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SUPERCONVERGENCE OF TETRAHEDRAL LINEAR FINITE
ELEMENTS

LONG CHEN

(Communicated by Zhimin Zhang)

Abstract. In this paper, we show that the piecewise linear finite element
solution up and the linear interpolation u; have superclose gradient for tetra-
hedral meshes, where most elements are obtained by dividing approximate
parallelepiped into six tetrahedra. We then analyze a post-processing gradient
recovery scheme, showing that the global L? projection of Vuy, is a supercon-

vergent gradient approximation to Vu.

Key Words. superconvergence, finite element methods, tetrahedral elements,

post-processing

1. Introduction

Superconvergence of the gradient for the finite element approximation for second
order elliptic boundary value problems and gradient recovery schemes have been
an active research topic; see, for example, Babuska and Strouboulis [1], Chen and
Huang [8], Lin and Yan [12], Wahlbin [13] and Lakhany, Marek, and Whiteman
[11] for overviews of this field. Recently Bank and Xu [2, 3] have developed some
new techniques and obtained some new superconvergence results for linear finite
element elements on two dimensional triangular meshes. The goal of this paper
is to extend their results to three dimensions, namely to linear tetrahedral finite
element.

The model problem that we study in this paper is

-V .- (D(@)Vu) = f,z €
u=0, x € 0N.

Here D(z) is a 3 X 3 symmetric matrix function in (L>°())3*?® and uniformly
positive definite. For simplicity, we assume f is smooth enough and 2 is a polyedr
in R3 partitioned into a quasiuniform triangulation 7;, with mesh size h € (0, 1).
Let Vi, C H}(Q) be the corresponding finite element space of continuous piecewise
linear functions associated with 73, and let uj, € V), be the finite element solution
of the above second order elliptic boundary value problem.

Unlike in the two dimensional case, superconvergence results in three dimensions
are relatively rare [7, 9, 10, 5]. The difficulty is partially due to the loss of symmetry
in three dimensions [4]. In this paper, we only deal with a special triangulation of
which most elements are obtained by dividing each O(h?) parallelepiped into six
tetrahedra (see Section 3 for details). For this kind of triangulation, we numerically
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274 L. CHEN

observed that superconvergence occurs for linear elements, due to the cancellation
of the lowest order terms in some asymptotic expansion of the local error. It is,
however, difficult to combine elementwise error estimates together, since the normal
component of the gradients of the test functions is discontinuous. Thus we follow
the new approach in [2] to derive some expressions for the element error that involve
only the tangential derivative of the test function on the edges.

Our first result is that the gradient of the finite element approximation uy is
superclose to the gradient of the piecewise linear interpolant u; of the solution wu.
More precisely, we have

Lo SRRy .

(1) lup — ur

Estimate (1) holds on quasi-uniform meshes, where most elements are obtained by
dividing each O(h?) parallelepiped into six tetrahedra except for a region of size
O(h?7); see Section 3 for details.

The estimate (1) is known in the literature for the special case o = oo [7, 9, 10].
Recently Brandts and Kiizek [5] extend the results of [7, 9, 10] for tetrahedra
into arbitrary n- simplex. Our new estimate (1) is a significant generalization,
since firstly, our analysis is based on local identities for each element and thus, it
is straightforward to extend our results to meshes in which an O(h'*%) (instead
of O(h?)) approximate local symmetry property holds for most patches of edges.
Second, the relaxation parameter ¢ makes our analysis to work for more general
meshes, especially for domains with unstructured boundaries.

Based on the superconvergence results, one can construct schemes to get better
approximations of Vu; see for example, [16, 17, 14, 15] and [6]. The second major
component of this work is a superconvergent approximation to Vu by a gradient
recovery procedure. In Section 4, we show that

(2) IVu = QuVunllogo S BT |lufls o0 0,

where @}, is the L? projection to Vg. As remarked in [2], both the superconvergence
and gradient recovery results can be generalized to a more general non-self-adjoint
and possibly indefinite problem.

