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Abstract

Assured Autonomy for Safety-Critical and Learning-Enabled Systems

by

Vicenc Rubies Royo

Doctor of Philosophy in Engineering - Electrical Engineering and Computer Sciences

University of California, Berkeley

Professor Claire J. Tomlin, Chair

Autonomous systems are becoming ever more complex. This growth in complexity stems primarily
from continual improvements in computational power, which have enabled, among many things, the
use of more sophisticated high-dimensional dynamical models or the use of deep neural networks
for perception and decision-making. Unfortunately, this increase in complexity is coupled with
an increase in uncertainty on how these systems might behave in safety-critical settings where
guarantees of performance are needed.

In this dissertation, we will first address the challenges involved in the computation of safety
certificates for high-dimensional safety-critical systems and how machine learning, and in particular
artificial neural networks, can provide scalable approximate solutions which work well in practice.
However, reliance on neural networks for autonomy poses itself a challenge, since these function
approximators can sometimes produce erroneous behaviors when exposed to noise or adversarial
attacks, for example. With this in mind, in the second half of the dissertation we will address the
challenges involved in the verification of neural networks, and in particular, how to assess whether
deep feedforward neural networks adhere to safety specifications.
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Chapter 1

Introduction

Technological advancements of the past few decades have led historians to term this current period
in history the Fourth Industrial Revolution [83, 75]. This period of technological progress is
characterized by an unprecedented increase in automation arising from the fields of control, robotics
and artificial intelligence. These advancements in automation are largely propelled by an outstanding
increase in computational power not available in decades past. The systems that are currently being
developed are more sophisticated, with a larger number of degrees of freedom and greater number
of sensors. In consequence, models used to describe these systems are also becoming more complex
and harder to analyze.

With increased complexity, however, a new problem arises: how can we provide assurances
in the form of safety guarantees? When a system is governed by a simple set of rules it is often
possible to accurately predict its behavior and correct it before it becomes unsafe. If instead the
set of rules describing the system’s behavior is too large and intricate, providing safety guarantees
becomes a challenging task.

The aim for this dissertation will be to tackle the problem of safety assurance by providing a
set of new methodologies for verification of complex safety-critical systems and learning-enabled
systems. The overarching theme will be to use sound theoretical principles from control theory,
optimization and machine learning, to deliver a set of algorithms capable of providing guarantees of
performance and safety.

1.1 Autonomous Systems and Assured Autonomy
The term ‘autonomous system’ is a broad term meant to describe systems which can operate
autonomously, that is, without explicit human inputs. For the purposes of this dissertation we
will focus our attention on two sub-types of systems: safety-critical systems and learning-enabled
systems.
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Safety-Critical Systems
As the name suggests, safety-critical systems refer to autonomous systems for which safety is
of critical importance. In particular, these are systems whose failure can result irreversible or
catastrophic damage. Examples include most vehicles, such as cars, quadrotors and airplanes, but
also civil infrastructures such as the power grid or water management structures. Models used to
describe these systems are usually derived from first principles and exhibit a range of accuracies
which allow to capture a wide range of possible future behaviors of the system and plan for future
contingencies.

Learning-Enabled Systems
In this dissertation we will take the liberty of defining learning-enabled systems as those autonomous
systems whose behavior relies on the outputs of an artificial (feedforward) neural network. Neural
networks are a type of function approximator widely used in machine learning whose parameters
are usually determined through an iterative optimization procedure (termed training or learning)
such as stochastic gradient descent. Unlike safety-critical systems, the behavior of learning-enabled
systems relies on the quality of the data provided for learning, as well as the learning algorithm itself.
This dependency on data and learning algorithm can make learning-enabled systems unpredictable
at run-time. Therefore, neural network models employed in safety-critical applications should
always be verified before deployment.

Challenges in Assured Autonomy
The main goal of assured autonomy is to endow safety-critical and learning-enabled systems with
guarantees of safety. As we shall see, providing these types of guarantees is a hard task. For
safety-critical systems, the main challenge will be to scale verification tools to more complex,
higher-dimensional models. For learning-enabled systems, the challenge will be to build those tools
and also make them scalable.

1.2 Thesis Overview and Contributions
The main contribution of this thesis will be to provide safety analysis tools for large dynamical
systems, and algorithms for the verification of feedforward neural networks. These tools are built on
top of concepts drawn from reachability theory, optimization and machine learning, which ensures
their robustness and reliability.

The thesis is organized in two parts. In the first half we will be concerned with safety-critical
systems. In Ch. 2 we provide an introduction to dynamical models, which are the main mathematical
framework for modeling physical systems. We then provide an overview on the topic of optimal
control, how it ties to the concept of safety, and why previous approaches to safety analysis have poor
scalability. In Ch. 3 we introduce a classification-based algorithm based on approximate dynamic
programming which is able to provide safety guarantees for high-dimensional dynamical systems.
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Using this algorithm we are able to accomplish a safe trajectory tracking task on a quadrotor. In
Ch. 4 we develop a different algorithm for safety analysis based on concepts from reinforcement
learning which can also scale to high-dimensional systems.

In the second half of the thesis we concern ourselves with learning-enabled systems. In Ch. 5 we
provide an introduction to feedforward neural networks and the problem of input-output verification.
We then draw a few connections between reachability theory and neural network verification. In
Ch. 6 we introduce a method for efficiently over-approximating the mapping of a box-shaped input
set through a neural network, and use it provide an iterative verification algorithm. The algorithm
exploits so-called shadow price information in order to simplify the problem at every step. Our
experiments show improvements in speed and memory required to solve verification problems in
comparison to other state-of-the-art heuristics. Finally, in Ch. 7, we conclude the thesis with some
closing remarks and pointers for future work.
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Part I

Assured Autonomy for Safety-Critical
Systems
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Chapter 2

Background and Preliminaries

In this chapter we provide a brief introduction to dynamical systems, optimal control and safety
analysis. As we shall see, safety problems can be cast as (robust) optimal control problems which
can be solved numerically by approximating the solution to a partial differential equation or a
variational inequality.

2.1 Optimal Control Overview

Dynamical Systems
A key aspect in guaranteeing the safety of autonomous systems is our ability to predict their behavior
over time. This can be accomplished through the mathematical framework of dynamical systems. In
short, dynamical systems describe the evolution of a set of relevant quantities, or states, denoted as
x ∈ X ⊆ Rn, over time through a differential equation:

ẋ = f(x, u, d, t), (2.1)

where u ∈ U ⊆ Rnu is the control input and d ∈ D ⊆ Rnd is the disturbance to the system, and
where the set U and D are compact. The control set U can be interpreted as the set of actions
available to the controller to influence the evolution of the state, whereas the disturbance set D
represents a set of actions available to some external entity which much like the controller can also
influence the evolution of the state. For example, as we shall see in Sec. 3.3, if the state x represents
the spatial configuration of a quadrotor in space, then the dynamics f describe the continuous
time evolution of this configuration, the input u describes the instantaneous thrust applied by each
propeller and d represents some external physical disturbance such as wind.

The dynamical system (2.1) describes the continuous-time evolution of the state. When the initial
state of the system is specified to be x for some initial time t, then, under some technical conditions1,

1Trajectories of (2.1) will be uniquely defined provided that the dynamical system f is uniformly continuous and
bounded, and Lipschitz in X for all time τ ∈ [t,∞).
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the control signal u(·) : [t,∞)→ U together with the disturbance signal d(·) : [t,∞)→ D define
the unique trajectory of the system for T ≥ t as

ξ(T ; t, x, u(·), d(·)) =

∫ T

t

f(ξ(τ ; t, x, u(·), d(·)), u(τ), d(τ))dτ + x, (2.2)

or in differential form (ξ̇ = dξ/dT ) as

ξ̇(T ; t, x, u(·), d(·)) = f(ξ(T ; t, x, u(·), d(·)), u(τ), d(τ)) (2.3)
ξ(t; t, x, u(·), d(·)) = x. (2.4)

For notational convenience, we will write ξu,dx,t (τ) = ξ(τ ; t, x, u(·), d(·)) to denote trajectories when
necessary. Finally, while dynamical systems can have an explicit dependence on time, in this work
we will consider only time-invariant systems, so we will henceforth drop the dependence on t,
meaning that ẋ = f(x, u, d).

Feedback Control
The trajectory defined in (2.2) requires specifying the control signal u(·) (as well as the disturbance
signal d(·)) which determines which controls to apply at every instant in time. When the control
signal is specified as an explicit function of time, rather than implicitly through the state of the
system, this control scheme is known as open-loop control. In other words, the sequence of actions
has been stipulated before the system has started to evolve. While intuitive, this form of control
is problematic because models can be slightly imprecise and noise is often present, making an
accurate prediction of the state impossible. In an ideal world the sequence of open-loop actions
would suffice to produce desirable trajectories, in practice, however, errors compound over time
and the realized trajectories can be far from optimal. To address this, a different type of control
scheme known as feedback control uses the current state of the system to inform which actions to
take. Unlike open-loop control, feedback allows the system to correct for inaccuracies during the
execution of a trajectory based on the instantaneous value of the state. This formulation introduces
the concept of a feedback policy, a function π : Rn × R → U which dictates which control u to
input into the system at time t through the map u = π(x, t).

Optimal Control
In the previous section we introduced the concept of a feedback policy, a function which produces
an adaptive control signal based on the instantaneous value of the state. To accomplish this, however,
some metric of optimality or ‘goodness’ must be defined for our problem in order for the controller
to provide appropriate corrective actions. Assuming that no disturbance signal d(·) is present, this
can be accomplished through the definition of a cost functional

Vu(x, t) =

∫ T

t

c(ξux,t(τ), u(τ))dτ + l(ξux,t(T )), (2.5)
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a map from the initial conditions (x, t) and control signal u = u(·), to a scalar value. The function
c : Rn × Rnu → R is the running cost and l : Rn → R is the terminal cost. The value of Vu(x, t)
represents a cost and, therefore, the goal of the controller will be to produce a control signal that
minimizes it. The optimal control problem can thus be written as follows:

V (x, t) = inf
u(·)∈UTt

Vu(x, t), (2.6)

where UT
t represents the collection of measurable functions u(·) : [t, T ]→ U , and V (x, t) is known

as the value function, which provides the value for the initial conditions (x, t).
In order to tackle the minimization problem in (2.6), it is possible to use Bellman’s principle of

optimality, which states:

“An optimal policy has the property that whatever the initial state and initial decisions
are, the remaining decisions must constitute an optimal policy with regard to the state
resulting from the first decision.”[9]

Starting from (2.5) we have that

V (x, t) = inf
u(·)∈UTt

∫ T

t

c(ξux,t(τ), u(τ))dτ + l(ξux,t(T )) (2.7)

= inf
u1(·)∈Ut+δt

{∫ t+δ

t

c(ξu1
x,t(τ), u1(τ))dτ (2.8)

+ inf
u2(·)∈UTt+δ

∫ T

t+δ

c(ξu2

x′,t′(τ), u2(τ))dτ + l(ξu2

x′,t′(T ))
}
(2.9)

= inf
u1(·)∈Ut+δt

{∫ t+δ

t

c(ξu1
x,t(τ), u(τ))dτ + V (ξu1

x,t(t+ δ), t+ δ)
}

, (2.10)

for some δ ∈ [0, T − t], where t′ = t + δ and x′ = ξu1
x,t(t

′). We obtain that the optimal value
at (x, t) is the same as optimizing over the interval [t, t + δ] and adding the contribution of
V (ξu1

x,t(t+ δ), t+ δ), that is the value of acting optimally thereafter. Assume that V is everywhere
differentiable. Multiplying (2.10) by 1/δ and taking the limit δ → 0, we then obtain the partial
differential equation

0 = ∂tV (x, t) + inf
u∈U
{c(x, u) +∇xV · f(x, u)} (2.11)

V (x, T ) = l(x), (2.12)

where ∂t represents the partial derivative with respect to time and ∇x is the gradient with respect
to the state. This partial differential equation is known as the Hamilton-Jacobi-Bellman (HJB)
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equation. H(x, p, u) := c(x, u) + p · f(x, u) is known as the Hamiltonian, and the optimal control
is given by

u∗(x, t) = arg inf
u∈U

H(x,∇xV, u). (2.13)

While the differentiablity assumptions we have made can be quite strong, these can be relaxed,
which leads to the topic of viscosity solutions. For a detailed overview on viscosity solutions for the
HJB equation we refer the reader to [28].

Robust Optimal Control
In the beginning of this chapter we introduced dynamic systems which depended on the control
input u and disturbance d. So far, however, we have only seen how optimal controls can be found
by solving the HJB equation when no disturbance signal is present. It is therefore natural to ponder
how one would compute optimal controls when a disturbance is present, and in particular, when that
disturbance acts adversarially. This worse-case disturbance framework gives rise to robust optimal
control. Given the cost functional

Vu,d(x, t) =

∫ T

t

c(ξu,dx,t (τ), u(τ), d(τ))dτ + l(ξu,dx,t (T )), (2.14)

with d = d(·), the controller seeks to minimize the cost, whereas the disturbance seeks to maximize
it. This can be posed as a zero-sum differential game as follows:

V (x, t) = inf
u(·)∈UTt

sup
d(·)∈DTt

Vu,d(x, t). (2.15)

Unfortunately, this formulation uses an open loop information structure, which implies that the
controller must commit to a control signal first, followed by the disturbance picking its own
disturbance signal after. This formulation is too stringent in that it gives too much information to
the disturbance and doesn’t allow the controller to adapt. To change this, it is necessary to define a
new strategy information pattern, which in essence establishes what information each player (the
controller vs. disturbance) is given at every point in time. Non-anticipative strategies are a type
of strategy information pattern represented by the set ΓTt which contains the collection of maps
δ : UT

t → DT
t such that the dependence of δ[u] on u is causal:

ΓTt := {δ : UT
t → DT

t | u(τ) = û(τ) a.e. τ ∈ [t, T ] (2.16)
⇒ δ[u](τ) = δ[û](τ) a.e. τ ∈ [t, T ]} (2.17)

The predicate in set ΓTt enforces that the disturbance always acts in the same way for control signals
which are the identical up to some time τ ∈ [t, T ]. This effectively prevents the disturbance from
exploiting future information of the controller’s signal. Under this strategy information pattern, we
can now write in terms of ΓTt the following, more suitable zero-sum differential game

V (x, t) = sup
δ∈ΓTt

inf
u(·)∈UTt

Vu,δ[u](x, t). (2.18)
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It may seem that the inversion of the supremum and infimum imply that the controller now has the
advantage over the disturbance. However, we note that now the disturbance is picking a causal
mapping (not a signal d(·) defined at the onset), which will adaptively change the disturbance
signal according to u(·). Moreover, the disturbance still has the advantage of knowing what the
instantaneous input of the controller is, whereas the controller does not know what the instantaneous
disturbance action will be2. Using analogous steps to the ones shown in (2.7), we arrive at the
Hamilton-Jacobi-Isaacs (HJI) equation3

0 = ∂tV (x, t) + inf
u∈U

sup
d∈D
{c(x, u, d) +∇xV · f(x, u, d)} (2.19)

V (x, T ) = l(x), (2.20)

where the Hamiltonian is H(x, p, u, d) := c(x, u, d) + p · f(x, u, d) and similarly to (2.13), the
optimal control and disturbance are given by

u∗(x, t), d∗(x, t) = arg inf
u∈U

sup
d∈D

H(x,∇xV, u, d). (2.21)

Variational Inequalities
Before ending this overview on optimal control, it is important to introduce a particular cost
functional which will be relevant in the next chapters. The cost functional we will be concerned
about will be

Vu(x, t) = min
τ∈[t,T ]

l(ξux,t(τ)), (2.22)

with corresponding value function

V (x, t) = inf
u(·)∈UTt

Vu(x, t). (2.23)

In what follows we show how to use Bellman’s principle of optimality to obtain a specific type of
equation known as a variational inequality. Starting with

V (x, t) = inf
u(·)∈UTt

min
τ∈[t,T ]

l(ξux,t(τ)) (2.24)

= inf
u1(·)∈Ut+δt

inf
u2(·)∈UTt+δ

min{ min
τ∈[t,t+δ]

l(ξux,t(τ)), min
τ∈[t+δ,T ]

l(ξux,t(τ))} (2.25)

= inf
u1(·)∈Ut+δt

min{ min
τ∈[t,t+δ]

l(ξu1
x,t(τ)), inf

u2(·)∈UTt+δ
min

τ∈[t+δ,T ]
l(ξu2

x′,t′(τ))} (2.26)

= inf
u1(·)∈Ut+δt

min{ min
τ∈[t,t+δ]

l(ξu1
x,t(τ)), V (ξu1

x,t(t+ δ), t+ δ)} (2.27)

2This fact reverts the order of the supremum and infimum in the differential equation formulation to the more
intuitive infu∈U supd∈D where control is the first player and disturbance the second.

3Isaacs worked extensively in the field of differential games. Hence the change of nomenclature from Bellman,
whose work was primarily on optimal control.
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At this point note that the infimum of the point-wise minimum between two functions is the same as
the minimum over infima (infx min{a(x), b(x)} = min{infx a(x), infx′ b(x

′)}),

V (x, t) = min{ inf
u1(·)∈Ut+δt

min
τ∈[t,t+δ]

l(ξu1
x,t(τ)), inf

u′1(·)∈Ut+δt

V (ξ
u′1
x,t(t+ δ), t+ δ)} (2.28)

Note that the above equality holds for all δ ∈ [0, t− T ]. If we set δ = 0, then

V (x, t) = min{l(x), V (x, t)} =⇒ V (x, t) ≤ l(x) (2.29)

This conveys the intuitive notion that the value of every state and any time is always upper-bounded
by l(x). Assuming that V is everywhere differentiable, if we multiply (2.28) by 1/δ (δ > 0) and
take the limit δ → 0, we have that

0 = min{lim
δ→0

l(x)− V (x, t)

δ
, ∂tV (x, t) + inf

u∈U

(
∇xV · f(x, u)

)
} (2.30)

From (2.29) the first term in the minimum either evaluates to infinity ( if l(x)− V (x) > 0 ) or to
zero ( if l(x)− V (x) = 0 ). Noting the property that (0 = min{0, a(x)} =⇒ a(x) ≥ 0), we have
that one of the following conditions must be met in order for (2.30) to hold4:

l(x)− V (x, t) > 0 ∧ ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
= 0 (2.31)

l(x)− V (x, t) = 0 ∧ ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
≥ 0. (2.32)

The last line can be broken further into two conditions given the following logical equivalence
(a = 0 ∧ b ≥ 0 ⇐⇒ [a = 0 ∧ b > 0]⊕ [a = 0 ∧ b = 0]), so now one of three conditions must be
met:

l(x)− V (x, t) > 0 ∧ ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
= 0 (2.33)

l(x)− V (x, t) = 0 ∧ ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
> 0 (2.34)

l(x)− V (x, t) = 0 ∧ ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
= 0. (2.35)

Given the following equivalence,

(a > 0 ∧ b = 0)⊕ (a = 0 ∧ b > 0)⊕ (a = 0 ∧ b = 0) ⇐⇒ 0 = min{a, b} (2.36)

we finally arrive to what is known as the Hamilton-Jacobi-Bellman variational inequality (HJB-VI):

0 = min{ l(x)− V (x, t) , ∂tV (x, t) + inf
u∈U

(
∇xV · f(x, u)

)
} (2.37)

V (x, T ) = l(x). (2.38)

4Given two statements A (2.31) and B (2.32), this is equivalent to requiring A⊕B ≡ 1, where ⊕ denotes logical
exclusive OR (XOR).
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Note that the conditions in (2.31) and (2.32) are automatically encoded in the HJB-VI. Similarly,
following the same steps used to obtain the HJB-VI, we can equivalently obtain the Hamilton-
Jacobi-Isaacs variational inequality (HJI-VI):

0 = min{ l(x)− V (x, t) , ∂tV (x, t) + inf
u∈U

sup
d∈D

(
∇xV · f(x, u, d)

)
} (2.39)

V (x, T ) = l(x). (2.40)

2.2 Safety Analysis

Set Definitions
In this first half of the dissertation we are concerned with ensuring safety for safety-critical systems.
One must first, however, concretize what these safety properties are mathematically. Given that
our dynamical models determine the evolution of the state of the system, our safety specifications
will be in the form of sets of states. To that end, let us define the target set T ⊆ Rn to be a generic
collection of states, and the backward-reachable set (BRS)R(T ) as follows:

Definition 1. (Backward-reachable set). The backward-reachable set of an autonomous dynami-
cal system ẋ = f(x) is the collection of initial states x ∈ Rn such that trajectories eventually enter
the set T .

R(T ) := {x ∈ Rn | τ ∈ [t, T ], ξx,t(τ) ∈ T } (2.41)

The above definition of the backward-reachable set assumes that the dynamics are only a
function of the state. In the presence of an input signal (and no disturbance signal), the definition
of backward-reachable set must be expanded to include the additional definitions of a maximal
backward-reachable set R(T ) and minimal backward-reachable set R(T ):

Definition 2. (Maximal backward-reachable set). The maximal backward-reachable set of a
dynamical system ẋ = f(x, u) is the collection of initial states x ∈ Rn such that there exists some
control signal u(·) ∈ U which is capable of steering the trajectory into the set T .

R(T ) := {x ∈ Rn | ∃u(·) ∈ U, τ ∈ [t, T ], ξux,t(τ) ∈ T } (2.42)

Definition 3. (Minimal backward-reachable set). The minimal backward-reachable set of a dy-
namical system ẋ = f(x, u) is the collection of initial states x ∈ Rn such that for every control
signal u(·) ∈ U trajectories can’t stay clear of the set T .

R(T ) := {x ∈ Rn | ∀u(·) ∈ U, τ ∈ [t, T ], ξux,t(τ) ∈ T } (2.43)

The maximal backward-reachable set (2.42) is of particular interest for liveness problems, where
we want to guarantee whether for some states there exist controls which steer trajectories into T . In
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contrast, the minimal backward-reachable set (2.43) is important for safety because it defines the
set of states for which no control action exists which avoids T .

