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. *
THE GIANT E1 RESONANCE FOR DEFORMED NUCLEI
: . B
S. G. Nilsson, J. Sawicki, and N. K. Glendenning
Lawrence Radiation Laboratory

University of California |
Berkeley, California

INTRODUCTION
The giant E1 photofnuéiear'resonanée has now_been studied for a large

number of nuclides. In particular, there appears to be experimental indication

that the giant El resonance exhibits a split peak in strongly deformed nuclei.l

5-explained this effect qualitatively in terms of a hydro-

Danos2 and Okamoto
dynamic model with different‘charactefistic frequencies along the major and
minor axis of the nuclear sﬁhéfoia: Tﬁis effect was then also calcilated on
the basis of the independentepartiCLe picture‘ﬁy Wilkinsonu and by Mottelson
>

and Nilsson .using'the-single-particlé wave functions of an anisotropic har-

monic oscillator.

Such a'srnple description of the E1 giant resopanceyin terms of pure
unperturbed single-particle exqitations now éppearslto be contradicted by the
empirical fact tha£ the éharacteristic resonénce-energy is of the order of a
factor of 1.5 larger thaﬁ the spacing between two osciliator shells, hw.6
Already severél years ago Elliott and Flowers7 were able to explain the photo-
excitation spectfum of,016 by -the perturbation of the'simple-shell—modei states
by a residual two-bodyvforce of.finite raﬁge and containing exchange mixture.
The resulting mixing of configurations is associated with the pushing of the
17 states with T=1 generally above hw and the T=0 states belbﬁbﬁw on the aver-
age. In particulér, the twé_highest—lying El states were found to absorb al-

most all of the El oscillator strength. and thus together constitute a true

glant state, .

. ¥ Work done under the auspices of the U.S. Atomic Energy Comm1551on and in part
(J.8.) supported by the United States Air Force under Contract No. AF-49
(658) -327 monitored by the Air Force Office of Scientific Research of the
Air Research and Development Command.

*¥ On leave of absence from the University of Lund, Sweden.
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Recently, Brownvand.Bolsterli8 proposed a Very schematic but suggestive
picture of the underlying mechanism of shell-model configuration mixing causing

the El resonance to occur. In a'representation of éingle-particle states where

all El single-particle matrix elements are of equal sign (furthermore provided

the matrix elements are of roughly equal'magniﬁude) a coherent excited state,

- collecting the main El oscillator strength, is obviously the linear combination

of single-particle excitations with the amplitudes being réughly equal and all
of one relative sign. Such an excited state of one—particle-cﬁaracter is in-
deed also the highest-lying 1~ state provided all matrix elementsrof the resi-
dual interaction are of the same magnitude -and sign in this representation.
Brown ana Bolsterli,tréated the case of a residual'Wigner force of zero range.
However, the specific isobaric spin character of ghe El state as well as the
antisymmetrisation of the nuclear wave function are neglected in thé first of
the papers of Ref. 8, AnaanCtuxédhdﬁggﬁ&ﬁ‘the over;all sign of the interaction
matrix elements qualitativelybcOmpensates for the mentioned effects. |
Recently tlie appfoach based on the Random-Phase-ApproXimafion has been
applied with success to the study of certain types of collective states of
nucléi. The employed formalism was first deVelopéd in the eaxly papers by
Sawada9 and his coilaborators in order to treat the electron gas problem. The
corresponding methods were»introduced'into nuclear physics independently by_’
Takagi,lo Fallieros,llvMottelson,lE'and others. This latter typé-of theory
has the distinction relative to the shell-model calculations that it accounts
approximately for the effects of correlations in the -ground state. These ef-
fects are sometimes discussed in terms of the so-called backward-going graphs
which means that single-particle deexcitations are considered.in addition to the
excitations, i.e. the 1lifting of a particle from below the Fermi surface to '

above it, as considered in shell-model calculations.
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In the ﬁresent papef we shall.employ the denéity matrix formulationlj’lu
which is especially suitable fof the study éf higher order nonlinearity‘éffeéts.
As the épecifié =1 ‘character of the‘giant.resbnance staﬁe apbéars to
be of primary impbfténce,.it is‘of‘pérticular interest to study nuélei with
such a low Z- value that the isobaric spin is a good constant of the motion.
Therefore ,wourf;firs£ ‘choice:’has:ﬂbeen_;Mgg%~;LWhiéhﬁtiis.:a prolététnucwu

leus and for which the adiabatic coupling scheme seems well established. In

addition, as an example of a possibly oblate nucleus, we have considered cte.
» THE RANDOM—PHASE—APPROXIMATION TREATMENT OF THE RESIDUAL INTERACTIONS
We consider a Hamiltonian of the form
H=H_ +AV - | ' (1)
, .
where
=2 €.8a & 2
TR O ' (@)

is the single-partiéle part of the Hamiltonian, including the shell-model field,

and where

AV = 1/2 3 (ar3|V|ocB ) a al
aa]Bﬁl

a, ,a
B %% (3)
isithe residual interaction, i.e. the part of the interaction that is not al-
ready included in the field.

The two-body interaction V refers to space, spin and isobaric-spin

quantum states of both particles involved in the interaction

v - vE®), 50 _<1> _“é’ 52 2@, R
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In the absence of a re51dual 1nteract10n, AV the ground state is an
<igenvector of H correspondlng to a eharp Fermi surface in terms of the shell-
model wave functions. In the presence of a re31dua171n£eractlon the ground
state may contain correlatlons. As seen from (3), AV scatters partlcles out
of the Fermi eea.. Obv1ouely such hole-partlcle palr ercrtatlons have to comply
w1th‘par1ty andvangular-momentum conservatlon of the ground state.

