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ABSTRACT OF THE DISSERTATION

On the nef cone and automorphism group of Calabi-Yau threefolds

by

Zihao Li

Doctor of Philosophy in Mathematics

University of California San Diego, 2020

Professor James McKernan, Chair

The Kawamata-Morrison cone conjecture have attracted a lot of attention in algebraic

geometry. In this thesis, the author will deal with this conjecture for Calabi-Yau 3-folds whose

nef cone is polyhedral in chapter 3. In chapter 4, we will investigate the null cone and the

automorphism group of Calabi-Yau 3-folds of Picard number 4, which serves as a very good

example for understanding the Kawamata-Morrison cone conjecture.
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Chapter 1

Introduction

1.1 Background and motivation

A smooth projective variety over C is called Calabi-Yau if its canonical bundle is numeri-

cally trivial. These types of varieties form an important class of objects in higher dimensional

algebraic geometry.

Since the fundamental work of S. Mori starting in the late 1970’s, the study of the closure

of the ample divisors – often called the nef cone – and its dual, the closed cone of curves of

a projective manifold X , is one of the cornerstones of higher-dimensional complex algebraic

geometry, in particular in connection with the canonical bundle KX . To start with, the basic

cone theorem says that the KX -negative part of the cone of curves is locally rational polyhedral

and the rational extremal rays on the the negative boundary gives rise to morphisms: φ : X → Y .

However, the KX -trivial part is much more complicated. We restrict our attention to the case

when KX is trivial. That’s exactly the Calabi-Yau Manifold we mentioned above. Here is the

famous Morrison-Kawamata cone conjecture. The conjecture basically says that there is a rational

polyhedral cone which is a fundamental domain for the action of the automorphism group on

the cone of nef effective divisors. The conjecture has been proved for surfaces by the work of
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Sterk, Looijenga, and Namikawa and remains wide open for dimension higher or equal to 3.

Nonetheless, the cone conjecture for Calabi-Yau manifold of Picard number 2 has been partially

proved by Lazić and T.Peternell, with an unsolved hard case. If the at least one of the nef boundry

is irrational, they failed to prove that the automorphism group is infinite.

So what happens if we consider Calabi-Yau 3-folds of higher Picard number? That’s the

start point of my work. And actually on October 2013, V. Lazić, K. Oguiso, and T. Peternell

showed that the automorphism of Calabi-Yau 3-fold is almost abelian[2]. Inspired by their results,

I started to study the structure of the nef cone of Calabi-Yau 3-folds with higher Picard number

and its connection with the Kawamata-Morrison cone conjecture.

1.2 Outline of the Thesis

The thesis is structured as follows: In chapter 2, we give the basic definitions, notions

and lemmas that will be used throughout the thesis. We also recall the basic results on birational

geometry and convex geometry on which the thesis is based. We will give a clear definition of the

different types of cones and this will lead to different variations of the Kawamata-Morrison cone

conjecture.

As we all know, for a Calabi-Yau manifold, if the Picard number is 2, then its nef cone is

polyhedral and in this case, the Kawamata-Morrison cone conjecture has been proved in most

cases by V.Lazić and T.Peternell in [3]. In chapter 3, we want to extend their result to Calabi-Yau

3-folds by restricting the nef cone to be polyhedral all the time. We will start by restricting the

number of irrational extremal rays to be at most 2 in Sect 3.1 and throw away this restriction in

Sect 3.2.

In chapter 4, we will look at the Calabi-Yau 3-folds in a new perspective. Here we no

longer require the nef cone to be polyhedral. However we want the Picard number to be relatively

small. The case where the Picard number is 1 or 2 is relatively easy, and the Picard number 3
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case has been treated by V.Lazić and T.Peternell in their paper [2]. So we will look at the Picard

number 4 case, and get a bunch of related results of the same flavour which we will state in the

next section.

Most of our discussion is based on the cubic which defines the null cone. As far as I

know, P.M.H Wilson first started to investigate Calabi-Yau 3-folds by looking at this cubic in his

2 famous papers [4] and [5]. We will discuss this in more detail in later chapters.

1.3 main results

In chapter 3 and chapter 4, there are 2 different results discussed separately.

In chapter 3, we are interested in Calabi-Yau 3-folds with polyhedral nef cone, especially

in the case that Aut(X) is infinite. We will also discuss how this result is connected to the famous

Kawamata-Morrison cone conjecture. We will the show the following:

Theorem 1.3.1. Let X be a Calabi-Yau 3-fold with polyhedral nef cone and let ρ(X) denote

its Picard number. Suppose the automorphism group of X is infinite, then ρ(X) = 3, and the

Kawamata-Morrison cone conjecture for the nef effective cone is true.

In other words, for a Calabi-Yau 3-fold with polyhedral nef cone, if the Picard number

ρ(X)≥ 4, then the automorphism group has to be finite.

In Chapter 4, we no longer require the nef cone of X to be polyhedral. On the other hand,

we fix the Picard number to be 4 and we will show the following:

Theorem 1.3.2. Let X be a Calabi-Yau 3-fold of Picard number 4. Suppose that Aut(X) is

infinite:

1) If X admits an automorphism of positive entropy, then A(X) is an abelian group of at most

rank 2 up to a finite cokernel.
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2) If all automorphisms of X are of entropy 0, then there exists a subgroup G of A(X) of finite

index and an integral divisor A such that A is fixed by all the elements in G.

For the moment, you don’t need to distinguish between Aut(X) and A(X). We will define

A(X) in the next chapter and show that the difference between A(X) and Aut(X) is a finite kernel.
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Chapter 2

Preliminaries

2.1 Calabi-Yau 3-folds and cone of divisors

First, we define the main object of the thesis.

Definition 2.1.1. In this thesis, a Calabi-Yau Manifold is in the wider sense, i.e, a smooth

projective variety X such that the canonical bundle is numerically trivial and h1(OX) = 0.

Unless otherwise stated, we work in the category of projective varieties over C. Here is a

typical type of examples of Calabi-Yau manifolds of dimension n.

Example 2.1.2. Consider the zero set of a non-singular homogeneous degree n+2 polynomial

in (n+2) variables in Pn+1 ,we get a compact Calabi–Yau n-fold. When n = 1, we get an elliptic

curve. When n = 2, we get a K3 surface.

Let X be a Calabi-Yau 3-fold, the automorphism group of X is denoted by Aut(X) and

the Picard number of X is denoted by ρ(X). Let N1(X) be the Neron-Severi group generated

by numerical classes of line bundles on X . Let N1(X)R = N1(X)⊗ZR be the real vector space

generated by N1(X). Then there is a natural homeomorphism:

φ : Aut(X)→ GL(N1(X))
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and we set A(X) = φ(Aut(X)) to be the image. Note that the kernel is finite due to the following

well-known lemma. So Aut(X) is finite iff A(X) is finite. We usually don’t distinguish between

Aut(X) and A(X) when we look at their action on N1(X).

Lemma 2.1.3. Let X be a Calabi-Yau manifold and H be an ample line bundle on X. Let G be a

subgroup of Aut(X) such that for every g ∈ G, g∗H = H, then G is finite.

Proof. see [2].

Inside N1(X), we will consider the following cones.

1) the nef cone Nef(X), which is the closure of the ample cone.

2) the big cone Big(X), which is the cone spanned by classes of big line bundles.

3) the effective cone Eff(X), consisting of all the effective line bundles.

4) the pseudo-effective cone Big(X), which is the closure of Big(X).

5) the null cone, which is the boundary of the big cone, where all top intersections of divisors

vanish.

6) the nef effective cone Nefe(X) = Nef(X)∩Eff(X).

It’s clear that Nefe(X)⊂ Nef(X)⊂ Big(X).

2.2 Convex geometry and the Kawamata-Morrison cone con-

jecture

On the finite dimensional real vector space N1(X), we are always considering the Eu-

clidean topology, and convex geometry plays an important role here. Inside a real vector space
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V , by a convex cone, we mean a subset of V closed under multiplication and addition by pos-

itive scalars. We can easily check that the cones we defined in the last section are all convex

cones. A quadric cone, cubic cone is a nontrivial linear cone cut by an irreducible homogeneous

polynomial of the corresponding degree.

A ray in V is a convex cone of dimension 1, denoted by R+v, and v is called its generator.

Inside a convex cone C, a subcone C′ is called extremal, or a (extremal) face of C if for any

u,v ∈C, u+ v ∈C′ implies u ∈C′ and v ∈C′. In particular, an extremal face of dimension 1 is

called an extremal ray.

Inside a real vector space V , we say F is an integral structure on V if F is a free

Z-submodule of V and rank(F) = dim(V ). FQ := F ⊗ZQ is the corresponding Q structure.

