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Abstract

The interpretation of nuclear electric dipole moment (EDM) experiments is clouded by large theoretical
uncertainties associated with nonperturbative matrix elements. In various beyond-the-Standard Model
scenarios nuclear and diamagnetic atomic EDMs are expected to be dominated by CP-violating pion-
nucleon interactions that arise from quark chromo-electric dipole moments. The corresponding CP-
violating pion-nucleon coupling strengths are, however, poorly known.

In this work we propose a strategy to calculate these couplings by using spectroscopic lattice QCD
techniques. Instead of directly calculating the pion-nucleon coupling constants, a challenging task, we use
chiral symmetry relations that link the pion-nucleon couplings to nucleon sigma terms and mass splittings
that are significantly easier to calculate. In this work, we show that these relations are reliable up to next-
to-next-to-leading order in the chiral expansion in both SU(2) and SU(3) chiral perturbation theory. We
conclude with a brief discussion about practical details regarding the required lattice QCD calculations
and the phenomenological impact of an improved understanding of CP-violating matrix elements.

1. Introduction

The search for phenomena that can explain the apparent shortcomings of the Standard Model (SM)
takes place over a large range of energy scales. The LHC explores the high-energy frontier, so far without
finding any deviations from SM predictions, whereas low-energy experiments aim to uncover new physics
by comparing high-precision measurements to high-precision theoretical predictions. Several classes of
low-energy experiments have the potential to probe energy scales comparable to, or even above, the
TeV scale probed by the LHC. Examples of such experiments are proton-decay searches, the muon g−2,
neutron-antineutron oscillations, rare decays, and searches for permanent electric dipole moment (EDMs).

The search for EDMs is a particularly active field of research. Very strong bounds on the EDMs of
different systems, from the neutron [1], to diamagnetic atoms such as 199Hg [2], to polar molecules such
as ThO [3], exist, and are projected to improve by one to two orders of magnitude in the near future.
Experiments with other heavy diamagnetic systems, such as 225Ra [4] and 129Xe [5] have already set
constraints and strong improvements are expected. Furthermore, exciting progress has been made on the
proposal to investigate the EDMs of light nuclei in storage rings [6, 7]. While a single measurement in
any of these systems would only indicate a so far unmeasured source of CP violation, measurements of
different, complementary systems could point towards the microscopic source [8, 9, 10].

The interpretation of various EDM experiments relies on the knowledge of nonperturbative matrix
elements that link operators at the fundamental quark-gluon level to hadronic quantities. An outstanding
challenge is the calculation of the nucleon EDMs in terms of CP-violating (CPV) sources in the SM (the
QCD θ̄ term) and beyond. The latter can be categorized in an effective field theory (EFT) picture,
assuming the new physics is heavy, where the most relevant higher-dimensional operators are the quark
electric dipole moments (qEDMs), chromo-electric dipole moments (qCEDMs), the Weinberg three-gluon
operator, and several four-quark operators. The last year has seen great progress in lattice QCD (LQCD)
calculations of the nucleon EDMs in terms of the θ̄ term [11, 12, 13] and qEDMs [14, 15], while lattice
calculations for the qCEDMs [16] and the Weinberg operator [17] have been initiated.
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The interpretation of EDM experiments involving more than one nucleon additionally depends on
CPV nucleon-nucleon interactions. The chiral power counting predicts that these mainly depend on
one-pion-exchange contributions involving CPV pion-nucleon vertices [18, 19, 20]. The resulting multi-
nucleon contributions to nuclear and atomic EDMs often dominate the contributions from the EDMs
of the constituent nucleons [21]. Calculations of the CPV pion-nucleon coupling constants are therefore
as important as those of nucleon EDMs. In case of the θ̄ term, chiral-symmetry considerations can be
used to connect the leading isoscalar CPV pion-nucleon coupling, ḡ0, to various combinations of octet
baryon masses [22]. In Ref. [23] it was demonstrated that the relation between ḡ0 and the neutron-proton
mass splitting is free from large SU(3)-flavor breaking corrections through next-to-next-to-leading order
(N2LO) in the chiral expansion, whereas the symmetry relations between the other SU(3) flavor-octet
mass splittings and ḡ0 suffer from large SU(3) breaking corrections. Using an average [24] of state-of-
the-art lattice calculations of the isovector nucleon mass splitting [25, 26, 27, 28, 29, 30], a determination
of ḡ0(θ) with O(15%) was possible [23].

The success of chiral symmetry consideration in the case of the θ̄ term motivates the study of similar
relations for the qCEDMs. In this case the CPV pion-nucleon couplings can be linked to hadron masses
and mass splittings induced by CP-conserving quark chromo-magnetic dipole moments (qCMDMs) [31,
19, 32]. While these matrix elements are not known, they are very suitable for lattice QCD (LQCD)
calculations as they can be performed with simple spectroscopic methods. A direct LQCD calculation
of the CPV pion-nucleon coupling, or the full nucleon EDM resulting from such qCEDM and qCMDM
operators is substantially more difficult. Recent work [33], however, cast doubts on the reliability of this
method as higher-order chiral corrections strongly violate the relations.

In this work we demonstrate in some detail how these problems can be avoided by a suitable modifi-
cation of the strategy. We show that relations for ḡ0 and ḡ1 can be written down that are protected from
all next-to-leading-order (NLO) and the bulk of the N2LO corrections, paving the way for an accurate
extraction of the CPV pion-nucleon couplings from LQCD. These relations are provided in Eq. (16).

