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ABSTRACT 

v 

A general method has been developed for calculating Bragg 

curves, flux curves, and energy spectra resulting from beams of high 

energy, heavy ions incident on an arbitrary target. The method takes 

into account the processes of energy loss from both electronic and 

nuclear elastic collisions, nuclear attenuation, small-angle multiple 

scattering, and straggling, as well as effects due to initial energy 

and angular spreads of the beam. 

Calculations are made for ions of various atomic numbers 

incident on diffe rent targets. It is found that for "a given range in a 

particular target, the ·peak-to-plateau dose ratio goes through a 

maximum as the atomic number of the incident ions increases. 

Similarly, the Bragg peak full-width at half-maximum goes through 

a minimum. 

Anothe r significant result is that for a given particle range, 

the average energy per nucleon at the Bragg peak is nearly independ

ent of the bombarding ion, and also of the target material. 

The calculated results agree very well with expe rimental data 

for most cases in which secondary-particle production is of minor 

importance. In addition, even when secondaries are a large contrib

uting factor, the method yields valuable information regarding the 

variation in energy deposition with the atomic number of the penetra-



ting pa:-ticle s. 

The calculated results are found to be quite sensitive to the 

degree of angular and energy spreading of the initial beam.. 
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1. INTRODUCTION 

The geometry considered is that of a beam of monoenergetic 

particles incident ona slab of material whose transverse dimensions 

are large compared to both the beam dimensions and the depth of 

penetration of the beam. As these particles traverse the medium, 

they lose ene rgy through a variety of proces ses, the predominant 

ones being ionization energy loss, nuclear interactions, and small

angle multiple scattering. Other processes, including large-angle 

Coulomb scattering and elastic nuclear scattering are usually of 

secondary importance when the initial energy of the beam particles is 

significantly greater than a few MeV per amu. 

A. Energy Loss 

The energy loss of a beam of ions re suits primarily from many 

collisions between the beam ions and the electrons of the medium, 

causing a net transfer of energy to the medium. This process is 

referred to as ionization energy los s. 

Although there are many facets to the highly complex proces s of 

charge exchange and ionization energy los s, a wealth of experimental 

evidence exists which backs up a great deal of theoretical worlc:. 

Consequently, very good estimates are available for the rate of 

ionization energy loss of many ions in many different materials. The 

state of knowledge with regard to heavy-ion ionization energy loss has 

been summarized by Northcliffe. 1 

B. Nuclear Interactions 

At very high particle energies, nuclear reactions can play an 

important role in the energy loss process. A great many different 

reactions occur, and the total process is exceedingly complex. In some 

of the collision processes, many different secondary particles can be 

produced, and each of these will give up energy to the medium by the 

1 



prucesses of ionization loss (charged particles only) and nuclear 

inte raction (all particle s ). 

The total cross section for nuclear interactions is known reason-

ably well over ITlost energies of interest in this work. FroITl this, 

attenuation factors can be calculated for the beaITl particles at all 

penetration distances. 

Although the effect of nuclear attenuation on the flux, dose, and 

V spectral curves is taken into account, the additional terITlS due to the 

() secondary particles produced by the nuclear interactions are neglected 

in this work. 

The proces s of elastic scattering of the beaITl ions by the nuclei 

of the target produces a sITlall fraction of the total energy deposition 

in certain regions of the ion energy, in the forITl of kinetic energy of 

the recoil target nuclei. This effect is included as a correction term 

in the ca1cu1ationof the total stopping power. 

In addition to this elastic process, both the incident ion and the 

target nucleus can be raised to an excited state during an interaction 

in which the two hodies do not actually ITlerge to produce a single 

compound nucleus. This effect is cOITlInon1y referred toas Cou10ITlb 

excitation, and as a result of such an interaction, each of the two 

bodies ITlay be raised as high as an MeV or two above their respective 

ground states. For the energies of interest in this work, the contri

bution from Coulomb excitation to the total stopping powei- is negligible 

(see Appendix E). 

C. Multiple Scatte ring 

The process of sITlall-ang1e ITlultip1e scattering leads to a 

divergence of the beaITl. As a result, the ITlean range of the particles 

decrease s sOITlewhat, and the range distribution is broadened. The 

basic scattering law is well known, so that it is possible to make 
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reasonably accurate estim.ates of the m.ultiple-scattering effects. 

D. Straggling, 

The process of ionization-energy loss occurs in discrete steps, 

rather than being continuous. This fact leads to the general concept 

of straggling, whereqy a giv~n particle energy does not correspond to 

a unique distance of travel. Instead, for a given distance of travel, 

there is a distribution of energies. Conversely, for a given particle 

energy, there is a distribution of distances of travel. This distribution 

is of param.ount im.portance in calculating Bragg curves . 

E. 'Other :processes 

Various other processes influence the passage of charged particles 

through m.atter. ,Most of them. are not significant frorn the standpoint 

of energy deposition, 2 and are m.entioned only to com.plete the picture. 

They include large-angle Rutherford scattering, energy transport via 
I , 

fast secondary electrons (6 -rays), and Ce renkov radiation. 

F. Previous Work 

The classical m.ethod of calculating Bragg curves is described by 

Evans. 3 This sim.ple m.ethod is based on the assum.ption that the 

processes of nuclear attenuation and m.ultiple scattering can be neglected, 

and that only range straggling need be considered. Although useful for 

low-energy beam.s, this m.ethod is of little utility for the present work, 

inasm.uch as for the beam.s of interest here, both nuclear interactions 

and m.ultiple scattering m.ust be considered. 

Other authors 4 , 5 have gone one step further by including the 

effects of multiple scattering along with range straggling. These 
( 

methods are not adequate for the present work for two reasons. First, 

they again do not treat nuclear interactions; in this work, we are 

concerned with beam.s of particles that are much heavie r than protons, 

3 



;:,nd which often have sufficient energy to cause a significant number 9f 

nuclear interactions to occur. Second, these methods are not 

applicable to very heavy ions, due to various assumptions made with 

respect to the multiple-s'cattering process. 
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II. BASIC EQUA TIONS 

A. Particle Number Density 

We first consider the problem of deriving an expression which 

describes the attenuation of a beam of particles as they traverse a 

medium. The beam particles are all assumed to have an initial energy 

E, to be perfectly collimated, and to strike the surface ,of the medium 
o 

with a direction parallel to the surface normal. The medium is 

assumed to be homogeneous, with tranverse dimensions large compared 

to, both the beam dimensions and the depth of penetration of the beam 

particles. 

The mepium ~sassumed to be characterized by a total nuclear.., 

reaction macroscopic eros s section :E(E) (in cm -1) and by a stopping 

power, or specific energy loss, ,f(E) (in MeV-cm 
2

/ g). The reaction 

cross section represents any and all nuclear reactions that remove 

particles from the beam. The functlon f(E) is the total energy given 

up to the medium due to interactions between the beam particles and 

the medium; E is the energy of the particles, in MeV per atomic 

mass unit. 

The path of the beam particles is characterized by the dimension 

s(E), which is defined as the mean distance tr'avelled by particles 

which have gone from an initial energy E to an energy E. 
o 

Consider 

those particles that have reached an energy E, denoted by the function 

N (E). In traversing an incremental distance, ~s, these particles 
e 

lose on the average an energy (per amu!) ~E; Since f(E) is the 

total energy lost by each particle in a unit distance of travel, then 

the relation between AE and As is 

AE/ ~s = f(E)/ Ap ' (1) 

5 



where A is the atomic weight of the beam particles. 
p 

For this group of particles, the fractional decrease in their 

numbers is going from E to E-~E is given by the macroscopic reaction 

cross section multiplied by the mean distance travelled in losing this 

energy. Thus, we have 

lilie 
~E) 

e 

Using Eqs. (1) and (2), we obtain 

L:(E) 
1), . f(E) 

dE, 

where we have taken the limit as ~E tends to zero. 

(2) . 

( 3) 

Equation (3) thus gives the fractional decrease in the number of 

particles in losing the increment of energy dE. Note that Eq. (3) is 

actually an operational definition of the total reaction cross section 

which is slightly different from the usual one given by Eq. (2). That 

is, ~(E) may be considered to be defined in terms of the stopping 

power function f(E) rather than in terms of a distance s. This subtle 

difference is due to the fact that statistical fluctuations, strictly speak

ing, invalidate the use of a relation of the type given by Eq. (2). In 

any event, we may regard Eq. (3) as the definition of ~(E) if we wish; 

in practice Eqs. (2) and (3) are equivalent, because cross 

values are known only approximately. 

section 

Integration of Eq. (3) yields the number density of a given 
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energy within the slab. 

Eo 

exp(-~ J [2:(E' /f{E')] dE'}, 
E 

.,' 

( 4) 

where N (E) 1S the number of incident particles, all of which have an 
. 0 0 

energy E . 
o 

Note that this expression for the number of particles surviving 

to an energy E is independent of any particular distance, but is instead 

a function only of the cross section and stopping power between the 

initial energy and the energy in question. 

The energy loss process is not a continuous one; that is, par

ticles lose energy in discrete steps, rather than continuously. Because 

of these fluctuations, and because of other processes which will be 

discussed later on~ a particular energy will correspond to a distribu-

... tion of path lengths, rather than to a unique value. 

1. Mean Path Length of Travel 

A very good approximation to the mean path length travelled by 

particles that have gOne from energy E to energy E is obtained by 
o 

direct integration of Eq. (1): 

s(E) 
Eo 

Ap J [l/f(E')] dE'. 
E 

( 5) 

2. A Limiting Case 

1£ the reaction eros s section is energy-independent, it may be 

, 7 



removed from under the integral sign in Eq. (4). 

EO 
{-~~ J [l/f(E / )] 

E 

By using Eq. (5), this becomes simply 

which is a well-known result. 

dEl}. 

B. Path-length Distribution 

Then, we have 

( 6) 

(7) 

Equation (4) give s the number of particles reaching energy E. 

To obtain an expression for the energy deposition and for the flux at 

a particular distance of travel s, we must relate the energy of an ion 

to its position. This is done Py defining a path-length distribution 

function as follows. 

For a group of particles, each with energy E, M(s, s)ds is the 

fraction of these particles that have travelled a distance s, where s,. 

the mean distance travelled, is given byEq. (5). 

Lewis 
6 

has shown that if the path-length distribution is a result 

of statistical fluctuations in the energy-loss proces s, then the distribu

tion function should be well represented by a Gaussian. Berger and 
7 

Seltzer have extended the study of the problem and show that the 

deviations from a Gaussian are negligible for nearly all cases of interest. 

It should be pointed out that the distribution function M should 

not be affected by the occurrence of nuclear interactions, provided 

that one is concerned only with the initial beam particles-as opposed to 
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nuclear secondaries. This can be argued by considering that the 

fractional decrease in the number of particles of a given energy, as 

given by E q. (3), is a function of the energy only, not of the position 

of the particles. Another way of stating this is that if at some energy 

the path-length distribution is Gaussian, then the fractional decrease 

in particles lying in any given distance increment is constant. There-

fore, the attenuation does not affect the shape of the path-length 

distribution. 

Processes other than energy-loss fluctuations also contribute 

to the path-length distribution, the principal ones being multiple 

scattering and the energy spread and imperfect collimation of the 

initial beam. We assume that these effects are such that the path

length distribution is still ,well represented by a Gaussian. The 

validity of this assumption will be discussed later, when each of these 

proces ses is examined. 

Therefore, the path-length distribution function is written in 

the form 

ds. (8) 

The quantity [(J" (E, E )] 2 is the variance in the path-length distribution 
o "" 

for particles slowing down from energy E to energy E. In general, 
o 

this variance is the sum of several terms, each of which represents 

the variance due to a particular effect. 

discussed fully in later sections. 

Calculation of the variance is 

Many authors have adopted the convention of using the quantity 

called the straggling parameter, Equal to {2$, {E, Eo), rather than the 

standard deviation (J" (E, E ). However, inasmuch as the term 
o 

9 



" s traggle" carries particular implications with respect to energy-loss 

fluctuations, we shall adhere to the use of the variance itself. 

We now transform the distrib~tion M{s, s) as follows. Defining 

the variable U as 

(9) 

we can write 

M( s, 'S) ds = M(U) dU 
1 -if 

= -- e 
.[Tf 

dUo (10) 

The distribution M(U)dU may now be interpreted as the fraction 

of particles of energy E that have travelled a distance s· such that the 

normalized difference between s and the mean distance of travel 

s (E) is within an increment dU of U, and U is the normalized difference 

given by Eq. (9). Therefore, given the total number of particles 

N (E), as calculated from Eq. (4), the number of those having travelled 
e 

a distance s is given as 

dN(s, E) = Ne(E) • M(U) dU, (lOa) 

where U is an implicit function of E and is given by Eq. (9). 

10 
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C. Flux and Dose Distributions 

The total flux at a distance s is now obtained by integration 

of Eq. (lOa) from U(E ) to U(O). Using Eqs. (4) and (10), we obtain 
o 

the total flux at a distance s:. 

N(s) 

The mean range of the particles, R(E ), is given by Eq. (5) o . 
2 

with E = O. The quantity (f (E ) is the variance for particles having 
o 

come to rest. It is equivalent to (f2{E, E ) with E = 0; that is, 
o 

11 

( 11) 

We also wish to calculate the total dose at s. If dN{s) represents 

a certain number of particles of energy E, as given by Eq. (lOa), then 

dN(s). feE) is the dose per unit distance of travel of these particles at s. 

Thus, the total dose is 

D( s) = . J 
AIlE 

dN(S, E) • f(E). 

using Eqs. (4). (10), and (lOa), we then have 

( 13) 
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D( s) = No(Eojexp {-~1 ;i~;~ dEl e -if)~E) (dU!dE) dE. (14) 

s-R(Eo} 

.[2 a( Eo) 

It should be noted that in Eq. (11) and Eq. (14), the independent 

variable E appears, as well as the variable U. In order to perform 

the integration, one of these must be expressed in terms of the other. 

This is easily done, ina:smuch as the unique relationship between them 

is given by Eq. (9). 

D. ' Energy Spectrum, 

At any given position s, the total flux may be written as 

N( s) = f N( E, s) dE, 
AlIE 

( 15) 

where N(E, s)dE is'the number of particles having energies within dE 

of E. Comparing this expression with that given by Eq. (11), we 

deduce that the spectrum at any position is given as 

( 16) 

with U given by Eq. (9). 

E. Some Simplifying Cases 

Suppose that the cross section is independent of energy. Then, 

\, 
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as before, we may remove,~ from beneath the integral in both Eqs. 

(11) and (14). Again using Eq. (5), the expressions for the flux and 

the dose simplify to 

00 

N( s) = No(Eo) I 
I 

and 

D(s) 

-~-R( Ed) 

/'2 cr(Eo) 

00 

-s-R(Eo) 

/,2 cr(Eo) 

dE 

exp {- [L: s( E) + if]} f( E) (dU/dE) dE., 

/'7T 

The integrals in both Eqs. (17) and (18) must be evaluated 

numerically. 

(17) 

( 18) 

A further simplification is obtained in the limiting case where 

the attenuation due to nuclear interactions is negligible, as would be 

the case for ions of sufficiently low energy. In that case, the cross 

section is assumed to go to zero, and the expressions for the flux and 

the dose reduce to 

00 

N( s) = No(Eo)! e-
if 

s-R(Eo) 

dE 
( 19) 

/2 cr(Eo) 

13 



and 

00 

i -1f2 ( dULdE) 
D(s) = No(Eo) J e . feE) dE. 

JTr 
s-R(Eo) (20) 

J2. 0"( Eo) 

The latter expression for the flux is equivalent to the classical expres

sion, derived by Evans 3 and others. It can be obtained from basic 

principle s as follows. 