For example, N1(X)Z is an integral structure on N1(X) and N1(X)Q := N1(X)Z⊗Q is the

corresponding Q structure. We can define the integral structure of cones similarly.

Let C be a convex cone, we say C is rational if C = Conv(C∩FQ), where Conv denote

the convex hull. We say C is irrational if C∩FQ = 0. It’s easily seen that a convex cone not

containing lines is rational iff all its extremal rays are rational.

Remark 2.2.1. The integral structure is important to us because the automorphisms of a Calabi-

Yau manifold not only preserve the convex cones above, they also preserve their integral structures.

This will give us a lot more information regarding the automorphism group. What’s more,

questiones centered around rational divisors has been the focus of a lot of attention in birational

geometry.

Let X be a Calabi-Yau manifold, let’s look at some properties of specific cones. Here and

hereafter the dot product indicates the intersection of divisors.

Proposition 2.2.2. Big(X) is strictly convex. i.e.,Big(X) contains no lines.

Proof. Let n := dim(X), then the case n = 1 is trivial. Now suppose n ≥ 2 and ±D ∈ Big(X).

Let H be a very ample divisor and k is a number big enough such that (D+ kH) is ample. Then
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considering the rational approximation and limit we will have :

(D+ kH)n−1 ·D≥ 0,(D+ kH)n−1 · (−D)≥ 0

Hence (D+ kH)n−1 ·D = 0. If we expand it, we will get:

D · (∑Ci(D)i · (kH)n−i−1) = 0

for any large k. That means Hn−1 ·D = Hn−2 ·D2 = 0. Let H1, · · · ,Hn−2 be general elements of

|H| and S = H1∩·· ·∩Hn−2. Then S is a smooth surface and by restricting to S, we get:

H|S ·D|S = D|2S = 0,(H|S)2 > 0

Hence by the Hodge index theorem on S, we know that D|S = αH|S for some real number α. And

by the Lefschetz hyperplane theorem, we know that the restriction forN1(X) to N1(S) is injective,

hence D = αH in N1(X). Note that D3 = (αH)3 = 0, so α = 0. Hence Big(X) is strict.

Before the next result, we need a few more definitions inside convex geometry.

Definition 2.2.3. Let C be a convex cone inside a finite dimensional real vector space V . We say

that C is polyhedral if it’s spanned by finite many extremal rays, in other words:

C =
k

∑
i=1

R+v1

where vis are vectors in V . Moreover, we say C is rational polyhedral if we can choose these vis

to be rational.

Definition 2.2.4. For an open subset U ⊂ V , we say a convex cone C is locally (rational)

polyhedral in U if for every point p ∈U, there is a compact neighborhood K of p, such that

K∩C is a (rational) polytope.
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The following is an important result due to Kawamata [6].

Theorem 2.2.5. Nef(X)∩Big(X) is locally rational polyhedral inside Big(X).

The Picard number ρ(X) = 2 case is easy to understand. It means that if the nef boundary

is big, then it has to be rational. Before we talk about the Kawamata-Morrison conjecture, we

need another definition of the fundamental domain.

Definition 2.2.6. Let V be a finite dimensional real vector space. Let G⊂ GL(V ) be a subgroup

acting on V . If C is the subset of V such that C is fixed by G, then a fundamental domain of the

action G on C is a subset Π of C, such that:

1) G ·Π =C, i.e.
⋃

g∈G gΠ =C

2) if the interior of gΠ∩Π is nonempty, then g = id.

In this thesis, C is the convex cones listed above. In particular we have the famous

Kawamata-Morrison cone conjecture.

Conjecture 2.2.7. Let X be a Calabi-Yau manifold.

1) There exists a rational polyhedral cone Π which is a fundamental domain for the action of

Aut(X) on Nefe(X). i.e.

Nefe(X) =
⋂

g∈Aut(X)

g∗Π

and the interior of g∗Π∩Π is empty unless g∗ = id.

2) There exists a rational polyhedral cone Π which is a fundamental domain for the action of

Bir(X) on Mov(X)∩Eff(X).

There is also a weaker version.

Conjecture 2.2.8. Let X be a Calabi-Yau manifold.
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1) There exists a cone Π (not necessarily closed) which is a weaker fundamental domain for

the action of Aut(X) on Nefe(X). i.e.

Nefe(X) =
⋂

g∈Aut(X)

g∗Π

and the interior of g∗Π∩Π is empty unless g∗ = id. Moreover for every g ∈ Aut(X),

g∗Π∩Π is contained in a rational hyperplane.

2) There exists a cone Π(not necessarily closed) which is a weaker fundamental domain for

the action of Bir(X) on Mov(X)∩Eff(X).

Remark 2.2.9. The second conjecture is much weaker in the sense that: Instead of requiring

the fundamental domain to be rational polyhedral, it only requires the intersections of different

fundamental domains to have some sort of rationality. It doesn’t require finiteness and full ratio-

nality of the cone. Indeed, even in Vladimir Lazić and Thomas Peternell’s paper[3] considering

the Picard number 2 case, they only managed to prove the weaker form of the cone conjecture in

the case that Bir(X) is finite.

In this thesis, we only consider the conjecture on Nefe(X). Assuming Aut(X) is finite, we

can get the following characterisation of the Kawamata-Morrison cone conjecture.

Theorem 2.2.10. Let X be a Calabi-Yau Manifold. If Nef(X) is a rational polyhedral cone, then

Aut(X) is finite and the Kawamata-Morrison cone conjecture holds.

To get a complete and detailed proof of this, you actually need a theorem from convex

geometry by Eduard Looijenga [7]. But this won’t affect the proof of Theorem 2.2.10 very much

and you may skip this and read the proof directly.

Proposition 2.2.11. Let V be a finite dimensional vector space and let F ⊂V an integral structure

on V . Let C ⊂ V be a full dimensional convex cone containing no lines and G ⊂ GL(V ) be a

subgroup preserving the cone C.
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If there is a rational polyhedral cone Π such that G ·Π contains the full interior of C, then

G ·Π =C+, where C+ is the convex hull of C∩FQ. What’s more, there is a rational polyhedral

cone Π′ which is a fundamental domain for the action of G on C+.

With the help of this proposition, we can now start the proof of Theorem 2.2.10.

Proof of Theorem 2.2.10: Suppose that Nef(X) is rational polyhedral. Note that A(X) not only

preserves the cone, it also permutes all the extremal rays. Since all the extremal rays are rational,

so for each ray we can actually pick a primitive generator there. Hence for any g ∈ A(X), it must

preserve the sum of those primitive generators H. H is ample by its definition. That’s means all

elements of A(X) preserve the ample divisor H. Hence A(X) must be finite by Lemma 2.1.3.

So is Aut(X). Now in Prop 2.2.11, take both the cone C and Π to be our nef cone, we get a

fundamental domain Π′ of Aut(X) acting on Nef(X).

Remark 2.2.12. On the other hand, if we assume Aut(X) is finite and we assume that the cone

conjecture is true, then Nef(X) has to be rational polyhedral.

You can see from the proof that we rely a lot on the integral structure on N1(X). The

integral structure is going to be one of the key part of our story later.

Remark 2.2.13. Even in the case that we require the nef cone to be polyhedral, the cone

conjecture remains hard. Let’s consider the easiest case when the Picard number ρ(X) = 2,

hence the nef cone only contains 2 nef boundaries, why must Aut(X) be infinite if at least one

of extremal rays is irrational? As far as I know, no one has an answer to this and there no such

examples known so far. Actually this is the only unsolved case of the Kawamata-Morrison cone

conjecture of Picard number 2 as in Vladimir Lazić and Thomas Peternell’s paper [3].
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2.3 Rational Matrix Group Theory

In this section, we look at an important result by Burnside[1] and its corollaries that will

be useful later.

Theorem 2.3.1. Let G be a subgroup of GL(N,C). If the order of every element of G is smaller

than N′ for some fixed N′, then G is finite.

Next, we want to show there exists some element of infinite order if Aut(X) is infinite.

The proof follows a similar idea from [2].

Lemma 2.3.2. Let G be a subgroup of SL(N,Z). Assume that G is of infinite order, then there

exist g ∈ G such that < g >= Z.

Proof. Assume all element in G have finite order, and fix an element g ∈ G. Let ng be the

order of g, and Ψ(x) be the characteristic polynomial of g, then Ψ(x) is of degree n with integer

coefficients, where n is the Picard number of X . Let εg be an eigenvalue of g, then ε
ng
g = 1 and

hence φ(ng) ≤ n, where φ is Euler’s function. So ng has a common upper bound for all g ∈ G.

Hence by Burnsides’ theorem, G is finite, a contradiction.

Corollary 2.3.3. Let X be a Calabi-Yau 3-fold and assume that Aut(X) is infinite. Then there

exists g ∈ A(X), such that det(g) = 1 and < g >= Z.