Finally, when both a control signal and a disturbance signal are present, the maximal and minimal
naming convention changes to enforceable and inevitable [28] respectively, in order to highlight
the fact that when two control inputs are act against each other the geometrical interpretation of
maximal vs. minimal becomes ambiguous.

Definition 4. (Enforceable backward-reachable set). The enforceable backward-reachable set
of a dynamical system ẋ = f(x, u, d) is the collection of initial states x ∈ Rn such that for every
non-anticipative disturbance strategy δ : U→ D, there exists some control signal u(·) ∈ U which
is capable of steering the trajectory into the set T .

R(T ) := {x ∈ Rn | ∀δ ∈ Γ, ∃u(·) ∈ U, τ ∈ [t, T ], ξu,dx,t (τ) ∈ T } (2.44)

Definition 5. (Inevitable backward-reachable set). The inevitable backward-reachable set of a
dynamical system ẋ = f(x, u, d) is the collection of initial states x ∈ Rn such that there exists
some non-anticipative disturbance strategy δ : U→ D, such that for every control signal u(·) ∈ U
trajectories can’t stay clear of the set T .

R(T ) := {x ∈ Rn | ∃δ ∈ Γ, ∀u(·) ∈ U, τ ∈ [t, T ], ξu,dx,t (τ) ∈ T } (2.45)

Similar to previous definitions, enforceable backward-reachable sets (2.44) are useful for
robust liveness problems. In terms of safety, inevitable backward-reachable sets (2.45) provide
the collection of states for which some disturbance signal will steer trajectories into T despite the
controller’s best effort. If T is an undesirable set of states for example,R(T ) provides the states
for which our system is doomed to fail.

In line with the safety interpretation of inevitable and minimal backward-reachable sets, we
finalize this section by concertizing the two sets which will be relevant for safety analysis. These
sets will be the failure set F and the constraint set K. The set F represents the collection of
configurations deemed unacceptable for the system. On the other hand, the constraint set K
represents the collection of acceptable configurations. Hence, the constraint set and failure set are
by definition complements of each other F = Kc.

It is important to point out that states inside the constraint set K are not necessarily safe. Rather,
the set of safe states will be Ω = K∩R(F)c, whereas the set of unsafe states will be the complement
Ωc = F ∪R(F).

Set Definitions as (Robust) Optimal Control Problems
While the sets introduced thus far are conceptually useful, it is necessary to find a way of actually
computing them. This can be accomplished by defining an implicit surface function, namely a
Lipschitz function of the form l(·) : Rn → R mapping states to a scalar value. This scalar value is
used to delineate sets. For instance, let l be such that

x ∈ T ⇐⇒ l(x) ≤ 0 (2.46)
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then, the following cost functionals V can be defined for our trajectories:

Vu(x) := min
τ∈[t,T ]

l(ξux,t(τ)) Vu,d(x) := min
τ∈[t,T ]

l(ξu,dx,t (τ)). (2.47)

The predicates from definitions (2.42)-(2.45) can now be re-written in terms of (robust) optimal
control problems

(Maximal BRS) ∃u(·), τ ∈ [t, T ], ξux,t(τ) ∈ T ⇐⇒ inf
u(·)
Vu(x) ≤ 0 (2.48)

(Minimal BRS) ∀u(·), τ ∈ [t, T ], ξux,t(τ) ∈ T ⇐⇒ sup
u(·)
Vu(x) ≤ 0 (2.49)

(Enforceable BRS) ∀δ, ∃u(·), τ ∈ [t, T ], ξu,dx,t (τ) ∈ T ⇐⇒ sup
δ

inf
u(·)
Vu,d(x) ≤ 0 (2.50)

(Inevitable BRS) ∃δ, ∀u(·), τ ∈ [t, T ], ξu,dx,t (τ) ∈ T ⇐⇒ inf
δ

sup
u(·)
Vu,d(x) ≤ 0. (2.51)

Recalling the definition of the value (2.6) and (2.15), the right-hand sides of (2.57)-(2.58) can be
written in terms of the value function V (x, t). More concretely, once V (x, t) is obtained by solving
the HJB-VI or HJI-VI (2.37) with boundary condition V (x, T ) = l(x), the following property
holds:

τ ∈ [t, T ], ξx,t(τ) ∈ T ⇐⇒ V (x, t) ≤ 0. (2.52)

Accordingly, for safety analysis, if we define another implicit surface function g(x) such that
x ∈ F ⇐⇒ g(x) ≤ 0 and V (x, T ) = g(x), then following relation also holds:

x ∈ Ωc (unsafe states) ⇐⇒ V (x, t) ≤ 0. (2.53)

That is, the state x at time t ≤ T is unsafe if it belongs to the zero sublevel set of V (x, t).

2.3 Safety and Liveness
Thus far we have been mainly concerned about safety. However, safety alone is not particularly
interesting unless it is also coupled to an underlying task. For example, guaranteeing that a quadrotor
can reach a room from some starting location within a building while remaining safe is a more
useful problem than guaranteeing safety alone.

Problems that involve reaching a target set while avoiding obstacles are known as reach-avoid
problems, and the aim is to compute the reach-avoid set (RAS) RA(T ;K), which is defined as
follows:

Definition 6. (Enforceable reach-avoid set). The enforceable reach-avoid set of a dynamical
system ẋ = f(x, u, d) is the collection of initial states x ∈ Rn such that for all non-anticipative
disturbance strategies δ : U → D, there exists some control signal u(·) ∈ U that is able to drive
trajectories into T while remaining in K at all preceeding times.

RA(T ;K) := {x ∈ Rn | ∀δ ∈ Γ, ∃u(·) ∈ U, τ ∈ [t, T ], ξu,dx,t (τ) ∈ T ∧ ∀s ∈ [t, τ ] ξu,dx,t (s) ∈ K}.
(2.54)
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The predicate in (2.54) ensures that states which are part of the reach-avoid set are those initial
states such that for all disturbances there exists some control sequence which is able to drive
the subsequent trajectory into T while remaining within the constraint set K. Note that this last
requirement of remaining within K is only enforced before reaching T , not thereafter. Also note
that we have omitted the definition of the maximal reach-avoid set for simplicity given that it is
practically equivalent to (2.54) but without a disturbance.

As before, the reach-avoid problem can be formulated as a (robust) optimal control problem by
defining two implicit surface functions, one for the target set and one for the failure set

x ∈ T ⇐⇒ l(x) ≤ 0 x ∈ F ⇐⇒ g(x) > 0. (2.55)

In this case, the cost functional is given by

Vu
RA(x) := min

τ∈[t,T ]
max{ l(ξux,t(τ)) , max

s∈[t,τ ]
g(ξux,t(s)) }. (2.56)

The maximum in the above expression acts as an “overwriting” mechanism. If a trajectory always
remains inside K, the second maximization term is always negative and Vu(x) is negative only if
the trajectory ever enters into T . On the other hand, if at some point the constraints are violated
the maximum will be positive, which ensures that trajectories that eventually reach T while also
violating constraints yield a positive cost.

With this cost functional defined, we can now also define the maximal and enforceable reach-
avoid setsRA(T ;K) in terms of the value function of the optimal (robust) control problem,

(Maximal RAS) ∃u(·), τ ∈ [t, T ], ξux,t(τ) ∈ T ⇐⇒ inf
u(·)
Vu
RA(x) ≤ 0 (2.57)

(Enforceable RAS) ∀δ, ∃u(·), τ ∈ [t, T ], ξu,dx,t (τ) ∈ T ⇐⇒ sup
δ

inf
u(·)
Vu,d
RA(x) ≤ 0. (2.58)

Again, similar to (2.52), we can solve for the value function V (x, t) using slight variations5 of the
the HJB-VI or HJI-VI from (2.37) with boundary condition V (x, T ) = max{l(x), g(x)}. In this
case, once V (x, t) has been computed the following property holds:

τ ∈ [t, T ], ξx,t(τ) ∈ T ∧ ∀s ∈ [t, τ ] ξx,t(s) ∈ K ⇐⇒ V (x, t) ≤ 0. (2.59)

That is, the state x at time t ≤ T can reach T while remaining inside K if it belongs to the zero
sublevel set of V (x, t).

2.4 Computational Techniques and Limitations
So far we have seen that the safety problem can be cast as a (robust) optimal control problem, whose
solution V (x, t) can be obtained by solving the associated the HJB(-VI) or HJI(-VI) equation. The
goal of this chapter will be to provide a high-level overview of how these solutions can be computed
numerically and the limitations that lie therein.

5Obtaining the variational inequality for the cost functional Vu
RA(x) follows a similar process as (2.23), which we

omit for brevity.
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Finite Difference Methods
Finite difference methods, also known as grid-based methods, are a type of approach for numerically
approximating the solutions of partial differential equations (PDEs). The main idea is to discretize
the space of continuous variables on a grid and use the discretized version of the partial differential
equation to update every grid point. For illustrative purposes, assuming the x ∈ R so that the state
is one-dimensional, attempting to approximate the solution of (2.11) can be done by re-writing the
PDE in discrete-time and using the discretization as an update rule:

V (x, t−∆t)← V (x, t)+∆t inf
u∈U
{c(x, u)+

V (t, x+ ∆x/2)− V (t, x−∆x/2)

∆x
·f(x, u)} (2.60)

with V (x, T ) = l(x), where ∆t and ∆x represent the size of the discretization in the time and
state variables respectively. Once this update rule has been established, one can cycle through each
point in the grid and update it accordingly. In practice, an approach like the one shown here is
prone to instabilities leading to erroneous approximations, given that there are many factors which
influence how well finite difference methods will converge to the correct solution. Fortunately,
for Hamilton-Jacobi type equations extensive work has been done [63, 71, 72] and tools have
been developed which are able to effectively compute accurate approximations. Figure 2.1 shows
the typical progression of the value function when numerically computing reachable sets for a
reach-avoid problems using [63].

Figure 2.1: Visual progression of the value function when solving Hamilton-Jacobi equations on a grid (figure courtesy
of Syliva Herbert).

Curse of Dimensionality
One of the downsides of using finite difference methods for optimal control problems is that the
discretization happens in both the time and state variables. While time is one dimensional, the state
variables are often multi-dimensional. In essence, this makes the time and space complexity of
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solving optimal control problems on a grid exponential. In practical terms, this means that problems
with more that 5 state variables are considered intractable. This computational limitation due to
exponential growth is known as the curse of dimensionality.

An interesting aspect of the curse of dimensionality is that it is pervasive within many engineering
problems and is not unique to finite difference methods for optimal control. In fact, other reachability
approaches which do not employ optimal control to compute reachable sets also suffer from
similar problems. For instance, methods that use ellipsoids or polytopes [48, 49, 59, 45] to
(over-)approximate reachable sets suffer from the curse of dimensionality through the dependency
of volume and state dimension6. However, when the target sets are convex or the dynamics are linear
these effects only start to become noticeable at slightly higher dimensions than in finite difference
case. In general, a trade-off exists between the accuracy of the approximation of the reachable sets
and scalability. As we will see, this fact will reappear again in the second half of this dissertation.

2.5 Chapter Summary
In this chapter we first presented an overview of dynamical systems and optimal control. We showed
that the solution of (robust) optimal control problems can be equivalently expressed as the solution
to the HJB/I equation or variational inequality. Secondly, we introduced the topic of safety and how
safety specifications can be expressed in terms of sets of states, and, in particular, in terms of the
constraint set K = F c. Once these safety specifications have been laid out, we can then define a
variety of reachable setsR which can be obtained by solving (robust) optimal control problems. By
solving the associated HJB/I equation or variational inequality, we obtain the value function V (x, t)
whose zero sublevel set is the reachable set for the problem. Finally, we introduce the concept of
the curse of dimensionality and why grid-based methods cannot scale.

6Consider the extreme case of fully enclosing an n-dimensional sphere inside the smallest possible n-dimensional
cube. As n grows the ratio between the volumes of the cube and the sphere goes to zero.
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Chapter 3

High Dimensional Reachability Analysis

This chapter is based on the paper “A Classification-based Approach for Approximate Reachability”
[79], written in collaboration with David Fridovich-Keil, Sylvia Herbert, and Claire Tomlin.

As we have seen in Ch. 2, Hamilton-Jacobi reachability analysis solves an important class
of optimal control problems and differential games. These tools are typically used offline to
perform theoretical safety analysis and provide goal satisfaction guarantees for nonlinear systems.
Applications include collision avoidance [62, 18], vehicle platooning [19], administering anesthesia
[44], and others [8, 39, 24]. We can characterize any reachability method (including Hamilton-Jacobi
reachability) according to the following criteria: (a) generality of system dynamics, (b) computation
of control and/or disturbance policies, (c) flexibility in representation of sets, and (d) computational
scalability. The traditional grid-based Hamilton-Jacobi reachability methods presented in Sec. 2.4
perform well for the first three criteria, but suffer from poor computational scalability due to the
curse of dimensionality. Recent work has investigated decomposing high-dimensional systems for
reachability [15, 16]; nevertheless, grid-based Hamilton-Jacobi reachability is often intractable for
analyzing coupled high-dimensional and/or multi-agent systems.

Other reachability methods are more scalable but require linear or affine system dynamics. Such
methods may require representing sets using approximative shapes (e.g. polytopes, hyperplanes)
[32, 35, 48, 49, 59], or not account for control and disturbance inputs [69]. More complex dynamics
can be handled by the methods in [5, 20, 26, 32, 60], but may be less scalable or unable to represent
complex set geometries.

Traditional Hamilton-Jacobi reachability methods represent the value function directly over a
grid, which implicitly specifies the reachable (or avoid, reach-avoid) set, the optimal controller, and
if needed, the optimal disturbance. By contrast, in this work, we will compute an approximation
of the optimal controller and disturbance directly. Equipped with these approximations, we can
compute estimates of the value function and the reachable sets by simulating the known system
dynamics with the learned control and disturbance policies. If a set representation is also required
(e.g. for visualization), a grid may be populated using simulated data.
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Neural Networks Applied to Control Systems
Feedforward neural networks are a type of parametric function approximator constructed as a
composition of nonlinear functions. In Ch. 5 we provide an in-depth introduction to feedforward
neural networks. Recently, these types of function approximators have become popular for high-
dimensional control tasks. In deep reinforcement learning, for example, neural networks have been
employed to learn controllers for complex robotic manipulation tasks, e.g. unscrewing a bottle cap
and inserting a peg in a slot [53, 42, 68, 31]. The control theory literature also includes examples
in which neural networks have been successfully employed to find approximate solutions optimal
control problems or to learn dynamical system models [6, 21, 76, 98, 23].

Neural networks have also been used for approximate reachability analysis [41, 25]. Though
conceptually related to these approaches, our method differs in that it exploits the structure of control-
affine systems, which we will define shortly, to cast the optimal control problem into a (repeated)
classification problem. These neural net classifiers can then be used, under some conditions, for
verification—i.e. they can be used to provide safety and/or goal satisfaction guarantees.

In this section we will introduce a class of dynamical systems whose optimal controllers display
so called “bang-bang” behavior. That is, for any given state, when the constraints on the controls are
bounded, closed intervals, and each component is independent of each other, the optimal control will
in general belong to one of the extremal values of the set1 (i.e. one of the vertices of the hyperbox
representing the set of controls). This property hints at the possibility of casting the reachability
problem as a classification problem.

In this section we introduce our classification-based method for approximating the optimal
control of Hamilton-Jacobi reachability when the dynamics are control-affine. Even though we
will use feedforward neural networks to build the classifiers, it is possible to use other methods
(e.g. SVM, decision trees). Ultimately, the choice of the classifier determines how conservative the
results of the procedure will be. We leave a full investigation of classifier performance for future
work.

3.1 Control-Affine Systems
A control/disturbance-affine system is a special type of dynamical system of the form

ẋ = α(x) +
Nu∑
i=1

βi(x)ui +

Nd∑
j=1

γj(x)dj , (3.1)

where α, βi, γj : Rn → Rn. We will assume that both control and disturbance are bounded
by interval constraints along each dimension, i.e. ui ∈ [uimin, u

i
max] for i = 1, . . . , Nu, and

dj ∈ [djmin, d
j
max] for j = 1, . . . , Nd. Observe that when dynamics f are of the form (3.1), the

objective in (2.21) is affine in the instantaneous control u and disturbance d at every time t. The
optimal solution, therefore, lies at one of the 2Nu (or 2Nd) corners of the hyperbox containing

1Assuming that the gradient of the value function exists and is non-zero.



CHAPTER 3. HIGH DIMENSIONAL REACHABILITY ANALYSIS 19

u (or d). That is, the optimal control and disturbance policies are “bang-bang”2 (we refer the
reader to chapter 4 of [55]). Furthermore, the optimal values for any ui or dj at a certain state and
time are mutually independent; therefore, for control/disturbance-affine systems, we can frame the
Hamilton-Jacobi reachability problem (2.18) as a series of Nu +Nd binary classification problems
at each time.

3.2 Classification-based Reachability
Algorithm 1 describes the process of learning these classifiers in detail. We begin by discretizing
the time-horizon T into small (evenly spaced) intervals of size ∆t > 0 in line 3, and proceed to
use the dynamic programming principle backwards in time to build a sequence of approximately
optimal control and disturbance policies. In total, the number of classifiers will be T

∆t
(Nu +Nd).

Algorithm 1: Learning policies and disturbances
1 Input: ẋ = f(x, u, d),X ,U ,D, T,∆t, C,N, Train(·, ·)
2 Initialize Πu,Πd ← {}
3 For k = 0, . . . , bT/∆tc
4 Initialize P,U∗, D∗ ← {} .Initialize empty arrays for training data.
5 For q = 1, . . . , N
6 Sample x ∼ Unif{X} . Sample states unifromly at random.
7 Initialize u∗, d∗ ← umin, dmin
8 x̂← ξ(−k∆t;x,−(k + 1)∆t, umin, dmin)
9 ĉ← C(x̂,Πu,Πd) . Obtain value for baseline trajectory.

10 For i = 1, . . . , Nu . Find best control.
11 û← umin; ûi ← uimax
12 x′ ← ξ(−k∆t;x,−(k + 1)∆t, û, dmin)
13 If (C(x′,Πu,Πd) < ĉ): u∗i ← uimax . Rollout remainder of trajectory.
14 For j = 1, . . . , Nd .Find best disturbance.
15 d̂← dmin; d̂i ← dimax
16 x′ ← ξ(−k∆t;x,−(k + 1)∆t, umin, d̂)
17 If (C(x′,Πu,Πd) > ĉ): d∗i ← dimax . Rollout remainder of trajectory.
18 U∗ ← {U∗, u∗} .Append control.
19 D∗ ← {D∗, d∗} .Append disturbance.
20 P ← {P, x} .Append state.
21 Πu

−(k+1)∆t ← Train(P,U∗),Πu ← {Πu,Π
u
−(k+1)∆t} .Train classifier and store it.

22 Πd
−(k+1)∆t ← Train(P,D∗),Πd ← {Πd,Π

d
−(k+1)∆t} .Train classifier and store it.

23 Return Πu,Πd

2For many physical systems, it is preferable to apply a smooth control signal. We note that the bang-bang control
resulting from (2.21) need only be applied at the boundary of the reach-avoid set.
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The inputs to the algorithm are the dynamical system f , the set of states X ⊂ Rn, set of controls
U := [umin, umax]

Nu , set of disturbances D := [dmin, dmax]
Nu , time horizon T , time discretization

∆t, value evaluation function C and classification procedure Train.
At an intermediate time t < 0, we will have already obtained the binary classifiers for the

control and disturbance policies from t+ ∆t to 0: Πu
(t+∆t):0 and Πd

(t+∆t):0. Here, Πu
τ and Πd

τ each
denote a set of classifiers for the discrete time step τ (i.e. |Πu

τ | = Nu and |Πd
τ | = Nd). We now

define the function C, which computes the cost (2.18) if control and disturbance acted according to
these pre-trained policies:

C(x,Πu
(t+∆t):0,Π

d
(t+∆t):0) := Vu,d(x, t), (3.2)

where, due to our discretization, the control signal u and disturbance signal d are piecewise constant
over time, i.e. u(x, t) = Πu

τ (x) and d(x, t) = Πd
τ (x) for t ∈ [τ, τ + ∆t), for all discrete time steps

τ .
At time t, we can determine for some arbitrary state x the optimal control and disturbance as

follows. First, compute the cost of applying umin = (u0
min, . . . , u

Nu
min) and dmin = (d0

min, . . . , d
Nd
min)

from t to t+∆t; that is, let ĉ = C
(
ξ(t+∆t;x, t, umin, dmin),Πu

(t+∆t):0,Π
d
(t+∆t):0

)
. Now, separately

for each component i of the control vector u (and likewise for d), set ui(t) = umax and compute
the cost. If the cost is less than (greater than, for disturbance) ĉ, then this is the optimal control
(disturbance) in dimension i at time t. This corresponds to lines 7-17.

Equipped with this procedure for computing approximately optimal3 control and disturbance
actions, we record the computed state-action pairs (lines 18-20) for N states sampled uniformly
over X 4 (lines 5-6). We then train separate binary classifiers for each component of u and d, and
add them to their current set Πu

τ or Πd
τ . These are finally appended to the time-indexed control

and disturbance policy sets Πu(= {{Πu1
0 , ...,Π

uNu
0 }, ..., {Πu0

τ , ...,Π
uNu
τ }}) and Πd (lines 21-22).

Train(·, ·) denotes a training procedure given state-action pairs. The end of this chapter contains
further details pertaining to how the classifiers were trained.

Two of the main benefits of performing approximate reachability analysis using binary classifiers
rather than grids are memory usage and time complexity. The memory footprint of medium-sized
neural networks of the sort used in this work can be on the order of 103 parameters or ∼ 10 Kb,
as opposed to ∼ 10 Gb for dense grids of 4D systems. In our experience, Algorithm 1 typically
terminates after an hour for the 6D and 7D systems presented in the end of Sec. 3.3, whereas
grid-based methods are completely intractable for coupled systems of that size.

