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Developing Positron Range Correction for Pair Production Tomography

Isha Thoreson

ABSTRACT

Pair Production Tomography (P2T) is an emerging imaging modality that detects pair
production events from high-energy photon beams, providing unique atomic-number-based
contrast. A fundamental challenge in P2T image reconstruction is positron range — the finite
distance positrons travel before annihilating — which causes spatial blurring between the true
pair production distribution and the reconstructed annihilation image. Unlike PET, the directed
photon beam in P2T breaks the isotropy of positron emission, requiring a beam-direction-
dependent correction approach. No positron range correction method has previously been

developed for P2T.

In this work, two positron range correction methods are developed and evaluated for P2T
imaging: Richardson-Lucy deconvolution and a TV-regularized optimization framework solved
using the Fast Iterative Shrinkage-Thresholding Algorithm (FISTA). Beamlet-specific positron
range kernels were constructed from Geant4 Monte Carlo simulations using a 10MV
bremsstrahlung source, capturing the joint distribution of transverse positron displacement and
emission angle relative to the beam direction. Kernels were constructed at three resolutions —

2mm, Imm, and 0.5mm — to evaluate the effect of kernel resolution on correction performance.

Corrections were applied to all 46 beamlets of a simulated CT-based phantom containing
three high-Z inserts. Both methods consistently improved beam profile spatial accuracy across

all 46 beamlets, reducing average beam full width at half maximum (FWHM) from 8.5mm to



approximately 6mm. At the full image level, pseudo-high resolution reconstruction at Imm
followed by rebinning to the intrinsic 2mm detector resolution was found to be the optimal
pipeline. Both Richardson-Lucy and FISTA reduced insert FWHM from 18mm to 16mm with
the Imm resolution kernel correction. Direct 2mm reconstruction and correction showed no
improvement in insert FWHM, demonstrating the importance of kernel resolution for accurate

correction.

These results demonstrate that positron range correction is feasible for P2T imaging and
can meaningfully improve spatial resolution. The current pipeline represents a practical and
effective approach, providing a foundation for future development of spatially varying kernels

and expansion to full-view phantom and patient data.
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INTRODUCTION

Pair production tomography (P2T) is an imaging modality that uses the pair production
interaction of high-energy photon beams with tissue. When photons with energies exceeding
1.022 MeV interact with matter, they can undergo pair production, generating a positron-electron
pair. The positron subsequently annihilates with a nearby electron, producing two 511 keV
gamma photons emitted in opposite directions. These coincident photons are detected by a ring
detector, similar to positron emission tomography (PET), enabling tomographic reconstruction of

the pair production distribution along the beam path.

Unlike conventional X-ray computed tomography (CT), which forms images based on
photon attenuation and is primarily sensitive to tissue density, P2T provides unique atomic
number-based contrast, allowing detection of high-Z contrast agents or materials. The feasibility
of P2T imaging was first demonstrated using Monte Carlo simulations of tissue-mimicking

phantoms [1].

A fundamental challenge in P2T image reconstruction is positron range, the finite
distance positrons travel before annihilating. Since the ring detector localized the annihilation
site rather than the pair production site, the reconstructed image is spatially blurred relative to the
true pair production distribution. This blurring limits the spatial resolution and accuracy of P2T

images.

Like CT, P2T images material composition along the beam path. However, P2T provides
capabilities distinct from conventional CT with material contrast that is linear to atomic number
[1]. This linearity enables differentiation of materials that appear similar in CT, and P2T images

can be formed even with partial-view and sparse-view projections. For this imaging application,



spatial accuracy of the reconstructed image is important — positron range blurring reduces the
ability to accurately localize pair production events and distinguish material boundaries. Positron
range correction aims to recover this spatial accuracy by bringing the reconstructed annihilation

image closer to the true pair production distribution.

