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Abstract. We formulate a precise conjecture relating integral form partially-symmetric
Macdonald polynomials and the parabolic flag Hilbert schemes of Carlsson, Gorsky, and
Mellit. This extends, in an explicit fashion, Haiman’s realization of modified Macdonald
symmetric functions via Hilbert schemes of points in the plane. As evidence for our con-
jecture we prove that it is compatible with the action of certain elements in Carlsson and
Mellit’s algebra A; 4, including degree 1 Pieri formulas.

Keywords. Macdonald polynomials, Hilbert schemes, Hecke algebras
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1. Introduction

Let A be the algebra of symmetric functions in x1, zs, ... over K = Q(g, ). A key structure in
Haiman’s geometric realization of Macdonald symmetric functions [HaiO1] (see also [Hai03])
is a vector space isomorphism

P Kr(Hilb,)ioe 2 A (1.1)

n=0

between A and the localized equivariant K -groups of the Hilbert schemes Hilb,, of points in the
plane C?, where T is the natural two-dimensional torus acting on the plane. Under this isomor-
phism, the modified Macdonald symmetric functions H,, are realized as the images ®([1,,]) of
the K -theory classes corresponding to T-fixed points /,, in LI,,>oHilb,,. It is of great significance
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2 Ben Goodberry, Daniel Orr

that the map @, has a genuinely geometric origin—namely, the Procesi bundle—which exhibits
Macdonald positivity.

Work of Schiffmann and Vasserot [SV 13] offers another point of view on the map ®: itis an
intertwining map between two irreducible representations of the elliptic Hall algebra £. While
this point of view is not strong enough to establish Macdonald positivity, it does provide a way
to uniquely characterize the map @, up to a scalar.

By methods akin to those of [SV13], Carlsson, Gorsky, and Mellit [CGM20] construct an
extension of the map @, with Carlsson and Mellit’s algebra A, , [CM18] in place of the elliptic
Hall algebra £. The extension ®, = (Py)x>0 is a sequence of K-linear isomorphisms between
the following spaces

®
B Ev(PFH,ni)ioe = Ur =5 Vi = A@K[yn, ..., ] (12)
n=k
The collections U, = (Uy)r=0 and Vo = (Vi )g=0 of K-vector spaces afford a quiver repre-

sentation of the algebra A, ,, under which each is irreducible and admits a distinguished gen-
erator. Here PIF'H,, ,,_; is the parabolic flag Hilbert scheme, also introduced in [CGM20],
which parametrizes flags of ideals I, C [,y C --- C I, in C[z,y| with the property
that dim C[z,y]/Is = s and yI,_ C I,. The action of A;, on the direct sums of K -groups
of these spaces above is constructed in [CGM20] by geometrically-defined operators, while the
right-hand side of (1.2) affords the polynomial representation of [CM18]. Of course, the re-
quirement that @, intertwine these two actions is sufficient to uniquely characterize it, up to a
scalar.

Our work is motivated by the following question: what are the images of T-fixed point
classes in PVH,, ,,_j, under the isomorphisms ®,? One knows that ®, recovers Haiman’s iso-
morphism (1.1), where the T-fixed point classes are sent to modified Macdonald symmetric
functions H . (up to explicit signs and monomials in g,?). We propose an explicit answer for
all k involving a new family of modified partially-symmetric Macdonald functions H, )

Conjecture (see Conjecture 4.2). Under the isomorphisms ®,, the T-fixed point classes are sent
to modified partially-symmetric Macdonald polynomials, as follows:

Hyp 13 76080 HO) j&uow(% | y> A,

For the sake of orientation, let us describe a few pieces of the notation used above, leaving
the rest for the main body of the paper. The T-fixed points /,,,, € PFH,, ,,_; are indexed by
pairs (1, w) such that p is a partition of size n and w is an ordered horizontal strip of size k
in y; the classes H,, ,, are explicit scalar multiples of the [I,, ,,]. The partially-symmetric integral
form Macdonald functions 73} (X |y1,...,yx) € A ® Klys, ..., yx] are defined in (2.8) by
partially-symmetrizing the (stable) nonsymmetric Macdonald polynomials, multiplying by ex-
plicit scalars introduced in [Goo24] and [Lap22], and then performing a twist by the long element
of Si. The J ) (X | y)—and their cousins H »,)—are indexed by pairs () | ) consisting of a

partition \ and a composition 7y € (Zx()* such that the total size |\| + |y| is n — k. An explicit
bijection ¢ between these indexing sets, so that ¢(u, w) = (A | ), is recalled in Section 4.1
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following [CGM20]. Finally, X — X/(t~! — 1) denotes the familiar plethystic transformation
on A from Macdonald theory, and f(X |y)* = f(X | y)|ss—1.

Thus our conjecture closely resembles—and clearly extends—the construction of modified
Macdonald functions H ., from the usual integral form Macdonald functions.

In this paper, we make substantial progress toward a proof of Conjecture 4.2 by showing
that it is compatible with the action of certain A, ;-generators; see Theorem 4.3. We will com-
plete the proof in forthcoming work with M. Bechtloff Weising by means of the limit Cherednik
operators [IW24, BW24].

It is important to mention that the maps ®, of [CGM20], while uniquely characterized as
A, ;-intertwiners, have no genuinely geometric construction at present. In light of our conjecture
and Lapointe’s positivity conjectures [Lap22] for partially-symmetric Macdonald polynomials,
it is natural to hope for a geometric realization of the ®, exhibiting positivity.

2. Partially symmetric Macdonald polynomials

2.1. Diagrams

In constructions related to compositions and their diagrams, we mostly follow the conventions
of [HHLOS8] (except that we write dg instead of dg’ for their diagrams). Compositions are
tuples v = (v1,...,,) € (Z=0)". A composition v is a partition (with at most n parts) if
its entries are weakly decreasing. Let Y,, C (Zs()" be the set of partitions with at most n
parts. For any composition v € (Zx)", let sort(r) be the unique partition in Y,, obtained by
rearranging the parts of v. For v € (Zso)™, let [v| = vy + -+ - + vy,

The diagram of a composition v € (Z()" is the subset dg(v) C (Zs()? given by

dg(v) ={(,j) [1<i<n, 1 <j<ul

We view the parts v; of v as columns in dg(v). Elements of dg(v) are called boxes of v. We
identify a composition with its diagram and write (¢, j) € v to mean (i,j) € dg(v). We also
define the following subsets of dg(v):

dg,(v) ={(1,j) ev|j=r}
The leg and arm lengths of a box (J = (i, j) € v are defined by

gV(D):VZ'—j7
a, OD)=#{1<r<i|lj<y,<y}+#{i<r<n|j—-1<y <y}

We will also use the following alternate version of arm length (see Example 2.1):
o) =#{1<r<i|j<v.<y}+#{i<r<n|ji<y <y}

LetY = U,>oY,, be the set of all partitions. For any v € Y, denote by v/ € Y the transposed
partition and let dg'(v) = dg(v/). Thus dg'(v) is the usual (French) diagram of partition v
given by rows of boxes of lengths 1, v, ... in the first quadrant. Let leg, and arm, denote the
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usual leg and arm functions on dg’(v) as defined in, e.g., [HaiO1]. (For a box O € dg'(v), we
have leg, (OJ) = ¢,,(0), and arm, (0) is related to the function a,_ for the weakly increasing
rearrangement v_ of v.)

For any v € Y, define n(v) = > _.(i — 1)u;.

)

2.2. Split diagrams

We write v = (A]y) to indicate a splitting of a composition v into two compositions A
and v, ie., v = (v1,...,vn) = A, oo o Ay Y15 -+ -5 %) Where A = (A, ..., \n) € (Zso)™
and v = (y1,...,%) € (Zs0)* and n = m + k. In this situation, we will often assume in

addition that ) is a partition or the reverse of a partition.

