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PSEUDOPOTENTIAL AND TIGHT-BINDING CALCULATIONS OF THE BULK 
AND SURFACE ELECTRONIC STRUCTURE OF SOLIDS 

Djamshid Chadi 

Inorganic Materials Research Division, Lawrence Berkeley Laboratory 
and Department of Physics; University .of· California 

Berkeley, California 

ABSTRACT 

The electronic structure of semiconductors, alloys, transition 

metal compounds, and the electronic states associated with surfaces 

are studied using the empirical pseudopotential and the tight-binding 

methods. Experimental data are extensively used to obtain information 

on the pseudopotential and tight-binding parameters, and to check the 

accuracy of the theoretical calculations. Reflectivity spectra, frequency 

dependent dielectric constants, densities of states, and charge density 

distributions are calculated for a number of compounds and compared 

to corresponding experimentaJ information when available. 

A new scheme is developed which results in an appreciable increase 

in the accuracy of calculations that are frequently encountered in the 

. study of periodic systems. The scheme allows the calculation of 

yarious quantities (such as charge density distributions, average 

energies or dipole matrix elements, etc.) from a knowledge of the values 

of these quantities at a few optimally chosen states. This is used 

to derive an expression for the electronic charge density distribution 

in diamond structure crystals. The method is also very useful in. 

obtaining interpolation formulas and in the construction of localized 
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Wannier functions from the extended Bloch functions. The method is 

utilized to study the charge density and also the relationships between 

ionicity, valence band splittings, and atomic pseudopotentials for 

a number of binary crystals. 

To study systems which do not have long range periodicity an 

extensive study of the use of the tight-binding method for calculating 

the electronic structure of diamond and zincblende crystals is made. 

The method is used to investigate the surface states of these types 

of crystals. The effects of surface relaxation on the local density 

of surface atoms, the localization and the character of the various 

surface states are discussed. 
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I . INTRODUCTION 

1 We have applied the empirical pseudopotential method (EPM) and 

2 
the tight-binding method to study the electronic structure of C, Si, 

Ge, GaAs, GaP, InSb, ZnSe, CdTe, HgTe, NbC, NbN, HgTe-CdTe alloys, 

and the (111) surface states of Ge, GaAs and ZnSe. The results of 

our calculations are compared to available experimental data. A 

number of calculations, particularly those on the electronic density 

of states3 were motivated by experimental measurements4 showing a need 

for more accurate theoretical results. These measurements particulary 

4-6 those obtained from the newly developed high-resolution x-ray and 

ultraviolet7 •8 photoemission spectrometers were of great value in 

giving information on the electronic energy levels over a wide energy 

4-8 range. This resulted in a better understanding of the energy and 

. 3 9-12 angular momentum components of the pseudopotent1als ' and more 

accurate theoretical calculations were made possible. 

In section II we discuss our calculations3•5 of the band structures 

and densities of states of Si, Ge, GaAs, InSb, GaP, ZnSe and CdTe. 

X-ray and ultraviolet photoemission spectra as well as optical 

reflectivity measurements were used in these calculations. The 

experimental results4 •5 •7 •8 indicated the need for nonlocal (i.e., energy 

dependent and angular momentum dependent) pseudopotentials. Nonlocal 

ff k . b h ff . . . 3 e ects were ta en 1nto account y t e e ect1ve mass approx1mat1on. 

The experimentally measured gaps, observed13 to be related to the ionicity 

parameter of Phillips and Van Vechten 
14 . 

were related to the atomic 

pseudopotentials and in this way the approximate dependence of ionicity 

on the pseudopotentials was obtained. 
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In section III we study the electronic properties of CdTe, HgTe 

and CdTe-HgTe alloys. l5,16 h b d d d . 1 T e an structures an pseu opotent1a 

parameters of the two zincblende compounds were obtained15 from an 

analysis of the calculated and measured optical reflectivity spectra 

and the results were used to study16 the variation of the band 

structures, important energy gaps and the electronic charge densities 

with alloying, in particular near the semiconductor-semimetal transition 

point. . 16-17 A s1mple method for obtaining the total charge density 

from a suitable weighted average of the charge density of a few Bloch 

t t ' 1 d' d A 1 1' ' lS f h' h s a es 1s a so 1scusse • comp ete genera 1zat1on o t 1s sc erne 

is developed in section IV where a method for generating optimal or 

"special points" for arbitrary crystal sysmmetries is presented. It 

is shown that the use of these points in calculations involving average 

energies, matrix elements, or total charge density distributions 

results in a substantial increase in the accuracy of the results. 

Th f 1 f h . . h . f w . f . 19 
e use u ness o t ese po1nts 1n t e construct1on o ann1er unct1ons 

is also discussed. The charge densities of a number of semiconductors 

are calculated20 using only two points and the results are found to 

agree to a previous many point calculation to within ±1 per cent. 

The method is also employed in deriving21 an expression (in closed form) 

for the electronic charge density distribution in group IV crystals. 

The "special points" are also shown to be useful in the construction 

of interpolation formulas. 22 

.. 
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The electronic structure, density of states, and the shape of the 

23 Fermi surface of the transition metal compounds NbC and NbN are studied 

in section V. The charge density of electronic states near the Fermi 

energy are calculated and their possible association with the 

superconducting transition temperatures of these compounds are discussed. 

In section VI we present the results of our study of the application 

of the tight-binding method to the electronic structure of diamond and 

zincblende crystals. 24 The important interactions are identified and 

their values are determined for C, Si, Ge, GaAs and ZnSe. The tight-

25 26 binding parameters are then used to study the (111) surface states ' 

of Ge, GaAs and ZnSe. Effects of surface relaxation on the local density 

of states of surface atoms are also discussed for Ge. 
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II. CALCULATED VALENCE BAND DENSITIES OF STATES AND PHOTOEMISSION 
SPECTRA OF DIAMOND AND ZINCBLENDE CRYSTALS 

A. X-ray and Ultraviolet Photoemission Spectra 

Abstract 

In this section we show the results of some density of states 

calculations based on recent x-ray and ultraviolet photoemission 

spectra. We find that a nonlocal pseudopotential is necessary to 

obtain agreement with the photoemission experiments. Results for 

the density of states including critical-point assignments and band 

structures are given for Si, Ge, GaAs, InSb, GaP, ZnSe and CdTe. 

1. Introduction 

Th d 1 Of h . h 1 i lt . 1 7,8,27-29 and 4-6,30-32 e eve opment 1g -reso ut on u rav1o. et x-ray 

photoemission spectroscopy (UPS and XPS) in recent years have resulted 

in a much better knowledge of the electronic energy levels and valence 

band widths of a large number of crystals. Before the UPS and XPS 

data became available most pseudopotential band structure calculations 

were primarily based on optical measurements and were concerned mainly 

with the magnitude of the valence-conduction band separations. The 

important energy gaps and the position of the prominent structure in 

£
2

(w) (the imaginary part of the frequency dependent dielectric function) 

which were fit involved only the upper valence bands and the lower 

conduction bands within a few eV of the Fermi energy. The UPS and XPS 

data provide valence band energy positions over a much wider energy range 

and when combined with optical data result in the use of more accurate 

potentials. 
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2. Results:· Local Pseudopotentials 

In Fig. 1 we compare the first high-resolution5 valence band x-ray 

spectra for Ge, GaAs and ZnSe together with theoretical
5 

valence band 

density of states calculation. The valance band structures and density 

of states were calculated using the pseudopotential parameters obtained 

· i 1 1 t · f Ge, 33 GaAs 34 and ZnSe·. 35 1n prev ous ca_cu a 1ons or These calculations 

were based only on optical data. A comparison of the experimental and 

theoretical results in Fig. 1 shows, in general, good agreement between 

I 7 8 
the two. The UPS spectra ' for Ge and GaAs (not shown) are also very 

similar to the XPS results. Both types of spectra showed that the 

widthsof the theoretical bands were smaller than the experimental widths, 

the difference for the upper two valence bands being about 0.7 eV for 

Ge7 ' 8 and GaAs7 ' 8 and 1 eV in ZnSe~,S,S In ZnSe the Zn 3d-states 

were found3 ' 4 to be actually higher in energy than the s-like Se states 

at the bottom of the calculated valence bands. The position of the 

lower two valence bands were also found to differ by about 1 eV from 

the calculated results. These types of discrepancies in the position 

and width of the valence bands for these and other semiconductors showed 

the need for more accurate pseudopotentials. In particular, the nonlocal 

(angular momentum dependent) components of the potential which had been 

ignored up to this time were found to be necessary to give more accurate 

results. The use of just one such nonlocal potential (for d-waves) 

has resulted9- 12 in an order of magnitude improvement in the accuracy 

of the band structures of Ge and GaAs and ZnSe. The lowest-order 

2 36 correction ' to the nonlocal behavior of the pseudopotential can be 

taken into account by replacing the free electron mass in the Hamiltonian 
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* by an effective mass m . This approach works well for a large 

number of semiconductors-and we have applied 3 it to obtain valence band 

densities of states in better agreement with photoemission data for 

Ge, GaAs, InSb, GaP, ZnSe and CdTe. 

3. Effective Mass Approach 

We begin by calculating the density of states with a local 

potential and then fit the nonlocal parameter, i.e. m* and the form 

factors of the potential by comparing the density of states with XPS 

and UPS data. One of the most striking features of the XPS and UPS 

spectra is that they both mimic the valence band density of states. 

In addition, the agreement between the two (XPS and UPS) is excellent. 

Considering that the bulk penetration of electrons is different in 

the two cases this adds support to the idea that both XPS and UPS 

measure bulk properties. 

After the density of states fits are obtained (reflectivity data 

is also used as a constraint), a critical point (cp) analysis is done. 

The sharp structure is identified with the M
0

, M
1

, M
2

, M
3 

cp's in 

the energy band structure. The band structure itself is given for 

each crystal studied. 

The overall agreement is good and the major discrepancies between 

experiment and the local EPM calculations have been removed especially 

for the highest bands. The lowest band is the least reliable: this 

stems partially from the approximate manner in which we have included 

nonlocal effects. 
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In the text comparison is made between the present calculation using 

the nonlocal potential, experimental results and the original calculations 

33 using the EPM by Cohen and Bergstresser (CB). More recent EPM 

calculations since CB have been done which give better agreement with 

experimental reflectivity spectra. However, in these calculations again 

very little attention is given to fitting the valence band densities 

of states. Despite this, the adjustment to fit optical data sometimes 

yielded a band structure which gave a density of states spectra closer 

to the XPS value. We have not, however, included these results here, 

as it is more straightforward and simpler to use the CB values since 

this reference contains all the crystals of interest and the form factors 

are not too different from the more recent work. We have also taken 

the CB form factors as to obtain a good fit to the experimentally 

determined density of states. The principal optical transitions at 

r, X, Land~ were constrained to remain near their original values. 

Spin-orbit interactions were included for InSb, ZnSe and CdTe. 

Here the spin-orbit ;;plittings are comparable to the experimental 

resolution. The method of calculation used was that due to Weisz 37 

38 as modified by Bloom and Bergstresser. In this procedure two 

d h . h . b' 1' 39 parameters are use to c aracter1ze t e sp1n-or 1t coup 1ng. The 

metallic spin-orbit parameter is varied until one obtains the experi-

mentally known splittings, while the non-metallic parameter is 

constrained to a fixed ratio between the two parameters. This ratio 

is equal to that of the ratio of the spin-orbit interaction for the 

free atoms as calculated by Herman and Skillman. 40 The resulting values 

for the metallic spin~orbit parameters for ZnSe, InSb and CdTe are 
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0.0006, 0.0019, and 0.0013 respectively. 

Once the band structure has been obtained, the density of states, 

N(E), is calculated from 

N(E) = 1 
N N 

a 

~ ~ 

E n,o 
o(E - E (K)) 

n,o -
(3) 

where N is the number of primitive cells, N is the number of atoms in 
a 

the primitive cell, and N(E) is normalized to_ the number of states per 

atom. Equation (3) was evaluated by using the Gilat-Raubenheimer 

41 technique. The energy derivatives required by this technique were 

obtained by using ~·£ perturbation theory. A grid of 308 points in the 

irreducible Brillouin zone was used in the calculation. 

As in the case of analyzing optical reflectivity spectra, one can 

identify critical points in the density of states. These points deter-

mine the regions of the Brillouin zone responsible for the structure 

found in the density of states. By observing the relationship of 

critical point locations in broadened and unbroadened density of states 

calculations, it is possible to obtain values for the actual positions 

of the critical points from experimental data. 

The resulting form factors, effective mass parameters, and lattice 

constants used in the calculations are listed in Table I. 

4. Results Using m* 

In Figs. 2-8 the calculated densities of states are compared with 

the experimental results of XPS. The band structures are also presented 

for each compound. In Tables II-VIII, the resulting values for 

various characteristic features in the density of states are listed, 
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and compared with the results of previously calculated form factors 

33 
from optical data. (For these calculations the matrix size was 

larger than in the CB case, i.e. E1=9 rather than the CB value E
1

=7; 

this gives some slight shifts in the energies.) Tables II-VIII also 

contain the experimental results from both XPs4 •5 and UPs. 7•8 All 

energy positions are measured relative to the top of the valence 

band as shown in the figures. 

When comparing the calculated density of states using a local 

pseudopotential (CB) with XPS and UPS data it was found that several 

bands were in error by as much as 0.5 to 2.0 eV~ The largest error 

is for the lowest lying valence bands. Early workers recognized that 

the lower valence bands were not expected to be accurate since only 

interband transitions between the top valence and bottom conduction 

bands were used in the fitting procedure. As a result they did not 

publish the values or band structure curves for these lower bands. 

We have computed these bands using the form factors given in the 

early papers, and we have extended the energy range in this way. 

The addition of an effective mass parameter brings the calculated 

bands closer to experiment. This is not always the case for the lowest 

valence band, because our method is approximate and is design~d to 

give the first band (especially near (0,0,0)) a low energy value. 

A full nonlocal potential which accounts for d-states in the core 

should work better, but it is a bit more complex. The effective mass 

approach does, however, remove all the major discrepancies for the 

higher bands. 
min In particular, the ~l feature (which is sharp in UPS 

data) has been improved considerably. 
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The resulting densities of states are discussed below compound 

by compound, and critical point identifications are noted in parentheses 

where unambiguous determination is possible. 

Silicon (Fig. 2, Table II) 

In the case of Si (only) the original CB form factors were used, 

without an effective mass, to calculate the density of states. This 

was done because the resulting density of states agreed quite 

satisfactorily with the experimental results of both XPS and UPS 

(see Table II). 

The threshold of the valence band contributions to the density 

of states for Si is -12.6 eV below the top of the valence band, and 

occurs at r1 (M0). The first peak at -10.2 eV is from L
2

,(M1). The 

contributions from the lowest band cease at -8.15 eV at w
1

(M
3
), while 

the minimum of the second band occurs at -8.3 eV at x
1

(M
0
). The large 

peak at -7.2 eV comes from L1 (M2). Because of the rather sharp rise 

of the second valence band in the energy range from -7.2 eV to -4.5 eV 

there is a rather sharp drop in the density of states from the 1
1 

peak. 

The onset of the third band occurs at -4.5 eV near K along ~. thus 

the notation ~min 1 • The peak near -4.1 eV arises from 

min 
-4.0 The peak at -2.8 near ~l and w2 (M1) at eV. 

Finally the shoulder at -1.1 eV is from L
3

,(M
2
). 

Germanium (Fig. 3, Table III) 

eV 

contributions 

is due to x
4

(M2). 

The valence band contribution to the density of states for Ge 

begins at -13.3 eV below the top of the valence band. This point 

occurs at r
1

(M
0
), while the peak at -11.0 eV is due to L

2
,(M1). The 

~ 
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contributions from the first band terminates at -9.05 eV at w
1

(M
3
), and 

the minimum of the second band occurs at -9.15 eV at x
1

(M0). The sharp 

peak at -7.8 eV arises from L1 (M2
). Again there is a sharp drop in the 

density of states from -7.8 eV to -4.4 eV where the threshold of the 

...min 
third band occurs at Li . The peak near -4.0 eV comes from the 

minimum along with contributions from w
2

(M
1
). The peak at -3.0 eV 

is due to x
4

(M2). Finally the shoulder at -1.2 eV comes from L
3

,(M
2
). 

From Table III, one notes that the comparison with both UPS and 

XPS experimental results is quite satisfactory. A considerable 

improvement has been made from the CB results. Further the discrepancy 

7 8 min mentioned by Grohman and Eastman ' for ~l , namely that the previous 

EPM calculation, 33 and other band structure calculations give a 

value too close to the top of the valence band, has been removed. 

The calculated value of -4.4 eV is quite close to the UPS and XPS 

value of -4.5 eV. The agreement between theory and experiment would 

even be better if spin-orbit were included. The agreement with 

experiment for the L2 , and r
1 

features has not improved significantly 

from the CB results. 

Gallium Arsenide (Fig. 4, Table IV) 

The threshold of the density of states is at -13.8 eV at r1 (M0). 

The shoulder at -12.1 eV arises from L1 (M1). The main peak at -11.4 eV 

comes from the entire square face of the zone which turns out to be ~ 

surface of nearly constant energy (e.g. the energy change from x
1 

to 

w
4 

is less than 0.05 eV). Unlike the case of Ge there is a 4.5 eV 

gap between the two lowest valence bands. The gap extends from -11.3 eV 

to -6.8 eV and can be associated with the fact that the antisymmetric 
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form factors, yA(G), are no longer zero as in the case of Ge or Si. 

The minimum of the second band occurs at x
3

(M
0
). Contributing to the 

sharp rise, and to the large peak at -6.5 eV are critical points at 

-6.7 eV and -6.6 eV arising from L1 (M1) and w1 (M1) respectively. Just 

as in the case of Ge, there is a sharp drop near the main peak; this 

drop continues until the minimum of the third valence band occurring 

at ~~in at -3.9 eV is reached. This, along with w
2 

at -3.5 eV, causes 

min the sharp rise at the ~l edge. This fourth band has a minimum at 

w
3

(M
0

) which leads to the gradual rise to the x
5

(M
2) peak at -2.5 eV. 

The shoulder at -0.9 eV is from L
3

(M
2
). 

Table IV shows that the agreement of the calculated energies with 

experiment has improved considerably from the CB results. The discrepancy 

d b G b d E 7 '8 f ~min h . b . d d note y ro man an . astman or ~1 as aga1n een remove an 

would be even smaller if spin-orbit effects were included. 

