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Dense suspensions of particles dispersed in liquids are central
to industrial and geophysical processes and serve as model
systems for out-of-equilibrium soft matter. At high particle
concentrations, they exhibit stress-dependent rheology,
including discontinuous shear thickening and shear jamming,
arising from frictional contacts. Nonlinear physics arises from
the interplay among direct contacts, interfacial chemistry, and
fluid-mediated hydrodynamics. The relative importance of
these mechanisms depends on the particle properties and flow
conditions, making predictive modeling inherently multi-scale
and, therefore, computationally challenging. Recent advances
in computational methods have transformed our ability to
simulate the physics of dense suspensions across different
scales. In this perspective, we primarily focus on state-of-the-
art simulation frameworks that integrate the mechanics of dry
granular materials, mediated by contact friction, with suspen-
sion hydrodynamics to provide predictive models of dense
suspension rheology. We highlight recent computational de-
velopments for simulating dense, predominantly non-Brownian
suspensions in the viscous limit at varying levels of fidelity,
ranging from particle-resolved to continuum models, as well as
models that investigate their mesoscale organization during
flow. Together, these approaches reveal a hierarchical struc-
ture in which microscale constraints give rise to mesoscale
frictional networks that ultimately govern the macroscopic flow.
While our emphasis is on dense suspensions governed by
near-field hydrodynamics and frictional interactions, we also
briefly discuss complementary grid-based methods that can
account for complex geometries and particle properties, and
also enable continuum-scale descriptions.
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Introduction

Dense suspensions are prototypical complex fluids whose
flow behavior is challenging to predict yet is central to
industrial, geotechnical, and biological processes such as
cement transport, mudflow, and blood flow [1—3]. In the
quiescent state, for dense and confined suspensions,
particle motion exhibits pronounced hindrance and
anomalous diffusion. Under shear, they display non-linear
responses including large normal stresses, shear thick-
ening, shear jamming (SJ]), and vyielding [4,5]. Because
stress is shared between the fluid and particulate phases
and is highly sensitive to particle concentration and
evolving microstructure, predictive modeling remains
fundamentally challenging. Although these behaviors
have long been observed experimentally, their quantita-
tive description requires the consistent integration of
hydrodynamic interactions, contact mechanics, and
multi-scale modeling strategies (Figure 1).

For classification purposes, we distinguish the suspen-
sion classes based on particle volume fraction ¢ and
characteristic particle size ¢ (Figure 2). In the dilute
regime, long-range hydrodynamic interactions domi-
nate. In the semi-dilute regime, near-field lubrication
interactions become important, although persistent
contacts remain infrequent. In the dense regime, which
is the focus of this perspective, short-range interactions
and near-contact physics govern stress transmission, as
the mean interparticle separations become much
smaller than the particle size [4,5]. Suspensions can also
be distinguished by particle size ¢, where dimensionless
numbers are helpful: the Reynolds number, Re =
pfazq’//no, and the Stokes number, Sz = ppazﬁf/no,
which compare fluid and particle inertia, respectively, to
viscous stresses. We focus on the viscous limit with
Re < 1 and 87 <« 1. The Péclet number, Pe =
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Multi-scale nature of suspension flow: The channel flow through a contraction offers a paradigmatic example Role of the constitutive equation in
macro-scale continuum description of dense suspensions. The constitutive equation is governed by colloidal dynamics, which are in turn governed by
the following forces and constraints at play: attraction—repulsion interactions, near-field hydrodynamics, Brownian motion, rolling and sliding friction

constraints, and force chain networks.

6mnoa’y/kpT, quantifies the relative importance of
shear to Brownian motion: Pr < 1 corresponds to
colloidal suspensions, while Pe >> 1 characterizes
athermal non-colloidal systems. Granular suspensions
may also involve gravitational and inertial effects.

The experimental characterization of suspensions in the
dense limit is intrinsically challenging. Wall slip, shear-
induced migration, free-surface instabilities, and
sample ejection complicate measurements and obscure
the internal stress state [1]. Simultaneous access to
shear stress, particle pressure, and normal stress differ-
ences remains limited under strongly non-Newtonian
conditions, and resolving particle-scale dynamics and
contact organization in situ is challenging.

Therefore, computational simulations provide an essential
complementary approach to experimental studies. By
resolving particle motion under controlled conditions,
simulations connect bulk rheology to particle-scale dy-
namics and evolving microstructure while enabling sys-
tematic variations in the interaction laws and loading
conditions. In the dense regime, where lubrication, con-
tact, and frictional interactions compete, particle-resolved
computational frameworks have become indispensable for
linking microscopic physics to emergent rheology.

In this perspective, we synthesize recent advances in
modeling approaches for suspension rheology, with a pri-
mary focus on dense, predominantly non-Brownian sus-
pensions in the viscous (low-Reynolds-number) limit. In
this regime, nearly similar-sized particles dispersed in a
Newtonian solvent interact through hydrodynamic,

conservative, and contact forces, which together govern
the rheological response. As a perspective, our goal is not
to provide an exhaustive review of all suspension classes or
modeling approaches. Instead, we emphasize a physically
grounded framework in which microscale interactions
give rise to constraints, constraints organize mesoscale
frictional-contact networks, and these networks govern
macroscopic flow behavior. Where appropriate, we briefly
discuss extensions beyond this regime, including effects
of particle inertia, non-spherical particles, confinement,
and solvent complexity, as well as continuum—particle
coupling approaches, to provide broader context and
highlight emerging directions.

A rapid overview of methods

Modeling the hydrodynamic interactions between
suspended particles and coupling them consistently
with other relevant interactions, such as colloidal, con-
tact, and conservative forces, is often the most chal-
lenging aspect of suspension simulations. This difficulty
is further exemplified by the long-range nature of
solvent-mediated interactions. In general, simulation
approaches can be classified into implicit- and explicit-
solvent methods, depending on the representation of
the fluid phase.

Implicit solvent models

In implicit-solvent models, the effect of the surrounding
fluid is incorporated through effective hydrodynamic
forces acting between particles. In mesoscale systems,
additional stochastic forces are included to represent
the thermal fluctuations. These approaches are typically
derived from a continuum description of the solvent. In
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Definitions of flow regimes Top: Regimes defined based on patrticle
size a: At the smallest length scale, Brownian motion and hydrodynamics
dominate, while gravity and friction govern the physics in the granular
regime; both friction and hydrodynamics are crucial for the non-colloidal
suspensions, and particle inertia can be ignored. Bottom: Flow regimes
based on scaled particle concentration in rheology of colloidal and non-
colloidal suspensions: From the dilute (yellow shading) to semi-dilute
(blue) and dense (red) limits based on the relative importance of in-
teractions; full long-ranged hydrodynamic interactions are crucial in dilute
limit; near-field lubrication interactions are important in the semi-dilute
limit; frictional contact interactions dominate the physics in the dense
limit. The bottom panel is adapted from Ref. [6].

the low-Re regime, the linearity of the Stokes equations
allows hydrodynamic forces and torques to be linearly
related to the particle velocities through a resistance or
mobility tensor. Therefore, much of the development of
implicit solvent methods has focused on constructing
accurate and computationally tractable approximations
of this tensor. Analytic representations are typically
limited to simple solvent properties and particles with
high shape symmetry, such as spheres with moderate
size dispersity [7,8]. Consequently, the applicability of

Perspective on dense suspension simulations Ayar et al. 3

implicit methods is restricted when modeling more
complex suspensions encountered in practice. Addi-
tional challenges arise from the numerical treatment of
the mobility tensor, particularly in schemes that require
evaluation of its divergence to maintain consistency
with the fluctuation-dissipation theorem. These chal-
lenges are further exacerbated in dense suspensions,
where particle contacts dominate.