Special Case: Value Function Convergence
For some instances of problem (2.18) the value function V (x, t) converges: limt→−∞ V (x, t) =
V ∗(x). From (2.21), the corresponding optimal control and disturbance policies also converge.

3Approximately optimal, since we compute policies at time t based on previously trained control and disturbance
policies for τ > t.

4While other distributions could be used, in this work we focus solely on uniform sampling. Different sampling
strategies may result in different algorithm performance.
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While in this work we make no claims regarding convergence of the classifiers to the true optimal
policies, our empirical results do suggest convergence in practice (see Fig. 3.6). When this happens,
we denote Πu

−T = Πu
−∞ (resp. Πd

−T = Πd
−∞), for T large enough. In practice, the horizon can be

progressively increased as needed. A benefit of converged policies is that when estimating V ∗(x)
we only require the last set of binary classifiers Πu

−∞ and Πd
−∞, allowing us to store only Nu +Nd

classifiers.

Summary of Guarantees
Algorithm 1 returns a set of approximately optimal policies for the control and the disturbance for a
finite number of time steps. Recalling (3.2), in order to obtain an estimate of the value at a certain
state x and time t, it suffices to simulate an entire trajectory from that state and time using the
learned policies. The value V Πu,Πd(x, t) is the cost of the associated trajectory, measured according
to (2.56).

A benefit of working with policy approximators rather than value function approximators is that
in the case of no disturbance, the value function induced by the learned control policy will always
upper-bound the true value. This means that a reach-avoid set computed via Algorithm 1 will be a
subset of the true reach-avoid set.

For reachability problems involving a disturbance, if the optimal disturbance policy is known a
priori, the same guarantee still applies. However, if the optimal disturbance is unknown and must
also be learned, no guarantees can be made because the learned disturbance policy will not generally
be optimal. We formalize this result with the following proposition.

Proposition 1. If we assume (a) no disturbance, or (b) access to a worst-case optimal disturbance
policy, then the computed reach-avoid set is a subset of the true set.

Proof. First assume no disturbance. Due to the use of function approximators, the control policy Πu

will be suboptimal relative to the optimal controller u∗(·), meaning it is less effective at minimizing
the cost functional (2.56). Therefore, V Πu(x, t) ≥ V (x, t). Denoting the neural network reach-avoid
sets asRAΠu

t := {x : V Πu(x, t) ≤ 0}, this inequality implies thatRAΠu
t ⊆ RAt.

Note that this applies to all states x and times t, not just those that were sampled in Algorithm 1.
When optimizing over both control and disturbance this guarantee does not hold because the
disturbance will generally be suboptimal and therefore not worst-case. However, when provided
with an optimal disturbance policy at the onset, we recover the case of optimizing over only control.

3.3 Examples
In this section, we will present two reachability problems without disturbances, and compare the
results of our proposed method with those obtained from a full grid-based approach [61]. In each
case, we observe that our method agrees with the ground truth, with a small but expected degree of
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Figure 3.1: Reach-avoid set computation for 2D dynamics in (3.3) for two different control bounds. Sets computed
using our method are subsets of the true sets.

conservatism. For these examples, the set L := {x | l(x) ≤ 0} is a box of side-length 2 centered at
(x, y) = (0, 0), and G := {x | g(x) > 0} consists of the outer boundaries (i.e. max{|x|, |y|} ≤ 3)
and the shaded obstacles (Fig. 3.1 and Fig. 3.2).

2D point
Consider a 2D dynamical system with inputs u1 ∈ [u1, u1] and u2 ∈ [u2, u2] which evolves as
follows:

ẋ = u1, ẏ = u2 (3.3)

Fig. 3.1 shows the reach-avoid sets for two different control bounds. We overlay the sets
computed by our method on top of that computed using a dense 121× 121 grid [61]. The red set
was computed using standard Hamilton-Jacobi reachability and the blue set was computed using
our classification-based method. Points inside the reach-avoid sets represent states from which there
exists a control sequence which reaches the target while avoiding all obstacles. As guaranteed in
Proposition 1, the set computed via Algorithm 1 is always a subset of the ground truth, meaning that
every state marked in Fig. 3.1 as safe is also safe using the optimal controller. The computation time
for the grid-based approach was 20 seconds, while for the classification-based it was 10 minutes.
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Figure 3.2: Reach-avoid set computation for the 4D dynamics in (3.4) for two different 2D slices and tangential speed
v = 1.

4D unicycle
Next, we consider a higher-dimensional system representing a 4D unicycle model:

ṡ =


ẋ (x-position)
ẏ (y-position)
θ̇ (yaw angle)
v̇ (tangential speed)

 =


v cos θ
v sin θ
uω
ua

 (3.4)

in which controls are tangential acceleration ua ∈ [0, 1] and yaw rate uω ∈ [−1, 1]. Fig. 3.2 shows a
computed a reach-avoid set for this system for different 2D slices of the 4D state space on a 1214

grid. As expected, our approach yields a conservative subset of the true reach-avoid set. In this case,
the computation time for the grid-based approach was 3 days, while for the classification-based it
was 30 minutes.

FaSTrack overview
FaSTrack (Fast and Safe Tracking) is a recent method for safe real-time motion planning [38].
FaSTrack breaks down an autonomous system into two agents: a simple planning model used for
real-time motion planning, and a more complicated tracking model used to track the generated
plan. To ensure safe tracking, FaSTrack computes the largest relative distance between the two
models (tracking error), and the planning algorithm uses this result to enlarge obstacles for collision-
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checking. The computation also provides an optimal feedback controller to ensure that the tracker
remains within this bound during planning.

To solve for the largest tracking error in FaSTrack, we set the cost l(r, t) in (2.22) as the distance
to the origin in relative position space. We denote relative states by r ∈ R ⊂ RNr , and solve a
modified form of (2.22):

Vu,d(t, r) := max
τ∈[t,0]

l(ξu,dr,t (τ), τ) (3.5)

Note that there is no constraint function g(r, t). Also, we now take the maximum value over
time because we want to find the maximum relative distance that could occur between the two
models. Finally, observe that in this formulation, the disturbance actually encompasses two separate
quantities: the original notion of disturbance (e.g. wind), and the planning model’s control input,
which directly affects the relative state dynamics. Henceforth, policy Πd

−∞ will represent the
concatenated disturbance and planning algorithm policies.

Following Sec. 3.2, when the optimal converged disturbance policy Πd
−∞ is known analytically,

the policies learned in Algorithm 1 will (by Prop. 1) yield a value function which over-approximates
the optimal value function, i.e. V Πu,d∗(r, t) ≥ V (r, t). Thus, the maximum relative distance ever
achieved between tracking mode and planning model, from any initial relative state, will always be
greater when using the binary classifier policies than the optimal policy. For safe trajectory tracking,
this translates into enlarging obstacles by a larger amount, meaning we still preserve safety.

FaSTrack Reachability Precomputation
We employ Algorithm 1 to find the largest tracking error for two nonlinear models of the tracking
model, which become control-affine under small angle assumptions. First, we consider a 6D near-
hover model which decouples into three 2D subsystems and thus admits a comparison to grid-based
methods. Then, we present results for a fully-coupled 7D model that cannot be solved exactly using
grid-based techniques and use it for quadrotor control.

6D Decoupled

We first consider a 6D quadrotor tracking model and 3D geometric planning model. Here, the
quadrotor control consists of pitch (θ) and roll (φ) angles, and thrust acceleration (T ), while the
planning model’s maximum speeds are bx, by, and bz in each dimension. All of our results assume
φ, θ ∈ [−0.1, 0.1] rad, T − g ∈ [−2.0, 2.0] m/s2, and bx = by = bz = 0.25 m/s. We assume
a maximum velocity disturbance of 0.25 m/s in each dimension. The relative position states
(rx, ry, rz) and the tracker’s velocity states (xvx, xvy, xvz) adhere to the following relative dynamics:ṙxṙy

ṙz

 =

xvx − dvx − bxxvy − dvy − by
xvz − dvz − bz

 ,

ẋvxẋvy
ẋvz

 =

 g tan θ
−g tanφ
T − g

 (3.6)

Without yaw, these dynamics decouple into three 2D subsystems, (rx, xvx), (ry, xvy), and
(rz, xvz), and we use the technique in [17] to solve for the value function using (3.5) independently
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(a) Ground truth (grid) (b) Classifier Πu−∞ (c) Classifiers Πu−∞,
Πd−∞

(d) Overlaid level curves.

Figure 3.3: Level sets of V ∗ in the (rx, vx) states (setting other states to zero) for (a) ground truth grid-based
representation, (b) neural network Πu

−∞ trained on optimal disturbance policy d∗(·), and (c) neural networks Πu
−∞ and

Πd
−∞ trained jointly. We encode the optimal (learned) control at each state as a different color. (d) Overlay of level sets

from (a-c). Our method only yields a conservative result (a superset of the ground truth; see Sec. 3.3) when Πu
−∞ is

trained against d∗(·).

for each 2D subsystem using grid-based techniques. Fig. 3.3 shows the level sets of the value
function V ∗ and corresponding optimal tracker control policies. Fig. 3.3a is the grid-based ground
truth, while Fig. 3.3b shows the induced value function for the neural network classifier policy Πu

−∞
trained against the optimal disturbance policy d∗(·), and Fig. 3.3c shows the induced value function
when Πu

−∞ and Πd
−∞ were trained jointly. Note that the classification-based results shown here did

not take advantage of system decoupling. Corroborating our theoretical results, the level sets of
the value function induced by our learned classifiers over-approximate the true level sets when the
disturbance plays optimally (Fig. 3.3d). Also, observe that using a learned (and hence, generally
suboptimal) Πd

−∞, the resulting level sets in Fig. 3.3c still well-approximate (though they do not
include) those in 3.3a. For each level curve, the maximum tracking error x is the largest value of
the level curve along the rx axis. Observe in Fig. 3.3d that the maximum tracking error is similar in
all three cases. Finally, the line that separates the colored areas in the background of each figure in
Fig. 3.3 denotes the decision boundary for the controller in each case.

7D Coupled

In this example, we introduce yaw (ψ) into the model as an extra state in (3.7) and introduce yaw
rate control ψ̇ ∈ [−1.0, 1.0] rad/s. The relative position dynamics in (rx, ry, rz) are identical to
(3.6). The remaining states evolve as:

ẋvx
ẋvy
ẋvz
ẋψ

 =


g(sin θ cosxψ + sinφ sinxψ)
g(− sinφ cosxψ + sin θ sinxψ)

T cosφ cos θ − g
ψ̇

 (3.7)

This dynamical model is now 7D. It is too high-dimensional and coupled in the controls for
current grid-based Hamilton-Jacobi reachability schemes, yet our proposed method is still able to
compute a safety controller and the associated largest tracking error.
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Figure 3.4: Relative distance between the quadrotor (tracking model) and planned trajectory (planning model) over time
during a hardware test wherein a Crazyflie 2.0 must navigate through a motion capture arena around spherical obstacles.
The quadrotor stays well within the computed tracking error bound throughout the flight. Note that the tracking error is
large because our controller accounts for adversarial disturbances, unlike many common controllers.

Hardware Demonstration
We tested our learned controller on a Crazyflie 2.0 quadrotor in a motion capture arena. Fig. 3.4
displays results for (3.7). As shown, the quadrotor stays well within the computed error bound. For
this experiment Πu was trained using a sub-optimal disturbance policy. Even though we do not
have a rigorous safety guarantee in this general case because we computed the disturbance, these
results corroborate our intuition from Fig. 3.3 where the computed error bound remains essentially
unchanged when using a learned disturbance instead of the optimum. However, by Prop. 1, with the
optimal disturbance we could compute a strict guarantee. The hardware demonstration can be seen
in our video: https://youtu.be/_thXAaEJYGM. Figure 3.5 shows our experimental setup
with the quadrotor tracking the trajectory.

Figure 3.5: Quadrotor flying using a neural network classifier.

https://youtu.be/_thXAaEJYGM
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3.4 Implementation Details
In this work we train each binary classifier by minimizing the cross-entropy loss between inputs
and labels via stochastic gradient descent. We run the classification problem for a pre-specified
number of gradient steps between each new set of policies. Since we expect policies to vary slowly
over time, we initialize the weights for each new network with those from its predecessor. This
serves two purposes. First, it serves as a “warm start” leading to faster stochastic gradient descent
convergence. Second, it provides a practical indicator of policy convergence—i.e. if the initial
classification accuracy of a new policy is almost equal to that of its predecessor, the policy has most
likely converged. Fig. 3.6 shows a typical learning curve when running Algorithm 1. The figure
shows the progression of the validation error (against unseen state-action pairs) in each iteration.

All feedforward neural network classifiers had two hidden layers of 20 neurons each, with
rectified linear units (ReLUs) as the activation functions, and a final softmax output. The gradient
descent algorithm employed was RMSprop with learning rate α = 0.001 and momentum constant
β = 0.95. When using function approximators, it is in general unclear how many samples should
be taken as a function of the state dimension. In our case, the number of points N sampled at
each iteration was 1k for the 2D example, and 200k for the 4D, 6D and 7D system. All initial
weights and biases were drawn from a uniform probability distribution between [−0.1, 0.1]. All
computations were performed on a 12 core, 64-bit machine with Intel R© CoreTM i7-5820K CPUs @
3.30GHz. In our implementation we did not employ any form of parallelization. All code for the
project can be found at https://github.com/HJReachability/Classification_
Based_Reachability.0 2 4 6 8 10 12
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Figure 3.6: Learning curves for a single classifier of the 6D decoupled system. Classification error decreases between
spikes, which mark each new k in Algorithm 1. Spikes shrinking hints that classifiers eventually converge.

https://github.com/HJReachability/Classification_Based_Reachability
https://github.com/HJReachability/Classification_Based_Reachability
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3.5 Chapter Summary
In this chapter we introduced a classification-based approach for approximate reachability. We
showed that for control-affine systems, which are very general, yet realistic types of dynamical mod-
els, the optimal policy for reachability problems can be readily encoded as a set of neural network
classifiers. These classifiers can be trained sequentially via approximate dynamic programming
by evaluating how each component of the control (disturbance) vector influences the subsequent
trajectory of the system and the associated value. Once the value is computed for each possible
“bang-bang” control for every sampled state, we gather the approximately optimal controls and states
into pairs, which are then used as training data for classification. We show that this procedure yields
good policies which induce good approximations of the value function and associated reachable sets.
Lastly, we demonstrate the efficacy of the trained classifiers on a tracking task using a quadrotor.
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Chapter 4

Reachability Analysis and Reinforcement
Learning

This chapter is based on the paper “Bridging Hamilton-Jacobi Safety Analysis and Reinforcement
Learning” [29], written in collaboration with Jaime F. Fisac, Neil Lugovoy, Shormona Ghosh, and
Claire Tomlin.

In Ch. 3 we introduced a classification-based technique which is able to learn an approximately
optimal controller via dynamic programming for reachability problems. In this chapter we will
introduce a different approach that directly approximates the value function (2.23) which draws its
inspiration from reinforcement learning literature.

4.1 Reinforcement Learning and Safety
In recent years, reinforcement learning techniques [88] have proven their usefulness in computing
data-driven approximate solutions to optimal control problems seeking the maximization of a
discounted additive payoff in complex and high-dimensional systems [64, 37, 82, 52]. Unfortunately,
functions representing a sum of rewards over time are not well suited to capture the safety objective,
since safety is not determined by how much a system fails on average, but by whether it fails at all.
Partly for this reason, reinforcement learning techniques have not seen widespread use for safety
analysis.

Another consequence of this disconnect between formulations is that controllers computed
through reinforcement learning are typically not inherently safety-preserving, a limitation that has
hindered their applicability to physical autonomous systems. In recent years, there has been a
growing interest around “safe learning” schemes. Some approaches have proposed formalizing
safety as stability [10] or near-constraint satisfaction [66, 1]. Others have built on the Hamilton-
Jacobi reachability literature to provide constraint satisfaction guarantees by computing a safety-
preserving control policy and overriding the learning controller when it attempts to violate computed
safety constraints [33, 3, 30]. Unfortunately, this family of methods inherits the difficulty in scaling
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Figure 4.1: Multiple snapshots of the neural network output of our Safety Q-learning algorithm for a double-integrator
system. As we anneal the discount factor γ → 1 during Q-learning, our learned discounted safety value function
asymptotically approaches the undiscounted value, allowing us to recover the safe set and optimal safety policy with
very high accuracy.

up computations beyond low-dimensional systems.
In this chapter we present work that seeks to unlock a new family of tools for safety analysis by

rendering a wide range of state-of-the-art methods in the reinforcement learning literature readily
usable for safety analysis in high-dimensional systems. Building on the initial work in [2], which
introduced a time discount into the minimum-payoff optimal control problem, we propose a similar,
tighter discounted formulation of Hamilton-Jacobi safety analysis, obtaining a contraction Bellman
operator that lends itself to the use of temporal difference learning techniques. We prove the key
properties of this new discounted Safety Bellman Equation and show that our resulting Safety
Q-learning algorithm converges to the safety state-action value function in finite Markov decision
processes.

The Safety Q-learning scheme allows us to recover the globally optimal solution to the cor-
responding Hamilton-Jacobi analysis (to resolution completeness [7, 74]) in low-dimensional
problems where dense computation is viable: we validate our results using tabular Q-learning
against a double integrator system, achieving high accuracy relative to the analytic solution. We
further observe comparable performance when replacing the state-space grid with a neural network
function approximator. Crucially, annealing the discount factor during learning allows asymptotic
recovery of the solution to the undiscounted safety problem (Fig. 4.1).

We evaluate deep Safety Q-learning on a variety of simulated robotics tasks, and observe con-
sistently accurate results against numerical dynamic programming solutions. In high-dimensional
systems beyond the reach of traditional numerical methods, predicted safety accurately matches the
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empirical performance of the learned safety controller.
We finally implement policy optimization through an adaptation of the basic REINFORCE

algorithm [95] to our discounted safety formulation, and explore the potential of using sate-of-the-art
methods by similarly adapting the soft actor-critic (SAC) scheme [36]. The promising results on an
18-dimensional problem suggest the usability of this family of reinforcement learning methods for
learning policies with the ability to preserve safety in high-dimensional systems.

It is important to clarify that our formulation yields a promising new tool for safety analysis: it is
not in itself a safe learning framework, since it requires experiencing failure states in order to learn
about safety. Our approach is primarily meant to be used as a computational tool in conjunction with
a model (simulation) of the system dynamics; its truly model-free application, learning constraint
satisfaction online directly on the real system, should be limited to training conditions that are not
safety-critical (for example, a vehicle test track with only virtual obstacles). Once the safety analysis
has been computed (learned), the resulting control policy can be applied to the physical system in
similar conditions to other safety controllers, including safe learning of performance objectives [30].
While our analysis here is presented for deterministic dynamics, robust and stochastic extensions
are possible (and have been explored to some extent in [2]). We expect that such extensions will
be important for implementation of our formulation on physical systems, which is of course its
ultimate intended application.

4.2 Parallels between Reachability Analysis and
Reinforcement Learning

In Ch. 2 the cost functional (2.5) was introduced. Reinforcement learning seeks to solve an
optimization problem with a very similar cost functional. In discrete time, it is written as follows:

Vu(x, t) :=

(T−t)/∆t∑
i=0

γi−tr(ξux,t(i∆t+ t), u(i∆t+ t)) (4.1)

where r(x, u) : X × U → R <∞ is known as the reward function, and γ ∈ [0, 1) is known as the
discount factor, which is a parameter that regulates how far into the future states and controls in
a trajectory contribute to the value. For infinite time problems where T =∞ the discount factor
ensures that V is finite. Using Bellman’s principle of optimality it can be shown that the infinite
time optimal value function must satisfy the condition

V (x) = max
u∈U

r(x, u) + γV
(
x+ f(x, u)∆t

)
. (4.2)

Crucially, this condition, when interpreted as an update rule, induces a contraction mapping in the
space of value functions (under the supremum norm), which implies that its successive application to
any initial V will ultimately converge to the unique solution of (4.2). This enables key convergence
results in reinforcement learning schemes, most notably temporal-difference learning methods such
as Q-learning [93].
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In contrast, if we examine the discrete time cost functional for reachability analysis, where again
l(x) is the implicit surface function defined in (2.46),

Vu(x, t) := min
τ∈{t,t+∆t,...,T}

l(ξux,t(τ)) (4.3)

we obtain, by following analogous steps to the ones shown in (2.24), that the infinite time optimal
value function must satisfy

V (x) = min

{
l(x),max

u∈U
V
(
x+ f(x, u)∆t

)}
. (4.4)

An important observation about (4.4) is that, unlike (4.2), it does not induce a contraction mapping
on V and therefore it is not generally possible to converge to the fixed point by application of value
iteration or temporal difference learning.

4.3 The Search for a Contraction Mapping
Our key observation stems from an intuitive interpretation of time-discounting in the problem of
cumulative rewards: at every instant, there is a small probability 1−γ of transitioning to an absorbing
state from which no more rewards will be accrued. Thus in (4.2) the discount factor γ ∈ [0, 1)
can be seen as the probability of the episode continuing, with 1 − γ conversely representing the
probability of transitioning to a terminal state. The following, equivalent definition of the optimal
value function clearly conveys this idea:

V (x) = max
u∈U

(1− γ)r(x, u) + γ
(
r(x, u) + V

(
x+ f(x, u)∆t

))
. (4.5)

The first term in the sum represents the remaining reward that can be obtained if the episode
terminates immediately after one step, whereas the second term shows the rewards that can be
accrued if the episode were to continue. An analogous interpretation in the problem of minimum
payoff over time can be achieved by modifying (4.4) to account for such a transition. Here if,
with probability 1− γ, an episode were to end after the current time step, the minimum future l(·)
would be equal to the current l(x). This induces the discrete-time discounted dynamic programming
equation

V (x) = (1− γ)l(x) + γmin
{
l(x),max

u∈U
V
(
x+ f(x, u)∆t

)}
. (4.6)

This equation yields a strictly tighter contraction mapping than the recent analysis in [2]. By
discounting locally towards the current l(x), rather than towards a global upper bound L on l, we
significantly reduce the amount of information loss due to discounting. This is shown in at the end
of this chapter.
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Letting li be the value of l achieved by a discrete-time state trajectory ξux at the i-th time step,
the explicit form of the objective maximized in (4.6) is a “time-discounted” minimum:

J(ξux ) = (1− γ)l0 + γ
[

min
{
l0, (1− γ)l1+ (4.7)

γ(min{l1, (1− γ)l2 + γ . . .)
}]

.