2. CP violating interactions and hadron spectroscopy

2.1. CP violation at the quark-gluon level

As discussed above, in an EFT approach the relevant CPV interactions involving quarks and glu-
ons consist of the QCD θ̄ term and several higher-dimensional operators. In this work we focus on
the qCEDMs, and their chiral partners, the CP-conserving qCMDMs. In its most general form, the
Lagrangian is then given by

LQCD = q̄iD/ q − q̄Mq + q̄iγ5q m∗(θ̄ − θ̄ind) + r q̄iγ5d̃CEq −
gs
2
q̄σµνGµν(d̃CM + d̃CEiγ5)q , (1)

where q is the quark field q = (u, d, s), Gµν = Gaµνt
a the gluon field strength contracted with SU(3)

generators, M the quark mass matrix, M = diag(mu,md,ms), θ̄ the QCD θ̄ term, and d̃CE and d̃CM
contain the quark chromo-electric and chromo-magnetic couplings, d̃CE = diag(d̃u, d̃d, d̃s) and d̃CM =
diag(c̃u, c̃d, c̃s). To write the Lagrangian (1) we applied the anomalous U(1)A symmetry to rotate the
QCD θ̄ term into a complex mass term and performed further non-anomalous axial SU(nf ) rotations to
align the vacuum of the theory with and without CP violation [19, 20, 34, 35]. After vacuum alignment,
the QCD θ̄ term is purely isoscalar and proportional to the reduced quark mass

m∗ =

(
1

mu
+

1

md
+

1

ms

)−1

=
m̄(1− ε2)

2

(
1 +

m̄(1− ε2)

2ms

)−1

, (2)

where we have introduced the notation m̄ = (mu +md)/2 and 2m̄ε = md −mu. Similarly, we introduce
x̃0,3 = (x̃u±x̃d)/2 for x ∈ {c, d}. The SU(nf )V -breaking components of the qCEDM, d̃3 and d̃8 = d̃s−d̃0,
cause vacuum misalignment, which manifests in tadpole couplings of the neutral pion and η meson to
the vacuum. In Eq. (1) we aligned the theory at the quark-gluon level (see Ref. [36]) which causes the
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appearance of two corrections to the complex mass term, proportional to the nonperturbative matrix
element r and the induced θ̄ term θ̄ind, with

r =
1

2

〈0|q̄gsσµν Gµνq|0〉
〈0|q̄q|0〉

, θ̄ind = rTr
(
M−1d̃CE

)
= r

(
d̃u
mu

+
d̃d
md

+
d̃s
ms

)
. (3)

Alternatively, the alignment can be performed at the level of the hadronic effective field theory [37, 19].
The ratio of vacuum condensates r is a dimensionful parameter, and by naive dimensional analysis (NDA)
r ∼ O(Λ2

χ), where Λχ ∼ 1 GeV is a typical hadronic scale. This estimate is in reasonable agreement with

a QCD sum rules result r ∼ 0.4 GeV2 [38]. The name θ̄ind for the combination of parameters in Eq. (3)
is inspired by the Peccei-Quinn (PQ) mechanism [39]. In the PQ mechanism, if CP violation arises solely
from the quark mass term, the theta term dynamically relaxes to 0 and all CP violation is eliminated.
In the presence of other sources of CP violation, the PQ mechanism causes θ̄ to relax to a non-zero value
θ̄ind, proportional to the couplings of the higher-dimensional CPV sources. In the case of the qCEDM,
θ̄ relaxes to the particular combination in Eq. (3) [31, 36]. We stress that Eq. (1) is valid regardless of
the presence of the PQ mechanism, whose only consequence would be to set θ̄ = θ̄ind such that the third
term in Eq. (1) disappears.

2.2. CP violation in SU(2) chiral perturbation theory

We start our discussion by only considering the two lightest quark flavors. We are interested in the
effects of the up and down qCEDMs on the interactions among the lightest mesons and baryons: pions and
nucleons. The implications of the Lagrangian (1) (specialized to nf = 2 by neglecting the strange quark)
on the interactions between nucleons and pions can be studied using chiral perturbation theory (χPT).
The kinetic part of the QCD Lagrangian is invariant under the global chiral group SU(2)L × SU(2)R
which is spontaneously broken to the isospin subgroup SU(2)V in the ground state. This leads to the
emergence of the triplet of pseudo-Nambu-Goldstone bosons, the pion triplet, whose interactions are
dictated by chiral symmetry. The pion mass arises from the explicit breaking of chiral symmetry by the
small quark masses (and, to lesser degree, charges). The θ̄ term and qCEDMs also break chiral symmetry
and induce non-derivative CPV pion-nucleon interactions.

Before continuing with the construction of the chiral Lagrangian, we note that the qCEDMs are related
to CP-even qCMDMs by a SU(2)L × SU(2)R rotation. This implies that chiral symmetry relates the
matrix elements of the isoscalar (isovector) qCEDM operator between nN nucleon and nπ pions to those
of the isovector (isoscalar) qCMDM operator with nN nucleons and nπ ∓ 1 pions. In particular, CPV
pion-nucleon couplings induced by the qCEDMs can be expressed in terms of corrections to the nucleon
and pion masses and mass splittings induced by the qCMDMs. This is analogous to the relation between
the pion-nucleon coupling ḡ0 induced by the QCD θ̄ term and the component of the nucleon mass splitting
induced by the quark masses [22, 37].

