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A B S T R A CT 

Sequentia l  Cascade d Network s ar e recturen t  highe r  orde r  connectionis t  network s whic h ar e 
used ,  lik e fiuoite  stat e automata ,  t o recogniz e lansuages .  Suc h network s ma y b e viewe d a s discret e 
dynamica l  system s (Dynamica l  Recognizers )  wnos e state s ar e point s insid e a  multi-dimensiona l 
hypercube ,  whos e transition s ar e define d no t  b y a  lis t  o f  rules ,  ou t  b y a  parameterize d non-linea r 
function ,  an d whos e acceptanc e decisio n i s  define d b y a  threshol d applie d t o on e dimension . 
Learnin g proceed s b y th e ad^tatio n o f  weigh t  parameter s unde r  error-drive n feedbac k fro m per -
formanc e o n a  teacher-suppbe d se t  o f  exemplars .  Th e weight s giv e rise  t o a  landscap e wher e 
inpu t  token s caus e transition s betwee n attractiv e point s o r  regions ,  an d inductio n i n thi s frame -
wor k correspond s t o th e clustering ,  splittin g an d joinin g o f  thes e regions .  Usually ,  th e resultin g 
landscap e settle s int o a  finite  se t  o f  attractiv e regions ,  an d i s isomorphi c t o a  classica l  finite-state 
automaton .  Occasionally ,  however ,  th e landscap e contain s a  "Strang e Attractor "  (e. g fig  3g) ,  t o 
whic h ther e i s n o direc t  analog y i a finite  automat a theory . 

Figur e 3g :  Infinit e slate s o f  a  "strange "  automaton ? 

1. Introduction & Background 

Recently, J. Feldman (personal communication) posed the language acquisition problem, as 
a challeng e t o coimectionis t  networks .  I n it s mos t  genera l  form ,  i t  ca n b e state d quit e sunply : 
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Give n a  language ,  specifie d b y example ,  find  a  machin e whic h ca n recogniz e (o r  gen -
erate )  tha t  language . 

The proble m i s loos-standin g an d ha s man y specialize d variants ,  especiall y drive n b y th e 
goal s o f  o f  variou s disciprmes .  O n th e on e han d matnematica l  an d computationa l  theorist s migh t 
be concerne d wit h th e basi c question s an d definition s o f  learning ,  o r  wit h optima l  algorithm s 
(Angluin ,  1982 ;  FeWman.  1972 ;  Gold ,  1967 ;  Rives t  &  Schapire ,  1987) .  O n anothe r  hand , 
linguist s ma y b e concerne d wit h ho w th e (}uestio n o f  leanuibilit y  discriminate s amon s grammati -
cal  framework s an d specifie s necessaril v  innat e properiie s o f  mind .  O n th e thir d hand ,  psycholo -
gist s migh t  b e concerned ,  i n detail ,  wit n ho w a  computatiotia l  mode l  actuall y matche s u p t o th e 
erapiric u dat a o n chil d languas e acquisition .  Rathe r  tha n attemptin g t o surve y thes e areas ,  I 
poin t  t o th e excellen t  theoretica l  revie w b y (Anglui n &  Smith ,  1983 )  an d th e book s b y (Wexle r 
& Culicover ,  1980 )  an d b y (MacWhinney ,  1987 )  coverin g th e linguisti c an d psychologica l 
approaches . 