Continuum-particle coupling approaches

A related class of methods couples particle dynamics to a
continuum fluid solver, using the finite-volume or
lattice-Boltzmann method, in which the solvent equa-
tions are solved on a grid and momentum is exchanged
between the Eulerian fluid and Lagrangian particles.
Immersed boundary (IB) [9—11], lattice-Boltzmann
(LB) [12—14], and fictitious domain (FD) [15,16]
methods represent approaches in which a particle’s
surface, and therefore volume, is adequately resolved to
impose boundary conditions. The distinction among
these approaches lies in the imposition of the fluid-
particle boundary conditions. Unresolved approaches
belonging to this class of computational methods
include the Computational Fluid Dynamics—Discrete
Element Method (CFD—DEM) methodology, which
relies on closure relations for fluid-particle coupling. All
these approaches offer flexibility in handling complex
particle shapes, size distributions, and boundary condi-
tions. However, incorporating dense suspension
rheology and accurately resolving near-contact in-
teractions remains an active area of research [17,18].

Explicit solvent models

In explicit solvent models, the fluid is represented as a
collection of interacting particles whose collective dy-
namics gives rise to hydrodynamic behavior. Popular ex-
amples include dissipative particle dynamics [19,20] and
multi-particle collision dynamics [21,22]. These methods
are attractive for their relative ease of implementation and
ability to handle complex geometries and particle shapes.
Similarly, accurately reproducing incompressible-solvent
behavior and achieving realistic transport coefficients,
particularly  at  large  Schmidt  numbers, re-
mains challenging.

The selection of a particular method depends on the
application, as each method class involves a trade-off
between physical fidelity, computational cost, and
applicability to the dense suspensions. In the remainder
of this perspective, we focus primarily on implicit-
solvent, particle-based approaches that are most
commonly used to probe the rheology and microstruc-
ture of dense suspensions.

Simulation frameworks for suspensions
The simulation of suspensions has traditionally been
approached from a fluid-mechanics perspective, in

www.sciencedirect.com
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which the particle motion is governed by hydrodynamic
interactions among all particles, mediated by the viscous
fluid (solvent). Although this provides a natural starting
point for describing suspension mechanics, recent dis-
coveries have shown that it becomes insufficient in the
dense limit, thereby motivating the development of new
physics. In this section, we first discuss the fluid-
mechanical framework for suspensions, followed by the
latest developments in near-contact physics that are
required for the accurate modeling of highly
dense suspensions.

In any particle-based system, the particle motion is
governed by the balance of hydrodynamic, contact, and
other interparticle forces and torques, which can be
written schematically as

d (U F,
vila)-2(%) o

where U and Q are the translational and rotational veloc-
ities, Fy and Ty denote the forces and torques, respectively,
and M is the mass and moment-of-inertia matrix. In sus-
pensions, the bulk stress (excluding the isotropic fluid
pressure) consists of a solvent contribution associated with
the imposed rate-of-strain tensor E” and a particle
contribution arising from interparticle interactions, which
can be expressed as

T = 2noE” + 2, 3P = s 4 30 zeoms (2
where the particle stress includes hydrodynamic, contact,
and conservative contributions, each obtained from volume-
averaged stresslets, 24 = 1 S°8% where a € {H, C, cons}.

From X, standard rheological observables can be
defined: shear stress 0,, = ZXpz, particle pressure
II = —(Z11 + =22 + =33)/3, and normal stress differ-
ences Ny = 2y — 222 and NZ =2y — Z33. The relative
viscosity is 1, = 0dy/(19Y), where indices 1, 2, and 3
denote the flow, gradient, and vorticity di-
rections, respectively.

Stokesian dynamics

For typical particle sizes of colloidal and non-colloidal
suspensions, both liquid and particle inertia are negli-
gible, i.e., $# = 0. In the overdamped limit, hydrody-
namic interactions between particles arise from the
disturbance flows generated by their motion in a viscous
solvent. These interactions are long-ranged and many-
body in nature, and they decay slowly with increasing
interparticle separation. The Stokesian dynamics (SD)
modeling framework was developed to systematically
capture these effects by exploiting the linearity of the
Stokes equation and relating particle velocities to hy-
drodynamic forces and torques via a grand resistance (or
mobility) matrix [7,23]. Given $7 = 0, the equation of
motion (Eq [1]) reduces to:

_ H(U-U” Fon
o_R(g_Qm)Jr(TnH), 3)

where X denotes the particle positions, R is the hydrody-
namic resistance matrix, U* and Q% denote the imposed
background flow, and F,;; and T, represent all non-
hydrodynamic forces and torques acting on the particles,
respectively. The resistance matrix incorporates both far-
field hydrodynamic interactions, which are typically
represented through multipole expansions, and near-field
lubrication forces obtained from asymptotic two-body so-
lutions [24,25]. SD has been remarkably successful in
describing the microstructure and rheology of dilute and
semi-dilute suspensions by accurately modeling key sus-
pension physics such as shear thinning and weak shear
thickening associated with the so-called ‘hydroclusters’,
which are transient particle aggregates held together by
dissipative lubrication forces [23].

Computational advances within hydrodynamic
frameworks

The long-ranged nature of hydrodynamic interactions
and the resistance matrices used in SD makes these
interactions computationally expensive to compute.
This involves the calculation of the O(N?) far-field
mobility matrix and the inversion of the matrix
O(N?). Accelerated Stokesian dynamics (ASD) and
related Ewald-based approaches reduce the computa-
tional cost of far-field hydrodynamics to O(Nlog V),
allowing the simulation of significantly larger systems
while retaining accurate near-field lubrication forces
[26]. This is achieved by resolving long-range in-
teractions by calculating the Ewald-summed wave-space
contribution as a Fourier-transform sum and by inverting
the now-sparse resistance matrix iteratively [26], which
at the time enabled to simulate the short-time self-
diffusion coefficient with ©@(10%) particles. More recent
formulations, such as Fast Stokesian dynamics (FSD),
recast the hydrodynamic problem to avoid the explicit
construction and inversion of resistance matrices, thus
extending the accessible system sizes [27]. FSD avoids
explicit inversion of the hydrodynamic operators, dras-
tically reducing the computation to O(N'), whereas a
graphics-processing-unit enabled version of the FSD
code simulated O(10%) particle system. These compu-
tational advances, such as graphics processing units
enabled Verlet list approaches [28], have reduced
computational costs and enabled large-scale simulations
of suspensions within hydrodynamic-only frameworks.