Proof. As G = A(X)∩SL(N1(X)) has index 2 in A(X), G is infinite and we may apply Lemma

2.3.2.

Proposition 2.3.4. Let l1, l2, l3 be 3 independent lines in R3 through the origin, and let G be a

subgroup of SL(3,Z) which acts on l1∪ l2∪ l3.

If G is infinite, then G is an almost abelian group of rank at most 2, i.e. there is a subgroup

G′ of G of finite index, such that G′ is an abelian group of rank at most 2.
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Proof. Up to finite index, we can assume that G fixes l1, l2, l3 separately. Let x1, x2 and x3 be

generators of l1, l2 and l3. For any g ∈ G, assume gx1 = αgx1,gx2 = βgx2 and gx3 =
1

αβ
x3. We

can furthermore assume both αg and βg to be positive numbers by taking a finite index subgroup

of G. Set S = {(αg,βg)|g ∈ G}. Then S is a multiplicative subgroup of the 2 dimensional torus.

Then there is an isomorphism of groups:

G→ S,g→ (αg,βg)

First, we want to show that S is bounded away from (1,1). Otherwise, we can pick a sequence gi

such that the corresponding αgi and βgi both converge to 1. Fix 3 linearly independent integral

points h1,h2 and h3 in R3. Hence gih1 converges to h1, gih2 converges to h2 and gih3 converges

to h3. Note that gih1,gih2 and gih3 are also integral points. This implies gih1 = h1, g1h2 = h2

and gih3 = h3 for i� 0. And hence g = id for i� 0. Hence S′ = {lnαg, lnβg} is bounded away

from (0,0), and hence S′ a discrete additive subgroup of R2. So the projection of S′ onto each

coordinates is either trivial of isomorphic to Z. Hence S′ is an abelian group of at most rank 2. So

is S.

2.4 Rational and Irrational Extremal rays of the Nef cone

It is a common fact that the automorphism group of a Calabi-Yau manifold permutes the

extremal rays of the nef cone. In this section, we want to understand this action more explicitly.

We will see later that rational extremal rays are good since they are well behaved under the action

of the automorphism group and it gives us information on the finiteness of the automorphism

group.

For a Calabi-Yau manifold X , if we further assume that the nef cone of X is polyhedral,

then there are only finitely many extremal rays. By taking an integer n great enough, we may

assume that for any g ∈ Aut(X), gn fixes all the extremal rays, in the sense that every extremal
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ray is an eigenspace for any automorphism in g. And we claim that: Rational extremal rays

correspond to eigenvalue 1 by the following lemma.

Lemma 2.4.1. Let X be a Calabi-Yau manifold and assume the nef cone of X is polyhedral. Then

there exists n ∈ N, such that for any g ∈ Aut(X), gn is identity on all the rational extremal rays.

Proof. Choose n big enough, such that for any g ∈ Aut(X), gn fixes all the extremal rays. Let

R+A be any rational extremal ray where A is the primitive generator of the extremal ray. Then

gn(A) = sA for some positive integer s. (Note that s must be positive since Nef(X) is strict by

Prop 2.2.2. However it’s inverse g−n should also act on the integer lattice of N1(X), which means

g−n(A) = tA for some positive integer t. But st = 1, hence s = t = 1. In other words, gn must fix

A. Hence gn is the identity on all rational extremal rays.

This proof doesn’t work for irrational extremal rays since we can’t pick a primitive gener-

ator in this case. And as a matter of fact, Irrational extremal rays may actually correspond to

any eigenvalue. It’s not hard to imagine that a rational subspace of N1(X) may cut the nef cone

irrationally. For example, you may ask the following question:

Question 2.4.2. Let X be a Calabi-Yau 3-fold with polyhedral nef cone. Suppose Aut(X) is trivial,

is every extremal ray rational?

This seems to be a hard problem. Actually this is equivalent to the cone conjecture as in

Remark 2.2.12.

One benefit of this lemma is that the number of rational extremal rays can tell us a lot

about the automorphism group of X. Hence we bring in the following notion, the rationality

dimension of Nef(X) to measure how many rational extremal rays there are in Nef(X).

Note that this notation is not common, it’s only used by the author for easier explanation

and classification later.
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Definition 2.4.3. Let X be a Calabi-Yau manifold, with Picard number ρ(X) = n. Suppose the

nef cone of X is polyhedral. We can define the rationality dimension of X, denoted r(X), to be

the dimension of the subcone inside the nef cone spanned by all of the rational extremal rays.

So what does different value of r(X) tell us? Here are some easy results when r(X) = n

and r(X) = n−1.

Lemma 2.4.4. Let X be a Calabi-Yau 3-fold with polyhedral nef cone, with Picard number

ρ(X) = n. If r(X) = n or r(X) = n−1, then the automorphism group of X is finite.

Proof. Take any automorphism g of X, since there are only finite many extremal rays, we can

pick m (which doesn’t depend on g) big enough such that gm fixes all extremal rays. We will

write g instead of gm.

If r(X) = n, by Lemma 2.4.1, g is the identity on n independent rational extremal rays,

hence gn = id. Then by Burnside’s result (Theorem 2.1), A(X) is finite. Hence by Lemma 2.1.3,

Aut(X) is finite.

If r(X) = n−1, find n−1 independent rational extremal rays spanned by primitive integral

divisors A1, · · · ,An−1, and an irrational extremal ray spanned by a real divisor B, such that they

span the entire N1(X). Then we will have:

gAi = Ai, gB = αB

for i = 1, · · · ,n−1 and α ∈ R.

Since g is invertible and both g and g−1 preserves the integral lattice, det(g)(= α) has

to be 1. So g is the identity on the entire N1(X). By the same argument as above, Aut(X) is

finite.

Remark 2.4.5. Note that the case r(X) = n−1 would be a counterexample to the Kawamata-

Morrison cone conjecture since Aut(X) is finite in this case. However there is no such example
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known so far. As I mentioned in Remark 2.2.12, to prove that Aut(X) is infinite under the

existence of irrational extremal rays would be an essential hard part to prove the cone conjecture

.
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Chapter 3

Calabi-Yau 3-folds with Polyhedral Nef

cone

As we mentioned in the introduction, very little is known on the cone conjecture of

Calabi-Yau 3-folds. In this chapter, we will focus on the Calabi-Yau 3-folds with polyhedral nef

cone and infinite automorphism group. We will show that:

Theorem 3.0.1. Let X be a Calabi-Yau 3-fold with polyhedral nef cone, and let ρ(X) denote its

Picard number. Suppose Aut(X) is an infinite group, then ρ(X) = 3 and the Kawamata-Morrison

cone conjecture for the nef cone is true.

Remark 3.0.2. the case ρ(X) = 1 is trivial. When ρ(X) = 2, it’s been shown by V.Lazić and

T.Peternell that the automorphism group is finite in this case in Prop 3.8 in their paper[3]. In

this chapter, we will deal with the case when ρ(X) = 3 and prove the cone conjecture for the nef

effective cone in this case and moreover we will show that for ρ(x)≥ 4, Aut(X) is always finite.

In this entire chapter, we assume the second chern class is nontrivial. It’s a common

assumption when we study Calabi-Yau 3-folds. Actually the case when c2(X) is trivial has

been fully studied in a series of paper by Igusa and Oguiso. Finally Oguiso classified all such
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Calabi-Yau 3-folds in his paper[9]. To be precise, they showed that for a minimal Calabi-Yau

3-fold X , if the second chern class is trivial, then X is a finite quotient of an abelian fold. In

particular, all such Calabi-Yau 3-folds have finite automorphism group and the nef cone is rational

polyhedral, so the cone conjecture actually holds for them.

So we don’t really care about such objects since we assume the automorphism group is

infinite.

By assuming that the nef cone is polyhedral, as in Sect 2.4, since there are only finitely

many extremal rays, there exists an integer n, such that for all g ∈ A(X), gn fixes all the extremal

rays. In the words, after taking a big enough power, all automorphisms are diagonalizable in

N1(X), and all the extremal rays are the corresponding eigenspaces.

Hence we will have N1(X) =U⊕V where U is the rational eigenspaces spanned by all of

the rational extremal rays and V is the complimentary rational eigenspaces spanned by irrational

extremal rays. Fix any g ∈ A(X), as in Sect 2.4, we know that U corresponds to eigenvalue 1 and

irrational extremal rays in V may correspond to any eigenvalue. And moreover r(X) = dim(U).

This assumption seems very strong at first glance. However the most well-understood

case of the cone conjecture so far is the case when the Picard number is 2, which is absolutely

polyhedral. So that’s why we want to generalize their results into the case when the nef cone is

polyhedral. And we mainly spilt this chapter into 2 parts:

1) How to generalize the proof of Picard number 2 case into the general polyhedral case with

r(X) = dim(U) = n−2?