We prove two key properties of our proposed equation.

Theorem 1. (Contraction mapping) The discounted Safety Bellman Equation (4.6) induces a con-
traction mapping under the supremum norm. That is, let V, Ṽ : X → R, then there exists a constant
κ ∈ [0, 1) such that ‖B[V ]−B[Ṽ ]‖∞ ≤ κ‖V − Ṽ ‖∞.

Proof. It will suffice to show that for all states x ∈ X , |B[V ](x)−B[Ṽ ](x)| < κ‖V − Ṽ ‖∞. We
have:

|B[V ](x)−B[Ṽ ](x)|
=γ|min{l(x),max

u∈U
V
(
x+ f(x, u)∆t

)
}

−min{l(x),max
ũ∈U

Ṽ
(
x+ f(x, ũ)∆t

)
}|

≤γ|max
u∈U

V
(
x+ f(x, u)∆t

)
−max

ũ∈U
Ṽ
(
x+ f(x, ũ)∆t

)
| .

Now, without loss of generality suppose the first maximum is the larger one, and let u∗ ∈ U achieve
it. We continue:

|B[V ](x)−B[Ṽ ](x)|
≤γ|V

(
x+ f(x, u∗)∆t

)
− Ṽ

(
x+ f(x, u∗)∆t

)
|

≤γmax
u∈U
|V
(
x+ f(x, u)∆t

)
− Ṽ

(
x+ f(x, u)∆t

)
|

≤γ sup
x̃
|V (x̃)− Ṽ (x̃)| = γ‖V − Ṽ ‖∞ .

Thus the sought contraction constant is in fact γ ∈ [0, 1).

Proposition 2. (Value approximation) In the limit of no discounting, the fixed-point solution to the
Safety Bellman Equation (4.6) converges to the undiscounted safety value function.

Proof. Taking the limit of the optimization of (4.7) as γ goes to 1 we recover:

lim
γ→1

V (x) = max
u0:T

min
{
l0, l1, l2, . . .

}
,

which solves (4.4) and is equivalent to the discrete-time approximation of (2.47).
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The above two theoretical results enable the use of reinforcement learning techniques for safety
analysis. We end this section with an important consequence of Theorem 1.

Theorem 2. (Convergence of Safety Q-learning) Let X ⊆ X and U ⊆ U be finite discretizations of
the state and action spaces, and let f : X×U→ X be a discrete transition function approximating
the system dynamics. The Q-learning scheme applied to the discounted safety problem and executed
on the above discretization converges, with probability 1, to the optimal state-action safety value
function

Q(x,u) := (1− γ)l(x) + γmin
{
l(x),max

u′∈U
Q
(
f(x,u),u′

)}
,

in the limit of infinite exploration time and given partly-random episode initialization and learning
policy with full support over X and U respectively. Concretely, learning is carried out by the update
rule:

Qk+1(x,u)← Qk(x,u) + αk

[
(1− γ)l(x)+

γmin
{
l(x),max

u′∈U
Q
(
f(x,u),u′

)}
−Qk(x,u)

]
,

for learning rate αk(x,u) satisfying∑
k

αk(x,u) =∞
∑
k

α2
k(x,u) <∞ ,

for all x ∈ X,u ∈ U.

Proof. Our proof follows from the general proof of Q-learning convergence for finite-state, finite-
action Markov decision processes presented in [91]. Our transition dynamics f , initialization and
policy randomization, and learning rate αk satisfy Assumptions 1, 2, and 3 in [91] in the standard
way. The only critical difference in the proof is the contraction mapping, which we obtain under the
supremum norm by Theorem 1: with this, Assumption 5 in [91] is met, granting convergence of
Q-learning by Theorem 3 in [91].

We stress that, beyond Q-learning, the contraction-mapping property of our discounted safety
backup opens the door to straightforward application of a wide variety of reinforcement learning
schemes to safety analysis. We dedicate the following section to a first demonstration in which we
explore the application of canonical reinforcement learning algorithms in the two main families:
value learning and policy optimization.

4.4 Results
We present the results of implementing our proposed discounted Safety Bellman Equation in
multiple reinforcement learning schemes: tabular Q-learning [93], deep Q-learning (DQN) [64],
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Tabular Q-learning Deep Q-learning

Figure 4.2: Safe sets learned by tabular (left) and deep Q-learning (right) with the discounted Safety Bellman Equation
compared to the analytic set (black).

REINFORCE [95], and soft actor-critic (SAC) [36], and four different dynamical systems. We
first validate the computed safety value function and safe set against analytically and numerically
obtained ground-truth references in traditionally tractable systems. We consider two dynamical
systems commonly used as benchmarks in control theory, namely a 2-D double-integrator system
and a 4-D cart-pole system. We then demonstrate the scalability and usefulness of our formulation
in higher-dimensional nonlinear systems, for which exact safety analysis is generally considered
intractable. We use simulation environments common in reinforcement learning [13], namely a 6-D
lunar lander system and an 18-D “half-cheetah” system.

Validation: comparison to ground truth
Analytic validation: double integrator

The double integrator is a classic reachability example where the control policy seeks to keep the
system in the set {[x, v] ∈ R2 : x ∈ [xmin, xmax]} with the dynamics characterized by:

ẋ = v , v̇ = u , (4.8)

with |u| ≤ umax, where x can be seen as position, v as velocity, and u as an acceleration input.
Analytically, the safe set is characterized by the interior of the boundary defined by the parabolic
segments {

xlow + v2

2umax
v ≤ 0

xhigh − v2

2umax
v ≥ 0

(4.9)

and the boundaries x = xlow, x = xhigh. Although simple, this example proves a useful context for
visualizing the effect of γ, since the entire value function can be represented in two dimensions.
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It can be seen in Fig. 4.1 how as γ is annealed the time horizon of safety is effectively extended:
for lower values the value function resembles l(·), and for higher values it approaches the undis-
counted value function. Final accuracy and in-training performance are shown in Fig. 4.3 and
Fig. 4.4.

Using tabular Q-learning with l(·) as the signed Euclidean distance to the boundary of the
constraint set and annealing γ to 1 similar to [70], we observe convergence to the safe set up to
the resolution of the grid. Independently training 100 deep Q-networks [64] with fully-connected
layers using our discounted Safety Bellman Equation we find near-convergence to the safe set
with an average 2.26 × 10−5 (minimum 0, maximum 1.27 × 10−4) fraction of points incorrectly
characterized as safe and an average 1.76× 10−4 (minimum 3.26× 10−5, maximum 3.31× 10−4)
of points falsely characterized as unsafe. Classification is visualized in Fig. 4.2.
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Figure 4.3: Predicted vs. achieved minimum signed distance to violations for 106 simulated rollouts with 100 trained
networks. Red line indicates identity.
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Figure 4.4: Fraction of initial conditions resulting in violations as training proceeds. Each data point is a sample average
from 1000 episodes; statistics are taken over 100 independent training runs. As learning progresses, the fraction of
violations reliably decreases, approaching the ground-truth fraction of unsafe states (from which violation is inevitable)
for the double integrator and cart-pole. Lunar lander ground truth is unknown.
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Numerical validation: cart-pole

The cart-pole system (inverted pendulum) is a classic control problem and one ripe for safety
analysis. A cart moving on a one-dimensional track is attached by a pivot to a pole. The control
policy seeks to keep the pole from falling and to keep the cart from the edge of the track by applying
accelerations to the cart. For this system, the ground truth safe set must be computed numerically on
a grid using dynamic programming [62]. Over 100 random seeds we find that an average 5.16×10−5

(minimum 4.90 × 10−6, maximum 2.56 × 10−4) fraction of points are misclassified as safe and
an average fraction 5.80× 10−4 (minimum 4.24× 10−4, maximum 8.4× 10−4) fraction of points
are misclassified as unsafe, relative to the numerically approximated ground truth. In reality, the
precision of the numerical ground truth is limited by the grid resolution; thus, if we consider any
points less than one full grid cell away from a safe grid point to be safe, we find that only an average
1.47× 10−6 (minimum 0, maximum 4.54× 10−5) fraction of points are misclassified as safe by our
method (Figs. 4.3 and 4.4).

Scalability: safety for high dimensional systems
The two examples we have shown thus far help us validate our approach against well-established
safety analysis tools. However, a motivating factor of this work is to enable safety analysis for
systems that are too high-dimensional for traditional approaches. In this section we will explore
how our method fares in two high-dimensional systems from the OpenAI Gym environment
collection [13].

Temporal difference: lunar lander

We first consider a lunar lander system with 6 states s = [x, y, θ, ẋ, ẏ, θ̇] (vehicle pose and ve-
locities). The signed distance safety function is defined as l(s) = max{lfly(s), lland(s)}, with
lfly(s) = min{x− xwmin, x

w
max − x, y − ywmin, y

w
max − y}, and lland(s)=min{x−xpmin, x

p
max−x, θ−θmin,

θmax−θ, ẏ−ẏmin}. Terms marked with superscript w indicate viewing window limits, and terms
marked with superscript p indicate landing pad limits. The margin l(·) is thus constructed to allow
either flying in free space or landing on the pad; this example illustrates the ability to encode
arbitrary state constraints through a signed distance function.

We train 100 Safety DQNs with different random seeds and compare learned values against
the observed safety by performing on-policy rollouts in simulation (Fig. 4.3). Since computing
the safety value function through dynamic programming is intractable on 6-dimensional systems,
there is no known ground truth to compare against (Fig. 4.4). While the learned Q-value function
may be suboptimal, it does give accurate safety predictions for its induced best-effort policy. We
present x-y slices of a sample trained value function in Fig. 4.5, where the learned safety structure
can be seen.
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Figure 4.5: Slices of the learned lunar lander value function overlaid on the image of the viewing window for θ = 0
and θ̇ = 0. Computed safe set boundary in black. At low speeds, the values near the ground are higher close to the
landing pad, revealing the effect of lland. For large downward velocities, ground collision is inevitable from the lower
half of the screen.

Policy optimization: half-cheetah

Many successful modern reinforcement learning methods use neural networks to directly represent
control policies and search for efficient strategies. A number of policy gradient algorithms derive
their policy update from the REINFORCE rule [95]:

∇θEξ∼πθ [J(ξ)] = Eξ∼πθ [∇θ log(pπθ(ξ))J(ξ)] , (4.10)

with pπθ(·) denoting the probability of taking a trajectory ξ under the stochastic policy πθ parametrized
by θ, and J(·) denoting the outcome of ξ. Taking J(·) to represent the time-discounted minimum
payoff l(·) of the trajectory as in (4.7), we can directly optimize a policy for discounted safety.

We consider an 18-dimensional half-cheetah system within the MuJoCo physics simulator [90],
and define l(·) to be the minimum height of the head and the front leg, so that a failure occurs if
either touches the ground (Fig. 4.6). Note that we must (at least in part) initialize trajectories at
configurations from which the system could in principle maintain safety. Running policy gradient
using REINFORCE, all policies trained for discounted safety attempt to balance, though not always
successfully, and some learn to sit. In contrast, policies trained with the standard reinforcement
learning formulation using l(·) as an additive reward tend to raise the front leg and sometimes jump,
and invariably fall over. Defining an alternative reward that purely penalizes forbidden contacts
similarly failed to yield safe learned behaviors.

Using the more sophisticated soft actor-critic (SAC) algorithm [36] we find that after hyper-
parameter optimization, all policies trained across 20 random seeds using a discounted sum of l(·)
launch the cheetah into the air and always fall over. Using a discounted sum of contact penalties,
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Safe sittingUnsafe jumping Safe standingInitial conditions

Figure 4.6: Learned half-cheetah safety policies aimed to keep the head and front leg off the ground. Left to right:
typical starting configuration; an unsafe jumping policy learned using a sum of discounted heights; a safe sitting policy
learned using discounted safety or (less reliably) discounted sum of contact penalties; a safe standing policy learned
using discounted safety.

65% of policies do learn to sit; however, the remaining 35% produce unsafe jumping behavior. We
speculate that the sparsity of the reward signal makes learning challenging. Across the 20 random
seeds, all policies trained with discounted safety visibly attempt to stand: 80% of them succeed in
doing so reliably, with an additional 5% reliably sitting if standing fails. The different emergent
policies are depicted in Fig. 4.6.

4.5 Chapter Summary
In this chapter we have presented a learning based approach to reachability problems. We showed
that the optimality condition for the infinite time value function can be modified to incorporate
a discount factor and yield an update rule which is a contraction mapping. Using this fact, we
are able to modify several reinforcement learning algorithms, such as tabular Q-learning, DQN,
REINFORCE and SAC, in order to learn the optimal value function or control policy for the
reachability problem. We test these modified algorithms in a variety of low-dimensional and
high-dimensional robotic tasks. Our results show promise in scaling reachability tools to higher
dimensional systems.
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Part II

Assured Autonomy for Learning-Enabled
Systems
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Chapter 5

Background and Preliminaries

In this chapter we provide an introduction to feedforward rectifier linear unit (ReLU) neural net-
works, or (feedforward) ReLU networks for short, which are a type of function approximator widely
used in machine learning. We highlight some of the challenges associated with the deployment of
these approximators in the real world, and formalize some of the problems in guaranteeing their
behavior.

5.1 Neural Networks, Performance Guarantees and Safety
Neural networks have become ubiquitous in many engineering applications, particularly in domains
relating to vision [50], speech recognition [34, 46], reinforcement learning [85, 65] and control [94].
While many of these applications are used in contexts where safety is of little concern, practitioners
are increasingly employing them in safety-critical domains such as self-driving cars [11], health-
care [73] or the power-grid [87], where performance guarantees are a requirement. This can be
particularly concerning when taking into account adversarial attacks on neural networks [4, 58],
which show how brittle some of these systems can be in practice.

Providing guarantees of performance for neural networks is computationally hard. It can
been shown that the verification problem (which will be described in the next sections) is NP-
Complete [43, 86]. Despite this fact, it is possible to find approximate solutions to certain problems
in polynomial time [99, 100]. In general, the stronger a desired guarantee is, the more computation-
ally challenging the problem becomes.

It is important to point out that the use of neural networks happens in several stages: first, the
neural network must be trained using an appropriate learning algorithm and data, and, then, once
training is completed, it can be deployed in the real world. Paradigms for ensuring performance
guarantees exist during training [81, 51, 54], while the parameters of the network are being updated,
and during deployment, once the parameters of the network have been fixed1. In this dissertation we
will be concerned with the latter type of performance guarantees and will forego delving into the

1The dichotomy between training and deployment is also known as training vs. inference.
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details of how (robust) training is accomplished for neural networks. For further information on
neural network training we direct the reader to [22].

5.2 Feedforward ReLU Networks
A feedforward ReLU network is a parameterized function fθ(x) defined as

ẑi+1 = Wizi + bi , for i = 1, ..., K − 1

zj = max{ẑj,0} , for j = 2, ..., K − 1 ,
(5.1)

with Wi ∈ Rni+1×ni , b ∈ Rni+1 , z1 = x ∈ B and fθ(x) = ẑK . We define the input set B to be a
bounded convex set in Rn1 , and, similarly, we also define the output set S, to be a convex set or a
union of convex sets in RnK . The set θ = {Wi, bi}i=1,...,K−1 represents the set of parameters of the
network.

From the definition of Equation (5.1), it is clear that ReLU networks are piece-wise affine
functions. This follows from the fact that any composition of an affine function (i.e. linear function
plus a bias term) and a piece-wise affine function results in a piece-wise affine function. An
important aspect that will come into play in later sections, is that the domain is partitioned into
polytopic regions Pi such that

⋃
iPi = Rn1 . For a closer look at the properties of ReLU networks,

including the partition of the domain into polytopic regions, we direct the reader to [67, 84, 77].

5.3 The Verification Problem
In this section we introduce the verification problem for neural networks. This problem is very
general in its formulation: it takes in an input set B and a (ReLU) neural network fθ(x), and tries to
predict how these interact with a set S in the output space. The ambiguity of what the input set B
and output set S represent is deliberate since neural networks can be used in a variety of contexts
where the inputs and outputs can also vary. For example, for advisory-type neural networks in
collision avoidance, the input space can represent the set of relative states between two vehicles,
and the output space can represent the probability of collision. In this context, B could represent a
set of configurations between vehicles and S some interval of probabilities. If the neural network
is used for digit recognition in images (i.e. [0, 1, ..., 9]), the input space would be the set of pixel
images, and the output would correspond to a 10-dimensional vector of probabilities which sum up
to one. In this case, B could represent a “volume” of noisy images around some nominal image,
and S a half-space denoting the outputs whose inputs are more likely to resemble 0 than 1.

Verification Problem
Given a feedforward neural network fθ(x), an input set B and an output set S, the solution to the
verification problem returns whether the proposition

∀x ∈ B, fθ(x) /∈ S (5.2)
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is true or false. In other words, it seeks an answer to the question: does the mapping of the input
set B through the neural network intersect with the output set S? In most settings, the input set is
taken to be a fixed hyperrectangle, norm ball or polytope in the input space, while the output set is a
polytope or union of polytopes.

5.4 Connections between Reachability and Neural Network
Verification

In Ch. 2 we introduced the topic of reachability theory for dynamical systems. Reachability is
also intimately tied to verification. If we view B and S, as the constraint set K and failure set F
introduced in Sec. 2.2 respectively, (5.2) can be viewed as a discrete time reachability problem with
time horizon T = 1, where the dynamics evolve autonomously as follows:

xt+1 = fθ(xt). (5.3)

Let us define the avoid set as

A := {xt ∈ Rn | xt ∈ K ∧ fθ(xt) /∈ F} , (5.4)

which is the set of states starting at K such that in one step they do not enter into F . We would like
to know whether A = K, that is, whether all states in the constraint set remain “safe”. Note that fθ
is a piece-wise affine function as per Sec. 5.2, which means that the domain of fθ is partitioned into
convex polytopic regions Pi:

xt+1 = fθ(xt) = Fixt + fi if Aixt ≤ bi , (5.5)

where Fi, Ai ∈ Rn1×n1 , fi, bi ∈ Rn1 , and the index i enumerates each polytopic region. In light of
this, solving the reachability (or verification) problem can be addressed by (a) subdividing the con-
straint set K (B) into its polytopic subcomponents2, (b) propagating each polytopic subcomponent
with its corresponding affine transform (5.5) and (c) checking that each mapped subcomponent does
not intersect with F (S) . Checking for intersection is a convex problem which can be efficiently
solved. Note that the same geometrical reasoning also holds when y = fθ(x), and x and y do not
belong in the same vector space. Figure 5.1 shows what the exact computation of the reachable set
looks like.

Unfortunately, even for single layer ReLU networks, this approach cannot scale for large input
spaces. The underlying reason being the polytopic subdivision of the domain of fθ, which is caused
by the ReLU nonlinearity φ(z) = max{z,0} which can be equivalently expressed as a matrix
vector product

φ(z) = Dz , (5.6)

where Dij = 1 if (zi ≥ 0 ∧ i = j) is true, and 0 otherwise. If we let xt+1 = φ(xt) and pick
B = K = {xt ∈ Rn1 | ||xt||∞ ≤ γ} for any γ > 0, the number of polytopic subcomponents of K

2Here we assume that the constraint set is convex.
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Figure 5.1: Exact computation of the reachable set of the ReLU network. Different colors correspond to different
polytopic regions and their corresponding mapping into the output space. Each polytopic region is governed by a
different affine transform.

that need to be propagated will be 2n1 . In other words, the number of polytopic regions grows at
least exponentially with input dimension, which hinders the scalability of this type of approach.
Furthermore, since the number of regions also depends on the number of layers of the neural
network, this problem can also arise in small dimensional input spaces.

In the same spirit as approximate reachability for non-linear systems, which foregoes exactness
of the reachable sets with over- or under-approximations in the form of polytopes or ellipsoids, in
the next chapter we present over-approximation methodologies for neural network verification with
better scaling properties.

5.5 Related Work
Starting with the works from [40, 43], the authors use Satisfiability Modulo Theory (SMT) solvers
to answer Equation (5.2) for ReLU networks and, more generally, networks containing piece-wise
linear activations. In their approaches, an answer is reached by leveraging the finite set of possible
activations induced by the network’s non-linearities. A similar reasoning is found in [56, 89] using
Mixed Integer Linear Programming (MILP) solvers. Other approaches inspired by reachability
include the work from [97], where the structure of the domain induced by the ReLU non-linearities
is exploited to compute the exact set of possible outputs in a similar way to the approach described
in Sec. 5.4. In contrast, in [96] the set of possible outputs is approximated by gridding the input set.

Of particular interest for the next chapter are the works of [27] and [47]. In [27], they introduce
a novel convex relaxation of the ReLU non-linearity in order to render the problem easier to solve
for the SMT solver. In [47], the authors used this relaxation and duality to compute rapid over-
approximations of the set of possible outputs for the network. In [78] they expand on this duality
approach. A new interesting direction which does not rely on SMT or MILP solvers was presented
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by [92]. In this work, a divide and conquer approach was used to repeatedly partition the input set
into smaller sub-domains and check the property individually for each partition. Other works which
exploit similar over-approximation techniques can be found in [14, 57, 99, 100].

In the next chapter, we build upon the input-splitting technique from [92]. We experimentally
show that splits based on input-output gradient metrics are generally inefficient. We provide a new
methodology that substantially reduces the number of splits and the runtime required to verify a
network for a given input set.