I n thi s pape r  I  expos e a  recurren t  high-orde r  back-propagatio n networ k t o bot h positiv e an d 
negativ e example s o f  Doolea n strings ,  an d repor t  tha t  althoug h th e networ k doe s no t  find  th e 
minimal-descnptio n finite  stat e automat a fo r  tn e language s (whic h i s intractable) ,  i t  doe s induc -
tio n i n a  nove l  an d interestin g fashion ,  an d searche s throug h a  hypothesi s spac e which ,  theoreti -
cally ,  i s no t  constraine d t o machine s o f  finite  state .  Thi s interpretatio n i s dependen t  o n a n analog y 
among automata ,  neura l  networks ,  an d non-Unea r  dynamica l  systems .  Th e pairwis e suD -
analogie s are ,  o f  course ,  longstanding ,  a s (McCullog h &  Pitts ,  1943 )  coimecte d automat a t o 
neura l  nets ,  (Ashby ,  1960 )  smdie d net s a s dynamica l  systems ,  an d (Wolfram ,  1984 )  treate d (cel -
lular )  automat a a s dynamica l  systems . 

Althoug h w e usiiall y  thin k o f  th e transition s amon g state s i n a  finite-state  automat a a s bein g 
full y specifi c  b y a  uble ,  a  transitio n fimctio n ca n als o b e specifie d a s a  mathematica l  functio n o f 
th e curren t  stat e an d th e input .  Fo r  example ,  t o ge t  a  machin e t o recogniz e boolea n string s o f  od d 
parity ,  on e merel y ha s t o specif y tha t  th e nex t  stat e i s th e exclusive-o r  o f  th e curren t  stal e an d th e 
input .  Generalizm g fro m a  multilaye r  networks '  abilit y  t o perfor m exclusive-o r  t o th e variou s 
constructiv e an d existenc e proof s o f  th e functional/inteipolativ e powe r  o f  suc h network s (Homi k 
et  al. .  T o Appear ;  Lapede s &  Farber ,  1988 ;  Lippman ,  1987) ,  i t  i s  prett y obviou s tha t  recurren t 
neura l  network s ca n wor k jus t  lik e finite  stat e automata ,  wher e th e transitio n tabl e i s folde d u p 
int o som e moderatel y comple x boolea n functio n o f  th e previou s stat e an d curren t  input . 

Fro m a  differen t  poin t  o f  view ,  a  recurren t  networ k wit h a  stat e evolvin g acros s k  unit s ca n 
be considere d a  k-dimensiona l  discrete-tim e dynamica l  system ,  wit h a  precis e initia l  condition , 
2t(0 )  an d a  stat e spac e i n a  bounde d subspac e o f  R  (i.e. ,  "in-a-box "  (Anderso n e t  al. ,  1977)) . 
TTi e inpu t  string ,  yj(t) ,  i s merel y considere d "noise "  fro m th e environmen t  whic h ma y o r  ma y no t 
affec t  m e system s evolution ,  an d th e governin g function ,  F ,  i s parameterize d b y weights ,  W: 

z,(t+\) = Fw{z,{t),yj{t)) 

If we view one of the dimensions of this system, say z<, as an "acceptance" dimension, we 
can defin e th e languag e accepte d b y suc h a  Dynamica l  Recognize r  a s al l  string s o f  inpu t  token s 
evolve d fro m th e precis e initia l  stat e fo r  whic h th e acceptin g dimensio n o f  th e stat e i s abov e a 
certai n threshold . 

The first  questio n t o as k i s ho w ca n suc h a  dynamica l  syste m b e constructed ,  o r  taught ,  t o 
accep t  a  particula r  language ? Th e weight s i n th e network ,  individually ,  d o no t  correspon d directl y 
t o grap h transition s o r  t o phras e structur e rules .  Th e secon d questio n t o as k i s wha t  sor t  o f  genera -
tiv e powe r  ca n b e achieve d b y suc h systems ? 

