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ABSTRACT: The measurement of the anomalous electron magnetic moment g — 2 through
quantum transitions of a single trapped electron is the most stringent test of quantum field
theory. These experiments are now so precise that they must account for the effects of the
cavity containing the electron. Classical calculations of this “cavity shift” must subtract
the electron’s divergent self-field, and thus require knowledge of the exact Green’s function
for the cavity’s electromagnetic field. We perform the first fully quantum calculation of the
cavity shift in a closed cavity, which instead involves subtracting linearly divergent cavity
mode sums and integrals. Using contour integration methods, we find perfect agreement with
existing classical results for both spherical and cylindrical cavities, justifying their current
use. Moreover, our mode-based results can be naturally generalized to account for systematic
effects, necessary to push future measurements to the next order of magnitude in precision.
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Conventions and notation. We use a mostly-negative spacetime metric and natural units,
h = ¢ = 1, with rationalized Heaviside-Lorentz units for electromagnetic fields (i.e., SI units
with €9 = g = 1). The electron has mass m and charge —e, and the fine-structure constant

is a = €?/(4m). We use the Dirac representation for the gamma matrices,

O_IO i OO'Z 5 OI
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1 Introduction

Measurements of the electron magnetic moment y = pupg/2 have reached a fractional
uncertainty of 1.3 x 10~'3, making it the single most precisely measured property of any



fundamental particle [1, 2]. Such measurements directly probe five-loop corrections in
quantum electrodynamics [3].! Future refinements could improve the precision by over an
order of magnitude [10-12], which would yield better sensitivity to generic physics beyond
the Standard Model than that of the leading muon g — 2 measurements [13].

The leading technique for measuring the electron g-factor involves making precise mea-
surements of the energy levels of a single electron in a magnetic field B [14, 15], as depicted
in figure 1. The energy eigenstates are two ladders of Landau levels |n,]) and |n, 1), with the
Landau levels and spin-flip transitions ideally separated by the cyclotron and spin precession
angular frequencies respectively,

o eB _geB

= = ) 1.1
We m’ Ws 2 m (1.1)
The value of g — 2 is inferred by measuring both w, ~ w? from the transition [0,1) — [1,1),

and the energy w, ~ ws — wY of the transition |0,1) — |1, /), and computing the ratio

Wa  9—2

ks (1.2)

which cancels out dependence on B, and greatly improves the relative precision on g since
g = 2. To achieve sufficient precision on the measurement of w., the electron is confined in
a cavity of length scale R to suppress spontaneous emission.

The measured cyclotron angular frequency w, is shifted from the ideal value w? due to a
variety of small effects, and these affect the determination of g via Aw./w. ~ —Ag/g. Thus,
at the current level of precision, all fractional shifts in w. of order 107! or larger must be
accounted for. One of the most subtle is the (transverse) “cavity shift.” Classically, the
electron’s orbital motion produces radiation, which reflects off the cavity walls and acts back
on the electron. This does not substantially affect wy, but shifts w,. by roughly

Aw o 4mm
Cc ~ ~ 1 —12 ( ) . ]_ .
We mR 0 R (1.3)

This shift is so small that it cannot be measured by any other type of experiment, but it
must be accounted to achieve the desired precision. Furthermore, the cavity shift has an
intricate dependence on w,, as it is resonantly enhanced when w, is near a cavity mode.

A classical calculation may be sufficient, since the cavity size R is macroscopic (mR > 1),
but it is not obvious how to recover the cavity shift in a fully quantum calculation. Viewed
quantum-mechanically, the electron does not have a well-defined classical trajectory, and
the cavity walls determine the mode structure of the electromagnetic field, modifying the
photon propagator from its free space value. In a quantum treatment, the leading cavity
shift eq. (1.3) should arise from a one-loop self-energy diagram.

In the early 1980s, several groups attempted such a calculation in toy setups with
one or two infinite conducting plates, and found comparable shifts of both w. and ws, in

1This calculation involves diagrams with electron, muon, and tau loops, as well as hadronic and electroweak
corrections. There was a 50 discrepancy in the calculation of the five-loop QED diagrams without lepton
loops [4, 5], which was recently resolved [6, 7], and found to arise from a bias in the numeric integration
procedure. The use of electron g — 2 to test the Standard Model is currently limited by the 5o discrepancy in
the leading measurements of « by atom interferometry [8, 9].
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Figure 1. Schematic depiction of the technique for current measurements of electron g — 2. Left: an
electron is placed in a uniform magnetic field, which causes cyclotron motion and spin precession. A
weak quadrupolar electrostatic field traps the particle in the axial direction parallel to B. Center:
measuring the transition energies w, and w, allows g — 2 to be extracted, independent of the magnitude
of the B-field to leading order. Right: the entire system is placed in a cylindrical cavity which reflects
the electron’s cyclotron radiation, extending the cyclotron motion’s lifetime and shifting the cyclotron
frequency. This “cavity shift” is the focus of this work.

disagreement with the classical calculation and with each other [16-19]. By the late 1980s,
consensus was reached that these conflicting results were due to errors such as computing
gauge-dependent quantities, improperly using hard cutoffs, and failing to account for mass
renormalization [20-23]. Ultimately, the quantum calculations agreed with the classical result.

Following the infinite-plate calculations, the cavity shift was derived classically for an
electron at the center of a cylindrical [24] or spherical [25] cavity. (See also ref. [26] for a
generalization to arbitrary points in a cylindrical cavity, and ref. [27] for a pedagogical review.)
Here the parallel-plate results are not useful, since these cavity shapes confine the electron to a
finite volume, changing the photon mode structure much more dramatically. Furthermore, the
classical calculations require a careful subtraction of the electron’s divergent self-field from the
classical Green’s function. This was the basis for Kramers’ original attempts at renormalizing
electromagnetism [28, 29], and in the present context, it can be done exactly for an ideal
sphere or cylinder. However, it is unclear how to generalize the subtraction to less ideal or
symmetric cavity geometries. Finally, these calculations do not naturally accommodate cavity
modes with different quality factors, which is important for future measurements.

In this paper, we address these shortcomings by computing the renormalized cavity shift
quantum-mechanically, writing it in terms of an explicit mode sum. Ultimately we find
that the quantum-mechanical calculations exactly match classical calculations for perfectly-
conducting spherical and cylindrical cavities, putting existing measurements which rely on
these calculations on firmer theoretical footing. Furthermore, since we express the cavity
shift in terms of a mode sum, our work enables a more precise understanding of the cavity
shift which accounts for cavity imperfections.

We begin in section 2 by reviewing the setup of the g — 2 experiment, and the many
effects that shift the value of w.. We review why many of them can be neglected or separately
accounted for, simplifying our later treatment of the cavity shift, and also explain how the
(transverse) cavity shift discussed in this work differs from the longitudinal “image charge”
shift measured in trapped ion experiments. Finally, we illustrate why explicit renormalization
is required, in either a classical or quantum calculation.



In section 3, we describe the electron with nonrelativistic quantum mechanics, and use

cav

second-order perturbation theory to compute the energy level shift Aw

, 48 a sum over cavity

free
c

modes. We also compute the shift Aw_°® in free space, as an integral over plane waves. Both
these quantities are linearly divergent, and the physical cavity shift is their difference. This
derivation is similar in spirit to Bethe’s nonrelativistic calculation of the Lamb shift, though in
our case some matrix elements are easier to evaluate analytically. Famously, after performing
such subtractions, Bethe showed that the Lamb shift is only logarithmically divergent in the
nonrelativistic theory, allowing him to find a decent estimate of its magnitude [30]. However,
finding the precise numerical value required a renormalized calculation in the relativistic
theory, including a nontrivial matching of the high-energy and low-energy descriptions of the
system at a scale comparable to the electron mass, as reviewed in refs. [29, 31, 32].
Motivated by possible subtleties in matching low- and high-energy calculations, in section 4
we compute the cavity shift in the relativistic theory, using Schwinger’s exact propagator
for the electron in an external magnetic field, and the cavity-modified photon propagator.
However, we find the result is essentially the same as in the nonrelativistic theory, and no
matching step is required. This shows that the cavity shift is an inherently infrared effect.

We then compute the cavity shift in specific cavity geometries. In section 5, we warm up

cav

&V and

with a spherical cavity, and show that the difference between the regulated sum Aw

free
c

integral Aw®® can be computed in a regulator-independent way by evaluating an appropriate
contour integral. This yields exactly the same analytic expression previously derived classically.
We then consider a cylindrical cavity in section 6. We are able to use the same technique,
though the result is significantly more complicated due to the presence of multiple mode
sums and branch cuts, and it again matches the classical result.

Our approach thus provides a flexible new method applicable to more general cavities.
In section 7, we discuss how the renormalized cavity shift can be computed with an explicit
regulator; in particular, we show that even a hard cutoff with a small number of terms can
yield a highly accurate result, as long as the cutoff is chosen appropriately. We conclude
by discussing the relationship between our method and other calculations, and applications
to future electron g — 2 measurements. Technical details are relegated to the appendices,
and referred to throughout the main text.

2 General considerations

Many effects can potentially shift w. at the 107! level, so we will begin by reviewing and
estimating them. We will show that many are actually negligible, or can be accounted
for independently of the cavity shift, simplifying the analysis of later sections. We largely
follow ref. [14], but also incorporate more recent theoretical results. Where specific choices
of parameters such as magnetic field and cavity size are needed, we choose values relevant
to the latest iteration of the experiment [1, 2].

Frequency scales in a Penning trap. In the g — 2 experiment, an electron is placed in a
uniform magnetic field B = B 2, in which the angular frequency of the cyclotron orbit is

B
wg = % —6x10%eV ~ (0.3 mm)_l. (2.1)



In a pure magnetic field, the electron would not be confined along the z-axis, so a weak
quadrupole electrostatic field with potential ¢ oc 22 — p?/2 (where p is the distance to the
z-axis) is imposed. This combination of fields is called a Penning trap. The angular frequency
of oscillations along the axial direction is

w, =5x107"eV ~ 1073 w,. (2.2)

Furthermore, in the presence of both of these fields, the electron can perform slow, circular
“magnetron” motion in the zy plane, with angular frequency w, ~ w?/2w..

Since the quadrupole potential also provides a radial force, the physical cyclotron frequency
w, differs from w? by a fractional amount of order w?/(w?)? ~ 107%. However, by measuring
We, Wy, and wy, in the presence of the potential, one can infer the value w? that would occur
in the absence of the potential using the “invariance theorem” [14]

we = \JwZ +w? +wi, (2:3)

which holds even if the trapping potential is misaligned or otherwise imperfect. As discussed
in ref. [14], w¥ is essentially the quantity that should be used to determine g via eq. (1.2). It
will turn out that the dominant effect of the cavity shift is through its effect on w., but we

will note when relevant how shifts of w, and w,, affect the determination of wg.

Relativistic and radiative corrections. The above discussion treats the electron’s motion
as nonrelativistic. The leading relativistic effects on the frequencies of the lowest cyclotron
levels, computed in ref. [14], have a fractional size Aw./we ~ we/m ~ 1072, A complementary
perspective using classical equations of motion is given in ref. [33].

Intuitively, the main effects at this order are the increased relativistic momentum p = ymv,
which slows down the cyclotron motion, and Thomas precession, which shifts the spin
precession frequency. The effects of axial and magnetron motion on the measurement of g
are suppressed by multiple powers of w,/w., and are thus negligible. Relativistic effects at
the next order were computed in ref. [34] using the Foldy-Wouthuysen transformation, but
these contribute at most (w./m)? ~ 107!8 and are also negligible. Thus, we may neglect
all relativistic effects besides the few mentioned above, which are simply accounted for by
shifting the value of w,.

Famously, one-loop corrections in QED affect the spin precession frequency at the
level Aw,/ws ~ /21 ~ 1073, However, loop corrections generally have a much smaller
effect on w.. First, as discussed in ref. [35], vacuum polarization effects are exponentially
suppressed, because they only modify the potential near charges, and the trapped electron
is macroscopically far away from other charges. Second, the one-loop correction to the
electron self-energy yields an effect analogous to the Lamb shift. Since w./m plays the
role of Zav in an atom, one would expect Aw,/w. ~ a (we/m)log(m/w.) ~ 10710, However,
this energy level shift turns out to be independent of the cyclotron energy level to leading
order, and thus does not affect measurements of w. [35-37]. The leading state-dependent
shift appears only at the next order in the strength of the B-field, giving a negligible
Awe/we ~ a(we/m)?log(m/w.) ~ 10719



Together, these parametric estimates indicate that nonrelativistic quantum mechanics
can reliably be used to compute the cavity shift, though in section 4, we perform a relativistic
calculation and take the appropriate nonrelativistic limit to recover the same results.

Cavities and the dipole approximation. In free space, cyclotron motion is damped due
to the emission of radiation. Applying the Larmor formula gives a damping rate

2
¢~ 107w, (2.4)

2w?  aw
T 3mm T
This yields a negligible fractional frequency shift Aw./w. ~ (7/we)? ~ 10722, However, the
short lifetime of the cyclotron states makes it difficult to measure w, to the required precision.