We assum~ that the distribution of ranges for particles with 
2 

initial energy E is Gaussian, with a variance [<T{E )] : 
o 0 

peR) = 1 (21 ) 

where R(E ) is the mean range. The flux at a given distance s is 
o 

contributed to by all particles whose range is greater than s. If the 

initial flux is N (E ) at s = 0, then the flux at s is given as 
o 0 

(22) 

14 
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If we change variables from R to W, where W is given as 

w 

Eq. (22) becomes 

00 

N(s) 
( 

No(Eo) J . 
. s-R( Eo) 

-if-e 

J"2 a(Eo) 

which is equivalent to Eq. (19) 0 

dW 

J"n 

F. . Nuclear Interactions 

(23) 

(24) 

Energy deposition from nuclear interactions arises from two 

source s - -direct and indirect. The direct contribution comes from 

the de-excitation of the compound nucleus formed by the interaction of 

the tar<g.et atom with the bombarding ion. A certain fraction of this· 

de-excitation energy will he released at the point of impact, and it is 

this fraction: which comprises the direct contribution. The indirect 

portion arises from secondaries produced at points within the medium 

other than the position of interest. 

L Direct Contribution 

The total number of nuclear interactions· of ions with energy E, 

per unit length of travel due to those particles whose initial energy is 

15 



E is given by 
0' 

(25) 

The total energy release at s from the direct contribution is then .. . ~. 

Eo 
D

d
. (s) = J N( E, s) • 2:( E) • G( E) dE, 
l.r 

(26) 

o 

where G(E) is the energy deposit6d at s per nuclear interaction with 

a particle of energy E. 

2. Indirect Contribution 

16 

Let HeEl, s 1- s) be the energy released at s,due to a nuclear 

interaction of an ion of energy EI at s'. Then the total indirect contribu

tion to the linear energy transfer, denoted D (s), is given by n 

Dn(s) = J ds' J dE' NeE', Sf) 2:(E') H(E', s'.-7 s). (27) 

The simple form of Eq. (27) belies the inherent difficulties involved 

with its evaluation; although, as will be indicated, N(E, s) can be 

calculated, the function ~(E) is usually not well known. Furthermore, 

even less is known about the function H(EI, s~s). 

, 

•• 
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For the work in this report, we shall neglect the contributions 'Y 
to the dose and flux from secondary particles. 

G. Variance of the Path-Length Distribution 

As discussed earlier, the path-length distribution is a function 

of several processes. We assume that each of these processes is 

independent of others. We further assume that each process contrib

utes in a raridom manner to the deviations in the path-length distribu-. 

tion. Therefore, the total variance in the distribution can be expressed 

as a sum of terms, each of which represents the variance due to a 

given process. 

In this section, we discuss the different processes and show 

how each contributes to the total variance. 

1. Energy-loss Fluctuations 

The process of ionization-energy loss occurs in a random 

fashion, so that over a finite energy interval, one expects that the 

path-length distribution of particles with given energy will be Gaussian. 

The classical derivation of the expression for the associated variance, 

made by Lewis 
6

, is given below. 

Suppose that a particle has an energy E . 
tot 

From Lewis, the 

average number of collisions experienced by the particle per unit 

distance of travel, in which an energy loss T occurs, is given by the 

expres sion 

( ) k dT 
NT T dT = --------,2 ' 

2 Etot T 
(28) 

o 

.:. ... ./t.· ',~ 



where constant k is given as 

(29) 

and where n is the number of electrons per unit volume of the target 
e 

and M and Z are the mass and atomic number of the incident particle. 
p p 

The function NT(T) is often referred to as the collision spectrum. 

Equation (2S) is valid in the non relativistic_limit. It is also 

assumed that the velocity of the incident particle is much greater than 

that of the k electrons of the target atom. 

Now, in traversing an increment of distance As, the average 

number of collisions in which an energy loss T occurs is given by 

= k dT ----.,;..;.;::...--=2 L::.s. 
2 Etot T 

(30) 

Since the collisions occur randomly, the standard deviation associated 

with the average number NT(T)dT is equal to the square root of that 

number. The variance < Nc ~ in the number of collisions is therefore 

equal to 

k dT 
--~-2= L::.s. 

·2 E
tot 

T 
(31 ) 

IS 
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Because each collision is associated with an energy loss T, the variance 

in the total energy loss over the distance .6.s is given as 

k dT 
2 Etot 

• 6s. (32) 

For each ~alue of T, there is a corresponding variance given by Eq. 
. " 

(32).. Inasmuch as the collisions as sociated with each value of Tare 

independent, the variances for all values ofT are additive. There-

fore, the net variance in the total energy loss associated with an 

incremental distance .6.s is given by the sum 

( 2) [ k dT 6 Etot = 

T 
2 Etot All 

and in the limit, 

6s, 

dT 6s . 

( 33) 

( 34) 

It can be shown that the maximum energy loss in a single collision is 

given by E E tot ' where 



E (35) 

A discussion of the lower limit is given by Bloch, who shows 
. 8 

that it can usually be neglected. Integrating Eq. (34), using Eq. (35), 

we have 

6.s . 

. Equation (36) gives the variance in the energy loss produced by 

collisions in ~s. 

(36) 

Evans 3 gives an argument to show that the relationship between 

an energy variance and the corresponding variance in the path-length 

distribution is given as 

1(6. ~ot), 
[f( E) ]2 

(.37) 

where E
tot 

is the mean energy of the particles in questi.on.This can be 
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argued as follows. At some energy .E::toi' ~;ai ;cqarige in ener,gy, 4Etot 

produces a corresponding change in path length As, given by Eq. (I). 

The term As is then the contribution to the total path length due to the 

energy change AE
tot

. Therefore, if AE
tot 

represents an uncertainty 
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in the energy change, then the corresponding uncertainty in the contribu

tion to t~e t~tal path length is again As, and ~~~ is the s~uare of 

AE . Equation (37), then follows. . 
tot . 

Substituting the expression given by: Eq. (36) into Eq. (37), we 

obtain 

47T ne ~ e
4 

(1 + me/~)2 
6s, 

which is the contribution to the variance in the path length due to 

collisions in As. Since collisions within each increment As are 

(38) 

independent from those in any other increment, the net variance over 

a group 6. s. will be the sum of the individual variances. As the 
1 

ASi approaches zero, the sum becomes an integral,and we obtain 

ds ( 39) 
[f(E)]2 

Using Eq. (1), we have 



dE ( 40) 

This is the expression for the contripution to the variance in 

the path length distribution for particles going from an energy E2 to 

an energy El . 

.It is valid when the energy range is non relativistic, but at· 
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very high energies, correction factors must be applied. Furthermore, 

at very low energies, corrections must be made to take into account 

the fact that the electrons of the medium are in a bound state. 

a. High-and Lbw- Energy Corrections 

At high energies, the collision spectrum deviates from the form 

given by Eq. (28). Maccabee
9 

discusses this effect and gi ves the' 

modified expression as developed by Vavilov
lO 

as 

k dT ( 40a) 

with 

(40b) 

..... -'-

• 
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" Using these relationships, the expression for the variance contribution 

(~R2) -becomes, instead of that given by Eq. (40). 

(1 - ~2/2) KdE' 
(1-t32)[1+ (2me/Mp)'YJ [f(E,)}3' (41 ) 

where 

( 42) 

h· h .. bS .11 T ese are ,t e equatlons glven y ternhelmer for calculating 

the path length variance due to energy-loss straggling. .The quantity 

!3 is the ratio of the particle velocity to the speed of light, 

1 - ( 43) 

2 
where MoC , the rest energy per amu, is equal to approximately 931 

MeV. The term K is a factor introduced by Sternheimer in order to 

take into account the effects due to the bind~ng of the atomic electrons. 

If the variance is expres sed in grams per square centimeter, then 

Eq. (41) becomes 

23 



4 7T 7g e4 A -line p 

p 
( 44) 

where feE) is in units of MeV-cm
2 /g. The term p is the density of 

the tar get in grams per cubio centimeter. If we substitute numerical 

values in Eq. (44), and define the following ftmction, 

H(E) [ 
MoC2 J2 

E + M c2 
. 0 

( 45) 

Eq. (44) becomes 

1.3027 x 10-25 • ~ ne ~ 
p 

E o 

J 
E 

. 1 + H( E I) K dE 1 

H( E I) [1 + (2 me)/ H( E 1}~J[f(E I) )3 
~., . 

(46) . 

For the energies of interest, the quantity H(E) varies between approx

imately 0.15 and 1. O. Since for even the lightest particles of interest 

(i. e. protons) the ratio 2 m 1M is much less than 1.0, the term 
- e p 

1 + (2m 1M )/H{E)1/
2 

in Eq. (46) is very nearly unity. Consequently, 
e p . 

Eq. (46) simplifies to 
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Eo 

. (~)- J 
p E 

b. : The Binding-Correction Term 

1 + HCE/) 

H(E/) ( 47) 

Sternheimer points out that the quantity K decreases rapidly to 

unity with increasing energy. For Be, for example, typical values of 

K for protons are as follows: at 1 MeV, K = 1.24; at 2 MeV, K = 1.12; 

K = 1.07 at 10 MeV, and 1.02 at 50 MeV. 

Table. I gives values of the various terms in the integrand for 

the energy spectrum ranging from 1 to 500 MeV per amu for neon, in 

water. On the basis of the approximate numbers shown in this table, 

it is concluded that the term K can be set equal to unity with no signif-

25 

icant error introduced into the calculated values for- the variance. This 

follows for several reasons. First, at those values of the energy range 

for which K differs at all from unity, the value of the integrand is 

nearly zero.· Second, even if the integrand vall.les were non-trivial in 

this range (which might be true for some very heavy ions at energies 

between zero and 5 MeV), the portion of the energy range over which 

Kdiffers significantly from unity is a small fraction of the total range, 

so that the contribution from this portion of the range to the total integral 

is correspondingly small. 

Furthermore, in the very-low-energy region where feE) decreases 
_ 2 

(for heavy ions), the quantity Z also decreases, again tending to 
p 

reduce the value of the integrand. Finally, the variation of K with 
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Table 1. Terms of the integrand in Eq. (47) for neon ions in water. 

E feE) 2 1 + H{E) 1 ~ . 
X 

(MeV jamul H(E) (MeV -em / g) . H(E) [f{E)] :3 

500 0.423 278 1. 56 X 10- 7 

250 0.621 396 4.20 X 10-8 

100 0.816 740 5.52 X 10-9 

50 0.900 1270 1. 05 X 10-9 

25 0.947 2400 1. 49 X 10- 10 

10 0.980 4700 1. 94 X 10- 11 

'.. ~. 
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energy is quite slow, so that when the value of K is much greater 

than unity, the energy is very small. 

Tables II through IV show typical values of the standard 

27 

deviation as calculated by Sternheimer, 12 which are denoted "reference". 

As usual, the standard deviation is taken to be the square root of the 

variance <~R 2 ). Also shown are the values calculated neglecting 

the correction term K. For beryllium,_ there is only a 2% error for 

25-MeV protons. For aluminum, the corresponding error is 5%; 

it is 12% for lead. These results show that, for the passage of 

protons through the lighter elements, the neglecting of variations K 

from unity produces very small errors in the calculated values for 

the variance. 

Although the results given here are for protons only, the order 

of magnitude of the errors shown in Tables II through IV will be the 

same for all incident ions. The final expression for the variance due 

to fluctuations in the ionization energy-los s proces s is therefore 

2' E 

(llR2 ) 
1.3027 X 1025 ne ~ ~ JO 1 + H( E.') dE' 

( 48) :: 

[f(E') ]3 
, 

p E H(E') 

with the function H(E) given by Eq. (45). 

2. Initial Energy Spread of the Beam 

In general, a beam of particles will not be monoenergetic, but 

will have some sort of spread centered around a most probable energy. 

To include the effect of this on the path-length distribution, we as sume 

that the energy distribution of the beam is well represented by a 

Gaussian, with a variance (E~) and with a most probable energy Eo. 
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Table II. Comparison of calculated z:.:fi'q<t'efere~ce values 
a 

for the standard deviation in L1.e path-length distribution of 
~ ... 

protons in Be 

Incident Standard de~iation 
.' 

e,nergy . (~Jcm) 
(MeV) Calculated Reference % error 

4 4.052 X 10- 4 
4.588 X 10- 4 

11.68 

10 1. 969 X 10- 3 
2~055 X 10- 3 

4.18 

25 9.571 X 10- 3 
9.757 X 10- 3 

1. 91 

50 3.190 X 10- 2 
3.220 X 10- 2 0.93 

70 5.697 X 10- 2 
5.739 X 10- 2 

0.73 

100 O. 1048 0.1052 0.43 

140 0.1845 0.1850 0.27 

250 0.4745 0.4746 0.02 

500 1.364 1. 360 0.003 

a. References 11 and 12 

.... 1 
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Table III. 
~ a 

Comparison of calculated and reference values for the 
standard deviation in the path length distribution. The 
particles are protons in AI. 

~. w 

Incident Standard deviation 
energy (g/ cm2) 

, 
(MeV) Calculated Reference %error 

4 5.327 X 10- 4 
6.440 X 10- 4 

17.28 

10 2.455 X 10,..3 2.715 X 10- 3 
9.58 

25 1. 133 X 10-2 
L200 X 10- 2 

5.58 

50 3.664 X 10- 2 
3.798 X 10- 2 

3.53 

70 6.471 X 10-2 6,.653 X 10- 2 
2.74 

100 O. 1178 0.1202 2.00 

140 0.2056 0.2087 1. 49 

250 0.5224 0.5269 0.85 

500 1. 479 1.483 0.27 

a. References 11 and 12 

• 



Table IV. Comparison of calculated. and reference values
a 

for the 
standard deviation in the path-length distribution. The 
particles are protons in Pb. 

Incident Standard dzviation 
energy (g/cm). . 
(MeV) Calculated Reference % error 

4 1.767 X 10- 3 
2.303 X 10- 3 

23.27 

10 6.559 X 10- 3 
7.499 X 10- 3 

12.54 

25 2.591 X 10-2 
2.931 X 10- 2 

11.60 

50 7.713 X 10- 2 
8.540 X 10- 2 

9.68 

70 0.1318 0.1436 8.22 

100 0.2330 0.2514 7.32 

140 0.3969 0.4255 6.72 

250 0.9723 1.0262 5.25 

500 2.6568 2.7562 3.63 

.a. Reference 11 and 12 
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Associated with this variance in the energy is a constant variance in 

the path-length distribution. This is calculated as follows. The 

relationship between an energy interval .6E and the corresponding 
o 

distance of travel.6s is given by Eq. (1). If we interpret ~E as 
o 0 

the uncertainty in the initial energy, then the corresponding uncertainty 

in the path length is given as 

( 49) 
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This is a constant uncertainty over the entire path length of the particles. 

The associated variance in the path-length distribution is therefore 

( 50) 

Strictly speaking, a Gaussian distribution in the initial energy of the 

beam can lead to a Gaus sian distribution in the path lengths only if 

f(E) is constant over the energy range of the distribution. For most 

beams of interest, however, the initial energy spread will be suffi" 

ciently small, so that f(E) is nearly constant over the energy range. 

3. Multiple-Scattering Contributions 

A s a charged particle travels through a medium, it undergoes 

what is commonly termed small-angle multiple scattering. This 

arises principally .from electromagnetic interactions between the 

charged particle and the nucleus. When these interactions lead to a 

large-angle scatter, it is either due to (1) inelastic interactions arising 
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from the short- range nuclear forces, or (2) the very infrequent scattering 

again due to the electromagnetic interactions. If the interaction arises 

out of the' first cause, it is termed a "nuclear interaction" and is 

neglected for the reasons discus sed earlier: 

'Obviously, there is no fine line between small-angle multiple 

scattering and large-angle Rutherford scattering. However, due to the 

strong angular dependence of the Rutherford law, the probability of an 

interaction produ"cing an angular change isa rapidly decreasing function 

of the angle ,so that only very small angles contribute appreciably to the 

angular spreading of a 'beam of particles. 