2. The Model 

To begi n t o answe r  di e questio n o f  learning ,  I  no w presen t  an d elaborat e upo n m y earlie r 
wor k o n Cascade d Network s (Pollack ,  1987) ,  whic h wer e use d i n a  recurren t  fashio n t o lear n par -
ity ,  depdi-limite d parenthesi s balancing ,  an d t o ma p betwee n wor d sequence s an d propositio n 
representation s (Pollack ,  T o Appear) .  A  Cascade d Networi c i s a  well-conttoUe d higher-orde r 
connectionis t  architecttir e t o wnic h th e back-propagatio n techniqu e o f  weigh t  adjustmen t 
(Rumelhar t  e t  al. ,  1986 )  ca n b e applied .  Basically ,  i t  consist s o f  tw o subnetworks :  Tb e fimction 
networ k i s a  standar d feed-forwar d network ,  wit h o r  withou t  hidde n layers .  However ,  th e weight s 
ar e dynamicall y compute d b y th e linea r  contex t  network ,  whos e output s ar e mappe d i n a  1: 1 
fashio n t o th e weight s o f  th e functio n net .  Thu s th e inpu t  patter n t o th e contex t  networ k i s use d 
t o "multiplex "  th e th e functio n computed,  whic h ca n resul t  i n simple r  learnin g tasks .  Fo r  exam -
ple ,  th e famou s Exclusive-o r  functio n o f  tw o input s ca n b e decompose d int o tw o simple r  func -
tion s o f  on e inpu t  whic h ar e selecte d b y th e other : 

XOR(y) ^ 
y i f  x = 0 

-ly if x= 1 
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A simpl e 1- 1 feedforwar d networ k (wit h 2  weights )  ca n implemen t  eithe r  o f  thes e func -
tions .  Identit y i s g O y -  1.5) .  an d inversio n i s W1. 5 - -  3>) ,  wher e ̂ (r) = l/l-K"' ,  th e usua l  sig -
moida l  squashin g function .  Th e essentia l  ide a o f  cascadin g i s tha t  thes e solution s i n weigh t  spac e 
can b e a  parameterize d vecto r  functio n o f  x . 

Back-propagatio n i s quit e straightforwar d o n a  cascade d network .  Afte r  determinin g th e 
erro r  term s fo r  th e weight s o f  th e functio n network ,  thes e ar e use d a s th e erro r  term s fo r  th e out -
put  unit s o f  th e contex t  network . 

W h en th e output s o f  th e functio n networ k ar e use d a s input s t o contex t  network ,  a  syste m 
ca n b e buil t  whic h learn s t o produc e specifi c  output s fo r  vanable-lengt h sequence s o f  inputs . 
Becaus e o f  th e multiplicativ e coimections ,  eac h inpu t  is ,  i n effect ,  processe d b y a  differen t  nmc -

Figur e 1 .  A  sequentia l  cascade d network .  Th e output s o f  th e functio n networ k ar e 
use d a s th e nex t  input s t o th e contex t  network ,  yieldin g a  syste m whos e functio n varie s 
ove r  time . 

Figur e 1  show s a  bloc k d i a m m o f  a  simpl e sequentia l  cascade d network .  Give n a n initia l  con -
text ,  2»(0) .  an d a  sequenc e o f  inputs ,  ̂ (̂f) ,  r = !.../» ,  th e networ k compute s a  sequenc e o f  stat e vec -
tors ,  zt{t) ,  t = \... n b y dynamicall y changin g th e se t  o f  weights ,  wicj{t) : 

H't;(r) = >vty*z*(r-1) 

Zk(t) = g{Wij{t)yj{t)) 

In previous work, I assumed that the teacher can supply a consistent and generalizable 
desire d stat e fo r  eac h member  o f  a  larg e se t  o f  strings .  Unfortimately ,  thi s severel y overconstrain s 
th e model .  I n learnin g a  two-stat e machin e lik e parity ,  thi s doesn' t  matter ,  a s th e 1-bi t  stat e full y 
determine s th e output .  Suc h a  teache r  woul d b e to o powerfu l  i n th e cas e o f  a  higher-dimension d 
system ,  wher e w e ma y kno w wha t  th e desire d outpu t  o f  a  syste m i s bu t  w e don' t  kno w wha t  it s 
interna l  recurren t  sut e shoul d be. , 