Lubrication breakdown and near-contact physics

For two smooth hard spheres, the normal lubrication
resistance diverges as Flub~%, where / is the surface
separation [24,25]. As such, in a purely continuum
description of suspensions, such a divergence implies
that perfectly smooth particles should never touch or
make contact. In their seminal paper, Melrose and Ball

Current Opinion in Colloid & Interface Science 2026, 84:102042
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demonstrated [29] that this leads to unphysical behavior
as particle surfaces reach separations far below molec-
ular or asperity length scales. For example, these models
predict unphysical pathological jamming at volume
fractions well below the experimentally observed jam-
ming conditions or even random close packing (RCP
=0.64) [30]. This observation implies lubrication
breakdown, which can allow the formation of frictional
contacts, an effect that is especially relevant under
dense conditions, as discussed next.

Near-hard-sphere viewpoint and missing physics

A consensus that has emerged in the last decade is that
real particles are not perfectly smooth hard spheres; they
exhibit surface roughness, finite compliance, and short-
range surface forces that are dominant at separations
much smaller than the particle radius 2 = 10"« [4,31].
The near-hard-sphere (NHS) modeling framework in-
corporates this by allowing lubrication interactions to be
regularized at small separations, leading to contact fric-
tion upon physical contact between particles [31].
Recent simulations have extensively demonstrated that
by incorporating lubrication breakdown and contact
friction, both discontinuous shear thickening (DST) and
SJ can be successfully reproduced with near-quantitative
accuracy [1,8,34—36].

Few studies have examined whether shear thickening in
dense suspensions can be captured within modified
hydrodynamic frameworks without explicitly intro-
ducing new contact physics. Jamali and Brady [37]
modeled surface roughness by resolving discrete asper-
ities using dissipative particle dynamics, demonstrating
that lubrication interactions between asperities can
dominate energy dissipation at very small separations
and give rise to the DST. In a related study [38], it was
shown that enhancing the tangential divergence of
lubrication resistance, using parameters related to
asperity geometry, can also reproduce DST within a
hydrodynamic description. Although successful in
reproducing DST, SJ remains a challenge for such hy-
drodynamic treatments, given that fluid-mediated
forces vanish in the limit of zero shear rate.

Taken together, these observations motivate the
NHS framework, in which particles interact through
lubrication forces together with short-
range conservative and contact interactions that become
relevant at small surface separations, thus providing a
minimal description of dense suspension
rheology [5,31,34].

Integrating hydrodynamics with contact friction in
dense suspensions

Following Melrose and Ball [29], hydrodynamic in-
teractions are typically restricted to single-particle
Stokes drag and pairwise lubrication forces, which

Perspective on dense suspension simulations Ayar et al. 5

dominate dissipation in the crowded environments.
Once the particles approach a small cutoff separation
h < 107341, a distance that mimics the small asperities on
the surface of the particle, the lubrication forces are
regularized (Fiyp Nﬁ)’ allowing frictional contacts
between the particles. Thus, Stokes flow (Eq [3]) can
be rewritten as

— —

— — [ — —
0 = FH(XvU)+FC(X)+Fc0ns(X)7 4)

— — — .
where Fy, Fg, and Fons denote the hydrodynamic
(including  lubrication), contact, and conservative
forces, respectively.

Contacts are modeled using granular physics, following
the discrete element method (DEM) originally intro-
duced by Cundall and Strack [39]. When two particles
come into contact, i.e., overlap o) > (), a normal con-
tact force F(pl/n) = ,é,,é(’/)n,-/- is introduced along their line
of centers. Here, £, is the normal spring stiffness and n;;
is the unit vector connecting the particle centers.
Tangential contact forces are modeled through an elastic
spring that accumulates tangential displacement as
F(l/t = k&; with £, and §; being tangential spring
stiffness and the spring stretch, respectively. These
forces are subjected to the Coulomb friction criterion
|Fp’/t>| < ,u|F(pl/r3| In real-world suspensions with adhe-
sive surface chemistries, the particles are often rough,
with asperities, and have faceted shapes, which lead to
additional friction (constraints on relative motion), i.e.,
rolling and twisting modes [34,40]. In the dry granular
literature, it has long been recognized that contacts
between non-spherical shapes can be modeled using
spherically symmetric shapes with additional con-
straints, and thus, torques [41].

This framework can be extended to regimes with
small but finite particle inertia, allowing a unified
treatment of viscous and inertial contributions within
the same numerical approach [35,42]. In this case,
inertia enters as an additional time scale without
altering the underlying role of the near-contact in-
teractions and frictional contacts. Although the
simplest implementations assume a constant inter-
particle friction, recent studies have shown that u can
depend on the history of deformation or contact load,
reflecting the elastic and plastic deformation of the
surface  asperities [43—45]. Incorporating such
deformation-dependent friction laws provides a more
realistic description of particle contacts, particularly at
high stresses, and remains an active research topic.

Together, these developments establish particle-based
simulations that explicitly resolve near-contact in-
teractions and frictional forces as the minimal frame-
work for understanding the physics of dense suspension
flow beyond purely hydrodynamic descriptions.

www.sciencedirect.com
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Connecting jamming and partlcle features. Left: Different types of constraints on relative particle motion: Hard sphere, frictionless {us, u} = {0, 0}
having isostatic condition Z{ = 2d in d - dimension leading to ¢f, =~0.65 in 3-d; infinite sliding friction {us, 1} = {o, 0} having isostatic condition
i{;,o =d+lind - dlmen3|on leading to ¢J0 0} ~0.57 in 3- d; infinite sliding and rolling frictions {us, u,} = {0, ®} having isostatic condition
Zi{zo"”} = d(d+1)/(2d —1) in d — dimension leading to qb{ 0} ~0.365 in 3-d. Middle: Jammmg phasezd/agram Jamming volume fraction ¢{“s’“’}
extracted by fitting 7, in the lubricated and frictional states to the functional form 5, = (1 — ¢/¢} L} ) plotted as a function of y, for several values of

Us. Right: Control knobs of jamming by tuning particle properties: (top) particle shape (middle) roughness, and (bottom) interfacial chemistry. The

middle panel is adapted from Ref. [46].

Friction, constraints, and a minimal
framework for the rheology of dense
suspensions

Once frictional contacts form between particles in dense
suspensions, the central question shifts from how these
interactions are modeled to how they reorganize stress
transmission and affect flow, which we discuss below.

Constitutive expectations for dense suspensions
Dense suspensions are commonly studied under simple
steady shear, either at a fixed volume fraction ¢ or par-
ticle pressure II [6,47]. In a volume-controlled geome-
try, steady-state stresses take the form

oy = oY n:(8),  IL = ng¥ n,(e), )
where 7 is the suspending-fluid viscosity and 7; and 7, are
the shear and normal viscosities that diverge as ¢ ap-
proaches the jamming volume fraction ¢, [47].