Positron range correction has been studied in the PET literature to recover spatial
resolution lost due to positron range blurring. Methods include incorporating the positron range
distribution into the iterative reconstruction process and post-reconstruction process [2, 3]. A key
difference between P2T and PET is that the directed photon beam breaks the isotropy of positron
emission. In PET, positrons are emitted isotropically, allowing radially symmetric kernels. In
P2T, the positron range distribution depends on the angle relative to the beam direction, requiring
a beam-direction-dependent joint distribution. Figure 1 displays the distribution of positron
annihilation positions relative to the pair production site, demonstrating the anisotropic nature of

positron travel in P2T. No positron range correction method has been developed for P2T.

In this work, we develop and evaluate two positron range correction methods,
Richardson-Lucy deconvolution and an optimization framework solved using the Fast Iterative

Shrinkage-Thresholding Algorithm (FISTA), for P2T images.
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Figure 1: Simulated three-dimensional positron annihilation distribution relative to the pair
production site (black dot) for a I0OMV bremsstrahlung beam (blue arrow). The elongated
distribution along the beam direction demonstrated the anisotropic nature of positron range in
P2T.



METHODS

Simulation and Data

All data used in this work was obtained from Monte Carlo simulation — no experimental
measurements were performed. All simulations were performed using Geant4 [4], a Monte Carlo
particle transport toolkit. Two separate simulations were conducted: a full reconstruction

simulation and a standalone beamlet simulation.

The full reconstruction simulation used two photon beams at gantry angles of 114° and
294°, comprising 46 beamlets total (22 in beam 1, 24 in beam 2). Each beamlet was simulated
with using a I0MV bremsstrahlung x-ray energy spectrum. The simulation geometry was based
on a CT phantom containing three high-Z inserts. For each simulated pair production event, the
positron position was recorded, giving the location of pair production in 3D space. Detected

coincidence events were recorded for image reconstruction.

The standalone kernel simulation used a single beamlet with the same 10MV
bremsstrahlung source. In addition to the positron positions, the positron trajectory data
were recorded, including the total positron range r, momentum direction (px, py, pz), and
annihilation position. This data was used to characterize the positron range distribution

and construct the correction kernel.

Kernel Construction

To correct for positron range effects in P2T images, a beamlet-specific positron range
kernel must be constructed. The kernel characterizes the probability distribution of positron

annihilation locations relative to the pair production site. Because the directed photon beam



breaks the isotropy of positron emission, the 2D kernel is constructed as a function of two
variables: the transverse positron displacement, 1, , and the emission angle, 0, relative to the
beam direction. The joint distribution F(r, 8) is estimated from the standalone simulation

positron trajectory data.

For each simulated positron, the transverse displacement, 7, is computed as the
component of the total range perpendicular to the beam direction, and the emission angle @ is
computed as the angle between the positron momentum direction and the beam direction. The

mathematical expressions used to determine r, and 6 are

r, = /rz — (r-b)? (1)

— (Px,Dy.D2) "l o)
cos |(Px'py'pz)| ( )

where 1 is the total positron range, (py, Py, p,) is the positron momentum direction, and b is the

unit vector along the beam direction. The joint histogram F(r,, ) is estimated from all simulated

positron trajectories after removing duplicate events.

A separate kernel is constructed for each of the 46 beamlets using the same F(r,, 6)
distribution. Rather than re-running the simulation for each beamlet, the shared F(r, 8)
histogram is reused and sampled onto a 2D pixel grid oriented along each beamlet’s specific
direction. For each pixel at position (x,y) relative to the pair production site, the corresponding
polar coordinates (7, 8) are computed based on the beamlet direction, and the kernel value

k(x,y) is obtained by bilinear interpolation from F(r, 6),

k(x,y) = F(r.(x,y),0(x,y)). 3)



The kernel is then normalized so that all values sum to one,

Yk(x,y) =1 4)

This approach assumes that the positron range distribution is the same for all beamlets — an
approximation that holds when tissue composition is approximately uniform across the beam
paths. Kernels were constructed at three resolutions: 2mm, Imm, and 0.5mm, using the same

F(r,, 0) distribution.
Positron Range Correction

Positron range correction is applied independently to each beamlet reconstruction using

the beamlet-specific kernel. Two correction methods are implemented and evaluated.