Starting with v = (A]~y) as above and )\ a partition, we construct an augmented diagram ag(u)
as follows. First, we form v~ := (A~ |7y), where A~ is the weakly increasing rearrangement of \.
The augmented diagram associated with v is then defined as follows

dg(v) = dg(v ) U{(m +1,0),...,(n,0)}.

Note that the additional boxes (m + 1,0),...,(n,0) lie directly below the columns of dg(v ™)
corresponding to 7.

We call the subsets of dg(r~) corresponding to A~ and ~ the symmetric and nonsymmetric
parts of the diagram, respectively. We will use different arm functions for boxes in these two
parts of dg(v~), as follows. For boxes in the symmetric part of dg(v~), we will use a,-. For
boxes in the nonsymmetric part, we will use the arm function a,-. These arm functions have
interpretations as counting certain boxes in @(V*), as we illustrate in the example below.

Example 2.1. Let v = (3,1 | 2,1,3,0,1). Then v~ = (1,3 ] 2,1,3,0, 1) and the augmented
diagram dg(v™) is

where the boxes added to dg(»~) are dashed.
Let us illustrate the boxes that are counted for each of the arms and legs. Foru = (3, 1), abox

in the nonsymmetric part of ag(u* ), the following boxes marked ¢ and a contribute to ¢,,- (u) = 1
and a,-(u) =1+2=3:
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For v = (2, 1), in the symmetric part of the diagram, the boxes that contribute to /,- (u) = 2
and a,-(v) =1+ 3 =4 are:

BN

[SE KN 3\‘
N

N
S

2.3. Nonsymmetric Macdonald polynomials

Let K = Q(q,t) and n > 0. For any composition v € (Z>()", denote by F, = E,(x;q,t) €
K[z, ..., x,] the nonsymmetric Macdonald polynomial of type GL,, as defined in [HHLOS].

Let the symmetric group .S,, act in the natural way on Z" and on K[z, ..., z,]. For 1 <i<n,
denote by s; the simple transposition (i,7 + 1) € S,,. Define (see, e.g., Section 4 in [Kno07]) T;
the Demazure—Lusztig operators on K[z, ... ,x,] foralli =1,...,n — 1 by

(t — ].).TZ‘+1 (1 . Si) _ Tit1 — tLUl s; + (t — 1)xi+1 ‘

Ti+1 — T4 Tit1 — T4 Tit1 — T4

Ti:tsi—i—

2.1)

These operators satisfy the braid relations

TiTiT; = T TiTipr, foralli <n—1, 2.2)
TT; =T1,T;, foralli# j=£1, (2.3)

and the quadratic relations
(T; —t)(T; +1) =0, foralli < n. (2.4)
For any reduced expression w = s; ---s;,, € S,, we unambiguously define the opera-

tor T, =15, -+ T;

i
Lemma 2.2 ([HHLOS, (17)]). If v; > v;11 for some 1 < i < n, then

1—1¢
1 ¢ O +1tan @) Y

where O = (i,v;41 + 1) € dg(v).

2.4. Partially symmetric Macdonald polynomials

Suppose m, k > 0 and n = m + k£ > 0. In this situation, we regard .S,,, as the subgroup of S,

fixing the elements {m + 1,...,n}. Define the partial Hecke symmetrizer
Pi=>Y" T,
wWESm

For A € (Z=o)™, let (S;,)x C Sy, be its stabilizer and

Sit)y=Y_ "
’LUG(Sm)

A
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Definition 2.3. For a partition A\ € Y,, and a composition € (Zx)¥, the partially symmetric
Macdonald polynomial P(y,y = Pz (2; ¢, t) is defined by

The Py, form a basis for the space K[z, ... , Tn]%™ of partially-symmetric polynomials
(as proved in [Go022, Proposition 5.5]).

Definition 2.4. The integral form of the partially symmetric Macdonald polynomial
Jo) = Jo (@ ¢, t) is the scalar multiple

Jom = JomPom

where
- o 1 o 0 _(D)t& _(D)+1 1 - Y/ _(D)+1ta _(D)+1
dom = ] 1=~ v ) [ - v )

Oex— Oey

withv™ = (A~ | 7).

It is shown in [Goo24] (and asserted in [Lap22]) that J(x,) € Z[g, t][x1, . .., Tn].

For later use, we record the action of 7}, ,; for i = 1,... k on the integral forms. In the
case where v; > 7,11, by using [HHLOS, eqs. (17) and (18)] and the fact that 7,,,,; commutes
with P we have:

Il 1-t
T s = A —
mti T3 J\si () Jolso) 1 — gloam@tliany (@) Jom
1 — glam@Flay) @+ 1—¢

() — 2.
1 _ ql(/\‘,y)(u)-i-lta()\h)(u) ‘7()\‘32(7)) 1 _ ql(/\h)(u)—’_lta()\"}’)(u) \7()\|’y)7 ( 6)

where u = (m + 1,741 + 1).

2.5. Stability

For any n = m + k with m, k > 0, we make the identification

Klzy, ..., 2.5 2 K2y, ..., 2;)"™ @ Ky, . . ., yi] (2.7)
by mapping 1, ..., z,, to themselves and x,,41,...,Z, tO y1,...,yx, respectively. We will
write f(x | y) for the image of f € K[xy,...,,] under this identification.

With this notation in place, we can formulate the stability of partially symmetric Macdonald
polynomials, which is proved in [Lap22] and [Goo24].

Proposition 2.5. Forany A € Y, and y € (Z=0)", we have

P(/\:0|’Y)(x70 | y) = P(A|»y)($|y)~
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Since jorno|y) = Jopy). the integral forms J(,) have the same stability property.
Taking m — oo, we write P(xy) = P (X |y) and J(xy) = J(a) (X | y) for the correspond-
ing elements of A®@K][yy, . .., yx], where A is the K-algebra of symmetric functions in z1, x5, . . ..
As )\ ranges over all partitions and v € (Zx)¥, these form bases of A®@K [y, . . ., yx]. This comes
from combining the fact that the P,y form a basis for K[z, ..., x,,]°" with Proposition 2.5.

By slight abuse of notation, we now denote by 7; fori = 1, ...,k — 1 the Demazure—Lusztig
operators (2.1) acting on the variables yi, ..., yx in A ® Ky, ..., y,]. Under the identifica-
tion (2.7), this T; corresponds to 7,,.; in the variables x,,;,...,x,. The following lemma
shows the action of 7 is well-defined on A @ Ky, ..., yx].

Lemma 2.6. Let the projection,
Tm+1 - K[ajla s 7xm+1]sm+1 ® K[yb s 7yk’] — K[xla s 7xm]sm ® K[ylv s 7yk]7

be given by Tos1(mi1) = O, Tuir(a;) = a5 for 1 < j < m, and msa(ys) = vy for
alll < j <k Forany f = f(z | y) € Klzy,...,2mi1]” @ Klyi, ..., yx), we have
7Tm+1Tif = Tz‘7Tm+1f-

Proof. Tt suffices to consider a simple tensor f = c(z1,...,Zm, Tms1) @ d(Y1,- .., Yk)
inK[zy, ..., ;1] @ Klyr, ..y
We have

Tt T (€1, -y ) © Ay, 1)) = (21, -, 0) © Ty, - - 1))
=c(x1,. T, 0) @ Ty(d(y1, - -, y))
=T (c(x1,...,Tm,0) @d(yr,...,Yx))
=Ty (c(x1, oo Ty T1) @ (Y, -2, yk)) -0

We define the variant of the integral form Macdonald functions in A ® K|y, ..., yx|:
T (X |y) =t weT T (X |y) (2.8)

where wy € S is the long element.

3. Carlsson—Mellit algebra

All material from this section is due to [CM18] and [CGM20].