2) How to deal with the rest of the polyhedral case?

In most of the proof, we will work on the null cone defined by the intersection product D3 = 0

and try to investigate what the null cone looks like.
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3.1 The r(X)≥ n−2 Case

For this entire section, we are looking at Calabi-Yau 3-folds with polyhedral nef cone

and r(X) ≥ n− 2. Or in other words, dim(U) ≥ n− 2. As in the introduction, we assume the

automorphism group to be infinite and we will investigate the nef cone by gradually raising the

Picard number of the Calabi-Yau 3-fold.

As in Lemma 2.4.3, if r(X) = n or r(X) = n−1, Aut(X) is finite. So from now on, the

case we really care about is when r(X) = n−2.

By the end of the section, you will see: The Picard number ρ(X) = 3 case is the only

possible case and the cone conjecture for the nef cone holds in this case.

3.1.1 The ρ(X) = 3 case

This subsection is dedicated to generalize V.Lazić and Th.Peternell’s proof of the cone

conjecture of Picard number 2 case[3] to Picard number 3. As in the introduction, we are assuming

X is a Calabi Yau 3-fold with Picard number 3 and the nef cone is polyhedral. Moreover, Aut(X)

is infinite and r(X) = 3−2 = 1.

As in [2], V.Lazić, K.Oguiso already has a classification of the null cone of X in the case

of Picard number 3. The case which applies here is Prop3.2 (i) in their paper, let’s go through the

proof briefly for the reader’s convenience.

Since r(X) = 1, we have 1 rational extremal ray and at least 2 independent irrational

extremal rays for the nef cone of X . Let w denote the primitive integral generator of the rational

extremal ray and let u and v be generators of the 2 irrational rays. Since Aut(X) is infinite, by

Corollary 2.3.3, there exists g ∈ A(X) of infinite order. Then up to some power of g, we can

assume g fixes all the extremal rays, hence we would have the following:

g(u) =
1
α

u,g(v) = αv,g(w) = w
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Without loss of generality, we can assume that α > 1.

Lemma 3.1.1. Under the assumptions above, consider all the intersection numbers

u3 = v3 = uv2 = u2v = u2w = uw2 = vw2 = v2w = 0

and Ru+Rv is the kernel of the linear form given by c2(X) ∈ H4(X ,Z).

Proof. So the only nonzero term here is uvw and w3 which corresponds to eigenvalue 1 under the

action of g. Let’s skip the proof here and do a similar proof of higher Picard number in the next

section. (See Lemma 3.1.7).

Let’s consider the cubic of the null cone: (xu+ yv+ zw)3 = 0. By the above lemma,

we can simplify it as: z3w3 + xyz · uvw = 0. As in the classification by V.Lazić in [2], if w3 is

nonzero, w won’t be nef, which contradicts to our assumption. Hence w3 = 0 in our case and the

pseudo-effective cone should be a triangle as in the Figure 3.1 below. As in the assumption, R+u,

R+v and R+w are also extremal rays of the nef cone. Hence in this case, the pseudo-effective

cone and nef cone coincide as in Figure 3.1. Hence A(X) and B(X) is isomorphic and therefore

the cone conjecture for the nef cone and pseudo-effective cone is essentially the same in this case.

To stick to our topic, we will deal with the case of the nef cone.

u

w

v

Figure 3.1: nef(pseudo-effective) cone of Picard number 3 case

A note on visualization and description of convex cones: for a convex cone C not

containing lines, there exists an affine hyperplane not passing through 0 which intersects C in a
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bounded convex set and it may be useful to just visualize this intersection representing the cone.

We will use this convention in many Figures throughout this thesis without further notice.

Since R+w is the only rational extremal ray, it’s fixed by all elements in A(X), hence

A(X) is isomorphic to its restriction on the 2 dimensional linear subspace Ru+Rv. So actually

finding a fundamental domain in this case is identical to the Picard number 2 case proved by

V.Lazić and T.Peternell. It would be redundant to copy their entire proof here, so let me quote

some important results and focus on how to get a fundamental domain. The following lemma is a

combination of Lemma 3.1, Lemma 3.2 and Theorem 3.9 in their paper[3].

Lemma 3.1.2. Let A+(X) = {g ∈ A(X) : det(g) = 1} and A−(X) = {g ∈ A(X) : det(g) =−1}.

Under the assumptions of this subsection, we have the following:

1) if g ∈ A−(X), then g2 = 1.

2) for any h ∈ A−(X), A−(X) = h ·A+(X).

3) A+(X)' Z.

The proof the first 2 is simply by computation and the proof of the last one is actually an similar

version of Prop 2.3.4.

Now we can state and prove the main theorem for this section, which is an modified

version of Theorem 4.5 in [3].

Theorem 3.1.3. Let X be a Calabi-Yau 3-fold with polyhedral nef cone and infinite automorphism

group. Suppose ρ(X) = 3 and r(X) = 1, then the cone conjecture for the nef effective cone holds

on X.

Proof. Assume first that A(X) = A+(X) ' Z. Note that the linear subspace Ru+Rv is the

rational hypherplane defined by c2(X) ·D = 0, there must be a rational point on it. Let p be any
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rational ample class in R+u+R+v and let g be a generator of A(X). Denote:

Π = R+p+R+g(p)+R+w

According to our computations above, the nef cone is as in Figure 3.2. As w is actually

fixed by g, this is actually the same as the Picard number 2 case. The rational point p, under the

actions of g, accumulates to the endpoint v; under the actions of g−1, accumulates to the endpoint

u. Hence Rp+Rg(p)+Rw is a fundamental domain for the nef effective cone under the action

of A(X).

u

w

v

p

g(p)

g−1(p)

Figure 3.2: the action on the subcone R+u+R+v

Now assume that A−(X) 6= /0. Let f be a generator of A+(X) and τ be an element of

A−(X), and let x be an integral class on R+u+R+v. Set:

z1 = x+ τx and z2 = z1 + f z1

Hence z1 and z2 are also integral classes.Denote θ = f τ ∈ A−(X), then by Lemma 3.1.2, τ2 =

θ2 = id and hence

θτ = ( f τ)τ = f and θ f = θ(θτ) = τ

22



u

0

v

z1

z2

f (z1)

Figure 3.3: nef(pseudo-effective) cone of Picard number 3 case

this implies τz1 = z1, θz1 = f z1 θz2 = z2. Now let

Π = R+z1 +R+z2 +R+w

then Π is a rational polyhedral cone and we claim that its the fundamental domain for the action

of A(X) on the nef effective cone. Note that

θΠ = R+
θz1 +R+

θz2 +R+
θw = R+ f z1 +R+z2 +R+w

Hence Π∪θΠ = R+z1 +R+ f z1 +R+w.

And thus
⋃

k∈Z f k(Π∪θΠ) = Nefe(X). Therefore:
⋃

g∈A(X) g(Π) = Nefe(X).

Remark 3.1.4. Suppose ρ(X) = n and r(x) = n−2, then we will still have the decomposition

N1(X) =U⊕V . As above, we can show that the rational subspace U must be fixed by all elements

in A(X), so that we can restrict our problem onto the 2 dimensional subcone Nef(X)∩V . It

seems reasonable that we can generalize our result to all Picard numbers. However we will show

in later sections that the only cases that will possibly occur is when ρ(X) = 2 or ρ(X) = 3. So

we won’t spend time proving this general case here.
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3.1.2 The baby case of Picard number 4

Now what happens if the Picard number ρ(X)≥ 4? As always, we are assuming X is a

Calabi-Yau 3-fold with polyhedral nef cone, ρ(X) = n and r(X) = n−2. We wish to show that

Aut(X) is finite in this case. Suppose not, by Corollary 2.3.3, there exists g ∈ A(X) of infinite

order. Fix g of infinite order, let’s first consider the easiest case of Picard number 4. As in

Figure 3.4, we have 2 rational extremal rays R+A,R+B and 2 irrational extremal rays R+C,R+D,

where A,B,C,D are divisors on the corresponding extremal rays. Without loss of generality, we

can assume

gA = A,gB = B,gC = αC,gD =
1
α

D

Since A,B are fixed by all automorphisms, so we can try to prove the cone conjecture for

the nef cone as long as we can find a rational point on R+C+R+D as in Sect 3.1.1. Now let

S denote the rational hyperplane where c2(X) vanishes. We can still manage to show that the

cone R+C+R+D lies on S, but this doesn’t guarantee any rational point on R+C+R+D. So it’s

natural that we want to try some other methods, for example, reduce the the dimension of N1(X)

by proper contractions.

B

D

A

C

Figure 3.4: baby case of Picard number 4

From now on, for simplicity, we will denote the cones R+A+R+B by cone ÂB. Also we
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need a bit more tools before we start the investigation.