Gallium Phosphide (Fig. 5, Table V) 

The calculated density of states for GaP is nearly identical to 

that of GaAs. The threshold occurs at -13.6 eV r1 (M0), while the 

shoulder at -11.8 eV corresponds to L1 (M1). As in GaAs the square 

face of the Brillouin zone causes the huge peak at -10.9 eV. There 

is a 4 eV gap which extends from -10.9 eV to -6.9 eV between the lowest 

valence band and the next higher band. The minimum of the second band 

is at x
3

(M
0

) which occurs at -6.9 eV. The sharp rise near the main 

peak at -6.5 eV comes from L1 (M
0

) at -6.7 eV and w1 at -6.6 eV. The 

ib i f h h . d b d ~min · 4 1 V h contr ut on o t e t 1r an at ~1 start1ng at - . e causes t e 

sharp rise in the density of states; w2 (M1) at -3.7 eV also adds to 

.. 
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the rise. The threshold of the fourth band occurs at w
3

(M
0

) at 

-3.0 eV and this starts the gradual rise to the x
5

(M2) peak at -2.5 eV. 

The shoulder at -1.0 eV is from L
3

(M
2
). 

There is good agreement between experiment and the calculated 

values for the top three bands. There has been a considerable 

improvement over the CB results for the w
1 

and x
3 

states. For ~~in 

the change was smaller. This is probably due to the fact that GaP 

is an indirect semiconductor and the indirect levels were fit roughly 

to the correct values by Cohen and Bergstresser when they considered 

the existing optical data. 

Zinc Selenide (Fig. 6, Table VI) 

Since spin-orbit coupling was included in the following densities 

of states calculations, the degeneracy of the bands, in certain directions 

can be removed. Hence, the bands will be labeled 1 through 8 with 1 

being the lowest valence band and 8 being the top valence band. To 

facilitate comparisons with Si, Ge, GaP and GaAs the bands are labeled 

using non-spin-orbit notation. 

The lowest two bands (1,2) are s-like, thus spin-orbit interactions 

can be neglected. The minimum of the density of states occurs at 

r1 (M
0

) at -15.8 eV. The shoulder at -14.6 eV is due to L
1

(M2) shile the 

large peak at -14.2 eV is again due to the constant energy surface of 

the square face of the Brillouin zone. The gap to the next higher 

band found in zincblende extends from -14.2 eV to -5.9 eV. At -5.9 eV 

bands (3,4) start to contribute at L
1

(M
0
). Interestingly enough, x

3 

is not the minimum here as was the case in GaP or GaAs. Since L
1 

is 
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lower than x3 , the large peak at -5.4 eV comes from x
3

(M1) at -5.8 eV 

and w1 which is split by the spin-orbit interaction into two peaks: 

one at -5.3 eV, the other at -5.0 eV. The minimum of band 5 occurs 

min 
at ~l at -3.8 eV. The doublet peaks at -3.4 eV and -3.2 eV are 

caused by the splitting of bands (5,6) at w2, and the sharp rise at 

-2.7 eV is from the onset of bands (7,8) at w
3

(M
0
). The large peak 

at -2.1 eV is from bands (5,6) at x5 (M2), while th~ shoulder at 

-0.9 eV is from bands (5,6) at L
3

(M
3
). The spin-orbit splitting here 

causes another shoulder at -0.7 from bands (7,8) at L
3

(M
3
). 

The agreement as indicated in Table VI is satisfactory except 

for the lowest band. Again there is marked improvement over the CB 

results. 

Indium Antimonide (Fig. 7, Table VII) 

In InSb the spin-orbit coupling was included. The threshold 

for the lowest band occurs at ~11.3 eV at r1 (M
0
), while the shoulder 

occurring at -10.0 eV is from L1 (M1). The sharp peak at -9.5 eV 

comes from the square face of the Brillouin zone as in the other 

zincblende compounds. Again a gap appears between the two lowest 

valence bands. It begins at -9.4 eV and terminates at x
3

(M
0

) at 

-6.2 eV. Unlike the other calculated densities of states, w
1 

lies 

between x
3 

and L1 • At w1 spin-orbit interactions split bands 5 and 

6 by about 0.2 eV. Both of these points occurring at -6.0 eV and 

5.8 eV contribute to the peak at -5.7 eV. L
1

(M2) occurs at -5.7 eV 

at the height of the peak. Band 5 has a threshold at -3.2 eV at 

~in. The peaks at -3.1 eV and -2.8 eV are from the spin-orbit split 
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bands at w
2 

(bands 5 and 6). The small peak at -2.4 eV is from bands 

(7,8) at w
3

(M
0

) and x
5

(M
2

) bands (5,6). The peak at -2.1 eV is from 

bands (7,8) at x
5

(M2), while the shoulder at -1.2 eV is due to L
3

(M
3

) 

from bands (5,6). 

The comparisons with experimental results found in Table VII are 

very good. Even the lowest band agrees with the experimental results. 

It is, perhaps, noteworthy that the d-states lie well below the lowest 

valence band. XPS data indicates the In 4d level lies about 17 eV 

below the top of the valence band. 

Cadmium Telluride (Fig. 8, Table VIII) 

Spin-orbit interactions were again included in the calculations 

for CdTe. The threshold of the lowest band is at -11.8 eV at r1 (M0). 

The two peaks in the lowest band at -11.0 eV and -10.6 eV are caused 

by L
1

(M
2

) and by the nearly constant energy surface of the square face 

of the Brillouin zone, respectively. The gap between the lowest band 

and the next lowest band begins at -10.6 eV and terminates at -4.6 eV 

at x
3

(M
0
). The spin-orbit splitting between bands 3 and 4 at w1 

causes the doublet peaks at -4.3 eV and -4.0 eV. At -4.4 eV, L1 (M1) 

adds to the height of the first peak. The minimum of band 5 again 

....min 
occurs at lil • This causes the sharp rise at -2 . .7 eV. Spin-orbit 

splitting between bands 5 and 6 at w2 causes the peaks at -2.4 eV 

and -2.0 eV. The peak at -1.8 eV is due to the coincidence of w
3

(M0) 

from bands (7,8) and x
5

(M
2) from bands (5,6). The peak at -1.5 eV 

is due to x
5

(M
2

) from bands (7,8). Finally the shoulder at -1.0 eV 

is due to bands (5,6) at L
3

(M
3
). 
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The comparison with experiment is listed in Table VIII. The overall 

agreement is satisfactory, although the lowest band is in poor agreement 

with experiment. 

5. Discussion of the Results 

One can observe some interesting trends by examining the isoelectric 

series of Ge, GaAs, and ZnSe. The most obvious change from Ge to GaAs 

is that a gap appears between the first two valence bands. As previously 

5 noted this is due to the localization of electrons in the first band 

around the strong As ion, and can be related to the antisymmetric form 

factors yA(G). This "antisymmetric gap" may also be related to the 

. 13 14 ion1city. ' One notes that the gap nearly doubles in size from 

the 4.5 eV value in ·GaAs to 8.2 eV in ZnSe which is more ionic. 

Another trend observed in the calculated density of states is that 

the widths of the various peaks decrease as the compound becomes more 

ionic. For example, the width of the lowest band is 4.1 eV in Ge, 

2.4 eV in GaAs, and 1.7 eV in ZnSe. The. width or the top three bands 

also decreases. In Ge the width is 9.1 eV, in GaAs 6.8 eV and in 

ZnSe 6.0 eV. 

The trends in going from InSb to CdTe follow.the trends in going 

from GaAs to ZnSe. Namely, the "antisymmetric gap" for InSb is 3.3 eV, 

while the gap is 6.0 eV for CdTe. Finally, the width of the lowest 

band for InSb and CdTe is 1. 9 eV and 1. 2 eV respectively, and the top 

three bands also contract: 6.0 eV for InSb, and 4.6 eV for CdTe. 

lr 
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In summary, it has been demonstrated that the EPM, with the 

addition of an effective mass, can adequately reproduce the experimentally 

determined density of states for at least the top three valence bands. 

In addition, complete critical point analysis has been given, and the 

experimental structure identified. 
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Table I. Form factors (in Ry), effective mass parameter, and lattice 

constants (in A). 

vs(3) v 5(8) v 5(l 1) 0(3) VA(4) VA(J 1) m/m* 

Si -. 211 .040 .080 

Ge -.269 .038 . 035 1.089 

GaAs -.252 .000 . 080 .068 .066 . 012 1.138 

GaP -.249 • 017 . 083 . 081 .055 .003 1.075 

ZnSe -. 261 -.011 .113 . 151 .130 . 016 1. 291 

InSb -.250 . 010 .044 .049 .038 . 010 1.192 

CdTe -.245 -.015 .073 .089 .084 .006 1.228 

a 

5.43 

5.65 

5.64 

5.45 

5.65 

6.47 

6.48 
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Table II. Energies (in eV) of characteristic features in the 

valence band of Si (measured relative to the top of 

the valence band). The theoretical values are Ref. 33. 

The XPS values are from Refs. 4 and 5. The UPS values 

are from References 7 and 8. 

Si 

L3' 

x4 
w2 
Em in 

] 

Ll 

wl 

L2' 

rl 

Theory 

- 1.1 

- 2.8 

- 4.0 

- 4.5 

- 7. 2 

8.1 

-10.2 

-12.6 

Experiment 

UJ?S 

4. 7 + 0. 2 

- 6. 4 .± 0. 4 

-12.4-i-0.6 

Xl?S 

- 2. 5 + 0. 3 

- 3. 9 + 0. 2 

- 4. 7 .± 0. 3 

... 6. 8 + 0. 2 

8. ] + 0. 3 

- 9.3.±0.4 

-12.5 ·t 0.6 
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Table III. Energies (in eV) of characteristic features in the 

valence band of Ge (measured relative to the top of 

the valence band). For a, b, c, see Table II. 

Ge 

L3 

x4 

w2 
Em in 

1 

L1 

w1 

L2' 

r1 

Theory Experiment 

Olda New 

- 1. 1 - 1.2 - 1. 1 + o. 2 

- 2.4 - 3. 0 - 2. 7 + 0. 3 

- 3.3 - 4.0 - 3. 9 + 0. 2 

- 3. 8 - 4. 4 - 4. 5 + 0. 2 - 4. 5 + 0. 3 

- 6. 9 -7.8 - 7.7+0.2 - 7.4+0.2 

- 8.2 - 9. 1 - 8. 7 + 0. 3 

- 9.9 -11.0 -10.6+0.3 -10.5.±0.4 

-12.0 -13.3 -12.6.±0.3 -12.8.±0.4 
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Table IV. Energies (in eV) of characteristic features in the 

valence band of GaAs (measured relative to the top 

of the valence band). For a, b, c, see Table II. 

Theory Experiment 

GaAs Olda New UPSb XPSc 

L3 - 0.9 - 0.9 - o. 8 + 0. 2 - 1. 4 .± 0. 3 

x.5 - 2.2 - 2.5 - 2. 5 .± 0. 3 

w2 - 2.6 - 3.5 - 4. 0 + 0. 2 

r:nin - 3.2 - 3.9 - 4. 1 + 0. 2 - 4. 4 + 0. 2 1 

w1 - 6.0 - 6.6 - 6. 6 + 0. 2 

x3 - 6.4 - 6.8 - 6.8+0.2 - 7.1+0.2 

x1 !"" 9.7 -11.4 -10.8+0.4 -10.7+0.3 

rl -12.0 -13. 8 -11.9.±0.6 -13.8+0.4 
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Table V. Energies (in eV) of characteristic features in the 

valence band of GaP (measured relative to the top of 

the valence band). For a, b, c, see Table II. 

Theory Experiment 

GaP Olda New UPSb XPSc 

L3 - 0. 9 - 1.0 - 1. 4 + 0. 3 

x5 - 2.3 - 2.5 - 2. 7 .± 0. 2 

w2 - 3.2 - 3.7 - 3. 6 + 0. 2 

L:min - 3.8 - 4.1 - 4. 2 .± 0. 3 - 4. 0 + 0. 2 1 

wl - 5.4 - 6.6 - 6. 5 + 0. 2 

x3 - 5.8 - 6.9 - 7. 0 + 0. 3 - 6. 9 .± 0. 2 

xl -11.5 -10.9 - 9. 6 + 0. 3 

rl -13.0 -13.6 -12.0 .± 0. 6 -13.2.±0.4 

-.. , .......... 

.. 
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Table VI. Energies (in eV) of characteristic features in the 

valence band of ZnSe (measured relative to the top 

of the valence band). For a, b, c, see Table II. 

Theory Experiment 

ZnSe Olda New UPSb XPSc 

L3 - 0.9 - 0.9 - 1. 3 .± 0. 3 

x5 - 1.5 - 2.1 - 2. l .± 0. 3 

w2 - 2.0 - 3.3 - 2. 6 .± 0. 2 

Em in - 2.7 - 3.8 - 4. 0 + 0. 3 - 3. 4 .± 0. 4 l 

wl - 3.4 - 5.3 - 5. 2 + 0. 2 

L1 - 3.8 - 5.9 - 5. 7 + 0. 3 - 5. 6 + 0. 3 

X . 1 -13.2 -]4.2 -12. 5 .± 0. 4 

rJ -]4.2 -15.8 -14. 5 + 0. 6 
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Table VII. Energies (in eV) of the characteristic features in 

the valence band of InSb (measured relative to the 

top of the valence band). For a, b, c, see Table II. 

Theory Experiment 

InSb Olda New UPSb XPSc 

L3 - 0.6 - 1.2 - 1. 4 .± 0. 2 

x5 - 1.4 - 2.1 - 2. 4 .± 0. 4 

w2 - 2.8 - 3. 1 + 0. 2 

min 
2.1 3.2 3. 3 .± 0. 3 3. 4 .± 0. 2 L:l - - - -

LJ - 4.9 - 5. 7 - 5. 9 + 0. 2 

x3 - 5.4 - 6.2 - 6. 2 .± 0. 3 - 6. 4 .± 0. 2 

XJ - 7.6 - 9.5 - 9.6+0.3 - 9. 5 + 0. 2 

rJ - 8.9 -Jl. 3 -10.9 + o. 5 - J 1. 7 + 0. 3 
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Table VIII. Energies (in eV) of the characteristic features in 

the valence band of CdTe (measured relative to the 

top of the valence band). For a, b, c, see Table II. 

Theory Experiment 

CdTe Olda New UPSb XPSc 

L3 0.4 1.0 0. 7 + 0. 3 0. 9 .± 0. 3 

x5 - 1. 0 - 1.5 - l. 8 .± 0. 2 

w2 - 1.4 - 2.0 - 2. 2 .± 0. 3 

r:min - 2.0 - 2.7 - 2. 9 + 0. 3 - 2. 7 .± 0. 3 1 . 

wJ - 2.6 - 4.3 - 4. 5 .± 0. 1 

x3 - 2.9 - 4.6 - 4. 8 .± 0. 2 - 5. 2 + 0. 2 

xl -12.5 -10.6 - 8. 8 .± 0. 3 

rl -12.9 -ll. 8 -10. 8 .± 0. 6 
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FIGURE CAPTIONS 

Fig. 1. X-ray photoemission spectra, band structures, and densities 

of states of Ge, GaAs and ZnSe. The top row I(E) shows the 

uncorrected experimental spectra. At the bottom the 

-+ 
corresponding band structures E(k) and densities of states 

p(E) as derived from EPM calculations are shown. The broadened 

theoretical densities of states p'(E) in the second row 

facilitate comparison with experiment. 

Fig. 2. X-ray photoemission spectra, density of states, and band 

structure for Si. The top figure shows the corrected 

experimental XPS spectra of references 4 and 5. The middle 

figure is the EPM calculated density of states. To facilitate 

comparison with experiment a broadened density of states is 

indicated by the dashed line. The bottom figure is the EPM 

calculated band structure. 

Fig. 3. X-ray photoemission spectra, density of states and band 

structure of Ge. See also caption for Fig. 2. 

Fig. 4. X-ray photoemission spectra, density of stated and band 

structure of GaAs. See also caption for Fig. 2. 

Fig. 5. X-ray photoemission spectra, density of states and band 

structure for GaP. See also caption for Fig. 2. 

Fig. 6. X-ray photoemission spectra, density of states, and band 

structure of ZnSe. The Zn 3d states have been subtracted 

out, with the peak position indicated by the solid line. 

See also caption for Fig. 2. 
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Fig. 7. X-ray photoemission spectra, density of states and band 

structure of InSb. See also caption for Fig. 2. 

Fig. 8. X-ray photoemission spectra, density of states and band structure 

of CdTe. See also caption for Fig. 2 . 
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B. Valence-band Splittings, Atomic Pseudopotentials and Ionicity 

Abstract 

In this section the valence band splittings measured by photo-

emission experiments are related to the ionicity parameter of Phillips 

and Van Vechten and to the atomic pseudopotentials. 

1. Introduction 

The Phillips and Van Vechten42 •43 theory of bonding and ionicity 

in binary crystals makes use of optical and dielectric data in the 

determination of the parameters of the theory. These parameters are 

Eh and C which are related respectively to the average homopolar gap 

and the difference in electronegativities of A and B in ANBB-N crystals 

(e.g. GaAs). In terms of pseudopotential theory Eh and Care 

approximately related to the average symmetric and antisymmetric 

pseudopotentials determine the electronic energy band structure from 

which Eh and C can be in principle obtained. However, the energy band 

structure depends in a complicated way on the pseudopotentials. The 

precise nature of the dependence of Eh and C on the pseudopotentials 

is therefore not well known. Up to now these parameters have been 

determined from spectroscopic data. Phillips42 has obtained a form 

for the approximate dependence of Eh and C on the pseudopotential form 

factors by associating the average energy gap at X between the lowest 

two conduction bands and the top two valence bands with IEh + icl. He 

has also studied the variation of this gap with v
8 

and VA. 

• 
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Here we examine other possible relations between the parameter 

C and the crystalline pseudopotentials. Measures of C in terms of 

v
8 

and VA are given for 4-fold and 6-fold coordinated crystals in 

the following two sections. We then briefly suggest, before the 

concluding section, a condition on the crystal potential for the 

structural phase transition in these compounds. 

2. Measures of C in 4-fold Coordinated Crystals 

The approach we follow is related to a suggestion in a recent 

article of Grohman, Eastman and Cohen13 in which they propose a very 

simple relation between the valence band energy gaps and C. In 

particular they observe that the experimentally measured gap between 

the lowest two valence bands at X (denoted x
3
-x1) is a direct measure 

of C in the zincblende and possibly in the rocksalt crystal structures. 

This gap can be measured using ultraviolet photoemission spectroscopy 

(UPS) 7 ' 8 and x-ray photoemission spectroscopy (XPS). 4 ' 6 For example 

in Ge, GaAs and ZnSe, where the lattice constants and ionic cores are 

nearly the same, XPS measurements5 and theoretical5 calculations 

shown~in Figures 1-8 of Section II A show an appreciably larger gap 

between the first two valence bands for ZnSe than for GaAs. In Ge the 

gap is zero as a result of the symmetry of the diamond structure. We 

will show in this section that the splitting of this gap is in fact 

related to the antisymmetric potential (i.e. the difference in the 

atomic pseudopotentials of the nearest-neighbor atoms). The antisymmetric 

potential is obviously zero in Ge, and greater in ZnSe than in GaAs. 