5.6 Chapter Summary
In this chapter we have provided an overview of feedforward ReLU networks and introduced the
verification problem. When then discussed one approach for computing the exact mapping of B
through the network, and saw that it also suffers from the curse of dimensionality. Finally, we
presented some of the related work in the field of neural network verification.
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Chapter 6

Shadow Price Verification

This chapter is based on the paper “Fast Neural Network Verification via Shadow Prices” [80],
written in collaboration with Roberto Calandra, Dusan Stipanovic, and Claire Tomlin.

In Ch. 5 we introduced the verification problem for ReLU networks and saw that computing
the exact mapping of the input set B through the network in order to verify its intersection with the
output set S was too computationally expensive. In this chapter we first present an approach which
over-approximates the image of B through the ReLU network (which we denote as fθ(B)). Then,
using this over-approximation technique we present a splitting heuristic and an iterative algorithm
which are able to solve the verification problem efficiently. Finally, we introduce a variant of the
algorithm which is substantially faster.

6.1 Over-Approximating the Image
In general, the image of input set B through a feedforward neural network is not convex (see
Fig. 5.1). The non-convexity arises from the non-linearities introduced by the ReLU activation
function φ(z) := max{z, 0} at every layer. In order to over-approximate the image of B, fθ(B), it
is convenient to rewrite (5.1) as a recursive set definition:

Ẑ i+1 := {Wizi + bi | zi ∈ projni(Zi)} for i = 1, ..., K − 1 (6.1)

Zj := {[ẑj, zj]T ∈ R2nj | zj = φ(ẑj), ẑj ∈ Ẑj} for j = 2, ..., K − 1 (6.2)
Z1 := {[0, z′] ∈ R2n1 | z′ ∈ B}, (6.3)

where projn(·) is the projection operator of its argument onto its last n dimensions. For an appro-
priate selection of a predicate g(·, ·) (discussed in the next section), we can instead replace (6.2)
with

Z̃j := {[zj, ẑj]T ∈ R2nj | g(zj, ẑj), ẑj ∈ Ẑj} for j = 2, ..., K − 1, (6.4)

in a way which ensures that we have Z̃j ⊇ Zj , and consequently, ẐK ⊇ fθ(B). That is, if we
choose the predicate appropriately, we obtain a convex over-approximation of the image fθ(B).



CHAPTER 6. SHADOW PRICE VERIFICATION 47

PB
<latexit sha1_base64="ryT67IoKEHUw2N2gPSv8DyCcRs0=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoIuS924rGAv0IYwmU7aoZNJmJkIJWTjq7hxoYhbH8Odb+OkDaKtPwx8/Occ5pw/SDhT2nG+rJXVtfWNzcpWdXtnd2/fPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BT17gOVisXiXk8T6kV4JFjICNbG8u3jQYT1mGCetXL/h5u5b9ecujMTWga3hBqUavn252AYkzSiQhOOleq7TqK9DEvNCKd5dZAqmmAywSPaNyhwRJWXzQ7I0ZlxhiiMpXlCo5n7eyLDkVLTKDCdxYpqsVaY/9X6qQ6vvYyJJNVUkPlHYcqRjlGRBhoySYnmUwOYSGZ2RWSMJSbaZFY1IbiLJy9D56LuOnX37rLWaJZxVOAETuEcXLiCBtxCC9pAIIcneIFX69F6tt6s93nrilXOHMEfWR/fVjmW3g==</latexit><latexit sha1_base64="ryT67IoKEHUw2N2gPSv8DyCcRs0=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoIuS924rGAv0IYwmU7aoZNJmJkIJWTjq7hxoYhbH8Odb+OkDaKtPwx8/Occ5pw/SDhT2nG+rJXVtfWNzcpWdXtnd2/fPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BT17gOVisXiXk8T6kV4JFjICNbG8u3jQYT1mGCetXL/h5u5b9ecujMTWga3hBqUavn252AYkzSiQhOOleq7TqK9DEvNCKd5dZAqmmAywSPaNyhwRJWXzQ7I0ZlxhiiMpXlCo5n7eyLDkVLTKDCdxYpqsVaY/9X6qQ6vvYyJJNVUkPlHYcqRjlGRBhoySYnmUwOYSGZ2RWSMJSbaZFY1IbiLJy9D56LuOnX37rLWaJZxVOAETuEcXLiCBtxCC9pAIIcneIFX69F6tt6s93nrilXOHMEfWR/fVjmW3g==</latexit><latexit sha1_base64="ryT67IoKEHUw2N2gPSv8DyCcRs0=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoIuS924rGAv0IYwmU7aoZNJmJkIJWTjq7hxoYhbH8Odb+OkDaKtPwx8/Occ5pw/SDhT2nG+rJXVtfWNzcpWdXtnd2/fPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BT17gOVisXiXk8T6kV4JFjICNbG8u3jQYT1mGCetXL/h5u5b9ecujMTWga3hBqUavn252AYkzSiQhOOleq7TqK9DEvNCKd5dZAqmmAywSPaNyhwRJWXzQ7I0ZlxhiiMpXlCo5n7eyLDkVLTKDCdxYpqsVaY/9X6qQ6vvYyJJNVUkPlHYcqRjlGRBhoySYnmUwOYSGZ2RWSMJSbaZFY1IbiLJy9D56LuOnX37rLWaJZxVOAETuEcXLiCBtxCC9pAIIcneIFX69F6tt6s93nrilXOHMEfWR/fVjmW3g==</latexit><latexit sha1_base64="ryT67IoKEHUw2N2gPSv8DyCcRs0=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCK5KIoIuS924rGAv0IYwmU7aoZNJmJkIJWTjq7hxoYhbH8Odb+OkDaKtPwx8/Occ5pw/SDhT2nG+rJXVtfWNzcpWdXtnd2/fPjjsqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeY3BT17gOVisXiXk8T6kV4JFjICNbG8u3jQYT1mGCetXL/h5u5b9ecujMTWga3hBqUavn252AYkzSiQhOOleq7TqK9DEvNCKd5dZAqmmAywSPaNyhwRJWXzQ7I0ZlxhiiMpXlCo5n7eyLDkVLTKDCdxYpqsVaY/9X6qQ6vvYyJJNVUkPlHYcqRjlGRBhoySYnmUwOYSGZ2RWSMJSbaZFY1IbiLJy9D56LuOnX37rLWaJZxVOAETuEcXLiCBtxCC9pAIIcneIFX69F6tt6s93nrilXOHMEfWR/fVjmW3g==</latexit>

B
<latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit>

f✓(B)
<latexit sha1_base64="jQqCM/DhJ/Xe04SdJKOLwcuJfY0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJCLosdeOygn1AE8pkOmmHTiZh5kYooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gSJ4Boc59sqra1vbG6Vtys7u3v7B/bhUUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLnN/e4jU5rH8gGmCfMjMpI85JSAkQb2STjwYMyA1LyIwJgSkTVnFwO76tSdOfAqcQtSRQVaA/vLG8Y0jZgEKojWfddJwM+IAk4Fm1W8VLOE0AkZsb6hkkRM+9k8/gyfG2WIw1iZJwHP1d8bGYm0nkaBmcwz6mUvF//z+imEN37GZZICk3RxKEwFhhjnXeAhV4yCmBpCqOImK6ZjoggF01jFlOAuf3mVdC7rrlN376+qjWZRRxmdojNUQy66Rg10h1qojSjK0DN6RW/Wk/VivVsfi9GSVewcoz+wPn8A8gaVdQ==</latexit><latexit sha1_base64="jQqCM/DhJ/Xe04SdJKOLwcuJfY0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJCLosdeOygn1AE8pkOmmHTiZh5kYooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gSJ4Boc59sqra1vbG6Vtys7u3v7B/bhUUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLnN/e4jU5rH8gGmCfMjMpI85JSAkQb2STjwYMyA1LyIwJgSkTVnFwO76tSdOfAqcQtSRQVaA/vLG8Y0jZgEKojWfddJwM+IAk4Fm1W8VLOE0AkZsb6hkkRM+9k8/gyfG2WIw1iZJwHP1d8bGYm0nkaBmcwz6mUvF//z+imEN37GZZICk3RxKEwFhhjnXeAhV4yCmBpCqOImK6ZjoggF01jFlOAuf3mVdC7rrlN376+qjWZRRxmdojNUQy66Rg10h1qojSjK0DN6RW/Wk/VivVsfi9GSVewcoz+wPn8A8gaVdQ==</latexit><latexit sha1_base64="jQqCM/DhJ/Xe04SdJKOLwcuJfY0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJCLosdeOygn1AE8pkOmmHTiZh5kYooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gSJ4Boc59sqra1vbG6Vtys7u3v7B/bhUUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLnN/e4jU5rH8gGmCfMjMpI85JSAkQb2STjwYMyA1LyIwJgSkTVnFwO76tSdOfAqcQtSRQVaA/vLG8Y0jZgEKojWfddJwM+IAk4Fm1W8VLOE0AkZsb6hkkRM+9k8/gyfG2WIw1iZJwHP1d8bGYm0nkaBmcwz6mUvF//z+imEN37GZZICk3RxKEwFhhjnXeAhV4yCmBpCqOImK6ZjoggF01jFlOAuf3mVdC7rrlN376+qjWZRRxmdojNUQy66Rg10h1qojSjK0DN6RW/Wk/VivVsfi9GSVewcoz+wPn8A8gaVdQ==</latexit><latexit sha1_base64="jQqCM/DhJ/Xe04SdJKOLwcuJfY0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuimJCLosdeOygn1AE8pkOmmHTiZh5kYooeCvuHGhiFu/w51/46TNQlsPDBzOuZd75gSJ4Boc59sqra1vbG6Vtys7u3v7B/bhUUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLnN/e4jU5rH8gGmCfMjMpI85JSAkQb2STjwYMyA1LyIwJgSkTVnFwO76tSdOfAqcQtSRQVaA/vLG8Y0jZgEKojWfddJwM+IAk4Fm1W8VLOE0AkZsb6hkkRM+9k8/gyfG2WIw1iZJwHP1d8bGYm0nkaBmcwz6mUvF//z+imEN37GZZICk3RxKEwFhhjnXeAhV4yCmBpCqOImK6ZjoggF01jFlOAuf3mVdC7rrlN376+qjWZRRxmdojNUQy66Rg10h1qojSjK0DN6RW/Wk/VivVsfi9GSVewcoz+wPn8A8gaVdQ==</latexit>

Input Output 

Convex
Relaxation

Figure 6.1: Example of a convex over-approximation of the image of B.

uj,k
<latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit>

lj,k
<latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit>

ẑj
<latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit>

zj+1
<latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit>

uj,k
<latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit><latexit sha1_base64="AnBwgfgjMG5bdcmILbRNpq9BSu4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUzvr543k06Veqbs2dgSwTryBVKNDoV756g4RlMUrDBNW667mp8XOqDGcCJ+VepjGlLKJD7FoqaYzaz2fnTsipVQYkTJQtachM/T2R01jrcRzYzpiakV70puJ/Xjcz4bWfc5lmBiWbLwozQUxCpr+TAVfIjBhbQpni9lbCRlRRZmxCZRuCt/jyMmld1Dy35t1fVus3RRwlOIYTOAMPrqAOd9CAJjCI4Ble4c1JnRfn3fmYt644xcwR/IHz+QNVVI+N</latexit>

lj,k
<latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit><latexit sha1_base64="0weLn133jAItzWXJljYLinQHsZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKIoMeiF48V7Ae0oWy2k3bNZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+Oyura+sbm6Wt8vbO7t5+5eCwpZNMMWyyRCSqE1CNgktsGm4EdlKFNA4EtoPoduq3n1BpnsgHM07Rj+lQ8pAzaqzUFv388Tya9CtVt+bOQJaJV5AqFGj0K1+9QcKyGKVhgmrd9dzU+DlVhjOBk3Iv05hSFtEhdi2VNEbt57NzJ+TUKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8NrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahsg3BW3x5mbQuap5b8+4vq/WbIo4SHMMJnIEHV1CHO2hAExhE8Ayv8Oakzovz7nzMW1ecYuYI/sD5/AFHeo+E</latexit>

ẑj
<latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit>

zj+1
<latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit>

Figure 6.2: (Left) Bounded output of a ReLU node. (Right) Convex envelope for the triangle relaxation.

Figure 6.1 shows a generic convex over-approximation of the image. Since ẐK is generally a
polytope, we will instead denote the over-approximation as PB, that is, PB ≡ ẐK .

Triangle Relaxation
The first type of predicate we will introduce produces the tightest over-approximation of the image,
which is known as the triangle relaxation as shown in Fig. 6.2. The predicate for this type of
relaxation is the following:

g(zj, ẑj) :=
∧
k

(zj[k] ≥ 0 ∧ zj[k] ≥ ẑj[k] ∧ zj[k] ≤ dj[k](ẑj[k] − lj[k])). (6.5)

where (·)[k] denotes the k-th element of a vector, dj[k] :=
uj[k]

uj[k]−lj[k]
, where lj[k] and uj[k] are lower

and upper bounds for ẑj[k] respectively (i.e. lj[k] ≤ ẑj[k] ≤ uj[k]). To ease the notation, we simply
state that any positive lower bound or negative upper bound is set to zero. From (5.1), the recursive
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relation given by this predicate can be equivalently written as

ẑi+1 = Wizi + bi , for i = 1, ..., K − 1

zj � 0 , for j = 2, ..., K − 1

zj � ẑj ,

zj � Dj(ẑj − lj) .

(6.6)

Here, the matrix Dj is diagonal, so that Dj = diag(dj).
Computing the lower and upper bounds lj[k] and uj[k] for this relaxation can be accomplished in

a layer-by-layer fashion by solving linear programs (LPs) from j = 1 to K − 2 of the form

lj[k] = min
z

(Wj,[k,:]projnj(z) + bj[k]) s.t. Ãjz � b̃j ,

uj[k] = max
z̄

(Wj,[k,:]projnj(z̄) + bj[k]) s.t. Ãj z̄ � b̃j ,
(6.7)

where Wj[k,:] denotes the k-th row of Wj . The constraints Ãj and b̃j represent a polytope in a
ñj-dimensional space, where ñj =

∑j
l=1 nl. This polytope grows in dimension as a result of taking

into consideration more and more upper and lower bounds from earlier layers.
The constraint set given by Ã1 and b̃1 is provided as part of the verification problem. Together,

they represent the input set B := {x | Ã1x ≤ b̃1} which we assume to be a box in Rn1 . The
expressions for Ãj and b̃j for the j-th (j ≥ 2) layer are given by the following recursion,

Ãj =

[
Ãj−1 0
Oj−2 Rj−1

]
, Rj−1 =

 0 −I
Wj−1 −I

−Dj−1Wj−1 I

 ,
b̃j =

[
b̃j−1

rj−1

]
, rTj−1 = [0T − bTj−1 (Dj−1(bj−1 − lj−1))T ]

(6.8)

where Oj−2 is a matrix of zeros whose number of columns is equal to
∑j−2

k=1 nk. Note how the
dimensionality of the constraints given by Ãj and b̃j increases as we try to compute upper and lower
bounds for deeper layers. These expressions can be derived from the inequalities provided in (6.6)
in conjunction with (6.7). For clarity, we provide the expressions for Ã2:3 and b̃2:3
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Ã2 =


Ã1 0
0 −I
W1 −I
−D1W1 I

 , b̃2 =


b̃1

0
−b1

D1(b1 − l1)

 ,

Ã3 =



Ã1 0 0
0 −I 0
W1 −I 0
−D1W1 I 0

0 0 −I
0 W2 −I
0 −D2W2 I


, b̃2 =



b̃1

0
−b1

D1(b1 − l1)
0
−b2

D2(b2 − l2)


.

(6.9)

Note that to generate Ã3 and b̃3, first we have to solve a series of LPs using the constraints given by
Ã2 and b̃2. This approach builds an increasingly large dimensional polytope whose projection onto
the output space over-approximates the image of fθ(B). Namely,

fθ(B) ⊆ PB := {WK−1projnK−1
(z) + bK−1 | ÃK−2z ≤ b̃K−2}. (6.10)

Input Space

B
<latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit>
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Figure 6.3: The growth in the number of constraints across the layers of a neural network encodes a high-dimensional
polytope whose projection over-approximates the image.

In Fig. 6.3 we provide a depiction of how the growing number of constraints represents a
high-dimensional polytope whose projection over-approximates the image.
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6.2 Overview of Verification via Input-Splits
One of the useful features of this bounded convex over-approximation is that it provides sufficient
conditions to check for intersection with the output set S. From Fig. 6.1, if the intersection of the
over-approximation with S is empty, then so is the intersection of the image and S:

PB ∩ S = ∅ =⇒ fθ(B) ∩ S = ∅ (6.11)

On the other hand, the inverse of this statement is generally not true. However, if the intersection
is non-empty, we can subdivide the set B into smaller partitions and use (6.11) on each partition
separately. The next section describes this idea in detail.

Recursively Splitting Sets

In Sec. 6.1 we explained how to build a convex over-approximation of the image fθ(B) in a
layer-by-layer basis. Note, that for any split of the input set into two subsets B1 and B2 such that
B1 ∪ B2 = B, the associated over-approximations PB1 and PB2 will have that

PB1 ∪ PB2 ⊆ PB . (6.12)

This follows from the fact that splitting the input set reduces all the feasible regions for the LPs in
(6.7), which results in greater lower bounds or smaller upper bounds in the computation of PB1 and
PB2 .

Splitting the input set B is particularly useful for verification since it breaks the problem into
two sub-problems. Specifically, and without loss of generality, one of three things may happen:

1. The intersection is empty for both PB1 and PB2 , and thus the image fθ(B) does not intersect
with S.

2. The intersection is non-empty for PB1 but empty for PB2 , in which case B2 can be discarded
from the verification problem, but B1 must be kept for further analysis.

3. Finally, both PB1 and PB2 intersect with S. B1 and B2 must be kept for further analysis.

Given these outcomes, a natural algorithm arises for the verification of the property of interest;
starting with B, we compute the convex over-approximation PB. If the intersection with S is empty
for PB, the intersection is empty for the image as well and we are done. Otherwise, we can split
B in two halves B1 and B2, and compute PB1 and PB2 . Given the list of possible outcomes, the
algorithm will either: end with the property being false, be able to discard one of the halves, or, in
the worst case, keep both B1 and B2 for further analysis. This procedure induces a growing binary
tree whose nodes represent smaller and smaller bisections of the input set B.

Algorithm 2 provides the aforementioned procedure for verifying whether fθ(B) intersects
with S, which as previously stated we assume to be a union of a finite number convex sets. This
assumption is required so that in Line 3 the intersection check can be done efficiently via convex
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Algorithm 2: Recursive Splitting (Depth First Search)
1 Verification(S,B, θ)
2 PB ← ConvexOverApprox(B, θ)
3 If PB ∩ S = ∅ then .Intersection is empty.
4 Return False
5 Else .Intersection is not empty.
6 If IsExact(PB) then .Check over-approximation is tight.
7 Return True
8 B1,B2 ← Split(B) .Bisect the set.
9 Return Verification(S,B1, θ) ∨ Verification(S,B2, θ)

Figure 6.4: Visual progression (from left to right) of Alg. 2. The yellow set with the exclamation symbol represents the
set S. In this instance, the intersection of the image with output set is empty. In the bottom row, over-approximations
with empty intersections are grayed out.

optimization packages. When the intersection is non-empty, Line 6 checks whether the over-
approximation is tight/exact or not. If it is exact, it must be true that fθ(B) intersects with S . If it is
not, in line 8 we split the set into two halves and attempt to solve the verification problem for each
half separately. The next sections describe the auxiliary functions “IsExact” and “Split” in lines 6
and 8. Figure 6.4 shows pictorially what the progression of the algorithm looks like.



