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Abstract

Sampling in Statistical Inference and Machine Learning
By
David Xing Wu
Doctor of Philosophy in Computer Science
University of California, Berkeley
Professor Prasad Raghavendra, Co-Chair

Professor Anant Sahai, Co-Chair

Sampling algorithms based on Markov chain Monte Carlo (MCMC) are ubiquitous across
theory and practice. The success of MCMC algorithms is typically established by upper
bounding their mixing time, and over the past several decades a rich theory for doing so
has emerged.

However, classical mixing time based arguments fail to explain why MCMC has been so
successful for statistical inference and the scientific simulation. The classical notion of rapid
worst-case mixing is often too stringent of a notion to apply to these settings. Instead, one
needs to analyze warm start mixing, or analyze the inference and optimization performance
of MCMC before it has mixed. In this thesis, we build new theory in these directions to
explain MCMC'’s success in these difficult-to-understand settings.

We then pivot to an entirely different subject matter altogether: that of synthetic data in
modern machine learning. We study the counterintuitive success of synthetic data in
regimes where the data is generated from models that are weaker than their students.
We also probe the limitations of synthetic data to elicit certain reasoning behaviors from
language models.
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             X  𝑅     X  𝑅  ⊤     ⪯    2    X  𝑆     X  𝑆  ⊤   Ï  2    X  𝑇     ^^05  𝑅     X  𝑇  ⊤   .      


             ‖      X  𝑇     ^^05  𝑅     X  𝑇  ⊤    ‖         2     ¶  ¹      |  𝑅  |    Ï    𝑛   Ï    𝑛    1  �  4      º  2   =  𝑂  ¹  𝑅  Ï  𝑛  º  =  𝑜  ¹    𝑛  𝑝   º  .      


     z  𝑖  ⊤     A    −  1    y 


             |      z  𝑖  ⊤     A    −  𝑅     −  1    y  −        E     »    z  𝑖  ⊤     A    −  𝑅     −  1    y  ¼   |     ¶      𝑐  1       ‖    A    −  𝑅     −  1    ‖         𝐹        log     𝑛    ,      


                 E     »    z  𝑖  ⊤     A    −  𝑅     −  1    y  |    A    −  𝑅     −  1    ¼     =      ¹    2  𝜋   º     3  �  2    ¹  1  ±    𝑜  𝑛   ¹  1  º  º   arcsin       ¹    𝑤  𝑖   º   ⋅    𝑛  𝑑   ,            ‖    A    −  𝑅     −  1    ‖         𝐹      =  ¹  1  ±    𝑜  𝑛   ¹  1  º  º      𝑛   𝑑   .    


                 E     »    z  𝑖  ⊤     A    −  𝑅     −  1    y  |    A    −  𝑅     −  1    ¼     =   Tr       ¹      A    −  𝑅     −  1          E     »     yz   𝑖  ⊤   ¼   º          (Noise stability)        =      ¹    2  𝜋   º     3  �  2       arcsin       ¹    𝑤  𝑖   º      Tr       ¹    A    −  𝑅     −  1    º          (Lemma 5.6.9)        =      ¹    2  𝜋   º     3  �  2    ¹  1  ±    𝑜  𝑛   ¹  1  º  º   arcsin       ¹    𝑤  𝑖   º   ⋅    𝑛  𝑑   ,    


             ‖    A    −  𝑅     −  1    ‖         𝐹      =        Í    𝑖  ∈  »  𝑛  ¼      𝜇  𝑖   ¹    A    −  𝑅     −  1      º  2            (Lemma 5.6.9)        =        Í    𝑖  ∈  »  𝑛  ¼      𝑑    −  2    ¹  1  ±  𝑜  ¹  1  º  º              =  ¹  1  ±  𝑜  ¹  1  º  º      𝑛   𝑑   .    


     f   strong   


   𝑅  =    {    e  1   ,    e  2   ,    e    𝑠  Ï  1    }  


     z  𝑖  ⊤     A    −  𝑅     −  1    y 


             |      z  𝑖  ⊤     A    −  1    y  −    z  𝑖  ⊤     A    −  𝑅     −  1    y   |     ®      ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2   .      


             ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2      =    {            


             ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ®        𝜇  𝑛    ¹  ¹    |    𝑤  1   |   Ï    |    𝑤  2   |   º    𝑛      1  −  𝑝   2    Ï    𝑂  e   ¹    𝑛    −    𝑝  2     º  º  Ï    |    𝑤    𝑠  Ï  1    |     𝑛    1  −  𝑝    Ï    𝑂  e   ¹    𝑛      1  2   −  𝑝    º  .    


          (Fact 5.6.6)      |      z  𝑖  ⊤     A    −  1    y  −    z  𝑖  ⊤     A    −  𝑅     −  1    y   |     =    |      z  𝑖  ⊤     A    −  𝑅     −  1      M  𝑅     A    −  𝑅     −  1    y   |          (Cauchy-Schwarz)          ¶      ‖    ¹  𝐼  Ï    H  𝑅     º    −  1     ‖         2       ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2          (Lemma 5.6.9)          ¶  ¹  1  Ï  𝑜  ¹  1  º  º    ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2     .    


             ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2  2      =    Í    𝑗  ∈    {  1  ,  2  ,  𝑠  Ï  1  }       𝜆  𝑗   ¹    z  𝑖  ⊤     A    −  𝑅     −  1      z  𝑗     º  2     


             𝜆  𝑈   ¹    z  𝑖  ⊤     A    −  𝑅     −  1      z    𝑠  Ï  1      º  2   =    {              


             𝜆  𝐹     Í    𝑗  ∈  »  2  ¼    ¹    z  𝑖  ⊤     A    −  𝑅     −  1      z  𝑗     º  2   =    {              


           ¹    z  𝑖  ⊤     A    −  𝑅     −  1    y    º  2   =    {              


             ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ®    Í    𝑖  ∈    {  1  ,  2  ,  𝑠  Ï  1  }           𝜆  𝑖    𝑑   ¹    |    𝑤  𝑖   |   𝑛  Ï    𝑂  e   ¹    𝑛   º  º              ®        𝜇  𝑛    ¹    ‖    w  𝑆   ‖         1     𝑛      1  −  𝑝   2    Ï    𝑂  e   ¹    𝑛    −    𝑝  2     º  º  Ï    |    𝑤    𝑠  Ï  1    |     𝑛    1  −  𝑝    Ï    𝑂  e   ¹    𝑛      1  2   −  𝑝    º  .    


             |      z  𝑖  ⊤     A    −  1    y  −    z  𝑖  ⊤     A    −  𝑅     −  1    y   |     ¶      {              


           |      z  1  ⊤     A    −  1    y  −      ¹    2  𝜋   º     3  �  2    ⋅    𝑛  𝑑   ¹  1  Ï  𝑜  ¹  1  º  º   arcsin       𝑤  1    |       ®      𝑂  e     ¹      𝑛   𝑑   º   Ï    ‖      z  1  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2   .    


          (MNI)         SU   𝑛   ¹  v  |  w  º     =    Í    𝑖  ∈  »  𝑑  ¼      𝜆  𝑖     z  𝑖  ⊤     A    −  1    y      ⟨      v  𝑖   ,  v   ⟩   ,    


              SU   𝑛   ¹    v  *   |  w  º     =    𝜆  1     z  1  ⊤     A    −  1    y    


             z  1  ⊤     A    −  1    y  =    z  1  ⊤     A    −  𝑅     −  1    y  −    z  1  ⊤     A    −  𝑅     −  1      M  𝑅     A    −  𝑅     −  1    y  .      


             |      z  1  ⊤     A    −  𝑅     −  1    y  −      ¹    2  𝜋   º     3  �  2    ⋅    𝑛  𝑑   ¹  1  Ï  𝑜  ¹  1  º  º   arcsin       ¹    𝑤  1   º    |     ¶      𝑂  e     ¹      𝑛   𝑑   º       


   w  =    v  *  


             z  1  ⊤     A    −  1    y       ≍      𝑛  𝑑           |      z  𝑖  ⊤     A    −  1    y   |       ¶      𝑂  e     ¹      𝑛   𝑑   º     ∀  𝑖  >  1             SU   𝑛   ¹    v  *   |    v  *   º       ≍      𝜇  𝑛     


             |      z  𝑖  ⊤     A    −  1    y  −    z  𝑖  ⊤     A    −  𝑅     −  1    y   |     ¶      {              


             z  1  ⊤     A    −  1    y    ≍      𝑛  𝑑      arcsin       𝑤  1   .      


          (5.16)         SU   𝑛   ¹    v  *   |  w  º  ≍      𝜇  𝑛     𝑤  1       


          (      |    𝑤  𝑖   |   =  𝜔  ¹       log     𝑛  �  𝑛    º  )        ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ®        𝜇  𝑛    ¹    |    𝑤  1   |   Ï    |    𝑤  2   |   º    𝑛      1  −  𝑝   2    Ï    𝑛    1  −  𝑝           (      |    𝑤  2   |   =  𝑜  ¹    |    𝑤  1   |   º  )          ®        𝜇  𝑛      |    𝑤  1   |     𝑛      1  −  𝑝   2    Ï    𝑛    1  −  𝑝      


             𝑂  e   ¹      𝜇  𝑛      𝑛      1  −  𝑝   2    º  ¹      𝜇  𝑛      |    𝑤  1   |     𝑛      1  −  𝑝   2    Ï    𝑛    1  −  𝑝    º       ¶      𝑂  e   ¹    𝜇  𝑛     |    𝑤  1   |     𝑛    1  −  𝑝    Ï      𝜇  𝑛      𝑛      3  −  3  𝑝   2    º              ®      𝑂  e   ¹    𝜇  𝑛     |    𝑤  1   |     𝑛    1  −  𝑝    º  Ï  𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º              ¶    𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º    


             |      z  1  ⊤     A    −  1    y  −      ¹    2  𝜋   º     3  �  2      𝑛    1  −  𝑝    ¹  1  Ï  𝑜  ¹  1  º  º   arcsin       𝑤  1    |                  ®      𝑂  e   ¹    𝑛      1  2   −  𝑝    º  Ï  𝑜  ¹    𝑛    1  −  𝑝       arcsin       ¹    |    𝑤  1   |   º   º         (      |    𝑤  1   |     ¾    𝜔  ¹         log     𝑛   𝑛    º  )              ¶    𝑜    ¹    𝑛    1  −  𝑝       arcsin       𝑤  1   º   ,    


                CN   𝑛   ¹    v  *   |  w    º  2   ®    𝑜  ¹    𝜇  𝑛  2       |    𝑤  1   |   2   º  Ï    𝜇  𝑛  2     𝑛    𝑟  −  1       log         ¹  𝑛  º   2   Ï    𝑛    1  −  𝑝       log       ¹  𝑛  º                CN   𝑛   ¹    v  *   |  w    º  2   ¦      𝜇  𝑛  2     𝑛    𝑟  −  1    Ï    𝑛    1  −  𝑝    .    


          (5.17)       CN   ¹    v  *   |  w    º  2      =    Í    𝑖  ∈    {  2  ,  𝑠  Ï  1  }     ¹    𝜆  𝑖     z  𝑖  ⊤     A    −  1    y    º  2   Ï    Í    𝑖  8    {  1  ,  2  ,  𝑠  Ï  1  }     ¹    𝜆  𝑖     z  𝑖  ⊤     A    −  1    y    º  2     .    


             𝜇  𝑛  2     𝑠  𝑛      log         ¹  𝑛  º   2   Ï    𝑛  𝑑      log       ¹  𝑛  º   =    𝜇  𝑛  2     𝑛    𝑟  −  1       log         ¹  𝑛  º   2   Ï    𝑛    1  −  𝑝       log       ¹  𝑛  º   .      


             |      z  𝑖  ⊤     A    −  1    y  −    z  𝑖  ⊤     A    −  𝑅     −  1    y   |     ®      ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2   ,      


             ‖      z  𝑖  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2      =    {            


             ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ®        𝜇  𝑛      |    𝑤  1   |     𝑛      1  −  𝑝   2    Ï    𝑛    1  −  𝑝    .    


             ‖      z  2  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ¶    𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º  .    


             ‖      z    𝑠  Ï  1   ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2       ‖      X  𝑅  ⊤     A    −  𝑅     −  1    y   ‖         2        ®      𝜇  𝑛     |    𝑤  1   |     𝑛      1  2   −  𝑝    Ï      𝜇  𝑛      |    𝑤  1   |     𝑛      3  −  3  𝑝   2    Ï      𝜇  𝑛      𝑛    1  −      3  𝑝   2     Ï    𝑛    2  −  2  𝑝                ®    𝑜  ¹    𝑛      1  2   −  𝑝    º  Ï  𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º  Ï    𝑛    2  −  2  𝑝    ,    


           |      z  2  ⊤     A    −  1    y   |       ¶      𝑂  e   ¹    𝑛      1  2   −  𝑝    º  Ï  𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º          |      z    𝑠  Ï  1   ⊤     A    −  1    y   |       ¶      𝑂  e   ¹    𝑛      1  2   −  𝑝    º  Ï  𝑜  ¹    𝑛    1  −  𝑝      |    𝑤  1   |   º  Ï    𝑛    2  −  2  𝑝      


           𝑜  ¹    𝜇  𝑛  2       |    𝑤  1   |   2   º  Ï    𝑂  e   ¹    𝑛    1  −  2  𝑝    º  Ï  𝑜  ¹    𝑛    2  −  2  𝑝        |    𝑤  1   |   2   º  Ï    𝑛    4  −  4  𝑝         ¶    𝑜  ¹    𝜇  𝑛  2       |    𝑤  1   |   2   º  Ï    𝑛    1  −  𝑝    ,    


             f   weak    »  1  ¼     =      𝜆    𝐹  ,   weak        z  1  ⊤     A    −  1    y              ≍            𝑎   weak      𝑑   weak       𝑠   weak        𝑛    𝑑   weak               =      𝜇    𝑛  ,   weak        𝑛      1  −    𝑝   weak     2    ,    


           |      f   weak    »  𝑖  ¼   |       ®      {                      ®      {            


             ‖    f   weak    ‖         2        ®      𝜇    𝑛  ,   weak       𝑛    1  −    𝑝   weak      Ï    𝑛    1  −    𝑝   weak         log     𝑛  ⋅        𝑠   weak      𝜆    𝐹  ,   weak     Ï  ¹    𝑑   weak    −    𝑠   weak    º    𝜆    𝑈  ,   weak        𝑑   weak               =  ¹    𝜇    𝑛  ,   weak     Ï   log     𝑛  º    𝑛    1  −    𝑝   weak             (      𝑞   weak    Ï    𝑟   weak    >  1  )          ®      𝑛    1  −    𝑝   weak         log     𝑛    


             ‖    f   weak    ‖         2     ¾      𝜆    𝑈  ,   weak       Í    𝑖  =    𝑠   weak    Ï  1     𝑑   weak     ¹    z  𝑖  ⊤     A    −  1    y    º  2      =    𝜆    𝑈  ,   weak       y  ⊤     A    −  1      Í    𝑖  =    𝑠   weak    Ï  1     𝑑   weak       z  𝑖     z  𝑖  ⊤     A    −  1    y         (Lemma 5.6.9)          ¦      𝑛    1  −    𝑝   weak      .    


          (5.18)        𝑛      1  −    𝑝   weak     2      ®      ‖    f   weak    ‖     ®      𝑛      1  −    𝑝   weak     2         log     𝑛    .      


             w   weak    =      f   weak      ‖    f   weak    ‖    =    𝑤  1     e  1   Ï    𝑤  2     e  2   Ï    𝑤    𝑠  Ï  1      e    𝑠  Ï  1    ,      


          (5.19)          1       log     𝑛          𝜇    𝑛  ,   weak        ®         𝑤  1     ®        𝜇    𝑛  ,   weak             (5.20)          1     log     𝑛       𝑛    −      𝑞   weak    2       ®         |    𝑤  2   |     ®      𝑛    −      𝑞   weak    2          log     𝑛           (5.21)      1    ®         |    𝑤    𝑠  Ï  1    |     .    


          (5.22)      1  −    𝑞   weak    −    𝑟   weak    >  −  𝑢    ⇐    ⇒      𝑞   weak    Ï    𝑟   weak    <  𝑢  Ï  1  .      


             |    𝑤  2   |     ¶      𝑛    −      𝑞   weak    2          log     𝑛    ≪    1       log     𝑛       𝑛      1  −    𝑞   weak    −    𝑟   weak     2      ¶      𝑤  1   ,      


               𝜇  𝑚      𝑛      𝑢  −  𝑝   2    =    𝑛        𝑢  −  𝑞  −  𝑟   2   Ï      𝑢  −  𝑝   2     ≪    𝑛      1  −    𝑞   weak    −    𝑟   weak     2         ⇐    ⇒    2  𝑢  −  ¹  𝑝  Ï  𝑞  Ï  𝑟  º  <  1  −  ¹    𝑞   weak    Ï    𝑟   weak    º         (5.23)          ⇐    ⇒    𝑞  Ï  𝑟  >  2  𝑢  −  ¹  𝑝  Ï  1  º  Ï    𝑞   weak    Ï    𝑟   weak      


              SU     𝑚  ,   strong     ¹    v  *   |    w   weak    º  ¦      𝜇  𝑚     𝑤  1     ¾      1       log     𝑛       𝜇  𝑚   ⋅    𝑛      1  −    𝑞   weak    −    𝑟   weak     2        


              CN     𝑚  ,   strong     ¹    v  *   |  w    º  2        ¶    𝑜  ¹    𝜇  𝑚  2       |    𝑤  1   |   2   º  Ï    𝜇  𝑚  2     𝑛    𝑟  −  𝑢       log     𝑛  Ï    𝑛    𝑢  −  𝑝       log     𝑛  .    


             1     log     𝑛      𝑛        1  −    𝑞   weak    −    𝑟   weak     2   −      𝑟  −  𝑢   2     ,      


          (5.24)        𝑞   weak    Ï    𝑟   weak    <  𝑢  Ï  1  −  𝑟      


             1     log     𝑛      𝑛    𝑢  −  𝑞  −  𝑟  Ï      1  −    𝑞   weak    −    𝑟   weak     2   −      𝑢  −  𝑝   2     ,      


          (5.25)        𝑞   weak    Ï    𝑟   weak    <  𝑢  Ï  𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º  .      


           𝑢     >    𝑞   weak    Ï    𝑟   weak    −   min       {  1  ,  1  −  𝑟  ,  𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º  }             =    𝑞   weak    Ï    𝑟   weak    −   min       {  1  −  𝑟  ,  𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º  }   ,    


          (5.26)      |       SU     𝑚  ,   strong     ¹    v  *   |    w   weak    º   |       ®      𝜇  𝑚   ⋅   max       {    𝑤  1   ,    𝑛      𝑢  2   −  𝑝         log     𝑛    }          (5.27)         CN     𝑚  ,   strong     ¹    v  *   |    w   weak    º       ¦      𝜇  𝑚     𝑛      𝑟  −  𝑢   2    Ï    𝑛      𝑢  −  𝑝   2      .    


     y    ¹  1  º    ,    .  .  .   ,    y    ¹  𝑘  º   


     y    ¹  𝑖  º    ∈      {  ±  1  }   𝑛  


             𝑦    ¹  𝑗  º    =   sgn   ¹    𝑥  𝑗   º  ,        ∀  𝑗  ∈  »  𝑘  ¼      


     f   weak     ¹  𝑖  º    ∈    Ò    𝑑   weak    


     f    w  2  s     ¹  𝑖  º   


       y  b     ¹  𝑖  º    =   sgn   ¹  ⟨    f   weak     ¹  𝑖  º    ,    x   weak    ⟩  º 


   f 


     x   test   


   f  =  ¹    f    ¹  1  º    ,    .  .  .   ,    f    ¹  𝑘  º    º 


   ℓ  ¹  f  º  =       Pr         »    ∃  𝑖  ∈  »  𝑘  ¼  :   sgn   ¹    ⟨      f    ¹  𝑖  º    ,    x   test     ⟩   º  <    𝑦   test     ¹  𝑖  º     ¼  


   ¹    x   test    ,    𝑦   test    º 


    exp       ¹    −    𝑛    1  �  2     º  


   𝛿 


    poly      log       ¹  1  �  𝛿  º  


     1  2   −    𝑜  𝑛   ¹  1  º 


   1  −  𝑂  ¹    2    −  𝑘    º 


          (5.28)            E     »  ℓ  ¹    f    w  2  s    º  ¼     =    {              𝑜  𝑛   ¹  1  º  ,             if     𝑢  >    𝑞   weak    Ï    𝑟   weak    −   min       {  1  −  𝑟  ,    𝜏   strong    }            ¹  1  º  ,             if     𝑢  <    𝑞   weak    Ï    𝑟   weak    −   min       {  1  −  𝑟  ,    𝜏   strong    }   .             


   {   Qwen2.5-Math-1.5B-Instruct   ,   gemma-3-1B-it   ,   Llama-3.2-1B-Instruct   } 


   {   mult   ,   sudoku   } 


    20   % 


    80   % 


     𝑠  𝑖  


     𝑠  𝑖  ′  


   4  ×  4 


   𝑇  =  0  .  7  ,  1  .  0 


   𝑛  =   10   ,   000  


    20   ,   000  


    100  


   1  .   96   ⋅   SE  


    10   % 


   → 


   𝑇  ∈  {  0  .  0  ,  0  .  7  ,  1  .  0  } 


   ∀  𝑖  ∈  »  𝑘  ¼  :   sgn   ¹  ⟨    f    w  2  s     ¹  𝑖  º    ,    x   test    ⟩  º  =    𝑦   test     ¹  𝑖  º    . 


   ∀  𝑖  ∈  »  𝑘  ¼  :   sgn   ¹         SU   ¹    v  *    ¹  𝑖  º    |  w  º      CN   ¹    v  *    ¹  𝑖  º    |  w  º       𝑥  *    ¹  𝑖  º    Ï    𝑔    ¹  𝑖  º    º  =   sgn   ¹    𝑥  *    ¹  𝑖  º    º  , 


     𝑥  *    ¹  𝑖  º    =    ⟨      g   test    ,    v  *    ¹  𝑖  º     ⟩  


     𝑔    ¹  𝑖  º   


    exp       ¹    −    𝑛  𝑐    º  


    sgn   ¹       SU   ¹    v  *    ¹  𝑖  º    |  w  º      CN   ¹    v  *    ¹  𝑖  º    |  w  º      𝑥  *    ¹  𝑖  º    Ï    𝑔    ¹  𝑖  º    º  =   sgn   ¹    𝑔    ¹  𝑖  º    º 


   𝑖  <  𝑗 


     𝑔    ¹  𝑗  º   


     𝑔  e  


     𝑥  *    ¹  𝑖  º   


     𝑥  *    ¹  𝑗  º   


   ¹  𝑖  ,  𝑗  º 


     2    −  𝑘   


    SU   ¹  v  |      y  b    weak     ¹  𝑖  º    º  −   SU   ¹  v  |      y  b    weak     ¹  𝑗  º    º  , 


   v  =    v  *    ¹  𝑖  º   


    SU   �   CN  


          (5.29)            E     »  ℓ  ¹    f   strong    º  ¼  =  1  −  ^^02    ¹    1  𝑘   º   ,      


     ℰ   err   


                SU   𝑛      CN   𝑛         max     𝑗  ∈  »  𝑘  ¼        |    𝑥  𝑗   |     ¶       max     𝑖  ∈  »  𝑘  ¼        𝑔  𝑖   ,      


   ¹    𝑥  𝑗     º    𝑗  ∈  »  𝑘  ¼   


   ¹    𝑔  𝑖     º    𝑖  ∈  »  𝑘  ¼   


        SU   𝑛      CN   𝑛      ¶      𝑛    −  𝑢   


   𝑢  >  0 


   1  −  𝑂  ¹  1  �  𝑛  º 


      max     𝑗  ∈  »  𝑘  ¼        |    𝑥  𝑗   |     ¶    𝑂  ¹       log     𝑘    º 


   1  −  𝑂  ¹  1  �  𝑘  º 


       E    »    𝑔  𝑖     𝑔  𝑗   ¼  ¶      1  2   Ï    𝑛    −  𝛿   


   𝛿  >  0 


   𝑘  =  𝑜  ¹  𝑛  º 


   𝑂  ¹  ⋅  º 


      ¹  ⋅  º 


     𝜌  0   ∈  ¹  0  ,  1  º 


   ¹    𝑔  𝑖     º    𝑖  ∈  »  𝑁  ¼   


       E    »    𝑔  𝑖     𝑔  𝑗   ¼  ¶      𝜌  0  


   𝑖  ,  𝑗  ∈  »  𝑁  ¼ 


   0    ¶      𝑡  𝑁   =    𝛿  0       2  ¹  1  −    𝜌  0   º   log     𝑁   


     𝛿  0   ∈  »  0  ,  1  º 


   𝐶  >  0 


     𝜌  0  


   𝐶  =        𝜌  0     1  −    𝜌  0     


       E    »    𝑔  𝑖     𝑔  𝑗   ¼  =    𝜌  0  


   𝑖  ,  𝑗 


     𝑡  𝑁   =  𝑂    ¹       log      log     𝑁        log     𝑁     º  


        Pr       »     max     𝑖  ∈  »  𝑁  ¼        𝑔  𝑖     ¶      𝑡  𝑁   ¼   =  ^^02    ¹    𝑁    1  −    1    𝜌  0      ¹   log     𝑁    º      1    2    𝜌  0     −  1    º   . 


   𝑁  =  𝑘  −  1 


     𝜌  0   =    1  2   Ï    𝑛    −  𝛿   


     𝛿  0   =    1     log     𝑘   


     𝛿  0       2  ¹  1  −    𝜌  0   º   log     𝑘      ¾      𝑛    −  𝑢   


   𝑘  =    𝑐  𝑘     𝑛  𝑡  


   𝑡  ∈  »  0  ,  1  º 


          (      𝛿  0       2  ¹  1  −    𝜌  0   º   log     𝑘      ¾      𝑛    −  𝑢    )             Pr          »       max     𝑖  ∈  »  𝑘  ¼        𝑔  𝑖     ¶      𝑛    −  𝑢     ¼        ¶           Pr          »       max     𝑖  ∈  »  𝑘  ¼        𝑔  𝑖     ¶      𝛿  0       2  ¹  1  −    𝜌  0   º   log     𝑘     ¼          (Theorem 5.3.6)          ¶    𝑂    ¹    𝑘    −  ¹  1  −    𝛿  0     º  2   ¹  1  −  𝑂  ¹    𝑛    −  𝛿    º  º    ¹   log     𝑘    º    −      𝛿  0   2   Ï  𝑂  ¹    𝑛    −  𝛿    º    º          (      𝑘    𝑂  ¹    𝑛    −  𝛿    º    =  1  Ï    𝑜  𝑛   ¹  1  º  )          ¶    𝑂    ¹    𝑘    −  ¹  1  −    𝛿  0     º  2     ¹   log     𝑘    º    −      𝛿  0   2     º   ¹  1  Ï    𝑜  𝑛   ¹  1  º  º         (    ¹   log     𝑘    º    −    𝛿  0   �  2    =  1  −    𝑜  𝑘   ¹  1  º  )          ¶    𝑂  ¹    𝑘    −  ¹  1  −    𝛿  0     º  2     º         (      𝛿  0   =  1  �   log     𝑘  )          ¶    𝑂    ¹    1  𝑘   º     .    


                  Pr          »       max     𝑖  ∈  »  𝑘  ¼        𝑔  𝑖   >    𝑛    −  𝑢     ¼     ¾    1  −  𝑂    ¹    1  𝑘   º     .      


       𝑔  𝑖   _  


     1  2   −    𝑛    −  𝛿   


          (Slepian's lemma)             Pr          »       max     𝑖  ∈  »  𝑘  ¼        𝑔  𝑖     ¶      𝑛    −  𝑢     ¼        ¾           Pr          »       max     𝑖  ∈  »  𝑘  ¼          𝑔  𝑖   _     ¶      𝑛    −  𝑢     ¼               ¾           Pr          »       max     𝑖  ∈  »  𝑘  ¼          𝑔  𝑖   _     ¶    0   ¼          ([PSZ21, Theorem 2.1])          ¾         ¹    1    𝑘    1  Ï    𝑛    −  𝛿       º          (      𝑘    𝑛    −  𝛿     =  1  Ï    𝑜  𝑛   ¹  1  º  )          ¾         ¹    1  𝑘   º     .    


   1  −     ¹    1  𝑘   º 


   ^^02 


   ¹  1  Ï    𝑜  𝑁   ¹  1  º  º        𝜌  0     1  −    𝜌  0     


     𝑔  𝑖   =      𝜌  0    𝑥  Ï      1  −    𝜌  0       ℎ  𝑖   , 


   𝑥  ,    ℎ  𝑖  


          (5.30)             Pr          »       max     𝑖  ∈  »  𝑁  ¼        𝑔  𝑖     ¶      𝑡  𝑁    ¼      =    ¯    −  ∞   ∞   𝜓  ¹  𝑠  º  𝑑  𝑠  ,         (5.31)      𝜓  ¹  𝑠  º       ¬    𝜙  ¹  𝑠  º    ^^08  𝑁     ¹        𝑡  𝑁   −      𝜌  0    𝑠       1  −    𝜌  0      º   ,    


   𝜙  ¹  ⋅  º 


   ^^08  ¹  ⋅  º 


   𝑡  >  0 


             𝑡    1  Ï    𝑡  2     𝜙  ¹  𝑡  º  ¶    1  −  ^^08  ¹  𝑡  º  =  ^^08  ¹  −  𝑡  º  ¶      1  𝑡   𝜙  ¹  𝑡  º    .      


     ^^08  𝑁   ¹  ⋅  º 


   𝛿  ∈  »  0  ,  1  ¼ 


             ^^08  𝑁   ¹      2     log     𝑁    ¹  1  −  𝛿  º  º     =  ¹  1  −  ^^08  ¹  −      2     log     𝑁    ¹  1  −  𝛿  º  º    º  𝑁          (Mill's inequality)          ¶        ¹  1  −      1        2  𝜋      𝑁    ¹  1  −  𝛿    º  2     ¹      2     log     𝑁    ¹  1  −  𝛿  º  Ï  1  º     º   𝑁          (5.32)          ¶     exp       ¹    −        𝑁    1  −  ¹  1  −  𝛿    º  2           2  𝜋    ¹      2     log     𝑁    Ï  1  º      º     .    


   𝛿  >      𝑐     log      log     𝑁      log     𝑁   


   𝑐  >    1  4  


   𝑐  >    3  4  


   𝜓 


     𝑐  𝑁   ,    𝑑  𝑁   >  0 


             ¯    −  ∞     −    𝑐  𝑁     𝜓  ¹  𝑠  º    d  𝑠   Ï    ¯    −    𝑐  𝑁      −    𝑑  𝑁     𝜓  ¹  𝑠  º    d  𝑠   Ï    ¯    −    𝑑  𝑁    ∞   𝜓  ¹  𝑠  º    d  𝑠   .      


     𝛼  0     ¬  ¹    1    𝜌  0    −  1  º  ¹  1  −    𝛿  0     º  2  


     𝛽  0     ¬        𝛼  0     1  −    𝛿  0    


     ¯    −  ∞   ∞   𝜓  ¹  𝑠  º    d  𝑠     ¶    𝑂    ¹    𝑁    −    𝛼  0     ¹   log     𝑁    º          𝛽  0   −  1   2     º  


   Ò 


             𝑠  𝑁   ¹  𝑢  º       ¬  −        2  ¹  1  −    𝜌  0   º   log     𝑁     𝜌  0     𝑢  =  −        2    𝛼  0      log     𝑁      1  −    𝛿  0     𝑢            𝑓  𝑁   ¹  𝑠  º       ¬          𝑡  𝑁   −      𝜌  0    𝑠       1  −    𝜌  0      ,    


   »  −    𝑐  𝑁   ,  −    𝑑  𝑁   ¼ 


   ℐ 


   𝑢 


     𝑐  𝑁  


   ^^08  ¹  −    𝑐  𝑁   º  =  𝑂    ¹    𝑁    −    𝛼  0     ¹   log     𝑁    º          𝛽  0   −  1   2     º  


     ¯    −  ∞     −    𝑐  𝑁     𝜓  ¹  𝑠  º    d  𝑠     ¶    ¯    −  ∞     −    𝑐  𝑁     𝜙  ¹  𝑠  º    d  𝑠   =  ^^08  ¹  −    𝑐  𝑁   º  ¶    𝑂    ¹    1    𝑁    𝛼  0     ¹   log     𝑁    º          𝛽  0   −  1   2     º   . 


          (5.33)        𝑐  𝑁        ¬          2  ¹  1  −    𝜌  0   º   log     𝑁     𝜌  0       ¹  1  −    𝛿  0   −       log      log     𝑁     4     log     𝑁    º             =  −    𝑠  𝑁     ¹  1  −    𝛿  0   −       log      log     𝑁     4     log     𝑁    º     .    


   𝑁 


           ^^08  ¹  −    𝑐  𝑁   º  ¶        𝜙  ¹    𝑐  𝑁   º     𝑐  𝑁         ¶         exp       ¹    −    𝛼  0      log     𝑁  ¹  1  −         log      log     𝑁     4  ¹  1  −    𝛿  0   º   log     𝑁    2   º   º          2  𝜋        2  ¹      1    𝜌  0     −  1  º   log     𝑁    ¹  1  −    𝑜  𝑁   ¹  1  º  º           (      𝛽  0   =      𝛼  0     1  −    𝛿  0     )          ¶          𝜌  0     1  −    𝜌  0        𝑁    −    𝛼  0     ¹   log     𝑁    º        𝛽  0   −  1   2      


     𝑑  𝑁  


     ^^08  𝑁   ¹    𝑓  𝑁   ¹  −    𝑑  𝑁   º  º  ≪    1    𝑁    𝛼  0     ¹   log     𝑁    º          𝛽  0   −  1   2    


     ¯    −    𝑑  𝑁    ∞   𝜓  ¹  𝑠  º    d  𝑠     ¶      ^^08  𝑁   ¹    𝑓  𝑁   ¹  −    𝑑  𝑁   º  º  ≪    1    𝑁    𝛼  0     ¹   log     𝑁    º          𝛽  0   −  1   2     . 


     𝑑  𝑁     ¾    0 


         𝑡  𝑁   Ï      𝜌  0      𝑑  𝑁        1  −    𝜌  0        ¶        2     log     𝑁    ¹  1  −  ¹    3  4   Ï  𝜀  º       log      log     𝑁      log     𝑁    º 


     𝑡  𝑁   =    𝛿  0       2  ¹  1  −    𝜌  0   º   log     𝑁   


     𝑓  𝑁   ¹  −    𝑑  𝑁   º  =      2     log     𝑁      𝛿  0   Ï        𝜌  0        1  −    𝜌  0        𝑑  𝑁  


          (5.34)        𝑑  𝑁        ¬          2  ¹  1  −    𝜌  0   º   log     𝑁     𝜌  0       ¹  1  −    𝛿  0   −  ¹      3  4    Ï  𝜀  º       log      log     𝑁      log     𝑁    º             =  −    𝑠  𝑁     ¹  1  −    𝛿  0   −  ¹      3  4    Ï  𝜀  º       log      log     𝑁      log     𝑁    º     .    


     𝑐  𝑁   ,    𝑑  𝑁  


   ℐ    ¬  »  1  −    𝛿  0   −  ¹    3  4   Ï  𝜀  º       log      log     𝑁      log     𝑁    ,  1  −    𝛿  0   −    1  4   ⋅       log      log     𝑁      log     𝑁    ¼ 


   𝜂  ∈  »  0  ,    1  2   Ï  𝜀  ¼ 


             𝑢  𝑁   ¹  𝜂  º       ¬    1  −    𝛿  0   −      ¹  𝜂  Ï    1  4   º   log      log     𝑁      log     𝑁    ,    


     d  𝑠   =    𝑠  𝑁  ′   ¹    𝑢  𝑁   ¹  𝜂  º  º    𝑢  𝑁  ′   ¹  𝜂  º    d  𝜂   =        2    𝛼  0       1  −    𝛿  0     ⋅       log      log     𝑁        log     𝑁         d  𝜂     . 


     𝑠  𝑁   ¹    𝑢  𝑁   ¹  »  0  ,    1  2   Ï  𝜀  ¼  º  º  =  »  −    𝑐  𝑁   ,  −    𝑑  𝑁   ¼ 


               𝑠  e   𝑁   ¹  𝜂  º       ¬      𝑠  𝑁   ¹    𝑢  𝑁   ¹  𝜂  º  º              𝑓  e   𝑁   ¹  𝜂  º       ¬      𝑓  𝑁   ¹      𝑠  e   𝑁   ¹  𝜂  º  º  =      2     log     𝑁      ¹  1  −      ¹  𝜂  Ï    1  4   º   log      log     𝑁      log     𝑁    º   .    


     ¯    −    𝑐  𝑁      −    𝑑  𝑁     𝜓  ¹  𝑠  º    d  𝑠   =        2    𝛼  0       1  −    𝛿  0     ⋅       log      log     𝑁        log     𝑁       ¯  0    1  �  2  Ï  𝜀    𝜓  ¹      𝑠  e   𝑁   ¹  𝜂  º  º    d  𝜂     . 


   𝑂  ¹    𝑁    −    𝛼  0     ¹   log     𝑁    º        𝛽  0   −  1   2    º 


       2     log     𝑁    ¹    𝛿  0   Ï    𝑢  𝑁   ¹  𝜂  º  º  =  𝜔  ¹  1  º 


   𝜏  >  0 


     𝛽  0   𝜏  <  1 


   𝜏 


     1  2   Ï  𝜀 


             ¯  0    1  �  2  Ï  𝜀    𝜓  ¹      𝑠  e   𝑁   ¹  𝜂  º  º    d  𝜂     ¶    Í    𝑘  =  0         1  �  2  Ï  𝜀   𝜏       ¯    𝑘  𝜏     ¹  𝑘  Ï  1  º  𝜏    𝜓  ¹      𝑠  e   𝑁   ¹  𝜂  º  º    d  𝜂     .      


             ¯    𝑘  𝜏     ¹  𝑘  Ï  1  º  𝜏    𝜓  ¹      𝑠  e   𝑁   ¹  𝜂  º  º    d  𝜂        ¶    𝜏  ⋅  𝜙  ¹      𝑠  e   𝑁   ¹  ¹  𝑘  Ï  1  º  𝜏  º  º    ^^08  𝑁   ¹      𝑓  e   𝑁   ¹  𝑘  𝜏  º  º              ¶    𝐶  ⋅  𝜏  ⋅    𝑁    −    𝛼  0     ¹   log     𝑁    º      𝛽  0   ⋅  ¹      1  2    Ï  2  ¹  𝑘  Ï  1  º  𝜏  º     exp       ¹    −  ¹   log     𝑁    º    2  𝑘  𝜏     º   ,    


   𝐶 


   𝜙  ¹      𝑠  e   𝑁   ¹  𝜂  º  º  =  𝑂  ¹    𝑁    −    𝛼  0     ¹   log     𝑁    º    2    𝛽  0   ⋅  ¹      1  4    Ï  𝜂  º    º 


     ^^08  𝑁   ¹      𝑓  e   𝑁   ¹  𝜂  º  º  =  𝑂  ¹   exp         ¹    −   log     𝑁   º     2  𝜂    º 


   2    𝛽  0   ¹  𝑘  Ï  1  º  𝜏  <    1  2  


        log      log     𝑁      log     𝑁    ¹   log     𝑁    º    2    𝛽  0   ¹  𝑘  Ï  1  º  𝜏    ≪  ¹   log     𝑁    º    −    1  2    


   2    𝛽  0   ¹  𝑘  Ï  1  º  𝜏    ¾      1  2  


     𝛽  0   𝜏  <    1  8  


   2  𝑘  𝜏    ¾      1    4    𝛽  0     >  0 


    exp       ¹    −  ¹   log     𝑁    º    2  𝑘  𝜏     º  


   ≪    𝑁    −    𝛼  0     ¹   log     𝑁    º        𝛽  0   −  1   2   


     ¯    −    𝑐  𝑁      −    𝑑  𝑁     𝜓  ¹  𝑠  º    d  𝑠     ¶          𝜌  0     1  −    𝜌  0        𝑁    −    𝛼  0     ¹   log     𝑁    º        𝛽  0   −  1   2   


     𝑛   test    =   100  


   8 


   »  1  ,  1  .  3  ¼ 


   𝑥 


   𝛽 


   𝑛  =   10   ,   000  


   >   95   % 


   𝑦 


   <  5  % 


   >   40   % 


   {  1  .  0  ,  1  .  5  ,  2  .  0  }  ×  {  1  .  0  ,  1  .  5  ,  2  .  0  } 


     f   strong    =    X  ⊤     A    −  1    y  , 


   y  ∈      {  ±  1  }   𝑛  


     𝑥   weak   


   X  ↦  →  X  𝑈 


           X  =    »                  𝜆  1      z  1          𝜆  2      z  2      .  .  .         𝜆  𝑑      z  𝑑           ¼   ,      


     z  𝑖   ∼  𝑁  ¹  0  ,    𝐼  𝑛   º 


   𝑣  ∈    Ò  𝐷  


          (MNI)       SU   ¹  𝑣  º     =    Í    𝑖  ∈  »  𝑑  ¼      𝜆  𝑖     z  𝑖  ⊤     A    −  1    y      ⟨      v  𝑖   ,  𝑣   ⟩          (Orthonormality of       v  𝑖   )       CN   ¹  𝑣  º     =        Í    𝑖  ∈  »  𝑑  ¼    ¹    𝜆  𝑖     z  𝑖  ⊤     A    −  1    y    º  2   ¹  1  −      ⟨      v  𝑖   ,  𝑣   ⟩   2   º    .    


   𝑑    𝐼  𝑛  


     A    −  1    =    1  𝑑     𝐼  𝑛  


   y  =   sgn   ¹    ⟨    g  ,  w   ⟩   º 


   w  ∈    𝑅  𝐷  


   v  ∈    Ò  𝐷  


   𝑉  ⊆    Ò  𝐷  


   u  ∈    Ò  𝐷  


     u  𝑉  


   u 


   𝑉 


   𝑉  ⊆  »  𝑑  ¼ 


   𝑆  =  »  𝑠  ¼ 


   𝛼  ,  𝜌  >  0 


   u  ∈    Ò  𝑑  


     𝑇  u     ¬      {  𝑖  ∈  𝑆  :    |    𝑢  𝑖   |   =  𝜔  ¹    1    𝑛    º  }  


     𝑅  u   =  𝑆  \    𝑇  u  


   𝑇  =    𝑇  w  


   𝑅  =    𝑅  w  


     ⟨      v  𝑇   ,    w  𝑇    ⟩   =  𝛼      ‖    v  𝑇   ‖         2       ‖    w  𝑇   ‖         2  


   𝛼 


     Í    𝑖  ∈  𝑇      𝑣  𝑖  2     𝑤  𝑖  2   =    𝜌  2       ‖    w  𝑇   ‖         2  2  


     𝐿  𝑝  


     𝜌  2     ¶    1 


     |  𝑅  |   =     ¹  𝑠  º 


   v  =  w 


   𝜌 


     1  𝜌  


     𝑧    𝑖  𝑗    ∼  𝑁  ¹  0  ,  1  º 


                 E     »    z  𝑖  ⊤   y  ¼     =  𝑛        E     »    𝑧    𝑖  𝑗      𝑦  𝑗   ¼            =         Pr          »     sgn   ¹    𝑧    𝑖  𝑗    º  =    𝑦  𝑗    ¼         E     »    |    𝑧    𝑖  𝑗    |   ¼  −  ¹  1  −         Pr          »     sgn   ¹    𝑧    𝑖  𝑗    º  =    y  𝑗    ¼   º        E     »    |    𝑧    𝑖  𝑗    |   ¼            =        2  𝜋     ¹  2         Pr          »     sgn   ¹    𝑧    𝑖  𝑗    º  =    𝑦  𝑗    ¼   −  1  º            =  𝑛  ¹      2  𝜋      º    3  �  2     arcsin       𝑤  𝑖   ,    


       2  �  𝜋   


   𝑂  ¹    𝑛   º 


     2  𝜋      arcsin       ¹  𝑥  º     ≈      2  𝜋   𝑥 


     |    𝑤  𝑖   |   ≫    1    𝑛    º 


     𝜆  𝑖   =    𝜆  𝐹   =      𝑎  𝑑   𝑠  


   𝑖  ∈  »  𝑠  ¼ 


     𝜆  𝑖   =    𝜆  𝑈   =      ¹  1  −  𝑎  º  𝑑     𝑑  −  𝑠   


   𝑖  >  𝑠 


            SU   ¹  v  |  w  º     =        𝜆  𝐹   𝑛   𝑑     Í    𝑖  ∈    𝑇  w       𝑣  𝑖      arcsin       𝑤  𝑖   ±        𝜆  𝐹     𝑛    𝑑     Í    𝑖  ∈    𝑅  w       𝑣  𝑖   ±        𝜆  𝑈     𝑛    𝑑     Í    𝑖  >  𝑠      𝑣  𝑖     .    


     2  𝜋     |  𝑥  |     ¶      2  𝜋     |     arcsin     𝑥   |     ¶      |  𝑥  |   , 


   𝑥  ∈  »  −  1  ,  1  ¼ 


   𝑖  ∈    𝑇  w  


     𝑣  𝑖      arcsin       ¹    𝑤  𝑖   º     ≈    ^^02  ¹    𝑣  𝑖     𝑤  𝑖   º 


     𝑤  𝑖  ′   𝑠 


     𝑣  𝑖  ′   𝑠 


     𝜆  𝐹  


   ^^02  ¹  𝛼  ⋅      𝑎  𝑛   𝑠   ⋅    ‖    v    𝑇  w    ‖         2       ‖    w    𝑇  w    ‖         2   º 


                 𝜆  𝐹     𝑛    𝑑     |      Í    𝑖  ∈    𝑅  w       𝑣  𝑖    |        ¶        𝑎  𝑛   𝑠   ⋅        ‖    v    𝑅  w    ‖         1      𝑛           (      𝑅  w   ⊆  𝑆  )          ¶        𝑎  𝑛   𝑠   ⋅      𝑠  𝑛    ⋅    ‖    v    𝑅  w    ‖         2          (      ‖  v  ‖         2   =  1  )          ¶        𝑎  𝑛   𝑠   ⋅      𝑠  𝑛      .    


     |      Í    𝑖  >  𝑠      𝑣  𝑖    |     ¶      ‖  v  ‖         1     ¶      𝑑  


     𝜆  𝑈  


          (5.35)       SU   ¹  v  |  w  º  ≍        𝑎  𝑛   𝑠   ⋅    ¹  𝛼  ⋅    ‖    v    𝑇  w    ‖         2       ‖    w    𝑇  w    ‖         2   ±      𝑠  𝑛    º   ±      𝑛  𝑑      .      


   𝛼  =     ¹    𝑠  𝑛   º 


     𝑇  v  


          (Definition of       𝑅  v   )      |      Í    𝑖  ∈    𝑅  w   ∩    𝑇  v       𝑣  𝑖   Ï    Í    𝑖  ∈    𝑅  w   ∩    𝑅  v       𝑣  𝑖    |       ¶      ‖    v      𝑅  w   ∩    𝑇  v     ‖         1   Ï      |    𝑅  v   |     𝑛                ¶      ‖    v      𝑅  w   ∩    𝑇  v     ‖         1   Ï    𝑠    𝑛    ,    


         ‖    v      𝑅  w   ∩    𝑇  v     ‖       1      𝑛    Ï    𝑠  𝑛  


     |    𝑇  v   |   =  𝑜  ¹  𝑠  º 


       𝑠  𝑛   


     ℎ  𝑖  2   =  ¹  1  −    𝑣  𝑖  2   º      ⟨      z  𝑖   ,  y   ⟩   2  


            CN   ¹  v  |  w    º  2      =    Í    𝑖  ∈  »  𝑑  ¼      𝜆  𝑖  2   ¹  1  −    𝑣  𝑖  2   º  ⋅    y  ⊤     A    −  1      z  𝑖     z  𝑖  ⊤     A    −  1    y         (      A    −  1      ≈      1  𝑑     𝐼  𝑑   )          ≈      1    𝑑  2      Í    𝑖  ∈  »  𝑑  ¼      𝜆  𝑖  2     ℎ  𝑖  2             =      𝜆  𝐹  2     𝑑  2      Í    𝑖  ∈    𝑇  w       ℎ  𝑖  2   Ï      𝜆  𝐹  2     𝑑  2      Í    𝑖  ∈    𝑅  w       ℎ  𝑖  2   Ï      𝜆  𝑈  2     𝑑  2      Í    𝑖  >  𝑠      ℎ  𝑖  2               ¶          𝜆  𝐹  2     𝑛  2      𝑑  2      Í    𝑖  ∈    𝑇  w     ¹  1  −    𝑣  𝑖  2   º  ¹      2  𝜋       arcsin       𝑤  𝑖     º  2   Ï        𝜆  𝐹  2   𝑛     𝑑  2      Í    𝑖  ∈    𝑅  w     ¹  1  −    𝑣  𝑖  2   º  Ï        𝜆  𝑈  2   𝑛     𝑑  2    ¹  𝑑  −  𝑠  º  ,    


          (Assumption 5.11.1)          ¹      𝑎  𝑛   𝑠   º   2     Í    𝑖  ∈    𝑇  w     ¹  1  −    𝑣  𝑖  2   º    𝑤  𝑖  2   =      ¹      𝑎  𝑛   𝑠   º   2       ‖    w    𝑇  w    ‖         2  2   ¹  1  −    𝜌  2   º    .    


               ¹      𝑎  𝑛   𝑠   º   2   ⋅    1  𝑛   ⋅    Í    𝑖  ∈    𝑅  w     ¹  1  −    𝑣  𝑖  2   º     =      ¹      𝑎  𝑛   𝑠   º   2   ⋅        |    𝑅  w   |   −    ‖    v    𝑅  w    ‖         2  2    𝑛          (      ‖  v  ‖         2   =  1  )          ¶        ¹      𝑎  𝑛   𝑠   º   2   ⋅      |    𝑅  w   |   𝑛     .             


     𝑛  𝑑  


          (5.36)       CN   ¹  v  |  w  º  ≍      ¹      𝑎  𝑛   𝑠   º     ¹      1  −    𝜌  2         ‖    w    𝑇  w    ‖         2   Ï        |    𝑅  w   |   𝑛    º   Ï      𝑛  𝑑      .      


     𝜇  𝑛   =      𝑎  𝑛   𝑠  


     𝜇  𝑛   ≪  1 


   𝑞  Ï  𝑟  >  1 


          (5.37)           SU   ¹  v  |  w  º      CN   ¹  v  |  w  º      ≍          𝜇  𝑛   ⋅    ¹  𝛼      ‖    v    𝑇  w    ‖         2       ‖    w    𝑇  w    ‖         2   ±        ‖    v      𝑅  w   ∩    𝑇  v     ‖       1      𝑛    ±    𝑠  𝑛   º   ±      𝑛  𝑑         𝜇  𝑛     ¹      1  −    𝜌  2         ‖    w    𝑇  w    ‖         2   Ï        |    𝑅  w   |   𝑛    º   Ï      𝑛  𝑑          


          (Weak supervision)        𝛼      ‖    v    𝑇  w    ‖         2   ≫      1  −    𝜌  2            (Favored contamination)        𝛼      ‖    v    𝑇  w    ‖         2       ‖    w    𝑇  w    ‖         2   ≫        |    𝑅  w   |   𝑛                𝜇  𝑛   𝛼      ‖    v    𝑇  w    ‖         2       ‖    w    𝑇  w    ‖         2   ≫      𝑛  𝑑      


   v  =    v  *  


   y  =   sgn   ¹    ⟨    g  ,    v  *    ⟩   º 


        SU   ¹    v  *   |    v  *   º      CN   ¹    v  *   |    v  *   º    =    𝜔  𝑛   ¹  1  º  , 


     𝑜  𝑛   ¹  1  º 


     v  *   =    𝑒  1  


     𝑇  v   =    𝑇  w   =    {  1  }  


   𝛼  =  1 


   𝜌  =  1 


        SU   ¹    v  *   |    v  *   º      CN   ¹    v  *   |    v  *   º      ≍        𝜇  𝑛       𝜇  𝑛   ⋅      𝑠  𝑛    Ï      𝑛  𝑑      , 


    sgn   ¹    ⟨    g  ,  v   ⟩   º 


   𝑇  =    𝑇  v   =    𝑇  w  


     𝜌  2   =        ‖    v  𝑇   ‖       4  4        ‖    v  𝑇   ‖       2  2    


     𝜔  𝑛   ¹  1  º 


         ‖    v  𝑇   ‖         4  4        ‖    v  𝑇   ‖         2  2     =  1  −  𝑜  ¹  1  º  . 


     ‖    v  𝑇   ‖         2  2   =  1  −  𝑜  ¹  1  º 


   𝑖  ∈  𝑇 


     𝑣  𝑖   =  𝑜  ¹  1  º 


     𝑣  𝑖   =  1  −  𝑜  ¹  1  º 


   𝑇 


        SU   ¹  v  |  v  º      CN   ¹  v  |  v  º      ¶            𝑎  𝑛   𝑠       ‖    v  𝑇   ‖         2  2          𝑎  𝑛   𝑠         ‖    v  𝑇   ‖         2  2   −    ‖    v  𝑇   ‖         4  4       =        ‖    v  𝑇   ‖         2        1  −        ‖    v  𝑇   ‖       4  4        ‖    v  𝑇   ‖       2  2          ¶      1      1  −        ‖    v  𝑇   ‖       4  4        ‖    v  𝑇   ‖       2  2        , 


     ‖    v  𝑇   ‖         4  4   �    ‖    v  𝑇   ‖         2  2   =  1  −  𝑜  ¹  1  º 


     ‖    v  𝑇   ‖         2  2     ¶    1  −  𝜀 


     ‖    v  𝑇   ‖         4  4     ¶      ‖    v  𝑇   ‖         2  4     ¶  ¹  1  −  𝜀  º    ‖    v  𝑇   ‖         2  2  


   1  −  𝜀 


     𝑣  𝑖  2   =  1  −  𝜀 


   𝜀  ∈  ¹  0  ,  1  º 


     ‖    v    𝑇  \    {  𝑖  }     ‖         4  4     ¶      ‖    v    𝑇  \    {  𝑖  }     ‖         2  4     ¶    𝜀 


     ‖    v  𝑇   ‖         4  4     ¶  ¹  1  −  𝜀    º  2   Ï  𝜀    ¶    1  −     ¹  𝜀  º 


   0  .  5 


        Pr         »     type   |   addition    ¼  


        Pr         »     type   |   non-addition    ¼  


    carry_error   →   _int_error_single_digit_close   →   _int_error_single_digit   →   _int_error_two_digits   →   _int_error_10   →   _int_error_100  


    NP  


   𝜈 


     


   𝑓 


   𝜋 


   𝜀 


   𝑃 


   ℰ  ¹  𝑓  ,   log     𝑓  º  B      1  2     Í    𝑥  ,  𝑦  ∈       𝜋  ¹  𝑥  º  𝑃  »  𝑥  ,  𝑦  ¼  ⋅      ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  º   ⋅   log         𝑓  ¹  𝑥  º     𝑓  ¹  𝑦  º      ¶    𝜀 


   𝑃  »  𝑥  ,  𝑦  ¼ 


    KL       ¹  𝜈    ‖    𝜋  º  


   ℰ  ¹  𝑓  ,   log     𝑓  º 


     𝜈  𝑡  


   𝑡 


             d           d  𝑡     KL       ¹    𝜈  𝑡     ‖    𝜋  º   =  −  ℰ  ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º  . 


     𝜈  0  


   𝜀  ,  𝛿  >  0 


   𝑇  =    1    𝛿  𝜀    ⋅   log       ¹    1    𝜋   min     º  


   t  ∼  »  0  ,  𝑇  ¼ 


     𝜈  t  


   1  −  𝛿 


   𝐺 


     𝑛    𝑑  Ï  1   


   ¹  𝑑  Ï  1  º 


          ¹  𝑛  ⋅       log     𝑑   𝑑   º  


   1  −    𝑜  𝑑   ¹  1  º 


   𝐼  ⊆  𝑉 


   𝑣  ∈  𝑉 


   𝐼  ∪  {  𝑣  } 


     𝐼  ′   =  𝐼  ∪  {  𝑣  } 


   1  �  2 


     𝐼  ′   =  𝐼  \  {  𝑣  } 


    exp       ¹       ¹  𝑛  º   º  


   𝑑    ¾    6 


   I 


   𝑂      ¹  𝑛    𝑑  4   º  


       1  −    𝑜  𝑑   ¹  1  º   4   ⋅  𝑛  ⋅       log     𝑑   𝑑  


     1     log     𝑑   


   ¹  1  −    𝑜  𝑑   ¹  1  º  º  ⋅  𝑛  ⋅       log     𝑑   𝑑  


   𝑣 


     𝑥    𝑣  ∪  𝑁  ¹  𝑣  º   


   ¦         log     𝑑   𝑑  


   ¦     log     𝑑 


          ¹       log     𝑑   𝑑   º  


   𝜇 


   {  ±  1    }  𝑛  


   𝑊  ⊂  »  𝑛  ¼ 


     𝑥    𝑊  ‾   


   𝑊 


     𝑃    𝑊  ,    𝑥    𝑊  ‾     


   𝜇  |    𝑥    𝑊  ‾   


     𝜌   MLSI        ¹    𝑃    𝑊  ,    𝑥    𝑊  ‾      º     ¾    𝐶 


           E         x    𝑊  ‾    ∼  𝜈        »    𝑑   TV        ¹    𝜈    |    x    𝑊  ‾      ,    𝜋    |    x    𝑊  ‾      º   ¼     ¶      1  𝐶   ⋅    𝜀     . 


    poly   ¹  𝑛  º 


     1    𝑑   


     1  2   Ï         ¹    1    𝑑    º  


   𝑀  ∈    Ò    𝑛  ×  𝑛   


           𝑀  =    𝜆        ⋅      𝑣    𝑣  ⊤          Ï    𝑊        .      


   𝑣  ∈    Ò  𝑛  


   𝑊  ∈    Ò    𝑛  ×  𝑛   


   𝑀  =  𝜆  ⋅  𝑣    𝑣  ⊤   Ï  𝑊 


     𝑣  b  


   ⟨  𝑣  ,    𝑣  b   ⟩  ¾       ¹  1  º 


   𝜆  >  1 


       {  ±    1    𝑛    }   𝑛  


     Ó    𝑛  −  1   


     |          ⟨  𝑣  ,    𝑣  b   ⟩     |             ⟨  𝑣  ,    𝑣  b   ⟩    


   𝑀 


     𝜇    𝛽  𝑀   


   𝛽  >  0 


     𝜇    𝛽  𝑀    ¹  𝑥  º  ∝   exp       ¹        1  2    ⟨  𝑥  ,  𝛽  𝑀  𝑥  ⟩   º     for all    𝑥  ∈  {  ±  1    }  𝑛   . 


   𝜅    ⪯    𝑊    ⪯    1  −  𝜅 


   𝑣  ∈      {  ±    1    𝑛    }   𝑛  


     𝜇    𝑊  Ï  𝜆  𝑣    𝑣  ⊤    


     𝑥  0  


   𝜆  >  0 


   𝑇  =    ^^02  e   ¹    𝑛  5   º 


   1  −  𝑜  ¹  1  º 


           E       x  ∼    𝑃  𝑡     𝛿    𝑥  0      »    |  ⟨  x  ,  𝑣  ⟩  |   ¼  ¾      ¹  𝜅     exp       ¹  −    1  𝜅   º   −  𝑜  ¹  1  º  º   ⋅    𝑛     . 


   𝑇  =    𝑛    1  Ï  𝑜  ¹  1  º   


   𝑊  ∼   GOE   ¹  𝑛  º 


   𝑣  ∼      {  ±    1    𝑛    }   𝑛  


          Pr          »    𝑣  |  𝑀   ¼   ∝   exp       ¹  −    𝑛  2       ‖  𝑀  −  𝜆  𝑣    𝑣  ⊤   ‖         𝐹  2   º   ∝   exp       ¹      𝜆  𝑛   2   ⋅    𝑣  ⊤   𝑀  𝑣  º   . 


    exp       ¹      𝛽  𝑛   2   ⋅    𝑣  ⊤   𝑀  𝑣  º  


   𝛽  <  𝜆 


   2 


   𝑑  ,  𝜆  ∈  Ò 


     𝜆  2     ¶    𝑑 


    SBM   ¹  𝑛  ,  𝑑  ,  𝜆  º 


   ¹  𝜎  ,  𝐺  º  ∈  {  ±  1    }  𝑛   ×  {  0  ,  1    }    𝑛  ×  𝑛   


   ^^1b  ∈  {  ±  1    }  𝑛  


   ^^1b 


   G 


   𝑢  ,  𝑣  ∈  »  𝑛  ¼ 


       𝑑  Ï  𝜆    𝑑    𝑛  


   ^^1b  ¹  𝑢  º  =  ^^1b  ¹  𝑣  º 


       𝑑  −  𝜆    𝑑    𝑛  


   »  𝑞  ¼ 


   𝜎  ¹  𝑢  º  ,  𝜎  ¹  𝑣  º 


     𝜎  b  


     1  𝑛   |  ⟨    𝜎  b   ,  ^^1b  ⟩  |  ¾       ¹  1  º 


     𝜆  2   >  1 


     𝜆  0   ,  𝛽  ,  𝑐  >  0 


     |  𝜆  |     ¾      𝜆  0  


   ¹  ^^1b  ,  G  º  ∼   SBM   ¹  𝑛  ,  𝑑  ,  𝜆  º 


   ¹  ^^1b  ,  G  º 


     𝜇      𝛽    𝑑      ¹    𝐴  G   −    𝑑  𝑛      11   ⊤   º    


   𝑇  =    ^^02  e       ¹    𝑛    5  Ï    𝑜  𝑑   ¹  1  º    º  


           E       x  ∼    𝑃  t     𝛿    𝑥  0          »  |      ⟨  x  ,  ^^1b  ⟩   |  ¼   >  𝑐  𝑛  . 


   ^^1b  |  G 


                  Pr          »    ^^1b  |  G   ¼      ∝    Î    𝑖  𝑗  ∈  𝐸  ¹  G  º          ¹      𝑑  Ï  𝜆    𝑑      𝑑  −  𝜆    𝑑     º     ¹  1  Ï    ^^1b  𝑖     ^^1b  𝑗   º  �  2    ⋅    Î    𝑖  𝑗  8  𝐸  ¹  G  º          ¹      1  −      𝑑  Ï  𝜆    𝑑    𝑛      1  −      𝑑  −  𝜆    𝑑    𝑛     º     ¹  1  Ï    ^^1b  𝑖     ^^1b  𝑗   º  �  2      


   ℎ  ∈    Ò  𝑛  


     𝜇    𝑀  ,  ℎ   


     𝜇    𝑀  ,  ℎ    ¹  𝑥  º  ∝   exp       ¹        1  2    ⟨  𝑥  ,  𝑀  𝑥  ⟩  Ï  ⟨  ℎ  ,  𝑥  ⟩   º   , 


     𝜇  𝑀  


     𝜇    𝑀  ,  0   


   𝑀  =  𝜆  𝑣    𝑣  ⊤   Ï  𝑊 


   »  𝑛  ¼ 


     𝑥    ⊕  𝑖   


       𝜋  ¹    𝑥    ⊕  𝑖    º     𝜋  ¹  𝑥  º  Ï  𝜋  ¹    𝑥    ⊕  𝑖    º   


   ¹  x  ,  z  º 


   x  ∼    𝜇  𝑀  


   z  |  x    B  ¹  𝜆      ⟨  𝑣  ,  x  ⟩   Ï    𝜆   g  º  ⋅  𝑣 


   g  ∼  𝒩  ¹  0  ,  1  º 


     x  ′  


   z  |  𝑥 


     x  ′   |  z 


     𝜇  𝑀  


   z  |  x 


   𝜋  =        E      z  ∼  𝜌      𝜋  z  


   𝑓  :  {  ±  1    }  𝑛   →    Ò    >  0   


      min     𝑥  ∈  {  ±  1    }  𝑛       𝑓  ¹  𝑥  º  >   exp       ¹    −  𝜏   º  


      max     𝑥  ∈  {  ±  1    }  𝑛       𝑓  ¹  𝑥  º  <   exp       ¹  𝜏  º  


   𝛿    B       inf   𝑧       𝜌   MLSI        ¹    𝜋  𝑧   º  


     ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º  ¶    𝑂      ¹    𝜏  𝛿   º   ⋅    ℰ  𝜋   ¹  𝑓  ,   log     𝑓  º    . 


   𝑧  ∈  Ò 


   x  |  𝑧 


    log       1      𝜇  𝑀   ¹  𝑥  º      ¶     poly   ¹  𝑛  º 


   𝑥  ∈  {  ±  1    }  𝑛  


   𝜀  ⋅   poly   ¹  𝑛  º 


   x  |  z 


     𝜇    𝑊  ,  z   


   x  →  z  |  x  →    x  ′   |  z  . 


         E      x  ∼  𝜈    |      ⟨  x  ,  𝑣  ⟩   | 


   |        E      x  ∼  𝜈    𝑓  ¹  x  º  −        E      x  ∼  𝑃  𝜈    𝑓  ¹  x  º  | 


   |          E       x  ∼  𝜈    »  𝜙  ¹  x  º  ¼  −          E       x  ∼  𝑃  𝜈    »  𝜙  ¹  x  º  ¼  |  ¶      ‖        𝜙     ‖           𝜙    ∞   ⋅      2  𝜀    . 


   𝑓  ¹  𝑥  º  =  |      ⟨  𝑥  ,  𝑣  ⟩   | 


         E      x  ∼  𝜈    𝑓  ¹  x  º 


         E      x  ∼  𝑃  𝜈    𝑓  ¹  x  º  −        E      x  ∼  𝜈    𝑓  ¹  x  º 


   𝑀  =    𝛽  𝑛      11   ⊤  


   G  ¹  𝑛  ,  1  �  2  º 


   𝑂      ¹    𝑛   º  


   𝜋  ¹  𝑥  º  ∝   exp       ¹    𝐻  ¹  𝑥  º   º  


   𝐻  ¹  𝑥  º 


     𝜋  𝛽   ¹  𝑥  º  ∝   exp       ¹    𝛽  𝐻  ¹  𝑥  º   º  


   𝑘    ¾    5 


   𝑘    ¾    5 


    10  


   5 


   {  1  ,  2  ,  3  ,  4  ,  5  } 


   {  6  ,  7  ,  8  ,  9  ,   10   } 


   𝜀  =  𝑂  ¹  1  �  𝑇  º 


   𝑇  =  𝑜  ¹    𝑛  2   º 


   𝜀  =  𝑜  ¹  1  �  𝑇  º 


   𝑇  =   poly   ¹  𝑛  º 


     𝜋  𝑆  


    KL       ¹  𝜈    ‖      𝜋  𝑆   º   =  𝑜  ¹  1  º 


     𝐻  𝐺   ¹  𝑥  º 


     𝜋  𝐺  


         𝜋  𝐺   ¹  𝑥  º       𝜋    𝐺  \  𝑣    ¹  𝑥  º    ∝   exp       ¹      𝐻  𝐺   ¹  𝑥  º  −    𝐻    𝐺  \  𝑣    ¹  𝑥  º   º   , 


     𝜋    G  \  𝑣   


   {    𝜈  𝐺     }    𝐺  ∈   graphs    


     𝜈  𝐺  


     𝜈  G  


     𝜈    G  \  v   


   𝑃  »  𝑖  ,  𝑗  ¼ 


     𝑃  𝑡   =   exp       ¹    −  𝑡  ¹  𝐼  −  𝑃  º   º  


   𝑓  ¹  𝑥  º  B              d  𝜈           d  𝜋    ¹  𝑥  º 


     𝑃  𝑡   𝜈 


     𝑓  𝑡   ¹  𝑥  º  B              d    𝜈  𝑡            d  𝜋    ¹  𝑥  º 


   m  ¹  𝜈  º  B          E      x  ∼  𝜈    x 


   y    ∼  𝑃   𝑥 


   ∼ 


     𝑃  𝑡  


   t  ∼   Poisson   ¹  𝑡  º 


   t 


   𝑓  :     →  Ò 


     |          E     𝜈   𝑓  −          E     𝜋   𝑓  |     ¶        ¹    𝑓   max    −    𝑓   min    º   ⋅    𝑑   TV        ¹  𝜈  ,  𝜋  º   . 


   𝑓  ,  𝑔  :     →  Ò 


   𝑥  ,  𝑦  ∈    


     ℰ  𝑃       ¹  𝑓  ,  𝑔  º     B      1  2           E       x  ∼  𝜋            E       y    ∼  𝑃   x    ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º  ⋅  ¹  𝑔  ¹  x  º  −  𝑔  ¹  y  º  º    . 


     ℰ  𝜋  


             d           d  𝑡     KL       ¹    𝜈  𝑡     ‖    𝜋  º   =  −  ℰ  ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º  =  −    1  2         E      x  ∼  𝜋          E      y  ∼  x        ¹    𝑓  𝑡   ¹  x  º  −    𝑓  𝑡   ¹  y  º  º   ⋅   log           𝑓  𝑡   ¹  x  º       𝑓  𝑡   ¹  y  º   


   𝑓  :     →    Ò    >  0   


     ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º  ¾    𝐶  ⋅   Ent   »  𝑓  ¼  . 


    Ent   »  𝑓  ¼  B          E    𝜋   »  𝑓     log     𝑓  ¼  −        E    𝜋   𝑓     log           E    𝜋   𝑓 


     𝜌   MLSI        ¹  𝑃  º  


   {  ±  1    }  𝑛  


     𝜌   MLSI        ¹  𝜋  º     ¾    1  �  𝑛 


     𝜌   MLSI        ¹  𝜇  º     ¾    𝛼 


   𝑓  :  {  ±  1    }  𝑛   →  Ò 


   |  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  |  ¶    1 


   ‖  𝑥  −  𝑦    ‖  1     ¶    2 


            Pr        x  ∼  𝜇        »    |  𝑓  ¹  x  º  −          E     𝜇   𝑓  |     ¾    𝑡  ¼     ¶    2     exp       ¹  −      𝛼    𝑡  2    2   º   . 


     𝜌   MLSI        ¹  𝜋  º  


    KL       ¹    𝜈  𝑡     ‖    𝜋  º     ¶     KL       ¹    𝜈  0     ‖    𝜋  º   ⋅   exp       ¹  −    𝜌   MLSI        ¹  𝜋  º   𝑡  º   . 


     Ò  𝑛  


   {    𝜋  𝑧     }    𝑧  ∈    Ò  𝑛    


   ¹  𝜌  ,    𝜋  𝑧   º 


   𝜋  =          E       z  ∼  𝜌      𝜋  z     . 


     𝜋  𝑧  


     𝜋  𝑧  


   𝑧 


           x  →  z  |  x  →    x  ′   |  z  .      


    SKL       ¹  𝜋  ,  𝜈  º     B     KL       ¹  𝜈    ‖    𝜋  º   Ï   KL       ¹  𝜋    ‖    𝜈  º   . 


    SKL       ¹  𝜋  ,  𝜈  º   =    1  2   ⋅          E       x  ,  y  ∼  𝜋        »      ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º   ⋅   log         𝑓  ¹  x  º     𝑓  ¹  y  º    ¼     . 


   1    𝜋  ⊤  


   𝐾  ¹  𝜋  º 


   𝜏  >     max     𝑥  ∈          log     𝑓  ¹  𝑥  º 


   𝜏  >     max     𝑥  ∈          log       1    𝑓  ¹  𝑥  º   


            SKL       ¹  𝜋  ,  𝜈  º     ¶        ¹  6  Ï   12   𝜏  º   ⋅   KL       ¹  𝜈    ‖    𝜋  º     .      


     H  2       ¹  𝜈  ,  𝜋  º     B      1  2   ⋅          E               »      ¹      𝑓  ¹  y  º    −      𝑓  ¹  x  º    º   2   ¼   . 


           2  ⋅   SKL       ¹  𝜈  ,  𝜋  º      =          E               »    ¹  𝑓  ¹  y  º  −  𝑓  ¹  x  º  º       ¹   log     𝑓  ¹  y  º  −   log     𝑓  ¹  x  º  º   ¼             =          E               »    ¹  𝑓  ¹  y  º  −  𝑓  ¹  x  º  º   ⋅   log         𝑓  ¹  y  º     𝑓  ¹  x  º    ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    ∈    »    1  2   ,  2  ¼   ¼   ¼                     Ï          E               »    ¹  𝑓  ¹  y  º  −  𝑓  ¹  x  º  º   ⋅   log         𝑓  ¹  y  º     𝑓  ¹  x  º    ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    8    »    1  2   ,  2  ¼   ¼   ¼              


   𝑡  ∈    »    1  2   ,  2  ¼  


   ¹  𝑡  −  1  º   log     𝑡    ¶    6        ¹    𝑡   −  1  º   2  


                     E               »    ¹  𝑓  ¹  y  º  −  𝑓  ¹  x  º  º   ⋅   log         𝑓  ¹  y  º     𝑓  ¹  x  º    ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    ∈    »    1  2   ,  2  ¼   ¼   ¼                   ¶    6  ⋅          E               »      ¹      𝑓  ¹  y  º    −      𝑓  ¹  x  º    º   2   ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    ∈    »    1  2   ,  2  ¼   ¼   ¼                   ¶     12       H  2       ¹  𝜈  ,  𝜋  º   .    


           E               »    ¹  𝑓  ¹  y  º  −  𝑓  ¹  x  º  º   ⋅   log     𝑓  ¹  y  º  ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    8    »    1  2   ,  2  ¼   ¼   ¼     ¶    𝜏  ⋅          E               »    |  𝑓  ¹  y  º  −  𝑓  ¹  x  º  |   ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    8    »    1  2   ,  2  ¼   ¼   ¼  


   𝑡  8    »    1  2   ,  2  ¼  


   |  𝑡  −  1  |  ¶    6  ¹    𝑡   −  1    º  2  


                   E               »    |  𝑓  ¹  y  º  −  𝑓  ¹  x  º  |   ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    8    »    1  2   ,  2  ¼   ¼   ¼        ¶    6  ⋅          E               »      ¹      𝑓  ¹  y  º    −      𝑓  ¹  x  º    º   2   ⋅  1      »      𝑓  ¹  y  º     𝑓  ¹  x  º    8    »    1  2   ,  2  ¼   ¼   ¼               ¶     12       H  2       ¹  𝜈  ,  𝜋  º   .    


    SKL       ¹  𝜈  ,  𝜋  º     ¶      ¹  6  Ï   12   𝜏  º   ⋅    H  2       ¹  𝜈  ,  𝜋  º   . 


     H  2       ¹  𝜈  ,  𝜋  º     ¶     KL       ¹  𝜈    ‖    𝜋  º  


   𝑇  >  0 


   »  0  ,  𝑇  ¼ 


          (2.1)              E       t  ∼  »  0  ,  𝑇  ¼      ℰ  𝑃   ¹    𝑓  t   ,   log       𝑓  t   º  ¶         KL       ¹  𝜈    ‖    𝜋  º    𝑇     ¶         log       1    𝜋   min      𝑇   .    


           0       ¶     KL       ¹    𝜈  𝑇     ‖    𝜋  º             =   KL       ¹  𝜈    ‖    𝜋  º   −    ¯  0  𝑇   ℰ  ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º        d  𝑡            =   KL       ¹  𝜈    ‖    𝜋  º   −  𝑇  ⋅          E       t  ∼  »  0  ,  𝑇  ¼    ℰ  ¹    𝑓  t   ,   log       𝑓  t   º              ¶     log       1    𝜋   min     −  𝑇  ⋅          E       t  ∼  »  0  ,  𝑇  ¼    ℰ  ¹    𝑓  t   ,   log       𝑓  t   º  .    


     ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º  ¾     KL       ¹  𝑃  𝜈    ‖    𝜈  º     ¾    2  ⋅    𝑑   TV          ¹  𝜈  ,  𝑃  𝜈  º   2   . 


             ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º     =    1  2           E           ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º   log         𝑓  ¹  x  º     𝑓  ¹  y  º           (Reversibility of     𝑃  )        =          E           𝑓  ¹  x  º   log       ¹      𝑓  ¹  x  º     𝑓  ¹  y  º    º             =          E              log       ¹      𝑓  ¹  x  º     𝑓  ¹  y  º    º             =          E       x  ∼  𝜈       log     𝑓  ¹  x  º  −          E       y  ∼  𝑃  𝜈       log     𝑓  ¹  y  º  .    


             ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º     =    »    ¹          E       x  ∼  𝜈       log     𝑓  ¹  x  º  −          E       y  ∼  𝑃  𝜈       log               d  𝑃  𝜈           d  𝜋    ¹  y  º  º   Ï    ¹          E       y  ∼  𝑃  𝜈       log               d  𝑃  𝜈           d  𝜋    ¹  y  º  −          E       y  ∼  𝑃  𝜈       log     𝑓  ¹  y  º  º   ¼             =    »    ¹   KL       ¹  𝜈    ‖    𝜋  º   −   KL       ¹  𝑃  𝜈    ‖    𝜋  º   º   Ï   KL       ¹  𝑃  𝜈    ‖    𝜈  º   ¼               ¾     KL       ¹  𝑃  𝜈    ‖    𝜈  º     ¾    2  ⋅    𝑑   TV          ¹  𝑃  𝜈  ,  𝜈  º   2     


   x  ∼  𝜈 


   y  ∼  x 


       𝑓  ¹  x  º     𝑓  ¹  y  º    =  1  ±  𝑂      ¹      𝜀  𝛿    º   , 


   𝛿  >  2  𝜀 


   ℰ  ¹  𝑓  ,   log     𝑓  º  <  𝜀 


                   E       x  ∼  𝜋            E       y  ∼  x        ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º   ⋅   log         𝑓  ¹  x  º     𝑓  ¹  y  º       <  𝜀                  E       x  ∼  𝜈            E       y  ∼  x        ¹  1  −      𝑓  ¹  y  º     𝑓  ¹  x  º    º   ⋅   log         𝑓  ¹  x  º     𝑓  ¹  y  º       <  𝜀    


       ¹  1  −      𝑓  ¹  y  º     𝑓  ¹  x  º    º   ⋅   log         𝑓  ¹  x  º     𝑓  ¹  y  º    <    𝜀  𝛿   . 


       𝑓  ¹  x  º     𝑓  ¹  y  º   


       𝜀  𝛿   


   𝜙  :  {  0  ,  1    }  𝑊   →  Ò 


     𝑥  𝑊  


                   E       x  ∼  𝜈        »  𝜙      ¹    𝑥  𝑊   º   ¼     ¾            E       x    𝑊  ‾             E         x  𝑊   ∼  𝜋    |    𝑥    𝑊  ‾           »  𝜙  ¹    𝑥  𝑊   º  ¼   −    1  𝐶   ⋅    𝜀   ⋅    ‖        𝜙     ‖           𝜙    ∞     .      


     𝒞  𝑛  


         E    𝜋   𝑓  =  1 


   𝑓  ⋅  𝜋 


             d  𝜈           d  𝜋    ¹  𝑥  º  =  𝑓  ¹  𝑥  º 


             ℰ  𝜋   ¹  𝑓  ,   log     𝑓  º     =    Í    {  𝑥  ,  𝑦  }  ∈    𝒞  𝑛       1  𝑛   ⋅      𝜋  ¹  𝑥  º  ⋅  𝜋  ¹  𝑦  º     𝜋  ¹  𝑥  º  Ï  𝜋  ¹  𝑦  º    ⋅  ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  º   log         𝑓  ¹  𝑥  º     𝑓  ¹  𝑦  º              =    Í    {  𝑥  ,  𝑦  }  ∈    𝒞  𝑛       1  𝑛   ⋅            E      z  ∼  𝜌      𝜋  z   ¹  𝑥  º  ⋅        E      z  ∼  𝜌      𝜋  z   ¹  𝑦  º           E      z  ∼  𝜌      𝜋  z   ¹  𝑥  º  Ï        E      z  ∼  𝜌      𝜋  z   ¹  𝑦  º    ⋅  ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  º   log         𝑓  ¹  𝑥  º     𝑓  ¹  𝑦  º                ¾    Í    {  𝑥  ,  𝑦  }  ∈    𝒞  𝑛       1  𝑛   ⋅          E       z  ∼  𝜌        »        𝜋  z   ¹  𝑥  º  ⋅    𝜋  z   ¹  𝑦  º       𝜋  z   ¹  𝑥  º  Ï    𝜋  z   ¹  𝑦  º    ¼   ⋅  ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  º   log         𝑓  ¹  𝑥  º     𝑓  ¹  𝑦  º              =          E       z  ∼  𝜌        »    ℰ    𝜋  z    ¹  𝑓  ,   log     𝑓  º  ¼   .    


   ¹  𝑎  ,  𝑏  º  ↦  →      𝑎  𝑏     𝑎  Ï  𝑏   


                   E       z  ∼  𝜌    »    ℰ    𝜋  z    ¹  𝑓  ,   log     𝑓  º  ¼       ¾            E       z  ∼  𝜌        »    𝜌   MLSI        ¹    𝜋  z   º   ⋅          E       𝜋  z    »  𝑓  ¼  ⋅   KL       ¹    𝑓          E      𝜋  z    𝑓    ⋅    𝜋  z     ‖      𝜋  z   º   ¼                   ¾           ¹    𝛿  𝜏   º           E       z  ∼  𝜌        »          E       𝜋  z    »  𝑓  ¼  ⋅   SKL       ¹    𝑓          E      𝜋  z    𝑓    ⋅    𝜋  z   ,    𝜋  z   º   ¼       (by Lemma 2.2.15 and MLSI)               =         ¹    𝛿  𝜏   º           E       z  ∼  𝜌        »          E       x  ,  y  ∼    𝜋  z     ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º   log         𝑓  ¹  x  º     𝑓  ¹  y  º    ¼       (by Observation 2.2.14)               =         ¹    𝛿  𝜏   º     ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º    .        


   𝑂  ¹  𝑛    𝑑  4   º 


   ^^01 


     𝜌   MLSI        ¹  𝜋  º     ¾     exp       ¹    −  𝑂  ¹  ^^01  º   º  


     1     poly   ¹  ^^01  º   


   𝑁  ¹  𝑣  º  =  {  𝑢  ∈  𝑉  :  𝑢  ∼  𝑣  } 


   𝑁  »  𝑣  ¼  =  𝑁  ¹  𝑣  º  ∪  {  𝑣  } 


   {  0  ,  1    }  𝑉  


          (2.2)        𝜙  𝑣   ¹  x  º  B    𝑑    x  𝑣   Ï    Í    𝑢  ∈  𝑁  ¹  𝑣  º      x  𝑢   .      


   𝜏  ∈  {  0  ,  1    }      𝑁  »  𝑣  ¼   ‾   


           E       x  ∼  𝜋    »    𝜙  𝑣   ¹  x  º  |    x      𝑁  »  𝑣  ¼   ‾    =  𝜏  ¼  ¾         log     𝑑   2   . 


   𝑥  ∈  {  0  ,  1    }  𝑉  


          (2.3)      𝑛  ⋅          E       𝑣  ∼  𝑉      𝜙  𝑣   ¹  x  º  ¶    2  𝑑  ⋅    Í    𝑣  ∈  𝑉      x  𝑣   .      


       𝑁  »  𝑣  ¼   ‾  


     1  4   ⋅  𝑛  ⋅       log     𝑑   𝑑  


   𝑇    ¾    0 


   0    ¶    𝑡    ¶    𝑇 


          (2.4)              E       𝑡  ∼  »  0  ,  𝑇  ¼            E       𝜈  𝑡            E       𝑣  ∼  𝑉      𝜙  𝑣   ¹  x  º  ¾         log     𝑑   2   −  𝜀      


   0  <  𝜀  <    𝑜  𝑑   ¹  1  º 


       ¹      1  −    𝑜  𝑑   ¹  1  º   4   º   ⋅  𝑛  ⋅       log     𝑑   𝑑  


     x      𝑁  »  𝑣  ¼   ‾   


   𝑤  ∈  𝑁  ¹  𝑣  º 


     x  𝑤  


   𝜈  |    x      𝑁  »  𝑣  ¼   ‾   


    log     𝑑 


     x  𝑣  


     x  𝑈   ∼  𝜈  |    x    𝑈  ‾   


   𝑣  ∈  𝑉 


                   E       x  ∼  𝜈      𝜙  𝑣   ¹  x  º     =          E       𝑈  ,    x    𝑈  ‾    |  𝑣            E       𝜈  |    x    𝑈  ‾        𝜙  𝑣   ¹  x  º              ¾            E       𝑈  ,    x    𝑈  ‾    |  𝑣        »          E       𝜋  |    x    𝑈  ‾        𝜙  𝑣   ¹  x  º  −  2  𝑑  ⋅    𝑑   TV        ¹  𝜈  |    x    𝑈  ‾    ,  𝜋  |    x    𝑈  ‾    º   ¼          (2.5)          ¾         log     𝑑   2   −  2  𝑑  ⋅          E       𝑈  ,    x    𝑈  ‾    |  𝑣      𝑑   TV        ¹  𝜈  |    x    𝑈  ‾    ,  𝜋  |    x    𝑈  ‾    º   ,    


     x    𝑈  ‾   


   2  𝑑 


     𝜙  𝑣  


   𝑣  ∈  𝑈 


   𝑣  8  𝑈 


     𝜙  𝑣   ¹  x  º  =  𝑑 


     x  𝑢   =  1 


   𝑢  ∈  𝑈 


   |  𝑈  |  ¾     log     𝑑 


           E     𝑡           E     𝑣           E       𝑈  ,    x    𝑈  ‾    |  𝑣      𝑑   TV        ¹    𝜈  𝑡   |    x    𝑈  ‾    ,  𝜋  |    x    𝑈  ‾    º     . 


     𝜈  𝑡   |    x    𝑈  ‾   


   𝜋  |    x    𝑈  ‾   


     𝜈  𝑡  ′  


     𝜋  ′  


     𝑓  𝑡  ′  


                   E     𝑡           E     𝑣           E       𝑈  ,    x    𝑈  ‾    |  𝑣         KL       ¹    𝜈  𝑡  ′     ‖      𝜋  ′   º          ¶                E     𝑡           E     𝑣           E       𝑈  ,    x    𝑈  ‾    |  𝑣     KL       ¹    𝜈  𝑡  ′     ‖      𝜋  ′   º       .    


                   E     𝑡           E       𝑣  ∼  𝑉            E       𝑈  ,    x    𝑈  ‾    |  𝑣     KL       ¹    𝜈  𝑡  ′     ‖      𝜋  ′   º        ¶            E     𝑡           E     𝑣           E       𝑈  ,    x    𝑈  ‾    |  𝑣      1      𝜌   MLSI        ¹    𝜋  ′   º       ℰ    𝜋  ′        ¹    𝑓  𝑡  ′   ,   log       𝑓  𝑡  ′   º               ¶    𝑂  ¹  𝑑  º  ⋅          E     𝑡           E     𝑣           E       𝑈  ,    x    𝑈  ‾    |  𝑣      ℰ    𝜋  ′        ¹    𝑓  𝑡  ′   ,   log       𝑓  𝑡  ′   º               ¶    𝑂  ¹    𝑑  2   º  ⋅          E     𝑡     ℰ  𝜋       ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º               ¶    𝑂  ¹    𝑑  2   º  ⋅    𝑛  𝑇     .    


     𝜌   MLSI        ¹    𝜋  ′   º  


   𝐺  »  𝑈  ¼ 


     𝜌   MLSI        ¹    𝜋  ′   º     ¾           ¹    1  𝑑   º  


   𝑇  =  𝑂  ¹  𝑛    𝑑  4   �    𝜀  2   º 


    Max   -   Cut  


     1  2   Ï         ¹    1    𝑑    º  


   𝑆  ⊆  𝑁  ¹  𝑣  º 


     x      𝑁  »  𝑣  ¼   ‾    =  𝜏 


   𝑘  =  |  𝑆  | 


     x    𝑁  »  𝑣  ¼   


   {  𝑣  } 


     1      2  𝑘   Ï  1   


                   E       x  ∼  𝜋    »    𝜙  𝑣   ¹  x  º  |    x      𝑁  »  𝑣  ¼   ‾    =  𝜏  ¼  =    𝑑      2  𝑘   Ï  1    Ï    𝑘  2   ⋅      2  𝑘       2  𝑘   Ï  1    .      


        log     𝑑   2  


     𝜌   MLSI        ¹  𝜋  º     ¾        1  −  2    𝜋  *       log       ¹    1    𝜋  *    −  1  º     ⋅  𝜆  ¹  𝜋  º 


   𝜆  ¹  𝜋  º 


     𝜋  *   =     min     x  :  𝜋  ¹  x  º  >  0      𝜋  ¹  x  º  =    1      2  ^^01   Ï  1   


   𝜆  ¹  𝜋  º  ¾     exp       ¹    −  𝑂  ¹  ^^01  º   º  


   1  �   poly   ¹  𝑛  º 


   𝑛  =    2  ^^01   Ï  1 


   𝐽  ∈    Ò    𝑛  ×  𝑛   


   ℎ  ∈    Ò  𝑛  


   𝐽 


     𝜇    𝐽  ,  ℎ   


     𝜇    𝐽  ,  ℎ    ¹  𝑥  º  ∝   exp       ¹    1  2     𝑥  ⊤   𝐽  𝑥  Ï  ⟨  ℎ  ,  𝑥  ⟩  º   . 


     Ò    𝑛  ×  𝑛   


     Ò  𝑛  


   𝑀    B    𝑊  Ï  𝜆  𝑣    𝑣  ⊤  


   𝑀  =  𝑊  Ï  𝜆  𝑣    𝑣  ⊤  


   𝑣  ∈  {  ±    1    𝑛      }  𝑛  


   𝑀  =    𝐴  G   −    𝑑  𝑛      11   ⊤  


   𝑀  =  𝑊  Ï  𝜆  𝑣    𝑣  ⊤  


    RGD  


   z    B  ¹  𝜆      ⟨  𝑣  ,  𝑥  ⟩   Ï    𝜆   g  º  ⋅  𝑣 


     𝜇    𝑊  ,  z   


   ¹  x  ,  z  º 


     𝜇  𝑀   =        E      z  ∼  𝜌      𝜇    𝑊  ,  z   


   𝑣  =    1    𝑛    ^^1b 


     𝜋  z  


   ¹  𝜌  ,    𝜋  𝑧   º 


     𝐶   Var    ∈  »  0  ,  1  ¼ 


   𝑓  :  {  ±  1    }  𝑛   →  Ò 


           E       z  ∼  𝜌    »           Var        𝜋  z    »  𝑓  ¼  ¼  ¾      𝐶   Var    ⋅           Var      𝜋   »  𝑓  ¼  . 


            Var      𝜋   »  𝑓  ¼  =          E       z  ∼  𝜌    »           Var        𝜋  z    »  𝑓  ¼  ¼  Ï         Var      »          E       𝜋  z    𝑓  ¼  ¾            E       z  ∼  𝜌        »           Var        𝜋  z    »  𝑓  ¼  ¼   . 


      ⊆    Ò  𝑛  


     𝒯  𝑣   𝜋 


             d    𝒯  𝑣   𝜋  ¹  𝑥  º           d  𝜋  ¹  𝑥  º    ∝    𝑒    ⟨  𝑣  ,  𝑥  ⟩    . 


   𝜓  :    Ò  𝑛   ×    Ò  𝑛   →    Ò    ¾  0   


   𝛼  >  0 


   𝜓  ¹  m  ¹    𝒯  𝑣   𝜋  º  ,  m  ¹  𝜋  º  º  ¶    𝛼  ⋅   KL       ¹    𝒯  𝑣   𝜋    ‖    𝜋  º   , 


   m  ¹  𝜋  º  =        E      x  ∼  𝜋    x 


     𝛼   Ent   


     𝜇    𝑊  ,  ℎ    =          E       z  ∼  𝜌    »    𝜇    0  ,  𝑊  z  Ï  ℎ    ¼  . 


     𝜇    𝑊  ,  ℎ   


     1  𝜅  


   ¹  𝑥  ,  𝑦  º  ↦  →    ‖    𝑥  −  𝑦   ‖         2  


     𝐶   Var        ¹  𝜌  ,    𝜇    0  ,  𝑊  z  Ï  ℎ    º     ¾     exp       ¹    −  1  �  𝜅   º  


     𝜌   MLSI        ¹    𝜇    0  ,  𝑊  z  Ï  ℎ    º     ¾      1  𝑛   ⋅    1    1  −  𝜅   


     𝐴  ‾   =    𝐴  G   −      E    »    𝐴  G   |  ^^1b  ¼ 


   𝑔  :    Ò  𝑛   →    Ò  𝑛  


     𝜇    𝛽    𝐴  ‾   �    𝑑   ,  ℎ    =          E       z  ∼  𝜌    »    𝜇    𝐻  ,  𝑔  ¹  z  º  Ï  ℎ    ¼  , 


   𝐻 


     𝜇    𝛽    𝐴  ‾   �    𝑑   ,  ℎ   


   ¹  𝑥  ,  𝑦  º  ↦  →    ‖      𝐼    »  𝑛  ¼  \  𝐻    ¹  𝑥  −  𝑦  º   ‖         2  


     𝐶   Var        ¹    𝜇    𝛽    𝐴  ‾   �    𝑑   ,  ℎ    º     ¾       ¹  1  º 


     𝜌   MLSI        ¹    𝜇    𝐻  ,  𝑔  ¹  z  º  Ï  ℎ    º     ¾      1    𝑛    1  Ï    𝑜  𝑑   ¹  1  º    


   𝛾  𝑛 


   𝛾  ¹  𝑑  º  =    𝑜  𝑑   ¹  1  º 


      lim     𝑐  →  ∞       Ent   »  ¹  𝑓  Ï  𝑐    º  2   ¼  =  2       Var     »  𝑓  ¼ 


     𝜇    𝑊  ,  ℎ    =          E       z  ∼  𝜌        »    𝜇    𝐻  ,    𝑔  ℎ   ¹  z  º    ¼   , 


   𝑣  ∈      {  ±    1    𝑛    }   𝑛  


   𝑠  >  0 


           E       x  ∼    𝜇    𝑊  ,  𝑠  𝑣      |  ⟨  x  ,  𝑣  ⟩  |  ¾      ¹  1  −  𝛾  º   ⋅      𝐶   Var    2   ⋅   min       {  𝑠  ,  2  ⋅      𝑛      𝐶   Var      𝛼   Ent       }  


   𝑣  ∈      {  ±    1    𝑛    }   𝑛  


   𝜆    ¾    1 


     𝜇    𝑊  ,  𝑠  𝑣   


     𝜌   MLSI        ¹    𝜇    𝑊  ,  𝑠  𝑣    º     ¾      𝑛    −  1  −  𝑜  ¹  1  º   


   𝑠  ∈  Ò 


     𝛿  ≭   =    𝛿  ≭   ¹  𝜆  º  B      ¹  1  −  𝛾  º   ⋅      𝐶   Var    2   ⋅   min       {        2  𝜆   𝜋    ,    𝜆  2   }   −  1  . 


     𝛿  ≭   >  0 


   𝛿  ∈  ¹  0  ,    𝛿  ≭   º 


           E       x  ∼  𝜈    |      ⟨  x  ,  𝑣  ⟩   |  ¾    0  .   99   ⋅    ¹  1  −  𝛾  º   ⋅          𝐶   Var    𝑛     𝛼   Ent      −  2  𝛿  , 


   𝜀  <    𝛿  4   ⋅      𝛼   Ent   2       𝐶   Var   2   ¹  1  −  𝛾    º  4     ⋅    1    𝑛  2    −   exp       ¹    −     ¹  𝑛  º   º  


   𝛾  =  0 


     ‖       Cov           ¹    𝜇    𝑊  ,  ℎ    º     »  𝑛  ¼  \  𝐻    ‖     ¶      𝛼   Ent   


   ‖       Cov           ¹    𝜇    𝑊  ,  𝑡  𝑣    º     »  𝑛  ¼  \  𝐻    ‖ 


   0    ¶    𝑡    ¶    𝑠 


           E       x  ∼    𝜇    𝑊  ,  𝑠  𝑣          ⟨  x  ,  𝑣  ⟩   =    ¯  0  𝑠             d           d  𝑡            E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣          ⟨  x  ,  𝑣  ⟩           d  𝑡  , 


                     d           d  𝑡            E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩     =            d           d  𝑡              E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩    ⟨  x  ,  𝑣  ⟩           E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩                =            E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩    ⟨  x  ,  𝑣    ⟩  2            E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩      −        ¹        E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩    ⟨  x  ,  𝑣  ⟩  º   2       ¹        E      x  ∼    𝜇    𝑊  ,  0        𝑒    𝑡  ⟨  x  ,  𝑣  ⟩    º   2    =           Var        x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩  .    


     𝜇    𝑊  ,  𝑡  𝑣    =          E       z  ∼  𝜌        »    𝜇    𝐻  ,  z    ¼  


            Var        x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩  ¾            E       𝑧  ∼  𝜌             Var        x  ∼    𝜇    𝐻  ,  𝑧      ⟨  x  ,  𝑣  ⟩    . 


     𝑆   iso   


                   E       z  ∼  𝜌             Var        x  ∼    𝜇    𝐻  ,  z      ⟨  x  ,  𝑣  ⟩       ¾            E       z  ∼  𝜌             Var        x  ∼    𝜇    𝐻  ,  z          »    Í    𝑖  ∈    𝑆   iso        x  𝑖     𝑣  𝑖   ¼             =          E       z  ∼  𝜌      Í    𝑖  ∈    𝑆   iso        𝑣  𝑖  2   ⋅           Var        x  ∼    𝜇    𝐻  ,  z      »    x  𝑖   ¼  .    


           E       z  ∼  𝜌             Var        x  ∼    𝜇    𝐻  ,  z      »    x  𝑖   ¼  ¾      𝐶   Var    ⋅           Var        x  ∼    𝜇    𝑊  ,  𝑡  𝑣      »    x  𝑖   ¼  =    𝐶   Var    ⋅    ¹  1  −          E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣            »    x  𝑖   ¼   2   º   . 


   ‖  𝑣    ‖  ∞  2   =  1  �  𝑛 


            Var        x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩  ¾      𝐶   Var    ⋅    ¹    ¹  1  −  𝛾  º   −    1  𝑛       ‖    𝐼    »  𝑛  ¼  \  𝐻    ⋅  m  ¹    𝜇    𝑊  ,  𝑡  𝑣    º  ‖         2   º   . 


     𝜇    𝑊  ,  𝑡  𝑣   


   ¹  𝑥  ,  𝑦  º  ↦  →    ‖    𝐼    »  𝑛  ¼  \  𝐻    ⋅  ¹  𝑥  −  𝑦  º  ‖         2  


             ‖    𝐼    »  𝑛  ¼  \  𝐻        ¹  m  ¹    𝜇    𝑊  ,  𝑡  𝑣    º  −  m  ¹    𝜇    𝑊  ,  0    º  º   ‖         2        ¶      𝛼   Ent    ⋅   KL       ¹    𝜇    𝑊  ,  𝑡  𝑣      ‖      𝜇    𝑊  ,  0    º     and              ‖    𝐼    »  𝑛  ¼  \  𝐻        ¹  m  ¹    𝜇    𝑊  ,  0    º  −  m  ¹    𝜇    𝑊  ,  𝑡  𝑣    º  º   ‖         2        ¶      𝛼   Ent    ⋅   KL       ¹    𝜇    𝑊  ,  0      ‖      𝜇    𝑊  ,  𝑡  𝑣    º     


   m  ¹    𝜇    𝑊  ,  0    º  =  0 


   ‖    𝐼    »  𝑛  ¼  \  𝐻    m  ¹    𝜇    𝑊  ,  𝑡  𝑣    º    ‖  2     ¶        𝛼   Ent    2   ⋅   SKL       ¹    𝜇    𝑊  ,  𝑡  𝑣    ,    𝜇    𝑊  ,  0    º   =      𝛼   Ent    2   ⋅          E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  𝑡  𝑣  ,  x  ⟩  . 


             d           d  𝑡            E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩  ¾      𝐶   Var        ¹    ¹  1  −  𝛾  º   −      𝑡    𝛼   Ent       2  𝑛            E       x  ∼    𝜇    𝑊  ,  𝑡  𝑣      ⟨  x  ,  𝑣  ⟩  º   . 


   𝐿    B        𝑠    𝐶   Var       1  Ï        𝑠  2     𝐶   Var      𝛼   Ent       4  𝑛      ⋅    ¹  1  −  𝛾  º   . 


         E      x  ∼    𝜇    𝑊  ,  𝑠  𝑣      ⟨  x  ,  𝑣  ⟩  ¾    𝐿 


         E      x  ∼    𝜇    𝑊  ,  𝑠  𝑣      ⟨  x  ,  𝑣  ⟩  <  𝐿 


         E      x  ∼    𝜇    𝑊  ,  𝑠  𝑣      ⟨  x  ,  𝑣  ⟩ 


   𝑠 


                   E       x  ∼    𝜇    𝑊  ,  𝑠  𝑣      ⟨  x  ,  𝑣  ⟩       ¾      𝐶   Var      ¯  0  𝑠     ¹    ¹  1  −  𝛾  º   −      𝑡  𝐿    𝛼   Ent       2  𝑛    º           d  𝑡            =    𝐶   Var        ¹  𝑠      ¹  1  −  𝛾  º   −        𝑠  2   𝐿    𝛼   Ent       4  𝑛    º   =  𝐿  ,    


         E      x  ∼    𝜇    𝑊  ,  𝑠  𝑣          ⟨  x  ,  𝑣  ⟩   <  𝐿 


     𝑠  ≭     B    2  ⋅      𝑛      𝐶   Var      𝛼   Ent      


   𝑠    ¶      𝑠  ≭  


   𝐿 


   𝐿    ¾        𝑠    𝐶   Var     2   ⋅    ¹  1  −  𝛾  º  


   𝑠    ¾      𝑠  ≭  


           E       x  ∼    𝜇    𝑊  ,  𝑠  𝑣      ⟨  x  ,  𝑣  ⟩  ¾            E       x  ∼    𝜇    𝑊  ,    𝑠  ≭   𝑣      ⟨  x  ,  𝑣  ⟩  ¾      ¹  1  −  𝛾  º   ⋅      𝐶   Var    2   ⋅  2  ⋅      𝑛      𝐶   Var      𝛼   Ent       . 


     ℓ  ∞  


       |          ⟨  𝑥  ,  𝑣  ⟩     |             ⟨  𝑥  ,  𝑣  ⟩      =  𝑟 


   y    ∼    𝑃   RGD     𝑥 


           E     y       |              ⟨  y  ,  𝑣  ⟩       |             ⟨  y  ,  𝑣  ⟩        ¾      ¹  1  −  𝛾  º   ⋅      𝐶   Var    2   ⋅          E       g  ∼  𝒩  ¹  0  ,  1  º       min       {      |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     ,  2      𝑛      𝐶   Var      𝛼   Ent       }   . 


   𝜂  =  ¹  1  −  𝛾  º  ⋅        𝐶   Var      𝛼   Ent     


     𝜂  ‾   =  0  .   99   𝜂 


     𝜂  ↓   =  0  .   995   𝜂 


   𝜙  ¹  𝑥  º  B     min       {      |          ⟨  𝑥  ,  𝑣  ⟩     |             ⟨  𝑥  ,  𝑣  ⟩      ,  𝜂    𝑛   }  


          (2.6)              E       y  ∼    𝑃   RGD    𝜈    𝜙  ¹  y  º  −          E       x  ∼  𝜈    𝜙  ¹  x  º  <  𝜂      𝜀  𝑛      ,    


   𝜙  ¹  x  º 


         E      x  ∼  𝜈    𝜙  ¹  x  º  <    𝜂  ‾     𝑛   −  2  𝛿 


         E      y  ∼    𝑃   RGD    𝜈    𝜙  ¹  y  º 


            Pr        x  ∼  𝜈        »  |  ⟨  x  ,  𝑣  ⟩  |  <    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    −  𝛿  ¼   =           Pr        x  ∼  𝜈        »  𝜙  ¹  x  º  <    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    −  𝛿  ¼     ¾           ¹    𝛿    𝜂    𝑛     º   . 


   y    ∼    𝑃   RGD     𝑥 


   𝑟  <    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    −  𝛿 


         E    y   𝜙  ¹  y  º  −  𝑟  >  𝛿 


         E    y   𝜙  ¹  y  º  −   min   {  𝑟  ,    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    }  >  −   exp       ¹    −    𝑛    1  −  𝑜  ¹  1  º     º  


          (2.7)              E       x  ∼    𝑃   RGD    𝜈    𝜙  ¹  x  º  −          E       x  ∼  𝜈    𝜙  ¹  x  º  >         ¹      𝛿  2     𝜂    𝑛     º   −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º       


         E    y   𝜙  ¹  y  º  −  𝑟 


         E    y   |  ⟨  y  ,  𝑣  ⟩  |  −  𝑟 


   𝑟  <  𝜂    𝑛   −  𝛿 


         E    y   |  ⟨  y  ,  𝑣  ⟩  |  −  𝑟  >  𝛿 


         E    y   |  ⟨  y  ,  𝑣  ⟩  |  −   min   {  𝑟  ,  𝜂    𝑛   }  >  −   exp       ¹    −     ¹  𝑛  º   º  


       |          ⟨  𝑥  ,  𝑣  ⟩     |             ⟨  𝑥  ,  𝑣  ⟩      =  𝑟 


       ⟨  𝑥  ,  𝑣  ⟩   >  0 


     𝐶  e   =      𝐶   Var    2   ⋅    ¹  1  −  𝛾  º  


   𝑟 


   𝑟  <  1 


                   E     y       |              ⟨  y  ,  𝑣  ⟩       |             ⟨  y  ,  𝑣  ⟩           ¾            E       g  ∼  𝒩  ¹  0  ,  1  º       min       {    𝐶  e   ⋅  |  𝜆  𝑟  Ï    𝜆   g  |  ,  𝜂    𝑛   }               ¾      𝐶  e   ⋅      ¹          E       g  ∼  𝒩  ¹  0  ,  1  º        |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     −          E       g  ∼  𝒩  ¹  0  ,  1  º        |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     ⋅    1      𝐶  e   ⋅      |          𝜆  𝑟  Ï    𝜆   g      |       𝜆  𝑟  Ï    𝜆   g     >  𝜂    𝑛     º               ¾      𝐶  e   ⋅      ¹    𝜆           E       g  ∼  𝒩  ¹  0  ,  1  º    |  g  |  −   exp       ¹    −     ¹  𝑛  º   º   º             =    𝐶  e       ¹        2  𝜆   𝜋    −   exp       ¹    −     ¹  𝑛  º   º   º     


         E      g  ∼  𝒩  ¹  0  ,  1  º    |  g  Ï  𝑅  | 


   𝑅  =  0 


           E     y   |  ⟨  y  ,  𝑣  ⟩  |  −  𝑟    ¾      𝐶  e   ⋅        2  𝜆   𝜋    −  1  −   exp       ¹    −     ¹  𝑛  º   º   >  𝛿  . 


   1    ¶    𝑟    ¶        3  𝜂    𝑛      2    𝐶  e   𝜆   


                   E     y       |              ⟨  y  ,  𝑣  ⟩       |             ⟨  y  ,  𝑣  ⟩           ¾            E       g  ∼  𝒩  ¹  0  ,  1  º       min       {      𝐶  e   2   ⋅      |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     ,  𝜂    𝑛   }               ¾        𝐶  e   2   ⋅      ¹          E       g  ∼  𝒩  ¹  0  ,  1  º        |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     −          E       g  ∼  𝒩  ¹  0  ,  1  º        |          𝜆  𝑟  Ï    𝜆   g      |         𝜆  𝑟  Ï    𝜆   g     ⋅    1      𝐶  e   ⋅  |  𝜆  𝑟  Ï    𝜆   g  |  >  2  𝜂    𝑛     º               ¾          𝐶  e   𝜆   2   ⋅  𝑟  −   exp       ¹    −     ¹  𝑛  º   º     .    


           E     y       |              ⟨  y  ,  𝑣  ⟩       |             ⟨  y  ,  𝑣  ⟩      −  𝑟  >    ¹        𝐶  e   𝜆   2   −  1  º   >  𝛿  . 


       3  𝜂    𝑛      2    𝐶  e   𝜆      ¶    𝑟    ¶    𝜂    𝑛   −  𝛿 


     𝐶  e   ⋅      |      𝜆  𝑟  Ï    𝜆   g    |         𝜆  𝑟  Ï    𝜆   g    


   𝜂    𝑛  


         E    y       |          ⟨  y  ,  𝑣  ⟩     |             ⟨  y  ,  𝑣  ⟩        ¾    𝜂    𝑛   −   exp       ¹    −     ¹  𝑛  º   º  


         E    y       |          ⟨  y  ,  𝑣  ⟩     |             ⟨  y  ,  𝑣  ⟩      −  𝑟  >  𝛿  −   exp       ¹    −     ¹  𝑛  º   º  


   𝜂    𝑛   −  𝛿    ¶    𝑟 


         E    y       |          ⟨  y  ,  𝑣  ⟩     |             ⟨  y  ,  𝑣  ⟩      −  𝜂    𝑛   >  −   exp       ¹    −     ¹  𝑛  º   º  


         E    y   𝜙  ¹  y  º 


          (2.8)            E     𝜙  ¹  y  º  =        E        min       {  |  ⟨  y  ,  𝑣  ⟩  |  ,  𝜂    𝑛   }     ¾     min       {        E     |  ⟨  y  ,  𝑣  ⟩  |  ,    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    }   −   exp       ¹    −    𝑛    1  −  𝑜  ¹  1  º     º   .    


          (2.9)            E     𝜙  ¹  y  º     =        E     |  ⟨  y  ,  𝑣  ⟩  |    1    |  ⟨  y  ,  𝑣  ⟩  |  ¶  𝜂    𝑛     Ï  𝜂    𝑛   ⋅         Pr          »  |  ⟨  y  ,  𝑣  ⟩  |  ¾    𝜂    𝑛   ¼          (2.10)        =        E     |  ⟨  y  ,  𝑣  ⟩  |  Ï        E     ¹  𝜂    𝑛   −  |  ⟨  y  ,  𝑣  ⟩  |  º    1    |  ⟨  y  ,  𝑣  ⟩  |  ¾  𝜂    𝑛     .    


     𝜂  ↑   =  1  .   005   𝜂 


       E    |  ⟨  y  ,  𝑣  ⟩  |  <    𝜂  ↓     𝑛  


         E     𝜙  ¹  y  º  ¾          E     |  ⟨  y  ,  𝑣  ⟩  |  −    𝑛   ⋅         Pr          »  |  ⟨  y  ,  𝑣  ⟩  |  ¾    𝜂    𝑛   ¼   . 


          Pr          »  |  ⟨  y  ,  𝑣  ⟩  |  ¾    𝜂    𝑛   ¼     ¶     exp       ¹  −           ¹      𝜂    𝑛   −      E    |  ⟨  y  ,  𝑣  ⟩  |     𝑛    𝑜  ¹  1  º     º   2   º   =   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º   . 


     𝜂  ↓     𝑛     ¶        E    |  ⟨  y  ,  𝑣  ⟩  |  ¶      𝜂  ↑     𝑛  


                 E     𝜙  ¹  y  º       ¾          E     |  ⟨  y  ,  𝑣  ⟩  |  −        E         |  𝜂    𝑛   −  |  ⟨  y  ,  𝑣  ⟩  |  |               ¾          E     |  ⟨  y  ,  𝑣  ⟩  |  −    |  𝜂    𝑛   −        E     |  ⟨  y  ,  𝑣  ⟩  |  |   −        E         |           |  ⟨  y  ,  𝑣  ⟩  |  −        E     |  ⟨  y  ,  𝑣  ⟩  |      |                       ¾          E     |  ⟨  y  ,  𝑣  ⟩  |  −    |  𝜂    𝑛   −        E     |  ⟨  y  ,  𝑣  ⟩  |  |   −    𝑛    𝑜  ¹  1  º                ¾      𝜂  ↓     𝑛   −  ¹  𝜂  −    𝜂  ↓   º    𝑛   −    𝑛    𝑜  ¹  1  º              =    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º      ,    


     𝜂  ↑     𝑛   <      E    |  ⟨  y  ,  𝑣  ⟩  | 


                 E     𝜙  ¹  y  º       ¾    𝜂    𝑛   ⋅         Pr          »  |  ⟨  y  ,  𝑣  ⟩  |  ¾    𝜂    𝑛   ¼     .    


          Pr          »  |  ⟨  y  ,  𝑣  ⟩  |  ¾    𝜂    𝑛   ¼     ¾    1  −   exp       ¹  −           ¹          E    |  ⟨  y  ,  𝑣  ⟩  |  −  𝜂    𝑛      𝑛    𝑜  ¹  1  º     º   2   º   =  1  −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º     , 


       E    |  ⟨  y  ,  𝑣  ⟩  | 


   |  ⟨  𝑥  ,  𝑣  ⟩  |  <    𝜂  ‾     𝑛   −  𝛿  −    𝑛    𝑜  ¹  1  º   


                   E       y  ∼    𝑃   RGD      𝛿  𝑥     𝜙  ¹  y  º       ¾     min       {        E     |  ⟨  y  ,  𝑣  ⟩  |  ,    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    }   −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º               ¾     min       {  𝑟  Ï  𝛿  ,    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    }   −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º               ¾    𝑟  Ï  𝛿  −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º     ,    


   |      ⟨  𝑥  ,  𝑣  ⟩   |  >    𝜂  ‾     𝑛   −  𝛿  −    𝑛    𝑜  ¹  1  º   


           E       y  ∼    𝑃   RGD      𝛿  𝑥     𝜙  ¹  y  º  ¾     min       {  𝑟  ,    𝜂  ‾     𝑛   −    𝑛    𝑜  ¹  1  º    }   −   exp       ¹  −    𝑛    1  −  𝑜  ¹  1  º    º     , 


   𝑂      ¹    𝑛    𝜁  𝑇    º  


   𝜁 


   ℰ      ¹    𝑓  t   ,   log       𝑓  t   º   <  𝑂      ¹    𝑛    𝜁  𝑇    º  


     1    ¹  1  −  𝜅  º  ⋅  𝑛   


   𝑂  ¹  𝑛  º 


   𝜏  =  𝑂  ¹  𝑛  º 


     ℰ   RGD        ¹    𝑓  t   ,   log       𝑓  t   º   <    𝑂  e       ¹      𝑛  3     𝜁  𝑇    º     . 


   𝜁  𝑇  ≫    𝑛  5  


     ℰ   RGD        ¹    𝑓  t   ,   log       𝑓  t   º   <  𝑜      ¹    1    𝑛  2    º     . 


   𝜀  =  𝑜      ¹    1    𝑛  2    º  


   𝛿  =  𝑜  ¹  1  º 


           E       x  ∼    𝜈  t         |              ⟨  x  ,  𝑣  ⟩       |             ⟨  x  ,  𝑣  ⟩        ¾      ¹        𝐶   Var      𝛼   Ent      −  𝑜  ¹  1  º  º   ⋅    𝑛     ¾      ¹  𝜅     exp       ¹    −  1  �  𝜅   º   −  𝑜  ¹  1  º  º       𝑛   . 


   𝜅 


   𝜁  =  𝑜  ¹  1  º 


   𝑇  =       e       ¹    𝑛  5   º  


   𝑣  =    1    𝑛    ^^1b 


   𝑊  =    𝐴  ‾     B      𝐴  G   −      E    »    𝐴  G   |  ^^1b  ¼ 


   𝑀  =  𝑊  Ï  𝜆    𝑑   ⋅  𝑣    𝑣  ⊤  


       E    »    𝐴  G   |  ^^1b  ¼  =    𝑑  𝑛      11   ⊤   Ï      𝜆    𝑑    𝑛      ^^1b^^1b   ⊤  


   𝑂      ¹    𝑛    𝜁  𝑇    º  


   1  −  𝜁 


     1    𝑛    1  Ï    𝑜  𝑑   ¹  1  º    


     ‖    𝑊  𝑥   ‖         ∞     ¶    𝑂  ¹   log     𝑛  º 


   𝜏    ¶    𝑂  ¹  𝑛     log     𝑛  º 


     ℰ   RGD        ¹    𝑓  t   ,   log       𝑓  t   º   <    𝑂  e       ¹      𝑛    3  Ï    𝑜  𝑑   ¹  1  º      𝜁  ⋅  𝑇    º     . 


   𝜁  ⋅  𝑇  ≫    𝑛    5  Ï    𝑜  𝑑   ¹  1  º   


     ℰ   RGD        ¹    𝑓  t   ,   log       𝑓  t   º   <  𝑜      ¹    1    𝑛  2    º   . 