3.1. The algebra

Let A, , be the Carlsson—Mellit algebra as defined in [CGM20]; note that compared to [CGM20]
we swap the roles of ¢ and ¢. By definition, A, , is the quotient K()/~ of the path algebra K@
of a quiver () by certain relations ~.
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The quiver Q) = (Qo, 1) has vertex set )y = Z~ and arrows (); given by the following for
allk € Zzp,alll <i < k,andall 1 <7 < k:

LN S LEINY A AN ) (3.1)
ds dr d_
k—k+1, k—Fk+1, k+1—7k, (3.2)

Note that the arrows in (3.1) are loops, while those in (3.2) join consecutive vertices. We note
also that the arrow labels are overloaded. For instance, T; may denote an arrow from vertex £ to
itself for any k& > 1.

The product on K@ is given by concatenation, with the convention that p;p, is the path
obtained by first following p, and then p;, provided the head of p- is the tail of p; (and p1p; = 0

otherwise). Thus, for instance, we can multiply k + 1 == k and k s & for any k € Z-g to
form z,d, which is the path

[N T L N A

Since the arrows are overloaded, it is more precise to denote this product using a notation such

as k 2% + 1 which remembers the tail and head of the path (or at least one of them). On the
other hand, such notation can get cumbersome and is not ideal for complicated expressions, so
we will often specify the tail and/or head of a product in writing, e.g., z;d with tail & for our
current example.

The relations ~ defining A, , = K()/~ are given in Table 3.1.

Let Ay C A;, be the subalgebra of A,, generated by the elements d_,d;, Ty, Ty, ...
and yy,yo, . ... (In fact, the y;,yo, - - - are expressible in terms of the other generators.)

3.2. Polynomial representation

The polynomial representation of A;, was introduced in [CM18]. We use the conventions
of [CGM20], where it was shown that the polynomial representation is isomorphic as
an A;-representation to the geometric representation described in the next subsection.

Recall that A is the K-algebra of symmetric functions in xy, xs, . ... The polynomial repre-
sentation is a quiver representation of A;, on the collection V, = (V)i>o of K-vector
spaces Vi, = A @ Klyy, ..., yx].

For our purposes, it will be sufficient to know the action of the subalgebra A; C A, on the
polynomial representation. The operators Tq,..., Tx_y and yq, ..., Yy, mapping V;, — V} for
all £ > 0, are given by

(t=Dyi , | Yirr — ty;
Ti- f(X|y) = + =
Yi+1 — Yi Yi+1 — Yi

Yi- [ =uif

where f = f(X|y) € Vi and s; permutes y; and y;, ;. Note that T, are closely related to (but
not the same as) the Demazure—Lusztig operators 7;; we will make the relation between these
operators precise in Section 5 below.

sif



COMBINATORIAL THEORY 6 (2) (2026), #15

relation tail — head Jor all
(Ti =1)(Ti+1) =0 k—k i<k
TiTinaTi =T TiTip k—k i<k-—1
T.T,=T,T; k—k i,j < kwith |t —j| > 1
Yi¥j = Y;Yi k—k i,j <k
7;z; = 7;z; k—k 1,] < k
vil; =T,y k—k i<kandj < kwithi # 5,5+ 1
z,T; =T;z k—k i< kandj < kwithi # 5,5+ 1
Tiyir1 Ti = tyi k—k i<k
T 'z T, =tz k—k i<k
d’T)_ 1 =d? k—Fk—2 k>2
d.T,=T,d_ kE—k—1 k>0andi<k—1
d_y;, =y;d_ k—k—1 k>0andi < k
d_z; =z,d_ k—k—1 k>0andi < k
Tid2 =d? k—k+2
TrH(dy)? = (d7)? k= k42
d,T; =T;;1dy k—k+1 1< k
T =T d k—k+1 i<k
dyy; = TaTo- - Ty, T Ty kE—k+1 i < k
diz; =TT T2, T, - Tidy k—k+1 i<k
dyz; =2z;.1d, k—=k+1 i <k
dly; = yip1d? k—k+1 1 < k
z1dy = —qtFtlydy E—k+1
di,d]=(t—1)TTa - Tr_1yx k—k k>0
[di,d =" =D)T{ T T,z k—k k>0

Table 3.1: Relations ~ defining A;,. Here, & € Z is arbitrary unless quantified further,

and [X,Y] = XY — Y X denotes the commutator.
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The operators d_ : Vi1 — Vi and dy : Vi, — Vi are given by

d - f = =lge ] (FX = (= Dyes) 23,0
di - f=T1 - Tp- f(X +(t = Dyrr1),

where [y°*]A(y) = A, for a formal series ), Asy®, and Q(—yX) = >, ((—y)e;(X) in terms
of the elementary symmetric functions e;. We use plethystic notation for the Ky, . . ., yi|-linear
automorphism f — f(X £ (¢ — 1)yxy1) of Vi, which is determined by its values on power
sums p;:

pi(X £ (a—0b)) = pi(X) £ (a' = V).

These formulas define V, as an A;-representation; in fact, it is proved in [CM18] that V, is
isomorphic to the left A;-submodule of A; spanned by paths with tail 0.

Lemma 3.1. The operator of multiplication by the symmetric function e; (X ) on f = f(X| y) € Vj
is expressed in terms of the generators of A, as follows:

er(X)f=d T, ' - TyMd, - f.
Proof. Given f = f(X |y) € Vi,

d-Tet- - Totdy - f=d T T Ty TR f (X (8= Dyiga)
=d_f(X + (t = Dyrs1)
=~y (f(X|y) - =y 1 X))

= —f(X1y) - lyiki] (Z(—yk‘il)iei(?{ >>

= f(X1y) - er(X). N

Remark 3.2. We have corrected a minor typo in the action of T, on V' made in [CGM?20].

3.3. Parabolic flag Hilbert schemes

For any integers £ and n such that 0 < £ < n, let PFH,, ,,_; denote the parabolic flag Hilbert
scheme of points in C? introduced in [CGM20]. The points of PFH,, ,,— are flags of ideals

I.cIl,C--ClI, CClx,yl,
such that /; has codimension s in C|x, y| for all s, and
y]n—k c I,.

The space PFH,, ,,_, has the structure of a smooth algebraic variety of dimension 2n — k. We
note that PFH,, ,, is the usual Hilbert scheme Hilb,, of n points in C?, while PFH,, o is isomorphic
to C".
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The group T = C* x C* acts on C[z, y], Hilb,,, and PFH,, ,,_j, via its natural action on C?.
Let ¢,t € Hom(T,C*) be the T-weights of y and z, respectively; a monomial y"x¢ has
T-weight ¢"t¢. We visualize y"z¢ as being located in row r and column c of an infinite array
of unit boxes in the first quadrant, with indices beginning at 0. We also refer to ¢"t¢ as the
T-weight of the box 0 = (¢ + 1,7 + 1), denoted wt((J) = ¢"t°.

The T-fixed points of Hilb,, are precisely the monomial ideals

I, = (x“lyo,x“2y1, ce ),

where p = (1, pt2, ... ) € Y is a partition of size |u| = n. The T-fixed points of PFH,, ,,_, are
given by flags of monomial ideals
Iu(n) C ]H/(nfl) C---C [M(nfk) C C[ZL‘,?/]

where 1) is a partition of size s for each s and yI un—t) C I,m. In order to satisfy these
conditions, the indexing partitions must satisfy

dg'(u™) > dg'(u" V) o+ D dg' (M), (3.3)

with O, = dg’(p®)\ dg’(u~Y) having size 1 for each s, and with dg’(u(™)\ dg’ (1" ~*)) being
a horizontal strip (i.e., having at most one box in each column.)

Following [CGM20], we will denote by /,, ,, the T-fixed point of PFH,, ,,_; determined by
a chain of partitions (3.3), where 1 = ™ and w = (w1,...,w;) with w, = wt(O,_i11)
for 1 <t < k. Thus p is the biggest partition in the chain, and the w; are the weights of the
boxes whose removal determines the rest of the flag, in the order of removal.