We now use the proposed relationship between C and the x
3
-x

1 
gap to 
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obtain the dependence of C on the pseudopotential form factors since 

this gap is related in a definite way to the form factors. To find 

this relationship we expand the wavefunctions at X in a plane wave 

basis: 

-+ 
1/Jx(r) 

-+ -+ -+ 
i(~-G)"r 

a e 
c 

where the G's are reciprocal lattice vectors and~= (1,0,0) (:TI). 

The diagonal matrix elements of the 

h 2 -+ -+ 2 
waves are of the form Zm 1~-GI • 

Hamiltonian between these plane 

1
-+ -+12 The possible values of ~-G 

for diamond, zincblende, and rocksalt crystal structures are 1,2,5,6, •.. 

in units of ( 27f) 2 where a is the lattice constant. Since we are 
a 

interested only in the lowest two valence bands we restrict the G's 

in the expansion to satisfy This results in a 6X6 

secular equation that can be easily solved for the eigenvalues: 

1 
2 

1 
2 

r(l-V 4 + V 8) 2 + 8(V 3 
A S A 

3 2] 1/2 
vs ) 

1/2 

[(1 + V 4 + V 8)2 + 8(V 3 + V 3)2] A S A S . 

The superscripts on the symmetric and anisymmetric potentials v
5 

and 

VA(G2 
= 4). The unit of energy 

-+2 
VA give the value of G , 

in these expressions is 

i.e. v 4 
A 

2 2 47f2 
(__..:!!_) = ---

a (a/a )2 
0 

Ry 

' '· 
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where a is the Bohr radius. The antisymmetric pseudopotentials are 
0 

taken as the difference between the cation and anion pseudopotentials 

and are positive. The x
3
-x

1 
energy gap is found to be 

= 3V 
4 + .!_ ~~(1- V 4 + V 

8
) 2 + 8(V 3 - V 3) 2 

A 2 A S A S 

- .Jcl + v 4 + v 8)2 + scv 3 + v 3> zl 
A S A S ~ . 

The values of EX calculated from (1) with the Goben-Bergstresser 

(CB) 33 values are given in Table I for a number of crystals. In the 

I+ -+ 2 
(CB) calculation all G's satisfying K-GI ~ 7 are taken into account 

I+ +12 exactly, while those G's satisfying K-G ~ 20 are taken into account 

(1) 

44 through Lowdin perturbation theory. The size of the matrix diagonalized 

at X is 22X22 in the (CB) case. The "effective" size of this matrix 

is much larger because of the Lowdin perturbation scheme. The agreement 

between EX given by (1) and the CB values is fairly good in most cases 

(Table I); the largest fractional error is about 10%. 

The variation of EX with the pseudopotential form factors can be 

obtained from (1). This expression yields the interesting information 

that (aEX/avA3) ~ 2 for the usual form factors encountered and 

2 < (aEX/avA4) < 3. This dependence of~ on the antisymmetric form 

factors is consistent with the increase in the value of C obtained by 

Phillips 42 and Van Vechten43 as the valence difference in the isoelectronic 

N 8-N A B crystals is increased. Assuming that EX ~ C as proposed by 

. 13 f Grohman et al., expression (1) gives the approximate dependence o 

C on the pseudopotential form factors for the zincblende structure 

compounds. 
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We now consider whether this dependence on the form factors can 

be related to real space pseudopotentials. A dependence of C on screened 

ionic potentials has been proposed by Phillips42 and Van Vechten. They 

find that the following formula works well for tetrahedrally coordinated 

N 8-N 
A B crystals: 

C(AB) = b (2) 

Here ZA and ZB are the valence numbers N and 8-N of the cation and anion; 

rA and rB are half the homopolar bond length of the group IV element 

belonging to the same rows of the periodic table as atoms A and B, and 

R = (rA + rB)/2. The exponential term gives the Fermi-Thomas screening 

factor with 

k 2 
s = 

where kF is the Fermi momentum of a free electron gas of the same density 

as that of the valence electrons and a is the Bohr radius. The factor 
0 

b is equal to 1.5 to an accuracy of 10% or better. 42 In Table II we 

list the values of C obtained from this formula for several crystals. 

Also, "empirical" values of C determined42 , 43 from reflectivity and 

dielectric constant data are also listed in Table II. 

. 1 
Since the empirically determined pseudopotentials already 1nclude 

screening we may try to see if C is related to the difference of the 

atomic pseudopotentials at the bond site, in analogy to the Phillips 

and Van Vechten formula (2). The difference, c
1

, of the atomic 

pseudopotentials at a point halfway between the atoms is related in a 

simple way to the antisynunetric potentials VA(G): 
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= L 
+ 
G 

where 
+ 1 -
T = 8 (1,1,1) a in zincblende crystal structures. If the 

antisymmetric potentials corresponding to c2 ~ 11 ( 2
TI) are ignored we . a 

find 

= 212 v 3 
A 

(3) 

for zincblende crystals. Since by definition v 3 = 
A 

v3 . - v3 .. 
cat1on an1on 

2 

we have 

[v (G
2
=3) 

cation 
V (G

2
=3)] 

anion (4) 

This expression for c
1 

resembles the Phillips and Van Vechten formula (2). 

In Table II we list the values of c
1 

for several crys~als obtained 

from (CB) form factors and from the more recent calculation, 3 of 

section A, which was fit to photoemission data (ultraviolet and x-ray) 

as well as optical data. The correlation between c
1 

and the 

spectroscopically evaluated value is good in most cases, with the value 

based on form factors fit to both photoemission and optical data giving 

better agreement than that based on form factors determined only from 

optical data. 

A different possible relation between C and the antisymmetric 

pseudopotentials is obtained if we look at the difference of the total 

crystalline potential at the ionic sites. This difference, D, is also 

related to the antisymmetric potentials: 



D = 2 ~ 
G 
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+ . 2 + + 
VA(G) s1.n G·T 

For zincblende crystals, neglecting VA(G) for G2 ~ 11 we find 

(5) 

(6) 

If we assume C is proportional to D then to obtain the correct C for 

GaAs using the CB form factors, D would have to be multiplied by 0.184. 

In Table II we list c
2 

= 0.184D for a number of compounds. If the 

antisymmetric potentials have the form of a Coulomb potential, then 

V 4 
= l V 3 and (6) gives 

A 4 A 

= 1.56 (V3 
cat 

v3 ) 
anion 

(7) 

This is again very close to the result (4) for c
1 
.. These results 

are also consistent with the determination of C using the x
3
-x

1 
gap. 

This gap does not depend in a simple way on the antisymmetric potentials 

alone (see Eq. 1), but is roughly. estimated byE~ 2(VA3 + vA4). A 

Coulomb-like potential for the V 's gives 
A 

3 
E ~ 1. 75 (V t. ca 1.on 

3 - v . ) • 
an1.on 

These different measures of C, i.e. c1 , c2 and EX are therefore 

consistent with each other in the zincblende crystals. 

3. Measures of C in Rocksalt Structure Crystals 

We can also test the dependence of C on the pseudopotentials for 

N 8-N 
the A B rocksalt crystal structures. The quantities of interest, 

as in the case of the zincblendes are c
1

, D and the energy gap at X 

between the lowest two valence bands. 
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To obtain c1 we take the difference of the ionic potentials of 

A and B at a point halfway between the two ions. We find: 

where t = ! (l,l,l)a in the rocksalt structures. This is equivalent 

to 

(8) 

To obtain D, we take the difference of the crystalline potentials at 

the ionic sites A and B. The result is 

D = 16V 3 
A 

2 The antisymmetric form factors corresponding to G ~ 27T 11 (-) have 
a 

(9) 

been neglected in the evaluation of c
1 

and D. For the zincblende 

crystals we found that D given by (6) overestimated C by a factor of 

about 6. For the rocksalt crystals we find that D given by (9) 

overestimates C by a factor of about 2 when we take NaCl as a test 

case and use the potentials of Ref. 45 to calculate D. In order to 

compare c1 in (8) to D we can assume a Coulombic pseudopotential for 

the ions. Then VA(G) is proportional to 

in terms of V 3 
A 

and cl may be written 
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For the zincblende crystals c
1 

in (3) was found to be a measure of C. 

For the rocksalt crystals however, c
1 

underestimates C by a factor 

of nearly 5. For the zincblendes it is the difference of the potentials 

of A and B near the bond site which approximates C while for the 

rocksalts the difference in the crystalline potentials at the atomic 

sites is the better approximation to C. 

We now turn to the gap at X between the lowest two valence bands 

in the rocksalt crystals. The relation between this gap and the form 

factors can be obtained in the same way as before by using a 6x6 

matrix. We find 

(10) 

(11) 

Ther~ is a very interesting relation between the expressions for the 

X gap in the zincblende and rocksalt crystals. If we make the substitutions 

v
5

(3) + -VA(3) and VA(4) + -v
5

(4) in the zincblende formulas we obtain 

the above expressions for the rocksalts. Since v5 +VA v . cat1on 

these relations imply that when V . + 0, the gap at X for the 
cat1on 

rocksalt and zincblende crystals become equal. (Here we are ignoring 

V 8 which is close to zero for most rocksalt and zincblende crystals.) s 
The energy gap at X for the rocksalts is given by 

E R 
X 

! [(1 + V 4 + V 8j2 + 32 (V 3)211/2 
2 S S A 

1 + 5V 4 + V 8 
s s 
2 (12) 
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R Because of the crystal symmetry, for the rocksalt crystals EX does 

not vanish when the antisymmetric potential is set equal to zero. 

If as in the case of the zincblendes we associate C with E R in the 
X 

rocksalts, i.e., 

C = E R (13) 
X 

then C does not vanish when VA+ 0. The limit VA+ 0 is however 

unphysical for the rocksalt structures since the crystal structure 

changes much before this limit is reached. We will therefore assume 

(13) is approximately valid for the rocksalts. 

R To obtain the dependence of Ex on the potentials more accurately 

than in (12) we can use more plane waves in the expansion of the 

I+ + 2 
wavefunctions. When the 14 plane waves corresponding to K + Gj ~ 5 

are used in the expansion we find 

v s_v 12 

3_V 4 + S S 
s 2 

1 
2 

(14) 

This expression 
2 

4 8 2 
reduces to (11) when 8(VS -VS ) is small compared 

(4 V a_v 12) to + S S . It is interesting that even to this order of 

approximation ER(X
4

) is independent of the antisymmetric potentials. 

A more accurate expression for E(X1) can be easily obtained only 

when VA = 0. For this case we find 

(15) 
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When VA+ 0, an expansion of (14) and (15) reveals that the two lowest 

bands at X come close together. 

The approximate value of the lowest X gap in the valence bands 

for a number of, rocksalt crystals has been obtained from photoemission 

46 measurements. A plot of EX versus C is shown in Fig. 1. It is seen 

that for the rocksalt crystals most of the points fall below the line 

C = EX. However, as Phillips
42 

states, when the ionicity fi 2: 0. 9 

the dispersion theory of ionicity begins to break down and the value 

of C for such compounds may not be accurate. Most of the rocksalt 

structure crystals we have plotted have fi > 0.9. For the potassium

halides, the potassium p-core level lies close to the halogen-associated 

s-level and this can cause EX to have a value different from that predicted 

from the approximate expressions given before. For KF the potassium 

46 p-core level actually falls in the gap (between the lowest two valence 

bands) and this may explain the large value of EX in this crystal. 

4. A Condition on the Crystal Potential for the Structural Phase 
Transition 

It would be interesting to see if the phase transition from the 

zincblende to the rocksalt crystal structure could be predicted from 

a knowledge of the pseudopotential form factors. In the Phillips and 

42 43 Van Vechten ' theory the transition occurs when the ionicity parameter 

f. passes through the critical value of 0.785. Since f. is an increasing 
1 1 

function of C we can see if, empirically, this critical value for f. 
1 

corresponds to a critical value of C. Looling at the Eh, C plane plot 

used by Phillips42 to separate the fourfold and sixfold coordinated 
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structures we find that the rocksalt crystal structures occur only for 

C ~ 7 eV. To relate this condition to the pseudopotential form factors 

the simplest relation to use is probably (3). Equation (3) then implies 

that for vA3 ;;:: 0.18 Ry (in the zincblende crystals) a transition to 

the rocksalt crystal structure is possible. This limit on vA3 seems 

to be realistic. Recent pseudopotential calculations3 for a number 

of zincblende compounds with varying degrees of ionicity show that 

vA3 
is less than this criticalvalue in all cases. 

5. Conclusion 

The two main results of this paper are the relation of pseudopotential 

form factors to the Phillips-Van Vechten ionic band energy C via (1) 

real space pseudopotentials and (2) the lowest valence band gap at X. 

We find that the difference of ionic pseudopotentials midway 

between nearest neighbors is a good approximation to C for zincblende 

structure compounds, while for rocksalt structure compounds the case 

of NaCl indicates that it is the difference between pseudopotentials 

at the ionic sites which approximates C. The approximation to C for 

.zincblende compounds is generally better if based on pseudopotentials 

fit to both optical and photoemission data rather than optical data 

alone. 

In deriving the relation between the lowest valence band gap E 
X 

at X and the pseudopotential form factors, and using the relation 
--

E ~ C, we have obtained a new connection between the parameters of X . 

dispersion theory and pseudopotential theory. We have briefly indicated 

one possible use of this relation, namely determination of the condition 

on the crystal potential for the 4-fold to 6-fold coordination phase 

transformation. 
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Table I. Energy gap at X between lowest two valence bands 

obtained from 6 x 6 matrix as compared to the CB values. 

E -E 
2 l 

(eV) E2-El (eV) 

6 X 6 CB 

Si 0 0 

Ge 0 0 

Gal\s 4.18 4.04 

Gal' 6.02 5.35 

GaSL 3.81 4.16 

InSb 3.82 4.28 

Inl\s 5.46 5.11 

InP 4.09 4.07 

Zu~;c 9.70 9.60 

ZnS 11.04 10.41 

ZnTe 8.07 7.90 

C<l'fe 7.86 9.06 

AlSb 3.39 3.21 

• 
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Table II. The parameter C of .the Phillips and Van Vechten theory of 
ionicity as determined from different methods. The values 
in parenthesis for C1 and Cz were obtained from the form 
factors of Ref. 3. The other values listed for c1 and C2 
were obtained from the CB form factors of Ref. 33. Energies 
are in eV. 

c c 
ii E . . 1 i · m;.n .r~ca. Formula (2) 

G•:!, ~::i 0 0 

G<tl\~> 2.CJO 2.72 

c;;:,[• 3.:w 3.0 

G-.Sb 7..10 1. 71 

In~..:b ~.10 2.0 

I ul\!; 3.34 2.94 

I uP 3.31\ 3.25 

bn~·it! 5.57 5.44 

Zn'J·r~ 11.48 4.02 

Cd'l'c 4.40 4.03 

i is rc fe r.e:ncc 4:3 

c1 c2 

212 v 3 
0.367(4V 

3
+6V 

A A A 

0 0 

2. 72 2.9 

4.62 (3.1} 4.53 (3.26) 

2.28 2.7 

2.28 (1. 9) 2.7 (2 .11) 

3.0 3.1 

2. 72 2.9 

6.84 (5.70) 7.2 (6.9) 

4.~6 5.6 

5.7 (3.40) 5.7 (4. 3) 

4) 

/ 

x3-xl gar) 

(XPS,lJPS) 

0 

2.9 + 0.3 

2.8 + 0.3 

2.6 + 0.3 

6 + 0.5 

4.1 + 0.3 
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Fig. 1. The energy gap at X between the lowest two valence bands 

is plotted against the Phillips-Van Vechten parameter C 

for several zincblende (circles) and rocksalt (triangles) 

structure crystals. Typical error ranges for EX are 

shown for two compounds. 
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III. ELECTRONIC STRUCTURES AND CHARGE DENSITIES 
OF CdTe, HgTe AND CdTe-HgTe ALLOYS 

A. Reflectivities and Electronic Band Structures of CdTe and HgTe 

Abstract 

In this section the electronic band structures and pseudopotential 

parameters of CdTe and HgTe are determined. The reflectivity spectra 

are calculated and compared to experimental data. Important features 

in the reflectivity spectra are identified with critical-point 

transitions in specific regions of the Brillouin zone. 

1. Introduction 

The energy band structures of CdTe and HgTe were calculated using 

the empirical pseudopotential method1 as modified by Wefsz, 37 and 

38 Bloom and Bergstresser to include spin-orbit coupling. In addition 

the imaginary part of the frequency-dependent dielectric function, 

e:
2

(w) and the reflectivity, R(w) were calculated. In the energy range 

considered, almost all the structure in e:
2

(w) and the reflectivity 

may be explained by direct electronic transitions at specific regions 

of the Brillouin zone. We identify structure in e: 2 (w) and R(w) with 

critical point interband transitions. The symmetry, energy and location 

in the zone of important critical points are determined and their 

contributions to e:
2

(w) and R(w). are investigated. 

2 • Calculation 

The initial form factors for CdTe33 and HgTe47 with which the 

calculations were initially started were slightly modified to improve 

the agreement between the experimental and theoretical reflectivities. 
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The two spin-orbit variables39 Al and A
2 

were constrained to have the 

same ratio as the splittings (of the p-levels) in the free atoms as 

determined by Herman and Skillman. 40 This left only one adjustable 

parameter which was varied to give the correct splitting of the 

valence bands, at f for CdTe, and at L for HgTe. 

The energy band structures were calculated at 356 points throughout 

1/48 of the Brillouin zone. 44 Lowdin perturbation theory as modified 

48 by Brust was used. For CdTe, 15 plane waves were treated exactly 

at r while 98 extra plane waves were taken into account through the 

Lowdin perturbation scheme. The corresponding values at r for HgTe 

are 59 plane waves treated exactly and 54 plane waves treated through 

perturbation theory. The energy band structure calculated for HgTe, 

using the form factors derived in this work, is accurate to within 

0.1 eV. For CdTe the identification of reflectivity structure with 

specific interband transitions, as presented in this paper, is 

unchanged when more plane waves are treated exactly and the form 

factors are slightly modified. 