   𝛿  =  𝑂  ¹  1  º 


   𝑐 


           E       x  ∼    𝜈  t         |              ⟨  x  ,  ^^1b  ⟩       |             ⟨  x  ,  ^^1b  ⟩        ¾    𝑐  𝑛  . 


   𝑇  =       e       ¹    𝑛    5  Ï    𝑜  𝑑   ¹  1  º    º  


    Unif   ¹  {  ±  1  }    º    ⊗  𝑁   


          (3.1)                   M  =  W  Ï    𝜆  𝑁      xx   ⊤     ,    


   𝜆    ¾    0 


   W  ∼   GOE   ¹  𝑁  º 


     W    𝑖  𝑗    =    W    𝑗  𝑖    ∼  𝒩      ¹  0  ,    1  𝑁   º  


     W    𝑖  𝑖    ∼  𝒩  ¹  0  ,    2  𝑁   º 


   𝜆  =  1 


   𝜆  <  1 


   M 


   W 


          (3.2)                     𝜇    𝛽  M    ¹  𝜎  º  ∝   exp       ¹    𝛽  2     𝜎  ⊤   M  𝜎  º   =   exp       ¹    𝛽  2     𝜎  ⊤   W  𝜎  Ï      𝛽  𝜆     2  𝑁    ⟨  𝜎  ,  x    ⟩  2   º     


   𝛽  =  𝜆 


    poly   ¹  𝑁  º 


   𝛽  <    1  4  


     𝜇    𝛽  M   


     𝜇    𝛽  W  ,  𝑣    ¹  𝜎  º  ∝   exp       ¹    𝛽  2   ⋅    𝜎  ⊤   W  𝜎  Ï  ⟨  𝑣  ,  𝜎  ⟩  º     . 


   𝛽  <  1 


   ℎ  ∈  Ò 


     𝜇    𝛽  W  ,  ℎ  1   


      ¹  1  �  𝑁  º 


   𝛽  <  0  .   295  


   𝛽  =    1  𝜆  


     ^^1b  0   ∈  {  ±  1    }  𝑁  


   ¹    ^^1b  𝑡     º    𝑡  ¾  0   


     ^^1b  0  


   𝑇    ¾         e   ¹    𝑁  4   º 


     ^^1b  b   =    ^^1b  t  


          Pr          »    |    1  𝑁       |  ⟨    ^^1b  b   ,  x  ⟩  |   −     OPT     𝛽  ,  𝜆    |   >    1    𝑁    1  �  2  −  𝜀     ¼   =    𝑜  𝑁   ¹  1  º    , 


            Pr        ^^1b  ∼    𝜇    𝛽  M          »    |    1  𝑁   |  ⟨  ^^1b  ,  x  ⟩  |  −     OPT     𝛽  ,  𝜆    |   >    1    𝑁    1  �  2  −  𝜀     ¼     ¶      𝑒    −  𝑐    𝑁  𝜀       . 


     𝑜  𝑁   ¹  1  º 


   𝑇  =       e   ¹    𝑁  3   º 


   𝛽  >  1 


   𝜆    ¾    𝛽  >  1 


   𝜏  ∈  ¹  0  ,  1  º 


   𝛽  ,  𝜆 


     |    1  𝑁   ⟨    ^^1b   RGD    ,  𝑥  ⟩  −    1  𝑁   ⟨    ^^1b   AMP    ,  𝑥  ⟩  |   =    𝑜  𝑁   ¹  1  º    . 


           E         ^^1b  𝑇   ∼    𝜈  𝑇         »    |  |  𝑅      ¹    ^^1b  𝑇   ,  x  º   |  −     OPT     𝛽  ,  𝜆    |   ¼     ¶    𝑂    ¹    1    𝑁    1  �  2  −  𝜀     º     . 


     𝜇    𝜆  M   


     𝑥  b  


       E      »        ⟨      x  b   ,  x   ⟩   2       ‖    x  b   ‖       2     ¼  


     1  𝑁           E       x  ∼    𝜇    𝛽  𝑊  ,  ℎ  1      ⟨  x  ,  1  ⟩  =          E       g  ∼  𝒩  ¹  0  ,  1  º        »   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼       ¹  1  Ï  𝑂      ¹    1    𝑁  𝜀    º   º   Ï  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º     , 


   𝑜  ¹  1  º 


     𝑥  b   ∈  {  ±  1    }  𝑁  


    Unif   ¹  {  ±  1    }  𝑁   º 


   ¹    𝜆  𝑐   ,  𝜆  º 


   𝜆  =    𝜆  𝑐  


        polylog   ¹  𝑁  º     𝑁   


   𝑇  =  𝑂  ¹  1  º 


   𝑇  =   exp       ¹    𝑂  ¹  𝑁  º   º  


   𝑂  ¹  𝑁  º 


   𝑁  →  ∞ 


   𝜆  =    𝑁  𝛼  


   1 


     𝜇    𝛽  M    ¹  𝜎  º  ∝   exp       ¹    𝛽  2     𝜎  ⊤   M  𝜎  º   =   exp       ¹    𝛽  2     𝜎  ⊤   W  𝜎  Ï      𝛽  𝜆     2  𝑁    ⟨  𝜎  ,  1    ⟩  2   º     . 


   ^^1b  ∼    𝜇    𝛽  W  Ï      𝛽  𝜆   𝑁      11   ⊤    


   g  ∼  𝒩      ¹  0  ,  1  º  


   z  =      𝛽  𝜆   𝑁   ⟨  ^^1b  ,  1  ⟩  Ï        𝛽  𝜆   𝑁    g 


                  Pr          »  𝜎  |  z  ¼      ∝    𝜇    𝛽  M    ¹  𝜎  º  ⋅   exp       ¹  −    𝑁    2  𝛽  𝜆          ¹  z  −      𝛽  𝜆   𝑁   ⟨  𝜎  ,  1  ⟩  º   2   º             ∝   exp       ¹    𝛽  2     𝜎  ⊤   W  𝜎  Ï  z  ⟨  𝜎  ,  1  ⟩  º   =    𝜇    𝛽  W  ,  z  1      ,    


     𝜇    𝛽  W  Ï      𝛽  𝜆   𝑁      11   ⊤     =          E     z     𝜇    𝛽  W  ,  z  1      . 


     ^^1b  ′   ∼    𝜇    𝛽  W  ,    ¹      𝛽  𝜆   𝑁   ⟨  𝜎  ,  1  ⟩  Ï        𝛽  𝜆   𝑁    g  º   1   


     𝒫   RGD   


   »  −  1  ,  1  ¼ 


   𝑦  ∈  Ò 


   z  =  𝛽  𝜆  𝑦  Ï        𝛽  𝜆   𝑁    g 


   ^^1b  ∼    𝜇    𝛽  W  ,  z  1   


     z  ′   =    1  𝑁   ⟨  ^^1b  ,  1  ⟩ 


   𝑁  ×  𝑁 


     m  ℎ   =    1  𝑁         E      ^^1b  ∼    𝜇    𝛽  W  ,  ℎ      ⟨  ^^1b  ,  1  ⟩ 


   ^^1b  ∼    𝜇    𝛽  W  ,  ℎ   


       g  e   ℎ  


     𝑁   ⋅    ¹    1  𝑁   ⟨  ^^1b  ,  1  ⟩  −    m  ℎ   º  


   𝑧  ∈  Ò 


   𝑧  =     ¹  1  º 


   h    ≈    𝛽  𝜆  𝑧 


     z  ′  


     m  ℎ  


     𝜇    𝛽  W  ,  ℎ   


   𝑞  =          E       g  ∼  𝒩    ¹  0  ,  1  º         »     tanh   2       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼     . 


          (AT)                     𝛽  2         E          sech   4         ¹  𝛽  𝑧      𝑞    𝛽  ,  ℎ     Ï  ℎ  º   <  1    .    


   ⟨  ^^1b  ,  1  ⟩ 


     z  ′     ≈      m  h  


   𝑧  ↦  →    m    𝛽  𝜆  𝑧   


   ℎ  =  𝑂  ¹  1  º 


          (3.3)                     m  ℎ     ≈            E       g  ∼  𝒩  ¹  0  ,  1  º    »   tanh       ¹  𝛽  g      𝑞    𝛽  ,  ℎ     Ï  ℎ  º   ¼  ,    


   ℎ  =  𝑜  ¹  1  º 


     𝑧    𝑡  Ï  1    ←          E       g  ∼  𝒩  ¹  0  ,  1  º        »   tanh       ¹  𝛽  g    𝑞   Ï  𝛽  𝜆    𝑧  𝑡   º   ¼     , 


   𝑞  =    𝑞    𝛽  ,  𝛽  𝜆    𝑧  𝑡    


          (3.4)                         𝑧     =          E       g  ∼  𝒩    ¹  0  ,  1  º         »   tanh       ¹  𝛽  g    𝑞   Ï  𝛽  𝜆  𝑧  º   ¼     ,             𝑞     =          E       g  ∼  𝒩    ¹  0  ,  1  º         »     tanh   2       ¹  𝛽  g    𝑞   Ï  𝛽  𝜆  𝑧  º   ¼     .       


   𝑧  =  𝑜  ¹  1  º 


   ^^02  ¹    1    𝑁    º 


   g 


      ¹   log     𝑁  º 


           𝜇     =  𝜆          E       g  ∼  𝒩  ¹  0  ,  1  º      »   tanh       ¹  𝜆  g  𝜎  Ï    𝜆  2     𝜎  2   º   ¼             𝜎  2      =          E       g  ∼  𝒩  ¹  0  ,  1  º      »     tanh   2   ¹  𝜆  g  𝜎  Ï    𝜆  2     𝜎  2   º  ¼     .    


   ¹  𝜇  ,    𝜎  2   º 


   ¹  𝑧  ,  𝑞  º  =  ¹    𝜇  𝜆   ,    𝜎  2   º 


       E       tanh       ¹    𝛾   g  Ï  𝛾  º   =      E         tanh   2   ¹    𝛾   g  Ï  𝛾  º 


   𝛾    ¾    0 


   𝜇  =  𝜆    𝜎  2  


   𝑧  =  𝑞 


   ¹  𝑧  ,  𝑞  º 


     ^^01  0   =    1    𝜆  2   


   ^^01  =    1    𝛽  𝜆   


     𝜂  𝑡   ¹  ⋅  º  =   tanh       ¹  ⋅  º  


             𝑀    𝑡  Ï  1       =        E       »   tanh       ¹  𝛽  g      𝑄  𝑡    Ï  𝛽  𝜆    𝑀  𝑡   º   ¼             𝑄    𝑡  Ï  1       =        E       »     tanh   2   ¹  𝛽  g      𝑄  𝑡    Ï  𝛽  𝜆    𝑀  𝑡   º  ¼     .    


     𝑀  𝑡   ←    𝑧  𝑡  


     𝑄  𝑡   ←    𝑞  𝑡  


   ¹    𝑀  𝑡   ,    𝑄  𝑡   º 


     𝑞  𝑡   =    𝑞  𝑡   ¹    𝑧  𝑡   º 


     𝑧  𝑡  


   𝛽  <  𝜆 


   ¹  𝛽  ,  𝛽  𝜆  𝑧  º 


   𝑧  =  0 


     m  h  


    tanh       ¹  h  º  


   𝑚  =   tanh       ¹  𝛽  𝑚  Ï  ℎ  º  


    GOE  


   ¹  𝛽  ,  ℎ  º 


   𝛽  ∈    ¹  1  ,    𝛽  𝜆   º  


     𝛽  𝜆   >  𝜆 


     𝛽  𝜆  


   𝛽    ¶      𝛽  𝜆  


   𝑂  ¹  𝑁     log     𝑁  º 


   ¹  𝛽  ,  𝛽  𝜆  𝑧  º 


   ℰ  ¹  𝑓  ,  𝑔  º  B          E      x  ∼  𝜋          E      y    ∼  𝑃   x    ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º  ¹  𝑔  ¹  x  º  −  𝑔  ¹  y  º  º 


   ℰ  ¹  𝑓  ,  𝑓  º  ¾    𝐶  ⋅         Var      »  𝑓  ¼    . 


     ℰ  𝑃   ¹  𝑓  ,   log     𝑓  º  ¾    𝐶  ⋅   Ent   »  𝑓  ¼    , 


   ℰ      ¹  𝑓  ,   log     𝑓  º     B    Í    𝑥  ,  𝑦  ∈         𝑃    𝑥  →  𝑦        ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º  º   ⋅   log         𝑓  ¹  𝑥  º     𝑓  ¹  𝑦  º      ¶    𝜀    . 


   ℰ      ¹  𝑓  ,   log     𝑓  º     ¶         KL       ¹    𝜈  0     ‖    𝜋  º    𝑇     ¶         log       ¹  1  �    𝜋   min    º    𝑇     . 


   𝑓  ↦  →  ℰ  ¹  𝑓  ,   log     𝑓  º 


     𝑑   TV        ¹  𝜈  ,    𝑃  𝑇   𝜈  º     ¶        𝑇    𝜀    2   . 


   𝑇  =  1 


   𝑘    ¾    1 


     𝑑   TV        ¹    𝑃  𝑘   𝜈  ,    𝑃    𝑘  Ï  1    𝜈  º     ¶        𝜀   2  


   |          E       x  ∼  𝜈    »  𝜙  ¹  x  º  ¼  −          E       x  ∼    𝑃  𝑇   𝜈    »  𝜙  ¹  x  º  ¼  |  ¶    ‖  𝜙    ‖  ∞   ⋅  𝑇    𝜀   . 


             𝑚  𝑡      =   tanh       ¹    𝑥  𝑡   º     ,            b  𝑡      =      𝜆  2   𝑁     Í    𝑖  =  1   𝑁   ¹  1  −     tanh   2   ¹    𝑥  𝑖  𝑡   º  º            𝑥    𝑡  Ï  1       =  𝜆  M    𝑚  𝑡   −    b  𝑡     𝑚    𝑡  −  1      


     𝑥  𝑡  


             𝜇    𝑡  Ï  1       =  𝜆          E       g  ∼  𝒩  ¹  0  ,  1  º    »   tanh       ¹  𝜆  g    𝜎  𝑡   Ï    𝜆  2     𝜎  𝑡  2   º   ¼            𝜎    𝑡  Ï  1   2      =          E       g  ∼  𝒩  ¹  0  ,  1  º    »     tanh   2   ¹  𝜆  g    𝜎  𝑡   Ï    𝜆  2     𝜎  𝑡  2   º  ¼    .    


     1  𝑁       ⟨      𝑚  𝑡   ,  x   ⟩   →        E     »    𝑋  0   ¹    𝜇  𝑡     𝑋  0   Ï    𝜎  𝑡     𝑍  0   º  ¼    . 


   ℎ  ∈    Ò    ¾  0   


          (overlap-conc)                           E               »   exp       ¹      𝑁        ¹    1  𝑁   ⟨    ^^1b  1   ,    ^^1b  2   ⟩  −    𝑞    𝛽  ,  ℎ    º   2    𝐶   º   ¼     ¶    2    .    


     ℎ  *   =   inf   {  ℎ    ¾    0  :  ¹  𝛽  ,  ℎ  º    satisfies (AT)   } 


   ℎ  >    ℎ  *  


     𝜇    𝛽  W  ,  ℎ   


     𝑓  𝛽  


          (3.5)                     𝑓    𝛽  ,  𝜆    ¹  𝑧  º  =        E         »   tanh       ¹  𝛽  g      𝑞    𝛽  ,  𝛽  𝜆  𝑧     Ï  𝛽  𝜆  𝑧  º   ¼     .    


     𝑓    𝛽  ,  𝜆   


   ¹  𝛽  ,  𝜆  º 


     𝑓    𝛽  ,  𝜆   


   ¹  𝛽  ,  𝛽  𝜆     OPT     𝛽  ,  𝜆    º 


   𝛽  ∈  ¹  1  ,  𝜆  º 


           E         x  𝑇   ∼    𝜈  𝑇         »    |  |  𝑅      ¹    x  𝑇   ,  1  º   |  −     OPT     𝛽  ,  𝜆    |   ¼     ¶    𝑂    ¹    1    𝑁    1  �  2  −  𝜀     º     . 


          Pr          »    |    1  𝑁       |  ⟨    ^^1b  b   ,  x  ⟩  |   −     OPT     𝛽  ,  𝜆    |   >    𝐶    𝑁    1  �  2  −  𝜀     ¼   =    𝑜  𝑁   ¹  1  º    . 


     ℰ   RGD    ¹  𝑓  ,   log     𝑓  º  ¶    𝑂    ¹      𝑁  3   𝑇   º     . 


     |            E     𝜈     »    |    |  𝑅  ¹  x  ,  1  º  |  −     OPT     𝛽  ,  𝜆     |   ¼   −          E       ¹    𝒫   RGD      º    𝐶     log     𝑁    𝜈      »    |    |  𝑅  ¹  x  ,  1  º  |  −     OPT     𝛽  ,  𝜆     |   ¼    |     ¶      𝑂  e     ¹        𝑁  3   𝑇    º   . 


   |  𝑅  ¹    𝑥  0   ,  1  º  |  =     ¹  1  º 


   𝑅  ¹    𝑥  0   ,  1  º  =  0 


      OPT   𝛽  


   𝒵  =    {  𝑧  ∈  »  −  2  ,  2  ¼  :  ¹  𝛽  ,  𝛽  𝜆  𝑧  º    satisfies (AT) and     |  𝑧  |  >  𝑐    }     . 


     z    𝑡  Ï  1    =  𝑅  ¹    x    𝑡  Ï  1    ,  1  º    ,    where      x    𝑡  Ï  1    ∼    𝜇    𝛽  𝑊  ,  𝛽  𝜆    z  𝑡   Ï        𝛽  𝜆   𝑛      g  𝑡       , 


     |    z    𝑡  Ï  1    −    𝑓  𝛽       ¹    z  𝑡   Ï      1    𝛽  𝜆  𝑁       g  𝑡   º   |     ¶    𝑂      ¹    1    𝑁    1  �  2  −  𝜀     º     . 


          (3.6)                     |    z    𝑡  Ï  1    −    𝑓  𝛽   ¹    z  𝑡   º  |     ¶    𝑂      ¹    1    𝑁    1  �  2  −  𝜀     º     .    


    OPT   =     OPT     𝛽  ,  𝜆   


   𝜂  >  0 


     𝑓  𝛽  ′  


   𝐿  <  1 


   »   OPT   −  𝜂  ,   OPT   Ï  𝜂  ¼ 


    gap   =     inf             |    𝑓  𝛽   ¹  𝑧  º  −  𝑧  |     , 


     |    z    𝑡  Ï  1    −   OPT   |   <    |    z  𝑡   −   OPT   |   −   gap     . 


     |    z    𝑡  Ï  1    −   OPT   |   =    |    𝑓  𝛽   ¹    z  𝑡   Ï    𝛿  𝑡   º  −    𝑓  𝛽   ¹   OPT   º  |     ¶    𝐿      |    z  𝑡   Ï    𝛿  𝑡   −   OPT   |     ¶    𝐿  |    z  𝑡   −   OPT   |  Ï  𝐿  ⋅    𝐶    𝑁    1  �  2  −  𝜀       . 


          (3.7)                     |    z    𝜏  Ï  𝑡    −   OPT   |     ¶      𝐿  𝑡       |    z  𝜏   −   OPT   |   Ï    𝐿    1  −  𝐿    ⋅    𝐶    𝑁    1  �  2  −  𝜀       .    


     |    z  𝑇   −   OPT   |     ¶    𝑂      ¹    1    𝑁    1  �  2  −  𝜀     º  


          Pr          »     max     0  ¶  𝑡  ¶  𝑇        1  𝑁       |    ⟨    𝑥  𝑡   ,  1  ⟩   |     ¶    𝜀  ¼     ¶      𝑒    −       ¹  𝑇  �   log     𝑁  º       . 


          Pr          »     max     0  ¶  𝑡  ¶  𝑇    |    𝑋  𝑡   |  ¶    𝜀  ¼     ¶      𝑒    −       ¹  𝑇  �   log     𝑁  º       . 


     𝑋  𝑡  


      ¹  1  º 


          (3.8)             Pr          »    |    𝑋    𝑡  Ï  1    |     ¾      𝜅    𝑁    |  ¹    𝑋  𝑠   ,    𝑌  𝑠   ,    𝑍  𝑠     º    0  ¶  𝑠  ¶  𝑡    ¼        ¾    𝑐    ,         (3.9)             Pr          »     max     𝑡  ¶  𝑠  ¶  𝑡  Ï  𝐶     log     𝑁        |    𝑋  𝑠   |     ¾    𝜀  |  ¹    𝑋  𝑠   ,    𝑌  𝑠   ,    𝑍  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    ,  |    𝑋  𝑡   |  ¾      𝜅    𝑁    ¼        ¾    𝑐    .    


                    Pr          »    |    𝑋    𝑡  Ï  1    |     ¾      𝜅    𝑁    |      ¹    𝑋  𝑠   ,    𝑌  𝑠   º     0  ¶  𝑠  ¶  𝑡    ,      ¹    𝑍  𝑠   º     0  ¶  𝑠  ¶  𝑡  −  1    ,    |  𝑔  ¹    𝑋  𝑡   º  Ï    𝑌  𝑡   |     ¾        2  𝜅     𝑁    ¼                   ¾           Pr          »    |    𝑍  𝑡   |     ¶      𝜅    𝑁    |      ¹    𝑋  𝑠   ,    𝑌  𝑠   º     0  ¶  𝑠  ¶  𝑡    ,      ¹    𝑍  𝑠   º     0  ¶  𝑠  ¶  𝑡  −  1    ,    |  𝑔  ¹    𝑋  𝑡   º  Ï    𝑌  𝑡   |     ¾        2  𝜅     𝑁    ¼     ¾    𝑐    ,    and                    Pr          »    |    𝑋    𝑡  Ï  1    |     ¾      𝜅    𝑁    |      ¹    𝑋  𝑠   ,    𝑌  𝑠   º     0  ¶  𝑠  ¶  𝑡    ,      ¹    𝑍  𝑠   º     0  ¶  𝑠  ¶  𝑡  −  1    ,    |  𝑔  ¹    𝑋  𝑡   º  Ï    𝑌  𝑡   |     ¶        2  𝜅     𝑁    ¼                   ¾           Pr          »    |    𝑍  𝑡   |     ¾        3  𝜅     𝑁    |      ¹    𝑋  𝑠   ,    𝑌  𝑠   º     0  ¶  𝑠  ¶  𝑡    ,      ¹    𝑍  𝑠   º     0  ¶  𝑠  ¶  𝑡  −  1    ,    |  𝑔  ¹    𝑋  𝑡   º  Ï    𝑌  𝑡   |     ¶        2  𝜅     𝑁    ¼     ¾    𝑐    ,    


   ℰ  =    {  ¹    𝑌  𝑠   ,    𝑍  𝑠     º    𝑠  ¾  𝑡    :    |    𝑌  𝑠   Ï    𝑍  𝑠   |     ¶        𝜄  𝜅     𝑁    ⋅  ¹  𝑠  −  𝑡  Ï  1  º  }     . 


          (3.10)                          Pr          »  ℰ  |  ¹    𝑋  𝑠   ,    𝑌  𝑠   ,    𝑍  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    ¼     ¾    1  −    Í    𝑗  ¾  0      𝐶      𝜄  2     𝜅  2   ¹  𝑗  Ï  1    º  2       ,    


           |    𝑋    𝑡  Ï  𝑗  Ï  1    |     =    |  𝑔  ¹    𝑋    𝑡  Ï  𝑗    º  Ï    𝑌    𝑡  Ï  𝑗    Ï    𝑍    𝑡  Ï  𝑗    |               ¾  |  𝑔  ¹    𝑋    𝑡  Ï  𝑗    º  |  −    |    𝑌    𝑡  Ï  𝑗    Ï    𝑍    𝑡  Ï  𝑗    |               ¾    𝐿  ⋅      𝐿  e   𝑗   ⋅    𝜅    𝑁    −      𝜄  𝜅     𝑁    ⋅  ¹  𝑗  Ï  1  º              ¾        𝐿  e   𝑗   ⋅    𝜅    𝑁    ⋅    ¹  𝐿  −  𝜄  ⋅     sup     𝑗  ¾  0          𝑗  Ï  1       𝐿  e   𝑗    º     .    


     h    𝑡  Ï  1    =    𝑓    𝛽  ,  𝜆    ¹    h  𝑡   º    ¹  1  Ï  𝑂      ¹    1    𝑁  𝜀    º   º   Ï  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º   Ï      g  e     h  𝑡    Ï    g  𝑡     . 


   {      g  e     h  𝑡    ,  ¹      g  e     h  𝑠    ,    g  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    } 


   |    𝑓    𝛽  ,  𝜆    ¹  𝑥  º  |    ¹  1  Ï  𝑂      ¹    1    𝑁  𝜀    º   º   >  𝐿  |  𝑥  | 


   𝛽  ∈    ¹    1  𝜆   ,  1  º  


     𝜇    𝛽  𝑀  ,  0    =          E           »    𝜇    𝛽  𝑊  ,  ¹      𝛽  𝜆   𝑛     ⟨    1  ,  𝑥   ⟩   Ï      𝛽  𝜆  �  𝑛    g  º  1    ¼  . 


   𝑞  =          E       g  ∼  𝒩  ¹  0  ,  1  º        »     tanh   2       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼   . 


   ℎ  >    𝑁    −  ¹  1  �  4  Ï  𝜀  º   


         E         »      ¹  𝑅  ¹  𝜎  ,  1  º  −    𝑞  1   º     2  𝑘    ¼     ¶    𝑂      ¹    1    𝑁  𝑘    º     , 


   ^^02      ¹    𝑁    −  1  �  2    º  


     𝑞  1  


   𝑂  ¹  ℎ  º 


         E         »      |    1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩  −    𝑞  1   |     2  −  𝛿    ¼     ¶    𝑂        ¹   max       {    1  𝑁   ,    ℎ    𝑁    }   º     2  −  𝛿      . 


          (3.11)                          Pr          »    |  m  ¹  ℎ  º  −    𝑞  1   ¹  ℎ  º  |   >    1    𝑁      1  2   −  𝜀     ¼   <    1    𝑁  2      .    


          Pr          »    |  m  ¹  ℎ  º  −    𝑞  1   ¹  ℎ  º  |   >   max       {    ℎ    𝑁      1  2   −      𝑐  1     2  −  𝛿       ,    1    𝑁    1  −      𝑐  1     2  −  𝛿       }   ¼   <  𝑂      ¹    𝑁    −    𝑐  1     º     . 


          (3.12)                          Pr          »    |  m  ¹  ℎ  º  −    𝑞  1   ¹  ℎ  º  |   >   max       {        𝑞  1   ¹  ℎ  º     𝑁  𝜀    ,    1    𝑁    1  �  2  Ï  𝜀     }   ¼   <  𝑂      ¹    𝑁    −    𝑐  1     º     .    


     |  m  ¹  ℎ  º  −    𝑞  1   ¹  ℎ  º  |   <  𝑂      ¹   max       {        𝑞  1   ¹  ℎ  º     𝑁  𝜀    ,    1    𝑁    1  �  2  Ï  𝜀     }   º     . 


     |  m  ¹  ℎ  º  −    𝑞  1   ¹  ℎ  º  |   <    1    𝑁    1  �  2  −  𝜀       . 


   m  ¹  ℎ  º  ¾    m  ¹    ℎ  1   º  ¾      𝑞  1       ¹    ℎ  1   º   −  𝑂      ¹        𝑞  1   ¹    ℎ  1   º     𝑁  𝜀    º   −  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º     ¾      𝑞  1   ¹  ℎ  º  −  𝑂      ¹        𝑞  1   ¹  ℎ  º     𝑁  𝜀    º   −  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º     , 


   m  ¹  ℎ  º  ¶      𝑞  1   ¹  ℎ  º  Ï  𝑂      ¹        𝑞  1   ¹  ℎ  º     𝑁  𝜀    º   Ï  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º     . 


   𝑞  ,    𝑞  1  


           𝑞     =          E       z  ∼  𝒩  ¹  0  ,  1  º        »     tanh   2       ¹  𝛽    𝑞   z  Ï  ℎ  º   ¼     ,            𝑞  1      =          E       z  ∼  𝒩  ¹  0  ,  1  º        »   tanh       ¹  𝛽    𝑞   z  Ï  ℎ  º   ¼     .    


   𝑍 


           E         »    𝑍  2         ¹    1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩  −    𝑞  1   º   2   ¼     ¶          E     »  𝑍    ¼  2   ⋅  𝑂        ¹   max       {    1  𝑁   ,    ℎ    𝑁    }   º   2     .  


                 E         »      |    1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩  −    𝑞  1   |     2  −  𝛿    ¼        ¶          E           »    𝑍  2   ⋅      ¹    1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩  −    𝑞  1   º   2   ¼       2  −  𝛿   2    ⋅        E           »    1    𝑍    4  �  𝛿  −  2     ¼     𝛿  �  2                ¶          E     »  𝑍    ¼    2  −  𝛿    ⋅  𝑂        ¹   max       {    1  𝑁   ,    ℎ    𝑁    }   º     2  −  𝛿    ⋅    1        E    »  𝑍    ¼    2  −  𝛿                =  𝑂        ¹   max       {    1  𝑁   ,    ℎ    𝑁    }   º     2  −  𝛿      ,    


         E         »    𝑍  2         ¹    1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩  −    𝑞  1   º   2   ¼   =    Í    𝜎  ,  𝜌          E     »    𝑒      𝐻  𝑁   ¹  𝜎  º  Ï    𝐻  𝑁   ¹  𝜌  º    ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º  ¼  , 


     𝐻  𝑁   ¹  𝜎  º  =    𝛽  2   ⟨  𝜎  ,  W  𝜎  ⟩  Ï  ℎ      ⟨    𝜎  ,  1   ⟩  


        Cov     ¹    𝐻  𝑁   ¹  𝜎  º  ,    𝐻  𝑁   ¹  𝜌  º  º  =      𝛽  2   2   𝑁  𝑅  ¹  𝜎  ,  𝜌    º  2  


     𝐻  𝑁   ¹  𝜎  º  Ï    𝐻  𝑁   ¹  𝜌  º 


   𝒩      ¹  ℎ      ⟨  𝜎  Ï  𝜌  ,  1  ⟩   ,  𝑁    𝛽  2       ¹  1  Ï  𝑅  ¹  𝜎  ,  𝜌    º  2   º   º  


         E         »    𝑒      𝐻  𝑁   ¹  𝜎  º  Ï    𝐻  𝑁   ¹  𝜌  º    ¼   =    𝑒        𝑁    𝛽  2    2     ¹  1  Ï  𝑅  ¹  𝜎  ,  𝜌    º  2   º   Ï  ℎ    ⟨  𝜎  Ï  𝜌  ,  1  ⟩       . 


               Í    𝜎  ,  𝜌  ∈  {  ±  1    }  𝑁       𝑒        𝑁    𝛽  2    2   ¹  1  Ï  𝑅  ¹  𝜎  ,  𝜌    º  2   º  Ï  ℎ    ⟨    𝜎  Ï  𝜌  ,  1   ⟩     ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º                =  ¹        E     𝑍    º  2   ¹  2     cosh       ¹  ℎ  º     º    −  2  𝑁      Í    𝜎  ,  𝜌      𝑒        𝑁    𝛽  2    2   𝑅  ¹  𝜎  ,  𝜌    º  2   Ï  ℎ    ⟨    𝜎  Ï  𝜌  ,  1   ⟩     ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º    ,    


       E    »  𝑍  ¼  =  ¹  2     cosh       ¹  ℎ  º     º  𝑁     𝑒        𝛽  2   𝑁   4   


   ¹      E    𝑍    º  2  


     𝑒    𝑐    𝑥  2     =    1      𝑐  𝜋       ¯  Ò     𝑒    −      𝑧  2   𝑐   Ï  2  𝑧  𝑥            d  𝑧 


   𝑐  =      2    𝛽  2    𝑁  


   𝑥  =      ⟨    𝜎  ,  𝜌   ⟩   2  


     𝑒        𝑁    𝛽  2    2   𝑅  ¹  𝜎  ,  𝜌    º  2     =    𝑒        𝛽  2     2  𝑁        ⟨    𝜎  ,  𝜌   ⟩   2     =      𝑁    2  𝜋    𝛽  2        ¯  Ò     𝑒    −    𝑁    2    𝛽  2       𝑧  2   Ï  𝑧    ⟨    𝜎  ,  𝜌   ⟩             d  𝑧  , 


               𝑁    2  𝜋    𝛽  2      ⋅    ¯  Ò    exp       ¹    −    𝑁    2    𝛽  2       𝑧  2    º     Í    𝜎  ,  𝜌     exp       ¹    𝑧      ⟨    𝜎  ,  𝜌   ⟩   Ï  ℎ      ⟨    𝜎  Ï  𝜌  ,  1   ⟩    º   ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º        d  𝑧  .      


   ¹    𝜎  𝑖   ,    𝜌  𝑖   º 


   𝜎  ,  𝜌 


   {  ±  1    }  2  


   𝑝  ¹  𝑎  ,  𝑏  º  =    1    𝐶  ¹  𝑧  ,  ℎ  º       exp       ¹    𝑧  𝑎  𝑏  Ï  ℎ  𝑎  Ï  ℎ  𝑏   º  


   𝐶  ¹  𝑧  ,  ℎ  º  =  2  ¹    𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧    º 


     Í    𝜎  ,  𝜌     exp       ¹    𝑧      ⟨    𝜎  ,  𝜌   ⟩   Ï  ℎ      ⟨    𝜎  Ï  𝜌  ,  1   ⟩    º   ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º  =  𝐶  ¹  𝑧  ,  ℎ    º  𝑁   ⋅          E       𝑝    ⊗  𝑁         »    ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º       ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º   ¼     . 


   ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º  =    1    𝑁  2      Í    𝑖  <  𝑗    ¹    𝜎  𝑖   −    𝑞  1   º  ¹    𝜌  𝑗   −    𝑞  1   º  Ï    1    𝑁  2      Í  𝑖   ¹    𝜎  𝑖   −    𝑞  1   º  ¹    𝜌  𝑖   −    𝑞  1   º    , 


             𝑓  𝑁   ¹  𝑧  º       B            E       𝑝    ⊗  𝑁     »  ¹  𝑚  ¹  𝜎  º  −    𝑞  1   º  ¹  𝑚  ¹  𝜌  º  −    𝑞  1   º  ¼            =      𝑁  ¹  𝑁  −  1  º     𝑁  2    ¹  𝑚  ¹  𝑧  º  −    𝑞  1     º  2   Ï    1  𝑁   ¹  𝑘  ¹  𝑧  º  −  2    𝑞  1   𝑚  ¹  𝑧  º  Ï    𝑞  1  2   º            =      ¹  𝑚  ¹  𝑧  º  −    𝑞  1   º   2   Ï    1  𝑁       ¹  𝑘  ¹  𝑧  º  −  𝑚  ¹  𝑧    º  2   º             =      ¹  𝑚  ¹  𝑧  º  −    𝑞  1   º   2   Ï    1  𝑁       ¹  𝑘  ¹  𝑧  º  −  𝑞  º   Ï    1  𝑁       ¹  𝑞  −    𝑞  1  2   º   Ï    1  𝑁       ¹    𝑞  1  2   −  𝑚  ¹  𝑧    º  2   º     


   𝑚  ¹  𝑧  º  B          E    𝑝   »  𝑎  ¼  =        E    𝑝   »  𝑏  ¼ 


   𝑘  ¹  𝑧  º  B          E    𝑝   »  𝑎  𝑏  ¼ 


               ¹  2     cosh       ¹  ℎ  º   º     −  2  𝑁    ⋅      𝑁    2  𝜋    𝛽  2      ⋅    ¯  Ò    exp       ¹    𝑁    »  −      𝑧  2     2    𝛽  2     Ï   log       ¹  2  ¹    𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧    º  º   ¼    º     𝑓  𝑁   ¹  𝑧  º        d  𝑧    ¶    𝑂      ¹      ℎ  2   𝑁   º     .      


           E       z  ∼  𝒩    ¹  0  ,      𝛽  2   𝑁   º         »      ¹        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z        cosh       ¹  2  ℎ  º   Ï  1    º   𝑁       𝑓  𝑁   ¹  z  º  ¼     ¶    𝑂      ¹      ℎ  2   𝑁   º     , 


           𝑚  ¹  𝑧  º     =        𝑒  𝑧      sinh       ¹  2  ℎ  º        𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧        and           𝑘  ¹  𝑧  º     =        𝑒  𝑧      cosh       ¹  2  ℎ  º   −    𝑒    −  𝑧         𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧        .    


     𝑔  𝑁   ¹  𝑧  º  =       cosh       ¹  𝑧  º   Ï   sinh         ¹  ℎ  º   2     𝑒  𝑧        ¹  1  Ï   sinh         ¹  ℎ  º   2   º       𝑒     tanh         ¹  ℎ  º   2   ⋅  𝑧        ¹    𝑒        𝑧  2   2     ¹  1  −   tanh         ¹  ℎ  º   4   º     º       . 


   ¹  *  º  =          E       z  ∼  𝒩    ¹  0  ,      𝛽  2   𝑁   º         »    𝑔  𝑁   ¹  z    º  𝑁   ⋅    𝑒    𝑁     tanh         ¹  ℎ  º   2   z    ⋅    𝑒        𝑁    z  2    2     ¹  1  −   tanh         ¹  ℎ  º   4   º     ⋅    𝑓  𝑁   ¹  z  º  ¼  


   𝛾  >  0 


     1    𝛾  2    =    1    𝛽  2    −    ¹  1  −   tanh         ¹  ℎ  º   4   º  


   𝜇  =    𝛾  2      tanh         ¹  ℎ  º   2  


           ¹  *  º     =    𝛾  𝛽   ⋅          E       z  ∼  𝒩    ¹  0  ,      𝛾  2   𝑁   º         »    𝑔  𝑁   ¹  z    º  𝑁   ⋅    𝑒    𝑁     tanh         ¹  ℎ  º   2   z    ⋅    𝑓  𝑁   ¹  z  º  ¼             =    𝛾  𝛽   ⋅    𝑒      1  2   ⋅  𝑁    𝛾  2      tanh         ¹  ℎ  º   4     ⋅          E       z  ∼  𝒩    ¹  𝜇  ,      𝛾  2   𝑁   º         »    𝑔  𝑁   ¹  z    º  𝑁   ⋅    𝑓  𝑁   ¹  z  º  ¼               ≍            E       z  ∼  𝒩    ¹  𝜇  ,      𝛾  2   𝑁   º         »    𝑔  𝑁   ¹  z    º  𝑁   ⋅    𝑓  𝑁   ¹  z  º  ¼     ,    


   ℎ  ≪    𝑁    −  1  �  4   


   𝑔  ¹  0  º  =  1 


     𝑔    ¹  1  º    ¹  0  º  =    𝑔    ¹  2  º    ¹  0  º  =  0 


     𝑔    ¹  3  º    ¹  0  º  =  −  2     tanh         ¹  ℎ  º   2       ¹  1  −   tanh         ¹  ℎ  º   4   º   =  𝑂  ¹    ℎ  2   º 


   ®      1    𝑁   


     𝑔  𝑁   ¹  z  º 


   1  Ï  𝑂      ¹      ℎ  2     𝑁    3  �  2     º  


     𝑔  𝑁   ¹  z    º  𝑁  


   1  Ï  𝑂      ¹      ℎ  2     𝑁    º  


           ¹  *  º  ®          E           »    𝑔  𝑁   ¹  z    º    2  𝑁    ¼     1  �  2    ⋅        E           »    𝑓  𝑁   ¹  z    º  2   ¼     1  �  2        


           E       z  ∼  𝒩    ¹  𝜇  ,      𝛾  2   𝑁   º         »      ¹        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −    𝑞  1   º     2  𝑘    ¼     ¶    𝑂        ¹      ℎ  2   𝑁   º   𝑘     . 


                   E         »      ¹        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −    𝑞  1   º     2  𝑘    ¼                 ®          E         »      ¹        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −        E         »        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   º     2  𝑘    ¼   Ï      ¹        E         »        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   −    𝑞  1   º     2  𝑘                =  𝑂      ¹    ℎ    2  𝑘    º           E         »      ¹      𝑒  z       𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −        E         »      𝑒  z       𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   º     2  𝑘    ¼   Ï      ¹        E         »        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   −    𝑞  1   º     2  𝑘      .    


     𝑞  1   =          E       g  ∼  𝒩    ¹  0  ,  1  º         »   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼   =  ℎ  Ï  𝑂  ¹    ℎ  3   º  . 


           𝑓  ¹  0  º     =   tanh       ¹  ℎ  º   =  ℎ  Ï  𝑂  ¹    ℎ  3   º    ,            𝑓  ′   ¹  0  º     =  𝑂  ¹  ℎ  º    ,    and              𝑓    ′  ′    ¹  0  º     =  𝑂      ¹    ℎ  3   º     ,    


                 E         »  𝑓  ¹  z  º  ¼      =  𝑓  ¹  0  º  Ï    𝑓  ′   ¹  0  º  𝜇  Ï    1  2     𝑓    ′  ′    ¹  0  º    ¹    𝜇  2   Ï      𝛾  2   𝑁   º   Ï  𝑂      ¹    ℎ    𝑁    º             =  ℎ  Ï  𝑂  ¹  ℎ  º  ⋅    𝛾  2      tanh         ¹  ℎ  º   2   −  𝑂  ¹    ℎ  3   º  ⋅    ¹    𝜇  2   Ï      𝛾  2   𝑁   º   Ï  𝑂      ¹    ℎ    𝑁    º             =  ℎ  Ï  𝑂      ¹    ℎ    𝑁    º   .    


     |        E         »        𝑒  z      sinh       ¹  2  ℎ  º        𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   −    𝑞  1   |   =  𝑂      ¹    ℎ    𝑁    º     , 


           E       z  ∼  𝒩    ¹  𝜇  ,      𝛾  2   𝑁   º         »      ¹        𝑒  z      cosh       ¹  2  ℎ  º   −    𝑒    −  z         𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −  𝑞  º     2  𝑘    ¼     ¶    𝑂      ¹    1    𝑁  𝑘    º     . 


         E         »      ¹        𝑒  z      cosh       ¹  2  ℎ  º   −    𝑒    −  z         𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      −  𝑞  º     2  𝑘    ¼     ®    𝑂      ¹    1    𝑁  𝑘    º   Ï      ¹        E         »        𝑒  z      cosh       ¹  2  ℎ  º   −    𝑒    −  z         𝑒  z      cosh       ¹  2  ℎ  º   Ï    𝑒    −  z      ¼   −  𝑞  º     2  𝑘   


                 E         »  𝑘  ¹  z  º  ¼      =        E         »  z  Ï    ℎ  2   −    1  3     z  3   ¼   Ï  𝑂      ¹    ℎ  4   º             =  𝜇  Ï    ℎ  2   −    1  3   ⋅    𝜇  3   −  𝜇  ⋅      𝛾  2   𝑁   Ï  𝑂      ¹    ℎ  4   º             =  𝜇  Ï    ℎ  2   Ï  𝑂      ¹    1  𝑁   º     .    


   𝑞  =          E       g  ∼  𝒩    ¹  0  ,  1  º         »  𝛽    𝑞   g  Ï  ℎ  ¼   =    𝛽  2   𝑞  Ï    ℎ  2   Ï  𝑂      ¹    ℎ  4   º   . 


           𝜇  Ï    ℎ  2      =   tanh         ¹  ℎ  º   2   ⋅    1      1    𝛽  2    −    ¹  1  −   tanh         ¹  ℎ  º   4   º     Ï    ℎ  2             =    ℎ  2       ¹    1      1    𝛽  2    −  1    Ï  1  º   Ï  𝑂      ¹    1  𝑁   º             =    1    1  −    𝛽  2     ⋅    ℎ  2   Ï  𝑂      ¹    1  𝑁   º     .    


     |        E         »  𝑘  ¹  z  º  ¼   −  𝑞  |   =  𝑂      ¹    1  𝑁   º   , 


         E      z  ∼  𝒩    ¹  0  ,      𝛽  2   𝑁   º         »    𝑔  𝑁   ¹  z    º    2  𝑁    ¼   =  1  Ï    𝑜  𝑁   ¹  1  º 


     𝑔  𝑁   ¹  𝑧  º  =       cosh       ¹  𝑧  º   Ï  𝜅     sinh       ¹  𝑧  º      𝑒    𝜅  𝑧  Ï      𝑧  2   2   ⋅  ¹  1  −    𝜅  2   º       . 


     𝑒    𝜅  𝑧  Ï      𝑧  2   2   ⋅  ¹  1  −    𝜅  2   º    =  1  Ï  𝜅  𝑧  Ï  ¹  1  −    𝜅  2   º  ⋅      𝑧  2   2   Ï    1  2   ¹  𝜅  𝑧    º  2   Ï  𝑂  ¹    𝑧  3   º  =  1  Ï  𝜅  𝑧  Ï      𝑧  2   2   Ï  𝑂  ¹    𝑧  3   º    . 


           2  𝑎        E     »     sech   2   ¹  𝑎  g  Ï  𝑏  º   tanh       ¹  𝑎  g  Ï  𝑏  º   ¼  =  −          E       g  ∼  𝒩    ¹  0  ,  1  º     »     sech   2   ¹  𝑎  g  Ï  𝑏  º  ⋅  g  ¼  >  0  .      


                   E       g  ∼  𝒩    ¹  0  ,  1  º     »     sech   2   ¹  𝑎  g  Ï  𝑏  º  ⋅  g  ¼     =    1  2   ⋅        E         »  g      ¹     sech   2       ¹  𝑏  Ï  𝑎  g  º   −     sech   2       ¹  𝑏  −  𝑎  g  º   º   ¼   <  0    .    


   𝑞  =  𝑞  ¹  ℎ  º  =        E     »     tanh   2   ¹  𝛽  g    𝑞   Ï  ℎ  º  ¼    . 


             𝑞  ′      =        E     »  2     TS   2   ¹  𝛽  g  ¹    𝑞     º  ′   Ï  1  º  ¼            =  2        E     »     TS   2   ¼  Ï      𝛽    𝑞  ′      𝑞          E     »     gTS   2   ¼         (Stein's lemma)        =  2        E     »     TS   2   ¼  Ï    𝛽  2     𝑞  ′         E     »    S  4   −  2    S  2     T  2   ¼    .    


     𝑞  ′   =      2      E    »     TS   2   ¼     1  −    𝛽  2       E    »    S  4   −  2    S  2     T  2   ¼      . 


               ℎ  2     1  −    𝛽  2     −      2    ℎ  4      ¹  1  −    𝛽  2     º  3          ¶    𝑞  ¹  ℎ  º  ¶        ℎ  2     1  −    𝛽  2             ℎ  −      ℎ  2     3  ¹  1  −    𝛽  2   º         ¶      𝑞  1   ¹  ℎ  º  ¶    ℎ    


     𝑞  1     ¾    ℎ  −      ℎ  2     3  ¹  1  −    𝛽  2   º      , 


     𝑓  𝛽       ¹  ℎ  º   =          E       g  ∼  𝒩    ¹  0  ,  1  º        tanh       ¹  𝛽  g      𝑞    𝛽  ,  𝛽  𝜆  ℎ     Ï  𝛽  𝜆  ℎ  º     . 


             𝑓  𝛽  ′   ¹  ℎ  º     =          E       g  ∼  𝒩    ¹  0  ,  1  º       »     sech   2       ¹  X  º   ⋅    ¹  𝛽  g  ⋅    d    d  ℎ      𝑟   Ï  𝛽  𝜆  º   ¼             =        E       »     sech   2   ¹  X  º    ¹  𝛽  g      𝑟  ′     2    𝑟     Ï  𝛽  𝜆  º   ¼             =  𝛽  𝜆        E     »     sech   2   ¹  X  º  ¼  −    𝛽  2     𝑟  ′         E       »     sech   2   ¹  X  º   tanh       ¹  X  º   ¼     .    


              lim     ℎ  →    0  Ï             𝑟  ′   ¹  ℎ  º       𝑟  ¹  ℎ  º     =      2  𝛽  𝜆       1  −    𝛽  2        .      


     𝑓  𝛽  ′   ¹  0  º  =  𝛽  𝜆    , 


             𝑓  𝛽  ′   ¹  ℎ  º     =  𝛽  𝜆        E       S  2   −    𝛽  2   ⋅  𝛽  𝜆  ⋅      2      E    »     TS   2   ¼     1  −    𝛽  2       E        »    S  4   −  2    S  2     T  2   ¼     ⋅        E     »     TS   2   ¼              ¾    𝛽  𝜆      ¹        E       S  4   −          E    »    S  2   T    ¼  2          E    »    S  2     T  2   ¼    º     ¾    0    ,    


             ℎ  2   ⋅    𝑔  ′   ¹  ℎ  º     =    𝑓  𝛽  ′   ¹  ℎ  º  ℎ  −    𝑓  𝛽   ¹  ℎ  º         (3.13)        =        E     »  𝛽  𝜆  ℎ    S  2   ¼  −    𝛽  2   ℎ    𝑟  ′         E       »    S  2   T  ¼   −        E     »  T  ¼    .    


             𝐹  ′   ¹  𝑧  º     =  𝛽  𝜆        E          sech   2   ¹  Y  º  >  0            𝐹    ′  ′    ¹  𝑧  º     =  −  2    𝛽  2     𝜆  2         E     »     sech   2   ¹  Y  º   tanh       ¹  Y  º   ¼  <  0    ,    


     ℎ  2   ⋅    𝑔  ′   ¹  ℎ  º  =  −    𝛽  2   ℎ  ⋅    𝑟  ′   ⋅        E     »    S  2   T  ¼  Ï  ℎ    𝐹  ′   ¹  ℎ  º  −  𝐹  ¹  ℎ  º    . 


   𝛽  =  𝜆  >  1 


   ¹  𝜆  ,    𝜆  2   ℎ  º 


   𝜓  ¹  𝛾  º  =    𝜆  2         E         »     tanh   2       ¹  𝛾  Ï  g    𝛾   º   ¼     . 


          (3.14)                         E         »     tanh     2  𝑘        ¹  𝛾  Ï  g    𝛾   º   ¼   =        E         »     tanh     2  𝑘  −  1        ¹  𝛾  Ï  g    𝛾   º   ¼     .    


           1  >    𝜓  ′   ¹    𝛾  ≭   º     =    𝜆  2         E         »  2     tanh       ¹  Y  º   ⋅     sech   2       ¹  Y  º   ⋅    ¹  1  Ï    g    2      𝛾  ≭      º   ¼             =    𝜆  2         E         »  2     tanh       ¹  Y  º        sech   2   ¹  Y  º  Ï     sech   4   ¹  Y  º  −  2       sech   2   ¹  Y  º     tanh   2   ¹  Y  º  ¼     ,    


                 E         »   tanh       ¹  Y  º        sech   2   ¹  Y  º  ¼   =        E         »   tanh       ¹  Y  º   −     tanh   3   ¹  Y  º  ¼   =        E     »     tanh   2   ¹  Y  º  −     tanh   4   ¹  Y  º  ¼  =        E     »     tanh   2   ¹  Y  º     sech   2   ¹  Y  º  ¼    ,      


   ¹  𝛽  ,  𝛽  𝜆  ℎ  º 


      lim     ℎ  →    0  Ï             𝑓  𝛽   ¹  ℎ  º   ℎ  


   𝐻  :     →  Ò 


      ⊆    Ò  𝑁  


     𝜇  𝐻  


         d    𝜇  𝐻   ¹  𝑥  º  ∝   exp       ¹  𝐻  ¹  𝑥  º  º           d  𝑥 


     𝑃  𝐻  


      =  {  ±  1    }  𝑁  


      =    Ò  𝑁  


     𝑁   ⋅    Ó    𝑁  −  1   


    Divergence   ¹    𝑃  𝐻   𝜈  ‖    𝜇  𝐻   º  ¶        ¹  1  −    1     poly   ¹  𝑁  º    º    Divergence   ¹  𝜈  ‖    𝜇  𝐻   º    . 


   𝑖  =  0  ,    .  .  .   ,  𝑇 


     𝛽  𝑖     B    𝑖  �  𝑇 


     𝜇      𝛽  0   𝐻   


   𝑖  =  1  ,    .  .  .   ,  𝑇 


     𝑃      𝛽  𝑖   𝐻   


     𝜇      𝛽  𝑖   𝐻   


     𝜇      𝛽    𝑖  −  1    𝐻   


   𝐻  :    𝑁   ⋅    Ó    𝑁  −  1    →  Ò 


   𝛽  ,    𝛾  2   ,    .  .  .   ,    𝛾    𝑝  *      ¾    0 


          (4.1)                   𝐻  ¹  𝜎  º  =  𝛽    Í    𝑝  ¾  2        𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       Í      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       𝜎    𝑖  1        ⋅  ⋅  ⋅       𝜎    𝑖  𝑝    ,    


     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝     ∼  𝒩  ¹  0  ,  1  º 


     𝛽   uniq   


   1  −    𝑜  𝑁   ¹  1  º 


     𝛽   shatter   


     𝛽  0   =  0 


     𝛾  2   ,    .  .  .   ,    𝛾    𝑝  *   


     𝛽   SL      ¶      𝛽   shatter   


   𝛽  <    𝛽   SL   


   1  −    𝑒    −     ¹    𝑁    1  �  5    º   


     𝑒    −     ¹    𝑁    1  �  5    º   


     𝛽   SL   


     𝛽   shatter   


     𝛽   uniq    <    𝛽   SL    <    𝛽   shatter   


     𝛾  𝑝   =  1 


     𝛾  𝑖  


     𝛽   uniq      ≍  ¹   log     𝑝    º    −  1  �  2   


     𝛽   SL    ,    𝛽   shatter      ≍    1 


     𝛽   SL    �    𝛽   shatter   


     𝑒   �  2 


   ℰ  ¹  𝑓  ,  𝑔  º  B          E      x  ∼    𝜇  𝐻           E      y    ∼    𝑃  𝐻    x    ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º  ¹  𝑔  ¹  x  º  −  𝑔  ¹  y  º  º 


   ℰ  ¹  𝑓  ,  𝑓  º  ¾    𝐶  ⋅         Var      »  𝑓  ¼    , 


   𝐶    ¾    1  �   poly   ¹  𝑁  º 


     𝜒  2       ¹    𝜈  𝑡   ‖    𝜇  𝐻   º     ¶     exp       ¹    −  𝐶  𝑡   º   ⋅    𝜒  2       ¹    𝜈  0   ‖    𝜇  𝐻   º     . 


   ¹  𝐶  ,  𝜀  º 


   ℰ  ¹  𝑓  ,  𝑓  º  ¾    𝐶  ⋅         Var      »  𝑓  ¼  −  𝜀  ⋅    ‖          𝑓  −        E     𝑓      ‖           𝑓  −        E     𝑓    ∞  2  


          (4.2)        𝜒  2       ¹    𝜈  𝑡   ‖    𝜇  𝐻   º     ¶     exp       ¹    −  𝐶  𝑡   º   ⋅    𝜒  2       ¹    𝜈  0   ‖    𝜇  𝐻   º   Ï  𝜀  ⋅    ‖            d    𝜈  0            d    𝜇  𝐻     −  1  ‖         ∞  2     .    


     ‖            d    𝜈  0            d    𝜇  𝐻     −  1  ‖         ∞  


     𝑃    𝛽  𝐻   


   𝛽  ∈  »  0  ,  1  ¼ 


   𝑖  ∼  »  𝑁  ¼ 


     𝑥  𝑖  


         𝜇  𝐻   ¹    𝑥    ⊕  𝑖    º       𝜇  𝐻   ¹  𝑥  º  Ï    𝜇  𝐻   ¹    𝑥    ⊕  𝑖    º      . 


          𝑆  ,    𝑥  𝑆     »  𝑎  ,  𝑏  ¼  B           Pr          »      𝑥  𝑎   =  Ï  1  |    𝑥  𝑏   =  Ï  1   ¼   −         Pr          »      𝑥  𝑎   =  −  1  |    𝑥  𝑏   =  Ï  1   ¼     . 


     𝑖  1   ,    .  .  .   ,    𝑖  𝑁  


   »  𝑁  ¼ 


     𝑆  𝑡     B  {    𝑖  1   ,    .  .  .   ,    𝑖  𝑡   } 


   x  ∼    𝜇  𝐻  


   𝑡  ∈  »  𝑁  ¼ 


            𝑆  𝑡   ,    x    𝑆  𝑡     


   ¹    𝑛    −  𝑂  ¹  𝛼  º    ,  𝑂  ¹  𝜀  º  º 


            𝑆  𝑡   ,    x    𝑆  𝑡     


     𝜇  𝐻   |    x    𝑆  𝑡   


     x    𝑖    𝑡  Ï  1    


     𝛾  2   ,    .  .  .   ,    𝛾    𝑝  *   


   𝜉  ¹  𝑞  º  =    Í    𝑝  =  2     𝑝  *      𝛾  𝑝  2     𝑞  𝑝  


     𝛾  𝑝  


   𝜉 


          (     Non   -   shattering   )                     𝜉  ′   ¹  𝑞  º  <    𝑞    1  −  𝑞      for all    𝑞  ∈  ¹  0  ,  1  º  .    


          (     SL   )                     𝜉    ′  ′    ¹  𝑞  º  <    1    ¹  1  −  𝑞    º  2       for all    𝑞  ∈  »  0  ,  1  º  .    


          (     Strict      RS   )                     𝜉    ′  ′    ¹  0  º  <  1    and    𝜉  ¹  𝑞  º  Ï  𝑞  Ï   log       ¹  1  −  𝑞  º   <  0    for all    𝑞  ∈  ¹  0  ,  1  º  .    


   ‖       Cov     ¹    𝜇  𝐻   º    ‖   op    =  𝑂  ¹  1  º 


       E    ‖       Cov     ¹    𝜇  𝐻   º    ‖   op   


      ¹    𝑁   º 


     𝑁    −  𝜀   


   1  −    𝑁    −  𝜀   


     𝑒    −  𝑂  ¹  𝑁  º   


   ℰ      ¹            d    𝜈  𝑠            d  𝜋    ,            d    𝜈  𝑠            d  𝜋    º     ¾      𝜌   PI        ¹           Var      𝜋       »            d    𝜈  𝑠            d  𝜋    ¼   −  𝛿  º   . 


     𝜒  2       ¹    𝜈  𝑇     ‖    𝜋  º     ¶      𝑒    −  2    𝜌   PI    𝑇      𝜒  2       ¹    𝜈  0     ‖    𝜋  º   Ï  𝛿  . 


     𝜈  𝑠  


   𝜋  =    Í    𝑖  =  1   𝐾     𝑝  𝑖     𝜋  𝑖   , 


     𝑥  1   ,    .  .  .   ,    𝑥  𝑚  


     Í    𝑖  =  1   𝑚     𝛿    𝑥  𝑖   


   ¹    𝜋  𝑖   º 


     𝑝  𝑖  


   𝐷  ⊆    Ú  𝑑  


     𝐷  0   ⊂    𝐷  1   ⊂    ⋅  ⋅  ⋅   ⊂    𝐷  𝑇   =  𝐷 


     𝐷  𝑖  


     𝐷    𝑖  Ï  1   


   1 


     𝛼   GW   


     𝛼    𝐺  𝑊      ≈    0  .   878  


     𝛼   GW    Ï         ¹    1    𝑑  2    º  


     𝛼   GW    Ï  𝑂      ¹    1    𝑑    º  


     𝛼   GW    Ï         ¹    1    𝑑    º  


     𝑆  𝑁  


     𝑆  𝑁     B      𝑁   ⋅    Ó    𝑁  −  1   


     𝑆  𝑁  


     𝜇  0  


   𝑖  ∈  »  𝑚  ¼ 


     𝑃      𝑖  𝑚   𝐻   


     𝑃      𝑖  𝑚   𝐻   


     𝜇      𝑖  𝑚   𝐻   


     𝑃  𝑖  


     𝜇  𝑖  


     𝑃    𝑖  ,  𝑡   


   L 


   ℰ  ¹  𝑓  ,  𝑔  º 


         E      𝜇  𝑖        »  𝑓    L    𝑔  ¼  


   ℰ  ¹  𝑓  ,  𝑔  º  =          E       𝜇  𝑖        ⟨  r  𝑓  ,  r  𝑔  ⟩     , 


   ℰ  ¹  𝑓  ,  𝑓  º  ¾    𝐶  ⋅         Var      »  𝑓  ¼  −  𝜀  ⋅    ‖          𝑓  −        E     𝑓      ‖           𝑓  −        E     𝑓    ∞  2   −  𝜀  ⋅     sup     𝑥  ∈           ‖          r  𝑓  ¹  𝑥  º      ‖           r  𝑓  ¹  𝑥  º    2     , 


     𝜒  2       ¹    𝜈  𝑡   ‖    𝜇  𝑖   º     ¶     exp       ¹  −  𝐶  𝑡  º   ⋅    𝜒  2       ¹    𝜈  0   ‖    𝜇  𝑖   º   Ï  𝜀  ⋅    ‖            d    𝜈  0            d    𝜇  𝑖     −  1  ‖         ∞  2   Ï  𝜀  ⋅     sup     𝑥  ∈           ‖  r            d    𝜈  0            d    𝜇  𝑖     ¹  𝑥  º  ‖         2     . 


     𝜈  0   =    𝜇    𝑖  −  1   


   𝑚  =   poly   ¹  𝑁  º 


     ‖            d    𝜈  0            d    𝜇  𝑖     −  1  ‖         ∞  


      sup     𝑥  ∈           ‖  r            d    𝜈  0            d    𝜇  𝑖     ¹  𝑥  º  ‖  


     𝜒  2       ¹    𝑃    𝑖  ,  𝑇      𝜇    𝑖  −  1    ‖    𝜇  𝑖   º     ¶    𝑂  ¹  𝜀  º    , 


     𝑑   TV        ¹    𝑃    𝑖  ,  𝑇      𝜇    𝑖  −  1    ,    𝜇  𝑖   º     ¶    𝑂  ¹    𝜀   º    . 


     𝜈    𝑚  ,  𝑇      B      𝑃    𝑚  ,  𝑇        ⋅  ⋅  ⋅       𝑃    2  ,  𝑇      𝑃    1  ,  𝑇      𝜈  0  


             𝑑   TV        ¹    𝑃    𝑚  ,  𝑇        ⋅  ⋅  ⋅       𝑃    1  ,  𝑇      𝜇  0   ,    𝜇  𝑚   º        ¶      𝑑   TV        ¹    𝑃    𝑚  ,  𝑇        ⋅  ⋅  ⋅       𝑃    1  ,  𝑇      𝜇  0   ,    𝑃    𝑚  ,  𝑇      𝜇    𝑚  −  1    º   Ï    𝑑   TV        ¹    𝑃    𝑚  ,  𝑇      𝜇    𝑚  −  1    ,    𝜇  𝑚   º               ¶      𝑑   TV        ¹    𝑃    𝑚  −  1  ,  𝑇        ⋅  ⋅  ⋅       𝜇  0   ,    𝜇    𝑚  −  1    º   Ï  𝑂  ¹    𝜀   º    .    


     𝑑   TV        ¹    𝜈    𝑚  ,  𝑇    ,    𝜇  𝑚   º     ¶    𝑂      ¹    𝜀   ⋅  𝑚  º  


         E      z  ∼  𝜌      𝜋  z  


         E    𝜋   𝑓  =  1 


   ¹  𝑐  𝛼  ,  2  𝜀  º 


   𝜋  =    𝜇  𝐻  


   ¹    𝜇  𝑡     º    𝑡  ¾  0   


         d    𝜇  𝑡   ¹  𝑥  º  ∝   exp       ¹        ⟨    y  𝑡   ,  𝑥  ⟩   −    𝑡  2       ‖        𝑥     ‖           𝑥    2    º           d    𝜇  𝐻   ¹  𝑥  º    , 


     y  𝑡   =  ^^1b  Ï    𝐵  𝑡  


   ^^1b  ∼    𝜇  𝐻  


     𝜇  𝑡  


   𝜏    B     min   {  𝑡  :  0    ¶    𝑡    ¶    𝑇  ,    ‖         Cov      ¹    𝜇  𝑡   º  ‖    ¾    𝐾    or    𝑡  =  𝑇  }    , 


   𝛼  =   exp       ¹    −  𝐾  𝑇   º  


     ‖           Cov     ¹    𝜇  𝑡   º    ‖                Cov     ¹    𝜇  𝑡   º     op   


   ¹     ¹  1  º  ,   exp       ¹    −     ¹  𝑛  º   º   º 


   1  −   exp       ¹    −     ¹  𝑛  º   º  


          Pr       z  ∼  𝜌        »  z    “good”   ¼     ¾    1  −   exp       ¹    −     ¹  𝑛  º   º   −       Pr         »    𝜏  <  𝑇   ¼  


        Pr         »    𝜏  <  𝑇   ¼  


   0    ¶    𝑡    ¶    𝑇 


   1  −    𝑒    −     ¹    𝑛    1  �  5    º   


     ‖           Cov     ¹    𝜇  𝑡   º    ‖                Cov     ¹    𝜇  𝑡   º     op    <  𝐾 


         d    𝑍  𝑡   =  −  r  𝑉  ¹    𝑍  𝑡   º        d  𝑡  Ï    2           d    𝐵  𝑡   , 


         d    𝑍  𝑡   =  −    r   sp    𝑉  ¹    𝑍  𝑡   º        d  𝑡  Ï    2           d    𝐵  𝑡   , 


    KL       ¹   Law   ¹    𝑍  𝑡   º  ‖    𝜋  º                 −         →       𝑡  →  ∞      0 


     𝑒    −  𝑉   


     r  2   𝑉    ⪰    𝛼  𝐼 


           E     𝜋   ‖  r    𝑓     ‖  2     ¾      𝜌   LS       Ent   𝜋   »  𝑓  ¼  . 


    KL       ¹    𝜋  𝑡     ‖    𝜋  º     ¶     KL       ¹    𝜋  0     ‖    𝜋  º     𝑒    −    𝜌   LS    ⋅  𝑡    . 


   ¹    𝑋  𝑡     º    𝑡  ¾  0   


   ¹    𝑃  𝑡     º    𝑡  ¾  0   


   𝑓  :     →  Ò 


     𝑃  𝑡   𝑓  ¹  𝑥  º  =      E    »  𝑓  ¹    𝑋  𝑡   º  |    𝑋  0   =  𝑥  ¼ 


     𝑃  𝑡   =    𝑒    −  𝑡  L   


   𝑓  ,  𝑔  :     →  Ò 


   ℰ  ¹  𝑓  ,  𝑔  º  =        E    𝜋   »  𝑓  L  𝑔  ¼ 


   ℰ  ¹  𝑓  ,  𝑔  º  B            E       x  ∼  𝜋            E       y    ∼  𝑃   x    ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º  º  ¹  𝑔  ¹  x  º  −  𝑔  ¹  y  º  º    . 


            Var      𝜋   »  𝑓  ¼  ¶      1    𝜌   PI     ⋅  ℰ  ¹  𝑓  ,  𝑓  º  Ï   Error   ¹  𝑓  º    . 


      Ent   𝜋   »  𝑓  ¼  ¶      1    𝐶   MLSI     ⋅  ℰ  ¹  𝑓  ,   log     𝑓  º  Ï   Error   ¹  𝑓  º  . 


    KL       ¹    𝜈  𝑇     ‖    𝜋  º     ¶      𝑒    −    𝐶   MLSI    𝑇     KL       ¹    𝜈  0     ‖    𝜋  º   Ï          E       s  ∼    ^^03  𝑇     »   Error   ¹              d    𝜈  s            d  𝜋     º  ¼  . 


   −  ℰ  ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º  Ï    𝐶   MLSI    ⋅   KL       ¹    𝜈  𝑡     ‖    𝜋  º   −    𝐶   MLSI    ⋅     Error   𝑡     ¶    0  , 


             d           d  𝑡        ¹    𝑒      𝐶   MLSI    𝑡    ⋅   KL       ¹    𝜈  𝑡     ‖    𝜋  º   −    𝐶   MLSI      ¯  0  𝑡     𝑒      𝐶   MLSI    𝑠       Error   𝑠           d  𝑠  º     ¶    0  . 


     𝑒      𝐶   MLSI    𝑇    ⋅   KL       ¹    𝜈  𝑇     ‖    𝜋  º   −    𝐶   MLSI      ¯  0  𝑇     𝑒      𝐶   MLSI    𝑠       Error   𝑠           d  𝑠    ¶     KL       ¹    𝜈  0     ‖    𝜋  º   , 


    KL       ¹    𝜈  𝑇     ‖    𝜋  º     ¶      𝑒    −    𝐶   MLSI    𝑇     KL       ¹    𝜈  0     ‖    𝜋  º   Ï    𝐶   MLSI      ¯  0  𝑇     𝑒      𝐶   MLSI    ¹  𝑠  −  𝑇  º       Error   𝑠   . 


    KL       ¹    𝜈  𝑇     ‖    𝜋  º     ¶      𝑒    −    𝐶   MLSI    𝑇     KL       ¹    𝜈  0     ‖    𝜋  º   Ï          E       𝑠  ∼    ^^03  𝑇         »     Error   𝑠   ¼   , 


     𝜒  2       ¹    𝜈  𝑇     ‖    𝜋  º     ¶      𝑒    −  2    𝜌   PI    𝑇      𝜒  2       ¹    𝜈  0     ‖    𝜋  º   Ï          E       s  ∼    ^^03  𝑇     »   Error   ¹              d    𝜈  s            d  𝜋     º  ¼  . 


   𝑓  :     →  Ò 


    osc   ¹  𝑓  º  B     sup   ¹  𝑓  º  −   inf   ¹  𝑓  º 


   r  𝑓 


            Var      𝜋   »  𝑓  ¼  ¶      1    𝜌   PI     ⋅  ℰ  ¹  𝑓  ,  𝑓  º  Ï  𝜀  ⋅  ¹   osc   ¹  𝑓    º  2   Ï     sup     𝑥  ∈           ‖    r  𝑓   ‖         2   º  . 


      Ent   𝜋   »  𝑓  ¼  ¶      1    𝐶   MLSI     ⋅  ℰ  ¹  𝑓  ,   log     𝑓  º  Ï  𝜀  ⋅  ¹   osc   ¹    𝑓     º  2   Ï     sup     𝑥  ∈           ‖    r  𝑓   ‖         2   º  . 


    osc   ¹  𝑓  º  ¶    2  ‖  𝑓  −  1    ‖  ∞  


     𝑑   TV        ¹  𝜋  ,    𝜋  ′   º     ¶    𝛿 


   ¹    𝜌   PI    ,  𝛿     max   ¹    𝜌   PI     −  1    ,  1  º  º 


             ℰ    𝜋  ′    ¹  𝑓  ,  𝑓  º     =          E       𝜋  ′        ‖    r  𝑓   ‖         2               ¾            E     𝜋       ‖    r  𝑓   ‖         2   −  𝛿     sup       ‖    r  𝑓   ‖         2               ¾      𝜌   PI             Var      𝜋   »  𝑓  ¼  −  𝛿     sup       ‖    r  𝑓   ‖         2   .    


           E     𝜋   »  ¹  𝑓  −  𝑎    º  2   ¼  ¾            E       𝜋  ′    »  ¹  𝑓  −  𝑎    º  2   ¼  −  𝛿  ⋅   osc   ¹  𝑓    º  2   , 


          (4.3)                            Var      𝜋   »  𝑓  ¼  ¾             Var        𝜋  ′    »  𝑓  ¼  −  𝛿  ⋅   osc   ¹  𝑓    º  2   .    


     ℰ    𝜋  ′    ¹  𝑓  ,  𝑓  º  ¾      𝜌   PI             Var        𝜋  ′    »  𝑓  ¼  −  𝛿      ¹    𝜌   PI    ⋅   osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2   º   . 


             ℰ  𝜋   ¹  𝑓  ,  𝑓  º     =          E       z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º              ¾            E       z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º    1    z    is good                 ¾            E       z  ∼  𝜌      𝜌   PI             Var        𝜋  z    »  𝑓  ¼    1    z    is good     −  𝛿    𝜌   PI    ⋅  ¹   osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2   º            =          E       z  ∼  𝜌      𝜌   PI             Var        𝜋  z    »  𝑓  ¼  −  𝛿    𝜌   PI    ⋅  ¹   osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2   º  −          E       z  ∼  𝜌      𝜌   PI             Var        𝜋  z    »  𝑓  ¼    1    z    is not good                 ¾      𝜌   PI            E       z  ∼  𝜌             Var        𝜋  z    »  𝑓  ¼  −  ¹  𝛿    𝜌   PI    Ï  𝜂    𝜌   PI    º  ⋅  ¹   osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2   º              ¾      𝐶   Var      𝜌   PI             Var      𝜋   »  𝑓  ¼  −  ¹  𝛿    𝜌   PI    Ï  𝜂    𝜌   PI    º  ⋅  ¹   osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2   º    .    


   ¹    𝜇  𝛽     º    𝛽  ¾  0   


     𝜇  𝛽   ¹  𝜎  º  ∝    𝑒    𝛽  𝐻  ¹  𝜎  º   


   𝛽    ¶      𝛽  0  


   𝑃  =    𝑃  𝛽  


     𝜇  𝛽  


   𝛽  :    Ò    ¾  0    →    Ò    ¾  0   


   𝒜 


     𝑃    𝛽  ¹  𝑡  º   


   𝑡  ↦  →  𝛿  ⋅    ⌊    𝑡  𝑇   ⌋  


   𝑇  ⋅    ¹      𝛽  0   𝛿   Ï  1  º  


     𝑑   TV        ¹  𝜈  ,    𝜇    𝛽  0    º     ¶        𝛽  0   𝛿   ⋅    »  ¹  1  Ï  𝛿     sup       ‖    r  𝐻   ‖   º    𝑒    2  𝛿  ‖  𝐻    ‖  ∞     −  1  ¼   ⋅  𝑂        ¹    𝑒    −  2    𝜌   PI    𝑇    Ï  𝜀  º     1  �  2    . 


   𝜀  =  0 


   𝛿  =    𝛽  0  


     𝑃    𝛽  Ï  𝛿   


     𝜇    𝛽  Ï  𝛿   


     𝜇    𝛽  0   


             𝑑   TV        ¹    𝜈    ¹  0  ,    𝑘  0   º    ,    𝜇    𝛽  0    º      =    𝑑   TV        ¹    𝜈    ¹    𝑘  0   −  1  ,    𝑘  0   º    ,    𝜇    𝛽  0    º   Ï    Í    1  ¶  𝑟  ¶    𝑘  0   −  1      ¹    𝑑   TV        ¹    𝜈    ¹  𝑟  −  1  ,    𝑘  0   º    ,    𝜇    𝛽  0    º   −    𝑑   TV        ¹    𝜈    ¹  𝑟  ,    𝑘  0   º    ,    𝜇    𝛽  0    º   º          (Triangle inequality)          ¶      𝑑   TV        ¹    𝜈    ¹    𝑘  0   −  1  ,    𝑘  0   º    ,    𝜇    𝛽  0    º   Ï    Í    1  ¶  𝑟  ¶    𝑘  0   −  1      𝑑   TV        ¹    𝜈    ¹  𝑟  −  1  ,    𝑘  0   º    ,    𝜈    ¹  𝑟  ,    𝑘  0   º    º          (Data processing)          ¶      𝑑   TV        ¹    𝜈    ¹    𝑘  0   −  1  ,    𝑘  0   º    ,    𝜇    𝛽  0    º   Ï    Í    1  ¶  𝑟  ¶    𝑘  0   −  1      𝑑   TV        ¹    𝜈    ¹  𝑟  −  1  ,  𝑟  º    ,    𝜈    ¹  𝑟  ,  𝑟  º    º             =    Í    1  ¶  𝑟  ¶    𝑘  0       𝑑   TV        ¹    𝜈    ¹  𝑟  −  1  ,  𝑟  º    ,    𝜇    𝑟  𝛿    º   .    


           ‖  𝑓  −  1    ‖  ∞        ¶      ‖      𝑒    −  𝛿  𝐻            E      𝜇    𝛽  Ï  𝛿       𝑒    −  𝛿  𝐻      −  1  ‖         ∞               ¶      ‖        𝑒    −  𝛿  𝐻    −  1           E      𝜇    𝛽  Ï  𝛿       𝑒    −  𝛿  𝐻      ‖         ∞   Ï    |    1          E      𝜇    𝛽  Ï  𝛿       𝑒    −  𝛿  𝐻      −  1  |               ¶          𝑒    𝛿  ‖  𝐻    ‖  ∞     −  1     𝑒    −  𝛿  ‖  𝐻    ‖  ∞      Ï        𝑒    𝛿  ‖  𝐻    ‖  ∞     −  1     𝑒    −  𝛿  ‖  𝐻    ‖  ∞        ¶    2  ⋅  ¹    𝑒    2  𝛿  ‖  𝐻    ‖  ∞     −  1  º  .    


           ‖    r  𝑓   ‖     =      𝛿    𝑒    −  𝛿  𝐻             E      𝜇    𝛽  Ï  𝛿       𝑒    −  𝛿  𝐻          ‖    r  𝐻   ‖               ¶    2  𝛿  ⋅    𝑒    2  𝛿    ‖  𝐻  ‖       ∞         ‖    r  𝐻   ‖     ,    


             𝑑   TV          ¹    𝜈    ¹  𝑟  −  1  ,  𝑟  º    ,    𝜇    𝑟  𝛿    º   2        ¶      𝜒  2       ¹    𝜈    ¹  𝑟  −  1  ,  𝑟  º      ‖      𝜇    𝑟  𝛿    º               ¶      𝑒    −  2    𝜌   PI    𝑇    ⋅    𝜒  2       ¹    𝜇    ¹  𝑟  −  1  º  𝛿      ‖      𝜇    𝑟  𝛿    º   Ï  𝜀  ⋅  ¹   16   ¹    𝑒    2  𝛿  ‖  𝐻    ‖  ∞     −  1    º  2   Ï  4  ¹  𝛿    𝑒    2  𝛿    ‖  𝐻  ‖       ∞        sup       ‖    r  𝐻   ‖     º  2   º              ¶  ¹   16   ¹    𝑒    2  𝛿  ‖  𝐻    ‖  ∞     −  1    º  2   Ï  4  ¹  𝛿    𝑒    2  𝛿    ‖  𝐻  ‖       ∞        sup       ‖    r  𝐻   ‖     º  2   º    ¹    𝑒    −  2    𝜌   PI    𝑇    Ï  𝜀  º   .    


   𝜎  ↦  →  𝛽  ¹  𝑡  º  ⋅  𝐻  ¹  𝜎  º 


     𝐻  𝑡  


   ‖    𝐻    𝑡  Ï  𝑇    −    𝐻  𝑡     ‖  ∞     ¶    𝛿 


   𝜎  ↦  →  𝐻  ¹  𝛽  ¹  𝑡  º  ⋅  𝜎  º 


   𝜋  =    Í    𝑖  =  1   𝐾     𝑝  𝑖     𝜋  𝑖  


   𝑚  =         ¹       log       ¹  1  �  𝛿  º        𝑝  *     𝜀  2     º   . 


          Pr          »    𝜒  2       ¹    𝜇  𝑇     ‖    𝜋  º     ¶    𝜀  ¼     ¾    1  −  𝑂  ¹  𝛿  º  , 


     𝜒  2  


     𝜒  2       ¹    𝜈  0     ‖    𝜋  º  


             𝜒  2       ¹    𝜇  𝑡     ‖    𝜋  º      =          E     𝜋   »    𝑓  𝑡  2   ¼  −  1            =    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑡  2   ¼  −  1  º             =    Í    𝑖  =  1   𝐾     𝑝  𝑖            Var        𝜋  𝑖    »    𝑓  𝑡   ¼  Ï    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑡     ¼  2   −  1  º   .    


     Í    𝑖  =  1   𝐾     𝑝  𝑖            Var        𝜋  𝑖    »    𝑓  𝑡   ¼  ¶      1    𝜌   PI       Í    𝑖  =  1      𝑝  𝑖           E       𝜋  𝑖    ‖  r    𝑓  𝑡     ‖  2   =    1    𝜌   PI             E     𝜋   ‖  r    𝑓  𝑡     ‖  2   . 


          (4.4)                     𝜒  2       ¹    𝜇  𝑡     ‖    𝜋  º     ¶      1    𝜌   PI     ⋅          E     𝜋   ‖  r    𝑓  𝑡     ‖  2   Ï    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑡     ¼  2   −  1  º   .    


             𝜒  2       ¹    𝜇  𝑇     ‖    𝜋  º        ¶      𝜒  2       ¹    𝜇  0     ‖    𝜋  º   ⋅    𝑒    −  2    𝜌   PI    𝑇    Ï          E       𝑠  ∼    ^^03  𝑇         »    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   ¼               ¶    𝑀    𝑒    −  2    𝜌   PI    𝑇    Ï          E       𝑠  ∼    ^^03  𝑇         »    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   ¼   .    


           E       𝑠  ∼    ^^03  𝑇         »    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   ¼   . 


     1    𝑝  *    =    1    𝑝  *            E     𝜋   »    𝑓  𝑠    ¹  𝑗  º    ¼  =    1    𝑝  *      Í    𝑟  =  1   𝐾     𝑝  𝑟           E       𝜋  𝑟    »    𝑓  𝑠    ¹  𝑗  º    ¼  ¾            E       𝜋  𝑖    »    𝑓  𝑠    ¹  𝑗  º    ¼  ¾    0  . 


          Pr          »    |          E       𝜋  𝑖      𝑓  𝑠   −  1  |   >  𝑡  ¼   =         Pr          »    |    1  𝑚     Í    𝑗  =  1   𝑚           E       𝜋  𝑖        »    𝑓  𝑠    ¹  𝑗  º    ¼   −  1  |   >  𝑡  ¼     ¶    2     exp       ¹  −      𝑚    𝑝  *    2   ⋅      𝑡  2     1  Ï  𝑡    º   . 


                  Pr          »    |          E       𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  |   >  𝑡  ¼        ¶           Pr          »    |          E       𝜋  𝑖      𝑓  𝑠   −  1  |   >    𝑡    2  ¹  1  Ï    𝑡   º    ¼               ¶    2     exp       ¹  −      𝑚    𝑝  *    8   ⋅        ¹    𝑡    1  Ï    𝑡     º   2     1  Ï    𝑡    1  Ï    𝑡       º   .    


          Pr          »    |          E       𝑠  ∼    ^^03  𝑇       Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹          E       𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   |   >    𝜀  2   ¼     ¶    2     exp       ¹  −      𝑚    𝑝  *     𝜀  2     10    º     ¶    𝛿  . 


     𝜒  2       ¹    𝜇  𝑇     ‖    𝜋  º     ¶      𝜒  2       ¹    𝜇  0     ‖    𝜋  º   ⋅    𝑒    −  2    𝜌   PI    𝑇    Ï    𝜀  2     ¶    𝜀  , 


     𝜇    𝑡  Ï  1    ¹  𝑥  º  =    𝜇  𝑡   ¹  𝑥  º    ¹  1  Ï  ⟨  𝑥  −  m  ¹    𝜇  𝑡   º  ,    𝑍  𝑡   ⟩  º  


             𝜇  𝑡   ¹  𝑥  º  ∝    𝜇  0   ¹  𝑥  º   exp       ¹    −      1  2    ⟨  𝑥  ,    ^^06  𝑡   𝑥  ⟩  Ï  ⟨    𝑦  𝑡   ,  𝑥  ⟩   º   ,      


             ‖                 Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅         Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2        ‖                  Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅         Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2       op      ¶      𝐾  𝑡   ,      


           E           Var       𝜇  𝑇    »  𝜑  ¼            Var     𝜇   »  𝜑  ¼      ¾    Î    𝑡  =  0     𝑇  −  1    ¹  1  −    𝐾  𝑡   º  . 


             ‖            𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2        ‖             𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2       op      ¶      𝐾  𝑡       


           E           Var       𝜇  𝑇    »  𝜑  ¼            Var     𝜇   »  𝜑  ¼      ¾      𝑒    −    ¯  0  𝑇     𝐾  𝑡           d  𝑡    . 


   𝜇  =        E      z  ∼  𝜌      𝜇  z  


   𝜏  =  𝑇  ∧     inf     𝑡  ¾  0        {    ‖                 Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅         Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2        ‖                  Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅         Cov      ¹    𝑍  𝑡   |    𝜇  𝑡     º    1  �  2       op      ¾      𝐾  𝑡   }   . 


           E           Var       𝜇  𝜏    »  𝜑  ¼            Var     𝜇   »  𝜑  ¼      ¾    Î    𝑡  ¾  0    ¹  1  −    𝐾  𝑡   º  . 


   𝜏  =  𝑇  ∧     inf     𝑡  ¾  0        {    ‖            𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2        ‖             𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2       op      ¾    𝐾  }   . 


           E           Var       𝜇  𝜏    »  𝜑  ¼            Var     𝜇   »  𝜑  ¼      ¾      𝑒    −  𝑇  𝐾    . 


           E        »         Var       𝜇    𝑡  Ï  1     »  𝜑  ¼  |    𝜇  𝑡   ¼             Var       𝜇  𝑡    »  𝜑  ¼      ¾      𝐾  𝑡       or        1           Var       𝜇  𝑡    »  𝜑  ¼    ⋅            d           d  𝑠          E         »           Var        𝜇  𝑠    »  𝜑  ¼  |    𝜇  𝑡   ¼           |             𝑠  =  𝑡      ¾    𝐾  . 


   𝑇  ,  𝐾  >  0 


   1  −    𝜂  1  


     ‖        𝐶  𝑡    1  �  2    ⋅       Cov     ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2      ‖             𝐶  𝑡    1  �  2    ⋅       Cov     ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2       op    <  𝐾 


   𝑡  ∈  »  0  ,  𝑇  ¼ 


   1  −    𝜂  2  


   ¹    𝜌   PI    ,  𝛿  º 


   ¹    𝜌   PI      𝑒    −  𝑇  𝐾    ,    𝑒    𝑇  𝐾        ¹  𝛿  Ï    𝜂  1   Ï    𝜂  2   º   º 


   𝜏  =  𝑇  ∧     inf     𝑡  ¾  0        {    ‖            𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2        ‖             𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2       op      ¾    𝐾  }   . 


   ¹    𝜇  𝑡     º    𝑡  ∈    Ú    ¾  0     


   𝜏  =  𝑇  ∧     inf     𝑡  ¾  0        {    ‖            𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2        ‖             𝐶  𝑡    1  �  2    ⋅         Cov      ¹    𝜇  𝑡   º  ⋅    𝐶  𝑡    1  �  2       op      ¾    𝐾  }   . 


                 E              Var        𝜇  𝑇    »  𝑓  ¼       ¾          E              Var        𝜇  𝜏    »  𝑓  ¼  −  𝛿   osc   ¹  𝑓    º  2               ¾      𝑒    −  𝑇  𝐾             Var        𝜇  0    »  𝑓  ¼  −  𝛿   osc   ¹  𝑓    º  2   .    


         E              Var        𝜇  𝜏    »  𝑓  ¼  −        E              Var        𝜇  𝑇    »  𝑓  ¼  =        E              Var        𝜇  𝜏    »  𝑓  ¼    1    𝜏  <  𝑇      ¶     osc   ¹  𝑓    º  2          Pr          »    𝜏  <  𝑇   ¼   . 


     𝑆  𝑁   =    𝑁   ⋅    Ó    𝑁  −  1   


     𝛾  2   ,    𝛾  3   ,    .  .  .   ,    𝛾    𝑝  *      ¾    0 


     𝐻  𝑁   :    𝑆  𝑁   →  Ò 


          (4.5)                     𝐻  𝑁   ¹  𝜎  º  B    Í    𝑝  ¾  2        𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       Í      𝑖  1   ,    .  .  .   ,    𝑖  𝑝   =  1   𝑁     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       𝜎    𝑖  1        ⋅  ⋅  ⋅       𝜎    𝑖  𝑝    ,    


     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝    


     Ò  𝑁  


         E       𝐻  𝑁   ¹    𝜎  1   º  ⋅    𝐻  𝑁   ¹    𝜎  2   º  =  𝑁  ⋅  𝜉      ¹  𝑅  ¹    𝜎  1   ,    𝜎  2   º  º   , 


   𝜉  ¹  𝑠  º  =    Í    𝑝  =  2     𝑝  *      𝛾  𝑝  2     𝑠  𝑝  


     𝛿  𝑁   ,    𝑇  𝑁   >  0 


     𝜇  𝛽     B      𝜇    𝛽    𝐻  𝑁    


     𝐻  𝑁  


   𝛽  ¹  𝑡  º  =    𝛿  𝑁   ⌊  𝑡  �    𝑇  𝑁   ⌋ 


     𝑇  𝑁  


     𝛿  𝑁  


     𝜉    ′  ′    ¹  𝑞  º  <    1    ¹  1  −  𝑞    º  2       for all    𝑞  ∈  »  0  ,  1  º  . 


         d  𝜇  ¹  𝜎  º  ∝   exp       ¹      𝐻  𝑁   ¹  𝜎  º   º           d  𝜌  ¹  𝜎  º  . 


     𝑑   TV        ¹  𝜈  ,  𝜇  º     ¶      𝑒    −  𝑐    𝑁    1  �  5      . 


     𝑒    −  𝑐    𝑁    1  �  5     


     𝑒    −  𝑐  𝑁   


      ¹    𝑁    1  �  2    º 


        Cov     ¹    𝜇  𝑡   º 


   ¹    𝛾  𝑝     º    𝑝  ¾  2   


     𝜇    𝐻  𝑁    =    𝜇  0  


   ¹    𝜇  𝑡     º    0  ¶  𝑡  ¶  𝑇   


    Id  


            Pr        𝐻  𝑁        »           Pr        ¹    𝜇  𝑡   º  |    𝐻  𝑁         »    ‖                 Cov      ¹    𝜇  𝑡   º      ‖                  Cov      ¹    𝜇  𝑡   º     op    <  𝐾    for all    0    ¶    𝑡    ¶    𝑇  ¼     ¾    1  −    𝑒    −  𝑐    𝑁    1  �  5      ¼     ¾    1  −    𝑒    −  𝑐    𝑁    1  �  5      . 


            Pr        𝐻  𝑁        »           Pr          𝜇  𝑇   |    𝐻  𝑁         »    𝜇  𝑇     satisfies a     ¹  𝑐  ,    𝑒    −  𝑐  𝑁    º  -weak Poincaré inequality   ¼     ¾    1  −    𝑒    −  𝑐  𝑁    ¼     ¾    1  −    𝑒    −  𝑐  𝑁    . 


   0    ¶    𝛽    ¶    1 


   𝛽    𝐻  𝑁  


     𝜉  𝛽   ¹  𝑠  º  =  𝜉  ¹    𝛽  2   𝑠  º 


     𝜉  𝛽  


     𝜇    𝛽    𝐻  𝑁    


   ¹  𝑐  ,    𝑒    −  𝑐    𝑁    1  �  5      º 


   ‖  r    𝐻  𝑁     ‖  ∞   =  𝑂  ¹    𝑁   º 


   ‖    𝐻  𝑁     ‖  ∞   =  𝑂  ¹  𝑁  º 


     𝑆  𝑁   ¹  y  º  =  {  𝜎  ∈    𝑆  𝑁   :  𝑅  ¹  y  ,  𝜎  º  >  0  }  . 


     𝜎  y   ¹  𝜌  º  =        y  b   Ï  U  𝜌       1  Ï  𝑅  ¹  𝜌  ,  𝜌  º     . 


     𝜎  y   ¹  𝐴  º  =  {  𝜎  ∈    𝑆  𝑁   :  𝑅  ¹  𝜎  ,    y  b   º  ¾  ¹  1  Ï    𝜀  0     º    −  1  �  2    } 


                    Var        𝜇  𝑇    ¹  𝑓  º       ¶             Var        ¹    𝜇  𝑇     º    |    𝐴  ′       ¹  𝑓  º  Ï    𝑒    −  𝑐  𝑁     osc   ¹  𝑓    º  2             =           Var        𝜈    |  𝐴     ¹    𝑓  e   º  Ï    𝑒    −  𝑐  𝑁     osc   ¹  𝑓    º  2               ¶             Var      𝜈   ¹    𝑓  e   º  Ï  2    𝑒    −  𝑐  𝑁     osc   ¹  𝑓    º  2   .    


            Var      𝜈   ¹    𝑓  e   º  ¶      1    𝜌   PI     ⋅    ℰ  𝜈   ¹    𝑓  e   ,    𝑓  e   º  =    1    𝜌   PI     ⋅          E     𝜈   »  ‖  r    𝑓  e     ‖  2   ¼ 


   ‖  r    𝑓  e   ¹  𝜌  º  ‖  =  ‖  r      ¹    𝑓  ∘    𝜎  y    º   ¹  𝜌  º  ‖    ¶    ‖  r  𝑓  ¹    𝜎  y   ¹  𝜌  º  º  ‖  . 


                   E     𝜈   »  ‖  r    𝑓  e     ‖  2   ¼       ¶            E       𝜈    |  𝐴     »  ‖  r    𝑓  e     ‖  2   ¼  Ï    𝑒    −  𝑐  𝑁       sup     ‖  r    𝑓  e     ‖  2               ¶            E       ¹    𝜇  𝑇     º    |    𝐴  ′       »  ‖  r  𝑓    ‖  2   ¼  Ï    𝑒    −  𝑐  𝑁       sup     ‖  r  𝑓    ‖  2               ¶            E       𝜇  𝑇    »  ‖  r  𝑓    ‖  2   ¼  Ï  2    𝑒    −  𝑐  𝑁       sup     ‖  r  𝑓    ‖  2     


            Var        𝜇  𝑇    ¹  𝑓  º  ¶      1    𝜌   PI       ℰ    𝜇  𝑇    ¹  𝑓  ,  𝑓  º  Ï  2    𝑒    −  𝑐  𝑁        ¹   osc   ¹  𝑓    º  2   Ï    1    𝜌   PI        sup     ‖  r  𝑓    ‖  2   º   . 


   𝑡  ∈  »  0  ,  𝑇  ¼ 


   ^^1b  ∼    𝜇    𝐻  𝑁   


   g  ∼  𝒩  ¹  0  ,    𝐼  𝑁   º 


     𝜇      𝐻  𝑁   ,  𝑡  ^^1b  Ï    𝑡   g   


     𝜇      𝐻  𝑁   ,  𝑡  ^^1b  Ï    𝑡   g    ¹    𝜎  e   º  ∝   exp       ¹    𝐻  𝑁   ¹    𝜎  e   º  Ï  ⟨  𝑡  ^^1b  Ï    𝑡   g  ,    𝜎  e   ⟩  º   . 


         d    𝜇   pl    ¹    𝐻  𝑁   ,  𝑥  º  ∝   exp       ¹    𝐻  𝑁   ¹  𝑥  º  º   ⋅        d  𝜌  ¹  𝑥  º  ⋅        d    𝜇   null    ¹    𝐻  𝑁   º  , 


   x  ∼    𝑆  𝑁  


     𝐺    ¹  𝑝  º   


   𝒩  ¹  0  ,  1  º 


   𝑝    ¾    2 


     𝑀    ¹  𝑝  º    =  −    𝐺    ¹  𝑝  º    Ï      𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       x    ⊗  𝑝   


     𝐻  𝑁   ¹  𝜎  º  =    Í    𝑝  ¾  2        𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2     ⟨    𝑀    ¹  𝑝  º    ,    𝜎    ⊗  𝑝    ⟩  . 


     𝜇    𝐻  𝑁   


     𝐻  𝑁   ∼    𝜇   pl   


             𝜇      𝐻  𝑁   ,  𝑡  x  Ï    𝑡   g    ¹    𝜎  e   º     ∝   exp       ¹    𝐻  𝑁   ¹    𝜎  e   º  Ï  ⟨  𝑡  x  Ï    𝑡   g  ,    𝜎  e   ⟩  º   ,    


   𝑡  x  Ï    𝑡   g 


   ¹    𝐺    ¹  𝑝  º      º    𝑝  ¾  2   


     ℰ  𝑁   =    {    𝐻  𝑁   :           Pr                »    ‖                 Cov          ¹    𝜇      𝐻  𝑁   ,  𝑡  ^^1b  Ï    𝑡   g    º       ‖                Cov          ¹    𝜇      𝐻  𝑁   ,  𝑡  ^^1b  Ï    𝑡   g    º     >  𝐾  ¼   <    𝑒    −  𝑐    𝑁    1  �  5      }   . 


       𝐻  e   𝑁   ∼    𝜇   null   


     𝐻  𝑁   ¹  𝜎  º  =      𝐻  e   𝑁   ¹  𝜎  º  Ï  𝑁  ⋅  𝜉  ¹  𝑅  ¹  x  ,  𝜎  º  º 


     𝜇  𝑡   ¹  𝜎  º  ∝   exp       ¹      𝐻  e   𝑁   ¹  𝜎  º  Ï  𝑁  ⋅  𝜉      ¹  𝑅      ¹  x  ,  𝜎  º   º   Ï  ⟨  𝑡  x  Ï    𝑡   g  ,  𝜎  ⟩  º   . 


     𝜉  𝑡  


     𝜉  𝑡   ¹  𝑠  º  =  𝜉  ¹  𝑠  º  Ï  𝑡  𝑠 


     𝜇  𝑡   ¹  𝜎  º  ∝   exp       ¹             𝐻    𝑁  ,  𝑡    ¹  𝜎  º    º   , 


       𝐻  e     𝑁  ,  𝑡    ∼    𝜇   null   


   𝑡  >  0 


     𝐻    𝑁  ,  𝑡   


     m   true    =  m  ¹    𝜇  𝑡   º 


     m   true   


   𝑅  ¹    m   true    ,    m   true    º 


   𝑅  ¹    m   true    ,  x  º 


     𝑞  *   =    𝑞  *   ¹  𝑡  º 


     𝜉  𝑡  ′   ¹    𝑞  *   º  =      𝑞  *     1  −    𝑞  *    


   ¹    m   true    ,    𝐻    𝑁  ,  𝑡    º 


     m   TAP   


     ℱ   TAP    ¹  m  º  =    𝐻    𝑁  ,  𝑡    ¹  m  º  Ï    𝑁  2   ⋅  𝜃  ¹  𝑅  ¹  m  ,  m  º  º  Ï    𝑁  2      log       ¹  1  −  𝑅  ¹  m  ,  m  º  º   , 


   𝜃  ¹  𝑠  º  =  𝜉  ¹  1  º  −  𝜉  ¹  𝑠  º  −  ¹  1  −  𝑠  º    𝜉  ′   ¹  𝑠  º  . 


     ℱ   TAP   


     𝒮  𝜄  


   𝑅  ¹  m  ,  m  º  ,  𝑅  ¹  m  ,  x  º  ∈  »    𝑞  *   −  𝜄  ,    𝑞  *   Ï  𝜄  ¼ 


   ∇    ℱ   TAP    ¹  m  º  =  0 


      sup       m   TAP    ∈    𝒮  𝜄              Pr          ¹    ℰ  |  ∇    ℱ   TAP    ¹    m   TAP    º  =  0   º   →  0  , 


   ∇    ℱ   TAP    ¹    m   TAP    º  =  0 


     m   TAP   


     m   true   


   ‖    m   true    −    m   TAP      ‖  2   =  𝑂  ¹  1  º 


     𝐻   TAP   


          Cov      ¹    𝜇    𝐻   TAP     º  ⪯            E       ^^1b  ∼    𝜇    𝐻   TAP       ¹  ^^1b  −  v  º  ¹  ^^1b  −  v    º  ⊤  


   v  ∈    Ò  𝑁  


   v  =    m   true   


           E       ^^1b  ∼    𝜇    𝐻   TAP       ¹  ^^1b  −    m   TAP    º  ¹  ^^1b  −    m   TAP      º  ⊤   . 


   𝑆  ¹  𝑎  ,  𝑏  º  B      {  𝜎  ∈    𝑆  𝑁   :  𝑅  ¹  𝜎  ,  m  º  =      ¹  1  Ï    𝑎    𝑁    º   𝑅  ¹  m  ,  m  º  ,    𝑅  ¹  𝜎  ,  x  º  =      ¹  1  Ï    𝑏    𝑁    º   𝑅  ¹  x  ,  m  º  }   , 


   m  =    m   TAP   


     𝜇    𝑎  ,  𝑏   


     𝜇    𝐻   TAP    


   𝑆  ¹  𝑎  ,  𝑏  º 


   𝜎  ∼    𝜇    𝐻   TAP    


   𝑎 


   𝑏 


     𝑣    𝑎  ,  𝑏   


                  Cov      ¹  𝜇  º       ⪯          E         ¹  ^^1b  −  m  º         ¹  ^^1b  −  m  º   ⊤             =          E       ¹  𝑎  ,  𝑏  º            E       ^^1b  ∼    𝜇    𝑎  ,  𝑏          ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    Ï    𝑣    𝑎  ,  𝑏    −  m  º         ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    Ï    𝑣    𝑎  ,  𝑏    −  m  º   ⊤               ⪯    2          E       ¹  𝑎  ,  𝑏  º            E       ^^1b  ∼    𝜇    𝑎  ,  𝑏          ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    º         ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    º   ⊤   Ï  2          E       ¹  𝑎  ,  𝑏  º    ¹    𝑣    𝑎  ,  𝑏    −  m  º  ¹    𝑣    𝑎  ,  𝑏    −  m    º  ⊤          (4.6)          ⪯    2          E       ¹  𝑎  ,  𝑏  º            E       ^^1b  ∼    𝜇    𝑎  ,  𝑏          ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    º         ¹  ^^1b  −    𝑣    𝑎  ,  𝑏    º   ⊤   Ï  2          E       ¹  𝑎  ,  𝑏  º    𝑂      ¹    𝑎  2   Ï    𝑏  2   º   .    


   m 


   ^^1b  −    𝑣    𝑎  ,  𝑏   


     𝐻   TAP   


   𝑎  =  𝑏  =  0 


         𝑎  2   Ï    𝑏  2    


   𝑎  ,  𝑏 


   ¹  𝑎  ,  𝑏  º 


   𝜈  ¹  𝑎  ,  𝑏  º  ∝   exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï      𝑁  −  4   2      log       ¹  1  −      ‖    𝑣    𝑎  ,  𝑏      ‖  2    𝑁   º   Ï    𝐻   TAP    ¹    𝑣    𝑎  ,  𝑏    º  º   . 


    log         𝑍  b     𝑎  ,  𝑏   


   ¹  𝑁  −  2  º 


     𝜇    𝐻   TAP    


     𝑆    𝑁  −  2   


   𝑆  ¹  𝑎  ,  𝑏  º 


   𝑂  ¹    𝑎  2   Ï    𝑏  2   º 


   ‖  𝑀    ‖   op   


   𝑀  =        E      𝜇    𝐻  𝑁     »  𝜎    𝜎  ⊤   ¼ 


    Strict      RS  


     𝐻    𝑁  ,  2    ¹  𝜎  º  =      𝛾  2     𝑁    1  �  2       Í    𝑖  ,  𝑗      g    𝑖  ,  𝑗      𝜎  𝑖     𝜎  𝑗  


     𝜇    𝐻    𝑁  ,  2    


        Cov     ¹    𝜇    𝐻    𝑁  ,  2     º 


         d    𝜇    𝐻    𝑁  ,  2     ¹  𝜎  º  ∝   exp       ¹      𝐻    𝑁  ,  2    ¹  𝜎  º   º           d  𝜌  ¹  𝜎  º  , 


     𝑍    𝑁  ,  2    =  ¯   exp       ¹      𝐻    𝑁  ,  2    ¹  𝜎  º   º           d  𝜌  ¹  𝜎  º 


   𝐴  =    r  2     𝐻  𝑁   ¹  0  º 


   𝛾     Id   𝑁  


   𝛾  =  1  Ï    𝜉    ′  ′    ¹  0  º 


     ‖  𝑥  ‖         2  2  


   𝑥  ∼  𝒩  ¹  0  ,  𝛾     Id   𝑁   −  𝐴    º    −  1   


    Tr         ¹    𝛾     Id   𝑁   −  𝐴   º     −  1   


   𝛾 


     ‖  𝑥  ‖         2  2     ≈    𝑁 


   𝛾     Id   𝑁   −  𝐴 


     𝐻    𝑁  ,  2   


     𝑍  𝑁  


   2  Ï  𝑝 


     𝐻  𝑁   ¹  𝜎  º  =    𝐻    𝑁  ,  2    ¹  𝜎  º  Ï    𝐻    𝑁  ,  𝑝    ¹  𝜎  º 


     𝐻    𝑁  ,  𝑝    ¹  𝜎  º  =      𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       Í      𝑖  1   ,    .  .  .   ,    𝑖  𝑝   =  1   𝑁     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       𝜎    𝑖  1        ⋅  ⋅  ⋅       𝜎    𝑖  𝑝   


   𝜉  ¹  𝑞  º  =    𝛾  2  2     𝑞  2   Ï    𝜉    ∼  2    ¹  𝑞  º 


     𝜉    ∼  2    ¹  𝑞  º  =    𝛾  𝑝  2     𝑞  𝑝  


     𝑍    𝑁  ,  2   


     𝑍  𝑁  


             𝑍  𝑁     ≈      𝑍    𝑁  ,  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2        


         E      ∼  2   


     𝐻    𝑁  ,  𝑝   


         E      ∼  2      𝑍  𝑁   =    𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2      𝑍    𝑁  ,  2   


                   E       ∼  2    »    𝑍  𝑁  2   ¼     =    𝑍    𝑁  ,  2   2     𝑒    𝑁    𝜉    ∼  2    ¹  1  º    ¯   exp       ¹    𝑁    𝜉    ∼  2    ¹  𝑅  ¹    𝜎  1   ,    𝜎  2   º  º   º           d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º            =  ¹          E       ∼  2      𝑍  𝑁     º  2   ¯   exp       ¹    𝑁    𝛾  𝑝  2   𝑅  ¹    𝜎  1   ,    𝜎  2     º  𝑝    º           d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º  .    


   𝑅  ¹    𝜎  1   ,    𝜎  2   º  ≍      𝑁    −  1  �  2   


     𝜎  1   ,    𝜎  2  


   𝑅  ¹    𝜎  1   ,    𝜎  2   º  =  𝑐    𝑁    −  1  �  2   


                   E       ∼  2    »    𝑍  𝑁  2   ¼  ≈  ¹          E       ∼  2      𝑍  𝑁     º  2    exp       ¹      𝑐  𝑝     𝛾  𝑝  2     𝑁    1  −  𝑝  �  2     º   .      


   𝑝    ¾    3 


   ¹  𝑖  ,  𝑗  º 


     𝑀    𝑖  ,  𝑗      B  ¯    𝜎  𝑖     𝜎  𝑗     𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º 


                   E       ∼  2    »    𝑀    𝑖  ,  𝑗   2   ¼  ®      1    𝑁  2    ¹          E       ∼  2      𝑀    𝑖  ,  𝑗      º  2   ,      


         E      ∼  2      𝑀    𝑖  ,  𝑗   


   ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º     Id   𝑁   −  𝐴    º    −  1   


     𝜎  1   ,    𝜎  2  


       E    »    𝑍  𝑁  2   ¼ 


       𝑍  e   𝑁  


         d    𝜇    x  |    𝐻  𝑁     ¹  𝜎  º  ∝   exp       ¹      𝐻  𝑁   ¹  𝜎  º   º           d  𝜌  ¹  𝜎  º    . 


          (4.7)                     1    𝑞  2    ⋅  ¹  𝜉  ¹  𝑞  º  Ï  𝑞  Ï   log       ¹  1  −  𝑞  º   º  ¶  −  𝜀  �  2  .    


   𝑐  =  𝑐  ¹  𝜀  º  >  0 


     𝜇   pl    ¹  ℰ  º  =  𝑝 


     𝜇   null    ¹  ℰ  º  ¶      𝑒    −  𝑐    𝑁    1  �  5      Ï    𝑒      1  𝑐        log       2  𝑝       𝑝 


     𝐻    𝑁  ,  𝑡    ¹  𝜎  º  =    𝐻  𝑁   ¹  𝜎  º  Ï      ⟨    y  𝑡   ,  𝜎  ⟩     , 


   ¹    𝐻  𝑁   ,    y  𝑡   º    =   law    ¹    𝐻  𝑁   ,  𝑡  x  Ï    𝑡   g  º    , 


     𝜇     pl   ,  𝑡   


     𝜉  𝑡   ¹  𝑞  º 


   𝛾  ¹  𝑞  º 


     𝜇     pl   ,  𝑡   


       ¹    𝐻    𝑁  ,  𝑡    ,  x  º  


     𝜉  𝑡   ¹  𝑞  º  =  𝜉  ¹  𝑞  º  Ï  𝑡  𝑞 


   𝑞    𝜉  𝑡  ′   ¹  𝑞  º 


   𝑐  ,  𝑇  ,  𝐾 


     ‖           Cov     ¹    𝜇  𝑡   º    ‖              Cov     ¹    𝜇  𝑡   º      ¶    𝐾 


            Pr        𝐻  𝑁        »           Pr        ¹    𝜇  𝑡   º  |    𝐻  𝑁         »    ‖                 Cov      ¹    𝜇  𝑡   º      ‖                  Cov      ¹    𝜇  𝑡   º     op    <  𝐾    for all    𝑡  ∈  𝒯  ¼     ¾    1  −    𝑒    −  𝑐    𝑁    1  �  5      ¼     ¾    1  −    𝑒    −  𝑐    𝑁    1  �  5        . 


           E       𝐻  𝑁             Pr        ¹    𝜇  𝑡   º  |    𝐻  𝑁         »    ‖                 Cov          ¹    𝜇  𝑡   º       ‖                  Cov          ¹    𝜇  𝑡   º      op    >  𝐾    for some    𝑡  ∈  𝒯  ¼     ¶      𝑒    −  2  𝑐    𝑁    1  �  5      . 


            Pr        ¹    𝜇  𝑡   º  |    𝐻  𝑁         »    ‖                 Cov          ¹    𝜇  𝑡   º       ‖                  Cov          ¹    𝜇  𝑡   º      op    >  𝐾    for some    𝑡  ∈  𝒯  ¼     . 


   𝜃  ¹  𝑠  º  =  𝜉  ¹  1  º  −  𝜉  ¹  𝑠  º  −  ¹  1  −  𝑠  º    𝜉  ′   ¹  𝑠  º  . 


     ℱ   TAP    ¹  m  º  =    𝐻  𝑁   ¹  m  º  Ï    𝑁  2   ⋅  𝜃      ¹  𝑅  ¹  m  ,  m  º  º   Ï    𝑁  2   ⋅   log       ¹  1  −  𝑅  ¹  m  ,  m  º  º   . 


     𝜉  𝑡  ′   ¹    𝑞  *   º  =      𝑞  *     1  −    𝑞  *     . 


                    Pr        𝜇     pl   ,  𝑡            »    ‖                 Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º      ‖                  Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º     op      ¾    𝐾  ¼               ¶    𝐶  ⋅     sup     m  ∈    𝒮  𝜄                Pr          𝜇     pl   ,  𝑡    |  x          »    ‖                 Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º      ‖                  Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º     op      ¾    𝐾  ∧    ℰ  𝜄   |  r    ℱ   TAP    ¹  m  º  =  0  ¼     1  �  2    Ï  2    𝑒    −  𝑐  𝑁    ,    


             𝒮  𝜄   =    𝒮  𝜄   ¹  x  º       B      {  m  ∈    Ò  𝑁   :  |  𝑅  ¹  m  ,  m  º  −    𝑞  *   |  ,  |  𝑅  ¹  m  ,  x  º  −    𝑞  *   |  <  𝜄  }   ,    


            Pr        ^^1b  ∼    𝜇    𝐻    𝑁  ,  𝑡           »  𝑅  ¹  ^^1b  ,    m   TAP    º  ,  𝑅  ¹  ^^1b  ,  x  º  ∈  »    𝑞  *   −  𝜄  ,    𝑞  *   Ï  𝜄  ¼  ¼     ¾    1  −    𝑒    −  𝑐  𝑁      . 


                  Pr          »    ‖                 Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º      ‖                  Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º     op      ¾    𝐾  ¼     ¶           Pr          »    ‖                 Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º      ‖                  Cov      ¹    𝜇    𝐻    𝑁  ,  𝑡     º     op      ¾    𝐾  ∧    ℰ  𝜄   ∧  ℰ  ¼   Ï         Pr          »    ℰ  ‾   ¼   Ï         Pr          »      ℰ  𝜄   ‾   ¼     .      


     𝜇   TAP   


     𝑞  m  


     𝑞  x  


   m  ∈    Ò  𝑁  


     𝜇     TAP   ,  x  ,  m   


     𝐻   TAP    ∼  ¹    𝜇     pl   ,  𝑡    |  x  ,  r    ℱ   TAP    ¹  m  º  =  0  º 


   𝑅  ¹  m  ,  m  º 


   𝑅  ¹  m  ,  x  º 


            Pr          𝐻   TAP    ∼    𝜇     TAP   ,  x  ,  m          »    ‖                 Cov          ¹    𝜇    𝐻   TAP     º       ‖                Cov          ¹    𝜇    𝐻   TAP     º       ¾    𝐾  ∧    ℰ  𝜄   ¼     ¶      𝑒    −  𝑐    𝑁    1  �  5        . 


                 E         𝐻   TAP    ¹  𝜎  º  =  𝑁    𝜉  𝑡       ¹  𝑅  ¹  𝑥  ,  𝜎  º  º   −      ⟨  x  ,  𝑣  ¹  𝜎  º  ⟩   ⋅    𝜉  𝑡  ′   ¹    𝑞  x   º  −        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝛾  ′   ¹    𝑞  m   º    ⋅      ⟨  m  ,  𝜎  ⟩   ⋅      ¹    𝜃  ′       ¹    𝑞  m   º   −    1    1  −    𝑞  m     º           1  𝑁          Cov          ¹    𝐻   TAP        ¹  𝜎  º   ,    𝐻   TAP        ¹    𝜎  ′   º   º   =    𝜉  𝑡       ¹  𝑅  ¹  𝜎  ,    𝜎  ′   º  º   −  𝑅  ¹  𝜎  ,    𝜎  ′   º        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,    𝜎  ′   º  º       𝜉  𝑡  ′   ¹    𝑞  m   º          Ï        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾  ¹  𝑅  ¹  m  ,  𝜎  º  º  𝛾  ¹  𝑅  ¹  m  ,    𝜎  ′   º  º  ,      


           𝑣  ¹  𝜎  º       B          𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝜉  𝑡  ′   ¹    𝑞  m   º        »  𝐼  −        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    ⋅       mm   ⊤   𝑁   ¼   𝜎          𝛾  ¹  𝑞  º       B    𝑞  ⋅    𝜉  𝑡  ′   ¹  𝑞  º    .    


     𝛾  1   ,    𝛾  2   ,    .  .  .   ,    𝛾    𝑝  *   


          (4.8)                     𝐻  𝑁   ¹  𝜎  º  B    Í    𝑝  ¾  1        𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       Í      𝑖  1   ,    .  .  .   ,    𝑖  𝑝   =  1   𝑁     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       𝜎    𝑖  1        ⋅  ⋅  ⋅       𝜎    𝑖  𝑝    .    


   𝜉  ¹  𝑠  º  =    Í    𝑝  ¾  1      𝛾  𝑝  2     𝑠  𝑝   . 


     𝜉    ∼  1    ¹  𝑠  º  =    Í    𝑝  ¾  2      𝛾  𝑝  2     𝑠  𝑝  


     𝛾  1  2     ¶      𝑁    −  4  �  5   


     𝜉    ∼  1   


   m  ∈    𝒮  𝜄   ¹  x  º 


     𝐻   TAP    ∼    𝜇   TAP   


     𝑆  𝑁  


   𝑎  ,  𝑏  ∈  Ò 


   𝑆  ¹  𝑎  ,  𝑏  º  B      {  𝜎  ∈    𝑆  𝑁   :  𝑅  ¹  𝜎  ,  m  º  =      ¹  1  Ï    𝑎    𝑁    º     𝑞  m   ,    𝑅  ¹  𝜎  ,  x  º  =      ¹  1  Ï    𝑏    𝑁    º     𝑞  x   }     . 


     𝑟    𝑎  ,  𝑏   


     𝑟    𝑎  ,  𝑏    =      1  −    𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   −        𝑞  m     𝑞  x  2        𝑞  m   −    𝑞  x  2           ¹      𝑎  −  𝑏     𝑁    º   2     . 


          (4.9)                     𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   Ï        𝑞  m     𝑞  x  2        𝑞  m   −    𝑞  x  2           ¹      𝑎  −  𝑏     𝑁    º   2     ¾      𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   .    


     𝜌    𝑎  ,  𝑏   


     𝑍    𝑎  ,  𝑏      B            E       𝜎  ∼    𝜌    𝑎  ,  𝑏         exp       ¹      𝐻   TAP    ¹  𝜎  º   º     . 