Wilson, in his paper [4], defined a natural contraction on Calabi-Yau 3-folds, which he

called Calabi-Yau contractions.

Definition 3.1.5. Given a Calabi-Yau 3-fold X, a Calabi-Yau contraction is a birational morphism

f : X → X, where X is a normal projective 3-fold with ρ(X)< ρ(X).

It follows automatically that KX = 0 and it has canonical singularities.

Nowadays, we can understand these Calabi-Yau contractions by the following base point

free theorem.

Theorem 3.1.6. Let X be a Calabi-Yau threefold with klt singularities. And let D be a big and

nef real divisor on X, then D is semi-ample.

In other words, there is a contraction φ : X → X̃ , such that D is the pullback of a real

ample divisor on X̃ .

WK

Figure 3.5

Now let’s see how Calabi-Yau contractions work on the nef cone. As in Figure 3.5, let W

denote the null cone and K denote the nef cone. Then K is locally rational polyhedral away

from W and codimension 1 faces corresponds to primitive birational contractions of X .

This is just a restatement of the base point free theorem above. Given a divisor D on

∂K \W , then D is a big and nef real divisor. Hence by the base point free theorem, there is a

contraction φ : X → X̃ , such that D is the pullback of a real ample divisor on X̃ . Hence the pull
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back of Nef(X̃) is the face of K which contains D in the interior. Hence by choosing proper D,

we can actually contract X onto any face of the nef cone away from W .

Here is another nice result in Wilson’s paper that we will use a lot.

Lemma 3.1.7. Let X be a Calabi-Yau 3-fold. If the Picard number is greater than 3, the null

cone does not consists of 3 hyperplanes.

Proof. In Lemma 4.2 in [4], Wilson showed that the null cone is not a convex cone. Hence it

doesn’t consists of 3 hyperplanes when the Picard number is greater than 3.

Now we can state and prove the main result of this subsection.

Lemma 3.1.8. Let X be a Calabi-Yau 3-fold, Pic(X) = 4, r(X) = 2, and let’s assume that Aut(X)

is infinite. Then the compact slice of the nef cone of X can’t be a simplex with 4 vertices as in

Figure 3.6.

B

D

A

C

F

Figure 3.6: baby case of Picard number 4

Proof. As in our assumption, we know that cone ÂB is spanned by rational extremal rays, hence

fixed by all automorphisms. According to whether we have a proper contraction, we can split our

proof into 2 cases. We want to prove by contradiction that neither of these 2 cases can happen.
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1) not the entire ÂB is in the null cone.

2) the entire ÂB is in the null cone.

Let’s start with the first case, choose a big and nef divisor F on ÂB. Then by the base

point free theorem, there is a contraction: φ : X → X̃ such that the pull back of Nef(X̃) contains F

in the interior. Hence φ∗(Nef(X̃)) = ÂB. However the automorphism g fixes the entire ÂB, hence

the restriction of g on X̃ fixes the entire nef cone of X̃ , so g is finite when restricting on X̃ , which

is impossible. Hence a contradiction.

As for case 2, since the face ÂB is on the null cone, take A,B,C,D as a base for the vector

space N1(X), and consider the cubic form:

(xA+ yB+ zC+wD)3 = 0

By the next lemma, you will see that the cubic will become quite simple if we expand it.

Lemma 3.1.9. Consider the intersection number AsBtCmDn on N1(X), such that s+t+m+n= 3.

The only nonzero terms are A3,B3,AB2,A2B,ACD and BCD. What’s more, c2(X) is 0 on the

plane ĈD.

Proof. Recall that:

gA = A,gB = B,gC = αC,gD =
1
α

D

for some α > 1.

The key point here is that all automorphisms must fix intersection numbers. Take D3

for example, we have (gD)3 = D3, whereas (gD)3 = ( 1
α

D)3 = ( 1
α
)3(D3). Hence D3 has to be

0. Other equalities are proved similarly. Under the action of g, you can see that the possible

nonzero terms are cubic forms with eigenvalue 1. As for c2(X) ·C, note that g∗(c2(X) ·C) =

g∗c2(X) ·g∗C = c2(X) · ( 1
α

C) = 1
α

c2(x) ·C. Hence c2(X) ·C = 0. Similarly, c2(X) ·D = 0. So the

c2(X) is 0 on the plane RC+RD.
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Let’s get back to the cubic form, now we have:

(xA+ yB+ zC+wD)3

= A3x3 +B3y3 +3AB2xy2 +3A2Bx2y+3ACDxzw+3BCDyzw

= 3ACDxzw+3BCDyzw

= 3zw(ACDx+BCDy)

Since we are in Case 2, the entire plane RA+RB(z = w = 0) is in the null cone, so if z = w = 0,

the cubic has to vanish no matter what x,y are. Hence the coefficients of x3,y3,xy2,x2y must

vanish. Then we get what we have above. In this case, the null cone consists of 3 different

hyperplanes, which is impossible by Lemma 3.1.7.

Overall, both cases can’t happen, so there is no Calabi-Yau 3-fold with such a nef cone.

3.1.3 The General Case when r(X)≥ n−2

This subsection will be a special case of Sect 3.2. It’s not necessary for the proof of the

main theorem. But this serves as a good example of what’s going on when the Picard number is

really large.

To show our main Theorem 3.0.1 when r(X) = n−2, what’s left to show is the following:

Theorem 3.1.10. Let X be a Calabi-Yau 3-fold. Assume Pic(X) ≥ 4, and the nef cone of X is

finite polyhedral with r(X) = n−2, then the automorphism group of X is finite.

In the last section, we prove this for the baby case. For the general case, there are 2 main

difficulties. First we can no longer assume the nef cone is simplicial as in figure 2. Second, the

Picard number can be very large so that it’s hard for us to imagine how contractions will affect

the nef cone.
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To start with, since we are assuming r(X) = n−2. We can take (n−2) linear independent

integral divisors D1, · · · ,Dn−2, and 2 irrational divisors I1, I2 so that they form a basis for the

vector space N1(X). Now we have N1(X) = U ⊕V , where U = Span{D1, · · · ,Dn−2} and V =

Span{I1, I2}.

By connecting all of the extremal rays spanned by those divisors, we get a simplicial

complex W . But then there is a problem, the faces of W might not be on the nef boundary, not

even to say how to contract our nef cone onto such faces. Hence we need the following lemmas

to deal with these 2 issues.

Lemma 3.1.11. There are exactly 2 irrational extremal rays on Nef(X) outside U.

Proof. Take g ∈ Aut(X) of infinite order, fixing all the extremal rays. Then we will have:

gDi = Di,gI1 = αI1,gI2 =
1
α

I2

for i = 1, · · · ,n−2, α ∈ R and we can assume α > 1.

Note that the eigenspace for eigenvalue 1 is exactly U = Span{D1, · · · ,Dn−2}, hence

its dimension is n−2. Hence the dimension of other eigenspaces are force to be 1. Irrational

extremal rays outside U are indeed eigenspaces, hence there are exactly 2 of them.

We also have the following good news on U , the part of the nef cone spanned by rational

extremal rays.

Lemma 3.1.12. U ∩Nef(X) is exactly a face of the nef cone.

Proof. Otherwise suppose there exists an ample divisor D ∈ Span{D1, · · · ,Dn−2}, then in an

neighborhood of D, we can find a rational ample divisor Q and Q is fixed by g. Then g is finite by

Lemma 2.1.3, so we get a contradiction.

Now let’s start our proof of main theorem for n≥ 4.
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Proof. Fix g ∈ A(X) of infinite order, such that :

gDi = Di,gI1 = αI1,gI2 =
1
α

I2

for i = 1, · · · ,n−2, α ∈ R and we can assume α > 1.

Similar to the proof of the baby case, we still want to split our proof into 2 cases.

1) the face U ∩Nef(X) is not inside the null cone. i.e. there is a big and nef divisor D on

U ∩Nef(X).

2) U ∩Nef(X) is inside the null cone of X.

For case 1, by the base point free theorem, there is a birational contraction morphism:

φ : X → X̄

such that φ∗(Nef(X̄)) =U ∩Nef(X). Hence, similar to the proof of the baby case, if we restrict g

on X̄ , it will be finite because g is finite on U ∩Nef(X). Hence a contradiction.

For case 2, consider the cubic form:

(x1D1 + · · ·+ xn−2Dn−2 + yI1 + zI2)
3

= ∑
1≤i≤n−2

siDiI1I2xiyz

= yz( ∑
1≤i≤n−2

siDiI1I2xi) = 0

As in our assumption, U ∩Nef(X) is inside the null cone. So all the intersection numbers RiR jRk

by are 0. For the rest terms in the expansion, the only possible nonzero ones are DiI1I2 which

corresponds to eigenvalue 1 in the cubic. Then we can simplify our cubic as above. Hence the

null cone of X consists of 3 hyperplanes in this case, which is impossible by Lemma 3.1.7.