Example 3.3. The T-fixed point I(31 24+ in PFHy; is given by the flag I(3,) C I21) C
I(g) C I(l).

3.4. Geometric representation

The localized T-equivariant K -theory
K’]I‘(PFHn,nfk)loc = K’H‘(PFHn,nfk) ®Z[qi1,ti1} K

is a K-vector space with basis given by the classes [/, ,,] of skyscraper sheaves at the T-fixed
points 1,,,, € PFH,, ,_.
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The family U, = (Uy) x>0 of K-vector spaces U, = @n> w K1 (PFH,, 5, )10 affords a quiver
representation of the algebra A, , by geometrically-defined operators [CGM?20]. More precisely,
in [CGM20], a geometric action of a closely related algebra B, , is constructed first, and then
this action is pulled back along a homomorphism 3 : A, , — B, ,.

For our purposes, it will be sufficient to recall the action of generators of the subalge-
bra A; C A, on the T-fixed point basis:

k
T — quj
dy - [L0] = —t Z Ty g H ———— Lt o20)] (3.4)
=~ — qtw;
OeA(n) i=1
z:=wt ()
df : [Iuawx] = [[N7w] (3'5)
(t — 1wt w; — twiqq
T Upw) = ——pw] + ————— L si(w 3.6
i) wi_wiﬂ[u,]+wi_wi+1[u,z()] (3.6)

where A(u) is the set of p-addable boxes (relative to dg’(p)), p +x = p + O for z = wt(0)
with O € A(y) is the partition obtained by adding OJ to y, and d,,, , is the Macdonald—Pieri
coefficient

tarmM(D) _ qlegH(D)—I—l tarmu(D)Jrl _ qlegu(D)

duren = ]
ptx,p farm, (O)+1 _ qlegu(D)—&—l
DeRyta,p

tarmy (O)+1 _ qlegu(lj)—i-l
DGC;LJFZ-,M

where R, resp. Ci., is the set of boxes in the row resp. column of dg’(p) corresponding
to [0 € A(u) such that x = wt([J). By rewriting the quadratic relation (T, — 1)(T; +¢) = 0 in
the form

T(t7'T, + (1 -t Yidy,) = idy,,

and using the above formula for the action of T - [/, ,,], we find:
(1 — t_l)wi t_lwi — Wj1
]+ —————

T7Y1 . 1=
] W; — Wig1 W; — Wit

(2

i) (3.7)

3.5. Isomorphism

As shown in [CGM20], there exists a unique isomorphism ®, = (P )x>( of A;-quiver represen-
tations U, —2 V, sending [/ (] € Kr(PFHgg)ioe C Upto 1 € A = V4. Moreover, it is shown
that ®¢([1,]) is an explicit scalar multiple (recalled below) of H , forany I, € Hilb,, = PFH,,,,,
where H, is the modified Macdonald symmetric function. We note that the A;-equivariance
of ®, can be upgraded to A, , by means of an involution N on Ay, (see [CGM20] for details).
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4. Conjecture

4.1. Bijections between indexing sets

We recall a bijection introduced in [CGM20, Proof of Theorem 7.0.1].

Proposition 4.1. For a pair (j1, w) indexing a T-fixed point in PFH,, ,,_y, define ¢(p1, w) = (\|7)
with A € Y and y € (Z=0)* as follows:

o Let~y; = 1'(1;) for 1 < i < k, where [J; is the box of i with weight w;; note that I'((J;) + 1
is the height of the column in . containing L;.

» Form a partition k by removing all columns from p which contain a box UJ; for 1 <1 < k.
Let \ = K.

Then the map ¢ is a bijection.

Proof. The inverse of ¢ is given is as follows. Starting with (A | ), we reconstruct (u, w) by
the following steps:

e Letk =\
To form p, insert k£ labeled columns into x, with heights v; + 1,...,v + 1 and la-
bels 1, ..., k, respectively, so that each labeled column lies to the right of any unlabeled

column in ¢ which has the same height and the labeled columns with the same height have
increasing labels from right to left.

e Foreach 1 < ¢ < k, define w; to be the weight of the box at the top (French) or bottom
(English) of the column labeled 7 in p. That is

w; = q%' 1¢
where

=i N Zzyu+1+{i>iy =%+ {7y > 4.1)

The only remaining condition to check is that the constructed (1, w) corresponds to a valid
chain of partitions. Because the columns are sorted with labeled columns to the right of unla-
beled ones, and with labels increasing right to left, each diagram in the chain remains a partition
diagram. And as there is at most one labeled box at the top of each column, the labeled boxes
form a horizontal strip. This guarantees that the inverse image of ¢ corresponds to a unique
T-fixed point in PF'H,, ,,_. O
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4.2. Conjecture
We are now ready to formulate:

Conjecture 4.2. Under the isomorphism
U, 2% V.

the T-fixed point classes are sent to modified partially-symmetric Macdonald polynomials, as
follows:

n n(u n(sor w X *
(=1)Hlgr GO [L, ] s grlsortGm)+HAI <Al07><fl——1 |y> 4.2)

where ¢(p, w) = (A | 7), T}, (X | y) is defined in (2.8), and f(X [y)* = f(X |y)]sse.

Here f(X |y) — f(= |v) denotes the K[y, .. .,y]-linear automorphism of V}, given
by the plethysm

() - 22
P 1) T =1
on the first tensor factor A. Conjecture 4.2 is known to hold on the £ = 0 summands, as shown
in [CGM?20]; the right-hand side of (4.2) is the modified Macdonald symmetric function H 5\ in
this case.
Following [CGM20], let us introduce the notation

Hyow = (—1)‘“‘q"(“)t"(“/)[Iﬂ,w]. 4.3)

We also define

3 ] n(sor w X *
Honpy = Ho (X |y) = t™ “A’”H'(W‘th(tq 1 ’y)

and call these the modified partially-symmetric Macdonald functions. The assertion of (4.2)
is then simply that ®;(H,,.,) = H, for all k& > 0 and all (y, w) indexing a T-fixed point
in PFH,, ,,_.

The goal of this paper is to begin a proof of this conjecture by matching matrix elements for
the action of A, ; on both sides. More precisely, our main result is as follows:

Theorem 4.3. Let O, : U, — V, be the collection K-linear maps defined by assignment (4.2)
on basis elements. Then @/, respects the action of the following elements of A;:

1L Ty, T .,

2. forany k > 0, the element d_T,.' --- T 'd,, which acts on Vj, as the operator of multi-
plication by the elementary symmetric function e;(X).
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Since ®y = @, and in particular on the element I, (, it suffices to verify that @, is fully
A;-equivariant in order to establish ®, = ®/,. However, it is difficult to compute the action of d..
directly in terms our elements on the right-hand side of (4.2). We will complete the proof of
Conjecture 4.2 in forthcoming work with M. Bechtloff Weising using a variant of this idea—
namely, by combining our Theorem 4.3 with his results on limit Cherednik operators [BW24].

An explicit example is given in the next subsection. We also show for this example that &/,
respects the action of the y;. It should be possible to prove this in general using the same type
of argument as the one we give for e; (X'), based on results of [Goo24], though we will not need
it in the sequel.

Let us comment on the normalization given on the right-hand side of (4.2). The
factor "ot MM+ ig required for the e;(X)-equivariance, as our proof will show. The
factor ¢~4("0) in (2.8) is also forced upon us, as we explain below (see §4.4).

4.3. Example

One may compute directly that

1

e1(X) T z10)(X |y) = thj(mo,o) (X |y) + (

—q
== qt)j(uo,l)(X y).