These relations between CP-even mass corrections and CPV pion-nucleon couplings can be straightfor-
wardly derived using spurion techniques. The mass and dipole terms in Eq. (1) break chiral symmetry,
which can be formally restored by assigning the mass and dipole terms the following transformation
properties under SU(2)L × SU(2)R rotations:

M+ i
[
m∗
(
θ̄ − θ̄ind

)
+ rd̃CE

]
→ R

{
M+ i

[
m∗
(
θ̄ − θ̄ind

)
+ rd̃CE

]}
L† ,

d̃CM − id̃CE → R
(
d̃CM − id̃CE

)
L† , (4)

where L,R ∈ SU(2)L,R. The construction of the chiral Lagrangian now mimics that of the standard χPT
Lagrangian and we refer to Refs. [19, 20, 37, 40, 41, 42] for more details. We introduce

U(π) = u(π)2 = exp

(
iπ · τ
F0

)
, (5)
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where π denotes the pion triplet, τ the Pauli matrices, and F0 is the pion decay constant in the chiral
limit (we use Fπ = 92.2 MeV for the physical decay constant), and the spurion fields

χ = 2B
(
M+ i

(
m∗(θ̄ − θ̄ind) + rd̃CE

))
, χ̃ = 2B̃

(
d̃CM − id̃CE

)
,

χ± = u†χu† ± uχ†u , χ̃± = u†χ̃u† ± uχ̃†u . (6)

The quantity B is standardly related to the chiral condensate through the Gell-Mann–Oakes–Renner
relation [43] while the new quantity, B̃ is related to the gluonic condensate:

B = −〈0|q̄q|0〉
F 2

0

, B̃ = −〈0|q̄gsσµνG
µνq|0〉

2F 2
0

. (7)

The most important operators induced by the chiral-breaking mass and dipole terms are contributions
to the pion and nucleon masses and mass splittings1

L =
F 2

0

4

(
Tr [U†χ+ Uχ†] + Tr [U†χ̃+ Uχ̃†]

)
+
(
c1Tr(χ+) + C̃1Tr(χ̃+)

)
N̄N + N̄

(
c5χ̂+ + C̃5

ˆ̃χ+

)
N , (8)

where N = (p n)T is the nucleon doublet, and the hat denotes the traceless component of a chiral
structure, e.g. χ̂ =

(
χ− 1

2Tr(χ)
)
. At this order, the χPT Lagrangian in presence of the θ̄ term and

dipole operators is obtained from the standard χPT Lagrangian by changing χ to include the CPV terms
and by noting that the CPV operators break chiral symmetry in the same pattern as the quark mass
operator. This implies there will be a copy of each of the standard symmetry-breaking operators with
χ→ χ̃ and a new, unknown accompanying LEC [19, 20]. We have not included interactions that appear
at the same order but play no role in our discussion. By NDA, the LECs c1,5 and C̃1,5 scale as O(1/Λχ).

The qCMDMs lead to a shift of the leading-order (LO) pion mass

m2
π = m2

π,QCD + m̃2
π = 2

(
Bm̄+ B̃c̃0

)
, (9)

such that

r =
dm2

π

dc̃0

/
dm2

π

dm̄
=
B̃

B
+ . . . , (10)

where the dots denote higher-order terms in the chiral expansion. Furthermore, vacuum alignment ensures
that at LO no purely mesonic interactions involving an odd number of pions survive [19]. The nucleon
mass terms are altered as well. We introduce the nucleon mass splitting, δmN = mn − mp, and the
nucleon mass shift, ∆mN = (mn +mp)/2−m0

N , where m0
N is the nucleon mass in the chiral limit. The

following relations are obtained

δmN = δmN,QCD + δ̃mN = −8B(m̄εc5 − c̃3rC̃5) , (11)

∆mN = ∆mN,QCD + ∆̃mN = −8B(m̄c1 + c̃0rC̃1) . (12)

Finally, the presence of the CPV operators leads to various CPV pion-nucleon interactions

Lπ = − ḡ0

2Fπ
N̄τ · πN − ḡ1

2Fπ
π0N̄N −

ḡ2

2Fπ
π0N̄τ

3N + . . . , (13)

1We capitalize the low energy constants (LECs) C̃1,5 to avoid confusion with the isoscalar and isovector CMDMs c̃0,3.
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(d) (e) (f) (g)

(b) (c)(a)

Figure 1: NLO correction (diagram (a)) and N2LO corrections (diagrams (b)–(g)) to the nucleon mass and mass splitting.
Plain and dashed lines denote nucleons and pions. The dots denote vertices in the leading chiral Lagrangian. Circled
dotted vertices denote SU(2) invariant couplings in the O(p2) baryon chiral Lagrangian. Crosses denote insertions of the
chiral-symmetry breaking nucleon interactions in Eq. (8).

where the dots indicate terms with additional pions that arise from expanding Eq. (8). At tree-level the
following relations immediately emerge

