists between forcing and the generated flows. In addi-
tion, a viscosity that artificially increases with height is required for numerical stability,
and occasionally LES-style turbulence models are employed [e.g. 67]. Both the labo-
ratory and the numerical set-ups successfully produce TLVs, and the original, as well
as the successor models, have substantially improved our understanding of tornadoes
[56,59,68–77].



JOURNAL OF TURBULENCE 5

2. Governing equations and numerical methodology

A natural extension of the Fiedler/Ward model is to explicitly consider the fact that torna-
does are born in a buoyancy-driven convective environment, such that there is a coupling
between the temperature and the velocity fields. The rotating updraft within a supercell
thunderstorm is idealised as a fluid in a cylinder rotating around its vertical axis with
an angular speed � = �êz. Convective energy is made available by imposing a constant
adverse vertical temperature difference � = Tb − Tt between the bottom and the top, see
Figure 1.

Since compressibility effects are argued to be small for tornadoes [e.g. 75,78], we employ
the Oberbeck–Boussinesq (OB) approximation that leads to a solenoidal velocity field, i.e.
an incompressible continuity equation. This constitutes a significant simplification, but
the advantage of alleviated numerical costs preponderate, especially, as typically the OB
approximation yields accurate results well outside of its formal range of validity [10,79–82].
Moreover, in the present context, the OB approximation also has the advantage that it
allows us to explicitly isolate the effect of centrifugal buoyancy. That is, the gravitational
buoyancy force appears in the vertical momentum equation, and the centrifugal buoyancy
force in the radial momentum equation,

b‖ = gα(T − Tm)êz, b⊥ = −�2rα(T − Tm)êr, (1)

respectively [2,37]. Here, g is the gravitational acceleration,α the isobaric expansion coeffi-
cient, and Tm = (Tb + Tt)/2 the reference and arithmetic mean temperature. The parallel
symbol ‖ indicates that the gravitational acceleration gêz is parallel to the imposed tem-
perature gradient and rotation vector, and the perpendicular symbol ⊥ indicates that the
centrifugal acceleration �2rêr is perpendicular to the imposed temperature gradient and
rotation vector.

The usually neglected centrifugal buoyancy force b⊥ and themore familiar gravitational
buoyancy force b‖ act in similar ways: b‖ results in warm (T > Tm) and, thus, less dense
fluid parcelsmoving upwards and the cold (T < Tm) and, thus, denser fluid parcelsmoving
downwards. Similarly, b⊥ results in warmer, less dense fluid moving radially towards the
centre and colder, denser fluidmoving radially away from the centre. Hence, simplistically,
onemay expect that both forces induce a meridional circulation as sketched in Figure 1(a).

The governing set of equations for the velocity field u and the temperature T are the
incompressible continuity, the Navier–Stokes and the temperature equation. They read

∇ · u = 0, (2)

Dtu = ν∇2u − ∇p + 2�u × êz − �2rα(T − Tm)êr + gα(T − Tm)êz, (3)

DtT = κ∇2T, (4)

where ν denotes the kinematic viscosity and κ the thermal diffusivity both evaluated at
T = Tm.

Equations (2)–(4) can be non-dimensionalised by introducing appropriate reference
scales, which allows for the interpretation of the solutions in a more general fash-
ion compared to the dimensional equations. Here, the non-dimensional temperature
is given by T̆ = (T − Tm)/�, the non-dimensional spatial coordinates by x̆ = x/R,
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and the non-dimensional velocity by ŭ = u/
√

α�gR, with R being the radius of the
cylindrical domain. Accordingly, the non-dimensional time is given by t̆ = tR/

√
α�gR,

and the non-dimensional pressure by p̆ = p/(ρα�gR).With this choice of reference scales,
the following non-dimensional set of equations is obtained:

∇ · ŭ = 0, (5)

Dt̆ŭ =
√

Pr
Ra γ 3 ∇2ŭ − ∇p̆ +

√
γ

Ro2‖
ŭ × êz − Fr T̆ r̆ êr + T̆êz, (6)

Dt̆T̆ =
√

1
Ra Pr γ 3∇2T̆. (7)

For clarity, the breve marking non-dimensional quantities will be omitted in the follow-
ing. The prefactors are expressed through the non-dimensional control parameters of the
Coriolis-centrifugal convection system [1,2], the Prandtl, Rayleigh, gravitational Rossby,
Froude number, and the radius-to-height aspect ratio:

Pr = ν

κ
, Ra = αg�H3

κν
, Ro‖ =

√
αg�H
2�H

, Fr = �2R
g

, γ = R
H
. (8)

Equations (5)–(7) are solved numerically using the well-established finite volume code
goldfish [1,83,84]. We perform direct numerical simulations (DNS) and do not pre-
scribe any turbulence modeling. The simulated parameter space is given by Ra ∈
{107, 108, 109}; Pr = 6.52, 0.0125 ≤ Ro‖ ≤ ∞; 0 ≤ Fr ≤ 10; and γ ∈ {0.365, 1.5}, with
the most comprehensive Ro‖ and Fr coverage for Ra = 107 and 108 and γ = 0.365. A
few single specific cases were conducted for γ = 1.5, Pr = 0.7. The DNS of rotating
Coriolis-centrifugal convection, Ro‖ < ∞ and Fr �= 0, have all been initialised with a
non-rotating Ro‖ = ∞ and Fr = 0 flow field. A total number of 165 DNS were per-
formed, and the majority of them have been analysed in a different context before [1,2].
The resolutions of the main DNS are Nr × Nφ × Nz = 180 × 512 × 480 volume cells for
Ra = 109; 142 × 512 × 384 for Ra = 108; and 47 × 64 × 120 with a few 47 × 64 × 130
cases for Ra = 107. The resolution was chosen following the resolution criteria developed
by Shishkina et al. [85]. We took particular care in resolving the Ekman boundary layer
with the same number of volume cells as a viscous boundary layer. Since both Coriolis
and centrifugal buoyancy generally suppress turbulence, the bulk resolution is less restric-
tive than in the non-rotating case which was also verified via a few higher-resolved test
simulations. An overview of the tornado-like solutions for Ra = 108 is given in Figure 2.
Equations (5)–(7) are completed by no-slip conditions at all walls, u|wall = 0, isothermal
top andbottom,Tt = −1/2 andTb = 1/2, and thermally insulated sidewall boundary con-
ditions, ∂rT|r=R = 0. In addition, a fewDNSwith differentmechanical BCs are conducted,
as discussed in Section 3.5.

