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ABSTRACT

A new device is proposed for measuring the thermal resistance and
the dynamic thermal response of building walls in either the laboratory
or the field. The primary departures from past approaches are the con-
trol of the time-dependent surface heat fluxes on the specimen and the
determination of the surface temperatures as dependent variables.

In this paper the performance characteristics of the device are
analyzed by the use of complex thermal admittance. A prototype is being
developed based on this analysis. The apparatus is portable and has
sophisticated on—-line computer control and data analysis through the use
of a microprocessor.

Keywords

Building energy conservation,; Dynamic thermal performance, Field
envelope thermal performance measurements.






INTRODUCTION

The actual thermal performance characteristics of building walls,
in-situ, are largely unknown. There 1is little reason to doubt the
underlying theory of heat transport, but variation in construction
methods and quality and aging of materfals can result in substantial
variation in wall thermal performance. Where messurements have been
made in actual buildings, the thermal resistance of the walls is often
20% to 30% less than what would be from laboratory measurements and
standard calculations. Recommendations for building and planning for
energy conservation should be based on what actually happens in build-
ings rather than on unverified inferences from laboratory measurements

and computer models. The methddology for determining the thermal resis-

tance of walls in situ is not well established. Wide wvariation in

ingtrumentation and technique are reported in the literature [1]. The
20% to 307 discrepancies noted above may be a consequence of inadequate
technique. It would be useful, therefore; to develop a reliable method
for determining the thermal resistance of building envelope systems
through actual field measurement and to validate the method through com=

parison with established laboratory test methods.

Fxisting standard laboratory measurement methods are concerned with
steady state heat flow only [2]. The heat capacity of the wall is
treated as a complicating side effect. 1In practice, building walls are
subject to time varying heat loads which are dominated by a daily cycle.
The heat capacity of walls can be useful in maintaining comfortable tem-
peratures within the building throughout this daily cycle. There are,
however, no established standards for measuring the response of bullding
walls to time—dependent heat loads and, thus, it is not possible, at
present, to validate experimentally the expected benefits of massive

walls.

In this report, we discuss some of the problems encountered in
measuring the dynamic thermal characteristics of walls and describe an
apparatus which we are designing to solve these problems. The analysis

given here should be useful for either laboratory or field measurements,
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THE PROBLEM OF MEASURING THERMAL RESISTAMNCE

The heat resistance, R, of a wall is the ratio of the temperature

difference across the wall to the heat flux through the wall:

4

To determine R, one must measure ¢ and AT in the same experimental
situation. This can be done by maintaining a known temperature differ-
ence across the specimen wall and measuring the resulting heat flux, &,
after the wall and apparatus have reached a steady state. The heat flux
may be measured either with "heat-flux sensors” or by inference from the
electric power consumed in electric resistance heaters. The two possi-

ble methods are shown schematically in Figures 1 and 2.

Heat—flux sensors are small, thin plates of insulating material with
a multi-junction thermopile that senses the temperature difference
between the two faces of the plate. Heat flux through the plate causes
a temperature difference across the plate which, in turn, causes a
measurable electric potential difference at the output of the thermo-
pile. The thermal resistance of the heat-flux sensors must be small
when compared to that of the wall under test, but it must be large
enough to produce a measurable signal from a thermopile containing a
practical number of junctions. Heat-flux sensors tend to be light in
weight and to have fast response (in the order of seconds). The fast
response leads to a serious technical problem: The sensor is very sensi-
tive to transients caused by movement of the air film next to the wall,
The response to these can easily be an order of magnitude larger than

the response to the average heat flux.

On the other hand, measuring the electric power input to electric
resistance heaters, is easily done by means of accepted electrical meas-
urement techniques. The heat output is, of course, precisely equal to
the electric energy input. Unfortunately, all this heat does not neces~-
sarily flow into the wall specimen under test. As shown on Figure 2,
the region on the rvight side of the wall, is subdivided by a box. A
thermostatic control is provided to maintain the temperature TZ equal to

Téﬂ With these temperatures egqual, there should be no heat flow through
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the auxiliary box, and all the heat output of the electric resistance
heaters must then flow into the specimen. The box and the region out-
side 1t on the right side of Figure 2 constitute a "guard” that prevents
the flux of heat in undesired directions. An apparatus bhuilt according
to this schematic design is known as a "guarded hot box.” Guarded hot
boxes are the accepted standard apparatus for measurement the thermal

resistance of wall specimens [2].