The result of the scattering process is that the particles spread 

slowly as they traverse the medium, so that an "average" trajectory 

would look something like that shown in Fig. I, rather than a straight 

line. Therefore, if x denotes the penetration distance of a particle into 

the medium, i. e. measured along the initial direction of the beam, then 

for a mean distance of travel s corresponding to a given energy E , there 

will be a distribution of penetration depths, due to the scattering process. 

In other words, even if all of the particles travelled exactly the same 

distance S, ~in the absence of any statistical fluctuations in the energy 

los s proce s s, multiple- scattering would still lead to a distribution in the 

penetration distances travelled by these particles. 

f ... J 

• 
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Of primary concern are the flux and dose as functions of penetration 

depth into the medium. We must therefore find Some method of relating 

the mean distance of travel S:, of a group of particles to the corres.

ponding mean penetration distance, x. 

In order to arrive at expressions for the dose and flux in terms 

of the penetration distance x, we must convert from the distribution 

M(s, s) to a distribution M'(x, s). This is defined as. the fraction of 

particles, all having slowed down to energy.E from energy E , that are 
o 

at a penetration distance x. To do this we proceed by calculating the 

mean square difference between the path length s and the penetration 

distance x, as a function of s, denoted as « s -x) 2) This quantity is 

in general quite difficult to calculate directly. However, the mean 

difference between s and x .will generally be a small fraction of s. 

Therefore, a good estimate of the quantity « s -x) 2) is given by the 

square of the mean difference between s and x, denoted by <s -x) . 

This mean difference can be directly estimated as follows. 

Referring to Fig. 1, we can deduce the relationship between a 

small change 6.s in the distance of travel of a given particle, and the 

corresponding change 6.x in the penetration distance. 

6x = .6.s cos ¢ , (51 ) 

where ¢ is the angle that the particle makes with the x-direction. The 

change in the difference (s -x) is therefore given as 

6(S - x) = .6.s(l - cos¢). ( 52) 

Integrating from s = 0 to some value s, and taking mean values, 

we obtain 

s 
(s - XI - J (1 - coeAj;) ds. ( 53) 

8 
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Fig. 1. Geometric model used in analysis of multiple
scattering effects. 
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By using Eqs. (1), Eq. (53) becomes 

Eo 
(s - x) - '\> J (1 - cos ¢ ) 

E 

dE' (54) 

which gives the mean value of the difference s-x fo:r those particles having 

energy E. 

If we define ¢ to be the mean angle of deflection, with respect 

to the initial direction of travel, of particles having an energy E, then a 

reasonable approximation to the mean value of (l-cos¢) is 

(1 - coS¢) 1 coS¢, ( 55) 

and the mean square difference is given simply as, 

2 
"" [( s - x)] . ( 56) 

Expressions for calculating ¢ will be developed in a later section. We 

now proceed to the development of the penetration distance distribution. 

For a given distance of travel, the distribution function of the difference 

(s-x) may be approximated by a Gaussian. The quantity «s_x)2) 

given by Eq. (56) is then an estimate of the variance of this distribution. 
2 

Since we are considering a particular value of s, then < (s-x) ) also 

represents the variance in the distribution of penetration distances 

corresponding to the distance of travel s. 

Thus, if the distribution in (s -x) is given as 



p( s - x) = 1 

.J2TI 

2 2 exp {-[(s - x) - Do] /2 K } 

36 

( 57) 

2 
where the variance K is the mean square difference given by Eq. (56), 

and D is the mean about which the distribution is centered, then the 
o 

distribution in penetration distances is 

(58) 

The quantity x is the mean value of the penetration distance, and 

is estimated simply as the difference between s and the mean difference 

between sand x. Thus, 

x - s - (s - x) . ( 59) 

We may summarize as follows. For a given value of the energy 

E, the mean penetration distance is given by Eq. (59); the contribution 

to the variance in the penetration distance distribution from multiple 

scattering is given by Eq. (54) and (56). 

As <;iiscussed previously, for a given energy there will be a 

distribution of distances of travel s, due to the various proces ses such 

as energy spread in the beam and energy-los s fluctuations, and char-

acterized by a certain variance. Therefore, this variance must be 

added to that giv(~n by Eq. (54) and (56) in order to characterize the 

eff~ct of these other processes on the penetration-depth distribution. 

.. "." 
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4. Initial Angular Spread of the Beam 

Typically, ,a beam of particles will not be unidirectional, but will 

instead have some angular distribution centered about a most probable 

value. The. effect of this distribution is most easily taken into account 
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as follows. In the previous section, the multiple - scattering effects were 

discussed and characterized in terms of a mean angle ($, which is a 

function of the mean distance of travel in the medium. The calculation 

of ¢ is discussed in a later section, but it is clear that the initial value 

chosen for the mean angle will have a direct influence on all values of¢. 

Thus, the effect of an initial angular spread in the beam is taken into 

account by imposing a suitable initial condition on ¢ in the multiple

scattering calculation. The exact method of introducing this condition 

is demonstrated in the later section dealing with the calculation of the 

mean angle due to muitiple scattering. 

Alternatively, one could equally well calculate a constant variance 

due to the angular spread, to be added to the variance of the penetration-

distance distribution. The former approach is more efficient from a 

computational point of view, and for this reason it is chosen. 



38 

Ill. PHYSICAL PROCESSES 

The previous section was devoted to the derivation of expressions 

that describe Bragg and flux curves, and energy spectra. These expres

sions contained functions that represented certain physical processes -,

nam.ely ionization loss, nuclear interactions, and m.ultiple scattering. 

For exam.ple, it was assum.ed that the nuclear-interaction cross section 

could be represented by an energy-dependent function 2: (E). 

The purpose of this section is to discuss these phenom.ena in 

detail, and to derive expressions that can be used to calculate values 

for the functions. 

'. A. Energy Loss 

As indicated earlier, the proces s of energy los s is extrem.ely 

com.plex. Steward has calculated the stopping power for ions of 

arbitrary energy and m.ass in an arbitrary m.edium.. 13 In Steward's 

m.ethod the problem. is treated in two m.ain parts, one for ion atom.ic 

num.bers less than 10 and the other for ion atom.ic num.bers greater 

than 10. This division is based on the fact that experim.ental stopping 

power data are available for ions with Z < 10 for all energies for which 

the atom. is not com.pletely stripped, whereas such data is not at all 

com.plete for ions with Z > 10. 

For the lower-atom.ic-num.ber region, Steward calculates the 

stopping power, using experim.ental data and a m.odified version of the 

m.ethod developed by Northcliffe for low energies. 1 For the region of 

Z > 10, Steward uses the nuclear and electronic stopping-power theory 

of Lindhard et al. ,14, 15 with adjustm.ents m.ade in order to obtain 

agreem.ent with fission-product range data at low energies. At inter

m.ediaie ene rgies, charge -state data developed from. experim.ental Ar 

range -ene rgy data in Al is extended to other ions and stopping m.edia. 

At high ene rgies, a m.odified form. of Bethe' s theory, as developed by 
. . 16 

Barkas and Berger 1S used for all10ns. 

..,. '. 
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The value s of £(E) used throughout this work are obtained using 

the lllethods of Steward. The values of thelllean excitation energy 
17 

. used in connection with the Bethe equation are those given by Turner. 
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It should be lllentioned that high energy delta-rays are occasionally 

produced, and that these energetic electrons will influence the ene.rgy

deposition process. The phenolllenon is discussed in detail by SegrE:!.18 

He shows that in part because the probability for the production of an 

electron of energy T is approxilllately proportional to 1/T2, so fE;W 

delta-rays of significant energy are produced that their effect can be 

neglected. 

B. Nuclear Reactions 

In order to calculate the energy deposition frolll even just the 

prilllary particles, it is necessary to know the value of the total 

reaction cross section as a function of energy. One lllust in principle 

specify exactly what is llleant by this cross section. Too often, the 

literature is confusing by giVing vague references to such terlllS as 

"reaction cross section," "inelastic cross section," etc. We shall 

relllov.e any possible alllbiguity by defining the total reaction cross 

section to be that which describes any nuclear interaction that rellloves 

a particle frolll the beam, excluding Rutherford scattering, which is 

treated elsewhe re in the section on llluitiple -scattering corrections. 

For lllost of the cases of intere.st- -nalllely ve ry heavy ions with 

energies on the. order of a few hundred MeV per alllu--experilllental 

data is essentially nonexistent; consequently, we lllUSt rely on 

theoretical considerations. 

Following the treatlllent of Blatt and Weisskopf, 19 we develop 

below a silllple forlllulation for the calculation of the reaction cross 

sections. If we conside r the range of energies sufficiently high so 

that the wavelength of the bealll particle is llluch less than the character

istic dilllension of the lllediulll nuclei, then one would expect that the 



reaction cross section would be on the order of the total geometric 

cross section--assuming, of course, that any interaction leads to a 

compound nucleus. If we let R represent the radius of this geometric 

cross section, then at sufficiently high energies the microscopic cross 

section is given by 

2 
" = nR. (60) 

Classically, the radius of a nucleus is given by the well-known 

expression 

r= r 
o 

(61) 

where A is the atomic weight of the nucleus, and r is the nuclear unit 
o ' 

radius. Since the radius of the geometric cross section is simply the 

sum of the radii of the incoming particle and the target nucleus, we 

have 

R = r '(A 1/3 + A 1/3) 
opt ' 

where the subscripts "p" and "til refer to the particle and target, 

res pectively. 

(62) 

At low energies, the Coulomb barrier obviously plays a role in 

the interaction process. It can be shown 19 that if R, given in Eq. (62) 

in this case, is the clas sical distance of closest approach, and V(R) 

represents the potential at this distance,then the cross section is 

given by 

1] TI R2 [1 - ~(R)"J 
Ec,m 

for E > V(R) 
c.m. (63a) 
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and 

o for Ec . m. < V(R),' (63b) 

c. In.. 
is the total energy of the particle in the center-of-m.ass where E 

system.. The potential is given by 

VCR) = 
Z Z e

2 
p t 

R 
(64) 

where Zt is the nuclear charge. Equation (63) reflects the fact that 

classically the potential barrier cannot be crossed with less than a 

given am.ount of energy. 

The exact form. of the Coulom.b correction is of secondary im.por-

tance, since for alm.ost all cases of interest in this study, E is 
c. m.. 

much greater than VCR). Hence, the presence of the Goulonib barrier 

has alm.ost no effect on the cross section for the energies of interest. 
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We must now consider the fact that the incom.ing particle exhibits 

wave properties, especially in the energy region where the equivalent 

wavelength is not trivially small. If the wavelength is denoted by 71., 

then the uncertainty in the position of the particle is also given by :x. 
Hence, one would expect that the "effective radius" of the particle -plus

target cross section would be enhanced by this am.ount. Thus, a better 

e stim.ate of the c ros s section is 

Tj n(R + 1-.)2 [1 - V(: + ~) ] 

c.m. 

(65 ) 

At very high energies, 71. approaches zero and the Cl'OSS section is 

given sim.ply by 'ITR2. As the energy decreases, the cross section 

increases as the wave length becomes important. Finally, there is a 

sharp drop in the cross section near energies comparable to the 



potential threshold. Using Eqs. (62) and (64), we obtain the complete 

expression for the reaction cross section: 

-E--[r (A1!3 + 
c.m. o-ll 

Blatt and Weisskopfhave calculated the cross sections for 

protons and alpha particles using the results of a wave -mechanics 

treatment. The results given by Eq. (66) are found to be in excel-

lent agreement, for energies significantly greater than VCR + ;(.). Igo 

has calculated the variation of the cross section with energy in the low

energy region for alpha particles. 20 The behavior given by Eq. (66) 

agrees well with his results. 

It is convenient to express both the particle wavelength and 

center-of-mass total energy in terms of the laboratory energy E, in 

units of MeV per amu. These are given by the relationships 

----------1 
Ap(2E • M

o
c2 + E2) 2" 

and 

E = c.m. E, 

where (M c
2

) is the rest mass of an amu expressed in energy units 
o 

(approx. 931 Me V). Substituting numerical values, we obtain 

(67) 

(68) 
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The Value of ro 

Most important in the use of Eq. (66) is the value of the nuclear 

unit radiusro • In general, rovaries somewhat from one nucleus to 

another; however, inaslTIuch as the concept of a nuclear radius is some

what vague, it is permissible to use a single value of ro for all nuclei. 
3 

Many attempts have been made to assign a value to roo Evans 

has summa-rized the various methods that have been utilized prior to 

1955. These include the following: 

a. Analysis of the l3-decay of certain isotopes to infer the value 

of the classical Coulomb-energy radius; 

b. Quantum-mechanical corrections to the classical Cou1omb

energy radius, leading to an: equivalent electromagnetic radius; 21 

A 1 0 f 0 0 h' 0 f 0 10 22 c. na YS1S 0 lSOtOP1C S l't ln 1ne spectra; 

d. Measurement of the characteristic electromagnetic radiations 

f 
21,23,24 

'rom mu-mesonic atoms; 

e. Analysis of fine-structure splitting of electronic x-ray levels 

o h 25 1n eavy atoms; 

f. 

g. 

h. 

i. 

nuclei. 

Measurement of the lifetime of a-ray emitters;26 

Analysis of anomalous scattering of a_partic1es;27 

M f h 0 flo 28 easurelTIent 0 t e cross sechons or nuc ear reactlons; 

Measurement of the elastic scattering of fast neutrons by 

Later attempts to measure r include the following. o 
Willoughby measured the mean free path of alpha-particles in 

emulsions and calculated a value for roof 1. 23 fermis. 29 Williams 

meas'lired the reaction c ros s section for 1.4 Be V neutrons, and 

calculated a value of 1. 28 for roo Note that at very high energies 

Eq. (66) and (68) apply equally well for neutro~s. Thomas has calcu

lated the cross sections for cOlTIpound-nucleus formation using two 

different models. 31 Thefi'rstmode1, based on a square-well nuclear 



potential, gives results that agree reasonably well with experimental 

data when a" value for ro of approximately 1. 5 is used. The second 

model, based on a diffuse nuclear potential fits experimental data 

well with a value ro r of 1. 17. Longo and Moyer measured the 
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o 32 
reaction cross sections for·l, 4 to 4. O-BeV protons. The correspond-

ing value of r lies between 1.25 and 1.35 fermis. The results of o 

Zerby, 33 as reported by Wallace
34 

for the proton cross section in 

oxygen yields a value for r of 1. 17. Hofstadter
35 

has reviewed the 
o 

literature dealing with the size of heavy nuclei. He demonstrates that 

the various models may be reasonably well represented by a Fermi-type 

distribution with a "half-densitylt radius of approximately 1. 07A 1/3 X 
-13 

10· cm. The radius at which the charge density is ten pe rcent of the 

peak is somewhat higher than this, being in the order of 1. 15A 1/3 X 
-13 

10 cm . 

. In terms of nuclear interactions, these latter values for the 

nuclear unit radius are probably more appropriate than larger values. 

Using a value for r~ of 1. 15, we find that there are some 

discrepancies between the calculated and experimental Bragg and flux 

curves for those cases in which nuclear interactions are non-trivial. 

Inasmuch as r is only a parameter that is used to relate experi-
o 

mental data with sorne nuclear model, it is therefore felt that there is 

justification in adjusting the value of ro somewhat in order to obtain 

better agreement between experiment and theory. 