Overall, both cases can’t happen so we are done with our proof.
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3.2 Calabi-Yau 3-folds with many Irrational Extremal Rays

Last section we dealt with Calabi-Yau 3 folds with at most 2 irrational extremal rays.

In this section, we are still looking at Calabi-Yau 3-folds with polyhedral nef cone and infinite

automorphism group, but we don’t restrict on the number of extremal rays.

To start with, fix g ∈ A(X) with infinite order such that g fixes all of the extremal

rays. In other words, all of the extremal rays serve as eigenspaces of g and rational extremal

rays correspond to the eigenvalues 1 and irrational extremal rays can correspond to any

eigenvalue.

So now we care more about the eigenvalues of the corresponding extremal rays. To be

more precise, we care about whether the eigenvalue of an extremal ray is 1 or not.

Question 3.2.1. Let’s start with an extreme case, we know that if all extremal rays have eigenvalue

1, then the automorphism group has to be finite. But what if none of the extremal rays have

eigenvalue 1?

Theorem 3.2.2. Let X be a Calabi-Yau 3-fold with polyhedral nef cone, at least one of the

extremal rays have eigenvalue 1.

Proof. Fix g ∈ A(X) of infinite order and consider g∗ the dual action of g on H4(X ,Z). Since g∗

preserves the second chern class and the corresponding eigenvalue is 1. Hence g must also have

an eigenvector with eigenvalue 1.

c2(x) is special for Calabi-Yau 3-folds, because of the absence of c3(X) in the Riemann-

Roch formula. We will use the second chern class a lot through out the proof, and it’s also of

key importance in the next chapter. So let me introduce another beautiful result by Wilson [10]

regarding c2(X) and Aut(X).
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Theorem 3.2.3. Let X be a Calabi-Yau 3-fold and suppose c2(X) is positive on the nef cone(except

0), then Aut(X) is finite.

Proof. Consider c2(X) ·D, where D ranges from all of the integral ample divisors, there must be

finite many divisors which attains its minimum, if we add all such divisors, we get an intrinsically

determined ample divisor, hence that divisor must be fixed by all of the automorphisms, hence

Aut(X) is finite by Lemma 2.1.3.

In order to deal with the general case, we need to enlarge our objects a little bit. To be

more precise, we want to allow good singularities in our Calabi-Yau manifolds. So we have the

following definition by Wilson in [4]:

Definition 3.2.4. We say that a projective 3-fold X is a Calabi-Yau model if it has only canonical

singularities and for which there is a resolution of singularities π : X̃ → X such that X̃ is a

Calabi-Yau 3-fold.

For a Calabi-Yau model X , let π : X̃ → X be a resolution of singularities, we can still

define the linear form c2(X) naturally by sending a integral divisor D to the integer π∗D · c2(X̃).

Calabi-Yau models are natural consequences of contractions of Calabi-Yau manifolds.

The good news is that all the previous results in this chapter also works for Calabi-Yau models.

Especially the base point free theorem(Theorem 3.16) and Lemma 3.1.7.

So it’s natural that we want to do induction on these objects. From now on, we will call

them C-Y models for short.

Let’s now go back to our main theorem. Actually to prove our main Theorem 3.0.1,

what’s left here is to show that:

Theorem 3.2.5. Let X be a C-Y model with polyhedral nef cone, suppose the Picard number

ρ(X)≥ 4, then the automorphism group must be finite.

Proof. We will prove this by contradiction and induction. Let’s assume the automorphism group

is infinite and fix g ∈ A(x) of infinite order. So first of all, there must be at least 2 independent

32



B

D

A

C

Figure 3.7: the case of Picard number 4

irrational extremal rays whose eigenvalue is not 1, otherwise Aut(X) would be finite. Now we

want to induct on the Picard number. So let’s start with the baby case of Picard number 4 as in

the Figure 3.3. As explained above, WLOG, there are only 2 possibilities:

1) gA = A,gB = B,gC = αC,gD = 1/αD, with some α 6= 1.

2) gA = A,gB = αB,gC = βC,gD = γD, with αβγ = 1 and none of them equals 1.

The first case is discussed in last section and we showed that it’s impossible. Now let’s

focus on the second case. Clearly the cone B̂CD is generated by 3 irrational extremal rays. So

c2(X) ·B = c2(X) ·C = c2(X) ·D = 0. Suppose B̂CD is not on the null cone, by the base point

free theorem they will be a contraction φ : X → X̄ such that the pull back of Nef(X̄) is cone B̂CD.

Note that X̄ might have rational Gorenstein singularities. But no matter X̄ is singular or not, we

will have c2(X̄) · B̄ = c2(X) ·B = 0. And c2(X̄) ·C̄ = c2(X̄) · D̄ = 0 as well. Hence c2(X) is trivial

on Nef(X̄) so that X̄ should be a finite quotient of a torus. And it’s nef cone should be rational

polyhedral as in the classification in [9]. Hence a contradiction. So B̂CD should be on the null

cone.

Then if we consider the cubic: (xA+ yB+ zC +wD)3 = 0. Since B̂CD is on the big

boundry, hence the only term that doesn’t vanish on the LHS is x3A3. Hence in this case the null
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cone is the hyperplane x = 0, which is impossible.

Considering Picard number 4 in general, now we claim that the baby case is the only

possible case, i.e. the nef cone must be simplicial.

For case 1), the dimension of the eigenspaces corresponding to eigenvalue α and 1/α is 1.

Hence we can add no more extremal rays(eigenvectors) in these eigenspaces. The dimension of

the eigenspaces corresponding to eigenvalue 1 is 2. And we already have 2 extremal rays R+A

and R+B here, it’s impossible to add a new extremal ray in this eigenspaces as well. So there

must be exactly 4 extremal rays, hence the base case is the only possible case.

For case 2, the dimension of all of the eigenspaces are 1. Hence there can be at most 4

extremal rays, one for each eigenspace. Hence the baby case the only possible case for the nef

cone.

So for a C-Y model of Picard number 4, its automorphism group is finite. Hence the base

case of the induction is done.

Assume a C-Y model of Picard number n−1 with polyhedral nef cone can’t have infinite

automorphisms(n≥ 5). For a C-Y model X of Picard number n with polyhedral nef cone, suppose

Aut(X) is infinite and fix g ∈ Aut(X) of infinite order.

Pick a vertex A1 of the nef cone, and pick 2 adjacent codimension 1 faces of the nef cone

containing A1 such that they intersect on a codimension 2 face. Let W denote the simplex spanned

by F1 and F2. So WLOG, assume:

F1 = ̂A1, · · · ,An−1;F2 = ̂A1, · · · ,An−2,An;W = ̂A1, · · · ,An

Since the faces F1,F2 are on the nef boundary, if’s it’s not inside the null cone, by the base

point free theorem, we can contract X onto F1 or F2 to get a C-Y model of dimension n−1 with

infinite automorphism, which contradicts our induction hypothesis. Hence both F1 and F2 are in
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the null cone. Now consider the cubic:

(x1A1 + · · ·+ xnAn)
3 = 0

Since F1(xn = 0) is in the null cone, any intersection number AiA jAk not containing An should

vanish. Similarly, F2(xn−1 = 0) is on the null cone implies that any intersection number AiA jAk

not containing An−1 should vanish as well. Hence if we expand the cubic, we end up with:

n

∑
i=1

xn−1xnxiAn−1AnAi = xn−1xn(
n

∑
i=1

An−1AnAixi) = 0

Hence the null cone consists of 3 hyperplanes, which is impossible by Lemma 3.1.5. So our

assumption is wrong, Aut(X) should be finite.
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Chapter 4

Automorphism group of Calabi-Yau

3-folds of Picard Number 4

In this chapter, we are interested in the automorphism group of Calabi-Yau 3-folds with

Picard number ρ(X) = 4. In this chapter we no longer require the nef cone to be polyhedral.

Let X be a Calabi-Yau 3-fold, when ρ(X) = 1, it’s a classical fact that Bir(X) coincides

with Aut(X) and they are finite. When ρ(X) = 2, it’s been proved by Oguiso [11] that the

automorphism group is also finite. When ρ(X) = 3, in 2013, V.Lazić, K.Oguiso and T.Peternell

showed in their paper [3] that Aut(X) is either finite or isomorphic to Z up to a finite kernel and

cokernel.

For all of these statements, we work on the image of Aut(X) on N1(X), denoted by A(X)

as we defined in Sect 2.1. The difference between Aut(X) and A(X) is a finite kernel. So when

the Picard number is 3, actually they showed there is an injection from A(X) to Z with a finite

cokernel.