If one does not control T,, one must calibrate the hot box by
measuring the heat flux through the box in special calibration runs.
The calibrated hot box is in use in several laboratories and a standard
for it is being developed by a task group of American Society for Test-
ing and Materials, Committee C~16 on Thermal and Cryogenic Insulating

Materials.

TIME-DEPENDENT THERMAL MEASUREMENTS

In the standard method for using a gaarded hot box, the specimen is
subjected to a constant temperature difference. This temperature
difference is maintained for a time that is long enough for the whole
apparatus to reach a steady state. TFor walls with massive members, this
process can take many hours or even days. Moreover, since walls in
buildings are subject to cyclic heat loads, they never achieve the
steady state that ig created in the test. An analysis of time-dependent
thermal response may enable us to better determine the response of
building walls to the heat loads which they actually experience. The
literature shows a number of approaches to transient behavior. General
analytical approaches are described in [3-8] which develop expressions
for transient wall behavior from first principles. An approximate
method developed by Mackey and Wright is based on a harmonic analysis
characterized by a decrement factor and lag time [9, 10]. These authors
also introduced the "sol-air” concept, Modifications designed to
achieve greater accuracy are described by Ullah and Longworth [11].
Other formulations of transient behavior are classified as the thermal
admittance [12-14] and response factors [15, 16]. Extensions of these

approaches to whole~-building thermal performance, although not of direct
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interest to this paper, are treated in several ways in references [17-
211 and are mentioned here for completeness. Laboratory—based experi-
mental studies of transient behavior are limited in number; the ones we
are aware of are referenced in [22-29) and include the use of analogs in
some cases. Experimental studies that include measurements bhased on

actual weather exposure are described in [30-34].

The contents of the above literature have heen examined, and are
reflected in the following analysis of transient heat transfer in the
design of an apparatus for its measurement. In our analysis we treat
the wall as a "black=box" and consider only those quantities that can be

observed on its exterior surfaces. The obsevvable quantities are:

T, inside surface temperature
TZ outside surface temperature
@1 heat flux into the wall from the building interior
@2 heat flux into the wall from the building exterior

Because we intend to develop an analogy with electric circuit analysis,
we have defined heat fluxes as positive when they flow into the "black-
box". The temperatures and heat fluxes are functions of time. In the
limiting case of a steady state, the principle of energy conservation
requires that ¢, = -¢,, but the full time-dependent problem does not
have this simplifying vrestriction. The heat fluxes, @1 and @29 are

functions of the driving temperatures, T1 and ng and of the past his-

tories of these driving temperatures. Viewed in complete generality,

the problem of characterizing time-dependent wall thermal performance isg
quite difficult. Fortunately, we can simplify the problem by using the
fact that heat transfer and heat capacity are primarily linear
processes. The vesponse of the wall to trhe temperature driving function
igs a linear superposition of the wall response to a set of basic driving
functions. The basic driving functions for which the most experience
has been gained in electrical engineering are sinusoidal functions of

time. These functions form the basis of the Fourier transform. By
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measuring the response of a wall to a suitable set of sine-wave driving
functions, we can determine enough information about the wall to be able
to predict its response to any cyclic drive. If we consider the tem—
perature to be the driving function and the heat fluxes to be the system

response, the wall thermal characteristics can be written as a matrix

NN

where [Y] is a 2 ¥ 2 symmetric matrix each element of which is a complex

equation:

function of frequency. The matrix [Y] of a single homogeneous layer of
material is derived in Appendix A. The electric circult equivalent to a
homogenous layer is displayed in Fig. 3, with 1impedances Zl? Zyy 7o
expressed as functions admittances Yl’ ¥y, Y . The matrix describing a
composite wall can be derived from the matrices describing the component
parts. This derivation is presented for a two-layer wall in Appendix R.
The two-layer equivalent circuit 1s shown in Fig. 4. The elements of
the wall matrix [Y¥] have the dimensions of thermal conductance, but are
complex. Following the usage of electrical engineering| we call a com—
plex conductance an "admittance,” and the [Y] matrix is called the
“"admittance matrix.” The experimental problem is the direct determina-
tion of the admittance matrix [¥] from measurements of time-dependent
heat flux and temperature. The wall must be driven in such a way that
all frequency components of interest are well represented in the driving
function and in the response functions. These functions of time are
Fourier analyzed and the elements of the admittance matrix are extracted
by a regression analysis of the Fourier transforms. This data process-
ing utilizes fast-Fourier—transform programs and least—squares regres—
sion programs, both of which are part of the standard library programe

in many computer facilities.
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DRIVING FUNCTIONS AND RESPONSE FUNCTIONS

The discussion so far as assumed that the wall is driven by imposing
a temperature on its exterior, and is tested by measuring the resulting
heat=flux response. In the analogous situatlon in electrical circuits,
a voltage signal is imposed on the ports of a system and the resulting
port currents are treated as the measured response. One can, with equal
validity, treat the port currents as driving terus and the port voltages
as the system response. For thermal measurements this reversal of roles
is seldom done. It seems, however, to have some advantages. For exam—
ple, the heat output of electrical-resistance heaters 1s under the
direct control of the experimenter whereas the temperatures in the
apparatus can be controlled only indirectly through the use of tempera-
ture sensors and servo-mechanisms. The servo—mechanism can never be
perfect and its imperfection must be understood in some detail, if one
is to choose thermal driving functions correctly. Using heat flux

drive, on the other hand, allows one to avoid this difficulty.

ENVELOPE THERMAL TEST UNIT

The envelope thermal test unit (ETTU) d4s a new device being
developed at LBL for testing the thermal performance of building walls.
It differs from a standard guarded hot box in that it is being designed
to be portable and thus to allow the on—site testing of actual building
walls. The physical arrangement of the ETTU is shown schematically in
Figure 5. The unit consists of two identical "blankets"” which are
placed in close thermal contact with the wall to be tested. TWach
blanket consists of a palr of large area electric heaters separated by a
low-thermal-mass insulating layer. FEmbedded in each heater layer is an
array of temperature sensors. Heat drive is provided to the primary
heaters according to a time-dependent program which covers the interest—
ing frequency spectrum. The secondary heaters are used as guards. Each
electric heater is designed to provide a heat output that is uniform
over the whole area. The actual heat output is controlled by adiusting
the voltage applied to the heater. There are a variety of ways such

heaters may be built. Present designs call for the use of printed
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copper circuits on 0.13 mm (0.005 in) thick mylar. Although the diagram
shows physical separation between the parts of the blankets and the

wall, the intent is to have all parts in intimate thermal contact.

The "blankets” are so called because they cover the wall section
under test and are slightly flexible, so that they can be made to con-
form to slight irregularities in the wall surfaces. A microprocessor—
controlled dats—acquisition system (not shown) is used to drive the sys~—
tem and to record the system temperature vesponses. By using uniform
heat drive, the guard function in the transverse direction is accom—
plished by restricting analysis to the central region of the blanket.
Enough temperature data will be acquired to determine experimentally the
size of this central region. Placing the blankets in direct thermal
contact with the wall eliminates complications assoclated with air film
and considerably reduces the bulk of the apparatus. The secondary
heaters are driven by a servo-control which drives the measured secon-
dary temperature Ts toward the measured primary temperature T_. This
servo—control reduces the temperature gradient across the guard insula-
tion and consequently minimizes the portioun of the drive heat that flows

into the blanket and does not contribute to driving the wall.

ANALYSIS OF ETTU OPERATION

The several layers of the two blankets of ETTU can be viewed as
being -—ove layers of wall, but with an important difference: at four of
the interface nodes, the heat input from external sources is certainly
not zero as is assumed in Appendix B. Fig. 6 shows the equivalent cir-
cuit of the ETTU and the wall under test. The heat fluxes, @3 and §45
are primary heater outputs for outside and inside, respectively. The

heat fluxes, §2 and @5, are secondary heater outputs. The servo—control

equations are

¥y = 0 (T3 — Ty,
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%S = Gﬂ(T4 - TS)

where G, and G4 are servo amplifier "transconductances”. (The gain

of the servo amplifier is dimensionally a conductance).
Ti is the temperature at node i

@1 and @6, T, and T, are the inside and outside heat fluxes
and ambient temperatures, respectively, which are not under

the control of the ETTU control systems.