ḡ0 =

[
δ̃mN

c̃3
+

(
m̃2
π

c̃0

)(
m̄

m2
π,QCD

)(
δmN,QCD

m̄ε

)]
d̃0 + δmN,QCD

1− ε2

2ε

(
θ̄ − θ̄ind

)
,

ḡ1 = −2

[
∆̃mN

c̃0
−
(
m̃2
π

c̃0

)(
m̄

m2
π,QCD

)(
∆mN,QCD

m̄

)]
d̃3 , (14)

while ḡ2 = 0 at this order. These LO relations have been identified in Refs. [44, 19]. It is useful to look
at the relations in a bit more detail. The right-hand side depends on QCD quantities such as the pion
and nucleon mass induced by the average quark mass, and the nucleon mass splitting induced by the
quark mass difference. These quantities are known nowadays to rather good precision2. In addition, the
right-hand side depends on three new quantities given by pion and nucleon mass shifts from the isoscalar
qCMDM, m̃2

π and ∆̃mN , and the nucleon mass splitting from the isovector qCMDM, δ̃mN . The practical
advantage of Eq. (14) is that the latter are spectroscopic quantities that can be calculated readily with
lattice QCD, while direct calculations of the CPV three-point functions are more difficult.

At first sight, Eq. (14) provides a promising way to calculate the CPV pion-nucleon couplings. How-
ever, the relations are based on LO χPT and higher-order corrections could spoil them. In fact, Ref. [33]
demonstrated that the ḡ1 relation is broken at next-to-leading order (NLO) and obtains O(100%) correc-
tions. The violation can be easily seen by considering NLO corrections to the left- and right-hand sides
in Eq. (14). The first corrections to ḡ0,1,2 only appear at N2LO [19], while the nucleon mass obtains an
NLO correction from Fig. 1(a)

∆m
(1)
N = −3πg2

A

2

m3
π

(4πF0)2
, (15)

such that the ḡ1 relation is explicitly violated and that the practical use of Eq. (14) in obtaining precise
values of the CPV coupling constants is limited3. This non-analytic quark mass correction, Eq. (15), also
seems to spoil the convergence of SU(2) chiral perturbation theory for the nucleon mass when compared
to LQCD calculations at unphysically heavy quark masses [47, 48, 49, 24].

2It must be said that a discrepancy has emerged in the precise value of the nucleon sigma term. Recent LQCD calculations
[45] seem to provide values at odd with pion scattering lengths [46].

3Ref. [33] found that the ḡ0 relation was only affected at N2LO and numerically more stable.
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(a) (b) (c) (d) (e)

Figure 2: N2LO contributions to ḡ0 and ḡ1. Squares denote CPV pion-nucleon couplings. Other notation is as in Fig. 1

We point out here that it is possible to modify the tree-level relations in Eq. (14) such that they not
only survive all NLO corrections but also the dominant part of N2LO corrections. The relations then
obtain similar precision as those found for the QCD θ̄ term, O(15%). The modified relations are

ḡ0 = d̃0

(
d

dc̃3
+ r

d

d(m̄ε)

)
δmN + δmN,QCD

1− ε2

2ε

(
θ̄ − θ̄ind

)
,

ḡ1 = −2d̃3

(
d

dc̃0
− r d

dm̄

)
∆mN , (16)

with r given in Eq. (10). At LO in the chiral expansion the modified relations are identical to those in
Eq. (14). We can immediately check that the new relations are preserved at NLO. The NLO correction
to the right-hand side of the ḡ1 relation is a function of the pion mass only and it is easy to see that(

d

dc̃0
− r d

dm̄

)
f(m2

π) =

(
dm2

π

dc̃0

d

dm2
π

− dm2
π

dc̃0

d

dm2
π

)
f(m2

π) = 0 . (17)

We now turn to N2LO corrections which are potentially dangerous as they can be enhanced by large
logarithms [33]. We focus on the PQ scenario to reduce the number of terms, but our conclusions do
not depend on this [23]. The terms in standard χPT can be found in Ref. [50, 51] and here we list the
relevant terms at O(p4) (the QCD LECs l3,4 are defined to be precisely those of the original work [50])

L =
l3 + l4

16
Tr(χ+)2 +

l4
8

Tr(χ+)Tr(∂µU∂
µU†)− l7

16
Tr(χ−)2 +

2l̃3 + l̃4 + l4
16

Tr(χ+) Tr(χ̃+)

+
l̃4
8

Tr(χ̃+)Tr(∂µU∂
µU†)− l̃7

8
Tr(χ−)Tr(χ̃−)

+N̄
[
e1Tr(χ+)2 + e2χ̂+ Tr(χ+) + e3Tr(χ̂+χ̂+) + e4 χ̂−Tr(χ−) +

e5

4
Tr(χ2

+ − χ2
−)

−e6

4

(
Tr(χ2

−)− Tr(χ−)2 + Tr(χ2
+)− Tr(χ+)2

)]
N

+N̄
[
2ẽ1Tr(χ+) Tr(χ̃+) + ẽ2a

ˆ̃χ+ Tr(χ+) + ẽ2bχ̂+ Tr(χ̃+) + 2ẽ3Tr(χ̂+
ˆ̃χ+)

+ẽ4a
ˆ̃χ−Tr(χ−) + ẽ4bχ̂−Tr(χ̃−) +

ẽ5

2
Tr(χ+χ̃+ − χ−χ̃−)

− ẽ6

2
(Tr(χ−χ̃−)− Tr(χ−)Tr(χ̃−) + Tr(χ+ χ̃+)− Tr(χ+)Tr(χ̃+))

]
N . (18)