In a pressure-controlled geometry, the rheology is
conveniently expressed in terms of the viscous number
J=mny7v/I1, as follows:

= u(/), ¢ = ¢(J), (6)

with ¢ — ¢yand u — u.asJ — 0 [47,48]. Here, the
macroscopic friction coefficient 4 = 0,,/II and volume
fraction ¢ are the order parameters. These constitutive
forms closely parallel dry granular rheology, highlighting
the central role of particle contacts in dense suspensions

[5,47]. However, they do not predict any rate depen-
dence, which is striking: simulations  with
hydrodynamic-only and those that combine hydrody-
namics with contact friction both produce steady states
that are invariant under rescaling of the imposed shear
rate [5]. This is counterintuitive, as particles of different
shapes, sizes, and chemistries dispersed in different
fluids exhibit DST (see the review [1] and the refer-
ences therein).

Introducing a force scale: Stress-activated frictional
contacts

Hydrodynamics and friction alone are insufficient to
produce a rate-dependent steady-state rheology. Thus,
to obtain shear thickening, an additional physical
ingredient, a force scale, must be introduced to establish
the transition from lubricated (hydrodynamic) in-
teractions to direct frictional contact.

In colloidal suspensions, Brownian motion provides this
force scale. The colloidal force Fp ~ £pT/a, competes
with the imposed flow: at low Pe, the colloidal forces
maintain particle separation, and the suspension re-
mains in a lubricated state; at high Pe, the particle
contacts become frictional [1,37,49].

However, for non-colloidal suspensions, no intrinsic
force scale exists. This implies that shear thickening
arises from forces that protect the particle surfaces at low
stress. It can be numerically implemented in two ways:

Current Opinion in Colloid & Interface Science 2026, 84:102042
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Connecting interparticle forces with rheology. Representative shear-
thickening response of a dense suspension, showing relative viscosity 7,
as a function of dimensionless shear stress a/0,. The background
shading indicates the dominant force scale at a given stress: hydrody-
namic and conservative interactions (low-to-intermediate stress) and
frictional contact forces (high stress). Different symbols denote simulation
models incorporating hydrodynamics and friction with varying conserva-
tive interactions. Circles (black solid line) correspond to the critical load
model (CLM). Squares represent electrostatic repulsion, with darker
shades indicating increasing Debye length «~". Triangles denote simu-
lations including both repulsive and attractive forces, with darker shades
corresponding to a larger Hamaker constant A.

(i) the electrostatic repulsion model (ERM) and (ii) the
critical load model (CLM).

FElectrostatic repulsion model (ERM): The ERM originates
from electrostatic double layers, steric stabilization, or
other interfacial chemistry, and is often used for non-
colloidal suspensions to prevent aggregation [50]. For
two particles or radii #; and ;, it is modeled as

) = { Foaia; [ (a; + ap)exp(—«kh)n;

if 404) >0
Foaia; [ (a; + a;)n;;

: otherwise

(7)

where k! is the Debye length.

Critical load model (CL.M): The so-called CLM is a min-
imal model that provides additional scaling for stress-
dependence. In this model, a critical normal force Fj
is required to activate a frictional contact between two
particles. When the normal force £, is smaller than the
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Fy, the particle interactions are frictionless, beyond
which finite friction u becomes active.

—iy —siy
M('FC,ﬂarm| - FCL) : |F0,m)rm| > Fer,

—iy
|FC,mn| < .
0 : otherwise

(8)

Both models introduce a characteristic force scale F,
which sets a corresponding stress scale gy ~ Fold®. The
particles remain separated by lubrication films when @
< 0, 1.e., the rheology is frictionless. For a/ay > 1,
almost all contacts are frictional, thus, the rheology is
frictional. The two limits /0y < 1 and /gy > 1 are
still quasi-Newtonian: the flow is rate-independent with
finite normal stress differences [5].

From friction to constraints—a minimal framework for
dense suspension rheology

Once stress-activated frictional contacts are allowed, the
central question becomes how these wanoscopic in-
teractions or particle scale features, such as roughness,
shape, and surface chemistry, give rise to macroscopic
rheology. A useful and unifying perspective is to view
friction as constraints on relative particle motion
[34,40,46] that restrict specific degrees of freedom
(DOFs), thus reducing the available DOFs. Mechanical
stability follows from a balance between constraints and
force and torque balance conditions. Maxwell—type
counting arguments define the isostatic coordination
number Zjs,, which determines the jamming volume
fraction for each type of constraint [51,52].

In a 4 — dimensional system, for frictionless particles,
only normal forces are transmitted, and the torque bal-
ance is tr1v1ally satisfied, leading to Zj,, = 24 and
¢J ~0.64 in 34. Constraining the sliding motion re-
duces the isostatic condition to Zjs, = & + 1, shifting to
¢§”‘7w’”’ )~0 57 in 34 [33—35,53]. However, an
addmonal rolling constramt further  reduces

o = d(d + 1)](2d — 1) and ¢~ =*=%) =0.365 in 34
[04]. Dense suspensions [34] or, in general, jamming of
particulate systems can be understood in terms of
constraint-dependent (b}”‘””"}. the premise of the
approach being that the loss in DOFs is more important
than the exact physics/chemistry that leads to it (Ref.
Figure 3).

The connection between jamming and particle proper-
ties is summarized in Figure 3. In this framework, the
jamming point (/5{”““"} is extracted by fitting the steady-
state viscosity in the lubricated and frlctlonal();tates to
the functional form 7, = (1 —¢/¢; s “’}) , where
most studies assume a& ~ 2 [33,54,53], however, the
exponents are also reported to depend on particle
properties [53].
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Stress-activated constraints and shear thickening
The stress-dependent activation of constraints naturally
leads to shear thickening. As the shear stress increases
beyond 0, the constraints are activated, reducing the
effective jamming volume fraction ¢Jﬂ““" at a fixed ¢.
The stress-activated constraint picture provides a min-
imal constitutive framework for shear thickening in
dense suspensions. In the Wyart—Cates framework [56],
the fraction of frictional contacts f(0) is a stress-activated
order parameter. Based on this, the effective jamming
volume fraction can be expressed as

bu(0) = $V (@) + 9 —F()], )
where ¢.(/070) and qﬁ_(,““”’) are the jamming volume fractions
for the unconstrained and constrained states, respectively.