The rest of this paper is organized as follows. We introduce some notation and
technical identities for our analysis in Section 2. We prove the estimate (1) and (2)
in Section 3 and Section 4 respectively.

2. Local Error Expansion

In this section we shall derive some useful identities for our analysis. The key
identity is contained in Lemma 2.4, which is a generalization of the integral formu-
las of rectangular elements [12] and triangular elements [2] in two dimensions to
tetrahedral elements in three dimensions.

Let 7 be a tetrahedron in R3, with vertices {py}i_, and the corresponding
nodal basis functions (barycentric coordinates) {¢;}i_,. We assume that R? has
the orientation given by the right-hand rule and 7 has the induced orientation.
Let F} denote the surface opposite vertex py with the induced orientation and ny
the unit outward normal vectors of Fj. We also use the symbol Ay, to denote
the face with vertices pg,pi, and p,,. If the orientation of Ay, given by the
order of k, I, m, coincides with the induced orientation from 7, we say Ay, has the
consistent orientation with 7. Let e;; denote the oriented edges of element 7 from
p; to p; and t;;, d;; the corresponding unit tangent vectors and length, respectively
(see Fig 1). Let 0y, be the angle between ty; and the supporting plane of Fj. In
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FIGURE 1. A tetrahedron
general, 0, # 0. Let D, be a constant symmetric 3 x 3 matrix defined on 7. We
define &;; = n; - Dyn;. Since D, is symmetric, &; = ;.

Lemma 2.1. Under the above assumptions we have
4

ou

V’LL . DTnk = Z gké aT

1=z COS Okt Othi

Proof. Tt is an immediate consequence of
4 4
n; - Drny Sik
Drng = Z I tT tr = Z p— tri-

=11tk LUK =11k ki

O

Lemma 2.2. Let uq be a quadratic polynomial and uy the continuous piecewise
linear interpolant for u, on 7. Then for a constant vector t,

1< 4 0%u
_ 2 q
/TV(UI—uq)~t_§ g nk-t/F - E 4 ‘dij%@jiat?'
k=1 kq,j=1,i<j v

Proof. By the Taylor expansion,

Q (w1 = ug)(2) = 5 3 k(D — 2) - Pug By~ ).
k=1

Noting that py — x =), pi€p;, we get

1 ! 0%u
(ur —ug)(z) = 5 Z d?j@z‘@jiz-
2 i,j=1,i<j 8tij
The desired result follows from Green’s formula. O

Lemma 2.3. For a function u € Wh(7) we have
1 / 1 / 1 1 /( + o) Ju
u— u = s
cos O J, Pk pm cos Orr J g, Prpm cos Oy, cos Oy ). P T Y1) Pm Oty

1 / 1 / 1 1 / ou
d U — u = .
costir Jp costp Jp, cos Oy, cos Oy [ Oty

an
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Proof. By Green’s formula

/V(fu)'tkl = nyg-ty fut+ng -ty [ fu
T Fk Fl

—ng -ty | futng -ty [ fu
F Fy

We then set f = (or + ¢1)@m to get the first identity, where we use facts

flm, = ©19m, flr = prem and f is a constant along lines parallel to ty;, since
f=0—=¢m — ©n)pm. The second identity is obtained by setting f = 1. O

To prove the next lemma, we need the following identity for the triangle Agyp,.

9%u o 0% 0%
y ot @2, —d PN e —
@ im gz~ i gz~ = (i~ km)mgﬁ ST

where ny; ,, is the unit outward normal vector of edge tj; on the supporting plane
of triangle Ay, The proof can be found in [2].
The next identity is a fundamental one in our analysis.

Lemma 2.4. Let uq be a quadratic polynomial and vy, € Vy,. Then we have

/V(u; —uy) - DV,

4
8’Uh k:l |: / 82uq
= 2 —d e |
A lzl:k;él Oty 4 cos le (di, m) Fi iy 3til
0%u
[ Ak . w1 Ot 0Nt

where we choose m such that Ay, has the consistent orientation with 7.