By trial and error, it is found that a value of 1. 06 fermis gives 

the best overall agreement. In view of the nuclear radius values 

cited by Hofstadter, this is not at all unreasonable. 

All of the results presented in this work were obtained using a 

value for roof 1. 06 fermis. 

\ 
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C. Multiple Scattering 

The scattering process is im.portant for several reasons, first, 

as was discussed earlier, the beam. spreading associated with the 

scattering introduces a variance in the path-length distribution. An 

analysis of the process is required. therefore, in order to calculate 

the m.ean angle of deflection, q" from. which this variance contribution 

is obtained. 

Sim.ilarly, a knowledge of the mean angle allows one to calculate 

theam.ount of travel by the ions in a direction perpendicular to the 

original direction of m.otion of the ions. This in turn can be used to 

estim.ate (I) the minimum. beam. diam.eter necessary so that the 

m.ultiple scattering does not significantly dilute the beam., and (2) the 

degree of beam. attenuation resulting from. geom.etrical spreading. 

Various attem.pts have been m.ade to treat the m.ultiple -scattering 

problem in detail, som.e m.eeting with m.ore success than others. 

Bichsel gives an extensive review of the work in the field.
36

Unfortu

nately, none of thes_e is directly applicable to the problem. of very 

heavy, high-energy ions in m.atter. Som.e of the past work done is 

disc.ussedbriefly below, prim.arily to furnish background for the rest 

of this section. 

The basic lim.itation of m.ost of the treatm.ents of the m.ultiple

scattering process is that the assum.ption is m.ade that the atom.ic 

num.ber ratio of the incoming ion to the stationary m.edium. is quite 

sm.all. This allows the use of c. m.. results, - which are quite'sim.ple 

in form., in the laboratory (lab) system. 

M I ·, - 37 d G d . d S d 38, 39 b- . d- - . o lere an ou Sm.lt an aun erson 0 talne solutlons 

to the problem. of a parallel beam. of ions im.pingent on an infinite slab. 

Bethe dem.onstrated the conditions under which the two solutions were 

equi valent:tO Because of the sim.plicity of the scatte ring law in the case 

of light projectiles and heavy targets, MOliere succeeded in perform.ing 

45 



certain transformations on, the ,general solution which yielded a result 

in a much more tractable form. 

Because of the fact that for a great many of the cases of interest 

the atomic number ratio of the projectile to target is unity or larg'er, 

46 

the transformations of Moliere do not appear to be possible. Consequen

tly, methods which make use of the results of Moliere, such as that 

of Bichsel~nd Uehling, 4 and Overas 41 are not directly applicable in 

this case. 

Various authors have attempted to estimate the multiple..,. 

scattering effects by making direct use of the scattering law to calculate 

such quantititesas the mean square angle as ~ function of position. 

S " 18 dR' 42 b h di f h h d egre· an OSSl ot scuss some 0 t e more common met 0 s. 

Although this avenue of attack seems the most immediately promising 

for this work, none of the published methods and results is directly 

applicable. This is again primarily due to the fact that most authors 

have used the scattering law in the form restricted to the c. m. system. 

Furthermore, in many of the methods, such as those given by 

Williams,43 Mather and Segre, 44 and Snyder and Scott 45 the approxima

tionsused do not adequately handle the wide en,ergy range of interest 

here. Since in this work the variation in energy is often very large, 

it is felt that it would be best to start from the fundamental scattering 

law, following in part the methods outlined by others, but modifying 

to (a) transfer to the lab system of coordinates, and (b) treat in a more 

rigorous manner the problem of energy dependence. 

In the following analysis, we first develop the equations that 

describe the basic scattering law. These are then used to obtain 

expressions for the mean square angle of deflection of the beam 

particles, which is in turn used to estimate the mean angle of deflec

tiol1, <1>. Finally, these results are used to calculate the mean square 

beam spread and contribution to the path-length variance as functions 

- .~ 
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of penetration distance. 

1. Scattering Law 

The quantity p(e)de is defined as the number of collisions per 

unit distance of travel of a particle, which deflect the trajectory of 

the particle by an angle which is within de of e. The classical Ruther

ford scatte ring formula for this probability is given by Rossi as 42 

(69) 

where N is Avogadro's number, r is the classical electron radius, 
a e 

m is the electron mass, and p is the momentum of the particle. 
e c.m. 

This equation applies to the c.m. system of coordinates; it may be 

valid in the lab system if the mass of the incident particle is much 

less than that of the atoms of the medium. Since for many cases of 

interest to this study this is not so, Eq. (69) must instead be con

sidered in the. c.m. system only. 

For the purposes of this treatment, it will be convenient to 

leave the angle e in the c.m. system, but to transform the momentum 

term into the lab system. 

From the expressions derived by Halliday, 46 the relation 

between the momentum in the lab and c. m. systems is 

( 1) P ---c.m. - 1 + 'Y PL J 

where 

Using Eq. (70) in Eq. (69) and dropping the subscript on the lab 

momentum term, we have 

(70) 

(71 ) 
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p(e)de = ~ (72) 

2 
r~ (IDee) 

\(3P , 
sine ae 2 

sin4(e/2) (1 + "I) 

. The limitations on the validity of Eq. (72) must be discussed. 

At extremely small angles, this equation fails because the electrons 

of the scattering atom screen the particle from the field of the 

nucleus. Rossi 42 states that Eq. (72) is valid for angles significantly 

larger than )!./r , where)!. is the de Broglie wavelength of the incident 
a 

particle divided by 2iT and r is the radius of the atom: whereas, for 
a 

angles less than )!./r , Eq. (72) grossly overestimates the scattering 
a . 

probability. In fact, one can see that the equation is singular for 

e = O. 

Various attempts have been made to modify Eq. (72) in orde r to 

take into account the screening effect. Using an atomic potential of 
2 .. 38 39 

the form V = (Z Z e /r)exp(-r/r ), Goudsmltand Saunderson ' 
t P a 

show that the scattering -probability law takes the form 

p(e )de 

where 

= a7T Na 5 z~ 
At· 

(73) 

(74) 

Using the expression in Eq.(70) and the classical expression for r , 
a 

1 l"a ==_. 
cx2 

(7 Sa) 
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with 

2 
ex == e Inc, (75b) 

Eq. (74) is transformed to 

(1 + "'I) (76) 

Note that 6
1 

is in the c.m., whereas p is the momentum in the lab. 

Williams has derived corrections to the scattering law, in 

Eq. (73) at the upper limit, using a simple model for the charge 

d " "b" "h" h 1 43 H h h h f h h Istn utlon WIt In t e nuc eus. e sows t at t e act t at t e 

charge is not concentrated in a single dimensionles s point does not 

materially affect the scattering law for angles less than 6
2 
~ )t./r

n
, 

where r is an assumed radius for the nucleus. On the other hand, 
n 

for 6>)t./r , the scattering probability goes to zero much more rapidly 
n 

than predicted by Eq. (73). Using for r the expression 
n 

We can estimate an upper limit, °
2

, for nonzero values of the 

scatte ring probability= 

O 49 AY3 . re '-C 

-1/3 m c 
~ 280 At . ~ (1 + "'I) 

p 

(77) 

(78) 

It is convenient to express the various quantities appearing in 

Eq. (73), (76), and (~,8) in energy rather than Inomentum units. To do 
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this, we use the relativistic relation between momentum and energy: 

(79) 

where E is in units of energy per amu, and M is the rest mass per 
o 

amu. 

The quantity !3 .in terms of E is 

(SO) 

Using Eq. (79) and (SO) in (73), (76), and (7S), and rearranging terms, 

we obtain 

with 

and 

HH(E) 

1/3 
Zt (l + 'Y) 

13'7 ~ 

280 (l + )') 

Al/3 'A 
t . p 

(S2) 

(S3) 

(S4) 
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If we substitute numerical va.lu~s, these equations reduce to 

1 sine de 
HH(E) Te2 + e1

2 ]2 
(85) 

with 

Illi(E) _. LI E( E + ~862)j2 
E + 931 ' 

(86) 

. -3 e1 = 3· 73 x 10 

1/3 
Zt (1 + ')') 

.~ [E(E + 1862)]2" 
1 

1 (87) 

and 

1 (88) , 

[E( E + 1862)]~ 

2. . .. Mean Square Angle of Deflection 

We are now ready to calculate the mean square angle of deflec

tion, denoted (<\>2), as a function of distance of travel. Since each 

scattering is independent and represents a very small fraction of the 

total scattering angle, the change fn (<\>2> in a distance element~s is 

(89) 

where <IL is the scatte ring angle of a single collision in the lab, and 

Pl)<I>:r) is the corresponding probability of occurrence per unit length. 

In the lin~it as 6.s -0, we have 
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d 
ds 

(90) 

whe re <p 2 is the Inean s quare angle change pe r unit distance of travel. 
s 

Now since allexpressions describing the scattering process are 

in the c. In. systeIn, we Inust transforIn Eq. (90) as follows. Since 

there is a unique relation between an angle <PL in the lab and the 

cor re s ponding angle €I in the c. In. S ys teIn, we Ina y write 

(91 ) 

Substituting into Eq. (90), then, we obtain 

82 

J ¢~ (8) p( 8) d8, (92) 

81 

where the functional dependence of <PL on €I is indicated . 

. We now seek a siInp1e Ineans of relating <PL to the C.In. angle. 

Halliday 46 has shown that this relationship is given by the expres sion 

sin 8 (93) 
cose + 'Y 

FroIn an exaInination of the expression for e
2 

given by Eq. (88), 

we can conclude that for nearly all cases of interest, 9
2 

is less than 

unity. Further, one can show that for those sInall energies for which 

e
2 

exceeds unity, the corresponding residual range of the ions is so 

sInall that the Inu1tip1e-scattering effects within that range are 

negligible. The refore, we Inay replace Eq. (93) by the siInp1er 

expression 
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¢ . = 
L 

e 
1 + '1 

Substituting this expression for 9Li~to Eq. (9Z), we obtain 

1 

The integral in Eq. (95) is easily evaluated by using the 

expression for P(9) given by Eq. (85). The result is 

and 9
Z

/9
1 

is, fromEq. (87) and (88), 

3.836 X 10
4 

. (At Zt)1/3 

(94) 

(95) 

(96) 

(97) 

and HH(E) is given by Eq. (8Z). Note that if 9
Z 

as calculated from 

Eq. (88) is greater than 'IT, then the value of 9
Z 

is to be taken as 'IT. 

instead. In that case, the term a
Z

/a
1 

is 

1 

e / e = 842.2 . An [E( E + 1862)]"2 . 
2 1 z~1'5(1 + '1) 

(98) 

Using these expressions for <1>8 Z, we can proceed with the calculation 

of the mean square angle of deflection. 

From Eq. (90), we have 
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d 
ds 

(99) 

where we have indicated the dependence of <I> 2 on the particle energy. 
s 

This unique dependence on the energy is established by Eq. (96). 

As an initial condition, we specify tha~ 

2 
= CPo-

Integrating Eq. (99), then,from s = Oto s orne value s, we have 

s 
. (cp2) cp2 + J cp2(E/) ds I 

0 0 s 

and 

cp2 + 
Eo 

dEl cp~( E/) _ ~ (cp2 ) ~J f( E/) ·0 ·E 

( 100) 

(:101) 

( 102) 

For a perfectly collimated beam, <1>0 is zero. However, if the 

initial bearnhas an angular distribution that can be represented by a 

Gaus sian with some standard deviation, then <I> will be equal to this 
o 

standard deviation. 

The mean angle of deflection <I> is estimated to be the square 

root of the mean s,quare angle, Thus we write 

( 103) 

3. Scattering for Multiple Materials 

The difficulty involved in the case of a target composed of more 

than one type of atom is that the re is no unique relationship between the 

c. m. and lab systems. That is, for each type of target atom, there is 
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f 

a different c.m. system. Consequently, it is necessary to resort to 

fur.ther approximations in order to arrive at results that are applicable 

in the lab system. The method used is as follows. 

The scattering probability function given by Eq. ('81) is rewritten 

55 

P(8)d8 = (N:~) {S 7, 2 1 s in8 dB (Zp Ztj2 
r . (mec -). (). 2 2 7T 

e 1m E [8 + 8
1

)'::' ~ , 

2 2} 1 (1+"1) P 

( 104) 

where (N piA) is the number of atoms of the scatterer per cubic 
a . 

centimeter, and p is the total density of the scattering medium. The 

term in the braces is then interpreted as the probability of scattering 

into de (e) per atom of scattering material. 

The scattering probability for scattering atom type "i" is hence 

where N. is the number of type "i" atoms per cubic centimeter, and 
1 

p is the total dens ity of the medium. 

The mean square angle change pe r unit distance, due to type "i" 

atoms, is.then 

(106) 



where the results embodied in Eq. (96) have been used. Also, by 

use of Eq. (97) and (98), we have 

for 82 < TI ( 107a) 

and 
. .1. 

~[E(E + 1862) J2 
== 842.2 1/5 ) 

Zi (1 + )' i' 
( 107b) 

We .now consider the problem of obtaining an estimate of the net 

mean square scattering angle. Eq. (90) may be written as 

d 
ds 

~ J 
i 

( 108) 

where the Pi(ipL) are the probabilities due to the various scattering 

species. 

The mean square angle at s is then obtained, as before, by 

integration of Eq. (108) from s = 0 to s. 

4. Multiple -Scatte ring Effects 

Earlier, it was shown that the scattering process leads to a 

contribution to the variance in the path-length distribution. Other 

effects that can be calculated from the equations de sc rihing the 

. scattering are discussed below. 

a. Radial Spreading 

Of particle inte rest is the function (y2) , which is defined as the 

mean square distance of travel in a direction perpendicular to the; 

initial direction of travel, and is a function of the mean distanc.e of 

travel s .. For simplicity, it is denoted as the mean square radial 
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spread. This function characterizes the general shape of the beam 

within the medium, and can be used to estimate the minimum beam 

size necessary to ensure against excessive effects due to spreading. 

Suppose the mean-square beam spread at some positions in the 

medium is given as <y2). Clearly, then, if the initial dimensions 

of the beam are much greater than «y2)] 1/2, the effect of radial 

spreading will be small. That is, the fractional change in the beam 

dimensions will be much less than unity. 

On the other hand, if the beam radius, say, is much smaller 

than the value of <y2)at some distance s, then the beam at that point 

will have smeared out to the extent that the shapes of the flux and dose 

curves are grossly altered from what they would be for a large 

diamete r beam. 

We proceed to the calculation of the function <y2). Referring 

to Fig. 1, we can express the change in the mean-square radial 

spread at Xl due to a change in the mean angle of deflection <p 

at some x <Xl. Thus, we have 

1 

6.y == [6. (y2)f = (x' - x) ~ (109) 

so that 

== ( 110) 

The change in the mean square angle is given by Eq. (89), and 

substituting into Eq. (110), we have 

= (i 11) 
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Recognizing that the contributions to the mean square radial 

spread are additive, we obtain 

dE' 

reEl) 
( 112) 

where we have interechanged the variables x and Xl for convenience. 

The quantity (Ay )2 is the contribution to the radial spread variance 
. 0 

at x due to an initial angular spread of the beam particles. Thus, 

if cj> is the initial mean angle of the beam particles, then reference o . 

to Fig. landEq. (l1l)showsthat(6.y )2is 
o 

= 2 rJ..2 
x "'0 . , (112a) 

where (,~y)2 is evaluated at a penetration distance x. 
o 

It will be shown later on that in many cases, the term (~Yo)2 
dominates the right-hand side of Eq. (112), even for quite sman values 

for cj> •. In other words, the mean beam deflection can be a strong 
. 0 

function of the initial angular spread. Numerical examples will be 

presented in the section dealing with results. 
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The variable Xl is related to the energy EI through the expressions 

in Eq. (59) and (5). 