The first method is Richardson-Lucy deconvolution with Total Variation (TV)
regularization [5,6,7]. Richardson-Lucy is an iterative algorithm that updates the current image

estimate according to

t+1 _ ft ATy 9
= e (k ®k®ff) ©)

where f* is the current estimate of the true image at iteration t, g is the observed blurry image, k
is the beamlet-specific positron range kernel, kT denotes the flipped kernel, and A controls the

strength of the TV regularization.

The second method frames the correction as a regularized optimization problem. For each

beamlet, the corrected image f is obtained by minimizing

§||k®f —gll2+ 2-TV(f), subjecttof =0 (6)



This optimization problem is solved using the Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA) [8]. Both methods are run for 20 iterations with regularization parameter A = 0.01 on

each beamlet image with the beamlet-specific kernel.

Image Reconstruction

Time-of-flight (TOF) direct reconstruction is performed independently for each of the 46
beamlets using detected coincidence events from the Geant4 simulation. Attenuation correction
is incorporated into the reconstruction using the CT-based phantom geometry. Positron range
correction is then applied to each beamlet reconstruction using the beamlet-specific kernel. The

corrected beamlet images are summed to produce the full pair production image.

The intrinsic detector resolution is 2mm, and the baseline reconstruction was performed
at this resolution to investigate whether a more accurate kernel representation improved
correction performance, reconstructions were also performed at higher resolutions of 1mm and
0.5mm, with corresponding kernels constructed at each resolution. Reconstruction at finer pixel
sizes allows the kernel to better capture sub-pixel variations in the positron range distribution,
potentially, enabling more accurate correction. For the Imm and 0.5mm reconstructions, the final

corrected image is rebinned to 2mm to match the intrinsic resolution.

Imaging Setup

The imaging phantom used in this work is a CT-based cylindrical phantom containing
three high-Z inserts: iodine, ytterbium, and bismuth. These high-Z materials produce strong pair
production contrast relative to the surrounding phantom material, making them useful targets for

evaluating the spatial accuracy of the correction.



Two photon beams were simulated, comprising 46 beamlets total. Gantry angles of 114°
and 294° were chosen arbitrarily, with the two beams separated by 180° to image the same
portion of the phantom cross-section from opposing directions. Together the two beams provide
partial coverage of the phantom cross-section, with each beamlet subtending a small angular
range. Coincidence detection was performed using a simulated ring detector with an inner radius
of 120cm and axial height of 10cm, comprising 1440 detector crystals. The simulation assumed
100% detector efficiency. Reconstruction is performed on a single axial slice through the

phantom center.

The ground truth pair production distribution was generated by binning the positron pair
production positions from the full reconstruction simulation into the same 2D pixel grid used for
image reconstruction. This gives the true spatial distribution of pair production events, which

serves as the reference for evaluating correction performance.



RESULTS

Kernel Characterization

The positron range and emission angle distributions obtained from the standalone Geant4
simulation are shown in Figures 2 and 3. Positrons have a median range of 2.7mm, with a tail
extending to longer ranges. The emission angle distribution peaks at approximately 19° from the

beam direction, confirming the anisotropic nature of positron emission in P2T.

3.5 x10* F(r): Positron range distribution

2571 b

Count

0.5 1

0 5 10 15 20 25 30
Positron range r (mm)

Figure 2: Positron range distribution from the single beamlet Geant4 simulation. The median
positron range is 2.7mm.



5 x10* F(6): Positron emission angle distribution
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Figure 3: Emission angle distribution of positrons relative to the beam direction from single
beamlet Geant4 simulation. The distribution peaks at approximately 19°.