Our idealised DNS cannot match all of the complexities and facets of the natural sys-
tem. Several effects are not included in order to focus on the implications of centrifugal
buoyancy on the flow, as well as to lower the numerical costs. Effects that have been
ignored include compressibility, condensation and evaporation, hydrometeors, dust, sur-
face roughness, vibration-induced boundary layer destabilisation, and translatory storm



JOURNAL OF TURBULENCE 7

Figure 2. Instantaneous temperature isosurfaces of solutions in the quasi-cyclostrophic (QC) regime of
Coriolis-centrifugal convection for fixed Ra = 108, Pr = 6.52, and γ = 0.365 as function of the gravita-
tional Rossby number Ro‖ and the Froude number Fr. The Coriolis force increases from bottom to top,
and the centrifugal buoyancy force from left to right; blue corresponds to T < Tm and pink to T > Tm.
The grey lines mark the transitions to the 3D, QG, and CC regime, respectively, given by R̃o‖, R̃o⊥, and
F̃r 
 γ , according to Equations (15)–(17). The solutions (Ro‖, Fr) = (∞, 0.1), (1.0, 0.1), (0.5, 0.1) lie in
the 3D regime, (Ro‖, Fr) = (0.1, 0.1) in the QG regime, and (Ro‖, Fr) = (0.1, 0.5) in the CC regime.

motions [44,47,59,86–88]. Also, the rotating updraft is unlikely to be a perfectly right cylin-
der, and along the sidewall and the top boundaries gas exchange is possible as opposed to
the impenetrable boundaries employed here. Due to prohibitive resolution requirements,
present day DNS are not able to reach realistic atmospheric values of the Rayleigh number
Ra, or, equivalently of the Reynolds number Re, and, connected to this, of the Ekman num-
ber Ek. The main effects are a lower level of turbulence, and presumably structures with
larger characteristic length scales in the DNS compared to nature. Other control parame-
ters, in particular, Ro‖, Fr, γ , Ro⊥, and χ , can be matched and are essential to gain insight
into tornadic systems.
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2.1. Non-dimensional parameter space in Coriolis-centrifugal convection

For the sake of completeness and comparison to natural tornadic systems, we briefly sum-
marise the C3 control parameters and regime boundary predictions [1,2], and also relate
them to non-dimensional parameters found more commonly in the tornado physics lit-
erature [59,72–74]. The non-dimensional parameters that appear in Equations (5)–(7)
are ratios of characteristic time scales which help to identify the governing physics [e.g.
1,2,89,90]. The relevant time scales in C3 [1,2] are the thermal diffusion time scale τκ =
H2/κ ; the viscous diffusion time scale τν = H2/ν; the Coriolis time scale τ� = 1/(2�);
the gravitational buoyancy or free-fall time scale τff = H/

√
α�gH; and the centrifugal

buoyancy time scale τcb = R/
√

α��2R2 = 1/
√

α��2.
The Prandtl number is given by the ratio of the thermal to the viscous diffusion time

scale, Pr = τκ/τν , and, thus, describes whether momentum or heat is transported more
efficiently. Pr is a pure material property. For air Pr ≈ 0.7 and for water Pr ≈ 6.52. We
found that both fluids show qualitatively similar behaviour [1,10,11,19], but for Pr = 6.52
the more coherent temperature field slightly improves the visualisation of the flow struc-
tures. The Rayleigh number compares the free-fall time scale to both the thermal and
the viscous diffusion time scale, Ra = τκτν/τ

2
ff , and is a measure of the thermal forcing.

Furthermore, Ra and Pr define a Reynolds number

Re =
√

α�gHH
ν

=
√
Ra
Pr

(9)

where the characteristic velocity is assumed to be the free-fall velocity
√

α�gH, which
is identical to the thermodynamic wind speed limit for this set-up [59]. Generally, Ra
determines the turbulence level in convective flows. The higher Ra the smaller small-scale
structures and vortices become, notwithstanding that the large-scale structures remain of
comparable size [91,92]. The gravitational Rossby number characterises the importance of
rotation in turbulent convection by comparing the Coriolis time scale to the free-fall time
scale, Ro‖ = τ�/τff . For low Rossby numbers, Ro‖ � 1, flows are in the quasi-geostrophic
regime [93] whereasRo‖ = ∞ corresponds to zero Coriolis force. In tornado vortex cham-
bers the swirl ratio S is used [59,74], which is half of the inverse gravitational Rossby
number, i.e.

S = �H√
α�gH

= 1
2Ro‖

. (10)

An additional non-dimensional parameter is defined by the ratio of the Coriolis time scale
to the viscous diffusion time scale, τ�/τν . This ratio defines the Ekman number

Ek = ν

2�H2 =
√
Ro2‖Pr
Ra

= Ro‖
Re

, (11)

which is small in quasi-geostrophic flows. Thus, Ek and Ro‖ are connected, and they are
both important to characterise rotating convection dynamics. We note that in the tornado
literature [e.g. 72–74] half the inverse Ekman number is known as the vortex Reynolds
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number

Rev = �H2

ν
= 1

2Ek
. (12)

In the C3 system, the centrifugal buoyancy time scale τcb is also relevant. The ratio τ�/τcb
defines the centrifugal Rossby number

Ro⊥ =
√

α�

2
=

√
Ro2‖Fr

γ
, (13)

analogous to the gravitational one;
√
Ro⊥ is also called the density deficit parameter or

the thermal Rossby number [28,29,31–33]. In addition, τcb can be used to rewrite the
Froude number as Fr = γ τ 2ff /τ

2
cb. Importantly, no related control parameters exist for Fr

or Ro⊥ in the tornado physics literature since centrifugal buoyancy has not been explicitly
considered.

The control parameters of the C3 system have been used to quantify the transitions
between regimes with different dominating flow physics [1,2]. It is assumed that Ra is suf-
ficiently high such that the flow is strongly supercritical, i.e. far away from the onset of
convection, and Pr ∼ O(1). For fixedRa and Pr, themain parameters are, thus,Ro‖ and Fr.
We also assume that Coriolis effects are not completely negligible, that is Ro‖ is sufficiently
low according to the empirical relation by Weiss et al. [2,22,23],

R̃oW‖ � 2γ
a

(
1 + b

2γ

)−1
, a = 0.381, b = 0.061. (14)

For γ = 0.365, Equation (14) corresponds to R̃oW‖ 
 1.77.
The four main regimes previously identified and discussed in detail by Horn &

Aurnou [1,2] are the fully three-dimensional (3D), the quasi-geostrophic (QG), quasi-
cyclostrophic (QC), and the Coriolis-centrifugal (CC) regime. Based on time scale argu-
ments the transitions between these regimes were identified [1,2,94] as

3D � QG :R̃o‖ 
 5.5 Pr−1/2 Ra−1/6, (15)

QG � CC :R̃o⊥ 
 5.5 Pr−1/2 Ra−1/6, (16)

3D � QC, QG � CC :F̃r 
 γ . (17)

Note that the transitions R̃o‖ and R̃o⊥ occur at successively lower values with increasing
Rayleigh number. In later sections, we will also consider the more conservative possibility
[cf. 11,24,95] that R̃o‖ and R̃o‖ remain fixed and close to the current estimate of 0.1.