The common functional form for f(o) is:

f(o) = exp(—0ap/0). (10)

Thus, the relative viscosity can be expressed as the
distance from the stress-dependent jamming point
as follows:

n~(1 = ¢/$,(a) % (11)

Similar expressions can also be written for the normal
stresses and particle pressure [33,36]. This framework
unifies the continuous shear thickening (CST), DST,
and SJ in terms of stress-activated friction/constraints.
CST is observed for ¢<<¢§“S’“r), which becomes stronger

Figure 5

as ¢ increases. At a critical volume fraction ¢, <q5(“““f)
DST is observed, whereas SJ occurs at high stresses
for ¢ > ¢ (koobtr)

Beyond stress-activated friction — realistic steady-
state rheology

Experimentally observed flow curves often exhibit shear
thinning and yield stresses preceding shear thickening,
implying the need for additional interparticle in-
teractions. In simulations, this is captured by the in-
clusion of short-range repulsive or attractive forces in
the force balance, as follows:

—

0 = Fu(X,U) + Fo(X) + Feons(X), (12)
where Foons = Fg + Fy, where Fg and F are the repulsive
and attractive forces, respectively. The attractive force is
often modeled as a van der Waals form Fy; =
Aa/12(h* +A), where Z is the harmonic mean radius, 4 is
the Hamaker constant and A is used to avoid the singularity
(so the contacts are allowed) [44,57—60]. Attraction arising
from van der Waals forces or depletion effects can lead to
strong shear thinning and even a finite yield stress
[57—60]. In these cases, the suspension is an unyielded
soft solid for ¢ < g, and it shear-thins from infinite vis-
cosity and shear-thickens at even higher stresses. At higher
attraction strength, the attractive interactions can even-
tually obscure shear-thickening behavior [57—59,61]
(see Figure 4)

Several mean-field models have been proposed to cap-
ture this physics: (i) the combination of
Herschel—Bulkley with the WC model [57], and (ii) a
more physics-based model of stress-released adhesive

Frictional Contact

Constraints
Network

N

O

sliding constraint only

" 0O0®

o
Ge

sliding and rolling
constraints

Mechanical Stability

: - Force Chains
_ Other load-
bearing particles
O L Rattlers
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From microscopic constraints to mesoscale frictional contact network Top: Sliding constraints only: Considering sliding constraints only leads to a
highly branched frictional contact network (FCN), with particles having local frictional coordination number Z'°°a' > 3 (green colored) dominating, with a
few particles with Z'°°a'<2 and a minimal (yet finite) numbers of rattlers (ZIocal = 0). Strong force chains in the primary (compressive) axis need
orthogonal support to maintain mechanical stability. Bottom: Sliding and rollmg constraints: A suspension in which particles interact with both sliding and
rolling constraints can exhibit a similar rheology (viscosity 7,) but a very distinct FCN. The FCN is primarily composed of particles with (Z'°Cal <2)anda
very few particles with (Z'°°a' > 3), and is composed of many rattlers. The mechanical stability for particles interacting with both slldlng and rolling
constraints does not require orthogonal support. The figure is adapted from Ref. [74].
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constraints [62,63]. The latter picture considers adhe-
sive interactions that constrain relative rotational
motion and are released as the stress increases. Thus,
stress-released constraints lead to yielding and shear-
thinning, whereas stress-activated constraints lead to
shear thickening. Adding the two together leads to the
picture described above.

Role of inertia

The discussion above assumes Stokes flow. When par-
ticle inertia becomes finite, the rheology depends on the
Stokes number 7, and the system crosses over to an
inertial regime [35,64—66]. A minimal representation is
as follows:

S~ (¢ — )Y+ (o7 — 0)°7. (13)

This framework attempts to integrate both viscous and
inertial suspension physics, though it is important to
note that the majority of experimental literature on
shear thickening is in the viscous regime with 7,
Rey, <1 [67,68].

A note on model parameters

Even though these simulation frameworks have semi-
quantitatively reproduced experimentally observed
steady-state rheology in the dense limit, several imple-
mentation choices require careful consideration:

e Near-hard-sphere limit: As mentioned, a finite con-
tact overlap (or compliance) is required to generate
large-scale structures, i.e., perfectly rigid particles, or
the strict rigid limit, cannot reproduce features such
as DST, as shown by Ref. [69]. Finite stiffness is
essentially a numerical choice, with the maximum
overlap decreasing with #£,. Previous simulation
studies have shown that a maximum dimensionless
overlap of approximately 2—3% of the particle radius is
generally sufficient to reproduce behavior consistent
with experiments [32—34,53]. Together with the
normal stiffness, the tangential and rolling stiffnesses,
#; and #,, also require care to ensure that the spring
stretches remain small compared to the particle size.
Although no universal choice exists, commonly used
ratios include #£/#, = 2/7 [64] or 1/2 [33,34,53].

e Lubrication regularization and friction: Following the
NHS idea, lubrication interactions need to be regu-
larized, i.e., (Fiup ~/ﬁ). The choice of A requires
care, as it effectively represents particle asperities or
unresolved surface roughness, and typical values of A
~ 1072 - 103 are commonly employed. The volume
fractions for DST and S] are directly related to the
friction coefficients {y, i, }. The families of friction
coefficients {u, u,} = {1, 0}, {0.5, 0.07} have been
shown to reproduce rheological trends that are semi-
quantitatively consistent with experiments, although
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these friction values are somewhat larger than the
experimentally measured ones.

e Stokes number: SD [7] or related simulations inte-
grating lubrication with contact friction simulate
overdamped dynamics. These methods involve
inversion of the hydrodynamic resistance matrix,
which is numerically expensive. Other related
methods that simulate small (but finite) Stokes
numbers avoid explicit matrix inversion and instead
use analytical expressions for pairwise lubrication in-
teractions (see Refs. [35,42,64,70,71]). Finally, these
studies generally suggest that relatively small Stokes
numbers, (87 ~(9(1()72)), are sufficient for inertial
effects to remain negligible.

Recent developments: Beyond mean-field
description

The mean-field models discussed so far, by construc-
tion, consider the globally averaged rheological
description in terms of globally averaged order parame-
ters, such as the mean frictional coordination number Z
or the fraction of frictional contacts f(0) (see review
articles [1,4,5,8]). However, by definition, they provide
little insight into stress heterogeneity, contact and force
networks, and fluctuations in the rheological responses,
often associated with features of a critical point in
theoretical physics.

Network science insights into dense suspension
rheology

Insights from disordered particulate systems [52,72,73]
have long suggested that mechanical stability and jam-
ming are controlled by the emergence of system-
spanning force chains and their organization under
load. Here, we provide a brief overview of the recent
progress along these lines (see Figure 5).

This shifts the focus from traditional structural de-
scriptors in real (grain) space, such as g(r) or S(g), to
frictional contact or force network space [5,53]. At low
stress, the frictional contact network (FCN) is not
present. As @ approaches 0, sparse frictional contacts
are formed primarily along the compressive direction. At
higher stress, contacts also develop in orthogonal di-
rections, stabilizing force transmission and giving rise to
looped and branched network structures that closely
resemble the force-chain organization in dry granular
systems [72,75].

Gameiro et al. [76] showed that the persistence of
looped structures in the FCN is correlated with the
viscosity in two- and three-dimensional systems, over a
range of packing fractions and applied stresses. Much of
this understanding, particularly of network topology, has
been developed using two-dimensional simulations.
Under simple shear, structural variations are primarily
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confined to the flow and velocity-gradient directions,
motivating the use of two-dimensional simulations.
Consequently, much of the current understanding of

FCN topology has been developed within
this framework.
From a network- and graph-theoretic standpoint,

particular attention has been given to loops as simple
motifs in the FCN. Of particular importance are third-
order loops, whose emergence has been linked to frus-
trated particle rotation and enhanced constraint [77].
Recent computational studies suggest that 7, can
collapse onto a master curve when plotted against the
number of third-order loops 73 across a wide parameter
space of (¢, g, ;) [78]. These observations suggest that
the FCN can serve as an important mesoscale descriptor of
macroscale theology, including DST and SJ. Using the
pebble-game algorithm, Naald et al. [79] analyzed the
locally ‘minimally’ rigid clusters that are formed as the
suspension is sheared. Nearly system-spanning rigid
clusters were found in the vicinity of jamming; however,
the onset of rigidity ¢z was found to be close to, and yet
distant from ¢pgr (packing fraction corresponding
to DST).