The anisotropy is further captured in Figure 4, the joint distribution F(r,, 8), which
shows a clear concentration of events at small transverse displacements and emission angles near
19°. The 2D kernel in Figure 5 is elongated and asymmetric — unlike the radially symmetric
kernels used in PET — reflecting the preferential forward emission of positrons along the beam

direction.
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Figure 4: Joint distribution, F(r,, 8), of transverse positron displacement and emission angle
relative to the beam direction, estimated from the standalone Geant4 simulation.
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Figure 5: 2D positron range kernel for beam 1, beamlet 6 at Imm resolution, oriented along the
beamlet direction.
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Single Beamlet Results

Positron range correction was applied to all 46 beamlet reconstructions using both
Richardson-Lucy and FISTA solved optimization methods. Figure 6 shows the ground truth pair
production distribution, uncorrected image, and corrected images for a representative beamlet
(beam 1, beamlet 11). Both corrected images show a visually narrower beam profile compared to

the uncorrected image, moving toward the ground truth distribution.

Ground Truth No Correction

Richardson-Lucy FISTA

Figure 6: Ground truth pair production distribution, uncorrected image, Richardson-Lucy
corrected image, and FISTA corrected image for a single beamlet. Both correction methods show
a visually narrower beam profile compared to the uncorrected image.

To quantify the spatial improvement, a line profile through the beamlet at column 178 is
shown in Figure 7. The uncorrected beam has a FWHM of 7mm at this location, while

Richardson-Lucy and FISTA reduce this to S5mm and 3mm, compared to a ground truth FWHM

of 2mm.
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Beamlet 11 - column 178 line profile
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Figure 7: Line profile through a single beamlet. The corrected images show narrower beam
profiles compared to the uncorrected image, moving toward the ground truth (black).

To evaluate consistency across all beamlets, beam profile FWHM was computed at
column 178 for all 46 beamlets. The average beam FWHM reduced from 8.5mm without
correction to 6.1mm with Richardson-Lucy and 6.0mm with FISTA (Table 1). Both methods
improved the beam FWHM for all 46 beamlets with no beamlet having a wider profile after

correction.
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Table 1: Beam profile FWHM for a single beamlet and averaged across all 46 beamlets. FWHM
measured at the midpoint between peak and background intensity.

Ground Truth 2mm 2mm

No Correction 7mm 8.5mm

Richarson-Lucy Smm 6.1mm

FISTA 3mm 6.0mm
Full Image Results

The full pair production image is produced by summing all 46 corrected beamlet
reconstructions. Figure 8 shows the ground truth pair production distribution, uncorrected image,
and corrected images for the full reconstruction, with corrections applied at Imm resolution and
rebinned to the 2mm image resolution. Both corrected images show improved sharpness
compared to the uncorrected image, with more clearly defined phantom boundaries and insert

regions.

14



Ground Truth No Correction

Richardson-Lucy FISTA

Figure 8: Ground truth pair production distribution, uncorrected image, Richardson-Lucy
corrected image, and FISTA corrected image for the full pair production reconstruction.

A line profile through the insert region at row 91 is shown in Figure 9. The corrected
images show a narrower insert peak compared to the uncorrected image, moving toward the
ground truth profile. The insert FWHM, measured at the midpoint between peak and background
intensity, is shown in Table 2. Without correction the insert appears 18mm wide, while both
Richardson-Lucy and FISTA reduce this to 16mm compared to a ground truth of 14mm. The
phantom edge width, measured at the 5% intensity threshold, also improved with correction.
Without correction the phantom boundary extends to 120mm, while Richardson-Lucy and FISTA

reduce this to 114mm compared to a ground truth of 108mm.

15



Line profile through insert
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Figure 9: Line profile through the insert region at row 91 of the full pair production image.
Corrected images show narrower insert peaks compared to the uncorrected image, moving
toward the ground truth profile (black).

Table 2: Insert FWHM and phantom edge width for the full image reconstruction. FWHM
measured at midpoint between peak and background intensity. Phantom edge width measured at
5% intensity threshold.