The data reduction must be done in such a way that one can extract
useful information about the wall without making any special assumptions
concerning @19 T, &, and T,. The thermal character of the air films
is also unmeasured and it must be shown that 1t does nol affeci ihe daia
reduction either. The analysis of the servo-control of one blanket is
carried out in detall in Appendix C where it is shown that ¢ and T are

related by the simple formula:
by = YeaTu

where Y., = Y19 = Ypq 1s determined by calibrating the instrument. An

entirely similar derivation yields for the outside blanket:
b3 = Y3

The bhlanket equivalent circuits in Fig. 6 can be replaced by the much
simpler equivalents of these two equations. The resulting matrix equa-

tion contains a very tractable 2 x 2 matrix:

Y 1 C+Y =¥

fb ‘me

= _ ¥ .
Ymc 2c+Yf

The quantities ¢,, ¢,, T4, and T, are all measurable functions of fre-

quency. From these measurements; three functions of frequency can be

-

lc
admittance matrix must be symmetric provides some redundancy In the datas

obtained: Y = Voot Yeps Yoo = Yy + Yoy, and Y . The fact that the
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that is used to dimprove the quality of the numerical determinations.
The functions be and Yg¢y are functions of the apparatus only (and not
of the wall). They are determined by gathering data on a wall sample of
known thermal performance. In the low frequency limit it is easy to see

that

Lim Y = 0 for x = b, d.
s—>0 fx , 7

This result is not surprising since the insulation and secondary heater
are Intended to act as a guard. The functions be and de are measures

of the imperfection of the guards.

DRIVING SCHEDULES FOR ETTU

In order to determine the functions Yic from measurement, one must
provide non-zero drive fluxes, %3 and éée Thus, it 1s seen that apply-
ing a drive flux on one side only, the standard procedure used in
guarded hot boxes, 1s sufficient only for the time-independent analysis.
Recause the arrangement consisting of two blankets is symmetric, it is
possible to drive the wall with symmetric (@3 = @4) signals. The
regspongse to the symmetric signal is an effective heat capacity. The
regponse to the antisymmetric signal (@3 = °@4) 1g an effecrive thermal
conductance. To ensure that daia are collected at all interesting fre-
quencies, we drive the heaters with thermal “white noise”. In the
present application, thermal white noise is a random signal in which all
parts of the frequency spectrum are equally represented. The white-
noise signal 1s generated by switching the heater on and off randomly at
a rate that Is much higher than the highest frequency at which we col-

lect data. The frequepcy spectrum of an individual step at time t is.
= —d g7 ut
L{f{t)) = e

which varies inversely with w . However a long sequence of such steps
at times ti has a low-frequency spectrum which is uniform in w . Since
the drive signal is generated from on-off switching, proportional con-
trol of the primary heaters is not needed. The drive signal is gen-

erated by a pseudo-random number generator in the control
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microprccessor. The shortest time that a heater can be on is currently
set at one second, but this can be changed easily in the control pro-

gram.

The heat—-flux drive provided by electric heaters can take on only
positive values. If the servo mechanism were perfect, there would be no
net heat loss through the blankets and net positive heat gain from the
primary heaters. This net positive heat gain would result in an unend-
ing rise in the temperature of the wall. To avold this unacceptahle
situation, two things are done. We build into the servo-mechanism a
fixed offset so that the secondary layer is driven to a temperature that
differs from the measured primary temperature by a fixed amount, TO°
This offset allows a net heat flux outward through the blankets. Wiih
this offset; the wall will have a mean temperature that is somewhat
higher than ambient. TFor more extreme problems we intend to put a layer
plastic tubing over the exterior of each blanket and to circulate
chilled water through 1it. This chilled exterior blanket lowers the
effective ambient temperature in which the ETTU is operating. The tem—
perature of the chilled water need not be carefully controlled bhecause,
as has already been shown, the servo-mechanism is effective at decou-
pling the wall and test assembly from their i{mmediate environment. In a
laboratory, an existing hot box of standard design could be used to

maintain a desired mean temperature.