Proof. By Lemmas 2.1-2.3, we have:

4
1
/TV(ul—uq)-DTVvh = ka_lvvh.ank/Fk Z d3;0i0; at;

i,j= 1z<]
4

Ovp  &u
= d i
Z e 6tkl 2 cos le . Z 0P (pj 8t2

=1,k Py
- i [avh / i 0? 0%uy
kT kL Oty 4cosekl oL zg v 8t2
+8Uh Skl / . 52 u}
Otu Acos b Jp, | = ] o2

4

= Y (h+Dh+l),
k, =1,k
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where
v 1 0%u 1 0%u
L = 7}1@ / dgnnsam‘Pan - / d?nnSDmQOn 5 ],
Oty 4 \ cosby, FL ot2, cosb F ot2,,
8vh &d 1 / 9 82uq 1 / 2 82uq
L = 23 d et — ——— [ d m=—" |, and
2 8tkl 4 COSGM Fy tm PP 8t12m COS&lk F km PkP atim an
8vh glk 1 / ) aQU 1 / aQU
I; = ——=2= d gt — ——— | orpn =t )
3 8tlk 4 COSQlk F kn¥k¥ 8tﬁn COSQM Fy nPLYP 6t12n

Here we choose m, n such that Ay, and Ay, have the consistent orientation with
7. By Lemma 2.3 and identity (4), we have:

Il = Oa
fkl / 2 2 azuq 82u (%h
L, = m[ 2~ N g A } ,
2 cos Hkl P '25% ( ilm km) 81—%[ + | kl |8tkl8nkl,m atkl
§lk / 2 2 aQUq 82u 8vh
I = n | (dy,, —d A n| e | 7
3 cos Oy, " PP {( kn ln) 8t12k + | lk |6tlk6nlk7n:| Ot
Hence, the lemma follows. ([l

From Lemma 2.4, using the standard scaling argument and the Bramble-Hilbert
Lemma on the reference element, we obtain the following result.

Lemma 2.5. Let u € H3(7). Then we have

/V(ul —u)-D.Vu,

4

8Uh Skl { 2 2 8211,

= (dlm - dkm)/ P1Pm
k,l—zl:,k;él Oty 4 cos Oy Fe 8til

2u
B~ —
Ot 0Ny,

where m is defined as in Lemma 2.4.

4 A | + 0w lulls sl s,

3. A Superconvergence result

In this section, we shall derive a superconvergence result for the linear finite
element approximation for a model second order elliptic problem based on the
identities we derived in the previous section.

We begin with the property of the triangulation 7;,. We say four points {px }_,
in space form an O(h?) parallelogram, if ||es; + e41 — e31|| = O(h?). A hexadron
is called O(h?) approximated parallelepiped if each face is an O(h?) parallelogram.
Let e be an interior edge in the triangulation 7;,. The patch of e, which is the union
of tetrahedra sharing e, is denoted by ().

Definition 3.1. Assume that the triangulation T, = T; , UT3 p, and 7y, s obtained
by dividing O(h?) parallelepipeds into siz tetradra (see Fig. 2.). Let & = &1 P Er
denote the set of interior edges in Tp, and §; , = Uee&i Qc. The triangulation Ty, is
O(h??) irregular if for each e € &1, Qe C Ty, while |Qa| = O(h?7).

Lemma 3.2. Let the triangulation T;, be O(h*°) irreqular. Let D, be a piecewise
constant matriz function defined on Ty, whose entries D, ;; satisfy

Dri5] S 1, |Drij — Drrijl S by
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FIGURE 2. An O(h?) FIGURE 3. Another type
parallelepiped is triangu- of the patch Q. fore € &

lated into six tetrahedra

fori,j =1,2,3. Here T and 7' are tetrahedra having a common edge. Then

IS [ V= ur) - D Vou] S B uls 0 lol g
T€T)

Proof. Let € =& P E2 P Es. E1, &, are defined in the Definition 3.1 and £3 denotes
the set of boundary edges. For each 7, we denote