The 3D and QG regimes, where centrifugal buoyancy has negligible influence on the
flow dynamics, as well as the transition R̃o‖ have been extensively studied [7,10,14,96].
However, the CC and QC regimes, where centrifugal buoyancy b⊥ dominates over grav-
itational buoyancy b‖, are still relatively unexplored. Equation (17) also defines the
superfroudeality of a given flow [2],

χ ≡ Fr
F̃r

= Fr
γ

=
τ 2ff

τ 2cb
. (18)

Simply put, whenχ � 1, b⊥ overcomes b‖. In the CC regime, the flow is quasi-geostrophic,
such that the pressure gradient and the Coriolis force are nearly in balance, but where



10 S. HORN AND J. M. AURNOU

the centrifugal buoyancy force also comes into play at first order. Thus, the dynamically
important timescales are ordered as τ� � τcb � τff . This is also known as gradient wind
balance [97], and describes leading order hurricane and typhoon dynamics.

The focus of the present paper is the QC regime. Horn & Aurnou [1] have shown
that TLVs are self-consistently generated in idealised DNS in this regime. The flow is
predominantly balanced by the centrifugal buoyancy and the pressure gradient forces, a
state known as quasi-cyclostrophic balance. This implies the following ordering of the
timescales, τcb � τ�, τcb � τff .

3. Tornado-like vortices (TLVs) in the quasi-cyclostrophic (QC) regime

All our solutions are obtained in a statistically steady state, whereas real tornadoes are
transient phenomena. However, for the cases that develop tornado-like vortices (TLVs),
the vortex formation happened almost instantaneously along the entire axis and usually
within t ≈ O(τcb). Hereafter, we discuss the qualitative similarities of the TLVs with nat-
urally occurring tornadoes. In particular, we follow Ward [57], who listed three essential
tornado features any model should be able to reproduce:

(1) the characteristic pressure profiles, with high surface pressure rings surrounding a
low-pressure core,

(2) bulging deformations along the vortex axis,
(3) the possible development of multiple vortices, that may have a single centre of

convergence.

We then discuss in more quantitative detail the azimuthal velocity profiles, vortex
intensification, helicity, and the influence of the bottom boundary conditions.

3.1. Overview of the flowmorphologies

An overview of the flow structures in the quasi-cyclostrophic (QC) regime and the bound-
ing transitional regions for fixed Ra = 108 is presented in Figure 2. The visualised temper-
ature fields exhibit a rich variety of flow morphologies, including cone, wedge, hourglass,
needle, and rope shapes, similar to those observed in natural tornadoes [47]. Due to the
relatively low Ra and higher Pr, the generated TLVs are very coherent and likely possess a
larger radius relative to the cylindrical domain when compared to the natural system of a
single tornado within a mesocyclone [59].

But not all flows in Figure 2 exhibit tornadic behaviour, which indicates how sensitive
the generation of TLVs is to the twomajor control parametersRo‖ and Fr.Without Coriolis
force, i.e. Ro‖ = ∞, the lowermost row in Figure 2, the flow is three-dimensional for Fr �
γ . For Fr � γ a radially converging flow along the bottom plate culminates in a warm,
fast central upflow that impinges on the cold top plate. There it diverges, leading to a cold,
slower downwelling along the sidewall, much like the schematised meridional circulation
shown in Figure 1(a).

A setup with zero Coriolis force and non-zero centrifugal buoyancy force is admittedly
only perfectly realisable in numerical simulations as both Ro‖ and Fr depend on�. Hence,
a closer resemblance to genuine tornadoes is obtained in the cases with Ro‖ < ∞. For
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rather weak Coriolis forces, Ro‖ = 1.0 and Ro‖ = 0.5, the two middle rows in Figure 2, an
inward spiralling flow along the bottom plate leads to archetypal TLVs. These TLVs inherit
the sense of rotation from the imposed rotation rate just as natural tornadoes inherit their
sense of rotation from their parent storm.

The TLVs are produced relatively centrally. However, most TLVs orbit irregularly or
quasi-periodically around the centre. They usually do not reside exactly at r = 0, except
for the nearly steady cases. This is in basic agreement with observations: Tornadoes are
commonly formed within the rotating updraft, but not in its very centre. In the rare cases
when the tornado is located in the very centre, it can be extraordinarily long-lived [44].
Moreover, if an additional translatorymovement would have been considered, these quasi-
periodic orbital motions would leave epicyclic patterns much like the ones known from
observations where the entire storm typically moves with velocities between 0m/s and
25m/s [47].

For strong Coriolis forces, Ro‖ � 0.1 (the uppermost row in Figure 2), the centrifugal
buoyancy force needs to be stronger for TLVs to develop. Hence, Fr needs to be suffi-
ciently high such that Ro⊥ � R̃o⊥. For smaller Ro⊥, the flow is instead in the non-tornadic
QC and CC regimes. Hence, in accordance with observations, no tornadoes form if the
Coriolis force starts to dominate the dynamics [98]. For Ro‖ = 0.1 and Fr = 0.1 only
convective Taylor columns characteristic for quasi-geostrophic rotating convection form
[10,18,99–101]. For Fr = 10.0 the stabilizing effect of centrifugation and Coriolis force
leads to a fully steady solution. The flow itself is characterised by ring structures and, thus, is
rather hurricane- or typhoon-like [1]. However, for the intermediate 0.5 � Fr � 2.0 range
structures develop that may still be considered tornado-like. For example, for Fr = 0.5
multiple vortices with a single centre of convergence develop, resembling tornado out-
breaks where in extreme cases over 30 tornadoes can be observed [53,57]. For Fr = 1.0
and Fr = 2.0 the central vortex is surrounded by sheaths often found around tornadoes
[cf. 102].