The scheme for the calculation of £
2

(w) and R(w) from the band 

structure is given in reference 1. The lattice constants (adjusted 

to 0°K) used in these calculations are 6.48 A for CdTe and 6.45 A 

for HgTe. At the time when the calculations were made high-resolution 

photoemission data were not available for these compounds and the 

calculations are therefore based on reflectivity data alone. The most 

important and interesting states for these compounds are however those 

near the top of the valence and bottom of the conduction bands and 

the reflectivity data provides sufficient information for an accurate 

determination of the band structures in this region. 
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3. Results 

The electronic band structures of CdTe and HgTe in the principal 

symmetry directions are shown in Figs. 1 and 2. The imaginary part 

of the dielectric function £
2

(w) for CdTe and HgTe appear in Figs. 3 

and 4; the experimental and theoretical reflectivities are shown 

in Figs. 5 and 6. Important features of the experimental and 

theoretical reflectivities are compared in Tables I and II. Spin-orbit 

splittings calculated at symmetry points appear in Table III. Table II 

compares the form factors derived in this work with those with which 

the calculations were initially started. 

4. Interpretation of Reflectivity Structure 

a. CdTe. 49 The fundamental gap of 1.59 eV at f(4-5),(i.e. between 

bands 4 and 5), produces the usual M
0 

singularity in £ 2 (w) at the 

threshold energy of 1.59 eV. The spin-orbit splitting of the valence 

. 50-52 bands at r is ~0 = 0.91 determined by several independent exper~ments. 

The value of the spin-orbit parameter was adjusted to reproduce this 

value. 

The two peaks at 3.42 and 3.97 eV in the calculated reflectivity 

are caused by spin-orbit split A(4-5) and A(3-5) transitions respectively. 

These are consistent with the experimental values of 3.46 and 4.03 eV. 

The spin-orbit splitting of the valence bands at L is ~l = L(3-4) = 

L
4

,
5 

- L6 = 0.57 eV. This agrees very well with the values of 0.57 eV 

51 obtained_by Cardona and Greenaway at 77°K. The energy of the top 

valence band at Lis -0.40 eV with respect to the energy at r8V • 

. , .. ·.-
~ . -~' 
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The calculated R(w) rises sharply between 5.02 and 5.07 eV. 

This is caused by 6(4-5) transitions occurring at (0.7,0,0) in the 

zone. The experimental reflectivity also rises sharply in this energy 

range and has a peak at 5.18 eV. The calculated reflectivity has a peak 

at 5.27 eV caused by (4-5) transitions from the critical point (0.9, 

0.2,0.2) inside the zone. 

The calculated R(w) has two adjacent peaks at 5.47 and 5.52 eV 

that correspond to the main peak in the reflectivity data at 5.53 eV. 

The 5.47 and 5.52 eV peaks are caused mainly by ~(4-5) and 6(3-5) 

transitions respectively. The major contribution to the strength of 

£
2

(w) and R(w) comes from the ~(4-5) transitions; 6(3-5) transitions 

account for only 20 percent of the value of £ 2 (w) at 5.52 eV. 

The small shoulder extending from 5.67 to 5.73 eV in the calculated 

reflectivity is caused by (4-6) transitions from the critical points 

(0.35, 0.07, 0.07) at 5.63 eV and (0.2,0,0) at 5.73 eV. 

The two small peaks at 6.07 and 6.17 eV in R(w) result from (3-6) 

transitions near (0.35,0.07,0.07) and (0.3,0,0) respectively. f(4-6) 

transitions at 6.13 eV make a small contribution to the 6.17 eV peak. 

The corresponding structure in the experimental R(w) is a slight 

shoulder extending from 5.95 to 6.0 eV. The assignment of 6.13 eV to 

f(4-6) transitions agrees very well with the results of photoemission 

53 54 experiments. ' 

The large peak in the calculated reflectivity at 6.67 eV is caused 

by (4-6) transitions from a large volume of the zone centered at 

{0.6,0.5,0.2). This peak is broadened by 1(4-6) transitions at 6.79 eV 
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and A(4-6) transitions at 6.89 eV coming from the point (0.36,0.36,0.36) 

in the zone. Transitions at 6.8 to 7.0 eV near the zone edge from 

W to K make a negligible contribution to this peak contrary to the 

. 54 
suggestion of reference. The small peak at 7.13 eV in £ 2 (w) and 

R(w) arises mainly from volume (4-7) transitions near (0.6,0.3,0.14); 

~(2-5) transitions also contribute to this peak. 

The 7.38 eV peak in the calculated R(w) is caused by (3-6) transitions 

from a large volume centered at (0.6,0.5,0.2) with an average transition 

energy of about 7.36 eV. The experimental peak occurs at 7.44 eV. 

The 7.63 eV peak in £
2

(w) corresponds to the 7.6 eV peak in the 

reflectivity data. This peak is caused by (3-7) transitions from a 

volume near (0.6,0.2,0.1) and is not related to the 6.82 eV peak through 

spin-orbit splitting of the bands at L as suggested by Cardona and 

51 Greenaway. Our result that the 6.8 and 7.6 eV peaks are caused by 

transitions to different final states are consistent with the photo-

i i d . f Sh d S . . 54 em ss on stu ~es o ay an p~cer. 

The over-all agreement between the theoretical and experimental 

reflectivity data is very good for CdTe. The enhancement of the 

experimental peaks at L may be caused by excitonic effects. We will 

discuss further in the final section of this paper. 

b. HgTe. At the r point this compound is a ~ero-gap semiconductor 

with the conduction and valence bands degenerate at r8 • Away from r, 

we expect the energy of the top valence band to increase slightly, 

i.e. HgTe is in principle a semimetal. Unlike CdTe and most other 

zincblende structures, HgTe has an inverted order of bands r6 and r8 , 
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55 as first suggested by Groves and Paul. The spin-orbit splitting 

of the top valence bands at r is about 0.30 Vat 1.5°K. 56 •57 This 

agrees very well with the calculated value of 0.30 eV. The calculated 

spin-orbit splittings ~O = r8V- r 7V and ~l = L4 , 5V- L6V are 0.94 

and 0.62 eV respectively. The splitting of the valence bands at L 

was fitted to 0.62 eV by adjusting the spin-orbit parameter. The 

51 experimental value of 0.64 eV was obtained by Carbona Greenaway at 

The peaks occurring at 2.32 and 2.92 eV in the calculated reflectivity 

are caused by spin-orbit split L(4-5) and L(3-5) transitions at 2.25 

and 2.87 eV. These peaks correspond to the experimental peaks at 2.25 

and 2.87 eV. The experimental reflectivity has a shoulder starting 

at 4.18 eV caused by (4-5) transitions extending from 4.0 to 4.2 eV. 

The matrix element for these transitions has a maximum near 4.03 eV; 

the theoretical reflectivity does not have conspicuous structure at 

this energy because of the sharp rise of the reflectivity resulting 

from other sets of transitions. However, a calculation of the modulated 

reflectivity, 

4.03 eV. · 

1 dR 
R(w) dw shows that R(w) does have a small peak near 

The calculated reflectivity has a shoulder beginning at 4.47 eV 

arising from volume (4-5) transitions from a region of the zone centered 

at (0.8,0.2,0.2) with an average transition energy of 4.42 eV. Transitions 

from nearly the same region of the zone give rise to the 5.27 eV peak 

in CdTe and were associated with the critical point (0.9,0.2,0.2). For 

HgTe the corresponding critical point is at (1,0~2,0.2) and the transition 
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energy is 4.61 eV. These transitions do not give rise to a peak 

because of the sharp rise of the reflectivity spectra leading to the 

main peak at 4.87 eV. 

The peak at 4.87 eV in the theoretical R(w) is caused mainly by 

~(4-5) transitions occurring at points near K. The strength of this 

peak is increased by X(3-5) transitions at 4.71 eV. The contribution 

of the ~(4-5) transitions to this peak is more than four times as large 

as the contribution of the X(3-5) transitions. The corresponding 

reflectivity peak is at 4.98 eV. 

The peak at 5.02 eV in the calculated reflectivity is caused 

by (4-6) transitions from a large volume of the zone near r and around 

6. The f(4-6) transitions at 4.92 eV and the critical point transitions 

at 5.00 and 5.02 eV from (0.14,0,0) and (0.14,0.07,0.07) contribute 

to this peak. The reflectivity decreases very slowly between 5.07 and 

5.17 eV because of (4-6) transitions. The X(4-6) transitions at 5.09 eV 
' . 

and (4-6) transitions from a group of points near 6 give rise to a 

local maximum at 5.12 eV in the matrix element for (4-6) transitions. 

This is in addition to the larger maximum occurring at 5.02 eV. 

The experimental reflectivity has two small peaks at 5.45 and 5.62 

eV. The 5.45 eV peak is, most probably, caused by X(3-6) transitions 

at 5.43 eV and f(4-7) transitions at 5.44 eV. The contributions of 

the X(3-6) transitions is about 3 times as large as the contributions 

of the f(4-7) transitions. The matrix element for both sets of 

transitions has a maximum at 5.47 eV, but any associated reflectivity 

structure seems to have been absorbed in the broad peak centered at 
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5.57 eV. This 5.57 eV peak is caused by (3-6) critical point transitions 

at 5.52 eV from (0.2,0,0) and at 5.57 eV from (0.15,0.07,0.07). 

The large and broad peak in the reflectivity data at 6.53 eV is 

caused by volume (4-6) transitions from a region of the zone centered 

at (0.6,0.5,0.3); 1(4-6) transitions at 6.49 eV also contribute to this 

peak. The theoretical reflectivity peak occurs at 6.63 eV and is in 

fairly good agreement with the experimental value. Cardona and 

Greenaway 51 assign the 6.53 eV peak to 1(4-6) transitions. 

The peak at 7.07 eV in the calculated R(w) arises from (3-6) 

transitions from a region of the zone centered at (0.6,0.5,0.3). The 

magnitude of this peak is much smaller than the corresponding spin-orbit 

split volume (4-6) transitions at 6.63 eV. The experimental reflectivity, 

however, does not show a corresponding peak. There is also no contribu-

tion to this peak from 1(3-6) transitions at 7.10 eV even though this 

peak is close in energy. 

The peak at 7.57 eV in the calculated reflectivity is caused by 

volume (4-7) transitions at an average energy of 7.47 ev from a region 

of the zone centered at (0.6,0.4,0.1). In addition 1(3-7) transitions 

at 7.36 eV also contribute to this peak. The 1(3-7) transitions 

cont;ibute 30 percent of the value of the £ 2 (w) peak at 7.38 eV. The 

spin-orbit split 1(4-7) transitions at 6.75 eV have weak matrix elements 

and do not give rise to any peaks. The peak at 7.88 eV in R(w) is 

caused by volume (3-7) transitions from a region of the zone centered 

at (0.6,0.3,0.1). The experimental reflectivity peak corresponding 
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to the 7.57 and 7.88 eV peaks in the theoretical reflectivity is the 

broad peak at 7.6 eV. 

The peaks at 8.17 eV in £
2

(w) and 8.32 eV in R(w) are caused by 

volume (3-7) transitions from a region of the zone centered at 

(0.6,0.3,0.1). The spin-orbit split (3-7) transitions from this 

region contribute both to the 7.88 and 8.32 eV peaks. 

Scouler and Wright58 assign their 7.5 and 8.25 eV peaks to 

spin-orbit split L(3,4-6) transitions and deduce a ~l value of 0.75 eV. 

This value for ~l seems to be too large compared to the value of 

0.62 eV obtianed from the spin-orbit split L(4-5) and L(3-5) transitions 

at 2.25 and 2.87 eV. The value of •'\ obtained from L(4-6), L(3-6) 

transitions in our case is 0.61 eV, close to the value of 0.62 obtained 

from L(4-5), L(3-5) transitions. 

5. Discussion of Results 

The enhancement of some experimental peaks relative to the theoretical 
0 

peaks, particularly near the first A and L transitions, are probably 

caused by excitons. The effect of the Coulomb interaction between 

electrons and holes on the four different types of critical points has 

59-64 been investigated by several authors. The effect of such interactions 

on an M
1 

type critical point occurring at L or "L-like" points where 

m
1 

= m2 > 0 and for the case lm
3

1 >> m
1 

with m
1

, m2 , m
3 

being the 

64 principal effective masses has been calculated by Kane. His calculations 

indicate that the most characteristic feature of an M
1 

critical point, 

with electron-hole Coulomb interactions taken into account, is the sharp 

dropoff in £
2

(w) and R(w) near the critical point. This is particularly 
• 
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evident in the case of CdTe where the reflectivity drops sharply at 

3.46 and 4.03 eV. According to Kane's calculations the small structure 

in the measured reflectivity at 3.60 and 4.20 eV actually correspond 

to the M
1 

critical point transitions near L. The prominent peaks at 

3.46 and 4.03 eV are to be associated with the electron-hole bound 

state. The binding energy of the exciton is given by the energy 

difference between the M
1 

structure at 3.60 eV and the main peak at 

3.46 eV and is about 0.14 eV. In HgTe the binding energy of the exciton 

65 has been assumed to be small (about 0.04 eV). If this is the case, 

the corresponding M
1 

structure is not expected to be resolvable 

experimentally. 

In many cases our resolution was not sufficient to discuss all the 

calculated critical points. Tables I and II contain only prominent 

critical points. 



Table I. CdTe. Theoretical and experimental reflectivity structure at l5°K 
and their identification. The symmetry location in the zone and 
the transition energy at the critical points are given. 

Reflectivity Structure. Associated Critical Points (C<fi'e) 
. 

Theory Exper. l.Dcation in Zone Sym cp energy 

1. 59 ev 1. 59 eV r(4-5) (O,O,O) Mo 1. 59 eV 

3.42 . 3.46 .L\(4-5) (0.43,0.43,0.43) Ml 3.39 

3. 97 4.03 .L\(3-5) (0.43,0.43,0.43) Ml 3.95 
. 

5.02 - Volume near 6(4-5) (0. 7,0,0) - 5.05 

5.27 5.18 (4-5) (0.9,0.2,0.2) Ml 5.27 

5.47 l:(4-5) (0.7,0.7,0) M2 5.42 
5. 53 

5.52 6(3-5) (0. 7,0,0) Ml 5. 51 

(4-6) (0.35,0.07,0.07) - 5.63 
5.67 5.68 

6( 4-6) (0. 2, 0, O) - f?.73 

6.07 (3-6) (0.35,0.07,0.07) - 6.07 
5. 95 

6.17 6(3-6) (0.3,0,0} Ml 6.14 

6.67 6.82 Volume (4-6) (0. 6, 0. 5, 0. 2) - 6.62 

7.13 - Volume (4-7) (0.6,0.3,0.14) - 7. 10 

7.38 7.44 Volume (3-6) (0.6,0. 5,0.2) - 7.36 

- 7.6 Volume (3-7) (0.6,0.2,0.1) - 7.6 

I 
0\ .... 
I 
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Table II. HgTe. Theoretical and experimental reflectivity structure 
at l0°K and their identification. The symmetry, location in 

Reflectivity 

Theory 

0 eV 

2.32 

2.92 

4.03 

4.47 

-
4.87 

5.02 

-

5.57 

6.63 

7.07 

7.57 

7.88 

8.32 

·the zone and the transition energy at the critical points are given. 

Structure 

Exper. 

0 eV 

2.25 

2.87 

4.18 

-
-

4.98 

5.10 

5. 45 

5.62 

6. 53 

-

7.6 

8.3 

Associated Critical Points (HgTe) 

· LOcation in Zone 

r(4-5) (O,O,O) 

L(4-5) (0.5,0.5,0.5) 

L(3- 5) (0. 5, 0. 5, 0. 5) 

Volume near t:.(4-5) (0. 6,0,?) 

Volume (4-5) (0.8,0.2,0.2) 

X(3-5) (1,0,0) 

K(4-5) (0. 75,0. 75,0) 

t:.(4-6) (0.14,0,0) 

(4-6) (0.14,0.07,0.07) 

X(3-6) (1, 0, 0) 

r(4-7) (0,0,0) 

t:.(3- 6) (0. 2, 0, 0) 

(3-6) (0. 15, o. 07, o. 07) 

Volume (4-6) (0. 6, 0. 5, 0. 3) 

Volume(3- 6) (0. 6, 0. 5, 0. 3) 

Volume(4-7) (0. 6, 0. 4, 0.1) 

Volume(3-7): [6-13t (0.6,0.3,0.1) 

Volume(3-7): [ 5-14t (0. 6, 0. 3, 0. 1) 

+In this notation the bands are numbered 

consecutively with the doubly degenerate 

top valence bands at r and L numbered 

7 and 8. 

Sym ! c
0 

energy 

Mo 0 eV 

Ml 2.25 

Ml 2.87 

- 4.03 

- 4.42 

M1 4. 71 

M2 4.82 

- 5.00 

M2 5.02 

Ml 5.43 

- 5.44 

Ml 5. 52 

- 5. 57 

- 6.53 

- 7~02 

7. 47 
-

7.75 

- 8.2 



-63-

'l'ablc III Calculated spin-orbit splittirws for CdTe and Hg1'e 

CdTe HgTe 

rBV- r7V 0.91 0.94 

r8C- rGV 0.30 

L1, bV- LGV 0.57 0.62 

x,.,v- xnv 0.46 0.35 

18c- ~~,c 0.13 0. 51 

I}t I (' - L6C 0.06 0.26 
.. J \} , 

,. 
\. 



Table IV. Comparison of the CdTe and HgTe form factors (in Ry) obtained in the 
present work (on top) with those of Refs. 33 & 47. 

v8(3) v8(8) v8(11) VA(3) . VA(4) · 0(11) VA{12) 

-0. 200 -0.012 0. 027 0. 168 0. 075 0. 028 0 
CdTe 

-0. 20 0. 00 0. 04 0. 15 0. 09 0.04 0 

-o. 262 -o. 035 o. 05 o. 10 o.042 o. 02 o~ 019 
HgTe 

-0. 23 -0.025 0. 03 0. 095 0. 08 0. 03 0. 03 

spin-orbit 
parameter 

0.0014 

--
0.0028 

t· 

I 
0'\ 
-'="' 
I 
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Figure Captions 

Fig. 1. Electronic band structure of CdTe in the principle symmetry 

directions. 

- Fig. 2. Electronic band structure of HgTe in the principle symmetry 

directions. 

Fig. 3. Imaginary part of the dielectric function, e::2(w) of CdTe. 

Fig. 4. Imaginary part of the dielectric function, e::2(w) of HgTe. 

Fig. 5. Experimental and theoretical reflectivity spectra of CdTe. 

Fig. 6. Experimental and theoretical reflectivity spectra of HgTe. 
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B. Band Structures and Charge Distributions in CdTe-HgTe Alloys 

Abstract 

In this section we discuss the results of our calculations of 

the electronic band structures and charge densities near r for the 

Hg
1 

Cd Te alloy system. We find the energy gap to vary linearly with -x x 

x, with the semimetal-semiconductor transition occurring at x = 0.165. 

The total electronic charge densities of HgTe and CdTe are calculated 

by using a weighted sum of the charge densities at a few symmetry 

points in the Brillouin zone and for the non-symmetry point used by 

Baldereschi. We show that for a large class of semiconducting compounds 

the total electronic charge density can be obtained to a very high 

degree of accuracy using these representative k-points. 