To address this, the Penning trap is placed inside a cavity, which modifies the free space
photon modes to discrete cavity modes. When w, coincides with the angular frequency
of a cavity mode, the damping rate is resonantly enhanced by the mode quality factor
Q@ > 103, and when w, is well away from a resonant mode, the contribution of that mode
to the decay rate is suppressed by 1/Q. By tuning w. to sit between cavity modes, the
decay rate can be sufficiently reduced. The length scale of the cavity is R >~ 4mm; in the
cylindrical cavity used for the most recent measurement, R is roughly both the radius and the
half-length [2]. This value is chosen so that w,. is comparable to that of fairly low-lying cavity
modes, w.R ~ 10, where the modes can be unambiguously identified, and their Q)-factors
may be reliably measured.

The electron is very well-localized relative to the cavity size: the typical radius of the
lowest cyclotron orbit is the “magnetic length” ¢ ~ 1/, /mw. =1/ veB ~ 10~8m, while the
spread in the axial direction is o, ~ v/q/mw, ~ 107> m, as the axial quantum number was
q ~ 100 in the latest measurement. Since ¢, 0, < R the electron itself never “sees” the cavity
walls; the cavity only affects the photon modes.

In the calculations below, it will be useful to make the “dipole approximation”, which
amounts to evaluating the photon mode functions at the mean position of the electron. For
simplicity we assume the electron is centered in the cavity, and denote the center of the cavity
by r = 0. As we will see, the dipole approximation is reasonable because the renormalized
cavity shift is dominantly due to low-lying cavity modes, with wavelengths of order R > ¢, 7.

Finally, we will assume the photon modes with nonzero values at the cavity’s center can
be separated into a set proportional to z (“axial modes”) and a set proportional to X £ iy
(“radial modes”). This holds for the spherical and cylindrical geometries we consider, and it
is also generically a good assumption for any cavity geometry with axial symmetry. With this
assumption, we can isolate the dependence on cavity geometry from the rest of the calculation.

Classical estimates of the cavity shift. The cavity suppresses the imaginary part of the
electron’s self energy, but by the general logic of the Kramers-Kronig relations, analyticity
implies that a shift in the imaginary part is inevitably accompanied by a shift in the real
part. Classically, the cyclotron frequency shifts because the radiation fields produced by the

2 A realistic cavity becomes transparent above the plasma frequency w, ~ 15¢€V, corresponding to radiation
of a wavelength 27 /wy, ~ 10" m. Thus, the dipole approximation would hold, at least in the radial directions,
for all cavity modes that even exist. However, this assumption will not be needed below.



electron reflect off the cavity walls and act back on the electron [20]. As we will see, there
are several parts of this “cavity shift”, though only one is currently relevant.

To build intuition, we replace the cavity with an infinite flat conducting plate a distance
R away from the electron; then the cavity shift is due to the electric field E’ of the electron’s
image charge. This can be decomposed into a longitudinal (“electrostatic”) part with
magnitude E} ~ q/(47R?) due to the image charge’s Coulomb field, and a transverse part
E% ~ qa./(47R) due to radiation fields, where a. is the acceleration of the cyclotron orbit.

Numerically, E’ is larger, but a constant E} would just be equivalent to shifting the
center of the trapping potential. Furthermore, for symmetric cavities, E} vanishes at the
center of the cavity. Thus, the leading effect of the longitudinal field comes from the linear
term of the Taylor expansion, E} ~ gr./(4mR3). Part of this term cannot be absorbed into a
redefinition of the trapping potential, so it can indeed produce an observable cavity shift.

To estimate the effect of these fields on the cyclotron frequency, we compute the ratio
of the image charge-induced forces qFE’ to the Lorentz force qu.B, which gives

Aw, a/(mR) ~ 10712 transverse, (2.5)
We a/(mw?R3) ~ 10714 longitudinal. .

Thus, the cavity shift from E/. is important for the current generation of experiments, while
that of E/ is currently negligible, but may become relevant in the near future.

We emphasize that the longitudinal and transverse cavity shifts are independent effects,
which must be summed to yield the total cavity shift. As we will discuss in section 7, the
longitudinal cavity shift dominates at low frequencies, and is therefore more important for
trapped ion experiments [38-43], where it is called the “image charge” shift. In this work,
we will focus exclusively on the transverse cavity shift, which arises from the fields of cavity
modes. As we will see, this effect is more subtle because the mode sum must be renormalized.

The (transverse) cavity shift can be enhanced by as much as @Q ~ 103 on resonance with
a cavity mode, making it relevant even for measurements performed in the 1980s. In practice,
we is tuned to sit between cavity modes to avoid this further enhancement. However, the
presence of many cavity modes implies that the cavity shift in a closed cavity has an intricate
frequency dependence, which is not captured by the toy model of a conducting plate.

There are several other components of the cavity shift, but they are negligible. First, we
have neglected the magnetic field B}, ~ E7., because the magnetic force is smaller by a factor
of v, ~ y/we/m. Second, the axial and magnetron frequencies are also shifted, by [24, 44]

Aw, Awp, « 1

~ ~Y [ad 1 _8. 2.
W, W, mR (w,R)? 0 (2:6)

This can affect the determination of wg through the invariance theorem, but by at most

~ 1071 (2.7)

Aw (%)2 Aw, « 1
Wy mR (w.R)?

We We

which may become relevant in the near future. Finally, the spin precession frequency can be
modified by the field of the electron’s image magnetic dipole moment p ~ g/m. As was first



argued in ref. [20], since the radiative magnetic field is B} ~ pw?/(47R), we have

Aws Bl o ws o1
~ L~ 210 2.8
W B mR m (2.8)

which is completely negligible. Thus, currently the only relevant part of the cavity shift is
the direct shift of w. due to the transverse electric field of the electron’s accelerating charge.

Classical calculations of the cavity shift. The cavity shift has only been calculated
for a closed cavity in cylindrical [24] and spherical [25] geometries. In both cases, E/. was
evaluated at the electron’s position using the cavity’s exact Green’s function, with the
electron’s divergent self-field subtracted. In the spherical case, a simple analytic form for the
Green’s function exists, while for the cylindrical case, it can be written as an infinite series
by first considering the Green’s function due to two infinite parallel plates, then adding the
contribution due to the cylinder’s curved walls. The derivation relies on the symmetry of the
cavity, which allows the use of the method of images. In both cases, it is possible to account
for finite quality factors by shifting the frequency of the Fourier-space Green’s function into
the complex plane, but one must assign the same quality factor to all modes, or in the case
of the cylinder, a uniform Q-factor to all TE modes and another Q-factor to all TM modes.

In practice, the quality factors are not uniform, and the modes do not take their ideal forms,
due to imperfections of the cavity geometry and the effects of the electrodes that generate
the trapping potential. Thus, in practice the cavity is characterized by measuring properties
of its modes. Given this information, one can compute the cavity shift by considering the
classical excitation of each cavity mode n, giving a result of the form [45]

Aws™ o w?
= C 29
We mR ; w2 —w2 ™ (29)

where ¢, is a mode-dependent order-one coefficient. One can then estimate the cavity shift
by summing over a few modes with w,, close to w,, as was suggested in refs. [46, 47].

However, while this method does capture the resonant enhancement of the cavity shift
near a mode, where AwS® /w, ~ Qa/(mR), it does not yield a quantitatively correct answer
in general, because the sum in eq. (2.9) is actually divergent. To renormalize the sum, we
must subtract it against the corresponding divergent shift in free space. In the next section,
we will evaluate both of these quantities in nonrelativistic quantum mechanics.

3 Cavity shifts in the nonrelativistic quantum theory

The Hamiltonian for the trapped electron is

(p+eA. +eA,)?
2m

where we have separated out the classical scalar potential ¢. and vector potential A, due
to the background electric and magnetic fields. We have neglected the electron spin since
it contributes negligibly to the cavity shift, as described in section 2.



We will solve the Schrodinger equation with the classical backgrounds exactly, and define
the mechanical momentum by @ = p 4+ eA.. Then the perturbation

eQAq A,

(&

— e, (3.2)
gives rise to the cavity shift. We can simplify this further by working in Coulomb gauge,
V - A, = 0, which implies [, A;] = 0. In this gauge, ¢, contains contributions from the
electron’s longitudinal field, which was shown in section 2 to be negligible. Dropping it gives

e?Ay- Ay

e
H=— (A,
4 m(qﬂ')"‘ om

(3.3)

For an electron eigenstate |N;0) with no photons, the energy level shift at first order in dH is

2
e
(N;0[0H|N;0) = %<O’Aq'Aq|0>- (3.4)

This is a constant, independent of the electron state, so it does not affect the spacing between
cyclotron levels; we can remove it by taking A, - A, to be normal-ordered. Then the leading
contribution to the cavity shift arises at second order in §H. Keeping only the order e? term,

[(N;0]|A, - m|N'; 1,54)|?
0EN ~ 3.5
o ;%;EN— (EN' + Wos) + i€’ (38:5)

where os indexes the polarizations and mode indices of one-photon states. (In free space,
we would instead index by the polarization A and momentum k.) An analogous expression
occurs in the computation of the Lamb shift in nonrelativistic quantum mechanics, where
the unperturbed Hamiltonian is the Coulomb potential of the hydrogen atom.

The cavity shift comes from the real part of  En, while the ie ensures that d Fy acquires
a negative imaginary part when the denominator vanishes, Ex = E’ + wgs, corresponding to
a positive decay rate I'y = —2Im(dFy). The imaginary part is finite and does not require
renormalization, so we will always implicitly take the real part. Since Re(1/(z+1€)) = P(1/x),
integrals that arise from eq. (3.5) will always be Cauchy principal values.

3.1 Electron and photon states

To compute the matrix elements in eq. (3.5), we need to specify the electron and photon
eigenstates and their associated quantum numbers.

Electron eigenstates. The Hamiltonian of a nonrelativistic electron in a Penning trap can
be solved exactly [14], and we briefly review the results here. To warm up, first suppose
there is only a uniform magnetic field, and work in symmetric gauge, where A, = %(B X p)
with p the radial vector in cylindrical coordinates. The classical equations of motion are
linear, which implies that the quantum states can be expressed as a combination of harmonic
oscillators at angular frequency w?. To do this, we define the operator

Ty — 1Ty

a=-—"—L (3.6)

0
2mwy



which satisfies the harmonic oscillator algebra, [a,a’] = 1. Then the Hamiltonian becomes

- 1 P2

- O (atar i)y P2 3.7
wc<aa—|—2>+2m (3.7)
which describes the cyclotron motion and the axial motion. To describe the third degree of
freedom, which will correspond to the magnetron motion, we define the ladder operator
T + 1Ty

b= (3.8)

0
2muwy

in terms of the non-gauge-invariant quantity @ = p — eA.. Then in symmetric gauge, we
have [m, 7] = 0, which implies [a,b] = 0, so that we can write the electronic states as

IN) = [nl) @ lgz),  Inl) = (al)"(6))'|0) (3.9)

where |g,) is a plane wave in the z-direction, and |nl) are the “radial” states. The Landau
levels are indexed by n, and each Landau level has an infinite degeneracy in [, which determines
the angular momentum of the state. For n = 0 and [ = 0, the radial wavefunction is a
Gaussian centered at the origin with radial spread ¢ = 1/y/mw? = 1//eB.

With a quadrupole field, the motion in the z-direction is now harmonic with axial
angular frequency w,, corresponding to harmonic oscillator states |¢) with spatial extent
0, ~ \/q/mw,. The magnetron motion is also harmonic at angular frequency wy,, with
[ the quantum number for magnetron oscillations. Finally, the cyclotron frequency w, is
shifted slightly, satisfying w? = w. + W, where w,, = w?/(2w.), which satisfies the invariance
theorem (2.3). The energy eigenstates and eigenvalues are thus

[nlg) = (a")"(0)' (al)?|0) (3.10)

and

1 1 1
Enq = <n + 2) We + (q + 2) W, — (l + 2) Wi (3.11)

Note the magnetron term is negative, so the Hamiltonian is technically unbounded from
below; in practice, the system is metastable, with a lifetime of years.

Including the quadrupole potential, the components of the mechanical momentum may
be expanded in cyclotron, magnetron, and axial ladder operators as [14]

Ty = m(wc(a—i—af) —wm(b+bT)), (3.12)
My =i ﬁ(%(a — ) +wn(b— 1)), (3.13)
Ty = —1 m;uz (a, —al), (3.14)

which will be sufficient to evaluate all the required matrix elements.
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Photon mode expansion. We canonically quantize A, in a generic cavity as

Zm Uys(X)aqs + h.c.] (3.15)

where o € {TE, TM}, s is a multi-index for the integer mode numbers with associated angular
frequencies wys, and the mode functions obey the normalization condition

/ dSX u;s (X) Uy (X) = 500/ 555’ (3.16)
|4

where V' is the cavity volume. In free space, we instead expand

A,(x) = / Pk 1 > (e ay +he| (3.17)

(2m)* V2l \ 5,

where € (k) are the two transverse polarizations, for A € {+, —}, the mode functions e’k
are plane waves with angular frequency |k|. In both cases we are working in Coulomb gauge
and dropping longitudinal parts of the field, as justified in section 2.