   𝑍  =    ^^03  𝑁   ¯    𝑍    𝑎  ,  𝑏      𝑟    𝑎  ,  𝑏     𝑁  −  4            d  ¹  𝑎  ,  𝑏  º 


     ^^03  𝑁  


     𝑟    𝑎  ,  𝑏     𝑁  −  4   


     𝐻   TAP   


         d  𝜈  ¹  𝑎  ,  𝑏  º  ∝    𝑍    𝑎  ,  𝑏      𝑟    𝑎  ,  𝑏     𝑁  −  4            d  ¹  𝑎  ,  𝑏  º 


   𝑆  ¹    𝑎  ,  𝑏   º 


             𝜇    𝐻   TAP     =          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈      𝜇    𝑎  ,  𝑏      .      


             d    𝜇    𝑎  ,  𝑏             d    𝜌    𝑎  ,  𝑏      ¹  𝜎  º  =       exp       ¹      𝐻   TAP    ¹  𝜎  º   º            E      𝜎  ∼    𝜌    𝑎  ,  𝑏         exp       ¹      𝐻   TAP    ¹  𝜎  º   º    


   𝜎  ∈  𝑆  ¹  𝑎  ,  𝑏  º 


   𝜎  =    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï           𝑟    𝑎  ,  𝑏       𝜎  ⊥  


     𝜎  ⊥   ∈    𝑆  𝑁  


   𝑣  ¹  𝑎  ,  𝑏  º 


   𝑄 


     𝑆  𝑁   ⊥  {  m  ,  x  } 


     𝐻   TAP    ¹  𝜎  º  =    𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏  º 


   𝜏  ∈    𝑆    𝑁  −  2   


         ¹    𝐻    𝑎  ,  𝑏    ,    𝑔    𝑎  ,  𝑏    º     𝑎  ,  𝑏   


             𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  =  m  ⋅      ¹  1  Ï      𝑎    𝑞  m   −  𝑏    𝑞  x  2        𝑁   ¹    𝑞  m   −    𝑞  x  2   º    º   Ï        𝑞  m     𝑞  x        𝑞  m   −    𝑞  x  2     x  ⋅      ¹      𝑏  −  𝑎     𝑁    º     .      


   𝜀  =  𝜀  ¹  𝜉  º  >  0 


   𝑡    ¾    0 


   |  𝑎  |  ,  |  𝑏  |  ¶    𝜀    𝑁    1  �   10    


     𝜉    𝑎  ,  𝑏   


             𝜉    𝑎  ,  𝑏   ′   ¹  0  º     =    𝑟    𝑎  ,  𝑏   2     𝜉  𝑡  ′       ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º   −        𝑟    𝑎  ,  𝑏   2     𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º                ¶      𝜉  𝑡  ′       ¹    𝑞  m   Ï      2  𝑎    𝑞  m      𝑁    Ï  𝑂      ¹        𝑎  2   Ï    𝑏  2    𝑁   º   º   −        𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    .    


     𝜉  𝑡  ′       ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º   =    𝜉  𝑡  ′   ¹    𝑞  m   º  Ï    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  ⋅      2  𝑎    𝑞  m      𝑁    Ï  𝑂      ¹        𝑎  2   Ï    𝑏  2    𝑁   º  


     𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2   =    𝜉  𝑡  ′   ¹    𝑞  m     º  2   Ï      2  𝑎    𝑞  m      𝑁    ⋅    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  ⋅    𝜉  𝑡  ′   ¹    𝑞  m   º  Ï  𝑂      ¹    𝜉  𝑡  ′   ¹    𝑞  m   º  ⋅        𝑎  2   Ï    𝑏  2    𝑁   º   . 


             𝜉    𝑎  ,  𝑏     ′  ′    ¹  𝑞  º     =        ¹  1  −    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   2     𝜉  𝑡    ′  ′        ¹    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   Ï      ¹  1  −    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   𝑞  º               ¶          ¹  1  −    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   2   ⋅      1  −  𝜀           ¹  1  −    ‖      𝑣  ¹  𝑎  ,  𝑏  º    ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   −      ¹  1  −    ‖      𝑣  ¹  𝑎  ,  𝑏  º    ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   𝑞  º   2               =      1  −  𝜀     ¹  1  −  𝑞    º  2       ¶      1    ¹  1  −  𝑞    º  2     −  𝜀  .    


   ¹    𝜉    𝑎  ,  𝑏      º    ∼  1    ¹  𝑞  º  Ï  𝑞  Ï   log       ¹  1  −  𝑞  º     ¶  −    1  2   𝜀    𝑞  2   . 


        Cov         ¹    𝜇    𝐻   TAP     º  


   𝑣  ∈    Ò  𝑁  


        Cov     ¹  𝜇  º  ⪯          E      𝜎  ∼  𝜇    ¹  𝜎  −  𝑣  º  ¹  𝜎  −  𝑣    º  ⊤  


                   E       𝜎  ∼    𝜇    𝐻   TAP              ¹  𝜎  −  m  º         ¹  𝜎  −  m  º   ⊤             =          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈            E       𝜎  ∼    𝜇    𝑎  ,  𝑏          ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m  º         ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m  º   ⊤          (4.10)          ⪯    2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈            E       𝜎  ∼    𝜇    𝑎  ,  𝑏          ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º         ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º   ⊤   Ï  2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m  º  ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m    º  ⊤     .    


           E       𝜎  ∼    𝜇    𝑎  ,  𝑏          ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º         ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º   ⊤   =    𝑟    𝑎  ,  𝑏   2     𝑄    𝑎  ,  𝑏            E       𝜏  ∼    𝜇    𝐻    𝑎  ,  𝑏       𝜏    𝜏  ⊤     𝑄    𝑎  ,  𝑏   ⊤     . 


          (4.11)        ‖          E       𝜎  ∼    𝜇    𝑎  ,  𝑏          ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º         ¹  𝜎  −    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º   ⊤   ‖   =    𝑟    𝑎  ,  𝑏   2       ‖          E       𝜏  ∼    𝜇    𝐻    𝑎  ,  𝑏       𝜏    𝜏  ⊤   ‖     ¶    𝐶    𝑟    𝑎  ,  𝑏   2   ¹  1  Ï    𝑎  2   Ï    𝑏  2   º    .    


       𝑍  b     𝑎  ,  𝑏   


     𝐻    𝑎  ,  𝑏    ¹  𝜏  º  =    𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏  º 


          (4.12)      𝜈  ¹  𝑎  ,  𝑏  º  ∝   exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï  ¹  𝑁  −  4  º   log       𝑟    𝑎  ,  𝑏    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  Ï    𝑁     𝑔    𝑎  ,  𝑏    º   .    


   ¹  𝑎  ,  𝑏  º  ∼  𝜈 


   𝜈  ¹  𝑎  ,  𝑏  º  ∝   exp       ¹  𝑁      𝐸  b     𝑎  ,  𝑏    Ï    𝑁     𝑔    𝑎  ,  𝑏    Ï     Error     𝑎  ,  𝑏     ¹  1  º    Ï     Error     𝑎  ,  𝑏     ¹  2  º    Ï    ^^01    𝑎  ,  𝑏    º   , 


               𝐸  b     𝑎  ,  𝑏       =        𝜉    𝑎  ,  𝑏    ¹  1  º   2   Ï   log       𝑟    𝑎  ,  𝑏    Ï    1  𝑁           E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  −        𝜉  𝑡   ¹  1  º   2             =    1  2       ¹   log       𝑟    𝑎  ,  𝑏   2   −    𝜉  𝑡   ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º  −    𝑟    𝑎  ,  𝑏   2   ⋅        𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    º               −  𝛾  ¹    𝑞  x   º  ⋅        𝜉  𝑡  ′       ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º        𝜉  𝑡  ′   ¹    𝑞  m   º    ⋅    ¹    ¹  1  Ï    𝑏    𝑁    º   −    𝑞  m   ⋅        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    ⋅    ¹  1  Ï    𝑎    𝑁    º   º               Ï    𝜉  𝑡       ¹    𝑞  x       ¹  1  Ï    𝑏    𝑁    º   º   Ï      𝛾      ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º        𝛾  ′   ¹    𝑞  m   º    ⋅    ¹  ¹  1  −    𝑞  m   º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  Ï    1    1  −    𝑞  m     º   .    


              Error     𝑎  ,  𝑏     ¹  1  º       =    ¹   log         𝑍  b     𝑎  ,  𝑏    −      𝑁    𝜉    𝑎  ,  𝑏    ¹  1  º   2   −      𝑁    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º   4   Ï    1  2      log      det       ¹  ¹  1  Ï    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  º   Id   −    r  2     𝐻    𝑎  ,  𝑏    ¹  0  º  º   º   −  4     log       𝑟    𝑎  ,  𝑏      


              Error     𝑎  ,  𝑏     ¹  2  º       =      𝑁    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º   4   −    1  2      log      det       ¹  ¹  1  Ï    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  º   Id   −    r  2     𝐻    𝑎  ,  𝑏    ¹  0  º  º     


   𝑍 


   1  �   poly   ¹  𝑁  º 


         r      𝐸  b     𝑎  ,  𝑏    |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º    =  0 


   𝜂  ,  𝜀  >  0 


   |  𝑎  |  ,  |  𝑏  |  ¶    𝜀    𝑁  


   𝑁    r  2       𝐸  b     𝑎  ,  𝑏      ⪯  −  𝜂   Id  


   |    𝑔    𝑎  ,  𝑏    −    𝑔    0  ,  0    |  ¶    𝜄        𝑎  2   Ï    𝑏  2      𝑁   


   |     Error     𝑎  ,  𝑏     ¹  1  º    |  =  𝑂  ¹  1  º 


   |  𝑎  |  ,  |  𝑏  |  <  𝜀    𝑁    1  �   10    


              Error     𝑎  ,  𝑏     ¹  1  º       =   log         𝑍  b     𝑎  ,  𝑏    −      𝑁    𝜉    𝑎  ,  𝑏    ¹  1  º   2   −       log       ¹  1  −    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  º    2                 −      𝑁    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º   4   Ï    1  2      log      det       ¹  ¹  1  Ï    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  º   Id   −    r  2     𝐻    𝑎  ,  𝑏    ¹  0  º  º   Ï  𝑂  ¹  1  º  .    


     |     Error     𝑎  ,  𝑏     ¹  2  º    −     Error     0  ,  0     ¹  2  º    |   =  𝑂      ¹  1  º  


   |  𝑎  |  ,  |  𝑏  |  <  𝜄    𝑁    1  �  4   


     r  2     𝐻    𝑎  ,  𝑏    ¹  0  º 


     𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  �  2 


            Pr        ¹  𝑎  ,  𝑏  º  ∼  𝜈        »  |  𝑎  |  ¶    𝜀    𝑁    1  �   10       and    |  𝑏  |  ¶    𝜀    𝑁    1  �   10     ¼     ¾    1  −    𝑒    −  𝑐    𝑁    1  �  5      . 


            Pr        ¹  𝑎  ,  𝑏  º  ∼  𝜈        »  |  𝑎  |  >  𝜄    𝑁    1  �  2      or    |  𝑏  |  >  𝜄    𝑁    1  �  2    ¼     ¶      𝑒    −  𝑐  𝑁    . 


   𝑇  =    {  ¹  𝑎  ,  𝑏  º  ∈    Ò  2   :  |  𝑎  |  ∈  »  𝜀    𝑁    1  �   10     ,  𝜄    𝑁    1  �  2    ¼    or    |  𝑏  |  ∈  »  𝜀    𝑁    1  �   10     ,  𝜄    𝑁    1  �  2    ¼  }   . 


                     E     b     ¯  𝑇    exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï  ¹  𝑁  −  4  º   log       𝑟    𝑎  ,  𝑏    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  Ï    𝑁     𝑔    𝑎  ,  𝑏    º           d  ¹  𝑎  ,  𝑏  º            =    ¯  𝑇    exp       ¹  𝑁      𝐸  b     𝑎  ,  𝑏    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    𝑎  ,  𝑏    −  4     log       𝑟    𝑎  ,  𝑏    º           d  ¹  𝑎  ,  𝑏  º  .    


     𝑁     𝑔    𝑎  ,  𝑏      ¶      𝑁     𝑔    0  ,  0    Ï  𝜄  ¹    𝑎  2   Ï    𝑏  2   º  . 


   𝑁      𝐸  b     𝑎  ,  𝑏      ¶    𝑁      𝐸  b     0  ,  0    −  𝜂  ¹    𝑎  2   Ï    𝑏  2   º  . 


   𝑁      𝐸  b     𝑎  ,  𝑏    Ï    𝑁     𝑔    𝑎  ,  𝑏    −  4     log       𝑟    𝑎  ,  𝑏      ¶    𝑁      𝐸  b     0  ,  0    Ï    𝑁     𝑔    0  ,  0    −    𝜂  2   ¹    𝑎  2   Ï    𝑏  2   º  Ï  𝑂  ¹  1  º  . 


                     E     b     ¯  𝑇    exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï  ¹  𝑁  −  4  º   log       𝑟    𝑎  ,  𝑏    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  Ï    𝑁     𝑔    𝑎  ,  𝑏    º           d  ¹  𝑎  ,  𝑏  º              ¶      𝑒    −  𝑐    𝑁    1  �  5         exp       ¹  𝑁      𝐸  b     0  ,  0    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    0  ,  0    º     


               ¯  𝑇    exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï  ¹  𝑁  −  4  º   log       𝑟    𝑎  ,  𝑏    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  Ï    𝑁     𝑔    𝑎  ,  𝑏    º           d  ¹  𝑎  ,  𝑏  º         (4.13)          ¶      𝑒    −  𝑐    𝑁    1  �  5    �  2       exp       ¹  𝑁      𝐸  b     0  ,  0    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    0  ,  0    º     


                log         𝑍  b     0  ,  0    Ï  ¹  𝑁  −  4  º   log       𝑟    0  ,  0    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  0  ,  0  º  º  Ï    𝑁     𝑔    0  ,  0              =  𝑁      𝐸  b     0  ,  0    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    0  ,  0    Ï     Error     0  ,  0     ¹  1  º    Ï     Error     0  ,  0     ¹  2  º    Ï  𝑂  ¹  1  º  ,    


                log         𝑍  b     0  ,  0    Ï  ¹  𝑁  −  4  º   log       𝑟    0  ,  0    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  0  ,  0  º  º  Ï    𝑁     𝑔    0  ,  0                ¾    𝑁      𝐸  b     0  ,  0    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    0  ,  0    −  2    𝑁    1  �   10     ,    


               ¯    𝑇  ′     exp       ¹   log         𝑍  b     𝑎  ,  𝑏    Ï  ¹  𝑁  −  4  º   log       𝑟    𝑎  ,  𝑏    Ï          E       𝜇   TAP       𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  Ï    𝑁     𝑔    𝑎  ,  𝑏    º           d  ¹  𝑎  ,  𝑏  º              ¾      𝑒    −  3    𝑁    1  �   10          exp       ¹  𝑁      𝐸  b     0  ,  0    Ï      𝑁    𝜉  𝑡   ¹  1  º   2   Ï    𝑁     𝑔    0  ,  0    º   .    


        Cov     ¹  𝜇  º 


                   E       ¹  𝑎  ,  𝑏  º  ∼  𝜈        »    𝑎  2   Ï    𝑏  2   ¼      =        E     »  ‖  𝑋    ‖  2   ¼  Ï          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈        »  1  »  𝑋  <  ¹  𝑎  ,  𝑏  º  ¼  ¹    𝑎  2   Ï    𝑏  2   º  ¼               ¶    𝑂  ¹  1  º  Ï         Pr          ¹    𝑋  <  ¹  𝑎  ,  𝑏  º   º   ⋅  8  𝑁  =  𝑂  ¹  1  º  .    


             ‖                 Cov      ¹  𝜇  º      ‖                Cov      ¹  𝜇  º         ¶    2  𝐶          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈    ¹  1  Ï    𝑎  2   Ï    𝑏  2   º  Ï    ‖          2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m  º  ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m    º  ⊤       ‖         2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m  º  ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m    º  ⊤                 ¶    𝑂  ¹  1  º  Ï  2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈        ‖            𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m      ‖             𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  −  m    2               ¶    𝑂  ¹  1  º  Ï  2          E       ¹  𝑎  ,  𝑏  º  ∼  𝜈        »  𝑂  ¹    𝑎  2   Ï    𝑏  2   º  ¼             ¶    𝑂  ¹  1  º    .    


     𝐻  𝑁   ¹  𝜎  º  B    Í    𝑝  ¾  1        𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       Í      𝑖  1   ,    .  .  .   ,    𝑖  𝑝   =  1   𝑁     g      𝑖  1   ,    .  .  .   ,    𝑖  𝑝       𝜎    𝑖  1        ⋅  ⋅  ⋅       𝜎    𝑖  𝑝    . 


     𝜉    ∼  1    ¹  𝑞  º  =    Í    𝑝  ¾  2      𝛾  𝑝  2     𝑞  𝑝  


     𝜉    ∼  2    ¹  𝑞  º  =    𝛾  1  2   𝑞  Ï    Í    𝑝  ¾  3      𝛾  𝑝  2     𝑞  𝑝  


     𝑂  𝜀   ¹  1  º 


   𝜀  ,  𝐶 


          (4.14)                     𝐻    𝑁  ,  2    ¹  𝜎  º  B        𝛾  2     𝑁    1  �  2       Í      𝑖  1   ,    𝑖  2   =  1   𝑁     g      𝑖  1   ,    𝑖  2       𝜎    𝑖  1      𝜎    𝑖  2    =    1  2   ⟨    ∇  2     𝐻  𝑁   ¹  0  º  𝜎  ,  𝜎  ⟩  .    


     𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  =    𝐻  𝑁   ¹  𝜎  º  −    𝐻    𝑁  ,  2    ¹  𝜎  º 


     𝐻  𝑁   ¹  𝜎  º 


         d    𝜇    𝐻    𝑁  ,  2     ¹  𝜎  º  =       exp       ¹      𝐻    𝑁  ,  2    ¹  𝜎  º   º      𝑍    𝑁  ,  2             d  𝜌  ¹  𝜎  º  ,      𝑍    𝑁  ,  2    =    ¯    𝑆  𝑁     exp       ¹      𝐻    𝑁  ,  2    ¹  𝜎  º   º           d  𝜌  ¹  𝜎  º  . 


       E   


   ⟨  ⋅  ⟩ 


     𝜎  1   ,    𝜎  2   ,    .  .  .  


   ⟨  ⋅    ⟩  2  


     ∇  2     𝐻  𝑁   ¹  0  º 


     |   log       𝑍    𝑁  ,  2    −      𝑁    𝜉    ′  ′    ¹  0  º   2   −       log       ¹  1  −    𝜉    ′  ′    ¹  0  º  º    2   Ï    1  2      log      det       ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  𝐼  −    ∇  2     𝐻  𝑁   ¹  0  º  º   |     ¶    1  �  2  . 


   𝜉  ¹  1  º  =    𝜉    ∼  2    ¹  1  º  Ï    1  2     𝜉    ′  ′    ¹  0  º 


   𝑋  =   log      det       ¹    ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  𝐼  −    ∇  2     𝐻  𝑁   ¹  0  º   º   −  𝑁    𝜉    ′  ′    ¹  0  º  �  2 


     𝜇   null    ¹      ℰ   good    ‾   º  ¶      𝑒    −  𝑐    𝑁    1  �  5      Ï  Ð  ¹  𝑋  >  𝑡  º  ¶      𝑒    −  𝑐    𝑁    1  �  5      Ï    𝑒    −  𝑐  ¹  𝑡  −    1  𝑐     º  Ï  2     . 


    log       𝑍  𝑁   =      𝑁  𝜉  ¹  1  º  −  𝑋  Ï    𝑂  𝜀   ¹  1  º   2     ¾        𝑁  𝜉  ¹  1  º  −  𝑡  −    1  𝑐    2   . 


             𝜇   null    ¹  ℰ  º       ¶      𝜇   null    ¹      ℰ   good    ‾   º  Ï  ¯          E      𝑍  𝑁      𝑍  𝑁    1  »    𝐻  𝑁   ∈  ℰ  ∩    ℰ   good    ¼        d    𝜇   pl    ¹    𝐻  𝑁   º              ¶      𝑒    −  𝑐    𝑁    1  �  5      Ï    𝑒    −  𝑐  ¹  𝑡  −    1  𝑐     º  Ï  2     Ï    𝑒      1  2   ¹  𝑡  Ï    1  𝑐   º    𝑝  .    


     𝑒    −  𝑐    𝑁    1  �  5      Ï    ¹  1  Ï    𝑒      1  𝑐   Ï        1  𝑐      log       1  𝑝       º     𝑝    . 


   𝐴  =    1  2     ∇  2     𝐻  𝑁   ¹  0  º  =          𝜉    ′  ′    ¹  0  º    2   𝑀 


    GOE   ¹  𝑁  º 


     𝜉    ′  ′    ¹  0  º  ¶    1  −  𝜀 


     𝜉    ∼  1    ¹  𝑞  º  Ï  𝑞  Ï   log       ¹  1  −  𝑞  º     ¶  −  𝜀    𝑞  2   �  2 


     ∇  2     𝐻  𝑁   ¹  0  º  ⪯  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  −    𝜀  2   �  8  º  𝐼 


             𝜆   max        ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  −    𝜀  2   �  8  º  𝐼  −    ∇  2     𝐻  𝑁   ¹  0  º  º        ¾    1  Ï    𝜉    ′  ′    ¹  0  º  −    𝜀  2   �  8  −        𝜉    ′  ′    ¹  0  º    ¹  2  Ï    𝜀  2   �  8  º            =  ¹  1  −        𝜉    ′  ′    ¹  0  º      º  2   −    𝜀  2   ¹  1  Ï        𝜉    ′  ′    ¹  0  º    º  �  8            >    𝜀  2   �  4  −    𝜀  2   �  4  =  0    


   𝛾  ∈  ¹    𝜆   max    ¹  𝐴  º  ,  Ï  ∞  º 


          (4.15)                   𝐺  ¹  𝛾  º  =  𝛾  −    1    2  𝑁       log      det       ¹    𝛾  𝐼  −  𝐴   º   .    


     𝐺  ′   ¹  𝛾  º  =  1  −    1    2  𝑁       Tr         ¹    𝛾  𝐼  −  𝐴   º     −  1   


      lim     𝛾  ↓    𝜆   max    ¹  𝐴  º        𝐺  ′   ¹  𝛾  º  =  −  ∞ 


      lim     𝛾  ↑  Ï  ∞        𝐺  ′   ¹  𝛾  º  =  1 


     𝐺  ′  


     𝛾  *  


   ¹    𝜆   max    ¹  𝐴  º  ,  Ï  ∞  º 


          (4.16)                     𝑍    𝑁  ,  2    =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º      2      𝐺    ′  ′    ¹    𝛾  *   º     ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁  𝐺  ¹    𝛾  *   º   º   .    


     𝐻    𝑁  ,  2    ¹  𝜎  º  =          𝜉    ′  ′    ¹  0  º    2   ⟨  𝑀  𝜎  ,  𝜎  ⟩  , 


     𝛾  0   =  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  �  2 


     𝛾  0  


     𝑓  1   ¹  𝑥  º  =  1  −    1    1  Ï    𝜉    ′  ′    ¹  0  º  −  2        𝜉    ′  ′    ¹  0  º    𝑥    ,      𝑓  2   ¹  𝑥  º  =    2    ¹  1  Ï    𝜉    ′  ′    ¹  0  º  −  2        𝜉    ′  ′    ¹  0  º    𝑥    º  2     . 


     𝐿  𝑘   =  ¯    𝑓  𝑘   ¹  𝑥  º          d    𝜌   sc    ¹  𝑥  º  . 


          (4.17)                     |    𝐺    ¹  𝑘  º    ¹    𝛾  0   º  −    𝐿  𝑘   |     ¶      1    𝐶    𝑁     .    


    Tr     𝑓  ¹  𝑀  º  =    Í    𝑖  =  1   𝑁   𝑓  ¹    𝜆  𝑖   ¹  𝑀  º  º  . 


       𝑓  e   𝑘   ¹  𝑥  º  =    𝑓  𝑘   ¹   min   ¹  𝑥  ,  2  Ï    𝜀  2   �  8  º  º  . 


   Ð  ¹  |   Tr         𝑓  e   𝑘   ¹  𝑀  º  −        E        Tr         𝑓  e   𝑘   ¹  𝑀  º  |  ¾    𝑡  º  ¶    2    𝑒    −    𝑡  2   �  𝐶   


    Tr         𝑓  e   𝑘   ¹  𝑀  º  −  𝑁    𝐿  𝑘  


   |        E        Tr         𝑓  e   𝑘   ¹  𝑀  º  −  𝑁    𝐿  𝑘   |  =    𝑂  𝜀   ¹  1  º  . 


   Ð  ¹  |   Tr         𝑓  e   𝑘   ¹  𝑀  º  −  𝑁    𝐿  𝑘   |  ¾    𝑡  º  ¶    2    𝑒    −  ¹  𝑡  −  𝐶    º  Ï  2   �  𝐶    . 


           Ð  ¹  |    𝐺    ¹  𝑘  º    −    𝐿  𝑘   |  ¾    𝑡  º       ¶    Ð  ¹   Tr       𝑓  𝑘   ¹  𝑀  º  <   Tr         𝑓  e   𝑘   ¹  𝑀  º  º  Ï  Ð  ¹  |   Tr         𝑓  e   𝑘   ¹  𝑀  º  −  𝑁    𝐿  𝑘   |  ¾    𝑁  𝑡  º              ¶      𝑒    −  𝑐  𝑁    Ï  2    𝑒    −  ¹  𝑁  𝑡  −  𝐶    º  Ï  2   �  𝐶    .    


     |    𝐺    ′  ′    ¹    𝛾  0   º  −    2    1  −    𝜉    ′  ′    ¹  0  º    |     ¶      1    𝐶    𝑁     . 


     𝑓  0   ¹  𝑥  º  =   log       ¹  1  Ï    𝜉    ′  ′    ¹  0  º  −        𝜉    ′  ′    ¹  0  º    𝑥  º   . 


     𝐿  0     B  ¯    𝑓  0   ¹  𝑥  º          d    𝜌   sc    ¹  𝑋  º  =    𝜉    ′  ′    ¹  0  º  �  2  . 


    log      det       ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  𝐼  −        𝜉    ′  ′    ¹  0  º      ∇  2     𝐻  𝑁   ¹  0  º  º   =   Tr       𝑓  0   ¹  𝑀  º  . 


   |        E        Tr         𝑓  e   0   ¹  𝑀  º  −  𝑁    𝐿  0   |  =    𝑂  𝜀   ¹  1  º  . 


   |    𝛾  0   −    𝛾  *   |  ¶  |    𝐺  ′   ¹    𝛾  0   º  |  ⋅      1  −    𝜉    ′  ′    ¹  0  º     2  ¹  1  −    𝑁    −  1  �  3    º      ¶      1    𝐶    𝑁     . 


   𝑁  |  𝐺  ¹    𝛾  0   º  −  𝐺  ¹    𝛾  *   º  |  ¶      𝑁  2   |    𝛾  0   −    𝛾  *     |  2      sup     𝛾  ∈  »    𝛾  0   −    𝑁    −  1  �  2    ,    𝛾  0   Ï    𝑁    −  1  �  2    ¼        𝐺    ′  ′    ¹  𝛾  º  ¶      1    𝐶  2    ⋅      2  ¹  1  Ï    𝑁    −  1  �  3    º     1  −    𝜉    ′  ′    ¹  0  º      ¶      3      𝐶  2   𝜀    . 


             𝑍    𝑁  ,  2       =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º    𝑒  ^^01       2      𝐺    ′  ′    ¹    𝛾  0   º     ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁  𝐺  ¹    𝛾  0   º   º             =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º    𝑒  ^^01       1  −    𝜉    ′  ′    ¹  0  º    ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁    𝛾  0    º      det         ¹    𝛾  0   𝐼  −    1  2     ∇  2     𝐻  𝑁   ¹  0  º  º     −  1  �  2              =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º    𝑒  ^^01       1  −    𝜉    ′  ′    ¹  0  º       exp       ¹    𝑁    𝜉    ′  ′    ¹  0  º  �  2   º      det         ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  𝐼  −    ∇  2     𝐻  𝑁   ¹  0  º  º     −  1  �  2    .    


     𝑣  1   ,    .  .  .   ,    𝑣  𝑁  


     |   log         𝑍  𝑁     𝑍    𝑁  ,  2     −      𝑁    𝜉    ∼  2    ¹  1  º   2   |   =  𝑂  ¹    𝑁    −  1  �   15     º  . 


       ‖      𝑍  𝑁       𝑍    𝑁  ,  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2      ⟨  𝜎    𝜎  ⊤   ⟩  −  ⟨  𝜎    𝜎  ⊤     ⟩  2   ‖   𝐹  2     ¶    𝐶  ¹  1  Ï    𝛾  1  4     𝑁  2   º  . 


   ⟨  𝜎    𝜎  ⊤   ⟩ 


   𝑇  =  𝑇  ¹    𝐻  𝑁   º  B      {  𝜎  ∈    𝑆  𝑁   :    ¯    𝑆  𝑁    1  »  |  𝑅  ¹  𝜎  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹  𝜏  º            d  𝜌  ¹  𝜏  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      }   . 


          (4.18)            E       ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¼    𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º       ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      ,         (4.19)            E       ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¼    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º            d  𝜌  ¹  𝜎  º       ¶      𝑒    𝑁    𝜉    ′  ′    ¹  0  º  �  4  −  𝑐    𝑁    1  �  5      ,         (4.20)            E       ¯    𝑆  𝑁    1  »    𝜎  1   8  𝑇  ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹    𝜎  1   º  Ï    𝐻  𝑁   ¹    𝜎  2   º            d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º       ¶      𝑒    𝑁  𝜉  ¹  1  º  −  𝑐    𝑁    1  �  5      ,         (4.21)            E       ¯    𝑆  𝑁    1  »    𝜎  1   8  𝑇  ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  2    ¹    𝜎  1   º  Ï    𝐻  𝑁   ¹    𝜎  2   º            d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º       ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  Ï  𝑁    𝜉    ′  ′    ¹  0  º  �  4  −  𝑐    𝑁    1  �  5      .    


     𝐻    𝑁  ,  ∼  2   


          (4.22)                     𝑇  e   =    𝑇  e   ¹    𝐻    𝑁  ,  ∼  2    º  B      {  𝜎  ∈    𝑆  𝑁   :  ⟨  1  »  |  𝑅  ¹  𝜎  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜏  º      ⟩  2   ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      }   ,    


                   E       ∼  2          ⟨  1  »  𝜎  8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      ,                  E       ∼  2          ⟨  1  »  𝜎  8    𝑇  e   ¼  ⟩   2        ¶      𝑒    −  𝑐    𝑁    1  �  5      ,                  E       ∼  2          ⟨  1  »    𝜎  1   8    𝑇  e   ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5      ,                  E       ∼  2          ⟨  1  »    𝜎  1   8    𝑇  e   ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      .    


     𝑍    𝑁  ,  2      ¾      𝑒    𝑁    𝜉    ′  ′    ¹  0  º  �  4  −  𝑐    𝑁    1  �  5    �  2    . 


               ⟨  1  »  |  𝑅  ¹  𝜎  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜏  º    ⟩   2      =    1    𝑍    𝑁  ,  2       ¯    𝑆  𝑁    1  »  |  𝑅  ¹  𝜎  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹  𝜏  º            d  𝜌  ¹  𝜏  º              ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5    �  2    .    


           E       ∼  2      ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¼    𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  3  𝑐    𝑁    1  �  5    �  4   


                   E       ∼  2          ⟨  1  »  𝜎  8    𝑇  e   ¹    𝐻    𝑁  ,  ∼  2    ,  𝑐  �  2  º  ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2        ¶            E       ∼  2          ⟨  1  »  𝜎  8  𝑇  ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2             =    1    𝑍    𝑁  ,  2             E       ∼  2      ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¼    𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º              ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5    �  4    .    


     𝐸  2  


          (4.23)                       𝑍  𝑁     𝑍    𝑁  ,  2     =  ⟨    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º      ⟩  2   =    𝑋  1   Ï    𝑋  2   ,    


             𝑋  1      =      ⟨  1  »  𝜎  ∈    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2   ,       𝑋  2      =      ⟨  1  »  𝜎  8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2   .    


          (4.24)                   ¹  1  −    𝑒    −  𝑐    𝑁    1  �  5      º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2      ¶            E       ∼  2    »    𝑋  1   ¼  ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2    .    


          (4.25)                     𝑋  2     ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5    �  2    ,    


            Var        ∼  2    »    𝑋  1   ¼  B            E       ∼  2    »    𝑋  1  2   ¼  −          E       ∼  2    »    𝑋  1     ¼  2   . 


           E       ∼  2    »    𝑋  1  2   ¼  =          E       ∼  2          ⟨  1  »    𝜎  1   ,    𝜎  2   ∈    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2     ¶            E       ∼  2    »    𝑌  1   ¼  Ï          E       ∼  2    »    𝑌  2   ¼  , 


             𝑌  1      =      ⟨  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶      𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2   ,         (4.26)        𝑌  2      =      ⟨  1  »    𝜎  1   ∈    𝑇  e   ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2   .    


          (4.27)                           E       ∼  2    »    𝑌  2   ¼  ¶            E       ∼  2          ⟨  1  »    𝜎  1   ∈    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º    ⟩   2       𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5      .    


           E       ∼  2    »    𝑌  1   ¼  =    𝑒    𝑁    𝜉    ∼  2    ¹  1  º          ⟨  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶      𝑁    −  2  �  5    ¼    𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  ¹    𝜎  1   ,    𝜎  2   º  º    ⟩   2   . 


     𝜉    ∼  2    ¹  𝑅  º  =    𝛾  1  2   𝑅  Ï  𝑂  ¹    𝑅  3   º  =  𝑂  ¹    𝑁    −  6  �  5    º  . 


            Var        ∼  2    »    𝑋  1   ¼  =  𝑂  ¹    𝑁    −  1  �  5    º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º    . 


   |    𝑋  1   −          E       ∼  2    »    𝑋  1   ¼  |  =  𝑂  ¹    𝑁    −  1  �   15     º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2   


       𝑍  𝑁     𝑍    𝑁  ,  2     =  ¹  1  Ï  𝑂  ¹    𝑁    −  1  �   15     º  º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2    . 


   ¯  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹    𝜎  1   º  Ï    𝐻  𝑁   ¹    𝜎  2   º            d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º  ¶      𝑍    𝑁  ,  2   2     𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5      . 


       ⟨  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2     ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5      . 


     𝑌  3     B        ⟨  1  »    𝜎  1   8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º    ⟩   2   =      ⟨  1  »  𝜎  8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2         ⟨    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2   . 


                   E       ∼  2          ⟨  1  »  𝜎  8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      ,             E       ∼  2    ⟨    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º      ⟩  2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2    .    


             𝑌  2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5    �  2    ,         ⟨  1  »  𝜎  8    𝑇  e   ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ⟩   2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  3  𝑐    𝑁    1  �  5    �  4    ,              ⟨    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º      ⟩  2        ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  Ï  𝑐    𝑁    1  �  5    �  4    .    


   𝑖  ,  𝑗  ∈  »  𝑁  ¼ 


     𝑋    𝑖  ,  𝑗    =      ⟨    𝜎  𝑖     𝜎  𝑗       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º   ⟩   2   , 


   𝜎  ∈    Ò  𝑁  


     𝜎    ∼  𝑖    ∈    Ò    𝑁  −  1   


   𝑖  <  𝑗 


     𝜎    ∼  𝑖  ,  𝑗    ∈    Ò    𝑁  −  2   


     𝜎    ∼  𝑖  ,  𝑖    =    𝜎    ∼  𝑖   


   𝑖  =  𝑗 


          (4.28)                       𝑇  e     𝑖  ,  𝑗      B      {  𝜎  ∈    𝑆  𝑁   :      ⟨  1  »  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗    ,    𝜏    ∼  𝑖  ,  𝑗    º  |  ¾    2    𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜏  º    ⟩   2     ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      }   ,    


               𝑋  e     𝑖  ,  𝑗       =      ⟨  1  »  |    𝜎  𝑖   |  ,  |    𝜎  𝑗   |  ¶     log     𝑁  ,  𝜎  ∈      𝑇  e     𝑖  ,  𝑗    ¼    𝜎  𝑖     𝜎  𝑗       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º   ⟩   2               𝑋  b     𝑖  ,  𝑗       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  ¶    2    𝑁    −  2  �  5    ¼                𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º           ⟩           2   .    


       𝑋  b     𝑖  ,  𝑗   


     𝑋    𝑖  ,  𝑗   2  


         E      ∼  2        𝑋  b     𝑖  ,  𝑗   


       𝑇  e     𝑖  ,  𝑗   


     𝑋    𝑖  ,  𝑗   2     ¶    2      𝑋  e     𝑖  ,  𝑗   2   Ï    𝑒    −  𝑐       log   2     𝑁    . 


           E       ∼  2        𝑋  e     𝑖  ,  𝑗   2     ¶            E       ∼  2        𝑋  b     𝑖  ,  𝑗    Ï    𝑒    −  𝑐    𝑁    1  �  5      . 


         E      ∼  2        𝑋  b     𝑖  ,  𝑖      ¶    𝐶  ¹  𝑁    𝛾  1  4   Ï    𝑁    −  1    º 


         E      ∼  2        𝑋  b     𝑖  ,  𝑗      ¶    𝐶  ¹    𝛾  1  4   Ï    𝑁    −  2    º 


     𝜎  1   ,    𝜎  2   ∼  ⟨  ⋅    ⟩  2  


   𝑅  =  𝑅  ¹    𝜎  1   ,    𝜎  2   º 


     𝑅    ∼  𝑖    =  𝑅  ¹    𝜎    ∼  𝑖   1   ,    𝜎    ∼  𝑖   2   º 


     𝑅    ∼  𝑖  ,  𝑗    =  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º 


                   E       ∼  2        𝑋  b     𝑖  ,  𝑖       =          E       ∼  2        ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  2  �  5    ¼              ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2     ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  º           ⟩           2             =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  2  �  5    ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2     ¹    𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    −  1  º   ⟩   2     .    


             𝑌    𝑖  ,  𝑖     ¹  1  º       =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2     ¹    𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    −  1  º   ⟩   2             𝑌    𝑖  ,  𝑖     ¹  2  º       =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  2    𝑁    −  1  �  2       log     𝑁    ¶  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  2  �  5    ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2     ¹    𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    −  1  º   ⟩   2     


   𝑁  |    𝜉    ∼  2    ¹  𝑅  º  |  ¶    𝑁    𝛾  1  2   𝑅  Ï  𝑂  ¹  𝑁    𝑅  3   º  =  𝑂  ¹    𝑁    −  1  �  5    º  . 


             𝑌    𝑖  ,  𝑖     ¹  2  º         ¶        ⟨  1  »  |  𝑅  |  ¾      𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2   ⟩   2               ¶        ⟨  1  »  |  𝑅  |  ¾      𝑁    −  1  �  2       log     𝑁  ¼  ⟩   2    1  �  2          ⟨  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2   ⟩   2    1  �  2           (4.29)          ¶      𝑒    −  𝑐       log   2     𝑁    ⋅  𝑂  ¹  1  º  =    𝑒    −  𝑐       log   2     𝑁    ,    


   𝑁  |    𝜉    ∼  2    ¹  𝑅  º  |  ¶    𝑁    𝛾  1  2   𝑅  Ï  𝑂  ¹  𝑁    𝑅  3   º  =  𝑂  ¹    𝑁    −  3  �   10        log     𝑁  º  , 


             𝑌    𝑖  ,  𝑖     ¹  1  º       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2                   ¹  𝑁    𝜉    ∼  2    ¹  𝑅  º  Ï      1  2      𝑁  2     𝜉    ∼  2    ¹  𝑅    º  2   Ï      1  6      𝑁  3     𝜉    ∼  2    ¹  𝑅    º  3   º           ⟩           2   Ï  𝑂  ¹    𝑁    −  6  �  5         log   8     𝑁  º            =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2                   ¹  𝑁  ¹    𝛾  1  2   𝑅  Ï    𝛾  3  2     𝑅  3   Ï    𝛾  4  2     𝑅  4   º  Ï      1  2      𝑁  2   ¹    𝛾  1  2   𝑅  Ï    𝛾  3  2     𝑅  3     º  2   Ï      1  6      𝑁  3     𝛾  1  6     𝑅  3   º           ⟩           2   Ï  𝑂  ¹    𝑁    −   11   �   10          log   9     𝑁  º  .    


     𝑌    𝑖  ,  𝑖     ¹  1  º    =      1  2      𝑁  2     𝛾  1  4     𝑄  2   Ï  ¹  𝑁    𝛾  4  2   Ï    𝑁  2     𝛾  1  2     𝛾  3  2   º    𝑄  4   Ï      1  2      𝑁  2     𝛾  3  4     𝑄  6   Ï  𝑜  ¹    𝑁    −  1    º  , 


     𝑄  𝑘     B        ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑖  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2     𝑅  𝑘   ⟩   2   . 


     𝑄  𝑘     ¶        ⟨  ¹    𝜎  𝑖  1     º  4   ¹    𝜎  𝑖  2     º  4   ⟩   2    1  �  2    ⟨    𝑅    2  𝑘      ⟩  2    1  �  2    =  𝑂  ¹    𝑁    −  𝑘  �  2    º  . 


                   E       ∼  2        𝑋  b     𝑖  ,  𝑗         ¶            E       ∼  2        ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  2  �  5    ¼                𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º          ⟩           2             =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  2  �  5    ¼    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    ⟩   2     .    


             𝑌    𝑖  ,  𝑗     ¹  1  º       =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    ⟩   2   ,            𝑌    𝑖  ,  𝑗     ¹  2  º       =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  2    𝑁    −  1  �  2       log     𝑁    ¶  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  2  �  5    ¼    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    ⟩   2   .    


           |    𝑌    𝑖  ,  𝑗     ¹  2  º    |       ¶    2        ⟨  1  »  |  𝑅  |  ¾      𝑁    −  1  �  2       log     𝑁  ¼  |    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2   |  ⟩   2               ¶    2  ⟨  1  »  |  𝑅  |  ¾      𝑁    −  1  �  2       log     𝑁  ¼    ⟩  2    1  �  2        ⟨  ¹    𝜎  𝑖  1     º  4   ¹    𝜎  𝑖  2     º  4   ⟩   2    1  �  4          ⟨  ¹    𝜎  𝑗  1     º  4   ¹    𝜎  𝑗  2     º  4   ⟩   2    1  �  4                ¶    2    𝑒    −  𝑐       log   2     𝑁    ⋅  𝑂  ¹  1  º  ⋅  𝑂  ¹  1  º  =    𝑒    −  𝑐       log   2     𝑁    .    


           4    𝑌    𝑖  ,  𝑗     ¹  1  º       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼                𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2   ¹    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    Ï    ^^01  𝑖   Ï    ^^01  𝑗   º    −    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    Ï    ^^01  𝑖   −    ^^01  𝑗   º    −    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    −    ^^01  𝑖   Ï    ^^01  𝑗   º    Ï    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    −    ^^01  𝑖   −    ^^01  𝑗   º    º        ⟩           2   .    


   𝜅  ¹  𝑥  º  =    𝑒    𝑁    𝜉    ∼  2    ¹  𝑥  º    , 


              sup     |  𝑥  |  ¶  3    𝑁    −  1  �  2       log     𝑁        𝜅    ¹  4  º    ¹  𝑥  º     =     sup     |  𝑥  |  ¶  3    𝑁    −  1  �  2       log     𝑁          ¹           𝑁    𝜉    ∼  2     ¹  4  º    ¹  𝑥  º  Ï  4    𝑁  2     𝜉    ∼  2   ′   ¹  𝑥  º    𝜉    ∼  2     ¹  3  º    ¹  𝑥  º  Ï  3    𝑁  2     𝜉    ∼  2     ′  ′    ¹  𝑥    º  2   Ï              Ï  6    𝑁  3     𝜉    ∼  2   ′   ¹  𝑥    º  2     𝜉    ∼  2     ′  ′    ¹  𝑥  º  Ï    𝑁  4     𝜉    ∼  2   ′   ¹  𝑥    º  4       º           𝜅  ¹  𝑥  º  =  𝑂  ¹    𝑁    6  �  5    º  ,    


             𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    Ï    𝑠  𝑖     ^^01  𝑖   Ï    𝑠  𝑗     ^^01  𝑗   º       =  𝜅  ¹    𝑅    ∼  𝑖  ,  𝑗    º  Ï    𝜅  ′   ¹    𝑅    ∼  𝑖  ,  𝑗    º  ¹    𝑠  𝑖     ^^01  𝑖   Ï    𝑠  𝑗     ^^01  𝑗   º  Ï      1  2      𝜅    ′  ′    ¹    𝑅    ∼  𝑖  ,  𝑗    º  ¹    𝑠  𝑖     ^^01  𝑖   Ï    𝑠  𝑗     ^^01  𝑗     º  2               Ï      1  6      𝜅    ¹  3  º    ¹    𝑅    ∼  𝑖  ,  𝑗    º  ¹    𝑠  𝑖     ^^01  𝑖   Ï    𝑠  𝑗     ^^01  𝑗     º  3   Ï  𝑂  ¹    𝑁    6  �  5    º  ⋅  ¹  2    𝑁    −  1         log   2     𝑁    º  4   .    


               𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    Ï    ^^01  𝑖   Ï    ^^01  𝑗   º    −    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    Ï    ^^01  𝑖   −    ^^01  𝑗   º    −    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    −    ^^01  𝑖   Ï    ^^01  𝑗   º    Ï    𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    −    ^^01  𝑖   −    ^^01  𝑗   º              =  4    𝜅    ′  ′    ¹    𝑅    ∼  𝑖  ,  𝑗    º    ^^01  𝑖     ^^01  𝑗   Ï  𝑂  ¹    𝑁    −   14   �  5         log   8     𝑁  º  ,    


             𝑌    𝑖  ,  𝑗     ¹  1  º       =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     ^^01  𝑖     ^^01  𝑗     𝜅    ′  ′    ¹    𝑅    ∼  𝑖  ,  𝑗    º  ⟩   2               Ï  𝑂  ¹    𝑁    −   14   �  5         log    12      𝑁  º            =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     ¹    𝑁    −  1      𝜉    ∼  2     ′  ′    ¹    𝑅    ∼  𝑖  ,  𝑗    º  Ï    𝜉    ∼  2   ′   ¹    𝑅    ∼  𝑖  ,  𝑗      º  2   º       𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º          ⟩           2   Ï  𝑜  ¹    𝑁    −  2    º  .    


     𝑌    𝑖  ,  𝑗     ¹  1  º      ¶      𝑌    𝑖  ,  𝑗     ¹  3  º    Ï    𝑌    𝑖  ,  𝑗     ¹  4  º    Ï  𝑜  ¹    𝑁    −  2    º  , 


             𝑌    𝑖  ,  𝑗     ¹  3  º       =  6    𝛾  3  2     𝑁    −  1        ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     𝑅    ∼  𝑖  ,  𝑗      𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º          ⟩           2   ,            𝑌    𝑖  ,  𝑗     ¹  4  º       =          E       𝜇    𝐻    𝑁  ,  2          ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     ¹   12     𝛾  4  2     𝑁    −  1      𝑅    ∼  𝑖  ,  𝑗   2   Ï  ¹    𝛾  1  2   Ï  3    𝛾  3  2     𝑅    ∼  𝑖  ,  𝑗   2     º  2   º       𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º          ⟩           2     


          (4.30)                   |    𝑅  2   −    𝑅    ∼  𝑖  ,  𝑗   2   |  =  |  𝑅  −    𝑅    ∼  𝑖  ,  𝑗    |  |  𝑅  Ï    𝑅    ∼  𝑖  ,  𝑗    |  ¶  ¹  |    ^^01  𝑖   |  Ï  |    ^^01  𝑗   |  º  ⋅  5    𝑁    −  1  �  2       log     𝑁  =  𝑂  ¹    𝑁    −  3  �  2         log   3     𝑁  º  .    


             𝑌    𝑖  ,  𝑗     ¹  4  º         ¶    2      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     ¹   12     𝛾  4  2     𝑁    −  1      𝑅  2   Ï  ¹    𝛾  1  2   Ï  3    𝛾  3  2     𝑅  2     º  2   º           ⟩           2   Ï  𝑜  ¹    𝑁    −  2    º            =  2    𝛾  1  4       𝑄  e   0   Ï  ¹   12     𝛾  1  2     𝛾  3  2   Ï   24     𝛾  4  2     𝑁    −  1    º      𝑄  e   2   Ï   18     𝛾  3  2       𝑄  e   4   Ï  𝑜  ¹    𝑁    −  2    º  ,    


       𝑄  e   𝑘   =      ⟨  1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼  ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     𝑅  𝑘   ⟩   2   . 


       𝑄  e   𝑘     ¶        ⟨  ¹    𝜎  𝑖  1     º  8   ¹    𝜎  𝑖  2     º  8   ⟩   2    1  �  4          ⟨  ¹    𝜎  𝑗  1     º  8   ¹    𝜎  𝑗  2     º  8   ⟩   2    1  �  4    ⟨    𝑅    2  𝑘      ⟩  2    1  �  2    =  𝑂  ¹    𝑁    −  𝑘  �  2    º  . 


             𝑌    𝑖  ,  𝑗     ¹  3  º       =  6    𝛾  3  2     𝑁    −  1        ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2     𝑅    ∼  𝑖  ,  𝑗    ¹  1  Ï  𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º  º        ⟩           2   Ï  𝑜  ¹    𝑁    −  2    º            =  6    𝛾  3  2     𝑁    −  1        ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2   ¹    𝑅    ∼  𝑖  ,  𝑗    Ï  𝑁    𝛾  1  2     𝑅    ∼  𝑖  ,  𝑗   2   Ï  𝑁    𝛾  3  2     𝑅    ∼  𝑖  ,  𝑗   4   º        ⟩           2   Ï  𝑜  ¹    𝑁    −  2    º  .    


             𝑌    𝑖  ,  𝑗     ¹  3  º       =  6    𝛾  3  2       ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |    𝑅    ∼  𝑖  ,  𝑗    |  ¶    2    𝑁    −  1  �  2       log     𝑁  ¼              ¹    𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2     º  2   ¹    𝛾  1  2     𝑅  2   Ï    𝛾  3  2     𝑅  4   º        ⟩           2   Ï  𝑜  ¹    𝑁    −  2    º            =  6    𝛾  1  2     𝛾  3  2       𝑄  e   2   Ï  6    𝛾  3  4       𝑄  e   4   Ï  𝑜  ¹    𝑁    −  2    º  ¶    𝐶  ¹    𝛾  1  2     𝑁    −  1    Ï    𝑁    −  2    º  .    


          (4.31)                       ‖      𝑍  𝑁       𝑍    𝑁  ,  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2      ⟨  𝜎    𝜎  ⊤   ⟩  −  ⟨  𝜎    𝜎  ⊤     ⟩  2   ‖   𝐹  2   =    Í    𝑖  ,  𝑗  =  1   𝑁     𝑋    𝑖  ,  𝑗   2     ¶    2    Í    𝑖  ,  𝑗  =  1   𝑁       𝑋  e     𝑖  ,  𝑗   2   Ï    𝑒    −  𝑐       log   2     𝑁    .    


           E       ∼  2      Í    𝑖  ,  𝑗  =  1   𝑁       𝑋  e     𝑖  ,  𝑗   2     ¶    2  𝐶  ¹    𝑁  2     𝛾  1  4   Ï  1  º  Ï    𝑒    −  𝑐    𝑁    1  �  5        ¶    3  𝐶  ¹    𝑁  2     𝛾  1  4   Ï  1  º  . 


       ‖      𝑍  𝑁       𝑍    𝑁  ,  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2      ⟨  𝜎    𝜎  ⊤   ⟩  −  ⟨  𝜎    𝜎  ⊤     ⟩  2   ‖   𝐹  2     ¶     18   𝐶  ¹    𝑁  2     𝛾  1  4   Ï  1  º  Ï    𝑒    −  𝑐       log   2     𝑁      ¶     20   𝐶  ¹    𝑁  2     𝛾  1  4   Ï  1  º  . 


   g  ∈    Ò    𝑁  Ï    𝑁  3   Ï    𝑁  4   Ï    ⋅  ⋅  ⋅   Ï    𝑁    𝑝  *     


             𝐹  1   ¹  g  º     =  𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º  ⋅    ¹  1  −    |     log         𝑍  𝑁     𝑍    𝑁  ,  2     −      𝑁    𝜉    ∼  2    ¹  1  º   2    |   º             𝐹  2   ¹  g  º     =  𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º  −    ‖    ⟨  𝜎    𝜎  ⊤   ⟩   ‖          op            𝐹  ¹  g  º     =   max   ¹   min   ¹    𝐹  1   ¹  g  º  ,    𝐹  2   ¹  g  º  º  ,  0  º    ,    


   𝐵 


    min   ¹    𝐹  1   ¹  g  º  ,    𝐹  2   ¹  g  º  º  ¾    0 


     𝐹  2   ¹  g  º  ¾    0 


     ‖    ⟨  𝜎    𝜎  ⊤   ⟩   ‖          op      ¶    𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º 


     𝐹  1  


   𝐵  >  0 


     1  3  


   𝐹  ¹  g  º  ¾      𝐵  2   ¹  1  Ï    𝛾  1  2   𝑁  º 


             ‖    ⟨  𝜎    𝜎  ⊤   ⟩   ‖          op         ¶      𝑒    1  �  2        ‖    ⟨  𝜎    𝜎  ⊤     ⟩  2    ‖          op    Ï    𝑒    1  �  2        𝐶  ¹  1  Ï    𝛾  1  4     𝑁  2   º                ¶      𝐵  2   ¹  1  Ï    𝛾  1  2   𝑁  º    ,    


     𝐻    𝑁  ,  2   


             {  g  :  ¯  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹    𝜎  1   º  Ï    𝐻  𝑁   ¹    𝜎  2   º            d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º  ¶      𝑍    𝑁  ,  2   2     𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5      }     ,      


             ‖    ⟨    𝜎    ⊗  𝑝    ⟩   ‖         𝐹  2     ¶    𝑂  ¹    𝑁    3  𝑝  �  5    º  .      


             ‖    ⟨    𝜎    ⊗  𝑝    ⟩   ‖         𝐹  2      =  ⟨    𝑁  𝑝   𝑅  ¹    𝜎  1   ,    𝜎  2     º  𝑝   ⟩              ¶      𝑁    3  𝑝  �  5    Ï    𝑁    2  𝑝      1    𝑍  𝑁  2    ¯  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁   ¹    𝜎  1   º  Ï    𝐻  𝑁   ¹    𝜎  2   º            d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º         (Definition of     ℰ  )          ¶      𝑁    3  𝑝  �  5    Ï    𝑁    2  𝑝        𝑍    𝑁  ,  2   2     𝑍  𝑁  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5                  ¶      𝑁    3  𝑝  �  5    Ï    𝑁    2  𝑝      𝑒    1  −  𝑐    𝑁    1  �  5        ,    


   𝑂  ¹  ¹  1  Ï    𝛾  1  2   𝑁  º    𝑁    −  1  �   10     º 


          (4.32)                          Pr          »  |    𝐹  e   ¹  g  º  −        E       𝐹  e   ¹  g  º  |  ¾        𝐵  4    ¹  1  Ï    𝛾  1  2   𝑁  º  ¼     ¶      𝑒    −  𝑐    𝑁    1  �  5        .    


                  Pr          »    𝐹  ¹  g  º  =  0   ¼        ¶           Pr          »    ℰ  𝑐   ¼   Ï         Pr          »      𝐹  e   ¹  g  º  =  0   ¼               ¶      𝑒    −  𝑐    𝑁    1  �  5      Ï         Pr          »  |    𝐹  e   ¹  g  º  −        E       𝐹  e   ¹  g  º  |  ¾        𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º   4   ¼               ¶      𝑒    −  𝑐    𝑁    1  �  5      ,    


     𝑒      𝐻  𝑁   ¹  𝜎  º   


   ‖    r  𝐹   ‖ 


    min   ¹    𝐹  1   ¹  g  º  ,    𝐹  2   ¹  g  º  º  <  0 


   𝐹  ¹  g  º  =  0 


   r  𝐹  ¹  g  º  =  0 


     𝐹  𝑖  


     g  𝑝   ∈    Ò    𝑁  𝑝   


             ‖      r    g  𝑝      𝐹  1   ¹  g  º   ‖   =  𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º    ‖      r    g  𝑝       log       𝑍  𝑁    ‖   =  𝐵  ¹  1  Ï    𝛾  1  2   𝑁  º  ⋅      𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2         ‖    ⟨    𝜎    ⊗  𝑝    ⟩   ‖         𝐹   ,      


             ‖      r  g      log       𝑍  𝑁    ‖         2        ®    Í    𝑝  ∈  »    𝑝  *   ¼  \    {  2  }       𝛾  𝑝  2     𝑁    −  ¹  𝑝  −  1  º    ⋅    𝑁    3  𝑝  �  5                ¶      𝛾  1  2   ⋅    𝑁    3  �  5    Ï    Í    𝑝  ¾  3      𝛾  𝑝  2     𝑁    1  −  2  𝑝  �  5           (4.33)          ®      𝛾  1  2   ⋅    𝑁    3  �  5    Ï    𝑁    −  1  �  5      


           ⟨  𝑣  ,    r    g  𝑝    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩  ⟩     =    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟨  𝑣  ,    r    g  𝑝    𝐻  ¹  𝜎  º  ⟩  ⟩   −    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩       ⟨  ⟨  𝑣  ,    r    g  𝑝    𝐻  ¹  𝜎  º  ⟩  ⟩             =      𝛾  𝑝     𝑁    ¹  𝑝  −  1  º  �  2       ¹    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟨  𝑣  ,    𝜎    ⊗  𝑝    ⟩  ⟩   −    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩       ⟨  ⟨  𝑣  ,    𝜎    ⊗  𝑝    ⟩  ⟩   º     .    


           ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟨  𝑣  ,    𝜎    ⊗  𝑝    ⟩  ⟩       ¶        ⟨  ⟨  𝑢  ,  𝜎    ⟩    2    𝑞  ′     ⟩     1  �    𝑞  ′           ⟨  ⟨  𝑣  ,    𝜎    ⊗  𝑝      ⟩  𝑞   ⟩     1  �  𝑞                ¶      𝑁    1  �   log     𝑁        ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩   ⟨    𝑣    ⊗  𝑞    ,    ⟨    𝜎    ⊗  𝑝  𝑞    ⟩     ⟩    1  �  𝑞                ®  ¹  1  Ï    𝛾  1  2   𝑁  º  ⟨    𝑣    ⊗  𝑞    ,    ⟨    𝜎    ⊗  𝑝  𝑞    ⟩     ⟩    1  �  𝑞                ¶  ¹  1  Ï    𝛾  1  2   𝑁  º  ⋅    𝑁    3  𝑝  �   10       ,    


            Var      𝜋   »  𝑓  ¼  ¶      1    𝜌   PI     ⋅  ℰ  ¹  𝑓  ,  𝑓  º  Ï  𝜀  ⋅   osc   ¹  𝑓    º  2   . 


      Ent   𝜋   »  𝑓  ¼  ¶      1    𝐶   MLSI     ⋅  ℰ  ¹  𝑓  ,   log     𝑓  º  Ï  𝜀  ⋅   osc   ¹    𝑓     º  2   . 


    osc   ¹  𝑓    º  2  


     ℰ  𝜋   ¹  𝑓  ,  𝑓  º  ¾          E      z  ∼  𝜌          E      𝜋  z    ¹  𝑓  ,  𝑓  º 


             ℰ  𝜋   ¹  𝑓  ,  𝑓  º     =    1  𝑛     Í      ‖    𝑥  −  𝑦   ‖       1   =  2        𝜋  ¹  𝑥  º  𝜋  ¹  𝑦  º     𝜋  ¹  𝑥  º  Ï  𝜋  ¹  𝑦  º    ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º    º  2             =    1  𝑛     Í      ‖    𝑥  −  𝑦   ‖       1   =  2              E      z  ∼  𝜌      𝜋  z   ¹  𝑥  º        E      z  ∼  𝜌      𝜋  z   ¹  𝑦  º           E      z  ∼  𝜌      𝜋  z   ¹  𝑥  º  Ï        E      z  ∼  𝜌      𝜋  z   ¹  𝑦  º    ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  𝑦  º    º  2               ¾            E       z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º  ,    


   𝜋  ,    𝜋  ′  


   ¹    𝜌   PI    ,  𝛿  ¹  1  Ï    𝜌   PI     −  1    º  º 


             ℰ    𝜋  ′    ¹  𝑓  ,  𝑓  º       ¾      ℰ  𝜋   ¹  𝑓  ,  𝑓  º  −  𝛿  ⋅   osc   ¹  𝑓    º  2          (    𝜋   satisfies PI)          ¾      𝜌   PI    ⋅           Var      𝜋   »  𝑓  ¼  −  𝛿  ⋅   osc   ¹  𝑓    º  2               ¾      𝜌   PI    ⋅           Var        𝜋  ′    »  𝑓  ¼  −  𝛿  ⋅   osc   ¹  𝑓    º  2     ¹  1  Ï    𝜌   PI    º     .    


     ℰ  𝜋   ¹  𝑓  ,  𝑓  º  =        E      z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º 


     𝐶  𝜋   =      1  −  2    𝜋   min        log       ¹  1  �    𝜋   min    −  1  º    


   ¹  4    𝜌   PI      𝐶  𝜋   ,    𝜀    𝐶  𝜋    º 


   ¹    𝜌   PI      𝐶  𝜋   ,    𝜀    𝐶  𝜋    º 


          (Weak PI)        1    𝜌   PI     ℰ  ¹  𝑓  ,  𝑓  º       ¾             Var      𝜋   »  𝑓  ¼  −  𝜀  ⋅   osc   ¹  𝑓    º  2          (LSI of       𝑃    𝐾  ¹  𝜋  º    )          ¾      𝐶  𝜋      Ent   𝜋   »    𝑓  2   ¼  −  𝜀  ⋅   osc   ¹  𝑓    º  2   ,    


     1  𝑁         E         ⟨  𝑢  ,  r    𝐻  𝑁   ¹  𝑚  º  ⟩       ⟨  𝑣  ,  r    𝐻  𝑁   ¹  𝑚  º  ⟩   =  𝑅  ¹  𝑢  ,  𝑣  º    𝜉  ′   ¹  𝑅  ¹  𝑚  ,  𝑚  º  º  Ï  𝑅  ¹  𝑚  ,  𝑢  º  𝑅  ¹  𝑚  ,  𝑣  º    𝜉    ′  ′    ¹  𝑅  ¹  𝑚  ,  𝑚  º  º    . 


             1  𝑁         E            ⟨  𝑢  ,  r    𝐻  𝑁   ¹  𝑚  º  ⟩       ⟨  𝑣  ,  r    𝐻  𝑁   ¹  𝑚  º  ⟩   =    1  𝑁         E          lim     𝛿  ,  𝜀  →  0            𝐻  𝑁   ¹  𝑚  Ï  𝛿  𝑢  º  −    𝐻  𝑁   ¹  𝑚  º   𝛿   ⋅        𝐻  𝑁   ¹  𝑚  Ï  𝜀  𝑣  º  −    𝐻  𝑁   ¹  𝑚  º   𝜀             =    1  𝑁        lim     𝛿  ,  𝜀  →  0        1    𝛿  𝜀          E     ¹    𝐻  𝑁   ¹  𝑚  Ï  𝛿  𝑢  º  −    𝐻  𝑁   ¹  𝑚  º  º  ⋅  ¹    𝐻  𝑁   ¹  𝑚  Ï  𝜀  𝑣  º  −    𝐻  𝑁   ¹  𝑚  º  º            =     lim     𝛿  ,  𝜀  →  0        1    𝛿  𝜀        »  𝜉  ¹  𝑅  ¹  𝑚  Ï  𝛿  𝑢  ,  𝑚  Ï  𝜀  𝑣  º  º  −  𝜉  ¹  𝑅  ¹  𝑚  Ï  𝛿  𝑢  ,  𝑚  º  º  −  𝜉  ¹  𝑅  ¹  𝑚  ,  𝑚  Ï  𝜀  𝑣  º  º  Ï  𝜉  ¹  𝑅  ¹  𝑚  ,  𝑚  º  º  ¼           =  𝑅  ¹  𝑢  ,  𝑣  º    𝜉  ′   ¹  𝑅  ¹  𝑚  ,  𝑚  º  º  Ï  𝑅  ¹  𝑚  ,  𝑢  º  𝑅  ¹  𝑚  ,  𝑣  º    𝜉    ′  ′    ¹  𝑅  ¹  𝑚  ,  𝑚  º  º    .    


     1  𝑁         E         ⟨  𝑢  ,  r    𝐻  𝑁   ¹  𝑚  º  ⟩     𝐻  𝑁   ¹  𝑣  º  =  𝑅  ¹  𝑢  ,  𝑣  º    𝜉  ′   ¹  𝑅  ¹  𝑚  ,  𝑣  º  º    . 


          (4.34)      r    𝐻  e   ¹  m  º  =  −  x  ⋅    𝜉  𝑡  ′       ¹    𝑞  x   º   −  m  ⋅      ¹    𝜃  ′       ¹    𝑞  m   º   −    1    1  −    𝑞  m     º     .    


          (4.35)        𝐻   TAP    ¹  𝜎  º  =  𝑁    𝜉  𝑡       ¹  𝑅  ¹  x  ,  𝜎  º  º   Ï      𝐻  e    TAP    ¹  𝜎  º    


          (4.36)        𝐻  e   ¹  𝜎  º  =      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩   Ï      ¹    𝐻  e   ¹  𝜎  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩   º   .    


         E         ⟨  r    𝐻  e   ¹  m  º  ,  𝑢  ⟩       ¹    𝐻  e   ¹  𝜎  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩   º   =  0    . 


   𝑅  ¹  𝑢  ,  𝜎  º    𝜉  𝑡  ′       ¹  𝑅  ¹  m  ,  𝜎  º  º   −  𝑅  ¹  𝑢  ,  𝑣  ¹  𝜎  º  º    𝜉  𝑡  ′       ¹    𝑞  m   º   −  𝑅  ¹  m  ,  𝑢  º  𝑅  ¹  m  ,  𝑣  ¹  𝜎  º  º    𝜉    ′  ′    ¹    𝑞  m   º    . 


           0     =  𝑅  ¹  𝜎  ,  𝑢  º    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º  −    ¹  𝛼  𝑅  ¹  𝜎  ,  𝑢  º  Ï  𝛽  𝑅  ¹  m  ,  𝑢  º  º       𝜉  𝑡  ′   ¹    𝑞  m   º  −  𝑅  ¹  m  ,  𝑢  º    ¹  𝛼  𝑅  ¹  m  ,  𝜎  º  Ï  𝛽    𝑞  m   º       𝜉  𝑡    ′  ′    ¹    𝑞  m   º            =  𝑅  ¹  𝜎  ,  𝑢  º    ¹    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º  −  𝛼    𝜉  𝑡  ′   ¹    𝑞  m   º  º               −  𝑅  ¹  m  ,  𝑢  º    ¹  𝛽    𝜉  𝑡  ′   ¹    𝑞  m   º  −  𝛼  𝑅  ¹  m  ,  𝜎  º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  −  𝛽    𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º  º   .    


   𝛼  =        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝜉  𝑡  ′   ¹    𝑞  m   º   


   𝛽  =  −  𝛼  ⋅      𝑅  ¹  m  ,  𝜎  º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝜉  𝑡  ′   ¹    𝑞  m   º  Ï    𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º    , 


           𝑣  ¹  𝜎  º     =        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝜉  𝑡  ′   ¹    𝑞  m   º        ¹  𝜎  −  m  ⋅      𝑅  ¹  m  ,  𝜎  º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝜉  𝑡  ′   ¹    𝑞  m   º  Ï    𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º    º             =        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝜉  𝑡  ′   ¹    𝑞  m   º        ¹   Id   −      𝑅  ¹  m  ,  𝜎  º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝜉  𝑡  ′   ¹    𝑞  m   º  Ï    𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º    ⋅       mm   ⊤   𝑁   º     𝜎    


               𝐻  e    TAP    ¹  𝜎  º  =  −      ⟨  x  ,  𝑣  ¹  𝜎  º  ⟩   ⋅    𝜉  𝑡  ′   ¹    𝑞  x   º     −      ⟨  m  ,  𝑣  ¹  𝜎  º  ⟩   ⋅      ¹    𝜃  ′   ¹    𝑞  m   º  −    1    1  −    𝑞  m     º          (4.37)        Ï      ¹    𝐻  e   ¹  𝜎  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩   º     


   𝑅  ¹  m  ,  𝑣  ¹  𝜎  º  º  =        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º       𝛾  ′   ¹    𝑞  m   º    ⋅  𝑅  ¹  m  ,  𝜎  º  . 


             𝜉  𝑡          ¹  𝑅  ¹  𝜎  ,    𝜎  ′   º  º   −  𝑅  ¹  𝑣  ¹  𝜎  º  ,    𝜎  ′   º    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,    𝜎  ′   º  º  −  𝑅  ¹  𝑣  ¹    𝜎  ′   º  ,  𝜎  º    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º            Ï  𝑅  ¹  𝑣  ¹  𝜎  º  ,  𝑣  ¹    𝜎  ′   º  º    𝜉  𝑡  ′   ¹    𝑞  m   º  Ï  𝑅  ¹  m  ,  𝑣  ¹  𝜎  º  º  𝑅  ¹  m  ,  𝑣  ¹    𝜎  ′   º  º    𝜉    ′  ′    ¹    𝑞  m   º    .    


   𝜎  =    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏    and      𝜎  ′   =    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄    𝜏  ′   . 


               𝑁    −  1           Cov          ¹    𝐻   TAP    ¹  𝜎  º  ,    𝐻   TAP    ¹    𝜎  ′   º  º               =    𝜉  𝑡   ¹  𝑅  ¹  𝜎  ,    𝜎  ′   º  º  −  𝑅  ¹  𝜎  ,    𝜎  ′   º        𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,  𝜎  º  º    𝜉  𝑡  ′   ¹  𝑅  ¹  m  ,    𝜎  ′   º  º       𝜉  𝑡  ′   ¹    𝑞  m   º    Ï        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾  ¹  𝑅  ¹  m  ,  𝜎  º  º  𝛾  ¹  𝑅  ¹  m  ,    𝜎  ′   º  º  .    


               𝑁    −  1           Cov          ¹    𝐻   TAP    ¹  𝜎  º  ,    𝐻   TAP    ¹    𝜎  ′   º  º               =    𝜉  𝑡   ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   Ï    𝑟    𝑎  ,  𝑏   2   𝑅  ¹  𝜏  ,    𝜏  ′   º  º  −    ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   Ï    𝑟    𝑎  ,  𝑏   2   𝑅  ¹  𝜏  ,    𝜏  ′   º  º           𝜉  𝑡  ′         ¹    ¹  1  Ï    𝑎    𝑁    º       𝑞  m   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º                  Ï        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾        ¹    ¹  1  Ï    𝑎    𝑁    º       𝑞  m   º   2   .    


     𝑁    −  1           Cov          ¹    𝐻   TAP    ¹  𝜎  º  ,    𝐻   TAP    ¹    𝜎  ′   º  º   =    𝜉    𝑎  ,  𝑏    ¹  𝑅  ¹  𝜏  ,    𝜏  ′   º  º  Ï  𝑉  ¹  𝑎  ,  𝑏  º  . 


     𝜉    𝑎  ,  𝑏     ¹  𝑝  º    ¹  0  º  =    𝑟    𝑎  ,  𝑏     2  𝑝      𝜉  𝑡    ¹  𝑝  º    ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º  ¾    0 


             𝜉    𝑎  ,  𝑏   ′   ¹  0  º     =    𝑟    𝑎  ,  𝑏   2   ⋅    ¹    𝜉  𝑡  ′       ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º   −        𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    º                 ¾   (4.9)        𝑟    𝑎  ,  𝑏   2   ⋅    ¹    𝜉  𝑡  ′       ¹    𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   º   −        𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    º             =      𝑟    𝑎  ,  𝑏   2       𝜉  𝑡  ′   ¹    𝑞  m   º    ⋅    ¹    𝜉  𝑡  ′       ¹    𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   º       𝜉  𝑡  ′   ¹    𝑞  m   º  −    𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï    𝑎    𝑁    º   º   2   º     ¾    0  .    


     𝑔    𝑎  ,  𝑏    −    𝑔    0  ,  0   


   𝑎  ,  𝑏  ,    𝑎  ′   ,    𝑏  ′   ∈  Ò 


   ≪    𝑁    1  �  4   


     𝑔    𝑎  ,  𝑏    −    𝑔      𝑎  ′   ,    𝑏  ′    


   𝑂      ¹  ⋅  ‖  𝑣  ¹  𝑎  ,  𝑏  º  −  𝑣  ¹    𝑎  ′   ,    𝑏  ′   º    ‖  4   º   =  𝑂      ¹      ¹  𝑎  −    𝑎  ′     º  4   Ï  ¹  𝑏  −    𝑏  ′     º  4      𝑁  2    º  


   ¹  |    𝑔    𝑎  ,  𝑏    −    𝑔    0  ,  0    |    º    𝑎  ,  𝑏   


   ⟨  𝐺  ,  ¹  𝑣  ¹  𝑎  ,  𝑏  º  −  𝑣  ¹  0  ,  0  º  º  ¹  𝑣  ¹  𝑎  ,  𝑏  º  −  𝑣  ¹  0  ,  0  º    º  ⊤   ⟩ 


     𝐻  e   ¹  𝜎  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩   , 


     𝐻  e   ¹  𝑢  ¹  𝑎  ,  𝑏  º  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝑢  ¹  𝑎  ,  𝑏  º  º  ⟩   −    𝐻  e   ¹  m  º  Ï      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  m  º  ⟩     . 


          (4.38)        𝑁   ¹    𝑔    𝑎  ,  𝑏    −    𝑔    0  ,  0    º  =    Í    𝑖  ¾  1      1    𝑖  !        ⟨    D  𝑖     𝐻  e   ¹  m  º  ,    𝜀    ⊗  𝑖    ⟩   −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  m  Ï  𝜀  º  −  𝑣  ¹  m  º  ⟩     .    


   𝑣  ¹  m  Ï  𝜀  º  −  𝑣  ¹  m  º  =  𝜀  Ï  𝑅  ¹  m  ,  𝜀  º  𝜀        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    −      𝑅  ¹  m  ,  𝜀    º  2     𝜉  𝑡    ′  ′    ¹    𝑞  m     º  2        𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾  ′   ¹    𝑞  m   º    m    . 


             𝑁   ¹    𝑔    𝑎  ,  𝑏    −    𝑔    0  ,  0    º  =    Í    𝑖  ¾  2      1    𝑖  !        ⟨    D  𝑖     𝐻  e   ¹  m  º  ,    𝜀    ⊗  𝑖    ⟩         −      ⟨  r    𝐻  e   ¹  m  º  ,  𝜀  ⟩   𝑅  ¹  m  ,  𝜀  º        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    −      ⟨  r    𝐻  e   ¹  m  º  ,  m  ⟩       𝑅  ¹  m  ,  𝜀    º  2     𝜉  𝑡    ′  ′    ¹    𝑞  m     º  2        𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾  ′   ¹    𝑞  m   º        


   𝜀  =      𝑎    𝑞  m   −  𝑏    𝑞  x  2        𝑁   ¹    𝑞  m   −    𝑞  x  2   º    m  Ï        𝑞  m     𝑞  x        𝑞  m   −    𝑞  x  2         ¹      𝑏  −  𝑎     𝑁    º   x  . 


                  Var          »    1    𝑖  !        ⟨    D  𝑖     𝐻  e   ¹  m  º  ,    𝜀    ⊗  𝑖    ⟩   ¼        ¶        𝑂      ¹    𝑎    2  𝑖    Ï    𝑏    2  𝑖    º      𝑁    𝑖  −  1                    Var          »      ⟨  r    𝐻  e   ¹  m  º  ,  𝜀  ⟩   𝑅  ¹  m  ,  𝜀  º        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    ¼      =      𝑂      ¹    𝑎  4   Ï    𝑏  4   º    𝑁                  Var          »      ⟨  r    𝐻  e   ¹  m  º  ,  m  ⟩       𝑅  ¹  m  ,  𝜀    º  2     𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝜉  𝑡  ′   ¹    𝑞  m   º    𝛾  ′   ¹    𝑞  m   º    ¼        ¶        𝑂      ¹    𝑎  4   Ï    𝑏  4   º    𝑁     


               𝐸  b     𝑎  ,  𝑏       =    1  2           (I)                Ï          (II)                −      𝛾  ¹    𝑞  x   º       𝜉  𝑡  ′   ¹    𝑞  m   º    ⋅          (III)    .    


   ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   =    𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   Ï        𝑞  m     𝑞  x        𝑞  m   −    𝑞  x  2     ⋅      ¹      𝑎  −  𝑏     𝑁    º   2   , 


         r  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º    =  −        r    𝑟    𝑎  ,  𝑏   2   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º    =    ¹      2    𝑞  m      𝑁    ,  0  º   . 


             𝑁   ⋅          ∂  𝑎    (III)   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º       =    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  ⋅    𝑞  m   ⋅    ¹  1  −        𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    º   Ï    𝜉  𝑡  ′   ¹    𝑞  m   º  ⋅    ¹  −    𝑞  m   ⋅        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    º             =        𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º        ¹    𝛾  ′   ¹    𝑞  m   º  −    𝑞  m     𝜉  𝑡    ′  ′    ¹    𝑞  m   º  −    𝜉  𝑡  ′   ¹    𝑞  m   º  º   =  0  .    


               𝑁   ⋅          ∂  𝑎    (I)   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º                =    1    𝑟    0  ,  0   2    ⋅  ¹  −  2    𝑞  m   º  −    𝜉  𝑡  ′   ¹  ‖  𝑣  ¹  0  ,  0  º    ‖  2   º  ⋅  ¹  2    𝑞  m   º  −  ¹  −  2    𝑞  m   º  ⋅    ¹        𝜉  𝑡  ′   ¹    𝑞  m     º  2        𝜉  𝑡  ′   ¹    𝑞  m   º    º   −    𝑟    0  ,  0   2   ⋅      2    𝜉  𝑡  ′   ¹    𝑞  m   º  ⋅    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  ⋅    𝑞  m        𝜉  𝑡  ′   ¹    𝑞  m   º                =      −  2    𝑞  m      1  −    𝑞  m     −  2    𝑞  m     𝜉  𝑡  ′   ¹    𝑞  m   º  Ï  2    𝑞  m     𝜉  𝑡  ′   ¹    𝑞  m   º  −  2    𝑞  m   ¹  1  −    𝑞  m   º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º              =      −  2    𝑞  m      1  −    𝑞  m     −  2    𝑞  m   ¹  1  −    𝑞  m   º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  .    


               𝑁   ⋅          ∂  𝑎    (II)   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º                =        𝛾  ′   ¹    𝑞  m   º  ⋅    𝑞  m        𝛾  ′   ¹    𝑞  m   º    ⋅    ¹  ¹  1  −    𝑞  m   º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  Ï    1    1  −    𝑞  m     º             =  −    1  2   ⋅    𝑁   ⋅          ∂  𝑎    (I)   |     ¹  𝑎  ,  𝑏  º  =  ¹  0  ,  0  º      


               𝐸  e     𝑎  ,  𝑏       =    1  2       ¹   log         𝑟  e     𝑎  ,  𝑏   2   −    𝜉  𝑡   ¹  ‖    𝑣  e   ¹  𝑎  ,  𝑏  º    ‖  2   º  −      𝑟  e     𝑎  ,  𝑏   2   ⋅        𝜉  𝑡  ′         ¹    𝑞  m       ¹  1  Ï  𝑎  º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    º               Ï    𝜉  𝑡       ¹    𝑞  x       ¹  1  Ï  𝑏  º   º   Ï      𝛾      ¹    𝑞  m       ¹  1  Ï  𝑎  º   º        𝛾  ′   ¹    𝑞  m   º    ⋅    ¹  ¹  1  −    𝑞  m   º    𝜉  𝑡    ′  ′    ¹    𝑞  m   º  Ï    1    1  −    𝑞  m     º               −      𝛾  ¹    𝑞  x   º       𝜉  𝑡  ′   ¹    𝑞  m   º    ⋅    𝜉  𝑡  ′       ¹    𝑞  m       ¹  1  Ï  𝑎  º   º   ⋅    ¹    ¹  1  Ï  𝑏  º   −    𝑞  m   ⋅        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    ⋅    ¹  1  Ï  𝑎  º   º   .    


               𝐸  e     𝑎  ,  𝑏       =    1  2           (I)                Ï          (II)                −          (III)    .    


           ∂  𝑏  2    (II)   |     ¹  0  ,  0  º    =    𝜉  𝑡    ′  ′    ¹  𝑞  º  ⋅    𝑞  2   . 


                   ∂  𝑏  2    (I)   |     ¹  0  ,  0  º       =    1  2       ¹    1    𝑟    0  ,  0   2    ⋅          ∂  𝑏  2       𝑟  e     𝑎  ,  𝑏   2   |     ¹  0  ,  0  º    −    𝜉  𝑡  ′   ¹  ‖  𝑣  ¹  0  ,  0  º    ‖  2   º  ⋅          ∂  𝑏  2   ‖    𝑣  e   ¹  𝑎  ,  𝑏  º    ‖  2   |     ¹  0  ,  0  º    −          ∂  𝑏  2       𝑟  e     𝑎  ,  𝑏   2   |     ¹  0  ,  0  º    ⋅    𝜉  𝑡  ′   ¹  𝑞  º  º             =      −    𝑞  2      ¹  1  −  𝑞    º  2     .    


           ∂  𝑏  2       𝐸  b     𝑎  ,  𝑏    |     ¹  0  ,  0  º    =    𝜉  𝑡    ′  ′    ¹  𝑞  º  ⋅    𝑞  2   −      𝑞  2     ¹  1  −  𝑞    º  2     . 


           ∂  𝑎     ∂  𝑏    (III)   |     ¹  0  ,  0  º    =    𝜉  𝑡    ′  ′    ¹  𝑞  º  ⋅    𝑞  2   . 


                   ∂  𝑎     ∂  𝑏    (I)   |     ¹  0  ,  0  º       =    1  2       ¹    1    𝑟    0  ,  0   2    ⋅          ∂  𝑎     ∂  𝑏       𝑟  e     𝑎  ,  𝑏   2   |     ¹  0  ,  0  º    −    𝜉  𝑡  ′   ¹  ‖  𝑣  ¹  0  ,  0  º    ‖  2   º  ⋅          ∂  𝑎     ∂  𝑏   ‖    𝑣  e   ¹  𝑎  ,  𝑏  º    ‖  2   |     ¹  0  ,  0  º    −          ∂  𝑎     ∂  𝑏       𝑟  e     𝑎  ,  𝑏   2   |     ¹  0  ,  0  º    ⋅    𝜉  𝑡  ′   ¹  𝑞  º  º             =      −    𝑞  2      ¹  1  −  𝑞    º  2     .    


           ∂  𝑎     ∂  𝑏       𝐸  b     𝑎  ,  𝑏    |     ¹  0  ,  0  º    =    𝜉  𝑡    ′  ′    ¹  𝑞  º  ⋅    𝑞  2   −      𝑞  2     ¹  1  −  𝑞    º  2     . 


           ∂  𝑎  2    (III)   |     ¹  0  ,  0  º    =    𝑞  3     𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  . 


                   ∂  𝑎  2    (II)   |     ¹  0  ,  0  º       =  𝑞    𝛾    ′  ′    ¹  𝑞  º  ⋅      1  Ï  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞  º     1  Ï  ¹  1  −  𝑞  º    𝜉  𝑡    ′  ′    ¹  𝑞  º              =  𝑞  ⋅      1  Ï  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞  º     1  Ï  ¹  1  −  𝑞  º    𝜉  𝑡    ′  ′    ¹  𝑞  º    ⋅    ¹  2    𝜉  𝑡    ′  ′    ¹  𝑞  º  Ï  𝑞    𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  º               ¶      𝑞  2     𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  Ï  2  𝑞    𝜉  𝑡    ′  ′    ¹  𝑞  º  .    


                   ∂  𝑎  2    (I)   |     ¹  0  ,  0  º       =    1    𝑟    0  ,  0   2    ⋅      −  2  𝑞     1  −  𝑞    −    1    𝑟    0  ,  0   4    ⋅  ¹  −  2  𝑞    º  2   −    𝜉  𝑡  ′   ¹  𝑞  º  ⋅      −  2  𝑞     1  −  𝑞    −    𝜉  𝑡    ′  ′    ¹  𝑞  º  ⋅  ¹  −  2  𝑞    º  2   −      −  2  𝑞     1  −  𝑞    ⋅    𝜉  𝑡  ′   ¹  𝑞  º              −  2  ⋅  ¹  −  2  𝑞  º  ⋅      2    𝜉  𝑡  ′   ¹  𝑞  º    𝜉  𝑡    ′  ′    ¹  𝑞  º  𝑞       𝜉  𝑡  ′   ¹  𝑞  º    −  ¹  1  −  𝑞  º  ⋅      2    𝑞  2   ¹    𝜉  𝑡  ′   ¹  𝑞  º    𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  Ï    𝜉  𝑡    ′  ′    ¹  𝑞    º  2   º       𝜉  𝑡  ′   ¹  𝑞  º              =      −  2  𝑞     ¹  1  −  𝑞    º  2     −      4    𝑞  2      ¹  1  −  𝑞    º  2     −  4    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  Ï  8    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  −  2    𝑞  2   ¹  1  −  𝑞  º    𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  −  2    𝑞  2   ¹  1  −  𝑞  º  ⋅        𝜉  𝑡    ′  ′    ¹  𝑞    º  2        𝜉  𝑡  ′   ¹  𝑞  º              =      −  2  𝑞  ¹  2  𝑞  Ï  1  º     ¹  1  −  𝑞    º  2     Ï  4    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  −  2    𝑞  2   ¹  1  −  𝑞  º    𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  −  2  𝑞  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞    º  2   .    


                   ∂  𝑎  2       𝐸  b     𝑎  ,  𝑏    |     ¹  0  ,  0  º         ¶  −    𝑞  3     𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  Ï    𝑞  2     𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  Ï  2  𝑞    𝜉  𝑡    ′  ′    ¹  𝑞  º  −      𝑞  ¹  2  𝑞  Ï  1  º     ¹  1  −  𝑞    º  2                 Ï  2    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  −    𝑞  2   ¹  1  −  𝑞  º    𝜉  𝑡    ′  ′  ′    ¹  𝑞  º  −  𝑞  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞    º  2             =      −  𝑞  ¹  2  𝑞  Ï  1  º     ¹  1  −  𝑞    º  2     Ï  2  𝑞    𝜉  𝑡    ′  ′    ¹  𝑞  º  Ï  2    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  −  𝑞  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞    º  2   .    


           ∂  𝑎  2       𝐸  b     𝑎  ,  𝑏    |     ¹  0  ,  0  º    <    𝑞  2     𝜉  𝑡    ′  ′    ¹  𝑞  º  −      𝑞  2     ¹  1  −  𝑞    º  2     . 


   𝑞  ¹  1  −  𝑞    º  2     𝜉  𝑡    ′  ′    ¹  𝑞    º  2   −  𝑞  ¹  𝑞  Ï  2  º    𝜉  𝑡    ′  ′    ¹  𝑞  º  Ï      𝑞  ¹  𝑞  Ï  1  º     ¹  1  −  𝑞    º  2     >  0  . 


       ¹  𝑞  Ï  2  º  −      ¹  𝑞  Ï  2    º  2   −  4  ¹  𝑞  Ï  1  º       2  ¹  1  −  𝑞    º  2     =    1    ¹  1  −  𝑞    º  2     . 


      Error     𝑎  ,  𝑏     ¹  2  º    =      𝑁    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º   4   −    1  2      log      det       ¹  ¹  1  Ï    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  º   Id   −    r  2     𝐻    𝑎  ,  𝑏    ¹  0  º  º   , 


     𝑟    𝑎  ,  𝑏   2   ⋅    r  2     𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º 


         𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º   


               1  𝑁         E     ⟨    r  2     𝐻   TAP    ¹    𝜎  1   º  ,    𝑢  1   ⊗    𝑢  2   ⟩  ⟨    r  2     𝐻   TAP    ¹    𝜎  2   º  ,    𝑣  1   ⊗    𝑣  2   ⟩                =    𝜉  𝑡    ′  ′        ¹  𝑅  ¹    𝜎  1   ,    𝜎  2   º  º   ⋅    ¹  𝑅  ¹    𝑢  1   ,    𝑣  2   º  ⋅  𝑅  ¹    𝑢  2   ,    𝑣  1   º  Ï  𝑅  ¹    𝑢  1   ,    𝑣  1   º  ⋅  𝑅  ¹    𝑢  2   ,    𝑣  2   º  º   .    


     1  𝑁         E     ⟨    r  2     𝐻   TAP    ¹    𝜎  1   º  ,    r  2     𝐻   TAP    ¹    𝜎  2   º  ⟩  =    𝜉  𝑡    ′  ′        ¹  𝑅  ¹    𝜎  1   ,    𝜎  2   º  º   . 


   𝑎  ,  𝑏    ¶    𝜄    𝑁    1  �  4   


             1  𝑁         E     ⟨    r  2     𝐻    𝑎  ,  𝑏    ¹  0  º  ,    r  2     𝐻    0  ,  0    ¹  0  º  ⟩     =    𝑟    𝑎  ,  𝑏   2   ⋅    𝑟    0  ,  0   2   ⋅    1  𝑁         E     ⟨    r  2     𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  º  ,    r  2     𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  0  ,  0  º  º  ⟩            =    𝑟    𝑎  ,  𝑏   2   ⋅    𝑟    0  ,  0   2   ⋅    𝜉  𝑡    ′  ′        ¹  ⟨  𝑣  ¹  𝑎  ,  𝑏  º  ,  𝑣  ¹  0  ,  0  º  ⟩  º   .    


     1  𝑁         E         ‖            r  2     𝐻    𝑎  ,  𝑏    ¹  0  º      ‖             r  2     𝐻    𝑎  ,  𝑏    ¹  0  º    𝐹  2   =    𝜉    𝑎  ,  𝑏     ′  ′    ¹  0  º  =    𝑟    𝑎  ,  𝑏   4   ⋅    𝜉  𝑡    ′  ′        ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º   . 


     ¹                𝛼  1      𝜌        𝜌       𝛼  2           º   =    ¹                𝑟    0  ,  0   4     𝜉  𝑡    ′  ′    ¹  ‖  𝑣  ¹  0  ,  0  º    ‖  2   º       𝑟    𝑎  ,  𝑏   2     𝑟    0  ,  0   2     𝜉  𝑡    ′  ′        ¹  ⟨  𝑣  ¹  𝑎  ,  𝑏  º  ,  𝑣  ¹  0  ,  0  º  ⟩  º           𝑟    𝑎  ,  𝑏   2     𝑟    0  ,  0   2     𝜉  𝑡    ′  ′        ¹  ⟨  𝑣  ¹  𝑎  ,  𝑏  º  ,  𝑣  ¹  0  ,  0  º  ⟩  º        𝑟    𝑎  ,  𝑏   4     𝜉  𝑡    ′  ′    ¹  ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   º          º  


             r  2     𝐻    0  ,  0    ¹  0  º     =      𝛼  1    𝐺            r  2     𝐻    𝑎  ,  𝑏    ¹  0  º     =    𝜌      𝛼  1     𝐺  Ï        𝛼  2   −      𝜌  2     𝛼  1        𝐺  e   .    


           2      ¹     Error     0  ,  0     ¹  2  º    −     Error     𝑎  ,  𝑏     ¹  2  º    º      =      𝑁    𝛼  1    2   −      𝑁    𝛼  2    2   −   log      det       ¹           𝑀  1    º               Ï   log      det       ¹  ¹  1  Ï    𝛼  2   º   Id   −    𝜌      𝛼  1     𝐺  −        𝛼  2   −      𝜌  2     𝛼  1        𝐺  e   º   .    


             ¹  1  Ï    𝛼  2   º   Id   −    𝜌      𝛼  1     𝐺  −        𝛼  2   −      𝜌  2     𝛼  1        𝐺  e                   =    ¹  ¹  1  Ï    𝛼  1   º   Id   −      𝛼  1    𝐺  º   Ï           𝑀  2    −           𝑀  3    .    


    log      det       ¹   Id   Ï         𝑀   º   . 


            Tr       𝑀  1    −  1  �  2      𝑀  2     𝑀  1    −  1  �  2       =    Í    1  ¶  𝑖  ¶  𝑁        ¹    𝛼  2   −    𝛼  1   º  −    ¹    𝜌      𝛼  1     −      𝛼  1    º       𝜆  𝑖   ¹  𝐺  º     ¹  1  Ï    𝛼  1   º  −      𝛼  1      𝜆  𝑖   ¹  𝐺  º              =  𝑁  ⋅  ¯        ¹    𝛼  2   −    𝛼  1   º  −    ¹    𝜌      𝛼  1     −      𝛼  1    º     𝑢     ¹  1  Ï    𝛼  1   º  −      𝛼  1    𝑢            d    𝜇   sc    ¹  𝑢  º   Ï  𝑂  ¹  1  º            =  𝑁  ¹    𝛼  2   −  𝜌  º  Ï  𝑂  ¹  1  º  ,    


    Tr       𝑀  1    −  1  �  2      𝑀  3     𝑀  1    −  1  �  2    =  𝑂  ¹  1  º 


     ‖        𝑀     ‖           𝑀    𝐹  2   =  𝑂  ¹  1  º  Ï    ‖            𝑀  1    −  1  �  2      𝑀  2     𝑀  1    −  1  �  2        ‖             𝑀  1    −  1  �  2      𝑀  2     𝑀  1    −  1  �  2      𝐹  2   Ï    ‖            𝑀  1    −  1  �  2      𝑀  3     𝑀  1    −  1  �  2        ‖             𝑀  1    −  1  �  2      𝑀  3     𝑀  1    −  1  �  2      𝐹  2   . 


   Í      ¹      ¹    𝛼  2   −    𝛼  1   º  −    ¹    𝜌      𝛼  1     −      𝛼  1    º       𝜆  𝑖   ¹  𝐺  º     ¹  1  Ï    𝛼  1   º  −      𝛼  1      𝜆  𝑖   ¹  𝐺  º    º   2   . 


   Í    1    ¹  1  Ï    𝛼  1   º  −      𝛼  1      𝜆  𝑖   ¹  𝐺  º    =  𝑁  ⋅  ¯    1    ¹  1  Ï    𝛼  1   º  −      𝛼  1    𝑢            d    𝜇   sc    ¹  𝑢  º  Ï  𝑂  ¹  1  º  =  𝑁  Ï  𝑂  ¹  1  º 


               1  𝑁   ⋅    ¹    𝛼  2   −      𝜌  2     𝛼  1    º   ⋅      ¹  Í    1    ¹  1  Ï    𝛼  1   º  −      𝛼  1      𝜆  𝑖   ¹  𝐺  º    º   2                 =  𝑁  ⋅    ¹    𝛼  2   −      𝜌  2     𝛼  1    º   ⋅      ¹  ¯    1    ¹  1  Ï    𝛼  1   º  −      𝛼  1    𝑢            d    𝜇   sc    ¹  𝑢  º  º   2   Ï  𝑂  ¹  1  º                =  𝑁  ⋅    ¹    𝛼  2   −      𝜌  2     𝛼  1    º   Ï  𝑂  ¹  1  º  .    


             2      ¹     Error     0  ,  0     ¹  2  º    −     Error     𝑎  ,  𝑏     ¹  2  º    º               =      𝑁    𝛼  1    2   −      𝑁    𝛼  2    2   Ï   log      det       ¹   Id   Ï  𝑀  º               =  𝑂  ¹  1  º  Ï      𝑁    𝛼  1    2   −      𝑁    𝛼  2    2   Ï   Tr       ¹  𝑀  º   −    1  2       ‖        𝑀     ‖           𝑀    𝐹  2               =  𝑂  ¹  1  º  Ï  𝑁  ⋅    ¹      𝛼  1   2   −      𝛼  2   2   Ï  ¹    𝛼  2   −  𝜌  º  −    1  2       ¹    𝛼  2   −      𝜌  2     𝛼  1    º   º               =  𝑂  ¹  1  º  Ï  𝑁  ⋅    ¹      𝛼  1   2   −  𝜌  Ï      𝜌  2     2    𝛼  1     º               =  𝑂  ¹  1  º  Ï    𝑁  2   ⋅      ¹    𝛼  1   −  𝜌    º  2      𝛼  1    .    


     𝑁    𝑘  �  2    Ð  ¹  |  𝑊  |  ¾      𝑁    1  �  5    º  ¶      𝑁    𝑘  �  2      𝑒    −  𝑐    𝑁    2  �  5      , 


     𝐻    𝑁  ,  2    ¹  𝜎  º  =  ⟨  𝐴  𝜎  ,  𝜎  ⟩  =          𝜉    ′  ′    ¹  0  º    2   ⟨  𝑀  𝜎  ,  𝜎  ⟩ 


   ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º            d  𝜌  ¹  𝜎  º     and     ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º  Ï  𝑠  ⟨    𝑣  𝑖   ,  𝜎  ⟩            d  𝜌  ¹  𝜎  º 


   𝐺  ¹  𝛾  º  =  𝛾  −    1    2  𝑁       log      det       ¹    𝛾  𝐼  −  𝐴   º   ,      𝐺  e   ¹  𝛾  º  =  𝐺  ¹  𝛾  º  Ï      𝑠  2     4  𝑁  ¹  𝛾  −    𝜆  𝑖   ¹  𝐴  º  º    . 


           ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º            d  𝜌  ¹  𝜎  º     =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º      2      𝐺    ′  ′    ¹    𝛾  *   º     ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁  𝐺  ¹    𝛾  *   º   º   ,         (4.39)      ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º  Ï  𝑠  ⟨    𝑣  𝑖   ,  𝜎  ⟩            d  𝜌  ¹  𝜎  º     =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º      2        𝐺  e     ′  ′    ¹      𝛾  e   *   º     ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁    𝐺  e   ¹      𝛾  e   *   º   º   .    


     𝛾  *   −    𝜆   max    ¹  𝐴  º  ¾      𝛾  0   −    𝜆   max    ¹  𝐴  º  −    1    𝐶    𝑁       ¾        1  Ï    𝜉    ′  ′    ¹  0  º  −  ¹  2  Ï    𝜀  2   �  8  º        𝜉    ′  ′    ¹  0  º     2   −    1    𝐶    𝑁       ¾      𝜀  2   �   32  


   0    ¾        𝐺  e   ′   ¹    𝛾  *   º  =  −      𝑠  2     4  𝑁  ¹    𝛾  *   −    𝜆  𝑖   ¹  𝐴  º    º  2     =  𝑂  ¹    𝑁    −  3  �  5         log   2     𝑁  º  . 


       𝐺  e     ′  ′    ¹  𝛾  º  =    𝐺    ′  ′    ¹  𝛾  º  Ï      𝑠  2     2  𝑁  ¹  𝛾  −    𝜆  𝑖   ¹  𝐴  º    º  3     . 


       𝐺  e     ′  ′    ¹      𝛾  e   *   º  �      𝐺  e     ′  ′    ¹    𝛾  *   º  =  1  Ï  𝑂  ¹    𝑁    −  3  �  5         log   2     𝑁  º  . 


   𝑁  |    𝐺  e   ¹    𝛾  *   º  −    𝐺  e   ¹      𝛾  e   *   º  |  ¶      𝑁  2   |    𝛾  *   −      𝛾  e   *     |  2      sup     𝛾  ∈  »    𝛾  0   −    𝑁    −  1  �  2    ,    𝛾  0   Ï    𝑁    −  1  �  2    ¼          𝐺  e     ′  ′    ¹  𝛾  º  =  𝑂  ¹    𝑁    −  1  �  5         log   4     𝑁  º  . 


   ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º  Ï  𝑠  ⟨    𝑣  𝑖   ,  𝜎  ⟩            d  𝜌  ¹  𝜎  º  =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º      2        𝐺  e     ′  ′    ¹    𝛾  *   º     ¹  2  𝑒    º    −  𝑁  �  2     exp       ¹    𝑁    𝐺  e   ¹    𝛾  *   º   º   , 


           ⟨    𝑒    𝑠  ⟨    𝑣  𝑖   ,  𝜎  ⟩      ⟩  2      =      ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º  Ï  𝑠  ⟨    𝑣  𝑖   ,  𝜎  ⟩            d  𝜌  ¹  𝜎  º     ¯    𝑒      𝐻    𝑁  ,  2    ¹  𝜎  º            d  𝜌  ¹  𝜎  º              =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º          𝐺    ′  ′    ¹    𝛾  *   º         𝐺  e     ′  ′    ¹    𝛾  *   º        exp       ¹    𝑁  ¹    𝐺  e   ¹    𝛾  *   º  −  𝐺  ¹    𝛾  *   º  º   º             =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º   exp       ¹      𝑠  2   �  ¹  4  ¹    𝛾  *   −    𝜆  𝑖   ¹  𝐴  º  º  º   º   =  ¹  1  Ï  𝑂  ¹    𝑁    −  𝑐    º  º   exp       ¹    𝑐    𝑠  2    º   ,    


         E       ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¹    𝐻  𝑁   º  ¼    𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      . 


          (4.40)                         E       ¯    𝑆  𝑁    1  »  𝜎  8  𝑇  ¹    𝐻  𝑁   º  ¼    𝑒      𝐻  𝑁   ¹  𝜎  º            d  𝜌  ¹  𝜎  º  =        E         »  1  »  x  8  𝑇  ¹    𝐻  𝑁   º  ¼    𝑒      𝐻  𝑁   ¹  x  º    ¼   .    


     𝑒    𝑁  𝜉  ¹  1  º  �  2      Ð      𝐻  𝑁    x  ,  I    ∼    𝜇   pl    ¹  ⋅  |  x  º    »  x  8  𝑇  ¹    𝐻  𝑁    x  ,  I    º  ¼  . 


     Ð      𝐻  𝑁    x  ,  I    ∼    𝜇   pl    ¹  ⋅  |  x  º    »  x  8  𝑇  ¹    𝐻  𝑁    x  ,  I    º  ¼  ¶      𝑒    −  𝑐    𝑁    1  �  5      . 


          (4.41)                     𝐻  𝑁    x  ,  I    ¹  𝜎  º  =  𝑁  𝜉  ¹  𝑅  ¹  x  ,  𝜎  º  º  Ï      𝐻  e   𝑁   ¹  𝜎  º  ,    


          (4.42)                     ¯    𝑆  𝑁    1  »  |  𝑅  ¹  x  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁    x  ,  I    ¹  𝜏  º            d  𝜌  ¹  𝜏  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5        


   𝜓  ¹  𝑞  º  =    1    𝑍  𝜓    ¹  1  −    𝑞  2     º    ¹  𝑁  −  3  º  �  2   


    Band   ¹  𝑞  º  =   Band   ¹  𝑞  ;  x  º  B  {  𝜏  ∈    𝑆  𝑁   :  𝑅  ¹  x  ,  𝜏  º  =  𝑞  } 


     𝑍    x  ,  I    ¹  𝑞  º  =    ¯     Band   ¹  𝑞  º      𝑒      𝐻  𝑁    x  ,  I    ¹  𝜏  º            d    𝜌  𝑞   ¹  𝜏  º  , 


     ¯      𝑁    −  2  �  5    ¶  |  𝑞  |  ¶  1      𝑍    x  ,  I    ¹  𝑞  º        d  𝑞  . 


     1  𝑁      log       𝑍    x  ,  I    ¹  𝑞  º  ¶      1  2       ¹  𝜉  ¹  1  º  Ï  𝜉  ¹  |  𝑞  |  º  Ï  |  𝑞  |  Ï   log       ¹  1  −  |  𝑞  |  º   º   Ï  𝜂  . 


     1  𝑁      log       𝑍    x  ,  I    ¹  𝑞  º  ¶        𝜉  ¹  1  º   2   −      𝜀    𝑞  2    4   Ï  2  𝜂  . 


     1  𝑁      log       𝑍    x  ,  I    ¹  𝑞  º  ¶        𝜉  ¹  1  º   2   −      𝜀    𝛿  2    8   . 


          (4.43)                     ¯    𝛿  ¶  |  𝑞  |  ¶  1      𝑍    x  ,  I    ¹  𝑞  º        d  𝑞    ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐  𝑁    .    


          (4.44)                         E       ¯      𝑁    −  2  �  5    ¶  |  𝑞  |  ¶  𝛿      𝑍    x  ,  I    ¹  𝑞  º        d  𝑞  =    𝑒    𝑁  𝜉  ¹  1  º  �  2      ¯      𝑁    −  2  �  5    ¶  |  𝑞  |  ¶  𝛿      𝑒    𝑁  𝜉  ¹  𝑞  º    𝜓  ¹  𝑞  º        d  𝑞  .    


     𝜉    ∼  1    ¹  𝑞  º  Ï    1  2      log       ¹  1  −    𝑞  2   º     ¶  −  𝜀    𝑞  2   �  4  . 


             1  𝑁      log       ¹    𝑒    𝑁  𝜉  ¹  𝑞  º    𝜓  ¹  𝑞  º  º   =  𝜉  ¹  𝑞  º  Ï    1  𝑁      log     𝜓  ¹  𝑞  º     =    𝛾  1  2   𝑞  Ï    𝜉    ∼  1    ¹  𝑞  º  Ï    1  2      log       ¹  1  −    𝑞  2   º   Ï  𝑂  ¹    𝑁    −  1       log     𝑁  º              ¶      𝛾  1  2   𝑞  −  𝜀    𝑞  2   �  4  Ï  𝑂  ¹    𝑁    −  1       log     𝑁  º  ¶  −  𝜀    𝑁    −  4  �  5    �  8  .    


         E       ¯      𝑁    −  2  �  5    ¶  |  𝑞  |  ¶  𝛿      𝑍    x  ,  I    ¹  𝑞  º        d  𝑞    ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      , 


     ¯      𝑁    −  2  �  5    ¶  |  𝑞  |  ¶  𝛿      𝑍    x  ,  I    ¹  𝑞  º        d  𝑞    ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5    �  2    . 


          (4.45)                     ¯    𝑆  𝑁    1  »  |  𝑅  ¹  x  ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁    x  ,   II     ¹  𝜏  º            d  𝜌  ¹  𝜏  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5        


     𝐻  𝑁    x  ,   II     ¹  𝜎  º  =  𝑁    𝛾  2  2   𝑅  ¹  x  ,  𝜎    º  2   Ï      𝐻  e   𝑁   ¹  𝜎  º  , 


     ¯    𝑆  𝑁    1  »  𝑅  ¹  x  ,  𝜏  º  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁    x  ,   II     ¹  𝜏  º            d  𝜌  ¹  𝜏  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5     


     ¯    𝑆  𝑁    1  »  𝑅  ¹  x  ,  𝜏  º  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁    x  ,   II     ¹  𝜏  º            d  𝜌  ¹  𝜏  º    =  𝑑     ¯    𝑆  𝑁    1  »  𝑅  ¹  x  ,  𝜏  º  ¶  −    𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁    x  ,   II     ¹  𝜏  º            d  𝜌  ¹  𝜏  º  . 


     𝐻  𝑁      x  1   ,    x  2   ,   III     ¹  𝜎  º  =  𝑁  𝜉  ¹  𝑅  ¹    x  1   ,  𝜎  º  º  Ï  𝑁  𝜉  ¹  𝑅  ¹    x  2   ,  𝜎  º  º  Ï      𝐻  e   𝑁   ¹  𝜎  º  . 


     𝑒    𝑁  𝜉  ¹  1  º    ¯  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼  Ð  ¹    𝜎  1   8  𝑇  ¹    𝐻  𝑁      𝜎  1   ,    𝜎  2   ,   III     º  º        d    𝜌    ⊗  2    ¹    𝜎  1   ,    𝜎  2   º  . 


          (4.46)                     ¯    𝑆  𝑁    1  »  |  𝑅  ¹    x  1   ,  𝜏  º  |  ¾      𝑁    −  2  �  5    ¼    𝑒      𝐻  𝑁      x  1   ,    x  2   ,   III     ¹  𝜏  º            d  𝜌  ¹  𝜏  º  ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5        


     x  2   =  𝜆    x  1   Ï      1  −    𝜆  2       x  ⊥  2   , 


     𝜓  2   ¹  𝑞  º  =      1  »    𝑞  1  2   Ï    𝑞  2  2     ¶    1  ¼     𝑍    𝜓  2     ¹  1  −    𝑞  1  2   −    𝑞  2  2     º    ¹  𝑁  −  4  º  �  2   


    Band   ¹    𝑞  1   ,    𝑞  2   º  =   Band   ¹    𝑞  1   ,    𝑞  2   ;    x  1   ,    x  2   º  B  {  𝜏  ∈    𝑆  𝑁   :  𝑅  ¹    x  1   ,  𝜏  º  =    𝑞  1   ,  𝑅  ¹    x  ⊥  2   ,  𝜏  º  =    𝑞  2   }  . 


     𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º  =    ¯     Band   ¹    𝑞  1   ,    𝑞  2   º      𝑒      𝐻  𝑁      x  1   ,    x  2   ,   III     ¹  𝜏  º            d    𝜌      𝑞  1   ,    𝑞  2     ¹  𝜏  º  , 


          (4.47)                   ¯  1  »  |    𝑞  1   |  ¾      𝑁    −  2  �  5    ¼    𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º        d    ¹    𝑞  1   ,    𝑞  2   º   .    


     1  𝑁      log       𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º  =  𝜉  ¹    𝑞  1   º  Ï  𝜉      ¹  𝜆    𝑞  1   Ï      1  −    𝜆  2       𝑞  2   º   Ï    1  𝑁      log     ¯     Band   ¹    𝑞  1   ,    𝑞  2   º      𝑒        𝐻  e   𝑁   ¹  𝜏  º            d    𝜌      𝑞  1   ,    𝑞  2     ¹  𝜏  º  . 


     1  𝑁      log     ¯     Band   ¹    𝑞  1   ,    𝑞  2   º      𝑒        𝐻  e   𝑁   ¹  𝜏  º            d    𝜌      𝑞  1   ,    𝑞  2     ¹  𝜏  º  ¶      1  2       ¹  𝜉  ¹  1  º  −  𝜉  ¹    𝑞  e   º  Ï    𝑞  e   Ï   log       ¹  1  −    𝑞  e   º   º   Ï  𝜂  . 


             1  𝑁      log       𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º       ¶    𝜉  ¹    𝑞  1   º  Ï  𝜉      ¹  𝜆    𝑞  1   Ï      1  −    𝜆  2       𝑞  2   º   Ï    1  2       ¹  𝜉  ¹  1  º  −  𝜉  ¹    𝑞  e   º  Ï    𝑞  e   Ï   log       ¹  1  −    𝑞  e   º   º   Ï  𝜂              ¶      𝜉    ∼  1    ¹  |    𝑞  1   |  º  Ï    𝜉    ∼  1    ¹  |    𝑞  2   |  º  Ï    1  2       ¹  𝜉  ¹  1  º  −    𝜉    ∼  1    ¹    𝑞  e   º  Ï    𝑞  e   Ï   log       ¹  1  −    𝑞  e   º   º   Ï  2  𝜂  .    


     1  2       ¹  𝜉  ¹  1  º  Ï    𝜉    ∼  1    ¹    𝑞  e   º  Ï    𝑞  e   Ï   log       ¹  1  −    𝑞  e   º   º   Ï  2  𝜂    ¶        𝜉  ¹  1  º   2   −      𝜀      𝑞  e   2    4   Ï  2  𝜂  . 


          (4.48)                   ¯  1  »    𝑞  e   ¹    𝑞  1   ,    𝑞  2   º  >  𝛿  ¼    𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º        d    ¹    𝑞  1   ,    𝑞  2   º     ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐  𝑁      


                   E     ¯  1  »  |    𝑞  1   |  ¾      𝑁    −  2  �  5    ,    𝑞  e   ¹    𝑞  1   ,    𝑞  2   º  ¶    𝛿  ¼    𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º        d    ¹    𝑞  1   ,    𝑞  2   º          (4.49)        =    𝑒    𝑁  𝜉  ¹  1  º  �  2    ¯  1  »  |    𝑞  1   |  ¾      𝑁    −  2  �  5    ,    𝑞  e   ¹    𝑞  1   ,    𝑞  2   º  ¶    𝛿  ¼    𝑒    𝑁  𝜉  ¹    𝑞  1   º  Ï  𝑁  𝜉  ¹  𝜆    𝑞  1   Ï      1  −    𝜆  2       𝑞  2   º      𝜓  2   ¹    𝑞  1   ,    𝑞  2   º        d    ¹    𝑞  1   ,    𝑞  2   º   .    


               1  𝑁      log       ¹    𝑒    𝑁  𝜉  ¹    𝑞  1   º  Ï  𝑁  𝜉  ¹  𝜆    𝑞  1   Ï      1  −    𝜆  2       𝑞  2   º      𝜓  2   ¹    𝑞  1   ,    𝑞  2   º  º             =  𝜉  ¹    𝑞  1   º  Ï  𝜉      ¹  𝜆    𝑞  1   Ï      1  −    𝜆  2       𝑞  2   º   Ï    1  2      log       ¹  1  −      𝑞  e   2   º   Ï  𝑂  ¹    𝑁    −  1       log     𝑁  º              ¶    2    𝑁    −  4  �  5      𝑞  e   −    1  2   ¹  1  −    𝜉    ′  ′    ¹  0  º  º      𝑞  e   2   Ï  𝑂  ¹      𝑞  e   3   Ï    𝑁    −  1       log     𝑁  º              ¶  −      𝜀      𝑞  e   2    2   Ï  2    𝑁    −  4  �  5      𝑞  e   Ï  𝑂  ¹      𝑞  e   3   Ï    𝑁    −  1       log     𝑁  º  .    


   ¯  1  »  |    𝑞  1   |  ¾      𝑁    −  2  �  5    ,    𝑞  e   ¹    𝑞  1   ,    𝑞  2   º  ¶    𝛿  ¼    𝑍      x  1   ,    x  2   ,   III     ¹    𝑞  1   ,    𝑞  2   º        d    ¹    𝑞  1   ,    𝑞  2   º     ¶      𝑒    𝑁  𝜉  ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      . 


     𝐻  𝑁      x  1   ,    x  2   ,   IV     ¹  𝜎  º  =  𝑁    𝛾  2  2   𝑅  ¹    x  1   ,  𝜎    º  2   Ï  𝑁  𝜉  ¹  𝑅  ¹    x  2   ,  𝜎  º  º  Ï      𝐻  e   𝑁   ¹  𝜎  º  , 


   |    𝜎  𝑖   |  ,  |    𝜎  𝑗   |  ¶     log     𝑁 


   𝜎  8      𝑇  e     𝑖  ,  𝑗   


   𝜎  8    𝑇  e  


   |  𝑅  ¹  𝜎  ,  𝜏  º  |  ¾  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗    ,    𝜏    ∼  𝑖  ,  𝑗    º  |  −      |    𝜎  𝑖   |  |    𝜏  𝑖   |  Ï  |    𝜎  𝑗   |  |    𝜏  𝑗   |   𝑁     ¾      𝑁    −  2  �  5    . 


               𝑋  e     𝑖  ,  𝑗     ¹  1  º       =      ⟨  1  »  |    𝜎  𝑖   |  ,  |    𝜎  𝑗   |  ¶     log     𝑁  ,  𝜎  8      𝑇  e     𝑖  ,  𝑗    ¼    𝜎  𝑖     𝜎  𝑗       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º   ⟩   2   ,              𝑋  e     𝑖  ,  𝑗     ¹  2  º       =      ⟨  1  »  |    𝜎  𝑖   |  ∨  |    𝜎  𝑗   |  >   log     𝑁  ¼    𝜎  𝑖     𝜎  𝑗       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º   ⟩   2   .    


     𝑋    𝑖  ,  𝑗   2     ¶    2      𝑋  e     𝑖  ,  𝑗   2   Ï  2  ¹      𝑋  e     𝑖  ,  𝑗     ¹  1  º    Ï      𝑋  e     𝑖  ,  𝑗     ¹  2  º      º  2   , 


           |      𝑋  e     𝑖  ,  𝑗     ¹  1  º    |       ¶    𝑁        ⟨  1  »  |    𝜎  𝑖   |  ,  |    𝜎  𝑗   |  ¶     log     𝑁  ,  𝜎  8      𝑇  e     𝑖  ,  𝑗    ¼    ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  »  𝑖  =  𝑗  ¼  º   ⟩   2               ¶    𝑁        ⟨  1  »  𝜎  8    𝑇  e   ¼    ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  »  𝑖  =  𝑗  ¼  º   ⟩   2   .    