Jorda n (1986 )  showe d ho w recurren t  back-propagatio n network s coul d b e traine d wit h 
don' t  care "  cofxlitions .  I f  ther e i s n o specifi c  preferenc e fo r  th e valu e o f  a n outpu t  uni t  fo r  a  par -

ticula r  trainin g example ,  simpl y conside r  th e erro r  ter m fo r  tha t  uni t  t o b e 0 .  Thi s wil l  work ,  a s 
lon g a s tha t  sam e uni t  receive s feedbac k from  othe r  examples .  W h e n th e dont-care s lin e up ,  th e 
weight s t o thos e uni t  wil l  neve r  change . 

The first  reaction ,  full y  unrollin g a  recurren t  networ k b y maintainin g vecto r  historie s 
(Rumelhar t  e t  al. ,  1986 )  ha s no t  lea d t o spectacula r  result s (Mozer ,  1988) ,  th e reaso n bein g tha t 
ver y tal l  network s wit h equivalenc e constraint s betwee n interdependen t  layer s ar e unstable .  M y 
solutio n t o thi s dilemm a mvolve s a  backspace ,  unroUin s th e loo p onl y once :  Afte r  propagatin g 
th e error s determine d o n onl y a  subse t  o f  th e weight s b y th e know n accep t  bit ,  d : 

^^ =i2a(n)-d)2,in){\-z„{n)) 

a£ 

Bw^jin )  dz^in ) 

dE 
yjin ) 
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BE B E ,  , , 

The error on the remainder of the weights ( e.g. i ={\ • • • k\ i^^} ) is calculated by recycling the 
erro r  o n th e accep t  plan e wit h th e networ k rese t  t o it s  penultimat e state : 

_ d £ _ _ _d£ _ a 

dwijin-\) "^ dz,(n-l) ^^ 

BE B E ,  . , 

BWiji ,  dw,y(«-l ) 

This is done, in batch (epoch) style, for a set of examples of varying lengths. 

3. Experiments 

Connectionis t  learnin g algorithm s ar e ver y sensitiv e t o th e statistica l  propertie s o f  th e se t  o f 
exemplar s whic h mak e u p th e Teamin g environment .  Thi s ha s lea d som e psycnologica l  research -
er s t o includ e th e learnin g environmen t  i n th e experimenta l  parameter s t o manipulat e (Plunket t  & 
Marchman,  1989) .  Otherwise ,  i t  ma y no t  b e clea r  i f  th e result s o f  a  coimectionis t  learnin g archi -
tectiir e ar e du e t o itsel f  o r  du e t o skil l  o r  luc k wit h settin g u p a  collectio n o f  testcases .  Therefore , 
I  chos e t o wor k wit h tes t  case s fro m th e literature . 

Tomit a (1982 )  performe d beautifu l  experiment s i n inducin g finite  automat a fro m positiv e 
and negativ e examples .  H e use d a  geneticall y inspire d hill-climbin g procedure ,  whic h manipu -
late d 9-stat e machme s b y randoml y adding ,  deletin g o r  movin g transitions ,  o r  invertin g th e 
acceptabilit y  o f  a  state ,  an d acceptin g mutation s base d o n thei r  anilit y  t o improv e th e macnine . 
Tomit a ra n ni s syste m o n 7  case s an d thei r  complements .  Eac h cas e wa s define d b y tw o smal l  set s 
of  boolea n strings ,  accepte d b y an d rejecte d b y th e regula r  language s liste d below . 