Our maln 1nterest 15, however, not the ground state but the excited
gmant El state. As the ground state appears to be a'compllcated llnear com=-
blnatlon of various one-two- etc. partlcle ex01tat10ns, also the El state may
have a complicated structure. vHowever, we are concerned only with its relation
to the ground state. We will see that the simple Random-Phase-Approximation

large

equlvafént to the contentlon that, relative to.the correlated ground state,

denoted [|0), the "collective state" |E)is of the simple type

R |
2 = @ o) = = < B o) (5)

vvt o vt

B . s '
where c, should be considered as variational parameters and where

G =,a:'a S o .‘. (6)'

is the density matrix operator connecﬁed uith the promotion of a particle from
the state v to another state ;?. -

The "collective" sfates_thus correspond to a linear combination of one-
particle excitations relative to the ground state. The assumption of a state
of this;particular character to approximate theuphyeical state in a way already
employs some empirical.knowledge about the collective state. As this state
(or narrow grouplof a few states) may be reached.from the ground state by an
El excitation that,fo a large eitent exhausts ﬁhe total eum‘rule strength,

and as the electromagnetic interaction can excite only one particle at.a time
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to lowest order in e /hc, the character of the collectlve ex01tatlon is

emplrlcally rather well spe01f1ed as being domlnantly of the type expressed
by. Eq. (5‘)«-

The problem of finding the coefficients C;E

L is equivalent to the

problem of finding the matrix elements Of.éL between the ground state [O)

.Vl
and the "collective" state |E).
The operators S;V, fulfill the equations of motion

ap _ L |
A _jA A
in —5— L HJ— pr,' , HO] ¥ [pw, ; AV:[ | (7)

Tre first commutator on the right hand side is easily evaluated to be

A T - A . 8
Ipvv' ? HO] - <€v ev) Pyy : - : ( )
The details of the evalustion of the second commutator may be found in Ref. le

Equation (7) multiplied by (E| from the left and by |0) from the right

takes the form

(ev,— e, E) (E|p ||o> w<'|v| SK><E|pKK . l10y-
N <SK,1V|V1K_j><E13Vs£;KK,|15>> (9)

where
‘;('yx'lviskv fw 1) w (2)Vzp (1) w( )ar dr, o ' (10)

This equation thus relates the matrix elemenfs of one p to thoee ofka
product of two.p's. By exaetiy the‘same prqcedure an analogous equation can
be formed relating tWO;p aggregates to three-p aggregates, etc. In the simple
Random-Phase;ApproXimatioh (RPA) one ‘confines eheself to Eq.-(9), which is
then linearized according to & certain p?eecriftioﬁ. In this way Eq. (13) is

obtained (see below). Thus quadratic terms of matrix elements of SLV, with
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vi# v are neglected as being.small of a higher order. Although there are
maﬁy of these.terms, they are.assumed,to be negligible as they-occur incoher-
ently, i.e., with random phases.* Fﬁrthermore the Fermi. surface is éonSidered

Although BEq. (9) ig an exact equation that is valid for a . more general
state [E) than that assumed in Eq. (5), the assumptlon of the appropriateness
of the linearization procedure 1seymmﬂeﬂ;to the assumption of a ‘more simple
collective state |E) in accordance with Eq. (5).

Obviously Eq. (9) simplifies for the amplitudes (E]é o) with |E)
defined from Eq. (5), as nonunegligible matrix elements on the rlght hand side

of Eq. (9).for an approxmmately sharp Fermi surface

oA A _ + i+ : T
(B, 1Py, ll0) = (ElaK,aKay,asllm | (11)
can occur only 1f one of the 1nd1ces of the destructlon operators equals one
of 'the’indices of the creatlon operators. In such a case apparently two of

the Fermi operators together represent an occupation number operator for a

particular single-particle state. .

The effect of such two—pairfexcitations neglected in the RPA could be
examined, e.g. by an extension of the Random—Phase-Approximation - the
"Higher RPA" - consisting of a closed system of equations of motion also
connecting the two- and three-operator products where the three-p aggre-
gates are in turn 1ineariied; In general there are many more twoeg aggre-
gates than oneqo. . However, as the components most important in the El1
problem are connected with the ba51c energy'ﬁm, the two-palr transitions
will mostly correspond to a basic energy Fw. Therefore on the average

the latter are discriminated against energetically. Furthermore, as pointed
out above, 1t is generally conjectured that they occur with random phases,

Whlch would ensure thelr rather small net COntrlbutlon.'

*a
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In the further approximation that the Fermi surface is nearly sharp
and the "true" ground state [|0) can be considered an eigenvector of the oc-

cupation operator, the amplitude (11) with e.g., s='v' reduces to

(BB B, ll0) 2on, (BIB,, l0) | (12)
where n is the occupation number of the single-particle state v'. (For ﬁhe
second term on the rightvhand side of Eq. (11) we furthermore. assume that a;so
IE} behaves approximately as a sharp Fermi surface when acted upon by the
6écupation number Operator'*éﬁv.)

The fact that an occupation number operator a:,av, can occur in (11),
alternatively if the summation inaex-s equals ' or if the summation index K
equals v', gives rise to the usual éxchange matrix elements of V, well-known
from shell-mgdel calculations. In the usual procedure for linearizing the
bilinear Eq. (11) to obtain qu (13) a factorization of this tWO;p product
that takes the Pauli jrinciple properly.into account is referred to as &
Hartree-Fock factorization.

‘The complete linearized equation can thus bé written in terms of the
amplitudes (EIS;V!HO), which we will denote P, f&r the sake of typogrephical
simplicity |

| S | 2N
(ev,-'ev- E)'pvv‘—'(nv‘— nv) ki' <'w<'|V(J_--P;L ) vk Pt

20 | 2 (ilva-PE) [kkde - S k| V(1-F) |vikdo s
K [TAN I k'v' . ‘ K
K K K'#v. |

(13)
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The terms on the second line of Eq. (13) are self-energy terms cor-
responding to the contribution from the self-energy part of the interaction

Hamiltonian

A ' + 4

Awself =1/2 = (sk|V|sk) a'a s.a. , (k)

S K K 8. - :

It appears reasonable to assume that terms. of such origin are already
effectively included in the shell-model field from which-the’single-partiéle

erergies {év} have been determined, although we have obviously not attempted
.to relate the self-energy parts of V to the single-particle energies through

a Hartree-Fock procedure or through any other self-consistent méthod.