Figure 3 shows two cases for Ro‖ = 1.0 and a four times larger aspect ratio of γ = 1.5.
These solutions provide visual evidence that multiple vortices become more likely and the
sheaths feature becomes more pronounced for larger γ . The higher aspect ratio shifts the
transition to centrifugally dominated dynamics according to Equation (17). Thus, the vor-
tices in Figure 3(a) at Fr = 1.5, i.e. at the transition border, are less tornado-like than the
ones for γ = 0.365 atmuch lower Fr and the sameRo‖. However, they are orbiting around a
common centre, again similar to outbreaks where multiple tornadoes are spawned within
the very same mesocyclone. For Fr = 4.1, shown in Figure 3(b), a single strong central
vortex develops with tornado-like surrounding sheaths.

3.2. Tornado-like vortices at Ro‖ = 1.0 and Fr = 1.0

The following analysis focuses on the γ = 0.365 DNS with the tornadic case at Ro‖ = 1.0
and Fr = 1.0 being discussed in greater detail. In Figure 4, the relevant flow variables for
this particular case are shown for three different Rayleigh numbers Ra = 107, Ra = 108,
andRa = 109, equivalent to the three different Reynolds numbersRe = 1.24 × 103, 3.92 ×
103, and Re = 1.24 × 104.

The instantaneous three-dimensional temperature T is shown in Figure 4(a)–(c). In
addition, the pressure p, the azimuthal velocity uφ with overplotted velocity vectors, the
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Figure 3. Temperature isosurfaces for Ra = 108, Pr = 6.52, Ro‖ = 1.0, and a larger aspect ratio of γ =
1.502. (a) Fr = 1.5 corresponding to a superfroudeality ofχ = Fr/γ = 1; (b) Fr = 4.1 corresponding to
χ = 3.

vertical velocity uz, and the absolute helicity |h| = |ω · u| are shown as azimuthal averages
〈·〉φ in Figure 4(d)–(i). Despite the two higher Ra cases not being fully axisymmetric, the
azimuthal average is chosen to provide a view into the interior behaviour and to ease the
comparison of the vortex core and the surrounding and sidewall adjacent properties.

The three-dimensional temperature fields reveal prototypical TLVs for all considered
Ra. There is a single warm, central, columnar vortex that possesses so-called bulging defor-
mations [57] as well as secondary instabilities in formof spiraling bands [103]. The number
of both the bulges and the helical instabilities increases, whereas their size and wave length
decrease with increasing Ra. In fact, the Ra = 107 case in Figure 4(a) is quasi-steady and
only has one bulge and no helical secondary instabilities. The core size itself exhibits at
most amild dependence onRa. Hence, in that respect our thermally driven vortices behave
comparably to mechanically forced vortices in a tornado simulator [98]. The Ra = 108

and 109 cases in Figure 4(b) and 4(c), respectively, also demonstrate clear signs of a vortex
break down in the upper part of the domain, where the central vortex becomes broader
and more turbulent, similar to a hydraulic jump. For Ra = 107 the Rayleigh number is
too low and, thus, the vortex extends from the bottom up to the top where it impinges
and smoothly feeds into the upper recirculation. In line with this, the vertical velocity uz
within the TLV is less intense, and even negative for Ra = 108 and 109, as shown in Figure
4(d)–(i). Such downdrafts and the hereby induced formation of two-celled vortices are
well-known features in tornadoes as well as numerically and laboratory produced TLVs
[63,69,73,75,104].

The meridional overturning circulation induced by centrifugal buoyancy [1,30–32,37]
is not only the source of the warm central upwelling tornado-like vortex but, due to con-
tinuity, also of the cold downwelling along the sidewalls. Thus, the fluid immediately
surrounding the vortex descends, analogous to what is observed in nature [54]. The cold
downflow can wrap around the TLV as readily seen for Ro‖ = 0.5 and 0.5 ≤ Fr ≤ 2.0 in
Figure 2. This wrapping effect will appear even stronger when viewed from the station-
ary external frame, and would also be visible for the Ro‖ = 1.0 cases. This qualitatively
agrees with observations during the tornadic phase in a supercell thunderstorm, although
the downdraft is additionally accompanied by heavy precipitation, effects that have been
neglected here [52,105,106].

The radial temperature gradients that develop in our DNS are associated with a pressure
drop in the central region [left panels of Figure 4(d)–(f)]. More precisely, a ring–like quasi-
axisymmetric pressure pattern is observed close to the bottom boundary. The azimuthally
averaged pressure is depicted in Figure 4(d)–(f), left panel, where it is normalised such
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Figure 4. Instantaneous flow fields for Ro‖ = 1.0, Fr = 1.0, Pr = 6.52, γ = 0.365, which yields the
dependent alternative parameters Ro⊥ = 1.654, S = 0.5 and χ = 2.74. The left column (a), (d), (g)
shows data for Ra = 107, and, consequently, Ek = 8.08 × 10−4, Re = 1.24 × 103, and Rev = 619. The
middle column (b), (e), (h) shows data for Ra = 108, and, hence, Ek = 2.55 × 10−4, Re = 3.92 × 103,
and Rev = 1958. The right column (c), (f ), (i) shows data for Ra = 109, and, hence, Ek = 8.08 × 10−5,
Re = 1.24 × 104, and Rev = 6192. In the top row (a)–(c) the three-dimensional temperature field is
visualised employing ten isocontours between Tb = 0.5 and Tt = −0.5. In the middle and bottom row
(d)–(i) azimuthally averaged fields at the same instant in time are presented, the φ-average assists in
clarifying the behaviour around the centre r = 0, where the tornado-like vortex is formed. In themiddle
row (d)–(f ), the left contour plots shows the full range of the reduced pressure p, which is normalised
such that 〈p(r = R, z = H/2)〉φ = 0 [cf. 69]. The right contour plots show the azimuthal velocity uφ in
the range [−max |uφ |, max |uφ |], the radial and vertical velocity vectors are overplotted, showing the
meridional circulation. The lower row (g–i) shows contours of the vertical velocity uz on the left side,
in the range [−max |uz|, max |uz|], and the absolute helicity |h| = |ω · u| on a logarithmic scale in the
range [10−3, max |h|] on the right side.
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that at 〈p〉φ equals zero at the sidewall r = R and half-height z = H/2. In the right panel,
the corresponding velocity fields are visualised. The contours show 〈uφ〉φ and the vec-
tor arrows indicate the radial and vertical velocity components (〈ur〉φ , 〈uz〉φ). Since our
governing Equations (5)–(7) describe the co-rotating frame of reference, the imposed rota-
tion rate needs to be taken into account when comparing to velocities measured, e.g. with
mobile Doppler systems. For clarity, the axial velocity 〈uz〉φ is also shown separately in the
left panels of Figure 4(g)–(i). Both the axial and the azimuthal velocity have comparable
high magnitudes. Thus, centrifugal buoyancy consistently reconciles the high wind speeds
with lowpressure, which is often an issuewith tornadomodels [56,69]. The azimuthal wind
speeds as well as the pressure drop show an increase with Ra, whereas the axial velocity
remains approximately constant.