CHAPTER 6. SHADOW PRICE VERIFICATION 52

B1
<latexit sha1_base64="ma7d4oxCRbN2sauAWeCgozKHQCg=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSt5J+vrAKw1UYrsLfpACWaPbzn/YgIJFHfUU4lrJnoVA5MRaKEU6TnB1JGmIywSPa09THHpVOnO6WwAutDOAwEPr4Cqbqz4kYe1JOPVcn51vKv95c/M/rRWpYc2Lmh5GiPlk8NIw4VAGclwUHTFCi+FQTTATTu0IyxgITpSvN6RLWvrxO2iXTQqZ1Vy7UG8s6suAMnINLYIErUAe3oAlagIBH8AxewZvxZLwY78bHIpoxljOn4BeM2RclZ59b</latexit><latexit sha1_base64="ma7d4oxCRbN2sauAWeCgozKHQCg=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSt5J+vrAKw1UYrsLfpACWaPbzn/YgIJFHfUU4lrJnoVA5MRaKEU6TnB1JGmIywSPa09THHpVOnO6WwAutDOAwEPr4Cqbqz4kYe1JOPVcn51vKv95c/M/rRWpYc2Lmh5GiPlk8NIw4VAGclwUHTFCi+FQTTATTu0IyxgITpSvN6RLWvrxO2iXTQqZ1Vy7UG8s6suAMnINLYIErUAe3oAlagIBH8AxewZvxZLwY78bHIpoxljOn4BeM2RclZ59b</latexit><latexit sha1_base64="ma7d4oxCRbN2sauAWeCgozKHQCg=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSt5J+vrAKw1UYrsLfpACWaPbzn/YgIJFHfUU4lrJnoVA5MRaKEU6TnB1JGmIywSPa09THHpVOnO6WwAutDOAwEPr4Cqbqz4kYe1JOPVcn51vKv95c/M/rRWpYc2Lmh5GiPlk8NIw4VAGclwUHTFCi+FQTTATTu0IyxgITpSvN6RLWvrxO2iXTQqZ1Vy7UG8s6suAMnINLYIErUAe3oAlagIBH8AxewZvxZLwY78bHIpoxljOn4BeM2RclZ59b</latexit><latexit sha1_base64="ma7d4oxCRbN2sauAWeCgozKHQCg=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSt5J+vrAKw1UYrsLfpACWaPbzn/YgIJFHfUU4lrJnoVA5MRaKEU6TnB1JGmIywSPa09THHpVOnO6WwAutDOAwEPr4Cqbqz4kYe1JOPVcn51vKv95c/M/rRWpYc2Lmh5GiPlk8NIw4VAGclwUHTFCi+FQTTATTu0IyxgITpSvN6RLWvrxO2iXTQqZ1Vy7UG8s6suAMnINLYIErUAe3oAlagIBH8AxewZvxZLwY78bHIpoxljOn4BeM2RclZ59b</latexit>

B2
<latexit sha1_base64="Vobq52mxIOHwHTaV72G1mNDQchM=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSLyX9fGEVhqswXIW/SQEs0eznP+1BQCKP+opwLGXPQqFyYiwUI5wmOTuSNMRkgke0p6mPPSqdON0tgRdaGcBhIPTxFUzVnxMx9qSceq5OzreUf725+J/Xi9Sw5sTMDyNFfbJ4aBhxqAI4LwsOmKBE8akmmAimd4VkjAUmSlea0yWsfXmdtEumhUzrrlyoN5Z1ZMEZOAeXwAJXoA5uQRO0AAGP4Bm8gjfjyXgx3o2PRTRjLGdOwS8Ysy8m7J9c</latexit><latexit sha1_base64="Vobq52mxIOHwHTaV72G1mNDQchM=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSLyX9fGEVhqswXIW/SQEs0eznP+1BQCKP+opwLGXPQqFyYiwUI5wmOTuSNMRkgke0p6mPPSqdON0tgRdaGcBhIPTxFUzVnxMx9qSceq5OzreUf725+J/Xi9Sw5sTMDyNFfbJ4aBhxqAI4LwsOmKBE8akmmAimd4VkjAUmSlea0yWsfXmdtEumhUzrrlyoN5Z1ZMEZOAeXwAJXoA5uQRO0AAGP4Bm8gjfjyXgx3o2PRTRjLGdOwS8Ysy8m7J9c</latexit><latexit sha1_base64="Vobq52mxIOHwHTaV72G1mNDQchM=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSLyX9fGEVhqswXIW/SQEs0eznP+1BQCKP+opwLGXPQqFyYiwUI5wmOTuSNMRkgke0p6mPPSqdON0tgRdaGcBhIPTxFUzVnxMx9qSceq5OzreUf725+J/Xi9Sw5sTMDyNFfbJ4aBhxqAI4LwsOmKBE8akmmAimd4VkjAUmSlea0yWsfXmdtEumhUzrrlyoN5Z1ZMEZOAeXwAJXoA5uQRO0AAGP4Bm8gjfjyXgx3o2PRTRjLGdOwS8Ysy8m7J9c</latexit><latexit sha1_base64="Vobq52mxIOHwHTaV72G1mNDQchM=">AAACH3icbVBLTwIxGOziC/GFevTSSEw8kE2XAOKN4MUjJvJI2A3plgIN3UfargnZ7D/x4l/x4kFjjDf+jWUBo+IkTSYz87Vfxw05kwqhmZHZ2Nza3snu5vb2Dw6P8scnbRlEgtAWCXggui6WlDOfthRTnHZDQbHnctpxJzdzv/NAhWSBf6+mIXU8PPLZkBGstNTPV+30jp4YuU6MTFSp1UrlIjIryLquWkXLRCmS2PawGhPM40bSLyX9fGEVhqswXIW/SQEs0eznP+1BQCKP+opwLGXPQqFyYiwUI5wmOTuSNMRkgke0p6mPPSqdON0tgRdaGcBhIPTxFUzVnxMx9qSceq5OzreUf725+J/Xi9Sw5sTMDyNFfbJ4aBhxqAI4LwsOmKBE8akmmAimd4VkjAUmSlea0yWsfXmdtEumhUzrrlyoN5Z1ZMEZOAeXwAJXoA5uQRO0AAGP4Bm8gjfjyXgx3o2PRTRjLGdOwS8Ysy8m7J9c</latexit>

B1
<latexit sha1_base64="eJshaGfVlhVMEZZ2J/mUfsWR0NI=">AAACH3icbVBLSwMxGMzWV62vVY9egkXwICUpW9veSr14rGAf0C4lm6ZtaPZBkhXKsv/Ei3/FiwdFxFv/jenjoK0DgWHm+5LJeJHgSiM0szJb2zu7e9n93MHh0fGJfXrWUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcjf3209MKh4Gj3oaMdcno4APOSXaSH37tre4oytHnpugQqXqYFy5QQWnhKoVZAgqlp0STpOeT/SYEpHU0z5O+3beWAvATYJXJA9WaPTt794gpLHPAk0FUaqLUaTdhEjNqWBprhcrFhE6ISPWNTQgPlNussiWwiujDOAwlOYEGi7U3xsJ8ZWa+p6ZnKdU695c/M/rxnpYcRMeRLFmAV0+NIwF1CGclwUHXDKqxdQQQiU3WSEdE0moNpXmTAl4/cubpFUsYFTAD06+Vl/VkQUX4BJcAwzKoAbuQQM0AQXP4BW8gw/rxXqzPq2v5WjGWu2cgz+wZj8F5p9D</latexit><latexit sha1_base64="eJshaGfVlhVMEZZ2J/mUfsWR0NI=">AAACH3icbVBLSwMxGMzWV62vVY9egkXwICUpW9veSr14rGAf0C4lm6ZtaPZBkhXKsv/Ei3/FiwdFxFv/jenjoK0DgWHm+5LJeJHgSiM0szJb2zu7e9n93MHh0fGJfXrWUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcjf3209MKh4Gj3oaMdcno4APOSXaSH37tre4oytHnpugQqXqYFy5QQWnhKoVZAgqlp0STpOeT/SYEpHU0z5O+3beWAvATYJXJA9WaPTt794gpLHPAk0FUaqLUaTdhEjNqWBprhcrFhE6ISPWNTQgPlNussiWwiujDOAwlOYEGi7U3xsJ8ZWa+p6ZnKdU695c/M/rxnpYcRMeRLFmAV0+NIwF1CGclwUHXDKqxdQQQiU3WSEdE0moNpXmTAl4/cubpFUsYFTAD06+Vl/VkQUX4BJcAwzKoAbuQQM0AQXP4BW8gw/rxXqzPq2v5WjGWu2cgz+wZj8F5p9D</latexit><latexit sha1_base64="eJshaGfVlhVMEZZ2J/mUfsWR0NI=">AAACH3icbVBLSwMxGMzWV62vVY9egkXwICUpW9veSr14rGAf0C4lm6ZtaPZBkhXKsv/Ei3/FiwdFxFv/jenjoK0DgWHm+5LJeJHgSiM0szJb2zu7e9n93MHh0fGJfXrWUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcjf3209MKh4Gj3oaMdcno4APOSXaSH37tre4oytHnpugQqXqYFy5QQWnhKoVZAgqlp0STpOeT/SYEpHU0z5O+3beWAvATYJXJA9WaPTt794gpLHPAk0FUaqLUaTdhEjNqWBprhcrFhE6ISPWNTQgPlNussiWwiujDOAwlOYEGi7U3xsJ8ZWa+p6ZnKdU695c/M/rxnpYcRMeRLFmAV0+NIwF1CGclwUHXDKqxdQQQiU3WSEdE0moNpXmTAl4/cubpFUsYFTAD06+Vl/VkQUX4BJcAwzKoAbuQQM0AQXP4BW8gw/rxXqzPq2v5WjGWu2cgz+wZj8F5p9D</latexit><latexit sha1_base64="eJshaGfVlhVMEZZ2J/mUfsWR0NI=">AAACH3icbVBLSwMxGMzWV62vVY9egkXwICUpW9veSr14rGAf0C4lm6ZtaPZBkhXKsv/Ei3/FiwdFxFv/jenjoK0DgWHm+5LJeJHgSiM0szJb2zu7e9n93MHh0fGJfXrWUmEsKWvSUISy4xHFBA9YU3MtWCeSjPieYG1vcjf3209MKh4Gj3oaMdcno4APOSXaSH37tre4oytHnpugQqXqYFy5QQWnhKoVZAgqlp0STpOeT/SYEpHU0z5O+3beWAvATYJXJA9WaPTt794gpLHPAk0FUaqLUaTdhEjNqWBprhcrFhE6ISPWNTQgPlNussiWwiujDOAwlOYEGi7U3xsJ8ZWa+p6ZnKdU695c/M/rxnpYcRMeRLFmAV0+NIwF1CGclwUHXDKqxdQQQiU3WSEdE0moNpXmTAl4/cubpFUsYFTAD06+Vl/VkQUX4BJcAwzKoAbuQQM0AQXP4BW8gw/rxXqzPq2v5WjGWu2cgz+wZj8F5p9D</latexit>

B2
<latexit sha1_base64="8YJMMlp6eLD4JNE94JEdJ6isT1c=">AAACH3icbVBLSwMxGMzWV62vqkcvi0XwIEtSWtveSr14rGAfsLss2TRtQ7MPkqxQlv0nXvwrXjwoIt76b0wfB20dCAwz35dMxo85kwrCmZHb2t7Z3cvvFw4Oj45PiqdnXRklgtAOiXgk+j6WlLOQdhRTnPZjQXHgc9rzJ3dzv/dEhWRR+KimMXUDPArZkBGstOQVb53FHbYY+W4KrXqjglD9BlqVKmzUoSawXKtUUZY6AVZjgnnayrxy5hVL2lrA3CRoRUpghbZX/HYGEUkCGirCsZQ2grFyUywUI5xmBSeRNMZkgkfU1jTEAZVuusiWmVdaGZjDSOgTKnOh/t5IcSDlNPD15DylXPfm4n+enahh3U1ZGCeKhmT50DDhporMeVnmgAlKFJ9qgolgOqtJxlhgonSlBV0CWv/yJumWLQQt9FApNVurOvLgAlyCa4BADTTBPWiDDiDgGbyCd/BhvBhvxqfxtRzNGaudc/AHxuwHB2ufRA==</latexit><latexit sha1_base64="8YJMMlp6eLD4JNE94JEdJ6isT1c=">AAACH3icbVBLSwMxGMzWV62vqkcvi0XwIEtSWtveSr14rGAfsLss2TRtQ7MPkqxQlv0nXvwrXjwoIt76b0wfB20dCAwz35dMxo85kwrCmZHb2t7Z3cvvFw4Oj45PiqdnXRklgtAOiXgk+j6WlLOQdhRTnPZjQXHgc9rzJ3dzv/dEhWRR+KimMXUDPArZkBGstOQVb53FHbYY+W4KrXqjglD9BlqVKmzUoSawXKtUUZY6AVZjgnnayrxy5hVL2lrA3CRoRUpghbZX/HYGEUkCGirCsZQ2grFyUywUI5xmBSeRNMZkgkfU1jTEAZVuusiWmVdaGZjDSOgTKnOh/t5IcSDlNPD15DylXPfm4n+enahh3U1ZGCeKhmT50DDhporMeVnmgAlKFJ9qgolgOqtJxlhgonSlBV0CWv/yJumWLQQt9FApNVurOvLgAlyCa4BADTTBPWiDDiDgGbyCd/BhvBhvxqfxtRzNGaudc/AHxuwHB2ufRA==</latexit><latexit sha1_base64="8YJMMlp6eLD4JNE94JEdJ6isT1c=">AAACH3icbVBLSwMxGMzWV62vqkcvi0XwIEtSWtveSr14rGAfsLss2TRtQ7MPkqxQlv0nXvwrXjwoIt76b0wfB20dCAwz35dMxo85kwrCmZHb2t7Z3cvvFw4Oj45PiqdnXRklgtAOiXgk+j6WlLOQdhRTnPZjQXHgc9rzJ3dzv/dEhWRR+KimMXUDPArZkBGstOQVb53FHbYY+W4KrXqjglD9BlqVKmzUoSawXKtUUZY6AVZjgnnayrxy5hVL2lrA3CRoRUpghbZX/HYGEUkCGirCsZQ2grFyUywUI5xmBSeRNMZkgkfU1jTEAZVuusiWmVdaGZjDSOgTKnOh/t5IcSDlNPD15DylXPfm4n+enahh3U1ZGCeKhmT50DDhporMeVnmgAlKFJ9qgolgOqtJxlhgonSlBV0CWv/yJumWLQQt9FApNVurOvLgAlyCa4BADTTBPWiDDiDgGbyCd/BhvBhvxqfxtRzNGaudc/AHxuwHB2ufRA==</latexit><latexit sha1_base64="8YJMMlp6eLD4JNE94JEdJ6isT1c=">AAACH3icbVBLSwMxGMzWV62vqkcvi0XwIEtSWtveSr14rGAfsLss2TRtQ7MPkqxQlv0nXvwrXjwoIt76b0wfB20dCAwz35dMxo85kwrCmZHb2t7Z3cvvFw4Oj45PiqdnXRklgtAOiXgk+j6WlLOQdhRTnPZjQXHgc9rzJ3dzv/dEhWRR+KimMXUDPArZkBGstOQVb53FHbYY+W4KrXqjglD9BlqVKmzUoSawXKtUUZY6AVZjgnnayrxy5hVL2lrA3CRoRUpghbZX/HYGEUkCGirCsZQ2grFyUywUI5xmBSeRNMZkgkfU1jTEAZVuusiWmVdaGZjDSOgTKnOh/t5IcSDlNPD15DylXPfm4n+enahh3U1ZGCeKhmT50DDhporMeVnmgAlKFJ9qgolgOqtJxlhgonSlBV0CWv/yJumWLQQt9FApNVurOvLgAlyCa4BADTTBPWiDDiDgGbyCd/BhvBhvxqfxtRzNGaudc/AHxuwHB2ufRA==</latexit>

B
<latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit><latexit sha1_base64="7BVGhyqZx+UqjNoXq5pgrgMrQFc=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFnqxmUF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Lve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9r+4/XNcazaKOMpzBOVyCDzfQgHtoQRsoKHiGV3hz0Hlx3p2P5WjJKXZO4Q+czx9x05FY</latexit>

PB
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Figure 6.5: The choice of axis along which the set B is split may affect the verification time. In this example, a vertical
split (orange) results in two over-approximations, one of which still intersects with S , whereas the horizontal split (blue)
results in tighter over-approximations.

Over-approximation and Image Equivalence

In the previous section we hinted at the fact that some instances of PB can be tight or exact, that is
PB ≡ fθ(B). From Sec. 5.4, we know that a ReLU network sub-divides the domain into convex
polytopes Pi, and that within each polytope the input-output relation is affine, i.e. it is a piece-wise
affine function. Then the following must hold:

1.) B ⊆ Pi ⇐⇒ uj[k] ≤ 0 or 0 ≤ lj[k] ∀j, k
2.) B ⊆ Pi =⇒ PB ≡ fθ(B)

(6.13)

The first line in (6.13) follows from the fact that the boundaries of the polytopes Pi arise from
the discontinuity of the non-linear activations max{z, 0}. The second line follows from the first
one: if lj,k ≤ uj,k ≤ 0 or 0 ≤ lj,k ≤ uj,k for all j and k, then the relaxations of the ReLU activations
will be exact and fθ(B) is just an affine transformation of B.

Splitting Criterion

From Algorithm 2, a natural question arises: what is considered to be a “good” split of the input
set? While simply stated, this question is far from trivial. Picking appropriate splits has important
consequences regarding the time and memory efficiency of input-splitting verification algorithms.
In Fig. 6.5, an example is provided showcasing this phenomenon. The horizontal split results in an
over-approximation that guarantees that the image of B does not intersect with S. In contrast, the
vertical split results in an over-approximation that still intersects S.

To the best of our knowledge, current input-splitting methods [92] use gradient information
between inputs and outputs to decide which axis to split. We will denote this heuristic as the
input-output gradient heuristic. These methods leverage the structure of the Jacobian of the ReLU
network to compute bounds on the gradient between inputs and outputs. In particular, note that for
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any point in the domain, the Jacobian for a ReLU network can always be written as

J = WK−1

K−2∏
i=1

ΣiWi (6.14)

for Σi = diag(vi) and the Boolean vector vi ∈ {0, 1}ni+1 . Starting from i = K−1 going backwards
to i = 1, these methods select appropriate values of vi to compute upper bounds for ||dfθ(x)

dxk
||∞ ≤ Uk

for k = 1, ..., n1. Using the side lengths ∆xk of the box, B is split in half across the axis with
greatest smear value sk = Uk∆xk. Geometrically, this mechanism tries to reduce in half the box
along the axis that causes most “stretching” for any of the outputs. This reasoning, however, can
be counterproductive when considering which splits to make. In particular, the upper bound might
be very loose in practice, and even in cases where Uk can be achieved, it may be the case that the
polytopic region that achieves this upper bound is very small.

Fundamentally, the over-approximation is caused by the convex relaxations of the ReLU non-
linearities, therefore, we posit that an effective splitting procedure should leverage the information
of the relaxed nodes (i.e. nodes for which the convex relaxation is not exact) rather than using
bounds on the gradients between input and outputs. In the next sections we investigate how to
estimate changes in the upper and lower bounds of any given node given a specific split in B.

6.3 Shadow Prices and Bound Rates
We now study the sensitivity of the lower and upper bounds for a relaxed ReLU node with respect
to changes in the shape of the input box. To that end, we introduce some useful properties of linear
programs and relate them to our problem at hand.

Measuring Constraint Sensitivity
For a linear program with non-empty feasible region the following holds

p∗ = min
s.t. Az�b

wz = wz∗ + (Az∗ − b)Tλ∗ (6.15)

p̄∗ = max
s.t. Az̄�b

wz̄ = wz̄∗ + (b− Az̄∗)T λ̄∗ , (6.16)

where z̄∗ and z∗ correspond to the primal’s maximizer/minimizer and λ̄∗ � 0 and λ∗ � 0 correspond
to the dual’s minimizer/maximizer. This result follows from strong duality and complementary
slackness [12]. A useful feature of the right-hand sides of (6.15) is that they link how small
perturbations of the constraint parameters (A and b) affect the optimal values p̄∗ and p∗. In the field
of economics, the rate of increase/decrease of the optimal value with respect to a certain constraint
is known as the shadow price. In some instances the shadow prices are the optimal dual variables.

From (6.15), we can readily study how small changes in the size of the input box affect the
upper and lower bounds of all nodes in the first layer of the network. In particular, it follows that for
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the k-th node in the first layer and the i-th bias of our constraint set,
dl1[k]

db̃1[i]

= −λ∗k[i]

du1[k]

db̃1[i]

= λ̄∗k[i]. (6.17)

This result is expected, since the growth of bias terms results in a bigger box and, thus, in smaller
lower bounds and bigger upper bounds. A nice feature of most modern LP solvers is that they
provide the associated optimal dual variables when solving the primal problem. These rates can
therefore be computed without any noticeable computational overhead when generating the convex
over-approximations.

Forward Computation of the Bound Rates
With the definitions for Ãj and b̃j available from the end of Sec. 6.1 and (6.15), we can proceed
to compute the rates of the upper and lower bounds with respect to the bias terms of our input
box. Denoting (λ∗j,k, λ̄

∗
j,k) and (z∗j,k, z̄

∗
j,k) as the set of primal and dual optimal variables for the

maximization and minimization problems from (6.7), we have that

dlj[k]

db̃1[i]

=
d

db̃1[i]

(
b̃Tj λ

∗
j[k]

)
− d

db̃1[i]

(
(Ãjz

∗
j[k])

Tλ∗j[k]

)
duj[k]

db̃1[i]

= − d

db̃1[i]

(
b̃Tj λ̄

∗
j[k]

)
+

d

db̃1[i]

(
(Ãj z̄

∗
j[k])

T λ̄∗j[k]

)
.

(6.18)

Before proceeding to drive the analytic expression of (6.18), it is worth noting that changes in the
bias terms of the input box b̃1,: only affect (through the computation of the upper and lower bounds)
a subset of the entries of Ãj and b̃j . In particular, given R1:j−1 and r1:j−1 defined in (6.8), only
entries containing dependencies with D1:j−1 and l1:j−1 will contribute to the gradient expression in
(6.18). Hence, focusing our attention to the first term, for any vector λ

d

db̃1[i]

(b̃Tj λ) =
d

db̃1[i]

(
b̃T1 λ0 +

j−1∑
l=1

rTl λl

)

= λ0[i] +

j−1∑
l=1

d

db̃1[i]

(Dl(bl − ll))Tλl̂

= λ0[i] +

j−1∑
l=1

nl∑
t=0

d

db̃1[i]

ul[t]bl[t] − ul[t]ll[t]
ul[t] − ll[t]

λl̂[t]

= λ0[i] +

j−1∑
l=1

nl∑
t=0

(
c1

dul[t]

db̃1[i]

+ c2

dll[t]

db̃1[i]

)
λl̂[t]

(6.19)

where c1 =
ll[t](ll[t]−bl[t])
(ul[t]−ll[t])2

and c2 =
ul[t](bl[t]−ul[t])

(ul[t]−ll[t])2
and λl̂, λl correspond to a subset of the entries in λl

and λ respectively. The term bl[t] denotes entry t of the bias term in layer l. From (6.19) it is clear
that the rates of the upper and lower bounds for layer j depend on all the rates from previous layers.
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Algorithm 3: Bound Estimation-based Splitting
1 Split(B, (l, u), (z∗, λ∗), (z̄∗, λ̄∗))
2 For j = 1, ..., K − 1 do
3 For k = 1, ..., nj do
4

dlj[k]

db̃1[i]
← LowerBoundRates(B, (l, u), (z∗, λ∗), (z̄∗, λ̄∗)) (as per Sec. 6.3)

5
duj[k]

db̃1[i]
← UpperBoundRates(B, (l, u), (z∗, λ∗), (z̄∗, λ̄∗)) (as per Sec. 6.3)

6 i = 1, c = L(1)
7 For k = 2, ..., n1 do
8 If L(k) < c then
9 c← L(k)

10 i← k
11 B1 ← Bi .Split in half through i-th axis.
12 B2 ← B\Bi
13 Return B1,B2

The rates for the second term can be derived in a similar manner. For any vector z and λ,

d

db̃1[i]

(Ãjz)Tλ =
d

db̃1[i]

((Ã1z0)Tλ0 +
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(Rl

[
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zl

]
)Tλl)

=

j−1∑
l=1

d

db̃1[i]

(−DlWlzl−1)T λl̂

= −
j−1∑
l=1

nl∑
t=0

d

db̃1[i]

(Wl[t,:]zl−1)ul[t]
ul[t] − ll[t]

λl̂[t]

=

j−1∑
l=1

nl∑
t=0

(
ĉ1

dll[t]

db̃1[i]

− ĉ2

dul[t]

db̃1[i]

)
λl̂[t]

(6.20)

where ĉ1 =
ul[t](wl[t]zl−1)

(ul[t]−ll[t])2
and ĉ2 =

ll[t](wl[t]zl−1)

(ul[t]−ll[t])2
.