The mode functions u,s(x) and free-space polarization vectors €y (k) are given in ap-
pendix A. Under the dipole approximation, it suffices to evaluate the mode functions at the
position of the electron, which amounts to setting e* = 1 for the free space field. For
spherical and cylindrical cavities, only a few families of modes are nonzero at the center of

the cavity, and they can be written in the generic form

Up00p(0) = ull 2, (3.18)

pr

Uy +1p(0) = tu Vp(x +1iy). (3.19)

We call these modes “axial” and “radial” respectively. The first mode index is the azimuthal
quantum number m, so axial modes have m = 0 and radial modes have m = +1, and v
and p are other numbers which index the modes. The coefficients are real-valued, with
explicit expressions given in appendix A.

3.2 Cavity and free space results

Cavity result. In this case, we need to compute the matrix element

(N;0]A4(0) - m|N'5 1,5) = (nlqluyss(0) - m|n'l'q’). (3.20)

2Wes

The electron operators 7 are all linear in the creation and annihilation operators for various
modes, and thus only change one quantum number at a time to leading order. The terms
with cyclotron operators in 7, and m,, which couple to the radial modes, change the cyclotron
level by 1 unit,

\/ﬁén’,n—l m=+1,
\/n+15n’,n+1 m:—l,

where we have approximated w. — wy, as w,, accurate up to one part in 10%. Contributions

(nlglut mp(0)-7 [T’y D uj:’yp\/ 2mwe Oy Ogqr X (3.21)

which involve the axial and magnetron ladder operators are independent of the cyclotron
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level n, and thus do not affect the spacing between cyclotron levels. However, they do affect
the spacing between axial and magnetron levels, which can affect the determination of w?
through the invariance theorem eq. (2.3). For example, the axial electron operators couple
to the axial modes and contribute

(nlg|(a, — ai)\n’l’q’>. (3.22)

(nlgla) ., (0) - V) = —iul) |72
This yields a shift of the axial level spacing of order Aw, ~ (w.q/w.)Aw,, where Aw, is the
cavity shift due to eq. (3.21). By the invariance theorem, this shift yields Aw? ~ w, Aw, /w, ~
(w2q/w?)Aw,. Since ¢ ~ 100 in the latest iteration of the experiment [2], this contribution
is ~ 10% times smaller than the cyclotron part of the cavity shift, and thus negligible. The
contribution from magnetron modes is even more suppressed, since the typical magnetron
number is [ ~ 100 but wy,/w. ~ 1075,
The dominant part of the cavity shift thus comes from the cyclotron operators in eq. (3.21).
Plugging this into eq. (3.5) and suppressing the axial and magnetron numbers, which simply
stay constant, we have

2 ul? 1 N0y m=+1
D DD D g1 Y omis - (323)
M opm—tl o Yo,lvp n—( n/“‘wa,lz/p) (n+1)5n’,n+1 m=—1

2 12

e“w, U n n+1

=—— s + : (3.24)
m ovp Wo lvp \ Wo lup—We W, lupTWe

The cavity shift is the change in the spacing between cyclotron levels, Awg™ = dE5Y, — B,
which turns out to be independent of n. The result is

Aws™ 8T Z ui,%p 8T uf,j,z,pa?’ (3.25)
- 2 _ .2 2 _ .2 :
We moEE W, — We ma & (Wo,10p)? — 2
where uéyp and we.1,p for spherical and cylindrical cavities are given in appendix A, and in the

second step we introduced a cavity length scale a to nondimensionalize the sum, with z = w.a.

For spherical cavities, only modes with 0 = TM and v = 1 contribute, so only a single sum
is required. Note that this result is essentially the same as eq. (2.9), which can be deduced
by considering the particle’s analogous classical trajectory. However, the quantum approach
is more general, as it can give an answer even when a classical trajectory is not defined.

Free space result. In this case, the relevant matrix element is

(N;0]A4(0) - m|N'; 1) = (nlqlex(k) - wn'l'q). (3.26)

1
V2[K]|
By the same logic as above, the dominant contribution comes from the cyclotron ladder
operators. Suppressing the axial and magnetron numbers, we have

(nle(l)-mr|n') = [ 72 (nlef (a+ah) +iek (a—ah) ') (3.27)
- sz (Ve (k2T 1) 0 i1 +v/me ™ (ko2 1), 1 ) (3.28)



where we applied eq. (A.26). Squaring and summing over photon polarizations gives

> lnles () - i) = 2 (14 (k- 2)2) (0 + 1) St + 10 m1): (3.29)

This corresponds to an energy level shift of

2w, A3k

. +1
SEfree = _ 1+ (k- 2)° ( U ) 3.30
" 2m J (2m)3(2|k|) (1+( ) k| —we k| + we (3:30)
The change in the spacing between cyclotron levels, Aw!®® = 5Efree §Efree obeys
Awfree 1+ (k-2)?
= d*k : 3.31
We 471'2 / k]2 w2 (3:31)

Note that this integral is manifestly linearly divergent. As discussed below eq. (3.5), the
integrand contains a pole at |k| = w,, and the integral should be regarded as a principal value.

4 Cavity shifts in the relativistic quantum theory

We now have a fully quantum expression for the cavity shift for a nonrelativistic electron,
given by the difference between the linearly divergent sum eq. (3.25) and integral eq. (3.31).
Readers interested in the renormalization procedure may skip directly to the following section.

However, given that the analogous calculation of the Lamb shift requires a relativistic
calculation to match low-energy and high-energy terms, we find it instructive to repeat the
calculation in a fully relativistic formalism, taking the nonrelativistic limit only in the final
step. Indeed, even the relativistic calculation of the cyclotron shift in free space (which,
as discussed in section 2, affects the spacing between cyclotron levels at O(B?)) requires a
careful matching between low- and high-energy regimes [37]. It is also enlightening to see how
the cyclotron shift arises from the same one-loop diagrams that can be used to compute g — 2.

As we will discuss in section 4.1, the relativistic calculation requires computing the
difference of one-loop self-energy diagrams in figure 2, involving the in-cavity photon and
free-space photon propagators. As for the electron propagator, there is no known exact
solution in the full set of trap fields; instead, in section 4.2 we will use Schwinger’s result [48]
for the electron propagator in a constant B-field alone, and include the effects of the
quadrupole potential through the external-leg electron wavefunctions. As such, here we will
not distinguish between w? and w...

We will see that two new subtleties emerge in the relativistic calculation:

e We must perform an additional renormalization to subtract the electron self-energy in the
absence of an external magnetic field. This is exactly analogous to mass renormalization
in the standard treatment of the Lamb shift [32], and is absent in the nonrelativistic
calculation where the electron mass is not treated as a contribution to the energy.

e The contribution of the axial modes does not appear to be parametrically suppressed
compared to the radial modes. This is an unphysical artifact arising from the fact that
the Schwinger propagator does not know about the axial confinement of the electron,
and thus the “internal” energy eigenstates from the propagator are not orthogonal to
the external legs of the one-loop diagram.
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SEGO™) = / d3xd3x’[ ﬁ _ }

S Photon (free space)
AAAAA Photon (in cavity)
e Electron in B field (Schwinger propagator)

— Trapped electron state

Figure 2. One-loop contribution to the cavity shift in the relativistic quantum theory. The Schwinger
propagator S4 is the electron propagator in an external magnetic field, and the external electron
states are approximate eigenstates of the full trapping potential, including the axial confinement.

After accounting for these issues, we show in section 4.3 that taking the nonrelativistic limit
Wes, We K m recovers our previous results, with technical details relegated to appendix B.

4.1 Energy shifts from self-energy diagrams

First, we review standard arguments (e.g. see ref. [31]) for how self-energy diagrams compute
energy-level shifts. The exact position-space propagator for a fermion W is defined as the
time-ordered correlation function of fields

iSH(X, X') = (T{¥(X), T(X")})a, (4.1)

where X# = (t,x), X" = (¢/,x’), and the expectation value is taken with respect to
the interacting vacuum in the presence of an external field A, which has both a classical
background value and quantum fluctuations. Performing the time Fourier transform yields
the mixed energy-position propagator

Un(X)Un(X/) Vn(x)vn(xl)
Sa X B) =) o e T B Bt

n

(4.2)
n
where U,, and V,, are the 4-component spinor eigenstates of the full Hamiltonian with energies
E! and —E), respectively, and the energy denominators arise from the time-ordering and the
time Fourier transform integral. In this form, it is clear that poles in the mixed propagator
correspond to energy eigenvalues.

The exact electron propagator S’ may be expressed as a perturbative series in the
electromagnetic coupling e,

SL(X, X') = Sa(X, X') +684(X, X)) + ..., (4.3)

where S4 is a Green’s function for the Dirac equation with external classical field A, which

can be written in the mixed energy-position representation as

Sabex;B) =2 Zi(f)é"fzi o> Z?Z(j)?f z)e (4.4)

n n

In the case where A, corresponds to a constant B-field, Schwinger derived a non-perturbative
expression for S4 as an integral over a Schwinger proper time variable, which we will use in
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detail in section 4.2 below and refer to as the Schwinger propagator [48, 49]. The effect of
054 is to shift the energy eigenvalues away from +F,,, the poles of the Schwinger propagator
(namely the relativistic Landau levels), and will also shift the spinor eigenstates w,,, vy, of
Sa. Taking E/, = E, + 0E, and U,, = u, + du, in eq. (4.2) and expanding to first order
in ¢’s, we have

SE, + O(6) (4.5)

so to find the first-order shift F,, of energy level n, we need to isolate the coefficient of
U (%) (x')/(E, — E)? in the exact propagator.

The leading-order propagator correction §.54 may be computed with a one-loop diagram,
with the free-space correction subtracted from the cavity correction to obtain the physical
cavity shift. In position space, the relevant diagram is an un-amputated diagram where the
external legs contribute factors of the Schwinger propagator,

6Sa(x,x; E) = /d3wd3w' Sa(x,w; E)Y 4(w,w'; E)Sa(W',x'; E). (4.6)

Here, —iX 4 represents the amputated part of the one-loop diagram (also in the mixed
energy-position representation), which involves two QED vertices and two propagators, and
thus may be computed as

—iYA(x,x; E) = (ie)Q/dT’Y“SA(X,X,;T)’)/VD#V(X,X,;T)eiET, (4.7)

where Sy is the electron propagator, D, is the photon propagator, and 7 =t —t’. The two
factors of Sy4 in eq. (4.6) provide the required energy denominators, and taking inner products
with a particular unperturbed eigenstate u, to isolate F,,, the energy shift is given by®

SE, — / B P T (X)S A (X, X B )i (x). (4.8)

We illustrate this with Feynman diagrams in figure 2, where the electron-photon vertex has
the familiar QED Feynman rule iey*, but both the electron and the cavity photon propagators
are modified from their free-space expressions, as we will describe in section 4.2.

The result for JF, makes intuitive sense, as it resembles a first-order energy shift in
nonrelativistic quantum mechanics, with perturbing “Hamiltonian” given by the amputated
one-loop diagram.* The setup of our calculation is very similar to ref. [37], which used the
Schwinger propagator to compute free-space energy shifts to O(B?) for a generic electron
state; as a check, we have reproduced those results to O(B?). In addition, eq. (4.8) can be
used to compute the free-space one-loop correction to the spin-flip energy ws, by taking the
states u, to represent spin-down and spin-up electrons with the same cyclotron level index.
As shown in refs. [37, 51], this recovers the usual one-loop anomalous magnetic moment
(g — 2), more commonly computed by considering the vertex renormalization.

3This procedure has previously been used to calculate the energy level shift due to conducting plates [50].
4At one-loop, there is also a diagram corresponding to vacuum polarization, but as argued in section 2, its
effects are negligible here. Indeed, one can check that it vanishes identically in the limit of no quadrupole fields.
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4.2 Propagators and wavefunctions

Here we present the components necessary to evaluate eq. (4.8). To avoid ambiguities with

index heights for spatial indices, we write explicit spatial coordinates as x = (z,y, 2z) and
Ax = x — x' = (Az, Ay, Az).

Electron propagator. The Schwinger propagator can be written in the form [49]
Sa(X, X') = e X g(X — X7, (4.9)

which is the product of a gauge- and spacetime-translation-invariant piece with a gauge-
dependent phase factor that breaks translation invariance. This phase arises because a
constant magnetic field B =V x A must come from a spatially-dependent vector potential,
which breaks translation invariance.