Since the operator wyT,,, from the definition (2.8) of .7&’?7) commutes with multiplication
by e;(X), which we will abbreviate to e, this implies

w X * t—1 X * 1—gq X *
e Jizlon (t*l —1 |y> = T g 1o (t*l —1 |y> gl (t*l —1 |y>
and hence

- t—1 - 1—q =
e1 - Higpon) = —a qH(2|0,0) + T4 qH(1|0,1)-

For = (2,1) and w = (¢, q), which satisfies ¢(u, w) = (20, 1), we have

-1 -q —a)(#*—¢* Lot r]
(12 — @2)(t — q) (2 — qt2) (¢ — ¢%) (3,1),(t2,t,9)

= —1?[I3.0),(2 1.0))
i t—1 1—gq
T, Ty Ty g) = ' — s @rg) — P [ls1).02.00)]
t—q t—q
and hence
L t—1 1—g¢q
d-T3' Ty - Hony g = 7 Hen.wen + 7 Hie)wg)
t—q t—gq
where

He g = (1%t 2), 0.0,
H )20 = <_1)4qt3[[(3,1),(t2,t)]7
He g = (1) [L3.10),02.9)-



16 Ben Goodberry, Daniel Orr

We note that if we had started with (1,0, the Pieri formula would have three terms; the
index (21, 0) corresponds to A = (2,1), w = (q, t).

Let us also consider the operator y, acting on H a1 (4. Using yo = T7 "¢ where (t—1)p =
[d,d_], we find by [CGM20, (6.2.1)] that

1 (t— 1)t 1

Y2 - Hion)g0) =

—H H —H )
[—g e T Tym  yreneo T TR e 6
On the other hand, we compute 7, Olwoygonwo = Tflyl Ty on J(z1,0) as
t! 1—t 1
T T t! - :
1 T o0 = T A== ) Japy — 77 e Jaino)

This implies that ys - 7, @0|1 0) (m |y)" is the sum of the terms

1, X -
= e (1Y)

(t— 1)t X -
@-DE—q b (t—l —1 |y>

1 X x
q—1 tjlllﬂ( 1—1|y>

and therefore that

1 - (t—1)t ~ 1 -
—Hpn + Hajony + Hap ),
in exact agreement with the computation of y; - H 2 1) (4,+)> according to the assignment in our
conjecture. (We note that multiplication by ¥, on J(z1,0) does not give matching coefficients;

the twist by wyT,, is essential.)

Ya - F[(z\l,o) =

4.4. Normalization

The reader may wonder if the operator ¢~““0)w,T,,, from (2.8) is correctly normalized, since
one could multiply this by any nonzero scalar (depending on k) to achieve the same effect on
operators via conjugation. Let us briefly justify this choice, by considering the case of y = (k)
and w = (t*~1 ... ¢, 1), which satisfies ¢(u, w) = (2]0,...,0).

We have J(zo,....0) = 1 and

Hgo....00 = T(glo,..0) = 1

thanks in particular to the factor t=two) jn (2.8).
A necessary condition for Conjecture 4.2 to be true is that

d_ Hep,..0) = Hapo,...0) € Vi1,
since d_ - H(k),(tk’*l,...,l) = %I(k‘),(tkfl,...,t)'
We clearly have d_ - Higpo,.00 = d- -1 = e;(X). Also, ‘71‘0 0)

be (1 —t)e;(X). Hence H (1)0,..,0) = €1(X), and this shows that our normalization is consistent
with Conjecture 4.2.

is easily seen to
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5. Demazure-Lusztig operators

Our goal in this section is to prove assertion (1) from Theorem 4.3. We assume throughout
this section that (x, w) indexes a T-fixed point in PFH,, ,,_ and that ¢(u, w) = (A | 7). Also
let m = n — k and regard ) as an element of Y,,, C (Z>)™.

Lemma 5.1. Suppose y; > 7;41 and let w = (m + 1,741 + 1) € dg(A\~|y). Then

Wy — ql(u)+1t_a(u). (51)

Wi41

Proof. Comparing the column heights of ~; and 7;,1, we have 7; — ;41 = [(u) + 1 and, us-
ing (4.1),

Ciri—c={j:v 2N 2y + B+ <i:vZ>2v 20+ 1}
+{i>i+1oyi>y =yt +1
= a(u)

with arms and legs taken in dg(A~|7). O

We now have enough to prove Theorem 4.3 (1), which asserts that ¢/, respects the actions of
each T;.

Proof of Theorem 4.3 (1). Let @, be the collection of maps defined in (4.2). We will use the
notation established in Conjecture 4.2 throughout this proof. We must show the actions of ¢} 0T,
and T, o @ agree on all T-fixed point classes [/, ,,] € Kr(PFH, ,_;) foralli < k < n.
Write ¢(u, w) = (X | 7) as above.

Assuming first that ; > ;.1 and letting u be as defined above and v = (A~ | 7), we now
appeal to (2.6) to see that

g (L (1) g ()1

—1 . t—1
q—(ll,(u)—&—l)ta,,(u) -1 ‘7(/\|5i(7)) (X | y) +

T Tom (X [y)" = o) — ]

j(/\h)(X | y)*

where

( )y-‘rl(l_sl):y y+15i+< )y-‘rl.
Yi+1 — Yi Yi — Yit1 Yi+1 — Yi

T-*:SZ'—F

(2

More generally, we let 7% = t““)(x o T, o ¥) where * is the automorphism sending ¢ + ¢~
and fixing everything else. Then
woT o, T} (wo Ty, )~

agrees with the operator T; from the polynomial representation of A, ,; this follows from the
relation TwOTiTgol = Ty (see, e.g., [Mac03, (3.1.8)]). Hence we have

= (u)+1)pay (u)+1 _ _
7 _q t 1~ t—1
Ti- Hopy = g~ @+ ga () — 1 Hxjsi(v)) + gl WH1p—au(u) — ]

Hpy.- (5.2)
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On the other hand, by (5.1), we see that

(t — 1wt w; — twigq
T ) = 22y, g ey
L y10] wi_wiﬂ[u,}"‘wi_wiﬂ[u,z()]
P 1 g~ G g+

o ghvFlgan ) — pe] + g~ W@+ ga(w) — 1 it

This completes the proof of Theorem 4.3(1) in this case when v; > ;1.

In the case where v; < 7,41, note that ¢(u, s;(w)) = (A, s:(7)) and (s;(7))i > $i(7))it1-
The new box whose coordinates are used in the equation is v’ = (m + 7, (s;(7))ix1 + 1) €
dg(A~ | si(7v)), and we let v/ = (A~ | s;(7y)). Then we can use,

B q—(ll,/(u')-l-l)tal,/(u/)-i-l -1

f—1 .
Ti- Hopson = = =i mega,mh — 1

() +1g—a,(u') _ 1H(A|sz'(v))-

Hoy +
(A1) ¢

From there, we can apply T;* = ¢! T, + (1 — ¢~!) - id to both sides and solve for T;(Hy},)).
By making use of linearity of ®) and the agreement of (5.2) with (5.3), we obtain an identical
formula by applying T;* to

t—1 qf(ly/(u)%»l)tay/(u)Jrl -1
Ti []Uvsi(w)] = qlV’(u)+1t_aV’(“) -1 [Iy’si(w)] T q—(l,,r(u)—l-l)tal,/(U) -1 []V’w]’

The equations agree at every step, and hence this completes the case where v; < 7;11.
When v; = 7;41, the assertion follows immediately from 7;7\,) = tJ\,) (see, e.g.,
[Che05, (3.3.40)]) and w; = tw;,1, SO we are done. O

6. Pieri formulas

In this section, we prove assertion (2) from Theorem 4.3, which is significantly more difficult
than assertion (1). We use a Pieri formula for the partially-symmetric integral forms 7y-)
established in [Goo24] using interpolation polynomials.

We make the following notational adjustments in order to match [Goo24] as closely as pos-
sible: we work in PFHy n_j, and use (£, w) instead of (1, w) to index a typical T-fixed point
in this space, so |{| = N and the length of w is k. Also, when ¢(§,w) = (A ] ~), we may
regard A as an element of Y,,, C (Z()™ and (A | 7) as an element of (Z>)", where m = n — k
and n > N is arbitrary. Our computations will show that the Pieri formula for J,,) in n total
variables does not depend on 7 in this range.