Thus, the self-consistently generatedTLVs in theQC regime ofC3 possess all of the three
tornado-defining features outlined byWard [57], and more. Other common tornado char-
acteristics are reproduced as well. For all Rayleigh numbers, we observe a ‘drowned vortex
jump’ close to the bottom boundary layer, a well-known feature of tornadoes including
dust-devils [50]. This means the radial boundary layer flow coming from the high pres-
sure outer region overshoots into the central low-pressure region and then tilts upwards.
This also creates an eye-like structure enclosed in the flow which is visible for all Ra in
Figure 4. Eyes have also been observed in the majority of strong tornadoes with Doppler
radar observations, and unlike in hurricanes, the eyes do not necessarily extend through
the entire storm [78,103,107]. Our DNS reveal that the eye becomes stronger the closer
the flow is to the CC regime [1]. This implies that pronounced eye structures preferentially
exist in a quasi-gradient balance, when pressure gradient, Coriolis, and centrifugal forces
are in a triple balance [1,97].

3.3. Azimuthal velocity profiles andmaximumwind speeds

In natural tornadoes, the highest wind speeds occur evidently in the azimuthal velocity
component uφ , and time-averaged profiles are frequently sought with Doppler radar scans
[51,108,109]. Thus, we have evaluated the uφ profiles of our C3 DNS, shown in Figure 5.
These profiles can also be used to quantify the size of the eye and with it the position of the
maximum wind speed.

In Figure 5(a), the profiles 〈uφ〉t,r,φ are averaged in time, radial and azimuthal direction
and plotted as a function of the vertical coordinate z, for fixed Ro‖ = 1.0 and Fr = 1.0
and Ra = 107, 108, and 109. Unlike in Fr = 0 cases, the profiles show a strong top-bottom
asymmetry. This asymmetry expresses itself in a zero-crossing of the profiles occurring
closer to the top boundary at z/H ≈ 0.8 instead of at z/H = 0.5. Further, the absolute
value of the maximum 〈uφ〉t,r,φ value is about twice as high as that of the corresponding
minimum. Themaximum corresponds to the point where the TLV is swirlingmost rapidly
and accordingly where the tornado is most destructive. The upper minimum corresponds
to the weaker retrograde outer circulation, also visible in Figure 4(d)–(f).

Themaximumof the velocity profiles occurs at z∗ ≈ Ek1/2, i.e. at the edge of a classically
derived Ekmanboundary layer thicknessλEk [110]. The positions of theminimumnear the
top boundary exhibit, however, slight deviations from the Ekman layer behaviour at lower
Ra. Figure 5(b) shows the vertical profiles for fixed Ra = 108, the gravitational Rossby
numbers Ro‖ = 0.5 and 1.0, respectively, and for varying Froude numbers, 0.1 ≤ Fr ≤
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Figure 5. Azimuthal velocity profiles for the tornado-like solution. (a) Vertical profiles of the temporally,
radially, and azimuthally averaged profiles 〈uφ〉t,r,φ for constant Ro‖ = 1.0 and Fr = 1.0, and vary-
ing Rayleigh numbers, Ra = 107 (blue), Ra = 108 (green), and Ra = 109 (purple). The bottom Ekman
boundary layers, λEk = Ek1/2 are demarcated by dash-dotted lines in the same colour. (b) Similar as
Figure (a) but for constant Ra = 108 and Fr varying between 0.1 to 10.0 for Ro‖ = 0.5 (dotted lines)
and Ro‖ = 1.0 (solid lines), respectively. (c) Radial profiles of the temporally and azimuthally averaged
profiles 〈uφ(z∗)〉t,r,φ evaluated at the z-value of the maximum of the profiles in (a). In addition, the dot-
ted line shows the theoretical profile of a Rankine vortex, Equation (19), and the dashed line the profile
of a Fiedler vortex, Equation (20). (d) Corresponding radial profiles of the temporally and azimuthally
averaged profiles 〈uφ(z∗)〉t,r,φ evaluated at the z-value of themaximum of the profiles in (c). (See online
version for color image.)

10.0. The maxima of the 〈uφ〉t,r,φ profiles are again located at z∗ ≈ Ek1/2, thus, suggest-
ing that there is no significant Froude dependence of z∗ in the tornado-relevant parameter
range.

We also evaluated the radial profiles averaged in time and in azimuthal direction at the
height of the maximum wind speed, 〈uφ(z∗)〉t,φ . They are depicted in Figure 5(c) for fixed
Ro‖ = 1.0 and Fr = 1.0 and the three Rayleigh numbers Ra = 107, 108, and 109. All three
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profiles exhibit the same qualitative behaviour, but themaximum uφ forRa = 109 is almost
twice as high as for 107 and 108. In the core region, r ≤ r∗, i.e. at radial positions smaller
than the radius r∗ of the wind maximum u∗

φ , the profiles follow a quasi-linear relationship
that has also been observed by Doppler measurements in real tornadoes [51]. In the outer
region, r > r∗, the profiles exhibit a shallower decay. Thus, thewind speed profiles compare
favourably with the standard tornado models, the Rankine vortex and the Fiedler vortex
[39,69,111], also shown in Figure 5(c). The Rankine vortex (RV) is defined as

uRVφ =

⎧⎪⎪⎨⎪⎪⎩
u∗

φ r
r∗

r ≤ r∗

u∗
φ r∗

r
r > r∗

, (19)

i.e. a solid body rotation inside the vortex core, r ≤ r∗, up to the radius of maximum wind
speed u∗

φ and a potential flow outside for r > r∗. The Fiedler vortex (FV) is an advanced
version of the RV that is smoothly continuous at r∗ and is defined as

uFVφ =
2 u∗

φr
∗r

r∗2 + r2
. (20)

The difference in the decay behaviour between our DNS profiles and the RV and FV are
due to the no-slip condition we employ at the sidewall that enforces uφ = 0 at r = R, as
well as the relatively small aspect ratio γ .