In symmetric gauge, where the vector potential for a magnetic field B = Bz is

1 (B
A=-Bxp=_| Bz |, (4.10)
2 2
0
the Schwinger phase is [49, 51]°
B
O(x,x) = 7 @ +2)y—y) = (@ =)y +y), (4.11)

where 8 = eB.
The translation-invariant part of the Schwinger propagator, S(X — X') = S(Ax; 1) with
7 =1t —t' can be expressed as an integral over a Schwinger proper time parameter s,

N 18 ©  ds —i(m?s+ £ (12 =(A2)?) — gy (A2)+(Ay)?))
S(Ax;T) = 2(4m)? /0 ssin(Bs) c

X [Z (cOS(ﬁs)'yo - iSiH(BS)’Y?’,YE)) +2m (cos(ﬁs) + sin(ﬁs)ylfy?)

p
sin(fs)

Exploiting the translation invariance of S(X — X’), we may Fourier transform to get a

_ % (COS(IBS)’Y3 - iSin(ﬂS)’}/Ory‘E) _ (Al‘ ’Yl + Ay 72):| ] (412)

momentum-space propagator,
S (X X = emioxx) [ AR inxoxn g 413
A( ) ) € (271_)4 € ( )7 ( . )

where

_ [ A5 is(kR-kE— (K2 kD) D 2 pic)
Sk) = /0 cos(fBs) c

11y 12,2

x [(k%o ~ 9 m)foos(Bs) + 7' sin(3s)] — L5

SNote that ref. [49] defines ® with an additional minus sign and works in Landau gauge rather than

(4.14)

symmetric gauge; by performing a gauge transformation to symmetric gauge, we have checked that our
expressions for the wavefunctions and Schwinger phase agree with ref. [51] which uses symmetric gauge.
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Electron wavefunctions. The electron wavefunctions which solve the Dirac equation in
the presence of the vector potential A in eq. (4.10) are plane waves in z. There are no known
exact solutions of the Dirac equation once the confining quadrupole potential is included, but
the axial confinement of the electron is crucial in order to apply the dipole approximation.
As a result, we will take our electron wavefunctions to be the approzimate energy eigenstates
of the Dirac equation in symmetric gauge [49, 51],

1/4 ]
i (x) = 1| =2 (2> e BEH A (=27(2y () (4.15)

2o, \T

where Z is the z-coordinate of the cavity center. By assumption, the electron is localized on
the cavity axis at x = y = 0. We have put in a Gaussian axial confinement, parameterized by
0., by hand. However, we will show that the final result is independent of o, indicating that
the exact form of the confining wavefunction is irrelevant, as long as the axial confinement
is sufficiently weak. The condition we obtain on ¢, is parametrically identical to the one
obtained in ref. [50] for the parallel-plate geometry.

To compute the cyclotron shift, we only need the ground state and first excited state, n = 0
and n = 1, with energy eigenvalues Ey = m and E; = /m?2 + 23, and spinor wavefunctions

B (B +m)(x +iy)/2
E\(E1 +m) —i
0

a1 (x) = (4.16)

S O = O

In the weak-field limit 8 < m?, we have F; ~ Ey + % = FEy + w. as expected. As in the
nonrelativistic calculation, we have assumed that the contribution to the energy from the
axial motion is negligible, and thus the energy does not depend on o,, which is correct to
an accuracy of O(¢%/o2) ~ 1073,

Photon propagator. As in section 3, we work in Coulomb gauge. Then the mode expansion
of A is the same as in eq. (3.15) and eq. (3.17), though we now work in the interaction picture,
where we include the time dependence of the operators a,s — e~ ““sta,,. We can obtain the
transverse component of the propagator from the time-ordered correlation function

DY

cav

(x,x';7) = (0|TA'(t,x) A’ (¢, x')|0) (4.17)
_ Ly /°° o= (uﬁ@(x)ugs(x’) B uzs<x>uz;@<x'>> @)

271 <~ 2w, s W+ (wes — €)W — (wgs — i€)

where 7 = t—t' as before. This propagator is time-translation-invariant, but spatial translation
invariance is broken by the cavity. Note that the assumed axial symmetry implies that all
modes have azimuthal dependence ¢™™? for integer m, and that modes with m = 0 are
real, while modes with m > 0 are complex conjugates of modes with m < 0, with the same
frequency eigenvalues w,s. Thus, when we sum over all modes in the dipole approximation,
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we can reindex the sum to make the numerators of the two terms agree,

1 (uf;‘s(O)ugs(O) B ubs(0)uy(0) > :Z 1 ul (O)U*j(O)

7 2wes \ W+ (Wos —1€)  w — (Wgs — 1€) Aogs OF os

. <w+<w;—ie> ‘w—wis—z'e))‘

(4.19)
Thus, the position-space propagator in the dipole approximation simplifies to
dw 7
D _(0,0; / e 4.20
Cav T Zuas O’ m w2 — wgs + e ( )

Because the mode function values u’ (0) are now constants, this propagator is trivially
spatially translation-independent because it is spatially constant. Using the time-translation
invariance as well, we can Fourier transform to 4-momentum-space,

(27r)35(3)(k)
i E
b tos(0 k2 — w2, + i€ (421)

For the spherical and cylindrical cavity geometries we consider, the mode functions obey

i %4 U 5 1=7]= {17 2}
ugs(0)ui(0) = { e (4.22)
Uevp, 1=73=3,
where the values of uz? p and u!,l?l,p are given in appendix A.

QED calculations in Coulomb gauge typically also require the use of the longitudinal part
of the propagator, Dy, which arises from the static Coulomb interaction between charges. In
our case, because this component of the propagator is time-independent, it will shift all energy
levels uniformly and therefore not contribute to the shift of the cyclotron frequency [20].
Therefore, we are free to ignore it and use only the transverse propagator D,

In free space, rather than using the Feynman-gauge propagator as is typical in relativistic
QED calculations, we will use the same Coulomb gauge as we did for the cavity propagator.
The Coulomb-gauge propagator has transverse part

dk ( i kk]) ol (x=x)

DZJ _
(2m)* k[ ) k§—[k[?+ie

free

(x,%';7) = (0| T A¥(£,%) A7 (¢, %) |0) = 7 / (4.23)

By the dipole approximation, we may drop the spatially-dependent phase factor, giving

d4k B klkj e—zkoT
DY ) = / ij _ . 4.24
ee(0.057) =14 | s <5 ]kP) KZ — K2 + e (4.24)

4.3 Cavity and free space results

We can now put the pieces of the one-loop diagram together to compute the amputated
diagram —iX 4. In position space, this diagram contains the usual factor iey* at each vertex, a
factor of the Schwinger propagator (4.12) connecting x to x’, the Schwinger phase (4.11) and
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the dipole-approximation photon propagator (4.20). Both propagators depend on 7=t —t/,
so we may Fourier transform in 7 to get the mixed energy-position representation

—i¥a(x, X Ey,) = (ie)ze_@(x’x/) /dT YS(x — X,;T)’)/VD#V(O,O;T)eiE"T, (4.25)

which identical to eq. (4.7) but with the Schwinger phase explicitly included and the dipole
approximation used for the photon propagator.
Equivalently, we may use the momentum-space propagators to write

4 4
SIEAK,X) = (e ) [ S5 ) [ St XD )
(4.26)
The only piece of this expression which breaks translation invariance is the Schwinger phase,
so we may factor it out and implicitly define an amputated momentum-space self-energy as

. _1/ / d4 —’L . _ ’
—isa(X, X) = e / (2;)’4@ P(X=X)5 ) (), (4.27)
where
| B PN
~i8(p) = (ie)? [ 557" S0 Dy o~ ). (4.28)
Performing the time Fourier transform gives
d*p

P ) (P =Enip). (4.29)

Na(x,x';Ep)= / drefrmy 4 (X, X)) = 100X / ok
Cavity result. The details of the evaluation of the energy shift eq. (4.8) using position
space (4.25) and momentum space (4.29) are given in appendix B.1 and appendix B.2,
respectively. Because the spatial dependence of the wavefunctions are Hermite polynomials
times a Gaussian weight, and the Schwinger propagator is linear in both position and
momentum multiplied by a quadratic phase, the evaluation of the self-energy simply boils down
to a large number of complex-valued Gaussian integrals. Depending on the representation,
it is not necessarily more convenient to evaluate X 4 before evaluating the energy shift, as
some of the Gaussian integrals simplify after first performing the spatial integrals over the
external-state wavefunctions.

After all position and momentum integrals have been performed, both approaches yield
an energy shift in terms of a single Schwinger proper time integral and a photon mode sum,

) 2
0FE, = e Z 1 /Oo ds % et (m*+B)s
4 oo Wos Jo os + 2is

X [(m In(8) + (Bn + wWos)gn(s) + hn(s))erfc (ei“/‘l\/g(En + was))eis(Energs)Q

+ (m fn(s) + (En — wos)gn(s) + hn(8)>erfc< — ei”/4\/§(En _ wos))eiS(En_Was)z}.
(4.30)

For the ground state, £y = m and

go(s) = —fo(s) = Qe*iﬁsuizp + eiﬁsuu_?yp, ho(s) = 0. (4.31)
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For the first excited state, £y = /m? + 23, and analogous expressions for f1(s), g1(s), and
hi(s) are derived in appendix B.1.

Recall that o, was introduced by hand in eq. (4.15) to confine the electron in the z-
direction. The external-state wavefunctions are consequently not exact eigenstates of the Dirac
operator for which the Schwinger propagator is a Green’s function. The result of this setup

is that the energy shifts induced from the axial modes ug ., of the photon are not suppressed

1

>up- Based on the analysis of section 3, we assume that the

compared to the radial modes u
axial modes should be suppressed and drop them for the remainder of the calculation.®

At this stage, the energy shift still appears to depend explicitly on o,. However, since
E, ~m > wgy, in the infrared, and m? > 8 in the weak-field limit, the dominant behavior

of the oscillating exponential in the integrand for large s is

e~ Serfc <€i7r/4\/§(m + CUcrs)> elmtwes)®s  gemim?s (4.32)
e~ M serfe (—eiﬂ/A‘\/g(m — was)) elm—wos)*s  Be=im®s 4 Ce™2meoss, (4.33)

where A, B, and C are non-oscillating functions of s, and we have used the expansion

—iz? _
ate(e7) ~ = (5 +0 () 434
7T

for large z. The fast oscillations of the exponent will damp the A and B terms unless

s < 1/m2, and the C term is damped unless s < 1/(2mwss). Since ws, < m as long as the
cavity shift is infrared-dominated, the first condition is automatically satisfied if the second
is. The largest undamped region of integration for both terms is thus

2s 1
0< 5 <——=. (4.35)
02 MWse03
The o, dependence cancels in the integrand, 021222‘5 ~ 1, as long as the upper bound
of the inequality in (4.35) is much less than 1. For a cavity of size R, the lowest-lying
0

cavity mode is of order w), ~ 1/R, so the energy shift is independent of o, as long as
0. > /R/m ~ 4 x 107° mm, where we took R ~ 4 mm. (This condition was first noted
in [50], where R was the separation between parallel plates.) This is satisfied in typical

experimental setups, where o, ~ 4 x 1074 mm.

Using this approximation to set the o,-dependent factor to unity, and performing the
trivial sum over m = +1, the remaining integral over s can be performed analytically to

50ne might wonder if one could simply leave the electron unconfined along the z-direction. For a spherical
cavity, this is impossible to reconcile with the cavity geometry, but it seems viable for a cylindrical cavity.
However, besides invalidating the dipole approximation for the axial motion, this approach either leads to
inconsistencies from the fact that both the electron and photon wavefunctions must satisfy boundary conditions
at the cavity endcaps, or leads to spurious infrared divergences for an infinitely-long cylinder with no endcaps.
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obtain a ground state energy shift of

E E;,
1 _ 30,VP 1 + 30,VP
SEE =S ul? vmies Vmial (4.36)
- U7Vp 2 2 .
ey W5 1pp T 2mwe 10p — 28 Wo1up — 2mwe, 10p — 28
2 12

e U
~ R (4.37)

m ovp Wa,1vp T We

and, using eqs. (B.30), (B.31), and (B.32), an excited state energy shift of

2 uL2
o= P oivp (4.38)
FEq (El + m) ovp Wo,1vp
m + EIG,VP 1_ EIG,V})
2
w2 1,p + 2 (Wo,1pE1 + B) 2
o,1lvp vp ( f:ml/p) — w?f’lyp -2 (Wo,lupEl + ﬁ)
2
(El + m) (m - Eta,up) 1 Ef:UvVP
2 _ 2
26 (anle +2 (wo’ll’pEl 6)) \/(EIU,VP) - wgale -2 (wo’lypEl —5)
m+E, ., Eviowp
+w21 _Q(UJJIVEl_ﬁ) b 2
2 _ —
(El + m) (m - El;a,up) 14 El;o,up
2 B ~ 2
26 (021, — 2 Wo10pB1 + ) ¢ (Eripup) — @2 10p + 2 1p 1 + )
- ﬁ ui_ﬂ%p Wo,lvp — We We (4.39)
m oop Wo,lvp \ Wo,1lvp + we Wo,1lvp — We ,
where we defined Evjf;a,up = E, £ ws1p and substituted f = mw.. In both cases, we have

finally taken the nonrelativistic limit by making the approximation we, wg,1,p < m in the last
line. As discussed in section 2, these approximations are good because w./m ~ 107Y and the
highest cavity modes are below the plasma frequency, wy,1,p/m S wp/m ~ 1074

Finally, because this is a relativistic calculation, we must perform a mass renormalization
analogous to the one needed for the Lamb shift. The physical electron mass is defined by
setting the full self-energy equal to m in the absence of any external fields. Thus, we obtain
the physical energy level shift by subtracting off the B = 0 (i.e. w. = 0) result from §E;-, so

€2 U2 w
SE; = —— ZEP c (4.40)
m ovp Wa, 1vp Wo,lvp T We
2 12
e U w 2w
SEf = —— it < 4+ < : (4.41)
m oop Wolvp \Wo,lvp — We  Wo,lup + we
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This now agrees with the energy level shifts eq. (3.24) in the nonrelativistic calculation.
Defining the cavity shift AwS® = §E;{- — 6Eg as before, we recover

cav
Aw?