Ground Truth 14mm 108mm
No Correction 18mm 120mm
Richarson-Lucy 16mm 114mm
FISTA 16mm 114mm
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Resolution Comparison

To evaluate the effect of kernel resolution on correction performance, the full image
pipeline was run at three resolutions: 2mm reconstruction at the detector resolution, 1mm
resolution corrected and rebinned to 2mm, and 0.5mm resolution corrected and rebinned to 2mm.
Figure 10 shows the full pair production images for all three reconstructions, and Figure 11

shows the corresponding line profiles through the insert region.

Ground Truth No Correction Richardson-Lucy - 2mm kernel  FISTA - 2mm kernel

Ground Truth No Correction Richardson-Lucy - imm kernel  FISTA - 1mm kernel

Ground Truth No Correction Richardson-Lucy - 0.5mm kernel FISTA - 0.5mm kernel

Figure 10: Full pair production images for all three kernel resolution corrections — 2mm
resolution, 1mm resolution correction, and 0.5mm resolution correction. Ground truth,
uncorrected, Richardson-Lucy correct, and FISTA corrected images are shown for each
resolution.

17



2mm Resolution Kernel 1mm Resolution Kernel q 0.5mm Resolution Kernel

1
GT GT GT
0.9 No Correction | 09} No Correction 0.9f No Correction |
RL RL RL

0.8 FISTA ] 08r FISTA 0.8r FISTA
207 0.7t 0.7
[72]
=
2 0.6 0.6 0.6
£ Q
B o5 0.5F 0.5
T L I‘ A -
g 04 0.4 VIS 0.4
S
Z 03 0.31 0.3r

0.2 0.2 0.2r [/

0.1 ] 0.1/ 01y,

| | - o | - NS | -
80 100 120 140 80 100 120 140 80 100 120 140
Column pixel (2mm/pixel) Column pixel (2mm/pixel) Column pixel (2mm/pixel)

Figure 11: Line profiles through the insert region at row 91 for all three kernel resolution
corrections. The Imm and 0.5mm results show narrower insert peaks compared to direct 2mm
reconstruction.

The insert FWHM and phantom edge width results for all three reconstructions are
summarized in Table 3. Direct 2mm reconstruction and correction showed no improvement in
insert FWHM for either method, remaining at 18mm compared to the ground truth of 14mm.
Correcting at Imm and rebinning to 2mm reduced the insert FWHM to 16mm for both
Richardson-Lucy and FISTA. Correcting at 0.5mm and rebinning to 2mm further reduced the
FISTA insert FWHM to 14mm, matching the ground truth, while Richardson-Lucy remained at
16mm. Signal-to-noise ratio was also computed for all three pipelines. The higher resolution
corrected reconstructions show higher SNR than direct 2mm reconstruction for all methods,
suggesting that 2mm resolution kernel is too coarse to preserve the positron range variation and

can lead to increased noise in the images.

18



Table 3: Insert FWHM and SNR for all three kernel resolution reconstructions. FWHM
measured at midpoint between peak and background intensity.

FWHM FWHM FWHM
Ground Truth 14mm -- 14mm -- 14mm --
No Correction 18mm 197.0 18mm 197.0 18mm 197.0
Richarson-Lucy 18mm 178.9 16mm 196.7 16mm 195.3
FISTA 18mm 112.4 16mm 127.6 14mm 134.0

19



DISCUSSION

Interpretation of Per-beamlet vs Full Image Results

Positron range blurs the reconstructed image from the true pair production locations,
causing phantom structures, such as the high-Z inserts, to appear wider than their true size.
Positron range correction is expected to reverse this effect, reducing the apparent insert width
toward the ground truth. Positron range correction consistently improved beam profile FWHM,
reducing average beam FWHM from 8.5mm to approximately 6mm, confirming the correction is

working as expected.