Another approach to maintaining an appropriate offset temperature is
to provide low frequency roll-off in the response of the servo amplifier

to the temperature of the primary heater, i.e.,

$s = CyIR(W) T, ~ T4]

where R(uw) = 1 for w >> Yroll-of f

and Rlaw) ~» 0 for mw—> 0
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With reduced gain at very low frequencies, the servo will not follow
very slow changes or long~term trends in the temperature of the primary
heater. As the heat and temperature in the wall build up, the tempera-
ture of the secondary heater will lag behind and a temperature differ-
ence, AT, will develop automatically. BRecause there is not a roll-off
in the response to the secondary temperature, the servo system becomes a
proportional control thermostat at low frequencies. The long-term aver=-

age value of T5 must be chosen to be somewhat above ambient so that

there is a net flow of heat outward into the room.

To better see how this approach works; consider how it responds Lo a
step temperature laput on the primary heater followed by a step tempera-
ture rise in the room. Fig. 7 graphically illustrates the system
response. The step in T, causes heat flux $, directly and heat flux §
through the action of the servo. The increase in heat flux @5 causes
the rise in temperature T., After the initial impulse of heat which
causes T5 to follow the step in T,, the heat flux §s decays back to its
initial valve because of the roll-off in the servo response. The step
in temperature Té causes a very slight rise in temperature T5 which, in

turn, causes a reduction in heat flux @5 through the servo.

STABILITY OF THE SERVO MECHANISM

We have investigated the servo-mechanism controlling the power drive
to the secondary heaters in a computer model. The loop gain was com~
puted as a function of frequency, and Nyquist plots were generated for a
wide variety of blanket parameters values. In no case did the real part
of the loop gain ever change sign, thus the servo mechanism will always
satisfy the Nyquist criterion for stability. Fig. & shows a typical
Nyquist plot. Changes in the assumed construction materials result in
changes of scale but do not affect the shape of the plot. Stability is

assumed if this curve does not enclose the point (-1,0).

The assumption was made that the gain of the electronic amplifiers was
uniform over the frequency span of interest.
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LATERAL HEAT LFAKS

Lateral heat flow in the sample can cause a problem in interpreta-
tion of data from ETTU. This problem has several aspects which we dis-
cuss briefly. If there is a uniform transverse heat flow across the
test area, there will be a temperature gradient which will be detected
by the temperature sensors. In so far as the wall is a linear system)

this gradient can bé ignored when analyzing heat flow through the wall.

A more complicated situation is a net outward (or inward) transverse
heat flow at the edges of the test area. Since ETTU measures heat flow
at both surfaces, and a temperature profile at both surfaces such, a
heat flow will be easily detected. The admittance matrix model predicts
a perfect heat balance, and no transverse outward flow, so any signifi-
cant outwar! transverse heat flow would be detected as a discrepancy
with the model. Where there is such a discrepancy, we feel it is not
meaningful to speak of an R-value or U-value of the wall at all. Our
instrument does not give a false indication in such a sitvation, rather
it gives an indication that the particular section under test must not
he characterized as a simple two-port black box. In other words there
are no simple parameters which characterize a wall section having large
outward transverse heat flows. This sitvation is not a result of any

defects in the measurement methodology or in the instrument design.

Another difficulty which needs consideration are possible inhomogen-
ities in the sample {(e.g., a stud and cavity wall). When there are sig-
nificant inhomogenities it becomes impossible to derive an exact alge-
braic expression for the admittance. However, our work is directed
toward attempting to measure the admittance rather than toward producing

precise theoretical predictions for complex constructions.