8mra 7,
=——> 52 (4.42)

in agreement with eq. (3.25).

Free space result. Our derivation implies that the cavity shift induced from radial modes
is proportional to the quantity DZ% (0,0;7) + DY% (0,0;7), which is consistent with the

cylindrical symmetry of the problem. By comparing eq. (4.20) and eq. (4.24), we see that we
can convert the cavity value of this quantity to the free space value by substituting

d3k . R
Z — (27)37 Wgs — ‘k|, QU(JT:ip — (]_ — (k . )"()2) + (1 _ (k . 9)2) (443)

Applying these transformations to eq. (4.42), and noting that a sum over s is equivalent to
a sum over m = *+1 and over v and p, we read off

Aue o L+ 2
- /d !kP e (4.44)

We

which agrees with eq. (3.31). We have thus successfully recovered the nonrelativistic results.

5 Spherical cavity

Now we explicitly compute the cavity shift for a spherical cavity. We express it in terms
of the difference of a divergent sum and divergent integral, appropriately regularized, and
show that the difference can be evaluated by considering an appropriate contour integral.
The final result precisely matches the classical result of ref. [25].

5.1 Setup

Divergent sum and integral. As shown in appendix A, applying the cavity shift result
eq. (3.25) to a spherical cavity of radius a yields
Aw 8 «

= —— 1
We 37TmaS (5-1)

where

oo o o 1 5 -1 1

S = Zf(p) = Z — (/ dx x jl(cpx)) -5 (5.2)
— — 4 \Jo cc—z
p=1 P

Here, j; is a spherical Bessel function, and the dimensionless cyclotron angular frequency
is z = aw.. The dimensionless angular frequencies of the relevant modes are ¢, = C{p, the
p'® zero of the derivative of zj(z) = (sinz)/z — cosx. This implies ¢, ~ 7p for large p,

so that the sum is linearly divergent.
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Motivated by the spherical symmetry of the problem, we write the k integral in spherical

To get a physical result, we must subtract AwS* against the free space result eq. (3.31).

coordinates and perform the angular integral, leaving an integral over the magnitude k = |k|,

Awfree 8 «
€ =—— 17 .
We 3T ma (5:3)

written in terms of the dimensionless integration variable ¢ = ka,

1 [ c?

which should be evaluated as a principal value. This integral is also linearly divergent.

To make the subtraction well-defined, the sum and the integral must be regulated in
a compatible way. Note that the mode angular frequencies in the sum and integral are
wp = ¢p/a and w = k = ¢/a, respectively. Thus, a frequency-dependent regulator should treat
cp and c in the same way. The contour integration method below will allow us to keep this
regulator implicit, while automatically ensuring it is applied consistently.

Rewriting the sum. The sum is written in terms of a p'* Bessel zero, so to relate it to an
integral we must render it well-defined and well-behaved for non-integer p.” To start, note
that the definition of ¢, is equivalent to tan ¢, = —¢,/(c; — 1). Inverting this expression gives

¢p + arctan (C%Cp 1) =T7p (5.5)

where the principal branch of the arctangent is implied. This is an analytic relation between

¢p and p, which is smooth and monotonic in the entire relevant range p > 1.
Some useful identities follow straightforwardly from eq. (5.5). For integer p, we have

4 2 2
¢, —3c;+1 2¢,(c; — 1)
cos(2¢p) = L) sin(2¢,) = —— 25— (5.6)
cp—ca+1 cp—ca+1
In addition, for arbitrary p, we have
1 1 c2 —1)cosc, — cysinc
“omi =5 _1+(p ) i (5.7)
e ?mp —1 2 cpcoscy + (g — 1) sine,
42
c,—c;+1
dop _ =G *2 (5.8)
dp c2(cz —2)

where the second line follows from differentiating eq. (5.5). These results allow us to
substantially simplify the summand. Carrying out the normalization integral in eq. (5.2)
by writing j; in terms of trigonometric functions, we have

. -1 2
T —1 4 cos(2¢p) + ¢psin(2cy) /2 (6
= 1 .
1dc, 6122
=—-— 5.10
2 dp c2 — 22 (5.10)

by using eq. (5.6) and eq. (5.8). This form closely resembles the desired integrand. From this
point onward, we drop the subscript on ¢, and view it as a continuous-valued quantity c(p).

"The following technique is due to Olver [52], and is further discussed in refs. [53, 54].
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Figure 3. Integration contours, with poles marked with red crosses. Left: the original integration
contour, in terms of p. Center: the same integration contour after changing variables to c. Right:
moving the contour to the imaginary axis C, picks up half the residue of the pole at ¢ = 0, and yields
a pair of integrals, over C; and C_, that can be related by symmetry.

5.2 Contour integration

Sum from contour integral. Our next step is to consider the contour integral

f(p)
A= = dp (5.11)

where C runs up the imaginary p axis with Re(p) = 1 — ie, as shown at left in figure 3. We

will evaluate A in two different ways, giving a relation between the desired sum and integral.
First, we can evaluate A by closing the contour in the right half of the complex plane.

Here we assume the implicit regulator falls off quickly enough so that the contour at infinity

contributes nothing, and that the regulator introduces no additional singularities within

the contour. The implicit function ¢(p) is also analytic within this contour, so the only

singularities are poles at p = 1,2, ..., and at the point where ¢ = z, which we call p = p..
Thus, the residue theorem implies

A= -27mi(Res(p=1)+Res(p=2)+ ...+ Res(p =pz)). (5.12)

We have Res(p = n) = f(n)/(—2mi) for any integer n, so A contains the regularized sum
S. As for the additional pole at p = p,, we have

lde & 1 lde & dp 1 z 1
2dpc+zc—z 2dpc+zdecp—p.l._, 4p—0p:
which implies
z 1
Res(p=p:) = | o 1 (5.14)

Applying the identity eq. (5.7), we conclude

7z ((1—2%)cosz+zsinz
A=5+— . 5.15
T3 ((1—22)sinz—zcosz+z> (5.15)
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Integral from contour integral. We can also evaluate A by first changing variables to c.
This cancels the Jacobian factor in f(p), and applying eq. (5.7) gives

c2 ¢ —1)cosc — csinc
:Ll(@@, ﬂ@:1(4+( D) i) (5.16)

2cz 27 2 ccosc+ (¢2—1)sinc

Now we are free to deform C' in the c-plane, though we must recall that since ¢(p) is not
bijective, there can be additional singularities which were not visible in the p-plane. In
particular, there is a pole at ¢ = 0 with residue 3i/(822).

On the imaginary axis, the function g(c) obeys the useful symmetry property

g(—iy) + 1= —g(iy) (5.17)

for real y > 0. Furthermore, g(iy) exponentially decays for large y, while g(—iy) approaches
—1. This motivates us to move C' to a contour C,, which passes straight up along the imaginary
axis, as shown at right in figure 3. Accounting for the pole at ¢ = 0,

3, . 1 e

To evaluate I,,, we break the contour into C and C_, corresponding to the positive and neg-
ative imaginary axis respectively. Then by eq. (5.17), the exponentially damped contribution
from Cy cancels with part of that from C_. The remaining integral is

1 2 oo ] 2
S R
c 2c?— 22 0 2c2—22

where in the second equality, we rotated the contour through the fourth quadrant, giving

(5.19)

c=x—1€

an integral passing just below the positive real axis. This is very close to the integral I in
eq. (5.4), but in I, the integration contour passes below the pole at ¢ = z, which has residue
z/4, rather than straight through. This implies I, = I + miz/4, so that

3T Tz

+I4+ == (5.20)

A=
822 4

Equating our results eq. (5.15) and eq. (5.20), we conclude that

I—§= (5.21)

4

nz (1—22)cosz—|—zsinz+i
(1—22)sinz —zcosz 223 )"

Note that in this section, we implicitly assumed z > ¢;. If z < ¢1, then the term 7iz/4 is
subtracted from both eq. (5.15) and eq. (5.20), giving the same result for I — S.

5.3 Discussion

Our result eq. (5.21) implies that the physical cavity shift Aw, = AwS® — Awfree satisfies

(5.22)

e : O
we ma \3(1—22)sinz— zcosz 22

Aw, e (2(1—22)cosz+zsinz n 1)
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Ref. [25] computed the cavity shift classically; taking its eq. (12) and plugging in the free-space
decay rate (in the cgs units used in that work) gives exactly the same answer.
Throughout this derivation, we have been keeping the regulator implicit. We argued
earlier that the sum and integral are regulated consistently if the integrand’s integration
variable is regulated in the same way as c,. This is indeed the case, because the integral
above arose from changing variables from p to ¢. We have also assumed the regulator is
approximately equal to 1 for low-lying modes, but falls to zero sufficiently quickly in the right
halves of the p-plane and c-plane to close contours at infinity, while also being analytic in these
regions. These properties are straightforward to satisfy, e.g. one could regulate the integral
by multiplying the integrand by 1/(1 + ¢/cp)™ for a large positive ¢y and sufficiently high n.
Assuming these properties, our final answer is regulator-independent because it expresses
the difference of the regulated sum and integral in terms of residues of poles at low values of
¢, specifically ¢ = 0 and ¢ = z. One subtlety is that above, we used the symmetry property
eq. (5.17) to cancel off two integrals; however the symmetry property is generically modified
at large y by the regulator. This manipulation was legitimate because the integrals were
exponentially damped; that is, their support is at small y, making them regulator-independent.
The method we have used is related to the Abel-Plana formula,

iF(n)—/OOOF(x)dx: F(0) +i/OOOF(it)_F(_mdt (5.23)
n=0

2 e2mt ]

which holds for F' analytic in the right half-plane. In both cases one evaluates the difference
of a regulated sum and integral by considering an appropriate contour integral. The difference
is that our sum and integral are naturally written in terms of different variables (p and c,
respectively), and that additional singularities appear.

6 Cylindrical cavity

For a cylindrical cavity, our strategy will be qualitatively similar, but several new complications
will arise. The mode sum will be significantly more complicated, depending on both the
length L and radius a of the cylinder, and involving both TE and TM modes. In addition,
the contour integrals we consider will contain both poles and branch cuts.

6.1 Setup

Divergent sum and integral. As shown in appendix A, applying the cavity shift result
eq. (3.25) to a cylindrical cavity and performing the sum over the longitudinal index p yields

A __a g (6.1)

We ma

where the sum contains contributions from TM and TE modes respectively,

0 Le, L %_ 2 I3 7%_ 5
5-3 i (200 0 ot ( 2V E) 0 ot (Y2 ) 2
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where
Cn — 2 — 22
2
22J3(cn)

frel) = e - Benva -2

frm(n) = () + fn) (6.3)

(6.4)

and f%\)/[(n) and fﬁ\)/[ (n) are the parts of fry(n) with and without a square root, respectively.

We have again defined z = aw,, relabeled the mode index v to the more conventional n
since there is now no possibility of confusion with the electron state index, and let ¢, and ¢,
be the n'? zeroes of the cylindrical Bessel function .J; and its derivative J/, respectively. Note
that the arguments of the square roots can be negative; here and for the rest of this section,
the principal branch of the square root is implied. For large n, we have ¢, ~ (n + 1/4)7
and ¢, ~ (n — 1/4) 7, so that the sum is linearly divergent.

To compare this to the free space result eq. (3.31), we note that n indexes the radial
dependence in cylindrical coordinates. Motivated by the cylindrical symmetry of the problem,
we write the k integral in cylindrical coordinates and integrate over the azimuthal angle

and the axial momentum k., giving

free
Aw,™ @y (6.5)
We ma

where, defining the integration variable ¢ = k) a, we have

o k‘2
27r/ dkﬂ”/ b ( = +k2> <k3+k1§—wg> (6.:6)
=50 (/ dec? —/ dc _22)>. (6.7)

It will be useful to decompose the integral as I = Iy + Is + I3, where

0o c2

Il :/0 dCTZQ, (68)
e’} —CA /62 _ 22

IQ :/ dCT, (69)
z

o0 c
I :/ dc ————. 6.10
3 p 22 — 22 ( )

Some of these integrals are cubically divergent, but the full integral is only linearly divergent.