                   E       ∼  2    |      𝑋  e     𝑖  ,  𝑗     ¹  2  º    |       ¶    𝑁          E       ∼  2          ⟨    ¹  1  »  |    𝜎  𝑖   |  >   log     𝑁  ¼  Ï  1  »  |    𝜎  𝑗   |  >   log     𝑁  ¼  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  »  𝑖  =  𝑗  ¼  º   ⟩   2               ¶    2  𝑁        ⟨  1  »  |    𝜎  𝑖   |  >   log     𝑁  ¼  Ï  1  »  |    𝜎  𝑗   |  >   log     𝑁  ¼  ⟩   2     ¶      𝑒    −  𝑐       log   2     𝑁      


               𝑋  b     𝑖  ,  𝑗     ¹  1  º       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,    𝜎  1   ,    𝜎  2   ∈      𝑇  e     𝑖  ,  𝑗    ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  >  2    𝑁    −  2  �  5    ¼                𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º           ⟩           2   ,              𝑋  b     𝑖  ,  𝑗     ¹  2  º       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  ¹    𝜎  1   8      𝑇  e     𝑖  ,  𝑗      ∨      𝜎  2   8      𝑇  e     𝑖  ,  𝑗    º  ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  ¶    2    𝑁    −  2  �  5    ¼                𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    −  1  »  𝑖  =  𝑗  ¼  º           ⟩           2   .    


           |      𝑋  b     𝑖  ,  𝑗     ¹  1  º    |       ¶      𝑁  2       ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,    𝜎  1   ,    𝜎  2   ∈      𝑇  e     𝑖  ,  𝑗    ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  >  2    𝑁    −  2  �  5    ¼                  ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º           ⟩           2     ¶      𝑁  2   ¹      𝑋  b     𝑖  ,  𝑗     ¹  3  º    Ï      𝑋  b     𝑖  ,  𝑗     ¹  4  º    º    


               𝑋  b     𝑖  ,  𝑗     ¹  3  º       =      ⟨  1  »    𝜎  1   ∈      𝑇  e     𝑖  ,  𝑗    ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  >  2    𝑁    −  2  �  5    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  Ï    𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º    ⟩   2   ,              𝑋  b     𝑖  ,  𝑗     ¹  4  º       =      ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  >  2    𝑁    −  2  �  5    ¼              ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º        ⟩           2   .    


       𝑋  b     𝑖  ,  𝑗     ¹  3  º      ¶        ⟨  1  »    𝜎  1   ∈      𝑇  e     𝑖  ,  𝑗    ¼    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2  −  𝑐    𝑁    1  �  5      ⟩   2   , 


       𝑋  b     𝑖  ,  𝑗     ¹  4  º      ¶        ⟨  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  >    𝑁    −  2  �  5    ¼  ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º  ⟩   2   , 


           E       ∼  2        𝑋  b     𝑖  ,  𝑗     ¹  4  º      ¶    3        ⟨  1  »  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  >    𝑁    −  2  �  5    ¼  ⟩   2     ¶      𝑒    −  𝑐    𝑁    1  �  5     


           |      𝑋  b     𝑖  ,  𝑗     ¹  2  º    |       ¶      𝑁  2       ⟨           1  »  |    𝜎  𝑖  1   |  ,  |    𝜎  𝑗  1   |  ,  |    𝜎  𝑖  2   |  ,  |    𝜎  𝑗  2   |  ¶     log     𝑁  ,  ¹    𝜎  1   8      𝑇  e     𝑖  ,  𝑗      ∨      𝜎  2   8      𝑇  e     𝑖  ,  𝑗    º  ,              |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  ¶    2    𝑁    −  2  �  5    ¼    ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º           ⟩           2     


   |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶  |  𝑅  ¹    𝜎    ∼  𝑖  ,  𝑗   1   ,    𝜎    ∼  𝑖  ,  𝑗   2   º  |  Ï      |    𝜎  𝑖  1   |  |    𝜎  𝑖  2   |  Ï  |    𝜎  𝑗  1   |  |    𝜎  𝑗  1   |   𝑁     ¶    3    𝑁    −  2  �  5    . 


           |      𝑋  b     𝑖  ,  𝑗     ¹  2  º    |       ¶    2    𝑁  2       ⟨           1  »    𝜎  1   8    𝑇  e   ,  |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¶    3    𝑁    −  2  �  5    ¼                  ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  1   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º       ¹    𝑒      𝐻    𝑁  ,  ∼  2    ¹    𝜎  2   º  −  𝑁    𝜉    ∼  2    ¹  1  º  �  2    Ï  1  º           ⟩           2     


    NP   =   RP  


     𝑝  1   ,    .  .  .   ,    𝑝  𝑇  


     𝑝    𝑖  Ï  1   


   z    B    𝛽  𝜆    1  𝑁   ⟨  𝜎  ,  x  ⟩  Ï        𝛽  𝜆   𝑁    g 


     𝜇    𝛽  W  ,   zx    


   𝜆  >    1    0  .   295    


     𝑁  2  


   ⟨  ^^1b  ⟩ 


   g  ∼  𝒩      ¹  0  ,  1  º  


   h  =  𝛽  𝜆  𝑧  Ï        𝛽  𝜆   𝑁    g 


     z  ′   =    m  h   Ï    1    𝑁        g  e   h  


     1  𝜆  


   ±     OPT     𝛽  ,  𝜆   


     m    𝛽  𝜆  𝑧   


     1  𝜆   <  𝛽  <  1 


   1  <  𝛽  <  𝜆 


   𝛽  ≫  𝜆 


     𝑧  0  


   ¹  𝛽  ,  𝛽  𝜆    𝑧  0   º 


     g  e  


   𝑂      ¹    1    𝑁    º  


     𝜎  1   ,    𝜎  2   ∈  {  ±  1    }  𝑁  


   𝑅  ¹    𝜎  1   ,    𝜎  2   º  =    1  𝑁   ⟨    𝜎  1   ,    𝜎  2   ⟩ 


     𝑓    𝛽  ,  𝜆   ′   ¹  ℎ  º  >  0 


   |    g  𝑡   |  <    𝑁  𝜀  


   𝑇  ⋅    𝑒    −     ¹    𝑁  𝜀   º    =    𝑒    −  𝑐    𝑁  𝜀    


   ℎ  �  ¹  𝛽  𝜆  º  ∈  𝒵 


           E       ^^1b  ∼    𝜇    𝛽  W  ,  ℎ            ¹  𝑅  ¹  ^^1b  ,  1  º  −        E         »   tanh       ¹  𝛽      𝑞    𝛽  ,  ℎ     g  Ï  ℎ  º   ¼   º     2  𝑘    <    1    𝑁  𝑘      . 


   𝒩      ¹  0  ,  ^^02      ¹    1  𝑁   º   º  


   𝜎  ¹  ¹    𝑋  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    ,  ¹    𝑌  𝑠     º    0  ¶  𝑠  ¶  𝑡    º 


       E        »    𝑌  𝑡  2   |  ¹    𝑋  𝑠   ,    𝑌  𝑠   ,    𝑍  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    ¼     ¶      𝐶  𝑁  


   ¹    𝑋  𝑡   º 


     𝑋    𝑡  Ï  1    =  𝑔  ¹    𝑋  𝑡   º  Ï    𝑌  𝑡   Ï    𝑍  𝑡     . 


     𝐿  e   =      𝐿  Ï  1   2  


   𝐿  −  𝜄  ⋅     sup     𝑗  ¾  0          𝑗  Ï  1       𝐿  e   𝑗      ¾      𝐿  e  


   z  =    𝑓    𝛽  ,  𝜆    ¹  ℎ  º  Ï    1    𝑁        g  e   ℎ  


   g  ∼  𝒩      ¹  0  ,    1    𝛽  𝜆  𝑁    º  


     h  ′   =  z  Ï  g 


   ℎ  <    𝑁    −    ¹  1  �  4  Ï  𝜀  º    


     1  𝑁           E       x  ∼    𝜇    𝛽  𝑊  ,  ℎ  1      ⟨  x  ,  1  ⟩  =          E       g  ∼  𝒩  ¹  0  ,  1  º        »   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼       ¹  1  Ï  𝑂      ¹    1    𝑁  𝜀    º   º   Ï  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º     . 


   ℎ  >    𝑁    −    ¹  1  �  4  Ï  𝜀  º    


     1  𝑁           E       x  ∼    𝜇    𝛽  𝑊  ,  ℎ  1      ⟨  x  ,  1  ⟩  =          E       g  ∼  𝒩  ¹  0  ,  1  º        »   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼   Ï  𝑂      ¹    1    𝑁    1  �  2  −  𝜀     º     . 


       E        »      ¹  𝑚  ¹  z  º  −    𝑞  1   º     2  𝑘    ¼     ¶    𝑂      ¹      ℎ    2  𝑘      𝑁  𝑘    º  


       E        »      ¹  𝑘  ¹  z  º  −  𝑞  º     2  𝑘    ¼     ¶    𝑂      ¹    1    𝑁  𝑘    º  


       E        »    𝑔  𝑁   ¹  z    º    2  𝑁    ¼   =  𝑂  ¹  1  º 


   ℎ  =  0 


     𝑓  𝛽   ¹  ℎ  º 


   ℎ  =     OPT     𝛽  ,  𝜆   


   ℎ  >      ℎ  *     𝛽  𝜆   


     𝑓  𝛽  ′   ¹  ℎ  º  >  0 


   𝑞  =  𝑞  ¹  ℎ  º  >  0 


   𝑞  =  0 


     𝑞  ′   ¹  0  º  =  0 


   X  =  𝛽  g    𝑞   Ï  ℎ 


     𝑞  ′   ¹  ℎ  º  =      2      E    »   tanh       ¹  X  º        sech   2   ¹  X  º  ¼     1  −    𝛽  2       E    »     sech   4   ¹  X  º  −  2       sech   2   ¹  X  º     tanh   2   ¹  X  º  ¼      . 


     𝑞  ′   ¹  ℎ  º  >  0 


   𝑚  ↦  →        𝑓  𝛽   ¹  𝑚  º   𝑚  


     ℰ  𝜋   ¹  𝑓  ,  𝑓  º  ¾            E       z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º    . 


           E       z  ∼  𝜌      ℰ    𝜋  z    ¹  𝑓  ,  𝑓  º  ¾    𝐶  ⋅          E       z  ∼  𝜌             Var        𝜋  z    »  𝑓  ¼  ⋅  1  »  z    “good”   ¼  −  𝜀      ‖          𝑓  −  1      ‖           𝑓  −  1    ∞  2   −  𝜀      ‖          r  𝑓      ‖           r  𝑓    ∞  2     , 


   ¹  𝑐  ,  𝜀  º 


           E       z  ∼  𝜌             Var        𝜋  z    »  𝑓  ¼  ¾    𝛼  ⋅           Var      𝜋   »  𝑓  ¼    . 


            Pr        z  ∼  𝜌    »  z    “good”   ¼  ¾    1  −  𝜀    . 


   ¹  𝑁  −  1  º 


     𝜎  1   ,    𝜎  2   ∈    𝑆  𝑁  


   𝑅  ¹  ⋅  ,  ⋅  º 


   𝑅  ¹    𝜎  1   ,    𝜎  2   º  B        ⟨    𝜎  1   ,    𝜎  2   ⟩   𝑁   . 


   𝐼  ⊆  »  −  1  ,  1  ¼ 


    Band   ¹  x  ,  𝐼  º  B  {  𝜎  ∈    𝑆  𝑁   :  𝑅  ¹  𝜎  ,  x  º  ∈  𝐼  } 


    osc   ¹  𝑓  º  B     sup     𝑓  −   inf     𝑓 


     r   sp    𝑓 


         E      z  ∼  𝜌           Var       𝜋  z    »  𝑓  ¼  ¾      𝐶   Var           Var     𝜋   »  𝑓  ¼ 


   ℰ  ¹  𝑓  ,  𝑔  º  =        E    𝜋   »  ⟨  r  𝑓  ,  r  𝑔  ⟩  ¼ 


   ℰ  ¹  𝑓  ,  𝑔  º  =        E    𝜋   »  ⟨    r   sp    𝑓  ,    r   sp    𝑔  ⟩  ¼ 


   1  −  𝜂 


   z  ∼  𝜌 


          Var     𝜋   »  𝑓  ¼  ¶      𝐶   Var          E      z  ∼  𝜌           Var       𝜋  z    »  𝑓  ¼ 


     𝜈    |  𝐴   


   ¹    𝜇  𝑇     º    |    𝐴  ′    


     𝜇  𝑇   ¹    𝐴  ′   º  =  1  −    𝑒    −  𝑐  𝑁   


   𝜈  ¹  𝐴  º  =  1  −    𝑒    −  𝑐  𝑁   


     𝛾  1   𝑞 


     ‖                  E       𝜇    𝐻  𝑁     𝜎    𝜎  ⊤       ‖                   E       𝜇    𝐻  𝑁     𝜎    𝜎  ⊤      op    =  𝑂      ¹  1  Ï    𝛾  1  2   𝑁  º   . 


     ‖  𝑀  ‖          op   


   𝑂  ¹    𝑁    −  1  �   10     º 


     𝜉    𝑎  ,  𝑏    ¹  𝑠  º  B      𝜉  𝑡       ¹    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   Ï    𝑟    𝑎  ,  𝑏   2   𝑠  º   −    𝜉  𝑡       ¹    ‖          𝑣  ¹  𝑎  ,  𝑏  º      ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   −  𝑠  ⋅        𝑟    𝑎  ,  𝑏   2     𝜉  𝑡  ′         ¹    𝑞  m   ⋅      ¹  1  Ï    𝑎    𝑁    º   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º      . 


   𝑉  ¹  𝑎  ,  𝑏  º  B      𝜉  𝑡       ¹    ‖      𝑣  ¹  𝑎  ,  𝑏  º    ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   º   −    ‖      𝑣  ¹  𝑎  ,  𝑏  º    ‖           𝑣  ¹  𝑎  ,  𝑏  º    2   ⋅        𝜉  𝑡  ′         ¹      ¹  1  Ï    𝑎    𝑁    º     𝑞  m   º   2        𝜉  𝑡  ′   ¹    𝑞  m   º    Ï        𝜉  𝑡    ′  ′    ¹    𝑞  m   º       𝛾  ′   ¹    𝑞  m   º    𝜉  𝑡  ′   ¹    𝑞  m   º    ⋅  𝛾        ¹    ¹  1  Ï    𝑎    𝑁    º       𝑞  m   º   2  


   𝑎  ,  𝑏  ∈  Ò 


     𝑔    𝑎  ,  𝑏    =    𝑔    0  ,  0    Ï      𝑔  b     𝑎  ,  𝑏   


       𝑔  b     𝑎  ,  𝑏   


   𝑂      ¹        𝑎  4   Ï    𝑏  4      𝑁  2    º  


     |   log       𝑍  𝑁   −      𝑁  𝜉  ¹  1  º   2   −      𝑁    𝜉    ′  ′    ¹  0  º   4   −       log       ¹  1  −    𝜉    ′  ′    ¹  0  º  º    2   Ï    1  2      log      det       ¹  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º    𝐼  𝑁   −    ∇  2     𝐻  𝑁   ¹  0  º  º   |     ¶    1  . 


   ‖        E      𝜇    𝐻  𝑁     𝜎    𝜎  ⊤     ‖   op      ¶    𝐶  ¹  1  Ï    𝛾  1  2   𝑁  º 


   𝑋  =  ¹  𝑎  ,  𝑏  º 


     |   log         𝑍  𝑁     𝑍    𝑁  ,  2     −      𝑁    𝜉    ∼  2    ¹  1  º   2   |     ¶    1  �  2  . 


   ‖  ⟨  𝜎    𝜎  ⊤   ⟩    ‖   op      ¶    𝐶  ¹  1  Ï    𝛾  1  2   𝑁  º 


   𝑋  =   log      det       ¹    ¹  1  Ï    𝜉    ′  ′    ¹  0  º  º  𝐼  −    ∇  2     𝐻  𝑁   ¹  0  º   º   −  𝑁    𝜉    ′  ′    ¹  0  º  �  2 


   |    𝐺  ′   ¹    𝛾  0   º  |  ¶    1  �  ¹  𝐶    𝑁   º 


   |        𝐺    ′  ′    ¹  𝛾  º     2  �  ¹  1  −    𝜉    ′  ′    ¹  0  º  º    −  1  |  ¶      𝑁    −  1  �  3   


   0    ¶    𝑡    ¶      𝑁    1  �  5   


   Ð  ¹  |  𝑊  |  ¾    𝑡  º  ¶    3    𝑒    −  𝑐    𝑡  2    


   𝑘  ∈  2  Î 


     𝐶  𝑘   >  0 


   ⟨    𝑊  𝑘     ⟩  2   ¶      𝐶  𝑘  


     Ò    𝑑   weak    


   𝑚  ≫  𝑛 


     Ò  𝑑  


       E    »  ℓ  ¹    f    w  2  s    º  ¼  =    o  𝑛   ¹  1  º  . 


       E    »  ℓ  ¹    f   weak    º  ¼  =    1  2   −    o  𝑛   ¹  1  º 


   𝑛  Ï  𝑚 


       E    »  ℓ  ¹    f   strong    º  ¼  =    1  2   −    o  𝑛   ¹  1  º 


   v  =    w   weak   


   ^^03  =    𝜆  𝐹     𝐼    »  𝑠  ¼    Ï    𝜆  𝑈     𝐼    »  𝑑  ¼  \  »  𝑠  ¼   


   𝑆  ⊆  »  𝑠  ¼  ,  𝑇  ⊆  »  𝑑  ¼  \  »  𝑠  ¼ 


   1  ∈  𝑆 


     |  𝑆  |   =    𝑠   weak   


     |  𝑇  |   =    𝑑   weak    −    𝑠   weak   


     x   weak    =  ¹          𝜆    𝐹  ,   weak       𝜆  𝐹        ^^05  𝑆   Ï          𝜆    𝑈  ,   weak       𝜆  𝑈        ^^05  𝑇   º    x   strong      =  𝑑   𝑁  ¹  0  ,    𝜆    𝐹  ,   weak       𝐼  𝑆   Ï    𝜆    𝑈  ,   weak       𝐼  𝑇   º    . 


     ^^05  𝑆  


   ^^03  ¹  𝑝  ,  𝑞  ,  𝑟  º 


   ^^03  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º 


   𝑢  <      𝑝  Ï  1  Ï  𝑞  Ï  𝑟  −  ¹    𝑞   weak    Ï    𝑟   weak    º   2  


   𝑚  ≫  𝑑 


   ¹  𝑞  ,  𝑟  º  =  ¹  0  .  9  ,  0  .  8  º  ,  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  4  ,  0  .  9  ,  0  .  4  º 


   ¹  𝑞  ,  𝑟  º  =  ¹  0  .  9  ,  0  .  5  º 


   ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  1  ,  0  .  9  ,  0  .  2  º 


   ¹  𝑝  ,  𝑞  ,  𝑟  º  =  ¹  2  ,  0  .  6  ,  0  .  6  º  ,  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  4  ,  0  .  9  ,  0  .  5  º 


   ¹  𝑝  ,  𝑞  ,  𝑟  º  =  ¹  1  .  5  ,  0  .  6  ,  0  .  8  º  ,  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  4  ,  0  .  9  ,  0  .  5  º 


     𝑌  𝑗  


     |    𝑤  𝑖   |     ¾    𝜔  ¹           log     𝑛   𝑛     º 


   𝑖  ∈    {  1  ,  2  ,  𝑠  Ï  1  }  


     |    𝑤  2   |   =  𝑜  ¹    |    𝑤  1   |   º 


       𝜇  𝑛      𝑛      1  −  𝑝   2    ≪    |    𝑤  1   |  


     𝑤  𝑖   =  𝜔  ¹           log     𝑚   𝑚     º 


     |    𝑤  2   |   ≪    𝑤  1  


       𝜇  𝑚      𝑛      𝑢  −  𝑝   2    ≪    |    𝑤  1   |  


     f   weak    ∈    Ò      𝑑   weak    ×  𝑘   


     f    w  2  s    ∈    Ò    𝑑  ×  𝑘   


   »  𝑘  ¼  ⊆  𝑆 


   ¹  𝑝  ,  𝑞  ,  𝑟  º  =  ¹  2  ,  0  .  9  ,  0  .  5  º 


   ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  4  ,  0  .  9  ,  0  .  5  º 


   ¹  𝑝  ,  𝑞  ,  𝑟  º  =  ¹  2  ,  0  .  9  ,  0  .  4  º 


   ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  =  ¹  1  .  4  ,  0  .  9  ,  0  .  4  º 


   9 


   »  −   10   ,   10   ¼ 


   »  −   100   ,   100   ¼ 


   𝑖  Ï  1 


   𝑖  Ï  2 


   ¹      x  e     𝑖  ,   weak     ,    𝑦  𝑖     º    𝑖  ∈  »  𝑛  ¼   


       x  e     𝑖  ,   weak    


   𝑖 


     𝑦  𝑖   =   sgn   ¹    ⟨      g  𝑖   ,    v  *    ⟩   º 


     f   weak    ∈    Ò    𝑑   weak    


   𝑚 


   ¹    x    𝑗  ,   weak       º    𝑗  ∈  »  𝑚  ¼   


   ¹    x    𝑗  ,   strong       º    𝑗  ∈  »  𝑚  ¼   


       𝑦  b     𝑗  ,   weak     =   sgn   ¹    ⟨      f   weak    ,    x    𝑗  ,   weak      ⟩   º 


     f    w  2  s    ∈    Ò  𝑑  


   ¹    x    𝑗  ,   strong     ,      𝑦  b     𝑗  ,   weak       º    𝑗  ∈  »  𝑚  ¼   


     𝜏   weak      ¬      𝑝   weak    Ï  1  −  2  ¹    𝑞   weak    Ï    𝑟   weak    º 


     𝜏   strong      ¬    𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º 


   𝑞  Ï  𝑟  >  𝑢 


     𝜏   strong    <  0 


     𝜏    w  2  s    =    𝜏   strong    =    𝜏   weak   


   ¹  𝑝  ,  𝑞  ,  𝑟  º  =  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º 


     v  *   =    e  1  


     v  *    ¹  𝑖  º    =    e  𝑖  


   x  ∼  𝑁  ¹  0  ,  ^^06  º 


   ^^03  =  ^^03  ¹  𝑝  ,  𝑞  ,  𝑟  º 


   𝑝  >  1 


   0    ¶    𝑟  <  1 


   0  <  𝑞  <  ¹  𝑝  −  𝑟  º 


     𝜆  𝐹     ¬        𝑎  𝑑   𝑠  


     𝜆  𝑈     ¬        ¹  1  −  𝑎  º  𝑑     𝑑  −  𝑠   


   𝑘  =    𝑐  𝑘   ⌊    𝑛  𝑡   ⌋ 


   0    ¶    𝑡  <  𝑟 


     𝑐  𝑘  


   ^^03  =  ^^03  ¹  𝑝  ,  𝑞  ,  𝑟  º  ∈    Ò    𝑑  ×  𝑑   


     ^^03   weak    =  ^^03  ¹    𝑝   weak    ,    𝑞   weak    ,    𝑟   weak    º  ∈    Ò      𝑑   weak    ×    𝑑   weak     


     𝜆    𝐹  ,   weak       ¬          𝑎   weak      𝑑   weak       𝑠   weak    


     𝜆    𝑈  ,   weak       ¬        ¹  1  −    𝑎   weak    º    𝑑   weak         𝑑   weak    −    𝑠   weak     


     x   strong    ∼  𝑁  ¹  0  ,  ^^03  º 


     x   weak    ∈    Ò  𝑑  


   𝑆  ∪  𝑇 


     x   weak    ∈    Ò    𝑑   weak    


     ^^06   weak   


   ^^06  =  ^^06  ¹  𝑝  ,  𝑞  ,  𝑟  º 


   𝑞  Ï  𝑟  >  1 


   𝑘  =  ⌊    𝑛  𝑡   ⌋ 


     𝜏   strong      ¬    𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º 


   𝑘  =  2 


     𝜏   strong      ¬    𝑝  Ï  1  −  2  ¹  𝑞  Ï  𝑟  º 


   f  ∈    Ò  𝑑  


   𝑁  ¹  0  ,    Í    𝑖  ∈  »  𝑑  ¼      𝜆  𝑖     v  𝑖     v  𝑖  ⊤   º 


     v  1   ,    .  .  .   ,    v  𝑑   ∈    Ò  𝐷  


   y  =   sgn   ¹    ⟨    g  ,  w   ⟩   º 


      SU   𝑛   ¹  v  |  w  º 


      CN   𝑛   ¹  v  |  w  º 


   ^^06  ¹  𝑝  ,  𝑞  ,  𝑟  º 


   𝑎  ,  𝑠 


     𝜇  𝑛  


   w  =    𝑤  1     e  1   Ï    𝑤  2     e  2   Ï    𝑤    𝑠  Ï  1      e    𝑠  Ï  1   


   x  =  ¹    𝑋  1   ,    .  .  .   ,    𝑋  𝑛   º  ∈    Ò  𝑛  


   y  ∈  ¹    𝑌  1   ,    .  .  .   ,    𝑌  𝑛   º  ∈    Ò  𝑛  


   ¹    𝑋  𝑖   ,    𝑌  𝑖   º 


     ‖    𝑋  𝑖   ‖           𝜓  2      ¶    𝐾 


     𝑌  𝑖  


   𝜎 


     |    𝑌  𝑖   |     ¶    1 


   Å  »    𝑌  𝑖  2   ¼  ¶    𝜎 


     ‖    𝑋  𝑗   ‖           𝜓  2      ¶    𝐾 


   𝜖    ¾    0 


     x  1   ,    .  .  .   ,    x  𝑛   ∼  𝑁  ¹  0  ,  ^^03  º 


     Ò  𝑑  


   𝑅  =    {    v    ¹  1  º    ,    .  .  .   ,    v    ¹  ℓ  º    }  


   𝑗  ∈  »  ℓ  ¼ 


     h    ¹  𝑗  º    =  ¹    ℎ  1   ,    .  .  .   ,    ℎ  𝑛   º  ∈    Ò  𝑛  


     ℎ  𝑖   ∼    ⟨      ^^03    1  �  2      g  𝑖   ,    v    ¹  𝑗  º     ⟩  


   𝑅 


     ^^05  𝑅   =    Í    v  ∈  𝑅       vv   ⊤  


     X  𝑅   ∈    Ò    𝑛  ×  𝑑   


     X    −  𝑅    ∈    Ò    𝑛  ×  𝑑   


   𝑅  =    {  v  }  


   {  v  } 


     X    −  𝑅   


     ℎ  𝑖  


   𝑔  ,  ℎ 


   𝑔  −      E    »  𝑔  ℎ  ¼  ℎ 


   ℎ 


   ^^03  =   diag   ¹    𝜆  𝑖   º 


   A  =     XX   ⊤   ∈    Ò    𝑛  ×  𝑛   


   x  =    𝑈  ⊤     ^^03    1  �  2    z 


   z 


   𝑂  ¹  1  º 


     𝑟  1   ¹  ^^06  º  =  𝜔  ¹  𝑛  º 


     𝜇  1   ¹  ^^06  º  =  𝑜  ¹    𝑑  𝑛   º 


   ℓ  =  𝑜  ¹  𝑑  º 


     𝜇  ℓ   ¹  ^^06  º    𝑟  ℓ   ¹  ^^06  º  =  𝑑  ¹  1  −  𝑜  ¹  1  º  º 


     |  𝑅  |   =  𝑜  ¹  𝑑  º 


   𝑁  ¹  0  ,    ^^06    −  𝑅    º 


     ^^06    −  𝑅    =  ¹  𝐼  −    ^^05  𝑅   º  ^^06  ¹  𝐼  −    ^^05  𝑅   º 


   ℓ  =    |  𝑅  |  


   𝐼  −    ^^05  𝑅  


     𝜇  1   ¹    ^^06    −  𝑅    º  ¶      𝜇  1   ¹  ^^06  º 


   𝑖  ∈    {  ℓ  Ï  1  ,    .  .  .   ,  𝑑  }  


     𝜇  𝑖   ¹  ^^06  º  ¶      𝜇  𝑖   ¹    ^^06    −  𝑅    º 


     𝜇  𝑖   ¹    A    −  𝑅    º  =  𝑑  ¹  1  ±  𝑜  ¹  1  º  º 


   𝑆  ,  𝑇  ⊆    Ò  𝑑  


     X  𝑅   =  ¹    X  𝑆   Ï    X  𝑇   º    ^^05  𝑅  


   ¹  𝐴  Ï  𝐵  º  𝑀  ¹  𝐴  Ï  𝐵  º  ⪯    2  𝐴  𝑀  𝐴  Ï  2  𝐵  𝑀  𝐵 


     ‖      X  𝑆     X  𝑆  ⊤    ‖         2     ¶      𝑛    1  −  𝑞  −  𝑟    ⋅    𝑛  𝑝   =  𝑜  ¹    𝑛  𝑝   º 


     X  𝑇  


     X  𝑇     ^^05  𝑅     X  𝑇  ⊤  


      YY   ⊤  


   Y  ∈    Ò    𝑛  ×    |  𝑅  |    


   1  −    𝑒    −    𝑛    


     ‖      X  𝑆     X  𝑆  ⊤    ‖         2  


     ‖      X  𝑅     X  𝑅  ⊤    ‖         2   =  𝑜  ¹    𝑛  𝑝   º 


   𝐼  Ï    H  𝑅   =  𝐼  Ï    X  𝑅  ⊤     A    −  𝑅     −  1      X  𝑅  


   0    ⪯      X  𝑅  ⊤     X  𝑅     ⪯    𝑜  ¹    𝑛  𝑝   º 


     𝜇  𝑖   ¹  𝐼  Ï    H  𝑅   º  =  1  ±  𝑜  ¹  1  º 


   w  ∈    Ò  𝑑  


    span   ¹  𝑅  º  ⊇    {    e  𝑖   ,  w  }  


   1  −    1  𝑛  


     𝑐  1  


   ¹    z  𝑖   ,  y  º 


   1  −  𝑂  ¹  1  �  𝑛  º 


   𝑖  ∈  »  𝑑  ¼ 


   1  −  𝑂  ¹    1  𝑛   º 


     𝑛    𝑝  −  𝑞  −  𝑟    ≫  1 


   𝑝  >  𝑞  Ï  𝑟 


     𝑛    𝑝  −  𝑞  −  𝑟    ⋅    𝑛    1  −  𝑝    =    𝜇  𝑛  


   𝑅  =    {    e  1   }  


     𝑦  𝑖   =   sgn   ¹    ⟨      g  𝑖   ,  w   ⟩   º 


   𝑅  =    {  v  ,  w  }  


   1  −    1  𝑛  


   y  =   sgn   ¹    ⟨    g  ,    v  *    ⟩   º 


   𝑖  =  1 


     ‖      z  1  ⊤     A    −  𝑅     −  1      X  𝑅    ‖         2   =    𝑂  e   ¹      𝜇  𝑛      𝑛      1  −  𝑝   2    º 


     𝑤  𝑖   =  0 


   𝑖  8    {  1  ,  2  ,  𝑠  Ï  1  }  


     |    𝑤  1   |     ¶    1 


   𝑡    ¾    0 


     1  2   −  𝑜  ¹  1  º 


     1  2   −  𝑂  ¹    1    𝑚    º 


     𝜇    𝑛  ,   weak       ¬          𝑎   weak    𝑛     𝑠   weak    


     w   weak   


     𝑠   weak      𝜆    𝐹  ,   weak     Ï  ¹    𝑑   weak    −    𝑠   weak    º    𝜆    𝑈  ,   weak     =    𝑑   weak   


   𝑖  =  𝑠  Ï  1 


   𝑖  =  1 


     𝑤  1  


     𝑤  1   =  𝜔  ¹           log     𝑚   𝑚     º 


     𝑟   weak    <  1 


      SU   𝑚   ¹    v  *   |    w   weak    º 


   𝜔  ¹  1  º 


      SU     𝑚  ,   strong     ¹    v  *   |    w   weak    º 


      CN     𝑚  ,   strong     ¹    v  *   |    w   weak    º 


   𝑢  <    𝑞   weak    Ï    𝑟   weak    −  1 


   𝑢  <    𝑞   weak    Ï    𝑟   weak    −  1  Ï  𝑟 


     𝑛      𝑢  2   −  𝑝         log     𝑛   


     𝑛      𝑢  −  𝑝   2   


     𝑈  𝑖  


     v  *    ¹  𝑖  º    =    e  1  


   𝜙  :     →  Ò 


     𝜇    𝑊  ,  ℎ   


   ¹  𝑥  ,  𝑦  º  ↦  →    ‖    𝐼    »  𝑛  ¼  \  𝐻    ¹  𝑥  −  𝑦  º  ‖         2  


     𝐶   Var   


   𝛾  <  1 


   M  =  W  Ï    𝜆  𝑁      xx   ⊤  


   {  ±  1    }  𝑁  


     ^^1b  ′  


   𝑣  ∈    Ò  𝑁  


   𝛽  ∈  ¹  0  ,  1  º 


   𝛽  <    1  𝜆  


      OPT     𝛽  ,  𝜆   


      OPT     𝛽  ,  𝜆    >  0 


   𝛽  >    1  𝜆  


      OPT     𝛽  ,  𝜆    =  0 


   𝛽  <    1  𝜆  


      OPT     𝛽  ,  𝜆   


   𝑥  ∈  {  ±  1    }  𝑁  


   𝜎  ∈  {  ±  1    }  𝑁  


     1  𝑁       |  ⟨  𝜎  ,  𝑥  ⟩  |   >  𝜏 


     ^^1b   RGD   


     ^^1b   AMP   


   𝐾  >  0 


     𝜎  0   ∈  {  ±  1    }  𝑁  


   |  𝑅  ¹    𝜎  0   ,  1  º  |  >  𝜏 


     𝜎  0  


   𝑇    ¾    𝜔  ¹   log     𝑁  º 


     𝜈  𝑇  


   𝑇    ¶      𝑁  𝐾  


   𝑊  ∼   GOE   ¹  𝑁  º 


   ℎ  =  𝑂  ¹    𝑁    −  ¹  1  �  4  Ï  𝜀  º    º 


   𝑞 


   𝑞  =      E    »     tanh   2   ¹  𝛽  g    𝑞   Ï  ℎ  º  ¼ 


   𝛽    ¾    0 


   ℎ  >  0 


   𝑞  =    𝑞    𝛽  ,  ℎ   


     𝑞    𝛽  ,  ℎ    =  0 


   ℎ  =  0 


   ¹  𝛽  ,  ℎ  º 


   𝛽  ∈  ¹    1  𝜆   ,  1  º 


   𝑓  =      d  𝜈     d  𝜋   


     𝜈  𝑡   =    𝑃  𝑡     𝜈  0  


     𝑓  𝑡   =            d    𝜈  𝑡            d  𝜋   


   𝑓  =        E      t  ∼  »  0  ,  𝑇  ¼      𝑓  t  


   𝜈    B          E      t  ∼  »  0  ,  𝑇  ¼      𝜈  t  


        log       ¹  1  �    𝜋   min    º    𝑇  


     𝑚    −  1    =    𝑥  0   =  0 


    tanh       ¹  ⋅  º  


   ¹    𝜇  𝑡   ,    𝜎  𝑡   º 


   ¹    𝜇  0   ,    𝜎  0   º  =  ¹  0  ,  0  º 


     𝑋  0   ∼   Unif   {  ±  1  }  ,    𝑍  0   ∼  𝒩  ¹  0  ,  1  º 


     𝑊  2  


     𝑥  0   ∈  {  ±  1    }  𝑁  


   ¹  𝛽  ,  𝛽  𝜆  |  𝑅  ¹    𝑥  0   ,  1  º  |  º 


   𝑇    ¾         e   ¹    𝑁    4  −  2  𝜀    º 


     ‖      W    ‖           W     op    =  𝑂  ¹  1  º 


         E      t  ∼  »  0  ,  𝑇  ¼      𝜈  t  


   ℰ  ¹  𝑓  ,   log     𝑓  º  ¶    𝑂    ¹    𝑁  𝑇   º  


     ℰ   RGD    ¹  𝑓  ,   log     𝑓  º  ¶    𝑂    ¹    𝜏  𝛿   ⋅    𝑁  𝑇   º  


   𝜏  =  𝑂  ¹  𝑁  º 


     ‖      𝛽  M    ‖           𝛽  M     op    =  𝑂  ¹  1  º 


   𝛿  =     ¹    1  𝑁   º 


   𝜙  ¹  𝑥  º  =    |      |  𝑅  ¹  𝑥  ,  1  º  |   −     OPT     𝛽  ,  𝜆     |  


     𝑥  0   ∈  {  ±  1    }  𝑛  


   ¹  𝛽  ,  𝛽  𝜆  𝑐  º 


   𝒵 


   𝑅  ¹    𝑥  0   ,  1  º 


     𝑧  0   =  𝑅  ¹    𝑥  0   ,  1  º 


     z  𝑡  


     g  𝑡  


   𝒩  ¹  0  ,  1  º 


   𝑡  <  𝑇 


   𝛽  𝜆    z  𝑡  


   𝑡  =  0 


   𝛽  𝜆    z  𝑡  


   𝛽  𝜆    z  𝑡   Ï        𝛽  𝜆   𝑛      g  𝑡  


   𝛽  𝜆    z    𝑡  Ï  1   


     𝑧  𝑡   <     OPT     𝛽  ,  𝜆   


     𝑓  𝛽   ¹    𝑧  𝑡   º  >    𝑧  𝑡  


     𝑧  𝑡   >     OPT     𝛽  ,  𝜆   


     𝑓  𝛽   ¹    𝑧  𝑡   º  >     OPT     𝛽  ,  𝜆   


     𝑓  𝛽  


   ¹    𝛿  𝑡     º    0  ¶  𝑡  ¶  𝑇   


     𝛿  𝑡   <    𝐶    𝑁    1  �  2  −  𝜀    


     z    𝑡  Ï  1    =    𝑓  𝛽   ¹    z  𝑡   Ï    𝛿  𝑡   º 


     𝑧  𝜏   ∈  »   OPT   −  𝜂  �  2  ,   OPT   Ï  𝜂  �  2  ¼ 


    OPT  


     z  𝑡   ∈  𝒵  \    »   OPT   −  𝜂  �  2  ,   OPT   Ï  𝜂  �  2  ¼  


   »   OPT   −  𝜂  �  2  ,   OPT   Ï  𝜂  �  2  ¼ 


     𝛿  𝑡   =  𝑜  ¹  1  º 


     𝑓  𝛽  ′   ¹    𝑧  𝑡   º  <  𝐿 


   𝑡  >  𝜏 


   𝑇  =     ¹   log     𝑁  º 


   ¹    𝑥  𝑡     º    𝑡  ¾  0   


   𝑔  :  Ò  →  Ò 


   𝐿  >  1 


   |  𝑔  ¹  𝑥  º  |  >  𝐿  |  𝑥  | 


   |  𝑥  |  <  2  𝜀 


     𝑋  0   ∼    𝜈  0  


   ¹    𝑋  𝑡   ,    𝑌  𝑡   ,    𝑍  𝑡     º    𝑡  ¾  0   


     𝑍  𝑡  


   𝜅  >  0 


   ¹    𝑌  𝑠   ,    𝑍  𝑠   º 


   𝜄  >  0 


   𝜄  𝜅 


       E        »  ¹    𝑌  𝑡   Ï    𝑍  𝑡     º  2   |  ¹    𝑌  𝑠   ,    𝑍  𝑠     º    0  ¶  𝑠  ¶  𝑡  −  1    ¼     ¶      𝐶  𝑁  


   𝜄 


     𝐿  e   ∈    ¹  1  ,  𝐿  º  


   |    𝑋    𝑡  Ï  𝑗    |  ¶    𝜀 


   |    𝑋    𝑡  Ï  𝑗    |  ¾        𝐿  e   𝑗   ⋅    𝜅    𝑁   


   |    𝑋    𝑡  Ï  𝑗  Ï  1    |  ¾        𝐿  e     𝑗  Ï  1    ⋅    𝜅    𝑁   


     𝑋  𝑠  


       𝐿  e     𝐶     log     𝑁    ⋅    𝜅    𝑁      ¾    𝜀 


   ¹    h  𝑡     º    𝑡  ¾  0   


   ℎ  =    h  0   ∈  Ò 


   1  −  𝑜  ¹  1  º 


     𝑋  𝑡   =    h  𝑡  


     𝑌  𝑡   =  𝑂      ¹    1    𝑁    1  �  2  Ï  𝜀     º   Ï      g  e     h  𝑡   


     𝑍  𝑡   =    g  𝑡  


   0    ¶    ℎ    ¶    𝐾 


   𝑞  =    𝑞  ℎ  


     𝑞  1   =        E      g  ∼  𝒩    ¹  0  ,  1  º         »   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º   ¼  


   ℎ  <    𝑁    −  𝛼   


   𝛼  >  1  �  4 


   m  ¹  ℎ  º 


     1  𝑁     Í    𝑖  =  1   𝑁   ⟨    𝜎  𝑖   ⟩ 


   ℎ  >    𝑁    −    ¹    1  4   Ï  𝜀  º    


   ℎ  <    𝑁    −    ¹    1  4   Ï  𝜀  º    


     𝑐  1  


   𝛿  =  𝜀 


       𝑐  1     2  −  𝜀    =    1  2   −  𝜀 


     𝑐  2   =    1  2   Ï  𝜀 


   𝑆  =    {    𝑞  1    −  1        ¹  𝑖    𝑁    −    𝑐  2     º   :  0    ¶    𝑖    ¶    𝐾    𝑁    𝑐  2    }  


     𝑁    −    𝑐  1     ⋅    𝑁    𝑐  2    =  𝑜  ¹  1  º 


     𝑐  1     ≈    1 


     𝑐  2     ≈      1  2  


   ℎ  ∈  𝑆 


   𝐾 


   ℎ    ¶    𝐾 


     ℎ  1   <  ℎ  <    ℎ  2  


     ℎ  1   ,    ℎ  2   ∈  𝑆 


   |    𝑞  1   ¹    ℎ  1   º  −    𝑞  1   ¹  ℎ  º  |  <    𝑁    −    𝑐  2    


   |    𝑞  1   ¹    ℎ  2   º  −    𝑞  1   ¹  ℎ  º  |  <    𝑁    −    𝑐  2    


   ℎ  >    𝑁    −    ¹    1  4   Ï  𝜀  º    


   𝑧  ↦  →      𝑒  𝑧       𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧     


   2  𝑘 


   𝑂        ¹      𝛾  2   𝑁   º   𝑘  


   𝑞  =  𝑂  ¹    ℎ  2   º 


   𝑓  ¹  𝑧  º  =        𝑒  𝑧      sinh       ¹  2  ℎ  º        𝑒  𝑧      cosh       ¹  2  ℎ  º   Ï    𝑒    −  𝑧     


   𝑧  ↦  →  𝑘  ¹  𝑧  º 


   𝑘  ¹  𝑧  º  =   tanh       ¹  𝑧  Ï    1  2      ln      cosh       ¹  2  ℎ  º   º   =   tanh       ¹  𝑧  Ï    ℎ  2   Ï  𝑂  ¹    ℎ  4   º  º  


   𝑞  =  𝑎    ℎ  2   Ï  𝑂  ¹    ℎ  4   º 


      tanh   2   ¹  𝑥  º  =    𝑥  2   Ï  𝑂  ¹    𝑥  4   º 


   𝑞  =    1    1  −    𝛽  2     ⋅    ℎ  2   Ï  𝑂  ¹    ℎ  4   º 


   𝜅  =   tanh         ¹  ℎ  º   2   =       sinh         ¹  ℎ  º   2      1  Ï   sinh         ¹  ℎ  º   2    


    cosh       ¹  𝑧  º   Ï  𝜅     sinh       ¹  𝑧  º   =  1  Ï  𝜅  𝑧  Ï      𝑧  2   2   Ï  𝑂  ¹    𝑧  3   º 


     𝑒    ¹  1  −    𝜅  2   º    𝑧  2   �  2   


     𝑔  𝑁   ¹  𝑧  º  ¶    1  Ï  𝑂  ¹  |  𝑧    |  3   º 


       E        »    𝑔  𝑁   ¹  z    º    2  𝑁    ¼     ¶        E        »      ¹  1  Ï  𝑂  ¹  |  z    |  3   º  º     2  𝑁    ¼     ¶    1  Ï  𝑂      ¹    1    𝑁    º  


     𝑓  𝛽   =    𝑓    𝛽  ,  𝜆   


   𝑎  ,  𝑏  >  0 


   g  >  0 


   |  𝑏  Ï  𝑎  g  |  >  |  𝑏  −  𝑎  g  | 


   g  <  0 


   |  𝑏  −  𝑎  g  |  >  |  𝑏  Ï  𝑎  g  | 


      sech   2   ¹  ⋅  º 


   ℎ    ¾    0 


   T  =   tanh       ¹  𝛽  g    𝑞   Ï  ℎ  º  


   S  =   sech       ¹  𝛽  g    𝑞   Ï  ℎ  º  


     𝑞  ′  


   𝑞  ¹  ℎ  º 


     𝑞  1   ¹  ℎ  º  =      E    »   tanh       ¹  𝛽  g      𝑞  ¹  ℎ  º    Ï  ℎ  º   ¼ 


    tanh     𝑥    ¶    𝑥 


   𝑌  =  𝛽    𝑞   z  Ï  ℎ 


     𝑞  1   =      E       tanh     𝑌    ¶        E    𝑌  =  ℎ 


   𝑥  −   tanh     𝑥    ¶        𝑥  2   3  


       E    »  𝑌  −   tanh     𝑌  ¼  ¶      1  3       E      𝑌  2   =    1  3   ¹    ℎ  2   Ï    𝛽  2   𝑞  º 


   X  =  X  ¹  ℎ  º  =  𝛽  𝜆  ℎ  Ï  𝛽  g      𝑞    𝛽  ,  𝛽  𝜆  ℎ    


   𝑟  =  𝑟  ¹  ℎ  º  =    𝑞    𝛽  ,  𝛽  𝜆  ℎ   


       𝑟  ¹  ℎ  º   


   ℎ  →    0  Ï  


     𝑟  ′   ¹  ℎ  º  =    𝛽  2     𝜆  2   ⋅  ¹  1  Ï    𝑜  ℎ   ¹  1  º  º      2  ℎ     1  −    𝛽  2    


   𝑟  ¹  ℎ  º  =    𝛽  2     𝜆  2   ⋅      ℎ  2     1  −    𝛽  2     ¹  1  Ï    𝑜  ℎ   ¹  1  º  º 


     𝑓  𝛽  ′   ¹  ℎ  º 


   𝑟  ¹  ℎ  º  =  0 


   X  =  0 


   S  =   sech       ¹  X  º  


   T  =   tanh       ¹  X  º  


   𝑔  ¹  ℎ  º  =        𝑓  𝛽   ¹  ℎ  º   ℎ  


   𝐹  ¹  𝑧  º  =      E       tanh       ¹  𝛽  𝜆  𝑧  Ï  𝛽  g      𝑞    𝛽  ,  𝛽  𝜆  ℎ     º  


   Y  =  𝛽  𝜆  𝑧  Ï  𝛽  g      𝑞    𝛽  ,  𝛽  𝜆  ℎ    


   𝐹 


   𝑞  =    𝑞    𝛽  ,  𝛽  𝜆  ℎ   


   𝑞  <    𝑞    𝛽  ,  𝛽  𝜆  𝑧   


   𝑧  >  0 


   𝐺  ¹  𝑧  º  =  𝑧    𝐹  ′   ¹  𝑧  º  −  𝐹  ¹  𝑧  º 


     𝐺  ′   ¹  𝑧  º  =    𝐹    ′  ′    ¹  𝑧  º  <  0 


   𝐺  ¹  0  º  =  0 


   𝐺  ¹  ℎ  º  <  0 


     𝛾  ≭  


   𝑘  ∈    Ú    >  0   


       𝛾  ≭     𝜆  2   


     𝑓    𝜆  ,  𝜆   


     𝑞    𝜆  ,    𝛾  ≭     =      𝛾  ≭     𝜆  2   


   Y  =    𝛾  ≭   Ï  g      𝛾  ≭   


     𝜆  2       E    »     sech   4   ¹  Y  º  ¼  <  1 


   ¹  𝜆  ,    𝛾  ≭   º 


   𝑆  ⊆  »  𝑁  ¼ 


     𝑥  𝑆  


          𝑆  ,    𝑥  𝑆    


     𝑛    −  𝑂  ¹  𝛼  º   


   ¹  𝑛  −  |  𝑆  |  º  ×  ¹  𝑛  −  |  𝑆  |  º 


   𝑣  8  𝑆 


     y  𝑡   =  𝑡  x  Ï    𝐵  𝑡  


   ¹    𝐵  𝑡     º    𝑡  ¾  0   


   ¹    𝜈  𝑡     º    𝑡  ¾  0   


   𝑠    ¶    𝑇 


   r 


     Ò  𝑁  


   x  ∈    𝑆  𝑁  


      ⊆    𝑆  𝑁  


   {    𝜋  𝑧     }    𝑧  ∈    Ò  𝑁    


     𝜌   PI   


     𝜌   PI      𝐶   Var   


     𝑒    −  𝑉  ¹  𝑥  º   


   ¹    𝐵  𝑡     º    𝑡  ¾  0   


         d  𝜋  ¹  𝑥  º  ∝    𝑒    −  𝑉  ¹  𝑥  º            d  𝜌  ¹  𝑥  º 


   𝑉  :    𝑆  𝑁   →  Ò 


     𝜌   LS   


   𝑓  :    Ò  𝑁   →    Ò    >  0   


     𝜋  𝑡  


   L  =  𝐼  −  𝑃 


   x  ∼  𝜇 


   y    ∼  𝑃   x 


    Error   :    Ò    >  0       →    Ò    ¾  0   


     𝜌   PI    >  0 


    Error   :    Ò    >  0       →    Ò    ¾  0   


     𝐶   MLSI      ¾    0 


    Error  


     𝐶   MLSI   


     ^^03  𝑇  


     ^^03  𝑇   ¹  𝑠  º  =      𝐶   MLSI        𝑒      𝐶   MLSI    𝑇    −  1    ⋅    𝑒      𝐶   MLSI    𝑠   


     𝑓  0   =            d    𝜈  0            d  𝜋   


     𝑓  𝑡   =    𝑃  𝑡     𝑓  0   =            d    𝜈  𝑡            d  𝜋   


      Error   𝑡   =   Error   ¹    𝑓  𝑡   º 


   ℰ  ¹    𝑓  𝑡   ,   log       𝑓  𝑡   º  =  −            d           d  𝑡     KL       ¹    𝜈  𝑡     ‖    𝜋  º  


     ^^03  𝑇   ¹  𝑠  º  =      𝐶   MLSI        𝑒      𝐶   MLSI    𝑇    −  1    ⋅    𝑒      𝐶   MLSI    𝑠      ¾      𝐶   MLSI      𝑒      𝐶   MLSI    ¹  𝑠  −  𝑇  º   


     ^^03  𝑇   ¹  𝑠  º  =      2    𝜌   PI         𝑒    2    𝜌   PI    𝑇    −  1    ⋅    𝑒    2    𝜌   PI    𝑠   


   ¹    𝜌   PI    ,  𝜀  º 


   ¹    𝐶   MLSI    ,  𝜀  º 


   𝒞 


   ¹  𝜋  ,    𝜋  ′   º 


   ¹  𝑥  ,    𝑥  ′   º  ∼  𝒞 


        Pr         »    𝑥  <    𝑥  ′    ¼     ¶    𝛿 


   𝐼  =  »   inf     𝑓  ,   sup     𝑓  ¼ 


          Var     𝜋   »  𝑓  ¼  =     inf     𝑎  ∈  𝐼            E    𝜋   »  ¹  𝑓  −  𝑎    º  2   ¼ 


   𝑎  ∈  𝐼 


   ¹    𝜌   PI      𝐶   Var    ,      𝛿  Ï  𝜂     𝐶   Var     º 


   𝑇  ,  𝛿  >  0 


     𝑘  0     B        𝛽  0   𝛿  


   𝛽  =  𝑘  𝛿 


   0    ¶    𝑘    ¶      𝑘  0  


     𝜇  𝛽  


   ¹    𝜌   PI    ,  𝜀  º 


     𝑃  𝛽  


     𝜈    ¹  𝑟  ,  𝑘  º   


     𝜇    𝑟  𝛿   


   𝑘  𝛿 


   𝑇  ¹  𝑘  −  𝑟  º 


     𝜈    ¹  𝑘  .  𝑘  º    =    𝜇    𝑘  𝛿   


     𝑑   TV        ¹    𝜈    ¹  0  ,    𝑘  0   º    ,    𝜇    𝛽  0    º  


    osc   ¹  𝑓    º  2   Ï   sup       ‖    r  𝑓   ‖         2  


             d    𝜇  𝛽            d    𝜇    𝛽  Ï  𝛿     


    osc   ¹  𝑓  º  ¶    4  ⋅  ¹    𝑒    2  𝛿  ‖  𝐻    ‖  ∞     −  1  º 


    sup       ‖    r  𝑓   ‖     ¶    2  𝛿  ⋅    𝑒    2  𝛿    ‖  𝐻  ‖       ∞        sup       ‖    r  𝐻   ‖  


   ¹    𝜌   PI    ,  𝜀  º 


   r  𝑉 


   𝜀  ,  𝛿  ∈  ¹  0  ,  1  º 


   ¹    𝜋  𝑖     º    𝑖  =  1   𝐾  


     𝜋  𝑖  


     𝑝  𝑖     ¾      𝑝  *  


       E      𝜈  0   =  𝜋 


   𝐴 


       E      𝜈  0   ¹  𝐴  º  =  𝜋  ¹  𝐴  º 


     𝜈  1   ,    .  .  .   ,    𝜈  𝑚  


   ¹    𝜈  𝑖     º    𝑖  =  1   𝑚  


     𝜒  2       ¹    𝜈  𝑖     ‖    𝜋  º     ¶    𝑀 


     𝜇  𝑇  


   𝑇  =         ¹    1    𝜌   PI        log       ¹    𝑀  𝜀   º   º  


     𝜈  𝑖  


     𝑓  𝑡  


     𝜇  0   =  𝜈 


   1    ¶    𝑗    ¶    𝑚 


     𝑓  𝑠    ¹  𝑗  º   


     𝜇  𝑠    ¹  𝑗  º   


     𝜈  𝑗  


     𝑓  𝑠   =    1  𝑚     Í    𝑗  =  1   𝑚     𝑓  𝑠    ¹  𝑗  º   


   ¹        E      𝜋  𝑖    »    𝑓  𝑠    ¹  𝑗  º    ¼    º  𝑗  


         E      𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1 


         E      𝑠  ∼    ^^03  𝑇         »    Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹        E      𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   ¼  


         E      𝜈  𝑗          E      𝜋  𝑖    »    𝑓  𝑠    ¹  𝑗  º    ¼  =  1 


         E      𝜋  𝑖        »    𝑓  𝑠    ¹  𝑗  º    ¼  


   »  0  ,    1    𝑝  *    ¼ 


     1    𝑝  *   


   ‖  ⋅    ‖  𝜓  


     ‖        E      𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  ‖         𝜓  


     ‖        E      𝑠  ∼    ^^03  𝑇       Í    𝑖  =  1   𝐾     𝑝  𝑖       ¹        E      𝜋  𝑖    »    𝑓  𝑠     ¼  2   −  1  º   ‖         𝜓  


   𝜇  =    𝜇  0  


   ¹    𝜇  𝑡     º    𝑡  ∈    Ú    ¾  0     


       E    »    𝑍  𝑡   |    𝜇  𝑡   ¼  =  0 


   m  ¹    𝜇  𝑡   º 


   ¹    𝐶  𝑡     º    𝑡  ¾  0   


   ¹    𝜇  𝑡     º    𝑡  ¾  0   


     𝜇  0   =  𝜇 


     ^^06  𝑡   =    ¯  0  𝑡     𝐶  𝑠  2           d  𝑠 


     𝑦  𝑡   =    ¯  0  𝑡     𝐶  𝑠  2   m  ¹    𝜇  𝑠   º        d  𝑠  Ï    𝐶  𝑠           d    𝐵  𝑠  


   𝑡    ¶    𝑇 


     𝐾  𝑡   ∈  »  0  ,  1  ¼ 


   𝜑 


   0    ¶      𝐾  𝑡   <  1 


   ¹    𝐶  𝑡     º    𝑡  ¾  0   


   𝑇  ,  𝐾  >  0 


   𝜇  =      E      𝜇  𝜏  


     𝑒    −  𝑇  𝐾   


   𝜏  =  𝑇 


     𝜇  𝜏  


   1  −    𝜂  1   −    𝜂  2  


     𝑃    𝑥  →  𝑦    =      E        »        𝜇  𝑇   ¹  𝑥  º    𝜇  𝑇   ¹  𝑦  º       𝜇  0   ¹  𝑥  º    ¼  


   ¹    𝑒    −  𝑇  𝐾    ,  𝛿    𝑒    𝑇  𝐾    º 


     ℰ  𝑃   ¹  𝑓  ,  𝑓  º  =      E           Var       𝜇  𝑇    »  𝑓  ¼ 


   1  −    𝑒    −  𝑐    𝑁    1  �  5     


     𝛿  𝑁   =  𝑂  ¹    𝑁    −  4  �  5    º 


     𝑇  𝑁   =     ¹    𝑁    1  �  5    º 


   𝑐  ,  𝐾 


   𝑇  >  0 


   1  −    𝑒    −  𝑐    𝑁    1  �  5     


     𝜇  0   =    𝜇    𝐻  𝑁   


   0    ¶    𝑡    ¶    𝑇 


   1  −    𝑒    −  𝑐  𝑁   


   ¹  𝑐  ,    𝑒    −  𝑐  𝑁    º 


         d    𝜇  𝑡   ¹  𝜎  º  ∝    𝑒      𝐻    𝑁  ,  𝑇    ¹  𝜎  º              d  𝜎 


     𝐻    𝑁  ,  𝑇    ¹  𝜎  º  =    𝐻  𝑁   ¹  𝜎  º  Ï  ⟨  y  ,  𝜎  ⟩ 


   U  ∈    Ò    𝑁  ×  ¹  𝑁  −  1  º   


     y  b   =    𝑁   y  �  ‖  y  ‖ 


     𝑁  


     𝜎  y   ¹  𝜌  º  :    Ò    𝑁  −  1    →    𝑆  𝑁   ¹  y  º 


     𝑆  𝑁   ¹  y  º 


     y  b   Ï  U    Ò    𝑁  −  1   


     y  b  


   U 


     𝜀  0   =  0  .  1 


   𝐴  =  {  𝜌  ∈    Ò    𝑁  −  1    :  ‖  𝜌    ‖  2     ¶      𝜀  0   𝑁  } 


     𝐴  ′     B      𝜎  y   ¹  𝐴  º 


   𝜈 


     𝜎  y  


     𝜌   PI    =     ¹  1  º 


   ¹    𝜌   PI    ,    𝑒    −  𝑐  𝑁    º 


   𝑓  :    𝑆  𝑁   →  Ò 


     𝑓  e   :    Ò    𝑁  −  1    →  Ò 


     𝑓  e   =  𝑓  ∘    𝜎  y  


     𝑑   TV        ¹    𝜇  𝑇   ,  ¹    𝜇  𝑇     º    |    𝐴  ′     º   =    𝑒    −  𝑐  𝑁   


     𝑑   TV        ¹  𝜈  ,    𝜈    |  𝐴    º   =    𝑒    −  𝑐  𝑁   


    osc   ¹    𝑓  e   º  ¶     osc   ¹  𝑓  º 


     𝐽    𝜎  y   


   ‖    𝐽    𝜎  y      ‖   op      ¶    1 


   𝜌  ∈    Ò    𝑁  −  1   


     𝜇   pl   


   x  ∈    𝑆  𝑁  


     𝜇   null   


     𝜇   pl    ¹    𝐻  𝑁   º 


   ¹    𝑀    ¹  𝑝  º      º    𝑝  ¾  2   


   𝜇  ¹  x  =  𝜎  |  ¹    𝑀    ¹  𝑝  º    º  º  ∝   exp       ¹      𝐻  𝑁   ¹  𝜎  º   º  


   ¹    𝐻  𝑁   ,  x  º 


     𝜇   null    ¹    𝐻  𝑁   º 


     ℰ  𝑁  


     𝜇   null    ¹    ℰ  𝑁   º  →  0 


     𝜇   pl    ¹    ℰ  𝑁   º  →  0 


        Pr         ¹  ℰ  º   →  0 


         d    𝜇    𝐻    𝑁  ,  2     ¹  𝜎  º  ∝   exp       ¹    −    1  2   ⟨  𝜎  ,  ¹  𝛾     Id   𝑁   −  𝐴  º  𝜎  ⟩   º           d  𝜌  ¹  𝜎  º 


   ¹  𝛾     Id   𝑁   −  𝐴    º    −  1   


   x  ∼    𝑆  𝑁  


       𝐻  e   𝑁   ∼    𝜇   null   


   ¹  x  ,    𝐻  𝑁   º 


   x  |    𝐻  𝑁  


   ¹    𝐻  𝑁   ,  𝜎  º 


   𝜎  ∼    𝜇    𝐻  𝑁   


   𝑞  ∈  ¹  0  ,  1  º 


     𝐻    𝑁  ,  𝑡    ¹  𝜎  º 


     𝐻  𝑁   ∼    𝜇   pl    ¹  ⋅  |  x  º 


   g  ∼  𝒩  ¹  0  ,     Id   𝑁   º 


   𝒯 


   {  𝑖  𝑇  �  𝛿  :  1    ¶    𝑖    ¶    1  �  𝛿  ,  𝑖  ∈  Ú  } 


   𝛿  =    𝑁    −   100    


   𝑡  ∈  »  0  ,  ∞  º 


   »  0  ,  1  º 


     ℰ  𝜄  


     m   TAP   


     𝒮  𝜄  


        Pr         »      ℰ  𝜄   ‾   ¼     ¶      𝑒    −  𝑐  𝑁   


        Pr         »    ℰ  ‾   ¼     ¶      𝑒    −  𝑐  𝑁   


   𝑋  =  1      »    ‖           Cov     ¹    𝜇    𝐻    𝑁  ,  𝑡     º    ‖                Cov     ¹    𝜇    𝐻    𝑁  ,  𝑡     º     op      ¾    𝐾  ∧    ℰ  𝜄   ¼  


   m  ∈    𝒮  𝜄  


     𝐻   TAP    ∼    𝜇     TAP   ,  x  ,  m   


         ¹    𝐻   TAP    ¹  𝜎  º  º     𝜎  ∈    𝑆  𝑁    


         ¹    𝐻   TAP    ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏  º  º     𝜏  ∈    𝑆    𝑁  −  2     


     𝐻    𝑎  ,  𝑏   


     𝐻   TAP        ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏  º  


     𝐻    𝑎  ,  𝑏    ¹  𝜏  º  Ï    𝑁   ⋅    𝑔    𝑎  ,  𝑏    Ï        E      𝜇   TAP       𝐻   TAP        ¹    𝑁   ⋅  𝑣  ¹  𝑎  ,  𝑏  º  Ï    𝑟    𝑎  ,  𝑏    𝑄  𝜏  º  


     𝑔    𝑎  ,  𝑏   


   𝑉  ¹  𝑎  ,  𝑏  º 


     𝜉    𝑎  ,  𝑏   ′   ¹  0  º  ¶      𝑁    −  4  �  5   


   ‖  𝑣  ¹  𝑎  ,  𝑏  º    ‖  2   =    𝑞  m         ¹  1  Ï    𝑎    𝑁    º   2   Ï  𝑂      ¹        𝑎  2   Ï    𝑏  2    𝑁   º  


     𝜉  𝑡  ′  


     𝑟    𝑎  ,  𝑏   2     ¶    1 


     𝜉    𝑎  ,  𝑏   ′   ¹  0  º  =  𝑂  ¹        𝑎  2   Ï    𝑏  2    𝑁   º 


   ¹    𝜉    𝑎  ,  𝑏      º    ∼  1   


   𝜀  =  𝜀  ¹  𝜉  º 


     𝜉    ′  ′    ¹  𝑞  º  ¶        1  −  𝜀     ¹  1  −  𝑞    º  2    


   𝑞  ∈  »  0  ,  1  º 


   𝑐  =  𝑐  ¹  𝜀  º 


   𝐶  =  𝐶  ¹  𝜀  º 


     ∇  2     𝐻  𝑁   ¹  0  º  ⪯  ¹  1  Ï    𝜉    ′  ′    ¹  0  º  −    𝜀  2   �  8  º    𝐼  𝑁  


   |    ^^01    𝑎  ,  𝑏    |  ¶    1 


     ℰ  𝜄  


          Pr       ¹  𝑎  ,  𝑏  º  ∼  𝜈    »  ¹  𝑎  ,  𝑏  º  ∈  𝑇  ¼  ¶      𝑒    −  𝑐    𝑁    1  �  5     


       E        𝑍  b     𝑎  ,  𝑏    =    𝑒    𝑁    𝜉    𝑎  ,  𝑏    ¹  1  º  �  2   


         E    b  


   1  −    𝑒    −  𝑐    𝑁    1  �  5    �  2   


   |     Error     0  ,  0     ¹  1  º    |  =  𝑂  ¹  1  º 


   |     Error     0  ,  0     ¹  2  º    |  ¶      𝑁    1  �   10    


     𝑇  ′   =  {  ¹  𝑎  ,  𝑏  º  :  |  𝑎  |  ,  |  𝑏  |  ¶      𝑁    −   10     } 


   𝑋 


     Ò  2  


   |  𝑎  |  ,  |  𝑏  |  ¶    2    𝑁  


     𝐻    𝑁  ,  ∼  2   


     ℰ   good   


   𝑋    ¶    𝑡 


    log         E      𝑍  𝑁   =  𝑁  𝜉  ¹  1  º  �  2 


             E       𝑍  𝑁      𝑍  𝑁      ¶      𝑒      1  2   ¹  𝑡  Ï    1  𝑐   º   


   𝑡  =    1  𝑐   Ï        1  𝑐      log       1  𝑝    


   𝑞  =  0 


     𝜆   max    ¹  𝑀  º  ¶    2  Ï    𝜀  2   �  8 


         𝜉    ′  ′    ¹  0  º    �  2 


   𝑢  =  0 


   𝛾  ∈  »    𝛾  0   −    𝑁    −  1  �  2    ,    𝛾  0   Ï    𝑁    −  1  �  2    ¼ 


         d    𝜌   sc    ¹  𝑥  º  =    1    2  𝜋    1  »  |  𝑥  |  ¶    2  ¼      4  −    𝑥  2               d  𝑥 


   𝑘  ∈  »  2  ¼ 


   𝑀  ∼   GOE   ¹  𝑁  º 


   𝑓  :  Ò  →  Ò 


     𝐺    ¹  𝑘  º    ¹    𝛾  0   º  =    𝑁    −  1    ⋅   Tr       𝑓  𝑘   ¹  𝑀  º 


   1  Ï    𝜉    ′  ′    ¹  0  º  −  2        𝜉    ′  ′    ¹  0  º    𝑥    ¾      𝜀  2   �  8 


   𝑥    ¶    2  Ï    𝜀  2   �  8 


       𝑓  e   𝑘  


     𝜆   max    ¹  𝑀  º  ¶    2  Ï    𝜀  2   �  8 


    Tr       𝑓  𝑘   ¹  𝑀  º  =   Tr         𝑓  e   𝑘   ¹  𝑀  º 


     𝑀    𝑖  ,  𝑖    =      2  �  𝑁      𝑍    𝑖  ,  𝑖   


     𝑀    𝑖  ,  𝑗    =      1  �  𝑁      𝑍    𝑖  ,  𝑗   


    Tr         𝑓  e   𝑘   ¹  𝑀  º 


   ¹    𝑍    𝑖  ,  𝑗      º    1  ¶  𝑖  ¶  𝑗  ¶  𝑁   


   𝐶  =    𝑂  𝜀   ¹  1  º 


   𝑡  =  1  �  ¹  𝐶    𝑁   º 


     𝐿  1   =  0 


     𝐿  2   =    2    1  −    𝜉    ′  ′    ¹  0  º   


     𝐺    ¹  3  º    ¹  𝛾  º  =    𝑂  𝜀   ¹  1  º 


       𝑓  e   0   ¹  𝑥  º  =    𝑓  0   ¹   min   ¹  𝑥  ,  2  Ï    𝜀  2   �  8  º  º 


    Tr       𝑓  0   ¹  𝑀  º  =   Tr         𝑓  e   0   ¹  𝑀  º 


    Tr         𝑓  e   0   ¹  𝑀  º 


   𝑋  =   Tr         𝑓  e   0   ¹  𝑀  º  −  𝑁    𝐿  0   =   Tr         𝑓  e   0   ¹  𝑀  º  −  𝑁    𝜉    ′  ′    ¹  0  º  �  2 


     𝐺  ′   ¹    𝛾  *   º  =  0 


     𝜉    ′  ′    ¹    𝛾  0   º  �    𝜉    ′  ′    ¹    𝛾  *   º  =  1  Ï  𝑂  ¹    𝑁    −  1  �  3    º 


   |  ^^01  |  ¶      3      𝐶  2   𝜀   


   𝜎  ,    𝜎  1   ,    𝜎  2   ∼    𝜇    𝐻    𝑁  ,  2    


   𝑊  =  ⟨  𝜎  ,    𝑣  𝑖   ⟩ 


   𝑖  ∈  »  𝑁  ¼ 


   𝑊  =  ⟨    𝜎  1   ,    𝜎  2   ⟩  �    𝑁  


   ‖  ⟨  𝜎    𝜎  ⊤     ⟩  2     ‖   op      ¶    𝐶 


   1  −    𝑁    −  1  �   15    


   𝑐  >  0 


   𝜏  ∼  ⟨  ⋅    ⟩  2  


   1  −    𝑒    −  𝑐    𝑁    2  �  5     


   𝜎  ∈  𝑇 


   𝜉  ¹  1  º  �  2  −    𝜉    ′  ′    ¹  0  º  �  4  =    𝜉    ∼  2    ¹  1  º  �  2 


   𝜎  ∈    𝑇  e   ¹    𝐻    𝑁  ,  ∼  2    ,  𝑐  �  2  º 


     𝑇  e  


   𝑐  �  2 


   𝑇  ⊆    𝑇  e   ¹    𝐻    𝑁  ,  ∼  2    ,  𝑐  �  2  º 


   1  −    𝑒    −  𝑐    𝑁    1  �  5    �  4   


     𝑋  2  


         E      ∼  2      𝑋  1  


     𝑋  1  


   𝜎  ∈    𝑆  𝑁  


         E      ∼  2    »    𝑒      𝐻    𝑁  ,  ∼  2    ¹  𝜎  º    ¼  =    𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2   


     𝑋  2     ¶      𝑒    −  𝑐    𝑁    1  �  5    �  2          E      ∼  2      𝑋  1  


     𝜎  1   ,    𝜎  2   ∼    𝜇    𝐻    𝑁  ,  2    


   |  𝑅  |  ¶      𝑁    −  2  �  5   


         E      ∼  2    »    𝑌  1   ¼  ¶  ¹  1  Ï  𝑂  ¹    𝑁    −  1  �  5    º  º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º   


         E      ∼  2    »    𝑋  1  2   ¼  ¶  ¹  1  Ï  𝑂  ¹    𝑁    −  1  �  5    º  º    𝑒    𝑁    𝜉    ∼  2    ¹  1  º   


   1  −    𝑁    −  1  �   15     �  2 


     𝑍    𝑁  ,  2   2  


     𝑌  2   Ï    𝑌  3  


     𝑌  2  


         E      ∼  2    »    𝑌  2   ¼  ¶      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  −  𝑐    𝑁    1  �  5     


   1  −    𝑒    −  𝑐       log   2     𝑁   


     𝜎  𝑖  1  


     𝜎  𝑖  2  


   𝑂  ¹    𝑁    −  1  �  2    º 


   |    𝜎  𝑖  1   |  ≍  |    𝜎  𝑖  2   |  ≍    1 


   |  𝑅  |  ≍      𝑁    −  1  �  2   


     𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º   


     𝑌    𝑖  ,  𝑖     ¹  1  º    Ï    𝑌    𝑖  ,  𝑖     ¹  2  º   


   |    𝑅    ∼  𝑖    | 


   2    𝑁    −  1  �  2       log     𝑁 


     𝑌    𝑖  ,  𝑖     ¹  2  º   


   |  𝑅  |  ¶    3    𝑁    −  2  �  5   


   |    𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º    −  1  |  ¶    1 


     𝑌    𝑖  ,  𝑖     ¹  1  º   


   |  𝑅  |  ¶    3    𝑁    −  1  �  2       log     𝑁 


     𝜉    ∼  2   


   ¹    𝜎  𝑖  1   ,  −    𝜎  𝑖  1   º 


   ¹    𝜎  𝑖  2   ,  −    𝜎  𝑖  2   º 


   ¹    𝑅    ∼  𝑖    ,  −    𝑅    ∼  𝑖    º 


   𝑘  ∈  {  2  ,  4  ,  6  } 


     𝑌    𝑖  ,  𝑖     ¹  1  º      ¶    𝐶  ¹  𝑁    𝛾  1  4   Ï    𝑁    −  1    º 


     𝜎  𝑖  1     𝜎  𝑗  1     𝜎  𝑖  2     𝜎  𝑗  2  


   ¹    𝜎  𝑖  1     º  2   ¹    𝜎  𝑖  2     º  2  


     𝑌    𝑖  ,  𝑗     ¹  1  º    Ï    𝑌    𝑖  ,  𝑗     ¹  2  º   


     𝑌    𝑖  ,  𝑗     ¹  2  º   


   𝑁  |    𝜉    ∼  2    ¹  𝑅  º  |  =  𝑂  ¹    𝑁    −  1  �  5    º 


     𝑒    𝑁    𝜉    ∼  2    ¹  𝑅  º      ¶    2 


     𝑌    𝑖  ,  𝑗     ¹  1  º   


     ^^01  𝑖   =    𝜎  𝑖  1     𝜎  𝑖  2   �  𝑁 


     ^^01  𝑗   =    𝜎  𝑗  1     𝜎  𝑗  2   �  𝑁 


   ¹    𝜎  𝑗  1   ,  −    𝜎  𝑗  1   º 


   |    𝑅    ∼  𝑖  ,  𝑗    ±    ^^01  𝑖   ±    ^^01  𝑗   |  ¶    3    𝑁    −  1  �  2       log     𝑁 


      sup       |  𝑥  |   ¶  3    𝑁    −  1  �  2       log     𝑁      𝜅  ¹  𝑥  º  ¶    2 


   |    ^^01  𝑖   |  ,  |    ^^01  𝑗   |  ¶      𝑁    −  1         log   2     𝑁 


     𝑠  𝑖   ,    𝑠  𝑗   ∈  {  ±  1  } 


     𝑒    𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º      ¶    2 


     𝜉    ∼  2   ′  


     𝜉    ∼  2     ′  ′   


   𝑘  ∈  {  0  ,  2  ,  4  } 


     𝑌    𝑖  ,  𝑗     ¹  4  º      ¶    𝐶  ¹    𝛾  1  4   Ï    𝑁    −  2    º 


     𝑌    𝑖  ,  𝑗     ¹  3  º   


   |  𝑁    𝜉    ∼  2    ¹    𝑅    ∼  𝑖  ,  𝑗    º  |  =  𝑂  ¹    𝑁    −  3  �   10        log     𝑁  º 


   ¹    𝑅    ∼  𝑖  ,  𝑗    ,  −    𝑅    ∼  𝑖  ,  𝑗    º 


     𝑅    ∼  𝑖  ,  𝑗   


     𝑅    ∼  𝑖  ,  𝑗   2  


     𝑅  2  


   2  �  3 


     Í    𝑖  ,  𝑗  =  1   𝑁       𝑋  e     𝑖  ,  𝑗   2     ¶    9  𝐶  ¹    𝑁  2     𝛾  1  4   Ï  1  º 


   1  −  𝑂  ¹    𝑁    −  1  �   15     º 


     𝐹  1   ¹  g  º  ¾      𝐵  2   ¹  1  Ï    𝛾  1  2   𝑁  º 


       𝑍  𝑁       𝑍    𝑁  ,  2      𝑒    𝑁    𝜉    ∼  2    ¹  1  º  �  2        ¾      𝑒    −  1  �  2   


     𝐹  1   ¹  g  º  ¾    0 


   0    ¶    𝑝    ¶       log   2     𝑁 


   |  𝑅  ¹    𝜎  1   ,    𝜎  2   º  |  ¾      𝑁    −  2  �  5   


   𝑝    ¶       log   2     𝑁 


   𝑂  ¹    𝑁    3  𝑝  �  5    º 


     𝐹  e  


   𝐹  ¹  g  º  ¾      𝐵  2   ¹  1  Ï    𝛾  1  2   𝑁  º 


     𝐹  e   ¹  g  º  =  𝐹  ¹  g  º 


       E      𝐹  e   ¹  g  º  ¾      𝐵  4   ¹  1  Ï    𝛾  1  2   𝑁  º 


     𝐹  1   ¹  g  º 


    log       𝑍  𝑁  


     ‖      r  g     𝐹  1   ¹  g  º   ‖     ®  ¹  1  Ï    𝛾  1  2   𝑁  º    𝑁    −  1  �   10    


     𝐹  2   ¹  g  º 


     ‖    ⟨  𝜎    𝜎  ⊤   ⟩   ‖          op    =  ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩ 


     ‖  𝑢  ‖         2   =  1 


   𝑣  ∈    Ò    𝑁  𝑝   


     ‖  𝑣  ‖         2   =  1 


   ⟨  𝑣  ,    r    g  𝑝    ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩  ⟩ 


   ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟨  𝑣  ,    𝜎    ⊗  𝑝    ⟩  ⟩ 


   𝑞  =  1  Ï   log     𝑁 


     𝑞  ′   =  1  Ï    1     log     𝑁   


     ⟨  ⟨  𝑢  ,  𝜎    ⟩  2   ⟩     ¶    𝑂  ¹  1  Ï    𝛾  1  2   𝑁  º 


   𝑝  𝑞    ¶    𝑂  ¹   log     𝑁  º 


   𝑂      ¹  ¹  1  Ï    𝛾  1  2   𝑁  º    𝑁    3  𝑝  �   10     º  


   𝑂  ¹  1  Ï    𝛾  1  2   𝑁  º 


     ‖      r  g     𝐹  2   ¹  g  º   ‖     ®  ¹  1  Ï    𝛾  1  2   𝑁  º    𝑁    −  1  �   10    


       {  ±  1  }   𝑛  


   ¹  𝑎  ,  𝑏  º  ↦  →      𝑎  𝑏     𝑎  Ï  𝑏   


   𝑎  ,  𝑏  >  0 


    sup       ‖    r  𝑓   ‖         2  


     ℰ  𝜋   ¹  𝑓  ,  𝑓  º  =        E      x  ∼  𝜋          E      y    ∼  𝑃   x    ¹  𝑓  ¹  x  º  −  𝑓  ¹  y  º    º  2  


         E      y    ∼  𝑃   𝑥    ¹  𝑓  ¹  𝑥  º  −  𝑓  ¹  y  º    º  2   ¶     osc   ¹  𝑓    º  2  


     ℰ    𝜋  ′    ¹  𝑓  ,  𝑓  º  ¾      ℰ  𝜋   ¹  𝑓  ,  𝑓  º  −  𝛿  ⋅   osc   ¹  𝑓    º  2  


          Var     𝜋   »  𝑓  ¼  ¾           Var       𝜋  ′    −  𝛿  ⋅   osc   ¹  𝑓    º  2  


     𝑃    𝐾  ¹  𝜋  º   


     𝐶   MLSI    =      1  −  2    𝜋   min        log       ¹  1  �    𝜋   min    −  1  º    


     ℰ    𝑃    𝐾  ¹  𝜋  º     ¹  𝑓  ,  𝑓  º  =         Var     𝜋   »  𝑓  ¼ 


   4  ℰ  ¹  𝑓  ,  𝑓  º  ¶    ℰ  ¹    𝑓  2   ,   log       𝑓  2   º 


   4  ¹    𝑢   −    𝑣     º  2   ¶  ¹  𝑢  −  𝑣  º   log       𝑢  𝑣  


   𝑢  ,  𝑣 


   𝑢  ,  𝑣  ,  𝑚  ∈    Ò  𝑁  


     𝐻   TAP    ¹  𝜎  º 


     𝐻    𝑁  ,  𝑡    ¹  𝜎  º  |  x  ,  r    ℱ   TAP    ¹  m  º  =  0 


     𝐻    𝑁  ,  𝑡    ¹  𝜎  º  =  𝑁    𝜉  𝑡       ¹  𝑅  ¹  x  ,  𝜎  º  º   Ï    𝐻  e   ¹  𝜎  º 


     𝐻  e   ¹  𝜎  º 


   r    ℱ   TAP    ¹  m  º  =  0 


       𝐻  e    TAP    ¹  𝜎  º  =    𝐻  e   ¹  𝜎  º  |  x  ,  r    ℱ   TAP    ¹  m  º  =  0 


       𝐻  e    TAP    ¹  𝜎  º 


   𝑈    B      {      ⟨  r    𝐻  e   ¹  m  º  ,  𝑢  ⟩   :  𝑢  ∈    Ò  𝑁   }  


   r    𝐻  e   ¹  m  º 


   𝑣  ¹  𝜎  º 


   𝑢  ∈    𝑆  𝑁  


   𝑣  ¹  𝜎  º  =  𝛼  𝜎  Ï  𝛽  m 


     𝐻  b   ¹  𝜎  º 


     𝐻  e   ¹  𝜎  º  −      ⟨  r    𝐻  e   ¹  m  º  ,  𝑣  ¹  𝜎  º  ⟩  
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Chapter 1

Introduction

Modern science is powered by efficient sampling algorithms which infer models of nature
through observations. Such sampling methods were instrumental in confirming the exis-
tence of gravitational waves [AAA*16], determining key cosmological constants [A*20],
reconstructing phylogenetic trees [RHO3], and much more. But why have these algorithms
been so successful? Even after decades of intense study, we do not have theory which
explains why these algorithms work so well in practice. My research aims to bridge this
theory-practice gap in sampling.

My work focuses on the canonical family of sampling algorithms known as Markov
chain Monte Carlo (MCMC). MCMC is typically analyzed by establishing rapid mixing to the
stationary distribution from worst-case initializations. However, in many practical settings,
rapid worst-case mixing completely fails to explain MCMC'’s success. This thesis builds
general tools and frameworks to surmount these challenges in MCMC theory. Namely:

¢ MCMC Before Mixing. In inference settings, MCMC is often plagued by exponen-
tially slow worst-case mixing. To overcome this challenge, in Chapter 2 (adapted
from [LMR*24]), we introduce the notion of a locally stationary distribution. These
distributions can be reached in polynomial time by any reversible Markov chain, and
are akin to a first-order stationary point in optimization.

Using this idea, we prove the first efficient guarantees for MCMC in slow-mixing
inference and optimization on sparse graphs. In Chapter 3 (adapted from [RW25]),
we prove that MCMC performs as well as message passing algorithms for the spiked
Wigner inference problem [DKMZ11]. These ideas have subsequently been applied
in areas as diverse as LLM reasoning algorithms [RSS*25] and quantum Gibbs sam-
pling [BCV25].

¢ MCMC Beyond Worst-Case Mixing. Practitioners have a wide array of tricks to



speed up MCMC convergence, such as simulated annealing [KGJV83], which attempts
to enable sampling in regimes where worst-case mixing provably fails.

In Chapter 4 (adapted from [HMRW25]), we propose a general framework to prove
efficient guarantees for simulated annealing and other average-case initializations. Us-
ing this framework, we prove that despite slow worst-case mixing, simulated anneal-
ing mixes within a large portion of the high-temperature regime for the spherical spin
glass. Our work nearly resolves a decades-old conjecture in statistical physics [CHS93].

Beyond inference, this thesis studies the data we use to train large language models
(LLMs). LLMs generalize best when trained on expert human data, but such data can be
expensive or downright impossible to obtain. This thesis aims to develop and understand
new synthetic data approaches to overcome these challenges through a mix of theory and
practice. In particular:

* Weak to Strong Generalization. Burns et al. [BIK™23] empirically find that strong
student LLMs can learn from systematically biased data generated by weaker teacher
LLMs, a phenomenon they term weak-to-strong generalization. In Chapter 5 (adapted
from [WS25]), we give a theoretical explanation of weak-to-strong generalization
based on the techniques of benign overfitting. Such understanding may provide a
promising lever toward scalable methods for training future LLMs and ensuring their
safety.

* Self-Correction. How can we teach LLMs to reason and explore new ideas in
an efficient manner? To make progress on this question, in Chapter 6 (adapted
from [WKSR25]), we empirically explore an approach to directly teach reasoning
LLMs to self-correct by sampling targeted synthetic training data. We find that such
methods fail due to the crucial distribution shift that renders the data off-policy.

We now give a high level overview of these two parts of the thesis, as well as open questions.

1.1 Sampling

The classical approach to proving the success of MCMC is to establish rapid convergence, or
mixing, to the stationary distribution from any initial distribution, i.e. rapid worst-case mixing.
MCMC mixing theory has been extensively studied across several disciplines—including
probability theory, geometry, theoretical computer science, and physics [HLW06, BGL*14,
LPW17]. Recently, there has been an explosion of progress in proving worst-case mixing
time bounds based on the powerful frameworks of spectral independence [ALOG21] and
localization schemes [CE22]. However, even this new theory cannot hope to fully explain the



success of MCMC at inference, precisely because these posterior distributions suffer from
slow worst-case mixing. In certain scenarios, successfully sampling from these distributions
would even imply NP = RP [GSV15]. This raises the following fundamental question:

Can we develop a theory of MCMC which explains its empirical success without
resorting to worst-case mixing theory?

The study of metastability, i.e. what happens to the dynamics of MCMC before mixing, was
initiated by Kramers [Kra40] over fifty years ago to answer this question; see also [FW98,
BDH16] for later developments. It has since been used to explain the behavior of chemical
reactions, ferromagnets, and spin glasses. Understanding the long-term behavior of MCMC
before mixing therefore also sheds light on the physical world. However, characterizing
metastability is often quite challenging, as it requires precise problem-specific control that
remains out of reach for many problems of interest. Might there be an alternative notion of
metastability which can be analyzed using softer techniques?

Locally stationary distributions

To overcome the challenges posed by previous notions of metastability, in Chapter 2, we
introduce the notion of a locally stationary distribution. Drawing inspiration from the theory
of optimization, we define a locally stationary distribution as the sampling analog of a first-
order stationary point in optimization. Indeed, under standard smoothness assumptions,
gradient descent always reaches a first-order stationary point. We prove an analogous
property for MCMC: any time-reversible Markov chain on a reasonable state space quickly
reaches a locally stationary distribution.

Our framework can be leveraged to analyze MCMC for inference and optimization.
Using it, we prove the success of MCMC in inference settings which have exponentially
slow mixing times or complexity-theoretic barriers to sampling. In Chapter 2, we make
nontrivial progress toward a long-standing physics prediction that MCMC achieves optimal
performance on the stochastic block model [DKMZ11], a canonical inference model for com-
munity detection in large scale social networks. We show that MCMC nontrivially recovers
the hidden communities in the stochastic block model, despite having an exponentially
long mixing time. Building upon this framework, in Chapter 3, we characterize the optimal
performance of MCMC in the related spiked Wigner model, a fundamental inference model
for low-rank matrix recovery and PCA. We characterize MCMC in all parts of the phase
diagram, by showing that MCMC approximates message passing algorithms such as Ap-
proximate Message Passing (AMP), which is known to have Bayes-optimal performance. Our
techniques reveal a generic correspondence between MCMC on spiked matrix inference
problems and an effective scalar state evolution which characterizes AMP.



Average-case mixing and simulated annealing

Even if the goal is to efficiently sample from the target distribution, worst-case mixing need
not reflect the complexity of the sampling. In many applications, one might expect MCMC
to converge from a suitable warm start, even if it gets stuck from worst-case initializations.
Simulated annealing is a ubiquitous meta-heuristic that constructs a sequence of distributions
pi,...,pr, and attempts to sample from p;;; using MCMC warm started from the previous
output for p;. Despite widespread use in scientific simulations and optimization, provable
guarantees for efficient simulated annealing are few and far between. Moreover, previous
approaches to the analysis of warm-start mixing tend to be ad hoc or difficult to apply to
problems of interest.

In Chapter 4, we introduce a unified framework to bound the average-case mixing
time from warm starts. Moreover, we prove that these warm starts can be achieved using
simple simulated annealing or data-based initializations. To do so, we generalize previous
frameworks based on stochastic localization [CE22] which bound worst-case mixing times,
to establish certain relaxed functional inequalities which bound average-case mixing times.

We apply our framework to achieve state-of-the art guarantees for sampling from
various distributions that are more representative of real-life data that is highly multimodal
and complex. In Chapter 4, we give the first provable guarantees that simulated annealing
efficiently samples from the spherical p-spin glass, in a regime which resolves (up to constant
factors) the conjectured sampleable regime [CHS93]. Notably, we establish average-case
mixing from warm starts in temperature regimes far beyond where worst-case mixing is
provably slow due to metastability.

In real life, one sometimes also has access to data sampled from the distribution of
interest. This paves the way for data-driven samplers such as data-based initializations for
MCMC and denoising diffusion [HJA20], which is another form of simulated annealing.
Indeed, in Chapter 4 we also prove that running simple MCMC algorithms using a data-
based initialization succeeds at sampling highly multimodal mixture distributions, despite
strong lower bounds against worst-case MCMC sampling in the same setting.

Future Directions

On the inference side, Chapter 3 makes progress toward understanding the optimality of
MCMC for inference by connecting MCMC to message passing for spiked matrix models
using the notion of locally stationary distributions. Locally stationary distributions might
be useful towards establishing a universal connection between MCMC and message passing
for broader classes of inference problems:



The success of MCMC for high-dimensional statistical inference can be reduced to the
success of message passing algorithms.

Another significant hurdle for closing the gap between MCMC practice and theory is
that, despite significant advances in the toolkit for proving MCMC mixing bounds, the
concrete theorems we can prove rely on rather technical problem-specific calculations.
Furthermore, the Markov chains studied in theory do not fully capture the design choices
that practitioners make; such as transition kernels and Markov chains that are learned
from data. As a starting point, we can study these questions in a setting where predictions
abound: statistical physics.

A theory of MCMC for statistical physics models. MCMC is often used as a way to
simulate the time evolution of physical systems. One particularly salient class of physical
models are the spin glass models from statistical physics, which were introduced to study
the physical properties of disordered, glassy systems. Physicists have developed several
nonrigorous methods for predicting the mixing behavior of MCMC. Generally speaking,
physicists believe that a spin glass is tractable to sample from if and only if the temperature
is above the shattering transition.

This prediction is a perfect testbed for the theory of average-case mixing: spin glasses
often exhibit metastability above the shattering transition, so worst-case mixing cannot
hope to answer these questions. In Chapter 4, we establish this within a constant factor of
the shattering transition for the spherical spin glass. Perhaps ambitiously, one might aim
to prove the following:

Simulated annealing efficiently samples from all spin glasses above their shattering
transition.

Turning now to the question of generalizing the applicability of MCMC theory to prac-
tical Markov chains, one step in this direction is to connect standard simulated annealing
MCMC to so-called denoising diffusion [HJA20] and flow-matching models. Denoising
diffusion is the backbone of the modern image generation models such as Stable Diffusion
and DALL-E. Notably, denoising diffusion can be viewed as a form of annealed Langevin
dynamics with Gaussian annealing.

Moreover, for the spherical spin glass, the simulated annealing algorithm in Chapter 4
matches the exact temperature threshold achieved by diffusion-based algorithms [HMP24].
This is not a coincidence: at a high level, the smoothness guarantees required to prove that
denoising diffusion succeeds are closely related to the covariance bounds required to prove
rapid mixing. This leads to the following bold question about the optimality of simulated
annealing as a sampling algorithm.



Is temperature-based simulated annealing optimal for spin glasses and real-life distri-
butions more broadly? Can we reduce the success of simulated annealing to that of
denoising diffusion?

There may be a deeper connection at play here, which may lead to further insights.

1.2 Synthetic Data in Machine Learning

Modern LLMs like ChatGPT are first pretrained on huge amounts of unlabeled data and
then finetuned on human-labeled data [RWC*19]. In practice, obtaining high-quality
labeled examples is often prohibitively expensive or impossible. An appealing alternative
is to generate synthetic labeled data for finetuning, but an understanding of why and how
such methods generally work is lacking.

Weak-to-strong (W2S) generalization [BIK*23] refers to the learning setting where a
strong student model is finetuned on labels synthetically generated by a low-quality teacher
model with biased predictions. They observed that W2S generalization occurs for a variety
of learning tasks, but offer no explanation as to why. In Chapter 5, we offer a theoretical
explanation for W2S generalization: it occurs when the strong model’s representations of
the concept are strong enough to distill the weak signal from the bias in the labels. The
proof builds on Wu and Sahai [WS24], which proved sharp transitions for the generalization
of finetuning for multiclass classification.

In Chapter 6, we propose to generate synthetic data to teach LLMs to recognize and
correct their own mistakes for reasoning tasks. We accomplish this by inserting synthetic
errors in a chain of thought (CoT), along with an error recognition and correction step. We
find that, although the models learn to correct against the synthetic errors, they struggle to
reliably self-correct. We find that how closely the synthetic errors match the true on-policy
errors essentially determines whether the model is able to recover.

Future Directions

The current paradigm in eliciting strong LLM reasoning performance is to fine-tune mod-
els using reinforcement learning (RL). A central question in this area is whether such
procedures genuinely discover new knowledge, or whether they simply amplify existing
capabilities. One exciting recent work uses MCMC to sample from an annealed version
of the LLM’s output distribution to simulate the effects of RL fine-tuning [KD25] without
any actual training. I believe that marrying the field of sampling with LLM fine-tuning
will lead to useful methods with theoretical grounding. For example, can we cast these
reasoning tasks as mixing from a warm start provided by the base model? If so, can we



then design sampling algorithms that surpass the reasoning performance of RL fine-tuning
with theoretical guarantees?

To push this idea further, one can look towards the in-context learning (ICL) capabilities
of LLMs, where LLMs generalize from examples provided in the prompt. ICL can be
thought of as an alternate form of fine-tuning, which leads to a natural question:

Does our understanding of weak-to-strong generalization extend from fine-tuning to
ICL?

It would be interesting to give theoretical foundations for W2S training through ICL. More
speculatively, if we model the base LLM itself as weak, and the current context as weak
instructions, then perhaps we could use this to explain how reasoning can elicit genuinely
new capabilities.



Part 1

Sampling



Foreword

The modern sampler wields a vast array of algorithms and tricks in their toolkit to apply
to the sampling problem at hand. Chief among these methods is the canonical family
of sampling algorithms known as Markov chain Monte Carlo (MCMC), and the ensuing
chapters are dedicated towards understanding its widespread success. In MCMC, one
fixes a target distribution u to sample from, and designs a Markov chain whose stationary
distribution is precisely . We will focus on MCMC'’s particular instantiations in Glauber
dynamics [Gla63] and Langevin dynamics [Lan08], two canonical Markov chains that first
arose in physics to study the so-called Ising model and Brownian motion, respectively.

In Chapter 2, we will introduce the framework of locally stationary distributions, which can
explain the success of Glauber dynamics at various statistical inference problems despite
Glauber’s exponentially large worst-case mixing times. The capstone result in this chapter
is proving the success of Glauber for the so-called spiked Wigner inference problem—a toy
model of low-rank matrix recovery used as a testbed to study phase transitions for the last
two decades [BAPO5].

Building upon this result, in Chapter 3 we uncover a surprising connection between
Glauber dynamics and Approximate Message Passing (AMP) which fully characterizes
the recovery performance of Glauber. We conjecture that such a connection ought to hold
more broadly as a potential mechanism that explains Glauber’s widespread success in
statistical inference.

Finally, in Chapter 4, we explore the sampling success of Langevin dynamics even
when worst-case mixing fails. We introduce a framework for proving relaxed functional
inequalities which guarantee the mixing success of Langevin (and Glauber) from various
warm starts, produced by computationally feasible strategies such as simulated annealing.
Using this, we prove warm-start mixing for the spherical spin glass [CHS93] within a
constant factor of the conjectured temperature threshold.



Chapter 2

Locally Stationary Distributions: MCMC
Before Mixing

2.1 Introduction

Markov chains are a fundamental algorithmic primitive that are widely applied towards
sampling and counting tasks. There is a rich body of literature devoted to understand-
ing worst-case mixing times of Markov chains, i.e., the number of steps required for the
distribution of the chain to approach its stationary measure started from an arbitrary
initialization. For some highlights in this area, see, e.g., the contents and references
in [MT06, Dia09, BGJM11, BGL*14, LPW17].

Unfortunately, many natural Markov chains fail to mix rapidly from worst-case initializa-
tions, in that it takes a super-polynomial number of steps to reach stationarity. Structurally,
this is due to the presence of cuts in the state space with very small conductance. Often,
slow mixing is inevitable since sampling from the stationary measure is known to be com-
putationally hard (say NP-hard); see, e.g., [Sly10, SS14, GV16]. Nevertheless, it has been
empirically observed that certain simple and local Markov chains like Glauber dynamics
succeed at optimization and inference tasks even when they are not known to mix, such as
finding satisfying assignments to SAT formulas [SKC94, BIL*16], and clustering stochastic
block models [MS12, GBP19]. This suggests that local Markov chains like Glauber dynam-
ics can have algorithmic applications, even if they fail to mix rapidly, which raises our main
line of inquiry.

Question 2.1.1. What is the long-term behavior of Markov chains that do not mix rapidly? How
can slow-mixing Markov chains be harnessed for optimization and inference?

To lay out the motivation, it is useful to draw an analogy to continuous optimization.

10



Gradient descent, the canonical algorithm in optimization, converges efficiently to a global
minimum if the objective function and parameter space is convex. However, non-convex
objective functions and parameter spaces come up often both in theory and practice, and
finding global minima can even be provably intractable. On the other hand, gradient descent
can be shown to always converge quickly to a local minimum, or more precisely, a first-
order stationary point. Moreover, these local minima are useful in practice, and can admit
non-trivial theoretical guarantees. See [Nes18] for a comprehensive coverage of analyzing
gradient-based optimization methods, and see, e.g., [G]Z17, BLLT20, JT20, JNG*21] and
the references therein for non-trivial theoretical guarantees on local minima of gradient
descent in the context of machine learning.

Analogously, in the context of sampling, certain random walks can be shown to mix
rapidly to their stationary measures. However, other random walks can also be shown
to mix slowly from worst-case initializations; these are akin to the “hard” nonconvex
optimization problems. Despite this, one can show that any Markov chain satisfying fairly
generic conditions converges to analogs of local minima that we term locally stationary
distributions (see Definition 2.1.2). Intuitively, a locally stationary distribution corresponds
to the stationary measure conditioned on a subset of states that are sparsely connected to
the rest of the state space under the Markov chain.

This raises the question of whether these locally stationary measures obey theoretical
guarantees that are useful for solving problems in optimization or inference.

Locally stationary distributions

Let P be the transition matrix of a time-reversible Markov chain on a state space €2, where
P[x, y] denotes the transition probability from x to y. Let 7 be a stationary distribution
w.rt. P.

Analogous to local minima in optimization, a locally stationary measure v is one started
at which the Markov chain P remains nearly stationary, i.e., makes little progress. We will
use the KL divergence to the stationary distribution, denoted KL(v || 1), as a measure of
progress. This leads to the following definition of an e-locally stationary measure.

Definition 2.1.2. A probability measure v on Q) with density f relative to 7 is said to be
e-locally stationary with respect to P if

NS

8(f 0w )= 3 Y 0Pl y)- () - ) Toe L
x,y€Q
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The Dirichlet form E(f,log f) measures the rate at which the Markov chain progresses
towards the stationary distribution. In particular, for a continuous-time version of the

Markov chain P, if v; denotes the measure at time ¢, we have the following well-known

fact [BT06]:
d
KL I ) = ~&(fi, log fr)-
As an immediate consequence, we observe that the Markov chain is typically on ¢-locally

stationary measures over time. Formally, we have the following claim.

Theorem 2.1.3.  Fix a time-reversible Markov chain P with a stationary measure 1, any starting
distribution vo, and €,6 > 0. Let T = 0_18 -log ( 1 ) Then, for a time t ~ [0, T] chosen uniformly

Tlmin

at random, the distribution v at time t is e-locally stationary with respect to P with probability at
least 1 — 0.

The main conceptual contribution of our work is the following meta-principle for
showing that locally stationary distributions solve optimization and inference problems.

Prove that sampling from the true stationary distribution solves the optimization or
inference problem of interest, and additionally, does so for “local” reasons.

This principle is best illustrated by discussing our algorithmic applications of locally
stationary distributions.

Independent sets in triangle-free graphs. It is easy to see that any graph G on n vertices
with degree bounded by d has an independent set of size 725, a bound which is tight for the
union of (d + 1)-sized cliques. Ajtai, Komlds, and Szemerédi [AKS80] showed that when G
is triangle-free, the size of the maximum independent set guaranteed to exist increases to

Q (n : 1°§ d ) Shearer [She83] gave an alternate proof which pins down the leading constant

to 1 — 04(1) and relaxes the assumption of bounded maximum degree to bounded average
degree.

It is also well-known that a uniformly random independent set in a triangle-free graph
of maximum degree d has expected size at least Q(n . %) ; see, e.g., [AS16, Proposition
1, Page 272]. Hence, it is natural to wonder whether Glauber dynamics with respect to the
uniform measure over independent sets finds such a large independent set. From a given

independent set I C V, the transitions of Glauber dynamics can be described as follows:
1. Sample a uniformly random vertex v € V.

2. If I U {v} is an independent set, then go to I’ = I U {v} with probability 1/2 and
I’ =1\ {v} with probability 1/2.
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3. If I U {v} is not an independent set, go to I’ = I \ {v} with probability 1.

Notably, this Markov chain requires exp(€(1)) steps to mix [MWW(07] as soon as d > 6.
In fact, the problem of sampling a uniformly random independent set on a graph of
maximum degree d becomes NP-hard [Sly10, SS14] in this regime, even if triangle-freeness
is assumed [GSV15].

Despite these hardness results for the corresponding sampling problems, we show

that the above Markov chain can be used to find independent sets of size Q(n . 1o§d) in

triangle-free graphs of maximum degree bounded by d. Specifically, we show the following
result.

Theorem 2.1.4. Let G be a triangle-free graph on n vertices with maximum degree bounded by d.

Let I be an independent set in G that arises from Glauber dynamics run for O (nd?) time. Then the

expected size of I is at least 1—05(1) N 1O§d-

Remark 2.1.5. In fact, one can prove that Glauber dynamics at “fugacity” @ finds an

independent set of size (1 — 04(1)) - n - logd by combining our proof method with that

of [DJPR18].

As mentioned before, we know that the expected size of a uniformly random inde-
pendent set satisfies the above lower bound. However, the Glauber dynamics chain does
not mix rapidly, and hence does not produce samples from the truly uniform distribution.
Instead, it samples from a locally stationary distribution with respect to the Markov chain.
Our key insight is that the same proof also goes through for an independent set sampled
from a locally stationary distribution with respect to Glauber dynamics.

To give a sense of how local stationarity is used, we briefly discuss the proof. The proof

from [AS16] that the expected size of a uniformly random independent set Q(n . logd)

argues that for any vertex v, and for any pinning x,n () of the independent set outside v
and its neighbors, either:

¢ the uniform distribution conditioned on the pinning chooses v with probability

logd
> =55, or

* it chooses 2 log d neighbors of v in expectation.

Thus, each vertex can be charged () (%) vertices on average in the independent set.

Observe that the above sketch of the argument goes through even if the distribution is not
truly uniform but merely has conditional marginals matching the uniform distribution,
which is a property we can show holds for locally stationary distributions (Lemma 2.3.5).
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Using similar arguments, one can establish that given a triangle-free graph with max-
imum degree d, Glauber dynamics run for poly(n) many steps on the antiferromagnetic

Ising model on G with inverse temperature % recovers a cut of relative size 3 + Q (%)

Weak recovery in spiked models. Beyond independent sets, we also study the perfor-
mance of Glauber dynamics for statistical inference tasks. Consider the central class of
Bayesian models for principal component analysis (PCA) known as spiked random matrix
models, which consist of a matrix M € R"*" given by

M= A o'+ W.

7 7 1
signal signal noise
strength

The general algorithmic question is to approximately recover the signal (a unit vector v)
under appropriate assumptions about the noise (W) and the signal strength (1). More
precisely:

Problem 2.1.6 (Weak recovery in spiked matrix models). For a unit norm signal vector
v € R", signal strength A € R, and noise matrix W € R"", given M = A - 0o + W, give an
efficient algorithm to extract a unit norm estimate v such that (v, v) > Q(1).

In the situation where W is a Wigner matrix, this model, known as the spiked Wigner
model, has been a subject of extensive study. The work of [BAP05] determined that once A >
1, a spectral algorithm based on computing the top eigenvector succeeds at weak recovery.
There is a fairly large body of work on the spiked Wigner model, towards characterizing
optimal estimation error, efficient algorithms and its generalizations to rank larger than
one [DMK*16, DAM17, EAK18, LM17, Mio17, BM19, MV21]. When the prior distribution

n

over v is the uniform distribution over {i#} and S$"7!, there are efficient algorithms

that even achieve the maximum information-theoretically achievable correlation [(v, 7)|,
based on approximate message passing [FMM21, CFM23], and algorithmic stochastic
localization [MW23].

In the case where the prior distribution is on the hypercube, given the matrix M, this
posterior is described by an Ising model: a probability distribution pigy over {+1}" defined
by the following proportionality relation for a suitably chosen g > 0:

ugm(x) oc exp(3(x, BMx)) for all x € {+1}".

Sampling from the above posterior distribution is desirable as it achieves the maximum
information-theoretically achievable correlation. The canonical algorithm for sampling is
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to run the Glauber dynamics Markov chain, but unfortunately, provable guarantees for
Glauber dynamics are currently lacking. Thus, a natural question en route is: does Glauber
dynamics for the Ising model ugpn weakly recover the signal in polynomial-time?

We make progress towards answering this question affirmatively in this work by show-
ing that Glauber dynamics at a slightly higher temperature than the posterior distribution
succeeds for a broad family of settings.

Formally, we show the following result:

n
Theorem 2.1.7. Let W be a matrix withkx < W <1—-x,and v € {i%} . Let P denote the

kernel of the Glauber dynamics chain with stationary distribution pwivy7, and X an arbitrary
point on {£1}". There exists a large enough constant A > 0 such that for T = ©(n®), and for
t ~ [0, T], with probability 1 — o(1) we have:

By-pio, [0, )] > (e exp( ) = o(1)) - Vit

A natural approach to recover the signal v from the matrix M is the spectral method,
which amounts to computing (even approximately) the eigenvector corresponding to the
largest eigenvalue for the matrix M. At a high-level, the above theorem demonstrates that
Glauber dynamics can simulate the spectral method in certain regimes. We further expect
Glauber to achieve weak recovery when run for T = n'*°() steps, but we leave this open as
a direction for future improvement.

Remark 2.1.8. The above model of choice captures several commonly considered models
of study in the algorithms and complexity of statistical inference, such as the spiked Wigner
model [BAPO5], and random/planted 2XOR (see, e.g., [AOW15] and the references within).

Remark 2.1.9. In the Rademacher spiked Wigner model, where W ~ GOE(n) and v ~

n
{i%} , the posterior has the form

Pr[v|M] « exp (—g ||M - /\UUT” 12:) oC exp (%1 . UTMU) .

The above is an Ising model, and suggests Glauber dynamics as a natural algorithm for
weak recover. We note that the Ising model we shall analyze will be a higher temperature

version of the above, that is, a distribution with density proportional to exp (%n -0'M U) for
some § < A (as opposed to the “correct” value A). Interestingly, such recovery guarantees
were not previously known, even if one information theoretically samples from the higher

temperature Ising model.
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Stochastic block model. Another case of interest is one where the Ising model M arises
from a stochastic block model. To describe this result, we first begin by defining the
two-community stochastic block model.

Definition 2.1.10 (2-community stochastic block model). Let d, A € R be fixed parameters
such that A2 < d. The distribution SBM(n, d, A) is defined over pairs (0, G) € {£1}" X
{0, 1}"" generated as follows.

Let 0 € {+1}" be a signal vector drawn uniformly at random (i.e. the prior is uniform).
Given o, we draw a random graph G by including an edge between 1, v € [n] independently

with probability ﬂ—‘/ﬁ if o(u) = o(v), and with probability d‘g—\/ﬁ otherwise.

In a general stochastic block model, the signal vector o can be over a larger finite
alphabet [g], and the probability of including an edge between u,v € [n] is an arbitrary
function of (1), o(v). In this work, we will use the term stochastic block model (SBM) to
refer exclusively to the special case of two communities as defined above.

Remark 2.1.11. The 2-community stochastic block model can be viewed as a special case of
a spiked matrix model where M is a highly sparse matrix. Due to the sparsity of M, this
spiked matrix model falls outside the scope of Theorem 2.1.7, as the “noise” part fails to
satisfy the spectral bound.

The weak recovery problem for stochastic block model is that of recovering a labelling
o given the graph G such that ¢ has non-trivial correlation with the true signal . More
precisely, an algorithm for weak recovery is required to find a ¢ such that %KE, o) = Q).

Starting with the work of Decelle, Krzakala, Moore, & Zdeborova [DKMZ11] that
posited broad conjectures about these models, an extensive body of work has emerged over
the past decade. For the case of 2 communities, [DKMZ11] posited that weak-recovery is
possible if and only if the signal strength A? > 1. This coincides with the Kesten—Stigum
threshold, a threshold for broadcast processes on trees studied in the works of Kesten and
Stigum [KS66, KS67]. The works of Mossel, Neeman, & Sly [MNS18] and Massoulié [Mas14]
confirmed the algorithmic side, namely that weak recovery can be solved efficiently above
the KS threshold with a spectral algorithm, while [MNS15] showed impossibility below
the threshold. We refer the reader to the survey of Abbe [Abb17] for a detailed treatment
of the literature on community detection.

We show that Glauber dynamics succeeds at weak recovery when the signal strength is
a constant factor above the Kesten-Stigum threshold.

Theorem 2.1.12.  There exist constants Ay, 5, ¢ > 0 such that for all A satisfying |A| > Ao, for
(6, G) ~ SBM(n,d, A), with probability 1 — o(1) over the randomness of (o, G), the following
holds.
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Let P denote the kernel of Glauber dynamics with stationary distribution u g ( ) and x
Vi

Ag-4117
an arbitrary point on {+1}". For T = ©(n®*°W), and for t ~ [0, T|, with probability 1 — o(1),
we have:

Ey pts, [[(x, )] > cn.

Remark 2.1.13. Similar to Remark 2.1.9, the posterior distribution ¢|G to solve the recovery
problem in the stochastic block model is an Ising model (see, e.g., [Moo17, Eq. (7)]):

(1+0i0j)/2
n

Pr[o|G] « 1_[ — %

ij€E(G)

(d N /\\/E)(1+6iaj)/2 |

1_ d+/\‘/ﬁ
d-AVd )

z'je{E(G)(

For large d, the Ising model that we analyze is approximately equal to a higher temperature
version of the above true posterior.

Although spectral algorithms for weak recovery were already known in all the cases
listed above, understanding the power of Glauber dynamics is interesting in its own right.
It is arguably a more natural algorithm than spectral methods in the context of a Bayesian
estimation problem like stochastic block models. In particular, Glauber dynamics remains
locally consistent with the underlying probabilistic model at every vertex. On the other
hand, a spectral algorithm that computes the top eigenvector maximizes a global objective,
while crudely approximating the local features of the probabilistic model.

Finally, our analysis for spiked models establishes a direct correspondence between
locally stationary measures for Glauber dynamics and fixed points of a Markov chain over
the one-dimensional real line R (related to the restricted Gaussian dynamics Markov chain).
This correspondence may pave the way for a much tighter analysis to establish that Glauber
dynamics achieves information theoretically optimal recovery in some of these models. To
elucidate further on this correspondence, we will give a brief technical overview here.

Technical overview

In Section 2.3, we derive a few basic properties of locally-stationary measures. This is
followed by the result on independent sets presented in Section 2.4 as a warmup.

In this technical overview, we will focus on the inference problem in spiked matrix
models. For a matrix M € R™" and a vector h € R", we will use up;, to denote the
distribution over {+1}" defined as

L, n(x) oc exp(3(x, Mx) + (I, x)),
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and v to denote the distribution p 0.
Consider the stationary measure py; for a spiked matrix M = Avo ™ + W. We outline
the proofs of Theorems 2.1.7 and 2.1.12 here, which consist of two parts.

* First, we show that locally stationary distributions with respect to Glauber dynamics
over {£1}" are also locally stationary with respect to the restricted Gaussian dynamics
Markov chain.

* Next, we show that samples from locally stationary distributions for RGD achieve
weak recovery.

Let us first recall the definitions of Glauber dynamics and Restricted Gaussian dynamics
for Ising models.

Definition 2.1.14 (Glauber dynamics). Glauber dynamics with respect to a distribution 7t
over {+1}" is a Markov chain on {+1}", where a transition from x is given by the following:

¢ Sample index i uniformly from [n].

. i .
* Transition to x* with probability — ( o) and stay at x otherwise. Here, x®' denotes

x with the ith bit flipped.

The following definition follows the restricted Gaussian dynamics framework of [LST21,
STL20, CE22].

Definition 2.1.15 (Restricted Gaussian dynamics). Consider the joint random variable
(x, z) where x ~ up, and z|x = (A{v, x) + VAg) - v for g ~ N(0,1). Restricted Gaussian
dynamics (RGD) is a Markov chain on {+1}" where for any x, the transition to x” is sampled
as follows:

e Sample z|x.
e Sample x’|z.

Remark 2.1.16. By definition, the above Markov chains are ergodic and reversible with
respect to w and s respectively, and so asymptotically converge to them as their stationary
distributions.

Remark 2.1.17. We should think of z|x as being a noisy surrogate for how well x correlates
with the hidden direction .
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Informally, we prove the following correspondence between locally stationary distri-
butions for Glauber dynamics and locally stationary distributions for RGD. In fact, this
correspondence is a consequence of a more generic statement; refer to Lemma 2.3.7 for
details.

Lemma 2.1.18 (Informal version of Lemma 2.3.7). Let v be a distribution over {+1}" that is
e-locally stationary under Glauber dynamics for up;. Suppose for every z € R, Glauber dynamics
for the distribution of x|z is “well-expanding”, and log yM—l(x) < poly(n) for all x € {£1}", then v
is € - poly(n)-locally stationary under restricted Gaussian dynamics.

To conclude that v is locally stationary under restricted Gaussian dynamics, it suffices
to verify the structural properties of uy. The lower bound on the minimum probability
follows from upper and lower bounds on the values that the Hamiltonian can achieve. To
show that Glauber dynamics for x|z is well-expanding, we must investigate the structure
of this distribution further. A simple calculation reveals that the distribution of x|z is, in
fact, the Ising model pw .. In the setting of Theorem 2.1.7, where the spectral diameter
of W is bounded by 1, prior works [BB19, EKZ22, AJK*21a, CE22] prove that uw,, always
satisfies a “modified log-Sobolev inequality” (our relevant notion of “well-expanding”).
In the setting of Theorem 2.1.12, where W is a centered stochastic block model, a similar
result is proved in a companion paper [LMRW24].

Remark 2.1.19. This decomposition of py; into a mixture of other Ising models is well-

known in the literature by the name Hubbard—Stratonovich transformation [Hub59]; see
also [KLR22].

In summary, we showed if v is locally stationary with respect to Glauber dynamics,
then it is also locally stationary for the RGD chain

x — z|x — x'|z.

Thus, it suffices to prove that E,.,[(x, v)| is bounded away from 0 for any distribution v
that is locally stationary for RGD. The two ingredients that go into proving this are:

* A generic principle that says: if v is locally stationary for a Markov chain P, then for
any bounded function f, |Ex~, f(x) — Ex-p, f (x)| is small (Corollary 2.3.3).

o [f the correlation of a distribution v is too close to 0, then a single step of RGD causes
a significant boost in correlation, which means v cannot be locally stationary. In
particular, for f(x) = [(x,v)|, if Ex~, f(x) is too close to 0, then E,.p, f (x) — Ex~, f(x)
is nontrivially large, which means any locally stationary distribution v must achieve
large correlation.