Equation (112) thus gives an expression for the variance in the 

radial spread distribution for particles having reached an energy E. 

We may define a mean beam deflection as the square -root of (y2). 

This is another measure of the amount of radial spreading of the beam. 

b. Beam-Spreading Attenuation 

As the beam spreads, there may be an effective geometric 

attenuation of the flux and dose; i.e. the particles are spread out over 



a larger_area. A very rough estimate of this effect is given as 
/:~--I 

follows. ":-
'-:;. 
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Let y- b~· the radius of the initial beam. At some penetration o . 

distance x, suppose that. the .mean-square radial spread is (y2). 

Then at that point, one can say that the beam "effective radius" is es 

estimated to be y + y, where y is the mean beam deflection. There-n- 0 . 

fore, the attenuation factor will be simply 

( 
Yo )2 

f = Yo + y 
( 1· )2 
\ 1 + Y/Yo· . (113) 

As the ratio y/yo increases, one would expect this function to 

more nearly represent the. attenuation of the centerline flux and dose. 

For the experimental situation where the sensitive -area 

dimensions of a det~ctor are much larger than the maximum value of 

y, there vvill be no atte:r:lUation of the form given by Eq. (113). 

Similarly, if the beam were very broad and the diameter of the 

sensitive area of the detector we re small, no attenuation would result. 

On the other hand, the.function f would be expected to give the proper 

attenuation for the situation in which (1) the ratio y /y is large, and 
o 

(2) the counter diameter is small compared to Yo' 

c. Range Shortening 

Inasmuch as the particles follow curved paths, the effective 

range in the medium is somewhat less than if the particles all travelled 

in straight lines. If R is the effective range of the particles and SR 

is the corresponding mean distance of travel, then Eq. (59) gives 

their relationship as 

R == ~ - < s - x) I 
R 

where (s..;x> I is the mean difference at the range. 
. R 

( 114) 



The choice of definition of the range is somewhat arbitrary, and 

several are in common usage. For the purposes of evaluating the 

expression in Eq.( 114), the value chosen for the range is immaterial, 

since (s-x)is virtually constant in the vicinity of the end of the range. 

That this is so follows from the fact that when the mean angle of 

deflection becomes significant, the mean energy is so low that the 

residual range is a minute fraction of the total range. That is, 

although the particles are travelling at large oblique angles, their 

remaining distance of travel is so small that the contributions to 

(s-x) IR are negligible. 

The degree of range shortening is often expre ssed in terms of a 

quantity called the percentage detour factor, which is defined by 

Berger and Seltzer as 

D= 

7 

100 (s -x) I R 

SR 
( llS) 
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IV. RESULTS 

Presented in this section are the results of calculations based 

on the analyses presented in the previous sections. For the most 

part, these calculations were performed using the program BRAGG, 47 

which was written to solve the various equations developed in this 

work. The first part of this section deals with those results related 

in particular to the multiple-scattering process. Also presented 

here are comparisons with the results of other workers. The second 

part of this section is devoted to the presentation of Bragg and flux 

curves for various ions in different targets. Also presented are 

results pertinent to the energy spectra at the Bragg peak. The effects 

of using different ions in the same medium, and of using the same 

ions in different media, are discussed. The next section deals with 

the importance of initial energy and angular spreads of the beam. 

Finally, experimental results of the Bragg, flux, and spectral curves 

are compared ,with the corresponding theoretical calculations. 

A. Multiple-Scattering Calculations. 

The multiple-scattering process may be considered separately 

from the other processes occurring in the medium, inasmuch as the 

mean angle of deflection and the mean beam deflection are essentially 

functions of the particle energy only, and do not appreciably depend 

on the actual number of particles reaching this energy. 

1. Comparison with the Literature 

As discussed earlier, other workers have studied the scattering 

of protons in media for which the lab and c. m. systems are equivalent. 

Berger and Seltzer have calculated the percentage detour factor 

for protons of various energies incident on various absorbers. 7 These 

results are reproduced in Fig. 2. Table V gives various values taken 
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Fig. 2. Ratio of percentage detour factor 
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Table V. Comparison of multiple-scattering results for an incident 
beam of 100-MeV protons 

Percentage detour factors 

Berger and Present 
Absorber Seltzer calculations 

Lead 2.28 1. 52 

Copper 0.756 0.569 

Aluminum 0.306 0.200 

Beryllium 0.087 0.069 
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from this figure. Also given in the table are the corresponding 

results obtained using the analysis of this work. 

Berger and Seltzer also give the results of Monte Carlo cal-
48 

culationsperformed by Berger for the angular distribution of 

338. 5-MeV protons slowed down to 2 MeV in copper and lead. These 

results are shown in Fig. 3, which can be used to estimate the mean 

angle. of deflection. These estimates, along with the calculated values, 

are shown in Table VI. 

Looking at Fig. 3, we see that in both cases the curves are 

skewed towards the high ,end. Consequently, the mean angle of 

deflection is somewhat greater than the most probable angle. For 

lead, the mean angle would appear to lie in the vicinity of 30 to 40 

deg. This agrees reasonably well with the calculated value of 44 deg , 

for the mean angle, as shown in Table VI. For copper, Fig. 3 

indicates that the mean angle lies in the range from 15 to 25 deg. 

This is compared toa calculated angle of 21 de g .. 

In comparing the two sets of results, it should be pointed out 

that the Monte Carlo data are based on the case histories of onl y 5000 

particles. Consequentl y, a good deal of uncertainty is attendant, 

especially in the upper and lower angular regions, where the figures 

are based on very few events. 

Preston and Koehler
49 

have measured the radial intensity of a 

64 

beam of protons passed through various thicknesses of different absorbers. 

From these measurements, they calculate the standard deviation in 

the radial spread. Their results are presented in Table VII, along 

with the results obtained using the present methods (note that the SD 

in the radial spread in equivalent to the square root of the mean square 

radial spread). In the table, Eo is the initial beam energy, T is the 

thickness of the absorber traversed by the beam cr is the experi-. , exp 

mentally determined value of the radial SD, and cr c is the corresponding 
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Fig. 3. Angular Distribution of protons slowed down from 
338.5 mcv to 2 mev in lead and copper, based on 
5000 Monte Carlo histories. 
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Table VI. Comparison of multiple-scattering results for an incident 
beam of 338. 5-MeV protons. 

Absorber 

Lead 

Copper 

Mean angle of deflection (deg) 

Estimates from 
Berger and Seltzer 

30 to 40 

15to2.5 

Present 
calculations 

44 

21 
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Table VII. Comparison of multiple -scattering results. 

Absorber Eo T 
(f 

exp 
(MeV) (ern) (mm) 

Aluminum 158 2.54 0.35 

5.08 1. 62 

6.38 2.35 

7.62 3.24 

8.25 3.43 

112 2.54 0.97 

3.81 1. 66 

4.44 2.06 

Water 127 5.7 1. 15 

8.7 2. 18 

11. 4 3.46 
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<Tc 

(mm) , 

0.55 

1. 64 

2.40 

3.30 

3.78 

0.79 

1. 57 

2. 14 

1.11 

2.22 

3. 71 

, 
f 
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calculated value. The results are generally in excellent agree~ent. 

2. Scattering Effects for Various Ions and Materials 

In this section, we present the results of calculations of the 

multiple - scattering effects for various ions in different materials. 

From the equations describing small-angle scattering" it can be seen 

that the scattering effects decrease as the atomic number ratio of 

beam and target increases. One can see this most easily by rec-

ognizing that as this ratio increases, the maximum angle of scatter 

decreases. Hence, for a given absorber, and a given range, one 

would expect the mean beam deflection and the percentage detour factor 

to decrease as the atomic number of the beam particles increases. 

To illustrate these effects, calculated values of the percentage 

detour factor, the standard deviation in the radial spread, and the 

mean angle of deflection- -all at the Bragg peak- -are tabulated for 

various ions in water, copper, and uranium. Tables VIn and IX give 

the results for ions in water, with the Bragg peak at 5.0 and 10.0 
2 

g/ cm. Tables X and XI show similar results for copper and uranium, 

. / 2 with the peaks at 5.0 g cm . 

In all cases, it is clearly demonstrated that the scattering effects 

decrease markedly as the atomic number of the beam particles increases. 

For example" for the Bragg peak at 5.0 g/ cm 
2 

of water, the degree of 

beam spreading goes down by a factor of approximately 5 iri going from 

a beam of protons to one of neon ions. A similar decrease is calculated 

for the other cases. It should also be pointed out that in all cases, the 

rate of change of beam spreading with respect to increasing beam-ion 

mass decreases at the higher masses. Thus, there is a- greater effect 

in going from protons to neon than there is in going from neon to xenon. 

An extremel y import ant result is the magnitude of the lower 

limit on the beam dimensions predicted by the calculations. For a 

proton beam with the Bragg peak at 10 cm H
2
0, this limit is on the 



.' .. 

, i 

, 
Table VIII. Multiple -scattering results for water with the Bragg 

peak at 5.0 g /cm2 . 

Mean beam 

Beam Percentage deflecti(jm 
particle detour factor (g/c;q/ .. 

p O. 114 O. 168 

He 0.0285 0.083 

C 0.0088 0.046 

Ne 0.0051 0.035 

A 0.0025 0.024 

Kr 0.0013 0.017 

Xe 0.0008 0.013 
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Table IX. Multiple -scattering results for wate r with the Bragg 
peak at 10.0 g/cm.2 . 

Mean beam. 

Beam. Percentage deflection 
Z particle detour factor (g/cm. .... 

p o. 108 0.328 

He 0.027 o. 162 

C 0.0083 0.090 

Ne 0.0048 0.068 

A 0.0024 0.047 

Kr 0.0011 0.032 

Xe 0.0007 0.026 
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Table X. Multiple -scattering for coppe r with the Bragg peak at 
5.0 g/cm2 . 

Beam Percentage Mean beam 
particle detour factor deflection 

(g/cm2 ) 

H 0.628 lIT •. 388 

He 0.159 O. 193 

C 0.0475 O. 105 

Ne 0.0269 0.0791 

A 0.0141 0.0554 

Kr 0.0066 0.0383 

Xe 0.0042 0.0300 
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Table XI. Multiple -scattering for uranium with the Bragg peak 
at 5.0 g/cm2 • 

Beam Percentage Mean beam 
particle detour factor deflection 

(g/cm2 } 

H 2.54 0.772 

He 0.669 0.390 

C o. 193 0.207 

Ne o. 108 o. 155 

A 0.0548 o. 108 

Kr 0.0261 0.0740 

Xe 0.0168 0.0577 
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order of 0.75 to 1.5 cm; whereas for neon the lower· limit is approx

imately 0.1 to 0.2 cm. 

It is also interesting to examine the variation of the multiple-

scattering effect with absorber, for a given beam particle. Tables 

XII and XIII show the results for protons and neon ions in miscellaneous 

absorbers. For comparison pur,poses. the initial energies are chosen 

such that the Bragg peaks occur at 5. Ocro. 

As expected, the scattering effects increase with increasing 

absorber atomic weight for both cases, Again, it is seen that neon 

ions produce scattering effects that are a factor of five less than those 

produc ed with pr otons. 

B. Bragg, Flux, and Spectral Curves for Monoenergetic Beams 

In this section, results are presented for the case where the 

initial beam of particles is assumed to be perfectly collimated (zero 

angular spread) and to be monoenergetic. In later sections, the 

effects due to finite energy and angular spreads are discussed. 

Presented here are Bragg curves, flux curves, and energy 

spectra at the Bragg peak not only ·for ions ranging from 'protons to 

xenon and having a variety of energies but also for a number of 

different targets ranging from water to uranium. For all cases, a 

value of 1.06 has been used for the nuclear unit radius. 

In discussing the Bragg curves, there are two quantities of 

particular interest. One is the ratio of the dose at the peak to that 

at the incident surface, denoted as the peak-to-plateau ratio. The 

other is the width of the Bragg peak, measured at those two points at 

which the dose is equal to one -half the dose at the peak. This is 

called the full width at half maximum, which we shall abbreviate to 

the "peak width'! for convenience. 

Also of considerable importance is the shape of the spectrum 

at the Bragg peak. Of particular interest are the average energy at 

73 



Table XII. Multiple-scattering results for protons in various absorbers 
with the peak at 5 g/ cm2 • 

Absorber 

Al 

eu 

Ag 

Pb 

u 

Percentage 
detour factor 

0.256 

0.629 

1. 11 

2.22 

3.87 

Mean beam 
deflect~n 

(g/ cm ) 

0.250 

0.390 

0.515 

0.722 

0.962 
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.Table XIII. Multiple-scattering results for neon ions in various absorbers, 
with the peak at 5 g/cm 2 • 

Percentage Mean beam 
Absorber detour factor deflection 

(g/ cm2) 

Al 0.0113 0.0514 

eu 0.0275 0.0750 

Ag 0.0487 0.103 

Pb 0.0938 0.145 

U 0.1785 0.197 



the peak and the full :width at half maximum. 

With regard to the calculations, it should be pointed out that 

$fl#snJ,~ mW for the very heavy, high-energy ions, there will be some secondary

.(T 7liI\ b;t~·,~ _.\particle generation, primarily in the initial portions of the path-length. 

()VI dC.'HUlI,~:Jt- Consequently, the calculations are expected to be somewhat in error 
{..J J, (/kt Hi'~» ) Vh 
-'"F-\ I~ (J in this region. In fact,. sincembst secondaries are generated near 

~.,"'!, ~,..r;)~ the incident surface, with relatively few being produced in the vicinity 

6~~"''lIe':)' 
IV of the Bragg peak, one would. expect the calculated peak-to-plateau 

'" et, tt- {,{t,\ Wa ... · 
.s:~ oI.~J dose ratio to be. somewhat high. However, ·the liS.e of a·.value 0f 

1.06 for the parameter r 'may;~ffset this ~~'ob:lew1?-at., o .. . '. .. ......... " . 

Since. there are relatively few secondariesgenerate'd near the 

Bragg peak, the shape of the peak' is determined principall y by the' 

primary particles. In particular, the full width at half maximum of 

the peak is a relatively slowly varying function of the parameter r , 
. . 0 

which is known reasonably welL Consequently, it is to· be expected 

that the calculated half widths are fairly accurate. 

1. Effect of Different Ions .' 

We consider first the following question:. given a particular 

target, and given that the Bragg peak is to be at a particular depth, 

then how will the shapes of the various curves be affected by using 

different ions? Qualitatively, one would expect these effects not to 

be trivial. In particular, the various contributions to the variance in 

the path-length distribution are all strong functio'ns of the, charge and 

atomic weight of the beam ions, as well as of the charge and atomic 

weight of the target. 
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For a monoenergetic beam, the principal contributors to the 

variance are the processes of energy straggling and multiple scattering. 

For each of these, it is easily seen that the variance contribution 

decreases as the charge of the beam particles increases. Therefore, 

those aspects of the penetration process that are dependent on the 

'. 
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path-length variance should be noticeably affected by changing the 

character of the bombarding ion. 

We consider first the case where the target material is water. 

Figure 4 shows the Bragg curves for various ions in water, with the 
2 

Bragg peak at 5.0 g/ cm. Figure 5 shows the flux curves for the 

same ions and Fig. 6 shows the spectra at the peak . Figures 7, 8, 

. and 9 show the same information, but for the cases where the Bragg 

peak is at 10.0 g/cm 
2

. The basic features of these results are 

depicted in Tables XIV and XV, which give the peak-to-plateau dose 

ratio, the Bragg-peak full width at half maximum, and the average 

77 

energy at the Bragg peak for each. case. Also,_ the peak-to-plateau ratio 
'''v o ," - • 

and the Bragg-peak width .are plotted as functions of the a tomic number 

of the beam in Figs. 10 and 11. 