Using (6.19) together with (6.20) we can compute expressions for (6.18) in a forward manner
using the optimal primal and dual variables. That is, we have the rate of change of all the upper
bounds and lower bounds of each node in the network with respect to the bias terms of our input
box B.

6.4 Bound Estimation and Splitting
With the information provided in Sec. 6.3, we have means to estimate how the lower and upper
bounds of our convex relaxation change as a function of the biases of the input set. In particular,



CHAPTER 6. SHADOW PRICE VERIFICATION 56

…

node 1

node n

…
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Figure 6.6: Choosing split based on predicted upper and lower bounds for each node.

splitting the box B in half can be viewed as translating one of its facets to the center. Since the
translation of any facet is achieved by reducing the associated bias term by a certain amount ∆b̃1,i,
the estimated new lower and upper bounds for the resulting set Bi ⊂ B will be

lBij[k] ≈ lj[k] +
dlj[k]

db1[i]

∆b̃1[i]

uBij[k] ≈ uj[k] +
duj[k]

db1[i]

∆b̃1[i] .

(6.21)

Using these estimates, we propose the following metric for determining which axis to split along:

L(i) = −
K−2∑
j=1

nj∑
k=1

max{0, uBij[k]}min{0, lBij[k]}. (6.22)

Whichever axis minimizes L(i) is chosen for splitting. The max/min terms in the sum ensure that
upper and lower bounds that start close to zero have less contribution in the overall splitting decision.
Note how the cost metric is only zero whenever all relaxations are tight. We summarize this splitting
procedure in Algorithm 3. Figure 6.6 depicts what the splitting decision looks like based on the
predicted upper and lower bounds.

6.5 Limitations and Convex Relaxation Alternatives

Parallel Relaxation
In Sec. 6.1 we presented the triangle relaxation. As we saw, this type of relaxation yields the tightest
over-approximation possible. However, in order to generate it, it is necessary to solve LPs for every
single node in the neural network. While LP solvers are generally fast, neural networks can have
thousands of nodes. This limits the types of networks whose over-approximation can be computed
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ẑj
<latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit>

zj+1
<latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit>

ẑj
<latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit>

zj+1
<latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit>

ẑj
<latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit><latexit sha1_base64="5OXdS6PWb3x4e1tchO3YM2HlIec=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbTbt2Nwm7E6GG/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKSLeQIGStxPNqQokbwWj66nfeuTaiDi6w3HCfUUHkQgFo2il++6QYvY06T30yhW36s5AlomXkwrkqPfKX91+zFLFI2SSGtPx3AT9jGoUTPJJqZsanlA2ogPesTSiihs/mx08ISdW6ZMw1rYiJDP190RGlTFjFdhORXFoFr2p+J/XSTG89DMRJSnyiM0XhakkGJPp96QvNGcox5ZQpoW9lbAh1ZShzahkQ/AWX14mzbOq51a92/NK7SqPowhHcAyn4MEF1OAG6tAABgqe4RXeHO28OO/Ox7y14OQzh/AHzucPNF+QqA==</latexit>

zj+1
<latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit><latexit sha1_base64="5dqTQxUIWdzGsUW13sfnLP4rXbg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsB/QhrLZbtq1m03YnQg19Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91iPXRsTqHscJ9yM6UCIUjKKVWk+97OHMm/TKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86rnVr27i0rtOo+jCEdwDKfgwSXU4Bbq0AAGI3iGV3hzEufFeXc+5q0FJ585hD9wPn8AA16PVw==</latexit>

uj[k]
<latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit>

lj[k]
<latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit>

uj[k]
<latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit><latexit sha1_base64="hLX1w1WVjlUgJcdTDCoVaN9vRTw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6WS9/8EfBpFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1Rr33NTE+RUGc4ETsrdTGNK2YgO0LdU0hh1kM/unZBTq/RJlChb0pCZ+nsip7HW4zi0nTE1Q73oTcX/PD8z0VWQc5lmBiWbL4oyQUxCps+TPlfIjBhbQpni9lbChlRRZmxEZRuCt/jyMmmd1zy35t1dVOvXRRwlOIYTOAMPLqEOt9CAJjAQ8Ayv8OY8Oi/Ou/Mxb11xipkj+APn8wdRvZAj</latexit>

lj[k]
<latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit><latexit sha1_base64="zLlo9hjS3K3r6zQ3BeYPVSIeNnQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAaymY7adduNnF3I5TQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32EyrNE3lvxikGMR1IHnFGjZU6opc/+KNg0qtU3Zo7A1kmXkGqUKDRq3x1+wnLYpSGCaq177mpCXKqDGcCJ+VupjGlbEQH6FsqaYw6yGf3TsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/np+Z6CrIuUwzg5LNF0WZICYh0+dJnytkRowtoUxxeythQ6ooMzaisg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgIeIZXeHMenRfn3fmYt644xcwR/IHz+QND2pAa</latexit>

↵j[k] = dj[k]
<latexit sha1_base64="RN+JzqHnPj2Z8SiNIEul0o87VaY=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUE3QtGNywr2Am0IJ5NJO3YyCTMToYS68VXcuFDErW/hzrdx2mahrT8MfPznHM6cP0g5U9pxvq3S0vLK6lp5vbKxubW9Y+/utVSSSUKbJOGJ7ASgKGeCNjXTnHZSSSEOOG0Hw+tJvf1ApWKJuNOjlHox9AWLGAFtLN8+6AFPB+Dn992hN8aXOCzQt6tOzZkKL4JbQBUVavj2Vy9MSBZToQkHpbquk2ovB6kZ4XRc6WWKpkCG0KddgwJiqrx8esEYHxsnxFEizRMaT93fEznESo3iwHTGoAdqvjYx/6t1Mx1deDkTaaapILNFUcaxTvAkDhwySYnmIwNAJDN/xWQAEog2oVVMCO78yYvQOq25Ts29PavWr4o4yugQHaET5KJzVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHrLVkFTP76I+szx8aHJam</latexit><latexit sha1_base64="RN+JzqHnPj2Z8SiNIEul0o87VaY=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUE3QtGNywr2Am0IJ5NJO3YyCTMToYS68VXcuFDErW/hzrdx2mahrT8MfPznHM6cP0g5U9pxvq3S0vLK6lp5vbKxubW9Y+/utVSSSUKbJOGJ7ASgKGeCNjXTnHZSSSEOOG0Hw+tJvf1ApWKJuNOjlHox9AWLGAFtLN8+6AFPB+Dn992hN8aXOCzQt6tOzZkKL4JbQBUVavj2Vy9MSBZToQkHpbquk2ovB6kZ4XRc6WWKpkCG0KddgwJiqrx8esEYHxsnxFEizRMaT93fEznESo3iwHTGoAdqvjYx/6t1Mx1deDkTaaapILNFUcaxTvAkDhwySYnmIwNAJDN/xWQAEog2oVVMCO78yYvQOq25Ts29PavWr4o4yugQHaET5KJzVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHrLVkFTP76I+szx8aHJam</latexit><latexit sha1_base64="RN+JzqHnPj2Z8SiNIEul0o87VaY=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUE3QtGNywr2Am0IJ5NJO3YyCTMToYS68VXcuFDErW/hzrdx2mahrT8MfPznHM6cP0g5U9pxvq3S0vLK6lp5vbKxubW9Y+/utVSSSUKbJOGJ7ASgKGeCNjXTnHZSSSEOOG0Hw+tJvf1ApWKJuNOjlHox9AWLGAFtLN8+6AFPB+Dn992hN8aXOCzQt6tOzZkKL4JbQBUVavj2Vy9MSBZToQkHpbquk2ovB6kZ4XRc6WWKpkCG0KddgwJiqrx8esEYHxsnxFEizRMaT93fEznESo3iwHTGoAdqvjYx/6t1Mx1deDkTaaapILNFUcaxTvAkDhwySYnmIwNAJDN/xWQAEog2oVVMCO78yYvQOq25Ts29PavWr4o4yugQHaET5KJzVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHrLVkFTP76I+szx8aHJam</latexit><latexit sha1_base64="RN+JzqHnPj2Z8SiNIEul0o87VaY=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclEUE3QtGNywr2Am0IJ5NJO3YyCTMToYS68VXcuFDErW/hzrdx2mahrT8MfPznHM6cP0g5U9pxvq3S0vLK6lp5vbKxubW9Y+/utVSSSUKbJOGJ7ASgKGeCNjXTnHZSSSEOOG0Hw+tJvf1ApWKJuNOjlHox9AWLGAFtLN8+6AFPB+Dn992hN8aXOCzQt6tOzZkKL4JbQBUVavj2Vy9MSBZToQkHpbquk2ovB6kZ4XRc6WWKpkCG0KddgwJiqrx8esEYHxsnxFEizRMaT93fEznESo3iwHTGoAdqvjYx/6t1Mx1deDkTaaapILNFUcaxTvAkDhwySYnmIwNAJDN/xWQAEog2oVVMCO78yYvQOq25Ts29PavWr4o4yugQHaET5KJzVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHrLVkFTP76I+szx8aHJam</latexit>
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Figure 6.7: Alternate convex relaxations of the ReLU non-linearity.

using the triangle relaxation. Consider instead a relaxation like the one shown in Fig. 6.7, whose
predicate is given by

g(zj, ẑj) :=
∧
k

( zj[k] ≥ αj[k]ẑj[k] ∧ zj[k] ≤ dj[k](ẑj[k] − lj[k]) ) . (6.23)

Unlike the triangle relaxation which is specified with two lower bounds and a single upper bound,
this type of relaxation is given by a single upper bound and a single lower bound. The term
αj[k] ∈ [0, 1] determines the slope of the lower bound. Again from (5.1), the recursive relation given
by this predicate can be written as

ẑi+1 = Wizi + bi , for i = 1, ..., K − 1

Aj ẑj � zj � Dj(ẑj − lj), for j = 2, ..., K − 1.
(6.24)

The matrices Dj, Aj are diagonal, so Dj = diag(dj) and Aj = diag(αj) .
Unlike the triangle relaxation, the fact that we use only one upper bound and one lower bound

allows us to compute an over-approximation of fθ(B) without using LP solvers, which is much
faster in practice, but at the expense of an approximation that is less tight. For a given input set B,
using predicate (6.23), it can be shown that for any ẑj+1, j = 1, ..., K − 1 in (5.1) and z1 ∈ B, there
exist two affine functions fLj+1(z1) and fUj+1(z1) such that

ML
j z1 + hLj + tLj = fLj+1(z1) � ẑj+1 � fUj+1(z1) = MU

j z1 + hUj + tUj , (6.25)

with ML
j ,M

U
j ∈ Rnj×n1 and hLj , h

U
j , t

L
j , t

U
j ∈ Rnj . Denote for any real matrix M ,

M
∣∣
+

= (M > 0)�M
M
∣∣
− = (M < 0)�M

to be the operators that return the positive and negative entries of their argument, where � is the
Hadamard (element-wise) product. For c = {L,U}, the terms in (6.25) have the relationship

M c
j = Scj,1

Scj,k = Kc
j,kWk

Scj,j = Wj

hcj = bj +

j−1∑
k=1

Kc
j,kbk

KU
j,k = (SUj,k+1

∣∣∣
+
Dk+1 + SUj,k+1

∣∣∣
−
Ak+1)

KL
j,k = (SLj,k+1

∣∣∣
+
Ak+1 + SLj,k+1

∣∣∣
−
Dk+1)

tcj =

j−1∑
k=1

Lcj,klk+1

LUj,k = SUj,k+1

∣∣∣
+
Dk+1

LLj,k = SLj,k+1

∣∣∣
−
Dk+1.

(6.26)
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To see why relationships (6.25) and (6.26) hold, assume that for some layer we have all
preceding lower and upper bounds lj and uj , and preceding diagonal matrices Dj and Aj . Starting
from ẑj+1 = Wjzj + bj , we can derive an upper bound in terms of zj−1 by following these steps:

ẑj+1 = Wjzj + bj (6.27)

ẑj+1 = Wj

∣∣∣
+
zj +Wj

∣∣∣
−
zj + bj (6.28)

Aj ẑj � zj � Dj(ẑj − lj) → ẑj+1 � Wj

∣∣∣
+
Dj(ẑj − lj) +Wj

∣∣∣
−
Aj ẑj + bj (6.29)

ẑj+1 � (Wj

∣∣∣
+
Dj +Wj

∣∣∣
−
Aj)ẑj + bj −Wj

∣∣∣
+
Djlj (6.30)

ẑj+1 � Kj−1ẑj + bj − Lj−1lj (6.31)
ẑj = Wj−1zj−1 + bj−1 → ẑj+1 � Kj−1Wj−1zj−1 +Kj−1bj−1 + bj − Lj−1lj . (6.32)

In (6.28) we separate the weight matrix into its positive and negative components. In (6.29) using
the convex relaxation from (6.24), we can find an upper bound for ẑj+1 by multiplying the upper
bound with the positive component of the weight matrix, and the lower bound with the negative
component of the weight matrix. In (6.30) and (6.31) we rearrange and relabel some terms. Finally,
in (6.32) we substitute ẑj in terms of zj−1. Noting that the right-hand side of the last inequality
follows the same pattern as the right-hand side of (6.27) (i.e. we have Kj−1Wj−1 instead of Wj ,
and Kj−1bj−1 + bj − Lj−1lj instead of bj), we can repeat this entire procedure until we have ẑj+1

bounded in terms of z1, obtaining (6.25) as a result. Lastly, deriving the lower bound for ẑj+1 in
terms of zj−1 follows the same procedure, with the exception that the terms multiplying Wj

∣∣
+

and
Wj

∣∣
− are reversed.
Computing the bound rates in (6.18) follows the same progression as in Sec. 6.3. However,

the rates must be computed using the relations shown in (6.26). For our experiments that we show
in the next section we assumed the lower bound’s slope to be the same as the upper bound’s, that
is αj[k] = dj[k] for all j, k. This type of relaxation we will denote as parallel relaxation, which
corresponds to the middle plot in Fig. 6.7.

6.6 Experiments
In this section, we present the experimental results obtained on a set of benchmark verification tasks.
As a baseline, we compare against the input-output gradient-based method discussed at the end of
Sec. 6.2. The first half of the experiments are based on the triangle relaxation. The second half are
based on the parallel relaxation. In the last section we discuss the impact of the choice of relaxation.

Airborne Collision Avoidance System Verification
The ACAS benchmark verification task comprises a set of ten properties φ1:10 to be checked on a
subset of 45 feedforward ReLU networks. All of the neural networks have the same architecture,
with 5 inputs, 5 outputs and 6 hidden layers with 50 neurons each. The five inputs represent a
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<latexit sha1_base64="n0/qoA4jrGcQheziI1jg2m2gWSA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkyO7PMzEbCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jEo1wzpTQulWRA0KLrFuuRXYSjTSOBLYjEZ3M785Rm24ko92kmAY04Hkfc6odVJz3M3Uk5x2S2W/4s9BVkmQkzLkqHVLX52eYmmM0jJBjWkHfmLDjGrLmcBpsZMaTCgb0QG2HZU0RhNm83On5NwpPdJX2pW0ZK7+nshobMwkjlxnTO3QLHsz8T+vndr+TZhxmaQWJVss6qeCWEVmv5Me18ismDhCmebuVsKGVFNmXUJFF0Kw/PIqaVxWAr8SPFyVq7d5HAU4hTO4gACuoQr3UIM6MBjBM7zCm5d4L96797FoXfPymRP4A+/zB9VSj+E=</latexit><latexit sha1_base64="n0/qoA4jrGcQheziI1jg2m2gWSA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkyO7PMzEbCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jEo1wzpTQulWRA0KLrFuuRXYSjTSOBLYjEZ3M785Rm24ko92kmAY04Hkfc6odVJz3M3Uk5x2S2W/4s9BVkmQkzLkqHVLX52eYmmM0jJBjWkHfmLDjGrLmcBpsZMaTCgb0QG2HZU0RhNm83On5NwpPdJX2pW0ZK7+nshobMwkjlxnTO3QLHsz8T+vndr+TZhxmaQWJVss6qeCWEVmv5Me18ismDhCmebuVsKGVFNmXUJFF0Kw/PIqaVxWAr8SPFyVq7d5HAU4hTO4gACuoQr3UIM6MBjBM7zCm5d4L96797FoXfPymRP4A+/zB9VSj+E=</latexit><latexit sha1_base64="n0/qoA4jrGcQheziI1jg2m2gWSA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkyO7PMzEbCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jEo1wzpTQulWRA0KLrFuuRXYSjTSOBLYjEZ3M785Rm24ko92kmAY04Hkfc6odVJz3M3Uk5x2S2W/4s9BVkmQkzLkqHVLX52eYmmM0jJBjWkHfmLDjGrLmcBpsZMaTCgb0QG2HZU0RhNm83On5NwpPdJX2pW0ZK7+nshobMwkjlxnTO3QLHsz8T+vndr+TZhxmaQWJVss6qeCWEVmv5Me18ismDhCmebuVsKGVFNmXUJFF0Kw/PIqaVxWAr8SPFyVq7d5HAU4hTO4gACuoQr3UIM6MBjBM7zCm5d4L96797FoXfPymRP4A+/zB9VSj+E=</latexit><latexit sha1_base64="n0/qoA4jrGcQheziI1jg2m2gWSA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJJxkyO7PMzEbCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jEo1wzpTQulWRA0KLrFuuRXYSjTSOBLYjEZ3M785Rm24ko92kmAY04Hkfc6odVJz3M3Uk5x2S2W/4s9BVkmQkzLkqHVLX52eYmmM0jJBjWkHfmLDjGrLmcBpsZMaTCgb0QG2HZU0RhNm83On5NwpPdJX2pW0ZK7+nshobMwkjlxnTO3QLHsz8T+vndr+TZhxmaQWJVss6qeCWEVmv5Me18ismDhCmebuVsKGVFNmXUJFF0Kw/PIqaVxWAr8SPFyVq7d5HAU4hTO4gACuoQr3UIM6MBjBM7zCm5d4L96797FoXfPymRP4A+/zB9VSj+E=</latexit>

vint
<latexit sha1_base64="txHt/5uIMNWoyQrgIG1v025BljE=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4A2lMl00g6dTMLMTaGEfoQbF4q49Xvc+TdO2yy09cDA4Zx7mXtOmEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj+7nfnnBtRKKecJryIKZDJSLBKFqpPennQuGs71a9mrcAWSd+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOSzSi8zPKVsTIe8a6miMTdBvjh3Ri6sMiBRou1TSBbq742cxsZM49BOxhRHZtWbi/953Qyj28AGSjPkii0/ijJJMCHz7GQgNGcop5ZQpoW9lbAR1ZShbahiS/BXI6+T1lXN92r+43W1flfUUYYzOIdL8OEG6vAADWgCgzE8wyu8Oanz4rw7H8vRklPsnMIfOJ8/x5CP2A==</latexit><latexit sha1_base64="txHt/5uIMNWoyQrgIG1v025BljE=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4A2lMl00g6dTMLMTaGEfoQbF4q49Xvc+TdO2yy09cDA4Zx7mXtOmEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj+7nfnnBtRKKecJryIKZDJSLBKFqpPennQuGs71a9mrcAWSd+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOSzSi8zPKVsTIe8a6miMTdBvjh3Ri6sMiBRou1TSBbq742cxsZM49BOxhRHZtWbi/953Qyj28AGSjPkii0/ijJJMCHz7GQgNGcop5ZQpoW9lbAR1ZShbahiS/BXI6+T1lXN92r+43W1flfUUYYzOIdL8OEG6vAADWgCgzE8wyu8Oanz4rw7H8vRklPsnMIfOJ8/x5CP2A==</latexit><latexit sha1_base64="txHt/5uIMNWoyQrgIG1v025BljE=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4A2lMl00g6dTMLMTaGEfoQbF4q49Xvc+TdO2yy09cDA4Zx7mXtOmEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj+7nfnnBtRKKecJryIKZDJSLBKFqpPennQuGs71a9mrcAWSd+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOSzSi8zPKVsTIe8a6miMTdBvjh3Ri6sMiBRou1TSBbq742cxsZM49BOxhRHZtWbi/953Qyj28AGSjPkii0/ijJJMCHz7GQgNGcop5ZQpoW9lbAR1ZShbahiS/BXI6+T1lXN92r+43W1flfUUYYzOIdL8OEG6vAADWgCgzE8wyu8Oanz4rw7H8vRklPsnMIfOJ8/x5CP2A==</latexit><latexit sha1_base64="txHt/5uIMNWoyQrgIG1v025BljE=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiQi6LLoxmUF+4A2lMl00g6dTMLMTaGEfoQbF4q49Xvc+TdO2yy09cDA4Zx7mXtOmEph0PO+ndLG5tb2Tnm3srd/cHjkHp+0TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj+7nfnnBtRKKecJryIKZDJSLBKFqpPennQuGs71a9mrcAWSd+QapQoNF3v3qDhGUxV8gkNabreykGOdUomOSzSi8zPKVsTIe8a6miMTdBvjh3Ri6sMiBRou1TSBbq742cxsZM49BOxhRHZtWbi/953Qyj28AGSjPkii0/ijJJMCHz7GQgNGcop5ZQpoW9lbAR1ZShbahiS/BXI6+T1lXN92r+43W1flfUUYYzOIdL8OEG6vAADWgCgzE8wyu8Oanz4rw7H8vRklPsnMIfOJ8/x5CP2A==</latexit>

⇢
<latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit><latexit sha1_base64="PjOC8f12GtePOBgdPx3dJet4XJk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtpoBM1rDf8pj8HWiVBSRpQoj2sfw1GimSCSks4NqYf+KkNc6wtI5zOaoPM0BSTCR7TvqMSC2rCfH7rDJ05ZYRipV1Ji+bq74kcC2OmInKdAtvELHuF+J/Xz2x8HeZMppmlkiwWxRlHVqHicTRimhLLp45gopm7FZEEa0ysi6fmQgiWX14l3Ytm4DeD+8tG66aMowoncArnEMAVtOAO2tABAgk8wyu8ecJ78d69j0VrxStnjuEPvM8fH6yORw==</latexit>

Figure 6.8: Visualization of what an input set B might look like for the ACAS benchmark. Here the set is two
dimensional, and captures a range of possible headings for both the ownship and the intruder.

specific configuration between two aircraft, one which is denoted as the ownship, and the other as
the intruder. The inputs are ρ (distance between aircraft), θ (heading angle of ownship), ψ (heading
angle of intruder), vown (speed of ownship) and vint (speed of intruder). The output corresponds
to five scalars: COC (Clear of Conflict), weak left, weak right, strong left and strong right. The
output with the greatest value is the advice action for the ownship. The properties φ1:10 specify a
box-shaped subset B in the input space and the set S in the output space. A property is said to be
unsatisfied for a given network if (5.2) is true, otherwise the network satisfies the property. For
convenience we make it explicit in the following statement,

φ is unsatisfied ⇐⇒ fθ(B) ∩ S = ∅. (6.33)

Details for each property are given in Appx. A. For further details on this benchmark we direct the
reader to [43]. Figure 6.8 depicts an instance of the input set B for this type of verification problem.