After the exclusion of the self-energy terms, Eq. (13) takes the

simple form

(e i ep- ,E)pw"= (nv;_ n,) K‘,%«@K'[V(%:'.Plgz)IIV‘KmKK' (15)

Another question also related to the arbitrariness in the problem of
hor the self-consistent field.is defined concerns the RPA elements of Eq, (15)
that are diagonal inithe particle hole—pairs, name1y~‘<vv'|V(l-Pl2)|v'v).
Those obviously correspond to elastic scattering of particle-hole pairs (vv'),
and the problem arises whether they also should be thought of as béing already
included in the single-particle potential. Ordinarily~ such terms are not
included in a Hartree-Fock calculation based oﬁ the Brueckner reaction matrix.
Unless one emplqys another type Qf reaction,matrix (seé e.g. Sawadals) in
finding ev, such terms shoula be retained in the corresponding RPA (calcu-
lation). However, in the present calculations we have assumed a "phenomeno-

logical" shell-model field to supply [ev}. Probably the mentioned terms of
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rthe elaétic-ggattering type are includéd in this field on the average. How-
ever, individua;ufluctuations relative to.this average may be significant

and displaying effeété of correlations,N For most-offouy:calculations we

‘have chosen to iqclude these diagonal.terms,_but for some cases‘théy have
been excluded. Probabiy the wave functions and oscillator strength values
corresponding to the former casé‘are to be considered as somewhat more plausi-
ble.. All the energies should, however, probably be lowered by an average

2-3 Mev- in the forﬁer case,\corresﬁonding to a.subtraction of the average
diagonal particle-hdléfpair_interaction energy.q .

it shpuld:finally be,emphasized that for the case of an uncorrelated
ground state_(i.ej when deexcitations, or annihilations of hble-particle pairs
are excluded) Eq. (l5)vleads_éxactly to theleigenvalue problem occufring in
the_shell-modelvcalgulations.__Tﬂé_latter type of calculations are obviously
iimited to inclﬁding dhly_the very simplest hole-particle_pair graphs (6ne
hole-particle pair beihg exchanged for anothér holé-particle pair in the
interaction ?rocess).

As our occupation fgctors‘nv and pv*? in»the approximation employed,
héye the valueé 1 and O, gorresponding to a sharp.Fermi surface, we alsp
confine ourselves to éxcitedvstapeé that; rélative to the ground state; re-
present transitions of a pérticle across the Fermi surface. Thereby obvious-
1y a transition of a particle originally béing above the Fermi surface in |
- the correlated ground staté td anqther_state'above the Fermi: surface is
excluded. ' The same thing holds.true for.a hole transition below the Fermi
| surface. However, this forﬂalismiéllows for both creation and destruction

of hole-particle pairs relative to the correlated ground state.
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" Equation (15) is anveigenvalﬁé'éQﬁétidn in terms of ﬁhe matrix
elements of the dehSity'ma%rix pvv;' Thefcorrespohdihg transpoéed matfix
swation holds for the éééfficients cgv;'which aré the components of the
"eollective" eigenvector | E) definéd_in Eq. (5). This equation may be

written in the formil

(16)

(RS

where u ;BrrespondSQto creation of a hbleﬁparticle pair relative-to the
ground state while v corresponds to the annihilation of such a pair relative
to the gfound étate. Thus in'd puré shell model_calculation v =_O. The
matriX B is obViOuSIy'associatedﬂwith thélcoupling’between the excitations
“and thé de-excitétions. ‘While both of the matrices A and g are Hermitian,
the total matrix is‘nonhHermitian. | |

The reality of E depends on the actual strength of interaction and is
for tﬁe present case always very well ensured, It is easy to verify that
Eq. (16) has the éimple”property7thafvto each positive eigenvalue E there
_corresponds a negative énd.unphysical eigenvalue - E, which may be ruled oﬁff

by imposing the'extré‘cbnditioh 6n théchrrélated ground state

B "loy=o. o o an

Also, as .the typical matrix elements of g afe of the order of? or less. than,
1 Mev for the light nuclei considered.cémpared to a separation of the.roots
of é and -é by a magnitude of the order.of 2hHw, the amount -of mixture of
de-excitations in the eigenfunctions of (16) is expeéted to be rather small
in the treated cases. This is also born out in the:rexplicit calculation

(see below).*

* In view of this fact the effects of the neglected interactions of particle-
particle and hole-hole pair type neglected in the RPA approximation may
appear equally worthy of a special investigation.
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As a resultvof the  non-hermiticity of the secular problem the corres-
ponding eigenvectors satisfy the orthonormality and completeness relations

characteristic of an indefinite metric:

% ‘ K )
< En> Em <En B ’i ' En ‘

s m /) L

- cvvf - ?vv' Sutv cv‘vj ‘ En . Smn . (18)

> (iEn:>*-’Em i En’ | ‘
?Vv{ Crrt [En] - 6vKav’K' (l?)

En,Em%O
where the sum over v in (18) runs over all single-particle states below the

Fermi surface and the sum over v' includes all such states above it.

DETATLED CALCULATIONS
oL

In our calculations we have considered the self-conjugate nuclei Mg
and C12 having T=0 ground states. Excitations relative to the grouhd state
of El character have thus the isobaric spin T=1 and are generated by the

* ' '
operators

S AD AnTy o B |
(pvvl - vig) : _ . (20)

A
vy

'éﬂh~

where, from here on, v and v' label only the space and spin coordinates
but not the charge of the state. If we rewrite Eq. (15) in terms of @VV,, it

takes the form: )

- - - _ 1 1 '
(e]‘):r e]‘/. E) (DVV‘. (nvi nv)_ K}Z<'<VK |UIV K> CDKK"' : o (21)

where (vk'|U|v'k) is the matrix element of’V(l-Plg) in terms of the T=1 wave

functions (see Eq.-'(20) ).
= .