See Section 2.5 for the details of this argument.
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Related work

Motivated by statistical physics, the phenomenon of metastability of random walks has been
extensively studied. We refer the reader to the monograph by Bovier & Hollander [BDH16]
for related literature. The notion of metastability in [BDH16] appears to be a slightly stricter
notion than local stability, and thus does not generically hold for all reversible Markov
chains.

In the context of sampling distributions over a continuous domain, Balasubramanian,
Chewi, Erdogdu, Salim & Zhang [BCE*22] showed that the Langevin Monte Carlo al-
gorithm always outputs a sample from a distribution whose relative Fisher information
is small. This is the continuous sampling analog of convergence of gradient descent to
approximate first-order stationary points. Building on these ideas, Cheng, Wang, Zhang &
Zhu [CWZZ24] study the notion of conditional mixing for Langevin and Glauber dynamics
and apply it to efficiently sample from Gaussian mixtures.

Our analysis of Glauber dynamics borrows ideas from a recent line of works on sampling
from Ising models. Glauber dynamics for an Ising model defined by a matrix M was shown
to mix quickly if eigenvalues of M lie within an interval of length 1 [AJK*21a, EKZ22]. This
is sharp, as evidenced by the Curie-Weiss model M = gllT. Stronger evidence for hardness
of sampling beyond this spectral criterion was recently provided by Kunisky [Kun23],
based on a reduction to a certain statistical hypothesis testing problem. Koehler, Lee &
Risteski [KLR22] devised more sophisticated algorithms based on simulated tempering
and variational inference to sample from Ising models when they have constantly many
eigenvalues outside an interval of length 1.

Besides the question of fast mixing and metastability, the problem of how well MCMC-
based algorithms perform for optimization and inference tasks was recently studied in
several works. Chen, Mossel & Zadik [CMZ23] proved that when initialized at the empty
set, natural Metropolis chains on cliques fail to find cliques of sublinear size in polynomial
time, even if such a clique is planted inside the Erd6s-Rényi random graph G(n, 1/2). This
is despite there being an abundance of algorithms which can recover a planted clique of
size down to O (V). Nevertheless, MCMC-based algorithms were redeemed in a more
recent work of Gheissari, Jagannath & Xu [G]JX23] using a more carefully designed chain
and initialization. In a recent work, Sellke [Sel24b] proved that low-temperature Langevin
dynamics achieves the conjectured computational threshold for optimizing pure spherical
spin glass models.
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Open problems

We conclude with several open directions, which we believe may be amenable to the
framework of locally stationary distributions.

Bayesian inference via MCMC. First, there is the direction of pushing our results further
in the setting of SBM. To set the scene, let 7t(x) o« exp(H(x)) be the true posterior for SBM,
where H(x) is the SBM Hamiltonian (see Remark 2.1.13 for an explicit formula). It is
well known that optimal recovery is achieved information theoretically by sampling from
7 (see, e.g., [Mool7, Section 4]). However, it takes exponential time to mix to 7 from a
worst-case initialization. On the other hand, in Theorem 2.1.12, we achieve weak recovery
by running Glauber dynamics on the density 7i5(x) o exp (ﬁH (x)) for some (constant) 3
strictly smaller than 1. It is natural to investigate whether a sampling algorithm based on
simulated annealing, i.e. running Glauber dynamics by varying the temperature over time,
can succeed at sampling from 7. Our main result can be viewed as a modest step in this
direction, as we show that running the chain for poly(n) steps at a mismatched temperature
already gives a warm start for correlation.

Problem 2.1.20 (Optimal recovery for stochastic block model). Can an instance of simulated
annealing sample from 7?

Computationally optimal inference. The k-community stochastic block model is known
to undergo an information-computation gap when k > 5 (see, e.g., [AS16]). Specifically,
for every k > 5, there exists a choice of degree d and signal-to-noise ratio A for which
weak recovery is information-theoretically possible, but likely impossible for efficient
algorithms [HS17]. This gap admits the construction of SBM instances where weak recov-
ery is tractable, but information-theoretically optimal recovery is intractable to efficient
algorithms.

Example 2.1.21. Consider a 10-community block model obtained by taking two disjoint
5-community block model graphs, and planting a sparse bisection between them. The
planted bisection should be sparse enough so it is clearly detectable to efficient algorithms.
However, the parameters d and A for the 5-community models are chosen to be in the
intractable regime. An information-theoretically optimal algorithm achieves weak recovery
within each 5-community model. At the same time, algorithms for the 2-community block
model achieve weak recovery in the 10-community model, since they can find the planted
bisection, and correctly classify vertices as belonging to either {1, 2,3, 4,5} or {6, 7,8, 9, 10}.

In settings such as the above, information-theoretically optimal inference is hard, but
weak recovery is still tractable. This motivates the study of computationally optimal inference
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algorithms: algorithms that achieve the best guarantees possible in polynomial time. For
such problems, the Glauber dynamics chain must necessarily fail to mix rapidly to the
posterior distribution, but perhaps the locally stationary distribution it samples from can
achieve the computationally optimal recovery guarantees?

Problem 2.1.22 (Computationally optimal inference). Is (annealed) Glauber dynamics a
computationally optimal algorithm for the k-community SBM and, more generally, for
random CSPs with planted solutions?

Metastable states. Local stationarity is a generic property of any time-reversible Markov
chain, so a priori there is no reason to expect that a locally stationary distribution v has
any nice properties. For example, if we run the Markov chain for T steps, Theorem 2.1.3
guarantees an ¢e-locally stationary distribution v where ¢ = O(1/T), and the simple random
walk on the n-vertex cycle graph demonstrates that this is tight if T = o(n?). This suggests
the following natural questions. Suppose the stationary distribution 7t is a a Gibbs distri-
bution on {+1}". Under what additional structural assumptions on 7 can we both obtain
¢ = 0(1/T) for sufficiently large T = poly(n) and endow v with a physical or geometric
interpretation?

The notion of metastable states for Gibbs distributions in statistical physics [BDH16]
suggests a conceptual path forward towards this goal. In particular, one might hope to
show that a locally stationary distribution is close to a metastable state, i.e. a conditional
Gibbs distribution restricted to a metastable set of configurations.

Problem 2.1.23 (Metastability). Suppose 7 is a Gibbs distribution which has a metastable
subset S with exponentially small conductance. Let v be the locally-stationary distribution
after running Glauber (or Langevin) dynamics for poly(n) steps with uniform initialization
in S. Is v close to the conditional Gibbs distribution 7ts, e.g., KL(v || ts) = 0(1)?

For a concrete setting, suppose 7t is a spherical spin glass in the shattering regime [EAMS23].
Can one show that in poly(n) time, Langevin dynamics with uniform initialization remains
stuck in the clusters identified there?

Cavity method. The cavity method, and the related replica method, originated in physics to
predict the properties of various Gibbs distributions. Some striking achievements of this
heuristic in producing accurate predictions are the Parisi formula [Par80, Tal06], and the
k-SAT satisfiability threshold [MPZ02, MMZ06, DSS15]. It was also employed in the work
of Decelle, Krazakala, Moore, & Zdeborovd [DKMZ11] to conjecture the Kesten-Stigum
threshold as the computational threshold for SBM.

Of particular interest to us are the works of Coja-Oghlan, Krzakala, Perkins & Zde-
borova [COKPZ17, COP19a, COP19b], that characterize the recovery rate that the optimal
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estimator, namely sampling from the Gibbs distribution, achieves for various planted
constraint satisfaction problems. Their proofs use fairly minimal properties of the Gibbs
distribution. More concretely, for a graph G and an assignment x, let Hg(x) be a Hamilto-
nian, and let 77 be the corresponding Gibbs distribution. Their proofs rely on the following
properties satisfied by Gibbs distributions.

* (Gibbs ratios) For any graph G and any vertex v:

nG(x)
nG\v(x)

o exp(HG(X) - HG\U(X)),

* (Approximate independence) For random G and v, the marginals of the neighbors of
v are approximately independent in 7t ,.

If one can show that a family of locally stationary distributions also satisfy the Gibbs
ratios up to a multiplicative error and approximate independence on a random graph G,
then one could hope to port over the cavity method predictions and their rigorous proofs
in a black-box fashion.

Problem 2.1.24 (Cavity method). Let {VG}Gegraphs be a family of locally stationary distri-
butions where v¢ arises from running the Glauber dynamics for i for time-T initialized
at the uniform distribution. For a random graph G and random vertex v, do v and vg\,
satisfy, up to small error, the Gibbs ratios and approximate independence properties?

Beyond average-case models. Our work proves that Glauber dynamics recovers planted
spikes when the input matrix has a clean “signal + noise” structure. Recently, there has
been a flurry of work on inference in semirandom models; see, e.g., [BKS23, GHKM?23] and
the references within, where it is possible to extract the hidden signal using semidefinite
programming-based algorithms. A natural direction is to investigate whether Glauber
dynamics solves semirandom inference problems.

Problem 2.1.25 (Semirandom models). Does Glauber dynamics succeed at finding solutions
to semirandom planted CSPs, or large cliques in semirandom graphs with planted cliques
as is done in the works of [GHKM23] and [BKS23] respectively?

In a similar vein, semidefinite programming has been phenomenally successful at
solving dense CSPs, and more generally CSPs on graphs with low threshold-rank [BRS11].
A reason to believe that local algorithms perform well is Theorem 2.1.7, where we show
that Glauber dynamics can recover rank-1 spikes in threshold-rank-1 matrices.

Problem 2.1.26 (CSPs on low threshold-rank graphs). Does running Glauber dynamics
give a PTAS for Max Cut on a dense graph?
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2.2 Preliminaries

We begin by setting up some notation.

* Let P be the transition matrix of a time-reversible Markov chain on state space )
with stationary distribution 7, where P[i, j] denotes the transition probability from i
to j. Let Py = exp(—t(I — P)) denote the time-t transition kernel.

e For a distribution v absolutely continuous with respect to 77, we use f(x) := g—;(x) to
refer to its relative density to 7.

¢ We use v; to denote P;v, and we assume that v; is absolutely continuous with respect
to 7t throughout. In particular, we write f;(x) = %(x) to denote its relative density
tom;

e We use m(v) = E,.,x to denote the mean of v.

* We use y ~p x when y is chosen as a random neighbor of x according to transition
probabilities given by P. We drop the subscript P from the ~ when the Markov chain
is clear from context.

Remark 2.2.1. The way to think of the time-f transition kernel P; for a Markov chain with
kernel P on a discrete space is via the process: sample  ~ Poisson(t) and take t steps using
P.

We will require the following simple consequence of the definition of total variation
distance.

Fact 2.2.2. For any pair of distributions v and 1 on Q, and any function f : QO — R, we have

|Evf - Enf| < (fmax - fmin) : dTV(V/ TC)'

Definition 2.2.3 (Dirichlet form). For functions f, ¢ : Q — R, and x, y € Q, the Dirichlet
form of f and g with respect to P is:

1
Ep(f,8) = SBarBypa(f(x) = f(y) - (§(x) = g(w)).-
We drop the P in the subscript when it is clear from context.

Remark 2.2.4. When we use the Glauber dynamics chain for a distribution 7z on a hypercube,
we use &, to denote the corresponding Dirichlet form.
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The Dirichlet form measures the rate at which a Markov chain makes progress towards
the stationary distribution. The following is one way of articulating this notion; see,
e.g., [BT06].

Fact2.2.5. SKL(v; || 1) = —&(fi,10g fi) = —3ExunBy-x (fi(x) - fi(y)) - log ;Ey;

Definition 2.2.6 (Modified log-Sobolev inequality). We say P satisties a modified log-Sobolev
inequality (MLSI) with constant C if for any function f : Q — R,

&p(f,log f) > C - Ent[f].

Here, Ent[ f] := E,[ f log f]—E f logE f is the entropy functional. In particular, parsi(P)
is the best (largest) such constant C.

We will need the following fact concerning the MLSI for product measures; see, e.g., [Goe04,
Lemma 2.5].

Fact 2.2.7 (MLSI for product measures). Let 7 be a distribution over {+1}" with independent
coordinates. Then pysi(m) > 1/n.

Finally, we need the following lemma showing that an MLSI implies concentration of
Lipschitz functions, in particular linear forms [Goe04, Theorem 5.1].

Lemma 2.2.8 (MLSI concentration). Let u be an arbitrary distribution over {+1}" such that
puisi () = a. Then, for any function f : {£1}" — R that is 1-Lipschitz, in that | f (x)— f(y)] < 1

if llx =yl < 2, )

Pry., [|f(x) - Euf| > t] < 2exp (—%) .

Remark 2.2.9. It is well known that the KL divergence to the stationary distribution decays
exponentially at a rate dictated by pusi(7) (see [BT06, Theorem 2.4] for more details):

KL(v¢ || m) < KL(vq || 7) - exp (—parsi(n0)t) -

Measure decompositions. Some of the key properties of locally stationary distributions
rely on the notion of a measure decomposition. These can be defined in great generality,
but we will restrict our attention to distributions on subsets of R" for concreteness.
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Definition 2.2.10 (Measure decomposition). Let 7= be a distribution on R". Let p be a
mixture distribution, also on R”, which indexes into a family of mixture components
{m2}zern. We say that (p, 7t;) is a measure decomposition for 7 if

=E; pm;.

One should think of the mixture components 7, as being “simpler” distributions than
the original measure 7. Not all measure decompositions are useful; there is always a trivial
measure decomposition where the mixture p is exactly 7= and the simpler distributions 7,
are just Dirac masses at z.

Associated to each measure decomposition is a natural Markov chain; see, e.g., [CE22,
Definition 6].

Definition 2.2.11 (Markov chain associated to a measure decomposition). Given a measure
decomposition © = E; .7, its associated Markov chain is defined by

x — z|lx — x'|z.

Notably, Glauber dynamics and restricted Gaussian dynamics can both be viewed as the
associated Markov chain to certain measure decompositions. The relevant decomposition
for Glauber dynamics represents 7 as the mixture of its conditional marginals.

Remark 2.2.12. Measure decompositions constructed using stochastic localization have
recently been used to prove functional inequalities for a wide class of Ising models [EKZ22,
CE22, LMRW24]. We will discuss these properties in greater depth in Section 2.5.

Symmetric KL divergence. A useful potential function for us is the symmetric KL diver-
gence.

Definition 2.2.13. For a pair of distributions 7w and v on €, we define their symmetric KL
divergence as:
SKL(7t,v) := KL(v || ®) + KL(7 || v).

Observation 2.2.14. For any m and v, setting f to be the density of v with respect to 7, we

have
fx)
fy|

Observe that the above quantity is the Dirichlet form for the trivial “one-step” Markov
chain with transition matrix 17" with stationary distribution 7, which we shall denote
K(m).

SKL(m, v) = 5 Bayor | (/) ~ Fly) - log
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Lemma 2.2.15. Let v be an arbitrary distribution with density f with respect to 7, and T such that
T > maxyeq log f(x) or T > maxyeq log ﬁ Then, the symmetric KL divergence can be bounded
in terms of the KL divergence as follows.

SKL(7,v) < (6 + 127) - KL(v || ).
Proof. Recall that the Hellinger distance is defined as
1 2
H*(v, m) := 3 E;:g [(Vf(y) - Vf(x)) l :

The symmetric KL divergence may be bounded by the Hellinger distance as follows.

2+ SKL(v, m) = Bxr [(£(y) — £(x)) (1og f(y) ~log f(x))]

-y 00— ot 22 [ 22 o] |

+Ex~n[(f(y) f@®) 1o ;Ey; [%4 ]H

2
To control the first term, we note that for ¢t € [l, 2] ,(t=1)logt <6 (\/? - 1) . Consequently,

v /W [1 2”

B [(f(y) - f®) -log

“F) f()
<o-Byp (V7w V7)1 g <52

< 12H%(v, n).

To control the second term, we first have

Ex~nl(f(y) f(x))-logf(y)-ll?iy;SE[ ]H\TExw“f(y) f(x)]- [;Ey; [ ]H
Furthermore, for t ¢ [1,2], |t — 1] < 6(V - 1)%. Consequently,
sy [ 01 1|22 [ zmwnlw 7 1|7 ¢ 52|

< 12H%(v, n).
Putting this together, we get that
SKL(v, ) < (6 + 127) - H3(v, m).

To complete the proof, we use the well-known fact that H*(v, 1) < KL(v || =) ((HW58], also
see [SV16, Equation (16)]). O
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2.3 Properties of locally stationary distributions

We record some useful properties of locally stationary distributions below.

Random walks yield locally-stationary measures at a typical time. The following is a
generic statement about any time-reversible Markov chain achieving a locally stationary
distribution.

Lemma 2.3.1. For any distribution v, any Markov chain transition kernel P with stationary
distribution 1t and any T > O, for t chosen uniformly at random in [0, T]:

1

—
min . 2. 1
- 1

KL(v || ) < log
T X

E¢[0,11Ep(ft, log fr) <

Proof. By Fact 2.2.5,

0 < KL(vr || )
T
— KL(v || ) - /0 E(fi,log fi) dt

=KL || 1) = T - E¢~j0,11E(f¢, log ft)
=T - E¢qo,11E(ft, log ft).

< log

Tlmin

Rearranging the above gives us the desired statement. ]

A simple consequence of Lemma 2.3.1 and Markov’s inequality is that for most times in
[0, T], v+ is indeed locally stationary.

Theorem 2.1.3. Fix a time-reversible Markov chain P with a stationary measure 1, any starting
1

Tlmin

distribution vo, and €,6 > 0. Let T = & - log ( ) Then, for a time t ~ [0, T] chosen uniformly

at random, the distribution v at time t is e-locally stationary with respect to P with probability at
least 1 — 0.

Stationarity over small time-scales. We will also require the observation that if the
Dirichlet form at a distribution is small, so too is the total variation distance between it and
the distribution obtained after one step of the Markov chain.

Lemma 2.3.2. Let P be a reversible Markov chain with stationary distribution 1, v an arbitrary
distribution, and f its density relative to 7. Then,

Ep(f,log f) > KL(Pv || v) > 2- dry(v, Pv)’.
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Proof. We recall the definition of the Dirichlet form,

ol 106 £) = 3By (F0) - f) o 13
=E zm f(x)log (;E ;) (Reversibility of P)
o (f)
= ny~val g(f( ))

= Ey.y log f(x) - y~Pv log f(]/)

Adding and subtracting a term, we may neatly express the above in terms of KL divergences
as

dPv

Ep(f,log f) = (Ex~v log f(x) — Ey-py log ddirzj(y)) + (Ey~Pv log — (y) y~Pv log f(y))l

= [(KL(v || 7) = KL(Pv || m)) + KL(Pv || v)]
> KL(Pv || v) = 2 dry(Py, v)?

as desired, where the second-to-last inequality follows from the fact that the KL divergence

to the stationary distribution is non-increasing with time, and the last inequality is Pinsker’s.
O

Consequently, averages of bounded functions do not change much after one step of the
Markov chain

Corollary 2.3.3. Let ¢ : QQ — R be a bounded function on the state space of a Markov chain P,
and v be an e-locally stationary measure. Then,

[Exs[¢(x)] = Exepy[0(®)] < lI9]] o - V2e.

Locally stationary measures are close to stationary measures on small neighborhoods.
As their name suggests, locally stationary distributions locally resemble the true stationary
distribution. For example, typical samples from the locally stationary distribution approxi-
mately satisfies the detailed balance condition. Even though we do not explicitly employ
this in any applications, we include it here as it gives the impression of a fundamental
structural property of locally stationary distributions.

Lemma 2.3.4. For an e-locally stationary distribution v with relative density f, and for x ~ v

and y ~ x, with probability at least 1 — 6, we have ;E D — 4 O(\/_) where 6 > 2¢.
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Proof. Since E(f,log f) < ¢,

Ey rnEyx (f(x) - f(y)) -log ;E;; <€
@\ W
Ex~vEy~x(1 f(x)) 1 gf(y) -

Since the random variable at hand is always nonnegative, we can apply Markov’s inequality,
which tells us that with probability at least 1 — o:

- L0 i 280

 fx) fly) ~©
L&)

The claim then follows since the above inequality is violated i W) deviates from 1 by more

than a constant multiple of /. O

Formally, the following can be abstracted out of the proof of Theorem 2.1.4:

Lemma 2.3.5. Let P be a Glauber dynamics chain for a distribution u on {+1}", and let v be an
e-locally stationary measure with respect to P for some ¢ > 0. For a subset of coordinates W C [n],
and an assignment xy; of coordinates outside W, let Py . denote the Glauber dynamics chain of

tlxy. Suppose for every choice of W and xv;, we have pyvsi (Pw,xw) > C, then:

1

ExW~v [dTV (V|xW/ me)] < E : \/E

Corollary 2.3.6. In the setting of Lemma 2.3.5, suppose ¢ : {0, 1}V — R is a bounded function
of xw then,

B [p0w)] > By By on,[60m)] = 5 VE- 9] .

Local stationarity can be transferred under component MLSI. Let © = E..,7; be a
measure decomposition. In this section we prove that if Glauber dynamics is locally
stationary, so too is the Markov chain associated with the measure decomposition, provided
that the mixture components 7, all have a good MLSI constant.

Lemma 2.3.7.  Let P be the Markov chain associated to a measure decomposition 1 = E 7.
Let f : {£1}" — Ry be any function and set T such that minyeq,yn f(x) > exp(=7) or
maxXye(z1)r f (%) < exp(t). For 6 = inf; pnpsi(7tz), we have

En(f,log f) < O(<) - Exlf, log f).
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Proof. We use C,, to denote the hypercube graph on vertex set {+1}" with edge set

having pairs of vertices that differ in a single coordinate. For any nonnegative function f

and distribution 7 with E; f = 1, we use f -7 to denote the distribution v with g—;(x) = f(x).
For any function f satisfying the assumption of the statement, we have

LT ey~ ) log 20

Exlflogf)= ),

o 0 T F ) )
~ 1 E.pmz(x) - Ez-,m2(Y) ' _ . f(x)
B {X,;Cn n Ez~pnz(x) + Ez~pnz(y) (f(x) f(y))l & f(y)
1 nz(x)-nz(y)l_ _ AC)
>a%;ﬂ1EhpLAﬂ+ﬂAw T )

= Ez~p [anz(f/ log f)] .

Above, the inequality follows from the concavity of the function (a, b) — % in the non-
negative quadrant, and all the Dirichlet forms are with respect to the Glauber dynamics
chain.

Continuing the above calculation,

Ez~p[8nz(fr log f)] > Ez~p PMLSI(TCZ) : Enz[f] . KL(% *Tly ” TCZ)]
> Q) % E.-p lEnz [f]- SKL(Ef—f “Tly, nz)] (by Lemma 2.2.15 and MLSI)
) (x) .
=Q . E.p lEx,ywz(f(x) — f(y))log ;(;)l (by Observation 2.2.14)
=02 )en(f, 1o f).
The claim follows. [

The upshot is that we have complete freedom to select the measure decomposition,
provided we can establish an MLSI for the components. This can be useful when it is easier
to directly analyze the consequences of local stationarity for the associated Markov chain
instead of Glauber dynamics.
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2.4 Warmup: Large independent sets in triangle-free
graphs

Observe that any graph G on n vertices with maximum degree d has an independent set of
size #, a bound which is tight for the disjoint union of (d + 1)-sized cliques. Ajtai, Komlés,

and Szemerédi [AKS80] showed that when G is triangle-free, the size of the maximum
logd

independent set increases to Q(n . Shearer [She83] gave an alternate proof that

shows such an independent set exists with a leading constant of 1, even if G merely has
average-degree bounded by d. As a warmup, we prove that Glauber dynamics succeeds at
finding a large independent set in O(nd*) steps.

Theorem 2.1.4. Let G be a triangle-free graph on n vertices with maximum degree bounded by d.

Let I be an independent set in G that arises from Glauber dynamics run for O (nd*) time. Then the

expected size of I is at least = Od(l) n- logd.

To prove Theorem 2.1.4, we will need the following crude bound on the modified
log-Sobolev constant for the uniform distribution over independent sets of a star. A short
proof is provided at the end of this section.

Lemma 2.4.1. Let 7 denote the uniform distribution over independent sets of a star with A many
leaves. Then pysi(t) = exp(—=O(A)).

Remark 2.4.2. The bound can easily be made —=—, but we will not need this here.

poly(A)’
We also leverage the following simple and well-known lemma on the local behavior of
a uniformly random independent set. For completeness, we include a short proof of it at
the end of this section, following the one provided in Alon & Spencer [AS16, Proposition
1, Page 272]. Throughout this section, we write N(v) = {u € V : u ~ v} for the open
neighborhood of v € V, and N[v] = N(v) U {v} for the closed neighborhood.

Lemma 2.4.3. Let G be a triangle-free graph of maximum degree d, and let 1t denote the uniform
measure over independent sets of G. For every vertex v € V, define the following real-valued score
function over {0,1}V:

Po(x) = dxo+ > xu. (22)
ueN(v)
Then for every pinning t € {0, 1IN e have

log d

Ex-n[o(x) | XNl = ] > 5
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The key property of this score function is that it readily yields a lower bound on the
size of an independent set x € {0, 1}V. This follows from the observation that

1 Eooydo(x) < 2d - Z X (2.3)
veV

Note that by averaging over T € {0, 1}N[?] drawn from the marginal distribution of 7
induced on N[v], the conclusion of Lemma 2.4.3 combined with Eq. (2.3) implies that a
uniformly random independent set drawn from 7t has expected size at least § - 7 - lo‘jd. We
observe that the same claim holds even if the distribution over independent sets is merely

locally stationary with respect to Glauber dynamics, rather than being truly uniform.

Proof of Theorem 2.1.4. As discussed above, a direct application of the law of total
expectation combined with Lemma 2.4.3 yields the first claim concerning the expected size
of a uniformly random independent set. We now turn to the second claim. Let T > O be a
parameter to be determined later, and for every 0 < t < T, let v; denote the distribution over
independent sets after running Glauber dynamics for time-t from an arbitrary initialization.
Our goal is to establish the lower bound

logd
ogd _

Et~[0,T]Evt Ev~V¢v(x) > 5

(2.4)

for 0 < € < 04(1), which when combined with Eq. (2.3) immediately implies that the

expected size of the independent set discovered by Glauber dynamics is (1—05(1)) N 1o§ a

For the purpose of analysis, if v is any distribution over independent sets, we shall think of
x ~ v as being sampled in the following alternate way.

1. For a fixed vertex v, sample XNTo] from the marginal distribution induced by v on

N[v]. For each w € N(v) that has a neighbor in the independent set XNop Pin Xu to

0, since it is deterministically equal to 0 in the conditional measure lem.

2. If the number of unpinned vertices at this stage is strictly larger than log d, sample x,
from its corresponding conditional marginal distribution.

3. Let U be the set of remaining unpinned vertices. Sample x; ~ v|x{7.
For any vertex v € V, we have
Ex~v¢v(x) = Eu,xU|va|xﬁ¢v(x)

> EU,XUW En|xﬁ¢v(x) —2d-drvy (V|xﬁl nlxﬁ)]
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log d
> g = 2d - By xpodrv (vIxg, milxg), (2.5)

Note that the random subset of vertices U, as well as the boundary condition xz, are all
drawn from the above process with respect to v, not n. The first inequality follows by
applying Fact 2.2.2 along with 2d-boundedness and nonnegativity of the score function
(. For the second inequality, note that if v € U, then we may invoke Lemma 2.4.3. Now
suppose v ¢ U. If v is pinned 1, then ¢,(x) = d. If v is pinned 0, then by triangle-freeness,
x, = 1 with probability 1/2 independently for all u € U. Since |U| > log d, the lower bound
follows.

In the rest of this argument, we will show that when ¢ ~ [0, T], v is equal to v; and v is
chosen uniformly at random, we can achieve a strong upper bound on

E:E,Ey x_jodTv (vileg, mhxg) -

For the rest of this proof, we shall abbreviate v;|x;; and 7t|x; as v; and 1, respectively.
Furthermore, let f denote the relative density of v; with respect to ’. By Pinsker’s
inequality, we can bound the above by:

EtEvEu,xaw\/KL(V; | 7’) < \/EtEUEu,xUWKL(v; | 7).

We focus our attention on showing an upper bound on the term in the square-root.

—8 , /’1 /
pursi(’) " (1o £7)
< O(d) : EtEvEu,xﬁk)Sn’(ft//lOg ft/)
< 0(d?)- Et8n(ft,log ﬁ)

2y 1
< O(d?) T

EtEv~VEU,xU|vKL(V; ” 7—(,) < EtEvEU,thJ

In the above, the first inequality uses the definition of pnsi(7t”). For the second inequality,
note that almost surely, either G[U] is a star centered at v with at most log d many leaves,
or G[U] consists entirely of isolated vertices due to pinning v. In either case, we have
pmrsi(t’) = Q (%) by appropriately applying Fact 2.2.7 or Lemma 2.4.1. The third inequality
is based on comparing Dirichlet forms. The final inequality is a direct application of
Lemma 2.3.1. Plugging in the above into (2.5) and setting T = O(nd*/¢?), we get Eq. (2.4)
as desired. O

Remark 2.4.4. Using a similar argument, one can establish a similar result for Max-Cut on
triangle-free graphs with maximum degree d. In particular, Glauber dynamics run for
poly(n) many steps on the antiferromagnetic Ising model on G with inverse temperature

1 o foe L 1
wr finds a cut of size 5 +Q(\/E)'
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Proof of Lemma 2.4.3. Let S € N(v) denote the subset of neighbors of v which are not

adjacent to any vertex of the independent set XN = T and write k = |S|. Observe that the

distribution of xx[y] conditioned on x— = 7 is given by choosing the singleton {v} with

probability ﬁ, or a uniformly random subset of S with the remaining probability. Hence,

d k 2F
Brorl@ol) [ xypy = ol = ey * 5 ooy
The above expression is always at least % for any choice of nonnegative integer k. [

Proof of Lemma 2.4.1. By [DSC96, Corollary A.4] and [BTO06, Proposition 3.6], we have

that pyrsi(m) > ﬁ -A(1t), where A(7t) denotes the spectral gap of Glauber dynamics for
og

7, and 7. = miny.q(x)>0 7T(x) = ZA—lﬂ. Hence, it suffices to establish that A(11) > exp(—O(A)).
For this, we appeal to the simple fact that random walk on a connected graph with n
vertices has spectral gap at least 1/poly(n). A comparison of Dirichlet forms between
Glauber dynamics and simple random walk on the n = 22 + 1 many independent sets of G

yields the desired lower bound. O

2.5 Weak recovery in spiked models

In this section, we present our main application: using Glauber dynamics on Ising models
to achieve weak recovery guarantees for spiked matrix models. Let us recall the definition
of an Ising model.

Definition 2.5.1 (Ising model). Let ] € R"™*" be a symmetric interaction matrix and h € R"
an external field. The Ising model corresponding to | and h is the probability distribution
py,n on {+1}", where

1y, n(x) o exp(%xT]x +{h, x}).
We drop the h from the subscript when it is equal to 0.

We now pose the general algorithmic task that we wish to solve using Glauber dynamics
in polynomial time.

Problem 2.5.2. Let W be a symmetric matrix in R”*" and let v be a unit vector in R". For
M =W + AvvT, what is the behavior of Glauber dynamics run for poly(n) many steps
for the Ising model pp? In particular, under what assumptions does Glauber dynamics
recover a vector that is well-correlated with v after poly(n) time?
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Our main results of this section resolves Problem 2.5.2 affirmatively in the following
concrete settings.

e M =W + AvoT, where the spectral diameter of W is at most 1, and v € {i#}”.

e M=Ag - %IIT, the degree-centered adjacency matrix of a sparse stochastic block
model.

In particular, despite a failure to mix to u, Glauber dynamics run for polynomially many
steps still manages to recover nontrivial information about the planted signal v.

n
Theorem 2.1.7. Let W be a matrix withke < W <1-x,andv € {i%} . Let P denote the kernel

of the Glauber dynamics chain with stationary distribution pwxvot, and xo an arbitrary point on
{£1}". There exists a large enough constant A > 0 such that for T = ®(n®), and for t ~ [0,T],
with probability 1 — o(1) we have:

B, [I0x, 00 > (exp(~) = o(1)) - Vit

Similarly, we have the following result for the stochastic block model.

Theorem 2.1.12. There exist constants Ag, , ¢ > 0 such that for all A satisfying |A| > Ao, for
(6,G) ~ SBM(n,d, A), with probability 1 — o(1) over the randomness of (o, G), the following
holds.

Let P denote the kernel of Glauber dynamics with stationary distribution p , ( " dnT)
Na\"CTn

an arbitrary point on {£1}". For T = C:)(n5+od(1)), and for t ~ [0, T], with probability 1 — o(1),
we have:

and xg

Bypis,, [I(x, 0] > cn.

Our strategy to study Glauber dynamics in each of these settings is to relate its behavior
to that of a different Markov chain called restricted Gaussian dynamics, whose definition we
recall below.

Definition 2.5.3 (Restricted Gaussian dynamics). For M = W + Avov?, restricted Gaussian
dynamics (RGD) is a Markov chain on {+1}" where a transition from x to y is given by the
following:

e Sample g ~ N(0, 1) and define z := (A(v, x) + \/Xg) - 0.

¢ Sample y from the Gibbs distribution pw ..
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Note that the above definition specifies the full joint distribution of (x, z), which induces
a measure decomposition py = E;-,uw,.. Further, RGD is the associated Markov chain
for this decomposition.

Remark 2.5.4. Given access to M, but not W and v, it is unclear how to efficiently implement
restricted Gaussian dynamics. For example, for the SBM application, one has v = #0. If
one could compute v (or W), then the recovery task would already be solved. Nevertheless,
in light of Lemma 2.3.7, it is useful for analysis because we can relate its behavior to that of
Glauber dynamics on M.

In Section 2.5, we will introduce some preliminaries on Ising models that will be crucial
in the analysis. Then, in Section 2.5, we show that RGD achieves weak recovery. Finally, in
Section 2.5, we prove the main theorems about weak recovery using Glauber dynamics,
Theorems 2.1.7 and 2.1.12.

Entropic stability and conservation of variance

Recall the definition of a measure decomposition from Section 2.2. In order to prove our
weak recovery result, we will need more structural properties for our decompositions. We
now formalize these requirements.

At a high level, we would like a measure decomposition where the components of the
decomposition 7, “inherit” properties of 7t itself, but are also simpler at the same time.
When the individual components 7, inherit the variance of 77, the mixture is said to satisfy
conservation of variance.

Definition 2.5.5 (Conservation of variance). We say that an Ising model 7w on {+1}" satisfies
conservation of variance for (p, m;) with parameter Cvy,, € [0, 1], if for all functions f :
{£1}" - R, we have

Ez~p[varnz [f]] 2 Cvar - Varn[f]-

Remark 2.5.6. By the law of total variance, for any f : {+1}" — R,

Vary[f] = Ez~p[varnz [f1] + Var[Er_f] > E:-p [Varnz [f]]

The notion of conservation of variance captures mixtures where, loosely, a reverse of the
above inequality is true.
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To control the mean of various Ising models, we will also use another notion, called
entropic stability [CE22]. To introduce it, we need the notion of a tilt. For a measure © on
Q € R" and vector v € R", we define the tilted measure 7,7 on Q by

dTU 7'((.7C) o e<le>
dm(x) '

Definition 2.5.7 (Entropic stability). Let O € R" and ¢ : R” X R" — R;(. For a > 0, we
say that a measure 7t on Q) is a-entropically stable with respect to ¢ if for all v € R",

Eb(m(r]ivn)/ m(n)) < a: KL(T?JT( || T()/
where we recall that m(7t) = Ey.rx. We denote by a g, the best (smallest) such a.

Remark 2.5.8. It turns out that entropic stability can be used to prove the related notion
of conservation of entropy for certain measure decompositions, which in turn implies
conservation of variance; see, e.g., [BT06, Proof of Proposition 3.5]. However, we will not
dwell on this point and refer the interested reader to [CE22].

We now state our special measure decompositions for the two applications. For bounded
spectral diameter W, one can decompose the Ising model into a strongly log-concave
mixture of product distributions; these types of decompositions were studied in [BB19,
CE22]. See [CE22, Section 5.1] for details.

Theorem 2.5.9. Let W be a symmetric matrix with « < W <1 -« and h be an arbitrary external
field. Then there exists a (strongly log-concave) mixture p on R" such that

pw,n = Ezeplpiowz+n]-
Moreover, the following properties hold:
(9) ww,n is L-entropically stable with respect to (x,y) — ||x - y|| 2,
9) Cvar(p, to,wz+n) = exp(=1/x).
(9) For every z in the support of p, pawst (Howz+h) = + - .

Recently, a subset of the authors proved that a similar decomposition exists for an Ising
model associated to the stochastic block model [LMRW24].
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Theorem 2.5.10. Let (6, G) ~ SBM(n,d, A), and let Ag = Ag — E[Ag|o] be the centered
adjacency matrix. There exists some constant > 0, a mixture distribution p on R", and function
g : R" — R" such that for any external field h,

Moo van = Bapltta g(z)n],

where H is an interaction matrix supported on the edges of a forest, with at most one additional
cycle per connected component. Moreover, the following properties hold:

(10) There is a positive constant agy such that u is agnt-entropically stable with respect
P Hgac/Ndn pically P
to (x,y) — ||I[n]\H(x - y)” 2,
(10) Cur (110 v ) > Q1.

(10) For every z in the support of p, pMLSI(yH,g(Z)+h) > m

(10) The number of non-isolated vertices in H is at most yn, where y(d) = 04(1) is a sufficiently
small constant that also shrinks with d. Here, a non-isolated vertex is a vertex with at least
one distinct neighbor.

Remark 2.5.11. We provide pointers for the reader interested in extracting Theorem 2.5.10
from [LMRW24, CE22].

e Theorem 2.5.10 follows from [LMRW24, Theorem 5.2] and [CE22, Lemma 40] (cf.[LMRW24,

Lemma 3.18]).

¢ For Theorem 2.5.10, conservation of entropy follows from [LMRW24, Theorem 5.2,
Lemma 3.18, Lemma 3.29]. This, in turn, implies conservation of variance by the
generic fact that lim._,. Ent[(f + ¢)?] = 2Var[ f] (see e.g., [BT06, Proof of Proposition
3.5]).

e Theorem 2.5.10 is [LMRW24, Theorem 5.1].

e Theorem 2.5.10 follows from [LMRW24, Lemma 6.21].

Restricted Gaussian dynamics achieves weak recovery

In this section we prove versions of Theorems 2.1.7 and 2.1.12 for restricted Gaussian
dynamics—our goal will be to show that if the Dirichlet form with respect to the restricted
Gaussian dynamics Markov chain is small, then it has non-trivial correlation with the
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planted vector v. Since local stationarity with respect to Glauber dynamics transfers over
to local stationarity with respect to RGD (Lemma 2.3.7), this suffices to complete the proof.

Showing that RGD succeeds at correlating with the spike amounts to Lemma 2.5.12,
where we show that for “nice” Ising models, a strong external field applied to the Ising
model shows itself in its mean. In particular, if the field is aligned with v, then the mean is
correlated with v. One can then show that for any distribution v that is locally stationary
with respect to RGD, samples from v must already have good correlation with the planted
v (Lemma 2.5.17).

Lemma 2.5.12. Let W be an interaction matrix such that for any external field h, there is a
decomposition

UW b = Ez~p [#H,gh(z)] ’

where H is an arbitrary interaction matrix supported on the edges of a graph that we also denote H,
such that the following hold.

1. There is a positive constant agn such that uw j, is agni-entropically stable with respect to
(x,y) = [ = )|

2. Variance is conserved in this decomposition with constant Cvyy.

3. There is a constant y < 1 such that the number of non-isolated vertices in H is at most yn.

n
Now, let v € {i#} Cand set s > 0. Then,

CVar . n
E.- S (L-y) == 2\ Corans
x .“W,sv|<x U>| ( 7/) 2 min {S \/J}

Remark 2.5.13. The above assumptions on H may be a bit confusing. However, in the case
of an interaction matrix with bounded spectral diameter, we in fact have y = 0, so H is
empty.

Remark 2.5.14. We further remark that by [LMRW24, Lemma 3.18]—a mild strengthening
of [CE22, Lemma 40]—the first condition holds if for all tilts £, ||Cov (pw, h) [n]\ H“ < QEnt.

In fact, only a bound on

Cov (P‘Wffv)[n]\HH for “most” 0 < t < s is required. A technique
to show the second condition, involving stochastic localization, also requires a bound on
the covariance.
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Proof. The proof strategy is to use the fact that:

S
d
Ex iy (%, 0) = / aExﬂlw,tv (x,v)dt,
0

and obtain a lower bound on the correlation by showing a lower bound on the derivative.
The following standard calculation gives us a formula for the derivative as a variance
of the correlation.

d d Exuy et x, v)
) = L xiw,
et(.x,v)

i~ o (X, V) =
dt f At Ex-uy,
2
ExNMW,Oe“"'w(x, v)? (ExNHW/Oe“"'w(x, v))
= - s— = Vary.y, . (x,0).
Ex iy ") (B 0" %)) '

Now, consider the measure decomposition provided by the assumptions, of the form
pw to = Ezvp [pn, 2]
for some measure p over external fields z. We have by the law of total variance that
Vary.y, ., (x,0) > E;,Vary_, .(x,0).

Note that we can lower bound the above variance by the contribution of the isolated vertices
in H, which are mutually independent of all other vertices. In particular, let S, be the set
of isolated vertices in H. Then, we have:

E. pVary., (x,0) > E.,Varyy,

iesiso

= Ez~p Z 012 * VarxNIJH’Z [xl].

iesiso

By assumption, the decomposition conserves the variance of arbitrary functions with
parameter Cy,,. Hence,

Ez~pvarx~yH,z [xi] > Cvar - Varx~yw,tv [xi] = Cvar - (1 - Ex~yw,tv [xi]2) .

Consequently, because |[0|%, = 1/n,

1
Varx~yw,w<x/ 0) > Cvar ((1 -y)- W ||I[n]\H : m(#w,w)” 2) .
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By assumption, uw o is agns-entropically stable with respect to (x, y) — ||I [n\H - (X = y)” 2,
By definition, this implies that

2 < apne - KL(uw o || pw o) and

agnt - KL(uw o || 4w to)

e (0w o) = m(pw o))
)| ?

<
e (m(pw o) — m(uw o)) || <

and since m(uw o) = 0 by symmetry, we get that

A En QEn
M go)|IP < =2 - SKL (w0, 1w,0) = =+ By £0, %),
Therefore,
d t(XE t
EEx"'HW,tU('x’ U> > CV&I‘ (1 - ‘}/) - 2—;Ex~ywltv<x’ U) .
Now, set

5 CVar

L= (1-y).

52Cvar@En
1+ bt
We claim that Ey. ., (x,0) > L. To prove this claim, assume for contradiction that
Ex-uy .. {(x,0) < L. Then, since Ey.,, ., (x, v) isnon-decreasing with s (namely, its derivative

is variance), we get:

’ tLapn
Ex~[uwfsv<x, U> > CVar/ ((1 - V) - %) dt
0 n

QL N
:CVM(SQ_),)_%) ~L,

which contradicts the assumption that Ey~,, . (x,v) < L.
We conclude the proof by doing casework on s; to this end set s, = 2+ | [e——. If

S < Sy, then the definition of L yields L > S’C% - (1 = y). On the other hand, the case of
s > s, immediately reduces to the above calculation because by monotonicity,

Cvar [ n
EXN.UW,sv<x’ ’0> > ExNF‘W,S*v<x’ Z)> > (1 a 7/) . ;/a 2 CV QEnt . -
ar n

Remark 2.5.15. The above Lemma 2.5.12 can easily be generalized to relax the assumptions
on v to having bounded ¢, norm or being subgaussian. However, the resulting bound is a
little messier, so we omit it for the sake of readability.

As a corollary of the above and the definition of restricted Gaussian dynamics, we get
the following.
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Corollary 2.5.16 (RGD boost). Given W as in the previous theorem, x such that |(x,v)| =r,
and y ~pyap X, we have:

CVar : —1’1
El(y,0) > (1-y) —2 . E,. Ar+NAgl, 2, '
y|<y U>| ( 7/) 2 g~N(©,1) i {l rt Agl CVaraEn‘c}

Lemma 2.5.17 (Correlation of locally stationary distributions under RGD). Let W be an
interaction matrix satisfying the conditions in Lemma 2.5.12, and set M = W + AvvT, where

n
v € {i%} and A > 1. Additionally, suppose that the distribution wy s, satisfies prvst (4w so) >
n=17°0) for every s € R. Set

Cvar . [2A A
Ox =04(A) =(1—-yp)- \2/ -mm{ ?,5}—1.

Then for any A such that 64 > 0, any e-locally stationary distribution v under RGD, and any
0 € (0, Ox), it holds that

Cvar
Exw[{(x,0)| > 0.99-(1-y)- Varl 20,
QFEnt
2
fOT’ e < ot = a(Eln—ty)4 . S eXp( Q(n))

Proof. Setn=(01-y)- g;’az 17 = 0.991, n¥ = 0.9951, and define the function ¢ (x) :=
min {Kx, 0)|, NV }.

By Corollary 2.3.3, which states that bounded functions are stable under a single step
of restricted Gaussian dynamics,

Ey~PRGDV¢(y) - Ex~vq§(x) < r]\/e_n, (2-6)

that is, the average value of ¢(x) cannot change much under a single step of RGD.
Assume for contradiction that E,.,¢(x) < 7vn — 26. We will show that a single step

of RGD boosts the expected correlation enough that the resulting value of E,-py,v @ (y)

violates (2.6). This follows from two claims. First, observe that by Markov’s inequality:

Pr. 20 _ 5] = Pr._. _ o _g Q( 0 )
[I(x, 0)| < VN — 5] = [p(x) <7vVn | > "

Second, we establish that for any x such that [(x,v)| = r and y ~p,;, X,
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L. if r <7y — n°® =5, then E,p(y) — r > 6, and

2, Ellqb(y) - min{r, ﬁ\/_ - no(l)} > — eXp(_nl—O(l)).
These two claims together tell us that:

2
ExPrapv® (%) — Exwyp(x) > Q (6—) - eXp(_”l_o(l)) (2.7)
nvn
which gives the desired contradiction, as (2.6) and (2.7) cannot simultaneously be true
given the assumption on the relationship between 6 and e.
It remains to prove the claimed lower bounds on E,¢(y) — r. Let us begin with the
simpler task of proving lower bounds on E,[(y, v)| — r: we will show that

1. if r < nyn -6, then E, [y, v)| — r > 6, and

2. Eyl(y, 0}l - min{r, pvi} > - exp(~Q(n)).

Let x be an arbitrary point on the hypercube with [(x, v)| = r. We may assume without
loss of generality that (x,v) > 0.

For ease of notation, set C = % - (1 = y). We prove this lower bound by splitting into
cases based on the value of r. By Corollary 2.5.16, the following lower bounds hold for
Y ~Prap X depending on the value of r:

Case r < 1. We have
Eyl(y, 0)| > Eg-no min {C - |Ar + Vgl nvir|

>C- (Eg~N(0,1)|/\T + \/Xgl - Eg~N(0,1)|/\T + \/Xgl . 1E~|Ar+\/zg|>r)\/ﬁ)
> - (VAEg-niol8] - exp(-Q(m)

=C (\/% — exp(=Q(n))

where the final inequality follows from the fact that E4.x(0,1)lg + R| is minimized at R = 0,
and from standard Gaussian concentration.
It follows that

E,y,v)| -1 > C- \/% — 1 —exp(=Q(n)) > 6.
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3 )
Casel <7< ;T\T In this case,

_[cC
Eyl(]// U>| = Eg~N(0,1) min {5 . |/\7’ + \/Xg| ,n\/z}

C
Z 5 (ng(o,nlM + Vgl = EgnolAr + Vig| '1E-|Ar+\/igl>2nvﬁ)
> % -1 —exp(—Q(n)) .

Observe that _
Ey|<y,v>| —-r> (% — 1) > 0.

Case 32”6—\/3 < r < Vi — 6. In this case, by standard Gaussian concentration, the value of

C -|Ar + VAg| exceeds nyin with exponentially high probability, and hence E,|(y, v)| >
nvn — exp(—Q(n)). Thus, in this case too, we have Ey|<y, v>| —r >0 —exp(—Q(n)).

Case n/n—06 < r. By identical reasoning to the previous case, in this case E, | <y, v>| —nyn >
—exp(—Q(n)).

We must now translate the above lower bounds to lower bounds on E,¢(y). To do this,
we will use Lemma 2.2.8, which says that the correlation of a sample concentrates around
its expectation. We will again consider different cases, depending on where the expectation
lies. Concretely, we will prove that

E(y) = Emin {|(y, o)l 1V} > min {Bi(y, o)l 7Vt - n?0} = exp(-n'=0). (28)
Towards proving this, we have

EQ(y) = BNy, )Ly oyepi + 1V - Pr [I(y, 0)| > V] 29)

= Ey, o)l + EVn = Ky, )DLy, oyznv- (2.10)

Let n = 1.0057, and recall our earlier definitions 77 = 0.997 and n! = 0.995.

Case E[(y, v)| < nlv/n.
Here, we have by (2.10) that

Eo(y) > El(y, o)l - Vi - Pr [[(y, )| > nva] .

Lemma 2.2.8 allows us to bound

2
Pr [y, o)l > qvi] < exp [-Q (n«/_— E|<y,v>|) ) - (_nl—om).

no(l)
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Case n'+i < El(y, v)| < V.

(2.10) implies that
Ed(y) > Ely, 0)| - E|nvn — Ky, )|
> E[y, )| = [nvn = EKy, 0)|| - E[Ky, v)| - Ey, )|
> E(y, v)| — [nvVn - EKy, 0)|| - n°®)
> Vi = (n = nh)Vn - n°®

= ﬁ\/_ - no(l) ’
where the third inequality uses Lemma 2.2.8.

Case n'vn < E|(y, v)|.
(2.9) implies that

E¢(y) > nvn - Pr [y, v)| > nvn] .

We give a lower bound for the above using Lemma 2.2.8 again:

o (E|<y,v>| — Vi )2) 1= exp(-n=0)

Pr [|<!/,?J>| = T]\/E] >1—-ex ol

as desired.

Now, let us put the pieces together to obtain a contradiction to (2.6). By (2.8), and the
preceding lower bound on the shift in Ey, v)|, if [{x, v)| < v/n — 6 — no),

Ey~Prano. ©(y) > min {E(y, v)], 7vn — n°V} —exp (_nl—o(l))
> min {r +06,7Vn - nO(l)} — exp (_nl—o(l))

>r+0—exp (—nl_o(l)) ,
and similarly, if [(x, v)| > 7V — 6 — n°(), we have

Ey~PRGD6x¢(y) > min {r,ﬁ\/z — no(l)} — eXp(_nl—o(l)) ,

which completes the proof. O
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Glauber dynamics achieves weak recovery

We are finally ready to prove the main results of this section.

Theorem 2.1.7. Let W be a matrix withk < W <1-x,andv € { \/ﬁ} Let P denote the kernel

of the Glauber dynamics chain with stationary distribution piw oo, and xo an arbitrary point on
{£1}". There exists a large enough constant A > 0 such that for T = ©(n®), and for t ~ [0, T),
with probability 1 — o(1) we have:

By i, [0, )] > (e exp( <) = 0() - Vi1

Proof. The proof strategy is to establish that v; is locally stationary for restricted Gaus-
sian dynamics, and then use Lemma 2.5.17 to conclude. Let v; denote the distribution after
running Glauber dynamics for time t. For ¢ ~ [0, T|, by Theorem 2.1.3, the distribution

vt is O (C%)-locally stationary, except with probability at most C. Let us assume that this
event occurs.
We now compute the parameters we can plug into Lemma 2.3.7.

e First, due to local stationarity, we have &(f;, log f) < O (CLT)

* By Theorem 2.5.9 of Theorem 2.5.9, the value of 6 from Lemma 2.3.7 is at least 7= K) —.

¢ Finally, it remains to bound the one-sided density parameter 7 from Lemma 2.3.7.
Since the Hamiltonian of u is bounded in absolute value by O(n), we may take
T =0(n).

Once we plug in these parameters, we get:

Erap(fe,log fi) < (2_;)

When CT > n°, we get

Erap(fi,log fr) < 0(%) .

By Lemma 2.5.17 with parameters ¢ = o (#) and 6 = o(1), and the values for Cy,, and
@Ent from Theorem 2.5.9, we get that:

Ex [(x, )] > ( gvar - 0(1)) -Vn > (kexp(=1/x) = o(1)) V.

Ent

We treat « as a constant, and can set { = o(1) and T = ﬁ(n5) to finish the proof. O
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The proof of Theorem 2.1.12 for SBM weak recovery is very similar, but we provide
the explicit parameter dependencies for completeness. To be explicit, in the notation of

Problem 2.5.2, for SBM recovery we have v = %0, M = Ag — %HT, and W = Ag =

Ag — E[Ag|o]. One can verify that M = W + AVd - voT by using the fact that E[Ag|o] =
a7 4 Wi 56T
n n :

Theorem 2.1.12. There exist constants Ag, ,c > 0 such that for all A satisfying |A| > Aq, for
(6,G) ~ SBM(n,d, A), with probability 1 — o(1) over the randomness of (o, G), the following
holds.

Let P denote the kernel of Glauber dynamics with stationary distribution p , ( ) and x
Vi

AG—%II-r
an arbitrary point on {£1}". For T = @)(n5+°d(1)), and for t ~ [0, T], with probability 1 — o(1),
we have:

Eypts, [[(x, 0)] > cn.

Proof. Again, let v; denote the distribution after running Glauber dynamics on pip,0
until time f. As before, let us assume that v; is O (C%)-locally stationary, which occurs with
probability 1 — C. We now compute the parameters we can plug into Lemma 2.3.7.

* By Theorem 2.5.10 of Theorem 2.5.10, the value of 6 from Lemma 2.3.7 is at least
1
n1+0d(1) ¢

e To bound the one-sided density parameter 7 from Lemma 2.3.7, we have |[Wx|| o <
O(logn), so that we can take T < O(n logn).

Once we plug in these parameters, we get:

~ 3+04(1)
8I—{GD(ft,lngt) < O(nC~T )

When - T > n®*%(), we get that

Ercp(fi log fr) <o (%) .

By Lemma 2.5.17 with parameters ¢ as above and 6 = O(1), for some universal constant c,
Ei,[(x, 0)| > cn.

Setting C = 0(1) and T = Q(n"+%¢()) completes the proof. O
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Chapter 3

Markov Chains Approximate Message
Passing

3.1 Introduction

Markov chains are fundamental objects of study which model the dynamics of complex
systems arising in statistical physics, computational biology, and social networks. Besides
modeling physical systems, they are a highly successful algorithmic tool to sample from
high-dimensional distributions in Bayesian inference, statistics, and theoretical computer
science.

It has long been empirically observed that canonical Markov chains such as Glauber
dynamics which attempt to sample from the posterior distribution are quite successful for
Bayesian inference. For example, [DKMZ11] observed that for community detection in the
stochastic block model, the output of the Glauber dynamics is Bayes optimal. However,
there has been a dearth of rigorous results confirming or explaining the algorithmic success
of Markov chains in statistical inference. One fundamental reason for the lack of rigorous
progress is that, for many posterior distributions of interest, Glauber dynamics provably
suffers from slow worst-case mixing. This leads to the following natural question.

Question 3.1.1. If we run Glauber dynamics for polynomial time on the posterior distribution of a
natural Bayesian inference problem, does it achieve Bayes-optimal performance?

To make progress on this, we revisit early empirical studies which compared the perfor-
mance of Glauber dynamics to that of local message passing algorithms. Our starting point
is [DKMZ11], which found that the performance of Glauber dynamics matches that of the
Belief Propagation (BP) algorithm which directly estimates the marginals of the posterior
in the stochastic block model.
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Since then, message passing algorithms such as BP and its dense variant Approximate
Message Passing (AMP) [DMMO09, BM11] have been widely applied in a variety of high-
dimensional statistics problems, to great success (for a few examples, see [DAM16, MV21,
EAMS22, HMP24] and references therein). A particularly appealing property of AMP is
that its asymptotic performance can be rigorously characterized by a finite-dimensional
recursion known as state evolution.

For certain inference problems, one can use state evolution to design AMP algorithms
to construct Bayes-optimal estimators. Similarly, we a priori know that Glauber achieves the
same guarantees in exponential time, since by then the dynamics would be able to produce
Gibbs samples. Motivated by this, we refine our initial question to ask about connecting
the performance of these two classes of algorithms if Glauber is only run for polynomial
time.

Question 3.1.2. If we run Glauber dynamics for polynomial time, can we prove it performs as
well as AMP?

Our main results make progress on Question 3.1.2 by proving a formal connection
between Markov chains and AMP for the spiked Wigner inference problem, which we
define below. We show that the dynamics of the correlation with the spike—the observable
of primary interest—are governed by fixed point relations which also characterize the
asymptotic performance of AMP for the same problem. See Figure 3.1 for a schematic
diagram of our main results.

Predicted by [DKMZ11]
Glauber LR > AMP/BP

A A
Partial answer
in [LMR*24] e [BM11]

Y Y

Thi k
{ RGD J< 15 wor >{ State Evolution }

Figure 3.1: An illustration of our results.

The precision of our results requires model-specific calculations that we did not attempt
to generalize beyond the spiked Wigner setting. However, our high-level proof strategy
is fairly generic and we believe it should be applicable to general spiked matrix inference
problems.
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In the spiked Wigner model, one aims to recover an unknown signal x drawn from the
prior Unif({x1})®N given a noisy matrix measurement

M=W + %xxT , (3.1)
for some signal-to-noise ratio (or SNR) A > 0, and a noise matrix W ~ GOE(N) with
Wij = W ~N(O,%) fori # j and W;; ~N(O,% .

The spiked Wigner model has been extensively studied over the last two decades, pro-
viding a rich test bed for average-case complexity. Perhaps the first interesting phenomenon
uncovered by this line of work is the famous BBP phase transition [HR04, BAP05], which
marks the information-theoretic and computational phase transition at A = 1. Indeed, it
is known that for A < 1, M is mutually contiguous with W, whereas for A > 1 the top
eigenvector of M is nontrivially correlated with x.

A straightforward calculation shows that the posterior distribution in the spiked Wigner
model is of the form

tgm(0) o exp (SGTMG) = exp (—GTWO +-—(0,x)? (3.2)
for p = A.

Beyond worst-case mixing. [LMR*24] introduced the framework of locally stationary
distributions to analyze the performance of Markov chains before they have mixed. Roughly
speaking, a locally stationary distribution is any distribution which is approximately
invariant under another step of the Markov chain. They are also very easy to sample from—
any reversible Markov chain such as Glauber dynamics produces a locally stationary
distribution in poly(N) steps.

For the spiked Wigner problem, they show that for sufficiently large (constant) A and
B < %, the Glauber dynamics run on gy for a large polynomial time from an arbitrary
initialization reaches a vector that is nontrivially correlated with the spike. To prove this
result, they combined the properties of locally stationary distributions with an analysis of
a different Markov chain known as Restricted Gaussian Dynamics (RGD), which we define
below.!

The following definition follows the restricted Gaussian dynamics framework of [STL20,
LST21, CE22].

IThe precise definition is not terribly important, so readers seeking intuition can skip the definition
without much concern.
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Definition 3.1.3 (Restricted Gaussian dynamics). For M = W + £xx7, restricted Gaussian
dynamics (RGD) at inverse temperature f3 is a Markov chain on {+1}" where a transition
from o to ¢’ is given by the following:

 Sample g ~ N(0, 1) and define z := BA+(0, x) + \/%g.
* Sample ¢’ from the distribution ugw,zx-

It is straightforward to show that RGD has gy as its unique stationary distribution.
However, the same bottleneck that precludes fast mixing for Glauber also prevents RGD
from mixing quickly. In spite of this, we achieve a precise and nearly distributional under-
standing of the dynamics of RGD, which allows us to deduce several interesting properties
of its dynamics. Although RGD is not an implementable algorithm, the tools developed
by [LMR*24] allow us to transfer this understanding over to Glauber dynamics in certain
temperature regimes.

Before we state our main results, we take a brief excursion to give some standard spin
glass definitions.

Definition 3.1.4. Let W ~ GOE(N). The Sherrington—Kirkpatrick model (SK model) at
inverse temperature § > 0 and external field v € R is the distribution over {1} with
density

Lgw,o(0) o< exp (g 0" Wo +{v,0)]| .

Our results for the performance of Glauber on the spiked Wigner posterior rely on the
rapid mixing of Glauber dynamics for the SK model. To simplify the discussion, we will
state our results whenever the SK model satisfies the following mixing condition based on
modified log-Sobolev inequalities.

Condition 1 (MLSI). We say that B < 1 satisfies (MLSI) if with probability 1 — o(1) over the
random matrix W, for all h € R, ugw i1 satisfies a modified log-Sobolev inequality with constant
Q(1/N).

Arecent breakthrough line of work [EKZ22, CE22, AKV24] has made significant progress
towards establishing rapid mixing of Glauber dynamics in the entire high-temperature
regime for the SK model. In particular, they establish that (MLSI) holds for f < 0.295; it is
conjectured that (MLSI) holds for the entire high-temperature regime < 1 [MPV87]. We
are now poised to state our main results.
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Main results

The following theorem establishes that the short-term behavior of the correlation of Glauber
iterates is an approximate fixed point of an AMP-like fixed point equation in the entire
high SNR regime A > 1. Furthermore, it establishes a sharp phase transition at p = } for
the success of Glauber dynamics at weak recovery of the spike.

Theorem 3.1.5 (Informal, see Theorem 3.5.2). Let oo € {+1}V be arbitrary, and let (6;)is0 be
the trajectory of the Glauber dynamics run with stationary distribution gy initialized at o. Let
T > Q(NY), and 6 = o4 for a uniformly random t ~ [0, T].

Then, for any € > 0 and any p € (0, 1) such that B # + and (MLSI) holds, with high probability
over the noise W, we have

Pe

or some constant OPTg 1 that is the largest fixed point of an explicit AMP-like recursion. Here,
B, 8 P p
OPTga > 0if B> T and OPTg A = 0if B < 1.
Furthermore, OPTg ) characterizes the correlation of a Gibbs sample:

1
N1/2-¢

1)~
N |<0, x>| - OPTﬁ/)\‘ > = ON(l) p

1 1 _oNE
Pr o UNKG,x)l - 0Ty > = /2_6_] < =N

Remark 3.1.6. If one only cared about obtaining a correlation that is within on(1) of
OPTyg,,, the formal version of the above result will show that it suffices to set T = Q(N 3.

The key technical innovation in our work is a much more fine-grained understanding
of the RGD Markov chain, which is essential for proving the above theorem. As men-
tioned earlier, the connection between RGD and the Glauber dynamics is present in prior
work [LMR*24]. Although the form of their connection breaks when g > 1, our under-
standing of RGD extends to this regime. We believe that a connection between RGD and
the Glauber dynamics should also exist in this low-temperature regime, but do not attempt
to answer this question in the present work.

Towards illustrating our fine-grained understanding of RGD, we present the follow-
ing theorem, which provides a direct comparison between RGD and AMP. Indeed, this
connection is precisely what yields the fixed point equations alluded to in Theorem 3.1.5.

Theorem 3.1.7 (Informal, see Section 3.2). Let A > p > 1 and ¢ > 0 independent of N. There
exists some threshold t € (0, 1) (depending on , A) such that the following is true.
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Let x € {£1}N be an arbitrary spike, and fix o € {£1}N such that < (o, x)| > 7. Let oRP
be obtained by taking one step of RGD from o, and oMY be obtained by taking one step of an
AMP-like update from o. Then, with high probability over the noise W, the following holds:

L, RGD

—(o

(", x) = (0P, ] = on(1).

N

Remark 3.1.8. The formal version of this theorem depends on verifying an explicit nu-
merical condition which can easily be simulated on a computer; see Section 3.2 for more
details.

In other words, if both algorithms are provided a sufficiently correlated warm start,
one step of RGD is close to one step of AMP in terms of correlation. In the formal version,
the instantiation o is also allowed to slightly depend on W.

One is naturally led to wonder whether a version of Theorem 3.1.5 holds true for RGD
for B > 1, so that we can relate the correlation of a locally stationary point of RGD to that
of a sample from the posterior? Unfortunately, we expect such results to be false from
worst-case initializations. However, we can still hope for such results from non-worst-case
initializations, specifically from warm starts that already have some non-trivial correlation.

Theorem 3.1.9 (Informal, see Theorem 3.5.1). Fix A > 1, K > 0 large, ¢ > 0 small, and p > %
There exists a threshold T € (0, 1) such that the following holds. With high probability over the
noise W, the following holds. Let oy € {1}, and assume that |R(co,1)| > . Suppose that we
run the RGD Markov chain at inverse temperature  from o for T > w(log N) steps to arrive at
distribution vr. Suppose T < NX. Then,

Egrvp [||R (or,x)| - OPT/;’)\” < O(NI}Q—S) .

While the requirement that the initialization has sufficiently large correlation may seem
like too strong a requirement, we emphasize that this is not the case. If one ran an annealed
version of the RGD Markov chain where g is slowly incremented, the resulting trajectory
of correlations is large enough that this lower bound condition is satisfied. Accordingly,
we believe this might provide a path to showing that annealed Glauber dynamics attains a
correlation of OPTg 5.

Remark 3.1.10. Again, the formal version of the above theorem requires establishing two
explicit numerical conditions, which can easily be simulated on a computer.
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Remark 3.1.11. We draw attention here to the (perhaps) surprising fact that simulations
suggest the correlation OPTy 1 with the spike increases past p = A. This is a rather subtle
point: while the posterior mean, corresponding to pym (and AMP for that matter) attains
the MMSE, this does not imply that samples from the posterior are Bayes-optimal with
respect to correlation. What is true is that the posterior mean is Bayes optimal for the

~ \2
normalized squared correlation, i.e. it is the estimator X which maximizes E [ <|’|‘§’|‘|§ ] :

En route to proving the above result, we prove a new high-precision estimate for
the mean magnetization for the SK model under weak external field, which may be of
independent interest. These estimates enable us to overcome technical difficulties with
worst-case analysis of the RGD dynamics for < 1.

Theorem 3.1.12 (Informal, see Lemma 3.6.1). Let f < 1 and ¢ > 0 sufficiently small. With
probability 1 — o(1) over W ~ GOE(N), for all h = O(N~(/4+¢)),

1 1 1
NEXNHﬁW,M(x/ 1) = Eg~N(O,1) [tanh (‘Bg\/ﬁ+ h)] (1 +0 (ﬁ)) +0 (N1/2+e) ’

where q is the unique solution to g = E[tanh*(g~/7 + h)].

In particular, this result establishes the correct asymptotics for the mean magnetization
up to the phase transition in weak external field established by [DW23].

Related work

Spiked Wigner model. The spiked Wigner model has provided a rich test bed for average-
case algorithms and complexity. Indeed, the basic question of efficient detection and
recovery of the spike has been studied through the lens of spectral algorithms [BAP05],
low-degree polynomials [PWBM18], and message passing [DAM16]. Interestingly, these
efficient algorithms all succeed in polynomial time once A > 1. Furthermore, when A < 1,
the mutual information between the observation M and the signal x turns out to be
o(1) [LM17], indicating that one cannot hope to design an estimator x € {+1}" that is
non-trivially correlated with the spike x.

For more general priors beyond Unif({£1}V), the story becomes significantly richer.
For example, there exist sparse priors where there exists a statistical-computational gap:
there is an intermediate regime of SNRs (A, A) where recovery is information theoretically
possible, but no known efficient algorithm succeeds at weak recovery. [EAKJ20] pin
down the information-theoretic threshold at A = A, for general bounded i.i.d. priors. The
algorithmic side of special cases such as sparse PCA [DM14] and non-negative PCA [MR15]
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have also been extensively studied. The problem has also been generalized to the tensor
setting [MR14, WEM19, BGJ20, KX25], where there is an interesting gap in performance
between naive local algorithms and methods based on the sum-of-squares hierarchy or the
Kikuchi method.

In terms of sampling from the posterior, due to the sign symmetry of the posterior creat-
ing a bottleneck in distributions, Glauber suffers an exponential worst-case mixing time. On
the flip side, it has been observed that random initialization or simulated annealing appears
to empirically succeed at the goal of sampling from the posterior [DKMZ11]. Nevertheless,
it has remained challenging to give provable guarantees about the performance of sampling
algorithms, even under algorithmic warm starts. A notable positive sampling result in this
direction is [MW23], which uses a different diffusion-based algorithm to sample from the
posterior in Wasserstein distance when the SNR A is a sufficiently large constant.

Bayes optimal estimation. There is by now a large body of work characterizing Bayes
optimal estimation for mean-squared error. Indeed, past work has designed algorithms
that attain mean-squared error within %ﬁ(m of the MMSE [RV18, LW22], as well as
generalizations to constant-rank spikes, and other priors [Miol7, MV21]. These aforemen-
tioned algorithms are based on AMP—one first computes the top eigenvector of M to
obtain a vector that has non-trivial correlation with the spike x, then refines this estimate
by iteratively applying the AMP update. To our knowledge, these algorithms based on
AMP are the only algorithms that are known to obtain a mean-squared error within o(1) of
the MMSE in the entire high SNR regime A > 1.

Typically, one considers the inference setting where knowledge of the full generative
model is assumed. Perhaps confusingly, this is also referred to as the “Bayes-optimal
setting”. In [AKUZ19], they study a mismatched setting for spiked Wigner where the
knowledge of A is not assumed. In fact, in Section 3.2 we will show that the performance
of their AMP algorithm corresponds with the fixed point equations for RGD.

In certain scenarios, Markov chain-based algorithms (or a sample from the posterior)
might be preferred to AMP, since they have the ability to capture second-order information,
like the variance of the correlation with the spike. Furthermore, samples can be used more
flexibly to compute general posterior expectations.

Dynamics of Markov chains before mixing. Many physically and algorithmically inter-
esting phenomena manifest only when Markov chain dynamics do not mix quickly, such
as aging [CK93] and metastability [BDH16, B]J24]. In the context of spin glasses, physicists
have made many predictions about the nonequilibrium behavior of natural Markov chains
such as Langevin dynamics and Glauber dynamics. For the pure spherical p-spin glass,
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the seminal work of Cugliandolo and Kurchan [CK93] derived a heuristic set of integro-
differential equations which govern the behavior of Langevin dynamics when run for O(1)
time. This was later rigorously proven for T = O(1) by [BDGO06] and the dynamics of the
energy observable was eventually established for T = exp(O(N)) by [Sel24b]. In recent
work, [DGPZ25] rigorously prove that the energy and overlap of the sequential scan block
dynamics for the SK model are dictated by an analogous set of integro-difference equations
for O(N) timescales.

[LSS22] characterized the overlap of Langevin dynamics for spiked matrix posteriors in
the large system limit N — oo for fixed times t. The analogous result in discrete time would
correspond to asymptotically controlling the overlap for O(N) steps of Glauber dynamics.
In contrast, we give control on any sufficiently large polynomial time scale for Glauber.
[BGP24] give an extremely precise characterization of trajectory of Langevin diffusion for
the posterior of the multi-spike tensor PCA problem given polynomially many samples
of the spiked tensor (the spike being fixed, and the noise tensor i.i.d. across all samples).
Concretely, in the rank-one matrix setting, they establish strong recovery of the spike x
when the SNR A = N for any a > 0. Their proofs are based on careful analysis of the SDE
governing the correlations, which are inaccessible in the discrete setting.

Locally stationary distributions. Before a recent work of Liu, Mohanty, Raghavendra,
Rajaraman, and Wu [LMR*24], it was not rigorously known whether Glauber dynamics
on the spiked Wigner posterior achieves nontrivial recovery of the spike. As mentioned
earlier in the introduction, they introduce the framework of locally stationary distributions
to analyze the performance of slow-mixing Markov chains on inference problems such as
spiked Wigner.

Our results directly improve on theirs in the following concrete ways:

(i) We achieve tight temperature and SNR thresholds for our analysis, conditional on
widely believed mixing conditions for the Sherrington-Kirkpatrick (SK) model.

(i) Wherever SK mixing holds, we nail down the exact correlation that Glauber dynamics
achieves for any SNR A, as the solution to a simple fixed point equation. In particular,
widely believed mixing conditions for the SK model recover the BBP transition A > 1.

(i) In particular, we unconditionally recover weak recovery in the regime A > 545= for

the success of Glauber, based on the rigorous SK mixing results of [AKV24].
(i) Asin Remark 3.1.6, we improve the runtime guarantees by an N? factor.

Locally stationary distributions have since been used in other settings to understand
the behavior of Markov chains before mixing. Notably, [BCV25] introduces a definition
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of local stationarity for quantum Hamiltonians, and uses it to show that all metastable
states satisfy certain structural guarantees. [RSS*25] also find an interesting application
of locally stationary distributions in the context of stochastic backtracking algorithms for
LLM reasoning.

Organization

In Section 3.2, we provide a technical overview of our techniques to understand the behavior
of RGD, and its connection to AMP. In Section 3.3, we list a few open questions that seem
important to fleshing out our understanding of RGD and Glauber. In Section 3.4, we cover
some basic preliminaries that will be useful.

In Section 3.5, we prove our main theorems about restricted Gaussian dynamics. Next,
in Section 3.6, we establish novel high-precision estimates for the mean magnetization of a
high-temperature SK model under weak external field, which are crucial for analyzing RGD.
Finally, in Section 3.7, we describe some results analyzing the one-dimensional recursion
governing the behavior of RGD.

3.2 Technical Overview

Our main results crucially depend on a very precise understanding of the restricted Gaus-
sian dynamics. As it turns out, its study transparently clarifies the fixed point structure and
its relationship to AMP. Using the machinery of locally stationary distributions [LMR*24,
Lemma 3.7], we can then transfer our understanding of RGD to Glauber dynamics; see
Theorem 3.5.2 for more details.

The technical overview is organized as follows. We will first define RGD and de-
scribe the high-level reduction showing why one should expect RGD to boil down to a
one-dimensional recursion on correlation. Then, in Section 3.2, we show how spin glass
machinery can be leveraged to explicitly understand what this one-dimensional recursion
is. Once we have written down the explicit recursion, we can readily connect it to AMP;
this is carried out in Section 3.2. Finally, we describe some qualitative properties of this
recursion, such as the nature of its fixed points, in Section 3.2.

First off, observe that due to the rotational symmetry of the noise matrix and prior, we
may assume without loss of generality that the spike is the all-ones vector 1. In this case,
the scaled posterior (3.2) of the spiked Wigner model becomes

tgm(0) o exp (goTMa) = exp (SGTWG + %(o, 1)2] .
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We start by explaining where RGD arises from, and the connection between the posterior
and the SK model. It arises from the Hubbard—-Stratonovich transform [Str57, Hub59] (also

see [LMRW24, Theorem 3.12]). Let ¢ ~ How+q1m and g ~ N(0,1). Setz = %(0, 1)+

\/ % g. Then, the posterior distribution on o conditioned on z is simply

1 2
Pr[o | z] oc ugm(0) - ex (—% (z — %(o, 1)) )

o exp (gaTWU + z{o, 1)) = UBW ,z1,

and the quadratic term from the spike in the Hamiltonian is now an external field. In other
words,

Hpwsaar = E:pipw 21

The RGD Markov chain (Definition 3.1.3) is then simply the noising-denoising process
associated to the above measure decomposition: if at 0 € {1}, draw g ~ N (0, 1),

then move to ¢’ ~ u N —\ . Itis not difficult to show, given this perspective
W, %<0,1)+ ﬁﬁg 1

of a noising-denoising process, that RGD has stationary distribution equal to pgp. The
usefulness of RGD is that it brings forth the importance of the correlation with the spike,
which is the observable we ultimately care about.

Reduction to one dimension. So far, we have written down the N-dimensional RGD
chain, whose evolution explicitly depends on the correlation with the spike. To make
RGD more tractable and eventually recover the AMP update, we would like to reduce the
dynamics to a finite-dimensional one.

This motivates us to consider the related £*“P Markov chain on [-1, 1], which tracks
the (normalized) correlation of the N-dimensional RGD iterate with the spike. In this

Markov chain, if starting at y € R, we draw g ~ N (0,1), set z = Ay + \/% g, draw
0 ~ Ugw,z1, and finally move to z" = %(0, 1). The stationary distribution of this Markov
chain is just the (normalized) marginal of ugpr along the all-ones direction.

So far, this 1-dimensional chain still goes through an N-dimensional SK Gibbs sample o;
in particular, it depends on the N x N matrix W. Therefore, to reduce PP to an effective
1-dimensional recursion, we must establish two things:

¢ Concentration of z’” around the mean correlation. More explicitly, we would like to
show that with high probability, the disorder W is such that for all the encountered
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external fields z, the correlation of the random draw ¢ is concentrated around the
mean correlation (o).

* A scalar formula for the mean correlation of a Gibbs sample from an SK model with
external field.

Both of these points are tractable using spin glass machinery in the high temperature
regime for SK, which we describe shortly. As we shall soon see, the scalar formula that
governs the mean correlation is what crucially leads to state evolution equations.

The mean recursion and fixed point structure

Let us now see more concretely how the fixed point relation arises from the analysis of
PRGD

Define the mean magnetization m; = %anﬁw,h(ﬂ, 1), and for o ~ ugw i, let g, be
the random variable VN - (%(G, 1) — mh) Under this notation, we can write down the
following description of P*¢P: from z € R,

1. draw g ~ N (0,1),set h = fAz + \/%g,
— 15
2. move to z’ = my, + wsh

For simplicity of exposition, let us first assume z = Q)(1); we will comment on the case
of small z later. First, observe by gaussian concentration, with very high probability we
have h = fAz.

To simplify the recursion further, we need concentration of z’” around my,, as well as an
explicit formula for mj,. The key observation is that such properties are tractable to prove
if the SK model ugw j, is in the high temperature regime. We first need to introduce some
standard spin glass quantities.

Definition 3.4.11 (Overlap constant). For > 0and h > 0, we define g = g, as the unique
solution to the recursion

7 =Egn, [tanh® (BgvG + )] -
We also define g4, = 0 for h = 0.

We can now define the high-temperature region for the SK model, first predicted by de
Almeida and Thouless [dAT78].2

21t is not rigorously known whether the AT line exactly characterizes the high temperature regime.
However, this has been numerically verified, so in the interest of exposition we brush this issue aside for now.
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Definition 3.4.12 (AT line). A non-negative pair (f, /) is said to satisfy the Almeida-—
Thouless (AT) condition, or to be above the AT line, if

B’E sech4(ﬁz,/qﬁ,h + h) <1. (AT)

We show that if (AT) is satisfied, the correlation (o, 1) of a Gibbs sample ¢ ~ ugw i
concentrates around the mean correlation. In other words, we have z’ ~ mj, with high
probability. Hence, we conclude that a single step of P*“P can be approximated by the
map z > mg);.

Turning now to the mean formula, in Lemma 3.6.1, we establish that with high proba-
bility over W, for all h = O(1) where (AT) is satisfied,

my = Eg~N(0,1)[tanh(,Bg,/q5,h + h)], (3.3)

where we recall g from Definition 3.4.11. In particular, we establish tighter control on m;,
when 1 = 0o(1) than is implied by existing literature, which is crucial for analyzing the
dynamics near h = 0.

Thus, we have reduced a single step of PP to the deterministic iteration

2111 — Bg oy [tanh (Bgvq + pAz)]

where q = qp 12,
This suggests that the limiting behavior of PR is given by fixed point solutions to the
following set of equations:

z = Eg no,1) [tanh (BT + BAz)] ,
9= Egn, [tanh” (BgvF +pAz)] .
Whether PREP provably converges to these fixed points is not completely clear, and we

defer further discussion on this matter to Section 3.2.
Let us now address the case of small z. When z = 0(1), and especially if z is @(ﬁ),

(3.4)

the picture is more delicate, as then the random quantities fluctuate at the same scale as z
itself. In Theorem 3.5.1 we use the anticoncentration of g to show that in Q(log N) steps,
we reach the region z = ()(1) with constant probability.

RGD simulates AMP

Let us now draw the explicit connection to AMP fixed points. The state evolution fixed
points (see Lemma 3.4.10 for a precise statement) that govern the late-stage performance of
Bayes AMP for spiked Wigner [DAM16, MV21] read

= AEg no[tanh(Ago + A%0?)]
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o? = E¢ N1 [tanhQ(/\gG + )\202)] .

Let (u, 0%) be the unique fixed point to the SE equations. We claim that (z, q) = (%, 0?) is
also a solution to (3.4) for f = A. Indeed, using that E tanh(y/yg +7) = Etanh*(y/yg + )
for any y > 0, we see that u = Ag?%. Therefore our putative assignment satisfies z = g,
and some straightforward algebra yields that (z, q) is a valid solution to the fixed point
equations.

As it turns out, the update equations for RGD given by (3.4) are nearly identical to the
state evolution equations for mismatched AMP for the spiked Wigner model [AKUZ19].
Specifically, we have Aj = %, A= ﬁLA’ 1n¢(-) = tanh(-). Then some straightforward algebra,
combined with [AKUZ19, Theorem 1], yields the SE recursion

Misi = E[tanh(ﬁ g0 + th)]
Qa1 = E[tanhz(ﬁ ¢\Or + th)] .

The direct comparison is just identifying M; « z; and Q; < gq;. The only difference is
that (M, Q) update synchronously, whereas our recursion sets g; = q:(z;) and therefore
collapses into an effective one-dimensional recursion on just z;.

Remark 3.2.1. A subtle point here is that even for § = A, the mismatched AMP is not
syntactically equivalent to Bayes AMP; in order to derive Bayes AMP, one must artificially
enforce that z = g.

Qualitative behavior of the fixed point equations

The qualitative behavior of the correlation recursion is determined by the fixed points of
the recursion, as well as the convergence to said fixed points.

Convergence is nontrivial to guarantee, and indeed the proof of convergence for Bayes
AMP does not immediately generalize to the mismatched setting where g # A. To this end,
in Proposition 3.7.1 we establish that so long as (8, fAz) satisfies (AT), the map z + mg,,
is strictly increasing in z. For any < 1, (AT) is automatically satisfied, and in this setting
we are able to fully characterize convergence for the recursion starting from any z.

Turning now to the fixed points, one can immediately identify z = 0 as one fixed point
of this recursion. As it turns out, this map z + mg,, behaves differently depending on f,
as illustrated in Figure 3.2:

(i) If B is too small (smaller than 1), the signal is washed out and 0 is the only fixed point
of this recursion. Furthermore, it is a stable fixed point.
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(ii) If B is of intermediate magnitude (between % and 1), in addition to an unstable fixed
point at 0, this function has stable fixed points at +OPTg ,.

(i) If g > 1, the formula for the mean correlation mg,; is only valid if z is sufficiently
large. Indeed, if z is close to 0, (AT) is violated, and the corresponding SK model is
known to be in the low-temperature replica-symmetry breaking (RSB) regime. Hence,
the recursion is only valid for large z, and in this region there are at most two stable
fixed points +OPTy ;.

(ii) Finally, if B is very large, the RSB region for z is so large that it swallows the fixed
points that are present at smaller f8.

Plot of mg,, at small Plot of mg,, at intermediate 8
B B

Mpz
| |
[ ° <
i
M,
°
@

a) mg,, at B < +: 0is the only fixed point. (b) mg,, at intermediate + < B < 1: non-
B A y p B A

trivial fixed points appear.

Plot of (tractable) mg, at large B Plot of (tractable) mpg,, at very large g

1.0 1.0 Ga————
o / )

Mgrz

(c) mpgrz at 1 < B < A: the 0 fixed point is (d) mgy. at B > A: all fixed points are swal-
swallowed by intractability. lowed by intractability.

Figure 3.2: Behavior of the RGD recursion for different values of 5.
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We make the above predictions for the convergence and fixed points rigorous in
Lemma 3.7.5. Figure 3.2 suggests two kinds of results one could hope to show.

(a) First, that for any 8, the RGD Markov chain reaches the stable OPTg ) fixed point from
a sufficiently warm start which puts z, in the high-temperature, replica-symmetric
(RS) regime. That is, if the initialization z( of PRED is such that (B, BAzo) satisfies
(AT), then the correlation shoots to the stable fixed point OPTg ) in a small constant
number of steps of RGD. This is essentially immediate from classical analyses of fixed
point recursions; see Lemma 3.5.4 for details.

(b) Second, that for < 1, the RGD Markov chain reaches the stable OPTg ) fixed point
from an arbitrary initialization. In the case that f < 1, 0 is the only stable fixed point,
so for now we assume that § € (1, 1). Since the previous point implies that the
correlation goes to OPTg 1 once it becomes sufficiently large, the interesting part here
is showing that the Markov chain successfully escapes the unstable fixed point at 0.
We establish this in Lemma 3.5.6, where we show that the noise g and g, which are

. 1 . .
typically O (W)’ are anticoncentrated enough to cause the correlation to escape 0.

Remark 3.2.2. As a simple illustrative example, we can carry out the same analysis on the
RGD dynamics for the Curie-Weiss model at inverse temperature g and external field /. In
this case my, can be computed exactly as tanh(h), and so we see that RGD converges to the
stable fixed point of the mean-field recursion m = tanh(Bm + h).

3.3 Conjectures and open questions

One natural question is whether we can extend our analysis to other inference problems.
At least for the case of spiked matrix problems, the general recipe seems fairly adaptable.
For example, consider a more general spiked matrix inference problem with a different
prior and noise model (i.e. not GOE). The main obstacles here are (1) establishing replica
symmetry (specifically overlap concentration) for this more general spin glass, and using
it to show sample magnetization concentration a la Lemma 3.6.2 and (2) proving a mean
correlation formula, analogous to Lemma 3.6.1.

Question 3.3.1. Can one establish a kind of universality result for our fixed point characterization
that does not rely on model-specific calculations?

It would also be interesting to see if one could push the limits of our analysis to the
multi-spike setting and achieve results analogous to [BGP24] for Glauber dynamics.
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Another interesting (but open-ended) question is: what other classes of inference
problems can be analyzed using locally stationary distributions? The success of RGD in
the present analysis is rather contingent on the spiked matrix structure; in other inference
problems, it is unclear what Markov chain should be used as a proxy to understand Glauber
dynamics.

Question 3.3.2. Identify broader inference problems that can be analyzed through the lens of locally
stationary distributions.

We next turn to open questions regarding the spiked Wigner problem in particular.
One fundamental barrier to applying our techniques to understand Glauber for > 1 is
that the transfer of local stationarity (Lemma 3.4.8) does not work in this setting, even if
we assume mixing guarantees in the entire conjectured high-temperature region (AT). In
particular, it is unclear how to prove a version of Lemma 3.4.8 where we only assume that
the component measure satisfies an MLSI with high probability, under the assumption
that the initialization from which the locally stationary distribution is obtained lives in this
high-temperature region.

Question 3.3.3. Assuming SK mixes fast for all (B, h) satisfying (AT), can we extend our analysis
to characterize the recovery performance for annealed Glauber dynamics up to B € (1, ) for some
ﬁ A > A?

It seems likely that if the above question were answered affirmatively, this would
provide an alternate algorithm that attains Bayes-optimal performance in the entire high-
SNR regime A > 1.

We note that [AKUZ19] makes some predictions for the behavior of these models in
the RSB regime, i.e. beyond f,.

For technical reasons, the current techniques which involve a transfer of local stationarity
between Glauber and RGD necessarily incur some poly(N) overhead in the runtime. On
the other hand, based on physics heuristics and the rigorous results of [Sel24b, DGPZ25],
one would expect the dynamics to achieve nonzero correlation in even O(N) steps.

Conjecture 3.3.4. Glauber dynamics succeeds at weak recovery in (near-)linear runtime.

One path towards achieving such a guarantee is to establish exponential contraction
of the local stationarity parameter, perhaps by establishing a weak Poincaré inequal-
ity [HMRW25] for symmetric test functions. Indeed, we believe that our techniques to
analyze RGD might help in showing that annealed Glauber dynamics succeeds at sam-
pling from the posterior (and potentially even from lower-temperature models, up to the
aforementioned threshold $, > A). Furthermore, while the “conservation of variance”
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property used to show sampling guarantees for annealed Glauber dynamics is typically
reliant on proving certain covariance bounds (e.g. [HMRW25, Lemma 6.8]) which are often
technically challenging, perhaps this can be sidestepped if one instead directly tried to
establish a weak Poincaré inequality for the (one-dimensional!) RGD Markov chain.

Conjecture 3.3.5. For < f, annealed Glauber dynamics samples from the scaled posterior gy
in poly(N), or even O(N log N) time.

This threshold 8, is defined as the largest temperature  at which there is a nonzero fixed
point z to the recursion (3.4) such that (8, fAz) satisfies (AT). As shown in Proposition 3.7.1,
this threshold is in fact greater than A.

3.4 Preliminaries

Notation

e Given 01,09 € {1}, we denote R(o1, 02) = ﬁ(ol, 09) to be the normalized correla-
tion between the two.

* We use c to denote small positive constants whose value may change from line to
line, and C to denote similarly fickle large constants.

Markov chain basics

Definition 3.4.1 (Ising model). Let ] € R™*" be a symmetric interaction matrix and h € R"
an external field. The Ising model corresponding to | and & is the probability distribution
py,n on {+1}", where

1
Ly n(x) o exp(ng]x +(h, x>).
We drop the / from the subscript when it is equal to 0.

We also recall the standard definitions of functional inequalities which imply rapid
mixing. For a reversible Markov chain P on state space (2 with stationary distribution 7,
and any functions f, ¢ : Q — R, define the Dirichlet form E(f,g) = Ex-nBEy-,x(f(x) -
f))(g(x) - g(y)).

Definition 3.4.2 (Poincaré inequality). We say P satisfies a Poincaré inequality with constant
C if for any function f : Q — R:

&(f, f) > C-Var[f].
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Definition 3.4.3 (Modified log-Sobolev inequality). We say P satisfies a modified log-Sobolev
inequality (MLSI) with constant C if for any function f : O — R,

Ep(f,log f) > C-Ent[f],
where Ent[ f] := Ex[flog f] —ErflogE,f.

Locally stationary distributions

We now give the relevant definitions for locally stationary distributions. Following [LMR*24,
Definition 1.2], we use the following notion of local stationarity.

Definition 3.4.4 (Locally stationary distribution). Let P be a time-reversible ergodic Markov
chain on a finite state space €, with associated stationary distribution 7. A probability
measure v on £ is said to be e-locally stationary with respect to P if, with f =

fx)
f(y)

dn’

E(flogf) = ), Paoy (F(x) = f(y)) -log

x,y€Q

One can also show that at a typical time ¢, any reversible Markov chain yields a locally
stationary distribution.

Lemma 3.4.5. Let v be an arbitrary distribution, vi = P'vy, and set f; = %. Also set

f =E¢ o ft, and v = B¢ jo,1ve. Then,

KL(VO ” ﬂ) log(l/nmin)
E(f,logf) < T < T .

In particular, v is w-locally stationary with respect to .

Proof. This immediately follows from [LMR*24, Lemma 3.1] (also see [BCV25, Lemma
I1.1]), coupled with the observation that the Dirichlet form f + &(f,log f) is convex. [

We will also need to use the fact that a locally stationary distribution does not change
much in TV distance if we apply P for a few steps.
The following TV-stability lemma is essentially [LMR*24, Lemma 3.2].

Lemma 3.4.6 (TV stability). Let P be a reversible Markov chain with stationary distribution 1, v
an arbitrary distribution which is e-locally stationary. Then,

T
dTv(V,PTV) < T‘/E
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Proof. When T = 1, this is [LMR*24, Lemma 3.2]. The data processing inequality
implies that for any k > 1, dpv(P*v, PFly) < % The claim follows on applying the
triangle inequality. O

Corollary 3.4.7. Let ¢ : QQ — R be a bounded function on the state space of a Markov chain P,
and v an e-locally stationary measure. Then,

[Exwr [p(x)] = By pr, [0(0)]] < llplloo - TVe.

We will also need to transfer local stationarity between Glauber and RGD, using [LMR*24,
Lemma 3.7].

Lemma 3.4.8 (Local stationarity transfer). Let P be the Markov chain associated to a mea-
sure decomposition 1 = E;pm,. Let f : {+1}" — Rsq be any function and set T such that
Minye(z1y f(x) > exp(=7) or maxye(z1y f(x) < exp(t). For 6 = inf; pnpsi(7tz), we have

T

Ep(f,log f) < o(g) - Enlf, log f).

Approximate Message Passing and State Evolution

For simplicity, we only recall the specific version of AMP used for spiked Wigner [DAM16].

Definition 3.4.9. Set m~! = x" = 0, and for > 0 we update

m' = tanh(x'),
PR
=N (1- tanhQ(xf))
i1
= AMm! — bym'!

by

where tanh(-) is applied entrywise.

State evolution [BM11] predicts the empirical distribution of the coordinates of x'. We
record the special case relevant to our setting: the correlation of the AMP iterate with the
planted signal x can be predicted by a scalar recursion.
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Lemma 3.4.10 (State evolution for correlation). Fix a timet > 0. Let (ut, 0+) be defined by the
scalar recursion initialized with (uo, o) = (0,0):

Ht+1 = /\ngN(oll)[tanh(Agot + /\zgf)]
Gt2+1 = Eg~N(O,1)[tanh2(/\th + )\263)] )

Let Xo ~ Unif{£1}, Zo ~ N(0,1). As N — oo, we have the following convergence in Wa:

1
~ (' x) = BXo(uXo + 0,1 Zy)].

The Sherrington-Kirkpatrick model

In this subsection, we introduce several important parameters in the SK model.

Definition 3.4.11 (Overlap constant). For f > 0 and i > 0, we define g = gg j as the
unique solution to the recursion

9 =Eg-n(,1) [tanh? (Bg7 +h)] .
We also define g4, = 0 for h = 0.

It is known that in the high-temperature replica-symmetric phase < 1, the overlap
between two samples from the corresponding SK model concentrates around the above
number.

Definition 3.4.12 (AT line). A non-negative pair (f, ) is said to satisfy the Almeida—
Thouless (AT) condition, or to be above the AT line, if

‘BQE sech4(ﬁzwlqﬁ,h + h) <1. (AT)

Observe that if p < 1, (B, h) satisfies (AT) for any h € Ry(. A very important question in
the study of the SK model is when the model is replica-symmetric: when does the overlap
between two independent samples from the Gibbs measure concentrate?

Definition 3.4.13. We say that (B, h) satisfies exponential overlap concentration if for some
constant C independent of N, with high probability over W ~ GOE(N),

N (+(o!, 0%) - 2
Egl 62 s [exp( (¢ . )~ 9p.1) < 2. (overlap-conc)
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It is believed that the replica-symmetric region coincides with the set of (8, 1) satisfying
(AT).

Condition 2 (RS-AT). S is said to satisfy (RS-AT) if the following holds with high probability over
W. Let h. = inf{h > 0 : (B, h) satisfies (AT)}. Then for all h > h., pgwu satisfies (overlap-conc).

Remark 3.4.14. At a high level, this condition is saying that being above the AT line
implies a strong form of replica symmetry, and that the AT region is monotonic in /. The
latter condition has been numerically verified, but the authors are unaware of a rigorous
statement of this form.

Remark 3.4.15. Significant progress has been made towards establishing that for the SK
model, (8, h) satisfies (AT) if and only if the corresponding model is replica-symmetric.
On the negative side, it was shown by Toninelli [Ton02] that if (8, 1) does not satisfy (AT),
the corresponding model exhibits replica symmetry breaking. On the positive side, it was
shown by Talagrand [Talll, Theorem 13.7.1] that exponential overlap concentration holds
for a very large subregion of the area above the AT line, which is conjectured to coincide
with the entirety of the region above the AT line. Making this conjecture rigorous requires
proving an explicit numerical condition. We refrain from elaborating as the details are not
directly relevant to our work, and instead refer the interested reader to Talagrand’s text, as
well as the discussion in [JT17, p.8]. We remark that it is known that Talagrand’s subregion
contains the entire high-temperature regime < 1, see e.g. [BXY23, p.3] and [Che21].

3.5 The dynamics of RGD

The goal of this section will be to understand the trajectory of RGD—we will establish that
RGD rapidly converges to fixed points of the one-dimensional recursion of interest. Recall
from the technical overview that for A > 1 and > 0, this recursion is given by the update
function fz defined by

for(z) =E [tanh (5 g\ + ﬁAz)] . (3.5)

When A is clear from context, we refer to fg 1 as simply f;.
Often in this section, we will make the following assumption about the structure of fg.

Condition 3 (AT-fixed-pt). For A > 1and f > 0, we say that (B, A) satisfies (AT-fixed-pt) if there
exists a fixed point OPTg 1 of fg A such that (B, BAOPTg ») satisfies (AT).
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This condition has some direct consequences about the recursion, which we state below
in Lemma 3.5.3. One might wonder when (AT-fixed-pt) holds; in fact from the definition
of the AT line one immediately concludes that it holds for g < 1. In Lemma 3.7.6, we are
also able to show that it holds at the posterior temperature where f = A. It is an interesting
open question whether one can rigorously prove that (AT-fixed-pt) holds for g € (1, A).

Let us now state the main result for this section.

Theorem 3.5.1 (Fixed-temperature RGD). Fix A > 1, K > 0 large, ¢ > 0 small, and p > %
With high probability over the noise W, the following holds. Let xo € {£1}N, and assume that
(B, BAIR(xo, 1)|) satisfies (AT), B satisfies (RS-AT), and (B, A) satisfies (AT-fixed-pt). Suppose that
we run the RGD Markov chain at inverse temperature  from xq for T > w(log N) steps to arrive
at distribution vr. Suppose T < NX. Then,

1
Eyrwvp [|IR (x7,1)| = OPTg 4[] < O(Nm_g) :
Combining Theorem 3.5.1 with the properties of locally stationary distributions, we
obtain the following control over the recovery performance of Glauber when § < 1.

Theorem 3.5.2 (Fixed-temperature Glauber). Letf € (%, 1) satisfy (MLSI) and € > 0. With
high probability over W, the following holds. Let oy € {1} be arbitrary, and let (o¢)s>0 be the
trajectory of the Glauber dynamics run with stationary distribution ugy initialized at og. Let
T > Q(N*2), and G = oy for a uniformly random t ~ [0, T]. Then, there exists an explicit
constant OPTg y > 0 such that

P

Proof. Let us condition on the very high probability event that ||[W|,, = O(1). Let
v denote the distribution E;.[o 1)v+, and f its relative density with respect to ugsy. By
Lemma 3.4.5, we have that E(f,log f) < O(%¥). Applying Lemma 3.4.8 yields that
Eran(f,log f) < O(%- %) We can crudely bound 7 = O(N) because ||M]|,, = O(1),
and since we assumed that g satisfies (MLSI), we have 6 = Q(5;), yielding that

1, -
ﬁ |<O', x)| — OPTﬁ,/\‘ >

C
N1/2_€ = ON(l) *

3
Ere(f, log f) < o(NT).
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7

We can now apply Corollary 3.4.7 to v with the test function ¢(x) = ||R(x, 1)| - OPTg A

to conclude that
[ N3
T .

Now since g < 1, all three of the conditions (AT), (RS-AT), and (AT-fixed-pt) are known to
hold. Therefore Theorem 3.5.1 yields the appropriate control on the latter expectation, and
we conclude by applying Markov. O

E, [|IR(x, 1)| = OPTp a|| = Egpreniciosn, [[IR(x, 1)] - OPTM”‘ <O

We shall prove Theorem 3.5.1 in two steps. First, in Lemma 3.5.4, we shall prove the
claim assuming a warm start initialization where |R(x¢, 1)| = Q(1); such a warm start is
necessary for f > 1 since the AT condition is nontrivial there. We then show in Lemma 3.5.6
that when < 1, RGD escapes the unstable fixed point where R(x, 1) = 0.

For use later in this section, we also note the following consequences of (AT-fixed-pt),
proved in Section 3.7.

Lemma 3.5.3. LetA > 1. Ifg <1lorp = A, (B, A) satisfies (AT-fixed-pt). Suppose that (5, A)
satisfies (AT-fixed-pt). Then,

(iii) if h is such that (B, PAh) satisfies (AT), fﬁ’)\(h) > 0,
(iii) OPTg, A is the unique fixed point h of fg A such that (8, BAh) satisfies (AT), and

(iii) OPTg, is a stable fixed point of fp 1.

RGD from a warm start reaches the stable fixed point

In this section, we will show that running RGD on the posterior of spiked Wigner attains the
Gibbs correlation, provided that the Markov chain is initialized at a point (or distribution)
with typically large correlation. Our analysis will require RGD to be run for at least a
sufficiently large constant number of steps, but the analysis extends to any large polynomial
number of steps. In contrast, existing nonasymptotic analyses of AMP only work for
sublinearly many steps.

Lemma3.54. FixA > 1,K > 0large, ¢ > 0 small, and B > <. With high probability over the
noise W, the following holds. Let xo € {+1}", and assume that (B, BA|R(xo, 1)|) satisfies (AT), and
IR(x0, 1)| = Q(1). Also assume that f satisfies (RS-AT) and (B, A) satisfies (AT-fixed-pt).> Suppose

$Here and below, satisfying (AT) means we satisfy the AT line inequality with some constant gap
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that we run the RGD Markov chain at inverse temperature  from xo for T > w(log N) steps to
arrive at distribution vr. Suppose T < NX. Then,

1
Exrr [|IR (7, 1) | = OPT1|| < O( Nl/z_g) -

Remark 3.5.5. If one only desired to have correlation within a(n arbitrarily small) constant
of OPTy, our proof (specifically (3.7)) will show that it suffices to run RGD for a (large)
constant number of steps.

Proof. For ease of notation, let ¢ > 0 be a sufficiently small constant such that (3, fAc)
satisfies (AT), and let

Z= {z € [-2,2] : (B, PAz) satisfies (AT) and |z| > c} .

Observe that Z contains R(x(, 1). Consider the one-dimensional projection of the RGD
walk, initialized at zp = R(xp,1). One step of this one-dimensional walk is defined by
walking from z; as

= R ’ ]. ’ h ~ ’
Zt+1 (x¢41,1), where x4 [J[)’W,ﬁAzﬁ@gf
where each g; is iid drawn from N(0, 1). Let us condition on the following high-probability
events:

(v) Forevery t < T, |gs] < N¢. By standard Gaussian tail bounds, this occurs with
probability T - e~ N = ¢=eN*,

(v) For all external fields h with h/(fA) € Z and constant k,

Eopp (R(o, 1)-E [tanh (5\/%7g + h)])Zk < % .

This follows from Lemma 3.6.2, along with the assumption that g satisfies (RS-AT).

We claim that, on the above events, for all t < T, fAz; is bounded away from the AT
line by a constant. The base case t = 0 is true by assumption. Next, since fAz; is bounded

away from the AT line by a constant, (i) implies that fAz; + 4 % gt does so as well. (ii) then
implies that with high probability, forall t < T,
1
<O (Nl/Q—e) )

Zei1 — fp |zt + !
t+1 B | 2t ,B/'\Ngt
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The Lipschitzness of fg 1 with (i) implies that

|Zt+1 - fﬁ(zt)| <O (NJ?—S) . (3.6)

Note in particular that by the monotonicity assumption in (RS-AT), if the above is true, then
BAzt4 also satisfies (AT) with a constant gap. Indeed, by Lemma 3.5.3(i), if z; < OPTg 1, we
have fg(z¢) > z; so it satisfies (AT). On the other hand, if z; > OPTg ), then fg(z;) > OPTg y,
so it satisfies (AT) due to (AT-fixed-pt). As a result, we conclude that for all t < T, using fg
is valid as an approximation to the RGD update at step ¢.

Next, we show that z; converges to a small constant interval around OPTy in a constant
number of steps. For starters, since we have assumed (AT-fixed-pt), Lemma 3.5.3(iii) implies
that OPT = OPTg , is the unique nonzero fixed point of fg in the AT region, and that it is
stable. Let 1 > 0 such that fﬁ’ is bounded by some L < 1 on [OPT — 1, OPT +7].

There exists a large constant C and random variables (6¢)o<t<7 such that 6; < #

almost surely for all t < T and z;11 = fg(z + 6;). We claim that after some constant number
of steps 7, z; € [OPT — /2, OPT + n/2]. Indeed, set

7

gap = inf |f5 (z)—z
zeZ\[OPT-1/2,0PT+1/2]

a constant bounded away from 0 due to the definition of Z and the boundedness of fﬁ’ near
OPT. Then, while z; € Z\ [OPT —-1n/2,0PT + 17/2], since fg is increasing (Lemma 3.5.3(i)),
we have

|zt41 — OPT| < |z — OPT| — gap.
Furthermore, once z; reaches [OPT — /2, OPT + /2], because 6; = 0(1), it is easy to check
that fﬁ’ (z¢) < L for all future times t > 7. For all such times, we have

|zt+1 — OPT| = | f3(z¢ + 6¢) — f3(OPT)| < L|z¢ + 6; — OPT| < L|z; — OPT|+ L~ lez_g :
Iterating this inequality yields that
|zt — OPT| < L |z, — OPT| + - f T NSZ_S . (3.7)
It follows that once we set T = Q(log N),
1
|lzr — OPT| < O (N1/2—s)
as desired. N
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High-temperature RGD escapes the unstable fixed point

This section is dedicated to proving the following lemma about RGD escaping from the
trivial fixed point at 0 correlation.

Lemma 3.5.6. LetA>1,6¢€ (%, 1), and & > 0 be a sufficiently small constant. Let xq € {£1}N
arbitrary, and (x¢)t»0 the (random) trajectory of RGD initialized at xo. Then,

1
Pr | max N |<xt’ 1>| <eéel < e—Q(T/logN) )

xlIx

Lemma 3.5.6 almost immediately follows from the following more general lemma about
appropriate stochastic processes escaping unstable fixed points.

Lemma 3.5.7. Let g : R — R be a smooth function such that for some constants L > 1 and ¢ > 0,
|g(x)| > Ll|x| for all |x| < 2¢. Let Xy ~ v for some arbitrary distribution vy on R. Suppose we
have three sequences (X¢, Yy, Zt )0 of random variables on a common probability space. Assume
that

(vii) forall t > 0, Z; has law N (0, © (z)), and is independent of o((Xs)o<s<i—1, (Ys)o<s<t),
(vii) E [Ytz | (X5, Ys, Zs)OSsst—l] < %

(vil) (X¢) is defined by
Xip1 = g(Xt) +Y+7Z;.

Then,
Pr lmax 1X;| < | < QT logN)
0<t<T
Proof. Our proof proceeds in two stages. We first show that the dynamics escape zero

to a “lukewarm” start, and after this exponential growth kicks in to make X; grow to Q(1).
To be more precise, let k¥ > 0 be a (large) constant to be fixed later. We shall show the
following two statements, where ¢ > 0 is a sufficiently small constant:

K
Pr l'XHll > \/_ﬁ | (Xs,Ys, Zs)os<t| = €, (3.8)
K
> _ >—|>c. .
Pr t<s<1}f(ljxlogN 1Xs| > €| (Xs,Ys, Zs)oss<t—1,1X¢] \/ﬁ c (3.9)
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Putting these two together with the independence structure of the (Y;, Z;) immediately
yields the result.

Let us start by proving (3.8), which is a consequence of anticoncentration and concen-
tration of Z;. Indeed, we have

2K
Pr llXt+1| \/_ﬁ | (XS/Y )O<5<t ’ (Z )0<s<t 17 g(Xt) + Yt| \/Nl
> Pr |Zt| \/_ﬁ | (XSIY )0<s<t /(Z )0<s<t 17 g(Xt) + Yt \/—l c, and
PrllX 1> = [(X,Ys) (Zs) g(Xn) +Yi| < 2“]
t+1| = 7 <s<t 7 <s<t-17 t t
+ N sr Ls)ogs<t s)o<s<t—1 \/ﬁ
> Pr||Z:] > \/_— | (Xs/ Ys)0<s<t /(Z )O<s<t 17 g(Xt) + Yt \/—l
implying (3.8).

Let us next prove (3.9). Consider the following event, parametrized by some constant
t > 0 that we shall fix later:

LK
&= {(YS/Zs)s>t : |Ys +ZS| < \/_ﬁ '(S —t+ 1)} .

Observe that if (x is sufficiently large, the above holds with nonzero probability. Indeed,
we have E [(Yt +Z)? | (Ys, Zs)o<s<t— 1] , 50 Markov’s inequality followed by a union
bound gives that

C
Pr [8 | (XSI Ys, Zs)0<s<t—1] >1- Z L21<2(]—+1)2 ’ (3.10)
j=0

which is bounded away from 0 for (1« sufficiently large.
Now, towards (3.9), we claim the following for sufficiently small : and some constant

Le (1, L) bounded away from 1 (to be set later): if & holds, |X;4;| < ¢, and [ X;4j| > . %,
then [X;.j41| > % o ﬁ It is not difficult to see that this implies (3.9): all the X being

smaller than € would contradict the exponential growth prescribed by the previous sentence

~Clo
if the constant C is taken large enough that L sl

K

VN

> ¢. To complete the proof, we
have that if the events described earlier hold,

|Xt+j+1| = |3(Xt+]') + Yij + Zt+j|
> [g(Xi4j) = |Yt+j + Zf+j|
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To conclude, choose the constants such that

o = % is bounded away from 1,
* ris small enough that L — ¢ - supj ];—]1 > L,and

¢ « is large enough that the probability in (3.10) is bounded away from 0. O
Let us go back and prove Lemma 3.5.6.

Proof of Lemma 3.5.6. We shall prove a similar statement not for the correlation, but for
the external fields (h;):>0 encountered along the trajectory of RGD (see Item 2). Concretely,
this process is defined as follows, starting from arbitrary & = hy € R.

1. sample z = f5 A(h) + ﬁ’gh, where we recall g, is the deviation from the expected
magnetization of a Gibbs sample from pgw -

2. draw g ~ N (O, ﬁ)' and moveto h’ = z + g.

Lemma 3.6.1 yields that with probability 1 — 0(1), we may write
1 1 -
hiv1 = fpa(hy) (1 + 0 (ﬁ)) +0 N + 8+ 8-

Let us verify that we can apply Lemma 3.5.7 with X; = hy, ¥; = O (ﬁ) + §ht’ and
Zt = &

By definition, g; is independent of the collection {§ht, (§hs, gs)o<s< t—1}- The bound on
the conditional second moment of g, follows from Lemma 3.6.2—recall that for < 1,
as mentioned in Remark 3.4.15, (B, h) satisfies (overlap-conc) for all /1. The lower bound of
| fp,1 ()] (1 +0 (ﬁ)) > L|x| for small x follows from the instability of fg 1 at 0 for g € (%, 1):
this is proved in Proposition 3.7.1. The desideratum follows on using Lemma 3.5.7. [

We may now prove Theorem 3.5.1, restated for convenience.
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Theorem 3.5.1 (Fixed-temperature RGD). Fix A > 1, K > 0 large, ¢ > 0 small, and > %
With high probability over the noise W, the following holds. Let xo € {£1}N, and assume that
(B, BAIR(x0, 1)|) satisfies (AT), B satisfies (RS-AT), and (B, A) satisfies (AT-fixed-pt). Suppose that
we run the RGD Markov chain at inverse temperature f from xq for T > w(log N) steps to arrive
at distribution vr. Suppose T < NX. Then,

1
Exrevr [||R (x7,1)| = OPTﬁ,}\” < O( ) .

N1/2-¢
Proof. If p > 1, this immediately follows from Lemma 3.5.4, since the AT line is non-
trivial there. For p < 1, this follows from Lemmas 3.5.4 and 3.5.6. O

3.6 High-temperature mean magnetization estimates in the
SK model

In the RGD recursion for spiked Wigner, the measure decomposition is
=E x~ug .
Hpm,0 ;~ Z‘L\ll"(](\)/{’f)[‘uﬁW,(%(l,xH\/ﬁ/\/ng)l]

The following explicit formula allows us to determine the deterministic scalar recursion
which determines the behavior of locally stationary RGD, in the high-temperature regime
g <1

Lemma 3.6.1 (High-temperature magnetization concentration for all fields). Letp <1,
e > 0 sufficiently small, and K > 0 large independent of N. With probability 1 — o(1) over
W ~ GOE(N), forall 0 < h < K,

(i) th < N—(1/4+€),

1 1 1
NEJCNHﬁW,hl(x/ 1> = Eg~N(O,1) [tanh (ﬁg‘/ﬁ + h)] (1 +0 (ﬁ)) +0 (N1/2+s) ’
(i) if h > N~(1/4+9),
1 1
NEX““#ﬁW,hl(x’ 1) = Eg no,1) [tanh (ﬁg‘/ﬁ + h)] +0 Nl2-¢| -

where q = qy, is the functional order parameter defined by

q = Eg (o, [tanh® (Bgq + 11)] .
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Note that for & > N~(/4+8) 3 bound of the form of (i) is strictly stronger than that in (ii).
The above theorem will be a corollary of two estimates for the mean magnetization.
The first is essentially already present in [Han07] (also see [CT21]).

Lemma 3.6.2 (essentially [Han07]). Let (B, h) satisfy (overlap-conc). Then, for any constant k,

E [(R(G, 1) - ‘71)2k] Y (%) ’

where we denote q1 = Egn(0,1) [tanh (BgyF + h)].

The proofisidentical to that of Corollary 4.1, Theorem 5.1, and Theorem 6.1 in [Han07]—we
observe that all these proofs of upper bounds on the moments go through assuming overlap
concentration, even if we do not have a central limit theorem for the overlap (such a CLT
is required for the stronger Theorem 1.2 in Hanen’s paper, which proves a CLT for the
magnetization).

However, this lemma is not useful in the regime where / is tiny, say ® (N~1/2), since
g1 itself is O(h), and the error is at the same scale as the estimate. To get around this, we
prove a mean magnetization formula that is more precise in the small & regime, albeit only
with a lower moment that will suffice for our purposes.

Lemma 3.6.3 (Magnetization estimates under weak external field). Let 6 > 0and h < N™¢
for some a > 1/4. Then,

2-6
E

1 < 1 h )\
ol Jeolecli )

We will defer the proof of Lemma 3.6.3 to Section 3.6. We may now prove Lemma 3.6.1.

Proof. For ease of notation, let m (/) be the random variable ﬁ Zﬁ1<ai) under external
field h. It is not difficult to show that m(h) is non-decreasing in h: indeed, its derivative
with respect to & is the variance of the magnetization in the corresponding model. For
h > N~(i+¢), Markov’s inequality applied to Lemma 3.6.2 yields that

1
<m.

(3.11)

1
r h) — h
p [|m<> (] >

On the other hand, for i < N=(i*¢), Markov’s inequality applied to Lemma 3.6.3 yields
that for some c; we will fix shortly,

<O(N™).

Prl|m(h)—q1(h)|>max{ " 1i}



Now, choose 6 = ¢ and ¢; such that 2%1& = % — ¢, s0 appealing to Lemma 3.7.4, the above
reduces to
q 1(h) 1

N¢ ' N1/2+e

Pr ||m(h) - q1(h)| > max{ }l <O (N9, (3.12)

Forco=1+¢letS={q7' (iN~):0< i< KN}; note that S is well defined because
g1 is strictly increasing in /. We shall perform a union bound over S. For sufficiently small
g, it is plainly true that N™° - N2 = o(1), since c; = 1 and ¢z = % Consequently, (3.12)
yields that with probability 1 — o(1), for all i € S with h < N~(3+¢),

h
|m(h) - 0]1(h)| <0 (max {q]l\gs)' N1}2+5}) .

On the other hand, (3.11) yields that with probability 1 —o(1), forall 1 € Swith h > N -(5+e),

lm(h) — q1(h)| < =g

This bound further extends from S to all & bounded by K: indeed, suppose & < K and
hi1 < h < hy such that hy, hy € S, |q1(h1) — q1(h)] < N™2 and |g1(h2) — g1(h)| < N~°2. Then,
if It < N-(1+),

m<h>>m<h1>>q1<h1)—o(‘71”’”)—0( ! )>q1<h)—o(‘“(h))—o( ! )

N¢ N1/2+e Ne N1/2+e

where we have used the fact that g, is strictly increasing in /. Similarly, we have

m(h) < qu(h) + O (q;\gh)) +0 (NJM) .

An identical argument works for the alternate error bound when h > N ~(i+e), O

High-precision mean magnetization estimates under weak external field

For this section, let h < N™¢ for some @ > 1/4, and p < 1. We also define g, q; by the
recursions

q = EZ~N(0,1) [tanh2 (ﬁ\/ﬁz + I’l)] P
g1 = Ez n0,1) [tanh (Bvaz + h)] :

We also denote Z to be the partition function of the SK model with external field /.
In this section, we will prove the following lemma.
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Lemma 3.6.3 (Magnetization estimates under weak external field). Let 6 > Oand h < N™¢
for some a > 1/4. Then,
2-6

‘ NSNS

1 N
N Z<Uz’> —q1
i=1

Lemma 3.6.4. E |Z>

RN 2 RS
N;(Gi>—q1) <E[Z]QO(maX{N,\/—ﬁ}) .