Figure 5(d) shows the radial profiles 〈uφ(z∗)〉t,φ corresponding to the vertical pro-
files of Figure 5(b) for fixed Ra = 108 and Ro‖ = 0.5 and 1.0, respectively, and varying
0.1 ≤ Fr ≤ 10.0. Characteristic tornado profiles only develop for Fr � γ . However, the
maximum windspeed depends on both Ro‖ and Fr, with the highest u∗

φ = 0.72 occurring
for Ro‖ = 1.0 and Fr = 2.0.

The full parameter space is given in Figure 6 in form of a contour map to further
assess the dependence of themaximum azimuthal and vertical windspeed, max(〈uφ〉t) and
max(〈uz〉t), respectively, on Ro‖, Fr and Ra. Figure 6(a) shows that the strongest enhance-
ment of max(〈uφ〉t) occurs in the QC regime, bounded by our predictions for R̃o⊥ and F̃r,
as well as R̃oW‖ as discussed in Section 2.1. In the 3D, QG, and CC regime, max(〈uφ〉t) is
insignificant. This supports our hypothesis that a quasi-cyclostrophic balance is necessary
for TLVs to form.

Instantaneously, comparably high values of uφ can also be obtained in the 3D regime
and at the edge towards theQG regime. These high azimuthal velocities are associated with
detaching plumes and swirling Ekman vortices [22,95], where, uφ is not spatially localised
and also not stable over long time periods. The maximum vertical windspeed max(〈uz〉t),
shown in Figure 6(b), is determined by centrifugal buoyancy effects alone. Thus, Fr is
required to be greater than γ , and the enhancement of uz also occurs for Ro‖ = ∞, as was
already visually suggested by Figure 2. Theminimum Ro‖ for which the uz enhancement is
observed, however, appears to be rather set by R̃o‖ and not by R̃o⊥, and a similar disparity
was also found in the behaviour of the plane averaged and point wise centre temperatures
[2]. The underlying reason is still unclear.
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Figure 6. (a)Maximumvalue of the temporally averaged azimuthal velocitymax(〈uφ〉t) in the full simu-
lated Fr − Ro‖ spacebasedon thedata forRa = 107 (black crosses). In addition, the colour-filled symbols
show the data for Ra = 108 using an identical colour-code. The phase space is divided into the three-
dimensional (3D), quasi-geostrophic (QG), quasi-cyclostrophic (QC), and the Coriolis-centrifugal (CC)
regime. The boundaries between the 3D and QG regime are given by Equation (15) and marked with
the horizontal solid and dotted white lines for Ra = 107 and Ra = 108, respectively. The boundaries
between the QC and the CC regime according to Equation (16) are marked with the slanted corre-
sponding lines. The white vertical solid line indicates the line Fr = γ that separates the non-centrifugal
regimes (3D and QG) and the centrifugally dominated regimes (QC and CC). None of these transi-
tions are expected to be sharp [cf. 1,2]. In addition, the thin horizontal dash-dotted line indicates the
bifurcation (14) to mildly Coriolis affected flows [22]. The tornado-like solutions are situated in the QC
regime. (b) Maximum value of the temporally averaged vertical velocity max(〈uφ〉t). (c) Intensification
of the vortex strength Iv , defined as ratio of the maximum azimuthal velocity U∗

φ to the radius where it
occurs R∗, normalised by the ambient rotation �; in the here used non-dimensionalisation, this means
Iv ≡ 2U∗

φRo‖/(R∗√γ ).

3.4. Vortex intensification and helicity considerations

To connect these results further to actual tornadoes we also consider the vortex intensifi-
cation Iv defined as the ratio of the maximum temporally averaged azimuthal velocity

U∗
φ ≡ max

(〈uφ〉t
)

(21)

to the radius where it occurs R∗ and the ambient rotation �. With our non-
dimensionalisation, this yields

Iv ≡
2U∗

φRo‖
R∗√γ

, (22)

and the phase diagram is shown in Figure 6(c). Iv may also be understood as a local swirl
ratio, or a local vortex-scale Rossby number. In nature, this translates to how much a tor-
nado’s vorticity is intensified relative to the ambientmesocyclonic vorticity. Themaximum
intensification occurs within the QC regime. In contrast, in the 3D regime, Iv is negligi-
ble, and in the QG and CC regimes, a diminishment of an order of magnitude and lower
occurs. In the DNS, the highest intensification is 24.0 and, thus, between one to two orders
of magnitude higher than the applied �. This agrees with the values obtained in natu-
ral tornadic settings [48,49]. The larger value of U∗

φ obtained for Ra = 109 (cf. Figure 5) is
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Figure 7. (a) Maximum value of the temporally averaged absolute helicity |〈h〉t| = |〈ω · u〉t| on a
logarithmic scale. (b) Volume averaged helicity 〈h〉t,r,φ,z . See Figure 6 for a description of the regime
borders.

suggestive that for higher Ra, in particular atmospheric Ra values, stronger intensifications
Iv can occur.

Similar to real tornadoes and supercell thunderstorms [45,112], we also find that the
TLVs in the QC regime of C3 optimise the helicity h = ω · u. For all Ra, visualised in the
right panels of Figure 4(g)–(i), h is highest close to the bottom where the vortices detach
and along the vortex axis, but also the recirculation at the top outer rim is associated with
relatively high magnitudes in h. The helicity increases with Ra, in particular, due to the
developing secondary helical instabilities on the vortex core. Themaximum values of h are
about twice and fourteen times higher for Ra = 108 and Ra = 109, respectively, than for
Ra = 107.

Figure 7(a) displays the phase diagram of the absolute helicity |〈h〉t| = |〈ω · u〉t| and
Figure 7(b) the phase diagram of the volume averaged helicity 〈h〉t,r,φ,z. Both, |〈h〉t| and
〈h〉t,r,φ,z, are significantly higher in the tornadic QC regime, whereas they are negligible in
the 3D, QG, and CC regime. Since a high helicity reduces dissipation by delaying the tur-
bulent energy cascade [78], high helicity vortices decaymuchmore slowly than low helicity
vortices. This further explains the very coherent TLVs that develop in the QC regime.