Our instrument subjects the wall to time dependent heat flux which
is uniform over the area under test. Hot-box methods subject a wall
specimen to a temperature which is uniform over the area under test. In
actual practice walls in buildings experience neither uniform tempera—
ture nor uniform heat flux. The situation is like that which occurs in
testing electronic devices. The device is driven by a sigﬁal source

which is either a voltage source or a current source, but in use, the
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device is driven by a source which has finite impedance. Both voltage
source and current source measurement data need to be corrected for the
real source impedance. In the case of electronic devices there is a
well established formalism for doing this. In the case of dynamic test-
ing of built up wall sections, there is not an established method. Ve
expect that using a weighted average of measured temperatures will be an
adequate method, but verification of this expectation awaits the col-

lecting of a reasonably large sample of data.

CALIBRATION

Because the instrument is portable, it is possible to transport it
to an existing test laboratory for cross—comparison measurements of
static wall response. Dynamic calibration must be dope by absolute
methods. To make an absolute calibration of the bhlankets, we use a
thick piece of material as a reference block. At high frequencies or
for very thick walls, the two sides of a wall decouple from each other
and act independently. This phenomena can be seen for a homogeneous
single layer wall by taking the 1limit Y=o in Eq. 22 of Appendix A. In
this limit, the mutual admittance approaches zero. Thus we can conclude
that the thermal performance of one surface of the reference block can
be described by a single complex admittance function of frequency. We
denote this function by the symbol, Yr° By placing the inside blanket
against the reference block,; we can measure the parallel combination of

Y. and Yg,.

In a second calibration run, we place the outside blanket against the
same surface of the reference block and measure

Y =Y

br + Y

b r

Finally we can place the inside and outside blankets in direct contact
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and measure

Yeo = Yep + Yeg

In all three of the above runs, the heat fluxes are determined from
electrical measurements of the electric power into the heaters and meas-
urements of the physical size of the heater. Temperature is measured
with thermocouples. The three runs provide enough information to solve
the above equations for the three admittances deg be; and Y. Tor the
technique to succeed, we need only assume that these three admittances
do not change during the calibration process. We need not assume any-
thing regarding the actual admittance of the reference since it is also

determined during the calibration.

DATA ACQUISITION AND CONTROL

Data acquisition and control is done with a commercially available
microprocessor-based computer. The signals from the thermocouple tem-
perature sensors are digitized and stored on a floppy disk. Temperature
difference signals are computed and used to control the electric power
sent to the secondary heaters. The computer generates pseudo-random
numbers at regular intervals and uses them to control the primary drive
heaters. As data are accumulated, the computer also calculates a
Fourier transform of the data streams. The admittance is cowmputed by
dividing the transform of the heat-flux function by the transform of the
temperature~response function. As the test run progresses, it is possi-
ble to determine the admittance vs, frequency function while the test is
in progress, thus allowing the operator to suspend further data taking

as soon as the admittance appears to have reached a stable value.

For laboratory applications, the measurement method described here
can he programmed on existing computer facilities vather than being

implemented in a portable microprocessor system.
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DISCUSSTION

The construction of a prototype ETTU device has been completed. 1In
this model, temperature measurements are made with copper-constantan
thermocouples, and the heaters consist of film—deposited copper arrays
on a 0.13 mm (0.005 in) thick mylar polyester substrate. Heaters of
this design are used both for the main heat-flux drive and the secondary
heater. The prototype design uses bead board for the intra-heater ther—
mal resistance and plywood for structural integrity, later odels will
use different materials chosen to optimize thermal response of the dev-
ice. Temperature data are collected with a commercially available
data-acquisition system interfaced with the microprocessor conpubting

system.

Initial calibration and performance tests are now being conducted.
Preliminary tests using the self-calibration feature have indicated that
the servo control algorithm for the secondary heater was unsatisfactory.
A new, more complex algorithm that will provide satisfactory servo con-

trol is being developed.