To match the sum and integral, we again demand the regulator depend only on frequency,
and note that the TM modes have squared angular frequency (c,/a)? + (pm/L)?, while the
plane wave modes have w? = k:i + k2. The axial momentum k. just corresponds to pm/L,
and neither the p sum nor the k, integral have to be regulated, as their results are finite.
Thus, for the TM modes it suffices to identify ¢, with k,a = c.

However, for the TE modes, a similar argument shows that we should identify ¢, with ¢,
and asymptotically ¢, and ¢, differ by 7/2. This difference leads to an order-one ambiguity
in S — I, so at this point it would not be possible to evaluate it using an explicit regulator.
Instead, we must find which parts of the integral correspond to the TE and TM modes.
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Rewriting the sum. Since the integral does not depend on the cylinder length L, it is
useful to decompose the sum as S = Sy + S’, where

So = f: fTM(n) + fTE(n) (6.11)
n=1

is also independent of L, and the remainder term S’ depends only on the combination
1—tanh(z) for various arguments z. Though the form of S’ is messy, it converges exponentially
because 1 —tanh(x) ~ 2e~2% for large x, so that it can be quickly evaluated with high numeric
precision.

Next, we rewrite the summand in a way that is well-defined and well-behaved for non-
integer n. First, for fra(n), we start with Olver’s trick (see section 9.5 of ref. [54]), defining

Jl (Cn)
Yl(Cn)

tan(mn) + =0, (6.12)

where Y7 is a Bessel function of the second kind. Similar to eq. (5.5), this can be regarded as

an analytic equation relating ¢, and n. By differentiating with respect to n, we can show that
de,  mep

= T (Yilen)? + i(en)?): (6.13)

The summand is only evaluated at integer n, where Ji(c,,) vanishes. Using the Wronskian
Jy(@)Yi(2) — Ji(2)Ya(x) = 2/(mx), we find

Cn Cn = V/Cp = 2% den (6.14)

fru(n) = 2 22 dn

Up to the Jacobian factor, this is just the integrand of I; + Is.
As for frg(n), we can extend ¢, to real n using

J1(¢n)

tan(mn) + Vi)

= 0. (6.15)

Differentiating with respect to n and rewriting the result in terms of Bessel derivatives gives

2 =3

de, w ¢ _ _
o= UiE)? +Y{(@)?). (6.16)

The summand is only evaluated at integer n, where J{(¢é,) vanishes. Using the recursion
relation J](z) + Ja(z) = Ji(z)/x and the Wronskian Ji (x)Y1(z) — Ji(2)Y{(x) = 2/(7x),
1 Cn dcn
= 6.17
Up to the Jacobian factor, this is just the integrand of I3. From this point on, we will
drop subscripts on ¢, and c,.
Having identified which parts of the integral correspond to the TE and TM sums, we could
now choose a regulator and evaluate Sy — I numerically. We will consider this in section 7,
but here we will continue with an analytic argument, as it will yield a compact explicit result.
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6.2 Contour integration

Again, we will relate the sum and integral with appropriately chosen contour integrals. The
above argument shows that the TM mode summand can be decomposed as

2 de ) eV =22 de )
EEFTAE L U A T (6.18)

The first term can be treated similarly to the spherical cavity, while the second term will
require considering the branch cut from the square root.

TM modes, no branch cut. Here we consider the contour integral

/ - M_ (6.19)

where the contour C' runs up along the imaginary n axis with Re(n) = 1 — ie. Closing the
contour in the right half-plane, there are no poles besides those at integer n, so that

Z Y (6.20)

Next, we evaluate the integral again, first changing variables from n to ¢, which yields

2
A= . % g(c)dc, glc) = —% (1 + 1{223 z) (6.21)
where g(c) was evaluated using eq. (6.12). Here we need to check for additional poles and
branch cuts, in the region of c-space not covered by p. First, Y1(c) has a branch point at
¢ = 0, with a branch cut along the negatlve real axis. Second, near the origin g(c) ~ 1/¢?,
but this cancels against the factor of ¢? in the integrand.

Thus, there is no obstruction to deforming the contour C’ to the imaginary ¢ axis. Along

this axis, g(c) obeys the symmetry property

g(—iy) + 1 = g(iy) (6.22)

for real y > 0. Thus, the top half of the contour gives a well-behaved, exponentially damped
integral, while the bottom half contains the same exponentially damped integral, with the
same sign, plus an integral which becomes I; after rotating the contour to the real axis. Thus,

00 4,2
A=1— [" G gt (idy) (6.23)

Comparing our results, we conclude that

> 7 ey — / 111((5)) L dy. (6.24)

™

Here we have used g(c¢) = Ki(—ic)/(miIi(—ic)), valid everywhere that the integrand is
evaluated, to make the exponential damping of the integrand manifest.
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Figure 4. Integration contours, with poles marked with red crosses. We show the result for the part
of the TM mode integral with a branch cut, though the TE mode integral is qualitatively similar.
Left: the original integration contour, in terms of n. Center: an equivalent integration contour in
terms of ¢, which diverts around the branch cut. Right: using symmetry, the two halves of the contour
integral can be combined into the single contour Cy, + C,,, which passes straight through poles on the
real axis. The branch cut has been pushed downward for clarity. Alternatively, deforming the contour
to C, yields an integral which is easier to numerically evaluate.

TM modes, with branch cut. In this case, f%)/l(c) has branch points at ¢ = +z, and we

take the branch cut to go straight between them. This implies f%)/l(n) has a branch point at

n = n,, the point corresponding to ¢ = z, with a branch cut going straight to the left.
Now, we consider the contour integral

_ [t
A= [ TP in (6.25)

where C' goes straight up, crossing the real axis immediately to the right of the n = n, branch
point, as shown at left in figure 4. Closing the contour in the right-half plane gives

o0

A= Y a0 (6.26)

n=n*+1
where n* is the highest n to the left of the branch point.
Next, we evaluate A by changing variables to ¢, where

A:—/fvigﬁﬂqw (6.27)

and g¢(c) is as defined in eq. (6.21). There is now a simple pole at ¢ = 0, and a branch cut
extending to the left of ¢ = z. We thus deform the contour so that it goes up along the
imaginary c axis, with a rightward detour around the branch cut, as shown in figure 4.
Letting the curved arcs have radius €, we can decompose A = A + A, + A., containing
the contributions from the horizontal, vertical, and curved parts of the contour respectively.
Without the branch cut, Aj; would vanish, while A, would contain contributions from enclosed
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poles. However, since crossing the branch cut flips the sign, here A. cancels while the two
contributions to Ay have the same sign. That is, we have

AV
—/ ————g(c)dc (6.28)
Ch z
where the principal branch of the square root is implied, and the contour C}, passes straight
along the real axis from ¢ = 2z to ¢ = ¢, directly through a number of poles. It will be
useful to extract out the imaginary part,
VS xz
Ah = Re(Ah) - = Y (629)
2 z
Next, we decompose A, = Ay + A_, from the top and bottom parts of the contour
respectively, so that A, is

= _/ eve -z g(c)de (6.30)

where C, passes straight along the imaginary axis from ¢ = ie to ¢ = ico. Since g(iy) =
Ki(y)/(mil1(y)), A4 is a real, exponentially damped integral. As for A_, decomposing
g(—iy) = g(iy) — 1, the first term yields another copy of the integral A,. As for the other
term, we rotate the contour through the fourth quadrant so that it passes from positive
infinity to —ie, just below the real axis. This yields

(%) 2 2 ; z 2 _ 2
[ o
0

where the sign on the last term is positive since the contour passes just below the branch cut.
Combining our results, the second term of A_ is the desired regulated integral Io, while
the third term cancels with the imaginary part of A, giving

N )
% g(c) de. (6.32)
Ch+cv

A= IQ — Re
Parametrizing the contour by ¢ = V22 — u? gives

i 2 (n 1 Re /OOO w KVt - 2) (6.33)

y P MWV <)
T 22 I(Vu? — 22)

where a principal value is implied for the pole at u = z. Alternatively, we can deform the

n=n*+1

contour to Cy, which passes directly upward from ¢ = z, as shown at right in figure 4. This
picks up residues at the poles at ¢ = 0 and ¢ = ¢, for n < n*, but these contributions are
purely imaginary and do not affect the real part. Parametrizing by ¢ = z + iy gives

(6.34)

e 1 © (y —i2) — 2iyz K1(y — iz)
> A - b= tre [TUSENESHE IR,

n=n*+1 I (y —iz)

As we will see, these two expressions are both useful in different cases.
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TE modes. This is very similar to the previous case. Taking the analogous initial integral
A and changing variables from p to ¢ gives
- 1
A=

———g(e)dc = Z fre(n (6.35)
o 2 22 n=n*+1

where n* is the highest integer to the left of the branch point at ¢ = 2, and

g(c) = - <1 + 2/8 z) (6.36)

which, on the imaginary axis, obeys the symmetry property

g(—iy) + 1 = g(iy). (6.37)

By repeating the reasoning above, we have

_ g
A=1 —|—R/ ) de 6.38
3 € Ch+cvmg(c) C ( )

We have g(¢) = K{(—ic)/(miI{(—ic)) everywhere the integrand is evaluated, which implies
[e’¢) [e’e) K 2 _ 52

S fre(n) I == R / 1 4 Z2 Va2, (6.39)
n=n*+1 -z )

Again, we may deform the contour to (', which goes directly upward. This picks up purely
imaginary contributions from the poles at ¢ = 0 and ¢ = ¢, for n < n*, which do not affect
the real part of the integral. Then we conclude

> y—iz Kiy —iz)
— I3 = —R 1 dy. 6.40
3 et Ty = R [T S (6:40)

6.3 Discussion

Final result. By summing (6.24), (6.33), and (6.39), we have

S—T=J+5+3 fm) + 3 fre(n) = J + AS, (6.41)
=1

n=1

where S’ = S — Sy contains all the dependence on the cavity length L. We can write AS as

AS = Z (tanh< o ) - 1) Y (n)

n=1

+ Z (tanh (Li—%) - 1) (2) )+ Z tan ( /2" - Cz) Zf”i?l\)/[(n)
n=n*+1

+ i (tanh (LCQ%G_ZZ> ) fre(n) + Z tan ( : 22(1_ C2> ifre(n), (6.42)
n=n*+1
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Figure 5. Numeric values of the cavity shift for the cylinder, computed using our renormalized mode
sum result eq. (6.41), and using the existing classical Green’s function result eq. (6.46). The two
agree perfectly, and cannot be distinguished on the plot. The sums are evaluated up to n = 50, but
summing to n = 10 already gives a match to ~ 1% accuracy. The top value of L/a was chosen to
match the most recent measurement [2], and the bottom value was chosen to match that considered
in ref. [24].

in which all terms are manifestly real. The remaining integral is

in /[ u2_22>+zﬂ<m<m>_fﬁ<u>>]du (6.43)

VaZ — 22) L(Vu2—2%)  L(u)

where a principal value is implied for all poles of the integrand. Alternatively, by sum-
ming (6.24), (6.34), and (6.40), we have

—R/ y—1iz \/y — 2iyz Ky (y —iz) Kl() 2+ y—iz Ki(y-— ) g
Ii(y —iz) V2 —2iyz 1i(y —iz) v
(6.44)

In both cases, the answer is in terms of an exponentially damped integral J, finite sums, and
exponentially damped infinite sums. As for the sphere, the exponential damping implies that
the cavity shift is regulator-independent, and dominantly due to low-lying modes.

We expect the cavity shift to become large when the cyclotron frequency crosses a resonant
cavity mode; this behavior is captured within S’. The first form eq. (6.43) is useful because
it is more closely related to the classical result, while the second form eq. (6.44) has an
integrand with no poles, making it easier to numerically evaluate.

Comparison to classical result. The physical fractional cavity shift is

Awe @ gy (6.45)

We ma
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The classical result, given by taking the real part of eq. (4.23) of ref. [24], is

Aw, 2« > sin(n cos(né) — 1
e mL[ log(4 cos®(£/2)) g ( n2§§) 4 (713?2 )
— Re 3 Ki(ppa) lip Ki(ppa)  Ki(kpa)
= (T 2 (T~ 7)) o

where { = w.L, k, = (2p + 1)7/L and p, = |/kZ — w2. (We note that here we are taking
L to be the cylinder’s total length, but in ref. [24] it was the half of the cylinder’s length.)
The first line of eq. (6.46) depends only on L, and represents the effect of the cavity endcaps.
The second line is the correction due to the curved sides of the cavity, and contains poles
when the cyclotron frequency is equal to a cavity mode frequency.