To state formulas for e (X)) 7, },), we need several definitions. Starting with the eigenvalues',
we have

7 =gt 1<i<n, (6.1)

I'These are the eigenvalues of Cherednik-Dunkl operators on the nonsymmetric Macdonald polynomials. Even
though we will not use these operators directly in this paper, we still refer to the 7; as eigenvalues.
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We now take (A | v) and build several new compositions, which we call 7, \, i, and .
Let [ := {t;,...,t,} with0O =ty <t; < --- <t <t =k+ 1. Choose one entry of \ to
become )\, and then set 7 following,

N, = Yy, for 1 < j < r where v, = Xm (6.3)

Next we build 7, which will be a rearrangement of the entries of A, except with the en-
try we chose as )\, replaced with +;, + 1. For the ordering, all columns in g of height ;. + 1
are sorted to the right, and we call h the index of the leftmost column of height v; + 1,
SO fip, = *++ = [y, = Y, + 1. The columns of other heights are sorted to be weakly increasing.

We build the rest of \ by setting (Xl, ooy Am—1) := (f41, - - -, i1 ). Finally, define p to be the
weakly-decreasing rearrangement of /i.
We also require that [ satisfy the following two properties:

* v, #m, foranyue {1,...,r}andj e {t, +1,... ,tu41 — 1}, and

. yj#xmforanyj6{1,...,t1—1}.

Such an I will be called maximal with respect to (A | 7). This can be used to define the
support of the expansion,

Moy :={(|n) | € Sn(it), p1 = -+ = pm, n is as defined above for some maximal /}.

Example 6.1. Consider the product e; (X )\7(5,474,170&,173). We can choose an entry 1 from A to
be \,,,, and a possible maximal set / is {2, 3}. This gives us,

(A7) =1(5441,01213) = (54440]2,11) = (u|n).

This is best visualized as cycling the underlined terms to the right, and the rightmost entry
is increased by 1 as it wraps back to the first underlined position. We then identify v, = 3,
SO ji3 = jig = ji5 = 4, making h = 3. We use that to find A as well, so

ii=(0,54,4,4), X=(0,54,4,1).

Note that / = {3} would not be maximal, since this would make v, = Xm = 1, violat-
ing the second maximality condition. The notion of maximality can be understood as I being
the maximal subset of [1, k] which creates a given (x | n). In this example, both [ = {3}
and [ = {2,3} lead to (i | n) = (4,4,0,2] 2,1, 1), hence {3} is not maximal.
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Theorem 6.2 ([Goo24], Theorem 5.7). One has an expansion
(A
61(X>\7()\|7) = Z A u;:; T i)

(lm)EM(|+)

with coefficients given as follows:

t — gtomim a1 @)+

Aly) _ 1 o mey T
Al = H 1 — g m O ag ) @) Jopr (—1 —t> (") -(A ), ©6.4)
Dedg 5, 1) (A)
where,
pr =

((t—lq ”h)ﬂ< ntw) ﬁ (( 2 m)ﬁ ti—f <t77tu )
gy, M ) u=1 ntu+1 — Ty, j=trt1 q- M u=1 j=ty 141 M, — 1j
forO=to<t1 < ---<t.<t,y1=k+1, and

1 — g'o-m @ o= B+

Jo = DEI;[ 1— qg(xfm(m)‘*‘lta()ﬁH)(D)'i‘l'f‘mjfl(ﬁ)’
—

where Cy- is the rightmost column in dg(\~) of height X and m;_1(n) is the number of columns
in n of height j — 1.
6.1. p; vs. coefficient of T;l ... Tl—l

To compare p); and the coefficient resulting from T, ' - - T;', we first rewrite p using the eigen-
values 7, replacing their respective 7;.

Lemma 6.3. The p/; defined above can be rewritten in the form,

_ r— — r tut1—1
(t—1)7 C(t—1)7,, ", — 7 2, — 7,
e T | | i () RS TE
Yoo =M 0 Tt — Tt G0 Ny — uel jetu+1 Vo —j

Proof. Comparing the formulas for the eigenvalues in (6.1) and (6.2) to the weights in (4.1)
gives a simple conversion,

(7’L‘)t’—>t_1 = W; and (ﬁh)tl—)t_l =X.

This allows us to rewrite,

-1 r—1 -1 t1—1 1 r tut1—1
s (T = 1wy, (" = Dwy,,, e —w; t~tw,, — wj
[l | vl | Bl | B 1 | = (66
u=1 utl u j=1 J u=1 j=t,+1 tu

where * is the automorphism of K sending ¢ + ¢ and ¢ — ¢ 71 [
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We want to match the coefficients in the expansion of e;(X) with d_T;'---Ty'd,.
Since d, H¢ ,, is a linear combination of some He, ;. ., the product T, ' - - - T1 ' acts on He iy 4

where zw = (z,wy, ..., wy). The following lemma shows the result of those actions.
Lemma 6.4. Given I = {t,...,t,.}, letv;y = S-S, -+ Sy, - - - S1, where hats indicate omis-
sion of that term from the product. Then the expansion of T,;l e Tl_ngJrz,w is given by,
lel T TI1H£+x,xw = Z ﬁl : Hf+$,v1($w) (67)
IC[1,k]
where
_ r—1 _ t1—1 1 r tyr1—1
. (I=tHr 7 Q1 —tHuwy, e —wy t~ Uy, —w;
pr = = . (68)
T — wtl ’LE. wtu - wtu+1 ]:Hl w] Hj ]1:71‘1’,1 ty j

Proof. We will use the formula for the action of T, Lon H¢ ., by combining (3.7) with Theo-
rem 4.3,

1 —tHw; t w; — wigy
Tflfjw:;[{w U He e 6.9
7 ( 67 ) wi _ w2+1 5» + wi _ wl_‘_l 5) z( ) ( )
For a fixed set I = {t1,...,1x}, define a function f/ on a sequence w = (wy, ..., w;) by:
. —%;j;;)ﬁf iftel
fi (w) = Catis g g (6.10)
Wy —We41

Now define o; to be the subword of s;---s; with the same simple transpositions removed
as v;. Finally, we introduce the provisional notation ¢ > b, when a admits a binomial ex-
pansion, to mean that the binomial expansion of a contains b as a summand. In the expansion
of T;' -+ T Hey 4 2> @ summand can be identified by a choice for each i € [1, k] of either the
left rational function in (6.9), which does not include the transposition s;, or the right function
which does. This allows us to isolate a particular summand and its coefficient as follows:

lel s T1_1H§+:c,xw > (f,f(ak_l(ajw)) T fQI(Jl(Qf/LU)) : fll(xw»‘gk te gtr e §t1 e 51H§+x,xw
(6.11)
= (fe(oxa(zw) - f3 (o1(zw)) - f{ (2W)) Herayw)
The following are computations of the pieces f/(o,_1(w)) of the coefficient for a summand
appearing in the right side of (6.7) for a given /.
Casel: Let/ <t;.