3.5. Influence of themechanical bottom boundary conditions

Despite the many commonalities of the TLVs obtained in our DNS and natural torna-
does, C3 is still a tremendously simplifiedmodel system. Themost significant discrepancies
are likely the mechanical boundary conditions, especially at the bottom boundary. In our
model, we have a closed container with no-slip walls that rotate at angular velocity �. On
the other hand, a natural tornado is formed within a rotating mesocyclone that is bounded
at the bottom by the non-moving stationary ground. We will not address the issue of the
lateral boundary conditions, but only focus on the bottom boundary condition.
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Figure 8. Modeling suite atRa = 108 that tests theeffects ofCoriolis forces, centrifugal buoyancy forces,
and differing bottom platemechanical boundary conditions on the formation of TLVs. The panels on the
left (a), (b), (e), (f ) correspond to cases without centrifugal buoyancy (Fr = 0) and the ones on the right
(c), (d), (g), (h) correspond to cases that include centrifugal buoyancy (Fr = 1). The simulations shown in
the upper panels (a)–(d) are with the default co-rotating bottom boundary conditions. The lower panels
(e)–(h) have a non-rotating bottom plate to mimic a more realistic stationary ground. These simula-
tion results show that centrifugal buoyancy is the essential component for TLV-genesis in the present
C3 system.

Since the DNS here are in the co-rotating frame of reference, we prescribe an oppositely
rotating angular velocity at the lower boundary, i.e. uφ(r,φ, z = 0) = −�r to simulate the
non-rotating stationary ground.We choose four different representative cases at Ra = 108,
namely, (Ro‖, Fr) = {(∞, 0), (1, 0), (∞, 1), (1, 1)}, and compare the co-rotating and non-
rotating bottom plate boundary conditions, as shown in Figure 8. The cases with Fr = 0,
Figure 8(a ,b, e, f), where centrifugal buoyancy is absent, do not develop TLVs with either
boundary condition. The cases with Fr = 1, Figure 8(c ,d, g, h), where significant centrifu-
gal buoyancy is present, exhibit TLVswith both boundary conditions. The counter-rotating
bottom plate, mimicking the non-rotating ground, introduces more irregular motions for
Ro‖ = ∞ in Figure 8(g) as it brings back aCoriolis forcing. This additional Coriolis forcing
appears to promote a two-celled structure which can also be found in tornadoes [113].

Based on the Figure 8 results, we argue that centrifugal buoyancy is the key ingredient
to produce TLVs in the C3 system.
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4. Estimating formation conditions for natural tornadoes

An essential question remains as to whether centrifugal buoyancy is of significant strength
in natural tornadoes. This question can be answered by considering the local system of
the rotating updraft, or mesocyclone, within a supercell thunderstorm, as outlined in the
schematic of Figure 1(b), and by estimating the non-dimensional control parameters.

Assuming the storm has reached the stage in which the near-surface cyclone has moved
underneath the mesocyclone that is aloft, then we can consider a wide vortex column with
a typical radius of Rmc 
 1.5 km to 4.5 km. This column extends from the ground up to
the height of the tropopause at about 12 km [44,49], as shown in Figure 1(b) schematic.
This gives an estimate of γmc 
 0.125 to ∼ 0.375. According to Equation (17), centrifu-
gal buoyancy effects become significant for Fr � 1, since the aspect ratio γ is of order one
and smaller. Crucially, the rotation rate and therefore Froude number is not set by Earth’s
rotation rate, but is instead set by the rotation rate of themesocyclone�mc. Using observa-
tionally approximated circulation strengths [44] of �mc ∼ 2πR2mc�mc 
 2 × 105 m2 s−1

to 6 × 105 m2 s−1 and g = 9.81m s−1 yield an ambient rotation rate of the mesocyclone
in the range �mc between 1.6 × 10−3 s−1 and 4.7 × 10−2 s−1. With these values, we
estimate that Frmc = �2

mcRmc/g � 0.83 in natural mesocyclones. Centrifugal buoyancy
effects should then come into play in mesocyclone convection and tornadogenesis dynam-
ics since we estimate that Frmc � γmc. Alternatively stated, natural mesocyclones can
reach the superfroudeal regime, χmc � 1, in which C3 simulations show that centrifugal
buoyancy controls TLV formation.

Additionally, the temperature is one of the crucial parameters determining tornado-
genesis [52]. Because most tornadoes form in late spring and summer and at the time
of day when the surface temperatures are highest, we assume ground surface tempera-
tures between 20 ◦C and 30 ◦C. Further, supercell thunderstorms are also accompanied
by hail, thus higher elevation temperatures must be well below 0 ◦C [47], and cloud
temperatures below −60 ◦C have been measured during tornado outbreaks [114]. Thus,
we argue that a sensible estimate for the vertical temperature difference is �mc ∼ 90K.
However, since the potential temperature is what controls the atmospheric dynamics
[115,116], we take �mc ∼ 30K by assuming a 5K/km moist lapse rate. Using the follow-
ing constant material properties for air at 15 ◦C and 1 atm, ν = 1.45 × 10−5 m2 s−1, α =
3.48 × 10−3 K−1, κ = 2.02 × 10−5 m2 s−1 [117], we estimateRo‖,mc � 0.11 andRo⊥,mc �
0.16, which together with Frmc � γmc, are values characteristic of the QC regime. We
note that this a purely thermal estimate. Other buoyancy sources are not presently con-
sidered in our idealised C3 system, such as evaporation and condensation, hydrome-
teors, dust, etc. [86,87]. Hence, the effective �mc and also Ro‖,mc and Ro⊥,mc may all
be higher, resulting in values for tornadoes that lie still deeper within the tornadic QC
regime.

The estimated Rayleigh number is Ramc ∼ 6 × 1021, making Ra the control param-
eter with the greatest deviation between our DNS and natural tornadoes. We speculate
that a higher Ra will not fundamentally alter the results, but only lead to a higher level of
turbulence and more pronounced secondary instabilities.

The transition predictions to the QC tornado-bearing regime enable us to identify
mesocyclone characteristics that determine tornado formation, maintenance, and dissi-
pation. The global quantities in the definition of the control parameters are assumed to
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represent the mesocyclone values: the mesocyclone’s rotation rate�mc, its heightHmc and
its vertical (potential) temperature difference �mc. The predictions (15)–(17) yield esti-
mates for the critical angular rotation rate �̃mc and the critical temperature difference �̃mc
at which tornadoes can exist. Since Ro⊥ is given solely through Fr, Ro‖, and γ , only two of
the relations are needed for a unique solution.