The li, l̃i (i = 3, 4) terms correct the pion wavefunction renormalization, the pion mass, and Fπ. Com-
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bining them with the one-loop corrections gives (neglecting terms quadratic in isospin breaking):

Zπ = 1− m2
π

24π2F 2
0

Lπ −
4Bm̄

F 2
0

lr4 −
4B̃c̃0
F 2

0

l̃r4 +
m2
π

12π2F 2
0

Lε ,

m2
π = (m2

π)tree

{
1− m2

π

32π2F 2
0

Lπ

}
+

8B2m̄2

F 2
0

lr3 +
16BB̃m̄c̃0

F 2
0

l̃r3 ,

Fπ = F0

{
1 +

m2
π

16π2F 2
0

Lπ +
2Bm̄

F 2
0

lr4 +
2B̃c̃0
F 2

0

l̃r4

}
, (19)

where Lπ = log µ2

m2
π

. We applied dimensional regularization in d = 4 − 2ε dimensions and absorbed

Lε = 1/ε− γE + log 4π + 1 in the renormalization-scale (µ) dependent counterterms

lr3 = l3 −
1

64π2
Lε , l̃r3 = l̃3 −

1

64π2
Lε ,

lr4 = l4 +
1

16π2
Lε , l̃r4 = l̃4 +

1

16π2
Lε , (20)

in order to make m2
π and Fπ finite and scale-independent. The wavefunction renormalization Zπ, on

the other hand, remains infinite and scale-dependent. l7 and l̃7 provide analogous corrections to the
pion mass splitting. In addition, these operators induce a pion tadpole, which we treat in perturbation
theory (see Fig. 2(e)). The ẽi terms in Eq. (18) induce corrections to the nucleon mass terms and CPV
pion-nucleon couplings, suppressed by m2

π/Λ
2
χ with respect to LO terms.

We now investigate the N2LO corrections to ∆mN and δmN depicted in Fig. 1. Diagrams (d)–
(g) contribute only to ∆mN and contain NLO chiral-invariant vertices, including recoil corrections to
the nucleon propagator and the axial pion-nucleon couplings gA, and chiral-invariant nucleon-two-pion
couplings. As was the case for the NLO correction in Fig. 1, these diagrams only depend on m̄ and c̃0
through the pion mass, and Eq. (17) proves that they do not contribute to the right-hand side of Eq. (16).
The only relevant corrections to the nucleon masses then originate in diagrams (b) and (c) [52]

δmN = (δmN )treef0(m2
π) + δmct

N = (δmN )tree

{
1 +

m2
π

2(4πF0)2

[(
1 + 6g2

A

)
Lπ − 4g2

A

]}
−64B2

(
m̄2ε er2 − rm̄c̃3 ẽr2a + rm̄εc̃0 ẽ

r
2b

)
,

∆mN = (∆mN )treef1(m2
π) + ∆mct

N = (∆mN )tree

[
1 +

3m2
π

2(4πF0)2
Lπ

]
−32B2

(
m̄2
(

2er1 +
e5

4
+
e6

4

)
+ 2rm̄c̃0

(
2ẽr1 +

ẽ5

4
+
ẽ6

4

))
. (21)

The renormalized counterterms are

er1 = e1 +
3c1

8(4πF0)2
Lε , ẽr1 = ẽ1 +

3(c1 + C̃1)

16(4πF0)2
Lε ,

er2 = e2 +
(1 + 6g2

A)c5
8(4πF0)2

Lε , ẽr2a = ẽ2a +
(1 + 6g2

A)C̃5

8(4πF0)2
Lε , ẽr2b = ẽ2b +

(1 + 6g2
A)c5

8(4πF0)2
Lε . (22)

The LECs e3, e5, and e6, and the analogous ones induced by c̃0, are not renormalized. One way to see
this is that these operators induce corrections to ∆mN that are quadratic in isospin breaking, for which
there is no loop divergence at this order. e4, ẽ4a, and ẽ4b do not affect the nucleon mass.
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The N2LO contributions to ḡ0,1,2 are given by [19]

ḡ0 = (ḡ0)tree

{
1 +

m2
π

2(4πF0)2

[(
1 + 6g2

A

)
Lπ − 4g2

A

]}
+ 64B2rm̄d̃0 (ẽr2a − er2 + ẽ4b − e4)

ḡ1 = (ḡ1)tree

[
1 +

3m2
π

2(4πF0)2
Lπ

]
+ 128B2r

(
2m̄ d̃3(ẽr1 − er1)− m̄ε d̃0 (ẽ3 − e3)

)
ḡ2 = 64B2r m̄εd̃3 (e2 − ẽ2b + e4 − ẽ4a) (23)

Compared to Ref. [19], we have included the nucleon and pion wavefunction renormalization, and the
one-loop corrections to F0. The loop functions appearing in Eqs. (21) and (23) are exactly the same,
and once the divergences in mN and δmN are subtracted as in Eq. (22), the pion-nucleon couplings
are also renormalized. Thus e4 − ẽ4a and e4 − ẽ4b are finite and µ-independent. At this order, the first
contribution to ḡ2 appears which depends purely on counterterms in Eq. (18). Eq. (22) guarantees that
the combination e2 − ẽ2b is finite and µ-independent.