1. Introduction 

The two zincblende compounds HgTe and CdTe form a continuous 

. 66-68 
series of alloys denoted by Hg

1 
Cd Te where x is the mole -x x 

fraction of CdTe in the alloy. This alloy system has been of great 

interest in recent years because of the wide range of its physical 

properties. These alloys are a mixture of a semimetal (HgTe) with 

a semiconductor (CdTe); the energy gap EG in the alloys varies 

continuously69 •70 between the -0.30 ev57 "negative" gap found in HgTe 

71 to the 1.60 eV gap found in CdTe. Narrow gap semiconducting alloys 

in this system have proved useful as infrared detectors. 72 

Interest in the band structures of the Hg
1 

Cd Te alloys has -x x 

been concentrated mainly in the region of the Brillouin zone near r. 
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It is in this region where the band structures change most with alloying. 

15 The band structures for HgTe and CdTe were discussed in section A. 

In this section we present detailed results of our calculations of the 

band structures of the Hg
1 

Cd Te alloys along symmetry directions near 
-x x 

f. The calculation is described briefly in section 2 and the band 

structures are discussed in section 3. The charge densities for the 

r6 and r8 levels as well as the total valence band charge density near 

f are discussed in section 4. The way in which the position of the 

r6 level affects the total charge density at r is also discussed in 

section 4. In section 5 we show how the charge density at a few 

symmetry points can be .used to calculate the total electronic charge 

density for each band in a crystal. The accuracy of the charge density 

obtained using representative k-points in this way is discussed in 

section 6. In this section we also present the results of our 

calculation for the total electronic charge densities of CdTe·and HgTe 

obtained by the approximation method described in section 5. The 

1 f edT d . h . 1 1 . 73 . resu ts or e are compare w1t a prev1ous ca cu at1on us1ng a 

large number of points in the Brillouin zone. 

2. Band Structure Calculation 

Our calculation of the band structures of the Hg
1 

Cd Te alloys 
-x x 

are based on the empirical pseudopotential method and the virtual 

crystal approximation. The pseudopotential form factors15 for HgTe 

and CdTe were obtained in section A by fitting the theoretical optical 

reflectivity spectra to the experimental data. In the present 

calculation we have used the same form factors for HgTe as in section A 
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but the form factors for CdTe have been modified slightly because we 

have increased the number of plane waves used in the expansion of the 

wavefunctions. This was done in order to have the same number of 

plane waves for CdTe as for HgTe. The new form factors for CdTe were 

constrained to give nearly the same energy differences at r, X, Land 

K as in our previous work. The symmetric and antisymmetric form 

factors (in Ry) for CdTe used in the present calculations are: 

+ 2 
v

5
<1GI = 3) = -0.234, v

5
(8) = -0.042, v

5
(11) = o.o41, vA(3) = o.l51, 

VA(4) = 0.068, VA(ll) = 0.005 and VA(l2) = 0. Spin-orbit interactions 

were included in the calculation as in section A. The spin-orbit 

15 35 parameter ' was set equal to 0.0011 (Ry) for CdTe. This gives 

band structures were calculated by taking 59 plane waves into account 

.. . 44 
exactly while treating an extra 54 plane waves through the Lowd1n 

perturbation scheme. The size of the matrix was 118Xll8 (i.e. 59 plane 

waves for each spin). 

The pseudopotential for the alloys were taken to be the average 

of the HgTe and CdTe pseudopotentials. The averaging included the 

spin-orbit component of the Hamiltonian. The pseudopotential form 

factors were scaled for the small changes in the lattice constant. 

The lattice constants adjusted to 0°K are 6.45 ·A for HgTe and 6.48 A 

for CdTe. The lattice constant changes almost linearly with x. 74 
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3. Band Structure Results 

The calculated variation of the energy gap defined as E = E(f ) -
G 6 

E(f
8

) was found to be linear with x at 0°K. The energy gap changes sign 

when x increases from 0.16 to 0.17. The energy gap is -0.01 eV at 

x = 0.16 and is +0.01 eV at x = 0.17. The exact value of x at the 

semimetal-semiconductor transition point is temperature dependent. For 

I I 70 75 both HgTe and CdTe EG decreases with temperature ' thereby lowering 

the value of x at which the transition occurs at higher temperatures. 

The calculated value of X at the transition point is X = 0.165 at 0°K. 

This value is in excellent agreement with indirect measurements of 

h 1 . ·fl . . 76 t e energy gap at ow temperatures us1ng magnetore ect1on exper1ments, 

and with the value obtained from the temperature dependence of the Hall 

77 constant. For a highly homogeneous sample with x = 0.161 ± 0.003, 

Groves and Harman
76 

report EG = -0.01 at T ~ 25°K and EG = 0.01 eV 

at T ~ 90°K. Verie77 estimates x = 0.160 ± 0.005 for the transition 

point at low temperatures. 

The calculated variation of the energy gap EG and the spin-orbit 

splittings ~O and ~l are shown in Fig. 1, where it is seen that all 

these energies vary linearly with x. In Fig. 2 we show the band 

structures for the top two valence bands and the first conduction band 

for HgTe, CdTe and two alloys near the transition point. The band 

structures extend from f to lkl = 0.18 (ZTI) in the ~ and ~ directions. 
a 

Near the transition point the variation of energy with wavevector is 

almost linear in the region near r for the r6 level and for the r8 

light mass band. This is in agreement with the band structure obtained 
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from the Kane secular equation78 for the case when EG ~ 0. 

4. Charge·Densities near r 

The alloys Hg1 Cd Te have an inverted band structure similar to -x x 

that of grey tin for x < 0.165 (Fig. 2). It is interesting to see 

how the position of the r6 level with respect to the degenerate r8 

levels affects the electronic charge density near f. Figures 3 and 4 

show the charge densities of the r
6 

and r
8 

levels for HgTe and CdTe. 

The charge density has been evaluated at about 1600 points in a (l,l,O) 

plane which contains both the Hg-Cd and Te sites in the primitive cell. 

2e The charge density has been normalized to 1! where ~ is the volume 

of the primitive cell. The charge densities of the r
6 

and r
8 

levels 

in HgTe are nearly the same as the corresponding charge densities in 

CdTe, i.e. the r
6 

and r
8 

levels have retained their identity regardless 

of whether they are part of the valence or conduction bands. 

In Fig. 5 we show the charge densities for the sum of the valence 

bands near r for HgTe, CdTe and the alloy Hg
0

.
833

cd
0

_
167

Te near the 

transition point. The charge densities for HgTe and CdTe have different 

characteristics. For HgTe, the maximum of the charge distribution 

occurs exactly at the Te site while for CdTe the maximum is shifted 

toward Cd. The difference in charge densities is directly related to 

the position of the r
6 

level in these compounds. In CdTe only the lowest 

valence band has largely an s-like character, but in HgTe the s-like 

character of the r6 valence band has been added to the s-like character 

of the lowest valence band and one of the p-like r8 bands has become 

the first conduction band. This difference in charge densities persists 
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in the alloys Hg
1

_xCdxTe; the charge density being nearly identical 

to the HgTe or CdTe charge densities depending on the position of the 

r
6 

level. Also shown in Fig. 5 is the charge density for an alloy 

with a very small positive energy gap. Because of the large mixing 

of wavefunctions at r for this alloy a charge density whose characteristics 

are intermediate between those of HgTe and CdTe has been obtained. 

· The charge densities of the sum of valence bands for HgTe and 

CdTe are shown in Fig. 6. These charge densities were calculated 

using an approximation scheme described in section 5. The total 

valence band charge densities of HgTe and CdTe show a greater similarity 

to each other than the corresponding charge densities calculated near_ 

f (Fig. 5). Although for HgTe the maximum in the charge density is 

still at Te, the difference between CdTe and HgTe is less than is implied 

from the charge distributions near f (Fig. 5), where the r
6 

level has 

greatly influenced the HgTe charge distribution. 

5. Calculation of Charge Densities from a Few Representative Points 
in the Brillouin Zone 

We can ask the question whether it is possible to obtain a good 

approximation to the charge density by using the charge densities of 

11 b f · · h B ill · Balderesch1·16 •17 has a sma num er o po1nts 1n t e r ou1n zone. 

+ 
recently proposed using only one k - point to calculate the average 

charge den,sity. . 16 17 For fcc crystals the coord1nates ' of this point 

are 
2'1T 
a 

(0.622,0.295,0). We will show a general_method of obtaining 

the charge density of semiconducting crystals by using the charge 

density calculated for a few points. We also obtain the representative 

point chosen by Baldereschi (referred to here as the Baldereschi point) 
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for fcc crystals when only one point in the Brillouin zone is used 

' for the charge density calculation. The accuracy of this method in 

obtaining the charge density is discussed in section 6. A more elegant 

-+ 
method of obtaining representative k points for any crystal structure 

is discussed in section IV. 

The procedure is to express the wavefunctions and charge densities 

in terms of the Wannier functions. For a given band we can express 

the Bloch functions in a given band in terms of the Wannier functions 

for that band: 

-+ 
IJJk(r) = 

1 
IN ~ 

m 

-+-+ 
ik•R 

m -+ 
e a(r 

-+ 
R ) 

m 

-+ 
where the band index has been suppressed, R is a lattice vector, and 

m 
-+ -+ -+ 

a(r - R ) is a Wannier function centered on R . The charge density · m m 

associated with this wavefunction is 

-+ 
Pk(r) 

1 
N 

~ 
mn 

-+ -+ ik. (R 
m 

e 

= 

-+ 
- R ) 

n -+ -+ -+ -+ 
a(r - R ) a*(r - R ) 

m n 

The total charge density for the given band is 

-+ 
p(r) = ~ I a<; - "R > 2 

m m 

(1) 

(2) 

The expression for Pk(r) in (1) can be written in the following way: 
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-+ 
Pk(r) 

ik"R. 
= -N1 

l: I a(; - R ) 12 + -N
1

l:' l: e J a(; - R ) a*(-; + R. - R ) 
m m jm m J m 

(3) 

-+ 
where the prime in the sum over j means that the term with R.=O is not 

J 

included in the sum. The first sum in (3) is proportional to the tot,al 

charge density for the given band and is actually the average charge 

density of an electron in that band. Our purpose is therefore to 

try to minimize the second sum in (3). To do this, consider the set. 

-+ 
of wavevectors obtained from a general wavevector k=(k1k

2
k

3
) by 

performing all possible permutations and sign changes on the components. 

-+ 
We can generate up to 48 different k vectors from a given one using 

these operations, which will be specified by T. The charge densities 

Pk(r) associated with each one of these wavevectors can be calculated 

easily once the charge density for one of them is known by using the 

synunetry operations of the Hamiltonian. The sum of charge densities 

-+ 
obtained in this way from the charge density Pk(r) is given by 

-+ 1 . 2 
l: p -+(r) = - l: l: la(r- R >I + 
T Tk N T m m 

-+ -+ 
1 

i(Tk)·R. -+ -+ * -+ -+ -+ 
l:' l: l: e J a(r - R ) a (r + R. - R ) (4) 

N j m T m J ·m 

The first term in (4) is independent of any sign changes and permutations 

-+ -+ 
of k so the sum over T just multiplies this term by 48. Let F(r) be 

-+ 
the second sum in (4), then F(r) can be expressed in the following 

way: 
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~-+ 

~ 

F(r) 
ik"R. 1 J ~ ~ *~ ~ = - ~· e ~ ~ a(r - R )a (r + TR. 

Nj mT m J 

~ 

R ) 
m 

(5) 

~ -+ 
For any given Rj' TR. is a lattice vector of the same magnitude as 

J 
~ 

R.' therefore the sum 
J 

~ -+ ~ * -+ ~ ~ 

S(r) = ~ ~ a(r R )a (r + TR. R ) (6) 
m T m J m 

~ 

in (5), for a given Rj, remains constant under all permutations and 

~ ~ 

sign changes of R .. 
J 

The condition that F(r) be zero can be fulfilled 

~ 

if we require the wavevector k to satisfy the following set of equations: 

where c 
m 

L e 
ik"R. 

J = 0 m 

IR.I = c 
J m 

th 
= m nearest neighbor distance. 

1,2,3, .•• 

In the case where two 

~ 1 1 ~ 3 3 
lattice vectors, such as R1 = (2 22)a and R2 = <2 2 O)a in the fcc 

(7) 

structure, have the same magnitude but the coordinates are not related 

by any permutations or sign changes, Eq. (7) must be satisfied for 

each set of lattice vectors separately. 

For the fcc crystal structure, letting 

equations to be satisfied are of the following form for the first three 

nearest neighbors: 

(8) 

cos 2kl + cos 2k2 + cos 2k3 = 0 (9) 

cos 2kl cos k2 cos k3 + cos kl cos 2k2 cos k3 + cos kl cos k2 cos 2k3 = 0 . (10} 
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27T 
The point -- (0.622,0.295,0) proposed by Baldereschi satisfies (8) and 

a 

(9). It is possible to show that for the fcc crystal structure there 

-+ 
is no k which will satisfy (8) - (10) simultaneously. We can, however, 

use more points in the Brillouin zone in order to satisfy a greater 

number of the conditions of (7). In fact we can- use the weighted 

sum of the charge density at a few points in the Brillouin zone to do 

this. If the charge density is going to be approximated by 

p(r) ~ 
T 

~ a. 
i=l 1 

then the conditions, similar to those in (7), to be satisfied are 

where 

n 
~ ~ 

i=l jR.j=c 
J m 

-+ -+ 
ik. ·R. 

a. e 1 J = 0 
1 

m 1,2,3, ... , 

-n is the number of points being used and as before c 
m 

nearest neighbor distance. We must also require 

1 
48 

th 
= m 

in order to have the proper normalization for the charge density. 

(11) 

(12) 

(13) 

The conditions (12) are most easily satisfied by symmetry points. For 

example, the three symmetry points r, X and L can be used in this way 

to calculate the charge density. The charge density is then given by 
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-+ -+ 
where by Px(r) and p1 (r) we mean the symmetrized charge densities at 

these points, (i.e., 
-+ 1 -+ 

Px(r) = 48 i PT(l,O,O)(r), T being the set of 

48 permutations and sign changes of the coordinates of a general 

-+ 1 -+ -+ 
wavevector; for X this gives Px(r) = 3 (p(l,O,O) (r) + P{O,l,O) (r) + 

P(O,O,l)(r))). The symmetry points r, X, and L used in this combination 

satisfy the conditions (12) for the first three nearest neighbors and 

should therefore give a better charge density than the Baldereschi point; 

furthermore, the calculation of wavefunctions and charge densities is 

simpler for symmetry points than for general points. A better scheme 

with three symmetry points is obtained by using a weighted sum of the 

-+ -+ 
symmetrized charge densities at k

1 
= (0.5,0,0) k

2 

'k
3 

= (0.5,0.5,0) with the weighting factors a
1 

= t, 
respectively. 

( 1. 0 , 0. 5 , 0) and 

1 a =-
2 4 

6. Accuracy of the Representative k-Point Scheme for Charge Density 

The scheme outlined in section V for the calculation of charge 

densities from a few representative points in the Brillouin zone is 

clearly valid only for completely filled bands and therefore is not 

very useful for metals. It will give accurate results when the 

Wannier functions representing the bands are well-localized. The 

-+ 
magnitude of the error in the charge density is given by F(r) in (5). 

This error will decrease rapidly when the conditions (7) or (12) are 

satisfied beyond the nearest neighbor shells in which the Wannier 

1 
2 
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functions are well localized. The Wannier function for a band is not 

unique; it is related to the Bloch functions in the band by 

(14) 

where the 8(k) are arbitrary real numbers. The localization of the 

+ + 
Wannier function a(r) depends on the choice of the 8(k). The localization 

of the Wannier functions for the one-dimensional case has been treated · 

79 80 by Kohn and the general case has been treated by Blount. 

We have used the approximation schemes described in section V to 

calculate the electronic charge densities for HgTe, CdTe and some other 

semiconductors. A comparison of our results for the sum of the valence 

band charge densities of CdTe with previous calculations73 using a large 

number of points in the Brillouin zone, shows excellent agreement 

between the two. The total charge densities for CdTe and HgTe were 

calculated in two different ways: first by using the Baldereschi point 

2n (0.622,0.295,0) and then by using a weighted sum of the charge 
a 

2rr 2n 2rr 
densities at-- (0.5,0,0),-- (1.0,0.5,0) and--. (0.5,0.5,0), as 

a a a · 

described in section V. For~ CdTe the total charge densities obtained 

in these two ways were found to agree with one another and with the 

71 point calculation73 to about ±1%. The sum of the valence band charge 

densities for HgTe and CdTe obtained in this way are shown in Fig. 6. 

The accuracy of the approximation schemes is less for the individual 

valence band charge densities than for the sum of the valence band 

charge densities. The scheme using the weighted sum of charge densities 

at (0.5,0,0), (1,0.5,0) and (0.5,0.5,0) (in units of 2
TI) gives individual 

a 
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valence band charge densities to an acc~racy of ±S% for many crystals. 

The accuracy of the Baldereschi point is lower than the three point 

scheme as may be expected. The reason why the total charge density 

turns out to be more accurate than individual band charge densities 

is that even though the Wannier functions for the individual bands may 

not be localized, we can construct a set of composite Wannier functions 

from these bands such that they are more localized and such that they 

will give the total charge density. For n interacting bands we can 

construct n composite Wannier functions: 

+ 
a.(r) = 
~' 

1 n 
IN ~ ~ 

k m=l 

+ + 
u. (k)I/Jk (r), 
~m ,m 

i = 1, ... ,m , 

+ + 

(15) 

with the requirement that U(k) be a unitary matrix for each k. These 

Wannier functions are constructed from a combination of Bloch functions 

from different bands m, and satisfy the usual properties of Wannier 

functions. The Bloch wavefunctions can be expressed in terms of 

these composite Wannier functions: 

+ 1 n 
1/Jk:,m (r) = IN i~l 

++ 
* . ik•R. 