Further studies suggest that the bulk rigidity stems from
the local rigidity of FCNs [80]. CSTand DST have also
been shown to be distinguished based on the degree of
constraint and rigidity at the cluster level [81]. Collec-
tively, these results suggest that the emergence of ri-
gidity may play an important role in the onset of SJ.
However, the effect of many parameters, such as finite
particle softness, system size, and protocol dependence,
remains unexplored.

More recent studies have further generalized the
network picture by explicitly accounting for different
types of constraints, including sliding-only or sliding-
and-rolling [74]. Sliding-only systems exhibit highly
branched networks that require orthogonal support for
stability, as proposed by Cates ¢z /. [72]. However, with
rolling constraints, stability can be achieved through
long self-supporting chains, even with a large fraction of
rattlers. These results suggest that the network orga-
nization and mechanical stability depend not only on the
number of contacts but also on the #ype of constraints.
These findings are consistent with experimental work
by Hsiao and coworkers, who experimentally reported
that the contact network is strongly affected by particle
roughness [82].

In 3D, network-based measures of rigidity are less well
established, and few structural descriptors have been
investigated. Three-dimensional analysis of FCNs using
#-core decompositions, in which A-core clusters are
defined by particles with at least # frictional contacts,
suggests that simple contact percolation occurs in both
CSTand DST [83]. Examining subnetworks of particles

with fixed numbers of frictional contacts indicates that
the percolation of particles with four frictional contacts
coincides with the onset of the DST and is accompanied
by large stress fluctuations that exhibit signatures of
critical scaling [71].

Network-based analysis has emerged as a promising, still-
evolving framework for understanding dense suspension
rheology. These approaches suggest that rheological
transitions, from DST to S], are closely linked to the
reorganization of FCNs, providing a mesoscale perspec-
tive that complements traditional constitutive de-
scriptions. It is now well established that the emergence
of frictional contacts is closely related to continuous
shear thickening (CST), while the formation of loop-like
structures, corresponding to frictional contacts spanning
both compressive and extensional directions, stabilizes
the FCN and enables load-bearing stress transmission
associated with DST and SJ. Identifying universal topo-
logical descriptors governing rigidity, nonlocality, and
SJ—particularly in three-dimensional systems—remains
an active area of research.

Emergence of fluctuations and viewing
discontinuous shear thickening/shear jamming as
phase-transition like behavior

DST has long been associated with the emergence of
large fluctuations in both viscosity and normal stresses
[84,85]. Experiments on highly concentrated, nearly
monodisperse suspensions have shown that the viscosity
can fluctuate by over an order of magnitude as the
system approaches DST. Motivated by the formation of
frictional contacts, recent efforts have focused on un-
derstanding the microscopic origins of these fluctua-
tions [53,71,86,87]. A common observation is that
viscosity fluctuations are relatively small in both the
lubricated and frictional regimes, where well-defined
mean values exist (though they may differ signifi-
cantly), whereas large temporal fluctuations emerge
near the onset of DST, where the system intermittently
samples both states. This behavior can also be inter-
preted in terms of viscosity distributions: unimodal in
the quasi-Newtonian regimes and becoming bimodal
near the onset of DST. These observations have moti-
vated connections to ideas from critical phenomena,
where mean-field descriptions become insufficient and
fluctuation-dominated behavior emerges. More recent
studies have explored scaling descriptions inspired by
critical phenomena, suggesting that shear thickening
may be associated with distinct underlying regimes and
crossover behavior that can be characterized using
scaling frameworks [88—90].

Beyond Stokes flow, simple shear, and
viscometric flows

Most simulation and theoretical descriptions of dense
suspension rheology have focused on steady simple
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Spatial discretization of a suspended body in surrounding fluid Top:
Particle with radius R, and a solid boundary T, ‘immersed* in a fluid. The
solid boundary of the particle is marked by Lagrangian points to define it.
Bottom: Simple shear flow of polydisperse particles. Lagrangian points
that define the particle boundaries interact with the fluid, external
Lagrangian points that belong to other suspended bodies and the
boundaries of the system. The top panel is adapted from Ref. [11].

shear in periodic domains, where the roles of hydrody-
namic interactions, conservative forces, and frictional
contacts can be isolated. However, real flows involve
non-viscometric deformations, transients, confinement,
and pressure-controlled conditions. A central question is
therefore which physical mechanisms identified in
simple  shear persist under more  general
loading conditions.

Extension of lubrication and friction approaches
beyond Lees—Edwards imposed simple shear
Extensional  flows: Particle-based simulations have
extended dense-suspension modeling beyond simple
shear to planar, uniaxial, and biaxial extension [91,92].
Frictionless suspensions exhibit nearly flow-type-
independent jamming, consistent with approximately
isotropic microstructure, whereas frictional systems
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show a pronounced dependence of the jamming volume
fraction on the deformation geometry.

More recently, generalized periodic boundary condi-
tions, such as the generalized Kraynik—Reinelt bound-
ary conditions [93], have been implemented to facilitate
non-shear simulations of particulate materials, such as
extensional flows, up to large strains. A recent study
implemented these boundary conditions to simulate
dense granular flows with varying deformation geome-
tries, ranging from triaxial extension to compression and
pure shear, and found a significant dependence of the
stress response on the deformation geometry [94]. The
effects of the geometry of deformation are expected to
be important in dense granular suspensions, suggesting
the need for a complex tensorial rheological description,
such as that formulated in a recent theoretical frame-
work [95].

Pressure-imposed flows. Beyond volume-controlled shear
flow simulations, pressure-controlled simulations allow
the system to compact or dilate as necessary in response
to externally imposed flow. Wall-bounded simulation
frameworks with imposed particle pressure allow the
solid volume fraction ¢ to adjust dynamically under
shear [96,97]. These methods provide direct access to
transient rheology and the coupled evolution of shear,
particle pressure, and microstructure. They demon-
strate that dense suspension flow is controlled by
proximity to mechanical instability rather than by shear
rate alone, reinforcing the connections with granular-
flow physics.

In addition to the imposed pressure, simulations of
dense suspensions can also be conducted under applied
shear stress rather than the customary applied shear
rate. Previously, such stress-controlled simulations have
successfully identified the physics of flow—arrest tran-
sitions in colloidal suspensions [48] and dry granular
materials [98,99]. In stress-controlled simulations, the
system under applied stress can flow or not, allowing
precise quantification of the yield stress, the divergence
of properties such as viscosity near the yield stress, and
the stochasticity associated with the
flow—arrest transition.

