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ABSTRACT 

The usual treatment of the high-energy elastic scattering of protons 

by nuclei has been extended to include relativistic Coulomb corrections and 

a complex nuclear spin-orbit potential. With these additions it is possible 

to obtain a good fit of the experimental results on the polarization of 

high-energy protons scattered elasticalLY by carbon for small scattering 

angles. In addition, it is possible to deduce the sign of the nuclear 

spin-orbit potential from the high-energy data alone. The significance of 

the imaginary spin-orbit potential is discussed. 
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ANALYSIS OF THE SMALL-ANGLE ELASTIC SCATTERING OF HIGH-ENERGY PROTONS ~y CARBON 

Warren Heckrotte - · 

INTRODUCTION 

The elastic scattering and polarization of high-energy protons qy 
lll2 

nuclei has·been studied previously by several authors. In this note the 

small-angle polarization is examined somewhat more closely. In particular, 

relativistic effects arising through the Coulomb interaction are calculated 

ands in addition, the nuclear spin orbit potential is generalized to be 

complex. The relativistic correction manifests itself as a spin-orbit 

potential, and it will appear that this additional potential has a noticeable 

effect on the polarization of the proton for small angles of scattering.3 

This, together with the generalization of the nuclear spin-orbit potential 

as complex, makes possible a good fit of the small-angle polarization data 

for carbon and a deduction of the sign of the nuclear spin-orbit potential 

from the high-energy data alone.
4 

B,y limiting our considerations to small 

angles, we minimize model-dependent features (e.g., the shape of the potential 
' ' 

well), which tend to be mor~ marked at larger angles.· 

COULOMB SPIN ORBIT POTENTIAL 

To order (v/c) the relativis~ic corrections to the Ham1ltonian5 

arising from the Coulomb potential are given by 

v =- , (1) 

where Vc represents the Coulomb potential and ~ is the magnetic moment 

of the proton. The non-spin-dependent term makes a small contribution and 

will be ignored. The spin-dependent terms arise from the magnetic-moment 

. interaction and the Thomas precession. The contribution of a similar term 
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from the nuclear potential will be ignored since it can be considered as 

being included with the usual nuclear spin-orbit potential. Similarly we 

can neglect the contribution of Ec. (1) coming from the Coulomb potential 

inside the nucleus o The additional f:>pin-orbit potential obtained from 

Eq. (1) is thus given by 

v = 
2 2 

(-) ii Ze 

2 
2 2 

m c 

0 , 

r > R = radius of charge distribution 

With the inclusion of this tenn in the Hamiltonian~ the scattered 

amplitude will have the form, 

The vector ri is the unit vector normal to the plane of scattering and is 

taken to be positive for scattering to the right. 
-? ~ 

The amplitude (Ac + B0o- •n) 

represents the Coulomb scattering of a proton from a point charge; 

(An+ B
11 

crt ·h) repre[>ents the nuclear scattering modified in the usual 

way by the presence of the charge distribution. 00 is the spin-dependent 

correction to the Coulomb-scattering term to account for t•1e charge 

distribution. An and Bn can be calculated in the usual manner1 ~ 2 • To 

find the Coulomb-scattered a171plit\.1.des we obtain the WKB phase shifts1 for 

the Coulomb central and spin-orbit notentials. These are 
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n e; where // is the usual Coulomb phase shift, j.l\ is the spin-dependent 

part of the phase shift, and E is the energy of the incident proton. 

Since J j G .C. ?,e , we neglect the contribution of the Coulomb spin-orbit 

potential to Ac, which is then just the usual Coulomb scattering amplitude, 

and calcuhte Be to first order in J j . By converting the sum over 

~ to an integral and making the small-angle approximation to P (x),
6 

one obtains for Be, 
oO 

'f-- !v ~ (2in + 1) - 1 
Be = .l:!2. 2( n E . y Jl(9y)dy ' 

(4) 
k m~ 

0 

where e is the angle of scattering. This integral can be evaluated from a 

formula given by Watson.7 One readily obtains 

17/ -in ln(9/2)
2 + 2i)')0 fi ] 

Be = n e r L ( i) ..!... ( f-- - ~) e 
2k(6/2) 2 mc2 

!I (5) 

where = arg r(l+ in). 
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For small angle scattering such that sin e e, one has then 

i 'f(- i n ln(G/2)
2 + 2iY}0 E ::z ~] 

n e ( [1 + i (f- = i)eo- .n • 
2k(G/2) 2 mc2 

(6) 

This result, it may be noted~ is what one obtains from the solution of the 
8 

Dirac equation to the first order in n ·and (v/c). Also it is a curious 

fact that, if one evaluates Ac by this methodj the usual Coulomb scattering 

formula as given above (Eq. (6)) is obtained. Similarly, Cc is given by 

(± i) 
k 

2·( n E 
me:! 