~ U. (i~)e J 
j ~m 

+ + 
a.(r-R.) 
~ J 

(16) 

The sum of the charge densities of the n bands is then given by 

n 
~ ~ 

m=l ·k 

n 
~ 

i=l 

+ + 2 
~la.(r-R.)j 

~ J j 

This expression is similar to (2) with the exception that in (17), 

+ 

(17) 

a.(r) does not represent the Wannier function of any given band. There 
~ 

is considerably more freedom in constructing the composite Wannier 

... 
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function (15) than the simple Wannier functions (14). This extra 

degree of freedom can be used to make the composite functions very 

localized particularly if the bands from which they are constructed 

do not interact strongly with other bands. The approximation schemes 

described in section V can be easily extended to these new Wannier 

functions for the calculation of the total charge density. The 

representative points in the Brillouin zone giving the total charge 

density are again found to satisfy the conditions (7) or (12). These 

localized Wannier functions provide at least some explanation for the 

fact that the calculation of the valence band charge densities using 

only a few representative points turn out to, be so accurate . 
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Figure Captions 

Fig. 1. Variation of the energy gap EG and spin-orbit splittings at 

r and L with alloying for Hg
1 

Cd Te alloys. -x x 

Fig. 2. Band structures near r for HgTe, CdTe and two alloys near the 

semimetal-semiconductor transition region. The band structures 

-+ 27r 
extend from r to !kj = 0.18 (--) in the A and ~ directions. 

a 

Fig. 3. HgTe charge densities near r for the r
8 

conduction and valence 

levels (top), and the r6 valence level (bottom). 

Fig. 4. CdTe charge densities near f for the r
6 

conduction level (top) 

and the r8 valence level (bottom). 

Fig. 5. Sum of valence band charge densities near f for HgTe, 

Fig. 6. Total valence band charge densities for HgTe and CdTe. These 

charge densities have been normalized to 8e/n. 
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IV. NEW METHOD FOR THE CALCULATION OF AVERAGES OF PERIODIC FUNCTIONS 

A. Special Points in the Brillouin Zone 

Abstract 
'" 

In this section we present sets of special points in the Brillouin 

zone from which the average over the Brillouin zone of a periodic 

function of wave vector (e.g., energy, charge density, dipole matrix 

elements, etc.) can be determined in a simple and accurate way once the 

values of the function at these points are specified. We discuss a 

method for generating the special-point sets and apply it to the case 

of crystals with cubic and hexagonal Bravais lattiqes. 

1. Introduction 

Many calculations in crystals involve the averaging over the 

Brillouin zone of a periodic function of wave vector. Such calculations 

are often long and complicated and in principle require a knowledge of 

+ 
-the value of the.. function at each k point in the Brillouin zone. In 

practice the functional values are known or determined over a set. 

of points in the zone and the values at other points are found by using 

various types of approximation and interpolation methods. To obtain 

sufficient accuracy in these calculations it is necessary, in general, 

to know the functional values over a large set of points. 

In this section we present a systematic way of choosing sets of points 

in the Brillouin zone which makes possible simpler and more accurate cal-

·culations of averages over the Brillouin zone of periodic functions of 

wave vector. With these points one may avoid the use of interpolation 

in the calculation of averages. 
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This paper is organized in the following way. In section 2 we 

discuss the conditions to be satisfied by the special-point sets, and 

the method for obtaining these sets. A number of special-point sets 

for crystals with cubic or hexagonal Bravais lattices are derived in 

section 3. The accuracy of the special-point scheme is discussed briefly 

in section 4 and the use of these points in obtaining interpolation 

formulas is discussed in section 5. Results of some calculations 

using the special points is given in section 6. 

2. Generation of Special Points 

Special points in the Brillouin zone from which average values 

(i.e., averaged over the Brillouin zone) of various quantities, such 

. 16 17 81 as the charge dens1ty ' ' or' energy, can be calculated have 

recently been proposed, and the conditions to be satisfied by these 

points have been specified. Up to now no systematic way of satisfying 

an arbitrary number of these conditions has been suggested. In this 

section we restate these conditions and develop a method of generating 

successive sets of points which will satisfy as many of these conditions 

as one may require for a given accuracy. This method is a generalization 

f h h . 1 d16 . h d . 1 1 . o t e one we ave prev1ous y use 1n c arge- ens1ty ca cu at1ons. 

We restrict ourselves to smoothly varyin& periodic functions of 

-+ -+ 
wave vector (with periodicity G, where G is any reciprocal-lattice 

-+ 
vector). Assuming g(k) to be such a function we can expand it in a 

Fourier series: 

-+ 
g(k) = 

00 

1: 
m=l 

g e 
m 

+ + 
ik·R 

m (1) 
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From g(k) we can construct a function f(k) which has the complete 

symmetry of the lattice, i.e., 

1 
(2) =-

where the T.'s range over all the operations of the lattice point group 
l. 

T and where nT is the number of elements in T. 

in the form 

+ 
We can express f(k) 

where 

+ 
A (k) 

m 

00 

+ 
f(k) = f

0 
+ 2:: 

m=l 

2:: 

I"RI=c m 

+ + 
ik·R 

e 

+ ' 
f A (k) , 
mm 

m=l,2, .... 

+ 
The sum in (4) is over equivalent lattice vectors R related to each 

other through the operations of T. The lattice vectors are ordered 

+ 
Equation (4) associates each A (k) with a 

m 

(3) 

(4) 

particular 11shell11 of lattice vectors. 
+ 

The A (k) are real functions 
m 

which can be WYitten out in terms of sums and products of cosines and 

they satisfy the following relations: 

m=l,2, .•. (5) 

Q h + + 3 -- A (k)A (k)d k = 
(2n) 3 BZ. m n 

N o 
n mn 

(6) 

+ + + 
A (k + G) = A (k) , m m 

(7) 
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-+ 
A (Tk) 

m 

-+ 
= A (k) , 

m 
(8) 

+ -+ 
A (k)A (k) 

m n 
-+ 

~ a. (m,n)A. (k) 
j J J 

(9) 

In these expressions Q is the volume of the primitive cell, N is the 
n 

-+ 
number of lattice vectors in shell n, G is any reciprocal-lattice 

vector, Tis any element of the lattice point group, and the a.(n,m)'s 
J 

are integers which can be determined for a specific choice of n and m. 

We define 

so that a.(m,n) is defined for j,m,~O. By the average over the 
J 

Brillouin zone, f, off we mean 

n 
f = ---

(27r)3 
(10) 

Using (3) and (5) we find f=f
0

• The average over the Brillouin zone 

-+ 
of g(k) in (1) is obviously also equal to f

0
• We now present a method 

for obtaining the approximate value of the integral in (10) by 

-+ 
performing a sum over a finite number of optimally chosen k points. 

The approximation can be made as accurate as desired. 

The exact value of the integral in (10) would be obtained 

-+ 
immediately if there were a point k

0 
which satisfied 

m=l,2, ... ,N (11) 
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- -+ Then using (3) we would immediately have f=f
0
=f(k

0
). for N=. Such 

a point does not in fact exist. The expansion coefficients f normally 
m 

drop rapidly in magnitude as m becomes large so that we actually require 

(11) to be satisfied for a finite value of N. Baldereschi17 has 

obtained for the cubic crystals the point k
0

, which satisfies (11) 

for N=2 or N=3 depending on the lattice symmetry. This point, called 

the "mean-value point" by Baldereschi, gives surprisingly good results 

. 16 17 when used to calculate the average electron charge dens1.ty ' and 

energy
17 

in a number of diamond and zinc~blende crystals. We have 

previously16 used three points (called "representative k points" in 

Ref. 2) which satisfy (11) for the first seven nearest neighbors of 

an fcc-lattice-structure crystal in charge-density calculations. We 

show in section 3 a better scheme which involves the use of only two 

points. 

To satisfy (11) for large values of N, a many-point scheme becomes 

-+ 
necessary. We impose the following conditions on the points k. and 1. 

their weighting factors a.: 1. 

n 
~ a 

i 
i=l 

= 1. 

m = 1, •••. ,N (12) 

(13) 

-+ 
With these conditions on ki and a

1 
one can easily show by using (3), (12), 

-+ 
and (13) that the average over the Brillouin zone, f

0
, of f(k) is 

n 
-+ 

~ aif(k.) -
i=l . 1. 

~· ~ 
m i 

-+ a. f A (k.) 
1. m m 1. 

(14a) 

! 
I 
! I 
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where the prime on the sum over m indicates that those m for which 

A (k) satisfies (12) are excluded from the sum. The first f to 
m m 

appear in (14a) is fN+l" Since the expansion coefficients f normally 
m 

drop rapidly in magnitude when m becomes large, by making N in (12) 

large enough we should have to a good approximation 

n 
~ 

i=l 

-+ 
Cl..f(k.) 

]. ]. 
(14b) 

Equation (14b) presents a simple way of calculating the average over 

-+ 
the Brillouin zone of a periodic function f(k). All we need are the 

-+ -+ 
values of f(k) for certain k points. We define the special points to 

be those which satisfy (12) by using a minimum number of points for a 

given value of N. The special points and their corresponding weighting 

factors are derived for the cubic and hexagonal Bravais-lattice crystals 

in section 3. In the following we discuss how one can generate sets 

of points that satisfy (12) for N as large as one may require. 

-+ -+ -+ 
Suppose that the points k1 and k2 satisfy Am(k) = 0 for certain 

-+ -+ 
values of m denoted by {N

1
} (for k

1
) and {N

2
} (for k

2
). From these 

two points we can generate a new set of points that will satisfy (12) 

form in either {N
1

} or {N
2

}. One can easily show (see section 7) 

-+ -+ -+ 
that the new points ki are related to k

1 
and k2 by 

with 

Cl.. canst. 
]. 

(15) 

'• 
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and with Ti ranging over all the operations of the lattice point group. 

+ 
The new points k. obtained in this way can be used in a similar process 

1. 

to generate larger sets of points which will satisfy (12) for larger 

values of N. In each such process each one of the original points 

gives rise to a number of new points. These points can always be 

transformed to equivalent points lying in the irreducible part of the 

+ 
Brillouin because the A (k)'s satisfy (7) and (8). When this is done 

m 

the resulting points do not all necessarily have identical weighting 

factors. This arises from the fact that several of the original points 

may have been transformed into a single point of the irreducible zone. 

+ + 
When k2 in (15) is a symmetry point the set of points Tk

2 
does 

not contain too many elements. However, when this is not the case 

the number of points generated from an application of (15) can increase 

rapidly (e.g., by a factor of 48 in the cubic crystals). By a proper 

+ -+: .. 
choice of k

1 
and k

2 
this can be avoided. We will now apply (15) to 

generate the special-point sets for the cubic and hexagonal Bravais-

lattice structures. 

-
' 3. Special Points 

a. Face-Centered-Cubic Bravais'Lattice. This Bravais lattice 

includes the.diamond, zinc-blende, and rocksalt crystal structures~ 

+ +. 1 1 . . 
A good choice for a starting point k=(kxkykz) is k1=Cz'2'0) (um.ts of 

2TI/a, where a is the lattice constant). Another possible starting 

i . h . (1 1 1) po nt 1s t e po1nt 2'2'2 . These points are better than other 

possible starting points because they appear to lead to the smallest 

possible point sets. 
1 1 1 

or (2'2'2) Eq. (11) 
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is satisfied for the infinite set of nearest-neighbor shells represented 

+ 
by the lattice vectors R = (R

1
,R

2
,R

3
)(units of a) whenever at least 

one R. is a half-integer. Equation (11) is therefore satisfied for 
l. 

m=l,3,5,7, etc. We will choose our second point so that (11) is satisfied 

for the even m's. 
. + 1 1 1 

The po1.nt k2=(4'4'4) satisfies (11) for m=2,4,6, etc. 

+ 
The set of points Tk

2 
consists of eight different elements. Combining 

k1 = <i•t•O) or <t.t.t> with k2 as in (15) we should get eight points. 

+ 
We find, however, that for either choice of k

1 
these eight points are 

related by the symmetry operations of T to only two distinct points of 

the irreducible zone. 
+ 3 1 1 

Six of these points correspond to k1 = (4•4•4) 

+ 1 1 1 
and the other two to k2 = (4'4'4). The normalized weighting factors 

f +k d +k h f 3 d l . 1 Th" or 1 an 2 are t ere ore a1 = 4 an a 2 = 4' respect1.ve y. 1.s 

leads to the simplest possible two-point scheme for the approximate 

determination of f
0 

in the fcc Bravais-lattice crystals; i.e., we have 

from (14b) 

The accuracy of these two points in determining f
0 

is at least as good 

as the three-point scheme we have previousl1-6 used. These two points 

satisfy (12) for an infinite number of m, but not for all m. The first 

failure occurs for m=8, corresponding to the eighth-largest nearest-

+ 
neighbor shell represented by the lattice vector R = (2,0,0) (units of 

+ 
a). Other failures occur for R = (2,2,0), (2,2,2) (4,0,0), etc. The 

. + 1 1 1 
po1.nt k = (B'B'B) satisfies (11) for the lattice vectors (2,0,0), (2.2,0), 

and (2,2,2). 
+ + 

The points k
1 

and k
2 

can be used with this point as in (15) 
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to generate a set of ten points from which the average over the zone 
+ 

of f(k) can be found with a higher degree of accuracy. The coordinates 

and relative weights of these points are 

+ 7 3 1 3 '+ 7 1 1 3 k = (8'8'8)' al = k = <8·8·s>· a2 = 
1 16 2 32 

+ 5 5 1 3 + 5 3 3 3 
k3 <8·8·8> • a3 = k4 = <8·8·8>· a4 =-

32 32 

+ 5 3 1 =_]_ + 5 1 1 3 
k5 = <8·8·8> • as k6 = <s·8·s> • a6 = 

16 32 

+ 3 3 3 1 + 3 3 1 3 
k7 = <8·8·8> • a = k8 <8·s·s), a8 =-

7 32 32 

+ 3 1 1 3 + 1 1 1 1 
k9 = <8·s·8> • a9 =- k1o= <8·8·8) • alO =·-

32 32 

These ten points satisfy (12) for all m except those which 

correspond to nearest-neighbor shells represented by lattice vectors of 

+ 
the form R = (4n1 , 4n

2
, 4n

3
), where the ni's are integers. The first 

failure occurs for m=37, corresponding to the lattice.vector (4,0,0). 

+ 
Other failures occur for R = (4,4,0), (4,4,4), etc. Thus, for the 

first 150 different nearest neighbors, these ten points satisfy (12) 

except for the three lattice vectors (4,0;0), (4,4,0) and (4,4,4). If 

desired, the accuracy of these special points can be further increased 

b i h . +k ( 1 1 1 ) h. h . f. (11) f h ·h. y us ng t e po~nt = 
16

,
16

, 16 , w ~c sat~s ~es or t e t ree 

lattice vectors (4,0,0), (4,4,0) and (4,4,4). The ten points combined 

+ 
with k as in (15) give rise to a grid of 60 points in the Brillouin 

zone. For these 60 points (12) is satisfied except for lattice vectors 
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-+ 
of the form R = (8n

1
, 8n

2
, 8n

3
) (ni's being integers). The first 

-+ 
error for these points occurs for R = (8,0,0), corresponding to ffi~l50. 

For over the first 500 nearest neighbors these 60 points satisfy (12) 

-+ 
except for R = (8,0,0), (8,8,0) and (8,8,8). The extension to higher 

point sets can be carried out by using the k points {
6 

(l/2n, l/2n, l/2n), 

n=l,2, .•.• In each such extension the magnitude of the smallest 

lattice vector for which (12) is not satisfied is doubled. 

-+ 
The weighing factor a. of each special point k. is easil~ determined 

1 1 

by the following general rule. Let n. be the number of different 1 . 

(i.e., not related by a reciprocal-lattice vector) wavevectors obtained 

-+ 
when k. is acted upon by every element of T. Then a. is proportional 

1 1 

to n. and the normalized weighing factors are given by 
1 

a. 
1 

= ni/'J:: n. 
J J 

As an example of the use of (16) consider the two special points 

(16) 

3 1 1 -+ 1 1 1 = (4'4•4) and k 2 = (4'4'4) discussed above. We see that there are 

-+ 
different wave vectors related to k

1 
through the operations of T 

-+ 
and eight different wave vectors related to k

2
. We have therefore 

n1 = 24 and n
2 

= 8 and using (16) we get 

24 3 
al = -24..,--::-.;+~8 = 4 

and 
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+ The weighting factor a. is also proportional to the volume of k space 
l. 

+ 
occupied by k .• 

l. 

+ 
The special point k = (0.6223, 0.2953, 0) (2n/a) proposed by 

Baldereschi17 satisfies (12) for m=l, 2 and gives a minimum for m=3. 

This is the best single point for the calculation of averages in 

crystals with the fcc Bravais lattice when the expansion coefficients 

are significant only for the first few nearest-neighbor shells. 

b. Body-Centered-Cubic Bravais Lattice. The points (~,0,0), 

and <t•t•t)(units of 2n/a, where a is the lattice constant) are equally 

suitable as starting points. All three points lead to identical 

+ 
special-point sets. Choo~ing k

1 
to be any one of these points (11) is 

satisfied for all lattice vectors R = t (R
1

,R
2

,R
3
)(units of a) whenever 

R
1

,R
2 

and R
3 

are all odd (for the bee lattice structures Rl, R2, R3 

are simultaneously odd or even). The 
+ 

point k
2 

= (1 1 1) 
4'4'4 can be used with 

+ 
kl to generate, as in (15), a new set of points. These points correspond 

to only two distinct points of the irreducible zone. They are 

=l. 1 
2' 2 , 

where the a.'s are the weighting factors. These two points satisfy (12) 
l. 

except for the shells represented by lattice vectors of the form 

+ 
R = (2n

1
,2n

2
,2n

3
), where the ni's are integers. The first error occurs 

+ 
for R = (2,0,0), which.is the sixth-largest lattice vector. Other 

+ + + 
errors occur for R = (2,2,0) and (2,2,2). The two points k1 and k2 

above have the same coordinates as the two points found for the fcc 

Bravais lattice. The weighting factors are different because of 
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differences in symmetry. To go beyond the two-point scheme we can use 

-+ 1 1 1 k = <8'8;8> • which satisfies (11) for the lattice vectors (2,0,0), 

(2,2,0). and (2,2,2). This point -+ -+ can therefore be used with k1 and k2 

to obtain the higher set of special points. When this is done we find 

the following eight points: 

-+ 1 1 1 1 -+ 3 1 1 . 3 
kl = <8·8·8) • al =- k2 = <8·s·s>· a2 = --

16 16 

-+ 3 3 1 3 -+ 3 3 3 1 
k3 = (8·8·8)' a3 = k4 = <a·8·s) • a4 = 

16 16 

-+ 5 1 1 3 -+ 5 3 1 3 
ks = <8·a·a> • as = k6 = <a·8·8>· a6 16 16 

-+ 5 3 3 1 -+ 7 1 1 1 
k7 = <s·8·s) • a7 =- k8 = <s·s·s>· a8 =-

16 16 

where the ai's are the relative weighting factors. These points satisfy 

-+ 
(12) except for lattice vectors of the form R = (4n1 ,4n2 ,4n

3
). The 

-+ 
first error occurs for R = (4,0,0), which corresponds tom= 28 in (12). 

Larger point sets can be constructed in a similar way by using the 

-+ 1 n n n 
points k = 8 (1/2 ,1/2 ,1/2 ), n=l,2, •••• The weighting factor of 

each special point can be determined from (16). 