At the full image level, both methods reduced insert FWHM when corrections were
applied at Imm or 0.5mm resolution. However, direct 2mm correction showed no improvement
in insert FWHM, suggesting that the 2mm kernel lacks the resolution to accurately capture
positron range variations, especially within the first 2mm of the range distribution where there is
significant variation. The 2mm resolution correction also showed lower SNR compared to the
higher resolution corrections. The coarser 2mm kernel cannot resolve fine variations in the
positron range distribution, resulting in events being corrected by less precise displacement
amounts — grouped into coarser 2mm increments rather than the more accurate displacements
captured by the higher resolution kernels. This less precise correction leads to increased image

noise and spottiness in the image.

As shown in Figure 11, the line profiles for corrected images from 2mm and 1mm
reconstructions appear visually different, while the line profiles for the Imm and 0.5mm
reconstructions are nearly identical, suggesting that the improvement in kernel accuracy from

2mm to 1mm is more significant than from Imm to 0.5mm. Higher resolution kernels provided

20



better correction accuracy, however, since Imm and 0.5mm produce similar results, and the
0.5mm reconstruction required approximately 2.5x more computational time due to the larger
image size, lmm represents the best balance between correction accuracy and computational
cost. This computational cost will increase further when the method is extended to full phantom

coverage or patient data with more beamlets and larger fields of view.

Clinical Feasibility

A rough dose estimation was performed to assess the imaging dose required under more
realistic detector conditions. The simulation used 100% detector efficiency — to achieve
equivalent image quality with a more realistic efficiency of 10%, an estimated imaging dose of
approximately 0.02 cGy total for all 46 beamlets would be required. This dose estimate would
increase in situations with larger field of view requiring more beamlets, but nevertheless suggests

that P2T imaging can achieve this image quality at a dose level that would be safe for patients.

Limitations

The current kernel assumes uniform positron travel across the entire beamlet, which does
not account for spatially varying material density. In reality, positrons stop faster in denser high-
Z materials such as the phantom inserts compared to surrounding tissue. This uniform travel
approximation limits correction accuracy in regions where material density differs significantly

from the average density assumed by the kernel.

Apart from imaging atomic number, P2T has relevant applications in real-time radiation
dose monitoring during radiotherapy. For dose monitoring applications, the clinical significance
of positron range correction is less clear. Whether correction meaningfully improves dose
verification accuracy would require further investigation. Additionally, the computational time

21



required for correction may present challenges for real-time applications.

All results were obtained from a controlled Monte Carlo simulation environment.
Extension to real patient data would introduce additional challenges that are not present in this
simulation, including beam hardening effects at greater tissue depths which would alter the
photon energy spectrum and therefore the positron range distribution at different depths, and
larger field of view with more beamlets increasing computational intensity of a per-beamlet

reconstruction. These factors would need to be addressed in the future stages of this project.

Future Directions

Future work will focus on implementing a spatially varying kernel to account for
material-dependent positron behavior, which would better handle variations positron behavior in
different materials. Expanding the method to a full-view phantom with more beamlets and larger

field of view would be an important next step towards application on patient data.
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CONCLUSION

This work developed and evaluated two positron range correction methods — Richardson-
Lucy deconvolution and a TV-regularized optimization framework solved using FISTA — for Pair
Production Tomography imaging. Beamlet-specific positron range kernels were constructed from
Geant4 Monte Carlo simulations using a I0MV bremsstrahlung source, capturing the anisotropic
positron range distribution characteristic of P2T. Positron range correction improved image
spatial accuracy, as evaluated through phantom insert width measurements. Higher resolution
correction at Imm was found to provide a more accurate kernel correction, with both methods
showing improved insert width recovery compared to direct 2mm reconstruction and correction.
These results demonstrate that positron range correction is feasible for P2T imaging and can
meaningfully improve image accuracy, although the directed nature of the photon beam requires
correction methods distinct from those used in PET. This work represents a foundation for future

development of positron range correction methods for P2T.
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