1 1* 
2 (10) * 
3 n o od d zer o string s afte r  od d 1  string s 
4 n o triple s o f  zero s 
5 pairwise ,  anevensiuno f  Ol'san d lO's . 
6 numbe r  o f  I's-numbe r  o f  O' s =  3 n 
7 0*1*0*1 * 

For uniformity, I ran all 7 cases on a sequential cascaded network of a 1-input 4-output 
functio n networ k (wit h bias ,  8  weisht s t o set )  an d a  3-inpu t  8-outpu t  contex t  networ k wit h bias . 
The tota l  o f  3 2 weight s i s essentiall y  arrange d a s a  4  b y 2  b y 4  array .  Onl y thre e o f  th e outpu t 
dimension s wer e fe e bac k t o th e contex t  network ,  alon g wit h a  se t  o f  biases ,  an d th e 4t h outpu t 
uni t  wa s use d a s th e acceptanc e dimension .  Th e standar d back-propagatio n learnin g rat e wa s se t 
t o 0. 3 an d th e momentu m t o 0.7 .  Al l  3 2 weight s wer e rese t  t o rando m number s betwee n ±0. 5 fo r 
each run .  Terminatio n wa s whe n al l  accepte a string s retiune d outpu t  bit s abov e 0. 8 an d rejecte d 
string s belo w 0.2. 1 change d initia l  condition s durin g th e perio d o r  experimentation ,  an d use d a n 
initia l  stat e o f  (. 2 . 2 .2 )  fo r  case s 1 ,  3 ,  an d 4 ,  an d (. 5 . 5 .5 )  to r  th e rest . 

3.1. Results 

Of  Tomita' s 7  cases ,  al l  bu t  case s # 2 an d # 6 converge d withou t  a  proble m i n severa l  hun -
dre d epochs .  Cas e 2  woul d no t  converge ,  an d kep t  treatin g negativ e cas e 11010101 0 a s correct ;  I 
had t o modif y th e trainin g se t  (b y adde d reiec t  string s 11 0 an d 11010 )  i n orde r  t o overcom e thi s 
problem .  Cas e 6  too k severa l  restart s an d thousand s o f  cycle s t o converge ,  caus e unknown . 
Presentatio n o f  th e complet e experimenta l  dat a i s i n a  longe r  repor t  (Pollack ,  1990) . 

However ,  non e o f  th e minimal-descriptio n regula r  language s wer e induce d b y th e network . 
Even fo r  th e first  languag e 1* ,  th e networ k di d no t  creat e a n inescapabl e erro r  state ,  s o a  0  fol -
lowe d b y a  lon g strin g o f  1  ' s  woul d b e accepte d b y th e network .  I f  th e networ k i s no t  inducin g 
th e smalles t  consisten t  FSA ,  wha t  i s i t  doing ? 

4. Analysis 

I n m y attempt s a t  understandin g th e resultan t  networks ,  th e first  approac h wa s t o analyz e 
thei r  correspondin g finite-state  automata .  Th e procedur e wa s ver y simple .  I  ra n th e networ k a s a 
generator ,  subjectin g i t  t o al l  possibl e boolea n string s a s input ,  an d collectin g first,  th e se t  o f 
string s fo r  whic h th e acceptaiK e dimensio n wa s pas t  threshold ,  an d second ,  th e se t  o f  state s 
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(point s i n 3-space )  visite d b y th e mach ine . 

MHIn« out^o c 
I 

O.I 

o.a 

o .« 

0.2 

o I S 1 7 2 1 3 9 a « S 3 3- r  « l  4 9 -A W 9 3 9 7 «9 « V 7 3 I I  a g a w 9 3 W7 

9 • « » 3 » 7 

F igu r e 2 .  T/ir^ ? stage s i n th e adaptatio n o f  a  networ k learnin g parity ,  (a )  th e tes t 
case s ar e separated ,  bu t  ther e i s a  limi t  poin t  fo r  I *  a t  abou t  0.6 .  (b )  afte r  furthe r 
training ,  th e eve n a n d o d d sequence s ar e sligntt y separated ,  (c )  afte r  a  littl e m o r e 
training ,  th e oscillatin g cycl e i s p ronounced . 