Erl

L (i = = Al
4C089kl( km lm)7 ﬂkl | kl |

cos Oy,

Aplm =
Applying Lemma 2.5, we only need to estimate

2 e e ]
I = im | P19maer + Brim | oromm— |,
Z Z Kl . ) 9, B . wip T,

TE€TH k,l=1,k#l
= Il +12+I3a

where

Z Z 8’Uh |: / 32u n ﬁ / 82u :|
[£27} l YR ki 1 ar. 9. |
T ) BTy " P G

ex1€E; TEQ,y,

for ¢ = 1,2,3. In above formulas, F}, oy, and Bg, are different for different
tetrahedra. To simplify the notation, we omit the index 7.
It is easy to get

(5) |aklm,| ,S h27 |6klm| S, h25
and
8 U 8vh _
(6) |/ @l@mmi < 1|u|2,oo,Q/|vvh|'

Since we only consider the homogeneous Dirichlet boundary conditions, Is = 0.
Now we estimate I;. For e € &, the patch €2, is one of two types in Fig. 2 and
Fig. 3. We first consider the case that €2, is an O(h?) parallelepiped. Without loss
of generality, we index the vertices in Fig. 2. We will group the coefficients of avh
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and gf;l in different tetrahedra together to see the cancellation. In 7 = 7567, We

have term

Oy, 0%y 9%u

- |Qar 70555 + Bir / 2 v
Otz | ' 5/1756790 7o 8t%7 e F567S0 <p58t178n17,5_

while in 7 = 71347 we have

v |, / 0%u " / 0%u

| & P1¥P3 5,5 P13 a7 |-
Otn L mw Fi3q at%l e Fi3q at7161’1/71,3_

Since Q. is an O(h?) parallelepiped, it is easy to see that

|04175 - 0/713| S hg, |5175 - 5/713| S hg,

0?u / 0?u 3
P15 A — 5019037‘ < llullz,e0.0h”, and
‘ /F567 8t%7 Fi34 813%7

0%u / o2u ,
P15 o T @1@37‘ < ulls,c0.0h.
‘ /FsG7 dt170my7 3 Fis4 at?lan/ﬂﬁ el oc

By paring all coefficients of gg’l’; and 3'2}7}1 in the similar way and using (5) and

(6), we have

\Il| 5 h2||u| 3,oo,sz|’0h|1,sz-
For edges in &, we simply use (5) and (6) to get
IS [ 19%ulVol SAC[ VP e S 5l ol Vonlho
Qo 2.h
Combing them together, we get the desired estimate. For the patch in Fig. 3, we
can also pair the coefficients in the similar way to get the desired estimate. O

With Lemma 3.2 we can prove a superconvergence result for the following elliptic
equation
(7) V- (D@)Vu) =,z €Q,
(8) u=0,z € 0N
Here D(z) is a 3 X 3 symmetric matrix function in (L*°(Q))3*3® and uniformly
positive definite. The weak form of (7) and (8) is to find u € H}(Q) such that

(9) B(u,v) = /QVU - (DVu) = f(v)

for all v € H} ().

In order to insure that (9) has a unique solution, we assume that the eigenvalues
of D satisfy 0 < gt < Amin < Amax < v uniformly in Q. Let V, C Hg () be the
space of continuous piecewise linear polynomials associated with a quasi-uniform
triangulation 7, and consider the approximate problem: find u;, € V}, such that

(10) B(un, vn) = f(vn)
for all v, € Vy. The following result is standard in FEM

1%
- <2 inf |u— .
[u—unli,0 < woh [u—vnll10

We define the piecewise constant matrix function D, in terms of the diffusion
matrix D as follows:

1
D'rij = H/TD”d.’E

Note that D, is symmetric and positive definite.
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Theorem 3.3. Assume that the solution of (9) satisfies u € W3°(Q). Further,
assume the hypotheses of Lemma 8.2, with D, defined as above. Then

un — wrlli,e S BRED u)|5 o 0

Proof. We begin with the identity

B(u —ur,vp) Z/ (u —wuy) - D Vupdz

TET,

+ Z V(u—uz) - (D —D;)Vupdx
T€T
— L+ D

The first term I; can be estimated using Lemma 3.2. The second term I can be
easily estimated by

|| S h° 1,0

Thus
|B(w—ur,vp)| < AT |5 o allvnl10-

We complete the proof by choosing v, = up — uy and using the fact that
pllun—ur|? o < Blun—ur, un—ur) = Blu—ur, up—ur) < v|u—url120lun—urll 2.0
O

4. A Gradient Recovery Algorithm

Once we get the supercloseness between Vuy and Vuy, we can develop post-
processing schemes to improve the approximation order of Vuy. In this section, we
show that Q;Vuy is superconvergent to Vu for O(h?) irregular meshes, where Qj,
is the L? projection to V}, namely (Qpu,vs) = (u,vy) for all u € (L*(Q))? and
vy € Vg

Lemma 4.1.

Jar-o=5 [ S G+ [ =),

1,7=1,1<g

where uq s the quadratic interpolant of u.

Proof. The proof is similar to that in Lemma 2.2. Here we use the fact that
/ g — _ 7l
207

Lemma 4.2. Let u € W3(Q) and assume the hypotheses of Lemma 3.2 hold.
Then

d

IVu —

Proof. Given v, € V3, we have

(11) (QhV(U — UI),V}L) = (V(U — UI),Vh) = (ul —u, V. Vh) + /E)Q(U — ’U,I)Vh -n

We estimate the two terms on the right-hand side of (11). First,

(12) | / (= ur)va - 1) < B2l a0
onN

o,
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For the other, we use Lemma 4.1 to get

/T(UI*U)V'Vh = / Z dz; qV-vth/T(u—uq)V-vh

i,7=1,1#j
4
1 5 0%u
N Z/ 2. gV
i,j=1,i#j
4
1 % (ug —u
o) X ety [y,
o i,j=1,i# j o
4 4
1 5 0%u s o 0%
= @Z Z / d; 3t2,vh'n’“+ 40/ Z dz7v3t2 Vh
k=14,j=1,i#j F v T, 5=1,i#j v
4
1 0% (ug —
E/ Z d3; (5‘i2 )V vh—l—/(u—uq)v v,
T ij=1,i#j tj T

= Lh+L+I3+14
Easy estimates show
[I3] + [ La] < 1PlJulls,-
Now we estimate

Y- HY Y[y g v

TCTh F,COQ tDOFy Fl, i,7=1,1<g

Y Y[ 2 G

Fr,CQTDF} k’L,j 1,i<j
= Ii1+ o

Since we only consider the homogeneous Dirichlet boundary condition, I;; = 0.
For I 5, we first notice that for each interior triangle, there are two tetrahedra
containing it with opposite normal direction. Thus I;5 can be simplified in this

way
112—22 Z/ kl@tQVh ng.

i=1 e €E; TEQ

< P2 llulls.rIvillor, and [I2] < B2 [lulls - [1vao.r-

€kl

Then following the pattern of the proof in Lemma 3.2, we get
[(@nV (u—ur), vi)| S
Taking v, = QpV(u — uy), we find that
1QnV (u = ur)llo,0 S RO a3 00 0
Lemma 4.2 now follows from the triangle inequality
IVu = QrVurllo,o < [[Vu = QrVulloo + [QnV (v — ur)loe-

An immediate consequence of Theorems 3.3 and Lemma 4.2 is

Theorem 4.3. Let u € W3°°(Q) and assume the hypotheses of Theorem 3.3 and
Lemma 4.2 are valid. Then

|Vu —
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Proof. Using the triangle inequality

(13) [Vu = QrVurlloe < [Vu = QnVurlloe + [[QnV (ur — un)lo.e,
estimate the two terms on the right-hand side of (13) by Theorem 3.3 and Lemma
4.2. g

Remark 4.4. The superconvergence rate in Theorem 4.3 is weaker than that in
Theorem 3.3 due to boundary constrain (12).
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