Wall-bound flows: The presence of a wall modifies hy-
drodynamic interactions and stress transmission, since
particle-wall lubrication forces and long-range wall-
mediated flows alter microstructure and diffusion.
Incorporating these effects into particle-resolved simu-
lations presents significant computational challenges.
Swan ¢z al. extended SD to account for confinement by
constructing wall-corrected mobility formulations,
demonstrating how particle—wall interactions influence
rheology and short-time diffusion [100,101]. Earlier
pressure-driven simulations by Nott and Brady revealed
shear-induced particle migration and accumulation in

www.sciencedirect.com

Current Opinion in Colloid & Interface Science 2026, 84:102042



12 Theory and Simulation (2025)

the center of the channels [102]. More recent algo-
rithmic developments have incorporated curved
boundaries and wall-induced traction effects, enabling
quantitative predictions of confinement-dependent
transport and rheology [103]. These studies collec-
tively show that boundaries fundamentally alter micro-
structure, diffusion, and stress heterogeneity, and must
be explicitly resolved to connect dense-suspension
mechanics with realistic flow geometries.

Grid-based frameworks

"This perspective has so far focused primarily on SD-like
approaches for dense suspensions, particularly in the
dense limit where near-contact hydrodynamics and
frictional interactions dominate the rheology. In this
section, we briefly discuss simulation methods beyond
the SD family, many of which have traditionally been
applied to dilute and semi-dilute suspensions, though
recent developments have extended some of these ap-
proaches toward denser regimes. The methods
discussed below are grid-based (see Figure 6 for com-
parison of methods) and offer additional flexibility in
treating particle characteristics, such as shape and size
distribution, boundary conditions (including confine-
ment), and solvent rheology, ranging from Newtonian to
non-Newtonian.

Force coupling method (FCM) and fictitious domain method
(FDM): FCM represent particles as distributed force
multipoles embedded within a fixed fluid grid, avoiding
explicit inversion of the resistance-matrix while retain-
ing hydrodynamic interactions [104]. Sub-grid lubrica-
tion corrections enable accurate microstructural and
rheological predictions with favorable O(Nlog N)
scaling. Force-coupling-based approaches have enabled
simulations of non-inertial suspensions with ©(10%)
particles while resolving many-body far-field hydrody-
namic interactions [105], primarily in the dilute regime
(¢ < 0.2). These studies also highlighted the impor-
tance of lubrication corrections for accurately capturing
particle interactions at very small interparticle separa-
tions. Addressing this, Dance and Maxey [106] incor-
porated lubrication interactions into the force-coupling
method to study non-Brownian suspensions of inertia-
less particles in Stokesian Poiseuille flow. Using analyt-
ical near-field solutions, lubrication corrections were
introduced for both particle—particle and particle—wall
interactions, enabling more accurate treatment of near-
contact hydrodynamics.

FDMs enforce rigid-body motion through constraint-
based formulations and fractional-step solvers without
remeshing [43,107]. Combined with frictional contacts
using DEM and implicit time integration, these ap-
proaches capture the transition from hydrodynamic-
dominated behavior in semi-dilute systems to contact-
dominated rheology in the dense regime. Recent
implementations within open-source frameworks have

extended these methods to pressure-driven and het-
erogeneous flows, revealing non-local stress effects in
confined geometries [108]. Building on such particle-
resolved approaches, pressure-driven flow of dense
non-Brownian suspensions with volume fractions up to
50% was investigated in heterogeneous channel geom-
etries [109]. These studies examined spatial variations
in stress, volume fraction, and velocity profiles, revealing
distinct wall-layering regions, a central plug-like region,
and an intermediate bulk region. While the intermedi-
ate region showed good agreement with predictions
from the local suspension balance model (SBM), sig-
nificant deviations were observed near the walls and in
the central region, suggesting the importance of non-
local stress contributions and highlighting the chal-
lenges of applying purely local constitutive descriptions
to heterogeneous dense suspension flows. Using both
force-coupling and fictitious-domain methods, bidis-
perse non-Brownian suspensions under Couette flow
were investigated to examine the role of particle-size
variation and migration in heterogeneous flows [110].
Comparisons with a modified SBM for bidisperse sys-
tems showed that the continuum description was
capable of reproducing migration trends of the smaller
particles in reasonable agreement with particle-resolved
simulations. While the overall rheology exhibited rela-
tively weak dependence on size bidispersity for the
conditions studied, the work highlighted the growing
need for continuum frameworks that incorporate
particle-scale heterogeneity and migration dynamics.

Immersed boundary method (IBM): The IBM is well-suited
for complex particle shapes and confined geometries, as
both particles and boundaries are represented using
discrete Lagrangian nodes. Combining the IBM with
SD-type approaches enables the study of flexible fiber
suspensions in Newtonian fluids, modeling fibers as
inextensible slender bodies dynamically coupled to the
surrounding flow [111].

To address the challenges associated with property dis-
continuities in two-phase formulations, volume-filtered
Navier—Stokes approaches have been developed
[112], introducing analytical viscous closures to main-
tain Galilean invariance and allowing coarse direct nu-
merical simulations (DNS) in the dense limit. Fully
particle-resolved DNS frameworks have also coupled
IBM with Newton—Euler dynamics and DEM-based
contact models to simulate dense suspensions in
confined shear flows [113]. These studies demonstrate
that particle-resolved DNS can capture the coupled
roles of hydrodynamics, lubrication, and contact in-
teractions across various concentration regimes.

A limitation of classical SD-type methods is their re-
striction to Newtonian solvents. To overcome this,
Shaqfeh ez a/ [114,115] developed particle-resolved
DNS frameworks employing body-fitted and
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immersed-boundary grids to study suspensions in poly-
meric solvents modeled using Oldroyd-B and Giesekus
constitutive equations. The evolution equations for the
polymer stress tensor were coupled to the momentum
balance via a source term in a finite-volume solver,
enabling fully resolved two-way coupling between the
particle motion and viscoelastic stresses. In the dilute-
to-semidilute regime, these simulations showed that
while the per-particle contribution may exhibit shear
thickening, the overall suspension rheology can transi-
tion to shear thinning as the particle proximity sup-
presses particle-induced fluid stresses. Using a Giesekus
constitutive model, the effects of flow conditions, sol-
vent rheology, and particle concentration on drag forces
and normal stress differences can be systematically
investigated for suspensions of fixed spherical parti-
cles [116].

Continuum modeling

In engineering practice and natural phenomena, dense
suspensions typically undergo a transient evolution
through complex geometries. Predicting the fluid me-
chanics of dense suspensions in realistic flow scenarios
requires a general, predictive 3D continuum model that
can be implemented and solved numerically using
computational fluid dynamics (CFD). Most previous
studies on dense suspensions primarily in the physics
literature have focused on steady simple shearing flows
[1,8,32—34]; however, these materials exhibit rich
rheological features that need to be correctly accounted
for in a constitutive model to accurately capture their
dynamics in real applications.