Collecting the strings indicated one potential problem with the approach. After training the 
syste m ca n " f uz z o u t "  fo r  longe r  input s tha n th e one s give n i n th e tes t  cases .  Thi s ca n b e e x a m -
ine d fo r  an y panicula r  recomizer .  w e simpl y observ e th e limi t  behavio r  o n th e acceptin g d imen -
sio n fo r  ver y lon g strings .  Fo r  parity ,  sinc e th e strin g 1  *  reauire s a n oscillatio n o f  states ,  w e ca n 
e x a m i n e th e acceptanc e d imensio n a s a  fimctio n o f  th e lengm .  Figur e 2  s h o w s thre e stage s i n th e 
adaptatio n o f  a  networ k fo r  parity .  A t  first,  despit e succes s a t  separatin g a  smal l  trainin g set ,  a  sin -
gl e attracto r  exist s i n th e hmit ,  s o tha t  lon g string s ar e indistinguishable .  Afte r  a  littl e furthe r 
training ,  th e eve n a n d o d d string s ar e separated ,  an d afte r  stil l  fiuthe r  training ,  th e separatio n i s 
e n o u g h t o se t  a  threshol d easily . 

W h at  initiall y  appeare d a s a  b u g turn s ou t  t o indicat e a  ver y interestin g for m o f  induction . 
U n d e r  feedbac k pressur e t o adapt ,  a  sligh t  chang e i n weight s lead s t o a  poin t  attracto r  bein g 
"bifurcated "  int o two .  T h e result ,  i n term s o f  per formance ,  i s significant !  Befor e th e spli t  th e net -
w o r k onl y w o r k e d correctl y o n shor t  finite  strings ;  afterwards ,  i t  w o r k e d o n infinit e stnngs . 

4.1. VisuaUzuif the Machines 

Based upo n neliminar y studie s o f  th e parit y example ,  m v initia l  hypothesi s wa s tha t  a  se t 
of  cluster s woul d M found ,  organize d i n som e geometri c fashio n t o b e namesse d b y th e wa y 
inpu t  cause s th e stat e t o jum p around .  Thus ,  afte r  collectin g th e stat e information ,  i t  seeme d tha t 
thi s woul d chiste r  int o dens e region s whic h woul d correspon d t o state s i n a  FSA .  I  wrot e a  diag -
nosti c progra m t o explor e thi s spac e automaticall)r ,  b y taKin s a n unexplore d stat e an d combinin g 
i t  wit h Do m 0  an d 1  û juts .  T o remov e floating-point  Fuzz ,  i t  na d a  paramete r  e  an d thre w ou t  ne w 
state s whic h wer e withi n e  euclidea n distanc e fro m an y stat e alreao y known .  Unfortunately ,  som e 
of  th e machine s seeme d t o gro w exponentiall y  i n siz e a s e  wa s lowered ! 

One reaso n fo r  thi s seem s t o b e tha t  man y "ravine "  shape d cluste n rathe r  tha n poin t  cluste n 
ar e developed .  Becaus e th e sute s ar e "i n a  box "  o f  lo w dimension ,  w e ca n vie w thes e machine s 
graphicall y t o gai n som e understandin g o f  ho w th e stat e spac e i s bein g arranged .  Graph s o f  th e 
state s visite d b y al l  oossibl e input s u p t o lengt h 10 ,  fo r  th e 7  tes t  case s ar e show n i n figure  3 .  Eac h 
figure  contain s 204 8 points ,  bu t  ofte n the y overlap . 
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T h e lac k o f  cloaur e unde r  e  ca n n o w b e see n a s a  completel y differen t  sor t  o f  attractor .  m a k -
in g m y earUe r  mapp in g attemp t  reminiscen t  o f  Mandelbrot^ s (1977 .  p .  25 )  essa y abou t  measurin g 
th e coastlin e o f  B n t a m .  T h e variabilit y  i n thes e structure s certainl y deserve s furthe r  study ,  espe -
ciall y wit h regard s t o wha t  type s o f  landscape s ar e possibl e wit h differen t  size d network s an d 
alternativ e activatio n functions .  T h e image s (a )  an d (d )  ar e wha t  wer e expected ,  c lump s o f  point s 
whic h closel y m ^  t o state s o f  equivalen t  FSA's .  Image s (b )  an d (e )  hav e simpl e ravines ,  whic h 
blee d int o eac h othe r  a t  thei r  ends ,  probabl y indicatin g tha t  longe r  string s wil l  fiiz z ou t 