That only T=1 states are excited is associated with the fact that for such
self-conjugate nuclei considered here the effective charges of the proton

and neutron are e/2 and. -e/2, respectively. Physically the T=1 state, as

seen from Eq. (20) corresponds to neutrons and: protons moving 180° out of

phase relative to each other, a pictgge which retains an essential feature
of the original Goldhaber and Teller two-fluid model.
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Restricting ourselves to an interaction 6f’the form
V = J(r,) (e oP%+ wP" + hP'P°) (22)

and introducing the integrals

W= [ (1) Y (2) T g, (1) 9, 2) ‘afldfg - (23a)

B - fyi(L w2 5y, (0 ye) anar, (250)

M= [yl y(2) 3y (1) ¢, (e) arar, (23¢)

H= [y(1) g, (2) 5Py (1) 9 (2) arar, (234)
we may write | | |

(vk'|Ulv'k) = - wH - BM - mB - EW. F o (24) |

The calculation of the interactti»matriX'elements as well as the E1
transition matrix elementé is particularly simple if one uses the "asymptotic"
wave functions,5 Valid‘in the 1limit thaf the quadrupole part of the shell
model field is large relative to the spin-orbit coupling. In this limif
appropriate at large aéformaﬁions‘only the diagonal parts of the spin-orbit
interaction is retained. 1In the Appendix we present the results of such
calcﬁlations applied-to,the C12 nucleus. Unfortunatel& the applicability of
not.only ﬁhe adiabaticlcouplingvséheﬁe but in particﬁlar the asymptotic wave
functions to the nucleus is very uhcertain, and the results obtained are only
of interest as illucidating the general mechanism behind the calculations that
employ the more detéiled'ané functions of Ref,‘lY. They should thus not be
directly compared ﬁith the empirical data.

In the coupling scheme appropriate to deformed nucleig thgre are two
separate modes of eXcitatiQns C6rresanding to K=0 and K=1. These are ba-

sically characferized by the two different oscillator frequencies w, and wl



-13- UCRL-9803
wheré mZ'<(Dl,for pro};#é'huclei as Mge% and ®, ><bl for oblate nuclei, of
which ve have assumed C-° to be an example. Within éé,ch of the K=0 and K=1
groups of states a giant Ei excitation is'thenvformedu |

Furthéfmoré iﬁ fhé casexdf deformed nuclei, aﬁ El tfansitién froﬁ
the ground state'populatés,bnly the lowest member of a K=1 rOfatibnal'band
and:only.tﬁé,l=ivmember of a K=O rotational band. There ié thus in this case
no sharing df tﬁe iﬁtrinsic'El strength on’difféfent rotational states. The
transition probability is therefore given exclusively in terms.of the iﬁtrin-
sic wa%enfunctibns417

' Most of thé dégeneracy of the spherical problem is now removed by
theidiStortion of the nuélearvfiéld. The remaininé'dégeheracy associated
wiﬁhthe time reversal degenefacy of the single-particle orbitals may be

exploited to reduce the secular matrix in the K=0 case by the ihtroduction

of the new state vectors genefated‘by

0p = (0t 0, | (25)
Oty Cwfes) =)

If ié easily seen that the mgtrix‘elemgnts of V v;nish betweeh statesAof
those -two differenf types. furthermore it is a;so easy to vefify fhat the
second groupipf states are associated with.aVQénishing Bl matrix:element
with the groﬁnd state and theréfore Qaﬁ bevleft out of thevdiscussion.

“In calculgpiﬁg fhevsf?ength of the K=l tféﬁéition we will havé to
remember to dgublg tﬁeir ?elé£ive»étfenéth‘corfesponding to‘the additional
_degeneracy of‘pﬁe4K=l spéﬁes‘(the anéular momeﬂtumrcomponent may be #1 or

-1).
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RESIDUAL.INTERACTION EMPLOYED
In these calqﬁlations we have limited ourselves.to coﬁsidering a
phenomenological interaction V simulating the ”actual” nuciear force" We
:haye chosen. the "empirical" force employed by Ferrell apd Visschef,‘héving
.a Gaussian radial shape and a particular exchanée mixturé.
In»addition we have also considered a .force of the séme radiél
dependence but with the éxchange parameters of a "Roseﬁfeld mixturef,l
(We will somewhat inadequately label this potential as "Rgsenfeid"vin the
~tables.) The paramefers characterizing,these forces may be-found in Table 1.
Furthefmore; fo isolate the effects due tQ.exchange-mixtures; we

have also considered the case of a pure Wigner force-in some instances.

RESULTS OF CAILCULATIONS

a. - Excitation specfra
"~ The effects of fhe inclusion of the backward-going.graphs are, as
pointed out, rather small as far as the ?ositibns of the_rgots and the rela-
tive distribution of Elfstrength is:cbncefhed. Generally-the:resonances'
are Slightiyvldwered by sdme fens or hundreds of‘kev._

Of more iﬁterest is the way iﬁ‘Which the.éumvrules are affected.
This will, however, bé diééussed later in thisvparagraph.

For Mggu, due to numerical difficulties with the'computer,program,
calculations are so.far coﬁplétévonly for ?he case wheré'g is put equél to
zero, i.e. gfound ététe corfeiétidﬂs are neglected. The results arevexhib-
ited in Table 4. Some incomplete calculations also exist for Mggu, K=0
(where‘such correlation effects should be the lérgest) and can be studied
.in-Table{i For 012 calculations are complete and the results, particularly

concerning effects of ground state correlations, may be studied in Table 6.
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~The matrix elements~computedinumerically on the IBM T09 of Lawrence
Radiation Laboratory exhibit_many'bf thé;featuies conjectured in, e.g., Ref. 8.
Thus, for instance, the;effeétive‘interaction,for T=1 in most cases is repul-
sive, thereby.génerally puéhing.the roots above their single-particle values.
The matrix element§ are in no way, however; consténﬁ and fluctuations in their
size is of decisiﬁe importanée° Instead the single-particle excitations. that
originally carry most of thé E1l oscillator stfength (asymptotically unhindered)
also have the large interaction matrix elements in between themselves. It is
effectively onAéne or two of the states in this,sﬁaller group of statgs that
most of the El strength is coilected'as they are“bging pushed upwards due to-
the interaction. |