The special point k = <i•i•t) (2rr/a) suggested by Baldereschi
17 

satisfies (12) for m=l,2 and minimizes (12) for m=3. This is the best 

single point for the calculation of averages in crystals with the bee 

Bravais lattice. 

~. 



-105-

c. Simple-Cubic Bravais Lattice. The best starting point is 

-+ 1 1 1. 
k1 = (4'4'4) (units of 2rr/a, where a is the lattice constant), which 

is identical with the special point obtained by Baldereschi. 17 This 

-+ 
point satisfies (11) for all lattice vectors R = (R1 ,R

2
,R

3
) whenever 

at least one of the components R. is odd. To satisfy (11) for lattice 
l. 

-+ 1 1 1 
vectors with even Ri we use the point k2 = (8'8'8) to generate a new 

set of points as in (15). We find the following four points: 

-+ 1 1 1 1 -+ 3 1 1 3 
kl = <s's's) • al = - k2 = <s·8•8), a2 8 8 

-+ 3 3 1 3 -+ 3 3 3 1 
k3 = <s·s·s) • a3 = k4 = <s•8•8)' a4 8 8 

These four points satisfy (12) except for the shells represented by 

-+ 
lattice vectors of the form R = (4n1 ,4n2 ,4n

3
), where the ni's are 

-+ 
integers. The first error occurs for R = (4,0,0), which corresponds 

to the fourteenth-largest shell. 
• • .• ·1 :.::,:· .. ··: .... :... ... ..... . ..... _ _, .. -~ 

Higher point sets can be obtained in a similar way by using the 

-+ 1 n n n points ki = 8 (1/2 ,1/2 ,1/2) for n=l,2, ..•. The>weighting factors 

for points .in the larger special-point sets can be obtained from (16). 

d. Hexagonal Bravais Lattice. The system of crystals with a 

hexagonal Bravais lattice includes the wurtzite and the hexagonal-

close-packed crystal structures. 

To describe the special-point sets we pick the origin of coordinates 

such that the primitive translation vectors in real and reciprocal space 

are given by: 

.··•· 
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-+ 1 A + t /3 ay, 
-+ 1 A 1 - A -+ 

cz, Rl = -ax R2 = 2 ax - 13 ay, R3 2 2 

-+ 
(27f/ a)(x + t /3 y)' 

-+ 
(2n/a) (x - ~ /3 9), Gl = G2 

-+ 
(2n/c)z G3 = . 

-+ 
We will represent a special point k = (2TI/a)(k , k , (a/c)k) of 

X y Z 

the Brillouin zone by K = (kx, /3 ky, k
2

) to avoid the repetition of 

the various factors. 

-+ 
A good starting point is K 1 1 1 (3•3•4), which satisfies (11) for the 

first nearest neighbors in the z direction and in the z=O plane. The 

• -+, 2 -+ -+ 
best choice for a second point 1s K = (9,0,0). When K and K' are 

combined according to (15) and the resulting points are taken to the 

irreducible part of the Brillouin zone we find the following three 

points: 

The weighting factor for each point is t· These three points satisfy 

(12) for the first-eight nearest-neighbor "shells." (In ordering the 

nearest-neighbor shells we are assuming a c/a ratio close to l /6 
3 

the exact value of this ratio is, however, immaterial in the scheme 

for generating the special points.) The first failure occurs for the 

-+ -+ 
sixfold ring of nearest neighbors represented by R = 3R1 . To satisfy 

1 1 
(12) for this ring we use the point K = <g•g•O) with the three points 

above to generate the following six points: 
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.... 1 1 1 1 .... 2 2 1 1 
Kl = (9'9'4)' a.l =- K2 = (9'9'4)' a.2 = -

9 9 

.... 4 4 1 1 .... 1 1 1 2 
K3 = (9•9'4), a.3 = K = (3'9'4)' a.4 =-

9 4 9 

.... 5 1 1 2 .... 4 2 1 2 
K5 = (9'9'4)' a.5 = K6 = (9'9'4), a.6 . 

9 9 

For the first 30 nearest neighbors these six points satisfy (12) 

.... 
except when lit I = 2c. The point K = 

1 
(0,0,8) satisfies (12) for this 

lattice vector and when combined with the above six points results 

in the following set of 12 points: 

.... 1 1 1 1 .... 1 1 3 1 
Kl = (9'9'9)' a.l =- K2 = <9•9t8>, a.2 18 18 

.... 2 2 1 1 .... 2 2 3 1 
K3 (9'9'8), a.3 K4 = (9'9'8)' 0:4 18 18 

.... 4 4 1 _!_ .... 4 4 3 1 
K5 = (9'9'8)' 0:5 = K = <9·9·8), 0:6 18 6 18 

.... 1 1 1 1 + 1 1 3 1 
K7 = (3'9'8), 0:7 =- K8 (3'9'8), 0:8 = -

9 9 

.... 5 1 1 1 + 5 1 3 1 
K9 = <9·9·8), 0:9 =- KlO (9'9'8), 0:10 9 9 

.... 4 2 1 1 .... 4 2 3 1 
Kll = (9'9'8)' all= 9 Kl2 = (9'9'8), 0:12 -

9 

For these 12 points the first failure to satisfy (12) occurs for 

+ 
m corresponding to jR I = 4c. Succeeding failures occur for 

m 

jRj 2 = 27a2 , IRI 2 = 27a2 + 16c2 , jRj 2 = 8la2 , etc. Larger sets of 

points can be constructed to remove these failures by using the points 

K = (O,O,l/2n+3), (2/3n+2,0,0), and (l/3n+2,1/2°+2,0), ~1. The 

weighting factors for the larger point sets can be obtained from (16). 
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It should be noted again that the coordinates of the special 

-+ 
points k = (2TI/a)(k ,k ,(a/c)k) of the Brillouin zone are related to 

X y Z 
-+ 

the coordinates of K = (K ,K ,K ) by k 
X V Z X 

= K k = l /:3 K k = K 
x' y 3 y' z z 

4. Accuracy of Averages Obtained from the Special-Point Scheme 

How accurate is the special-point scheme in determining the 

-+ 
average over the Brillouin zone, f

0
, of a periodic function f(k)? 

How does the accuracy change with successive approximations when the 

number of point are increased? In this section we examine the accuracy 

of the special-point scheme using two complementary approaches which 

will prove useful. 

The error E in the value of f
0 

using the point schemes described in 

section 3 can be obtained from (14a) and (14b) and is equal to 

~ ~· 
i m 

-+ 
a.A (k.)f 

1 m 1 m 
(17) 

When (12) is not satisfied, the special points have the property that 

-+ 
~ a.A (k.) S N , s ±1 
i 1m 1 mm m 

(18) 

with N defined as in (6) • Using this in (17) we find 
m 

£ ~· S N f 
mmm 

(19) 
m 

To obtain an estimate of this error we need the behavior of f . Using 
m 

(3) and (6) we find 

f = 
m 

1 
N 

m 
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Assuming f(k) to be a smoothly varying function we can expand it 

in a Taylor series and perform the integral over the Brillouin zone 

to obtain the asymptotic behavior of f . We will consider here only 
m 

the case of the cubic crystals. The smallest vectors R associated 
m 

with those f which appear in (19) are then of the form (R,O,O), (R,R,O), 
m 

(R,R,R). For these lattice vectors we find, on carrying out the 

integration for the case of the fcc lattice structure, that f drops 
m 

at least as fast as (1/N )(1/IR 13) for large IR I. This implies that m m m 

£ ~ ~' 

m 

s 
m (20) 

The error therefore decreases rapidly as (12) is satisfied for larger 

N(and hence larger IR I>· In going from one set of special points to 
m 

-)

the next higher set of points the magnitude of the smallest R 's 
m 

occurring in (20) is increased by a factor of 2. We therefore expect 

the error £ to get reduced by a factor of nearly 8 for each successive 

approximation. This result can also be obtained in a different way. 

Let D be the difference in the value of the average f
0 

obtained 

F~O) -)-

from two consecutive approximations. Let be the value of f(k) 
1 

-)-

let F~j) at one of the original points k~ and for j=l, •.. , 8 be the 
1 1 

f(k) 
-)-

values of at the eight points obtained from k. in going to the 
1 

higher-order approximation. These eight points actually lie on the 
-)-

corners of a cube centered at the original point k. for the case of 
1 

the cubic crystals. The.value of Dis 

D a. (F~O) 
1 1 

1 
8 

:t 
f=l 

F(j)) 
i 
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-+ 
where the a.'s are the weighting factors for the original points k .• 

1 1 

-+ 
Assuming f(k) to be a smoothly varying function that can be expanded 

-+ 
in a Taylor series about each point k., we find in going to third order 

1 

in the expansion 

D 1 (8,k/2)2 
2 

2 -+ 
~ a. 'V kf (k. ) 
. 1 1 
1 

-+ 
where 8,k is the length of the cube about each point k .. We found 

1 

previously that the magnitude of the error E is reduced by a factor 

(21) 

of about 8 in each successive approximation. Since D is the difference 

in the errors of two successive approximations, if we ignore the 

smaller error, which is about 10% of the larger one, then we can 

take D = £. Therefore to minimize E we will try to minimize D. 

A reduction in the value of D can occur if we are interested in 

sums of averages. For example, the sum of the average energies of 

several bands can usually be more accurately determined that the 

average energy of each band individually. This is because the different 

bands do not have the same curvature everywhere; in particular, the 

lowest band normally has a different sense of curvature than the next 

few higher bands. This causes cancellations in (21) when taking sums 

of averages for these bands. The same effect appears in charge-density 

1 1 . b d 11 b f . 16 
ca cu at1ons ase on a sma num er o po1nts. 

The difference in the value of f
0 

obtained from two nonconsecutive 

approximations can also be expressed in the form of (21) with (8,k) 2 

2 
replaced by some mean value (8,k) • This implies that if the Taylor 

-+ 
expansion of f(k) to third order were sufficient then the "best" single 

point k
0 

would satisfy 
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-+ 
Since the functional dependence of f(k) on k is not known, in general, 

-+ this equation cannot be used to determine k
0

• The best thing to do to 

-+ 
minimize D is therefore to restrict k

0 
to satisfy the condition (11) 

for N as large as possible. This has been done by Baldereschi17 for 

the cubic crystals. 

We can also derive a different expression for D. By using (3) 

and (4) we find that 

= -
m 

-+ -+ 
where the lattice vectors are of,the form aR and k is measured in 

m 

units of 2rr/a. 

Using (12) and (18) we get 

D = 1 (~k/2) 2 ~· IR 1
2 s N f 2 m m m m 

m 

(22) 

(23) 

where the summation is only over those m for which (12) is not satisfied. 

In each set of successive approximations, (12) is satisfied for a larger 

set of m values and the number of terms in D decreases. Furthermore 

the length of the cubes (ilk) about each point is reduced by a factor 

of 2 in each successive approximation. The asymptotic behavior of 

f was found to be of the form (1/N )(1/IR 1
3). Substitution in (23) 

m m m 

therefore gives 

(24) 
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where IR I is the smallest lattice vector for which (12) is not 
m 

satisfied. Since the magnitude of this lattice vector increases by a 

factor of 2 in each successive approximation and (6k) decreases by 

a factor of 2, D decreases by a factor of about 8 in each successive 

approximation. It is interesting to note that the number of special 

points increases by a factor of nearly 8 for each consecutive approxima-

tion as the number of special points becomes large. 

In conventional calculations of averages a reduction in the value 

of D takes place mainly through a reduction in the size of 6k as more 

points are.used. 
-+ 

The "effective" IR I occurring in (24) is much 
m 

smaller in these calculations than is the case when a set of special 

points containing a comparable number of points are employed. For a 

given accuracy one therefore needs a smaller number of points if one 

chooses the grid of points in the Brillouin zone to coincide with the 

special points. 

5. Interpolation Formula 

Equation (3) of section 2 can be considered as an interpolation 

-+ 
formula for f(k) if the expansion coefficients f are known. The 

m 

special points make it possible to evaluate these coefficients in a 

simple and accurate way. The expansion coefficients (as already noted 

in section 4) are given by 

f = 
m 

1 
N 

m 
(25) 

Except for the constant N in front of the integral, f is nothing but 
m m . · 

-+ -+ -+ 
the average of f(k)A (k) over the Brillouin zone. Since f(k) and 

m 
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+ + . 
A (k) are both periodic in k (Eqs. 3,4, and 7) the product also has 
m 

the same periodicity. I This means that the method we have developed 

in the previous sections for the evaluation of averages of a periodic 

function can be used to obtain the f 's. The f 's can therefore be 

approximated by 

-+ 

f ~ 
m 

1 
N 

m 

m m 

+ + 
a.f(k.)A (ki) 

1 1 m (26) 

where the ki are the special points and the ai are their corresponding 

weighting factors as before. Equation (26) can be used to obtain a 

good approximation for all fm's with m ~I where~. is the largest 

lattice vector for which (12) is satisfied. This condition on the 

maximum value of in arises if we write the exact equation (similar to 

Eq. 14a) for the f 's. When this is done we find that in order to solve 
m 

the system of linear equations we need to assume f 
m 

N 
~ 0 for m > - . 

2 

If N is Large enough then this is a good approximation since the f 's 
m 

normally vanish for large m. 

6. Results of Calculations Using Special Points 

W h d h f h . 1 . 82 b 1 1 . e ave teste t e accuracy o t e spec1a po1nts y ca cu at1ng 

+ 
the charge density of Ge, GaAs and ZnSe using only two k-points in the 

Brillouin zone and comparing the results to those obtained from more 

accurate calculations73 involving 71 points in the Brillouin zone. 

The results are very impressive. We find that the two special points 

reproduce the charge density of individual bands to within a few 

percent accuracy in all three compounds. One reason for the success 

of such a small number of points is that the variation of the charge 

+ + 
density of individual k-states with respect to changes in k is not large. 
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The charge density (at an arbitrarily chosen point in the primitive 

-+ 
cell) of different k-states fluctuate by about ±15% about their mean 

value. 
-+ Therefore, it is not surprising that a few well chosen k-points 

give good results. The special point scheme has also been successfully 

. . 83-85 used for other crystals in obtaining charge dens1t1es. 

7. Appendix 

We-want to show that if 

-+-+ 
-+ 

A (k) = 
m 

~ 

I"RI=c m 

ik·R 
e = 0 

-+ -+ 

(Al) 

is satisfied by k1 for m=rn
1 

and by k
2 

for m=rn2 then the set consisting 

of the nT points obtained from 

for i=l, ••• , nT satisfy 

-+ 
k. = 

1 

-+ 
·~ a.A (k.) 
. 1 m 1 
1 

(A2) 

0 (A3) 

with ai=l/nT = const. for m=m1 and for m=rn2 . The sum in (Al) is over 

equivalent lattice vectors related to each other by the operations T. 
1 

of the lattice point group T, which has nT elements. 

-+ -+ 
From our choice of k1 and k

2 
we know that 

(A4) 

is satisfied for m=rn
1 

and for m=rn
2

. Using (Al) this can be expressed 

as 
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( ik ·R) ( . &z ·R) ~ e 1 
!R:I:c e 

0 . 
!R:I=c m m 

(A5) 

This equation is equivalent to 

( ik ·R) (~ 
-+- -+-

ik2 •T .R) 
!R:I:c e 

1 e J = 0 . 

m 

(A6) 

-+- -+ 
The dot product k

2
"(TjR) 

-+- -+- -1 
is equal to (T2k2)·R, where T£=Tj . We can 

therefore rewrite (6) in the form: 

(A7) 

-+ 
Using the definition (Al) of A (k) in Eq. (A7) is seen to be identical 

m 

to 

(A8) 

Using (A2) this can be expressed as 

(A9) 

Equation (A9), except for a constant multiplicative factor, is equivalent 

to (A3), which we wanted to show. 
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B. Approximate Wannier Functions 

Abstract 

In this section we discuss a method for constructing approximate 

Wannier functions from finite sets of Bloch functions specified at 

the special points of the Brillouin zone which were derived in the 

previous section. 

-+ 
The usual definition of a Wannier function (WF), w(r), in terms 

-+ -+ 
of Bloch functions (BFs), ~(k,r), is 

-+-+ 
~(k,r) (1) 

-+ -+ -+ 
where the band index on w(r) and ~(k,r) has been suppressed for 

convenience. This equation has not been very useful for obtaining 

-+ 
WFs because of difficulties involved in summing over all k states. 

In this paper we describe a method for constructing approximate WFs, 

-+ -+ 
a(r), by taking a sum over a finite nUffiber of special k points in (1). 

-+ -+ 
We show that a(r) can be used in place of w(r) in many calculations 

involvi~g the WFs. In section A we have, 18 in a different but closely 

related context, described a method for obtaining the special point 

sets. Here we discuss how these points arise in the construction of the 

approximate WFs and we give the procedure for generating these points 

for the cubic crystals. 

-+-+ 
We define {~(k,r)} to be a sum over all BFs whose wavevectors 

-+ 
are related to k by the operations of the lattice point group T. We 

restrict each wavevector to appear only once in the sum. Two wave-

-+ -+-+ -+ 
vectors k and k+G differing by a reciprocal lattice vector G will be 
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. ~~ ~~~ 

considered to be identical so that if 'l'(k,r) occurs in the sum 'l'(k+G,r) 

will be excluded. The relative phases of the Bloch functions appearing 

in the sum can be taken to be completely arbitrary. We will show that 

~ ~ 

{'¥ (k., r)} 
1 

(2) 

~ 

can under certain conditions be a useful WF when the k's are the special 

points of the Brillouin zone. 

~ ~ 

To find the conditions on the k.'s we start by expressing a(r) 
1 

as a general linear combination of BFs: 

~ 

a(r) = 1: 
i 

where 8i's are constants to be determined. 

~ 

We want a(r) to satisfy the usual properties of a WF, i.e., 

fv * ~ a (r) 
~ 

a(r) d3r = 1 , 

fv *~~ 
a (r-R) 

~ 

a(r) d3r = 0 , Iii * 0 

~ 

The integrals in (4) and (5) are over the crystal volume V and R is 

a lattice vector. Substitution of (3) in (4) and (5) gives 

1: B. = 1 , 
i 1 

1: Bi 
~ ~ 

exp(ik. "R) = 0 . 
i 1 

(3) 

(4) 

(5) 

(6) 

(7) 
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The equations one obtains from (7) for "equivalent" lattice vectors 

related to one another through the operations of the lattice point 

group can be reduced to a single equation if instead of_ (3) we take 

-+ 
a(r) J.; 

i 
S. l/2 -+ -+ {'l'(k.,r)} • 

1 1 

Equations (6) and (7) should then be changed to 

~ s. n. 1 ' 
i 1 1 

-+ -+ 
~ si {exp(ik. •R)} = 0 
i 

. 1 

-r -+ 
with n. being the number of BFs in {'l'(k.,r)} 

1 1 

-+ -+ 
and {exp(ik. ·R)} being 

1 

-+ -+ 
defined in the same way as {'l'(k.,r)}. 