Image s (c) ,  (f) ,  an d (g) ,  ar e comple x an d quit e unexpected ,  an d wil l  b e furthe r  discusse d 
below . 

5. Related Work 

T h e architectur e an d learnin g paradig m I  use d i s closel y relate d t o recurren t  archtectur e 
devise d b y (Ehnan ,  1988 )  an d explore d b y othen .  Bot h network s rel y o n extendin g Michae l 
Jordan' s network s i n a  directio n whic h separate s visibl e outpu t  state s f ro m hidde n recurren t 
states ,  withou t  mak in g th e unstabl e "back-propasatio n t h r o u ^  time "  assumption .  Beside s ou r 
choic e o f  languag e dat a t o model ,  th e tw o ma i n difference s ar e tha t 

(1 )  The y us e a  "predictive "  paradinn ,  wher e erro r  feedbac k i s provide d a t  ever y tim e ste p i n th e 
computation ,  an d I  use d a  "classification "  paradigm ,  feedin g bac k onl y a t  th e en d o f  th e 
give n examples.' ^ 

(2 )  The y us e a  singl e laye r  (quasi-linear )  recurrenc e betwee n states ,  wherea s I  us e a  higher -
orde r  (quadratic )  recurrence .  I t  i s  certainl y plausibl e tha t  thi s quadrati c natur e allow s m o r e 
"radica r  non-linearitie s t o blossom . 

Beside s continue d analysis ,  scalin g th e networ k u p beyon d binar y symbo l  alphabets , 
immediat e followu p wor k involve s comparin g an d contrastin g ou r  respectiv e model s wit h th e 
othe r  tw o possibl e models ,  a  higher-orde r  networ k traine d o n prediction ,  an d a  quasi-linea r  mode l 
traine d o n classification . 

6. Discussion and Conclusion 

T h e stat e space s o f  th e dynamica l  recognizer s fo r  Tomit a case s 3 ,  6 ,  an d 7 ,  ar e interesting , 
because ,  theoretically ,  the y m a y b e infinit e stat e machines ,  wher e th e state s ar e no t  arbitrar y o r 
random ,  requirin g a n infimt e tabl e o f  transitions ,  bu t  ar e constraine d i n a  powerfu l  w a y b y s o m e 
mathematica l  principle .  I  believ e tha t  i t  i s  closel y relate d t o relate d t o Bamsley' s wo r k o n iterate d 
systems ,  wher e affin e "shrinking "  transformation s direc t  a n infinit e strea m o f  rando m point s ont o 
a underlyin g fracta l  o r  strang e attractor. ^  I n th e recurren t  networ k case ,  th e "shrinkin g i s accom -
plishe d vi a th e sigmoida l  function ,  an d th e strea m o f  rando m point s ar e al l  possibl e inpu t  strings . 