Proof of Lemma 3.6.3. We have by Holder’s inequality and [DW23, Corollary 3.5] (using
the fact that a > 1/4) that

2-0

X N 2-6 . N 217 X 5/2
N 2| = A
E ﬁ;«m m| |<E|Z (N;w ql) E[Zm-al
T IR AR |
< 2-6 L n , ‘
w120 s {5 ol
1 h 2—0
= O |max , — ,
[ 551
as desired. n

We dedicate the remainder of this section to proving Lemma 3.6.4. Using replicas, we
can write

N 2
i (% D o) - ql) = > B[eMOHNO () - g1)(m(p) - g1)],
i=1 o,p

where Hy(0) = §<o, Wo) + h{o, 1), so that Cov(Hn(0), Hn(p)) = gNR(G, p)2. Tt follows
that Hy (o) + Hn(p) is distributed as N (& <a +p, 1> ,NB%(1+R(0, p)?)), and so,

E [eHN(o)+HN(p)] _ eNT'ﬂ(1+R(a,p)2)+h<a+p,1> _

Since the summand in fact has no dependence on the disorder, we have reduced the
moment calculation to an evaluation of the double sum

2 ¢ RO 01) (1) — 1) (m(p) — 1)

o,pe{£1}N
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— (EZ)2(2 Cosh(h))—ZN Z eNTﬁR(o,p)2+h<G+p,1>(m(a) _ (h)(m(P) _ fh),

where we have used that E[Z] = (2 cosh(h))N " This explains the dependence on (EZ)?.
It thus remains to compute the double sum. To this end, we will use the HS transform,
followed by the Laplace method.

Fact 3.6.5 (Hubbard-Stratonovich transform). For any ¢ > 0, we have

1 _z2
— e c +2zx dz
VCTU JR

ﬁ <G p)

, we obtain that

R(U 0)? _ eﬁ—N ap 2 +z(0p) dz
271,82 ’

so that the double sum becomes

7 / 2nﬁ2 / exp —@z ) exp(z (o,p> +h (a +p, 1>)(m(o) —q1)(m(p) — q1) dz.

Observe that given z, the pairs (o;, p;) are independent of each other, and hence this sum
over o, p is tractable to explicitly compute. In particular, consider the distribution p on
{£1}?, with p(a,b) = C(Z m exp(zab + ha + hb). Then one can check the normalization
constant is C(z, h) = 2(e* cosh(2h) + e™*), and we have

Zexp <a p) +h (a + p,l) (m(0)—q1)(m(p)—q1) = C(z, h)N- Epen [(m(a) q1) (m(p) - ql)] )
ag,p

Applying the HS transform with ¢ = 5~ and x =

Now, expanding it out, we have
(m(o) — g1)(m(p) — q1) = N2 Z(Oz q1)(pj —91) + 75 N2 Z(Ol q1)(pi — q1),
i#]

and therefore,

fn(z) = Epen[(m(o) = g1)(m(p) — q1)]

N(N MO D ()~ 00)? + ok (z) ~ 20m(2) + )
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= (m(z) = 1) + 5 (k(2) = m(z) )
= (m(z) - 1)’ + ~ (k@) —q) + % (q 91) + % (g7 = m(2)?)
where m(z) = Ep| b] and k(z) := E,[ab]. Thus, our goal is to show that

/ 2
(2 cosh(h))™2N . GRTs /exp 2/32 + log(2(e* cosh(2h) + e77)) )fN(Z) dz< O (%) )

Rearranging, simplifying, and summarizing, we would like to show that

o)

E

(ez cosh(2h) + e

z~N(O,%) cosh(2h) + 1 ) fnlz)] <

where an explicit calculation yields that

e” sinh(2h)
e? cosh(2h) + e==
e* cosh(2h) —e™*=
e? cosh(2h) +e~% "

and

m(z) =
k(z) =

Let us massage this expression to deal with the first part of the integrand. Set
cosh(z) + sinh(f)?e*

(1 + smh(h) ) etanh( h) -z ( (1—tanh(h)4)) .

gn(z) =

Then,

N2z2 —tan 4
gN(Z)N . eNtanh(h)Zz e 2 (1 tanh(h) )

(+) = Ez~N(0/%) . fN(z)l

Define y > 0by % = & — (1 — tanh(h)*), and u = 2 tanh(h)?, so
4 YZ=3 =y

(*) z N(O) ) [gN(Z)N Ntanh(h) z fN(Z)]

%Ny tanh(h)* |

E N( )[gN(Z) - fn(2)]
N
( %) [an(2)N - fn(2)]

M mlﬁ TI»IY

X

where the final line uses the fact that 1 < N~!/4, Why is this useful? By the choice of g, we
in fact have g(0) = 1, gV(0) = ¢®(0) = 0, and g®)(0) = 2 tanh(h)? (1 - tanh(h)4) = O(h2).
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Thus, since z is typically < ﬁ, gn(z) is typically 1 + O (Nhsz)' and so gn(z)VN is typically

1+0 (%), essentially allowing us to ignore it in the integral.

More concretely, for our purposes (where we do not care about precise constants), it
suffices to use the looser Cauchy-Schwarz bound, yielding

) < E[gn@™]? B[ fu(2)2]"?

To control this, we will show
(vi) E [(m(z) — ql)Qk] <O (p;\]_?:) for all constant k, proved in Proposition 3.6.6,
(vi) E [(k(z) - q)zk] <O (ﬁ) for all constant k, proved in Proposition 3.6.7, and
(vi) E [gN(z)QN] = O(1), proved in Proposition 3.6.8.

These essentially immediately yield Lemma 3.6.4.

A series of Gaussian expectations

Proposition 3.6.6 (Controlling the magnetization). For any constant k,

n2\k
< — .

. e7sinh(2h)  \*
z~N(u,§) ezcosh(2h) + e~z 1!

Proof. Let us write

B e*sinh(2h) 2K
eZcosh(2h) + ez N
Z o3 Z o3
<E e*sinh(2h) E e* sinh(2h)
e cosh(2h) + e eZ cosh(2h) + e

2K (| _e?sinhh) 2K
eZ cosh(2h) + e~ N
2K e% sinh(2h)
+ [E
eZ cosh(2h) + e
The first term is easy to deal with: because z W is an O(1)-Lipschitz function,

Gaussian concentration of Lipschitz functions yields that the associated 2kth moment is

bounded by O (%Q)k

2k
_ql) .

O (h*)E e E e
B ( ) (ez cosh(2h) + e~z lez cosh(2h) + e~
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For the second term, because g = O(h?),

g1 = Egono) [tanh (BgvF + )] = It + O(h).

¢? sinh(2h)
7=/ SO

On the other hand, setting f(z) = T cosh@h)Te =

£(0) = tanh(h) = h + O(h%),
f'(0) = O(h), and
f//(o) =0 (hS) ,

we have
E[f(2)] = fO) + 'O+ 3£7(0) (#2 + 7/—2) +0 L)
2 N VN
2
= h+ O(h) - y? tanh(l)* — O(h®) - (uQ + Vﬁ) +0 (\/Lﬁ)
h
=h+0|—].
o (5]
Consequently,
e?sinh(2h) B h
‘E [ez cosh(2h) +e~z| =0 (\/_ﬁ) ’
completing the proof. O

Proposition 3.6.7 (Controlling the overlap). For any constant k,

E e® cosh(2h) —e™® 2K
z~N(y,§) e cosh(2h) + e*

Proof. Our strategy will essentially be identical to that of the previous proof. Again,
because z — k(z) is an O(1)-Lipschitz function, we have
2k
_ q)

E[(eZcosh(%)—e-z B )2k ) O(%) ) (E

ez cosh(2h) + e
We have k(z) = tanh (z + 3 In cosh(2h)) = tanh (z + k% + O(h*)). As a result,

e? cosh(2h) —e™*
eZ cosh(2h) + e

E[k(z)] = E [z +H? - %23] +0 (nt)
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2

—#+h2—— W y—+0(h4)

:y+h2+o(ﬁ).

Let us also figure out the leading terms in the Taylor series of . We have g = O(h?), so
suppose that g = ah? + O(h*). Expanding out the recursion defining g, using the Taylor
series expansion tanh?(x) = x? + O(x*), we have

q=Egno [BVIg + 1] =g+ h*+ 0O (1).

It follows that g = ; + O(h*). We also have
i+ h? = tanh(h)? - L + h?
L - (1 _ tanh(h) )
1 1

:hz(ﬁ%_1+1 +O(ﬁ)

= 1_1ﬁz-h2+o(%) :
Therefore,

BlkE)]-4]=0(5),

completing the proof. O

Proposition 3.6.8. It holds that Ez~N(o,F§) [gN(Z)QN] = 1+ on(1).
Proof. Recall

cosh(z) + sinh(h)’e?
(1 + sinh(h) ) etanh(h)®-z ( (1—tanh(h)4)) .

gn(z) =

sin 2
Let « = tanh(h)? = %, so we have

cosh(z) + x smh(z)

gN(Z) B eKZ+— (1-%2)

First note that the terms in the Taylor expansmn up to order 2 cancel out—indeed, for small
z, we have cosh(z) + x sinh(z) = 1 + xz + 4~ + O(z?), and

2 2
eKZ+—<1K>—1+Kz+(1— ®?) - —+ (Kz)2+0(z3)—1+1<z+?+0(z3)
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The claim near-immediately follows. For large z, the e(1=)2/2 term in the denominator
dominates, so we may establish a uniform bound of gn(z) < 1+ O(|z|?). We may thus

bound E [gn(2)*N] < E [(1 + O(|z|3))2N] <1+0 (ﬁ), as desired. O

3.7 Towards understanding the RGD recursion

Towards understanding the fixed points in the (AT) region

In this section, we analyze some salient properties of the fixed point equations governing
RGD and AMP. While we do not show that there exists a unique fixed point to f3 1 defined
in (3.5) in the (AT) region, we are able to show that there is at most one fixed point in this
region, and that this fixed point must be stable.

Proposition 3.7.1. Fix A > land B > 0. Set h. = inf{h > 0 : (B, h) satisfies (AT)}. Suppose
that for all h > h., (B, h) satisfies (AT). Then, for fg = fg,a defined as in (3.5),

(i) If B < 1, then h = 0 is the only fixed point for fg(h). Furthermore, h = 0 is a stable fixed
point.

(i) If T < B < 1, there are exactly two non-negative fixed points for fg(h) at 0 and OPTg 1.
Furthermore, h = 0 is an unstable fixed point and h = OPTg ) is a stable fixed point.

(i) If p > 1, there is at most one positive fixed point h > 0 such that (B, h) satisfies (AT).
Furthermore, if h exists, it is a stable fixed point of fg. Finally, for B = A, such a fixed point
does indeed exist.

: A ’
(i) For h > B fﬁ (h) > 0.
Given the above, Lemma 3.5.3 is near-immediate.

Lemma 3.5.3. Let A > 1. If B < lor = A, (B, A) satisfies (AT-fixed-pt). Suppose that (8, )
satisfies (AT-fixed-pt). Then,

(clvi) if h is such that (B, BAh) satisfies (AT), fﬁ’ L) >0,
(clvi) OPTg ) is the unique fixed point h of fg a such that (B, BAh) satisfies (AT), and
(clvi) OPTyg , is a stable fixed point of fg r.

Proof. (i, ii, iii) near-immediately follow from Proposition 3.7.1(iii, iv). The fact that
(AT-fixed-pt) is satisfied if p < 1 or f = A is a consequence of Proposition 3.7.1(i, ii, iii). [
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We shall prove Proposition 3.7.1 over the course of this section. We start by noting the
following simple fact.

Fact 3.7.2. Foranya,b >0,

2aE[sech’*(ag + b) tanh(ag + b)] = ~Egn0,1)[sech’*(ag + ) - g] > 0.

Proof. The first equality is just Stein’s lemma. For the second, we use symmetry to
express

EgNN(Oll)[seChZ(ag +b)-g]=--E [g (sech2 (b + ag) — sech? (b - ag))] <0.

DN | —

If g > 0 we have [b +ag| > |b — agl, and if g < 0, we have |b — ag| > |b + ag]|. Since sech?(-)
is even and decreasing for positive arguments, the claim follows. O

We also need the following facts about the recursion defining the overlap constant g.
Lemma 3.7.3. Let > 0and h > 0. Consider the solution to the fixed point equation
q = q(h) = E[tanh*(Bg~/7 + )] .
Then the following hold.

(iii) If h > O, there is a unique solution g = q(h) > 0. If h = 0 and < 1, then q = 0 is the
unique solution to the above recursion, and q’(0) = 0.

(iii) If (B, h) satisfy (AT), then q is differentiable. Denoting X = fg+/q + h, we have

2E[tanh(X) sech?(X)]
1 — B2E[sech?(X) — 2sech?(X) tanh*(X)]

q'(h) =

Consequently, g’(h) > 0.

Proof. The uniqueness of g in the mentioned regimes is [Gue01] (also see [Tal10, Propo-
sition 1.3.8]). For the second point, define the shorthand T = tanh(Bg+/q + ) and S =
sech(Bg+/7 + ). We can implicitly differentiate through h to obtain

q' = E[2TS*(Bg(vq) +1)]

pa’ 2
= 2E[TS?] + “——E[gTS?]
Vi 8
= 2E[TS?] + f?q’E[S* - 28°T?]. (Stein’s lemma)

88



Solving for g’ yields
, 2E[TS?]
9 = 1 pE[st —25°T?]
For (B, h) satisfying (AT), the denominator is strictly positive (thus justifying the well-
definedness of q’). The numerator is strictly positive by Fact 3.7.2. O

We will also need the following estimates for the behavior of g and 4, for small /.

Lemma3.7.4. Leth > Oand p < 1. Also let q(h) be the unique solution to q = E[tanh*(Bg+/q +
)] and define q1(h) = E[tanh(ﬁg\/q(h) + h)]. Then

h? 2n h?
= a-py SR
h2
3(1—‘82) B ql(h) <h

Proof. The inequality for g is [DW23, Lemma 1.2]. For the inequality on g1, we first note
that tanh x < x, so with Y = g+/gz + h, we have q; = EtanhY < EY = h. Furthermore,

since x — tanh x < %2, we obtain E[Y — tanh Y] < EY? = 1(h?% + B2¢). Combining with the

upper bound on g, we obtain
h2
>h— —0pr,
TR
as desired. ]
We are now ready to prove some nice properties of fz.

Lemma 3.7.5. Fix A > 1and > 0. Consider the function fg defined as in (3.5):

fﬁ (h) = Eg~N(0,1) tanh (ﬁg1/qﬁ,ﬁ/\h + ﬁAh) .
Then,
(v) If (B, BAh) satisfies (AT), the function m % is strictly decreasing at h.
(v) If (B, BAh) satisfies (AT), fp is increasing at h.

(v) 0is a stable fixed point fg if p < 1, and is an unstable fixed point if T < p < 1.
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Proof. Let X = X(h) = BAh + fg+/qp,pan, and introduce the function r = r(h) = qg gan-
By Stein’s lemma, we have

fﬁ'(h) =E¢-n0,1) [sech2 (X) - (ﬁg . %\ﬁ + ﬁ/\)

— 2 r
= Elsech (X)(,BgZ\/7 +ﬁ)\)l

= PAE[sech?(X)] — B%r'E [sech?(X) tanh(X)] .

Here, we have implicitly used the differentiability of +/r(h), which we justify now.
First, by Lemma 3.7.3(ii), if § < 1, r is differentiable and strictly positive for all 1 > 0.
Let us now compute the limit as # — 0*. By Lemmas 3.7.3 and 3.7.4, we have r’'(h) =

BAA%-(1+ oh(l))% and r(h) = p2A%- 1532 (1 +05,(1)). Hence,

o r'(h) __2PA
lim = .
PN V1=
It follows by symmetry that f; (h) is well defined for < 1 and all h € R.

If f <land h = 0, then r(h) = 0 by Lemma 3.7.3(i), so X = 0 almost surely and the
above simplifies to

£0)= A,
which implies (iii).
Let us next establish (ii). Abbreviate S = sech(X) and T = tanh(X). We have by
Lemma 3.7.3(ii) and (AT) that

, 2E[TS?
fﬁ(h) = ﬁAESz - 52 ) ﬁA ) 1-— ﬁQE [£4 — ]252T2] ) E[TSQ]
E[S2T]?
> pA (Es4 - E[S2T2]) >0,

where the final inequality is the Cauchy-Schwarz inequality.
Finally, consider (i). Set g(h) = # We have

h*-g'(h) = fg(W)h — f(h)
= E[BAhS?] - B*hr'E[S?T] - E[T]. (3.13)

For fixed h, define the function F(z) = E tanh (ﬁ/\Z + ﬁgw/%,ﬁ)\h)/ and denote Y = fAz +

B&+/qpprn- Note that F is not the same as fg, since we have fixed g = gg gan (in particular,
q # qp,pAz)- We may then compute for z > 0 that

F’(z) = BAEsech?(Y) > 0
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F”(z) = —28°A%E[sech?(Y) tanh(Y)] < 0,
where the final inequality is Fact 3.7.2. Plugging this back into (3.13),
h?.g'(h) = —B?h 1" -E[S*T] + hF’(h) — F(h).

Lemma 3.7.3(ii) and Fact 3.7.2 imply that the first term is negative. For the other two terms,
note that if we set G(z) = zF’(z) — F(z), then because G’(z) = F”’(z) < 0 and G(0) = 0, we
have G(h) < 0, completing the proof. O

Lemma 3.7.6. Suppose that f = A > 1. Then, there exists a fixed point h > 0 of the function fg
such that (A, A*h) satisfies (AT).

Proof. Consider the auxiliary function 1) defined by

() = A’E [tanh® (y + g7)] -
[DAM16, Lemma 6.1] shows that for A > 1, ¢ has a nonzero stable fixed point y4. Also, as
observed in [DAM16, Eq. (223)], for any y > 0 and k € Z.,,

E [tanh? (y + gv/y)] = E [tanh® (y + gvy)] (3.14)

Essentially by definition coupled with the above identity, we have that % is a fixed point of
f/\,;\ with A s = %
To see why, let us first introduce the shorthand Y = y, + g+/)/x. Then the stability of y,

as a fixed point of 1) implies that

1> ¢/'(yx) = A’E |2tanh (Y) - sech? (Y) - (1 " 257)]

= A’E [2 tanh(Y) sech?(Y) + sech®(Y) — 2sech?(Y) tanh2(Y)] ,
where the last line is Stein’s lemma. We also have by (3.14) that
E [tanh(Y) SeCh2(Y)] =E [tanh(Y) — tanh3(Y)] = E[tanh?(Y) — tanh*(Y)] = E[tanh?(Y) sech?(Y)],
so A2E[sech?(Y)] < 1 and (A, y,) satisfies (AT), as claimed. O
To conclude this section, let us put the pieces together and prove Proposition 3.7.1.

Proof of Proposition 3.7.1. For f < 1, note that (8, fAh) satisfies (AT) for all b > 0.
Consequently, Lemma 3.7.5(i) shows that in this regime, it suffices to understand whether

limp, 0+ I ,ih) is greater or less than 1: if it is greater than 1, then 0 is an unstable fixed
point and there is a unique fixed point at some positive & which is stable; if it is smaller
than 1, then 0 is the unique fixed point and it is stable. Now Lemma 3.7.5(iii) establishes
precisely where 0 is an unstable fixed point, which yields (i) and (ii). Next, (iii) follows
from Lemma 3.7.5(i) and Lemma 3.7.6. Finally, (iv) is Lemma 3.7.5(ii). [
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Chapter 4

Weak Poincaré Inequalities: MCMC
Beyond Worst-Case Mixing

4.1 Introduction

A common task of interest in computer science, probability, and physics is to efficiently
sample from Gibbs distributions. For a Hamiltonian energy function H : QO — R over state
space Q C RY, the associated Gibbs distribution up is defined by dpp(x) o exp(H(x)) dx.

The class of Markov chain Monte Carlo MCMC) algorithms is arguably the most widely
used tool for sampling from Gibbs distributions. In this paradigm, one sets up a Markov
chain Py whose stationary distribution is ug, and outputs the final state of a poly(N)-time
random walk according to Py. Common choices include the Glauber dynamics, for discrete
state spaces such as Q = {+1}", and the Langevin diffusion, for continuous state spaces
such as Q = RN or VN - SN,

To prove that such an algorithm indeed correctly samples from pup, one bounds the
mixing time of the Markov chain. A common route to prove a bound on the mixing time is
to establish functional inequalities, such as Poincaré inequalities. There are now powerful
frameworks for proving such functional inequalities, such as spectral independence [ALOG21]
and localization schemes [CE22]. The development of these frameworks has led to a flurry of
activity in analyzing mixing times of Markov chains, including the resolution of several
long-standing open problems in the algorithmic theory of counting and sampling [ALGV24,
ALOG?21, AJK*22, EKZ22, CE22].

The implications of these inequalities are quite strong. In particular, they imply that for
any initial distribution v, for an appropriate divergence function, a single step of the Markov
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chain shrinks the distance to the stationary distribution by a significant multiplicative factor:

Divergence(Prv||ug) < (1 )Divergence(vaH).

1
poly(N)
The presence of such a functional inequality typically implies that a Markov chain mixes
rapidly from a worst-case initialization.

Sampling from random initializations. Many natural Markov chains are expected to
produce approximate samples from the Gibbs measure when started at a random initial-
ization, but fail to mix rapidly from a worst-case initialization. Often, this is because
the Gibbs measure contains pathological clusters (termed metastable states in the physics
literature) that are essentially disconnected from most of the measure, and account for
a vanishing fraction of the total mass. A Markov chain initialized in such a cluster will
remain trapped inside it and fail to mix, and therefore methods that show mixing from
worst-case initializations cannot give effective guarantees in such settings.

However, one may still hope to show that from a random initialization, the Markov
chain samples from the non-pathological part of the Gibbs measure, which is statistically
indistinguishable from the true Gibbs measure. In our work, we prove that under suitable
conditions, the simulated annealing algorithm samples from a distribution close to the Gibbs
measure.

Simulated annealing. In the simulated annealing algorithm, one defines a “schedule”
of inverse temperatures, i.e. fori =0,...,T,let f; := i/T. The algorithm initializes at a
sample from the uniform distribution ug,n. Then, fori = 1,...,T, the i-th stage of the
algorithm runs the Markov chain Pg;y corresponding to ig,n for poly(N) time, initialized
at the output of the previous stage.

The underlying idea of this algorithm is that, for T sufficiently large, the Gibbs distribu-
tion pg,_,p is a “warm start” for ug,y, i.e. an initialization with suitably bounded likelihood
ratio with pg, . So, if one could show that each of the Markov chains Pg;y (approximately)
mixes rapidly from a warm start, one may inductively argue that the output of the i-th
stage of the algorithm is an approximate sample from g,p. In other words, simulated
annealing chains a sequence of warm starts together into a sampling algorithm.

This algorithmic idea is widely used empirically, and has also been employed to obtain
algorithms for approximating the volumes of convex bodies [DFK91, DF91, LS90, KLS97],
approximating the number of perfect matchings in a bipartite graph [J[SV04], and sampling
from the random field Ising model at sufficiently high temperatures [AEGP23], among
others. However, we lack a general theory for why simulated annealing achieves provable
guarantees beyond the settings of sampling from log-concave distributions and convex
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bodies. Indeed, in contrast to the general recipes available to prove mixing from worst-case
initialization, proofs of rapid mixing from warm starts often employ ad-hoc arguments.

One of the main contributions of this work is a framework for proving mixing from warm
starts, which combined with the above discussion provides general sufficient conditions
under which simulated annealing samples from the Gibbs measure. We achieve this by
generalizing the frameworks of spectral independence and localization schemes, previously
employed to prove mixing from worst-case initialization, to show mixing from warm starts
(see Section 4.6 for details). As we discuss just below, our framework gives sampling
guarantees for simulated annealing in regimes where mixing from worst-case initializations
is provably false.

Main application: spherical spin glasses. In a spherical mixed p-spin glass, H : VN-SN-1 —
R is a random Hamiltonian parameterized by coefficients 8, 2, ..., yp. > 0 where:

Vp
H(o) =p ZQ N(p-1/2 Z L (4.1)
p= . .

11,...,1p

forii.d. ity ™ N(0, 1). The Gibbs distribution up is very well-studied in probability,
statistical physics, and average-case algorithm design, as it simultaneously exhibits rich
behavior and is amenable to analytic tools. Notably, this model undergoes numerous
sharp phase transitions as one increases . For small 5, the model satisfies a Poincaré
inequality [G]J19]. Beyond a uniqueness transition Buniq, small isolated clusters in yy known
as metastable states start to appear [B]24]. In particular, the natural Markov chain Langevin
diffusion initialized from such states mixes slowly, thereby precluding a Poincaré inequality.
However, these states account for a vanishing fraction of the measure under up, and the
Langevin diffusion with a random initialization is expected to still mix rapidly over a
1—on(1) fraction of iy, thereby producing a sample with vanishing total variation distance
from pp.

The threshold for efficient algorithmic sampling is believed to occur at the shattering
transition Bghatter—beyond this transition, the Gibbs measure shatters into an exponential
number of poorly-connected clusters with exponentially small mass, and mixing is provably
slow [CHS93, EAMS23, GJK23]. It is expected that all efficient algorithms fail to sample
from the Gibbs measure above Bghatter, and recently [EAMS23] gave rigorous evidence for
this picture by showing that all stable algorithms fail.

We use our framework to prove that annealed Langevin diffusion, where one begins by
running Langevin diffusion for o = 0, and slowly increases the inverse temperature to the
target , samples from the spherical mixed p-spin glass. This leads to the first rigorous
guarantee in this problem for a Markov chain beyond the uniqueness threshold.
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Theorem 4.1.1 (Informal). For any choice of y2,. .., Yp., there is a threshold Bs1, < Psnatter SUch
that for any B < Bsy, with probability at least 1 — e~ N ) over the randomness of H, annealed
Langevin diffusion run for poly(N) time samples from a distribution whose total variation distance
to gy is at most e AN,

The thresholds fgsr, and Bshatter are formally defined as the supremal f such that the
inequalities (SL) and (Non-shattering) below hold. The recent work [HMP24] produces a
different sampling algorithm based on algorithmic stochastic localization, which succeeds
to the same threshold fs,; see below for further discussion. This threshold is a fundamental
barrier for stochastic localization based approaches, and we explain its physical significance
in Remark 4.7 4.

Remark 4.1.2. In many models, we have Buniq < st < Pshatter, and sr, is close to Bshatter-
For example, for the pure p-spin models (where y, = 1 and all the other y; are equal to
0), Buniq < (log p)~/2, while Bsr, Bshatter < 1 and Bsr./Bshatter is bounded from below by the
universal constant ve /2. See [HMP24, Remark 1.1, Eq. 1.8].

Weak Poincaré inequalities and localization schemes

The starting point of our work is a relaxation of Poincaré inequalities, known as weak Poincaré
inequalities, which can be leveraged to prove mixing from warm starts. To simplify the
discussion, we restrict here to the setting of discrete Markov chains. Our main application
is to a continuous Markov chain, namely the Langevin diffusion for a spherical spin glass,
and we outline the differences in Remark 4.1.7 below.

Let Py be a time-reversible Markov chain with stationary distribution uy. For any func-
tions f, g : QO — R, define the Dirichlet form as E(f, §) = Ex-y, Ey~p, x(f (x) = f(y))(g(x) -
g(y)). We say Py satisfies a C-Poincaré inequality if for any function f : QO — R:

&(f,f) = C-Var[f],

for C > 1/poly(N). A Poincaré inequality has a classic implication for rapid mixing. In
particular, for v; as the distribution obtained by running Py for continuous time ¢ starting
at a distribution v, we have:

x2(vellpn) < exp(=Ct) - x* (vollur) -

We say Py satisfies a (C, ¢)-weak Poincaré inequality if for any function f : QO — R:

E(f, f) > C-Var[fl-e-|If —EfIIZ,
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One can derive the following mixing guarantee from a weak Poincaré inequality; see,
e.g., [RWO01, Theorem 2.1].

dv
X (villun) < exp(=Ct) - x*(vollun) + € - dy—; -1)1%- (4.2)
In particular, if v¢ is a warm start for ug in the sense that C%(f[ - 1” « 18 suitably small, this

implies that the Markov chain’s output distribution v; approximates py.

Since the target measure in one stage of simulated annealing is a warm start for that of
the next stage, such a guarantee allows one to inductively argue that simulated annealing
succeeds at sampling. We summarize this implication below.

Theorem 4.1.3 (Informal, see Theorem 4.4.12). If Pgy satisfies a weak Poincaré inequality with
suitable parameters for every B € [0, 1], then simulated annealing succeeds at sampling from up.

Localization schemes for weak Poincaré inequalities. We restrict to the following simple
setting: upy is a distribution on {+1}". Let Py be the Glauber dynamics Markov chain where
in a single step from x, we pick a uniformly random coordinate i ~ [N], and toggle x; with
probability:
p (x®)
pr(x) + pup (x®)

A special case of the localization schemes framework is the spectral independence framework
of Anari, Liu, and Oveis Gharan [AL20, ALOG21].

Theorem 4.1.4 (Spectral independence). The following local-to-global principle reduces proving
a Poincaré inequality to establishing bounds on the spectrum of influence matrices. Suppose for
every S C [N], and every pinning xs of coordinates in S, the spectral norm of its influence matrix
Ws . is at most a, then the Glauber dynamics chain satisfies a n=C'%)-Poincaré inequality. Here,
the influence matrix Ws ¢ is an (n — |S|) X (n — |S|) matrix indexed by vertices v & S, where

Ws xsla, b] == Pr[x, = +1|xp = +1] = Pr[x, = —1|xp = +1].

While the above theorem has been influential and useful in proving mixing time bounds
for a variety of Markov chains relevant to sampling combinatorial structures, the “for every”
requirement in the above theorem is quite punishing in average-case settings. For example,
in the presence of metastable states, Py does not satisfy a Poincaré inequality, but may
nevertheless satisfy a weak Poincaré inequality. In such cases, there are choices of S and xs
for which Ws ., has large spectral norm, and the above statement has no implications for
the mixing time of Pg.
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We give a general local-to-global principle to prove weak Poincaré inequalities. A
one-line summary of this local-to-global principle is:

Bounded influence over all pinnings implies a Poincaré inequality.
An analogous summary of the local-to-global principle in the present paper is:
Bounded influence over typical pinnings implies a weak Poincaré inequality.

To give a more concrete instantiation of our message, our result implies a “softer” version
of Theorem 4.1.4, tolerant to some “bad” pinnings, which we state below.

Theorem 4.1.5 (Special case of Lemma 4.6.8 and Remark 4.6.9). Let iy, ..., in be a random
permutation of [N], let Sy := {iy,...,it}, and let x ~ ug. Suppose with probability 1 — € over
the randomness of x and the permutation iy, ..., iN, we have that for every t € [N], the influence
matrix Ws, g has spectral norm bounded by a. Then, Py satisfies a (n=0@, O(e))-weak Poincaré
inequality.

Remark 4.1.6. The reader should think of the spectral norm of W, x,, as quantifying how
much variance of the distribution pg|xs, is “explained” by revealing x;, ..

Remark 4.1.7. Theorem 4.1.5 holds at a more general level, for a large family of localization
schemes; see [CE22] for examples of localization schemes and further discussion. The
localization scheme at play in the above local-to-global principle is process of revealing
coordinates of a Gibbs sample x in random order.

In our main application of sampling from a spherical spin glass using simulated anneal-
ing of Langevin diffusion, we consider a different localization scheme, stochastic localization,
where the revealed information at time ¢ is y; = tx + B; where (B;);»¢ is a standard Brown-
ian motion. Analyzing this localization scheme requires studying exponential tilts rather
than pinnings of uy. The analogous local-to-global principle in this setting is:

Bounded covariance over typical exponential tilts implies a weak Poincaré inequality.

We defer a technical discussion to Section 4.2, and refer to Lemma 4.6.8 and Remark 4.6.9
for a formal statement.

Sampling from spherical spin glasses

We now state our main results for sampling from spherical spin glasses. We will encode
the coefficients y», ..., yp, in (4.1) into the mixture function &(q) = 25;2 yr%qp . Note that the
parameter f§ in (4.1) can of course be absorbed into the y,,, so we can state thresholds directly
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in terms of the function &. Physics heuristics [CHS93] suggest that Glauber dynamics and
Langevin diffusion, with random initialization, sample from up with vanishing total
variation error under the following condition. Note that this and the below conditions take
the form of an upper bound on ¢ or its derivatives, and therefore demarcate a region of
sufficiently high temperature.

q

&'(g) < =g

forall g € (0, 1). (Non-shattering)

Recent work by one of the authors, Montanari, and Pham [HMP24] gives an algorithm
based on simulating Eldan’s stochastic localization process [Eld13, Eld20] (see below),
which samples from upy with vanishing total variation error under the following condition.

&' (q) < ﬁ forall g € [0, 1). (SL)
Note that this condition implies (Non-shattering), which can be seen by integrating the
inequality. [HMP24] also shows a matching hardness result, that for any strictly replica
symmetric model (see (Strict RS) below) not satisfying (SL), a generalized family of stochastic
localization algorithms fails to sample from ppy.
Our main result is that simulated annealing samples from py in the same regime.

Theorem 4.1.8 (See Theorem 4.7.2). Under (SL), with probability at least 1 — e~ QN over the
randomness of H, annealed Langevin dynamics produces a sample whose total variation distance to
UH is at most e QN

As alluded to in the above discussion, the main input to our framework is a high-
probability covariance bound on the random exponential tilts of the Gibbs measure en-
countered along the stochastic localization process. Combined with our weak Poincaré
inequality framework, this implies that simulated annealing samples from the Gibbs mea-
sure. On the way to proving these covariance bounds, we establish a high-probability
covariance bound on all spherical spin glasses in the (strictly) replica symmetric phase, a
high-temperature phase where the model enjoys a certain notion of correlation decay.

&”(0) < land &(g) + g +log(1 —g) < 0forall g € (0, 1). (Strict RS)

Theorem 4.1.9 (Informal, see Theorem 4.7.27). Under (Strict RS), with probability 1— e~ QAN
over the randomness of H, ||Cov(ug)|lop = O(1).
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This is the first covariance bound to cover the entire replica symmetric phase with higher
order interactions, and we believe it is interesting in its own right. This result is sharp: in
the complement of the replica symmetric regime, arguing as in [AG24, Proposition 4.2]
shows that E||Cov(um)||op is diverging, of order Q(VN).

The relation between (SL) and (Strict RS) is as follows. First, (Strict RS) follows from (SL)
by integrating twice. Second, (SL) is equivalent to the condition that random exponential
tilts of uy of any magnitude are typically replica symmetric. This is needed for the algo-
rithmic stochastic localization approach of [HMP24], and arises in the current work (where
stochastic localization appears as an analysis tool, rather than as an algorithm) for a similar
reason, see Remark 4.7 4.

The connection from Theorem 4.1.9 to high-probability covariance bounds on the tilted
measures encountered along the localization process relies on a reduction developed
in [HMP24]. This reduction implies that typically, the vast majority of the mass of these
tilted measures live near a certain codimension-2 band passing through a TAP fixed point,
which behaves like a spin glass in two fewer dimensions. The proof of Theorem 4.1.9 also
builds on tools developed in [HMP24], and by one of the authors and Sellke in [HS23], which
together provide high-precision control of partition functions in the replica symmetric
regime.

On the other hand, our approach also leads to several improvements over earlier results.
First, we obtain a sampler with total variation error e~ ") with probability 1 — e=N ),
whereas [HMP24] obtains total variation error N~¢ with probability 1 — N~¢, for small
constant €. Our total variation error is close to the best possible, as beyond the uniqueness
threshold, at least a e=OW) fraction of uy is typically trapped in metastable states [B]24],
which are hard to reach. Moreover, there is no longer a need to encode a mean estimator for
the stochastic localization process (see below) directly in the algorithm; running a natural
Markov chain is sufficient.

More conceptually, our work gives the first analysis of a Markov chain for this prob-
lem that “sees” the benignness of a random initialization and overcomes the uniqueness
threshold.

Weak Poincaré inequalities beyond annealing

The discussion thus far has been focused on proving mixing time bounds for Markov chains
initialized at warm starts. In fact, our framework extends beyond this and can be used to
prove rapid mixing of a Markov chain initialized at a distribution that “sees” the different
components of the target distribution. For instance, consider the simple scenario where
the target distribution 7 is a mixture of two disconnected component distributions, each
of which satisfies a (true) Poincaré inequality. The disconnectedness means that the full
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distribution 7= does not satisfy a true Poincaré inequality. However, if we initialize at a
distribution that splits its mass equally between the two components, we would expect a
Markov chain to rapidly mix to the target distribution.

How does one convert this belief to a (generalizable) proof? The key is that while the
distribution may not satisfy a Poincaré inequality for all functions, a variant of such an
inequality does hold for functions encountered along the trajectory of the Markov chain.
More concretely, we may prove the following theorem.

Theorem 4.1.10 (Informal, see Theorem 4.4.6). Consider the trajectory (vi)io of a Markov
chain with stationary distribution 7, initialized at a distribution vo. Suppose that forall s < T,

dvs dvg dvs
- - 2 R - .
6 () = o vers [ 2 -5}

X(vr ) < e ) (v || ) + 6.

Then,

We remark that our earlier equation (4.2) is a near-immediate consequence of the above.
Returning to the above example with two disconnected components, if vs; placed exactly
half its mass on each of the two components, the error 6 can be taken to be 0.

For our first application in Section 4.5, we use this picture of how the initialization can
capture “symmetries” in the distribution.

Sampling from mixtures of log-concave distributions with advice. An example of a
distribution where we can take advantage of “symmetries” is the following. Suppose we
have a distribution 7= which is a mixture of K distributions

K
=S
i=1

each of which is well-connected (e.g., satisfies a Poincaré inequality). We do not expect
a Markov chain to rapidly mix to 7= from a worst-case initialization. Does the scenario
change if we initialize more cleverly? To be concrete, suppose we are given m samples
X1,..., Xy from 7, and initialize our Markov chain at the empirical distribution Z’i”:l Ox;-
If the component measures (77;) are “far apart” and do not interact with each other, we
would expect the Markov chain to rapidly mix from this initialization if the fraction of
points in each cluster is (approximately) equal to the correct fraction p;. On the other hand,
if the component measures were very close together, we would expect their mixture to also
satisfy a Poincaré inequality.
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However, it is unclear how to translate this intuition to a proof. In previous work [KV23],
sampling guarantees are provided for this algorithm, but the running time has a doubly
exponential dependence on the number of components K. Our second illustration of weak
Poincaré inequalities provides high-probability sampling guarantees for this problem, by
running Langevin diffusion for time that is polynomial in all parameters involved. We refer
the reader to Section 4.5 for the details of the theorem statement and its (self-contained)
proof.

This problem is studied extensively in an independent work of Koehler, Lee, and
Vuong [KLV24]. Motivated by the success of score matching methods in modern machine
learning, they prove that Langevin dynamics and Glauber dynamics converge to the
stationary distribution when initialized from the above empirical distribution under similar
conditions to our setting, even if the Markov chain updates come from a slightly perturbed
distribution (i.e. if they were learned by a score matching algorithm). They also use their
techniques to give an efficient algorithm for learning approximately low-rank Ising models.

Related work

Markov chain mixing and localization schemes. The first use of the local-to-global
phenomenon in mixing was in the work of [ALGV24] on establishing rapid mixing of the
“basis exchange” walk on bases of a matroid, which used the local-to-global theorem for
simplicial complexes from [KO20]. Their approach was later formalized into the framework
of spectral independence [ALOG21], which was widely successful in resolving numerous
problems in algorithmic sampling and counting; see [Liu23] for a comprehensive literature
survey.

In the world of sampling from continuous distributions, most recent progress on the
KLS conjecture on the Poincaré constant of isotropic log-concave distributions (see [LV24]
and the recent survey [KL24]) has employed Eldan’s stochastic localization [Eld13]. Later,
stochastic localization was used in the work of Eldan, Koehler, and Zeitouni [EKZ22] to
analyze the Poincaré constant for Glauber dynamics on Ising models. The seemingly
unrelated techniques of spectral independence and stochastic localization approaches to
analyzing mixing times were unified under the framework of localization schemes [CE22],
which, as an application, also simplified the proof of [EKZ22].

Weak Poincaré inequalities. The study of weak Poincaré inequalities was initiated in
the work of Aida [Aid98] and Mathieu [Mat06] in the context of proving other functional
inequalities. The work of Réckner and Wang [RW01] observed the connection between a
Markov chain satisfying a weak Poincaré inequality, and rapid mixing from “sufficiently
warm starts”. We refer the reader to the monograph of Wang [Wan06, Chapter 4] for a
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comprehensive treatment of weak Poincaré inequalities and their implications to mixing
and concentration.

Weak Poincaré inequalities are also related to the notion of s-conductance, a weakened
version of conductance introduced in [LS93] which has been used frequently in the literature
on sampling from convex bodies (see [Che23, Section 7.4.2] for a textbook treatment). This
connection is explained in [GMT06]. We also refer the reader to [CGGO07], which defines a
notion of weak log-Sobolev inequality and uses it to derive a rapid mixing result.

The work [AEGP23] gives a sampling algorithm for the ferromagnetic random-field
Ising model on a finite domain D C Z4, which follows an approach of chaining warm starts
similar to the present work, inspired by convex body sampling literature [LS93]. [AEGP23]
shows that in a certain parameter regime, the Glauber dynamics for this model satisfy a
weak Poincaré inequality. They then construct an increasing sequence of sub-domains
Dy € Dy C--- C Dr = D and show that a sample from the model on D; can be converted to
a warm start for the model on D;.. Since the weak Poincaré inequality implies mixing from
a warm start, this yields a sampling algorithm based on running the Glauber dynamics on
this increasing sequence of models.

The work [AJK*21b] introduces a related notion of restricted modified log-Sobolev
inequality, which implies entropy contraction (without an additive error, in contrast to a
weak Poincaré inequality) for all warm starts. This is used to derive optimal mixing times
for several Markov chains.

Sampling from random initializations. The separation between worst-case mixing times
and mixing from a random initialization has been studied in a variety of other settings.
[CDL*12, BGZ24] characterize which product measure initializations enjoy rapid mixing
in a temperature range where worst-case mixing is exponential for the Curie-Weiss Potts
model. Notably, as discussed in [BGZ24, Section 1.3], their analysis also characterizes
mixing from initializations constructed by simulated annealing, [LS16, LS17] show that a
uniform initialization halves the mixing time for Glauber dynamics for the ferromagnetic
Ising model on bounded degree graphs, such as the 1D lattice. [GS22] introduces the notion
of weak spatial mixing in a phase, and proves that Glauber dynamics for the ferromagnetic
Ising model on the 2D lattice has rapid mixing when initialized uniformly at +1.[GS24] uses
the same notion to study mixing from a similar random initialization for a certain natural
Markov chain for the random cluster model. [BNN24] show rapid mixing for Glauber
dynamics for the exponential random graph model when initialized from a carefully chosen
Erd6s-Rényi random graph.

Sampling from spherical spin glasses and algorithmic stochastic localization. There is
a long history of work studying Markov chain dynamics on spin glasses. An important line
of work [CHS93, CK93, BCKM98, BDG06, BAGJ20, CCM21, Sel24b] studies the Langevin
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dynamics for spherical spin glasses on an N-independent time scale. While the Langevin
dynamics do not mix on this time scale, these works capture important statistics of the
trajectory such as the energy attained by the Langevin dynamics after a given time, and
uncover deep phenomena such as aging.

Rapid mixing guarantees at sufficiently high temperature were obtained in [G]19] for
the Langevin dynamics for spherical spin glasses, and in [BB19, EKZ22, AJK*22, ABXY24,
AJK*24, AKV24] for the Glauber dynamics for the Sherrington-Kirkpatrick model [SK75]
and Ising spin glasses. These approaches show mixing from a worst-case initialization via
a functional inequality.

Recently, [EAMS22, AMS23] introduced a new sampling algorithm based on simulating
Eldan’s stochastic localization scheme [Eld13, E1d20]. This approach has since been used
in applications such as Bayesian posterior sampling [MW23, MW24], and is closely related
to the denoising diffusions method in machine learning [SDWMG15, HJA20, SSDK*21]
(see [Mon23] for details). The resulting algorithm samples in a wider range of temperatures,
though with the weaker guarantee of vanishing Wasserstein rather than total variation error.
The recent work [HMP24] improved this guarantee to total variation, and the resulting
algorithm succeeds to the same threshold (SL) as in the present work.

Within the algorithmic stochastic localization approach, the main task is to estimate
the means of a sequence of exponential tilts of the Gibbs measure, which appear as the
drift process of a stochastic differential equation parametrizing the localization process.
In [EAMS22], this is achieved with an estimator based on approximate message passing
(AMP), which is accurate to leading order. [HMP24] develops an improved estimator with
a suitable correction term, which improves the algorithm’s guarantee from Wasserstein to
total variation error.

Covariance bounds for spin glasses. There has been a great deal of recent work on covari-
ance bounds for spin glasses [BXY23, AG24, BSXY24], in part due to the connection between
covariance bounds and functional inequalities developed in the localization schemes litera-
ture. In particular, [AG24, BSXY24] address the case of the Sherrington—Kirkpatrick (SK)
model, and [BXY23] addresses the SK model with external field.

Open problems

We conclude with several open problems.

Non-sampling guarantees for simulated annealing. While we initiate a study of simu-
lated annealing to attain sampling guarantees, one could ask how to analyze simulated
annealing beyond sampling. In recent work [LMR*24], three of the authors, Liu, and
Raghavendra introduce the framework of locally stationary distributions to analyze slow-
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mixing Markov chains, and leverage it to obtain recovery guarantees for the spiked Wigner
and stochastic block model inference problems. We start by reiterating [LMR*24, Problems
1.20 and 1.21]—is simulated annealing computationally optimal for random CSPs with
planted solutions?

Further, consider the problem of optimizing the Hamiltonian (4.1) of the mixed p-spin
model. Historically, simulated annealing was one of the earliest algorithms developed for
this problem [CHKW23]. The works [Mon25, Sub21, AMS21, Sel24a] develop algorithms
that are optimal among suitably Lipschitz algorithms [HS22] and conjecturally among
all efficient algorithms. The limiting energy obtained by natural Markov chain dynamics
is a long-standing question in its own right [CK93], which was solved for pure models
in [Sel24b] but is otherwise open. We ask:

Problem 4.1.11. What energy does simulated annealing obtain when run on the Hamilto-
nian (4.1)?

We refer the reader to [MRTO04, FFRT21] and references therein for relevant discussion.
We also ask the following question, which seems instrumental to making progress towards
the above.

Problem 4.1.12. How does a non-worst-case initialization (such as one constructed by
simulated annealing) affect the locally stationary distribution that is reached by a Markov
chain?

Along similar lines, we have the following concrete question about understanding
Markov chains from non-worst-case initializations.

Worst-case combinatorial optimization via simulated annealing. The paradigm of solv-
ing a semidefinite program and rounding its solution has been extremely successful at
achieving optimal approximation guarantees for a wide variety of combinatorial optimiza-
tion problems, especially constraint satisfaction problems [KKMO07, Rag08].

However, on large families of instances (sparse ones for instance), the solutions pro-
duced by these SDPs can be refined locally to improve the approximation ratio, but these
improvements do not match the corresponding hardness thresholds. For example, for the
problem of Max Cut, the classical SDP algorithm [GW95] gives an agw-approximation for

acw =~ 0.878, and a local refinement [HK22] produces an agw + Q2 d% -approximation. On

the other hand, it is (UG-)hard [Tre01] to approximate the max-cut better than agw+0O (%) :

Problem 4.1.13. Does a Markov chain initialized at the SDP solution attain a agw + Q (%)—

approximation to the max-cut in a bounded degree graph?
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Sampling from spin glasses up to the shattering threshold. It is conjectured that the
Langevin diffusion with uniform random initialization samples from spherical p-spin
models for inverse temperatures up to the shattering threshold (Non-shattering) [CHS93,
CK93]. Similarly, this is conjectured for the Glauber dynamics Markov chain for models
over the hypercube {+1}" instead of the sphere Sy, for an analogous shattering threshold.
As a start, can we show such guarantees for simulated annealing (as opposed to a fixed-
temperature Markov chain from uniform initialization)?

Problem 4.1.14. Does simulated annealing sample from p-spin models up to the shattering
threshold?

The failure of algorithmic stochastic localization beyond the (SL) condition [HMP24,
Section 10] suggests that ideas beyond our proof strategy are required to prove the above.

Simulated annealing in more general models. For sampling from the spherical p-spin
model, our results show that simulated annealing succeeds in the regime (SL) where
algorithmic stochastic localization succeeds. At the level of proofs, these methods are also
closely related, as both revolve around suitable control of the localization process: in the
algorithmic stochastic localization approach, this is used to construct a mean estimator for
the localized measures, and in our approach it is used to bound the localized measures’
covariances. These tasks are closely linked; see Remark 4.7 4.

One question is whether simulated annealing succeeds in more general models. In
particular, samplers based on algorithmic stochastic localization have been developed for
the Sherrington-Kirkpatrick model in the replica symmetric regime [EAMS22, Cel24], p-
spin models over the hypercube [AMS23], and posteriors of spiked matrix models [MW23].
These samplers are proven to have vanishing Wasserstein error, and sampling with vanish-
ing total variation error remains an open problem in these models. It would be interesting
to show that simulated annealing achieves this. More speculatively, we may ask if there is
a general reduction from a sampling guarantee for algorithmic stochastic localization to
one for simulated annealing.

#BIS. A major open problem in the field of approximate counting is settling the com-
plexity of #BIS: where the algorithmic task is to approximate the number of indepen-
dent sets in a bipartite graph. So far, algorithmic progress for this problem has been
limited to restricted classes of graphs, such as lattices & tori [HPR19], and expander
graphs [JKP20]. Numerous interesting approximate counting problems have been shown
to be #BIS-hard [CGM12, GJ12, CGG*16, GSVY16]. While vanilla Glauber dynamics fails
at the corresponding sampling task, it is plausible that a variant of simulated annealing
succeeds.
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Problem 4.1.15. Does (a simple variant of) simulated annealing succeed at sampling a
uniformly random independent set in a bipartite graph?

Structural guarantees from weak Poincaré inequalities. According to physics heuristics,
the Gibbs measure of a spherical mixed p-spin glass between uniq and Bshatter consists of
one main cluster accounting for nearly all the mass, and metastable states with exponentially
small mass that are poorly connected to the main cluster and each other. We do not prove
this picture, but the weak Poincaré inequality we obtain (up to fg1,) is sufficient to imply
a sampling guarantee for simulated annealing. One open direction is to show that the
above picture holds, and that the main cluster satisfies a genuine Poincaré inequality. More
generally, one may ask:

Problem 4.1.16. If a distribution satisfies a weak Poincaré inequality, is it TV-close to a
distribution satisfying a true Poincaré inequality?

We note that Lemmas 4.4.9 and 4.9.5 show a converse of this statement, that if we
perturb a distribution satisfying a true Poincaré inequality (for the Langevin diffusion or
Glauber dynamics Markov chains), the resulting distribution satisfies a weak Poincaré
inequality.

Organization

In Section 4.2, we give a technical overview of how we use weak Poincaré inequalities to
analyze simulated annealing for our main application of sampling from spherical p-spin
distributions.

In Section 4.3, we cover some basic preliminaries that will be useful. Then, in Section 4.4,
we formally define weak functional inequalities and establish some of their basic properties.

In Section 4.5, we demonstrate the effectiveness of this framework by showing how to
sample from a mixture of distributions satisfying Poincaré inequalities from data-based
initializations.

Our main application to spherical p-spin models spans Sections 4.6 to 4.8, and requires
more background in stochastic localization and spin glass theory. In Section 4.6, we review
some basic properties of stochastic localization and show how to adapt the framework of
localization schemes from [CE22] to prove weak functional inequalities. Then, in Section 4.7,
we initiate the discussion of weak Poincaré inequalities for spherical p-spin models. To
assist the reader in understanding the proof of a weak Poincaré inequality, we provide
a separate technical overview in Section 4.7. The rest of Section 4.7 reduces the proof to
proving high-probability covariance bounds for strictly replica-symmetric models with
small external field, which is then established in Section 4.8.
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4.2 Technical overview

Let H be a Hamiltonian on state space €, and let uy be its Gibbs distribution. Our goal
in this section is to describe our strategy to prove that simulated annealing succeeds at
sampling. In our application, Q is the scaled sphere Sy := VN - SN~!, and uy comes with
an associated Markov chain known as Langevin diffusion, which we denote with Py. For
ease of exposition, we restrict the discussion to this setting, though much of it holds in a
more general setting.

Definition 4.2.1 (Simulated annealing, informal). Initialize at the uniform distribution on
S~ (which is equal to ), and for each i € [m], run P, ;; for time T.

For the sequel, we abbreviate P, ;; and i as P; and u;, and we use P;; to denote
running P; for time t. The strategy tomprove that simulated annealing succeeds at sampling
is to establish a weak Poincaré inequality for P; for all i.

Let L be the infinitesimal generator of P;. For functions f, g : O — R, we define the
Dirichlet form E(f, g) as Ey; [fLg].

Remark 4.2.2. In the case of Langevin diffusion for a distribution 7, the Dirichlet form can
be evaluated as

&(f,8) = Eyi<Vf,Vg>,

where V denotes the Euclidean gradient if 7 is supported on RY, and the Riemannian
gradient on Sy if 7 is supported on Sy.

As discussed in Section 4.1, we say a Markov chain satisfies a weak Poincaré inequality
with parameters (C, ¢) if

&(f, f)> C-Var[f]—é‘-llf—Efllfo—S'SugllVf(X)IIQ,

which implies the following mixing result Theorem 4.4.6 for the chi-squared divergence;
see also [RW01, Theorem 2.1]. Defining v; as the distribution after running the Markov
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chain for time t from initial distribution v, we have

dVo
V—=
W

e |[4vo _q|f2

(W“H) exp(—=Ct) - x (VO“#) du;

% + & -sup
xeQ)

Analyzing simulated annealing with weak Poincaré inequalities. To see why the above
statement plays well with simulated annealing, imagine plugging in initialization vy =

dVO 1”

and sup,.cq HVdVO (x)H are O(1). The guarantee after running the Markov chain for some

pi-1. By selecting the number of annealing steps m = poly(N), we can ensure

sufficiently large polynomial time T is then

X2 (Pirui-illui) < O(e),

which in particular implies

drv (Pirpi1, pi) < O(Ve).

When we combine the above with the data processing inequality, we then get the following
guarantee for v, 7 := Py, 7 - - - P2, 7P1,1Vv0, the distribution that simulated annealing samples
from.

drv (Pm,r -+ P1,rpo, m) < dov (Pt -+ Prrto, P miim=1) + dvv (P, T m—1, tim)
< drv(Pm—1,1 - to, tim-1) + O(Ve) .

Applying the above inequality m times tells us that drv (Vi1 tim) < O (Ve - m).

We now turn our attention to the proof technique for showing a weak Poincaré inequal-
ity.
How to prove weak Poincaré inequalities. Suppose our goal is to prove a weak Poincaré
inequality for a measure 7. The high-level strategy in the localization schemes approach
for proving a weak Poincaré inequality is to design a measure decomposition of 1: for some
mixture distribution p, express m as E;-,7,. Refer to Section 4.3 for a brief review of
measure decompositions. Once we have a measure decomposition in hand, establishing

the following simple set of inequalities forms the crux of the argument. Let f be a function
such that E; f = 1.

1. Conservation of Dirichlet form.

Enl(f, )= EzpErn(f, f).

In the case of Langevin diffusion, this is an equality, and in the case of Glauber dynamics, the
inequality is true by a generic concavity argument; see, e.g. [A]JK™22, Page 19] or [LMRW24,
Page 5].
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2. Weak Poincaré inequality for good component measures.

E:pCrn.(f, f) 2 C-EzpVary [f]-1[z “good”] — || f - 1] go —e|IVAIl fo ’

where the “good” 7, are those which satisfy a (c, ¢)-weak Poincaré inequality. This in-
equality follows from the nonnegativity of norms and Dirichlet forms.

3. Approximate conservation of variance.

This is one of the parts that depends nontrivially on 7= and the decomposition p, and we
discuss the general proof strategy for this portion based on localization schemes.

4. High-probability goodness of component measures.
Pr..,[z “good”] > 1-¢.

This part also requires analyzing the measure decomposition we design. Ideally, the
measure decomposition presents us with “simpler” measures than 7 itself.

Once we have the above inequalities at hand, we get a (ca, 2¢)-weak Poincaré inequality;
see Lemma 4.4.10 for details.

How to construct a good measure decomposition. Henceforth, we restrict our attention
to the case where m = up, the Gibbs distribution for a spherical mixed p-spin glass model.
In the discussion below, we fix H as a typical Hamiltonian, and drop the phrase “with high
probability” for events that occur with high probability over the randomness of H.

To construct our measure decomposition, we rely on Eldan’s stochastic localization [E1d13].
Our inspiration is the use of stochastic localization as a tool for measure decomposition for
proving Poincaré inequalities in the work of Chen and Eldan [CE22]. Stochastic localization
is a measure-valued random process (u):>o described by:

s () exp(<yt, x) = < Il 2) (),

where y; = 0 + B; where ¢ ~ ug and (B;)s»0 is a standard Brownian motion; see [AM22,
Theorem 2] for a proof of why the above description of stochastic localization is equivalent
to the more traditional definition via a stochastic differential equation that ; obeys.

We run stochastic localization up to a stopping time 7, defined as

t:=min{t :0<t < T, |[Cov(uy)|| > Kort =T},
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where T is chosen as a sufficiently large constant, independent of N. We impose the con-
straint on the covariance matrix as it is relevant to satisfying approximate conservation
of variance: [CE22, Eq. (20)] proves that a measure decomposition based on stochastic
localization run for time at most T satisfies approximate conservation of variance with
parameter a = exp(—KT) if [|Cov(u)|| ,, is bounded by K almost surely. Hence, by con-
struction, we automatically ensure that our measure decomposition satisfies approximate
conservation of variance.

For the measure decomposition to ultimately be useful, we also need to argue that the
component measures satisfy a weak Poincaré inequality with high probability. Building on
technical results in Huang, Montanari, and Pham [HMP24, Section 9.2], we show that the
stochastic localization process run up to time T starting at py gives a distribution satisfying
an (€(1), exp(—Q(n)))-weak Poincaré inequality with probability 1 — exp(—£2(n)) over the
randomness of the stochastic localization path; see Lemma 4.7.7 for details. Unfortunately,
in the situation where the stochastic localization process stops before T, we do not have a
simple way to show a weak Poincaré inequality, and for our analysis, treat z arising from
early stopping as “bad”.

Thus, we have: Pr; ., [z ”good”] > 1 —exp(—Q(n)) — Pr[t < T]. To bound Pr[7 < T],
it is sufficient to prove a high-probability covariance norm bound on the entire stochastic
localization path for 0 < ¢t < T. Most of the technical work in this paper is devoted to

proving this covariance norm bound.
Theorem 4.2.3 (Informal version of Lemma 4.7.6). For a typical H, with probability 1— e~ Q')
over the randomness of the stochastic localization path, we have ||Cov(u;)|| op < K.

The proof of the covariance bound spans Sections 4.7 and 4.8; we give a detailed technical
overview of how it is proved in Section 4.7.

4.3 Preliminaries

Notation
e We use Sy to denote the scaled (N — 1)-sphere, VN - SN~1,
* We use p to denote the uniform measure over Sy.

e Given 01,02 € Sy, we use R(:, ) to denote the normalized inner product (i.e. the
overlap)
(01,02)

R(o1,02) = N
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e Foraninterval I C [—1,1] and x € Sy, define Band(x,I) := {0 € Sy : R(0, x) € I}.

* We use c to denote small constants whose values may change from line to line, and
C to denote similarly fickle large constants.

e Let f : Q — R be any function. We define osc(f) := sup f —inf f.

e Let f : Q — R be a smooth function. If Q C RY, then Vf denotes its Euclidean
gradient. If Q C Sy, then Vg, f denotes the Riemannian gradient on Sy. When
the correct notion of gradient is clear from context, by an abuse of notation we will
suppress this distinction and simply write V f.

Measure decompositions

Our framework for proving weak functional inequalities relies on the notion of a measure
decomposition.

Definition 4.3.1 (Measure decomposition). Let 7 be a distribution on RY. Let p be a mixture
distribution, also on R, which indexes into a family of mixture components {7, },cpn. We
say that (p, m;) is a measure decomposition for 7 if

=FE; pm;.

One reason measure decompositions are useful is that they compose nicely with worst-
case functional inequalities, as shown in the following lemma [BB19, AJK*22, CE22].

Lemma 4.3.2 (Measure decomposition composition). Let 1t be a distribution over Q C RN,
and 1 = E,,7, a measure decomposition of 1 such that

* forall functions f, E;-,Varg [f] > CvarVary|f], and
» Every m, satisfies a ppr-Poincaré inequality with respect to Langevin diffusion.
Then, 1t satisfies a pp1Cvar-Poincaré inequality.

In Lemma 4.4.10, we will show an average-case relaxation of the above result, that 7
satisfies a weak Poincaré inequality if most measures in the decomposition satisfy weak
Poincaré inequalities. Then, in Section 4.6, we construct explicit measure decompositions
using the localization schemes framework introduced in [CE22]. This will show weak
Poincaré inequalities for our measures of interest.

Besides proving functional inequalities, measure decompositions have also been directly
used for sampling and inference (see, e.g., [MW24, LMR*24]).
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Langevin diffusion

In this paper, we study Langevin diffusion on RN and the scaled sphere Sy. These defini-
tions can be directly generalized to the setting of Riemannian manifolds, but we do not
comment further on this.

Definition 4.3.3 (Langevin diffusion on RV). Let 7 be a distribution on RN with density at
x proportional to e~V®) for some function V. The Langevin diffusion process with stationary
distribution 7 is the solution to the stochastic differential equation

dZ; = =VV(Z;)dt + V2 dB;,
where (B¢ )0 is a standard Brownian motion.

Definition 4.3.4 (Langevin diffusion on Sy). Let 7 be a distribution on Sy with dm(x) o«
e~V dp(x), where V : Sy — R. The Langevin diffusion process with stationary distribu-
tion 7t is the solution to the stochastic differential equation

dZ; = =V, V(Zy) dt + V2dB;,

where (B;):>0 is a standard spherical Brownian motion. (For a textbook introduction to
spherical Brownian motion, see [Hsu02].)

We will use the following standard reversibility fact for Langevin diffusion [Che23,
Example 1.2.17].

Fact 4.3.5 (Reversibility of Langevin diffusion). The Langevin diffusion SDE with stationary
distribution Tt is reversible with respect to 1. In particular, the ergodicity of the process implies that

KL(Law(Z;) || 1) =55 0.

Furthermore, it is well-known that Langevin diffusion on RN with respect to a strongly
log-concave stationary distribution converges rapidly.

Definition 4.3.6. Let 1 be a distribution over RN with density proportional to e~V. 7 is

said to be a-strongly log-concave if V is a-strongly convex, that is, V2V > al.

We also use the following log-Sobolev mixing bound [Che23, Theorem 1.2.24].

Fact 4.3.7 (Log-Sobolev mixing). Let 7t be a distribution satisfying a log-Sobolev inequality with
constant prs, in that for any differentiable function f : RN — R,

E-|IVVFI? > prsEntg[f].
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Then, if mt; is the distribution at time t of Langevin diffusion,
KL(mt; || ) < KL(mg || m)ePrst,

Furthermore, a-strongly log-concave distributions m satisfy a log-Sobolev inequality with constant
a.

4.4 Weak functional inequalities
In this paper, we study continuous-time Markov chains.

Definition 4.4.1 (Markov semigroup). Let (X;);>( denote a continuous-time Markov process
on state space Q). Let (Py)¢>0 be the associated Markov semigroup operator; P; acts on functions
f:Q — Rvia P f(x) = E[ f(X{)|Xo = x]. Throughout, we assume that the semigroup is
reversible with respect to stationary distribution 7. Furthermore, let L denote the infinitesimal
generator of Py, i.e., Py = e~ tL. For functions f,g:Q — R, we define the Dirichlet form as

&(f,8) = ExlfLg].

See e.g. [Che23, Section 1.2] for a textbook treatment. Of particular interest to us are
the two settings where the semigroup corresponds to a discrete-time Markov chain or the
Langevin diffusion defined in Section 4.3. In these cases, the Dirichlet form satisfies the
following explicit identities.

Fact 4.4.2 (Dirichlet form from discrete-time Markov chain). Let P be the transition matrix of
a reversible discrete-time Markov chain with stationary distribution 7. We can define an associated
continuous-time semigroup operator (Pt)iso by setting L = I — P. The Dirichlet form for the
continuous-time dynamics satisfies

E(f,8) = ExnBy—px(f(x) — f(y))(g(x) — g(w)).

Here, for a probability distribution u, we say x ~ i to denote a sample x from 1, and we use y ~p x
for a single transition from x according to P.

Fact 4.4.3 (Dirichlet form for Langevin diffusion). We will need the following explicit identities
for the Dirichlet form for Langevin diffusion.

(3) When (Py);s0 corresponds to Langevin diffusion on RN with stationary distribution T, the
Dirichlet formis E(f, g) = Ex[(Vf,Vg)].

(3) When (P¢)i>0 corresponds to Langevin diffusion on Sy with stationary distribution T, the
Dirichlet form is E(f, g) = Ex[(Vspf, Vsp Q)]
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Definition 4.4.4. We say 7t satisfies a weak Poincaré inequality if for some error functional
Error : Rgo — Ryp and ppr > 0,

Vary[f] < = -&(f, f)+ Error(f).
PPI

Similarly, we say 7t satisfies a weak modified log-Sobolev inequality if for some error functional
Error : Rgo — Ry and Cypst = 0,

1
MLSI

Entr[f] <

-&(f,log f) + Error(f).

Theorem 4.4.5. Consider the trajectory (vi)s»o of a reversible continuous-time Markov chain
with stationary distribution T, initialized at the distribution v, and suppose that  satisfies a weak
MLSI with parameters Error and Cyisi. Fix T > 0, and set At to be the distribution on [0, T]

with density At(s) = ecﬁf—sﬁ?_l . eCMLSIS | Thep,

KL(vr || ) < e TKL(vg || 1) + Bgop, [Error(2)].

Proof. Let fo = %, and let f; = P;fy = % (this last equality holds due to reversibil-

ity). For ease of notation, set Error; = Error(f;) for t > 0. Recalling that E(f;, log f;) =
—%KL(W || ), the weak MLSI says that

=&E(fi, log fr) + Cuwst - KL(vy || 1) = Cawst - Errory < 0,

SO

d t

T eCMistt L KL(v, || 1) — CMLSI/ e CMLSIS Brrorg ds) < 0.

0
Therefore,
T
eVt KT (vr || 71) — Carst / eCMIS Errorg ds < KL(vo || 1),
0

and

T
KL(vr || ) < e MK L(vg || 70) + Cwirst / eCMsi =D Error
0
Noting that Ar(s) = ecﬁf%l_l LSS > CyirgreMLsiGT) the above implies that

KL(vr || ) < e_CMLSITKL(Vo || ) + Es-a, [Errorsg],

as desired. O]
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By essentially the same proof, we obtain the analogous result for weak Poincaré inequal-
ities.

Theorem 4.4.6. Consider the trajectory (vi)=o of a (continuous-time) Markov chain with station-
ary distribution T, initialized at the distribution v, and suppose that 7t satisfies a weak Poincaré
inequality with parameters Error and ppy. Fix T > 0, and set At to be the distribution on [0, T

with density Ar(s) = 623511;1_1 - e2PP15 Then,

v || 1) < e T ) 2(vg || 1) + Bgong [Error(4)].

For the analysis of the annealed Langevin dynamics, we will also require the following
definition. For f : Q — R, let osc(f) := sup(f) —inf(f), and let V f denote the Riemannian
gradient.

Definition 4.4.7 (Weak functional inequalities for Langevin). We say a distribution n
on Q C RN or Q C Sy satisfies a (pp1, €)-weak Poincaré inequality if for all differentiable
functions f,

1
Vary[f]< —-&(f, f)+¢- (osc(f)2 + sup ||Vf||2)
PPI1 xeQ)
Similarly, we say 7 satisfies a (Cnpsi, €)-weak modified log-Sobolev inequality if for all

differentiable functions f,

1
CMrLst

Entr[f] < 8(f,logf)+€-(osc(\/7)2+81€18||Vf||2).

Remark 4.4.8. As mentioned in the beginning of this section, by replacing the Riemannian
gradient with the discrete gradient, an analogous theory can be developed for annealed
Glauber dynamics; see Definition 4.9.1.

We shall typically use weak Poincaré inequalities with functions f that have expectation
1, where we bound osc(f) < 2||f — 1]|e-

Properties of weak functional inequalities

In this section, we state some crucial properties of weak functional inequalities for Langevin
diffusion on RN or Sy. With minor modifications, the same results hold for Glauber
dynamics on finite state spaces; see Section 4.9 for formal details.
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Lemma 4.4.9. Let 7 be a distribution on RN or Sy satisfying a ppi-Poincaré inequality for
Langevin diffusion, and 1’ a distribution such that drv (i, 1) < 6. Then, i’ satisfies a (ppI, 0 max(p;,%, 1))—
weak Poincaré inequality for Langevin diffusion.

Proof. There exists a coupling C of (n, ©’) such that for (x,x") ~ C, Pr[x # x’] < 6.
Thus,

En(f, f)=Ex |VF|?
> E ||[Vf]|* = osup ||V £]?

> pprVary[f] — 0sup ||Vf|| 2,
Let I = [inf f,sup f]. Note that Var,[ f] = inf,e; Ez[(f — a)?]. For each a € I,
Eq[(f —a)’] > Ex[(f —a)*] = 6 - osc(f)?,

and therefore

Var,[f] > Vary[f] -6 - osc(f)>. (4.3)
Combining with the above shows
Ew(f, f) > ppiVary[f] -6 (pp1 - osc(f)? +sup ||[VF]|?) . O

As foreshadowed previously, measure decompositions compose well with weak func-
tional inequalities. Indeed, the following lemma can be viewed as a relaxation of the setup
to prove genuine functional inequalities (cf. Lemma 4.3.2).

Lemma 4.4.10. Let 7 be a distribution over RN or Sy, and mt = E. - 7, a measure decomposition
of 1 such that

* forall functions f, E;-,Varg [f] > CvarVary|f], and

* with probability 1 —n over z ~ p, T, satisfies a (ppi, 6)-weak Poincaré inequality with respect
to Langevin diffusion.

o 5 L ,
Then, 1t satisfies a ( pp1Cvar, %)—weak Poincaré inequality.

Proof. Let us say that z is good if 7, satisfies a weak Poincaré inequality, and f be a
function. Then,

Sn(f; f) = Ez~p8nz(fl f)
2 Ez~p8nz(f/ f)lzis good
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> E,-pppiVary, [ f112 s good — Opp1 - (0se(f)? + sup ||V £]|?)
= Ez-ppp1Vary, [f] - 6pp1 - (0se(f)? + sup ||V f||?) = Ez~ppprVars [ £112 is not good
> ppiBz-, Vary,[f] - (8pp1 + 1pp1) - (ose(f)? +sup [V £ ?)
> CvarppiVarg[ f]— (0pp1 + nppr) - (ose(f)? +sup [V£]|?).

The desired follows. O]

Weak Poincaré inequalities and annealed Markov chains

The notion of weak functional inequalities defined in Definition 4.4.7 can be naturally
applied in the context of simulated annealing, which we now define.

Definition 4.4.11 (Annealing scheme). Let H be a Hamiltonian over Q, and (ug)s>0 the
class of distributions over Q with pg(c) o ePH(9), For each < By, let P = Pg be a (reversible
and ergodic) Markov chain with stationary distribution .

An (inverse) temperature schedule is any function  : R>g — Ry¢. An annealing scheme A
is the time-inhomogeneous Markov chain such that at time ¢, one applies the Markov chain

Pp)-
Of interest is the temperature schedule of the form t + 6 - L%J , with the chain being

run for time T - (%0 + 1).

Theorem 4.4.12. Let T, 0 > 0 such that kg = %0 is an integer. Suppose that for each p = ko for
0 < k < ko, ug satisfies a (ppr, €)-weak Poincaré inequality for Pg. Consider the annealing scheme
given by schedule t +— 6 - I_%J, run for total time T - (%0 + 1). Let v be the output distribution of
this annealing scheme. Then,

. 1/2
drv (v, tp,) < % [+ 8 sup [VH|e® Il — 1] . O (ﬂmﬂ + g) .

Remark 4.4.13. Setting ¢ = 0 and 6 = o matches the guarantees of [CE22] (after applying
Pinsker’s inequality).

Proof. We shall prove the above using a simple inductive argument — our goal will be
to show that initialized at ug, the Pg.s Markov chain run for time T yields a distribution
sufficiently close (in total variation distance) to ug+s. The total variation distance between
the distribution that the annealed Markov chain outputs and the true distribution g, is
then upper bounded by the sum of these total variation errors.
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Let v"%) be the distribution obtained by running the annealed Markov chain initialized
with 5 until inverse temperature k5. In particular, v("¥) corresponds to the result of
running our annealed Markov chain for T'(k — r) time, and plkk) = tks- We are interested
in bounding dry (v%*0), g ). We have

drv (V(O’kO),Mﬁo) = drv (V(ko—l,ko)’ Hﬁo) n Z (dTV (v(r—l,ko), P‘ﬁo) — dpy (V(V,ko), P‘ﬁo))

1<r<ko—-1
< dry (V(ko_l’k‘)), /“1,30) + Z drv (V(r—l,ko), 1/(r,ko))
1<r<ko—1
(Triangle inequality)
<dry (V(ko_l'kO)r Hﬂo) + Z drvy (V(r_l’r), v(”)) (Data processing)
1<r<ko—1
= Z dTV (V(T—l,r)’ /‘17‘6)-

1<r<kg

We now turn to controlling the error functional osc(f)? + sup ||V f || 2. Fix an arbitrary B,
and set f to be the likelihood ratio i Then,

dug+s
-6H
e
”f - 1”00 < — 1|l
-O0H
Eypse
- e OH _1 . 1 .
< - o) n -
-O0H -O0H
EHﬁ+ée EHﬁ+be

OlHle _ 1 polHll _ 1

26||H||oo
+ <2-(e —1).
e—0lHlleo e—OlHlw ( )

Hence, osc(f) < 4 - (e?IHll> — 1), Next, a simple computation yields

66—6H
V£l = B, IVH]

< 26 - 2l | vH]|| ,

so we have sup ||V f|| < 26 - Xl sup | VH]|.
Since each s satisfies a (pp1, €)-weak Poincaré inequality, Theorem 4.4.6 with the above
calculation implies that

2
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< e 3 (g I ars) + & - (16(e*1> — 1) 4+ 4(5e* M= sup [VH])?)
< (16(e®MHll — 1)2 4 4(520MHle gup [VH]|)?) (e—2me + g) .
Plugging this back into the earlier sequence of equations completes the proof. O

Remark 4.4.14. While the proof above has been stated for the annealing scheme where at
time ¢ the Hamiltonian is of the form ¢ +— f(t) - H(0), the proof immediately extends to
essentially any annealing scheme that changes the Hamiltonian “slowly”, in that if H; is
the Hamiltonian at time ¢, ||Hy+1 — H¢||o < 0 for all £. A concrete example of such a scheme
that might work better than the vanilla annealing is that which at time ¢ has as Hamiltonian
o — H(B(t) - o).

4.5 Vignette: Sampling from mixture models with advice

We are interested in the following question.

Let 7t be a distribution over RN with density proportional to e~V Given oracle
access to the gradient VV, when is it possible to efficiently produce samples
that are close (in total variation distance) to 7t?

We begin with an overview of existing results towards the above question. Recall from
Fact 4.3.7 that for distributions satisfying a Poincaré inequality, such as strongly log-concave
distributions, Langevin diffusion enjoys rapid mixing. Beyond this setting, however, very
little is known. [BCE*22, CWZZ24] prove certain “local mixing” guarantees for Langevin
diffusion on non-log-concave distributions, but these do not immediately translate to
sampling guarantees. The works [GLR18, LRG18, GTC24] use Langevin diffusion-based
algorithms to sample from mixtures of log-concave distributions. Furthermore, the first of
these papers proves that it is hard to sample from a mixture of two Gaussian distributions
with distinct covariance matrices given access to just the gradient VV'.

In [KV23], the first theoretical guarantees are provided for a new model designed to
circumvent this issue, where in addition to being given access to the gradient VV, we are
also given “advice” in the form of m samples from the distribution (also see [NHH*20]
and [Hin10, GLZ*18, XLZW16] for related discussion). In particular, they show that when
the stationary distribution is a mixture of constantly many strongly log-concave distribu-
tions, Langevin diffusion initialized at the empirical measure on the advice gets close to
the stationary distribution. However, their dependence on the number of components
K is doubly exponential. The main result in this section improves the doubly exponen-
tial dependence to a polynomial one for any mixture of distributions satisfying Poincaré
inequalities. Similar results are obtained by Koehler, Lee, & Vuong [KLV24].
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Theorem 4.5.1. Let ¢, € (0, 1), and let 7 a mixture

K
i=1

of distributions (ni)lK: 1 Where each m; satisfies a Poincaré inequality with constant (at least) ppy.
Further assume that p; > p. for all i. Let vo be a random distribution over RN such that Ev, = 7,
in that for any measurable subset A of RN, Evg(A) = 1(A). Set

G (1og(1/6>) |

p€?

Let vy, ..., vy beiid draws from vy, and v the uniform mixture over the (v;)!",. Further suppose
that with probability at least 1 — 6, x*(v; || 1) < M. Denoting by ur the distribution attained by
running Langevin diffusion for time T initialized v, it holds that

Pr[x*(ur I m) < €] = 1-000),

PPI

forT =Q (L log (%)), where the probability is over the draws of v;.

Remark 4.5.2. One should think of v as being the point mass distribution supported on a
(random) sample drawn from 7t. Alternatively, one can think of v( as being the distribution
obtained by drawing a sample xy according to 7, then running Langevin diffusion for a
short amount of time — doing this would make the y2-divergence x?*(v || ) finite. We
also remark that a version of this proof goes through if we have that each n; satisfies
a log-Sobolev inequality instead of a Poincaré inequality, working with KL divergences
instead.

Proof of Theorem 4.5.1. The idea of the proof will be to show that up to some additive
error depending on the samples, = does satisfy a Poincaré inequality with respect to the
distributions along the path of Langevin diffusion initialized at the empirical distribution.
This error corresponds to how imbalanced the samples are in terms of the mixture weights
— a straightforward concentration argument using Bernstein’s inequality then shows that
this error is small, so the x? divergence essentially decays exponentially fast, as if 7t satisfied
a true Poincaré inequality.

Let f; be the Radon-Nikodym derivative of p; (obtained by running Langevin diffusion
initialized at v) with respect to 7. By definition, we have

X (el ) = B[ f2] -1
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pi (B [f1-1)

I
—_

K
piVarr [ fil + ) pi (B [fi - 1).
i=1

1

Because each 7; satisfies a Poincaré inequality, the first term is bounded as

szVarn, fil < sz E[IVAIP = —Ennvmﬁ

Consequently,
K
2 < L . \Y 2 ; 2 _ 1 4.4
Xl ) < — - BolIVAIP + > pi (B[ - 1). (44)
ppI —

Theorem 4.4.6 then yields that

x2(ur ) < X2 (uo || ) - e72PP1T + g,

K
2. pi (Brlfil - 1)]
. i=1
2. pi (Bl - 1))

Above, we use that because the chi-squared divergence to 7 of each of the v; is at most M,
so is that of the mixture po = v.
To conclude, we shall establish tail bounds on

K
D i (B[ £ - 1)] :

i=1

< Me 2T L By

ES ~AT

For1<j<m,let f ) be the Radon-Nikodym derivative of [,L(] ) with respect to 7, where

‘ug ) is the distribution obtained by running Langevin diffusion for time s initialized at v;.

It is not difficult to see that f; = < 3" i=1 fs .

First, for fixed s and j, we use the fact that the (E,] f; U )]) j are independent mean 1 random
variables, with Hoeffding’s inequality, to get tail bounds for E,[ f;]* — 1. We may use this
to bound a certain Orlicz norm of this random variable — this bound on the norm also
transfers to Es-a, [ X5, pi (Ex[fs]? — 1)] as it is a convex combination of random variables
with bounded Orlicz norm. This immediately yields the desired tail bound.
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Fix s and i. To start, we have the almost sure bounds

1 1 '
o= p [ ZP’ A 2 Bl £ > 0.

Note that because the expected v; is equal to 7, Ey Er [ f; U )] = 1 for any j. Furthermore,
because Enl [ fs ] is a mean 1 random variable which is bounded in [O, PL] , its variance is

at most - (see e.g. [BDO0O0]). Bernstein’s inequality implies that

s
pels 1) =] 53 2] 1| o <2 [ 15

Thus, for any t > 0,

t
Pr [|Em[fs]2 - 1| > t] < Pr |En,'fs - 1| > m
2
t
mp. (1+\/?)
< 2exp|— .

Now, consider the Orlicz norm || - ||y associated to the above family of tail bounds. As
mentioned earlier, standard machinery may be used to go from the above tail bounds to
a bound on the norm ||En A 1|| y- Convexity of the norm yields the same bound on
||Es~ Ar o pi (B[ fi]? -1 || y- Translating this back to a tail bound, we get that

mp.e?
< 2exp |- 10 <0

K

Es~A Z 711 fs - )

i=1

Conditioning on the above event not happening, we get that

X (ur Il m) < x*(uo Il m) - e72PPT 4 g <e,

as desired. O]

4.6 Stopped localization schemes

Localization schemes

We review some basic notions for the localization schemes framework introduced in [CE22].
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Definition 4.6.1 (Linear-tilt localization scheme). Let u = ug be a probability measure,
(Ut)tezs, be a localization process. A linear-tilt localization scheme is one where p; is
defined by

prer(x) = e (x) (1 + (v —m(ue), Zp))

where Z; is a random variable with E[Z;|u;] = 0 and m(u;) denotes the mean of ;.

For our main application to p-spin models, we will focus on a continuous-time version
of linear-tilt localization known as stochastic localization [Eld13].

Definition 4.6.2 (Stochastic localization). Let u be a probability measure on Q € RY,
(B)t=0 be a standard Brownian motion on RN. The stochastic localization process with
driving matrix (C;)s»0 is a localization process (ut)s>0 with pg = p and

wr(x) oc o(x) exp(=3(x, Zex) + (yr, x)),
where X; = fot C2dsand y; = fot C2m(us)ds + Cs dBs.

A crucial property of these localization schemes is that establishing (approximate)
conservation of variance reduces to bounding the covariance matrices of the intermediate
distributions p;. The following conservation of variance estimate is from [CE22, Claim 22].

Lemma 4.6.3 (Conservation of variance for linear-tilt localization). Let (u¢)ez., be a linear-
tilt localization process. Suppose that for all t < T we have

ICov(Z¢|we)? - Cov(yy) - Cov(Zt|yt)1/2||op < Ky,
where K € [0, 1]. Then for any function ¢,

EVar
yr
(1-Ky)
Var, (p] 1_[ 2

Lemma 4.6.4 (Conservation of variance for stochastic localization). Let (u¢)=0 be a stochastic
localization process with driving matrix (C)es0. Suppose that for all t < T we have

Ic;”? - Cov(ur) - C7*|l ,, < K
where Ky € [0, 1]. Then for any function ¢,

EVary, [p] _

e—/OT Kidt
Var,[¢]
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Proving weak Poincaré inequalities using stopped localization schemes

To apply Theorem 4.4.12, we required weak Poincaré inequalities for the measures of interest.
To show these, we next introduce a generic tool to prove these using Lemma 4.4.10, building
on the localization schemes framework introduced in Section 4.6. Let u be a distribution.
Using a localization scheme, we would like to design a measure decomposition y = E,, .
such that

* for all functions f, Vary[f] < CvaE;~pVary [f], and
* with probability 1 —n over z ~ p, 7, satisfies a (pp1, 0)-weak Poincaré inequality.

One way to ensure the first condition — approximate conservation of variance — is to
simply stop the localization scheme whenever it fails to hold. Indeed, the following lemma
immediately follows from Lemma 4.6.3.

Lemma 4.6.5. Let 11 = i be a measure, and let (Ut )iez., be a linear-tilt localization process defined
by
pre1(x) = pp(x) (1+ (e = m(uy), Z¢))

for some random variable Zy with E[Z|u] = 0. Let T > 0 be an arbitrary stopping time and
0< K¢ <1foreacht > 0, and consider the stopping time

T=TAinf {”COV(ZtWt)l/Q - Cov(u) - COV(Zt|Mt)1/2||op > Kt} :

Then, for any function ¢,

EVar, [¢]
—_— 2 1-Ky).
Var,[¢] g( t)

Similarly, we have the following lemma for stochastic localization, which follows from
Lemma 4.6.4.

Lemma 4.6.6. Let u = g be a measure, and ()0 be a stochastic localization process with
driving matrix (Ct)eso. Let T, K > 0 be constant parameters, and consider the stopping time

_ : 1/2 1/2
T=TA %gg {||Ct - Cov(ut) - C, ”op > K} .

Then,
EVar, [¢] S

~TK_
Var,[¢]
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Remark 4.6.7. The localization process in the above lemmas can depend on ¢, and need
not be a linear-tilt localization. The more general requirement is that

E [VarNHI [(P]Luf] 1

d
S T R Rl e > K.
Val"ut [(P] t Var(.lt[(P] ds [ s [@] | [Jt] o

This can always be achieved by stopping the localization process whenever these conditions
tail to hold.

With these elements in hand, we now show how to prove a weak Poincaré inequality
using stopped localization schemes.

Lemma4.6.8. Let u = g beameasure, and (s )s>o be a stochastic localization process with driving
matrix (C¢)eso. Let T, K > 0 be constant parameters. Suppose that with probability 1 — 1y, it holds
that ||Ct1/2 - Cov(uy) - C:/Qll op < K forall t € [0, T). Further suppose that with probability 1 — 12,
ur satisfies a (ppr, 8)-weak Poincaré inequality. Then, u satisfies a (ppre™ X, eTX (5 + 0y +12))-
weak Poincaré inequality.

Proof. As in Lemma 4.6.6, define the stopping time
_ : 1/2 1/2
=T Ajnf {||ct Covlu)- C1, > K} .

Consider the measure decomposition u = Eu;. By Lemma 4.6.6, this decomposition is
variance-conserving with parameter e K. By the hypothesis of the lemma, 7 = T with
probability 1 — 11, and ur satisfies a weak Poincaré inequality with probability 1 — 7.
Consequently, . satisfies a weak Poincaré inequality with probability at least 1 — 11 — 2.
Lemma 4.4.10 completes the proof. O

Remark 4.6.9. An analogous lemma to the above holds if (i¢)ez., is any linear-tilt local-
ization process.

While it will not be used in this paper, we note that a similar method proves a weak
Poincaré inequality for a natural Markov chain associated to a localization scheme. This
includes for example the restricted Gaussian dynamics; see [CE22] for several other exam-
ples.

Lemma 4.6.10. Let u = ug be a measure, and (u¢ )0 be a stochastic localization process with
driving matrix (C¢)i»o. Let T, K > 0 be constant parameters. Consider the Markov chain P given

by Py—y = E [%] Define the stopping time
_ . 1/2 1/2
=T Ajnf {||ct Cov(u)- €Il > K} .

If T = T with probability at least 1 — 0, then P satisfies a (e 77X, 5eTX)-weak Poincaré inequality.

125



Proof. For the Markov chain P, the Dirichlet form is given by Ep(f, f) = EVar, [ f]
(see, e.g., [CE22, Proposition 19]). We then have the chain of inequalities

EVar,.[f] > EVar, [f] - (‘Sosc(f)2
> e_TKVaryo [f]- 6osc(f)2.

The first inequality here is immediate since
EVar, [f] - EVar,[f] = EVar, [f]losr < osc(f)*Pr[t £ T].
The second inequality follows from Lemma 4.6.4. O

Remark 4.6.11. As in Remark 4.6.7, the above lemma can be generalized to localization
schemes other than stochastic localization.

4.7 Sampling from spherical p-spin models

In this section, we prove that simulated annealing samples from spherical spin glass models
for models satisfying (SL). Recall that Sy = VN - SN~ For Y2, V3., Vp. = 0, the mixed
p-spin Hamiltonian Hy : Sy — R is defined by

) Vp
Hy(o) = Z NTC=IE Z i1, iy Oiy " Oiy, (4.5)

p>2 i1, )ip=

EHn(0') - Hy(0%) = N - &(R(01, 0?)),

where we recall the mixture function £ is defined by &(s) = 25;2 yg sP. The algorithm we
will study is the following simple annealing scheme for Langevin diffusion.

Definition 4.7.1 (Annealed Langevin diffusion). Let 6x, Ty > 0 be parameters possibly
depending on N. For any > 0, let yg = ugm,, where Hy is the p-spin Hamiltonian.
Annealed Langevin diffusion is the annealing scheme A where (t) = 6n[t/Tn ] and Py is
the Langevin semigroup operator for Gibbs distribution 5. In words, A keeps 8 constant
for time Ty and then increments 8 by 0.

Theorem 4.7.2. Let Hy be a mixed p-spin Hamiltonian whose mixture function & satisfies (SL),

which we recall below: )
&"(g) < ———forallg €[0,1).
() 1= q)gf q€[0,1)
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Let u be the associated Gibbs measure over the scaled sphere Sy, with
(o) o exp(Hi () dp(0).

With probability 1 — e=N "* over the randomness of Hn, the following holds. For some parameters
ON = O(N~45), Ty = Q(N'/?), the output measure v of the the annealed Langevin diffusion
scheme with these parameters satisfies

dry (v, 1) < e~N'?.

Remark 4.7.3. We expect that the error eV " can be improved to e~N, matching the

fact that a e"OW) fraction of the Gibbs measure is typically trapped in metastable states
between the uniqueness and shattering thresholds [B]J24]. However, we will not pursue
this improvement in this paper.

Remark 4.7.4. The condition (SL) is a fundamental barrier for stochastic localization, both
as an algorithm and a proof technique. As was essentially shown in [HMP24, Section 10],
for models satisfying (Strict RS) but not (SL), the means m(;) along the localization process
do not move stably, in the sense that there exist time intervals of width o(1) in which m(u;)
moves by Q(N 1/2) (The condition (Strict RS) is an artifact of the proof, and it is expected
that the mean continues to move non-stably beyond the regime (Strict RS)). In the setting
of [HMP24], this implies that their algorithmic simulation of the localization process fails,
because approximate message passing will not estimate the mean at some times. In our
setting, this implies that the covariance Cov(u;), which arises as the derivative of m(u;), is
genuinely not bounded in operator norm at some times, and thus the main input to our
framework does not hold.

Remark 4.7.5. While the result above is stated for the continuous time Langevin diffusion,
the results therein can be adapted to the discretized Langevin Monte Carlo algorithm using
standard tools, a la [Che23, Part II], to obtain a polynomial time sampling algorithm.

To prove the above, we shall use Theorem 4.4.12 in conjunction with Lemma 4.6.8. For
the remainder of this section, let (y,),>2 be a sequence of weights such that the associated
mixture function ¢ satisfies the condition (SL).

Notation (Measure decomposition for p-spin models). Let up, = po. For a large constant
time T, let (ut)o<t<T be the stochastic localization process with driving matrix Id (see
Definition 4.6.2).
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Lemma 4.7.6 (Covariance bound on stochastic localization path). There exist constants c, K,
depending only on &, such that for any constant T > 0 the following holds with probability at
least 1 — e=N"" over the randomness of Hn. If (ut)o<t<T is the (random) trajectory of stochastic
localization initialized at ug = um,, with probability 1—e‘CN1/5, [Cov ()| op < Kforall0 <t <T.
In other words,

Pry, [Pr(MHN [HCOV(IJt)“op <Kforall0< t < T] >1—e N 51— emeNY,

Lemma 4.7.7 (Weak Poincaré inequality for endpoint distributions). There exists a constant
T depending only on & such that the following holds with probability at least 1 — e =N over the
randomness of Hy. With probability at least 1 —e~N, the (random) measure ut satisfies a (c, e N )-
weak Poincaré inequality. In other words,

Pry, [PrmHN [ur satisfies a (c, e=N)-weak Poincaré inequality] > 1 — e N| > 1 —e™N,

Let us first see how these two lemmas imply the main theorem.

Proof of Theorem 4.7.2. Fix some 0 < B < 1. Note that the Hamiltonian fHy has

mixture function g(s) = & (B%s), and if & satisfies (SL) then &p does as well. Plugging in

Lemmas 4.7.6 and 4.7.7 into Lemma 4.6.8 implies that with probability at least 1 — e™N v

—ch/s)

upHy satisfies a (c, e -weak Poincaré inequality. A union bound implies that with

probability 1 — p—cN/

—cN1/5

, for all f encountered along the annealing schedule, gy, satisfies a
(c,e )-weak Poincaré inequality.
By [HS22, Proposition 2.3], with probability 1 — =N, |[VHy | = O(VN). The same

argument implies that with probability 1 — e™N, ||Hy|lo = O(N). With probability 1 —

e=N'" all three of these events occur, and Theorem 4.4.12 completes the proof. O

We conclude this subsection by proving Lemma 4.7.7.
Proof of Lemma 4.7.7. Let du;(0) o efN1(0) dg for Hy 1(0) = Hy(o) + (y, o). Let
Sn(y) ={o €Sy : R(y, 0) > 0}.

Let U € RNX(N-1) be a matrix whose columns are an orthonormal basis of the orthogonal
complement of y. Let j = VNy/||y|| be y (which is a.s. nonzero) scaled to length VN, and
define the map o,(p) : RN"! — Sy (y) by

ay(p) =
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This is the inverse of the map that first stereographically projects Sy (y) from the origin to
y + URN"!, the plane tangent to Sy at 7, and then maps the resulting point to coordinates
given by U. Let ¢y = 0.1,and A = {p € RN"! : ||p|? < ¢yN}, and note that

oy(A) = {0 € Sy : R(0,7) > (1 + &)"/?}

is a spherical cap around y. Let A’ := ¢, (A). By arguments in [HMP24, Subsection 9.2],
there exists a measure v (denoted 17?{3 ,» see Eq. 2.10 therein) such that the following holds
with probability 1 — eV,

* The push-forward of v|4 through o, coincides with (u7))4-. (Lemma 9.5 therein.)

o ur(A’) =1-¢ N, (Lemma 9.6 therein states this with 1 — on(1) in place of 1 — eV,

but the proof implies bound 1 — eV, as this is the bound given by Proposition 5.12
used therein.)

e v(A) =1-eN. (Corollary 9.7 therein, modulo the same issue of 1 — ox/(1) versus
1 — =N, which is addressed the same way.)

e vis Q(1)-strongly log-concave. (Proposition 9.8 therein.)

By the well-known Bakry-Emery condition (see, e.g., [Che23, Section 1.2.3]), on this event
v satisfies a ppr-Poincaré inequality for some ppr = Q(1). We will transfer this inequality to
a (pp1, e~°N)-weak Poincaré inequality for ur. Consider a smooth test function f : Sy — R
and let 7 : RN=! — R be defined by 7 = f o oy. Since drv(ur, (ur)a) = e™N and

drv(v,vja) = e N, and osc(f) < osc(f), arguing as in (4.3) shows

Var,(f) < Var(”T)lA, (f)+ e_CNosc(f)2
= Var,, (?) + e Nosc(f)?
< Varv(F) +2e~Nosc(f)>.

By the Poincaré inequality for v and the definition of the Dirichlet form for Langevin

diffusion, . .
Var,(f) < — -&u(f, f) = — E[IV/I’]
PPI PPI
By [HMP24, Proof of Lemma 9.5], the map o, has Jacobian ], satisfying ||Js,[lop < 1, and
thus for all p € RN,

IVF (Il = IV (f o ay) (P < IV £ (a7 (p))-
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It follows that

< Ey, [IVFIP] +eN sup |V £

< B IIVFIPT + e N sup [V £
< By [IVFIPT + 267N sup [V £

E,[[IVFIP]

Combining the above shows

1 B 1
Var,,(f) < E(SHT(f’f) +2¢7 N osc:(f)2 + EsupHVfHQ) )

The result follows by adjusting c. O

Technical overview for covariance bounds

The proof of the main theorem has boiled down to Lemma 4.7.6 — we now give a high-level
overview of our proof strategy for this. We wish to show that with very high probability
(1 - e~ QN 1/5)), the covariance is bounded along the entire path (u:)o<t<T of stochastic
localization. By performing a union bound over time and a standard perturbation argument,
it suffices to show that for a fixed time ¢ € [0, T], ys has bounded covariance with very high
probability.

To do this, we recall an alternate view of stochastic localization [AM22]. The measure at
time ¢ of stochastic localization (with the identity driving matrix) is given as follows. First,
draw ¢ ~ up,, and independently g ~ N(0, I). Then, y; has the same law as iy to+igr
in that

yHN,tUH/;g(E) o exp (HN(E) +(to + \/?g,5>) )

As written, the covariance of this distribution is difficult to analyze — the sample ¢ has very
complicated correlations with the disorder of the Hamiltonian Hy, making it intractable.

The planting trick. To deal with this, we will use the planting trick introduced by Achliop-
tas and Coja-Oghlan [ACOO08]. The application of this method in the context of stochastic
localization is by now standard [EAMS22, EAMS23, HMP24], and we review the main
ideas for the reader’s convenience.

Definition 4.7.8 (Planted p-spin model). The planted measure () is a joint law over a
Hamiltonian Hy and a spike x € Sy given by

dupi(Hn, x) o< exp (Hn(x)) - dp(x) - dprnun(HN),

where p is the uniform measure over Sy and i is the law over p-spin Hamiltonians with
mixture function £. We frequently abuse notation to let pp(Hy) denote the marginal of pip
on Hy.
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To provide further intuition for the above definition, consider the following alternate
sampling interpretation of the planted model, which describes the distribution of x condi-
tioned on Hy.

Fact 4.7.9. Consider the following inference problem. We start by sampling the spike x ~ Sy,
sample G\P) as a rank-p tensor with iid N(0,1) entries for p > 2, and for each p let M) =
14
_G(P) + N(Tpl)/Zx®p'
Then, the posterior on x after observing the tensors (M (F’))p>2 is of the form u(x = o | (M 1)) oc
exp(Hn(0)), where

_ p #) 5%
HN(a)—;z oM, o).

Then, the joint law of (HN, x) is p|.

The above says that conditioned on Hy;, the distribution of x (according to pip) is simply
distributed as a sample according to pp, . That is, the spike x resulting in a Hamiltonian
Hyn ~ ppi is exchangeable with a sample from pp,, .

The latter of these interpretations will be very useful for us. When dealing with the
measure at time ¢ of stochastic localization applied to the p-spin model, the primary issue
was that it was unclear how to deal with the sample ¢ drawn from the Gibbs distribution.
However, if we could work with the planted p-spin model, this issue would be absent.
Indeed, the exchangability of the spike and a sample implies that the law of u; applied to
the planted model is given by

Mgy txavig(0) & €xp (HN(E) + (tx + \/?g,’a“)) ,

where x is the spike hidden in Hy. This decouples the randomness of the external field
tx + V't g and the disorder of the Hamiltonian Hy that arises from the Gaussians (G(p))p>2.

As was shown in [HMP24, Corollary 3.5] and recalled just below, the planted and
null models are mutually contiguous. Thus high-probability statements from one model
transfer to the other, and it suffices to study the planted model.

For all models satisfying (Strict RS), the measures pni(Hn) and up(Hy) from
Definition 4.7.8 are mutually contiguous, i.e., for any sequence of events Ey,
tnul(En) — 0 whenever ,(En) — 0.

The transfer from the p-spin model to the planted model may then be carried out by setting

EN ={HN : Pr o~pny [||C0v (“HN,taﬂ/?g)” > K] < N L
g~N(0,In)
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This event is very complicated in the null model, but exchangeability makes it tractable in
the planted model. In the actual proof, we will require a stronger (quantitative) version of
mutual contiguity; see Proposition 4.7.15 for details.

Now, we must understand what the Hamiltonian in the planted model looks like
conditioned on the spike.

Fact 4.7.10. Consider the following process: sample x ~ Sy, H N ~ Hnul, and define Hy by
Hn(o) = Hn(0) + N - E&(R(x, 0)). Then, the joint law of (Hn, x) is p|.

Consequently, our goal is to bound the covariance of the distribution

pe(o) o< exp (FIN(G) +N-&(R(x,0)) + (tx + \/Eg, a)) .

for H N ~ Hnuil With mixture function &. Now, define &; by &;(s) = &(s) + ts, and extend the
definition of the p-spin model (4.5) to allow a random linear term. Then,

1;(0) o exp| Hy 1(0) + N - &(R(x, 0)) |,

Hn (o)

where H Nt ~ HUnull With mixture function &;.

The TAP planted model. We now turn to controlling the covariance matrix of these
models. As we will see below, it is relatively easier to bound the covariance matrix (in fact,
the second moment matrix) of a model with zero or small external field. However, for
any time t > 0, Hy + has an external field. We will use a method developed in [HMP24] to
reduce to the case of a model with zero or small external field.

Let m"™¢ = m(y;). The main intuition of this reduction is that the Gibbs measure
concentrates near a codimension-2 band passing through m""¢ and orthogonal to m*™®
and x, and furthermore the model on this band is essentially a replica symmetric model with no
external field. Moreover, one expects that both R(m™¢, m*™¢) and R(m""¢, x) concentrate
near a value q. = q.(t) defined by &/(g.) = 12—;*.

However, m'™*¢ is a complicated function of Hy , so it is a priori difficult to reason
about the joint distribution of (m'™¢, Hy ;). Thus, this reduction is formally carried out by
conditioning on a TAP fixed point m™AP, which will serve as a proxy for m'™¢. Define the
TAP free energy

Frap(m) = Hygo(m) + 5 O(R(m, m) + - log(1 = R, m),
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where
0(s) = &(1) — &(s) — (1 —8)&"(s).

As shown in [HMP24], for sufficiently small constant ¢ > 0, with probability 1 — e™N Frap
has a unique critical point m AP in the region S, defined by R(m, m), R(m, x) € [g.—(, g.+L].
Due to the existence and uniqueness of m A", it becomes possible to relate Hy ; to a “TAP-
planted model” where one samples m A first, and then samples Hy  conditional on

VF 1ap(m) = 0:

Lemma 4.7.11 (Planted-to-TAP reduction; see Lemma 4.7.20). For any small constant 1 > 0,
the following holds. For any Hy ;-measurable event &, if

sup PI‘(8|V7:TAP(mTAP) =0) >0,

mTAPES,
then Pr(&) — 0.

Crucially, the conditional law of Hy ; in the TAP-planted model is very tractable, as (for
a fixed m™AP) VF 1ap(m ™ P) = 0 amounts to a linear constraint on the Gaussian process
Hy . The resulting explicit conditional law of Hy ; is described in Lemma 4.7.22.

Remark 4.7.12. While it will not be relevant to our purposes, [EAMS22, AMS23, HMP24]
have shown that m "AP typically approximates m'™® well, in the sense that ||m ™€ —m TAP||? =
O(1), thereby justifying the heuristic that m AP is a proxy for m®"e.

Remark 4.7.13. The idea of reducing to a TAP-planted model has also been used beyond the
setting of sampling from spherical spin glasses. In the recent work [Hua24], an analogous
reduction is used to obtain the capacity of the Ising perceptron. In this application, passage
to the TAP-planted model is used to tightly control a partition function rather than to
bound a covariance matrix.

Consequently, we can now work within the TAP-planted model. Let Hrap denote the
Hamiltonian Hy  after conditioning on x and VF 1ap(m™P) = 0. As

Cov(pitirae) = Eoopy, (0 —v)(0 - v)T
for any v € RN (with equality at v = m®"“¢), it suffices to control the operator norm of

Eo~pin., (0 - mTAP) (g — mTAP)T

133



Reduction to slices of the sphere. Next, to control the covariance, let us decompose the
sphere into codimension-2 slices

a b
S(a,b): {a € Sy : R(o,m) (1 + W)R(m,m), R(o, x) (1 + W)R(x,m)} ,
with the central slice centered at m = m™AP. Let y, , be the measure py,,, conditioned to
lie in the codimension-2 slice S(a, b).
The concentration of the Gibbs measure described in the previous section implies that,
viewed as random variables of a sample 0 ~ ppy,p, @ and b are well-concentrated around 0.
Let v, j, be the center of S(a, b). The covariance of the distribution may be bounded as

Cov(u) < E(c —m)(c —m)"
= E(0,5)Eo~p1 (0 = Vap + Vap —m) (0 = Vap + Vg — m)"
< 2B 5)Eoin, (0 = Vap) (6 = Vap) " + 2B (a ) (00,0 — m)(va — )T
< 2E(3 0)Eq~p, , (0 — Vap) (0 — Vap) + 2E(, 5O (a® +b?). (4.6)

One can interpret v, ; as explaining the variation within the slice originating from the
m and x directions. Hence, as alluded to in the previous discussion about the TAP planted
model, the key fact is that under p, p, the recentered sample ¢ — v, ;, is a sample from a
spherical spin glass in two lower dimensions, as can be shown by calculating the covariance
of the (conditioned) Gaussian process Htap restricted to this slice. This verification is
carried out in Corollary 4.7.24.

These codimension-2 models have the crucial property that the spherical spin glass
on the slice a = b = 0 is a model satisfying (Strict RS) with no external field (i.e. degree-1
term), while nearby slices have a small (random) external field of magnitude Va2 + b2. In
particular, the first term of (4.6) requires bounding the second moment of a Gibbs sample
from a strictly RS model with small (random) external field. As a result, (4.6) would be
bounded if we proved the following.

1. Let Hy be the Hamiltonian of a slightly generalized mixed p-spin model, where we
allow the mixture function £ to have a small linear term 14 (in our proofs we allow
yf < N %), such that the non-degree-1 part £.; of £ satisfies (Strict RS). Then, with
high probability,

By 007l = O (1+7iN).

Much of Section 4.8 is dedicated to showing this.

2. The second moments of 2 and b are O(1). In fact, we will show in Lemma 4.7.35 that
they are essentially O(1)-subgaussian.
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Let us start by explaining how to show subgaussianity.

Subgaussianity of a,b. The distribution v of (a, b) is given by

- N -4 vapll
v(a,b) «exp|logZ,p + 5 log (1 - | ;\Ib” ) + HTAP(U,Z/b)) .

Here, the first term log Z ab 1s the free energy of the (N — 2)-dimensional p-spin model
Ua,b, Obtained by restricting tip,,, to the slice S(a, b) and rescaling the distribution to lie on
Sn-2. The second term is an effective decrement in the free energy caused by the radius
of the sphere S(a, b) shrinking for larger values of 2 and b. The third term is an effective
increment in the free energy coming from the energy of Htap at the center of the slice
S(a,b).

For a fixed (a, b), the only random quantities in the definition of v are the first and third
terms. In Theorem 4.7.27, proved in Section 4.8, we show that the first term may essentially
be approximated by a deterministic function of the mixture function of y, y, at the cost of
incurring a small O(1) error. We do not elaborate on the details of this proof in the technical
overview; it is similar to that used to bound the covariance (which we explain shortly). The
third term is similar, and is a deterministic function plus a small Gaussian, whose variance
is O(a? + b?).

Given these bounds, we may show that the distribution v is strongly log-concave at
0 with high probability over the randomness of Htap. A simple perturbation argument
then implies that v is strongly log-concave in a macroscopic neighborhood of 0, implying
subgaussianity.

Covariance bound for strictly RS models with small external fields. The covariance
bound has now boiled down to bounding ||M||op, for M = E iy [00T] the second moment
matrix of model satisfying Eq. (Strict RS) with small external field. Note that M is a Hy-
measurable random variable.

The proof proceeds in two high level steps, which we carry out in Section 4.8.

1. We show using the second moment method that with positive probability over Hy,
|M]| op is bounded.

2. Using a much simpler argument, we can show that || M|| o, is essentially O(N~/10)-
Lipschitz in the disorder. Hence, by gaussian concentration, it concentrates very well
around its expectation (which is O(1) by the positive probability bound).

Let us elaborate a bit more on the proof of the first point above. It turns out that, under
the condition (Strict RS) with small external field, the leading order contribution to M
comes from the degree-2 part of the Hamiltonian Hy 2(0) = % 2i,j 8i,joioj. We will
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ultimately reduce the study of the covariance matrix of yp, to that of uy, ,, and then show
boundedness of Cov(up, ,) using random matrix theory. A similar strategy of isolating the
degree-2 component of Hy was used to study the partition function and magnetization of
strictly RS models in [HMP24].

Degree-2 behavior. Let us discuss the typical behavior of the covariance of jip, ,. Define
the degree-2 Gibbs measure

dptay ,(0) o exp(Hn 2(0)) dp(0),

with corresponding partition function Zy 2 = f exp(Hn,2(0)) dp(o). This is the spherical
Sherrington-Kirkpatrick model with interaction matrix A = V2Hy(0); note that A is a scaled
GOE matrix. Observe that if we shift A by a constant multiple of the identity yIdy, the
measure does not change, as it is supported on Sy. The crucial observation is the following;:

For a careful choice of y, the measure dp, ,(0)  exp(—3(o, (yldy — A)o)) dp(0)
looks like a Gaussian with covariance (yIdy — A)™L.

In fact, we will see that it suffices to pick y = 1 + &£(0). The typical value of ||x|| 2, where
x ~ N(0,yIdy — A)7!, is equal to Tr(yIdy — A)~'. By approximating this trace using the
semicircle law for the eigenvalues of A and the explicit choice of y, we see that ||x||2 ~ N,
which justifies the heuristic that this Gaussian approximates the spherical distribution
HHy 2

For the above discussion to be well-defined, we require that yIdy — A is positive definite,
which can only occur if the maximum eigenvalue of A is bounded above by y = 1 + £"(0).
By standard concentration inequalities about the maximum eigenvalue of a GOE matrix,
this holds with a constant margin with exponentially good probability. Thus, at least for
typical realizations of Hy 2, the covariance will have bounded operator norm. To make
this rigorous, we will use the Laplace transform to precisely control the moments of the
overlaps, as was previously done in [BL16, HMP24].

Reduction to degree-2. Below, we give some justification for why one should expect to be
able to reduce to the degree-2 behavior. We will heuristically argue this by showing that
the partition function Zy is essentially controlled by the degree-2 portion.

To simplify the discussion, let us assume that we are in a 2+p spin model, so that Hy/(0) =
Hn 2(0) + Hy p(0), where Hy (o) = ﬁ g,...,i,,:l 8i,...i,0i, ** 0i,. The corresponding
mixture function decomposes as &(7) = y2g° + &-2(q), so that £.5(q) = yﬁqf’ corresponds to
the non degree-2 part of the mixture function. It turns out that, once we condition on Hy »
(and hence the value of Zy2), the full partition function Zy is essentially deterministic.

Indeed, we will show in Proposition 4.8.2 that with very high probability,

ZN ~ ZN geNe-2(D/2
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To see why this is reasonable, let us consider the first two moments of Zy conditioned on
the degree-2 Hamiltonian Hy 2. Indeed, let E.> denote expectation with respect to Hy
conditioned on Hy 2. Standard gaussian MGF calculations yield E.2Zy = eNe2()/27 N2
and

Bo[Z3] = 2}, ,eNe0) / exp(NEA(R(",6%) dp® (o', 0?)

= (E-2Zn)? / exp(N)/;R(Gl, 02);7) dp®(at, o?).

At sufficiently high temperatures, the typical overlap behavior R(c?, %) < N~1/2

, where
ol,0? are iid draws from pp, . This matches the overlap behavior at infinite temperature,
where the Gibbs distribution is uniform. Then, pretending that R(c*, 62) = cN~/2 for all

al, 62, we obtain that

Eo[72] ~ (BrZy)? exp(cpy,%Nl—P/Q).

Since p > 3, it follows that, conditional on Hy », the conditional variance of Zy is tiny
compared to its conditional expectation. In summary, we see that the higher degree portions
of the partition function have negligible contributions to the fluctuations of Zy;, so that the
typical behavior of Zy is controlled by Zy .

Turning now to the covariance bound, we will control the (i, j)th covariance entry
M;; = / aiajeHN (0) dp(o). A crucial fact is that, by rotational invariance of the sphere and
gaussians, we can rotate to the eigenbasis of A = V2Hy(0) so that A becomes diagonal.
When A is diagonal, one can in fact show that

1
E~2[M,-2,]'] < W(E~2Mi,]‘)2/

where E.oM; j can be interpreted as (up to normalization) the predicted (i, j)th covariance
entry by just looking at the degree-2 randomness; see Propositions 4.8.17 and 4.8.18 for
details. It follows that the Frobenius norm error of the true covariance compared to the
degree-2 covariance is O(1). Combined with the typical behavior of the degree-2 covariance
being essentially the diagonal matrix ((1+&”(0))Idy —A)~!, we conclude an O(1) covariance
bound for pp,.

Although this direct moment approach can be made rigorous at sufficiently high tem-
perature, it will not cover the entire regime (Strict RS) of our main theorem. To deal with
this, we will use the free energy typical truncation recently introduced by [HS23]. The main
idea is that, while pairs ¢!, 02 with overlap R(c', 6?) < N™%/2 do not necessarily dominate
the second moment E[Z%/] throughout the regime (Strict RS), there is a truncation ZN
accounting for nearly all of Zy, whose second moment is dominated by such pairs. We
defer the details to the following sections.
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Null models, planted models, and contiguity

As described in the technical overview, we will need a quantitative strengthening of conti-
guity between the null and planted models. For convenience, let us restate the definition
of the planted model.

Definition 4.7.8 (Planted p-spin model). The planted measure ) is a joint law over a
Hamiltonian Hy and a spike x € Sy given by

dupi(Hn, x) o exp (Hn(x)) - dp(x) - dpnun(Hy),

where p is the uniform measure over Sy and ) is the law over p-spin Hamiltonians with
mixture function &. We frequently abuse notation to let pp(Hy) denote the marginal of iy
on H N-

Remark 4.7.14 (Interpretation of planted model). Equivalently, the planted measure
can be described as follows.

e Sample x ~ Sy.
b Sample ﬁN ~ Unull-
* Define Hy by Hn(0) = Hy(0) + N - &(R(x, 0)).

The following Bayesian interpretation of 1y will make the planted model amenable to ex-
plicit calculation. For (x, Hy) sampled from pp, the posterior distribution x|Hy is described
by the density:

dpixiy (0) o exp(Hn(0)) dp(o) -
Therefore, the distribution of (Hy, o) for ¢ ~ up, is identical to that of (Hy;, x).

In order to show the probability bound of 1 — e~N " in Lemma 4.7.6, we will prove the

following quantitative strengthening of mutual contiguity, under the following quantitative
strict RS condition. Note that, since the proof of Theorem 4.7.2 union bounds over poly(N)
many values of , quantitative control of the error in Lemma 4.7.6 is needed to carry out
the proof.

Condition 4 (e-strict replica symmetry). We say & is e-strictly replica symmetric if for all
q€(0,1),

1

2 (&(q) + g +log(1—q)) < —¢/2. (4.7)
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Under this assumption, we prove the following quantitative contiguity result in Sec-
tion 4.8.

Proposition 4.7.15 (Quantitative contiguity). Under Condition 4, there exists ¢ = c(¢) > 0
1 floa2
such that for any event &, if u,(E) = p, then pau(E) < p—cNV5 | flog .

Thus, from now on, we work under the planted model. One reason the planted model is
easier to work with is because of the following lemma, which provides a simple description
of the distribution of yu; (by describing the distribution of the external field at time ¢) in the
planted model.

Lemma 4.7.16. Let u; be the distribution after running stochastic localization with the 1d driving
matrix for time t initialized at . Then y; arises as the Gibbs distribution of the Hamiltonian

Hn (0):

HN,f(G) = HN(G) + <yt1 (7> s
where |

(Hn,y:) = (Hn,tx +Vtg),

where x ~ Sy, HN ~ ppi(-|x), and g ~ N(0,1dy).

Notation (upit, £:(q), ¥(9)). We will use pip) ¢ to denote the distribution of the pair (Hy ¢, x),
&i(q) = &(q) + tq to refer to the mixture function of Hy ;, and y(g) to refer to the function

q&,(q)-

In the subsequent sections, we will prove a high probability covariance bound for u; at
a fixed time t under the planted model.