As L — oo, for fixed a and we, it is straightforward to see why these answers match.
Then in eq. (6.42), the infinite sums go to zero, and the finite sums oscillate rapidly. For
simplicity, we suppose the limit L — oo is taken with some small fractional smearing in L, so
that the tangent terms average to zero, giving Aw./w. ~ —a.JJ/ma. Similarly, in the classical
result eq. (6.46), the first term averages to zero, the sum over n goes to zero, and the sum
over p becomes a discrete approximation of the integral wJ in eq. (6.43) with bin spacing
2ma/L, giving Aw./w. ~ —(2ac/mL)(L/2ma)(wJ), precisely the same result.

More generally, it is straightforward to check using eq. (6.44) that our result matches
the classical result numerically; we show this comparison in figure 5.

7 Conclusion

We have shown that the cavity shift for an electron undergoing cyclotron motion in a
perfectly conducting cavity can be computed quantum-mechanically, treating the electron
either nonrelativistically or relativistically. For a spherical cavity, the result is a perfect
analytic match to the result derived using classical Green’s functions, while for a cylindrical
cavity, the two expressions appear quite different but match numerically. To conclude, we
place our results in a broader context, and look toward future work.

Relation to other calculations. The renormalization of the cavity shift is qualitatively
similar to that of the Casimir effect, reviewed in refs. [55-58]. Unlike the Lamb shift, which
contains an O(1) high-energy contribution that must be calculated in the relativistic theory,
both the cavity shift and Casimir effect can be computed accurately using nonrelativistic
electrons. In fact, they both arise far in the infrared, from modes with energies on the scale
1/R, where R is the length scale of the conductors. Furthermore, we have seen that earlier
calculations of the cavity shift using the (self)-field of the electron give the same results as our
calculation which directly uses cavity modes. This is reminiscent of how the Casimir effect
can be thought of as due to the fields of fluctuating electrons in the cavity walls, as was shown
by Lifshitz and Schwinger [59, 60], or equivalently as due to the vacuum energy of modes.

On a more technical level, a great deal of formalism has been developed to calculate the
Casimir effect in various geometries, which may be of use for future cavity shift calculations. In
particular, our contour integration method is similar in spirit to the treatment of the Casimir

— 34 —



effect for spherical shells given in ref. [61], and it may be possible to apply the generalizations
of the Abel-Plana formula derived in refs. [62, 63] to more general cavity shapes.

Higher-order corrections. Since we have shown that the one-loop self energy gives precisely
the same cavity shift as a classical calculation, it is natural to ask whether this agreement
continues at higher order. Though we do not have a definitive answer to this question, we
can give some heuristic arguments. A two-loop diagram only contributes to the cavity shift
in regions where at least one of the loop momenta is at the infrared scale ~ 1/R.

First, suppose only one of the loop momenta is at the low scale. By dimensional analysis,
one would expect a contribution to the cavity shift scaling as Aw./w. ~ a?/(mR), which is
potentially relevant. Restoring factors of A, we have « < 1/h, and 1/m becomes the Compton
scale h/m, so that this contribution to the cavity shift is not h-independent. In this sense, it is
not classical. However, from the perspective of the low-energy loop, one can absorb the high-
energy loop’s effect into a renormalized mass and charge for the electron. Then our one-loop
calculation would already include this effect if one uses the physical electron mass and charge.

There may be a residual contribution from the region where both loop momenta are at the
low scale, which would scale roughly as Aw,/w. ~ (a/mR)?. This is A-independent, and thus
could potentially arise from a higher-order classical calculation. In the leading-order classical
calculation, one considers the backreaction of the electron’s cavity field on the electron’s
motion. At second-order, one could account for how this backreaction modifies the electron’s
cavity field, which then acts back on the electron again. We do not know if this contribution
would agree with the two-loop calculation, but it will be negligible for the foreseeable future.

Longitudinal cavity shift. As shown in eq. (2.5), the fractional cavity shifts due to
transverse and longitudinal (i.e. electrostatic) fields are proportional to 1/m and m respectively.
As a result of this scaling, only the transverse field is relevant for trapped electrons, while
only the longitudinal field is relevant for trapped ions. In the context of trapped ions, this
effect is called the “image charge shift.” It was first measured in 1989 [38], and is routinely
accounted for in precision measurements, e.g. see refs. [39-43].

Exact solutions for the image charge shift exist in idealized geometries [64, 65], while in
cylindrically symmetric geometries a semianalytic solution is available [66]. More generally, it
can be determined numerically using the measured cavity geometry to ~ 1% precision [67].
This approach also applies to the cavities used for trapped electrons, allowing the longitudinal
cavity shift to be found with accuracy Aw./w. ~ 10716, sufficient for the near future.

These results and methods do not seem to be applicable to the transverse cavity shift,
which must be separately accounted for. The longitudinal cavity shift is substantially simpler
because it can be computed without renormalization, e.g. by considering the Coulomb fields
of the static charges induced on the cavity walls. Furthermore, as already noted in ref. [66],
the transverse cavity shift depends on the cavity’s full mode structure, and is therefore much
more sensitive to the details of the cavity geometry and boundary conditions.

Evaluation with explicit regulators. In a more general cavity geometry, it may be
intractable to compute the renormalized cavity shift analytically. However, the cavity shift
can also be readily evaluated using explicit regulators. As a proof of concept, we show that
this can be done by applying appropriate hard cutoffs to the sum and integral.
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Figure 6. Evaluation of the cavity shift in a spherical cavity using hard cutoffs, and its deviation
from the exact result. The correct cutoff for the integral is midway between two frequencies in the
sum. The result is accurate even for a small number of sum elements pq.
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Figure 7. Evaluation of the cavity shift in a cylindrical cavity with L/a = 1.72 using hard cutoffs,
and its deviation from the exact result. In addition to the shift of ¢ noted in figure 6, one must
use different cutoffs for the parts of the integral corresponding to TE and TM modes, as discussed in
the text. The result is accurate even for a small number of sum elements pyg.
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First, for the spherical case, we have argued that the regulator must treat c, in the sum
in the same way as c in the integral. Then we would get the correct result for their difference
by, e.g. multiplying the integrand by a smooth regulator such as e~¢/ and the summand
by e~/ for some large ¢y, and evaluating both numerically.

Here we will consider the even simpler case of a hard cutoff, evaluating the sum up to
p = po and the integral up to ¢ = cpax. This is not a smooth regulator, and one could
reasonably take ¢max € [Cpys Cpo+1]. Since ¢, & mp for large p, this yields fractional cavity shifts
that vary by ~ a/ma. However, it was shown in ref. [68] that for linearly divergent sums,
one will obtain the correct answer (i.e. the one obtained for a smooth regulator) if one takes
the integral cutoff to lie halfway between sum elements, cmax = (¢py + Cpy+1)/2, as shown in
figure 6. Furthermore, a close match to the exact answer is obtained even for relatively low pg.

For the cylindrical cavity, the selection of cutoffs is somewhat more subtle, because the
TE and TM mode frequencies differ. Cutting off the entire integral I = I} 4+ I + I3 in
eq. (6.7) at cmax = (Cng + Cno+1)/2, appropriate for TM modes, or at cmax = (€ny + Cng+1)/2,
appropriate for TE modes, yields fractional cavity shifts that are incorrect by ~ a/ma, as
shown in figure 7. As discussed in section 6, the integral I; + I» corresponds to the TM mode
sum, while I3 corresponds to the TE mode sum. Cutting off these integrals accordingly gives
a highly accurate result, even for low pg. (Alternatively, one could naively average the TE and
TM cutoff results with a 2:1 weighting, on the grounds that the linear divergence in the TE
mode sum is twice as large. This would also yield a good, albeit slightly less accurate result.)

Implications for experiment. The cavity shift has long been one of the dominant sys-
tematic uncertainties of electron g — 2 measurements. In fact, one of the main reasons a
cylindrical cavity is used is that the cavity shift in an ideal cylinder has been computed [69].

In practice, the real cavity differs from an ideal cylinder, due to geometrical imperfections
and the presence of the trapping electrodes. Thus, in the most recent measurement [2], several
dozen low-lying cavity modes were measured and identified with specific cylindrical cavity
mode numbers. Compared to the ideal modes, the measured modes have slightly different
frequencies and coupling strengths, as well as finite quality factors. The result for an ideal
cylinder is then modified by subtracting out what an ideal mode would have contributed,
and adding back the contribution from the corresponding measured mode.

We have shown that one can indeed compute the cavity shift from a renormalized mode
sum, which implies that this “add and subtract” method is fundamentally sound. In addition,
our numeric results with hard cutoffs indicate that a very accurate result can be obtained by
considering only a small number of low-lying modes. However, one must ensure there is no
asymptotic shift between the real and ideal frequencies of the higher-frequency, unmeasured
modes, which could contribute systematic error.

Future work can extend our results to a realistic Penning trap, which involves both shifts
of mode properties, and an off-center electron position. It would be useful to explore a wider
variety of prescriptions for subtracting the sum and integral, beyond hard cutoffs, investigate
how they should be generalized to account for imperfections, and quantify their convergence
rates and associated uncertainties. Such developments may help enable the next order of
magnitude in sensitivity for future measurements of the electron g-factor.
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A Photon mode functions

Here we review some well-known properties of mode functions, for convenience and clarity,
and show how they are used to derive the cavity shift for spherical and cylindrical cavities.

Spherical cavity. For a cavity of radius a, the mode functions are [70]

(TE) .
c A . m A d A
UTE myp = WTWEW . Jy(wTE7,,pr)elm¢’ [—SinP;"(cos 0)6 + @P;"(cos 9)4{)} (A.1)
’l/p
(TM)
v ; 1) . ~
UTM,mup = Gmp eme MJV(OJTM wpt) P (cos )1
’ WTM,vpT WTM,vp” '

2

d ) A ~
+ J}, (wrm, Vpr)dg ™ (cos 0)0 + %JL(WTMWP’F " (cos ) qb}

(A.2)

where v and p are positive integers, m is an integer with |m| < v, J,(2) = zj, (), j,(z) is a
spherical Bessel function, J/(z) = %jy (), and the resonant angular frequencies are
Cup Cllzp

WTE,mvp = 77 WTM,mvp = 7 (A~3)

where (., and (], are the p™ roots of J,(x) and J'(x), respectively. The m index is a
dummy index added to match the notation of the cylindrical case, because the spherical
cavity eigenfrequencies are degenerate in m.

The only modes that are nonzero at the center of the cavity are the v = 1 TM modes.
Thus, in the dipole approximation, we only need to consider

2 (™), here
uTM,01p(0) = gcgp Vg = u@ﬁ”l‘:e 2, (A.4)
2 (™ - o
unanp(0) = — ey, (R £ i9) = upifry (X £ i9). (A.5)
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(TM)

As shown in the main text, only ¢y, is relevant for the cavity shift. There are many
equivalent expressions for it, but the one that will be most useful comes from considering the
normalization of the mode’s magnetic field. Suppressing the TM and 11 subscripts, it is [70]

B, = cg;w) Jilwyr) ¢"[~i0 + cos 0 @). (A.6)

WpT

Squaring and integrating, the normalization condition is

1
/d3 |Bp|2 67r 11p / drr?j3 (wpr) =1 (A.7)

(TM)

which yields the form of ¢j;, * we will use in our analytic argument,

-1

(c g};/[)) 3 (/01 T j1(Clp )) . (A.8)

16ma3

Using the generic result eq. (3.25) for the cavity shift, we have

. 1 : -t
Awe®™  8ma s (U%ﬁpif e) a’ 2« i (fo dx lﬁ]%(GpI)) (A.9)
We ~ ma p=1 (WTMlea')2 — 22 3 ma p=1 (Cip)z — 22 .
This is the starting point of section 5. We also note that an equivalent form of (cglM)) is
™ 3 () 1
(i) = : (A.10)

8ma? (¢1p)* — 251 (C1p)*

Using the asymptotic behavior of j; and C{p, one can easily see from this form of the
normalization factor that the mode sum is linearly divergent.