We now demonstrate that the N2LO loop corrections and the counterterms e1, ẽ1, e2, ẽ2a preserve the
relations in Eq. (16). We start with the ḡ0 relation. Because the loop function f0(m2

π) does not depend
on m̄ε, the derivatives (d/dc3 + rd/d(m̄ε)) only act on (δmN )tree. The same function appears in both the
correction to ḡ0 and δmN such that Eq. (16) is preserved. For almost identical reasons the ḡ1 relation
is preserved by loop corrections once Eq. (17) is used to eliminate the derivatives acting on f1(m2

π). An
explicit check shows that the contributions of e1, ẽ1, e2 and ẽ2a satisfy Eq. (16).

The remaining counterterms, e3−6 lead to the following violations of the relations

δḡct
0 = 64B2 m̄r d̃0 (ẽ4b − e4) (24)

δḡct
1 = 128B2r

(
m̄ d̃3

(
e5

4
− ẽ5

4
+
e6

4
− ẽ6

4

)
+ m̄ε d̃0(e3 − ẽ3)

)
. (25)

At the same time, we find a N2LO correction to r

r = r(0)

(
1 +

4m2
π

F 2
0

(
l̃3 − l3

))
, (26)

and corrections to ḡ0,1 from the tadpole diagrams in Fig. 2. These can be combined into

δḡtad
0 = −r4m2

π

F 2
0

dδmN

dm̄ε

(
d̃0(l̃3 − l3) +

ε

2
d̃3

(
l̃3 − l3 +

l̃4
2
− l4

2

)
+
ε2

2
d̃0

(
l̃7 − l7

))
,

δḡtad
1 = −r4m2

π

F 2
0

d∆mN

dm̄

(
d̃3

(
l̃3 − l3 −

l̃4
2

+
l4
2

)
− εd̃0

(
l̃7 − l7

))
. (27)

From the infinity-subtraction of the counterterms one finds that δg̃tad
0,1 are finite and scale-independent. We

cannot determine the size of the violations exactly because of the appearance of unknown counterterms,
but we can get a reasonable estimate by looking at a piece we do control. For instance, if we neglect
isospin breaking, ε = 0, and the derivatives with respect to c̃0,3 in Eq. (16), the ratio of the tadpole and
tree level couplings is

δḡtad
0

ḡ0
=

m2
π

(4πF0)2
(
¯̃
l3 − l̄3),

δḡtad
1

ḡ1
=

m2
π

(4πF0)2

(
1

2
(
¯̃
l3 − l̄3) + (

¯̃
l4 − l̄4)

)
, (28)

where we introduced the scale independent counterterms l̄3,4 [50]

lr3(µ) =
−1/2

32π2

[
l̄3 + ln

(
m2
π

µ2

)]
, lr4(µ) =

2

32π2

[
l̄4 + ln

(
m2
π

µ2

)]
, (29)
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and their analogs
¯̃
l3,4 for the qCMDM-induced operators. The FLAG review [53] provides the estimates

l̄3 = 2.81(64), l̄4 = 4.10(45), (30)

from which, barring large cancellations between l̄3,4 and
¯̃
l3,4, we obtain

δḡ0

ḡ0

' −0.04,
δḡ1

ḡ1

' −0.08. (31)

The other corrections in Eq. (27) are expected to be even smaller because of additional factors of ε ' 0.3.
Clearly, this is not a full determination of the theoretical uncertainty of the relations in Eq. (16), but
there is no reason to expect the remaining violations in Eqs. (24) and (27) to be significantly larger either.
To be on the conservative side, we follow Ref. [23] and assign a 20% intrinsic uncertainty to the relations.
Considering that it is unlikely that lattice determinations, at least in the near future, of the right-hand
side of Eq. (16) will reach this accuracy, for practical purposes the relations can be treated as exact.

2.3. SU(3) flavor-breaking corrections

We now briefly extend the discussion to SU(3) χPT to investigate the role of the strange CEDM. Most
of the formalism follows directly from the previous section, with the inclusion of strange hadrons. For
example, the LO Lagrangian induced by mass terms and dipole operators is

L =
F 2

0

4

(
Tr [U†χ+ Uχ†] + Tr [U†χ̃+ Uχ̃†]

)
+ b0Tr

(
B̄B

)
Trχ+ + bDTr

(
B̄{χ+, B}

)
+ bFTr

(
B̄[χ+, B]

)
+b̃0Tr

(
B̄B

)
Trχ̃+ + b̃DTr

(
B̄{χ̃+, B}

)
+ b̃FTr

(
B̄[χ̃+, B]

)
, (32)

where we adopted the notation of Ref. [23] for the meson (U) and baryon (B) octet fields.
The interactions in Eq. (32) affect meson masses and mixings, and induce both baryon masses and

splittings [54] and CPV meson-nucleon vertices. Using Eq. (32), it is again possible to express ḡ0,1 in
terms of the nucleon masses. Neglecting terms proportional to the η − π mixing angle φ, which are
formally LO in the SU(3) expansion but, being φ ∼ εm̄/m̄s ∼ O(10−2), are numerically very small, we
can generalized Eq. (16) to

ḡ0 = d̃0

(
d

dc̃3
+ r

d

d(m̄ε)