Thus,. e.g., for Mge4 the single-particle excitations carrying most of

the El oscil1ator strength scatter in energy arounﬁ.ﬁwz or say 11-13 Mev for
K=0 and around fiw, or about 15-17 Mev for K%l (with the well parameters assumed
as n=4 and k=0.08). | L

- The one or two states collecting the giant-strengfh are now pushed
‘upwards by amounts of about 7 Mev for K=1 and about 5-6 Mev for K=0.. These
figures refer spec1f1cally to the. Ferrell and Visscher case with diagonal
elements retained.. . Note that in the total spectrum of states reached by E1
excitations the giant states are by no means the highest-lying as in the
spherical case. Thus for the mentiéned case of Mg2F with K=1 (as exhibited
in Table hb) the highestflyiﬁg foét is more than 5-Mev above tﬁe K=1 gilant
resonance peak, and for KﬁO about 11 Mev above the correspondlng glant peak

.Indeed in the latter case the giant peak 1is found in the 1ower part of the

energy spectrum.
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One may also note that the interaction ﬁechanism'described-tries té
enlarge the splitting between the tw6 peaks,veveﬁ relative. to the :-basic ehergy
difference (hwjdﬁmz) whiéh.lattér for the employed case éf the distortion
parameter17 eé_o.54 (n = 4) equals (15.9 -.11.4) = 4.5 Mev. This should be
com@ared with the energy splitting existing after the inte%actign has been .
turned on, which is ago££ 6.5 Mev.

A calculation where a pure Wigner force was assumed,failed to give a
strong resonance peak for K=l. Instead the strength was distributed o&er
several states several Mev apart. -This force in the case of a finite range
is obviously of the ”wrong:spe¢ificity". (Cf;MotfelSon; Ref. 12.)

Turning the éttentioﬁ to the case 6f 012 (Table 6), where the whole
coupling scheme may be very‘much less appropriaté, ﬁe notice that the clear
separation encountered in MégLL into two peaks of K=0 and K=l1, respectively;
does not occur here, In analogy with the proiate Mggu, the oblate 012 would
be expected to exhibit a low-lying K=l peak and a higher-lying K=0 peak with
a splitting of order Shw} In 012 there is indeed for K=l a strong low-lying
peak. 'However,'7 Mev higher-there is still another peak for K=1 which may be °
a remnant of the sphericél coupling scheme, from which we are mucﬁ less dis-
tant in C° (with1]=i;é) than in-Mggh (with n=k). ‘For K=0O there is essenti-

ally one, high-lying peak in-ClE.

b. Discussion of sum rules

It is obvious thaf.avpure shell ﬁodél calculation (ground state cor-
reiations not considefed} ef. Tdﬁlé ﬁ;é) retéiﬁé ﬂhe oscillator strength
unchangéd. Thé Thbmas—Khhn-héiéhé‘sﬁmlﬁroportiohal to 2 EnIMn|2 will in ‘the
shell model case exceed the-Sum rule value %E, derived ?or non-exchange in-
teractions, as the energy values En are pushed upwards relaﬁive to the inde-

pendent-particle case. The effect is usually iarger with “the: mixtures
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considered.that contain exchangé'éomponénts. However, also the Wigner inter-
action treated iﬁ the approximation where backward-going graphs are neglected
violates the sum rule, due to the fact that only a particular‘set’of graphs-’
are ‘included in the conventional shell modél treatment of this. interaction.
This is borne out in Tabie I, although the diagonal interaction matrix elements
are neglected in the calculation; the more iﬁteresting case of these being
retairied would lead to an ‘even larger violation. |

‘Now the inclusion of the backward-going graphs increases the oscil-
lator strength-sﬁm by about (10-20)% for C;E“and by as much as 30% for Mgeu,
K=0. Although the energiés are somewhat lowered when:the backwafd—going
graphé are included, still thé TKR-sum rﬁle is'incfeased due to the increase
in oscillétor strength. This is a somewhat surpfising result as it has been .
showh* that the random-phase approximation without inclusion of "direct"
graphs leads to this suﬁ‘rule being exactly obeyed. The effects of increase
_in the sum rule have thus to be attributed to these usually neglected "direct”

graphs.

*
Private communication from B. R. Mottelson (CE also Ref. 19).

The exclusion of "direct" graphs here implies that only such . interaction
graphs are included where a hole-particle pair with its spin coupled to

1~ is destroyed or created.
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TABLE LEGENDS
Parameters of the shell-model potential appropriate to deformed
nuclei. For the parameters see Ref. 17.

The exchange mixture parameters of the force VO (w+bP§+mP?+hPr PG)

exp -(é—) where V_ = -51.9 Mev and a = 1.752 fm.

Elementary single-particle excitations for Mgeh; Table %a referring
to K=0 and Table 3b to K=1l. The energy values ‘are taken from Ref. 17

In this refererce the N=0, 1, 2 shells are calculated with an assumed

'u=0 (coefficient of;ze';part-of potential), but p is assumed =0.35

fé_r N=3. he ‘energy eigenvalues of the N=3 shell are now a posteriori

corrected to correspond to p=0 while the wave functions calculated

for p=0.%5 are left as before. This‘vin'consistency as well as the

slightly inaccurate energy adjustment does not affect thé_ total oscil-
lator st‘rength; (The table lists the pure single-particle matrix

elements of z and &Y in units of B ana ;—h— respectively.) How-
. :) E Ma)z ‘.J M(Dl »

‘ever, it affects somewhat the distribution on the different states

- and is responsible for the fact that the Thomas-Kuhn-Reiche sum rule

“differs from the time-reversal cohvention by a factor

%Z- (for K=l,t—2gé, as both K=1 and -1 are included) is some-

what exceeded.in the ihdependent—particle 'casé. The matrix elements

% fon

1l

are defined for negative angular-momentum states with a phase that
o-1/2
(=) / -. By

this convention the following relation holds |- ( _-Q)) = |Q>
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TABLE LEGENDS (Con't) |
Table 4. Shell-model calculations for Mgzu'K:O(a) and K=1(b). The energies ..