T (T T He o)
™ (o1 (zw))e — (g1 (zW)) 41
(ge-1(zw))e = (or-1(zw)) 011

The permutation o,_; moves z into position ¢, so ((o,—1(zw)), = x, and (oy—1(2W))s11 = We.
So explicitly,

Se (fél(aefz(xw)) T fll(q;w)H§+$ao'l—1($w)) :

-1,
FH(oe(aw)) = 22

r — Wy
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Case 2: Let? =t;. Then like in Case 1,

T (Tol T Heoow)
(1=t71) - (o1 (2w))s,
(Utlfl(mw))tl - (O-t1*1(xw))t1+1

(ftll—l(atl—Q(xw)) o fll(xw)H§+170(tl—1)(Iw)) :
From this we find
(1—tHax

T — Wy

(o1 (zw)) =
Case 3: Let/ =t; withi > 1. Once again:

T (Toh T Heoow)
(1=t (o—1(zw))y,

(0,1 (zw))s, — (04,-1(2W) )1, 41

(il -s(oualaw) - f @0) ety om)-

The missing transposition s;, , in 0,1 leaves wy, , in the (¢;_; + 1)st position, and the prod-
uct sy, 1 - - - S,_,+1 moves wy,_, into the (¢;)th position. As aresult, (o, (zw));, = wy,_,. And
the (¢; + 1)st position is untouched, so (o, 1 (zw))sr1 = wy,. Altogether we obtain,

(1 B t_l)wtifl

Wy, — Wy,

filor a1 (zw)) =
Cased: Lett,_; </ <t fori> 1. Like in Case 1, we have,

T, (T T Herraw)
t™H (o1 (zw))e — (g1 (zw)) i1
(ge-1(zw))e = (or-1(zw)) 011

Se (ffA(Uefz(mw)) T fll(‘xw)Hf"F%O'Z—l(mw)) :

The relevant portion of ¢ is the product sy - - - s;,_,+1, which moves wy, to the (¢)th position,
making (oy_1(zw)), = wy, ,. And the simpler part is (oy_1(zw))es1 = wy, as it has not yet
permuted in the T;l coeflicient formula. So we obtain

-1
U wy, |, — wy

fi (001 (aw)) =

Wy, _, — Wy

Combining all the coefficients, p; = f/(o_1(w)) - fi(o1(w)) - fi(w), gives the desired
formula (6.8). L]

Corollary 6.5.
pr=pi]" @ (w,)™ (6.12)

Proof. This comes immediately from comparing terms in (6.6) with (6.8), which only differ in
the numerators in the leftmost two rational functions. [
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Remark 6.6. A priori, the formula (6.7) includes all subsets I C [1, k], which would include
those which swap labels of boxes in the same row. That cannot be allowed, as (£, v;(zw)) would
no longer correspond to a flag of ideals. However, any such term will vanish. This is seen by
comparing coordinates of the boxes, where if adjacent boxes are swapped, it causes one of the
terms (t~'x —w;) or (™ 'wy, —w;) to be 0. For the same reason, if I is maximal, the associated
term has a nonzero coefficient. The corresponding arguments for the expansion of e; (X )7z}
are proven very similarly in [Goo24, Lemma 4.10, Cor. 4.11]. Further, the maximality condition
prevents terms in the expansion from overlapping, as can be seen in Example 6.1, and due to
Proposition 6.7, the same will be true in the d_T; ' --- T;'d He,, setting.

The following proposition allows us to match the supports of the expansions of e (X )7z,
andd T ' Ty, He .

Proposition 6.7. Let ¢ be the defined in Proposition 4.1, vy = Sp+++ 8y, =+ Sy, -+ - S1, and sup-
pose (&, w) = (X | ). Then ¢ restricts to a bijection from the support ofd_T,; ' --- T7'd, He ,,
10 M(x}y), the support of e1(X)J\y). In particular, when I C [1, k] is maximal, Xm is the height
of the column that the box x is added to, and (n | 1) is as defined earlier, this map is given ex-
plicitly by,

O+, (vi(zw))') = (n | 1),

Proof. We will justify this by tracking changes in the chain of ideals through several steps,
(ga ’lU) - (5 +, wa) - (€ +, U[(QTUJ)) - (5 +z, (U](ZL'U)))/),

and how the corresponding images under ¢ end with (7 | 1) as described at the beginning of this
section. Note that these three steps in order from left to right are the results of the actions of d, ,
T,;l .-~ T, and d_ respectively. As the first two of those actions result in linear combinations
of fixed point classes, we will track a single summand, for a particular choice of = and I.

First, as in (3.4), the action d - H¢, gives a sum over {-addable boxes with basis ele-
ments He, .., For x to be a {-addable box, the column z is added to must not have a box with
coordinates appearing in w. Further, there is at most one column of a given height the box can
be added to (the leftmost) for £ + x to be a partition diagram. This choice of added box x corre-
sponds to the choice of \,, from (\|y), and so because the column with x becomes a ‘labeled’
column. This gives us,

¢(£+$7xw) = (Ala"'axmfla)\m+l7"'>)\m’S\/maﬁ)/l?"'aﬂ)/k)

Next, using (6.11), and comparing to the construction of 7 in (x | 1), we find,

¢(£+x,’01(9cw)) = ()\17' .. 73\1m71>)\m+17' . '7)\m ’ M, --- 77716’71‘/7«)

Last, the action d_ simply removes the last entry in v;(zw). This removes the label from
the box labeled £ + 1, which is equivalent to making the column with label £ + 1 a symmetric
column with 1 more box, so if we let sort be the operation that sorts a composition to be in
decreasing order,

(b(g +, (U[(ill"w))l = (SOl"t(Ah cee 7Xm*17 )‘m+17 SRR )‘mvfytr + 1) ‘ My--- 777k)
= (u|n).
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Finally, we note by looking at the numerators of (6.8) that p; # 0 if and only if
w; #t 'z Vje{l,...,t; — 1}, and
w; #t wy, Yu € {1, .. r} Vie{ts+1,.. .ty — 1}

Inductively, these conditions imply that if some box has a label belonging to /, all labeled boxes
which are adjacent to that box and which have consecutive labels must also belong to / (as
otherwise, the first one that is not in the set would violate one of the conditions). This is identical
to the maximality condition on a choice of I with respect to . 0

6.2. Remaining pieces

First we must address some internal cancellation from terms in [CGM20]. We recall the formula
for dy H¢ ., and Pieri coefficients d¢, . ¢ from [CGM20] here:

dy He = t* Zd£+x£ H I H

— qtw;
tarmg(D) _ qlegg(D)-ﬁ-l tarmg(D)—s—l _ qlegg(D)
d§+9€7§ - H farme (O)+1 _ qlegg(lil)—i-l farme (O)+1 _ qlegg(D)-H
OC€Re 4 oe DeCeae
We split ¢, ¢ into two groups,
Rg(z) := {0 € Retpe | Oisnotin alabeled column} (6.13)
Rns(x) := {0 € Repye | Ois in alabeled column}, (6.14)

which are the boxes in the same row as x that are in ‘symmetric’ and ‘nonsymmetric’ columns
respectively. We break up the column labels [1, k| as well,

LL(z):={i € [1,k] | The column labeled i is to the left of =} (6.15)
RL(z) :={i € [1,k] | The column labeled i is to the right of z}, (6.16)

the ‘left-labeled’ and ‘right-labeled’ columns respectively.

Example 6.8. The following is the diagram for the pair He ., = H(10,9,6,4,3.2),(q%2,qt%,¢5,42t5,19) 5
and Heyp 0w = H(10,07,4,32),(4266 442 g1 g1,425,9)- Yellow boxes belong to Rg(z), and blue be-
long to Rxs(z). The labeled columns are LL(z) = {1, 3,4} and RL(z) = {2,5}.