)
δmN + δmN,QCD

1− ε2

2ε

(
θ̄ − θ̄ind

)
,

ḡ1 = −2d̃3

(
d

dc̃0
− r d

dm̄

)
∆mN + 4

φ√
3

[
d̃s

(
d

dc̃s
− r d

dms

)]
∆mN , (33)

where φ/
√

3 = m̄ε/(2(ms − m̄)). The expression for ḡ0 is the same as in Eq. (16). In the case of ḡ1,
we obtain an additional contribution, proportional to φ× d̃s. Since in most BSM scenarios the qCEDMs
scale with the quark mass, φ × d̃s does not vanish in the large ms limit, and it is not suppressed with
respect to d̃0,3. ḡ1 can therefore obtain significant contributions from the strange CEDM [55], which is
particularly interesting because ḡ1 provides a major contribution to the EDMs of nuclei and diamagnetic
atoms. In order to quantify the size of ḡ1, we require, apart from the matrix elements discussed in the
SU(2) case, the strange content of the nucleon ms(d∆mN/dms), known to 25% accuracy [56], and the
analogous dependence of the nucleon mass on the strange CMDM (d∆mN/dc̃s).

We now discuss higher-order corrections to Eq. (33). The case of the QCD θ̄ term was discussed in
detail in Ref. [23], and all the derived conclusions apply here with the modification θ̄ → θ̄ − θ̄ind. In
particular, for the θ̄ term the relation connecting ḡ0 to δmN is protected from higher-order corrections.
As far as the remaining terms in Eq. (33) are concerned, the derivative nature of the relations ensures
that all NLO corrections are safe, as in SU(2) χPT. Similarly, the bulk of N2LO corrections affect the
left- and right-hand sides of Eq. (33) in the same way. Some violations do appear in the form of N2LO
counterterms, higher-order isospin-violating corrections, and tadpole contributions. An estimate of these
corrections following the strategy of Ref. [23] indicates that SU(3) corrections to ḡ0,1 induced by d̃0,3
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relations are not larger than the SU(2) violations discussed above. The dependence of ḡ1 on d̃s is more
uncertain. Loop corrections respect Eq. (33), however in this case, since the LO contribution is suppressed
by φ, the N2LO counterterms are suppressed by only m2

K/Λ
2
χ instead of m2

π/Λ
2
χ. The N2LO counterterms

could therefore induce significant corrections, up to ∼ 50%. Even though the relation between ḡ1 and d̃s
in Eq. (33) can not be put on the same solid theoretical footing as Eq. (16), it still provides an interesting
way to estimate the dependence of ḡ1 on d̃s.

2.4. Hadron spectroscopy in the presence of higher dimension operators from Lattice QCD

In order to utilize the relations Eq. (16), one must perform spectroscopic LQCD calculations of the
nucleon masses in the presence of higher-dimensional operators, as well as calculations of the standard
QCD sigma-terms,

QCD sigma terms qCMDM sigma terms

m̄〈p|q̄q|p〉 = m̄ d
dm̄∆mN

∣∣∣
m̄

d̃3
2 〈p|gsq̄σµνG

µνq|p〉 = d̃3

(
d
dc̃0

∆mN

) ∣∣∣
c̃0=0

m̄ε〈p|q̄τ3q|p〉 = m̄ε d
d(m̄ε)δmN

∣∣∣
m̄ε

d̃0
2 〈p|gsq̄σµνG

µντ3q|p〉 = d̃0

(
d
dc̃3
δmN

) ∣∣∣
c̃3=0

,

(34)

and of the ratio of vacuum matrix elements, r, defined in Eq. (10). The determination of the QCD
sigma-term operators are now staple lattice QCD calculations, see Ref. [57] for the most recent review.
Matrix elements of these new operators can be determined through the linear response of the theory
to external sources coupled to these operators. An efficient means of performing these matrix element
calculations is described in Ref. [58]. The LQCD calculations are in principle, straightforward, with a
few technical details which must be addressed.

The chromo-magnetic operators, q̄σµνGµν d̃CMq, break chiral symmetry in the same manner as the
quark mass operators, and therefore these operators will mix under renormalization. In the MS scheme,
the mixing is proportional to m2

q, and thus small. However, if a lattice regularization scheme is used that
breaks chiral symmetry, there is another source of chiral symmetry breaking which persists at finite lattice
spacing and can be large. Near the continuum limit, the effects of this chiral symmetry breaking due to
the lattice discretization are captured at LO in the Symanzik expansion [59] through a dimension-five
clover operator, which is in fact the chromo-magnetic operator, aq̄σµνGµνq [60], where a ∼ Λ−1 is the
discretization scale. Often, this clover operator is added to the numerical calculation with a coefficient
cSW that is tuned to remove the leading O(a) discretization effects. In such a lattice calculation, the
addition of the qCMDM operator would amount to adding a correction to the tuned value of the coefficient
cSW → cSW + δcSW ,

L ⊃ a(cSW + δcSW )q̄σµνGµνq = a

(
cSW +

d̃3gs
2a

)
q̄σµνGµνq (35)

The challenge would be to tune the value of δcSW = gsd̃3/(2a) as one varies the gauge coupling (and
hence the lattice spacing a) such that the corresponding value of the dimension-full coupling d̃3 would
remain fixed in physical units. While possible in principle, this would involve a careful fine-tuning of the
bare quark mass and the value of δcSW as all three operators would mix under renormalization. This
issue is restricted to the isoscalar qCMDM operator as the discretization effects are flavor blind.