of the calculated 1-'states¥are'giveﬁﬁin-001umn‘one. The squared
matrix elements IMI2 of z and<r%.(x+iy) in terms of the basic linear
éombinétiOns of Eq'. (20.) and (2%) are listed.in. column two in units
of ‘ﬁ/sz'ahd.h/Mahg respectively. The sum of matrii elerents is
compared with fhe single-particle sums of the included single-

'particle excitations. Column three lists the dipole strength (the . - .-
quantity occurring in the Thomas-Kﬁhn-Reiche,sum), fon’ which for

K=0 equals <2M/h2)CEnan| 2)- (l/ ’-D, where the factor.l/ L éomes from the
effegtiVe charge. The fon sums may be comparedawith the estimate
Nz/A. For K=1, as we have added the contribution from ]%Z (x+iy)
and}j%g.(X-iy), the comparison should be made with the estimate

5 NZ/A. Column four lists the gamma widths T, = e(ee_/ﬁc)‘é!ne/Mcg)fon.

. In a separate row in the table the integrated photo-absorption cross
section is given in units of Mev-mb. For a discussion of the listed
cases of the diagonal hole-pair - interaction matrix elements being
alternatively excludéd énd retainéd, see the main text. The small
deviation of the sum of squared matrix elemeﬁts |M|2 from the singlé-
particle sum is a reflection ofvthe inaccuracy of éhe wave-functions

‘obtained in the matrix diagonalization.

Table 5. The effect of the inclusion of the "backward-going graphs" for Mgeu,

K=0. The organization of the table is the same as that of Table k4,
where the different entries are explained. In the present table
the results with backward-going graphs excluded and retained are

exhibited for the case of Mggu, K=0. 1In this calculation only the
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TABLE LEGENDS (Con't)

roughly most important seven of the basic twelve elementary excita-
tions of Table 3a are included (corresponding to only the lowest
half of the N=3 shell cpnsidered). The calculations still, however,

serve well the purpose of illustrating the effects of the backward-

going graphs.

Table 6.. Results of calcuiations for Cl? K=0 and K=1. PFor a detailed explan-
ation see caption Of Table 4.  This table also exhibits the inclusion
of the effects of the ground state correlation. Only the Ferrell-
Visscher force is éonsidered'in the ééée of Clg. 'TheAnumber of
elementary eXciﬁations is not quite complete. Three transitions

' associatedbwith vefy weak E1 matrix eiements are left out for K=1
aﬁa t&é for K=0. This is the reéson why we - fall short ofvthe TKR

sum .rule by a few percent in the independent-particle case. .

Table A-1. The . K=0 matrix elements of J(r) with the T "asymptotic" wave

functions expressed in terms of the Talmi integrals Ip.

Table A-2. .The T=1, S=0, odd-parity states of the K=0 and K=1 groups and
their respective El strengths for the 012 nucleus computed with the
"asymptotic” wave functions. Results.for two different interaction

potentials and two values of the deformation parameter, n= -2 and

1= -4, are compared.
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Table 1.
o K Aw, .hw_‘
' (Mev) (Mev)
cl? 2 (L) 0.10 20.3 16.8
wg?t N 0.08 11.% 15.9
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__Table 3a.
 Hole-particle excitation | e ~e  Single-  Classif: (|2])® £
Hole state Particle state| (ye,) Dorticle according o
[Nn AQ] [Nn_AQ ] o ﬁ:;gzts, to asympt. .
: (lz])
[110 1/2] [211.1/2] | 17.59 0.1693 0.029 0.09
[110 1/2] [éoo_l/e] .21.61. 0.0181 0.000 0.00
[101 3/2] [202 3/2] | 19;94 ~0.1815 | 0.033 - 0.12
[161 1/2] [2112 1/2] 11.06  0.6645 0.4h2 0.86
[101 1/2] [200 1/2] 15.08 0.5017" 0.091 0.2k
[220 1/2] [330 1/2]. 12.34  1.1278 1.272 2.76
[211 3/2] [321 3/2] 11.21  0.9528 0.908 | 1.79
[211 3/2] [512,5/2] 18.44  0.2215 0,049 - 0.17
[211 3/2] [50;_3/2] 22.43 -0.1008 . 0.010 0.00
[220 1/2] [321 1/2] 16.92 0.3669 10.135 0.40
[220 1/2] [310 1/2] é1.25 -0. 177k - 0.032  0.12
[220 1/2] 1/2] | 28.54 -0.0125 0.000 0.0

[301

Sum; =bx3.000 | 6.

55
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.v'vTaglg 3b. - .
Hole-particle ‘excitation | e e  Single- Classified /|xtiy[N8 f
Al R I U N ek vt Qe =
z E : caements rule :
RED
' S
[110-1/2] - [211 1/2] |17.59 -0.65uo Lu A28 0.95
[110-1/2] [200 /2] 2161 -0.11k3 n 013 0.0k
[101 3/2] [202 5/2] 14.78 1.0060 - .000 -+ 1.86
[10-1-3/2] [21-1;1/é}’ 13.76  -0.2919 - h 6.085  0.15
[10-1-5/2] "[200-1/2] 17.78 0.6427 u 13 "0;92
[10-1-1/2] [p11 1/2] 11.06 0.1297 & .bifﬁ 0.02
f10-11/2] (200 1/2] [15.08  -0.6947 183 0.9
(101 i/e] | 202 3/2] i7.é4-, 0.9809 u .962  2.09
[220 91/2]; | t550 1/21 '12;5u . 0.3898 h .152 vo.23
[220 i/2] i521 3/2] | 1L.86 0,743  u .551 - 1.03
[21-1;5/21 .f55o-1/2]_ 8.70 0(2012  n ).0kL 0.0k
[21155/2] [512 5/2] |17.15 ;1Q0142 u .029 2.22
izeo;i/e] [321 1/2] :16.92 -0.5859' u 3 0.73
t22041/2]:; K {516 1/21 21.25. -0.0667 h .00k4 0.01
t220-1/2]j [301 1/2] |28.5k - 0.0671 h .005 | 0.02
[220 i/éJf_ {32 3/2] ée.oé. -0.053k h .003 0.01
[220 1/2] . [301 3/2] | 26.07 -0.0772_ B .006 0.02
[21-1-3/2] [52-1-1/2] ;flfihéi ”-0.2581:' h .057 - 0.10
[21—1f5/é] [510-i/é]; |16 6L63u7;” C 103 0.89
[21-1;5/2]' [50-1-1/2] 2L.90 0.0019, n .000 O
[211 3/2] [%0% 5/2]1 |23.94% . -0.0667 n .ok 0.01
' : ' Sum=2x5.997 ©  12.26
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 Table 5