Before we go to our main result, let me give you a quick definition. For a Calabi-Yau

3-fold X , we say X admits an automorphism of positive entropy, if there is g ∈ A(X), such that

the spectrum radius of g is greater than 1. Otherwise, we say all automorphisms of X are of
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entropy 0.

Now the case of Picard number 4 remained unexplored. In this chapter, we will show that

the automorphism group is not so bad in this case. We will show the following:

Theorem 4.0.1. Let X be a Calabi-Yau 3-fold of Picard number 4, suppose that Aut(X) is infinite

then:

1) If X admits an automorphism of positive entropy, then A(X) is an abelian group of at most

rank 2 up to a finite cokernel.

2) If all automorphisms of X are of entropy 0, then there exists a subgroup G of A(X) of finite

index and an integral divisor A, such that A is fixed by all the elements in G.

Fix an g ∈ A(X), the idea is to determine the possible Jordan form of g. Then we can use

the Jordan form to compute the cubic for the null cone and see how it looks like. This on the

other hand, should give us some information on the automorphism group of X .

4.1 Basic Assumptions and Settings

For this entire chapter, X is a Calabi-Yau 3-fold with Picard number 4. We assume that

c2(X) is not trivial and Aut(X) is infinite. Hence we can fix g ∈ A(X) of infinite order as in

Lemma 2.3.2. Let C be the cubic form on N1(X) given by the intersection product.

Under the above assumptions, we want to understand the Jordan form of g. Or in other

words, the eigenvalues of g. Let Φg(t) denote its characteristic polynomial and consider g∗ the

dual action of g on H4(X ,Z). Since g∗ preserves the second chern class c2(X), the corresponding

eigenvalue is 1. Hence g must also have an eigenvector with eigenvalue 1.

Also by the Birkhoff-Frobenius-Perron thorem [12]: If g fixes a closed convex cone,

then the eigenvector corresponding to the spectrum radius must be inside the closed cone. Now

we know that g preserves the nef cone, hence there must be an eigenvector in the nef cone
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corresponding to the spectrum radius of g, hence there exists α≥ 1 and v ∈ Nef(X), such that

gv = αv. Depending on whether α > 1, we split our research into 2 cases.

If α > 1, then the Jordan form of g is either:



1 0 0 0

0 α 0 0

0 0 β 0

0 0 0 γ


or



1 0 0 0

0 α 0 0

0 0 1/
√

α 0

0 0 0 1/
√

α


Where αβγ = 1 and β 6= γ.

If α = 1, by the Birkhoff-Frobenius-Perron theorem [12], all the eigenvalues have length

1. And we know g must have eigenvalue 1. Hence:

Φg(t) = (t−1) f (t) = (t−1)(t±1)(t−λ)(t−λ)

Note that f (t) is of degree 3, hence it must contain a real root 1 or −1. Since Φg(t) has integer

coefficients, a direct calculation gives λ ∈ {±1,±i,±(1/2±
√

3i/2)}. So by possibly raising g to

g4, we can assume all eigenvalues of g are 1. Hence the Jordan form of g is one of the following

4 cases:



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1


or



1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 1


or



1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1


or



1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1


After we fix a certain Jordan form for g, the idea is to simplify the cubic C using the

Jordan form. And the structure of the cubic would on the other hand, provides us information on

the automorphism group.
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4.2 The Case α > 1

Lemma 4.2.1. Under the assumption in Sect 4.1, if the spectrum radius of g is greater than

1(α > 1), we claim that the Jordan form of g is :



1 0 0 0

0 α 0 0

0 0 β 0

0 0 0 γ


Proof. Suppose not, then the Jordan form of g is :



1 0 0 0

0 α2 0 0

0 0 1/α 0

0 0 0 1/α


In that case, Φg(t) = (t−1)(t−α2)(t2−2/αt +1/α2). Note that the matrix form of g is integral,

hence Φg(t) ∈ Z[t]. A direct calculation shows that this case is impossible.

Proposition 4.2.2. Under the same assumptions, there exists a rational divisor A, nef and

irrational divisors B,C,D, such that:

gA = A,gB = αB,gC = βC,gD = γD

and consider all the intersections AiB jCkDl , where i+ j+ k+ l = 3. The only possible nonzero

terms are A3 and BCD. What’s more, the hyperplane RB+RC+RD is the kernel of the linear

form given by c2(X) ∈ H4(X ,Z).
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Proof. Because of the Jordan form of g we get above, there exists divisors A,B,C,D such that :

gA = A,gB = αB,gC = βC,gD = γD

A spans the one dimensional eigenspace of eigenvalue 1, which must be rational, hence we can

pick A to be rational. The eigenvalues of B,C,D are not 1, hence B,C,D must be irrational. Take

a general ample class:

H = xA+ yB+ zC+wD

For general choice of H, we can assume y 6= 0. Note that gnH should also be ample and:

1
αn|y|

gnH =
x

αn|y|
A+

y
|y|

B+
βnz

αn|y|
C+

γnw
αn|y|

D

take the limit of n on both side: we get y
|y|B is a limit of ample classes, hence it’s nef. Now

possibly replace B by y
|y|B to achieve the nefness of B. We can similarly prove the nefness of C

and D.

For the last statement about why certain intersection products are 0, it’s the same idea as

before. Only the cubic form corresponding to eigenvalue 1 are possibly nonzero.

Now we can start to prove the main theorem in this case.

Theorem 4.2.3. Let X be a Calabi-Yau 3-fold of Picard number 4 and suppose that Aut(X) is

infinite. If there is an automorphism g of positive entropy, then A(X) is at most an abelian group

of rank 2.

Proof. Fix g ∈ A(X) of positive entropy, pick A,B,C,D as in Prop 4.2.2. Consider the cubic:

(xA+ yB+ zC+wD)3 = 0
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then we can simplify the cubic as:

A3x3 +BCDyzw = 0

We know that the cubic and the hyperplane c2(X) ·D = 0 are fixed by all elements in A(X). And

so is their intersection. By Prop 4.2.2, the hyperplane c2(X) ·D = 0 is defined by x = 0, hence

the equation for the intersection is BCDyzw = 0. Note that the singular locus for the intersection

is RB∪RC∪RD, and it should also be fixed by all elements in A(X), hence there is a map from

A(X) to GL(3,Z) by restricting the automorphism onto c2(X)⊥. If we assume this restriction

is an injection, then A(X) is at most an abelian group of rank 2 up to a finite cokernel by Prop

2.3.4.

To show that the above restriction is an injection, we need to show hA=A for all h∈A(X).

Note that we fixed an automorphism g and picked A as eigenvector of eigenvalue 1. It’s not

necessarily true that A is an eigenvector for every automorphism in A(X).

Fix h ∈ A(X), we showed just now and h must preserve the union RB∪RC∪RD, then

up to some power of h, we can assume h fixes the rays R+B,R+C and R+D. Now let’s say:

hA = t1A+ t2B+ t3C+ t4D

By (hA)(hB)(hD) = ABD = 0, we get t3 = 0. By (hA)(hC)(hD) = ACD = 0, we get t2 = 0. By

(hA)(hB)(hC) = ABC = 0, we get t4 = 0. Hence hA = t1A. Since A is integral, t1 must be ±1. So

we can replace h by h2 and assume h fixes A.
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4.3 The case α = 1

Lemma 4.3.1. Under the assumption in Sect 4.1, suppose α = 1, then the Jordan form of g is:



1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 1


Proof. In other words, the Jordan form:



1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 1


or



1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1


or



1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1


is impossible. Suppose the first matrix is the Jordan form of g, then we will have divisors

A,B,C,D such that:

gA = A,gB = A+B,gC =C,gD = D

It’s clear that gnB = nA+B. Consider the equation: (gnB)3 = B3. We get:

B3 = B3 +3nAB2 +3n2A2B+n3A3

is true for any n. Hence A3 = AB2 = A2B = 0.

Similarly, consider the equations B2C = (gnB)2(gC) and BC2 = (gnB)(gnC)2. We get:

A2C = AC2 = ABC = 0
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Similarly, A2D = AD2 = ABD = ACD = 0.

Hence for any smooth very ample divisor H on X , we get A2H = AH2 = 0, Hence

A|H 2 = A|H ·H|H = 0. So by the Hodge index theorem on the surface H, A|H = 0. This implies

A = 0 by the Lefschetz hyperplane theorem, hence a contradiction.

Suppose



1 1 0 0

0 1 1 0

0 0 1 1

0 0 0 1


is the correct Jordan form of g, then similarly there are divisors

A,B,C,D such that:

gA = A,gB = A+B,gC = B+C,gD =C+D

Hence gnB = nA+B, gnC = n(n−1)
2 A+nB+C, and gnD = ∑

n
i=1

i(i−1)
2 A+ n(n−1)

2 B+nC+D. The

relations for the first 3 divisors is actually the same as Prop 4.2 as in [2], because the actions of

g on the first 3 divisors are the same. Hence for all the intersections AiB jCk, the only possible

nonzero terms are AC2, B2C, BC2 and C3 and they satisfies:

AC2 = 2BC2 =−2B2C

Take the divisor D into account, we can actually get much more. But here we only discuss the

terms we need to get a contradiction.