CONCLUSIONS

We anticipate that the ETTH, and the associated test procedures that
we are developing will provide a feasible and reliable way to measure
the dynamic thermal performance of walls in the field, or in the labora-

tory as an adjunct to existing hot-box apparatus and test procedures.
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APPENDIX A. Time Dependent One-Dimensional FPeat Flow

Definition of Symbols

T temperature
heat flux
k thermal conductivity
bc volumetric heat capacity
X position
t time
s complex frequency coordinate

d = k/pc  thermal diffusivity

Bsds/d frequency—-dependent inverse distance

d thickness of homogeneous slab of material

Y=Bd

Y thermal admittance) a complex function of frequency, s

The relation between heat flow and temperature gradient is:

Differentiating Egq. 1 and substituting into Eq. 2 yields:

2
& - 3L, where ¢ = k/pc (A3)
Ox

Apply the Laplace~Fourier transform defined by

L(£(t)) = fo78t¢(e)de (A4)
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and

L(@L) = s.n(e(e)) (AS)

For this transformation to be applicable, the function £(t) must
approach zero absolutely at t = . This is the case for heat fluxes
$, but for temperatures we cannot use either the Celsius or the
Fahrenheit temperature scales. = Rather, we wmust wuse the difference
between the instantaneous temperature and the long-term average tempera-

ture.

In the following equations; § and T are functions of x and s rather than

x and t. The transform of Eq. (A3) is

2
T = c(ei;g«@ (46)

Investigate the general solution

T =1 B% 4 or o 7Bx, (A7)

b

where Ta and Ty are function of s only, and not x. Egq. (A7) is a solu-

tion if we require

p = \E/d. (8)

Now apply these solutions to the particular case of a slab of material

whose thickness is d.
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We match boundary conditions at

X = % = ~d/2 and x = Xy = +d/2 (49)

to give the solution for a slab of material of thickness d. At the

boundary surfaces we define positive heat flux to be inward into the

region defined by -d/2 < x < d/2. Thus,

Ru
= k9L = k.3l AlD
%1 = ng1sand @2 +k ng x=x, ( )

are the heat fluxes at the boundaries 1 and 2, respectively. For hrev-

ity, we define

Y = Bd, (A11)

and evaluate T and ¢ at the boundaries:

T, = Tae‘"’y/z + Tbe)’/zg (A12)
T, = Tae)'/z + Tb;’wzg (A13)
#y = bl (e - D), (A14)
¢, = Bke(“r’aew2 - Tbe“wz)e (A15)

We form a transfer matrix relating Ty Ty, @13 and @29 We choose T, and
Tz as independent variables and solve for @1 and %2 in terms of T1 and

Tza Solve first for Ta and Tbe The determinant of the coefficients in
Eqs. Al2 and Al3 is

A = =sinhY.

Thus!, the general solution for temperature in the laver can be written
3 g y

in terms of (measurable) surface quantities using the relations:

T, = a2 - 1Y), (A17)
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1 -y/2 Y/2
T, = ‘&(Tze Tie?'9). (A18)
Similarly, the relationship between the surface heat fluxes and tempera—

tures can be writtens

¢ = E%%%y(TlcoshY - T9), (A19)
¢, = Bl (-T, + T hY). (A20)
2 = IaRy' 11 T Tocosh)).

Equations 19 and 20 can be combined into a single matrix equation

3 Bk [cosh}’ _1] T,
= sinhyL -1 cosh)]” . (A21)

Dimensionally, the elements of this matrix are all thermal conductances.
Since s is complex, these conductances are also complex. In analogy
with electrical engineering usage, we call these elements "admittances”

and use the letter Y to represent them.

The general form of the Y matrix is

b4 T ™

(Y} = (A22)

mym Y2
where Yl and Y, are the admittances into the first and second surfaces,
respectively, and Y is the mutual admittance coupling the two surfaces.
Notice that there is an explicit minus sign in the definition of Ymg
For a general wall, YZ does not equal Yy, as it does for a monolayer
wall.
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APPENDIX B. Admittance matrix of a Multi-layer Wall.

The admittance matrix of a multilayer wall can be derived by the
repeated application of the following procedure for combining two admit-
tance matrices. For a two-layer system, we use capital Y for the admit-
tance of one layer and miniscule y for the admittamce of the other
layer. When the two layers are placed in close thermal contactg there
are three observable temperatures: Tl and Ty are exterior temperatures
and TZ is the temperature at the interface. There are also three heat
fluxes in the combined systems §1 and %3 are heat fluxes at the exterior

surfaces; %2 is the heat flux into the interface from some external

energy resource = it is not the heat flux through the interface from
one layer to the other. Rather, it is the sum of the heat fluxes into
the two layers from the infinitesimally thick region between them. To

make this more definite we define:

éé is the heat flux into the capital Y layer,
§, is the heat flux into the miniscule y layer.