UCRL-9803

- Perrell and Visscher

~ "Rosenfeld"

Shell-model calculations

. Correlations .included

_Shell-model calculations

aE
Joya®

526 (Mév-mb)

557 (Mev-mb)

oy C e () | Giev) M” o () | (ev) M7t ()
21.84 0.22 .0.22 . 1.6 21.71 0.2 023 1.6 ‘| 21.87  0.08 0.08 0.6
20.77 0.12 0.12 0.8 |20.51: 0.25' o.ég 1.£'} '21.21 0.16 0.15 1.0
17.10 0;02 0.02 0.1 |17.06 0.01 0.01 0.0 | 16.85 0.00° - 0.00- 0.0
15.18 6.1k M.lQ'.1M.7 14.80 k.08 2.66 9.1 15;11' 5.62 3.7& 13.3
15.87 h;56 2.781. 8.5 |13.15 10.50  6.16 17.5 15168 5.20 312 9.1
'1o.h6 10.00 o.oo"‘o.o | 10.37 = 0.00 0100 0.0 | 10.55 0.00 0.00 0.0

9.61 0.02 0.01 0.0 9.59 0.00 0.00 o.b - 9.58  .0.02 0.01 0.0
Sum . 11.08  7.25 iu,95v'k 9.28 11.08 7.10
Indep. | ‘ | o - |
p sum 11.08  5.86 11.08 ,5.86‘ _11.08 5.86-

h27(Mév-mb)
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‘Table A-1

(000 110 | J (r) | 120.000) = 1/2 (15-1;)

(000 110 |J (r) | 000 110) = 1/2 (1,+1,)

(000 211 |J (r) | 110 101) = 1/4 (I,-I,)

(000 211 |J (r) | 101 110) = 1/k (15-1,)

(000 101 [T (r) | 211 110) = 1/4.(10-2Il+12)

(101 211 | J (r) | 211 101) = 1/h (Iof11+12=;3)

{ 101:211']J'(r) | 101 211} = 1/h (IO+Il+Ié+15)
(101 21-1J<T(r)'|10—l?211) = 1/&-(;0-11-12+15)

(101 10-1] J (r) |21-1 211) =

1/&.(10-51l+312-15)

_UCRL-9803'“
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Table A-2
f=—._= =
DIAGONAL DIPOLE
MATRIX - %iw . |. STRENGTH vt T &y
NUCLIDE ) FORCE ELEMENTS (Mev) £ (Mev)
28.5 2.51 _
| “21.6 | 0.0% 20.5 = hw,
INCLUDED — , :
o 22.1 | 9.68 _
. FERRELL 8.1 0.02 16.8 = fwy
and '
~ VISSCHER X L e
. 2h.3 | L.86 :
| 17.2 | 0.00 203
EXCLUDED 3
' 18.2 7.97 '
T8 0.28 16.8
o | ,
‘ S 28.0 | k.77 :
2012 o 22.h4 0.18 20-5
iy INCLUDED — :
o . , 21.5 | 8.75 16.8
ELLIOTT . 18.38 0.16 -
- and
FLOWERS S - _
- o3, 3. .
_ 20.3
EXCIUDED _5-17'9,.’ 090
2 ' '18.0 7.48
15.3 0.20 15‘8
©31.0. | 5.05 _
FERRELL . | ~2h.0 0.11 22T
bl and INCTUDED S —
VISSCHER 21.1 | 9.94 15.8
' 17.1 0.02 2,
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APPENDIX

Calculations with the Asymptotic‘Wave Functions

“In the 1limit when the deformatlon energy is large compared to the
off-diagonal elements of the spln-orblt.coupllng we can use .t,hevapproxnmatlon '
in which the spin motion is. decoupled ,from the orbj.tal motion.a’llL

In th1s appronlmatlon ‘we shall use- the harmonlc oscillator wave
functions sz N (p 2 ,gb) in. the representatlon of the (d:unen51onless) cylin-

drical coordinates (p =\”x2+y2, z, ¢; X, ¥y = J ml Ly's -2 "J )
-

.Where A has the mean:Lng of the progect1on of the orbltal angular momentum )

»on the body a)c'Ls;z,,'nz.a}'%d r_ll=1\1—nz are tne oscillator quantum numbers referrlng
~to oscillations .parallel to the z'!-axis and perpendicular to it B respectively.
Using. the above wave functions it is easy .to‘ eliminate the degenerate -
spin substates from the equation of motion (Eq. (15)) For a .general collective
vstate of 1sotop1c spin T and spin S and with the two-body 1nteract10n V. of
Eq. (22) we obtain the RPA "equation of motion" of the Pog! 's.ln ‘the form:

_(sv,—syeEJXST = (nin )Z { <vx. lg(d( y x} [(w.,. lo-m,-L.,)+ & (-h)

K,#:u.

e ("“’ﬂ*-*(-) w):] -V » l'}(f)lxv?[:(w—kb - l-\)-l- (—) L—m)-\-
T ,

"'(- b+ =) | |
) (M-i- +(-) }J}I‘m«! o | )

I i:, 2 <€°( (ACT ZZ) *("’) ?MI (’C'C 'Z"Z) + ("’) e (—T 3 zz)
+ & g o (—'M/'Z’Z))
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Here Py (t7,.3%) means a p . rcomponent with the (o,a') pair characterlzed
by the charge state 1 and. spin state 3. In the giant El problem, i.e., for

S =0, T =1 we have:

Cre o X, (o b [<vx'|9<r>:vx><m+zu+<m&<ﬁ'“ W)
kW X (w+24 )]xux’ |

Here the matri;c'elements are expressed in terr_ns of spacial wave functions only f
‘i.e. the subscripts refer 'Spec_ificallyTtd.,s_pa.cial sfatés.

| Our wave functions given 1n éylindrical repr:eéentation can be expanded
in theb vspherical fvunc‘:tion‘v:s- as - | » ” |

(AL).