The critical centrifugal Rossby number R̃o⊥, Equation (16), can be recast in dimensional
form as

�̃mc � 13
23/2κ

αg1/4ν1/2
1

H3/4
mc

. (23)

Inserting the material properties of air yields the critical temperature difference

�̃mc � 31.7 Km3/4

H3/4
mc

. (24)

and with Hmc = 12 km we obtain �̃mc � 0.03K.
The proposed transitions (15) and (16) are not yet possible to test numerically or experi-

mentally for atmospheric values ofRa. The actual dependence of R̃o‖ and R̃o⊥ onRamight
be weaker, which would lead to a higher �̃mc. If we conservatively extrapolate our current
estimate of R̃o⊥ 
 0.1 as requirement for tornado existence in a real atmosphere, we obtain
�̃mc 
 4/α = 11.5 K. Hence, whilst a higher �mc is advantageous for the formation of
tornadoes, it does not appear to be the decisive factor.

The critical Froude number F̃r = γ , corresponding to a superfroudeality of χ = 1, can
be equivalently expressed in dimensional form as

�̃mc �
√

g
Hmc

. (25)

Significantly, Equation (25) estimates the critical mesocyclonic angular rotation rate �̃mc
relative to the mesocyclone height Hmc. Taking Hmc = 12 km, we obtain �̃mc � 3 ×
10−2 s−1, which is within the range of estimated �mc values [44]. Equation (25) is much
more restrictive than Equation (24) and, thus, we argue crucial for the prediction of
tornado occurrences.

Lastly, it should be noted that the non-dimensional control parameters are fixed in our
DNS, whereas in nature, they vary with time. We argue that when the atmospheric param-
eters change such that themesocyclone system no longer resides within theQC regime, the
tornado decays. This is in line with observations, e.g. that tornadoes decrease once the tem-
perature difference decreases [54], and dissipate when they become separated from their
parent mesocyclone [118]. Additionally, the TLV formation in our DNS happened almost
instantaneously along the entire axis and usually within t ≈ O(τcb). Since we argue phys-
ically that centrifugal buoyancy initiates tornadogenesis, the relevant, radius-independent
time scale is

τcb 

√

1
α�mc�2

mc
�

√
1

α�mc

Hmc

g
. (26)

For the parameter estimates given here, this implies formation times of order 65 s in natural
tornadoes. This τcb estimate is more than an order of magnitude shorter than formation
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time estimates based on the dynamic pipe effect and is consistent with recent observational
estimates of tornadogenesis [58,63–66].

5. Summary and concluding remarks

Idealised tornado-like vortices (TLVs) have been successfully generated in laboratory and
numerical settings.However, thesemodels heavily rely on an additionalmechanical forcing
such as fans or prescribed buoyancy forces that do not exist in nature. We have shown that
in the system of Coriolis-centrifugal convection (C3) TLVs can be self-consistently gener-
atedwithout such artificial forces. OurDNS advocate the inclusion of centrifugal buoyancy
b⊥ in the radial momentum equation as an important puzzle piece in unravelling tornado
physics, with our results differing greatly if we only consider gravitational buoyancy b‖ in
the vertical momentum equation [cf. 87].

In our DNS a rotating cylinder represents the rotating updraft, or mesocyclone, within
a supercell thunderstorm, analogous to other studies of tornadoes in isolation from their
parent storm.Crucially, thismeans that the applied rotation rate in ourDNS corresponds to
the circulation of the mesocyclone�mc and not Earth’s angular rotation rate. The temper-
ature field is explicitly included in our simulations, unlike inmost other idealised studies of
tornadoes and TLVs, where the heated ground and the cool upper atmosphere aremodeled
by plane isothermal boundaries. The C3 system naturally exhibits vertical as well as signif-
icant horizontal temperature gradients. Thus, gravitational buoyancy provides an updraft,
whilst centrifugal buoyancy provides a radial inward force close to the bottom boundary
and a radial outward force along the top boundary.

Within the Oberbeck–Boussinesq approximation it is possible to decouple the influ-
ence of the Coriolis force, whose strength can be expressed by the gravitational Rossby
number Ro‖ (or alternatively the Ekman number Ek) and the centrifugal buoyancy
force, whose strength can be expressed by the Froude number Fr. Within the C3 phase
space spanned by Ro‖ and Fr, tornado-like solutions reside within the weakly Coriolis-
influenced, quasi-cyclostrophic (QC) regime, i.e. where the dynamics are dominated by
centrifugal buoyancy, and the Coriolis force is secondary, but non-negligible.

We argue that the idealised C3 system can reproduce essential features present in natural
tornadoes. These features include an intensification of the azimuthal wind speed of the
central tornadic vortex by more than one order of magnitude, a strong updraft, an eye
in the centre, and occasional central downdrafts. The TLVs in our DNS develop spiral
bands wrapping around the vortex core, and descending fluid immediately surrounding
it. We find characteristic pressure ring profiles with a strong drop towards the centre and
associated with it a drowned vortex jump. For suitable parameter combinations we also
observe sheaths orbiting the vortex base, as well as multiple tornadoes.

Importantly, theC3 system is able to produce a similar richness of tornadomorphologies
as found in nature. Further, because of our no-slip conditions, surface friction and vorticity
along the edge of the lower boundary layer are dynamically important. This is similar to
nature [44,72], but currently there the source of vorticity remains unknown [66]. Based on
our C3 results, we postulate that the combined effects of strong gravitational and centrifu-
gal buoyancies, together with weak Coriolis deflection and active Ekman layers are viable
sources of tornadic vorticity production.
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Our studies provide a possible explanation why seemingly similar mesocyclones may or
may not spawn tornadoes. It is not just the absolute dimensional value of the vertical angu-
lar velocity �mc, but also the mesocyclone geometry, as well as the temperature difference
�mc that require consideration. Non-dimensionally, these mesocyclone characteristics are
expressed by the Froude number Fr, the aspect ratio γ , and the gravitational Rossby
number Ro‖. We find that tornadic solutions only exist within the quasi-cyclostrophic
regime and its immediate border regions. The QC regime is bounded by a superfroudeal-
ity χ = Fr/γ 
 1. This defines a critical mesocyclonic angular rotation rate above which
tornadoes can form, �̃mc = √

g/Hmc where g is the gravitational acceleration and Hmc
is the height of the mesocyclone. Sufficiently high Ro‖ and Ro⊥ are also required for tor-
nado formation, such that centrifugal buoyancy dominates gravitational buoyancy, which
dominates Coriolis force.

In future efforts, we will seek to test the validity of our tornadic QC regime in set-
tings closer to that of a realistic atmosphere. Further, we will refine the accuracy of our
predictions by including additional mesocyclone processes [e.g. 40,44,59].
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