Cylindrical cavity. For a cavity of radius a and length L, with the cavity endcaps at z =0
and z = L, the mode functions are [70, 71]

/ Ny /
my (Xm,,p> bt Xmw g1 (xmyp) b
p a a a

(xmu J (xmyp> sy imy (xmyp> ¢) pT (pm)
a a 0 a L L
2
Xmy Xmv P Pz | img
+ .2 Im ( " ) cos (L) z] e (A.12)

where Y., is the v zero of the Bessel function .J,,,, and Xy 18 the v zero of its derivative

z

(TE) WTE,mup Sk (Z)Z) eime (A.11)

uTE,ml/p - cmz/p

™
urMm muvp — Cgm/p)

J!.. Here the integer m is the azimuthal index, the positive integer v is the radial index, and
the nonnegative integer p is the longitudinal index, and J_,,(x) = (—=1)™J,(z). Note that
here the Bessel order is indexed by m instead of v. Also, the radial index is usually denoted
by m, but here we use v to avoid confusion with the electron Landau level.
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The normalization coeflicients are

2—96 1
(TM) _ PO A13
Cmup \/’R'ij—i-l (sz/) Xmyv WTM,mvp ( )
1
TE) _ A.14
e = 2 T (A1)

Xmu +1 (Xmu) me WTE,mvp

where the resonant angular frequencies are

2 12 2.2
X P ™ X b
my + ?7 wTE,mVp - Y + ?

wTM,ml,p = (A.15>

Under the dipole approximation, we only evaluate the mode functions at the center of
the cavity, r = 0, which here stands for p = 0 and z = L/2. For small arguments, we have
Jm(x) ~ 2™ and J,(2) ~ z™~11 which implies that only a few families of modes can be
nonzero at p = 0. These are the “axial” (m = 0) TM modes,

TM) X0v pmy oyl o
urM,0up(0) = (Ol,p ) 2 s (2> 7= u%ﬁyp 7 (A.16)

and the “radial” (m = +1) TM and TE modes,

™ T . T o N o N
w1 (0) =~ S0 sin (B (x4 09) = —ug§, (x£19), (A7)
/
TE T\ (o 1 o PPN
urp +1,p(0) = icgyp) wTE’ll,p—é sin (p2 > (X +1iy) = j:u%g?;lp (X £1iy). (A.18)

The signs on the right-hand sides of eqs. (A.17) and (A.18) are purely due to the mode
conventions, and will drop out when squared to compute physical quantities.
Again, only the radial modes will contribute, and the generic result eq. (3.25) is
Awe a 8w ui’cyl' 2q3 a
€ = —— (ip ) = —%(STM + STE)- (A.19)

We ma % (Wo,10pa)? — (wea)?
p

We will show the evaluation of Sty explicitly. Using the above results,

da 1 Xsin? (p7r/2) (pra/L)?
= A.20
STM Z L ‘]2(X1V) — w%M ll/pa Xll/ - 22 (p?TCL/L)2 ( )

S (2 + 1))’
= Z L J3 xw) qz% 2, + (¢ + D)3, — 22 + ((2¢ + 1)r)?) (A.21)

where we let r = ma/L and reindexed the sum. The inner sum can be rewritten as

1 1
— - A.22
=D (15 (@q+ D23, 1+ (@q+ )P/, - = (4.22)
and then can be evaluated using the identity
> o
s (2q + 1)2/A

\Ftanh( \/Z) (A.23)

=0
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which can be derived with the Poisson summation formula. The result is
- 1 LXIV L X%ll — 22
STvm = —_— tanh [ == ) —y/x2 — 22tanh [ —"—— A.24

and Stg is derived similarly. This is the starting point of section 6.

Free space. If we quantize in a box of side D, the continuum limit is

1 d®k
o Zk: — / @R (A.25)

and the wavevectors become a continuous variable. In the continuum limit, the photon
mode functions are the usual transverse polarization vectors times a plane wave e’*. For a
wavevector k = (k sin 0, cos ¢y, k sin 6, sin ¢, k cos ¢y, ), the normalized polarization vectors

in Cartesian coordinates are

1
€1 (k) = — [(cos O cos ¢ F isin ¢ )X + (cos O sin ¢, + i cos ¢y )y — sin xz] (A.26)

V2

satisfying e+ - €} =1, €4 - eﬁF =0, and e+ - k = 0.

B Details of the relativistic calculation

In this appendix, we give additional technical details on the evaluation of the energy shift in
relativistic quantum field theory from section 4. To avoid ambiguity, all spatial coordinates
will be denoted without index heights, (z!,22 23) = (z,y, 2).

B.1 Position space calculation

Using the definitions in section 4.2, eq. (4.8) with eq. (4.25) becomes
0E, = —ie2/d3xd3X'/dT Ui (X)7' S 4 (%, X'; 7)Y Dy (05 7) e En T, (x) (B.1)

_ i3%e? Z/O" dseimQS/ dw /dTei((En—w)T—Zi>
0

12m) 30, 22 S0 ssim(Bs) ) W =, Tie

X /d3x d3x’ e (xx) (Qm fo(s,x,x') + ggn(s, x, %) + hp(s, %, x')) , (B.2)

where

M2y B
4s 4tan(Bs)

— i@+ —y) - (- )y + )

(=24 (= v)P)

4
B 1 _ 1 \2
— L@t ) - (-2 - 5 (- ) (B.3)
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(85)+sin(Bs)y'?) ¥ i (x), (B4)
gn<s,x,xf>::uzs<o>u;@<o>a:<x>v° ( < Bs)y"—isin(Bs)7°7” ) Y ita (x), (B.5)
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Zl (cos(Bs —z’sin(ﬁs)vofy5)) Vi (x) (B.6)

with

ul (0)ud 2

gs ags . -
U vp 1=7=3.

o) {uj‘%p i=j=1{1,2}, .

We now need to separate the w fraction and use the Schwinger trick,

dw 1
d — B.
/ w? — w2, + i€ 2w08 / v ( (Wos —1€)  w+ (Wos — ze)) (B.8)
IMNw—wes+ie€) —iANwHwgs—i€)
2was /dw / ( +e ) (B.9)
—iMwos—ie z)\w — iAW
22%8 / d\e / duw (€ 4 7Y (B.10)
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<02 2 0o —im*s
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s

The 7 and w integrals are essentially Gaussian, and thus can be evaluated as

)
/dw zAw+e—zAw /dTe (En—w)T— ) <A-|— B>
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= VirZe i [eZE"A <A + SB) + (A= —)\)} , (B.13)
. 3 . T2 N2 (1=25(En—w))?
where for the first equality we used (E, —w)7 — T; = s(E, —w)* — *——72—~, and for the
2
second equality we used +\w + s(E, — w)? = £E,\ — i‘—i +s (w —(EnF %)) , to obtain
1R2,2 0 —im?s
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The A integral then evaluates to
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where we defined E=
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= FE, £ wys, SO
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We now need to perform the gamma contractions, for both the ground and excited state.

Ground state. Using the spinor ip(x) from eq. (4.16), we have

fo(s,x,x') = ui (O)ué@(O)a(’;(X)voyi (cos(ﬁs) + sin(ﬂs)wlny) g (x")

= 2ur ,,p( cos(fs) +isin(fs)) + 1,'21,17( cos(f3s) — isin(fs)) (B.18)
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= 2uf;,2jpe Bs 4 u!,'z,/p iBs — go(s),

ho(s,%,%) =, (0)u3(0)15 ()7 (sisy (@ =)y +(y—9/)7?)
+2=2 (cos(Bs)y —isin(,Bs)fyOfy5))fyjﬂ0(x’) (B.20)
=0=hy(s).

Note that none of these terms depend on position. Finally, we need to perform the position
integrals, which are all Gaussian because ¢ is quadratic in the spatial coordinates,
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Iy = | &*xd’%’ eP () — z8i
32
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Putting everything together, we get

/ z —i(m?4P)s
wgs 02 + s
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with fo(s), go(s) and ho(s) defined above, as stated in eq. (4.31) of the main text.

0By = ——

Excited state. Here we use E; = v/m? 4+ 23, and the spinor @ (x) from eq. (4.16). Defining
the variables w = x + iy and w’ = 2’ + 13/ for convenience, we have
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= — g Rl — ) +ily - v) + (@ — )y +y) — (@ + )y — o).
(B.25)
Finally, we need to perform the position integrals, which now are integrals of quadratic
functions of position against the same Gaussian weight as before. We can thus pull out
the appropriate second moment to find

’ 2 .

/d3x B3x efX) (2 —iy) (2 +iy)) = Be_QZﬁSIO, (B.26)
’ 2 )

/d3x Bx' S (2 £ 2y T o) = iB sin(fs)e" P41y, (B.27)

’ , 21 .
/dSX Bx e#X) (1 — 2!)? = /dgx Bx X (y — )2 = ésin(ﬁs)e*lﬁsfo, (B.28)

where the remaining Gaussian integral I is given by eq. (B.21).
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Putting everything together, we get

0F = - +Z215 —i(m?+p)s
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These are the results used to obtain eq. (4.38) in the main text.

B.2 Momentum space calculation

Using the definitions in section 4.2, eq. (4.28) becomes
d*k

—iX(p) = (16)2/(2 }i

= —je ui* u' d k T (3) fyis(k)fyj
= —ie? 35, (010, (0) / L L T s

VSRV Dy (p = k).

dk iS(KO, p)y/
.2 0 i yP)7Y
= e Z“ 21 (po — ko)2 — w2, + ic

with

o0 ds is(k2— 27( 24 z)tan(BS) 7m2+i€)
S k()’ :/ 13( 0~ P3—\P1TP2) —p5s
(" p) o cos(fs) c

X [(kofyo — 393 + m)[cos(Bs) + v4%sin(Bs)] —

p'yt + p?y?
cos(fs)

and

J_2 . .
. wi Uu 7 = ] = {1’ 2}7
uffs(o)uajs(o) = { ﬁl/p . .

Ug,up 1=7=3.

Using the Schwinger parametrization analogously to eq. (B.8), we can write

1 1 ( 1 1 )
— = — + -
(po — ko)? — w2, +ie  2wos \(po — ko) — wes +i€  —(po — ko) — Wos + i€

2was 0

The integral over k” can now be evaluated as a Gaussian,

,45,

— /00 I (eiA[(Po—ko)—wgs+ie] + e—iA[(pO—ko)-&-wgs—is]) .

(B.29)

(B.30)
(B.31)
(B.32)

(B.33)

(B.34)

(B.35)

(B.36)

(B.37)



so that

S(p) = em/4 ie? 2%8 / / \/Ecos (B.38)

— [E-FS (p3+(p1+p2) e m? )“w”_ie} (
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with

i % . 11,22 .
M(p, X\, 5) = i, (0)usd(0)y' ((37° = 7°p* + m) (cos(Bs) +7'92 sin(Bs) ) — LLIE ).
(B.39)
We can now evaluate the energy shift eq. (4.8) with the amputated self-energy diagram
eq. (4.29),

3
B, = / Bx dPX i, (X) lei%‘v"’) / (;lﬁi,)eip'(x‘x’)z(po = En,p)] Un (X'). (B.40)
7T

Since the spatial components of the momentum are now being treated as distinct from
the time component, we will use (p', p?,p?) = (pz, py, p») for the remainder of the section.
Using the electron wavefunctions in eq. (4.16), we find the energy shift for the ground and
the excited state to be

\/7/ d p /dS d3xl eup(xx)
27raz

Y92(Eo, P) n=20
m 2 . .
X El(EﬁH-m) [(Elﬁ D(z — iy)(@’ + iy ) Saa(Br, p) — Sa3(E1,p) . (B.41)
+ B (@ — iy)Saa(Er,p) + (@' +iy/)Saa(Er,p) )|

where
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(o

ety o)~ -yt tpx-x)  (BA2)

and ;;(E,, p) is the ¢ ™ component of ¥(E,,p). The spatial integrals are Gaussian and
can be evaluated as

/ dPx dPx’ V) = 87;2” : e*@%:ﬁ*@ =1Iy (B.43)

[ dxdix O @ i)+ i) = 2502+ )~ B (B.44)
/d3x dBx' VX)) (g — jy) = Qﬁl(px —ipy) o (B.45)

/d3x dPx' VXD (o 4iy') = —?(px + ipy) o, (B.46)
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to obtain
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We now need to consider the gamma matrix structure of the self-energy. Noting that only
even powers of p contribute to the integrals, the relevant terms are

Mao(p, A, 5) D b (0)ud,(0) (7' (37" + m) (cos(Bs) + 7'4? sin(Bs)) 77 )
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and the combinations
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where p, = pzy! + pyy?, and we dropped the off-diagonal components u}%(0)uZ,(0) and
u2%(0)ul(0) since they vanish once summed over the polarizations. The remaining momentum

integrals can be performed using
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At this point we can connect to the position space derivation. In eq. (B.48), the com-
binations of M;;(p, A, s) will form combinations of the f,(s), gn(s), and hy(s) defined in
appendix B.1. For the ground state case in eq. (B.48),

A . .
Maa(p,,5) = (—m * 23) (26 Zﬁsufilzfp + ewsuu?up)
(B.55)

=mfo(s) + 2); go($).

The first line of the excited state case in eq. (B.48) becomes
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where we replaced piy — j using eq. (B.54). The second line of the excited state

B
2(1+i tan(Bs)
case in eq. (B.48) becomes
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where we again replaced p%,y — m using eq. (B.54). Putting everything together,
2 g RV - E_i(EE e o)
2\F o5 Wos 02 + 2is
M0 (mfo(s) + 3590(s)) + (A = =) n=0,
s (B.58)

A (mfi(s) + 2501(s) + 3ha(s)) + (A= =2)  m=1.

Finally, performing the X integrals using egs. (B.15) and (B.16) recovers egs. (B.22) and (B.29),
derived in the previous section.
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