As shown by these tables and figures, the peak-to-plateau dose 

ratio reaches a maximum value for a value of the beam atomic number 

between 6 and 8. Beyond a value of 10, the dose ratio falls off 

monotonicall y. This behavior is followed both ·for the peak at 5 g / cm 
2 

. 2 
and at 109/cm . 

On the other hand, the peak width falls off extremely rapidly 

with increasing atomic number, up to a value of approximately 20. 

For greater values of atomicnumber the width increases quite slowly. 

This behavior can in part be explained by considering the effective 

charge of the ions as they traverse the medium. 

Referring to Eq. (48), we see that th~ straggling variance is 

directly proportional to' z~ and inversely proportional to the cube of 

the stopping power, which is in turn proportional to the square of the 

charge. Hence, the variance is approximately inversely proportional 

to the fourth power of the charge of the beam particle. We must also 

recognize that the peak width is directly related to the variance. 

Now, consider first the lighter particles. They will retain 
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( .. 2 
Table XIV. Results for ions in water, with the Bragg peak at 5 g/ em . 

~ 

Beam Initial energy p-p Peak width Peak ave. 
ion (MeV/amu) dose ratio (g/ cm2) energy 

(MeV/amu) 

H 79.75 6.88 0.328 7.54 

He 79.40 8.06 0.172 5.67 

C 147.5 9.36 0.0928 6.93 

Ne 197.2 9.33 0.0762 7.35 

A 263.0 8.61 0.0586 7.19 

Kr 381.1 6.47 0.0639 7.06 

Xe 471. 0 4.99 0.0853 6.75 
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Table XV. Results for ions in water, with the peak at 10 g/cm . 

,t • 

• Beam Initial ener gy Peak width Peak ave. P-:P 
lon (MeV / amu) dose ratio (g/ cm2) energy 

(MeV / amu) 

H 118.0 6.48 0.637 9.91 

He 117.0 6.81 0.322 9.98 

C 221.0 7.07 0.173 8.85 

Ne 298.0 6.66 0.135 9.57 

A 403.0 5.54 0.0984 9. 51 

Kr 598.0 3.63 0.0925 9.57 

Xe 734.0 2:47 0.110 9.32 



their total charge for es sentially the whole range, so that the effective 

charge goes up as the atomic number. Hence the variance decreases 

rapidly with increasing atomic number for small atomic numbers. 

For the heavier elements, however, charge exchange becomes an 

important process, so that the ion charge no longer is proportional 

to the atomic number. Hence, the rate of decrease of the half width 

would be expected to decrease with increasing atomic number. This 

is obviously not. the complete picture, since the peak shape is also. 

determined by the shape of the stopping-pow~r function. However, 

the same type of argument regarding effective charge applies. 

The behavior of thepeak-to-plateau dose ratio can be explained, 

at least partially, in a similar manner. A decrease in the path.;,.length 

variance. is equivalent to the ions of a given energy being closer 

together in the target. Consequently, the low-E;mergy (high dEl dx) 

will deposit more energy in less space, and the dose in the vicinity 

of the peak will rise. 

The drop-off of the ratio at high values ofZ is again due, in 
p 

part, to the ion-exchange process.. Also, the nuclear reaction cross 

section becomes increasingly important for ions of increasing atomic 

number, so that more and more particles are removed from the beam. 

It is inte\resting to note that for peaks occurring both at 5 and 

10 cm of water, the peak width is nearly constant for values of Zp 

ranging from approximately 20 to 40. Also, it should be noted that 

the average energy at the Bragg peak is relatively independent of the 

beam ion . 

. For comparison purposes, the same type of data is presented 
. . . 

for various ions incident on targets of copper and uranium, all with 
2 

the Bragg peak at 5 gl em. These data are presented in Figs. 12 

through 16 and Table XVI for copper and in Figs. 17 through 21 and 

Table XVII for uranium. 
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Table XVI. Results for ions in copper, with the Bragg peak at 5 g,/ cm 
''': 

Beam Initial energy p-p Peak width Peak ave. 
ion (MeV/amu) dose ratio (g/ cm2) energy 

(MeV/amu) 

H 61. 8 5.66 0.487 6.59 

He 61. 4 7.51 0.241 4.29 

C 114.9 9.47 0.128 5.52 

Ne 153 .. 8 9.71 0.114 5.99 

A 204.8 9.67 0.0924 5.63 

Kr 293.3 7.98 0.123 5.67 

Xe 366.5 6.62 0.185 5.82 

" 

-.~ 



a) 

.~ --~- ------------- ---- - -/HI'I~=_ -,--
.80 ---- r----~I__-

~ .70 / I 

i : 7~ 14----__ -=_+-_~=----i 
jj .40 / / 

Q: 30 - - ---~ ~/-I---r--/--- 11\-\---1--- .-._--

. ------- ~~7AH 
.20 -=----r -- ,_ +tH---I~-----~ 

____ - }~--'----- . I 
.\0 -----1 ! ~_t----f--~-- HL- -- ___ 1 -

I L I\~ \ i 
OL-----L-----L-----~----~----~----~6~--~7 

o 2 3 4 5 
PENETRATION DISTANCE (g/cm2 ) 

Fig. 17. Bragg curves for ions in uranium 
with the peak at 5 g/cm2 a) He, He, and 
C; b) Ne and A; c) Kr aIid Xe. 

w 
(/) 

0 
0 

b) 
1.0 .-----,---'-... ----,--....:....---,r------r---..,~-I 

.90----- --1-----------+-----j-----~I---~-

.80 ----------------+------t------I--. --

o 2 3 4 5 
PENETRATION DISTANCE (g/cm

2 ) 
cl 1.0 

.90 

.80 

. ---- ---- --+---- .. - .. - --.11----- -------
~II -. - -=-O--~111---l-~--~ 

.70 -r----+---I----+--~II~--r--~ 

.60 

o 2 3 4 5 
PENETRATION DISTANCE (g/cm2 ) 

6 7 

XBL677-4341 

". ,"-- - ~ .. ~ . 



1.0 r---..,.....~~.,..,.....,.....,."=:::-,....,.., __ ",.,, "",-.---'---~-:--""-~--:-::A=~-~lr_-lC--r----' 
---- -------- ~~J------ ______ ~1_ 

~ I 
_80 ----\----- -c------I----I\-----

'x 
:3 _70 ----+------+ ---+----1-'----<1------- -------
u. 

5 .60 -----------+---+----+---11------ ---------

!50 _____ -1-__ -+ ___ +-__ -+ ___ --\'1---- -~= 
~ . . 40 
I-
:J .30 ------- ------l----i-----If----- -- -------
W 
0: 

.20 -----1----+---+---+11+---- --------.-

.IO-----t---l---~--- -- --- ---I' \ 

o 
o 2 3 4 5 

PENETRATION DISTANCE (g/cm2 ) 

I 
6 7 

Fig. 18. Flux curves for ions in uranium 
with the peak at 5 g/ cm2 : a) H, He, and 
C; b) Ne and A; c) Kr and Xe. 

x 

1.0 r----,.~==._:::_=:_=. =--=r=-"" -.~--r-"NT-. N-'-'-A--,----:-r---r--
b

-)--, 
.90 - -- --------- .------- ----.I_---+-...:::...---I-----f----'---j 

.SO ---- -·---}---+----+---'I---1----1 

:3 .70 
u. 

5 .60 I--------+---+-~_l---+---If_--+--_j 
m 
::;: 
~ .50 
w 
> 
I-

.~ ---~---+---I---+---~I----+-----

:J .30 ~---__t_--_I-----I----l---~-il-----+----_j 
w 
0: 

x 
~ 
...J 
u. 

0: 
w 
m 
::;: 
::J 
z 
w 
> 
i= 
<! 
...J 
W 
0: 

.20 

.10 ---- ----------- -------- ---------. ----

0 
0 2 3 4 5 

PENETRATION DISTANCE (g/Cm
2) 

6 7 

1.0 

.90 

.-.--'~=,,-~~ -X7 
--1-----1----\-----=--- ----- -- ..cJ-- -

.80 ~--~---T---~--~---lll---+-----

.70 

.60 

.50 

.~ 

.30 f--

.20 1--------

. 10 

0 

]- ---------- }------ . 

0 2 3 4 5 6 7 

PENETRATION DISTANCE (g/cm2) 

XBL677-4347 

~. 

.' 



'\ .... 

" -, ... o 

.' 

1.0 ....----r-~__,_--r_7~__;_--,__--,__-__;_---, 

- / \ ' a) 
.90, -- - - ------- ---7 .----- ---- ------.- --------- -------- -..--------- --

• .eo-+ -- 7 ~ . -._--
~,70~- / \ 

::; .60 J__ -- ---'-!: e--- ;-1 ------~--\ ---------,- ____ _ 
j: 

~ : ~-~L-,-_-~-___ -+_I+---------------I------_-_-_-__ + __ -__ -__ -__ -_ -.. f ,---_ ---.. t\I\--.-----;-~---I== 
:OOL---~2L---~4--~-i6----~8-----ILO-----1~2=---~14~--~16 

ENERGY (MeV/omul ENERGY (MeV/omul 

1.0 

.90 

_.80 
x 
::> .70 ~ 
u-

n: .60 ILl 
m 
~ 
:::l _50 
z 
w _40 > 
I-
~ 

-.30 J 
W 
a: 

~c-------.lL'---\\--+----~f-------- ----- ----- -.. ---c_L_ 
, - \ 

- I \ . -

----+----... /-1--e- .... ~'----I------ ---1------

,~:--_~ __ ~ ____ ·I----_-'-il-If-\-\----+_--+------I-&_ 
I '\ 

x _80 /\ 

~ .70 ,1------- ------~----_I_I-+---\--\-\--·----f----'+-----:----1 

i _.60-----+----+----+-/-j----\\--I---~--l..:.--'----4----
~ .50 r------~---1~~~.7~~-~:~~~~---\+-.;:---~------:--~~--~--,J~~--~~-----I_1 
~ .40 ---.--.. - ----- 7 - -1 

g .30 r------- -1---I-......:..--·II-I\:.......--l----+---'---1 

: ~_~_, __ .I ___ -__ --l_ ----'---__ ---\-~-----_.--+---__ .-_,-.-

OL----~---~--~~-~~~~---L~-~ 
o 2 4 6 8 10 12 14 

ENERGY (MeV/omu) ENERGY (MeV/omul -

XBL671-4333 

Fig. 19. Spectra at the Bragg peak for ions in uranium with the peak at 5 g/cm2 : 
a) protons; b) neon; c) krypton; 4) xenon. 



w 
(/) 

10 

8 

o 4 
o 

2 

o 10 

Fig. 20. 

20 30 40 50 60 

BEAM ATOMIC NUMBER 

Peak-to-plateau dose ratio for ions in u:;-aniurn 
with the peak at 5 g/ crn2 . 

XBL677-4370 

98 



,> 1.2 -------------------..., 

1.0 

-N 

~ 0.8 
....... 
at -
:I: 0.6 I-
0 

3= 

~ 0.4 
<t 
w 
Q.; 

0.2 

o 

Fig. 21. 

10 20 30 40 50 60 
BEAM ATOMIC NUMBER 

XBL 677-4366 

Bragg peak width for ions in uranium with the peak 
at5g/cm2• 



100 

~ ... 

Results for ions in Uranium, with the Bragg peak at 5 g/ em 
2 • Table XVII. 

Beam Initial energy p-p Peak wid2,h Peak ave. • 
ion (MeV jamul dose ratio (g/ ern ) energy 

(!\4eV/amu) 

H 48.4 3.77 1. 126 7.03 

He 47.6 5.59 0.432 3.70 

c. 90.6 7.46 0.209 4.45 

Ne 122.0 7.75 0.186 4.70 

A 162.7 7.61 0.161 4.49 

Kr 232.6 6. 19 0.253 5.13 

Xe 293.9 5. 12 0.394 6.59 



• 

'. 

In general, the basic feature-s of these two cases are similar 

to those in which the target is water. As shown in Figs. 15 and 20, 

. the dose ratio peaks at a beam atomic number between 10 and 15 for 

both copper and uranium. Also, the peak width falls off rap idly, 

reaching a minimum at a beam atomic number of approximately 20. 

One important re sult is that the average energy at the Bragg 

peak is a very slowly varying function of the bombarding ion, with the 

exception of protons and helium nuclei. 

2. Effect of Different Energies 

Suppose one wishes to produce Bragg peaks at various pen-

etration depths within a given medium, using a given ion. It would 

be useful to be able to predict the changes in the various features of 

the physical process as functions of the depth at which the peak is 

produced, or, synonymously, as functions of the initial beam energy. 

This section presents results that depict these functional dependences. 

We consider four separate systems: 

(1) proton beams incident on a water target 

(2) neon ions incident on a water target 

(3) protons incident on uranium 

(4) neon ions incident on uranium. 

These cases will serve to demonstrate the relationship between the 

initial beam energy and such quantities as the peak-to-plateau dose 

ratio and the Bragg peak width. 

The results for the two systems in which the target is water 

are embodied in Figs. 22 through 25 and Tables XVIII and XIX. For 

the systems in which the target is uranium, the results are shown in 

Figs. 26 through 29 and Tables XX and XXI. 

of these results are the following. 

The primary features 

In general, the peak-to-plateau dose ratio goes through a 

maxirnum and then decreases monotonic all y with increasing energy. 
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Fig. 22. Bragg curves in water for protons with initial energies 
ranging from 50 to 500 MeV. 
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Fig. 24. Bragg curves in water for neon ions with initial energies 
ranging from 50 to 500 MeV per amu. 
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Table XVIII. Variations with initial energy foJ;' protons incideht on 
water. 

Initial Peak ave. Mean beam 
energy Mean r'i,nge p-p Peakwi2th energy defleeti~n 

(MeV/amu) (g/ em ) dose ratio (g/ em ) (MeV/amu) (g/ em ) 

50 2.19 6.84 0.156 5.40 0.074 

100 7.64 6.69 0.480 8.81 0.247 

150 15.58 6.06 0.959 12.2 0.491 

200 25.57 5.41 1. 53 15.5 0.792 

300 50.50 4.08 2.89 22.8 1.522 

400 80.61 2.92 4.82 29.3 2.383 

500 114.7 2.01 7.04 35.4 3.340 
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Table XIX . Variations with initial energy for neon ions incident on water 

. 1 

Initial Peak ave. Mean beam 
energy Mean range p-p Peak width energy deflectiof 

(MeV/amu) (g/ cm2) dose ratio (g/ cm2) (MeV/amu) (g/ cm ) 

50 0.444 9 .• 31 0.0146 1. 89 0.0034 

100 1.538 10.93 0.0324 3.98 0.0112 

150 3.134 10.43 0.0530 5.97 0.0222 

200 5.142 9.20 0.0785 7.41 0.0357 

300 10.15 6.60 0.137 9.69 0.0685 

400 16.21 4.35 0.205 12.14 0.107 

500 23.07 2.67 0.285 14.76 0.150 
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Table XX. Variations with initial energy for protons incident on uranium. 

Initial Peak ave. Mean beam 

energy Mean range p-p Peak width . energy ·deflection 

(MeV jamul (g/ cm2) dose ratio (g/ cm2l (MeV / amu) (g/em?) 

!?O 5.47 3.84 1. 16 7.20 0.812 

100 17.72 4.04 3.00 11.8 2.43 

150 34.90 3.91 5.44 16.5 4.57 

200 56.01 3.66 8.41 21. 5 7. 12 

300 107.5 3.05 15.9 30.4 13.12 

400 168.6 2.43 25.8 39.3 20.00 

500 236.8 1. 89 39.3 46.8 27.48 

• 

--.,. 
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Table XXI. Variations with initial energy for neon ions incident on 

" uranium. 