Certainly ,  th e lin k betwee n wor k i n comple x dynamica l  system s an d neura l  network s i s 
well-establishe d bot h o n th e neurobiolqgica l  leve l  (Skard a &  Freeman ,  1987 )  an d o n th e 
mathematica l  leve l  (Derrid a &  Meir ,  1988 ;  H u b e r m a n &  H o c g ,  1987 ;  Kurten ,  1987) .  I t  i s  tim e 
tha t  thi s lin k b e furthe r  developed ,  especiall y a s i t  applie s t o th e questio n o f  th e adequac y o f  con -
nectionist ,  an d othe r  "emergent "  i^jproache s t o hign-leve l  cognitiv e faculties ,  suc h a s languag e 
(Pollack ,  1989) .  T h e bi g questio n i s whethe r  an y o f  th e informatio n stnKture s whic h ca n b e gen -
erate d b y comple x dynamica l  system s ca n b e a t  al l  correlate d wit h th e structure s arisin g i n natura l 
language .  Alon g thes e lines ,  (Crutchfiel d &  Y o u n g ,  1989 )  hav e analyze d th e computatio n under -
lyin g period-doublin g i n chaoti c dynamica l  system s an d ha s foun d powe r  equivalen t  t o indexe d 
context-fre e g r a m m a n . 

I n conclusion ,  I  hav e b y n o m e a n s prove n tha t  a  recurren t  dynamica l  syste m ca n ac t  a s a n 
efficien t  recognize r  an d generato r  fo r  non-regula r  lanKuases ,  thoug h i t  doe s s e e m obvious. ^  Bu t 
sinc e Dynanuca l  Recogmzer s ar e no t  organize d a s a  P D A ' s o r  Turin g Machines ,  i t  i s  no t  clea r 
wher e th e rang e o f  language s leamabl e b y thes e system s woul d fit  insid e th e C h o m s k y Hierarchy . 

'  Negativ e infonnMio n i s oo t  ciucis l  t o th e cUsnficatio n puadigm .  Som e distinctio n mus t  b e mad e amon g 
string s i n orde r  tha t  th e stat e spac e doesn' t  collaps e int o a  point .  Th e accept/rejec t  bi t  i s  jus t  th e smalles t  suc h 
distinction. 

^ My use of the term "attractor^ is more related to a stable pattern emerging from deterministic chaoa 
(Lorenz ,  1963 )  tha n t o th e traditiona l  us e (a s energ y minima )  i n optimizatio n model s (Ackle y e t  al. ,  1985 ; 
Hopfieid  A Tank, 1985). 

^ Assuming rational numbers for states, a recurrent multiplicative relationship would be enough to start 
counting ,  whic h i s necessar y fo r  beginnin g t o handl e context-fre e embeddings ,  o f  th e sor t  0"^" ;  e.g . 
conside r  separat e boolea n input s fo r  a  andb ,  an d a  recurrenc e z(t+l) = .5a{t)z{t) + 2b{t)z{t) .  Assuming 
irrational s i n th e recurrenc e relationship ,  a s physicist s inadveitentl y  do .  an d a n idea l  transcendenta l  sigmoid , 
th e "competance "  language s ma y no t  eve n b e computable . 
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Figur e 3 .  Image s o f  th e attractor s fo r  si x o f  th e seve n Tomit a testcases .  Th e point s 
visite d b y al l  boolea n inpu t  string s u p t o lengt h te n ar e plotted .  Th e sevent h wa s 
viewe d earlier . 
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Nevertheless ,  w e ca n conside r  th e implicaUon s fo r  languag e (an d languag e acquisition )  o f  a 
famil y o f  automat a w h i c h smoothl y evolv e betwee n finit e an d infinit e stat e mach ine s withou t 
massivel y duplicate d transitio n tables :  I t  wil l  giv e ris e t o a n inductio n m e t h o d w h i c h wil l  appl y 
withou t  a  prior i  specificatio n o f  th e grammatica l  f r a m e w o r k o f  a  languag e i n question .  Genera -
tiv e capacit y i s neithe r  nativel y a s s u m e d no r  directl y manipulated ,  bu t  i s a n emergen t  propert y o f 
th e (fracul )  geometr y o f  a  b o u n d e d non-linea r  syste m wh ic h arise s i n respons e t o a  specifi c  learn -
in g tas k an d i s onl y reveale d throug h performance . 

Thi s woi k i s funde d b y Offic e o f  Nava l  Resemrc h Gran t  NO(X)l4-«9-J-1200 . 
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