Lemma 4.7.17. There exist universal constants ¢, T, K, such that for any t € [0,T], with

—cN1/5

probability at least 1 —e over the randomness of Hy drawn from pip) ¢, we have ||Cov(u)|| < K.

We now have all the necessary ingredients to prove the covariance bound along the
entire localization path for the null model.

Proof of Lemma 4.7.6. Define 7 as the discrete set {iT/d : 1 < i < 1/6,i € Z} for
6 = N7100. We will prove:

Prp, [Pr(yt)lHN [”COV(‘th)”Op <KforallteT|>1- e_CN1/5] Ty
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A simple continuity argument can be used to derive the desired statement from the
above. By taking a union bound over all elements of 7°, along with Proposition 4.7.15
and Lemma 4.7.17, we can conclude:

EnyPry, )y [”COV(IJt)”op > K for some t € 7'] < e"2N

The resulting statement then follows from Markov’s inequality on the random variable

Pr(,)Hy [||Cov(yt)|| op > Kforsomet € ‘T] : O

TAP planted models

In this section, we formally introduce the TAP planted model and relate it to the planted
model from the previous section.

Definition 4.7.18. Let Hy be a planted Hamiltonian with mixture function &, and define

0(s) = £(1) = &(s) = (1 = 5)&"(s).

The associated TAP free energy is defined by

Frap(m) = Hy(m) + % -0 (R(m,m)) + % -log (1 = R(m,m)).

While the TAP free energy is interesting for a multitude of reasons, we will be interested
in it because its fixed points provide a good proxy for the mean. Furthermore, the linearity
of the TAP free energy in the Gaussian coefficients of the Hamiltonian provides certain
desirable properties (that using the true mean would not allow).

We use the following TAP fixed-point fact from [HMP24, Fact 4.2].

Fact 4.7.19 (TAP fixed-point equation). Let & be a mixture function satisfying the condition (SL).
Forany t € [0,00), let £:(q) = £(q) + tq. Then there is a unique solution in [0, 1), which we denote
g« = q«(t), to

q+

&) = 12 .
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Lemma 4.7.20. For any K > 0, sufficiently small (constant) 1 > 0 and x € Sn:

Pr,,, [||COV(MHN,t)||Op > K]

1/2
< C-sup Pry [”COV([JHNJ)” op = KA E | VF tap(m) = O] + 207N,

meS,

where
S, =8/(x) = {m e RN : |R(m,m) — q.|,|IR(m, x) — g.| < L} ,
and &, is the event that ¥ tap has a unique critical point m"P in S,, and that

PrUNHHNt [R(G, mTAP), R(o,x) € (g — 1,9+ L]] >1-—e¢ N,

Proof. The above statement is effectively due to [HMP24, Propositions 4.4(d) and 4.5(a)].
For the reader’s convenience, we include the steps to arriving at the above statement. For
any event & (and in particular, for the event & defined in [HMP24, Proposition 4.4]), we
have:

Pr [||COV(HHN,t)||Op > K] < Pr [llCOV(#HN,t)”Op >KAE, A 8] + Pr[g] + Pr[S_L] .

The desired statement follows by observing that Pr [S_L] < e~°N by [HMP24, Proposition
4.5(a)], Pr [E] < =N by [HMP24, Proposition 4.4], and applying [HMP24, Proposition
4.4(d)] with X = 1[||(Jov(,mw)||op > KA at]. 0

Lemma 4.7.20 reduces our task to studying the covariance matrix in a conditional planted
model.

Notation (utap, HTaP, Gm, 9x). For x ~ Sy and m € RN we consider the distribution
UTAP,x,m of Hrap for Hrap ~ (Upl¢|x, VF Tap(m) = 0). We use g,, and g to refer to R(m, m)
and R(m, x) respectively.

Lemma 4.7.21. Let x € Sy, let S, be as in Lemma 4.7.20, and let m € S,. Then for an absolute

constant K > 0,

_ 1/5
PrH ap~tirap xm [IICov (tpae)ll = KAE] <N,

Proof of Lemma 4.7.17. The statement is immediate from Lemmas 4.7.20 and 4.7.21. [
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The rest of this section is dedicated to proving Lemma 4.7.21. As a first step, we
determine the law of the typical Hamiltonian sampled from utap. We prove the following
lemma in Section 4.10 — it follows by routine calculations, using the form of the law
of a Gaussian process conditioned on the value of a linear function of it. Recall that

&r(g) = &(g) +tq.

Lemma 4.7.22. The law of Hamiltonian Hyap ~ UTAP x,m is described by a Gaussian process
(HraP(0))ges), defined by

E Hrap(0) = N&(R(x, 0)) — (x,0(0)) - £,(9x) — %Z;)G)) ~(m, 0) - (9'(%) T _1qm)

’ R , ’ R , )
~ Cov(Hrap(0), Hrap(0")) = Et(R(GIG'))—R(G,o’)Et( o 02)5t( o, )
N E1am)

%ya«m, a))y(R(m, d")),
m)Se\Mm

where

_GROm N[ & Gm) mmT
olo) = E(qm) ! v (@m) N
v(q) =q-&(q).

For the proofs below, it will also be helpful to consider Hamiltonians with a linear
term representing an external field. For a sequence y1, )2, ..., )., consider the following
generalization of Hy from (4.5):

N
, Vp
Hn(0) -=§ NTEI)E E ir,..,i,0iy " O (4.8)

We will write £.1(s) = Zp>2 ygsp for the part of £ with degree at least 2, and extend
Condition 4 to such & as follows.

Condition 5 (¢-strict replica symmetry). Wesay & is e-strictly replica symmetricif y? < N=4/5
and &1 satisfies Condition 4.
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Slices in TAP planted models

For succinctness, we shall fix x € Sy and m € S,(x), and use utap to refer to the distribution
UTAP,x,m- For Hrap ~ ptap, we are interested in bounding the covariance of pp;,,. To
reason about [y, We write it as a mixture of distributions over (N —2)-dimensional slices
of Sy. Fora,b € R, we define

S(a,b) = {o €Sy : R(o,m) = (1 + ‘/LN)%«, R(o,x) = (1 + \/%)qx} .

Let r, , refer to the radius of this slice, which is equal to

2 2 2
rab:\/l—qm(1+ . ) _ i (a_b).
' VN/  qm =4z \ VN

Note in particular that

a Gmq% (a-1b\’ (1 L)Q 49
W)Hm—q,%(m)”’“ W 42

We refer to the uniform distribution on this slice as p; 5, and the partition function on
the slice as

Gm (1+

Za,b = EGNPM eXp(HTAP(U)) .

With this definition, the partition function of the original Hamiltonian is given by

Z = Ay / Zapryyd(a, b)
for some fixed number Ay depending only on N.

Remark 4.7.23. To see why we scale by ri\,]b_ 4 observe that when Hyap is the constant-0
Hamiltonian, the resulting distribution on the sphere should be uniform. The distribution
restricted to each slice must also be uniform. However, not all slices are weighted equally
— slice that have smaller radii must be downweighted accordingly, with this weighting
proportional to ré\’b_ 4 for S(a, b).!

Use v to refer to the distribution over (a, b) where dv(a, b) « Z, , 7’5]1;_4 d(a,b),and p, p to
refer to the distribution pgy,, restricted to S(a, b). Now, we can write pig,,, as the following
mixture:

HHrap = E(ﬂ/b)ﬂ/#ﬂ/b .

IThe constant of proportionality here is something depending only on N.
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We will need coarse understanding of the tails of v, and fine understanding of the
distribution p, j for small a and b.
Now, let us probe the distribution i, .

dptap (0) = exp(HTtap(0))
dpap Eo~p,, exp(Htap(0))

Since S(a, b) can be naturally identified with Sy_9, the first step to understanding y,  is to
express it as a p-spin model on Sy—_2. To do so, we will verify that some Hamiltonian that
gives rise to [, » has a mixture function that is given by a polynomial in the overlap. We
can write any o € S(a,b) as:

o= \/ﬁ-v(a,b)+\/1—||U(a,b)||20l

Tab

for 0, € Sy orthogonal to m and x, and for v(a,b) in the span of m and x. Let Q
be an isometric linear transformation that maps Sy-2 to Sy L {m,x}. We can write
Hrap(0) = Hrap(VN - v(a, b) + 7, Q1) (Where 7 € Sy_s). The following is a consequence
of Lemma 4.7.22, and is proved in Section 4.10.

Corollary4.7.24. For afixed choice of a and b, the Gaussian process (HTAP(\/N -v(a,b) + ra,bQT))
is described by the following law.

TESN_2

* Let H, p be a spherical p-spin Hamiltonian with mixture function &, j, given by:

e 1+
&i(qm) '

Ean(s) = &(llo(@, )1 +72,) = &(llo(a, b)I1%) s

2
’ I . ” 2
© LetV(a,b) = ét(llv(a,b)||2)—|Iv(a,b)||2'gt((1;$n))q ) sty (14 &) )

The law of Hrap (\/ﬁ -v(a,b) + Ta,bQT) is the same as that OfHa,b(’C)+\/N'ga’b+EHTAPHTAP (\/ﬁ ~v(a,b)+ 71,
where g, 1, is a centered Gaussian of variance V (a, b) independent of H, p.

Now, Htap is described by the collection (Ha,b, ga,b) b This is not an independent

a,
collection of random variables. The only structural properties of this collection we will use
are:

e Foreacha,b € R, we have H, ;, and g, ; are independent.
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e Forany a,b, wehave g, = 80,0 + g, ,» where g, , is a centered Gaussian of variance
4,p4
o ().

We will first give an explicit form for v(a, b).

Fact 4.7.25. We have

VN - o(a.b) = m - aqm = bz GmAx .(b—a)_
ot m( VN@m - q3) Tz \VN

Lemma 4.7.26. There exists ¢ = £(&) > 0 such that for all t > 0 and all |al, |b| < eN'/'0, the
mixture function &, j, defined in Corollary 4.7.24 (recall this implicitly depends on t) is e-strictly
replica symmetric (Condition 5).

Proof.  We will first show &’ , (0) < N™/5. We calculate:

it (1 )
5;(%1)

oo+ )
. 2, 12 qm -
wrelw )

Here, the inequality follows from the fact that |[v(a, b)|* = g (1 + %) + 0 (“ +b° ) & is

non-decreasing, and ri , < 1. Now, we have, using the O(1)-Lipschitzness of &7,

& p(0) =712 ,& (Ilv(a, b)IP) -

<£;(qm+

2aqm 2. 12
& (lo(a, bIP) = £(qm) + &' () - yﬁ +o(” ;]b )
and
2 209, , , , 2 b2
& (qm (1+\/Lﬁ)) = &{(qm)” + f/qﬁ : (%)-@(%HO(&(%)-%).

Thus &, (0) = O(*+ 24p? ). Setting ¢ sufficiently small ensures 5' ,(0) < N 4/5 Next, we show
(&a, b)~1 satlsﬁes Condltlon 4. Since & satisfies (SL), there ex1sts sufficiently small ¢ = ¢(&)
such that £”(g) < s for all g € [0,1). Then,

&) = (1 ~lota, bI?) & (Iota, DI + (1 ~ e, )I1)g)

145



2 l1-¢

(1~ lota, 0 (1~ ota, 1))

< (1=l b)1?)

_ 1-e < L .
(1-q?  (1-q?*
Integrating twice shows
1
(€ap)~1(q) + g +log(1 - q) < —7eq”. =

We are now ready to bound Cov (g, ). First, recall that for any distribution p over RY
and any vector v € RN, we have Cov(u) < E;~u(0 —v)(0 —v)". Thus it suffices to bound

Eo~ppp,p (0 —m)(0 - m)"

= B p)vEo~p (a ~-VN- v(a,b) + VN - v(a,b) — m) (a ~-VN- v(a,b) + VN - v(a,b) — m)T
< 2E(g p)~vEo~y,, (a —VN -0(a, b)) (a — VN -v(a, b))T + 2E(a,b)~V(W -0(a,b) = m)(VN -v(a, b
(4.10)

We will bound the spectral norm of each of the above terms below. We employ the following
statement for proving the desired bounds, proved in Section 4.8.

Theorem 4.7.27.  Suppose € > 0, and & is e-strictly replica symmetric (Condition 5). Then, there
exist ¢ = c(e) and C = C(&) such that the following hold with probability 1 — e=N "

(a) We have V?Hy(0) < (1 + &(0) — €2/8)In and

Ne) R0 Tos OV, L iog et (1 + &0y — V2H(0)| < 1.

log Zn —

(b) The Gibbs measure satisfies |[Ep,, 007 |lop < C(1 + yiN).
Bounding the first term. Observe that:
-
| (o — VN -0(a, b)) (o — VN -v(a, b)) = 7§’an’bET~HHahTTT b

Thus,

ngﬂlb(o - VN - v(a,b)) (0 - VN- U(ﬂrb))TH =10h

E T’

<Cr? (1+a*+0b%).

(4.11)

TNHHa,b
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where the inequality follows from Lemma 4.7.26 and Theorem 4.7.27.

Our next goal is to control the fluctuations of (a, b). By definition, if Z a,b is the partition
function of the distribution with Hamiltonian H, ; defined by H, ;(7) = Hrap(VN-v(a,b)+
7, »QT), we have

v(a,b) « exp (log Zap + (N = 4)10g rap + Eyrpp Hrap(VN - v(a, b)) + VN ga,b) . (412)

We will show that (a, b) ~ v, conditioned on [a|, |b] < eN'/10 for ¢ as in Lemma 4.7.26, is
subgaussian with variance O(1). We will also show in Lemma 4.7.34 that v places very
little mass outside the set |a|, |b| < eN1/10,

Lemma 4.7.28. Let ¢ be as in Lemma 4.7.26. On an event with probability 1 — e=N " the
following holds. The density of (a,b) under v, conditioned on |al, |b| < eN'/10, is given by

v(a,b) < exp (NEM, + \/ﬁga,b + Errorill)j + Errorf?) + Au,b) ,

where |A; p| < 1 and

—~ 2p(1
Ea,b - g ,I;( ) + log Tab + %E#TAPHTAP(W . v(a, b)) — étél)
2
& (qm (1 + \/HN))

1
= 5 |loa 72, — &lllvta, b 13, -

éz(qm(“#))_((H b )_qm'é;'wm)_(H 0 ))

B B A P R
WA ), e
SN R = T

for the error terms

5 N&p() NELO) "
Errorflllz = (log Zap— L; - 1 +3 log det ((1 +&.,(0)Id - VQHa,b(O)) —4lograp
and
Ng”b(O) 1
Errorf; = L?T’ -3 log det ((1 + E;’/b(O))Id - VQHa,b(O))
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The above follows by expanding out all the terms in the expression (4.12) for the density
of v and evaluating the term log Za,b using Theorem 4.7.27, which applies because the
models &, , for |a|, |b] < eN'/10 are e-strictly replica symmetric by Lemma 4.7.26. Because
the conclusion of Theorem 4.7.27 holds with probability 1 — e=N " we may evaluate
log Z, , over a 1/poly(N)-net of such (a, b) via a union bound, and then infer the estimate
for all such a, b by a standard continuity argument.

Lemma 4.7.29. VEab =
""I(a,b)=(0,0)

Lemma 4.7.30.  There exist constants ), € > 0 such that for all |a|, |b| < eVN, N VQEM < —nld.

The above follow from routine calculations, which we defer to Section 4.10.

Lemma 4.7.31.  For every constant 1 > 0, there is a constant ¢ such that with probability 1 —e~N
forall a,b, we have |g, » — g0,0| < L“ijg.

7

Lemma 4.7.32. With probability 1 —e~°N"", |Error£11,2| = O(1) uniformly for all |a|, |b| < eN'/10,
for € as in Lemma 4.7.26.

Proof. We shall show this very high probability bound for a fixed a, b. Constructing a
net over the relevant a, b and performing a union bound over this net allows us to extend
this to a uniform bound for all a, b; we omit the details. We may write the error term as

(1) = Né&ap(D) log (1 B éa,b(O))
Error ', =log Z,, -
2 2
é‘l/b(o)

1 144
—%— & logdet ((1 L (O)Id - VZHa,b(O)) +0(1).
Due to the bound on a and b, the above is O(1) with very high probability by Theo-
rem 4.7.27(a). The desideratum follows. ]

)

Error Error( )
a,b

Lemma4.7.33. Forany sufficiently small 1 > 0, with probability at least 1—e =N,
O (1) for all |al, |b| < (N/*,

We relegate the proof of the above to the appendix Section 4.10. The idea of the proof
is that the Hessian V?H, ,(0) does not deviate too much for small variations in a, b — the
tirst order terms in the deviation end up being cancelled by the 5;’ ,(0)/2 term, while the
second order terms are O(1).
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Lemma 4.7.34. Let &, be as in Lemma 4.7.20. With probability 1 — e=N " either &, does not
hold, or the following holds. For ¢ as in Lemma 4.7.26,

Pr(u,b)~v [|a| < €N1/10 and |b| < €N1/10] >1-— e_ch/s.

Proof. On the event &,, we have
Pris )y [lal > (NYZ or [b] > (NV2] < 7N,

Thus, let
T = {(a, b) c R?. |a| c [€N1/10, lN1/2] or |b| c [gNl/w, LNI/Q]} _

It suffices to show that Pr(, 4)-,[(a,b) € T] < e=N""" with probability 1 — e=N'" Recall
the density of (a,b) ~ v is given by (4.12), and that EZ ap = eNearM/2 Thus, for E denoting
expectation with respect to the Z, , alone,

E / exp (log Za,b + (N —4)logryp + EyTApHTAP(W -v(a,b)) + mga,b) d(a,b)
T

= /exp (NEa,b + Nit(l) + \/ﬁga,b —4log ra,b) d(a,Db).
T

On the event in Lemma 4.7.31, we have, for any constant ¢ > 0,
\/ﬁga,b < \/ﬁgo,o +1(a® +b?).

By Lemma 4.7.30, R R
NE,; < NEog —n(a® +b?).

Combining shows that
NEa’b + \/ﬁgtz,b —4log Tap S NEOIO + \/ﬁgolo - g(ﬂQ + bz) + O(l)

Combining shows

E / exp (log Zap + (N = 4)log o p + By po Hrap(VN - 0(a, b)) + \/ﬁga,b) d(a, b)
T

5 =~ N&(1
< €_CN1/ exp (NE0,0 + 52t( ) + \/ﬁg()/()

—cN1/5/2

and therefore with probability 1 — e over the Z ab

/ exp (log Zap + (N = 4)10g ra + Byrpo Hrap(VN - 0(a, b)) + VN ga,b) d(a, b)
T
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~  N&@
< e N2 0xp [NEgo + 5;( )+\/Ng0,o (4.13)

On the other hand, Lemma 4.7.28 implies that with probability 1 — e~cN 1/5,

log Zo,0 + (N = 4)10g 70,0 + Eyrpe Hrap(VN - 0(0,0)) + VN g0

N&i(1)
2

=N EQO + + \/ﬁg(w + Errorg% + Errorgfz) + O(1),

and Lemma 4.7.32 implies |Error8%| = O(1) with probability 1 — e=N '® Furthermore,
Lemma 4.8.3 below implies that |Error82,())| < N'/10 with probability 1 — e=N"". Thus

log 20,0 + (N - 4) log 70,0 + EyTApHTAP(W . U(O, O)) + \/ﬁg()/g

Nét(l) + \/ﬁgo 0— 2N1/10

= NEO/0+ 5

and standard continuity arguments imply that for T’ = {(a, b) : |a, |b] < N9},

/ exp (log Zap + (N = 4)10g 7ap + Eurpp Hrap(VN - v(a, b)) + VN g,l,b) d(a,b)

-~ N&(1
> e_?’Nl/w exp (NEO,O + it( ) + \/ﬁgo,o .

Comparing with (4.13) implies the conclusion, after adjusting c. O

Lemma 4.7.35. With probability 1 — e=N " either &, does not hold or the following holds. There
exists a random variable X over R? (coupled with v) such that the following holds for (a,b) ~ v.

(a) With probability at least 1 — e=N'"" X = (a,b).
(b) X has mean O(1) and is O(1)-subgaussian.

Proof. This is an immediate corollary of Lemmas 4.7.29 to 4.7.34, setting X to be the
random variable that is equal to (a, b) if |a|, [b] < eN'/1%, and 0 otherwise. O

We are now finally prepared to bound Cov(yu).

Lemma 4.7.21. Let x € Sy, let S, be as in Lemma 4.7.20, and let m € S,. Then for an absolute
constant K > 0,

/5
Pripp~iirarm |ICOV (U )| = KAE,]| < eV,
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Proof. Note that |a], |b| < 2VN almost surely. Let X be as in Lemma 4.7.35. This lemma

—cN1/5

implies that with probability at least 1 — e over the randomness of the Hamiltonian,

E (o )~y [a% + 02| = E[IX|*] + E(a p)~v [1[X # (a,D)](a + b?)]
< O(1) +Pr(X # (a,b)) - 8N = O(1).

Thus, by plugging in (4.11) along with this observation into (4.10), we get that the following
holds with probability at least 1 — e~N e
ICov()ll < 2CEqq,p)r (1 +a° +b°) + [12E (g )~ (VN - 0(a, b) = m)(VN - v(a, b) = m)T|

2
< O(1) + 2E(y p)-y [IVN - v(a, b) — m||
< O(1) + 2E(y )~ [O(a® + b?)]

< O(1). O

4.8 High-probability covariance bound of replica
symmetric spherical spin glass

In this section we prove the main technical input to the proofs in Section 4.7. This takes the
form of a high-probability bound on the partition function and covariance matrix (in fact,
second moment matrix) of a spherical spin glass in the replica symmetric phase.

In this section, we let Hy be defined as in (4.8), with a linear term corresponding to an

external field:
_ Vp
Hn(o) = Z NG Z &i,yipOiy =" Oy
p=1 i1,0sip=1

We recall £.1(q) = 250 ygqp denotes the part of £ without the linear term, and let

Ea(q)=yiq+ ) viaF
p=3

denote the part of £ excluding the degree 2 term.
The results in this section hold under the following condition, which we restate for
reference.

Condition 5 (¢-strict replica symmetry). We say & is e-strictly replica symmetric if y*> < N=4/5

and & satisfies Condition 4.
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Throughout this section, we treat ¢ > 0 as a constant and let O,(1) denote a quantity
bounded depending on &.

Theorem 4.7.27. Suppose ¢ > 0, and & is e-strictly replica symmetric (Condition 5). Then, there
exist ¢ = c(&) and C = C(e) such that the following hold with probability 1 — e~N v

(a) We have V2 Hyn(0) < (1 + &(0) — €2/8)In and

N&() _ NEY(0) _log(1=£"(0) | 1
2 4 2 2

log Zn — log det ((1 + &”(0))Iy — V2HN(0))| < 1.

(b) The Gibbs measure satisfies |[Ep,, 00" |lop < C(1 + yiN).

In the below proofs, we allow the constants c and C to change from line to line, but
they will always be uniform in ¢. We always set C sufficiently large depending on ¢, and
then ¢ sufficiently small depending on ¢, C.

Theorem 4.7.27 will be proved through the following pair of propositions. We introduce
the degree-2 Hamiltonian

N
2 1
Z\;/I/Q Z &i1,i20i10iy = §<V2HN(O)G, 6). (4.14)

i1,iz=1

Hy 2(0) =

Similarly let Hy,~2(0) = Hn(0) — Hn 2(0) be the non degree-2 part of Hy(o). Define the
degree-2 Gibbs measure and partition function by

wdp(ﬁl ZN,2=/ exp(Hn 2(0)) dp(0).
N,2 SN

dnuHN,2 (0) =
Throughout this section, we will let E denote expectation with respect to the disorder
coefficients g;, . iy while (-) denotes averaging with respect to 0 ~ up,, (or several i.i.d.
samples ol,0?,... from this measure). Similarly, let -)2 denote Gibbs average with respect
to UHy,-
Note that V2Hy (0) depends on Hy only through Hy .

Proposition 4.8.1 (Concentration of degree-2 partition function; proved in Section 4.8).
With probability 1 — e=*N over Hy o, we have V2 Hy (0) < (1 + &£”(0) — €2/8)Iy and

Né;’(O) _ log( —25”(0)) + 5 logdet (1 + ()] - V*Hy(0)| < 1/2.

logZn 2 —
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The following is proved in Section 4.8.

—_cN1/5

Proposition 4.8.2.  There is a Hy »-measurable event with probability 1 — e on which the

following holds with probability 1 — e=N " over Hy 2.
1. The partition functions Zn, Zn 2 satisfy

ZN  N&o(l)
ZN 2 2

log < 1/2.

2. The Gibbs measure satisfies |[{o0 " )lop < C(1 + yZN).

Proof of Theorem 4.7.27. Immediate from Propositions 4.8.1 and 4.8.2, since &(1) =
£a(1) + £&7(0). O

We also show the following concentration of the log determinant in Theorem 4.7.27.

Lemma 4.8.3 (Proved in Section 4.8). There exists a Hy o-measurable random variable X that
the following holds.

1. With probability 1 — e=N, X = log det((1 + &”(0))I — V2Hn(0)) — N&”(0)/2.
2. X has mean O.(1) and is O.(1)-subgaussian.

This implies the quantitative contiguity between the planted and null models, which
we restate below for convenience.

Proposition 4.7.15 (Quantitative contiguity). Under Condition 4, there exists c = c(e) > 0
such that for any event &, if u,(E) = p, then pau(E) < e~eN'P 4 e%‘/lo?’z’p.
Proof. Let Egood be intersection of the event in Theorem 4.7.27, the event

X =logdet((1 + &”(0))I — V2Hn(0)) = N&(0)/2

from Lemma 4.8.3, and the event X < t, for some t > 0 to be determined. Then, after
adjusting ¢ = c(¢) as necessary,

— 1/5 _ 1/5 132
Hnull(agood) <e cN + P(X > t) <e cN +e c(t c)+.

Note that log EZyx = N&(1)/2, while on the event Egood,

_ N&E1) -t -1
I%ZN:NaD §+04n> E(Z c
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1 1
Thus EZZ—NN < ezt+¢). S,

_— EZ
Hnull(a) < [Jnull(agood) + / Z—Z\ZIVI[HN e&N agood] d‘upl(HN)

_oN1/5 —c(f=1)2 L4l
< e N pelt=o)t 4 o3ty

We then take t = % + /% log %, so that this is bounded by

14 [Togl
e N (1 +e N log”) p
Further adjusting ¢ proves the desired bound. O

Concentration of degree-2 partition function

We write A = %VQH ~n(0) = —‘E;(O)M . It is straightforward to check that M is distributed as
a sample from GOE(N).

Fact 4.8.4. We have £”7(0) < 1 —¢.

Proof. Writing (4.7) as
Ea(q)+q+1log(l—q) < —eq*/2
and Taylor expanding around g = 0 implies the result. O
Fact 4.8.5. With probability 1 — e=N, V2Hy(0) < (1 + &£”(0) — €2/8)L.
Proof. With probability 1 — e~N, we have . (M) < 2 + €2/8. Then,

Amax (1 +E7(0) = €/8)] = VHy(0) > 1+£7(0) = €2/8 = VE"(0)(2 + £°/8)
= (1 - V&7(0))* - (1 +VE7(0))/8

> e2/4—e2/4=0
by Fact 4.8.4. O

For y € (Apmax(A), +o0), define

1
G(y)=y- N log det(yI — A). (4.15)
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Note that .
’ 1 _ _ -1
G'(y)=1- 55 BGI-4)

is continuous and increasing, with lim,, | (4) G'(y) = —e0o and lim, 140, G'(y) = 1. Thus G’
has a unique root y. in (Aax(A), +o0). The following lemma is a consequence of [HMP24,
Lemma 7.3], which is proved by an analysis of a Laplace transform of the free energy also
used in [BL16].

Lemma 4.8.6. With probability 1 — e=*N over Hy 2,

Znso=(1+O(N™) = ( )(ze) N2 exp(NG(y.)). (4.16)
Proof. Recalling (4.14), we have
Hp (o) = EN( )<M o),

and Fact 4.8.4 implies the factor 4/£/(0)/2 is bounded away from 1/2. Then [HMP24,
Lemma 7.3] (with u = 0) implies the result. O]

Define yy = (14 £”(0))/2. The next lemma shows that, although the variable . in (4.16)
is random, we may approximate it deterministically by yy.

Lemma 4.8.7. For sufficiently large C depending on ¢, and sufficiently small ¢ depending on ¢, C,
with probability 1 — e~N the following holds for all y € [yo — N™Y/2, vy + N~1/2],

1. |G'(yo)l < 1/(CVN).

G0 1)< N3
2 lama=zray — U< N7

Proof. Let dpsc(x) = QL [lx] < 2]V4 — x2 dx denote Wigner’s semicircle law, and
1 2
filx) =1~ , falx) = )
1+&7(0) —2¢/&7(0)x (1+&7(0) - 2y&7(0)x)?

For k € [2], let
Ly = / filx) dpacl).

We will show that with probability 1 — eV, for each k € [2],
1

CVN

IG® (o) - Li| < (4.17)
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Recall that M ~ GOE(N). For f : R — R, define the spectral trace
N
Tr f(M) = > F(Ai(M)).
i=1

Note that G(k)()/o) = N~ Tr fy(M). Define
7k(x) = fr(min(x, 2 + £2/8)).

By the proof of Fact 4.8.5, 1 + £”(0) — 24/&”7(0)x > €?/8 for x < 2 + €2/8, so 7k is O.(1)-
Lipschitz. Moreover, Amax(M) < 2 + €2/8 with probability 1 — e~°N and on this event
Tr fr(M) = Tr f(M).

By [GZ00, Lemma 1.2(b)], if we write M; ; = \/2/NZ; ;, M; ; = \/1/NZ; ;, then Tr ?k(M)
is a O¢(1)-Lipschitz function of the standard gaussians (Z; ;)1<i<j<n. Thus Tr 7k(M) is
O¢(1)-subgaussian, i.e.

P(|Tr f (M) —ETr f (M)| > t) < 2¢7/C
for some C = O,(1). By [BY05, Theorem 1.1],
Tr f (M) — NL;

converges in distribution to a gaussian with mean and variance O,(1). Combined with
subgaussianity of Tr f, (M), this implies

[ETr f (M) — NLg| = O.(1).
It follows that (after possibly increasing C = O.(1)),
P(ITr £, (M) = NLg| > t) < 2~ (t-CR/C
Thus
P(G® — Ly > ) < P(Tr t(M) # Tr f (M) + P(|Tr f (M) — NLi| > Nt)

< e~N 4 9p=(Nt=C)E/C.

Plugging int = 1/(C VN) proves (4.17). Next, direct calculations show L; =0, Ly = %,,(0).
The former directly implies conclusion (1), and the latter implies
2 1
< .
1=&7(0)] ~ cVN

Moreover, on the probability 1 — e~N event that Ayax(M) < 2 + €2/8, GO)(y) = O.(1) for
all y € [yo — N2,y + N~1/2]. This implies the conclusion (2). O

G"(yo) -
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Lemma 4.8.3 is proved by the same method, and we present the proof here.

Proof of Lemma 4.8.3. Let

folx) = Tog 1+ £”(0) = VE"O)x).

An elementary calculation shows that

Loi= [ i) dpa0) = 7 0)/2
Proceeding as in the above proof, we have
log det ((1 + & (0)I - VE"(O)V2HN(O)) =Tr fo(M).

If we take 70(x) = fo(min(x, 2+ £2/8)), then Tr fo(M) = Tr 70(M) with probability 1 —e~°N.
The same proof shows Tr f (M) is O.(1)-subgaussian, and

[ETr f (M) = NLo| = Oc(1).
Thus we may take X = Tr f (M) — NLg = Tr f,(M) — N&”(0)/2. O

Proof of Proposition 4.8.1.  The assertion V2Hn(0) < (1 + &”(0) — €2/8)Iy is proved in
Fact 4.8.5. Suppose the events in Lemmas 4.8.6 and 4.8.7 occur. Since ). is the solution to
G’(y«) =0, we have

L amEe)
- <G . < .
|)/0 V4 | | (7/0)| 2(1 _ N_1/3) C\/ﬁ

So,

N 1 20+N"13) 3
NIG(70) = ()l € —lyo = 1/ su "<& S T
IG(y0) = G(-)] 5 Yo = 74l ye[yo—N‘1/2I,3yo+N‘1/2] ) C2  1-&"0) C2¢

Moreover, £ (v0)/E"(y+) = 1+ O(N/3). Combining with Lemma 4.8.6 shows that, for

some A satisfying |A| < %,

_2
G”(y0)

= (1 + O(N=))eP1— £7(0)(2e) N2 exp(Nyyp) det ()/OI - %VQHN(O))_UQ

= (1+ O(N™)e™y1 = £7(0) exp(NE”(0)/2) det (1 + E”(0)I - V2Hy(0) /2.
Taking a logarithm and setting C sufficiently large concludes the proof. O

Zn2 = (1+O(NT%))e? (2¢) N2 exp(NG(y0))
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Finally, the following concentration estimates for samples from up, , will be useful in
the sequel. This is proved similarly to [HMP24, Lemma 7.5], and we defer the proof to
Section 4.10.

Let vy, ..., vN denote the (unit) eigenvectors of V2ZHy(0). These are well defined on the
almost sure event that all eigenvalues of V2Hy (0) have multiplicity 1.

Proposition 4.8.8. With probability 1—e~N over Hy o, the following holds. Let o, o', 0% ~ upy ,,

and let W = (o, v;) forany i € [N], or W = (', 62)/VN. Then:
1. Forany 0 < t < NY3, P(W|> t) < 3¢~
2. Forany k € 2N, there exists Cy > 0 independent of N such that (W¥)s < Cj.

In particular, part (2) implies |[{co " )2llop < C.

Conditional positive probability bounds for non degree-2 part

In this subsection, we prove the following propositions, which establish a weaker version
of Proposition 4.8.2 with positive instead of high probability.

N1/

Proposition 4.8.9. There is a Hy 2-measurable event with probability 1 — e™¢ * on which, with

probability 1 — N~ over Hy o,

O(N~!15),

Zn N5~2(1)| _
2

lo
s ZN;2

NY/

Proposition 4.8.10. There is a Hy o-measurable event with probability 1 —e™¢ ®on which, with

probability 1/2 over Hy 2,

In conjunction with Propositions 4.8.8 and 4.8.9, the above immediately implies a
positive probability bound on the second moment matrix (oo ").

Both propositions rely on the following truncation to Zy developed in [HS23], which
allows one to estimate Zy via the second moment method throughout the strictly RS
regime. As shown in the following lemma, this truncation does not significantly affect the
tirst moment; at the same time, it will force the second moment to be dominated by pairs
of nearly-orthogonal points.

7N 2

T T
Fematee ) = oo

< C(1+y{N?).
F
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Lemma 4.8.11. The following holds for sufficiently small ¢ > 0 depending on ¢. Let

T =T(Hy) = {a €Sy : / 1[|R(o, 7)] = N~2/2]efN@ qp(7) < eN5(1>/2—CN”5} .
Sn

Then, we have:

E / 1[0 ¢ T]eH¥@) dp(o) < eNEW/2=eN (4 18)
SN

E / 1[o ¢ T]etN20) dp(o) < NE"O/4=eN? (4 19)
SN

E / 1[c! ¢ T, |R(c", 02)| < 3N"2/5]HN(0)HHN(?) 458251 52) < oNEW=eNY? = (4 90
SN

E/ 1[01 ¢T, |R(01,02)| < 3N—2/5]6HN,2(01)+HN(02) dp®2(01,02) < eNg(l)/2+N5"(0)/4—cN1/5_
SN
(4.21)

The proof of the above lemma is very similar to [HS23, Proposition 3.1] and [HMP24,
Lemma 7.9], and we defer it to Section 4.10. As a corollary, we can get control on the first
two moments of Zy with respect to the randomness in Hy,~2. To this end, let E., denote
expectation with respect to Hy,~2.

Corollary 4.8.12. There is a Hy o-measurable event with probability 1 — e=N * on which the
following holds. For

T = T(Hy ~2) = {a € Sy : (1[|R(0, 7)| = N~2/5]efn~2(Dy, < eN5~2<1>/2—CN”5} . (4.22)

where the Gibbs average is with respect to T ~ ()2, we have

2

)<
< o¢T> eeN'?
)

2

E. < [0' ¢ T,|R(c",0?)| < 3N~ 2/5]gHn ~2(0 ") HHN ~2(0%) ) ¢ pNE-2 (1)~ eN'?

2

B (1[0" ¢ T,IR(0!, 0%) < 3N"2/Jefhnalch) g Neallz-en's”
2

Proof. By Proposition 4.8.1 and Lemma 4.8.3, with probability 1 — e~*N " over H N2,

Zno > eNcS”(O)/4—cN1/5/2.
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On this event, for ¢ € T where T is as in Lemma 4.8.11,

1
(1[IR(0, 7)] > N=2/5]eHN 20} = —— / 1[|R(c, 7)] = N~2/2]efN® qp(7)
ZN2 Jsy
< eNé-2()/2-eN'o 2.
Here we recall £(1)/2 — £7(0)/4 = £.2(1)/2. So, 0 € T(HN,~2, ¢/2), where this denotes T

defined with c/2 in place of c. Therefore T C f(HNINQ, c/2).
By Markov’s inequality and Lemma 4.8.11, with probability 1 — e~N 214 over H N2/

E~2/ 1[0 2 T]eHN(o) dp(g) < eNE(l)/2—36N1/5/4
SN

On the intersection of these events,
B3 (100 ¢ T(Hy 2, c/2]eR2) < By (1o ¢ TleH-=),

_ 1 ENQ/ 1[o ¢ T1e¥ @) dp(0)
ZN2 Sn

< eN&-2()/2-cN5 /4.

The first conclusion follows by adjusting c, and the other two conclusions follow similarly.
O

For the rest of this subsection, we condition on a realization of Hy » satisfying the
following good event.

Definition 4.8.13. Let E; denote the Hy 2-measurable event that the events in Proposi-
tion 4.8.8 and Corollary 4.8.12 hold. This occurs with probability 1 — =N v

We can now prove Proposition 4.8.9.
Proof of Proposition 4.8.9. Let T be as in Corollary 4.8.12. We can write

Z
L (M) = X 4 X, (4.23)

where

X = <1[a € T]eHN'~2(0)> ,

2 Xy = <1[a ¢ EF]eHNwz(G)) .

2
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We will show that that X, is much smaller than E.»X; with high probability, and then
control the fluctuations of X;. For all o € Sy, Ewg[eHNﬂ(U)] = eNe2(D/2 g4 Corollary 4.8.12
implies

(1— e"N"")eNE2/2 ¢ B _,[X,] < eNE2D/2, (4.24)
On the other hand, by Corollary 4.8.12 and Markov’s inequality, with probability 1—e~*N o2
over Hy ~o,
Xy < Ne2D/2=eN'P /2, (4.25)
s0 Xy < e~N'°/2E_, X, as desired.
We now control the fluctuations of X; by estimating
Var o[X1] == B[ X]] - Eo[X1 ],
Then, for o', 0% ~ upy,,
E.o[X{] = B (1[01, 0% e ’T']eHNfﬂ("”*HNfﬂ(UQ))Q < EoYi] +Eo[Y),
where
Y, = <]_[|R(O‘1, 0—2)| < N—2/5]eHN,~2(01)+HN,~2(02)> ,
2
Y, = <1[01 eT,|R(d}, 6?)| > N‘2/5]eHN'~2(Ul)+HN'~2(“2)> . (4.26)
2
By the definition of T and (4.24),
E[Ys] < Es <1[01 € f]eHN/~2(“1>> eNE2(D)/2-eNYE o NEA(1)-eNY? (4.27)
2

We further calculate

E.o[Y;] = eNé-2(W) <1[|R(01,02)| < N_2/5]6N5~2(R(“1'02))> .
2

Recall that in Theorem 4.7.27, we assumed y2 < N~%/°. Thus, for |R| < N2/,
Ea(R) = yiR + O(R?) = O(N /).

It follows that E_5[Y1] < (1 + O(N~1/%))eNé-2(),
Combining the above estimates shows E-o[X?] < (1 + O(N~1/%))eNé~2(1). Further com-
bining with the lower bound in (4.24) shows

Var_[X;] = O(N~/5)eNé-2(),
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By Chebyshev’s inequality, with probability 1 — N=1/15/2,
X1 — Eo[X1]| = O(NH15)eNe-2(1)/2

Union bounding with the event in (4.25), and recalling (4.24), we conclude that with
probability 1 — N~1/15,
ZN

——— = (1+ O(N"!/15))eNé-2(1)/2, O
ZN2

The above proof also implies the following estimate, which will be useful in the sequel.

Corollary 4.8.14. On the event Ey (Definition 4.8.13), with probability 1 — e=N " over H N,~2

/ 1[|R(01,02)| > N—2/5]eHN(ol)+HN(a2) dp®2(61,62) < Z12\],26N5~2(1)_CN1/5.

Proof.  Dividing through by Z3, ,, it suffices to show, for o', 6 ~ ppy ,,

<1[IR(01,02)I > N_2/5]eHN/NQ("l)JrHN/N?(‘ﬂ)> < eNEa()—eN'?
2

The left-hand side is bounded by Y> + Y3, where Y5 is as in (4.26) and

Yy i= (1[0 ¢ Tlevee@) s} = (1[g ¢ Tletin-20)) (efin-2(),

2 2

By (4.27), Es[Ys] < eNé-2W-eN'" By Corollary 4.8.12,
y y y
E.s <1[0 ¢ ‘f]eHN,~2<o>>2 < eNE2 /2N E_p(e"N-2(7)), < Ne2(/2,

—cN1/5/4

So, the following estimates each hold with probability 1 — e over Hy .o:

Ys < eNéwz(l)—ch/S/Q, <1[a ¢ f]eHN,~2(o)> < eN5~2(1)/2—3CN1/5/4/
2
<eHN,~2(G)>2 < pNE(1)/2+cN 5 /4.

The conclusion follows on the intersection of these events, after adjusting c. ]

We now turn to the proof of Proposition 4.8.10. By rotational invariance of gaussians, we
may assume V2Hy (0) is diagonal while keeping the law of Hy -2 unchanged. For i, j € [N],
define

X = <Gi0]. (eHN,~2(G)—N5~2(1)/2 _1[i = ]-])>
, g
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and note that this equals the (i, j) entry of the matrix appearing in Proposition 4.8.10. For
o € RN and i € [N], let 0; € RN~ denote ¢ with coordinate i omitted. Similarly, for i # j,
let 0.;; € RN=2 denote o with coordinates i and j omitted, and by slight abuse of notation
leto.;; = o0~;. For i, j € [N] (possibly with i = j) define analogously to T

T = {o € Sy ¢ (1[IR(0-ij, Ti )| > 2N"2/5]eHN2(0) < @NE()/2eNY } (4.28)
where we recall the Gibbs average is with respect to T ~ (-)2. Then define
}‘Zi,]’ = <1[|61'|, |G]'| <logN,o € Ff,',]']GiG]' (eHN'NZ((7)_Z\ré”2(1)/2 —1[i = ]])>2

2/5
o2, )l < 2N

Xij =< 1lo;1, 1011671, l07] < log N, [R(0,

o2’ (e ( H-2(0")-NEL(/2 _ [ = ]-]) (eHN,~2(G2)—N§~2(1)/2 _1fi = ]-]) > .
2

Note that X; i,j is the contribution to X2] coming from ¢!, 02 that are both not localized
to coordinate 7 or j and have small overlap. The following two lemmas reduce the task
of controlling X?] to bounding E.2X; ;. They are proved by manipulating the typicality

truncations T and T;, j similarly to the proofs above; we defer these proofs to Section 4.10.
Lemma 4.8.15. For each i,j € [N], with probability 1 — e='°8"N over Hy -5,

X3 < 2X; J+eclsN,

Lemma 4.8.16. Foreachi,j e [N],
~2 = _CN1/5
ENQXI-,]' <SEnXij+e .
We now turn to bounding the E.oX i,j- This is achieved by the following pair of propo-
sitions.
Proposition 4.8.17. Forany i € [N], we have B, X; ; < C(Ny;+N7h.

Proposition 4.8.18. For any distinct i, j € [N], we have ENQ}?Z‘,]- < C(y+N72).

Throughout the next two proofs, (-)2 denotes expectation w.r.t. ', 02 ~ (-)2, and we

write R = R(c!,0?), R~; = R(c!,,0%,),and R.; ; = R(aii,]., azl.,].).
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Proof of Proposition 4.8.17. By direct calculation,
E.X,; = E~2<1[|a}|, |07 < log N, [R~i| < 2N7*/7]

(01)%(02)? (eHN,q(al)—NaNQu)/z _ 1) (eHN,q(o?)—NaQ(l)/z _ 1) >
2

= (11011071 < log N, IR < 2N2°)(})2(0)? (eNe= -1))

In view of Proposition 4.8.8, 0} and ¢? are subgaussian of scale O(1) and R is subgaussian

of scale O(N~'/2). We will see that the above integral is dominated by |o}| < [0?| < 1 and
IR| = N~/2, in which case Taylor expanding eN¢~>(®) shows this integral has the desired

scale. Formally, we can write the above integral as Yz.(? +Y?, where

i,i7

v = <1[|a}|, 0% < log N, [R-] < 2N"/2log N](c1)*(02)? (eN€~2<R> - 1)>2

v? = <1[|a}|, 0% < log N, 2N"21og N < [R-i| < 2N~2/5](})(0?)? (eN5~2<R> - 1)>2

are the contributions from |R.;| smaller and larger than 2N ~1/210g N.
We first address Yl(f) Note that on the event in the indicator in Yl(f), IR| < 3N~%/5, Thus,
as y? < N75,
N[-2(R)| < NyfR + O(NR?) = O(N~9).

It follows that [eN¢~2(R) — 1] < 1. Then, by Cauchy-Schwarz,
2) -1/2 12( +2)2
Y, < (1R > N™?log N1(0})*(0})?),
1/2

_ 1/2
< (1[R[ > N"?1ogN1),"” ((61)*(c})?),
< e g’ N (1) = pclog® N (4.29)
where we have used Proposition 4.8.8(1) for the tail probability and Proposition 4.8.8(2) for
the coordinate moments.
Next we turn to YZ.(?. On the event in the indicator in Yl.(’?, IR| < 3N~210g N, so
N[-2(R)| < NyR + O(NR?) = O(N~*""1og N),

where we recall 2 < N~%/5. Thus, Taylor expanding the exponential and &5,

Y\ = <1[|a}|, 021 < log N, [R-i| < 2N log N(0})*(0?)?
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(NE(R) + N?E(R)” + §NPE0(R)%) > +O(N~1og® N)
2

< 1lo/,lo7] < log N, [R<i| < 2N~"*1og N](0})*(07)”

(N(/IR + 73R? + yiRY) + IN?(y{R + y5R*)? + {N?)R?) > +O(N"11010g? N).
2
By exchangeability of (01.1, —01.1), (01.2, —01.2), and (R-.;, —R.;), all the odd degree in R terms
vanish, leaving
Y = IN?1Qa + (Ny3 + N2y3y3)Qu + IN?y4Qq + o (N7,
and where we have introduced the notation
= (1[lo}], 07| < log N, |R~i| < 2N""?1og N|(d})*(c?)’RF), .
By Cauchy-Schwarz and Proposition 4.8.8, for each k € {2, 4, 6},
1/2 _
Q <(Gl)4(02)4 <R2k>1/2 O(N k/2).

This implies Yﬁ) < C(Ny{ + N71). Combining with the bound (4.29) on Yl(?) implies the
result. O

Proof of Proposition 4.8.18. We calculate as above

E.Xi < E~2< 1lo;1, 1011671, lo7] < log N, [R+i | < 2N %]

H NQ(G )+HN 2(02) N5~2(].)
2

< 1o/l loj1, 1671, 1671 < log N, [R~; | < 2N~*PJa}a]o? 0]2€NE~2(R)>2 .

Our strategy for evaluating this will be similar as above, except that because this integral

contains o} 0}0?0? instead of (07)*(c7)?, we will need to expand the exponential more

carefully to obtam cancellations in these terms. Formally, we write the above integral as
1, 2

Yi,]. + Yz] for

YW = < 1fo}l, |0}, 1071, 07| < log N, [R-i,;| < 2N~/ log N]o} a}o?afeN5~2<R>> ,
2

Y@ - < 1lofllojl, 107, lo7] < < logN,2N"?log N < |R+;j| < 2N~ 2/5](;30}0 atelNe 2<R>> .
2

165



Identically to the previous proof, on the event in the indicator in Yi(?) we have N|&. o(R)| =
O(N~1/5), 50 eNé~2(R) < 2. Then, by Cauchy-Schwarz and Proposition 4.8.8,

<2 <1[|R| > N2 log Nloto!o?o? |>

< 210RI> N2 10g NDY (1) (2)))* (o) a2)).

< 2e71N . O(1) - O(1) = e 8N,

To address YZ.(}), define A; = o; 02 /N and A; = o 02 /N, the contributions to R coming

from the ith and jth coordmate, respectively. Then by exchangeability of (¢}, —0}) and
(011 _01)/
] ]

4Y1(;) = <1[|011|/ |0]1|/ |Gi2|/ |G]2| < IOg N, |R~i,j| < 2N_1/2 IOg N]

o

Z10]1 OJZ(EN£~2(R~1',]‘+A1‘+A]‘) — eN&a(Ruj+A=Aj) _ ,NE(Rj=Ai+Aj) | eN5~2(R~i,]’—Ai_Aj))> )

2

Note that on the event in this indicator, |[R~;; + A; + Aj| < 3N~!/2log N. Define
x(x) = eNé-2(0)
and note that

sp K@) = s (NEBE) + ANZEL@)ED () + 3N ()
|x|<3N-12]log N |x|<3N-1/2]log N

+ N3, (x) + N1EL(x)!(x) = O(NOP),

where we have used that suppcan-1/2105n K(*) < 2 and y < N7Y/5. Since |Aj], 1Aj] <
N~'log? N on the event in the indicator, for s;, s j €E{=1},

pNE-2(Ruijtsili+siAj) _ K(Raij) + 1 (Ruij)(silAi + 8;A)) + 3 1 K" (Reij)(sil\i + s]A])2
EK(?’)(RNZ',]')(SI'AZ' + S]'Aj)3 + O(N6/5) : (2N ! 10g N)4-
It follows that

eNE2(Rij+Ai+A)) _ oNE(Rij+Ai=A}) _ (NEa(Reij=Ai+A; NEa(Reij=Ai=A))

) +e
= 4x”(R~; j)AiAj + O(N"/510g® N),
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and thus
1 _
v = <1[|a}|, 011,107,107 < log N, [R-i 1 < 2N"/2 log N]oila}G?G?AiAjK”(Rwi,]-)L
+ O(N~"*/510g'2 N)

(121101, 11,671 < o N, R € 2N 10g

(0} 00762 (NT'p(Ru ) + ELp(Ro )?) eN‘f~2<R~fff>> +o(N72).
2

On the event in this indicator, eN c~2(R-ij) < 2, and therefore &, and £, can be Taylor
expanded to obtain
Y < v® v 4 o(N?),
/] L] L]

where
3 - -
Y7 = 6y3N 1<1[|a}|, 01,171,101 < log N, IR,/ < 2N log N]

112 22p . ,NEo(R-;))
2

Y =E

i,j HHy o

<1[|Ull|/ |G]1|/ |01'2|/ |G]2| < lOg N, |R~i,j| < 2N_1/2 IOg N]

(01'10]10,'20]2)2 (127/42N_1R%i,]' + (7% + 3V§R%i,j)2) eNENQ(RNi’j)>

2

On the event in these indicators, we further have

IR? = R%, | = |R = R jlIR + Rei j| < (JAil +|Aj]) - SN2 1log N = O(N 3% 10g® N).  (4.30)

—-RZ;;

From this it readily follows that

4 -
v < 2<1[|a}|, 011,171,101 < log N, IR i1 < 2N log N]

(01.10}01.20]2)2 (12yZN7T'R* + (37 + 3y3R?)?) > +0o(N7?)
2
= 2)YQo + (12773 + 247iN"1Q, + 18y3Q, + o(N7?),

where

Qi = (1llo!1, 011,171,167 < log N, IR < 2N""2log N(0}a}?0?)?R") .
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By Cauchy-Schwarz and Proposition 4.8.8, for each k € {0, 2,4},
~ 1/4 1/4 B
3 < (ol (@), @Y = ovH),

This implies Yl.(;l.) < C(y$+N72). To control YZ.(:;.), werecall that [NE5(R~; ;)] = O(N~3/10log N)
and Taylor expand the exponential:

v = 6y§N—1<1[|o}|, 071,107, 1671 < 1og N, [R-i | < 2N~"/?1og N]

(01.10]101-20]2 2RN,',]-(l + NENQ(RNZ-J))> +0o(N7?%)
2

= 6y§N‘1<1[|a}|, 011,101 1o%] < log N, [R-i,11 < 2N""*log N

(G}G}G?G?)Q(RNZ',]- + NV%REI',]' + N)/%Rfi,].)> +o(N7?).
2

By exchangeability of (R~;, is —RNi,j), the contribution of the term R.; j vanishes. By (4.30),
we can further estimate R?, j with R?, obtaining

3 —
v = 6y§<1[|o-}|, 0]1,1071, 10| < log N, [R-i1 < 2N~ log N

lalata O 4179 +ov )
2
= 677305 + 67404 + o(N?) < C(ANT! +N 7).

Combining all of the above estimates concludes the proof. [

Proof of Proposition 4.8.10. By a union bound, the event in Lemma 4.8.15 holds for all
i,j € [N] with probability 1 —e~° log”N (over Hp ~2). On this event,

2 N N
ZN =2 _ 2
‘ PN Y N5~2(1)/2<GGT> —{oo || = Z XZQ] <2 Z X;i+e clog” N (4.31)
N2¢ Fooij=1 i,j=1

Combining Lemma 4.8.16 and Propositions 4.8.17 and 4.8.18 shows that

N
—~2 5
By X< 20Ny +1)+e N <3C(N?pi + 1),
ij=1
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Thus, with probability 2/3 over Hy 2, Z?’]j:l 5512] < 9C(N?y{ + 1). Combining with (4.31)
and taking a final union bound shows that with probability 1/2 over Hy,~2,

The result follows after adjusting C. O

ZN 2

— Nea(D/2 2,4 —clog? N 2.4
Zn geNea (/2 < I8C(N*y;+1)+e < 20C(N?y! +1).

F

CLAPEXCLEPE

From positive to very high probability

In this section, we boost the positive probability bound on the second moment matrix to a
very high probability bound. To this end, we will show that an appropriate proxy function
for the second moment matrix is very Lipschitz. This will imply the desired concentration
by standard gaussian concentration.

Let g € RN*N’#N"++N" be the vectorized collection of all gaussian interactions corre-
sponding to Hy,~2. Throughout, as in the previous subsection, we will condition on the
event Ey from Definition 4.8.13 over Hy 2, which holds with probability 1 — e~ N e
define the following functions of g:

Fa(g) = B(L+7iN) = (o0 ™)||op
F(g) = max(min(F;(g), F2(g)),0),

where B is a sufficiently large constant (specified in the proof of Lemma 4.8.19). If we can
show that with high probability over g, min(F;(g), F2(g)) > 0, then the conclusion follows.
Indeed, from F»(g) > 0, we immediately obtain |[(co " )||op < B(1 + y?N). F; allows control
over the free energy of the p-spin model in terms of that of the corresponding 2-spin model.
This gives good control over the overlaps (in a manner to be made precise shortly), which
is crucial for establishing the high probability statement. It is also important earlier in this
section, in showing that the free energy of the p-spin model concentrates well.

Towards this, we first start with the positive probability statement, which was essentially
established in the previous subsections.

Lemma 4.8.19. There exists a constant B > 0 such that with probability at least %, we have
F(g) > 5(1+yiN).

Proof. ~ By Proposition 4.8.9, with probability 1 — O(N~!/1%) over g, we have F;(g) >
B1+92N),s0 W > ¢~1/2. Intersecting this with the event from Proposition 4.8.10
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implies that with probability at least %,

Koo ™)|[|op < /2 |{a0™)a|| 0p + €1/24/C (1 + yEN?)

B
< 5(1 +7iN),
where we have used E; to apply Proposition 4.8.8 and after appropriately picking B. [

Let & denote the Hy »-measurable event from Corollary 4.8.14:
{g : / 1[|R((71,62)| > N—2/5]€HN(01)+HN(02) dp®2(01102) < ZIQ\] 2€N5~2(1)_CN1/5} ’

which holds with probability 1 — =N " over g. The key observation is that this gives us
good control on the overlaps.

Lemma 4.8.20. On &, if F1(g) > 0, then for any 0 < p < log® N, we have
o)1z < o)
Proof. By splitting up the expectation based on whether [R(c?, 6%)| > N~2/%, on & we
have
[(a*)F = NPR(a", 0%))
< N3p/5 n N2pi / 1[|R(01 02)| S N—2/5]6HN(01)+HN(02) d ®2(01 02)
=X 22 7 = P 7

N
2

Z

< NP5 4 N2 D2 Nea()-eNt (Definition of &)
ZN

< N3P/5 4 N2 pl-eN'

where the last line used F;(g) > 0. Since p < log® N, the above quantity is O(N?//?), as
desired. []

The above is a crucial input to prove Lipschitzness of F on &.
Lemma 4.8.21. The function F is O((1 + y2N)N~V/19)-Lipschitz restricted to &.

Before we prove this, let us see how it implies Proposition 4.8.2, restated for convenience.

Proposition 4.8.2. There is a Hy o-measurable event with probability 1 — e=N "* on which the

following holds with probability 1 — e=N " over H N,~2-
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1. The partition functions Zn, Zn 2 satisfy

Zn  NEo()
ZN 2 2

log < 1/2.

2. The Gibbs measure satisfies | (a0 )lop < C(L + ¥2N).

Proof of Proposition 4.8.2. By Kirszbraun’s extension theorem, we can extend F to F such
that each F has the same Lipschitz constant as F and agrees with F on &. We can now
apply gaussian concentration to F to conclude that

Pr [|If(g) _EF(g)| > B(1+ yfw)] <e NV (4.32)
By Lemma 4.8.19, with probability at least 1, we have F(g) > £(1 + y2N). Upon further
intersection with & (where F(g) = F(g)) and the complement of the event in (4.32), we

conclude EF(g) > B(1+2N). Thus,

Pr[F(g) = 0] < Pr[&°] + Pr['ﬁ(g) - o]

<e N 4 Pr||F(g) - EE(g)| > B+ »N) +4ny)
<e N,
after adjusting c.
O
Finally, let us prove the Lipschitz bound.
Proof of Lemma 4.8.21. The set & is a convex set in g. Indeed, e/(9) is a convex function

of g, so the LHS of the inequality & is convex in g, whereas the RHS does not depend on g,
and sublevel sets of convex functions are convex. Furthermore, F is absolutely continuous
(hence differentiable almost everywhere), so to prove F is Lipschitz on & it suffices to bound
IVF|| on &, wherever it is defined.

The easier case is if min(Fi(g), F2(g)) < 0. In this case, F(g) = 0 in an open neigh-
borhood of g, so VF(g) = 0 identically. Therefore, for the rest of the proof, assume
min(F;(g), F2(g)) > 0. We will compute the gradient of the F;’s, and to simplify the calcu-
lation, we will take the gradient with respect to g, € RN" corresponding to the degree-p
disorder in Hyj,~2.
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For F(g), note that its only dependence on g is via log Zy, we have

[V, Fug)] = B+ 92N [V, lox Zu] = B(1-+2N)-

N(p 1)/2 ko

and since Fi(g) > 0, we can apply Lemma 4.8.20 to conclude that

||Vg logZN||2 < Z ygN_(p‘1)~N3p/5
pelp-1\{2}
< )/f N3/ 4 Z 7/51\]1—2;1/5
p>3
< p? N3P 4 N7U5 (4.33)

Since y2 < N~%/5, we conclude that ||V4Fi(g)|| < (1 + y?N)N~Y10, as desired.

Turning now to Fy(g), we observe that |[(co )| op = ({1, 0)?), where u is the top eigen-
vector of (6o ") with ||u]|2 = 1. By the envelope theorem, we can evaluate the gradient with
u fixed. For any v € RN" with ||v||2 = 1, we will upper bound (v, Vg, {(u,0)*)). Applying
the quotient rule yields

(Ung,,<<uzG>2>> = <<u 0>2<U Vng(U)» = ((u, 0)?) <<U,Vg,,H(G)>>
((u o)X (v, a®p>> <(u,o)2> <(v,a®p)>).

N (- 1)/2

Consider the first term ((u, 0)*(v, 0®/)). Using Holder’s inequality with g = 1 + log N

andg’ =1+ logN,wesee

{(u, 0)*(v, o®)) < ((u, 0)2”7'>1/q/ {(v, a®p)q>1/q
Nl/logN <<1/l G>2> <,U®q <G®pq>>l/q
S (1+y2N)(@®1, (a®PT))1/4

< (1+p2N)- N30,

N

where in the second to last line we have used Fa(g) > 0 to apply the bound <(u 0)2>

O(1 + y2N), and in the last line we have used Fi(g) > 0, along with pg < O(logN), to
apply Lemma 4.8.20. The same argument upper bounds the contribution of the second
term as O ((1 + y?N)N3P/10). These bounds (aside from the common factor of O(1 + 2N),
which we can pull out), exactly match the ones used in the calculation as carried out for
Fi(g) in (4.33). Hence, the same argument ultimately yields ||[VoFa(g)|| < (1 + y2N)N-Y/10,
completing the proof. O
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4.9 Annealed Glauber dynamics on discrete domains

In this section, we collect the analogous results for weak functional inequalities for Glauber
dynamics.

Definition 4.9.1 (Weak Poincaré for the hypercube). We say 7w on {+1}" satisfies a (ppy, €)-
weak Poincaré inequality for Glauber dynamics if for all functions f,

Vara[f]< — -&(f, f) + ¢ - ose( f)2.
PPI

Similarly, we say 7t satisfies a (Cns, €)-weak modified log-Sobolev inequality if for all
functions f,

Ent.[f] < ! ~8(f,10gf)+€~osc(\/7)2.

<
CMrLsT

Remark 4.9.2. The above definition is related to the continuous setting by using the discrete
gradient, which can be bounded by osc( f)?.

Remark 4.9.3. A weak Poincaré inequality with sufficiently good parameters implies a true
Poincaré inequality for Glauber dynamics. Indeed, any low conductance cut limits on the
region of valid (ppi, €). Hence, by Cheeger, one can conclude that Glauber satisfies a true
Poincaré inequality, with some loss in parameters.

First, we will need a concavity property for the Dirichlet form for Glauber dynamics,
which is well-known. We provide a proof for the sake of self-containedness.

Fact4.9.4. Let  be a distribution on {+1}", and 1 = B, 7, a measure decomposition of . Then

En(f, f) 2 EzpBr.(f, f).

Proof. For Glauber dynamics on the hypercube, we have
_1 n(x)r(y)
&nlf, )=+ ” Z” O mU R
x=y|1=
_1 E. pmtz(X)E.-pmt2(y) _ )
= HWZ”FZ B0 T B ) = f W)

> Ez~p8nz(f' f)/

where the last line follows from concavity of the map (a, b) — % fora,b > 0. O
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The following lemma transfers a true Poincaré inequality on 7t to a weak Poincaré
inequality on 7t for Glauber dynamics on the hypercube.

Lemma 4.9.5. Let v, 0’ be distributions on {x1}" such that 7t satisfies a ppi-Poincaré inequality
for Glauber dynamics and dyvy(n, ') < 6. Then, 1’ satisfies a weak (pp1, 6(1 + ppy))-Poincaré
inequality for Glauber dynamics.

Proof. By definition, there exists a coupling C of (n, ") such that for (x,x") ~ C,
Pr[x # x’] < 6. The main difference in the proof compared to the Langevin case
Lemma 4.4.9 is that the Dirichlet form comparison is now bounded in terms of osc(f)?
rather than sup ||V f||?. Indeed, by Fact 4.4.2 we have Ex(f, ) = ExrEy~,x(f(x) — f(y))?,
and for any fixed x the function E,.,«(f(x) — f(y))* < osc(f)? so the coupling al-
lows to conclude that E/(f, f) > Ex(f, f) — 6 - osc(f)?. Similarly, we can deduce that
Var,[f] > Vary — 6 - osc(f)?. Hence, we have

En(f, f) > Enlf, f) =6 - ose(f)
> ppr - Vary[f] - 6 - osc(f)? (7 satisfies PI)
> ppr - Varp[f] -0 osc(f)2 (1+ ppr) -

]

Remark 4.9.6. The above two results also hold more generally if P is the Markov chain
associated to a Doob localization scheme (cf. [CE22, Section 2.3]), such as when P is Glauber
dynamics for a general product domain.

Lemma 4.9.7. Let 7 be a distribution over {+1}", and m = E 7, a measure decomposition of 1t
such that

* for all functions f, B, Vary [f] > CvarVary[f], and

e with probability 1 —1n over z ~ p, T, satisfies a (pp1, 6)-weak Poincaré inequality with respect
to Glauber.

Then, 1t satisfies a (ppICVar, %)—weak Poincaré inequality.

Proof. The proof is the same as that of Lemma 4.4.10, except in the Langevin case
we have E,(f, f) = EzpEx.(f, f), whereas here we apply Fact 4.9.4 to get the desired
inequality. O

Finally, we record the following simple observation connecting weak functional inequal-
ities in discrete domains.
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Fact 4.9.8. Let © be a distribution on a finite state space Q, and set Cr = logh_fn% Ifmt

satisfies a (pp1, €)-weak Poincaré inequality, then 1 also satisfies a (4ppICn, Cin)-weak MLSI and a
(pp1Cr, & )-weak LSI.

Proof. For finite state spaces, it is well-known that the LSI of the complete graph

Markov chain Pk;) has Cyipst = bg}jﬂ%‘_l) (see e.g., [DSC96]). Furthermore, observe
that Ep, ., (f, f) = Varz[f]. Hence,
1
p—(‘)(f,f)>V.':xrn[f]—e-osc(f)2 (Weak PT)
PI
> CrEnty[f2] — € - osc(f)?, (LSI of Pk(n))

which establishes the weak LSI. For the weak MLSI, one applies the inequality 4&(f, f) <
E(f?,1og f?), whose proof reduces to checking the two-variable inequality 4(vu — Vv)? <
(u —v)log 3 for positive u, v. O

4.10 Deferred calculations for spherical spin glasses

The TAP Hamiltonian

In this subsection, we will prove Lemma 4.7.22, which we restate for convenience.

Lemma 4.7.22. The law of Hamiltonian Htap ~ UTAP x,m is described by a Gaussian process
(HtaP(0))ges), defined by

’ R ,
E Hrap(0) = N&(R(x, 0)) — (x,0(0)) - &,(9x) — %Z:;)) ~(m, 0) - (9'(%) T _1qm)

’ R , ’ R , )
iCOV(HTAP(O)rHTAP(U/)) = &1(R(o,0")) - R(G,a’)gt( G, )% (Rim, 77)

N &((@m)
%V(R(m, 0))y(R(m,d")),
where
oy o SROO [ &) mT

&@m) | 7(@m) N
v(q) = q-&(q).
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To prove the above, we will need the following formulas for any p-spin Hamiltonian
Hp with mixture function €.

Fact 4.10.1. Foranyu,v,m € RN, we have:

%E(u, VHy(m))v,VHyn(m)) = R(u,v)&" (R(m, m)) + R(m, u)R(m,v)&"” (R(m, m)).

Proof. Once we write the derivative as its definition as a limit, the order of the limit and
the expectation operator can be swapped by the dominated convergence theorem.

%E(u,VHN(m))(v,VHN(m» - %Eé}?ﬁo Hy(m + 62) —Hy(m) Hn(m+ ez;) — Hy(m)

= %5220 éE(HN(m +ou) — Hy(m)) - (Hn(m + €v) — Hy(m))

[E(R(m + 6u, m + ev)) — E(R(m + du,m)) — E(R(m, m + €v)) + E(R(m, m))]

li !
5,650 O
= R(u,v)&"(R(m,m)) + R(m, u)R(m,v)&"” (R(m,m)).

Fact 4.10.2. Foranyu,v,m € RN we have:

%E<M,VHN(7”)>HN(U) = R(u,0)¢'(R(m, ).

The proof of the above is analogous to the proof of Fact 4.10.1, and hence omitted. We
now prove Lemma 4.7.22.

Proof of Lemma 4.7.22. The distribution of Htap(o) is the same as that of
Hy t(0)|x, VF tap(m) = 0. Recall that Hy (o) = N&(R(x,0)) + H(o) where H(o) is a
centered Gaussian process. Next, observe that conditioning on V¥ tap(m) = 0 is the same
as conditioning on

VH(m) = —x - &(qx) —m - (9’(qm) - _1%) : (4.34)

Observe that (Htap(0)),cs,, is @ Gaussian process, since it is obtained by conditioning on
another Gaussian process satisfying affine constraints. First, observe that we can write

Hrap(0) = N&(R(x, 0)) + Hrap(0) (4.35)
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where ETAP(G) = H(o)|x, VF tap(m) = 0. To understand the behavior of Hrap(c), we
break H(o) into a sum of two terms: one term for its projection onto the space U :=

{<Vf:1 (m), u> cueRN }, and the part that is orthogonal to U, and thus independent of

VH(m). Concretely, let us write

H(o) = <Vﬁ(m), v(a)> 4 (ﬁ(o) - <Vﬁ(m),v(a)>). (4.36)

This is true for any v(0), but we have set up the definition such that the second summand
is independent of VH(m). To verify this, since these two random variables are each mean
0, it suffices to check that for any u € Sy,

E<Vﬁ(m), u>(H'(o-) - <Vﬁ(m), v(o)>) - 0.
By Facts 4.10.1 and 4.10.2, the left-hand-side of the above is:
R(u, 0)&((R(m, 0)) = R(u, v(0))E; (qm) — R(m, u)R(m, v(0))E" (qm) -

We would like v(0) to be such that this is 0 for all u. Setting u orthogonal to m and ¢ shows
that we must have v(¢) in the subspace spanned by m and o.
Suppose that v(0) = ao + pm. Then, plugging this into the above requires that

0= R(G/ u)é;(R(ml O)) - (OKR(G, u) + ﬁR(ﬂ’l, M)) EZ(LIm) - R(m, Ll) (ocR(m, G) + ,BLIm) 5;/(Qm)
= R(o, u) (&/(R(m, 0)) = a&{(qm))
—R(m,u) (ﬁgz(Qm) — aR(m, 0)5;/(5]m) - ,BQm'S;/(Qm)) .

Since this is true for all 1, each of these two terms must be 0. That is,

&((R(m, 0))
q= bV

& (qm)
and
b g U 9 )
E(qm) + qm&] (qm)’
SO
U(G) = M (O- -m- R(m’ 0)5;'(%1) )
& (qm) E(Gm) + Gl (Gm)

_ &(R(m, 0)) ( __R(m,0)&(qm) ‘mmT) 5
B ég(ﬁhn) 5;(‘7111) + ngz/(qm) N
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as defined.
Now returning to (4.36), when we condition on x and VF tap(m) = 0, by plugging in
(4.34), we get

ﬁTAP(G)=—<x,v(0)>'Ei(qx)—<m,v(0)>-(9'(%)— 1 )

1—qm

+ (ﬁ(a) _ <Vﬁ(m), v(o)>) (4.37)

We use H (0) to denote the random variable H(c) — <VI:1 (m), v(a)>, whose distribution

remains unaffected by the conditioning, as this random variable is independent of x and
the event V¥ tap(m) = 0. Since H(o) is centered, our expression for E Hrap(o) follows
from (4.35) and (4.37), and the observation that

&((R(m, 0))
V' (Gm)

It remains to compute N~'Cov(Htap(0), Hrap(c")) for any 0,0’ € Sy. Observe that this is
equal to N"'EH(0)H(c”). By Facts 4.10.1 and 4.10.2, we have that this is equal to:

&t(R(0,0%) = R(v(0), 0")&(R(m, ")) — R(v(0”), 0)&}(R(m, o))
+ R(v(0), v(0"))&;(qm) + R(m, v(a))R(m, v(0")E" (qm) -

The formula for the covariance can be obtained from the above by expanding v(o). O

R(m,v(0)) = -R(m, o).

Next, we look at the mixture function of these “TAP planted distributions on slices”.

Corollary 4.7.24. For a fixed choice of a and b, the Gaussian process
(HTAP(\/N -ov(a,b) + ra,bQT)) is described by the following law.

TESN-_2

* Let H, }, be a spherical p-spin Hamiltonian with mixture function &, i, given by:

o (14 55))
&(qm) .

Eans) = (o, ) + 72,5) = & (Iota, b)I1?) =

2
4 L m " 2
+trvte = ottt o> A (1))

The law of HTAP(\/N~U(a,b)+ra,bQT) is the same as that of H,p(T) + VN - Qap +

EyTApHTAP(W -v(a,b) + ra,bQT) where g, p is a centered Gaussian of variance V(a, b) inde-
pendent of H, .
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Proof. Let 7,7’ € Sy_9, and
o =VN -v(a,b)+ rapQtand o’ = VN -v(a,b) + 1. pQT’.
Recall from Lemma 4.7.22 that

N~'Cov (Htap(0), Hrap(d"))
&{(R(m, 0))&[(R(m, 0”)) s & (Gm)

:ét(R(G,U,))—R(U,U/) cE/(q ) ,)/,(q )5’(17
t\dm m)si\gm

)V(R(m, 0))y(R(m, d")).

By the definition of ¢ and ¢’, we have R(m,o0) = R(m,c’) = R(m, VN - v(a,b)) =

(1 + #) Gm, and R(c,0’) = ||v(a, b)||* + T?/bR(T, 7’), since Q is an isometry. As a result,

N~'Cov (Htap(0), Hrap(c"))

il )]

= &i(llo(a, I + 72 ,R(z, 7)) - (Ilv(a, b)IP + 77 R(T, T') £ (Gm)

RGO ((1 N L) )2
y@mea)” \\U N
This may be written as
N~'Cov (Hrap(0), HTar(0")) = &ap(R(t, 7)) + V(a, b).

This implies that Hyap (o) is equal to H, ,(T)+ g4 » for some Gaussian process (H; 5(7))zesy_,,
where g, ; is a centered Gaussian of variance V (a, b). To complete the proof, we must show
that the correlation structure of H, ; can be achieved by a p-spin model with mixture
function &, ;. To do this, it suffices to show that &, j, is indeed a valid mixture function,

in that Eflp ;(O) > 0forallp > 1, and &,,(0) = 0. The latter of these is clearly true by
construction. The former is easily seen to be true for p > 2, since for such p,

2
£M(0) = r £ (lo(a, BYIP) > 0
since &; is a valid mixture function. Forp =1,

£ faw (1 55)
5;(%1)

& 50 =12, & (llo(a, b)IP) -
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VN

9 , )2) £ (om (10 )

> 12, & gm (1 +— :
wb | (q &@qm)
2

7/a,b , a 2 , / . 9
 &(qm) . (Et (Qm (1 * \/_ﬁ) )ét(qm) — & (Qm (1 + \/_ﬁ)) ) > 0.

In the first inequality above, we use the fact that &; is non-decreasing. The final inequality
is an application of Cauchy-Schwarz. O

Understanding concentration around the codimension-2 slice
Next, we bound the variance of g, » — 0,0

Lemma 4.7.31. For every constant 1 > 0, there is a constant ¢ such that with probability 1 — =N,

2 2
forall a,b, we have |g, » — go,0| < 1=

VN

Proof of Lemma 4.7.31. The strategy is to prove that for any a,b,a’,b” € R of magnitude
-0 (W)
= - .

< NY4, ¢,y — gu 1y is a Gaussian of variance O (-||[v(a, b) — v(a’, b")||*)
The desideratum then immediately follows by applying Slepian’s lemma on (|g,,» — 0,0l)a,b
comparing it to the Gaussian process (G, (v(a, b) —v(0,0))(v(a, b) —v(0,0)) ") for a standard
Gaussian matrix G.

We carry out the calculation for a’,b” = 0; the general case follows simi-
larly. We have g,, = N~'/2 (HTAP(\/N -v(a,b)) — EHtap(VN - v(a, b))), and goo =

N~Y2(Hrpp(m) — EHrap(m)). Clearly, g, — 0,0 is a centered Gaussian process. As in the
proof of Lemma 4.7.22, we have that the distribution of Hrap(0) — EHtap(0) is the same as
that of

H(o) - <Vﬁ(m),v(o)>,

where H is a Hamiltonian distributed according to the mixture function &;. Thus, the
distribution of g, » — go,0 is:

H(u(a,b)) - <Vﬁ(m),v(u(a, b))> — H(m) + <Vﬁ(m), v(m)> .

For brevity, we denote v(a, b) as m + ¢. We express H(m + ¢) in its Taylor expansion, and
we get:

VN (8o - $00) = Y %<Dif:1(m), )~ (VE(m), o(m + €)= o(m)) . (439

i1
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Expanding out v(m + ¢) — v(m) ultimately yields:

&' (qm)  R(m, €)% (Gm)?
V' (Gm) & (@m)Y (qm)

vim+¢)—v(m)=¢e+ R(m,¢)e
Plugging in the above into Eq. (4.38) gives:

VN (g0 — 80,0) = Z %<Diﬁ(m), €®i>

i>2
5;,(%11)
V' (Gm)

R(m, €)*E (qm)?
EZ(EIm)V/(Qm)

— <Vﬁ(m), 5>R(m, €) — <Vﬁ(m), m>

We have an explicit expression for ¢:

aqm —bq? Gmx (b _ a)
E = m + X.
\/N(qm — q,%) qm — q92c \/N

This explicit expression can be used to obtain the following bounds on the variances of the
above terms:

_ % | 2
Var[%<Diﬁ(m)/ 5®i>_ < %
144 ] 4 4
Varl<vf{l(m),8>R(m,g)it,((gm)) _ O(aN+ b )
_ R(m, )6/ (qm)]| _ O(a" +b)
Varl<VH(m),m> T @ | S TN

The expression for VN(gs,» — 0,0) only involves a constant number of terms, and since

the first term enumerates over i > 2, and since |a|, |b| < VN, we have an overall bound of

w. Dividing by VN gives the desired variance bound. O

Lemma 4.7.29. VEa,b =0.
(a,b)=(0,0)

Proof. Recall

1+ )
&((Gm)

—~

1
E.p = 3 log rib — &i(llo(a, b)|I?) - ”aQ,b '

O
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oo ) el )

144 1
\/ﬁ V’(Qm) : ((1 - qm)ét (Qm) + 1= Qm)

Ty e ) Al ) e S ()
£1qm) 5t(‘“’“m N T e \UTVR))

(1)

Because

2 2
a qqu a->b

o, DI = g (1+ ) + ( ) ,
VN Gm — 92 \ VN

we have

2 _ 2
V”U(a/ b)” |(a,b)=(0,0) - Vra,b

_(2q_m O)
@b=00 \VN' )

We also have ”8,0 =1- g, and |[v(0,0)|]> = gm. Let us start by computing the derivative
with respect to a. We have

77 Qmé"(qm) ’ Ell(qm)
VN - aa(IH)l(a,b)z(O,O) =& (Gm) - Gm - (1 — W) + Et(qm) . (—Qm . yt/(qm))

_ Gy (Gm)

7//(qm) (y’(qm) - EImCE;/(Qm) - cf{(qm)) =0.

Next,

VN - 320 5)=0,0)

’ m2 2 ’ m) - 77 ) Om
:L'(_2‘1m)—5£(||U(0,0)||2)-(qu)—(_qu).(éf(q ))_ o 260(am) & (Gm) g

r
70,0 Eqm) | O &(Gm)
2 m / 4 77

= 1 _qq - 21]m5,g(‘]m) + quét(qM) - 2qm(1 - ‘]m)ét (EIm)

— _qu 2 1 EI/

= 1 m - qm( - Qm) + (qm)

Finally,

\/ﬁ' aa(H)l(a,b)=(0,0)
_ 2/ m) - m

144 1
y,(qm) : ((1 - Qm)ét (Qm) +

1= qm
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1
=-z" VN - 2Dl (a,6)=(0,0)

as desired. The derivative with respect to b is much simpler, since the derivative of r? | with

respect to bis 0 at (0, 0). Consequently, dy(D|(; 5)=0,0) = 0, d6(ID(4,5)=(0,0) = 9x&;(9x) = ¥(qx),
and Jy ()|, p)=(0,0) = €;(qm), completing the proof. O

Lemma 4.7.30. There exist constants 1, € > 0 such that for all |a|, |b| < eVN, NVQEa,b < -nld.

Proof. For ease of notation, define Ea,b = E\/N N~ Tap = " Na Ny and o(a,b) =
v(VNa, VNb). Asin the previous lemma, recall

- _ o & lam (1 +a)’
Eop = 5 |logTa ), — &G, DIP) =7, t(qgf(q ) ) )
t\m

m (1

r(qx) ( & (qm) )
- = & gm(T+a))- [(A+Db)—gm- “(1+a)].
£ (4m) fgm(+a) - |1+b)—q ) (1+a)
Because the Hessian is Lipschitz in all the parameters involved, it suffices to prove the
negative definiteness of the Hessian at (0, 0), under the assumption that g, = gx = g,
where g (formerly denoted g.(t)) satisfies &{(q) = —L_ Under these constraints, we have

1-g°
(@) = q&;(q) = 1= and y'(q) = £{(q) + &/ (q) = 1% (1 + (1 = 9)&]'(9))- Eq,p simplifies as
— 1 _ _ . Eg(l+a) 2
Eop =3 (1ogr2,b = &([o(a, DIF) =77 - t(é—(q)))

)
y(q(+a) 14097 ()
L+ (1 -9)&(q)

+& (g (1+D)) +

(I

_Q(1+b)'§;(q(1+a))+q2(1+a)_ét (9)

v (q)

(1)

We have 8§(III)| 00) = 0, and
8§(II)|(0,0) =&/(q9) - 9°.
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‘1

22
=0, and 8 b|(0 0 = T=q

We have that 9,7~ . Consequently,

a b|(0 0)

1 " "
Ol = 3 (0 - 957 bli0,0) = IO, O)IP) - (@, DI 0, = O3 60,0, - 4()
_
(1-q)?

It follows that )

z q
93E a0y T

_ A2
00 &(q)q

Similarly, we have d,d}, (ID}0,0) = 0, and
%%ammm=éﬂm~f-

We have that 9,9;7 b |(0 0= Consequently,
1
%%mmm=2L 9007 .0y~ E1010(0, 0)) - Dudulf5a, DI 5) — 0adsT 1) 0 E1(0)
0,0
i
(1-q)
It follows that )
T q
dadpE, =&'(q) 9% - .
vEab] g = £ 4 (1-q)?

It remains to compute the second derivative with respect to 2. We have

Ja(MD)| o) = 7°E"(9)-
We also have

2 s L= ()
%mmm—qyw>1+u-maw>

_ L+ (1 B q)QE;,(q) 1" "
ST gtg | s )

<q 52”(07) +29&{(q).

We have 077, b|(0 0= (Qq + ) and oar, bl(o 0 = ~24- Finally,

1 —2q 1 —2q -2q
821 = .1 __— (=2 2 ¢ R N 7 (=2 2_ _ 7T g
WOl = 7=g = (20 = 8@ 7= = 6@ (20 - 7 £
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289 (g i) 20*(£[()&"(q) + £(9)*)
&(q) &(q)

-2 4 2 5” )
- 2)2 - qq)Z —4q°&] () +89°¢}'(9) - 24°(1 - )&} (q) = 24°(1 - q) - é((z))
t

- LD g () - 2020 - 0 @) - 2900 - 0% )

_2'(_251)'

Therefore,

27 127 177 17 _ q(zq + 1)
daBap| <077+ q 21" (q) +2q&{(q) =7
+ 2q2<§t (9) - 4*(L— & (q) — 91 — 9)°&}' (9)?

) _31( o g 2 20870) + 2078 @) 91 - 95 @)

To conclude, let us check that the Hessian is negative definite. Because &'(g)- g2 —
by the SL condition (SL), it suffices to check that

(1- q)2 <0

2

92E,
a ,b (0’0) (‘7) ( q)z

This is true if and only if

q(q +1)
(1-9)?

It is not difficult to see that this is true if £}'(q) is less than the smaller root of the above
quadratic, which is equal to

q(1 = q)*&(9)° — q(q + 2)&] (q) + > 0.

(q+2)—\/(q+2)2—4(q+1): 1
2(1-¢q)? (1-q)*

This is true by the SL condition (SL), concluding the proof. O

Next, we shall prove Lemma 4.7.33. Recall the definition

@  N& 0
ab 4

1 ' 2
-3 log det ((1 +&7,0)Id -V Hﬂ/b(o)) ’

Error

where V?H, ;(0) is equal to the restriction of r?, - V2H1ap(VN - v(a, b)) restricted to the
codimension-2 subspace orthogonal to m and x.
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Lemma 4.7.33.  For any sufficiently small « > 0, with probability at least 1 — e~°N,

Errorg7 - Errorg()) = O (1) forall |al, |b] < (N4,
Let us start by computing the correlation structure of the random matrices V2H, 5(0).

Note that V2H, ;(0) is an (N — 2)-dimensional GOE matrix scaled by _ /& 7, (0).

Fact 4.10.3. For ¢, o2,
1
NE<V2HTAP((71)/ u' @ u)}(V’Hrap(0?),v' ® 0?)
=& (R(o?, 6%) - (R(u',v?) - R(u?,0') + R(u', v") - R(u?,0?)).
In particular,
1 144
NE(VzHTAP(Gl),VzHTAP(U2)> =& (R(at, 0%)) .
The above follows from calculations similar to those involved in the proofs of Facts 4.10.1
and 4.10.2; we omit the details.

Proof of Lemma 4.7.33. We shall prove the statement for a fixed a, b; a union bound over
a,b implies the boundedness for all a,b < (N/4,

Recalling that V2H, ;(0) = r> bVQHTAp(\/ﬁ -v(a, b)) is a GOE matrix scaled by /", (0).
By Fact 4.10.3,

1 1
BV Hap(0), V2Hoo(0)) = 73, - 1 o - - B(V2Hrap(VN - 0(a, b)), V’Hrap(VN - 0(0,0)))
= rglb : 7"3,0 : é;/ ((U(ﬂ, b)/ U(O/ 0))) .
For comparison, we have
1 2 17 ’’
SEIV Hop Ol = &740) =g, - & (llo(a, D)) -
For succinctness of notation, let

(m p): 061 (100, 0)]12) r2 12 0&7 ((o(a, b),0(0,0)))
pas)  \r2,r2 & ((v(a,b),0(0,0)) rd & (Ilo(a, b))

be the covariance structure of the scaled GOE matrices V2Hy ((0) and V2H,, ,(0). It is not
difficult to see that ay = a1 + O (“2;\}1’ 2), and p is between a; and a,. Also note that
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a] = E(’)’/ 0(0) and ay = E; 'b(O). Then, for some choice of GOE matrices G and E, we may
write

V2H0(0) =
V2H, 5(0) = —G + 4 /a2 - —G
aq
We thus have
2 (Error( ) Error@;) N2011 N;2 logdet| (1 + a1)Id — Va G

My

p p?~
+logdet|(1+ a Id——c—,/a _ 2 Gl.
g ( 2) NG 2T o

We may write the matrix inside the final log det as

P p? ~
1 Id——G—,/ -G
(1+a9) — Qs o

= (1 + a1)ld = Va1 G) + (a2 — a1)ld —

M2 M3

The difference of the two log det terms is thus equal to

log det | Td + M > MoM T2 4+ M2 MM 2 |

M

Observe that M3 is a scaled GOE matrix independent of M; (and My). Taylor expanding
the above, we shall control the trace and Frobenius norm of M. It may be verified that the
higher-order terms, corresponding to higher Schatten norms, are O(1). To control the trace
and Frobenius norm, we shall essentially control their values in expectation. Standard
concentration arguments for GOE matrices, along the lines of Lemma 4.8.6 using [GZ00,
Lemma 1.2(b) and Corollary 1.6(b)], allow us to assume (with probability 1 — e~°N) that
the eigenvalues of G are distributed according to the semicircular distribution up to some
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small Wasserstein perturbation. That is, with probability 1 — e~N, denoting by A1;(G) the
eigenvalues of G,

(a2 = 1) = (= = V@) 1(G)
M2 -1/2 _ Var
Te M2 MyM; 1;N PR
. / (a2 - ) - (= = var )

(1 +a1) — yaru
= N(az —p) +O(1),

d[vlsc(u) + O(l)

where the final equality follows from the standard semicircle integral f L dpec(u) =
% (x - Vx2 - 4). On the other hand, because Gis independent of G,

-1/2

T M MsM;V? = 0(1)

with probability 1 —e~N. Let us next control the Frobenius norms of these matrices. Again,

because G is independent of G, with very high probability,

IM||% = O(1) + |M] P MaM V2 -+ M MM

IIF IIF-

The first squared Frobenius norm is equal to

(g —ay) - (% - \/a_l) Ai(G) 2
Z (1+ a1) = Vai14i(G)

Let ¢ such that (1 + a;) — (2 + t)y/a; > ¢ (this uses strict replica symmetry). Then, with
probability 1 — eV, |1;(G)| < 2 + ¢ for all i. Conditioned on this event happening, and

recalling that as —a; = O (“2;{,}’2), the above is M This is O(1) for all choices of
a,b < (N4,

We must next control the squared Frobenius norm of M; Y 2M3M1_ 12 Let us condition
on a typical realization of M: all its eigenvalues are smaller than 2 + ¢ in magnitude, and

the empirical spectral distribution is Wasserstein-close to the semicircle law in the same
sense as the previous section (where we controlled the trace), in that

1 1
Z 1+ a1) = +ai14i(G) =N / (1+ ay) — aqu dusc(u) + O(1) = N + O(1)
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Because M3 is independent of M, it suffices to control the expected Frobenius norm of the
matrix — the true realization concentrates around its expectation to additive O(1) factors. It
is not difficult to see that this expectation is equal to

Lfw-2) (Y ! 2
N (Oé2 a1) ( (1+a1)—\/a_1?\i(G))

_ p* ! 2
_N. (a2 _ a_l) . (/ (e sy dysc(u)) +0(1)

=N- (az— Z—j) +O(1).

Putting the pieces together and returning to the Taylor expansion, we get that with very
high probability,

2 (Errorg()) - Error(2))

a,b
- % —% + log det (Id + M)
1
= 0(1) + o = N Ty (M) - £ M2
_ a ey o L P
=0(1)+N (2 5 + (a2 —p) 2(0(2 041))
2

_ N R
=0O(1)+N ( 5 Pt 2a1)

_ )2
_om+ Y (a1 = p)

2 a1
Because a1 —p = O (“2;\“][32), this is O(1) for a,b < (N'/4, completing the proof. O

Moment calculations for covariance bounds
We first prove subgaussian concentration for the covariance of the degree-2 part.

Proof of Proposition 4.8.8. Part (2) follows from part (1) by a standard tail integration
argument. Indeed, the random variable W is bounded by N'/2, so the contribution to
E[W*] from the event [W| > N'/% is bounded by

N 2p(IW| > N'/%) < N¥/2e=eN*",
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which is vanishing for any constant k. So, we focus on proving part (1). In the case
W = (o', 6?)/VN, this is a special case of [HMP24, Lemma 7.5] (where we take u = 0). We
consider the case W = (0, v;). Recall that

é//(o)
2

where M ~ GOE(N). For 0 < s < N'/%log N, we will evaluate

/eHN'Q(U)dp(G) and /eHN'2(6)+S<vi’U>dp(G)

using [HMP24, Lemma 7.3]. We recall the functioAr} G : (Amax(A), +00) defined in (4.15),
which we copy below for convenience, and define G by

N 2
G(y)=y- =S log det(yI — A), G(y)=G(y) + AN(y i Ai(A))

2N
Recall from below (4.15) that G’ has a unique root y. on (Apax(A), +00). By the same argu-

Hy 2(0) = (Ao, 0) = (Mo, o)

ment, G has a unique root 7, on the same interval. As argued in the proof of Lemma 4.8.6,
the conditions of [HMP24, Lemma 7.3] apply. Applying this lemma with u = 0 and u = sv;,
respectively, shows that with probability 1 — eV,

/ oHn 2(0) dp(o) = (1+ O(N79)) G”i%)

/ eHin2(0)50i0) dp(g) = (1+ O(N ), /%(26)‘N /2 exp(N @('ﬂ))- (4.39)
G (7.

Suppose further the probability 1 — e N event in Lemma 4.8.7 holds. As argued in the
1

proof of Proposition 4.8.1, |y. — yo| < oy Also, with probability 1 — e™N, A,,ax(A4) <
YO0 (9 4 ¢2/8).

We will show that on the intersection of these events |y, — 7,| = O(N~%/5log® N). First
note that

(2e) N2 exp(NG(y4)),

L1+ 0=+ /HVE0) 1
CVN 2 CVN
is bounded below by a constant, as in the proof of Fact 4.8.5. Since G’(yx) = 0 and é/(y) =
G'(y)- m, we have y, > y. and so ), — A;(A) is also bounded below by a constant.
Thus, as s < N'/®log N, we have

Ve — /\max(A) 2= Yo — AmaX(A) - > 82/32

52

TANG — Ai(A))?

0>G () = = O(N"3/510g? N).
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By direct computation,

§2
2N(y = Ai(A))*

Since 7, > y., we have y — 1;(A) is bounded below by a constant for all y € [y.,7,]. We
claim that 7, € [yg — N™'/2, 95 + N™1/2]. Combining both conclusions of Lemma 4.8.7, we
obtain that G”(y) > Q.(1) for y € [yo — N~/2, 9 + N~1/2], and consequently the desired
claim on 7, holds.

G'(y)=G"(y) +

We thus have é//()/) = O(1) in the same interval, and consequently we can conclude

the stronger statement |y, — 7,| = O(N~%/5log? N). Furthermore, since é(g)(y/) = 0¢(1), the
same logic allows us to also conclude

G’ (3.)/G (1) =1+ ON"51og? N).

By Taylor expanding G around 7,, we see

~ ~ N —_ ~7 _
NIG(.) = Gl < Sy = 7.F sup G ()= O(N"log' N).
Velyo=N=Y2yo+N=1/2]

The above two displays allow us to replace instances of 7, with y. in (4.39), yielding

[ a0t apio) = 1+ 0N %(Mfw%xp(wé(m),
Ve«
and thus
sonoyy _ J €A dp(o)
(e )2 f eHN 2(0) dp(o)
G (v, —
= (14 O, |22 exp (NG - Gy

G ()

= (1+ O(NT)) exp(s*/(4(y- = Ai(A)))) = (1 + O(N ™)) exp(cs?),

where the last two steps again use that y. —A;(A) is bounded away from 0. The tail estimate
on W = (v;, 6) now follows from a standard Chernoff bound. O

We next turn to Lemma 4.8.11, proving each part in turn.

Proof of Lemma 4.8.11, Eq. (4.18). We reproduce Eq. (4.18) below for convenience:

E/ 1[0 é T(HN)]EHN(G) dp(G) < eNE(l)/Q—cN1/5.
SN
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The proof follows [HS23, Proposition 3.1], except with more precise control of overlaps
between N~%/° and a small constant. By symmetry of the sphere, for any deterministic
x € Sy,

E / 1[0 ¢ T(Hn)]e"™) dp(o) = E [1[x ¢ T(Hy)]e™™]. (4.40)
SN

Let ppi(-|x) denote the planted model (Definition 4.7.8) conditional on spike x. A Gaussian
change of measure calculation implies that the right-hand side of (4.40) equals

el\frf(l)/2[|:onI

1
g [ & TERDL

Thus it suffices to show

P [x ¢ T(HZ)] < =N,

HY ~ ()
Recall (Remark 4.7.14) that a sample H ;I’I ~ Upi(+|x) can be generated by
HY'(0) = NE(R(x, 0)) + Hn(0), (4.41)

where H N ~ Unull- Furthermore, from the definition, x € T(H I’i]’I) is equivalent to

/ 1[R(x, )] > N=2/3]eHN ™ dp(7) < eNeM/2-eN'? (4.42)
SN

We will show this occurs with probability at least 1 — e =N " Let Y denote the probability
density of R(x, ) € [-1, 1], where 7 is sampled from the Haar measure on Sy. Then it is
known that

P(@) = (1 - NI
Zy
where Z,, = ©(N~1/2). Define the codimension-1 band
Band(g) = Band(g;x) := {t € Sy : R(x, 1) = g}

and let
2= [ a0,
Band(g)

where p, is the Haar measure on Band(g), normalized so that p,(Band(q)) = ¢(). Then
the left-hand side of (4.42) is equal to

/ Z*(q)dgq.
N-2/5g|q|<1
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An application of Guerra’s interpolation as in [HS23, Lemma 3.3] shows that for any

g € [-1,1] and constant 1 > 0, with probability 1 — e~V
1 1
~7 0 Z(q) < 5 (£(1) + &(lqD) + Iq] + log(1 — Iq])) +n.
Since &1 is e-strictly replica symmetric and y? < N~%/5, this implies
Loy 6() &g
J— 4 < - .
w0827 (q) < = T

Let 6 > 0 be small depending on ¢, and ] small depending on 6. This implies that for any

lg| > 6, with probability 1 — e~N,
1 (1) ed?
—log Z%(q) < == - —.
N 108 Z7 () < =~ - =
Taking a union bound over a N~ !-net of |g] > 6 as in [HS23, Lemma 3.4] implies that with
probability 1 —e~N,
/ Z*Y(g)dgq < eNeW/2=eN (4.43)
s<lgl<1
We address the remaining range of g by a first moment bound. Note that
E/ Z"'I(q) dg = eNe/2 / eNg(q)yb(q) dg. (4.44)
N-2/5¢|q|<6 N-2/5g|q|<6

Recall from Fact 4.8.4 that £”/(0) < 1 — €. Thus, for sufficiently small 6, for all |g| < 9,
1
Ealg) + 3 log(l — q2) < —6q2/4.
Thus, for all N=%/5 < |g] < 6,

1 1 1 _
~ o (NDy(g)) = (g) + 18 ¥(9) = yig +&1(q) + 5 log(1 - 4%) + O(N "' log N)
<2 -¢eq?/4+ O(NtlogN) < —eN~4/5/8.
Combining with (4.44) shows

E/ Zx'I(q) dq < eNE(l)/Q—CNl/S’
N-2/5<|ql<s

so by Markov’s inequality, with probability 1 — e=N o2

/ Zx,I(q) dq < eNE(l)/Q_CNl/s/Q.
N72/5<|q|<(§

Combining with (4.43) proves (4.42) after adjusting c. O
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Proof of Lemma 4.8.11, Eq. (4.19). By the same argument leading to (4.42), it suffices to
prove

1|R(x, 7)| = N~2/5]eHN"(®) qp(1) < eNEM/2-eN® (4.45)
p

SN

holds with probability at least 1 — e=N * where now
HY"(0) = Ny3R(x, 0)* + Hn(0),

i.e. we have replaced the spike in H Z’Q’I with only its degree-2 part. Then H ;]’H(a) < H]’ij’l(o)
almost surely for all o such that R(x, o) > 0, so (4.42) implies

/ 1[R(x, ) > N_2/5]eHKfH(T) dp(7) < pNE()/2-cN13
SN
with probability 1 — e *N. Moreover, by symmetry of the degree-2 spike,

/ 1[R(x, 7) > N~2/5]eHN" @ qp(r) £ / 1[R(x, 7) < ~N~2/5]eHN" ™ dp(7).
SN SN

This implies (4.45) and thus (4.19). [

Proof of Lemma 4.8.11, Eq. (4.20). This follows from a slightly more complex form of the
same strategy, where the planted Hamiltonian now has two spikes. For x!, x% € Sy, let

HY*W(g) = NER(', 0) + NERG?, 0)) + Hn(0).

By the same gaussian change of measure argument as above, the expectation in the left-hand
side of (4.20) equals

eNé(l)/ 1[|R(61,02)| < 3N_2/5]P(61 ¢ T(HK;’GQ’IH)) dp®2(01,02)-
Thus it suffices to show that for all x!, x2 € Sy with |R(x!, x2)| < 3N~2/5,

xl x2
/ IR, 7)) > N~y ™0 gp(7) < eNeM/2-eN'? (4.46)
SN

with probability at least 1 — e=N'" Tet A = R(x!,x%) € [-3N"2/5,3N~?/°] and

x? = Axl + V1 - A2x2,
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where x> € Sy and R(x!,x2) = 0. Let 12 denote the probability density of
(R(x!,7),R(x,7)) € [1,1]?, where 7 is sampled from the Haar measure on Sy. It is
known that

1[g7 +q5 < 1] .
vala) = = (= ai - )T

where Zy = ©(N ). Define the codimension-2 band

Band(q1, g2) = Band(q1, g2; xl,x2) ={teSN: R(xl, T) = ql,R(xi, T) = g2}

and let

xL,x2 111 HE S (g
V4 (91,92) = e’'n dpg,,4.(7),
Band(q1,92)

where py, 4, is the Haar measure on Band(q1, 42), normalized so that pg, 4,(Band(q1, 42)) =
Y2(q1, g2). Then the left-hand side of (4.46) is equal to

/ 1[lg1| > N_2/5]Zx1’x2’m(q1, g2) d(q1, g2). (4.47)
Note that
1
N log le’xZ’HI(ﬂh, q2) = &(q1) + & (/\ql + V1 - Azqg) + = log/ eHN() dpg,,q.(7).
Band(g1,92)

Letq = q(q1,92) = /9] + 95. Applying Guerra’s interpolation as in [H523, Lemma 3.3]
shows that for any 1 > 0, with probability 1 — e~V

= log/ MO dpg (1) < (5(1) —&@) +7q +log(1-7)) +1n.
Band(q1 (]Q)
and thus

1 1.2 1 _ o~ —
1082 Mg, 42) < E(g) + € (Mh + V1 - Wz) + 5 (8(1) — E@) +G +1log(1-79)) +7

Eillgil) + E~(lga2l) + = (5(1)— (@) +7q +1og(1-7)) + 2n.

Since &~ only includes terms that are degree 2 or larger, £-1(|91]) + E~1(|92]) < &€~1(9). Thus
the last display is bounded by

~2
e+ Ea@ T+ log(1-) +2m< S oy
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Arguing as in the proof of equation (4.18) then shows that for any 6 > 0 depending only
on g,

/ 1[3(q1, g2) > 812% " (q1, g2) d(qy, g2) < eNeW/2=eN (4.48)

with probability 1 — e=*N. The remaining part of the integral (4.47) has expectation

E/ g1l = N=2/5,3(q1, g2) < 612% *"(g1, g2) d(q1, g2)
= eNé(l)/Q/ 1|1 = N7%5,5(q1, g2) < 6]eNe@)+NEAq+ 1_A2q2)¢2(0h, g2) d(q1, g2).
(4.49)
Recall y2 < N~#/5. For all (41, q2) in this indicator,

% log (eNé(%HNE(MﬁVl—)\2f12)¢2(q1’ Q2))
1 _
=&(q)+¢& (Mh +V1 - Aqu) t3 10g(1 - q2) +O(N'logN)
<N~ (1= £ (O)F + OF" + N ogN)
~2

< —% LN~ + 0@ + N log N).

Since N~2/% < 7 < 6, for 6 sufficiently small depending on ¢ this is bounded by —c N~/
Combining with (4.49) shows that with probability 1 — e =N 1/5,

/ 1lg1] > N725,5(q1, g2) < 6]12* **M(g1, g2) d(q1, ga) < eNED/2eN,

Further combining with (4.48) completes the proof. O

Proof of Lemma 4.8.11, Eq. (4.21). This is proved identically to equation (4.20), except
with spiked Hamiltonian

HY NV (g) = Ny2R(x!, 0)2 + NER(x2, 0)) + Hn (o),

i.e. the spike involving x! is replaced with just its degree-2 component. The same argument
applies and we omit details. O

We turn to the proofs of Lemmas 4.8.15 and 4.8.16. The following fact will be useful in
the proofs of both lemmas.

Fact 4.10.4. If o € Sy satisfies |oj|,|0j| < log N and o ¢ Ti,j, theno ¢ T.
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Proof. Consider any 7 € Sy satisfying |R(d~; j, T~i ;)| > 2N~2/°. Since |7, |7j| < N'/?,

loilltil + ol ]

> N2/5,
N

IR(o, 7)| = |R(0~i,j, T~ij)| =

Thus the expectation over 7 in (4.22) is larger than the expectation over 7 in (4.28), and so
o¢T. [

1) =2

Proof of Lemma 4.8.15. We can write X; j = }?i,j +X;; +X;;, where

(1)
Xi,j =

<2
Xi,j =

<1[|Ui|/ lojl < logN, 0 ¢ T; joio; (eHN’NZ(0)_1\[&2“)/2 - 1i= j])>2 '

(11103l V 10j1 > log N]oio (o200 -Ne/2 [ = j])>2.
By using (a + b)? < 24 + 2b%, we deduce that
Xf] < 255?/]- + 2()~(§,1]-) + )~(£-,2]-))2,

=) =@
so the rest of the proof is dedicated to showing that |X E j) +X 5 ]-)I < e’ N with probability

1—e~cg" N To do so, we will simply apply Markov to control X 5,1]')| and |X 5',2]~)|.

G]| < \/ﬁ/

By Fact 4.10.4 and using |o;],

~(1) T - [ =
X <N <1[|gi|, 0/l < logN, 0 ¢ Ty ] (eHN,NQ(a) NEw(/2 4 [ = ]])>2

< N (1[0 ¢ T] (ethonatorNes/2 o q; = j])>2.

~(1

By the first two equations from Corollary 4.8.12, E.o|X; ]-)| < e eN'?

. Furthermore,

BoolX| | < NE-, ( (1l > 106 N1+ 1[loj| > log NJ) (eH-20r-Newr2 4 1 = j])>2

1

< 2N (1[|oi| > log N] + 1[|oj| > logN]>2 < e~Clog’N

=), =
by Proposition 4.8.8(1). By Markov’s inequality, with probability 1 —e~¢108’ N |X f ]?l +|X E ]-)l <
e¢1o8"N after adjusting c as necessary. This concludes the proof. O
L2 S s 5@
Proof of Lemma 4.8.16. We can write X; ; = X; j + X; ; — X; ;, where

S
Xi,j =

~i/]‘/ ~i,]

<1[|o}|, 011,102 10?2 < 1og N, 0%, 0 € Ty, IR(o, 1, 0%, ) > 2N 2]
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0110]10 0]2( Hy,-2(01)-NEo(1)/2 [l _ ]]) ( Hy ~2(0%)-N&-2(1)/2 _ [l = ]])> ,
2

o2, ~2/5

52
Xi :< 1llo/l,lol,lo7], 1071 < log N, (6" ¢ Ti,j v 0” ¢ Ts,), IR(a,,

0]2 ( HN ~2(01) -Né&o 2(1)/2 [l = ]]) (eHN,~2(62)_N£~2(1)/2 — 1[1 = ]]) > .
2

~( ~2
By the same argument as before, it suffices to control E.o|X E,j)l and E.o|X E,j)l. Note that
almost surely,

IXUI < 1lo}1,1ojl,107], 107 < log N, ¢, 0* GTZJ,IR(%] 2> 2N
(EHN,~2(01>—N5~2(1)/2 4 1) (eHN,~2(U2)—N5~2(1)/2 4 1) > < N?()?f? + )A(fi.))
2
where
G

i
S
Xi,j

X :< [o! € T,],|R(U ) > 2N~ 2/5] HN ~2(0")+HN ~2(0%)~ NE~2(1)> ,

"‘l]’ ~l] 9

)| > 2N~2/%]

< 1jo}1, 101, 10| [o?| < log N, [R(s" ;, 0*,

(eHN,~2(01)—N5~2(1)/2 + eHN,~2(02)—N5~2(1)/2 + 1)> )
2

By definition of i‘,j,

—~(3 .
XE]) < <1[G1 € Tl'/]']eHN,~2(01)—NéNz(l)/Q_ch/S>2 ’

and thus ENQX o ) e~eN'S, Furthermore,

5{5? < <1[|R(01, a?)| > N—2/5](eHN,~2(01)—N€~2(1)/2 + pHN2(0?)-NE(1)/2 1)>2 ,

and thus _u )

E.X;; < 3(1[R(e", %) > N7¥°]), < emN"”
=1
by Proposition 4.8.8(1). Combining shows E._»|X 5])| < N Similarly

|X1]| < 1lo}1, 1011671, |01 < log N, (0" € Ty v 0 & T ),
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R(o

b1 0% I < 2N (eHM(“”-N‘EQGV2 + 1) (eHNwZ(“Q)-N&z(D/2 + 1) >
2

By Fact 4.10.4, on the indicator in this expectation, ol %€ T. Moreover

lojllo?| + 1o} llo ]
]

N

R(a", )| < [R(aY, ;, 0%, )l + N2,

Thus

~(2 —~
|X§,]~)I < 21\72<1[01 ¢ T,|R(c", 0?)] < 3N~2/7]
(eHN,~2(01)_N5~2(1)/2 + 1) (eHN,NQ(UQ)—NENQ(l)/2 " 1) >

2

~(2
and Corollary 4.8.12 implies E~2|X(-,]-)| < N

1
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Part 11

Synthetic Data in Machine Learning
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Foreword

Large Language Models (LLMs) have a ravenous appetite for training data, one that has
led to modern training routines consuming entire internet’s worth of text data. A natural
response here is to rely on LLMs to generate data for training, in the form of synthetic data.
This part of the thesis will study the success and limitations of synthetic data applied to
LLM finetuning.

In Chapter 5, we study the paradigm of weak-to-strong generalization. In it, one
generates synthetic labels from a weak teacher LLM and uses them to finetune a strong
student LLM, inverting the classic strong teacher weak student setup. Despite the teacher
labels having extremely low ground-truth accuracy, we identify regimes in a toy model
where such weak-to-strong training generalizes very well.

In Chapter 6, we attempt to directly teach models to catch their own mistakes in their
reasoning traces. For completely synthetic reasoning tasks, we find that models trained
with this method can successfully correct the synthetic distribution of errors they were
trained on. However, we find that such techniques are prone to failure from distribution
shift to on-policy errors, and propose methods to mitigate such effects. Our study helps
explain why on-policy reinforcement learning methods have been widely successful in
training reasoning LLMs.
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Chapter 5

Weak-to-strong generalization via benign
overfitting

5.1 Introduction

Motivated by the problem of aligning increasingly capable models, [BIK*23] introduced
the framework of weak-to-strong generalization!, which draws an analogy between humans
supervising superhuman Als and weaker teacher models supervising stronger student
models. This inverts the classic teacher-student model framework, which typically assumes
that the teacher is stronger than the student. [BIK*23] found that using GPT-2 to finetune
GPT-4 can recover most of the performance of standard supervised finetuning with human-
annotated data across standard NLP benchmarks, but struggles on more difficult tasks such
as chess puzzles or reward modeling. One failure mode observed by [BIK*23] is that the
strong student sometimes learns to mimic the weak teacher, i.e. the strong model overfits
to the limitations of the weaker one. Since [BIK*23], this phenomenon has been studied in
a variety of other empirical settings (see e.g. [J[CL*24, GCW*24, LA24, YSS*24, TL24]).

These empirical observations naturally lead to the question that we aim to answer in
this paper: Can we identify a simple, concrete theoretical setting where we can provably
exhibit different phases of weak-to-strong generalization? Below, we survey closely related
areas of research.

IThis situation is related, but slightly different, from the earlier identified problem of easy-to-hard
generalization (see e.g. [SBG™21, HBCW24]) wherein a model is trained on “easy” cases but has to generalize
to “hard” cases. The most important distinction is that in weak-to-strong generalization, the weak teacher
actually gets things wrong.
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Pseudolabeling and synthetic data. In semi-supervised learning, pseudolabeling refers to
the method of using one model’s outputs to generate pseudolabels for unlabeled data [L*13,
AOA*20, RDRS21, ZWH*21, CBTQO21, HLZ*24]. These pseudolabels are then used to
supervise the target model. We consider using the weak model to generate pseudolabels
for the strong model in our concrete setting.

Synthetic data generation is another widely popular paradigm for scaling up models
in the absence of human-annotated data; see, e.g. [Nik21, LWL*24, CLC*21, FV22] and
references therein. In this approach, one uses generative models to generate synthetic data,
which can then be labeled and used to supervise other models. The use of synthetic data
to train models resembles the weak-to-strong setup that we study, although we assume the
unlabeled datapoints are generated from the ground-truth distribution. Nevertheless, we
believe that extending our techniques may yield interesting insights on the success and
tailure modes of synthetic data.

Supervised finetuning and scaling laws. In contemporary deep learning, the dominant
paradigm is to pretrain large (e.g. billions of parameters) models on copious (e.g. trillions
of tokens) unlabeled data in a self-supervised fashion and then finetune the model on
relatively tiny (e.g. less than 100K) finetuning datasets. The prevailing wisdom suggests
that (1) pretraining helps the model learn useful features that can be repurposed for spe-
cific tasks and (2) the optimal size of models should scale with the amount of data (see,
e.g. [KMH*20, WBZ*21, WKM*22, LTM*22, HBM*22]). Much effort has gone into improv-
ing the effectiveness and efficiency of finetuning [HGJ"19, HSW*21, LARC21, DPHZ24].
According to NTK theory, if the model weights do not move far from initialization dur-
ing finetuning, we can approximate finetuning as training a generalized linear model using
(tangent) features. These features arise from the gradients of the network’s outputs with
respect to the parameters at finetuning initialization. This motivates our studying the be-
havior of interpolating linear models in the context of supervised finetuning. Our concrete
theoretical setting sits within the Gaussian-features linear-model style of [WHS22, BHX20,
MM22, BLLT20, MVSS20, MNS*21, CL21, WT21, SAS22, WDY22, WMT21, CMV*23].

Knowledge distillation. The topic of weak-to-strong generalization is related to the ex-
tensive literature on knowledge distillation, which originated in the desire to compress
large powerful models (teachers) into smaller ones (students) [HVD15, BCNMO06]. See
[GYMT21] for a general survey. Theoretical perspectives for the essentially underparame-
terized case were developed in [PL19, JZ20], and the theoretically engaged literature in this
area has continued to expand; see [YSX*24, OLSR*23, SPA23, AC24, HBCC24, SBAH23,
2723, DS23, XRH*24, NMB*23, BA23, Har23, SIK*21, MFB20] for a few representative
more recent examples.
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The question of how knowledge distillation can improve the student’s generalization
to surpass the teacher (especially when they have the same architecture) has led to the
identification of several different underlying mechanisms [YSX*24, SPA23, SBAH23, DS23,
NMB*23, MFB20]. Of these, the closest in spirit to our approach is the regularization
viewpoint of [MFB20], which studies a kernel-regression model. They call out the crucial
role of the spectrum of the Gram matrix — more specifically, self-distillation accentuates
the importance of the larger eigenvalues, which has a regularizing effect by making the
corresponding basis functions more prominent in the learned pattern.

Concurrent theoretical work. [ZZS*24] engages with generative models and observes
that temperature can play an important role in allowing a trained model to surpass its
training sources. [SPB*24] takes a transfer-learning perspective and asserts that naive fine-
tuning on weak pseudolabels tends not to work; our results show conditions where this
does in fact succeed. [CPS24] takes a representation-centric perspective in a regression set-
ting and zooms in on the question of how much better the representation is for the stronger
model. [LSV24] studies the classification setting and takes a neighborhood perspective that
posits that the stronger model’s neighborhood structure allows it to average over the weak
labels to get generalization. At a high level, our work along with [MFB20, CPS24, LSV24]
all circle around the idea that weak-to-strong generalization works when the cascading
learning process purifies representations in the true direction and contracts in false direc-
tions.

Contributions

In this paper, we explore weak-to-strong generalization in a stylized theoretical model that
captures the dynamics of finetuning with weak supervision studied in [BIK*23]. Under a
simple overparameterized spiked covariance model for the pretraining features, we prove
that finetuning an overparameterized linear classifier using minimum ¢, norm interpolation
on top of these features provably exhibits two distinct phases of weak-to-strong generalization.
In particular, under certain scalings, as we increase the number of weakly labeled finetuning
examples, the strong learner’s asymptotic accuracy transitions from (1) random guessing
to (2) perfect generalization; see Section 5.3 for a precise statement.

To be specific, we study the generalization of interpolating linear models with and
without weak supervision. Although our results can be generalized to any weak teacher
which produces logits using a linear head, we assume for the sake of concreteness that
the weak teacher is also an interpolating linear model which can be fully expressed by
the strong student. We discuss how our theoretical results connect to realistic supervised
finetuning scenarios in Section 5.4.
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Our results strongly hinge on the tight analysis for benign overfitting in multiclass
classification in [WS24], although the study of benign overfitting for regression and binary
classification was already carried out by [BLLT20, MNS*21].