(2in+ 1)- 1 
y Jl(&,y)dy 0 

(7) 

For sro.all-angle scattering (kR9 ':;::' 2) the integral may be evaluated by 

expanding J1(~) and using the first few terms. 

It should be noted that this Coulomb spin-orbit potential can 

influence the small-angle scattering only. This simply follows from the 

uncertainty principle and the circumstance that the Coulomb spin-orbit 

potential is limited to the exterior of the nucleus. 

CALCULATIONS 

The polarization of 300-Mev orotons scattered from carbon and 

aluminum was first calculated in the WKB approximation, assuming a 

parabolic=shaped central potential, and a real-gradient-type spin-orbit 
9 

potential, for both signs of the nuclear spin-orbit potential, The 

results of this calculation are shown in Figs. 1 and 2. The curve labeled 
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(a) in each figure shows the expected polarization for the sign of the spin

orbit potential that corresponds with the choice of the shell model; curve (b), 

with the opposite choice. That the polarization for .case (a) should be 

generallY greater in ~agnitude than for case (b) follows from the sign of 

the Coulomb spin-orbit potential, which increases the total spin-orbit 

potential in case (a) and decreases it for case (b). 

Accurate small-angle scattering data at this energy exist for carbon 

and not for aluminum, so that the calculations as the.y apply to carbon will 

be our chief concern. 10 The experimental results for the polarization of 

315-Mev protons elast1cally scattered from carbon for angles running from 

0 0 ' 
2.5 to 9 is plotted in Fig. 1. Two points stand out in the comparison 

of the exnerimental and calculated results. First, the differences in 

polarization between cases (a) and (b) in the relevant range are as large as 

or larger than the experimental errors associated with the measurement. 

Second, and inore important, neither curve fits the experimental points over 

the range of angles being considered. This discrepancy is quite marked and 

cannot be removed by changing the magnitude of the spin-orbit potential, 

which while changing the magnitude of polarization at an,y given point, 

will not materially change the shape of the curve over the considered range 

of angles. Neither, for istance, does any reasonable change in the charge 

radius effect a material difference. Also, if one refers to Sternheiw.erv s 
2 

calculations, where another and markedly different form of the spin-orbit 

potential was also considered, one concludes that the difficvl+ .. ;.1 cannot be 
. 

resolved in this fashion. This leaves practically no other C~Joiec than to 

introduce another parameter. This was done by allowing the m:.merical 

coefficient of the spin-orbit potential to be complex. This is not 
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unreasonable, since it merely implies that a spin dependence exists for the 

inelastically scattered nucleons, which has been experimentally verified.11 

In Figs. 3 and 4 are plotted the exoected polarizations for both 

cases (a) and (b) and on the assumption that the ratios of the imaginary to 
12 

real spin-orbit potential are (-0.5) and (-1) respectively. One sees in 

Fig. 4 that a good fit to the polarization data is obtained in case (a) for 

the latter ratio (-1). If the opposite sign of this ratio is assumed, the 

0 polarization is suppressed in the region beyond 4 rather than enhanced. 

Furthermore one notes from the behavior of the calculated polarization for 

case (b) in the region of 1° to 3° that one can effectively rule out this 

choice of sign of the spin-orbit potential. 

DISCUSSION 

The effect of the imaginary spin~orbit potential is to make the 

total imaginary potential spin-dependent. For j : J. + ~ protons, this 

potential is 

(-i) [w(r) - f.r(r)] , (Sa) 

and for j : ,R - i protons, 

(-i) [ w(r) +- ( /( -1- 1) f(r) J , (eb) 

where w(r) is the imaginary central potential and f(r) is the imaginary 

spin-orbit potential. Both are assumed to be positive quantities, and the 

sign of the spin-orbit potential corresuonds with that chosen in the previous 

section. Now one must insist that 

> - 0 (9) 

for all ) • otherwise the imaginary potential for j : .1 + i protons 
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would act as a source rather than a sink for these protons. Thus the form and 

