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A Hin t  o f  Abstractio n i n Mathematica l  Proo f 

Norman M .  Eliase r  (NMK( n NWU.EDU) 
Departmen t  o f  Psycholog y 

Northwester n Universit y 
202 9 Sherida n Roa d 

Evanston ,  I L 60208-271 0 U S A 

Problem-solver s creat e mathematica l  proof s wit h differen t 
strategie s dependin g o n th e wa y i n whic h a  proble m i s pose d 
t o them .  Claim s t o b e prove n ca n b e existentia l  one s o r 
universa l  ones .  Existentia l  claim s asser t  tha t  ther e i s a t 
leas t  on e instanc e fo r  whic h som e statemen t  i s tru e o r  fals e 
(e.g. ,  "Ther e i s a  se t  o f  thre e consecutiv e od d number s 
whos e su m i s a  perfec t  square") .  Universa l  claim s ar e thos e 
whic h asser t  tha t  somethin g i s tru e o r  fals e fo r  al l  member s 
of  a  se t  (e.g. ,  "Fo r  al l  numbers ,  th e followin g i s true :  A d d 
one t o a  number .  Then ,  doubl e tha t  result ,  an d tak e tw o 
away fro m it .  Tha t  give s yo u th e sam e resul t  a s doublin g 
th e origina l  number") .  I n orde r  t o adequatel y prov e a n 
existentia l  claim ,  a  problem-solve r  jus t  need s t o presen t  on e 
exampl e whic h support s th e clai m (e.g. ,  "1 ,  3 ,  an d 5  ar e 
thre e consecutiv e od d number s whos e su m i s 9 ,  th e squar e o f 
3") .  I n contrast ,  a  singl e exampl e doe s no t  suffic e fo r  a 
universa l  claim .  Th e proo f  mus t  includ e som e manne r  o f 
abstraction—usuall y a  representatio n o f  th e proble m usin g 
variable s (e.g. ,  "Le t  x  b e a  number .  The n (x+l) 2 -  2  =  2 x -i -
2 -  2  =  2x .  S o tha t  proces s double s th e initia l  number") . 

W h en proble m solver s se e differen t  type s o f  hints ,  the y 
ca n b e alerte d t o diffferen t  level s o f  abstractio n necessar y i n 
thei r  proofs .  Participant s pa y carefu l  attentio n t o cues  i n 
proble m wordin g whic h m a y guid e the m towar d usin g tes t 
case s (specifi c  examples )  o r  towar d generalizin g throug h th e 
us e o f  variables .  Tellin g peopl e t o us e a  "general " 
representatio n elicit s us e o f  variables ,  bu t  no t  i n al l 
contexts .  Withi n a  difficul t  problem-solvin g contex t 
(demonstratin g associativit y of ,  an d lac k o f  commutativit y 
of  matri x multiplication) ,  th e wor d "general "  prompt s 
greate r  applicatio n o f  abstractio n throug h th e us e o f 
variable s tha n i t  doe s i n a  simple r  contex t  (demonstratin g 
th e equivalenc e o f  tw o equations) . 
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