The utility of verification in this setting is clear: there exist certain relative configurations
between aircraft which should never (or always) violate certain specifications. In Fig. 6.8 for
example, if the range of headings is small it should never be the case that the advisory be COC, since
both aircraft are headed for collision. The ACAS benchmark defines a set of relative configurations
for which the appropriate (or inappropriate) advisory is known a priori. Verification then ensures
that the network behaves as expected under those known circumstances.

Experimental Details
There are a few technical aspects that need to be clarified before proceeding to the results. In our
implementation, we did not use any form of parallelism, even though this approach can be readily
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�3
<latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit>

�4
<latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit>

�5
<latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit>

�7
<latexit sha1_base64="dgkkqUhHy0+F9yjBUSXJC3jZ+iQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoP15X6bR5HEc7gHC7BgxrU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8LX4/1</latexit><latexit sha1_base64="dgkkqUhHy0+F9yjBUSXJC3jZ+iQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoP15X6bR5HEc7gHC7BgxrU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8LX4/1</latexit><latexit sha1_base64="dgkkqUhHy0+F9yjBUSXJC3jZ+iQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoP15X6bR5HEc7gHC7BgxrU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8LX4/1</latexit><latexit sha1_base64="dgkkqUhHy0+F9yjBUSXJC3jZ+iQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoP15X6bR5HEc7gHC7BgxrU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8LX4/1</latexit>

�8
<latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit>

!

!!
0 0 0 0 0

�9
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Figure 6.9: Horizontal histograms displaying the number of branches of each length generated by each type of splitting
procedure. Each pair of histograms is normalized with the maximum branch length reached for that specific property.
For histograms where timeouts occur we do not report the average tree depth, since the associated tree has not finished
growing. For property 2 we do report the average tree depth only for networks that could be verified by both IOG and
BE procedures.

extended to a parallel implementation similar to [92]. Each individual network to be verified was
given a maximum execution time of 3 hours, at which point the verification function halts and
a timeout flag is returned. All verification tasks were performed on a 12 core, 64-bit machine
with Intel Core i7-5820K CPUs @ 3.30GHz. All code was written in Python using the Gurobi
optimization package.

Comparison of Splitting Procedures for the Triangle Relaxation
In this section, we provide a side-by-side comparison between input-output gradient-based splits (IOG)
and splits generated by our approach based on shadow prices and bound estimation (BE). In this
section we employ the triangle relaxation to compute over-approximations.

Table 6.1 shows the verification results for each of the 10 properties. The first column enumerates
the properties and the second column shows the number of networks the property was tested against.
The third and fifth columns show the verification results, which can either be unsatisfied, satisfied
or timeout, for the IOG and BE-based splits, respectively. Columns four and six show the average
depth for the binary trees generated during the verification procedures. When timeouts occurred, we
did not report the average depth and standard deviations, as they are misleading metrics representing
partially built binary trees, the only exception being property 21, for which 30 networks were able

1Similar to [92], we omit networks {N4,2, N5,3}.
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φ # NNs
IOG BE (Ours)

U/S/T Search depth U/S/T Search depth
1 45 45/0/0 7.22± 2.11 45/0/0 6.79± 1.90
2 34 0/30/4 17.87± 9.00∗ 0/32/2 14.29± 7.94∗

3 42 42/0/0 4.96± 2.50 42/0/0 2.03± 1.49
4 42 42/0/0 0.92± 1.13 42/0/0 0.85± 1.03
5 1 1/0/0 10.5± 3.65 1/0/0 9.25± 2.79
6 1 0/0/1 N/A 1/0/0 10.1± 2.48
7 1 0/0/1 N/A 0/0/1 N/A
8 1 0/1/0 24.1± 13.40 0/1/0 18.33± 10.05
9 1 1/0/0 9.53± 1.47 1/0/0 9.09± 1.47
10 1 1/0/0 5.96± 0.80 1/0/0 5.34± 0.89

Table 6.1: Verification results (U: unsatisfied. S: satisfied. T: timeout) and search depth (mean ± standard deviation) for
all properties of the ACAS benchmark. These results show that our approach validates the properties as well as, or
better than, IOG – even with a reduced search depth. We use ∗ in property 2 to denote that the comparison is only for
networks where neither IOG nor BE procedures had a timeout.

to be verified by both IOG and BE procedures2.
The horizontal histograms in Fig. 6.9 depict the number of branches (horizontal axis) of a

specific depth (vertical axis) for the binary trees generated by the verification tasks. For each
histogram, the distribution on the left (green) corresponds to the distribution generated by BE-based
splitting. The distributions on the right (blue) correspond to IOG-based splits. The dashed red
line in each plot shows the average depth, which is reported in Table 6.1. In cases where timeouts
occurred for either type of procedure we include an exclamation mark.

Table 6.3 shows a few other metrics from the verification tasks. The first two columns are the
same as Tbl. 6.1. Columns three and four show the exact number of nodes that were generated
during verification of each task. The fifth column shows the ratio of times between BE-based splits
and IOG-based splits for a given verification task. Values above 1.0 imply a strict improvement of
BE-splits over IOG-splits. In cases where timeouts occurred we include an asterisk symbol.

2IOG timeouts: networks {N3,3, N3,4, N3,8, N4,9}. BE timeouts: networks {N3,3, N4,9}.
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φ # NNs
# Nodes

tIOG/tBEIOG BE
1 45 5241 4541 1.145
2 34∗ 799† 553† 1.146†
3 43 464 164 2.770
4 43 84 82 1.085
5 1 491 369 1.140
6 1∗ >1808* 1210 >1.466*
7 1∗ >1269* >983* 1.0*
8 1 95 245 0.823
9 1 947 737 1.264

10 1 105 63 1.297

Table 6.2: Number of nodes for the two split mechanisms (smaller is better) and the ratio of computational time for the
two methods. We can see that for 8 out of 10 properties our approach (BE) reduces the number of nodes generated, as
well as the computational time. ∗ indicates that some verification did not complete within the allocated time. We use †

in property 2 to denote that the comparison is only for networks where neither IOG nor BE procedures had a timeout.

Property (U, S, T)
IOG BE (Ours)

tIOG/tBEavg. depth tIOG [sec] avg. depth tBE [sec]
φ1 (45,0,0) 10.41± 2.73 3781 9.47± 2.27 2824 x1.34
φ2 (0,33,1) 8.31± 2.96 153 5.82± 2.5 68 x2.25
φ3 (42,0,0) 7.87± 2.48 482 5.27± 1.87 178 x2.7
φ4 (42,0,0) 4.64± 2.33 88 3.14± 1.41 59 x1.5
φ5 (1,0,0) 11.01± 1.62 773 10.61± 1.64 576 x1.34
φ6.1 (1,0,0) 12.84± 2.46 1694 12.56± 2.30 1606 x1.05
φ6.2 (1,0,0) 17.67± 4.01 6953 15.62± 3.36 4470 x1.5
φ8 (0,1,0) 12.21± 0.77 1802 12.97± 1.00 3242 x0.56
φ9 (1,0,0) 11.59± 1.41 1335 10.90± 1.25 870 x1.53
φ10 (1,0,0) 10.33± 1.73 328 9.84± 1.52 282 x1.16

Table 6.3: Verification results (U: unsatisfied. S: satisfied. T: timeout) and search depth (mean ± standard deviation) for
all properties of the ACAS benchmark. Except for property 8, BE-based splits outperform IOG-based splits in all tasks.
Property 7 is omitted since both heuristics timed out.

Comparison of Splitting Procedures for the Parallel Relaxation
In the previous section we compared IOG-based splits vs BE-based splits under the triangle
relaxation. In this section we repeat the same experiments but using the parallel relaxation. In Fig.
6.10 we show the average over all the trees generated for each of the verified ACAS properties. We
omit property 7 since it timed-out for both heuristics.

In Table 6.3 we show the average depth of the binary trees generated during verification, and the
corresponding computational time. Except for property 8, BE-based splits outperforms IOG-based
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<latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit><latexit sha1_base64="Nt3dbhURGps0a4/bv3m3OEP85RA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5atarnVr2Hq0r9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8Dxo/w</latexit>

�3
<latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit><latexit sha1_base64="R4xNP6wsvvsMyOM67/zprDUovkU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Oe2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPV5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ABUuP8Q==</latexit>

�4
<latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit><latexit sha1_base64="IotIDwYKI9aA2WnkORFvEDeGcuk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuiuGNnwmVpMgVWy4KU0kwJvPnyUBozlBOLaFMC3srYSOqKUMbUcmG4K2+vE5aV1XPrXoPtUr9No+jCGdwDpfgwTXU4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8G0I/y</latexit>

�5
<latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit><latexit sha1_base64="6f21xegA1d3jzzEx3ep+3UZgUsQ=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0s0l3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGdzO/9cS1EbF6xEnC/YgOlAgFo2ildjcZil52Ne2VK27VnYOsEi8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5NNSNzU8oWxEB7xjqaIRN342v3dKzqzSJ2GsbSkkc/X3REYjYyZRYDsjikOz7M3E/7xOiuGNnwmVpMgVWywKU0kwJrPnSV9ozlBOLKFMC3srYUOqKUMbUcmG4C2/vEqaF1XPrXoPl5XabR5HEU7gFM7Bg2uowT3UoQEMJDzDK7w5Y+fFeXc+Fq0FJ585hj9wPn8ACFWP8w==</latexit>12 9 16

0 0 0
�8

<latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit><latexit sha1_base64="vAV4tauc5cE+iuFnPxs20oRjMD8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeiF48V7Ae0oWy2m3bpZpPuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z++4lrI2L1iNOE+xEdKhEKRtFKnV4yEv2sNuuXK27VXYCsEy8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrqaIRN362uHdGLqwyIGGsbSkkC/X3REYjY6ZRYDsjiiOz6s3F/7xuimHNz4RKUuSKLReFqSQYk/nzZCA0ZyinllCmhb2VsBHVlKGNqGRD8FZfXietq6rnVr2H60r9No+jCGdwDpfgwQ3U4R4a0AQGEp7hFd6cifPivDsfy9aCk8+cwh84nz8M5I/2</latexit>

�9
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Figure 6.10: Experiments on ACAS: horizontal histograms displaying the number of branches of each length generated
by each type of splitting procedure. Each pair of histograms is normalized with the maximum branch length reached for
that specific property. φ7 timed out for both splitting criteria.

splits in all verification tasks were neither timed out. From these results, we see that splitting based
on shadow price information can produce speed-up gains of up to ×2.7, as seen in property φ3, and
only for one property (φ8) we observe a decrease in computational performance.

Discussion on the Choice of Relaxation
In the previous sections we explored how BE-based splits affect verification performance in compar-
ison to IOG-based splits, under different convex relaxations. This section will be devoted to briefly
analyzing how the choice of relaxation affected the verification results.

Property
IOG (avg. depth) BE (avg. depth)

triangle parallel triangle parallel
φ1 7.22± 2.11 10.41± 2.73 6.79± 1.90 9.47± 2.27
φ3 4.96± 2.50 7.87± 2.48 2.03± 1.49 5.27± 1.87
φ4 0.92± 1.13 4.64± 2.33 0.85± 1.03 3.14± 1.41
φ5 10.5± 3.65 11.01± 1.62 9.25± 2.79 10.61± 1.64
φ9 9.53± 1.47 11.59± 1.41 9.09± 1.47 10.90± 1.25
φ10 5.96± 0.80 10.33± 1.73 5.34± 0.89 9.84± 1.52

Table 6.4: Side-by-side comparison of the average three depth depending on the type of relaxation used. The comparison
is made only for a subset of the properties for which it is known that the intersection of the image and the output set is
empty.

Table 6.4 corroborates our intuition that the triangle relaxation should always result in verification
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trees that are shallower than the parallel relaxation. Yet, despite this result, verification on the ACAS
benchmark is much faster using parallel relaxations than triangle relaxations. The reason for that
is that parallel relaxations do not require computing LPs for every node. While the results for the
triangle relaxation in the experimental section only show relative speed between BE- and IOG-based
splits, the overall time for verifying a single network is in the order of 2 hours. In contrast, verifying
a network using the parallel relaxation as shown in Tbl. 6.3 can take less than 10 minutes in many
cases.

6.7 Chapter Summary
In this chapter we introduced the concept of convex relaxations of the ReLU network in order to
over-approximate fθ(B). We then introduced an algorithm capable of verifying ReLU networks
by repeatedly splitting the input set into smaller and smaller regions. However, deciding how to
split the input set is non-trivial. Therefore, we introduced a heuristic based on shadow prices which
estimates how different splits will affect all intermediate upper and lower bounds in the network.
In the experimental section we compare how this heuristic compares to alternate heuristics on the
ACAS verification benchmark. Our results show that using shadow prices to determine splitting
decisions works best in practice. Finally, we provide a comparison between the triangle and parallel
relaxation for verification.
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Chapter 7

Conclusion

The overarching goal of this dissertation has been to provide a new set of tools for assured autonomy
of safety-critical and learning-enabled systems. In the first half of the thesis we provided two
approaches for guaranteeing safety in high-dimensional dynamical models using neural networks to
approximate the optimal policy or value function for the reachability problem. Our experiments
indicated that the resulting reachable sets are accurate in practice despite the limitations posed
by the use of function approximators. In the second part of the thesis we introduced the veri-
fication problem for ReLU networks and provided an algorithm capable of solving it by using
over-approximations and iterative refinements. We saw that the refinements require the choice
of a splitting heuristic which we based on shadow price metrics. Our experimental results show
that the use of shadow prices enables faster verification than other state-of-the-art heuristics for
refinement-based verification.

7.1 Next Steps in Assured Autonomy of Safety-Critical
Systems

In Ch. 4 we were able to connect the concepts of reachability theory and reinforcement learning
into a safety learning framework. However, current safety learning tools, unlike some existing
reinforcement learning techniques, are not able to incorporate high-dimensional observations such
as images into their analysis. One of the main challenges will be how to define implicit surface
functions for problems with high-dimensional observations. The space of images, for instance, is
too large and complex for implicit surface functions to be defined over it. There exist approaches in
reinforcement learning which use projections into low-dimensional latent spaces to make problems
more tractable. Following this idea, and interesting direction would be to learn implicit surface
functions in latent spaces.

Another interesting research direction would consist in finding function approximators for the
safety learning problem which posses some form of convergence or error guarantees. The value
function computed using Q-networks presented in Ch. 4 is neither an over-approximation or an
under-approximation of the true value function. While simulation can be used to get a conservative
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approximation of the true value, it would be convenient to use function approximators which can
directly provide (conservative) information about the value of states.

7.2 Next Steps in Assured Autonomy of Learning-Enabled
Systems

While Ch. 6 provided a useful framework for verifying neural networks, verification is ultimately
a very challenging problem due to its NP-Complete computational complexity. As we saw by
comparing the triangle and the parallel relaxations side-by-side, there is often a worthwhile trade-off
between approximation accuracy and speed when dealing with verification problems. Trade-offs
of this form might be useful outside of verification, however. In particular, when training neural
networks, adding some structure to the weights and biases to ease the cost of verification at the
expense of a small reduction in performance might be well worth it.

Along these same lines, it might also prove fruitful to investigate probabilistic or statistical
guarantees rather than absolute ones of the type provided in this thesis. Sampling large quantities
of inputs can be done very fast, which might allow for cheap-to-compute probabilistic over-
approximations. While the types of guarantees would be weaker due to their inherent probabilistic
nature, for many applications high-confidence guarantees might be more than enough.
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Appendix A

ACAS Properties

Here we list the set of properties to be verified in the ACAS benchmark.

Property φ1:
• Description: If the intruder is distant and is significantly slower than the ownship, the score of a

COC advisory will always be below a certain fixed threshold.
• Tested on: all 45 networks.
• Input constraints: ρ ≥ 55947.691, vown ≥ 1145, vint ≤ 60.
• Desired output property: the score for COC is at most 1500.

Property φ2:
• Description: If the intruder is distant and is significantly slower than the ownship, the score of a

COC advisory will never be maximal.
• Tested on: Nx,y for all x ≥ 2 and for all y, except N4,2 and N5,3.
• Input constraints: ρ ≥ 55947.691, vown ≥ 1145, vint ≤ 60.
• Desired output property: the score for COC is not the maximal score.

Property φ3:
• Description: If the intruder is directly ahead and is moving towards the ownship, the score for

COC will not be minimal.
• Tested on: all networks except N1,7, N1,8, and N1,9.
• Input constraints: 1500 ≤ ρ ≤ 1800, −0.06 ≤ θ ≤ 0.06, ψ ≥ 3.10, vown ≥ 980, vint ≥ 960.
• Desired output property: the score for COC is not the minimal score.

Property φ4:
• Description: If the intruder is directly ahead and is moving away from the ownship but at a lower

speed than that of the ownship, the score for COC will not be minimal.
• Tested on: all networks except N1,7, N1,8, and N1,9.
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• Input constraints: 1500 ≤ ρ ≤ 1800, −0.06 ≤ θ ≤ 0.06, ψ = 0, vown ≥ 1000, 700 ≤ vint ≤
800.
• Desired output property: the score for COC is not the minimal score.

Property φ5:
• Description: If the intruder is near and approaching from the left, the network advises “strong

right”.
• Tested on: N1,1.
• Input constraints: 250 ≤ ρ ≤ 400, 0.2 ≤ θ ≤ 0.4, −3.141592 ≤ ψ ≤ −3.141592 + 0.005,

100 ≤ vown ≤ 400, 0 ≤ vint ≤ 400.
• Desired output property: the score for “strong right” is the minimal score.

Property φ6:
• Description: If the intruder is sufficiently far away, the network advises COC.
• Tested on: N1,1.
• Input constraints: 12000 ≤ ρ ≤ 62000, (0.7 ≤ θ ≤ 3.141592) ∨ (−3.141592 ≤ θ ≤ −0.7),
−3.141592 ≤ ψ ≤ −3.141592 + 0.005, 100 ≤ vown ≤ 1200, 0 ≤ vint ≤ 1200.
• Desired output property: the score for COC is the minimal score.

Property φ7:
• Description: If vertical separation is large, the network will never advise a strong turn.
• Tested on: N1,9.
• Input constraints: 0 ≤ ρ ≤ 60760, −3.141592 ≤ θ ≤ 3.141592, −3.141592 ≤ ψ ≤ 3.141592,

100 ≤ vown ≤ 1200, 0 ≤ vint ≤ 1200.
• Desired output property: the scores for “strong right” and “strong left” are never the minimal

scores.

Property φ8:
• Description: For a large vertical separation and a previous “weak left” advisory, the network

will either output COC or continue advising “weak left”.
• Tested on: N2,9.
• Input constraints: 0 ≤ ρ ≤ 60760, −3.141592 ≤ θ ≤ −0.75 · 3.141592, −0.1 ≤ ψ ≤ 0.1,

600 ≤ vown ≤ 1200, 600 ≤ vint ≤ 1200.
• Desired output property: the score for “weak left” is minimal or the score for COC is minimal.

Property φ9:
• Description: Even if the previous advisory was “weak right”, the presence of a nearby intruder

will cause the network to output a “strong left” advisory instead.
• Tested on: N3,3.
• Input constraints: 2000 ≤ ρ ≤ 7000, −0.4 ≤ θ ≤ −0.14, −3.141592 ≤ ψ ≤ −3.141592 +

0.01, 100 ≤ vown ≤ 150, 0 ≤ vint ≤ 150.
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• Desired output property: the score for “strong left” is minimal.

Property φ10:
• Description: For a far away intruder, the network advises COC.
• Tested on: N4,5.
• Input constraints: 36000 ≤ ρ ≤ 60760, 0.7 ≤ θ ≤ 3.141592, −3.141592 ≤ ψ ≤ −3.141592 +

0.01, 900 ≤ vown ≤ 1200, 600 ≤ vint ≤ 1200.
• Desired output property: the score for COC is minimal.
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