magnitude of the imaginary spin-orbit potential are restricted by this 

condition. However, it is apparent that for any given f(r) ;> 0 this 

condition is violated for )( sufficiently large. Accordingly it would 

appear that f(r) must be zero and tha.t there can be no imaginary spin

orbit potential. If one attempts to remove this difficulty by rr~king f(r) 

a function of ~ in such a was as to avoid the violation of Eqo (9), then 

it is apparent that j will not be a good quantum number; f and 12 will 

not commute with the Hamiltonian. It is this point, however, which is the 

crux of the matter. The quantities j' and 12. are indeed not const~nts 

of the motion. We are dealing with a man,y-body nroblem, and it is the 

total angular momentum of all the particles which is conserved, not that 

of any particular particle. 

Thus the necessity of an in~ginary spin-dependent potential implies 

the lack of conservation of the total angular momentum of the incident 

particle. The numerical calculations that have been made are of course not 
""">' 

consistent with the above remarks, since j is conserved and Eq. (9) 

violated. One may ask, ho\'lever, as a practical matter, of what consequence· 

this is. We take the potentials to be of the forms (as used in the 

numerical calculation) 

f(r) = -fa2 1./r d/dr f(r) ll 

~(r) = 1 - r2/R2 , r <::.. R , 

:: 0 ' r > R , 
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2 a , and R are constant. One finds then that 

For r sufficiently close to R this quantity will be less than zero. 

Thus only the outer fringes of the potential region will act as a source of 

j = /,+ ! protons. It is ~nly for large J that the violation of Eo. (9) 

becomes of any consequence and these few high f. terms may be neglected 

without materially affecting our calculated results or conclusions 

regarding the necessity of including an imaginary spin-orbit potential. 

It was demonstrated in Reference 1 that the gradient form of the 

spin-orbit potential followed fro;r, simple considerations if one internreted 

the optical-model potential in terms of the individual nucleon-nucleon 

scattering events taking place inside the nucleus~. The fact that such a 

radial form for the imagina~· spin-orbit potential is unaccentable shows that 

the approxi.mrl.tions made in that calculation are not completely justified 

so far as the spin-dependent scattering is concerned. 

I wish to thank Drs. Owen Chamberlain, Emilio Segre, Robert Trinn, 

Clyde Wiegand, and Tom Ypsilantis for the use of their data prior to 

publication, Dr. Alper Garren for a number of conversations relating to 

the contents of this paper, and Dr. Tripp for discussions of the experimental 

data. 

This work was performed under the auspices of the U.S. Atomic 

Energy Commission. 
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FIGURE CP-PTIONS 

Figure 1: Polarization of 300=Mev protons scattered elastically from carbon. 

(a) For the sign of the nuclear spin-orbit potential 

the same as the shell model assignment. 

(b) For the onposite sign of the nuclear spin-orbit 

notential. The sign of the polarization is the 

negative of the scale. 

The exnerimental points give the polarization of 315-Mev protons 

elastically sc~1ttered from carbon. 10 

Figure 2: Polarization of )')0-Mev protons scattered elastically from alurninum. 

(a) For the si5n of the nuclear snL.-orbit notential 

the same as the shell model assignment. 

(b) For the onposite sign of the nuclear snin-orbit 

potentialo The sign of the polarization is the 

negative of the scale. 

Figure 3: Polarization of 300-Mev protons scattered elastically from carbon. 

The ratio of imaginary spin-orbit potential to the real spin-orbit 

potential is ( -0. 5). 

(a) For the sign of the nuclear snin-orbit potential 

the same as the shell model assignrr.ent. 

(b) For the opposite sign of the nuclear spin-orbit 

potential. The sign of the polarization is the 

negative of the scale. 

The experimental points give the polarization of 315-Mev protons 

. f . 10 elastically .s.cattered. rom carbon.-
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Figure 4: Polarization of 300-Mev protons scattered elastically from carbon. 

The ratio of imaginary spin-orbit potential to the real spin-orbit 

potential is (-1.0). 

(a) For the sign of the nuclear spin-orbit potential the 

same as the shell model assignment. 

(b) For the opposite sign of the nuclear spin-orbit 

potential. The sign of the polarization is the 

negative of the scale. 

The experimental pointe give the polarization of 315-M:ev protons 

elastically scattered from carbon. 10 
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