()

O

()
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Lemma 6.9. Ifi € LL(x) and O is the unique box in Re. ¢ in the column labeled i, then

tarmg(D) _ qlegg(D)Jrl T — qu; —1
(tarmg(‘])‘f‘l — qleg{(m)+l> ‘ (.I' - thl) -

Proof. We will write u to indicate the coordinate of [, u = ¢"t°. Then we have
x — tarmsm(m)’ wi — q16g£+1(D) (6.17)

u u
and hence
T — qu; % _ q% tarm§+z(D) _ qleg§+z(D)+1 _1tarm5(D)+1 _ qlegé(lj)—i-l 618
xr — thz Tz qt% - tarm§+z(D) o tqleg§+z(D)+1 =1 tarmg(D) _ qlegg(D)-ﬁ-l ( : )
since arme 4, (0J) = arm¢(0) + 1 and leg,, . (0O) = leg,(OJ). O
Corollary 6.10.
H tarmg(D) _ qlegE(D)—Q—l H T —qu; t—|LL(x)| H tarmg(D) _ qlegE(D)+1
tarmf(D)+1 _ qlegg(D)+1 T — thz - tarmg(D)Jrl _ qlegg(D)-l—l :
i€LL(z) DeRs(x)
(6.19)

DER{.;,_Ié
Proof. Apply Lemma 6.19 for each nonsymmetric column to cancel with terms appearing in the
]

product over Re¢ g ¢.
We now do something similar with the column terms, which behave differently since a box
in the same column as x may have multiple labeled boxes to its right.
< Uy, € RL(z) be the labels of all

Lemma 6.11. Let (0 = (4,j) € Ceyye, and let {1 <

labeled boxes in row j, the same row as Ul. Then we have
T — qWy, tarm€+z(D)+1—b _ qleg§+z(|])_1

b
. H T — thel - tarm§+z(D)+1 _ qleg§+z(D)

farme (O)+1 _ qlegi(D)—H o
., ¥, must appear in adjacent columns, with ¢; the farthest to the

farme (O)+1 _ q16g€ (O)

Proof. Since the labels /4, ..
right, we can write wy, = twy, = - - - = t*"1wy,. Therefore we can simplify,
r—t"Mqw, oz —t"quy,

b b
T —qWe
H - H T — t7i+2qw£1 -

T — qlwy, Pl

T — tquy,

i=1
Once again writing u for the coordinate of [], we compare arm and leg counts,
r lege . (0) Wy, tarm§+w(D)
—=4q ) = )
u u
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which allows us to simplify,
z _ t—b—&-lq%

b

H L—qWy u
— Tz 4%

i=1 L th& w tq u

qleggﬂ([l) _ qtarm§+z(|j)+1fb

qleg&w O _ qtarme+a (O)+1

tarm§+x(D)+1—b _ qleg§+w(|:|)71

farme (O)+1 _ qlegg(D)
where in the last equality we use,
arme,(0) = armg(0J), lege . (0) = lege(O) + 1. O

Corollary 6.12. We have the following identity:

H parme (O)+1 _ qlegs(D) H T — qu; H arme 4o (0)+1-b(0) _ qleggﬂ(u),l
armg (O)+1 _ leg (D)+1 : . . - armg . (O)+1 _ leg x(D) )

D€Ce+a,e et ¢ ieRL(x) qhwi O0€Ceta,e tarmnesa () q et
(6.20)

where b(0) is the number of labeled boxes in the same row as (.

Proof. The products on the left side of the equation can be split into individual boxes in C¢, ¢
along with their boxes in RL(z) in the corresponding rows. Each of these can then be converted
according to Lemma 6.11, giving us the product on the right. [

Theorem 6.13. Consider the expansion

(ATt Trld) Hew = > CE oy wuyy Heta s @)y (6.21)
T,vr
where vy is the permutation vy = Sp---S;, -5, -+ S associated to I = {ti,... t,},

and (v;(zw))" indicates the last entry of v(wzx) is removed. The coefficients satisfy

ng y — o [A(Am-(l—t)]*,

+x,(vr (zw (&lm)

where £, w corresponds to (A | y) and £ + x, (vi(xw))’ corresponds to (i | n) as in Section 4.1,
the column index of w;, is c,, and * is the K-automorphism fixing q and sending t — t~*.

Proof. Applying (6.19) and (6.20), we have a simplified formula for d, H ,,,
tarmg([l) _ qlegE(D)—&-l tarm5+z(D)+1fb(D) _ qleg§+z(D)—1

[RL(z)]
Zt H tarmE(D)+1 - Ing(D)—l-l tarm§+w(D)+1 _ leg5+1.(EI) H§+x,xw.
< DGRS(:E) q DGC&JFI@ q

Combining this form with (6.8) and (3.5) gives a formula for C§ J:‘; (w(zw))'”
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tarmg(D) _ qlegE(D)+1 tarm&_w(D)—s—l—b(D) _ qleg&_x(lj)fl

= . +RL(=)|
pr t H tarmg(D)—s—l o qlegé(D)—H
DGRs(x)

On the other side, from (6.4),

tarm§+l (D)+1 i qleg5+z (D)
DeCeyae

[ SN () R BT P () NS
(A1) ) B o t q(A [7) 7" o Rty —
‘A(uln) (1 t>Dedg~H ()\7)1_qﬁ(/\_h)(D)Jrlta(A_‘,Y)(D)+1 je - pr- (g ) (A )
M +1)

It therefore remains to prove the following correspondences, where * is again the K-automor-
phism fixing ¢ and sending ¢ — ¢~1.
t — gtomim D an—,) O+ farme () _ glege(@)+1

1. H 1— qZ(A_|’Y)(D)+1ta’(>\_\’Y)(D)+1 - H tarmg(D)-‘,—l _ qlegé(D)+1
DEdg&n_kﬂ)()\‘) DeRs(z)

tarm5+x(D)+1—b(D) _ qlegg_Hc(D)fl

2. [l = R ]

tarmg_,__r(EI)—i-l o qleg5+z(D)
U€Ceta,

3 s @) (V)] =B

Starting with (1), begin with the following:
t — gfa-mOFLan-1,) O+ o=@ _ gfom O+

H O tla, (Ol | H a1l (O)+1
1= qfomm 201 ) —q'om
Dedgs, _ 41)(A) q Dedg s q

_k+1)(

For abox 0 = (i, \y_s + 1) in d (), notice that \,_, + 1 is the height of the added

box z. So this product is over all boxes in A, the symmetric part of the diagram, of the same
height as z, each of which corresponds to a box [0’ € Rg(z). The arm and leg counts for the
corresponding boxes are easily compared using the respective definitions to get,

lege () = b (@), arme(T)) = a1 (0).

The conversion of the products to the form on the right side of (1) follows immediately.
For (2), we begin in the same way,

n—k+1)

1 — glo-mPgen-1n O+

lic]” = 561;[ 1_ qzwM(D)Hta(r‘V)(D)+1+mj—1(n)
\—
H ta(kflv)(lj)—’_1 — qZ(A*I“/)(D) (Ah)li[k—H M 1(n) (6 22)
= — . C .
e, ta()\fm(lj)-i-l-i-mjfl(ﬁ) _ qé(xf\«,)(m)'f‘l e
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The t-product counts the columns in 7 which are lower than the newly-added box z,
which are equivalently those boxes in RL(z), so the product can be simplified to ¢/, Con-
sider (0= (¢, j) in C,- and the corresponding ' = (h, j) in C¢i, ¢. Before we compare arm
and leg counts, we note that m;_;(n) = b(CJ'), since the labeled boxes in row j are in the same
columns that are nonsymmetric and have height exactly j — 1 when considered in (A~ | 7). It is
straightforward to see that

lege, . (O) = L1y (0) + 1,

since lege, . ((J') also counts the box x. For the arms,
-1y (0) = armeio(0) — m;—1(n),

as both arms count symmetric columns of height j, . . ., (X | 7),,_ and nonsymmetric columns of
height j, ..., (A" | 7)n—x—1, butonly arm¢, ,(C1') counts nonsymmetric columns of height j—1.
Thus (6.22) can be converted to

|

U'eCetae

tarmg_;,_x(lj)—&—l—b(ﬂ) _ qlegg_m(lj)fl

tarm5+m(D)+1 _ qleg5+m(D) ’

which completes (2).
For (3), we need to account for the remaining missing monomials. According to (6.12),

pr=[py]" - x- (w,)"'. We also use [(X | v)n_k] = x. Then comparing everything,

(A V)n_k} =wy, - q "By
- tC'r' * ﬁ[a
as —pip + 1 is equal to the row index of wy, . 0

Finally, we observe that in the setting of Theorem 6.13,

¢, = n(sort(u,n)) — n(sort(X,7)),

and this completes the proof of part (2) of Theorem 4.3.
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