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Abstract. We show that any r-coloring of {1,. .., r’"Tw} contains monochromatic sets
{a,b,a + b, z,y,zy} witha + b = zy.

Keywords. Ramsey, sums equal to products
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1. Introduction

Answering a question of Csikvéari, Gyarmati and Sark6zy [CGS12], Bergelson and Hindman
independently gave proofs of the following result.

Theorem 1.1 (from [Hinl1][Berl0]). Any finite coloring of N contains monochromatic
sets {a, b, z,y} witha + b = xy.

In subsequent years many generalizations and alternate proofs of this fact have been discov-
ered; see for example [Bagl3, Bagl5, Bow25, DNB18, FM21]. In contrast to the simplicity of
its statement, to our knowledge all previous proofs of Theorem 1.1 rely on infinatary arguments.

This has limited the accessibility of the result. For example, in their textbook [LR 14, Theo-
rem 9.47], Landman and Robertson advertised Theorem 1.1 but did not include its proof, stating
“The tools that are used to prove these results are (far) beyond the scope of this book.”

The infinatary nature of the aforementioned arguments also do not provide any quantitative
bounds on the Ramsey numbers for the configuration from Theorem 1.1. This is in contrast to
the variant of the result in the modular setting, where the quantitative aspects of the problem
are well understood: Sarkdzy [Sar05] gave good upper bounds for the analogue of Theorem 1.1
in Z/pZ, and his argument was later extended to provide similar bounds in Z/p"Z by Gyarmati
and SarkGzy [GS08] and extended further still to Z/mZ by Pach [Pac14].
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In this note we give a proof of (extensions of) Theorem 1.1 that only relies on Ramsey’s
theorem and gives a triple exponential upper bound.

Theorem 1.2. Let H(r) be the smallest integer such that any r-coloring of {1, ..., H(r)} con-
tains a monochromatic set {a,b,a + b, x,y, vy} with a + b = xy. Then

r 2T
22 < H(r)<r"
More generally, if R(k;r) is the r-color Ramsey number for k-cliques, then any r-coloring
of {1,..., R(n + 1;pRm+Em) R+ contains a monochromatic set

n

m
{ai,Zai,xj,ij ci<n,j <m}
=1

=1

with Y a; = [T, ;.

Neither the listed bounds nor the configurations considered are the best possible that follow
from our argument, but we will present Theorem 1.2 as stated for ease of exposition. The lower
bound for H (r) is just a (sub-optimal) lower bound for the multiplicative Schur number control-
ling the configuration {z, y, zy} and makes no reference to the additive content of the theorem.
Notice that in Csikvari, Gyarmati and Sark6zy’s original question this set was not required to
be monochromatic, so it is plausible that there is an upper bound for Theorem 1.1 that is better
than the lower bound for Theorem 1.2.

Finally, we end the introduction by pointing out one of the simplest results of this type that
we still do not know how to provide reasonable bounds for.

Question 1.3. Let B(r) be the smallest integer such that any r-coloring of {1,..., B(r)} con-
tains sets X = {x1, 22,21 + 22} and Y = {y1, Y2, y1 + 2} with X UY U XY monochromatic.
Is there an upper bound for B(r) which is an exponential tower of height independent of r?

The fact that B(r) is finite for all r follows from a result of Beiglebock, Bergelson, Hindman,
and Strauss [BBHS08, Theorem 3.7] which was proven using ultrafilter techniques. Our proof
of Theorem 1.2 can be adapted to give an elementary proof of this result, but at the expense of
requiring a refinement step that leads to bounds with a tower type dependence on 7.

2. Proof of Theorem 1.2

2.1. The upper bound

Before beginning, we fix a small amount of notation. We denote by R(k;r) the smallest integer
such that for any r-coloring of pairs 1 < i < j < R(k;r) there are i1 < iy < --- < i} such
that all pairs (4, i) with g < h are monochromatic. Given a sequence sy, S2,--- € N, fori < j
set s; j = S; - Si41 - - - - Sj_1, where by convention s, ; = 1.

Our argument is an extension of the standard proof of Schur’s theorem based on Ramsey’s
theorem as found in [GRS91]. To motivate the main trick, observe that if S = {a, b, a+ b}, then
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for any n € N we have nS = {a/, ', a’ +b'}. In particular, if we can find a monochromatic set of
the form {x} UY UzY with Y = {d’, V', a’ + '}, then we have found a monochromatic solution
toa+b=axybytakingr =,y =a + bV, a = xa and b = xb’. This ‘dilation invariance’ will
allow us to reduce the a + b = xy Ramsey problem directly to the standard proof of the xy = 2
Ramsey problem with only a relatively small loss in the bounds we obtain. This reduction is
the content of Lemma 2.1. A similar trick could be used for any other finite dilation invariant
Ramsey family (such as any of the configurations obtained from Rado’s theorem, which are
known to have double exponential upper bounds by work of Chapman and Prendiville [CP20]
and Sanders [San20]), but we will focus on Theorem 1.2 for ease of exposition.