'Initial Peak ave. Mean beam 
energy -Mean range p-p , Peak width energy deflection 

(MeV / amu) (g/ cm2) dose ratio _ (g/ cm2) , (MeV/amu) '(g/ cm2) 

50 1. 13 5.52 0.112 1. 76 0.0393 

100 3.61 7.44 0.158 3.78 0.114 

150 7.09 8.05 0.224 5.66 0.213 

200 11. 37 8.23 0.296 6.98 0.330 

300 21. 80 7.89 0.463 9.15 0.606 

400 34.17 7. 15 0.661 11.58 0.921 

500 47.99 6.35 0.874 13.90 1. 264 



For protons incident on uranium, the peak occurs for an initial energy 

in the neighborhood of 100 MeV. 

energy is about 200 MeV / amu. 

For neon ions on uranium, the 

The peak width and average peak 

energy are in. all cases increasing functions of the initial energy. 

Whereas for a given ion the peak width is strongly dependent on the 

target, the average peak energy is.a slowly varying function of the 

target material. In fact, the results show that as the atomic number 

of the ion increases, the more slowly varying is this function. Thus, 

for 500 MeV per amu neon ions, the difference between the average 

peak energies in water and in uranium amounts to only 5%. 
3. Effect of Different Targets 

To complete this section on monoenergetic beams, we consider 

systems in which the beam remains the same and the Bragg peak is 

fixed at a given penetration distance, but the target material is varied. 

The importance of this lies in the fact that the present calculations 

can treat only homogeneous media. The variation with respect to 

the target material of the several parameter s of interest enables one 

to estimate the values of important parameters for nonhomogenous 

systems. 

Tables XXII and XXIII show the peak-to-plateau dose ratio, 
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the beam width, the average peak energy, and the mean beam deflection 

for protons and neon ions incident on various absorbers. The energies, 

also listed in the tables, are chosen so that the Bragg peaks are at 
2 

5 g/ cm . 

As expected, the peak:-to-plateau ratio decreases, and the 

peak width increases as the atomic number of the target increases. 

This is again explained in terms of the increase in the path-length-

distribution variance with increasing target atomic number. Also, 

the average energy at the Bragg peak is quite insensitive to the target 

atomic number. 

'. 
" 
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Table XXII. Results for ~rotons in various targets, with the Bragg peak 
at 5.0 g/ em . ' 

Initial beam Peak ave. Mean beam 
energy p-p Peak width energy defleet~n 

Target (MeV jamul dose ratio (g/ cm l ) (MeV/amu) (g/ em ) 

Al 68.2 6.39 0.383 6.90 0.250 

Cu 62.0 5.73 0.479 6.63 0.390 

Ag 57.2 5.01 0.629 6.67 0.515 

Pb 50.0 4.05 0.987 6.94 0.722 

U 48.8 3.33 1. 53 8.40 0.962 
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Table XXIII. Results for neon~ons in various targets, with the Bragg 
peak at 5.0 g/ em. . . 

Initial beiim Peak ave. Mean beam 
energy p-p Peak width energy deflee~ion 

Target (MeV/amu) dose ratio (g.l em2.) (MeV/amu) (g/ em ) 

Al 168.8 10.31 0.092.5 .6.41 0.0514 

Cu 148.9 9.83 0.108 5.69 0.0750 

Ag 142..3 9.18 o. 131 5.39 0.103 

Pb 12.6.0 8.02. 0.175 4.75 0.145 

U 12.2.0 7.12 0.218 5.45 0.197 

.. 
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C. Consequences of Initial Energy and Angular Spreads 

'. ~ Actually, no beam can be perfectly collimated or monoenergetic. 

Generally, the energy distribution is approximately Gaussian and has 

a very narrow width. Also, as a result of many factors, there will 

be a small angular distribution in the particles as they impinge upon 

the target. It will be shown that even very small widths in the initial 

energy and angular distributions can have strong influences on the shape 

of the Bragg and flux curves, and on the energy spectra. 

We consider the cases of protons, neon ions, and xenon ions 

incident on water targets, with the Bragg peaks at 5 g/ cm 
2

, and study 

the effects due to changes in. the initial energy distribution. Figures 

30, 31, and 32 show the Bragg, flux, and spectral curves for protons 

incident on water, for various values of the standard deviation in the 

initial energy distribution. Table x"xrv gi,v~s the p~ak-t!e-I'la1!eau dose 

ratio, the peak width, and the average energy at the peak for different 

values of the standard deviation. 'Figures 33 through 36 and Tables 

XXV and XXVI show similar results for neon and xenon ions incident 

on water targets. 

In general, these results show that a value for the standa,,rd 

deviation of less than 1 % of the mean initial energy can alter the 

Bragg and spectral curves significantly. Consider the neon case as 

an example. An initial standard deviation of 0.5 MeV per amu, or 

approximately 1/4% of the initial energy, produces a change in the 

peak-to-plateau ratio of approximately 26%, a change in the average 

energy at the peak of approximately 35%, and a change in the peak 
• width of nearly 100%. Interestingly enough, there is very little effect 

on the shape of the flux curve for the given changes in the standard 

deviation . 

. The degree to which an initial angular spread of the beam 

particles influences the physical process is dependent in part on the 
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Table XXIV. Variation' with initial energy sP2ead for protons in water 
with the, Bragg peak at 5.0 g/ em (initial energy = 79.75 
MeV jamul. 

Initial energy Peak ave. 
standard deviation p-p Peak width • energy 

(MeV/amu) dose ratio (g/ cm2) (MeV / amu) 

0 6.88 0.328 7.54 

0.25 6.51 0.368 7.85 

0.50 5.89 0.461 8.63 
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Table XXV. Variation with initial energy spr~ad for neon ions in water 
with the Bragg peak at 5.0 g/ em (initial energy = 197.2 
MeV jamul. 

Initial energy Peak ave. 
standard deviation p-p Peak wir.th energy 

(MeV/amu) dose ratio (~.Iem ) (MeV/amu) 

0 9.33 0.0762 7.35 

0.25 8.26 q.0998 8.23 

0.50 6.89 0.149 10.08 

" .. 
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Table XXVI. Variation with initial energy sprZad for xenon ions in water 
with the Bragg peak at 5.0 g/em (initial energy = 471 
MeV/amu). 

Initial energy Peak ave. 
standard deviation p-p Peak w~th energy 

(MeV / amu) dose ratio (g/ em ) (MeV / amu) 

0 4.99 0.0853 6.75 

0.25 4.74 0.0964 8.01 

0.50 4.34 0.119 10.29 



initial size of the beam. This comes about ~n the following manner. 

It was shown in Section IlI-C-4-a that the degree,of radial spreading 

is dependent on the initial mean angle of the beam particles (see Eq. 

(112». In Section IIl-C -4- b an estimate was made of the effects due 

to the beam spreading. Thus, the initial angular distribution leads 

to an increase in the effective beam attenuation due to the divergence 

of the beam. 

Whether or not this effect is significant depends on the initial 

beam size relative to the degree of beam spreading. Thus, if the < 

amount of beam spread is much less less than the initial beam radius, 

then the effective attenuation will be unimportant. On the other hand, 

even if the 'degree of spreading is comparable to, or greater than, the 

initial beam diameter, the eff~ct on the experimental measurements 

will be small if the detector has a sensitive area radius much larger 
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than that of the beam at the end of the beam range- -that is, if the 

detector is large enough to detect even those particles that have travelled 

large radial distances.' 

To illustrate these aspects, the case of neon ions incident on 
'. 

water targets is used.' As before, the Bragg peak is taken to be at 
2 

5 g/ cm. Table XXVII shows that the variation of the peak-to-plateau 

dose ratio and the peak width with the standard deviation of the initial 

angular spread for various beam diameters. Figure 37 shows the 

calculated Bragg curves as functions of the standard deviati6h and 

beam diameter. Note that these results refer to center-to-line 

measurements only. Also, Fig. 38 shows that the effect of the initial 

standard deviation on the spectrum at the Bragg peak, which in the 

present approximation is independent of the initial beam diameter. 

A s expected, the smaller the beam diameter, the greater effect a 

given initial standard deviation has on the dose ratio. The effects 

can be extremely large, as illustrated by the results for a beam of 
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0.5 cm diameter. For an angular spread with a standard deviation of 

1 deg, the peak-to-plateau ratio is decreased by 32 % ! 

The shape and position of the spectrum at the peak is affected 

very little by the degree of initial angular spreading. 

for the peak width. 

This is also true 

D. Comparison With Experimental Results 

Several sets of experimental results are available" from which 

it is possible to make comparisons with the theoretical shapes of the 

Bragg, flux, and spectral curves. In making these comparisons, several 

points should be borne in mind. First, for sufficiently high-energy 

particles, nuclear interactions become important and a variety of 

secondary particles may be produced. In these cases, one would 

expect to note differences between the theoretical and experimental 

results. Inasmuch as the great majority of secondaries would be 

expected to be generated towards the incident surface, with relatively 

few being produced near the vicinity of the Bragg peak, the theoretical 

curve shapes in this region should be reasonably accurate. 

The calculational errors due to the neglect of secondaries are 

somewhat offset by using 

nuclear unit radius r • 
o 

what may be a somewhat low value for the 

One. difficulty in making comparisons between experiment and 

theory arises out of the fact that in most experimental arrangements, 

it is very difficult to estimate the degree of angular and energy spread 

of the ion beam incident on a target; it was shown earlier that these 

initial distributions can strongly affect the measured curves. 

The effects due to the initial angular spread can usually be 

largely eliminated by using a large enough beam or by utilizing a 

detector with sufficiently large diameter, or by a combination of both. 

These will also eliminate the effective attenuation due to the inherent 



. ," 
,. 

beam spreading from multiple - scattering. 

On the other hand, the effects resulting from a finite width 

in the initial energy distribution cannot be eliminated, and they will 

be present in the measured data. Usually, however, a reasonable 

estimate can be made of the upper limit on the degree of energy 

spreading. Consequently, the theoretical results which would be 
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obtained if the exact initial energy spread were known can be bracketed. 

In' addition to the uncertainty in the initial energy spread, the 

mean energy of the beam is known only to within a certain accuracy. 

Furthermore, the beam generally passes through one or more thin 

slabs of various materials prior to entering the main target.. These 

slabs are associated with miscellaneous pieces of experimental 

apparatus such as counters, collimator edges, etc., and they will 

degrade the beam energy somewhat. In general, the degree of energy 

degradation is small, but it does serve to enhance somewhat the 

uncertainty in the initial energy of the ions incident on the target. 

In some cases, then, it is necessary to vary the assumed 

initial energy and energy spread until the best comparison is found. 

In all of these instances, the optimum values are well within the 

experimental uncertainties. 

It should also be mentioned that none of the experimental 

results cited \was. obtained with the intention of making comparisons 

with theoretical calculations. Consequently, various details, such 

as beam diameter, are in some cases known only approximately, hence 

leading to uncertainties that can be difficult to estimate. 

1. 47 -MeV Protons in Water 

Raju and Welch 50 have measured the Bragg curve in water 

from protons generated by the 88 dnch cyclotron at the Lawrence 

Radiation Laboratory. The nominal energy of these proton.s is 47 

MeV, and this \falue is believed to be accurate to within 1 %. The 



beam diameter was estimated to be 0, 5 in., or approximately 1. 25 

em, and the detector used to measure the dose distribution was a 

semiconductor diode with a sensitive volume diameter of less than a 

millimeter. An upper limit on the standard deviation in the initial 

energy spread was estimated to be on the order of 0.5 MeV. 

Using an assumed initial energy of 47 MeV and an assumed 
, 

standard deviation in the initial spread of 0.2 MeV, or approximately 

one-half the estimated upper limit,.lJilie_-ErAg:g:curveis cal,¢ulated .• 

Included in these calculations .. is the effective attenuation due to 

beam spreading~ Also, effects due to initial angular spreading of 

the beam are_ neglected, inasmuch as for this particular case, a 

small amount of initial divergence would not significantly influence the 

results. This is illustrated in Table XXVIII, which shows that even 

for an initial standard deviation of 1 deg, there is very little decrease 

in the effective attenuation factor from beam spreading. The result-

ant curve is given in Fig. 39, along with the experimental points. 

The results are in excellent agreement. 

2. 910-MeV Helium Ions in Copper 

Measurements have been made of the Bragg, flux, and peak 

spectrum curves in copper due to helium ion beams produced by the 

l84-inch cyclotron at the Lawrence Radiation Laboratory. The mean 
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energy of these beams is quoted as 910 MeV (total), but the uncertainty 

in this energy is on the order of 10 MeV. 

a. Bragg Curve 

Lyman has measured the Bragg curve, using a beam with a 

diameter of 0.5 inches and an ionization chamber with a sensitive-

volume diameter sufficiently large to eliminate the effective attenuation 

d b d
" 51 f . 

ue to earn sprea lng. Hence, any e fects due to the initial angular 

distribution of the beam are eliminated. 

The initial energy spread of the beam is unknown, but estimates 

.... 
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Table XXVIII. Effect of initial beam angular divergence for 47 -MeV 
protons in water. 

lnitial angular 
standard deviation 

(deg) 

o 

0.5 

1.0 

2.0 

Effective 
attenuation factor 

due to beam spreading 

0.81 

0.81 

0.80 

0.79 
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place an upper limit in the vicinity of 1% of the rpean energy, or 

or approximately lOMe V • 

Bragg curves are .. calculated for values of the standard deviation 

of the initial energy spread of 0, 4, and 8 MeV. These calculated 

curves are shown inFig~ 40, along with the experimental data. In 

order to match the experimental and· theoretical Bragg-peak penetration 

distances, and initial energy of 916 MeV rather than 910 was required. 

This is well within the estimated uncertainty. The results show that 

excellent agreement is obtained by using a value for the standard 

deviation in the initial energy distribution of 4 MeV. 

b. Flux Curve 

Using the same geometry described above, Lyman has also 

measured the flux curve for 910-MeV helium ions in copper, using a 

Faraday cup. Again, the dimensions of this detector were sufficiently 

large to eliminate the beam-spreading effects. 

Figure 41 shows' the calculated flux curves for values af the 

standard deviatian in the initial energy distribution of 0 and 16 MeV. 

The effect af the spread is clearly illustrated at the end af the range, 

although the early portion of the curve is unaffected. In general, the 

results agree well, except for the portion of the curve in the vicinity 

of the break-aver point, where the measured curve shows a much 

broader transition than does the calculated curve. This difference 

cannot be explained in terms of the multiple- scattering proces s for 

the following reasons. Fifst, that aspect of the process which leads 

to an increase in the variance in the path-length distribution does not 

affect the shape of the curve, since calculations have demonstrated 

that in general that portion of the flux curve in the vicinity of the break

over point is nearly independent af the path-length variance. Secondly, 

the scattering proces s leads to a spreading af the beam, but as was 

pointed out earlier, the effect af this on the experimental results is 
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eliminated by using a sufficiently large detector. 

One possible explanation may lie in the existence of secondary 

particles in the vicinity of the break-:over point. The existence of 

secondaries is also suggested by the fact that the initial portion of the 

experimental flux curve appear s to be con'cave upwards to a slight 

degree .. However,· no rationale can be found at present to explain 

exactl y why the experimental break-over point is as broad as it is. 

It should also be mentioned that an assumed initial energy of 

916 MeV was also used in obtaining the calculated curves shown in 

Fig. 35. 

c. Spectrum at the Bragg peak 

Raju has measured the energy spectrum at the Bragg peak, 

using a silicon diode. 52 This spectrum has been calculated for values 

of the standard deviation in the initial energy distribution of 0, 4, 6, 
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and 8 MeV. The results are shown in Fig. 42, along with the experi

mental data. For an assumed SD of 6 MeV,the most probable ,energy 

for theory and experiment agree. In this case, however, the calculated 

peak width is considerably larger than that measured. On the other 

hand, using smaller values for the initial SD in the energy spread yields 

widths that are in better agreement with the measurements. In this 

case, however, the values for the most probable ertergy do not agree 

well.. 