By comparing the coefficients of the equation (gnB)2(gnD) = B2D, we get

A2D = 0,B2C = 2ABD

By the equation (gnA)(gnD)2 = AD2, we get:

AC2 =−ABD = 2ACD

43



From the 3 equations above, we get :

A2C = B2C = BC2 = ABD = ACD = 0

By the equation (gnB)(gnD)2 = BD2 and (gnC)2(gnD) =C2D, we get :

AD2 = B2D = BCD = 0

Hence for any smooth very ample divisor H on X , we get A2H = AH2 = 0. By the same argument

as in the first case, A = 0, hence we get a contradiction.

Finally, suppose that



1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1


is the correct Jordan form of g, then similarly there

are divisors A,B,C,D such that:

gA = A,gB = A+B,gC =C,gD =C+D

Hence gnA = A, gnB = A+B, gnC =C and gnD = nC+D. Consider the equation (gB)3 = B3,

we get:

A3 = AB2 = A2B = 0

Similarly, consider the equations B2C = (gnB)2(gnC) and BC2 = (gnB)(gnC)2. We get:

A2C = AC2 = ABC = 0

Finally consider the equation B2D=(gnB)2(gnD),BD2 =(gnB)(gnD)2 and ACD=(gA)(gC)(gD),
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we get:

ABD = ACD = AD2 = A2D = 0

Hence for any smooth very ample divisor H on X , we get A2H = AH2 = 0. By the same argument

as in the first case, A = 0, hence we get a contradiction.

Proposition 4.3.2. Let X be a Calabi-Yau manifold of Picard number 4. Suppose that there exists

an automorphism g of entropy 0, then there exists integral divisors A,B,C,D,such that:

gA = A,gB = A+B,gC = B+C,gD = D

Moreover,considering all of the top intersections of those divisors, the possible nonzero terms are

C3,C2D,CD2,D3 and AC2 = 2BC2 =−2B2C 6= 0.

Sketch of the proof: Because of the Jordan form as in Lemma 4.3.1, we can pick integral general

eigenvectors A,B,C,D such that:

gA = A,gB = A+B,gC = B+C,gD = D

For all the intersections AiB jCk and the equation AC2 = 2BC2 = −2B2C 6== 0 is the

same as in Prop 4.2 in [2]. For the rest of the vanishing terms, just expand the equations

(gnB)2(gnD) = B2D, (gnB)(gnD)2 = BD2, (gnC)2(gnD) =C2D and (gnC)(gnD)2 =CD2.

As in the last section, our goal is to simplify the cubic (xA+yB+ zC+wD)3 = 0 and thus

get an idea of how the null cone should look like. So by Prop 4.3.2, We can simplify the cubic as:

C3z3 +AC2xz2 +BC2yz2 +B2Cy2z+CD2zw2 +C2Dzw2 +D3w3 = 0

and we know that AC2 = 2BC2 =−2B2C 6= 0.
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But unlike in the Picard number 3 case, this cubic is now hard to analyze. Even for

the hypherplane c2(X)⊥, we can’t find an easy basis now. The best we can do here is that

c2(X) ·A = c2(X) ·B = 0. It seems hopeless to simplify this more.

However, even though it’s hard to simplify the cubic anymore. We can still manage to

show that the divisor A is unique in the sense of the following lemma.

Lemma 4.3.3. Under the assumption and notation of Prop 4.3.2, for any h ∈ A(X), the integral

divisor A is fixed by h2.

Proof. by Prop 4.3.2, you can check that A is a divisor of numerical dimension 1(or in other

words, A 6= 0 but A2 ≡ 0 numerically). In fact, if you tried all the computations yourself, you will

notice that A is almost the unique divisor of numerical dimension 1. To be precise, we have the

following claim.

Claim 4.3.4. If the top intersection D3 6= 0, then multiples of A are the unique divisors of

numerical dimension 1.

Consider a general divisor (xA+ yB+ zC+wD) and assume (xA+ yB+ zC+wD)2 ≡ 0.

Then by Prop 4.3.2, we have the following arguments:

(xA+ yB+ zC+wD)2 ·A = 0 implies z = 0;

(xA+ yB+wD)2 ·D = 0 implies w = 0;

(xA+ yB)2 ·C = 0 implies y = 0

Hence only multiples of A works. For any h ∈ A(X), note that the numerical dimension

of hA remains 1. Hence hA = αA for some real α. Since A is picked as an integral divisor, α must

be ±1 so A is fixed by h2.

So we proved our lemma under the assumption D3 6= 0. What if D3 = 0?

In this case, we want to prove that A has some intrinsic properties hence it must be fix by

all of the automorphisms.

46



Note that D3 = 0, we can simplify our cubic further as:

z(C3z2 +AC2xz+BC2yz+B2Cy2 +CD2w2 +C2Dzw) = 0

Hence our cubic consists of an hyperplane L : (z = 0) and the remaining conic Q. Since the

cubic can’t be the union of 3 hyperplanes, Q is nondegenerate. Hence both Q and L are fixed

by all the automorphisms. And so is their intersection, which is defined by the equation z =

0,B2Cy2 +CD2w2 = 0.

By Prop 4.3.2, B2C 6= 0, let’s admit the fact CD2 is also nonzero for the moment. Then if

B2C and CD2 is of the same sign, L∩Q is RA; and if they are of different sign, L∩Q is 2 crossing

planes such that the intersection is RA. So RA is either the intersection Q∩L or the singular

locus of the Q∩L. So it’s intrinsically special on the cubic and hence it must be fix by all the

automorphisms. Since A is chosen to be integral, hence the corresponding eigenvalue must be ±1.

So A is fixed by h2 and we finish the proof.

So the last thing to show is that we can choose our CD2 to be nonzero. Notice that if we

switch D by D+λA for any real λ, we will still have:

gA = A,gB = A+B,gC = B+C,g(D+λA) = D+λA

So our above arguments on the intersection numbers in Prop 4.3.2 remains true. Note that

C(D+λA)2 =CD2+2λACD+λ2AC2 and from Prop 4.3.2 we know that ACD = 0 and AC2 6= 0.

So by choosing proper λ, we can assume C(D+λA)2 is nonzero.

Remark 4.3.5. Up to a finite cokernel of degree 2, the integral divisor A is fixed by all the

automorphisms. By picking a proper basis, the author now believes that matrix form of all

elements in A(X) should be an upper-triangular matrix with diagonal all 1s and it can be proved

for most cases. And by the Nullstellensatz, we should be able to reduce degree of freedom for the

rest of the matrix although the computation is very complicated in this rank 4 case.

47



4.4 Future directions and conjectures

There are very few examples of Calabi-Yau 3-fold which admits automorphism of positive

entropy, and indeed the null entropy case is more interesting. And for our main theorem 4.0.1,

the case when X admits an automorphism of positive entropy is hard to generalize. Unlike the

case when ρ(X) = 3 or ρ(X) = 4, when the Picard number is big enough, an automorphism of

positive entropy is not necessarily diagonalizable. So it’s hard to proceed our proof.

However, if an automorphism g is of entropy 0. When ρ(X) = 3, K.Oguiso showed in [2]

that its Jordan form is: 
1 1 0

0 1 1

0 0 1


When ρ(X) = 4, we showed in the last section that the Jordan form of g is:



1 1 0 0

0 1 1 0

0 0 1 0

0 0 0 1


You can see that they both have an invariant space of dimension 3. Invariant space of dimension 2

or 4 will lead to an contradiction as we proved in Lemma 4.3.1. So it’s reasonable that we will

have the following conjecture.

Conjecture 4.4.1. Let X be a Calabi-Yau 3-fold and the Picard number ρ(X) = n≥ 3. Suppose

that X admits an automorphism g of entropy 0. Then the Jordan form of g only consists of Jordan

blocks of rank 1 and Jordan blocks of rank 3.

Another thing that I would like to mention all of these materials have a close connection
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with the Kawamata-Morrison cone conjecture.

For example, when ρ(X) = 3, K.Oguiso and T.Peternell have a complete computation of

the null cone of different cases and showed that the automorphism group is almost Z, hence we

should be able to analyze the cone conjecture for each cases. Actually, Paul Görlach, a student

of T.Peternell, have an entire thesis on the cone conjecture of Calabi-Yau 3-folds with Picard

number 3 and have some partial results on it. We should be able to do similar things with Picard

number 4. But for the null entropy case, I have to admit that the computation on null cone is still

far from enough. This is something that I need to work on in the future.
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