Continuum modeling of dense suspensions can be
broadly classified into two categories. In a first class of
continuum models, the two phases of the suspension,
the particle phase and the fluid phase, are modeled
individually as two interacting continua where each
phase has its own continuum fields of velocity and
volume fraction. Here, the particles are homogenized
into a single continuum ‘granular’ phase. In this
formulation, a set of coupled partial differential equa-
tions (PDEs) can be written by considering basic con-
servation laws of mass, momentum, energy, and entropic
inequality for each phase [117,118]. The resulting
system of PDEs is generally not closed, and constitutive
closures (models) that encode the physics of suspen-
sions are required to model drag and buoyancy forces in
the momentum exchange, fluid-phase pore pressure,
and stresses in the fluid and granular phases. Such ‘two-
fluid’ modeling is typically important in scenarios where
the velocities of the two phases can be very different,
such as in fluidized bed reactors [119]. While some of
the constitutive closures are well calibrated from ex-
periments and simulations, the models for granular
stresses represent key challenges in continuum
modeling of dense suspensions. As discussed in detail
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above, this results from our recent understanding that,
in dense suspensions, frictional contacts strongly
mediate suspension viscosity, particularly at very high
solid volume fractions where CST, DST, and S] are
observed. In recent works [118,120], the “two-fluid”
representation was extended to model dense suspen-
sions by expressing local suspension viscosity and gran-
ular pressure as a function of the fraction of frictional
granular contacts [33,56], which is included as an
auxiliary field variable that locally modulates the volume
fraction at which the suspension viscosity rapidly di-
verges, thus capturing the phenomena of CST, DST,
and S]J.

In a second class of continuum models, the suspension is
modeled as a mixture, instead of two individual phases,
through conservation PDEs of the mass, momentum,
and energy of the whole mixture. In these models, the
migration or ‘drift’ of particles relative to the
mixture requires additional closure modeling. For
example, the diffusive flux of particles relative to the
mixture is typically dependent on the spatial gradients
of volume fraction and the strain-rate tensor [121], or
can be expressed through a relationship with the
divergence of the granular-phase pressure, such as in the
well-known ‘suspension balance models’ [102,122].
These types of models are usually valid when the drift
velocities are small, which is often the case in steady
flows of dense suspensions. Furthermore, higher-order
rheological effects, such as normal stress differences
have also been incorporated into such models of dense
suspension in a frame-indifferent manner [123,124].
These effects play a key role in secondary flow features
such as curvature in free-surface flows, the rod-climbing
effect, and particle migration due to normal-stress-dif-
ference gradients [6].

The above continuum models do not explicitly account
for the granular microstructure, and, as such, are well-
suited for steady flows where the microstructure
evolves smoothly and steadily. However, in highly tran-
sient flows such as shear reversal and oscillatory shear, an
explicit accounting of the microstructure in the contin-
uum modeling is essential to capture the complex in-
teractions between the suspension rheology and
microstructure [125]. In such cases, the microstructure
is typically represented as a tensor, such as the fabric
tensor, and its dynamic evolution is represented bya PDE
that is coupled with the conservation PDEs [126,127].
The key challenge in such continuum models is the ac-
curate calibration of the model parameters representing
the microstructural evolution, which are typically ob-
tained from extensive DEM simulations [91,92,128].

Take home messages and outlook
Dense suspensions are at the intersection of colloidal
science, contact mechanics, continuum theory, and
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network physics, and remain central to industrial,
technological, and geophysical processes. Over the past
decade, major advances in particle-resolved simulations
have transformed our understanding of the shear
thickening, dilatancy, and SJ. Phenomena first reported
nearly a century ago [129] can now be reproduced with
near-quantitative accuracy, and their underlying mecha-
nisms, hydrodynamic interactions, lubrication break-
down, frictional contacts, and mesoscale organization,
can be systematically interrogated.

The computational advances discussed in this
perspective have not only clarified the physics of stress-
activated transitions but have also enabled the devel-
opment of rational strategies to control and mitigate
shear thickening, including orthogonal deformation
protocols, particle deformation, and polymer-mediated
interactions. Looking ahead, several challenges and op-
portunities remain.

1. Going beyond nearly-similar-sized spherical particles: Most
existing simulation frameworks focus on nearly equal-
sized spherical particles, with limited treatment of
strong polydispersity and non-spherical geometries
[89,130]. However, real materials exhibit broad size
distributions and complex shapes. Extending compu-
tational methods to highly polydisperse and aniso-
tropic particles is essential for industrial applications.

2. Boundary conditions and realistic geometries: Many state-
of-the-art models assume idealized simple shear
conditions without explicitly resolving wall slip,
localization, free surfaces, or complex boundary con-
ditions. Incorporating such boundary effects into
particle-resolved and continuum descriptions is crit-
ical for theoretical rheological models and
application-scale flows.

3. Coupling different scales: It is abundantly clear that the
microscopic details of dense suspensions, such as
particle characteristics and fluid rheology, strongly
impact their macroscale behavior. Recent evidence
also indicates that many intriguing physical phe-
nomena in dense suspensions manifest at the meso-
scale, such as the evolution of force chains and
correlated particle motion. Therefore, multiscale
modeling of these materials is required, enabling
microscopic details to be reliably upscaled to
macroscale continua while preserving the mesoscale
characteristics of the system.

4. Transients and dilatancy: Although the physics of dense
suspensions is well established in the steady-shear
regime, practical applications of these flows routinely
encounter more complex settings such as transient
dilatancy, shear reversal, and non-shear deformation.
Constitutive models capable of describing such
complex flow histories with microstructural fidelity
are still under active development.

5. Beyond the mean-field description and statistical mechanics:
Increasing evidence indicates that dense suspensions

cannot be fully characterized by scalar viscosity or
mean-field closures alone. Incorporating network to-
pology, force-chain statistics, and higher-order struc-
tural descriptors, particularly in three dimensions,
offers a promising path toward predictive modeling
near mechanical instability.

6. Incorporating machine learning tools in modeling dense sus-
pension mechanics: Rapidly growing machine-learning
technologies provide exciting avenues to accelerate
the simulations of dense suspensions, and conse-
quently the discovery of physical mechanisms that
underlie their mechanics [131,132]. For example,
machine-learning methods such as graph neural net-
works can be used to construct microstructural sur-
rogates of the contact friction network, which has
recently been shown to be promising in predicting
the near-jamming physics of dense particulate sys-
tems [133—136]. Data-driven machine-learning
methods can be used to train complex rheological
closures [137—139] with appropriate physical con-
straints that upscale particle-level information into
continuum descriptions capable of handling
confinement, strong polydispersity, and spatio-
temporal stress heterogeneity. Such training can
also be done adaptively in-situ in a hybrid particle-
continuum simulation with uncertainty quantifica-
tion, as was successfully demonstrated recently for
dense granular flows [140]. While the rapid increase
in computational power and algorithmic advances will
provide rich simulations datasets of dense suspen-
sions, crucial for the training of machine learning
surrogates, the increasing availability of these surro-
gates will, in turn, accelerate the current capabilities
of numerical simulations to length and time scales
that were previously unachievable.
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