There are several possible explanations for this discrepancy. 

First, it was demonstrated in the discussion comparing the experimental 

and theoretical flux curves that there was a strong pos sibility that some 

secondary particles could be present near the peak, even though their 

influence on the Bragg curve cannot be seen by examination of the , 

calculated and measured curves (which are in excellent agreement 

without recourse to secondaries). If there are secondaries at the 

peak, then they will most certainly have an effect on the shape of the 
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spectrum. The difficulty with this lies in the fact that it is hard to 

see how these secondaries cause the measured peak to be more narrow 

than it would be in their absence. 

Another pos sible explanation for the discrepancy could lie in 

the experimental error in locating the exact position in the target 

corresponding to the Bragg peak. In this region, the shape and modal 

energy of the peak are extremely sensitive to position, and a very 

small change in position can produce a large change in these quantities. 

To illustrate this, consider that the distance from the Bragg 

peak to the end of the range is in this case less than 2 g/cm2, or 

approximately 2mm. Thus, an experimental error of a fraction of 

a millimeter could produce large changes in the measured results. 

No detailed calculations have yet been made to ascertain 

whether or not the spectrum at positions off the peak which are 

comparable to a reasonable amount of experimental error are in 

agreement with the experimental results. 

3. 49-MeV Protons in Aluminum 

Raju has also measured the energy spectrum at the Bragg 

k f . I· 52 Th . I d d pea 0 protons 1n a um1num. ese partlc es were pro uce by 

the 88 -inch cyclotron at the Lawrence Radiation Laboratory, and had 

an energy of 49 MeV. As indicated earlier, the standard deviation 

of the initial energy spread is presumably less than 0.5 MeV. 

Calculations of the peak spectrum were made for values of the 

initial energy spread SD of 0 and 0.25 MeV. The peak energies 

coincide for an assumed initial energy of 48 MeV. The results are 

shown in Fig. 43 along with the experimental points. The two 

calculated curves bracket that measured, so that in this case the 

theory agrees extremely well with the experimental results. 
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Fig. 43. Experimental and theoretical spectra at the Bragg peak 
for 49 MeV protons in aluminum. The assumedinitialenergy 
used in the calculations ,j s 48 MeV, The'oretical curves are 
calculated for values c:[: a) 0 MeV and, b) 0.25 MeV in the 
standard deviation of the initial energy distribution. 
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v. CONCLUSIONS AND RECOMMENDATIONS 

The methods developed here for cOqtputing Bragg, flux, and 

spectral curves are extremely flexible, in that the calculations are 

done directly in terms of energy:-dependent functions for the ionization 

ene rgy loss and total nuclear- reaction cross section. Thus, the 

method is directly applicable to any situation in which the important 

energy loss processes are ionizatiori and nuclear interactions. 

The methods are also more general than previous ones, in that 

they are able to make corrections for multiple scattering for systems 

in which the lab and c. m. coordinate systems are not equivalent. 

Also, effects due to initial angular and energy spreads of the beam 

have been included in a natural manner. 

Calculations have demonstrated that the nature of theiriitialbeam 

can strongly influence the shapes of the Bragg and flux curves for a 

given range in a specified material, but the average energy at the 

Bragg peak is found to be relatively insensitive to the type of ion used. 

Withinexperimental uncertainties, excellent agreement is 

obtained between experimental Bragg, flux, and peak spectral curves 

and the corresponding theoretically calculated curves, with one 

exception. Even in this case, there is reason to believe that experi

mental uncertainties could explain the differences, and it is hoped 

that work in the near future will resolve the discrepancy. 

However, for those cases in which secondary particle production 

was nontrivial, agreement between experiment and theory was obtai:r;ed 

by using a value for the nuclear unit radius r which seems to be 
o 

somewhat lowe r than we would expect from the various nuclear models. 

It could well be that the good agreement between experiment and theory, 

obtained by using a low value, is fortuitous and is simply a result of 

the fact that the energy deposition by the secondary particles is equiva

lent to that produced by the corresponding primary particles which 

• 
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fictitiously escape capture (due to the too low value .of r
o

)' O:n the 

other hand, it could be that the secondaries produced in the experi

ments were of negligible importance from the standpoint of dose, and 

that the value of 1. 06 is the correct one. 

If the former is correct, then clearly the present theory is 

inadequate for very heavy ions. That is, it might be that a larger 

value of r would need to be chosen, along with the inclusion of o . 

additional terms which take into account the .contributions from 

nuclear secondaries. 
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The resolving of the uncertainty as to the presence or absence of 

significant effects, in some of the experimental data presented here, 

due to secondary particles would be an important contribution. 

In all calculations in this work, we assumed that the various 

processes, such as ionization energy loss and multiple scattering, 

led to distributions which could be represented by Gaussians. In 

general, this assumption is well-founded. However, ih certain 

limiting cases, deviations from Gaussian distributions are significant. 

For example, at very low energies, plural scattering could cause 

skewing of the angular distribution of the beam particles. It would 

therefore be useful to examine the limits within which the assumptions 

of Gaussian distributions are valid, although for the present work 

there is little doubt as to the validity of these assumptions. 

One limitation of the present work is in the assumption of a 

single, homogeneous target medium. An extremely useful extension 

would be to multiple -slab geometry, allowing more realistic repre

sentations of physical systems • 
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APPENDICES 

A. Delta-Function Approximation 

We consider the evaluation of the expression given by Eq. (14) . 

For sufficiently small values of !T(E, Eo) the term (1/.,Jn) • exp { .. U
2
} X 

[dU IdE) behaves like a delta-function. Equation (14) then reduces to 

(A -1) 

where the relationship between sand E is given by Ett. (5). We wish 

to learn when this approximation is valid. This may be deduced by 

the following argument. Consider the exponential term 

2 
T = exp {-U }, (A-2) 

where U is given by Eq. (9). For a given value of s, T is the control

ling factor in determining how rapidly the total integrand in Eq. (14) 

goes to zero. Thus, for U ;::: 3, the contribution to the total integrand 

is negligible. 

Therefore, if each factor in the integrand remains relatively 

constant over the energy interval within which the integrand differ~ 

significantly from zero, then the approximation of Eq. (14) by Eq. (A -1) 

is valid. 

We state this mathematically as follows. Let D be the range 

covered by the variable seE) over which the term T is significantly_ 

greater than zero. We may write 

(A-3) 

where M is some constantin the neighborhood of 2 to 4. We wish to 

calculate the change in energy, ~E, correspondii?-g to the distance D. 



FroIn Eq. (I), we find that for a change in 'seE) equal to D. the 

corresponding change in energy is approxiInately 

D 

~ 
• f( E) 

1 
M,· aCE, Eo) . feE) . A 

p 
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(A-4) 

We now require that the percentage change in each other factor in the 

integrand be less than SOIne fraction h over the energy interval ~E 

given by Eq. (A -4). The two functions to consider are 

and 

Eo 

exp {-~ J [2:(E')/f(E')] dEl} 
E 

feE) . 

For a given function G. (E), the fractional change over an 
, 1 

increInent tiE is given approxiInately as 

D.Gi dGi D.E 
-

Gi dE Gi 

(A-5) 

(A-6) 

(A-7) 

Taking the derivatives of both functions in Eq. (A-5) and (A-6), using 

the approxiInation in Eq. (A-7) and the expression for ~E in Eqo (A-4), 

and requiring that the percentage change of each function overD.E be 

less than h, we obtain the following criteria: 

(A-8) 

'" 
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(A-9) 

where 

CRITl ;::: hiM. (A-10) 

If both of these requirements are satisfied for a reasonable 

value of hiM, then Eq. (14) may be replaced by the much simpler 

form given by Eq. (A -1). Similarly, if the inequalities given by 

Eq. (A-8) and (A-9) hold, then the expression for the flux given by 

Eq. (11) may be replaced by the following expression. 

(A -11) . 

The value of the constant hiM is obtainedexperimehtally by recognizing 

that the dose curve and its derivative must be continuous at the point 

at which the calculation changes from Eq. (A -1) to Eq. (14). A priori, 

one wo uld expect that sllitable values would be on the order of 0.05 to 

O. 10 for hand 1. 5 to 2.5 for M. Hence one would expect the largest 

useable value of hiM to be somewhere in the range 0.02 to 0.07. 

Figure 44 shows the effect of using" different values of hiM, 
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denoted "CRITI". For values greater than approxim.atelyO. 04, 

there are clearly discontinuities in the dose curves. For values of 
. . 

CRITlless than 0.04, the calculated dose curve rem.ains the sam.~ • 

. That is, no change results from. decreasing the value of CRIT!. 

B. Num.erical Integration 

For those points at which the delta::-function approxim.ation is 

invalid, the integrals in Eq. (11) and (14) are evaluated num.erically, 

using the sim.ple trapezoidal rule. In this case, the procedure is 

basical~y as follows: 

1. Choose a set of energi~s {E.}. 
1 

2. Calculate the set r;J = fs(E.)} for each energy from. Eq. (5). 
1 1 

3. Calculate cr(E, E ) for each energy. 
o Eo 

4. Evaluate, the integral ~ ~. [2:(E')!f(E')] dE' at each energy. 

Finally, the num.erical integration is perform.ed for a set of 

values for the distance s. In fact, the evaluation is greatly sim.pli£ied 

by choosing these values to coincide with the set fa.} . 
1 

It rem.ains to choose the energy set {E.} at which the num.erical 
1 . 

calculations are to be pe rform.ed. This is done as follows. Since the 
... 

term. T given by Eq. (A -2) is by far the m.ost rapidly varying in both 

(3) and (4), we im.pose the requirem.ent that in traversing the ene rgy 

interval ~E, which is the interval over which the trapezoidal rule is 

applied at any given step, the change in the quantity U be less than or 

equal to som.e fraction FR, where FR is a sm.all fraction of u~ity. 

This ensures that the change in the exponential term. T willlikewi~e . 

be sm.all over the interval DoE. Experim.entally, a value of 0.2 for 

FR is found satisfactory. 

The change in U across ~E is approxim.ated by 

(A -12) 
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wher'e As is the dIfference between two succes sive members in the 

set {sil. It is assumed that CT (E, Eo) reII;lains relatively constant over ,a 

the interval. We require, then, the following: 

-
(A-l3) 

Using Eq. (1), we obtain a relation between the change in 

distance Lls and the cor'responding energy change ~E: '. 
"., 

.6E :: (A- 14) 

Substituting into Eq. (A-13), we obtain the restriction on aE: 

,[2 . ( ) .6E < -- . f(E) • a E, Eo • FR. 

~ 
(A- 15) 

Thus, for a given energy E i , the next energy E i + 1 at which the 

calculations are performed is given by Eq. (A-IS), where the 

equality sign is chosen. Therefore, we can write 

(A-16) 

'" 
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c. Nomenclature 

Atomic weight of the ith species in the target 

Atomic weight of beam partiCles 

At Atomic weight of target 

c Velocity of light· 

DPercentage detour factor 

D(s) Dose at distance s; in MeV /sec-gm 

E Beam particle energy, in MeV /~mu 

Eo Initial energy of beam particles; in MeV /amu 

Ec. m. Total energy in the coordinate system, in MeV 

E tot Total energy of q. particle, in MeV 

e Electron charge 

2 
( .::lEo) Variance of initial beam- energy distribution 

f Attenuation factor due t;o beam spreading 

f(E) Stopping power, in MeV per g/cm2 

! . 
. K Binding- effect c:!;orrection factor 

me Electron mas s 

M 
P 

M(s, s) 

N· 1 

Mas s of beam particle 

Rest energy per amu, :::: 931 MeV 

Pa th-length di s tribution func tiort 

~umber of electrons per cm3 in an absorber 

Avogadro's number 

Atomic density of the ith species in the target, in 
atoms/cm3 

.' i • " ....... .. ; I ," ' • 
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N(s) 

N(E, s) 

p 

p(e) 

R 

s 

s(E) 

x 

y 

2 
(b.Yo) 

z· 1 

Number of particles of energy E 

Initial particle flux, ,in particles/cm2- sec 

Total flux at s, in particles/cm2-sec 

Energy flux at s, in particles per unit energy at E, 
per cm2 _ sec 

Beam particle momentum 

Scattering probability 

Atomic radius 

Clas sical electron radius 

Radius of nucleus 

Nuclear unit radius, in fermis 

Mean range of particles, in g/cm2 

Contribution to variarice in path-length distribution due 
to energy-los s fluctuations 

Distance of travel in an absorber, in g/cm2 
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Mean distance travelled by particles of energy E, in g/cm2 

Con,tribution to variance in path-length distribution due 
to initial energy spread 

Penetration distance into the target, in g/cm2 

. 2 
Mean beam deflection, in g/cm 

Initial beam radius 

Mean square radial spread, in 
2 2 

g/cm 

Contribution to the variance in the radial- spread distribu
tion due to initial angular spread 

Atomic number of the ith species in the target 

Atomic .number of beam particles 

,. 

-



Zt 

f3 

.'" y 

v e 

e
1 

e
2 

)t' 

p 

1) 

IT (Eo) 

IT(E,E o ) 

~(E) 

<I> 

, 

AtomiC number of target 

Velocity ratio 

Beam-particle- target- ato~ mass ratio 

Scattering angle in the c. m. system 

Lower limit.on scattering probability. 

Upper limit on scattering probabllity 

Wavelength of beam particles, in cm 

3 
Density of target, in g/ cm 

Total miCroscopic nuclear- reaction cros s section 
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Standard deviation in the range distribution for particle s 
of initial energy Eo 

Standard deviation in the path-length distribution for 
particles of energy E 

Total macroscopic reaction cross section, in cm-
l 

Mean laboratory- system angle of deflection of beam 
particle s 

Scattering angle in the laboratory system 

Standard deviation of initial angular spread 

Mean square change in angle of deflection per unit distance 

Mean square angle of deflection 
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E. Coulomb Excitation 

If a bombarding ion comes sufficiently close to a target nucleus, 

a quadrapole interaction ~ay occur, in which one or both nuclei are 

raised to an excited state. This inelastic proces s is called Coulomb· 

excitation; and the amount of energy which may be lost in a single 

interaction is on the order of an MeV. 

We can easily show that this Coulomb interaction process is not 

significant from the standpoint; of energy loss by comparing the specific 

energy los s due to Coulomb excitation with that due to ionizatIon. The 

microscopic cross section for a Coulomb excitation to occur can be 

shown to be on the order of one to two times the geometric cross section 

(53 ) 
given by Eq. (60). If this quantity is multiplied by the atom density 

of the medium, the result is the lnacroscopic cross section for a 

Coulomb excitation. If this is then multiplied by the mean excitation 

energy lost per interaction, the result.is the stopping power, or specific 

energy loss, due to Coulomb excitation. 

E stima te s of this stopping power are made for a few extreme 

cases, and the results are shown in Table XXIX. Also shown are 

calculated values of stopping power due to ionization. In all cases, the 

Coulomb excitation stopping power is a: negligible fraction of the total. 
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Table XXIX. Comparison of stopping power due to Coulomb~xcitation 
and from ionization. 

StoEEing Power 
System Coulomb excitation Ion:ization 

500 MeV /amu Ne ions in U ... 0.01 140 

500 MeV / amu Ne ions in H 2 O ::: o.J/ 280 

500 MeV / amu Ne ions in Cu := 0.05 191 

500 MeV / amu U ions in U :::: 0.05 11, 500 

~ 
\of 

1,." 
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