The matrix element (68[ alory) are now obviously

<3| QCf)l_'*_‘?'—"; a{,;/\,( b %,/\ 4,A;<N§ Nty |
X'g-(f,,_)l N AL N 53/\;,> (a5)

Sometimes it is convenié%t to use -the Talmi method of separation of
the center of mass and’ the relative coordinates of the particles "1" and "2".
- This method is especially useful when the radial shape Ofg(rJ_E) is complicated

and it is difficult to employ an electronlc computer for the evaulatlon of

(BSI}IOIY Y of Eq (A5) We can expand the product w(a)(r )z//(,y)(r ) as:

\.L’N* ',\w)&l?N A ,\c AL Z(LL A /\AA,QZ <L, AIN( Nyt
X Int, NL. )/*)

(;A6)
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where the "transformation ‘brackets" (|) are defined and-extensively tabulated.
by Mosh_'insky and Brody.2O . The relative motion (nl)-and center of mass motion
WL) wave functioné and the "ket" | ng ML\ ) are as defined in Ref. 20.

Using Eq. (A6) we can now express (B8 Ulo:y) as:

ns:zmzap ) B QQAJZ'Z (22, A AN Xp) >

‘ jzx! /;‘ J.O( P ":lﬂwl. »
o (4 4 Aa A5 D) (PO N W ey MG NG 1 65, g
| x{ o~y //;n[ /n,é> o o o | - | . (A7)

where the reduced radial integral (n't||J () ||n£) can be expressed in terms of

the Talmi 1ntegrals. Ip as:

P e
where the coeffieients B .(nz, n' ,'p)v are tabulated in Ref. 20.

‘We have performed explicit computations for the problem of the 'l-,

T:l, 'svtat’es,_ in,C.lg. We have employed'_tWo different interactiehs:

..1'%(7-': o - 13 :
I) Z(r) : ' K V 5—/9 MC(/ O( /732 /0 (‘ﬁfm (A%)
= 0. 517; m = 0. 5; _'OJ \h = 0185 o

—identical with the interaction listed.in Table 2

r,_ // -3
JU.) ! /%] V 43MQV’-— /‘/ /0 Cm(A96)

.W‘; -0.13, m = 0.93, b = O. u6 h = -o 26
i.e.  the Rosenfeld mixture used by Elliott and Flowers T
In the C g'pro.blem we ‘have  the occupied" (n = l) states [NnZA]__: = [000],
[10£1] and the ' unfllled" (n = o) states [110], [20+2], [élil],and [200],

‘where the lstates are degene-rate in energy. In this problem we havé also
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evaluated the self-energy terms (second line of Eqi(ij)x The above states,

denoted, |), are expressible in termsof spherical .states depotedﬁ[}) :(ypgrgi
the phase convention of the radial wave, functionris thatvszBef.“lzxéje;ﬂgggh
that the-sign,of_the»termﬂof‘highest powér in the radial polypomigl,is_always

positive) as follows:

0, A =0)),

|ooo ) = |w=0, 2=

|10£1) = [N =1, 2= 1,4 =£1)),
|10 Y = [N =1, %=1, A=0)),
|202) = |W =2, £ =2, A=22)),
|21£1) '= |N =2, £=2,A =tl)),

| 200 >_ ='“-»f-]5:*lN = é, =2, A=0)) +f§-- v = 2,1 =0A=0))

In the RPA the secular maﬁrix for the K = O E1 modes is 6x6,and the K = 1
modes have a secular ixl matrix.
In . Table Al we give the explicit expressioné for the relevant matrix

) - T H * R
elements for the case K = 0 . in terms of the Talmi integrals Ip?l ~.The basic

single particle El matrix elements (a'|z|a) are in units of /h

Z
(110 |z [ 000)=. (211 |z|101)= (21 llzllO )= /55 the <oc'lx+lyloc> elements in

+ly
units of/ 202{ xHy 1 101) 10-1 |XEY !20 2> = 1; zoo TX |1o 1 )=

<§Ol xtly 200 Y= léﬁg. The computed oscillator strengths and dipole

V2

strengths for K = 1 have to be doubled to take account of the two

nuclear - spin’ projections. = =% 1. Our final numerical results are dis- .

played in Table A2. The computations were performed for two values of the

*
For the range of force considered here I is the dominant term,which together

with our choice of parameters w, m, b,and h in (A3) ensures that all the
occurring matrix elements are of about equal magnitude and have one and the
same sign. The condition for I, to be dominant is that <K:Jhﬂﬂmo In

the 1imit of an extremely long range interaction we have .instead I, = I=Ipete.
The interaction matrix elements then all vanish, as seen from Table Al,
except the diagonal ones. Thus in this 1limit the coherence is again des-
troyed. ' '
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oblate deformationn = -2 and n = -4. The splitting of the giant El states
corresponding,to K = 0 and K = 1 is roughly in agreement with the more detailed
‘calculations. The sedond K = O giant peak bécurring in the latter calcula-
tiénsidoes:not appéar in the asymptotic-limit;aﬁd»is obvioﬁsly associated with
the fact that the wave functions of Ref. 17 are intermediaté between the
spherical shell-model wave functions and the asymptotic ones.
Our results for the Rosenfeld mixture,of Elliott and Flowers7 with
a Yukawa well (Eq. (A9b) ) are quite similar to those for the rather different
interaction. ofrFerrell and Visscher (Eg. (A92) ). |
We have also computed the self-energy terms originating from the self-
energy hamiltonian Eq. (13. Some of them are very large (of the,brder of
Lo Mev for the interéction of.Eq. (A9a». This indicates that a self-consist-
ency calculation for the.single particle energy speéfrﬁm, or, converéely, a
self—consistenf defermination of the fesidual interaction for a given.siﬁgle—f

particle model is generally important. .
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