5.2 Preliminaries and setup

Below, we set up the weak-to-strong learning task in Section 5.2, along with the data
assumptions in Section 5.2, and finally specify the concrete end-to-end learning algorithm
we study in Section 5.2.

Weak-to-strong setup

To study weak-to-strong generalization, we will consider a simple setup which encapsu-
lates the dynamics of standard supervised finetuning as well as training linear probes on
intermediate activations. We will now give a high level description of the weak-to-strong
setting, and in subsequent sections formally define the specific assumptions we make to
theoretically study weak supervision.

Suppose we have n labeled datapoints and m = n* unlabeled datapoints, where u > 1.
This matches the modern ML paradigm where labeled data is scarce and unlabeled data is
abundant.

We assume that we have access to two sets of features extracted from the datapoints:
the weak and strong features. Using these features, we will create a weak-to-strong setup
with a weak model and a strong model, where the weak model is used to generate hard
pseudolabels to train the strong model (see Procedure 5.2.6 for a formal definition). The
learning task at hand is binary classification, where each model uses its respective features
obtained from the datapoints — see Section 5.4 for how our techniques apply to the
multiclass setting.

Clearly, to get nontrivial learning guarantees, there needs to be some relationship
between the weak and strong features. To specify this, we will assume that the weak and
strong features come from an appropriate weak-to-strong ensemble of features, which we
formally define in Section 5.2. One way to interpret the weak-to-strong ensemble is that
the true hidden direction is highlighted more in the strong features than the weak features;
see Figure 5.1.

In supervised finetuning and linear probing, the strong and weak features come from
pretraining via the neural tangent features and intermediate activations, respectively. For
example, in the GPT2 to GPT4 weak-to-strong setup of [BIK*23], the weak features come
from GPT2 pretraining, whereas the strong features come from GPT4 pretraining.
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Broadly speaking, we study the case where the true labels are generated by a distin-
guished (but unknown) low-rank subspace hidden in very high dimensional space.
To be concrete, we will study two different classifiers in this setup:

(2) fea: train/finetune on n datapoints using weak features in R%w and ground-truth
labels.

2 . train/finetune on m > n datapoints using strong features in R? and hard
w2s p g g

pseudolabels generated from f ..

We study a scheme where f ., and f . are linear models trained by performing minimum
{> interpolation (MNI) on their respective training sets; see Section 5.2 for a formal definition
of MNIL.

Remark 5.2.1. Instead of training with hard (categorical) pseudolabels, one could use the
real-valued scores from f ... This would only affect constants which are not crucial to
any of our results.

We will measure generalization via the test accuracy of these classifiers. In particular,
let £(-) be the 0-1 loss function, and let E[{(-)] be the expected test error over a fresh test
sample. We introduce the following desiderata to define weak-to-strong generalization for
binary classification. For multiclass settings with k different classes, the natural extension
would require E[{(f ., )] =1— @(%).

Desiderata 1. The main desiderata are the following:

(i) The strong model asymptotically generalizes when trained on the m weakly labeled datapoints:

E[{(f 125)] = 0n(1).
(ii) The strong model can fully represent the weak model.
(iii) The weak model asymptotically does not generalize: E[{(f ,,...)] = % —0,(1).

In Section 5.3, we show that the above desiderata are achievable in a simple toy model;
see Theorem 5.3.3 for a formal statement. This paints a rather striking picture: there are
situations where the weak labels asymptotically look like random guessing (Desiderata 1),
the strong model can perfectly imitate the weak labels (Desiderata 1), yet the strong model
still asymptotically generalizes by extracting enough signal out of the plentiful weak labels
(Desiderata 1).2

2In particular, Desiderata 1 allows the failure mode of the strong model imitating the weak model and
also rules out more trivial sources of weak labels, such as independent label noise. If the strong model cannot
represent the noise in the weak labels, then weak-to-strong generalization is intuitively much simpler.
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We also include some bonus desiderata, which paint a comparison to natural alternative
training methods. We can also provably achieve these bonus desiderata in certain regimes;
see Remark 5.3.4.

Desiderata 2. The extra desiderata are the following:
(i) PCA cannot recover the low-rank structure from n + m observations of the strong features.

(ii) Let f g be the strong model when trained on n datapoints using strong features in R and
ground-truth labels. Then f ., . asymptotically fails: E[E(f 0] = 2 —ou(1).

Data model

Throughout, we will consider data with zero mean Gaussian covariates, which can be
viewed as an idealized version of the pretraining features or representations. These co-
variates are generated from an ambient standard Gaussian vector g = (g1, ..., ¢p) € RP.
We make Gaussianity assumptions for the sake of theoretical tractability; in Section 5.4 we
discuss potential extensions to other settings.

Covariates. A learner observes iid features x; ~ N(0, ), where we emphasize that the
feature covariances ¥. € R4 are unknown and different for each learner. The different ¥’s
capture how weak or strong the features are for each model; we make this precise below.
Note that x; is a linear transformation of the underlying randomness g; ~ N(0,Ip). We
will often refer to the eigendecomposition ©. = UAUT, where U € R* is orthogonal and
A € R4 is diagonal.

Labels. For binary classification, we consider hard labels generated by the signs of Gaus-
sians, so that y = sgn(< g, v*>), where v, is an unknown unit-norm direction. To analyze
the generalization of various learners, we will allow ourselves to study labels generated
by various directions v, not just the true v., all of which we assume are unknown.? For

multiclass classification, we assume the labels are generated via y = arg max;¢(y (g, v,E] )),

where vil), e, vgk) are all unknown.

Following [MNS*21, SAS22, WS24], we will make the following assumption on the true
label directions to simplify the analysis. However, to study weak-to-strong generalization,
we will eventually have to analyze a weak label direction which is not 1-sparse. One of our
main contributions is showing how to analyze this case.

3To study weak supervision, we take v = wyeak, the direction that the weak model learns.
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Assumption 5.2.2 (1-sparse assumption). We say that the labels satisfy the 1-sparse
assumption relative to covariance X if the following holds. The label defining direction v.
(directions oV, o™ for multiclass) is aligned with a top eigenvector (top-k eigenvectors

for multiclass) of X such that, in an eigenbasis where v. = ¢; and viz) = e;, respectively, we
have

y = sgn(x7) (Binary)
Y = arg max x; (Multiclass)
jelk]

For example, if the 1-sparse assumption holds for the strong covariance, then in a
strong eigenbasis where the strong features are independent, the labels are generated by
axis-aligned directions.

Bi-level ensemble and weak-to-strong ensemble. To simplify the analysis, we fol-
low [MNS*21, SAS22, WS24] and assume the eigenvalues A of the covariance are pa-
rameterized by the bi-level ensemble defined shortly. The bi-level ensemble is a simple
overparameterized version of the well-known spiked covariance model for PCA.

Definition 5.2.3 (Bi-level ensemble). Let x ~ N(0, X), where the covariance ¥ = UAU .
The bi-level ensemble parameterizes A = A(p, q,7), wherep >1,0<r <1,and 0 < g <
(p —r). The number of features (d), number of spiked directions (s), and degree of favoring
(a) all scale with the number of training points (1) as follows:

d=|n"|,s=|n"],a=n"1. (5.1)
Then A = diag(A;);e[4), where
A ad, 1<j<s 5.2)
I (1d_fs)d, otherwise '

If the above holds, we refer to x, A, or X as being drawn from the bi-level ensemble. We use

the shorthands Ar = ”S—d and Ay = a d__as)d to denote the favored and unfavored eigenvalues,
respectively.

In particular, the parameterization controls the total number of features, d = n” > n, as
well as the dimension of the low-rank subspace s = n” <« n. For multiclass classification,
we allow the number of classes to also scale with the number of datapoints .

208



Definition 5.2.4 (Scaling for multiclass). For multiclass classification with k classes, we
have k = cx|n'], where 0 < t < r and ¢ is a positive integer.

We now pin down a concrete weak-to-strong ensemble, which boils down to specifying
the joint distribution of the weak and strong features. We impose a subset relationship
between the weak and strong features in the strong basis; see Figure 5.1 for a diagram.

Assumption 5.2.5 (Weak-to-strong subset ensemble). Let A = A(p, q,7) € R™? denote
the strong eigenvalues and Aweak = A(Pweak, Jweaks 'weak) € R¥wekdwesk denote the weak
eigenvalues, both drawn from the bi-level ensemble. Let Ar yeak = weakweak oy q AU weak =

Sweak
% denote the weak favored and unfavored eigenvalues, respectively. Let U be
wea wea

any distinguished eigenbasis of X where v. = e; (Assumption 5.2.2). The weak and strong
features in the basis U are related as follows.

(5) Xstrong ~ N(0,A), where A = Aelis) + Aulpaps)-
(5) There exists subsets of coordinates S C [s]|, T C [d] \ [s], with 1 € S, |S| = Sweak, and
IT| = dweak — Sweak, such that
_ AF,weak Au,weak i
Xweak = ( THS + THT)xstrong - N(O/ AF,weakIS + /\U,weakIT) .
Here, I'ls denotes the projection onto the axis-aligned subspace indexed by S.

We will often abuse notation and restrict xyesk € R? to the coordinatesin SU T, viewing
Xweak € Rweak Hence, the weak favored features are a subset of the strong favored features,
the weak unfavored features are a subset of the strong unfavored features, with different
bi-level scalings, and furthermore the 1-sparse assumption holds for both £ and Zyeak.

Clearly, under Assumption 5.2.5, Desiderata 1 is satisfied, and the subset ensemb]e is
essentially the simplest relationship between the features one could impose to achieve the
desideratum. In Section 5.4, we discuss how we expect the results to change if we relax
these data modeling assumptions.

Learning algorithm

Our models are all trained using minimum f>-norm interpolation (MNI), which corresponds
to the asymptotic behavior of gradient descent with zero initialization [JT21]. Define the
data matrix X € R by X TA [x1 .- xn]. Let y(i) € R" be the (centered) one-hot vector

for class i € [k]. In MNI, we learn a linear score function f @ via the optimization problem

9 = arg mfin Iflle st Xf =y" (MNI)
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Subset ensemble

Strong favored

Weak favored

Strong unfavored

Eigenvalues 4

Label defining

Weak unfavored

0 s=n" d =nP

Feature index j

Figure 5.1: Visualization of subset ensemble (Assumption 5.2.5) relating weak and strong
features. Notice the decreased favoring for the weak features, and how the weak features
are a subset of the strong features in their respective category. Hence, a linear model on
the strong features can simulate one on the weak features (Desiderata 1). Moreover, the
label defining directions, represented by the labeled shaded box, are in the span of both
the weak and strong features.

The coefficients of f) can be easily computed to be f) = XT(XX 7)1y £ XTA-1y0),
where the matrix A 2 XX ' € R™" is the unnormalized Gram matrix and invertible almost
surely.

At test time, given a fresh sample xtest ~ N(0,L), in the binary case we predict
Y = sgn(( f, xtest>), and for multiclass we predict the class with the highest score: y =

arg maxie[] < f (i), xtest>. To be very explicit, let us formally define the end-to-end training

procedure for weak-to-strong binary classification (cf. the description before Remark 5.2.1),
with an obvious extension to multiclass settings.

Procedure 5.2.6 (Weak-to-strong training). The weak learner observes an initial dataset of
n datapoints (X; weak, Vi)ic[n], Where X; weak are the weak features for the ith datapoint and
yi = sgn(< 8i v*>) is the corresponding clean hard label. We train £, € R%ek using MNI
on these n clean datapoints.

Then, both learners observe m extra unlabeled datapoints, where the weak model sees
weak features (x; weak)je[n] and the strong model sees the corresponding strong features
(xj,strong)je[m]. Generate m hard pseudolabels via i]].lweak = sgn((fweak, x]-,weak>), and use

MNI to train f, € R? on (xj,strong/ly\jlweak)jE[m]'

5.3 Main results

In this section, we state our main results for binary classification (Theorem 5.3.3) and
multilabel classification (Theorem 5.3.5). We focus on the regime g+r > u and gweak +7weak >
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1, since [MNS*21, Theorem 13] implies that these are the only nontrivial regimes for binary
classification under the bi-level ensemble.

In this regime, we also tighten the previous error rates for binary and multiclass clas-
sification in the bi-level ensemble from [WS24, Theorem 3.2]; the proof can be found in
Section 5.9. To that end, we establish a new concentration inequality for the lower tail of
the maximum of correlated Gaussians, which may be of independent interest; we defer its
statement to the end of this section.

Theorem 5.3.1 (Regimes with clean labels). Suppose the strong features have bi-level covari-
ance . = X(p, q,r) (Definition 5.2.3), where q + v > 1, the true multiclass labels are 1-sparse
(Assumption 5.2.2), and the number of classes k = | n' | (Definition 5.2.4). Then the test error for
f strong MINI-trained with n clean multiclass labels satisfies

0,(1), if t < min {1 -7, Tetrong }

, 5.3
1—@(%), ift > min{l—i’, Tstrong} ( )

E[g(fstrong)] = {

where Tsrong = p + 1 — 2(q + r). Furthermore, for binary classification (i.e. k = 2), the explicit
error rates are given by

arctan(©(n*song)), (5.4)

N | —
A~

E[f(fstrong)] =

By generalizing other results from [WS24] to handle imperfect labels, we formally
establish weak-to-strong generalization for binary classification in the subset ensemble. We
give a brief technical overview of the proof in Section 5.3 and prove it formally in Section 5.7.

Theorem 5.3.2 (Weak-to-strong generalization for subset ensemble). Consider the setup in
Procedure 5.2.6 where the weak model f .., is MNI-trained on n correctly labeled examples and
the strong model f .. is MNI-trained on m = n* weakly pseudolabeled examples, where q +r > u
and Guweak + Tweak > 1. In addition, we make the following data assumptions:

(2) The true binary labels are 1-sparse (Assumption 5.2.2) for the strong covariance.

(2) The weak and strong features follow the subset ensemble (Assumption 5.2.5) with bi-level
eigenvalues A(p, q, r) and A(Pweak, Gweak, 'weak), respectively, scaled relative to n.

. p+1+q+7’_(QWeak+rweak)
(2) There are not too many weakly labeled examples: u < 5 .
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Recall Tstrong = p + 1 —2(q + ). Then, the resulting test error for f .. satisfies

on(1), if U > Gweak + Tweak — Min {1 -, Tstrong}

. _ (5.5)
% —o0,(1), ifu< Jweak 1 Tweak — IIN {1 -, Tstrong}-

E[f(fw2s)] = {

In other words, under the stated parameter regimes, weak-to-strong generalization
occurs when the strong model is trained on sufficiently many weak binary labels.* Figure 5.2
demonstrates that the conditions for weak-to-strong generalization are not vacuous. We
make the third enumerated assumption for technical reasons, but we believe this condition
is essentially tight.

By combining Theorems 5.3.1 and 5.3.2, we obtain the exact conditions where the main
desiderata from Section 5.2 are satisfied in the bi-level ensemble. The regimes where our
theorem applies are depicted in Figures 5.2a and 5.2b, and we validated our theory with
numerical simulations of MNI with n = 50 in Figures 5.2c and 5.2d; see Section 5.10 for
more details on the experiments.

Theorem 5.3.3 (Main result). Under the same setup as Theorem 5.3.2, all the core weak-to-strong
desiderata Desiderata 1 are satisfied under the following conditions:

U > Gueak + Tweak — Min {1 -, Tstrong} (Weak-to-strong generalization)

0 > Tweak, (Weak model does not generalize)

where Tweak = Pweak + 1 — 2(Gweak + Tweak) A1d Tstrong = P + 1 — 2(q + ). In particular, the
conditions on the number of weak examples m = n* are non-vacuous as long as

Twa2s = P+ 1 —=(q + 7 + Gueak + Tweak) > 0.

Note that under Assumption 5.2.5, Desiderata 1 is immediately satisfied since the weak
features are spanned by the strong features. Also, as a sanity check, we confirm that
whenever weak-to-strong generalization occurs with m weak labels, the strong model
would generalize with m clean labels. By Theorem 5.3.1, if the strong model was instead
trained on m = n" clean examples, it would generalize whenever u > 2(q + r) — p. By
expanding the definition of Tstrong and using gweak + rweak > 1,

u> QWeak + Tweak — Tstrong = 2(11 + 7’) - P + (QWeak + Tweak — 1) > 2(11 + 7’) - P,

which recovers the condition with m clean labels stated above.

*We expect weak imitation to occur as soon as m > d if the models are trained using gradient descent,
i.e. the classic underparameterized regime with more weakly labeled datapoints than features.
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Remark 5.3.4 (Bonus desiderata). If g +r > u, as in the setup of Theorem 5.3.3, PCA fails
to recover the spiked subspace [SSZM13, FW15], so the bonus Desiderata 2 automatically
holds. Additionally, by using the condition for where the strong model fails with 7 clean
examples from Theorem 5.3.1 (Tstrong < 0), One can construct parameter regimes where
the bonus Desiderata 2 also holds. The theorem also implies the strong model cannot
bootstrap its own performance. Indeed, some basic algebra shows Ty2s = Tstrong = Tweak if

(P/ q, 1’) = (pweak/ Jweak s rweak)-

We can extend the above result to the multilabel setting, which is a variant of multiclass
classification where a datapoint can have multiple positive labels. The basic idea is that
multilabel training can be approximated as several independent binary classification prob-
lems, and then we can apply the binary analysis. Since this requires additional setup, we
defer the formal details to Section 5.8.

Theorem 5.3.5 (Informal, see Theorem 5.8.5). Under the analogous assumptions as Theo-
rem 5.3.3 for multilabel classification, there is weak-to-strong generalization for f . trained on m
weakly hard multilabeled examples from f ., in the exact same regimes.

The above result also suggests an interesting result for true multiclass problems with
one-hot labels. In particular, one can use the multilabel scheme to generate weak multilabels
for a multiclass weak-to-strong classifier f ,.. One can argue that whenever multilabel
weak-to-strong generalization occurs, so too does multiclass weak-to-strong generalization
(see Section 5.8 for more justification). By comparing to the regimes for clean multiclass
labels due to Theorem 5.3.1, there exists regimes where the strong model would fail if
trained using the same number of clean multiclass labels (i.e. only one positive label per
example). At a high level, this can happen because there are too many classes, which
sparsifies the label vectors. In contrast, the weak multilabels do not suffer from the sparsity
issue, even though the underlying signal is noisier. This appears to be related to the strategy
of using soft labels or logits in the pseudolabeling and knowledge distillation literature.

Finally, we state the aforementioned concentration inequality for the maximum of
correlated Gaussians, which may be of independent interest. Our result complements the
sharp bound of [LY22] for more moderate deviations; the proof can be found in Section 5.9.

Theorem 5.3.6 (Lower tail for correlated Gaussians). Let po € (0, 1) be a parameter bounded
away from 0 and 1, and let (g;);en) be jointly Gaussian with zero mean and unit variance. Suppose
E[gigj] < po for all distinct i,j € [N]. Forany 0 < ty = 50y/2(1 — po) log N where ¢ € [0,1)
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Figure 5.2: (Top): Regime plots for weak-to-strong generalization based on Theorem 5.3.3.
The blue region is the successful w2s regime, and the red region is where w2s training fails.
The white region corresponds to regimes where either the hypotheses of the theorem fail
to hold, or invalid settings of parameters for the bi-level ensemble. (Bottom): Comparison
of simulations of MNI test accuracies for two different regimes where n = 50. Observe
how the weak accuracy is close to random guessing and how the weak-to-strong accuracy
increases as m increases. As corroborated by the plots, Theorem 5.3.3 predicts w2s success
in Figure 5.2c and failure in Figure 5.2d.

is bounded away from 1, there is a constant C > 0 depending only on pg such that

1-pp(2-0)—0¢
2p0

Primax g, <tny| < C- N(1_6°)2(1_%)(10g N)

i€[N]

In particular, one can take C = |-L2. If we further have E[gig;] = po for all distinct i, j and

ty = Ok (N7 (log Ny ).

Vlog N

), then Pr [maxie[N] gi < tN]
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Technical overview

In this section, we illustrate the main ideas of the proof of Theorem 5.3.2. Recall that the
true label is sgn(x.), where x. = ( v.). Thus, studying weak-to-strong generalization
amounts to analyzing

g test”/

Pr[sgn({f s Frest)) = sgn(x.)], (5.6)

where the fresh test point xtest ~ N(0, Z). Observe that conditioned on the training data X,
the true Gaussian x. and < f wosr xtest> are jointly Gaussian random variables, so there exist
A € Rand g ~ N(0, 1) independent of x. such that

<fW251 xtest> = Ax. + g. (57)

The exact value of A depends on exactly how much of x.’s signal survives through the
weak-to-strong training process. Intuitively, the larger A is, the higher the accuracy. Indeed,
it is well-known from the classical study of noise stability that the probability in Eq. (5.6) is
precisely 3 + = arctan(A).

To compute A, we use Gram-Schmidt to decompose f ,. to obtain the signal and
noise with respect to x.. We term these quantities the survival and contamination of x.,
respectively. Without loss of generality, we can rotate to the basis U where the strong
features are drawn iid from N(0, A), where A = diag(Ay,...,A4). After applying the

4 N(O, ||[AY2f 2| 2). The survival and

basis change, one easily computes < fuosr xtest>
contamination are then defined as follows.

Definition 5.3.7 (Survival and contamination). Let v € RP be a unit vector and let f € R4
be a linear classifier for features drawn from N(0, Zie[d] /'\ivivl.T), where vy, ...,v; € RP
are orthonormal. The survival and contamination of v in f is defined as

SU) 2 Y VAiflil(o:,0), CN(o) £ \[[|A1/2£]|2 - SU(o)>.
i€ld]

If f is trained by MNIon y = sgn(( g, w>), we write SU, (v|w) for the survival of v given n
labels generated from w, and similarly for CN,(v|w). If n or w is clear from context, we
omit them.

To interpret these notions, consider the simple case where v = ¢; and v; = e;, which is
the 1-sparse setting studied by previous papers. There, the survival is simply just VA f[1]
and the contamination is 4/3;51 Aif[i]?; this was used to analyze binary classification
in [MNS*21].
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In the weak-to-strong setting, we have < fuosr xtest> = SU i (04|0weak) X+ + CNypy (0|0 weak) S,
where vyeak = fear/ || f Weak” is the unit-norm direction learned by the weak model, and g
is a standard Gaussian independent of x.. Plugging in x. = < g, v*> into (5.7) yields

Pr [SgH(SUm(Uvaeak)x* + CNm(v*lvweak)g) = Sgn(x*)] ’ (5.8)

SUp (040 weak)
CNy (v4|oweak) ©

approaches perfect accuracy if and only if

from which we can read off A =

yields that f
accuracy approaches random guessing if and only if m =o(1).

We now turn to the strategy for controlling the survival and contamination. Using
the explicit MNI formula for f ., and f ., this analysis reduces to controlling certain
random bilinear forms. Applying standard eigenvalue concentration results and a version
of the Hanson-Wright concentration inequality for bilinear forms developed by [WS24], we
can precisely control the coordinates of f and hence veak. Once we have control over
Vweak, We can then study f ...

One technical difficulty is that the weak labels are no longer 1-sparse, even if the
true labels are. This marks a departure from previous analyses of benign overfitting in
classification, which all assumed 1-sparse labels [MNS*21, WMT21, WS24]. To overcome
this obstacle, we develop tools to analyze MNI beyond the 1-sparse regime, namely by
using the Woodbury inversion formula and carefully bounding error terms using Hanson-
Wright. Under the subset ensemble, the explicit parameterizations for the survival and
contamination then yield the stated conditions for weak-to-strong generalization.

Thus, the explicit formula for the probability

SUm (v*lvweak)

Mooy = @(1), whereas its

w2s

weak”

5.4 Discussion

We now discuss further extensions which suggest interesting new weak-to-strong phenom-
ena.

Modeling assumptions. In this paper, we assumed the features were Gaussian for the
sake of theoretical tractability. One could relax this to vector-subgaussian, as this notion is
preserved under rotation. On the other hand, the bi-level and subset ensembles were chosen
as a minimal set of tractable theoretical conditions to study weak-to-strong generalization.
In principle, our techniques could be extended to more complicated feature ensembles,
but it would likely be quite involved.

As corroborated by our experiments in Figs. 5.2c and 5.2d, in practice one does not
observe sharp transitions in test error from 3 to 0 using weak supervision — such a sharp
transition corresponds to a Performance Gap Recovered (PGR) equal to 1 in [BIK*23] This
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phenomenon can nevertheless be justified by our theory. First, the transition we prove
is asymptotic; the rate of convergence matters to predict the PGR for finite n. Another
factor is the 1-sparse assumption for the true labels. We argue in Section 5.11 that this is
essentially necessary to get this sharp transition in asymptotic test error. In practice, the
true directions are rarely aligned with the eigenvectors of the covariance, so the transition
would instead between different constant levels of test error.

Weak imitation. Our main result Theorem 5.3.2 uses the subset ensemble Assump-
tion 5.2.5 to establish two distinct phases of weak-to-strong generalization. By adding
a third intermediate eigenvalue level — thus relaxing the bi-level ensemble to a tri-level
ensemble — and changing the relationship between the strong and weak basis, we expect
a third distinct regime of weak imitation to occur in an overparameterized setting. Ata
high level, this can happen if the weak classifier puts most of its mass in its own unfavored
direction v, but in the strong feature space v has an intermediate level of favoring. Given
enough weakly labeled datapoints, the strong model will eventually learn to imitate the
weak model. Nevertheless, it is still possible for weak-to-strong generalization to occur,
with the regime for weak-to-strong generalization widening as the intermediate favoring
level decreases.

Multiclass classification. By leveraging Theorem 5.3.1 and the techniques developed for
binary and multilabel classification in the appendix, we expect our result to extend to the
multiclass setting. The main technical challenge is controlling the expected weak-to-strong
training behavior, which is significantly more complicated. However, multilabel weak
supervision overcomes this challenge and is more tractable to analyze, as discussed after
Theorem 5.3.5.

Relevance to realistic settings. One connection to more realistic settings comes through
the NTK perspective, as touched upon in the introduction. To reiterate, if finetuning remains
in the lazy training phase, then the supervised finetuning dynamics are captured by an
appropriate generalized linear model defined by the NTK approximation. The strong and
weak features are therefore learned from the pretraining phase. Another relevant setting is
training linear probes on intermediate activations to interpret large models [AB16, MT23,
NLW23, ZPC*23]. Hence, under appropriate overparameterization of the intermediate
activations, our results also apply there. To go beyond classification problems, one could
hope to use some recent implicit bias results for next token prediction [Thr24] to study
language models.
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5.5 Preliminaries

In this section, we lay out some preliminaries for the rigorous justification of our main
results, and give a technical overview in Section 5.3 which motivates the study of the
survival and contamination of the signal, defined formally in Definition 5.3.7. In Section 5.6,
we will introduce tools from high dimensional probability which can rigorously control the
survival and contamination. In Section 5.7, we will then use these tools to prove the main
results of the paper for binary classification. Then, in Section 5.8, we will discuss how the
same exact proofs extend to the multilabel setting, and in Section 5.9 we will prove a tight
lower tail inequality for correlated Gaussians which yields Theorem 5.3.1. In Section 5.10
we include some simulations validating our theory, and finally in Section 5.11 we give a
heuristic calculation which arrives at the same predictions for the weak-to-strong regimes
which should lead to rigorous proofs even without the 1-sparse assumption.

Notation. For positive integers 1, we use the shorthand [n] = {1,...,n}. For a vector
v € R", ||lv]|2 always denotes the Euclidean norm. We index entries by using square
brackets or subscripts, whichever is clearer, so v[j] and v; both denote the jth entry of v.
For any matrix M € R"*", we denote its ijth entry by m;;, |[M]|| 2 denotes the spectral norm,
and ||[M|| r = Tr(M "M) denotes the Frobenius norm. If M € R™" is symmetric, we write
pi(M) > pa(M) > ... > uy(M) to denote the ordered eigenvalues of M.

We make extensive use of asymptotic notation. We say f(n) < g(n) if f(n) = ©(g(n)),
f(n) s g(n)if f(n) = O(g(n)), and f(n) = O(g(n)) if f(n) = O(g(n)log(n)") for some
constant ¢ > 0. When we write f(n) > g¢(n), we mean that % > n¢ for some constant
€ > 0. An event & is said to hold with high probability if it holds with probability 1 — 1/n¢
for some constant ¢ > 0, and very high probability if it holds with probability 1 — exp(-n°)
for some constant ¢ > 0. For us, high probability statements will be taken with respect to
n, the number of datapoints we scale the weak and strong features with respect to, but
under our terminology it makes no difference whether we use n or m because they are
polynomially related.

In the weak-to-strong ensemble analysis, many of the expressions will depend on g + 7,
but the number of datapoints involved will change. In an effort to reduce confusion, we
introduce the following notation.

Definition 5.5.1 (Bi-level prefactor). If the covariance = X(p, q, r) is drawn from the
bi-level ensemble scaled with respect to n, then we define

A

— =l (5.9)
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In particular, if ¢ + r > 1 then y, < 1. During weak supervision, the strong learner has
bi-level features with covariance X(p, g, r) scaled with respect to n and receives m = n*
weakly labeled examples. Hence, we define

M _ pu-a-r, (5.10)

A

Remark 5.5.2. Note that once a, s are fixed, u, is linear in 7.

5.6 Tools for analyzing survival and contamination

In this section, we introduce the basic machinery which can justify the heuristic calculations
carried out in Section 5.11. We will heavily rely on the analysis of [WS24], so in an attempt
to not replicate effort we will comment on how the proofs change in the weak-to-strong
setting.

Basis change. Since we have bi-level data and the true direction v. is 1-sparse (Assump-
tion 5.2.2), there are convenient basis changes which will greatly simplify the calculations.
In particular, let S be the spiked subspace of X, and w be any unit vector. Then any vectors
in S are eigenvectors of X, so we can pick an eigenbasis U. so that xong has independent
coordinates, v. is 1-sparse, and w is 3-sparse. We state this more formally in the following
definition.

Definition 5.6.1 (Strong eigenbasis). Given L, v., and w as above, let U, be the distin-
guished eigenbasis of X such that after rotating to U., we have Xsrong ~ N (0, A), v. = ey,
and w = wie + woes + Wsi1€541-

Hanson Wrightinequality. Now, we recall a few versions of the Hanson-Wright inequality
which handles bilinear forms between subgaussian vectors.

For the multiclass case, we also need to handle potentially sparse vectors; this version
was proved in [WS24].

Theorem 5.6.2 (Hanson-Wright for bilinear forms with soft sparsity). Let x =
(X1,...,Xn) e R"andy € (N1, ...,Y,) € R" be random vectors such that (X;,Y;) are inde-
pendent pairs of (possibly correlated) centered random variables such that ||X;|| y, < K and Y; has
soft sparsity at level o, i.e. |Y;| < 1 almost surely, and [E[YI.Q] < 0. Assume that conditioned on'Y;,
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||X]|| v, < K. Then there exists an absolute constant ¢ > 0 such that for all M € R™" and € > 0
we have

e2

€
K2 M]3 K||M||2}

Pr|lx "My - E[x"My]| > €| <2 exp(—c min { . (5.11)

Because we are working with MNI, in a typical application we hope to set M = A™1.
However, in order to apply Hanson-Wright, one needs to ensure that the matrix M is
independent of x and y.

Decorrelated Gram matrix. As we are working with Gaussian covariates, one way to
achieve this is to decorrelate A with x and y.

Definition 5.6.3 (Decorrelated Gram matrix). Letxy,...,x, ~ N(0, A) be iid samples from
a Gaussian distribution in R, Let R = {v(l), ..ol )} be an arbitrary set of orthonormal
vectorsin R and for each j € [¢],let h)) = (hy, ..., h,) € R" be the corresponding Gaussian
observations, where h; ~ <A1/ 2 Si, v(f)>.

Define the projection matrix onto R by I'lg = ), ,cg vo . The R-projection of the data
matrix Xg € R is defined by

Xr = XTIg,
and the R-decorrelated data matrix X_g € R"™ is defined by
X r=X(I-TIg) =X - Xg.
The decorrelated Gram matrix is defined by
AR=X X =X(I-TIR)X".
When R = {v}, we will simply abbreviate {v} with .

Remark 5.6.4. If R does not consist of orthonormal vectors, one can apply Gram-Schmidt
tirst so that the above definition still makes sense.

It is not hard to show that as defined above, A_g is mutually independent of {h(f )}je[ 0

Fact 5.6.5. In the same setting as Definition 5.6.3, A_r is mutually independent of {h(f)}je[ it
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Proof. The fact that X _r is independent of the &;’s is due to the fact that if g, /1 are jointly
Gaussian with zero mean and unit variance, then ¢ — E[gh]h is independent of /. This
immediately generalizes to each row of X, since the entries are all independent for any row.
Finally, as the rows are independent, the statement is proved. O

To relate a bilinear form against A”}, to the original bilinear form against A™!, we will
also need the Woodbury inversion formula for inverting the Gram matrix after decorrelating
it with various features.

Define the hat matrix for R by

Hp 2 XA Xk (5.12)

These hat matrices appear in the Woodbury inversion formula. For the sake of notational
compactness, define

Mg 2 Xr(I+Hg)'X} . (5.13)

Fact 5.6.6 (Woodbury inversion formula). We have

A7l = (XgXg+AR)™
= A", - AR Xr(I+HR)'X A4 (5.14)
= Ay —AMpA ;. (5.15)

Concentration of spectrum. Finally, in view of Hanson-Wright, we will need to control
||A:112|| o and Tr (Aj{). To this end, we control the spectrum of A_g. For any PSD matrix
Y. with eigenvalues A = diag(A;);e[4] sorted in descending order and k € [d], define the
effective rank ri(X) = Z%ZAI We will use the following bounds adapted from [BLLT20],
which show that the effective rank of the covariance matrix controls the spectrum of the
Gram matrix (and hence the sample covariance).

Lemma 5.6.7 (Eigenvalue bounds from [BLLT20]). Suppose that x ~ N(0,L), where
Y =UAUT. Write A = diag(A;), and let A = XX T € R"™" denote the Gram matrix for n iid
observations of x. If x = U™ AY?z, where z has independent, unit variance, O(1)-subgaussian
coordinates, the following holds.

If ri(X) = w(n), then with very high probability

Tr(A)(1 —o0(1)) < pn(A) < u1(A) < Tr(A)(1 + 0(1))
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As a corollary, we show that in the regime g+r > 1in the bi-level ensemble, decorrelating
the Gram matrix with any sublinear number of jointly Gaussian random variables will
yield a flat matrix.

Corollary 5.6.8. Suppose that x ~ N(0, L), where . € R satisfies u1(X) = 0(%) and for any
{ = o(d), we have py(X)r¢(X) = d(1—0(1)) (in particular, this holds if . follows the bi-level ensemble
and q +r > 1). Let R be an arbitrary set of orthonormal vectors in R such that |R| = o(d), and let
A_R be the corresponding decorrelated Gram matrix for n iid observations of x as in Definition 5.6.3.
Then with very high probability,

d(1 = 04(1) < pn(A_) < p(Ag) < d(1 + 0,(1))

Proof. First, note that the rows of X_g are iid samples from N(0, X_g), where X_r =
(I - TIg)Z(I — IR).

Let ¢ = |R|; by assumption ¢ = o(d). Since I — Il is a projection matrix, we conclude
by Cauchy Interlacing that u(X-g) < pi(X) and forie {{ +1,...,d}, ui(X) < pi(Z-r). It
follows that

Tr(Z-r) te(X)re(X)
p1(X-r) g pi(Z)

> w (d(ld_f:l(l))) (Assumption on X.)

ri(Z-r) =

> w(n).

Thus Lemma 5.6.7 implies that u;(A-gr) = d(1 + 0(1)) with high probability.
O

This leads to the following bounds on the spectra of A~} and the hat matrix Hg; this
generalizes [WS24, Corollary B.5, Proposition B.6].

Lemma 5.6.9. In the bi-level model, for any set of orthonormal vectors R with |R| = o(d), if
q + r > 1, then with very high probability we have

Tr(ATR) =n'P(1 £ 0(1))
|AZR[2 < (L + o))"
xR 2 < o)
pil+Hr) =1+0(1), i€[|R]]

<
<

222



Proof. The first two statements are an immediate consequence of Corollary 5.6.8. For the
third, let S, T € R? be the spiked and unspiked subspaces of X. Since Xr = (Xs + X7)I1r
and using (A + B)YM(A + B) < 2AMA + 2BMB, we have

XrXj <2XsX{ +2X7TIRX .

[WS24, Lemma I.1] implies that ||X5X§||2 < n'™17" . nP = o(nP) since g +r > 1. On
the other hand, since the law of X is rotationally invariant, one can view X71IIr X ; as a
Wishart matrix YYT where Y € R"™RlI, Hence the concentration of singular values for a
matrix with independent subgaussian rows (see, e.g. [Ver10, Theorem 5.39]) implies that
with probability 1 — eV,

XrITr X2 < (WIR| + Vi + n'/H2 = O(R + n) = o(nP).
T

Combining this with the bound on ||X5Xg| 2, we conclude that ||XRXIT{|| 9 = o(nP).
For the last statement, since | + Hgr = [ + X ;A:}QX Rr, by applying the earlier bounds on
||A:113|| pand 0 < X X < o(n?), we conclude that y;(I + Hg) = 1 £ o(1). O

Hanson-Wright calculations. Combining the above results, we can establish a concentra-
tion inequality for the bilinear form z;'—A_ly.

Proposition 5.6.10. Let y = sgn({g, w)) for some unit vector w € R? and R be any set of
orthonormal vectors such that span(R) 2 {e;, w} and |R| = o(d). Then conditioned on A~%, with
probability 1 — 1,

n

Z;I—A:Iliy - E[ZiTA:}{yH < ||A:11{|| rVlogn,

where ¢ is a positive constant. Furthermore, under the bi-level scaling, if ¢ + v > 1, then with very
high probability over A”}, we have

- - 2 32 . n
E[Z;I—A_Rym_lld = (;) (1 £ 0,(1))arcsin(w;) - 'L

\/—

|AZRllF =1+ On(l))Tn.

Proof. Since A~} is independent of (z;, y), we can apply Theorem 5.6.2 to obtain the
first statement.

For the other two expressions, we can apply Lemma 5.6.9 since we assumed q + 7 > 1.
We now compute the expectation using the noise stability formula:

E[z]AZpylAZ;] = Tr(AZ E[yz]])
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3/2
= (%) arcsin(w;) Tr (A:llz) (Noise stability)
2 3/2 n
= (;) (1 £0,(1))arcsin(w;) - = (Lemma 5.6.9)

where the last line holds with very high probability over A .
Finally, for the last statement we have

/Z ui(A~p)?
i€[n]

Z d-2(1 + o(1)) (Lemma 5.6.9)

i€[n]

Ikl

\/—

el io(1))7”.

Controlling the error from Woodbury

In the previous subsection, we introduced some tools for obtaining concentration of the
coefficients of the MNI classifier f, .. The remaining survival and contamination reduce
to understanding the typical behavior of bilinear forms z] A™!y. To do so, we work in the
distinguished basis U. introduced in Definition 5.6.1. We can thus pick R = {ey, €2, 511}
and apply Hanson-Wright to the bilinear form z] A”y. The next lemma bounds the error
from replacing A~ with A

Lemma 5.6.11. Suppose we are in the bi-level model, y = sgn(( g, w)), and g +r > 1. Suppose in
the basis U., w = wie; + waez + Wsi1€s+1. Let R = {e1, ea, es41}. With probability 1 — O(1/n),
we have uniformly over i € [d] that

|77 A7y - 2] ATy | < |2 ATk X k]| [ X RA Ry 2

Furthermore, in the bi-level scaling we have with probability 1 — O(1/n) that

O(yEn ) ie[2]
|27 ATk XR| 2 = {O(yEn 7 +n'P) i=s+1
5(\/#_7171_%) otherwise

and

1— — —~—
IXTALy||2 < VER((w1] + [wa))n 7 + O(n~7)) + [wgs1|n' 7 + O(n27P).
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Proof. By relating these two bilinear forms using Woodbury, we have

|zfA™ y — 2] AT Ly| = |z] AL MRrA Ly (Fact 5.6.6)
< ||(I + HR)_1|| 9 ||zl.TAj{XR|| 9 ||X£A:}<y|| 2 (Cauchy-Schwarz)
< (L+o0(1) ||z7 AR Xk |2 [XRATRY]|2- (Lemma 5.6.9)

It remains to control the above norms, which we achieve through another application of
Hanson-Wright. Indeed, we can compute
lz7akxx[3= >, Ai(zfATkz)?
jef1,2,5+1}

Now, by Hanson-Wright, we have with probability 1 — O(<) that

On*?) i=s+1

Au(z] ARze1)? =4 = L ,
O(n*=“P) otherwise

Similarly we have with probability 1 — O(4) that
{é(np—q—r n2%) je[2]

OnP=97" - n'=2F) otherwise

Ar ) (2] ATkz)? =

jel2]

Since n?P™17" > lasp > g +rand nP~17" - nl"P = p,, it follows that with probability
1- O(%) we have simultaneously for i € [d] that

O(yimn ) ie[2]
2T AZkXr| 2= JO(yEn 2 +n1P) i=s+1
O (\pnn E ) otherwise

A similar calculation, applying Proposition 5.6.10, yields that

(z] ARy)? =4 %

5(;—2 otherwise
Hence,
[x7aTkwllo s ), ‘/fuwim +0(m)
ie{1,2,5+1}
< VEn(lwsll 117 +O(n75) + ksl + O ).
This concludes the proof. O
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We can simplify the above error bound greatly if w satisfies the 1-sparse assumption.

Corollary 5.6.12 (Woodbury error under 1-sparse assumption). Suppose, in addition to the
assumptions of Lemma 5.6.11, we have w = v., where v. satisfies the 1-sparse assumption. In other
words, in the U, basis we have v. = e1. Then we pick R = {e,}, and with probability 1 — O(%) we
have

O(up -n'?) i=1

|27 A7y - 2] ATRy| < § - 1 ,
O(un -n27F)  otherwise

Survival analysis

Let us first establish a general survival bound using Lemma 5.6.11. Afterward, we present
special cases under additional assumptions.

Proposition 5.6.13. Let . = X(p, q, r) be drawn from the bi-level ensemble scaled with respect to
n with q +r > 1. Suppose in the distinguished basis U., we have w = wie + waes + Wsi1€541,
and set R = {ey, ez, es+1}. Then, given n labels generated by w, we have

2 3/2 .
a7y = (2)7 B+ o(1)) arcsin | < o(% 42T AT X2 X TA Lyl
Proof. Recall our expressions for the survival:
SU, (v|w) = Z /\iziTA_ly(vi,v), (MNI)
ie[d]

where each label is generated by y; = sgn({gi, w)).
Setting v = v., in the basis U. from Definition 5.6.1, the above expression simplifies to

SU,(v.w) = Az A7y
Applying Woodbury (Fact 5.6.6) with R = {v, w}, we have

2/ A7y = 2] ATjy — 2] ALRMRAT .

<ot

Now we can apply Proposition 5.6.10 to conclude that

2

3/2 p )
E) . E(l + 0(1)) arcsin(w;)

ATk - (
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with probability 1 — 1. Now, triangle inequality and Lemma 5.6.11 shows that

3/2 _
ZTA ™y - (%) .%(1 +o(1)) arcsinw; | < o(%) + |27 AT X 2 [[XRAZR Y| 2-

Thus the statement follows.

By way of Corollary 5.6.12, we get a clean expression for the survival if w = v..

Corollary 5.6.14. If g +r > 1, v, satisfies the 1-sparse assumption, and y = sgn(< g, m)), then
with probability 1 — O(1/n)

_ n
|27 A7 ly| < 5(%) Vi>1
SUp(v:|vs) < Un

Proof. If w = v., then by Corollary 5.6.12 the error bound simplifies to

Oun-%) i=1
z] A7y - 2] ATpy| < {~ o : .
O(un - 7) otherwise
Since g + r > 1, these error terms are lower order, and the results follow.

O
We can get a similarly clean bound under a few additional assumptions on w and g + r

Corollary 5.6.15. If, in addition to the assumptions of Proposition 5.6.13, we have

(15) |w;i| = w( 10,%”)for i€{l,2,s+1}
(15) [wa| = o(|w1l)
(15) yEan 2 < |wil

then with y; = sgn((gi, w)), we have

z] Ay < % arcsin wy.
Furthermore, the survival of v. given n labels generated by w is with high probability

SU, (v.]w) =< pywy (5.16)
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Proof. Under the additional assumptions, then from Lemma 5.6.11

1—

XA Y]l 2 < VE(wi] + fwan = +n' (lwil = w(+flog n/n))
1_

< w2 +n'P (Jwal = o(jw1]))

Since i = 1 here, we can apply Lemma 5.6.11 to see that ||21TA:11{XR|| 9 = 5(\/y_nn%p) Thus,
the Woodbury error term is upper bounded by

~ 1y I - 3%
O(Vimn ) (Wimlwiln = + ') < O(ualwrn ™ + yiwn ")
S Olpnlewrn' ™) + (' Plavy )
< o(n'Plwi)
where the second line follows because we assumed ynn%p < |wq|, and the last line
follows because we assumed g +r > 1so u, < 1. Therefore, Proposition 5.6.10 implies that

2 3/2
zf A7y — (E) n'™P(1 + o(1)) arcsin w;

< 5(71%—;7) + o(n'P arcsin(|w|))
< o(nl_p arcsin wy ), (lw1] > @( lo%n))

which recovers the stated result. O]

Contamination analysis

We now move onto the contamination.

Proposition 5.6.16. Suppose v. satisfies the 1-sparse assumption, and in the distinguished
basis U. we have v. = e; and w = wie; + waes + Wsi16s41. Under the same assumptions as
Corollary 5.6.15, if there are n datapoints, and q + r > 1, then

CNy(v.lw)?® < o(pplwif’) + pin' log(n)® +n' ™" log(n)
CNy(va|w)? 2 wan™ '+ n'?.

Furthermore, the lower bound holds even without the additional assumptions from Corollary 5.6.15.

Proof. Since v, is 1-sparse, we have
CN@dw)?* = > (hizf A7)+ >0 (Lizf ATy, (5.17)
ie{2,5+1} i¢{1,2,5+1}

228



Since by definition w; = 0 for i ¢ {1,2,s + 1}, the second term in Eq. (5.17) can be upper
bounded up to constant factors using [WS24, Proposition A.2] by

y%% log(n)? + g log(n) = u2n"! log(n)? + n'™P log(n).
Now, set R = {eq, e, es+1}. For the first term, we know from Lemma 5.6.11 that

|77 A7y =z ATy < ||z ATk Xk ]| | XRAZ

where
—~ 1-p
_ O(ypnn2) i=2
=i AT R Xrllo=4 2 V0,0
OWpnn 24+n"P) i=s+1

and from our bounds in Proposition 5.6.13, we have

XA ky|l2 < VEmlwiln = +n' .
Hence we have
|25 AR X k]| 2 [ X R ARyl 2 < o' Plewnl).
On the other hand, we have

_ _ 1_ 3-3p _3p _
|25 AR X k]2 [IXRATRY ]l 2 S palewrln™ + Vimalwiln = + Van' =2+ n®7
< o(n%_P) + o(nl_p|w1|) +n2%,

where the last line follows from the assumptions and p > 1. Putting these together with
Hanson-Wright, we have

+o(n'Plwy)

|22A 3/| 5 F)
O P)+ o(ntPlw|) + n*?

|zs+1A y| <

1_

2
(nz~
This yields an upper bound of

2 A - - 2 - 2 -
o(pplwr ") + O(n' =) + o(n® s [*) + n* ™% < o(uglwa*) + 17,

as p > 1 and |w;| < 1. This completes the proof of the upper bound.

For the lower bound, a careful inspection of the proof of [WS24, Proposition A.2] reveals
that, for g4 + r > 1, the lower bound holds for any multiclass problem with t > 0. This
recovers the desired bound by simply lower bounding the second term in the expansion
Eq. (56.17), completing the proof.

O
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5.7 Analyzing the subset ensemble

In this section, we prove Theorem 5.3.2, which establishes weak-to-strong generalization in
the simple weak-to-strong subset ensemble. We restate it below for convenience.

Theorem 5.3.2 (Weak-to-strong generalization for subset ensemble). Consider the setup in
Procedure 5.2.6 where the weak model f .., is MNI-trained on n correctly labeled examples and
the strong model f .. is MNI-trained on m = n* weakly pseudolabeled examples, where g +r > u
and Guweak + Tweak > 1. In addition, we make the following data assumptions:

(363) The true binary labels are 1-sparse (Assumption 5.2.2) for the strong covariance.

(363) The weak and strong features follow the subset ensemble (Assumption 5.2.5) with bi-level
eigenvalues A(p, q,r) and A(Pweak, Gweak, T'weak), tespectively, scaled relative to n.

(363) There are not too many weakly labeled examples: u < 2 +1+q+r—(gweak+rweak).

Recall Tstrong = p + 1 —2(q + ). Then, the resulting test error for f . satisfies

On(l)/ ifu> Jweak + Tweak — Min {1 -7, Tstrong}

E[f(fw2s)] = {1

. _ (5.5)
5~ 0n,(1), ifu< (weak T Tweak — IMIN {1 -, Tstrong}-

Proof. The key idea of the proof is that, despite the error rate of the weak classifier being
% — 0(1), the weak classifier still has a noticeable amount of mass on the true label defining
direction. So long as the error rate is not § — O(ﬁ), which random guessing can achieve,
the strong learner can still pick up on the signal contained in the weak labels. To make this
precise, we will control the coordinates of f ., in the distinguished basis (Definition 5.6.1).

Quantitatively, for the weak learner f .., since we have clean labels and quweak +7weak > 1,
we can apply Corollary 5.6.14. Let ty weak = % denote the bi-level prefactor for the

weak model. Then the corollary shows that in the basis where v, = e;, we have with high
probability

fweak[l] = VAF/WGakZIA_ly

_ [ Aweakdweak 1
Sweak dweak

1-Pweak

= VUn,weak 2,
whereas for all other coordinates we have with high probability
\/AF weak ° d Vlog n i€ {2/ ceey Sweak}
\/AU weak * d VlOg noie {Sweak +1,..., dweak}

|fweak ]l
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_ Pweak .
‘\/[Jn,weakn 233 VlOg n 1e {2/ ceey Sweak}

1_ .
n2 pweakv]Ogn 1€ {Sweak + 1/ c ey dweak}

Hence, to obtain wyeak in U., we first normalize f ., and then do the basis change. Some

calculation yields

wea

SweakAF,weak + (dweak - Sweak)/\u,weak

||fweak|| 2 S (uﬂ,weaknl_pweak + nl_pweak log n- d
weak

= ([vln,weak + log n)nl_pweak
1- W
sn Pureak logn (qweak + Tweak > 1)

where the second line follows because Syweak A F,weak + (dweak — Sweak)A U, weak = Aweak. Similarly,
we can compute a simple lower bound:

dweak dweak
Fuearll” = At weak (z] A7'Y)? = AU weaky TA™! ziz] Ay
1 1
i:Sweak+1 iszeak"‘1
> nl Pweak, (Lemma 5.6.9)

We therefore obtain the sandwiching bounds

1-Pweak 1-Pweak

n-2 < ||fweak|| sn— 2 A/logn. (5.18)

By rotating to the distinguished basis, since qyeak + 7weak > 1, this yields

fweak
”fweak“

Wyeak = =wie; + woeg + Wst1€5+1,

where

ﬁ VUn,weak S W1 S V[n,weak (519)

_ dweak _ dweak
loénn > Slwo| S n 2 Aflogn (5.20)
1 < |ws41]. (5.21)

Let us now check the conditions to apply Corollary 5.6.15, keeping in mind we need to
scale with respect to m instead of n. In particular, we require

e w;=w( lo%’”)forallz’e{1,2,5+1}.

* |ws| < wy
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* Vymn% < ||

Since we are going to check the second condition, and clearly the first condition is satisfied
for i = s + 1, it suffices to check the first condition for i = 1. By plugging in the scaling for

w in Eq. (5.19), we have w; = w( b%m) if
1- Gweak — Tweak > —U <= (weak t Tweak < U + L. (522)

Let us now verify the second condition. It turns out that the second condition always holds
under the bi-level parameterization. Indeed, from Eq. (5.19) and (5.20), we always have

_ Aweak 1 1-9weak ~"weak
|wo| K 772 Alogn < n 2 < wi,

Vlogn

as Tweak < 1. Finally, for the third condition, we have

u-p u—gq-r u-p 1-qweak ~"weak

\/‘u_mnT:n 2 2 Kn 2 — 2u—(p+q+7’)<1—(‘]weak+7’weak)
& q+r>2u—(p+1)+ Gueak + rweak  (5.23)

With these preparations in hand, we now prove the positive side of the result.

Sufficient condition for weak-to-strong generalization. First we lower bound
SUn (04|t weak)-
Under Eq. (5.22) and (5.23), we conclude that

1-9weak ~"weak

n

SUm,strong(v*|wweak) 2 Umwi =

1
Vlogn H
On the other hand, by Proposition 5.6.16 we have

CNoy strong (V<] w)? < 0(y,%1|w1|2) +uZn" " logn + n" P logn.

We will now analyze the survival-to-contamination ratio for the strong learner. The
first term is clearly at least w(1). For the second term, we get

1 1-9weak "weak _ r—u

n 2 z,

logn
which is w(1) if

Jweak + Tweak < U +1—7 (5.24)
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Finally, for the third term, we get

1 nu_q_r+ 1"7we312<*rweak _%/
logn
which is w(1) if
Jweak T Tweak < U + P + 1- 2(‘7 + }’). (525)

Collecting the conditions Eq. (5.22), (5.24) and (5.25) yields
U > Gyeak + Tweak — Min {1, l-r,p+1-2(g+ r)}
= Gweak + Tweak — Min {1 —-r,p+1-2(g+ r)},

which establishes the positive side of the result.

Sufficient condition for failure of weak-to-strong generalization. To get the negative
result, we need to upper bound SU,; strong(0+|wweak) and lower bound CNyy, strong (0« Wweak)-
Our earlier calculations and Proposition 5.6.16 yield

|SUm,strong(v*|wweak)| S Um - max {wll n%_p VlOg 1’1} (526)
r-u u-p
CNm,strong(v*lwweak) 2 Umnz +n 2 . (527)

The above bound only differ by log factors from the upper bounds. Hence, in this case,
the sufficient condition merely flips the direction of the inequality, which recovers the
stated result. Otherwise, if # < Gyeak + Tweak — 1, then certainly u < gueak + Fweak — 1 + 7,
and n27P+/logn dominates. The latter is in turn dominated by n"2", so the survival-to-
contamination ratio is o(1). This completes the proof. [

5.8 Multilabel classification

In this section, we analyze multilabel classification with k classes, which is a variant of mul-
ticlass classification where a single datapoint can be a positive example of multiple classes.
Given n datapoints, we encode this label information using k label vectors y, ...,y
where for i € [k], we encode the ith label vector as y!) € {+1}", with 1 representing positive
examples. We make the following 1-sparse assumption for multilabel data.

Assumption 5.8.1 (1-sparse assumption for multilabel). The label defining directions

CERC

Vi, are aligned with a top k eigenbasis of the strong covariance L. In a strong

) ) i
eigenbasis where vi ) = e;, we have

y) = sgn(x;)), Vj € [k]
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Remark 5.8.2. In fact, the analysis below will turn out to work even if the label defining
directions are not orthogonal; they could all be the same! The analysis only relies on there

existing some basis U; such that v( - e1. However, the tight misclassification rate would
be different depending on the relationship between the label defining directions.

The weak-to-strong setup is defined as follows.
(8) fear € R%weaxk: train on n datapoints using weak features and ground-truth labels.

(8) f.n € R¥k: train on m > n datapoints using strong features and hard pseudolabels

generated from f ...

As before, we will study weak-to-strong generalization using overparameterized linear
classifiers. Hence, f .., will now consist of k different linear classifiers f © . € Réweak for
i € [k], all trained by MNI on n clean multﬂabel datapoints. To train f wosr We generate
hard pseudolabel vectors y = sgn(( f veak Xweak)), and then perform MNI on these hard
pseudolabel vectors. We deem that a multilabel classifier f generalizes if, for a fresh test
sample xtest and for every class i € [k], f correctly labels whether x.q: is a positive example
of class i. More formally, define for a collection of classifiers f = (f W .., f®), the loss
function {(f) = Pr[EIi € k] : sgn(< f xtest>) # ytest] where the probability is taken over

a fresh test sample (Xtest, Ytest)-

Remark 5.8.3. The weak model can also be trained on clean multiclass data rather than
clean multilabel data. This will only affect the regimes for the weak model to satisfy
Desiderata 1, based on Theorem 5.3.1.

The subset ensemble definition is essentially the same as before (Assumption 5.2.5),
with the main difference being that we require all k of the label defining directions to be
tavored and axis-alignable in both the weak and strong favored feature subspace.

Assumption 5.8.4 (Subset ensemble for multilabel classification). Let A = A(p, q,r) € R%4
denote the strong eigenvalues and Ayeak = A(Pweak, Gweak, Tweak) € RweaXdweak denote the
weak eigenvalues, both drawn from the bi-level ensemble. Suppose the 1-sparse assumption
(Assumption 5.2.2) holds for the strong covariance, with any distinguished eigenbasis U
where v( D= = e; for i € [k]. The following conditions relate the weak and strong features
after rotating to U.

4) Xstrong ~ N(0, A), where A = /\pl[s] + /\Ul[d]\[s]-
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(4) There exists subsets of coordinates S C [s], T C [d] \ [s], with [k] C S, |S| = Sweak, and
IT| = dweak — Sweak, such that

AF,W k AU,W k d
Xweak = ( T&HS + T&HT)xstrong = N(O, AF,weakIS + /\U,weakIT) .

The crucial observation is that multilabel training boils down to k (nearly) independent
binary classification problems. The main difference to establish successful generalization
is that we now need to union bound over all kK multilabel classifiers. The high probability
bounds from the binary analysis come from two sources: (1) applying spectral bounds
(Lemma 5.6.7), which holds with very high probability (exp(-n'/2)), and (2) Hanson-
Wright calculations (Proposition 5.6.10), where bounds that hold with probability 6 have
deviation poly log(1/6). Hence, for k a constant, 6 is only affected by a constant, and this
will only change the bounds in our analysis by a constant, which does not shift the regimes.
Furthermore, even if we allow k to scale with 7 as in Definition 5.2.4, since k is polynomial
in n, the dependence for the high probability bounds on k is at most polylogarithmic in k,
so again nothing changes with the analysis, which looks at polynomial regime shifts.

For the converse direction, one can use a crude bound of just analyzing the probabil-
ity of one classifier failing, which gives an error rate bounded from below by 3 — 0,,(1).
However, we expect that a more refined analysis would give the expected error rate of
1—0O(27F); we sketch an argument for how to get this improved error rate after the theorem
statement. With these minor modifications, the formal details go through unchanged,
and we arrive at our main theorem for weak-to-strong multilabel classification using hard
pseudo-multilabels.

Theorem 5.8.5 (Weak-to-strong generalization for multilabel subset ensemble). Consider
the setup where the weak model f ., is trained on n correctly labeled examples and the strong
model f . is trained on m = n" weakly labeled examples using MINI, where uw < p, g +7r > u,
and Gueak + Tweak > 1. Assume the following:

(5) The true multilabels satisfy the 1-sparse assumption (Assumption 5.8.1) for the strong covari-
ance.

(5) The weak and strong features follow the subset ensemble (Assumption 5.2.5) with bi-level
eigenvalues A(p, q, ) and A(Pweak, Gweak, 'weak), respectively, scaled relative to n.

p+1+q+r_(qweak+rweak)

(5) There are not too many weakly labeled examples: u < 5

Let Tstrong = p + 1 — 2(q + r). Then, the resulting test error for f . satisfies

On(l)/ if u > Jweak + Tweak — Min {1 -, Tstrong}

(5.28)
Q(l)/ ifu < Jweak T Tweak — Min {1 -7, Tstrong}-

E[e(fw2s)] = {
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We now sketch out an approach which should give the correct error rate for constant k
(or even k growing slowly with 7). Note that the complement of the failure event is
Vi€ [K] : sgn({f 3y, Frest)) = Yook
From the Gram-Schmidt decomposition Eq. (5.8) and the noise stability formula, we can
decompose this event as

Vi € [k] : sgn ((S:L,\JI((U l>||w)) EZ) + g(l)) = sgn(x(l))

where x( 0 - < Stest, v£ )> and each g(i) is a standard Gaussian residual. In the converse

regime, the survival to contamination ratio is polynomially decaying, so for typical g'¥,

with probability exp(—n°) we have sgn( il,i((v ||w; g ¢®) = sgn(g')). Furthermore, by
unpacking the analysis of f\(/\l/)25 (specifically, see Eq. (5.20)) for i # j, ¢) and ¢!/ only
differ by a Gaussian with polynomially decaying variance, so up to a failure event with

probability exp(—n°¢), we can replace these with the same Gaussian ¢ which is independent

of both x,(f) and xij ). We can do this for all pairs (i, j) and union bound over k (this is
where we use the slow growing condition on k). Hence, up to these error terms, which
are negligible, the complementary event occurs with probability 27¥, so the test error will
indeed be 1 — O(275).

Multilabel supervision for multiclass classification

In this section, we expand upon the arguments to use weak multilabel supervision to
train a weak-to-strong multiclass classifier f ... The difficulty of the multiclass analysis
is studying the MNI behavior for weak supervision. However, since the multilabel MNI
behavior is well under control by the arguments above, it is tractable to study this setup
instead.

The key insight is that, for multiclass classification to succeed, it suffices to look at
pairwise comparisons between the score functions for the k different classes (see [WS24]
for more justification). In particular, one studies the relative survival given different class
label vectors:

SUF) ) - SUIFL,),

with the signal component for class i being the above quantity with v = v”. One can then
define the relative contamination in analogous way. However, the path towards studying
the survival comes from understanding the coefficients of f ., and f .., which is feasible.
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Thus, to determine whether f , generalizes for multiclass classification, it reduces
back down to the multilabel /binary behavior. As argued in [WS24], because of the margin
between the features and the survivals, it suffices to get a polynomially increasing SU/CN
ratio. Hence, in the successful regime for weak-to-strong multilabel generalization, this
relative SU/CN ratio is polynomially increasing, which implies that multiclass classification
succeeds.

5.9 Improving the bounds for misclassification rate
In this section we tighten the bounds on misclassification rate for the multiclass setting.

Theorem 5.9.1 (Tightening of [WS24], Proposition A.7). Assume we are in the bi-level ensemble
model (Definition 5.2.3), the true data generating process is 1-sparse (Assumption 5.2.2), and the
number of classes follows the scaling defined in Definition 5.2.4. Then, in the negative regime where
the model does not achieve vanishing errot, we have

1
E[¢(f srong)] =1 - ®(%), (5.29)
where the expectation is taken over the randomness of the training data and the test point.

At a high level, the misclassification event E is governed by the following inequality
holding:

SU,
o, i ol < e
where (x;)jc[x] are iid standard normals, and (g;);c[x] are jointly Gaussian with some corre-
lation structure.

Now, [WS24, Proposition A.3] implies that EHZ < n™* for some constant u > 0 with
probability 1-O(1/n). Also, we can upper bound max;e(] |x;| < O(VIog k) with probability
at least 1 — O(1/k). Moreover, in the regime where classification fails, we know that
from [WS24, Proposition F.1], we have that E[g;g;] < % + n~° for some constant 6 > 0 with
probability at least 1 — O(1/n). Since k = o(n), when we union bound over the above events,
they get absorbed by the O(-) and €)(-) terms.

To tighten the misclassification rate, we will improve upon [LY22, Theorem 2.1]. In
particular, we show the following lower tail inequality for the maximum of correlated Gaus-
sians. We will prove the following theorem, which captures the lower tail behavior of the
maximum of correlated Gaussians very far from its expectation. This result complements
the lower tail bound of [LY22], which holds for more moderate deviations.
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Theorem 5.3.6 (Lower tail for correlated Gaussians). Let po € (0, 1) be a parameter bounded
away from 0 and 1, and let (g;);e[n) be jointly Gaussian with zero mean and unit variance. Suppose
E[gigj] < po for all distinct i,j € [N]. Forany 0 < ty = 60\/2(1 — po) log N where 0¢ € [0, 1)
is bounded away from 1, there is a constant C > 0 depending only on pq such that

1 1-pp(2-60)—0¢

< C- N0 050 (1og N) 270

Pr lmax gi < tn
i€[N]

In particular, one can take C = |£ Opo. If we further have E[gig;] = po for all distinct i, and
tN = O(loglogN) then Pr[max' <t ] = @(Nl_%(lo N)%_l)
N = ViogN )’ i€[N]8i S IN| = g .

Before we prove the theorem, let us see how it tightens the misclassification rate.

Proof of Theorem 5.9.1.  We will apply Theorem 5.3.6 with N = k-1, pp = 2 + n™°, and
80 = 0t
o

Noting that 504/2(1 — po)log k > n™" if k = ¢xn' for any t € [0, 1), we see that

max g; < 80v2(1 - po)logk (00v2(1 = po)logk > n7*)

Prlmaxgi < n_”l < Pr

ie[k] ie[k]
<0 (k-(1-50>2<1-0<”‘6>>(1og k)‘%O*O(”_é)) (Theorem 5.3.6)
< o(k—<1—50>2(1og k)—%“)a +0n(1)) (KOU™) = 1 4 0,(1))
< O(k~(1-00F) (log k)~%0/2 = 1 = 0x(1))
< o(%) . (60 = 1/log k)

Inverting this bound, we see that

u >1—o(%).

P >n
gy

For the upper bound on the above probability, we can use Slepian’s lemma and then
compare to Gaussians g; which have correlation £ — n7°. Writing it all out, we have

Pr [max gi<n"|>Prlmaxg; < n"”l (Slepian’s lemma)
i€[k] ie[k] —
> Primax¢g; <0
i€e[k] —

238



> Q( L ) ([PSZ21, Theorem 2.1])

J1+n=°
>0f7). (K" =1+ 0,(1)
from which we get a nearly matching upper bound on the probability of 1 — Q(3). O

We return to the proof of Theorem 5.3.6.

Proof of Theorem 5.3.6. The lower bound directly follows from the proof of [LY22], so
we focus on proving the upper bound. We remark that the constant hidden by ® can be

pinpointed to (1 + on(1))4/7 P (;0 , but we will not discuss this further.
To reduce confusion, we will attempt to follow the notation and treatment from [LY22].
To prove the upper bound, we can use Slepian’s lemma to reduce to the case where E[g;g;]| =

po for all i # j. Then, we can explicitly decompose

gi = \pox ++/1 = poh;,

where x, h; are iid standard Gaussians. Via this decomposition, we can write an integral
representation for the desired probability:

Pr lrg[a}\]xgl tN =[ Y(s)ds, (5.30)
U(s) £ (s )CDN( T/I—LS_ES)’ (5.31)

where ¢(-) and P() are the standard Gaussian density and CDF, respectively. We will
estimate this integral by splitting it into a couple pieces. To this end, we will bound the
Gaussian CDF using Mills” inequality. For any ¢ > 0, we have

¢ 1
TP < 1= 0(t) = B(=t) < £o(1).

We will need the following multiplicative estimate on ®N(-), which holds for any 6 € [0, 1]:

ON(21log N(1 = 6)) = (1 — D(—y/21og N(1 = 8))N

N
< (1 ~ TN \/2110W (1_6)“)) (Mill’s inequality)
< ex (_Ll‘”z) (5.32)
S eXp Vor(v2IogN+1) /) ’
The above bound (5.32) yields nontrivial bounds only when 6 > % for a constant

¢ > 1, and decays superpolynomially if ¢ > 2
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These bounds motivate splitting (5.31) into a few different pieces, based on which term
dominates the behavior of the integral ¢. To this end, let cn, dy > 0 be parameters we
specify shortly. Then we split the integral into three pieces:

/_:N P(s)ds + [C_dN Y(s)ds + [doo ¥(s)ds .

As in [LY22], we define ag = (L —1)(1 - 69)? and By = 1
Bo-1
want to prove is f_oo YP(s)ds < O|N"@(logN) 2 ) We explain the choice of ¢y, dy > 0

as follows. For succinctness, we introduce the following two functions on R:

\ \/2(1 — po)log N V2aglog N
sn(u) = - u=- u

Po 1 =200
N = v/pos
fn(s) = Nl

and reparameterize the interval [-cy, —dx] as another interval 7 on u below.

fo-1
1. We want cy to satisfy ®(—cn) = O (N ~(log N )T) Given this, the first term can
be bounded by

—cN —cN Bo-1
[ P(s)ds < /_ P(s)ds = D(—cn) < O(Nla0 _)

By inverting Mills” inequality, we see that it suffices to pick

. [2(1=po)logN loglog N
CN = \/ 0o 1- 60 - m (533)
B loglog N
N SN(l %0~ JlogN )
Indeed, we have for sufficiently large N that
loglog N
qb(cN) exp(—ao log N(1 — T géo)glogN ))
O(-cn) <
N \om \/2( — 1) log N(1 - on(1))
Po —a Bo-1 o
<\ TN log ) (B = 1%)
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Po—1
2. We pick dy such that ®V( fy(-dy)) < ﬁ(log N) 2 . Given this, by monotonicity
we evidently have

[d P(s)ds < DN (fy(=dn)) < W(1OgN) 5

Owing to (5.32), to achieve the desired superpolynomial decay it suffices to pick
dn > 0 such that Nh/_dN < V2logN(1 - (3 + )lolgog)i,N), where ¢ > 0 is a constant.

Recalling that tn = 60\/2(1 — po)log N, we see that fy(—dn) = V2log N \/_ dN.
Hence the desired inequality holds by picking
2(1 - po)log N log1
dNé\/ (1 - po)log (1_60_(%“) og ogN) (5.34)
Po log N
loglog N
— —8n — (3 =Rt = Bl
= SN(l 60— (5 +¢) log N )

Given the above choices of cy, dy in Eq. (5.33) and (5.34), we see that the interval 7

that u belongs tois 7 = [1 - 69 — (3 + e)loﬁ)?}%N, 1-60— 1" 1°i§§,N]. Hence, it is natural to

reparameterize the integral in terms of 1) € [0, 1 + ¢] via the following change of variables

(n+ %) loglog N
log N ’

un(m) =1-060—

and an easy computation yields

\/204 loglog N
ds = dn = ‘
s =sy(uv(muymdy = 7—- Viog N

It is not hard to see that sn(un([0, % + ¢])) = [-cn, —dn]. Let us introduce the following
abbreviations for the compositions of our changes of variable:

sn(n) = sn(un(n))

l O O
o) 2 fuGnn) = V2 1ogN(1 _t 41); slos N )

In this notation, we have

/_dN ¢(S)ds = m loglog N 1/2+¢
-0 ViogN

P(sn(n)dn .
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Now the argument as in [LY22, Eq. 4.22] shows that this integral is O(N~“°(log N )@),
which completes the proof of the first part of the theorem.” However, let us give an
alternative proof which is a bit simpler. We will estimate the integral by performing a
Riemann sum with subintervals of width 7 > 0, which we pick to satisfy fo7 < 1 and such
that 7 evenly divides 1 + ¢. Then, we have

1/2+¢ 1/2r+€ (k+1)T
/ P(sn(n)dn < Z/ YGEN(n)dn .
0 k=0 Jk

By monotonicity, for any k we have

(k+1)t _
/k PENM)dn < - $E((k + DOV (Fy (kD))

T

1
< C-7-N"%(log N)ﬁo'(§+2(k+1)T) exp(—(log N)2k7),

where C is a universal constant. Here, the last line used ¢(sn (1)) = O(N~*(log N )% 0'(%’7) )
and OV (f (1)) = O(exp(-log N)™").

If 2Bg(k + 1)t < i, then %(log N)2bo(k+1)T « (log N)~2, as desired. On the other
hand, if 2B(k + 1)T > 1, then as Byt < 3, we have 2kt > 4%0 > 0. Since exp(—(log N)?7)
dominates any polylog terms, so it is not hard to see that the total contribution here is
< N~%(log N)ﬁ()%. Hence, we conclude that f_:iN YP(s)ds < \/16:;0N—0‘0(10g N)%%l, as

desired. u

510 Experiments

In this section, we describe the simulations we conducted to validate the theory. We
generated Gaussian data following the subset ensembles specified in the figures, and
constructed two linear models from them: the MNI classifier and the simple averaging
classifier. In the averaging classifier, we average over the positive examples of a label, which
approximates the behavior of the first few iterations of gradient descent. In contrast, the
MNI classifier governs the asymptotic behavior of gradient descent.

The weak-to-strong behavior for these two learning algorithms was compared to two

other baselines: the weak accuracy for f ., and the accuracy for the strong model trained

°To be explicit, their calculation requires us to verify that v21log N (6o + un(17)) = w(1), which is certainly
true.
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on m clean labels: f_, . The test accuracies were evaluated on 7.t = 100 fresh datapoints.
We ran 8 independent trials to train f ., with n = 50 so that we could explore how the
weak-to-strong behavior scales with p and u. For each f we conducted 16 independent
trials to train f ..

We swept out u using five equally spaced points in [1, 1.3]. In Figures 5.3 and 5.4, we
show the results of the averaging and MNI experiments, respectively, for four different slices.
In the top row, we show two slices where the theory predicts weak-to-strong generalization
to occur for MNI, and in the bottom row we show two slices where the theory predicts
failure of weak-to-strong generalization. The error bars show the estimated 95% CI over all
sources of uncertainty in the inner and outer loop (f,,,. and f ..,)- In both the averaging
and MNI plots, the theory successfully predicts whether weak-to-strong generalization
occurs. Furthermore, in every plot the ground truth trained strong model f .. trained on
m clean labels has better test accuracy than f ., and f .., as expected. Another interesting
experimental observation is that the averaging classifier does significantly better than MNI
in non-asymptotic settings. This corroborates the view of practitioners of the benefits of
early-stopping for gradient descent.

weak”

5.11 Heuristic calculations
Recall from the definition of MNI that

fstrong = XTA_ly/
where y € {+1}" is a label vector generated by either the true feature x. or a weak feature
Xweak and A = XX T € R™" is the Gram matrix. The key to our analysis is studying the
survival and contamination of various features when the labels are possibly generated
by another feature. Recall that we performed a basis change X +— XU, so that the strong
features are drawn iid from N (0, A).

Writing the transformed data matrix now as

X = [Vlhiz Vizze ... Az,

where each z; ~ N(0, I,), we obtain for any unit norm v € RD that

SU() = Y Azl A7y (v, 0) (MNI)
ie[d]
CN(v) = \/Z (Aiz] A~ly)?(1 - (v, v)?). (Orthonormality of v;)
i€[d]
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(©) (p,q.7) = K
(1-5/ 0.6, 0-8)/ (pweakz Jweak, 7"weak) = (d) (P, q, 7’) = (2/ 0.9, 0-4)/ (Pweak/ Jweak rweak) =
(1.4, 0.9, 0.5). (1.4, 0.9, 0.4)

Figure 5.3: Comparison of test accuracies for four different models using averaging training.
The x-axis plots m, the number of additional labeled datapoints. The models are trained
using class averaging, which approximates the behavior of the initial few gradient descent
iterations. Note how the weak model has low accuracy, whereas the weak-to-strong model
and ground truth have higher accuracies that increase as m increases. The top row Fig-
ures 5.3a and 5.3b are in a regime where we predict MNI weak-to-strong generalization to
succeed, whereas the bottom row Figures 5.3c and 5.3d depict regimes where we expect
MNI weak-to-strong generalization to fail.
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(1-5/ 0.6, 0-8)/ (pweakz Jweak, 7"weak) = (d) (P, q, 7’) = (2/ 0.9, 0-4)/ (Pweak/ Jweak rweak) =
(1.4, 0.9, 0.5). (1.4, 0.9, 0.4)

Figure 5.4: Comparison of MNI test accuracies for four different models. Observe how the
weak-to-strong accuracy increases as m increases. Again, the top row Figures 5.4a and 5.4b
are in a regime where we predict MNI weak-to-strong generalization to succeed, whereas
the bottom row Figures 5.4c and 5.4d depict regimes where we expect MNI weak-to-strong
generalization to fail. The plots corroborate these theoretical predictions.

Since A is close to dI,, in the isotropic case, and we are working in the regime where
PCA fails to extract the bi-level structure (g + r > 1), one could hope for the best and
pretend that A~! = 1I,,. This step is not rigorous, but we will justify these approximations
in Section 5.6.
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Based on the decompositions in Definition 5.3.7, we study the case where y =
sgn(< g, w)) for some w € RP but we want to recover the planted direction v € RP.
For a subspace V C RP and a vector u € RP, let uy denote the projection of # onto V. For
axis-aligned subspaces V C [d], this just corresponds to restricting to the coordinates in V.
To simplify the heuristic calculation, we will make the following assumptions.

Assumption 5.11.1. Let S = [s] denote the spiked subspace after the basis change,
and let @, p > 0 be parameters possibly depending on n. For any vector u € R, let

T, = {i €S :|u| = w(%)} denote the spiked coordinates where u is large, and R, = S\ T,
denote the spiked coordinates where u is small.
We assume the following holds for T = T, and R = Ry,:

(1) We have (vr,wr) = allvr|2||wr|l2. In other words, v and w have correlation «
restricted to the heavy coordinates for w.

(1) We have Y,y v?w? = p? lwrl| 5. Note that by L¥ norm inequalities we always have
2
p- < L

(1) We have |R| = €)(s), i.e. a constant fraction of w’s spiked coordinates are small.

Remark 5.11.2. When v = w, Assumption 5.11.1 can be thought of as a relaxed notion of v
being 1-sparse; for a given p one should roughly think of v as being %-sparse.

Survival bound. Recall that y = sgn({g, w)). By applying the noise stability formula
again and the fact that z;; ~ N(0, 1), we deduce that

Elz]y] = nE[z;y;]
= Pr(sgn(zij) = y;| Bl|zy[] - (1 - Pr[sgn(zij) = y;])El|z]]

= \/%(QPr[Sgn(Zij) =yi] -1

= n(%)?’/2 arcsin w;,

where in the second to last line we have used the fact that the expected magnitude of a
standard Gaussian is \/2/_7'(, and in the last line we have used the noise stability formula. By
standard concentration inequalities, the deviations will be of order O(+/n). As the behavior
of 2 arcsin(x) ~ 2x for small x, we deduce that the expectation will dominate whenever

w;| > %).
We will now plug in the bi-level scaling. Recall that A; = Ap = “S—d for i € [s] and
Ai=Au =952 fori > s,
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Thus, ignoring constants, with high probability we should have

A A
SU(v|w) = Aan v; arcsin w; + Ff Z v + ud\/ﬁZvi.

€Ty, i€Ry, i>s

Observe that
2 2 .
—|x| < —|arcsin x| < |x|,
T T
forall x € [-1,1].
Consequently, for i € T,,, each summand contributes v; arcsin(w;) = O(v;w;).° Thus, by

Assumption 5.11.1 and the definition of Af, the first termis @ (a - % - |log, || 2 [lwr, || 2)-
For the second term, we will upper bound its magnitude by

Apvn Zvi <

an  |[vr,ll

X
1€ERy \/ﬁ
an [s
<SG lUR, |l 2 (Rw €5)
an [s
<?- ~. ([l]l2 = 1)

Finally, for the third term, since |};., vi| < ||7]|1 < Vd, after plugging in the definition of
Au, we obtain the asymptotics

an S n
SU(ofe) = - (a Nor, 2 lfor, 12 + \/;) SNES (5.35)

Note that for the first term to dominate, we must have a = Q(3). Also, if we want to
improve our estimate on the second term, we can further split it by T;,, we can gain and get
deviations of order

R o
Z v; + Z i < |lor,nr, |1 + IRo| (Definition of Ry)
i€R,NT, i€RyNRy \/%
s

< [oRennll1 + —=,

NG
¢ x|

yielding an ultimate relative deviation o T 2. This is significantly better if, say

IT,| = o(s), as it allows us to beat the contamination bounds which have relative deviations
S

ne

SThe reason this is not an equality is that there might be some heavy w’s which disagree in sign with /s,
but for the settings we consider this estimate will be true.
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. L. . . 2
Contamination bound. For succinctness, introduce the shorthand h? =(1- v?) <zl-, y) .
Then the squared contamination is

CN(v|w)? = Z Af(1-0v)-yTA ziz] ANy

ze[

L3 (A ~ 1)
i€[d]
2 2
-_thuﬁzhuhzhz
42 i 42 i 42 i
€Ty, i€Ry i>s

— 0?)(2 arcsin w;)? A 2(1—02)+ fulo g,

€Ty, i€Ry

where in the last line we have used the observation that the expectation of /; dominates if
and only if i € Ty,.
The first term can be bounded (up to constants) as

(an) 21—} '(—) I, 15(1 = p?). (Assumption 5.11.1)

i€Ty,

For the second term, we can bound up to constants as

[

(2) 1 oty = () Rl o)

i€Ryw
R
< . . =1
(2" I (ol = 1)

Finally, the third term can be bounded by 7. Putting these together, we conclude that

CN(v|w) = (?)(\/1 — 0% lwr |2 + w/'Rn—”’l) + %. (5.36)

Let y, = 2. In our regime, u, < 1 because g +r > 1. Combining Eq. (5.35) and (5.36)
yields

HUR T||1
SU(v|w) _ Hn - (a loT, || 2 |lwT,|| 2 + % + %) + \/g

CN B
(vl) #n(\/l—pzllewllgﬂl'ﬁ—“") ++/%

(5.37)
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Hence, for the survival to contamination ratio to grow with n, we need

alor,ll2 > 1 - p? (Weak supervision)

R o
allor, |l 2 llwr, || 2 > |11_W| (Favored contamination)

n
pna ||or, |l 2 llwr, || 2 > ’

Let us put these scalings together to predict the scaling regimes for weak-to-strong
generalization. For strong generalization, we have v = v. and y = sgn(< g, v*>). From the
discussion in Section 5.3, we know that the strong learner generalizes if

SU(v.|v.)

Ny -

and fails to generalize if the ratio is 0,(1). Under Assumption 5.2.2, we have v. = e, so
T, =T, = {1}, a = 1, and p = 1, and the expression simplifies to

SU(v*|’v>{-) - Hi’l

CN(v.|v.) Ly - \/% + \/%
which under the bi-level parameter scaling verifies the conditions for ground truth super-
vision.

This completes the proof sketch; it remains to justify the above estimates rigorously. In

the subsequent subsections, we will assume that the above scalings of the survival and
contamination are correct and use them to deduce that the 1-sparse assumption is necessary

to get a sharp transition in the test error. These calculations can be upgraded to rigorous
proofs using the tools developed in Section 5.6.

The necessity of 1-sparse assumption

Let’s suppose we get clean labels from sgn(( g, v)) and want to learn the unit vector v. We

4
will abbreviate T = T,, = Ty,. In this case, we have a = 1 and p? = % in Assumption 5.11.1.
2

Lemma 5.11.3. Suppose we are given labels according to v and want to learn v. Then, the survival
to contamination ratio is wy(1) only if

4
oT
lorlld o,
forll3

In particular, the above condition holds only if the following two conditions hold:

249



3) llorll3 =1-0(1).
(3) Foreachi €T, either v; = 0o(1) or v; =1 —o0(1).

The upshot is that having 1-sparse labels is necessary for obtaining asymptotically perfect general-
ization.

Proof. Hence, focusing only on the survival terms coming from T, which are the only
relevant coordinates for learning, and lower bounding the contamination with just the T
terms, we have

2
SUel) _  Zlerld  _ ferlls 1
CN(v|v) ~ an 2 T = S =/
@ \lorl~llorll} - fy_ ey e
Tllg Tllo

where the last inequality used the fact that v is unit norm. This proves the first necessary
condition.

We show that if |[or]| }/llor]|2 = 1 — o(1), then the second set of necessary conditions
hold.

Indeed, for the first claim, suppose |[or||2 < 1 — ¢ for some constant ¢ > 0. The
L? norm inequalities imply that |[o7]|] < |lorll3 < (1 = €)|lvrll3, so the ratio is at most
1 — ¢, a contradiction. For the second claim, suppose instead there is a coordinate i with
01.2 = 1 — ¢ for some constant ¢ € (0,1). Then, we have ”vT\{i}”i < ||vT\{i}||‘2L < &, but then
lorll§ < (1—¢€)* + e < 1-Q(e), a contradiction.

0
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Chapter 6

Synthetic Error Injection for Self
Correction in Language Models

6.1 Introduction

The current paradigm for eliciting reasoning in large language models is reinforcement
learning (RL) [GYZ"25]. These methods have driven substantial gains in mathematics
and coding benchmarks across both closed and open-source models [JKL*24, CBS*25,
BBC*25, LMP*24]. Such systems often generate an extended chain of thought (CoT) before
producing a final answer; within these Cols, we observe emergent self-reflection and
error correction, as the model outlines a solution strategy and then identifies and revises
mistakes.

Is it possible to obtain these self-reflection abilities without resorting to reinforcement
learning, which is often computationally expensive? The robotics literature offers an
illustrative analog. Goff et al. [GHH"25] trained a self-driving policy purely via imitation
learning [SSHB18], where the ground-truth trajectory is always correct. When deployed
on a real car, the policy gradually drifted until it straddled the lane boundary.

This behavior is a classic instance of distribution shift [RGB11]: as errors in real-world
dynamics accumulate, a model trained only on “good” observations has little guidance on
how to recover to the center of the lane. Goff et al. [GHH"25] mitigated this by artificially
and randomly perturbing the camera pose during training using an explicit world model,
then supervising the policy to steer back into the lane.

In this paper, we adopt a similar idea for reasoning language models (Figure 6.1). We
use a purely supervised approach: insert synthetic errors into the CoI, mask them, and
add a supervised correction step so the model learns to recognize and recover from its own
mistakes.
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Fine-Tuning Data Synthetic Error Injection

Q: What is 1234 * 56787
Think step by step.

Q: What is 1234 * 5678?
Think step by step.

Include in Loss

€ L < X

Carry Error
(Synthetic Injection

)—>E\Add 9872 + 86380 to get 106252. N X

. [Ah! I made a mistake. ]V
Supervised

Correction [Add 9872 + 86380 to get 96252. ]o/
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Figure 6.1: An illustration of the synthetic error injection process. The (Left) panel shows a
correct Chain-of-Thought (CoT) trace used for standard fine-tuning (FT). The (Right) panel
details the Error Injection Fine-Tuning (EIFT) methodology, where a correct step from a
golden CoT is replaced by a three-part sequence: (1) a synthetically injected erroneous step
(e.g., a “Carry Error”), (2) an explicit error recognition step (“Ah! I made a mistake.”), and
(3) the original correct step as a supervised correction. As indicated by the “Include in
Loss?” column, the loss is computed for the recognition and correction steps but masked
for the synthetically injected error.

Surprisingly, even on toy tasks, the method fails to yield significant performance im-
provements across all tested models. We explore two potential hypotheses:

(i) We investigate the “solver-verifier gap”—the difference in difficulty of generating
and checking a step—but find that the method’s failure persists even when checking
is significantly easier.

(i) We propose that the true issue is a distribution mismatch. While our synthetic error
distribution successfully covers the overall distribution of real errors, the model only
learns to reliably correct synthetic errors. It fails to generalize this error-correction
capability to the distribution of context-dependent errors that the base model itself is
prone to making.

Our contributions in this paper are therefore twofold. First, we formally test the hypoth-
esis that supervised error injection can elicit self-correction in LLMs, and we demonstrate
its empirical failure. Second, our analysis pinpoints the reason for this failure: a critical
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mismatch between synthetic error distributions and the model’s own innate error modes.
This finding suggests that successful self-correction requires more precisely matching error
distributions: it must target the specific, context-dependent failures a model is prone to,
suggesting why on-policy methods like RL have proven uniquely effective.

6.2 Related work

Chain-of-thought (CoT) reasoning [WWS*22] is a popular approach for imparting rea-
soning abilities to language models. Recently, reinforcement learning (RL) [JKL*24,
Ope25]—especially stabilization techniques such as GRPO [GYZ*25]—have emerged as
the dominant paradigm for teaching models to reason and to self-correct. There is growing
interest in this direction, including work such as [KZA*24], which uses RL to train models
to recognize and correct their own errors.

There has also been substantial effort to improve reasoning and self-correction abilities
without RL [SCG*23], given its computational cost. Approaches include using one LLM as
a feedback model for another [MTG*23, SDYD*23], generate-then-rank strategies [HZR22,
WZzX*23], and feedback engines that guide autoregressive decoding [YDC22, XKZ*23].
For instance, Muennighoff et al. [MYS"25] propose a simple technique: append the token
“Wait” multiple times when the model attempts to stop, thereby lengthening the reasoning
chain and improving performance—without any reinforcement learning.

[KZA*24] also shows that offline-online distribution mismatch can yield poor on-policy
self-correction. We examine this failure mode on even simpler tasks than MATH [HBK*21],
specifically small multiplication and Sudoku problems. By constructing a covering set of
plausible modeling errors, we show that even such coverage is insufficient, strengthening
their result.

Synthetic error injection is widely used in robotics [GHH*25, SSHB18]. The work most
closely related to ours is [YZW™25], which trains a language model to play Countdown
and to backtrack in a tree-search harness using only supervised data and synthetic er-
ror injection. However, their method primarily distills the DFS procedure used to solve
Countdown, rather than teaching the model to correct its own errors, and requires a costly
sampling harness to generate solutions. In contrast, we teach the model to backtrack fully
in a single linear CoT.

6.3 Experimental setup

We trained our models on a cluster of A100 and A6000 GPUs. For each model
in {Qwen2.5-Math-1.5B-Instruct, gemma-3-1B-it, Llama-3.2-1B-Instruct} and task in
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{mult, sudoku}, we trained two versions of the model which differed only in whether the
data contained error-injection Cols. To solidify the terminology, we define the model
variants as follows.

Definition 6.3.1 (FT model). We refer to the model trained only on clean CoIs as the FT
model (Fine Tuned).

Definition 6.3.2 (EIFT model). We refer to the model trained on error injected CoTs as the
EIFT model (Error Injection Fine Tuned).

The details of the EIFT training methodology and data mix can be found in Section 6.3;
see Section 6.6 for training hyperparameters.

Error injection

[ 12345 + 67890 = 80235 ]

Carry Error int error 10 int error 100 int error single digit int error single digit close int error two digits

80235 80235 80235 80235 80235 80235
79235 80237 80149 89235 80245 88535

Figure 6.2: Types of errors we inject for the multiplication task. We take a correct step,
depicted here as the addition step at the top of the figure. We then apply one of six types
of errors with various probabilities; see Table 6.1 for more details. The underlined digits in
each box depict the result of applying the corresponding error type.

For the EIFT model, we used a data mix where 20% of the Col's were completely correct,
and 80% had 1 to 4 synthetic errors injected, where the number and locations of errors
were sampled uniformly at random (and without replacement for locations). We found
that using more complex sampling schemes for the locations of errors did not improve the
error correction abilities. Since the notion of a synthetic error is task-specific, each task
is required to implement the distribution of synthetic errors that it attempts to model for
the EIFT training. To determine this distribution, we trained FT models for various base
models and examined the types of errors they tended to make; see the sections below for
details. We validate this overall methodology in Section 6.3.

To inject a single error, we replace a golden step s; at position i in the golden CoI with
three steps according to the following procedure:
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1. The erroneous step s’, which can easily be verified to be incorrect since we have access
to the golden step s;.

2. The error recognition step, consisting of the tokens AH! I MADE A MISTAKE.
3. Finally, the error correction step, which is just the original golden step s;.

For EIFT training, we trained the model to predict the error recognition and error correction
steps, and used loss masking to prevent the model from directly predicting the incorrect
step szf . However, we did not modify the attention mask, as we wanted the model to
learn an internal representation of what errors look like. We also ablated the token-level
weight on the recognition and correction steps (Figure 6.8), but did not find any significant
improvement in recognition or correction rates. Thus, for simplicity we did not use any
special loss weighting beyond the loss masking.

Multiplication

Our multiplication task consisted of uniformly random 4 digit multiplication problems.
We found that 4 digit problems were the sweet spot for task difficulty: at this complexity,
the base models had low accuracy, and the FT model was significantly more accurate
than the base model. Figure 6.1 illustrates what the different types of CoI’s look like for
multiplication; see Section 6.7 for more examples.

Error model. To model the errors for multiplication, we trained the FT model for Qwen2.5
and a held out gemma2-2b-it. We then manually inspected the types of errors these models
tended to make. Based on this study, we came up with the following broad error categories:

* carry_error: in an addition step, consider all locations where the column (including
carry digits) sums to 9 or 10. Pick a random location and swap the column sum to
the other value. Swapping 9 to 10 means incorrectly adding a carry, and swapping
10 to 9 means incorrectly omitting a carry.

* _int_error_10: add a random nonzero integer in [-10, 10] to the answer.
* _int_error_100: add a random nonzero integer in [-100, 100] to the answer.

* _int_error_single_digit: replace a randomly chosen single digit of the answer
with a different random digit from 0 to 9.

* _int_error_single_digit_close: replace a randomly chosen single digit of the
answer with a different random digit within 2 of it (respecting edge cases to keep the
number syntactically valid after error injection).
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* _int_error_two_digits: replace a random substring of two contiguous digits with
two randomly chosen digits, resampling if the substring is unchanged.

For the specific frequencies and a visual depiction of these error types, see Table 6.1
and Fig. 6.2.

Table 6.1: Error probabilities for different step types. For addition steps, with probability
0.5 we inject an addition-carry error; otherwise we sample from the standard integer error
injector (the _int_error_x distribution). For non-addition steps we always use the standard
injector.

Error type Pr|type | addition| Pr[type | non-addition]
carry_error 0.5 0
_int_error_10 0.025 0.05
_int_error_100 0.025 0.05
_int_error_single_digit 0.125 0.25
_int_error_single_digit_close 0.125 0.25
_int_error_two_digits 0.20 0.40

To pick the frequencies of the errors, we hill climbed on the final accuracy for the held
out model, gemma2-2b-it.

Sudoku
Solve this Sudoku:  Place 3 at (1, 2) Place 4 at (1, 3) Place 2 at (2, 3) Place 2 at (0, 2) Place 1 at (1, 1) Place 1 at (3, 2)
1 1 1 1 2 (1 2|1 211
2 2 = 2 3| 4 2 3| 4 2 3| 4 211113 |4 21113 ]| 4
4 4 4 4|2 4| 2 4| 2 4| 2
3 3 3 3 3 3 1|3
Place 3 at (2, 1) Place 4 at (3, 0) Place 3 at (0, 0) Place 4 at (0, 1) Place 1 at (2, 0) Place 2 at (3, 1)
2|1 21 3 2 (1 314121 314121 31412|1
21113 |4 211134 211|134 211134 21113 | 4 21113 |4
314 2 314 2 3142 314 | 2 11342 11342
113 4 1|3 4 113 4 1|3 4 1|3 4121113

Figure 6.3: An example of a golden Chain-of-Thought (CoI) for the 4 X 4 Sudoku task.
The solution trajectory is restricted to “naked single” moves, defined as instances where a
specific cell has exactly one possible candidate number remaining. The problem instances
are generated by solving a random board and removing numbers such that a naked single
solution path remains viable.
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The Sudoku task consisted of 4 X 4 Sudoku problems. To make the problem more
tractable, we restricted to golden solutions that only make “naked single” moves.

Definition 6.3.3 (Naked single move). For a given board state, a naked single is a cell that
has exactly one possible candidate number remaining.

Correspondingly, we needed to sample Sudoku problems with naked singles solutions.
To do so, we first generated problems by using a Sudoku solver with randomness to generate
a random valid solution. We then randomly removed numbers one by one and rejected
candidates unless a naked-single solver could complete the new board. See Figure 6.3 for
an example of golden CoTs for sudoku.

Error model. To model errors, we used an equal split of invalid moves (i.e. moves
with invalid coordinates or moves which violate a constraint) and moves that are not a
naked single. We found that only injecting invalid moves did not impart error correction
capabilities.

Evaluation

For evaluation, we sampled 1000 problems for each task and evaluated the FT and EIFT
models using greedy sampling. We also ablated the temperature setting (across T = 0.7, 1.0),
but did not find any significant difference in the accuracy or error correction capabilities;
see Section 6.4 and Fig. 6.7 for more discussion.

To measure the accuracy of our models, we only graded their final answers. Even at
modest dataset sizes, the models are very consistent with the exact answer format that
we finetuned them on. Hence, we did not observe any false positives or negatives in our
grading.

To measure the error correction capabilities, we follow a more involved procedure.
Of course, one should not expect the model to correct from arbitrary error distributions.
To narrow the scope, we compare the error correction capabilities where the errors are
sampled from the following two error distributions.

Definition 6.3.4 (Synthetic errors). A synthetic error is an erroneous step in a Col generated
by our synthetic error injector.

Definition 6.3.5 (FT errors). An FT error is an erroneous step in a Col' generated by the
FT model.
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In other words, we generate synthetic errors by sampling synthetic Cols and finding
errors in them, and we generate FT errors by sampling FT CoIs and finding errors in
them. See Figures 6.9 and 6.10 for synthetic and FT errors, respectively, for Qwen2.5 on
multiplication.

With this in mind, we use the following process to measure error correction for the
model.

1. Depending on which error source we are testing, we generate the appropriate type
of CoT (synthetic or FT).

2. We truncate this CoT at the location of the first error, including the error itself. If the
CoT does not have any errors, we discard this sample and repeat.

3. We prompt the model to complete the truncated CoT.

4. We grade the error recognition and correction for the guaranteed first error step
produced by truncation. Namely, if first error step is at step i, we check for recognition
on step i + 1 and correction on step i + 2. Concretely, this entails checking for the
tokens AH! I MADE A MISTAKE at step i + 1 and checking that the step i + 2 is correct
as defined by our task.

A couple points are in order about the above procedure. First, an important nuance to
clarify is the exact notion of an incorrect step. To be conservative, we only check for errors
that we have modeled. For multiplication, this means we only check steps where an atomic
add or multiply is being performed incorrectly; for Sudoku, this means we check move
placement steps and whether they are valid naked singles moves. In particular, we do not
grade whether the model frivolously error corrects, as long as the proposed correction step
is still correct.

Also, by convention, error corrections are a subset of error recognition—in order to
correct an error, it must first declare that it has made a mistake. In practice, we never
observed the model doing an error correction without first outputting an error recognition
step.

Error Distributions

While we qualitatively designed the injector to mimic observed error types, it is crucial
to validate if the synthetic distribution accurately covers the on-policy error distribution.
Hence, we sought to quantify the alignment between the synthetic errors used during
training and the natural, on-policy errors made by the models.

258
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(a) Error coverage. (b) Distributional alignment.

Figure 6.4: Validation of synthetic error distribution alignment with on-policy errors.
(a) Error Coverage: The percentage of on-policy model errors that appear at least once
within n = 10,000 samples from our synthetic error injector. We achieve near-perfect
coverage (> 95%) across all models, indicating the injector correctly identifies the support
of the error distribution. (b) Distributional Alignment: The cumulative distribution of the
probability assigned by the synthetic injector to the exact on-policy error step (down and to
the right is better). For a given probability threshold p on the x-axis, the y-axis represents
what fraction of the 100 errors could be exactly matched with probability at most p. The
probability mass placed on exact matches (particularly for Qwen2.5 and gemma-3) indicates
that the synthetic distribution closely approximates the frequency of natural model errors.

We measured this alignment by estimating the probability of exact token-level match,
i.e. how often the synthetic error injector exactly replicates an FT error. First, we collected
100 reasoning traces from the FT model containing calculation errors on the multiplication
task. For each erroneous instance, we truncated the trace immediately prior to the first
incorrect step and sampled n = 10, 000 candidate erroneous steps from our synthetic error
injector. In comparison, during finetuning we trained the model on approximately 20, 000
incorrect steps.

Figure 6.4a illustrates the error coverage: the percentage of on-policy errors that ap-
peared at least once within the n synthetic samples. We observe near-perfect coverage
across all models: 95.3% for Qwen2.5, 99.0% for gemma-3, and 96.0% for Llama-3.2. This
indicates that the support of our synthetic distribution encompasses nearly all on-policy
error modes.

Further, Figure 6.4b demonstrates that our synthetic injector achieves distributional
alignment. We plot the empirical cumulative distribution function (CDF) of the probability
assigned to the exact on-policy error step among the 100 reasoning traces. In generative
tasks, the space of potential incorrect tokens is vast, making any significant probability

259



mass on an exact string match a strong indicator of alignment. We find that our injector
frequently assigns high probabilities to the model’s specific natural errors. For instance,
it assigns greater than 15% probability to the exact on-policy errors made by Qwen2.5
and gemma-3 in a large fraction of CoIs (70% for Qwen2.5 and 30% for gemma-3). Hence,
during training, the models frequently encounter the exact errors they are prone to making,
confirming the quality of the synthetic error distribution.

In Tables 6.2 and 6.3, we analyze the input FT error correction capabilities for Qwen2.5,
bucketed by the synthetic error categories. Perhaps unsurprisingly, we do not exactly
match the frequencies of error categories. More notably, the correction rates conditioned to
specific error buckets were significantly lower for FT errors. Indeed, manual inspection of
the FT errors revealed that they tended to be more subtle to catch and fix than synthetic
errors: the relative error of FT errors was on average an order of magnitude smaller.

6.4 Results

For evaluation, we measured accuracy and error correction/recognition rates using a fixed
set of 1000 randomly sampled problems. In all the figures below, we also report 1.96 - SE
error bars.

We hypothesized that the EIFT model would have better performance than the corre-
sponding FT model. In Figure 6.5 we see that this hypothesis is not strongly supported
by the empirical results. For multiplication, we see modest to no performance gains from
EIFT training. For Sudoku, we see more nontrivial gains of roughly 10% for Qwen2.5 and
Llama-3.2. However, gemma-3 shows no performance boost from EIFT training. The base-
line performance of the FT model varied drastically depending on the base model and
task. For example, Qwen2.5 performed quite well (FT performance: 92%) on multiplication,
but was not as strong on Sudoku. Conversely, L1lama-3.2 had very poor performance on
multiplication (FT performance: 2.0%), likely due to how L1lama-3.2 tokenizes numbers,
but had the best performance on Sudoku (FT performance: 52.2%). See Figure 6.11 for
some examples of failure modes of the EIFT model. Apart from the issue of tokenization,
we hypothesize that these fluctuations are due to the specific mid/post-training recipes for
these models, e.g., since Qwen2.5 is a specialized math model.

One plausible explanation for why the performance is not significantly boosted from
EIFT training is that the model does not actually reliably correct its own errors. Thus, we
turn to investigating the correction and recognition capabilities of the EIFT model.

In Figure 6.6 we see the EIFT model, despite having high error recognition rates for
the synthetic errors (Definition 6.3.4), suffers from a precipitous drop in correction and
recognition rates when prompted with on-policy errors generated by the FT model (Defini-
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Task performance with error-injection
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Figure 6.5: A comparison of model performance grouped by base model and task. We
report the mean accuracy measured on a fixed set of 1000 randomly generated problems,
and error bars are 1.96SE. The two labeled model types are (1) FT (Fine-Tuned) models
which are trained solely on golden CoTs or (2) EIFT (Error-Injection Fine-Tuned) on error-
injected Cols. One would expect the EIFT models to have higher accuracy than the FT
models. However, across the board, we see only modest (< 5%) performance gains for
multiplication. For Sudoku tasks the performance is boosted by roughly 10% for Qwen
and Llama, but none at all for Gemma.

tion 6.3.5). In all cases except for Qwen2.5 on multiplication, the FT error recognition rate
drastically plummets—e.g., 94% — 8% for Qwen2.5 on Sudoku, 83% — 20% for gemma-3
on multiplication. Furthermore, there is a nontrivial gap in correction and recognition
rates for FT errors. For Sudoku, this gap also exists for synthetic errors, suggesting that
error correction is somewhat nontrivial for this task. For Qwen on multiplication, even
though the model has better retention in error recognition (100% — 78%), it nevertheless
significantly drops in error correction (99% — 40%). Interestingly, in this setting the EIFT
model simply repeats the original error in 25% of the cases where it fails to correct from an
FT error; see Figure 6.11 for some examples.

Remark 6.4.1. To be thorough, we also evaluated the FT models, and as expected the FT
models did not possess error correction capabilities.

As mentioned in Section 6.3, we report our model evaluations using greedy sampling.
We investigate the effect of positive temperature sampling on error correction and recogni-
tion rates; one might expect that error correction (and to a lesser extent error recognition)
rates would be boosted by positive temperature sampling. In Figure 6.7 we test this hy-
pothesis for the multiplication task using T € {0.0,0.7, 1.0}, and observe that in general
the correction rates do not significantly change with positive temperature. In addition, we
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observe no significant change in the recognition rate for Quen2.5 and gemma-3. Interestingly,
Llama-3.2 benefits the most from positive temperature sampling for error recognition, but
remains unable to perform error correction. We conclude that our findings are relatively
robust to the exact sampling temperature.

Effects of noise source on error correction capabilities

Multiplication Sudoku
100% 9 96%
100% 1 o [ Correction 1 94% 94% iy
8% 83% Recogniti
3 ecognition
75% A T
*:—:‘ 54%
o 50%
Y 26%
20%
o597 20% | o
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% 8% +‘
. o N & .
ng}}’/( rzO//‘/ ,,('80, r‘é\/ r(‘&}//r C%) {:S}//{ noo‘/ tg}}//( rzO/// ,j}}w/ r%>
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Qwen2.5 Gemma3 Llama-3.2 Qwen2.5 Gemma3 Llama-3.2

Figure 6.6: Comparison of error correction capabilities for EIFT models based on the error
source and task. We report the mean correction and recognition rates measured on a fixed
set of 1000 randomly generated problems, and error bars are 1.96SE. We compare errors
that the EIFT model was trained to correct and recognize (Synthetic errors) versus errors
the FT model naturally produces (On-policy errors). The recognition rates (hatched) are
always larger than the correction rates (solid) as recognition is a superset of correction. The
error correction capabilities would ideally generalize beyond the exact error distribution
that the EIFT model is trained on. Aside from Qwen multiplication, we see that both
correction and recognition rates drop drastically across all settings and base models. In
general, there is a significant gap between error correction and error recognition in the
on-policy error settings. Furthermore, for Sudoku such a gap is present even for synthetic
errors.

6.5 Discussion

We have shown that, even in toy synthetic settings, synthetic error-injected SFT does not
recover the performance of online RL, in spite of having access to golden solutions and
perfect verifiers. Our results suggest that SFI-based approaches to error correction must
essentially match the on-policy distribution, or else inject significantly richer information
to condition the model to try different strategies.
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Temperature effects on error recognition & correction
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Figure 6.7: Temperature ablation for multiplication evaluation. We compare the correc-
tion and recognition rates for the exact same multiplication checkpoints, using different
temperature settings: T € {0.0,0.7, 1.0}. We find no significant change in the capabilities
across temperature settings for Qwen. For Gemma and Llama, we only see modest gains
in performance with positive temperature, but the gap between synthetic and on-policy
performance remains large (> 40% absolute difference).

Solver-Verifier gap. When we conducted our initial experiments for multiplication, we
were surprised that EIFT training did not significantly improve accuracy. One intuitive
explanation was that for multiplication, the difficulty of a model verifying or checking an
intermediate step is about as hard as doing it correctly in the first place. !

This led to designing the Sudoku task, which does have a more pronounced solver-
verifier gap. For any particular move, verifying is trivial by just checking the constraints,
whereas solving requires searching for the valid next step. Indeed, from Figure 6.5 we see
that EIFT training boosts Sudoku performance more than multiplication performance for
the Qwen2.5 and Llama-3.2 models. It would be interesting to study more systematically
the benefits of error injection as a function of the solver-verifier gap. Some examples of more
difficult solver-verifier gaps would be NP-hard search problems (such as general Sudoku
where the solution need not be naked singles), but these would likely require training
stronger base models than we could reasonably achieve given our compute limitations.

Interpreting error correction. We leave open the question of the precise mechanism
behind the model’s error recognition and correction capabilities. For example, it was
interesting that the model was able to recognize errors significantly more often than it
could correct them. Most notably, we almost always observed that in Col's where the model
recognizes but doesn’t correct, it just parrots the original incorrect step; see Figure 6.11 for an

ICertain heuristics can approximately check intermediate work in arithmetic, such as rules based on
modular arithmetic.
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example. Moreover, this phenomenon was replicated across different temperature settings,
suggesting that the model believes the most likely step is still the original (incorrect) step.

There are several different explanations for this type of behavior. One possibility is that
the model learns two circuits, one for computing the answer to an intermediate step, and
the other for verifying said answer. However, the model may not have learned how to use
the verifier output to alter its circuit to get the correct (or even different) answer. Under
this heuristic picture, it would be unsurprising that the model can rarely error correct. It
would be interesting to investigate this hypothesis and to develop other training recipes
that naturally “diversify” the strategies the model attempts towards solving the problem.

Error injectors and RL. One natural direction for further exploration is to generalize our
results beyond synthetic error injectors. We now discuss some obstacles we faced when we
tried to move in this direction.

The main issue one needs to overcome is the problem of efficiently generating EIFT
datasets. Fundamentally, the usability of an EIFT method is bottlenecked by efficient
verification, how accurate the error model is, and the availability of a golden solution. For
example, the most natural error model is to take an on-policy approach and only use the
model’s own errors. In this setting, the challenge then shifts to constructing an efficient
and accurate enough verifier (e.g. a well-trained process reward model). Since our method
is supposed to avoid doing RL in the first place, we did not pursue this direction further.

Another possibility is to prompt LLMs to scalably collect more on-policy errors. How-
ever, in early experiments, we found that it was somewhat difficult to steer the LLMs to
produce errors in a reliable way that was useful for EIFT training. For instance, the model
would often explicitly acknowledge its errors or make contrived errors.

These limitations could potentially be overcome by careful few-shot prompting. In
practice, the process of constructing and iterating on few-shot prompts starts to look awfully
similar to the construction of a synthetic error injector, especially if one wants to tune the
frequency of certain types of errors appearing. On the other hand, it is possible that in
more complicated reasoning scenarios, LLM based error injectors become the only scalable
way to model errors.
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6.6 Appendix: Training details

Each model was trained on a single GPU using bfloat16 mixed precision for 10000 steps
with a batch size of 4 and a max sequence length of 1024 (the typical prompt length
depended on the task). We used the AdamW optimizer with learning rate 2e-5, weight
decay 1e-2, and default hyperparameters otherwise.

In Figure 6.8 we present our ablation over the token-level weight for the correction and

backtrack steps.

Effect of correction weight () and backtrack weight (/3) on error recognition & correction

B =20
100% 100%
"

& 50%

0%

A=10 A=15 A=20
3 Correction Recognition

Figure 6.8: Sweep of correction weight A and backtrack weight g across {1.0, 1.5,2.0} X
{1.0, 1.5,2.0} for the tokens in the error correction step for Qwen2.5 on multiplication. The
error recognition and correction rates remain relatively consistent across the entire sweep.

6.7 Appendix: Col examples

Table 6.2: Error recognition and correction breakdown for the Qwen2.5 synthetic EIFT
model on 1000 synthetic errors. Note that there is some overlap in error categories; we
greedily classified in the order carry_error — _int_error_single_digit_close —

_int_error_single_digit — _int_error_two_digits — _int_error_10 —
_int_error_100.
Recognition Correction Correction

Input Error Type Frequency Rate Rate given Recognition
_int_error_10 0.002 1.000 1.000 1.000
_int_error_100 0.012 1.000 1.000 1.000
_int_error_single_digit 0.215 0.986 0.981 0.995
_int_error_single_digit_close 0.287 0.997 0.990 0.993
_int_error_two_digits 0.348 1.000 0.986 0.986
carry_error 0.136 0.993 0.985 0.993
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Int Error Two Digits Int Error Single Digit Carry Error

[Q: what is 3057 * 77887 Think step by step.J [Q: What is 8498 * 46547 Think step by step.] [Q: What is 4670 * 98627 Think step by step.]

7

EMultiply 8498 by 4 to get 33993,

Ah! T mac

Z

FMultiply 3057 by 7 to get 23499.

Z

Add 289540 + 3736000 to get 3925540.

Figure 6.9: Representative examples of synthetic errors for multiplication. The hatched
steps are the incorrect steps, and the highlighted recognition/correction steps are separately
labeled. See Section 6.3 for more details on what these types of errors entail.

Carry Error Carry Error Int Error Two Digit

—

[Q: What is 2464 * 86697 Think step by step.} Q: What is 2798 * 68947 Think step by stEP.] [Q: What is 6783 * 30067 Think step by step.]

.

Multiply 6783 by 6 to get 40708,

Add 22176 + 147840 to get 169016. Add 11192 + 251820 to get 262012.

N

7

i

Add 262012 + 2238400 to get 2490412.

Figure 6.10: Representative examples of FT errors for multiplication from Qwen2.5. The
hatched steps are the incorrect steps. See Section 6.3 for more details on what these types
of errors entail.
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Repeat Error Repeat Error Uncaught Error

—

Q: what is 6223 * 96387 Think step by Stép.J

Q: What is 6783 * 30067 Think step by step. ] [Q‘ What is 9567 * 17227 Think step by step. ]

Sma— ] _
EEEET [T (- recc o st )

Figure 6.11: Representative examples of EIFT self-correction failure modes from Qwen2.5.
The hatched steps are incorrect, and the highlighted recognition steps are labeled. In
the (Left) and (Center) panels we see instances where the EIFT model mimics its original
mistake after recognizing it. In the (Right) panel we see a failure to recognize a mistake,
along with a successful error correction near the end of the CoT.

Table 6.3: Error recognition and correction breakdown for the Qwen2.5 synthetic EIFT
model on 1000 FT errors. The classification order is the same as in Table 6.2.

Recognition Correction Correction
Input Error Type Frequency Rate Rate given Recognition
_int_error_10 0.042 1.000 0.429 0.429
_int_error_100 0.054 1.000 0.574 0.574
_int_error_single_digit_close 0.052 0.058 0.058 1.000
_int_error_two_digits 0.069 0.899 0.449 0.500
carry_error 0.733 0.810 0.465 0.574
unknown 0.050 0.780 0.420 0.538
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Solve this Sudoku: Place 3 at (0, 3) Place 3 at (1, 0) Place 2 at (0, 0) Place 4 at (0, 2) Place 4 at (1, 1) Place 1 at (1, 3)

1 1 3 1 3 2|1 3 2111413 2 (1143 21143
2 2 3 2 3 2 3 2 3142 314121
4 4 4 4 4 4 4
4 4 4 4 4 4 4
Place 1 at (2, 0) Place 2 at (3, 3) Place 3 at (2, 2) Place 3 at (3, 1) Place 2 at (2, 1) Place 1 at (3, 2)
2 (1|4 (3||2|1]4]|3 21|43 2143 21|43 2143
314121 314121 314121 31412|1 314121 31412 |1
1 4 1 4 1 314 1 3| 4 112314 112|314
4 4 2 4 2 413 2 413 2 41312
Solve this Sudoku:  Place 1 at (0, 1) Place 1 at (3, 2) Place 3 at (0, 0) Place 3 at (1, 2) Place 2 at (2, 1) Place 2 at (3, 3)
2 112 112 31112 31112 3112 31112
4 4 4 4 43 413 4 (3
2 P
4|3 413 4131 41311 41311 4131 413|112
Place 4 at (0, 3) Place 2 at (1, 0) Place 1 at (1, 3) Place 1 at (2, 0) Place 4 at (2, 2) Place 3 at (2, 3)
311124 311124 3111214 311124 311124 31112 |4
413 21413 214131 214131 214131 21413 |1
2 2 P 1|2 112(4 112413
41312 413|112 413|112 413|112 413112 413112
Solve this Sudoku: ~ Place 1 at (1, 1) Place 1 at (3, 0) Place 2 at (0, 0) Place 2 at (1, 2) Place 3 at (2, 0) Place 4 at (2, 1)
3 3 3 2|3 2|3 2|3 2|3
4 411 411 411 41112 41112 41112
3 3] 4
213 213 112(3 11213 112](3 11213 1]12(3
Place 4 at (3, 3) Place 1 at (0, 3) Place 3 at (1, 3) Place 1 at (2, 2) Place 4 at (0, 2) Place 2 at (2, 3)
2|3 2|3 1 2|3 1 2|3 1 213141 21314 |1
41112 41112 411123 4111213 4111213 4111213
3| 4 3] 4 3| 4 31411 31411 314112
1(2(3]4 112314 11234 112|314 1|2 4 112|314

Figure 6.12: Representative examples of golden chain-of-thoughts (CoTs) from the sudoku
task.
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