Alternatively, one could utilize a lattice regularization scheme that respects chiral symmetry at finite
lattice spacing [61, 62] such as Domain-Wall [63, 64, 65, 66, 67] or overlap fermions [68, 69, 70]. With
such a regularization scheme, there is still a complication of operator mixing, but the cSW operator is
not present in the lattice action (or at least exponentially suppressed for Domain-Wall fermions). The
quark mass operators are lower-dimensional than the qCMDM operators so there will be a quadratic
power-divergent mixing of q̄q into q̄σµνGµνq. However, our proposed relations, Eq. (16) are constructed
from the difference of two terms through the derivatives d

dc̃0
− r d

dm̄ , and it is straightforward to show
that the quadratic power-divergent mixing cancels in this difference. If the lattice regularization respects
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chiral symmetry, there is no dimension-four operator that the qCMDM can mix into, and only logarithmic
mixings need to be considered. It is easy to see that the logarithmic mixing with operators of the form
q̄m2

qq does not affect Eq. (16), and that, in the presence of chiral symmetry, the mixing of the qCMDM
with GµνG

µν is proportional to the quark masses, and thus small. This leaves only the self-mixing of
the qCMDM operator to be determined nonperturbatively. Provided the method described in Ref. [58] is
used in the LQCD calculations, these issues of operator mixing need only be dealt with when performing
the renormalization, as the new qCMDM operators are not actually added in the lattice action, but are
only used perturbatively to compute the matrix elements in Eq. (34).

A final detail needs to be considered when imposing renormalization conditions on the qCMDM and
qCEDM operators. The CPV couplings ḡ0 and ḡ1 are independent of the renormalization scheme. Eq. (16)
guarantees this independence if the renormalization of the qCEDM and qCMDM operators is the same.
This is true at one loop in the MS scheme, but is non-trivial beyond one loop, since in d 6= 4 dimensions
chiral symmetry is not conserved even for vanishing quark masses, and might require an additional fi-
nite renormalization. The analogous cases of the axial and vector currents and scalar and pseudoscalar
densities are discussed in Refs. [71, 72]. In lattice schemes such as regularization-independent momen-
tum subtraction schemes (RI-MOM), renormalization conditions need to be imposed so that the Ward
identities for the qCEDM and qCMDM are respected [73, 36]. Furthermore, the renormalization of these
operators will involve some care as they involve an external gluon [36].

In order to get a precise determination of the CPV couplings via our proposed relations Eq. (16) (with
reasonable statistics), the lattice QCD calculations need be performed on the same ensembles. This
will ensure the stochastic fluctuations are correlated allowing for a precise determination of the differ-
ence. There are also dynamical sea-quark contributions to the matrix elements needed in these relations
Eq. (34), at least for the isoscalar qCMDM operators. However, these contributions are suppressed in
the large-Nc expansion as at least two gluons are needed to connect the disconnected quark loop to the
valence quarks. There is an additional color trace for the closed quark loop, leading to a 1/Nc suppres-
sion compared to the connected contribution. In practice, disconnected diagrams are found to be more
suppressed than suggested from large-Nc counting. Therefore, for a determination of these couplings at
the 20% level, it is most likely safe to ignore the disconnected contributions. This expectation should be
carefully checked in the numerical calculations. A reliable estimate can be made with quarks that are
heavier than the physical ones, in which the calculations will be numerically less expensive.

3. Discussion

The main result of this work is the derivation of reliable relations that can be used to simplify lattice
calculations of the CPV pion-nucleon vertices that originate in the up, down, and strange qCEDMs.
By using chiral symmetry arguments the required three-point functions can be linked to spectroscopic
two-point functions which are more suitable for lattice calculations. Similar relations had already been
derived before, but these were found to be highly unstable under higher-order corrections [33]. We have
demonstrated that the modified relations in Eq. (16) linking the CPV couplings ḡ0,1 to the up and down
qCEDMs are preserved by all NLO and most of the N2LO corrections including effects from dynamical
strange quarks. The remaining N2LO corrections have been conservatively estimated at O(20%). We
found that the strange qCEDM only induces leading contributions to ḡ1, which are proportional to the
numerically small π0-η mixing angle. As such, the relation involving the strange qCEDM identified in
Eq. (33) can obtain significant N2LO corrections.

The lattice calculations we propose to extract accurate values for ḡ0,1 are crucial to fully benefit from
the impressive progress in the experimental EDM program. In heavy systems such as Hg, Xe, and Ra,
the theoretical interpretation of the EDM limits (and hopefully future signals) suffers from large uncer-
tainties that can be roughly divided into 50% hadronic uncertainties (values of the LECs in terms of
the quark-gluon CPV sources) and 50% nuclear uncertainties (due to the complex nuclear many-body
calculations). The strategy outlined here could go a long way in reducing the hadronic uncertainties.
Furthermore, EDMs of light nuclei essentially only suffer from hadronic uncertainties [74, 75] such that
this program would benefit even more from improved calculations of ḡ0,1. The influence of improved
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matrix elements has been highlighted in several recent works. For instance, Ref. [76] studied the impact
of hadronic uncertainties on tests of electroweak baryogenesis scenarios finding that improved values of
ḡ0,1 would allow for more stringent tests. Refs. [77, 78] highlighted the role of hadronic uncertainties
on constraining CP violation in anomalous interactions involving top quarks and Higgs bosons, finding
that improved matrix elements could have as much impact in scrutinizing such couplings as new experi-
ments. In summary, the recent impressive experimental progress must go hand-in-hand with theoretical
developments. The strategy outlined in this work provides an important step towards such developments.
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