For the Y layer:

Y o=
- = [Y] ° = °
& ~Tn Yo
For the y layer:

o Y -Y

L T, Lo,
= [Y] . &= -y v s (Bz)

%3 m 2

When these two systems are placed in close thermal contact, the combined

matrix equation is
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1 Ty =¥ 0 1
$a21 = |"Yp Yoty Vgl Ty
0 mym ¥y T3

(B3)

Since we are considering the two walls to be in close thermal contact
with no heat source between them, %2 = 0, necessarily. We use the mid-

dle line of the matrix as a scalar equation to eliminate TZ;

0= ~Y,T) + (Yp + 7Ty = y,T3 ' (B4)
T, = L (Y T, + vy _Ta)
2 ?2 +y, mwl Im*3/e (B5)

Substituting into the equations for @1 and @B:

- 2 -

o “YoVm
A Y- ¥ oty, Yoty ' L+ I
. , |- S I 1 (B6)
' T - -
Q‘mem , Vo 2 m 2 T
- Yotyp T2 Yodyp

The Y~ matrix is symmetric, as are the initial matrices, Y and y.



26 Condon, Carroll, Sonderegger

APPENDIX C. Servo-Control Analysis

Consider the circuit to the right of the right-most dashed line in Fig.

6., Include the feedback system described by the servo control equation:

§5 = Gd(Té = TS)@ (Cl)

The system equation becomes:

GalTy=Tsd| = |"Ypg Y2416 “Ypel® Tsg (c2)
b 0 -Y Y
me 2e

Moving the temperature-dependent terms from the left hand side into the

matrix yvields the following expression:

b, [ T “Ymd 1
0] = |-Yp4=Cq Yogt¥1etCg Ypel® Ts (€3
0 wYme YZe

For good servo control) Gd will be large and the above matrix will be

ill-conditioned. Make a change of variable suggested by the servo con-

trol equation to improve the matrix condition:

Ty =T, - g¥s- (C4)

This change of variable is accomplished by multiplying the matrix from
the right by:
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i1 0
0 1.
(C5)
The resulting equation is:
Y147 Ying Ymd/Cd 07
Yoat¥1c
0 = ”Ymd+Y2d+Y le “‘“1“"@6‘;‘&@ “‘“Yme o ?5 (C6)
T
- e Vine/Cd T9e"
In the limit of large gain (de%ﬁa), this becomes:
= . = T C7
b, = (Vg = Yo)Ts = Yeq 4, (€7)

and a set of subsidiary equations which allow the determination of @5
and ?6° The important result is that the relation between ?é and T4 is
decoupled from the rest of the relations. The blanket surface at node 4
behaves as a single thermal admittance that is independent of the values
of T6 and @6 and of the admittance matrix of the air film. The admit-

tance de is frequency dependent and must be determined in calibration

procedures. A similar algebraic development for the outside blanket

leads to the relation

3 = (g = YopyT3 = YepT3 (c8)

The admittance Y sub fb must also be determined in calibration pro-

cedures.
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FIGURE CAPTIONS

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

1,

Heat flux sensor method.

Hot box method.

Single layer equivalent circuit.
Double layer equivalent circuit.
Cross—section of ETTU.

ETTU equivalent circuit.

Outside blanket.

Inside blanket,

Step response of ETTU.

Figure 10. Nyquist diagram of the ETTU servo

system,
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Hot box

Warm side
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Equivalent circuit of single wall layer

T ng éYm?
>
S
T
N

f = drive frequency

pc = volumetric specific heat

3 9

k= thermal conductivity

_— . XBL 791-55.A



Equivalent circuit of two wall layers
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Thermal contact node
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Envelope thermal
test unit
(in cross-section)

— Primary heater & sensors
—Guard insulation

~—Secondary heater & sensors

QOutside Inside

Outside blanket
similar to
inside blanket -~

Fig. 5 _ _ XBL79l-60A
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ETTU. outside blanket

Fig. 7
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ET.TU. inside blanket

Fig., 8
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