Lemma 2.1. In any finite coloring of {1, ..., R(n + 1;r™)M} there are finite sets Sy, . .., Sy
of size n with distinguished elements s; € S; such that for any i < j < M the color of s; ; - s
for s € S;U{} ¢, s'} depends only on i and j and not on the choice of s € S;U{3 s, 5'}.

Before proving Lemma 2.1, let us use it to prove the upper bounds from Theorem 1.2.

Proof of the upper bounds from Theorem 1.2. This will follow from applying Ramsey’s Theo-
rem to the sequence of s; from Lemma 2.1 as in the standard proof of Schur’s Theorem. To be
more precise, set M = R(m+1;r) and fix an r-coloring of {1, ..., R(n+1;7M)M} . Lets; € S;
be as in Lemma 2.1. For 1 < i < j < M, color pair (, j) based on the color of s; ;. By our
choice of M, there are iy < - -+ < i,,,+1 such that all pairs (4, 7;) for ¢ < h are monochromatic.
Let! = 4,,y1—1andletay,...,a,be anarbitrary enumeration the elements of s;, ;-5;. For j < m
letz; = s, and setx,, = 5,1+ > .cg 5 Finally, observe that 3 37 | a; = [[_, x; and that
these terms together with the a; and x; are monochromatic by our choice of i1,...,¢y,41 and
Lemma 2.1.

The bound in the m = n = 2 case now follows from the upper bound R(3;7) < rl(e — ;)
[CG83], which is upper bounded by " when r > 3. When r = 2, we note that the choice of 27 in
the upper bound from Theorem 1.2 more than compensates for the difference between r!(e — i)
and 7" in this case. U

We now prove Lemma 2.1, which once again follows easily from Ramsey’s theorem.

Proof. Fix an r-coloring of {1,..., R(n + 1;7*)M} Fori € [M]let N; = R(n + 1;r%).
We inductively define s; € S; C [N,] as follows. In the base step, apply Ramsey’s theorem
to [V1] as in the usual proof of Schur’s theorem to find a set Sy C Ny with S1 U {}_ g 5’}
monochromatic. Choose s; € S; arbitrarily. Having defined s4, ..., s;, to find S;,; consider
the r*'-coloring of [N;, ] where t € {1,..., N;;1} is colored based on the tuple listing the
color of ¢ and s ;41 - ¢ for each j < 4. By our choice of /V;;; and Ramsey’s theorem, there is
an Si;1 C Nipq such that S; U {> o Siir s’} is monochromatic with respect to this coloring,
and in particular satisfies the conditions from Lemma 2.1. Choose s; 1 € S;; arbitrarily and
we are done. [
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2.2. The lower bound

We end by giving the lower bound from Theorem 1.2. Let S (r) be the smallest integer such that
any r-coloring of {1, ..., S, (r)} contains a monochromatic set {a, b, a+b} and Sy (r) the small-
est integer such that any r-coloring of {2, ..., S, (r)} contains a monochromatic set {z, y, zy}.
Any lower bound for S (r) gives a lower bound for Theorem 1.2, so we establish one below.
The argument we give here is known to experts, having recently been mentioned in the work of
Aragio, Chapman, Ortega, and Souza [ACOS25], and similar arguments have been discussed
earlier in the related context of bounding geometric van der Waerden numbers (see e.g. [Goul3]).
However, we do not know of a reference that contains the argument’s details, so we give them
here for the reader’s convenience.

Lemma 2.2. S, (r) = 25" In particular, Sy (r) > 22".

Proof. The fact that S, (r) < 25+(") i3 Graham’s classical argument [GRS91] that an r-coloring
of {2122 ...,2"} induces an r-coloring of {1,...,n}. If n = S, (r), then there must be a
set {a,b,a + b} C {1,...,n} which is monochromatic with respect to this coloring. Let-
ting z = 2% and y = 2°, we see that {z,y, y} is monochromatic in our original coloring.

To show that S, (r) > 25+ consider an r-coloring c, of {1,...,S.(r) — 1}
with no monochromatic sets {a,b,a + b}. Let P be the set of primes. Define a coloring ¢y
of {2,...,2%(" — 1} where the ¢, color of n. = [ .ppm™» < 25071 s the ¢, color
of > cpmMypn If there is a set {z,y, ry} which is monochromatic with respect to c,, then
fora =% pmp,andb = > _,m,, we have have that {a,b,a + b} is monochromatic
with respect to c,, a contradiction.

The in particular part of the Lemma now follows from the well known bound S () > %
[CG&3]. [
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