1 

If we define 

and 

-r 
A (k) = 

m 

a.. 
1 

-+ -+ 
~ exp (ik·R) 

I"RI=c m 

m = 1,2, • !* • 

then Eqs. (9) and (10) can be expressed in the form 

~ a.. = 1 ' 
i 

1 

-+ 
~ a.. A (k.) 0 m = 1,2, .. 
i 

1 m 1 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 
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-+ 
Each A (k) is associated with a "shell" of equivalent lattice vectors 

m 

of length em. We order these shells so that 0 <em~ cm+1 • Ideally, 

we would like to satisfy (14) for all m by using a finite number of 

-+ 18 ki. This is not however possible. In section A we developed a 

-+ 
systematic method for determining the a.'s and k. 's which satisfy (13) 

1 1 

and (14) for all lattice vector shells specified by m ~ M, IRI ~ eM 

where M can be made as large as desired. The special point sets are 

-+ 
designed to use the smallest number of k points to obtain the largest 

value for c • These points have the property that the S. are all the 
m 1 

same, 

Q I c -- N-l ~1. = a. n. = onstant 
1 1 

where N is the total number of wavefunctions that appears in (8). 

Equation (8) therefore reduces to Eq. (2). 

-+ 
The function a(r) given by (2) is an approximate WF in that it 

fails to satisfy (5) for all lattice vectors. If the magnitude of 

-+ 
the smallest R for which (5) is not satisfied is made large enough 

-+ 
then, in many calculations, a(r) can give accurate results when used 

-+ 
in place of w(r). As an example the average energy of electrons in 

a given band defined as 

-1 -+ 
E N ~ E(k) 

-+ 
(15) 

k 

can be obtained 
-+ 

from w(r): 

E = E - ( w(;) IHiw(;) > w 
(16) 
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-+ -+ 
where H is the Hamiltonian operator. If we use a(r) instead of w(r) 

'in (16) we have 

E 
a 

(17) 

where a. = n./N. Equation (17) is an example (which uses WFs) of an 
l. l. 

application of the method18 for determining averages which we have 

discussed in mar~ detail in Sec. A. 
-+ 

(If E(k) does not have the 

complete symmetry of the lattice then Eq. (17) is slightly modified). 

We have shown in section A that the accuracy of (17) increases as higher 

order special points are used. 

The approximate WFs can also be used to obtain other moments of 

h h h d . 16 t e energy, t e c arge ens1.ty, etc. 

-+ -+ 
We can now ask whether a(r) "converges" to w(r) as more BFs are 

used in (2). If we let 

(18) 

-+ -+ 
be a measure of the convergence between a(r) and some WF, w(r), then 

we can easily see that D does not go to zero when a finite number of 
v 

BFs are used in (2) and when we require the region of integration to 

be the crystal volume. Using Eqs. (1) and (2) in (18) one obtains 

integrals of the form 

*+-+ + +-+ 3 
~ (k,r) ~(k+~k,r) d r (19) 
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which are zero even for an arbitrarily small l~kl when the region of 

integration is over the infinite crystal volume (if I = 1, D = 0). 
v v 

If we restrict the limits of integration to a finite region of space, 

-+ -+ -+ 
v, and require k and k+~k to be in the same irreducible zone, by the 

proper choice of phase for the BFs we can have 

-+ 

I = 1 v 

Assuming that w(r) has been constructed from BFs which have this 

property and using these BFs at the special points in (2) it can be 

shown that 

approaches zero as the number of BFs used in (2) increases. The region 

-+ . -+ 
~R over which a(r) approximates w(r) is determined by 

(~k) (~R) << 7T 

where (~k) is the spacing between the special points. Therefore over 

-+ -+ 
a finite region ~R we can make an a(r) as close to a w(r) (with a 

certain choice of phase in (1)) as we like. 

We expect the Wannier functions to be useful in calculations 

involving surfaces and impurities. 
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C. Analytic Expression for the Electron Charge Density 

Distribution in Diamond Structure Crystals 

Abstract 

In this section we obtain the explicit dependence of the valence 

band electronic charge density distribution on the pseudopotential form 

factors for the diamond structure crystals using a weighted sum of the 

charge densities at the symmetry points r, X, and L of the Brillouin 

zone. The carge densities and energies for the bands at r, X and Land 

their dependence on the lattice constant and pseudopotentials are also 

discussed. 

1. Introduction 

Knowledge of the electronic charge distribution in crystals provides 

valuable insight into many physical and chemical properties of a crystal. 

Differences in these properties between two crystals of the same family 

as well as information on bonding and relative ionicities of the atoms in 

crystals can often be inferred from charge density distributions. 

-+ 
The charge density distribution, p(r), can be obtained once the 

.energy band structure and wavefunctions have been determined. The 

charge density has the form 

(1) 

-+ 
where ~Pt"k is a Bloch function of wavevector k belonging to band n. A ,n 

particularly simple and successful method of obtaining Wtk and the 
,n 

band structure has been the empirical pseudopotential method (EPM) 1 

The EPM can in principle yield the exact one electron energies but the 

pseudowavefunctions approximate the true wavefunctions only in the 
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region outside the atomic cores. Since for diamond structure crystals, 

such as Ge and Si, the region of interest for the charge density is at 

and near the bond sites, the pseudowavefunctions give the essential 

-+ 
information of interest. The Bloch functions for a general k have a 

complicated dependence on the atomic pseudopotentials and the explicit 

-+ 
generally dependence of p(r) on the pse udopotentials is not known. 

In this paper we use an approximation scheme to obtain the explicit 

-+ 
dependence of p(r) on the atomic potentials for the simple case of the 

diamond structure crystals. The approximation involved is the change of 

-+ 
the sum over all k in (1) to a sum over a small number of suitably chosen 

-+ 
k points. We have already discussed such approximations in detail in 

sections III.C and IV.A. These approximation schemes not only result in 

a large reduction in computation time but they also make it possible to 

-+ 
obtain a better understanding of the origin of the structure in p(r). 

For example we will show that it is possible to obtain an expression for 

the explicit dependence of the charge density on the atomic pseudo-

·potentials. 

The approximation scheme we use is based on a weighted sum of the 

charge densities at the symmetry points f, X, an:d L of the Brillouin zone. 

Such a scheme has been previously suggested and utilized by Kleinman and 

Phillips86 as a method for successive approximations. Our use of ~hese 

points is based on a different set of considerations, 16 i.e., the 

minimization of the overlap between Wannier functions based on different 

lattice sites. It should.be noted that r, X, and L are not the optimum 

points to use. In fact as we have already (section A) discussed in more 

detail' the two 3 1 1 1 1 1 (units of 2rr a = lattice points (4'4'4) and (4'4'4)' a ' 
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18 
constant) are expected to give more accurate results. However, the 

explicit dependence of energies and wavefunctions on the atomic pseudo-

potentials can be determined more easily and more accurately for r, X 

and L than for less symmetric points. The results for the energies of 
I 

all valence and some conduction bands are summarized in Table I. The 

wavefunctions are given in section 2 and are used in section 3 to 

obtain an approximate analytic expression for the total electronic 

charge distribution. We have taken the spin-orbit interaction into 

account only at r and neglected it at X and L. The spin-orbit coupling 

is weak in C and Si; in Ge it modifies the total valence band charge 

density only slightly. For the gray-tin case however, the spin-orbit 

interaction appreciably modifies the band structure at f. We have 

deteruiined the energies and wavefunctions at r with and without spin-

orbit interactions. 

2. Wavefunctions and Energies at f, X, and L. 

We take the pseudopotential Hamiltonian for an electron in a 

crystal to consist of a kinetic energy term plus a weak local pseudo-

potential arising from the super,Position of spherically .symmetric atomic 

pseudopotentials centered on the atoms. The pseudopotential can be 

expressed as the product of a structure factor times a pseudopotential 

form factor V(IGI), where G is a reciprocal lattice vector. The 

pseudopotential is assumed to be sufficiently weak so that V(jGj~l6), 
+ 2n 

(G measured in units of --, a = lattice constant) can be neglected. 
a 

We take the origin of coordinates halfway between the atoms in the basis. 

For this choice of coordinates the matrix elements of the Hamiltonian 

between plane wave states are real and depend on the symmetric form 

.. 
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factors. The truncation V( jcj 2 ~ 16) leaves only four form factors 

with non-zero structure factors. These are v0 , v3, v8 and v11 where 

the subscripts refer to the value of jcj 2 • The form factor v
0 

appears 

on the diagonal elements of the Hamiltonian. Its value can be set 

equal to zero without affecting energy differences or wavefunctions. 

We will therefore choose v
0 

= 0 in the following. 

We expand the wavefunction of each band in a symmetrized combina-

tion of plane waves. At points where several bands are degenerate, this 

expansion is not unique. The sum of the charge densities of the degener-

ate bands is however independent of the choice of the expansion when 

the wavefunctions are made orthonormal. The number of plane waves in the 

expansion is restricted so that the secular equation for the energy of 

each band can be reduced to a 2 x 2 matrix. In the following we represent 
-+-+ 

ik·r a plane wave e by 
-+-+ 

ik·r = e 

where 

The unit of energy is taken equal to 

2na0 2 
= <-a) Ry (2) 

where a is the Bohr radius, a is the lattice constant, and m is the 
0 

free electron mass. The volume of the crystal is taken equal to unity 

in the following expressions. 
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3. Wavefunctions and Energies at r 

a. Without Spin-orbit 

The expansion coefficients of the plane waves for the rl, r25' 

and r2, levels are listed in Table II. The subscript n in 1jJ (f) 
n 

denotes the band index. The r25' level is triply degenerate in the 

absence of spin-orbit interactions and the assignment, in Table II, 

of a band index to the r 25 , wavefunctions is arbitrary. The coefficients, 

a1 and a2 , of the plane waves (Table II) for the r 1 level are given 

by 

where 

21:2 IE2 <r )+4v 2 
1 3 

E(fl) = 1 (l+V ) -Ali(l+V )2 + 4V z 
2 8 '14 8 3 

(3) 

(4) 

is the energy of the r 1 level. The coefficients b1 and b2 (Table II) 

for the triply degenerate r25' levels are given by: 

v3-vll A(r25') 

and 

is the energy of the degenerate r 25 , levels. The coefficients c1 and c2 

of the r2, conduction band are given by 



.. 
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A(f
2

,) 1 

l6 16(V3-vll)z+Az(r2,) 

where 

and 

b. With Spin-orbit 

The spin-orbit interaction can be incorporated into the pseudo-

37 potential calculation by using the method of Weisz. In this method 

the spin-orbit Hamiltonian which operating on the real wavefunctions 

would give the spin-orbit splitting is transformed into a new 

s-o Hamiltonian H which can be used on the pseudowavefunctions instead. 

s-o The effect of H on the energies and wavefunctions at r can be easily 

obtained if we take 

H = H 
0 

h + -...,...-.,... 
4 

2 2 
m c 

* eff -+ -+ 
V V Xp•O (5) 

eff 
where H is the non-spin-orbit Hamiltonian used before and V is some· 

0 

effective localized pseudopotential. This Hamiltonian is different 

37 than the one used by Weisz but the final results are the same for both 

cases. 

The Hamiltonian (5) leaves the energies of the r
1 

and r 2 , levels 

unchanged and it does not mix these states with the r
25

, levels. To 

obtain the effect of (5) on the r 25 , levels we take as a basis the 

following combinations of the ~i(r25 ,)'s listed in Table II: 



The 6 x 6 

with 

H' = 

lr > = 

I III) = 

lvr> = 

l<\jJ2+i\jJ3)t> 

12 

l<'ljJ2-i\jJ3)+> 

li 

matrix can be written 

H' 0 

0 H' 

E t. lit. --- E 
0 3 3 

12!!. E -E 3 0 

0 0 
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lv> = 

in the form 

0 

0 (6) 

t. E E+--
0 3 

where E
0 

is the energy of the r25 , levels in the absence of spin-orbit 

interactions, and 

\ 
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is the spin-orbit splitting of the valence bands. Equation (6) is the 

87 same as the one derived by Kane for InSb and the basis functions are 

also similar to those used by him. The new wavefunctions and energies 

at r are: 

1 (/2 I I} -I II}); E2a 
13 

1 
( 12- I IV} - I v) ) 

13 

I III) I vi> 

1 <II>+ 1i lrr> ) 
13 

lw > = __! < 1 Iv > + 12 1 v > ) 
4b f3 

E 
0 

E + ~ 
0 3 

+~ 
3 

Comparing these wavefunctions to those in Table II it can be seen 

the sum of the charge densities of the triply degenerate r 25' bands 

does not change when spin-orbit interactions are included in the 

Hamiltonian. 

4. Wavefunctions and Energies at X 

For the diamond structure crystals, the band,s are always doubly 

degenerate at X. For the lowest two bands we use 6 plane waves in the 
-+ -+ -+ 

expansion of the wavefunction. The plane waves ei(kx+G)·r occurring 

1
-+ -+12 ' 2TI 2 in the expansion satisfy kX+G ~ 2 (units of (~) ). For the third 

and fourt'h bands fourteen plane waves corresponding to lkx+GI ~ 5 are 
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used in the expansion. The secular equation for the energy is however 

reduced to 2x2 matrices for all four bands by using the symmetry 

properties of the wavefunctions. For the calculation of the charge 

density we need the wavefunctions for the equivalent X points (1,0,0), 
" 

(0,1,0) and (0,0,1). The wavefunctions at these points and the energies 

of the xl and x4 levels are given below. 

xl bands 

~1 (1,0,0) = a1(100) +~2 [(011) - (011) + (011) + (011)] 

~1(0,1,0) = a1 (010) + a2 [ (101) (lo1) + (101) + (lOl)] 

~1(0,0,1) = a1 (001) + a2 [ (110) - (lio) + (110) + (110)] 

~2(1,0,0) * = ~1 (100)' etc. 

(7) 

E(X
1

) = !(3+V ) -! l(l+V ) 2+8V 2 
2 8 2 8 3 

·-+ . . 6 
Slightly away from X = (1,0,0), for example for k = (1- 2 ,0,0) the 

degeneracy of the bands is lifted and the energies are given by 

The wavefunctions retain their form given above, except that the 

coefficients a1 and a2 which depend on the band energies through A 
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should now be determined by using the appropriate energies for each 

band. 

ljl3 (1,0 ,0) = b1 [ (Oll)+(Oll)+(Oll)-(Oll)] + b2 [ (120)+(1ZO)+(I02)+(i02)] 

~3(0,1,0) = bl[(l01)+(10l)+(l01)-(10l)] + b2[(210)+(210)+(0l2)+(0l2)] 

ljl3(0,0,1) 

ljl
4

(l,O,O) 

= b1 [(110)+(110)+(llO)-(llO)] + b2[(20l)+(Z01)+(02l)+(OZl)] 

* = 1jJ (100), etc. 
3 

1 1 A(X4) 

2 ;Az(x4)+2(v3~vll)z 

A(X4) = 2-V -E(X ) 
8 4 

These bands remain degenerate along the (k,O,O),(l,k.O) and (l,O,k) 

directions and the assignment of a band index to the wavefunctions is 

arbitrary. Table I contains th~ energies for the 14 x 14 and the 6 x 6 

matrix. 

5. Wavefunctions at L. 

The wavefunctions of the lowest two bands are expanded in 8 plane 

. di lt+ .... GI 2 :::::. l4l· • F h hi h b d waves correspon ng to -~ ~ or t e next two g er an s 

I-+- .... 2 19 
14 plane waves corresponding to k1 + G I = 4 are used in the ex-:- . 

· pansion. For the calculation of the cllarge density we need the wave-

1 1 1 I 1 1 1 I 1 
functions for the equivalent L points (2'2'2), (2'2'2), (2'2'2) and 

The wavefunctions and energies of the valence bands are 

given below. 
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Band 1: L
2

, level 

I 13 113 3 I 1 + <3_!I) + <ll..!) + <!}l)l + 8 2[-(2 22) - <222) + <222) 2 2 2 2 22 2 22 

1 A(L2') 
a = -·. 2 

.,16 I A 2 (L ). + ~ v 2 
2 I 2 3 

(9) 
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Band 2: 11 level 

-- - - - -
311 311 131 131> c!!l> + cll.l)l + b2 [(2 2 2) + (222) + (222) + (222 + 2 2 2 2 2 2 

tP2C21'21'I2> = b £c.!.!I> - cl.f.!>l 1 222 222 

where 

b = /3 
1 2 

1 
(10) 
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Bands 3 and 4 at L: L
3
,v level 

-+ 
For these bands the eigenfunctions of the Hamiltonian at k 

are of the form 

and 

+ c2 r (1 1 I) - (1 1 1) - <2 2 o) + c2 o 2) l <t ~ t) 

(1 1 1) + <2 o o) <o 2 o) 1 c!. 1: . .!.) 
2 2 2 

- - - - - 1 1 1 + c 2[-(l 1 1) + (1 1 1) + (2 0 2) - (0 2 2)] (2 2 2) 

(2 o O) + (o o 2)1 <!.!. .!.) 
2 2 2 

+ c
2

[(1 1 1) - <1 1 1) - <2 2 o) + (o 2 2)1 <.!..!. .!.) 2 2 2 

These three functions are not linearly independent. They are related to 

+ 
each other by permutations of the coordinates (r1 ,r2 ,r

3
) of r. In fact 

we have 
(11) 

The ~'s are furthermore not orthogonal to one another. Taking the 

~'s to be normalized we can construct three sets of two orthogonal functions. 

cpl = ~1 + ~2 cp3 ~1 + ~3 <Ps ~2 + ~3 

cp2 = ~1 - ~2 <1>4 = ~1 - ~3 cp6 = ~2 - ~3 

The wavefunctions of bands 3 and 4 can be taken to be proportional to 

cp
1

,cp
2 

or to ¢
3

,cp
4 

or to cp5 ,cp6. Using the relation (11) between the 

1jJ's we find: 

,. 
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.. 
' 

(13) 

Under the permutation of coordinates these functions transform into one 

another. Since the permutation of coordinates is a symmetry operation 

of the Hamiltonian the total charge density is also symmetric under this 

operation. The charge 
-+ 1 1 1 

density at k = <2•2•2) for the 13,v levels should 

therefore be associated with an average of the charge densities of 

When the ~i's are normalized it is simple to verify that this 

average is 1 * * * simply proportional to 3(1jJ11JJ1 + w2w2 
+ w3w3 ) • In this way 

• -+ 1 1 1 
the charge dens1ties at k = (2•2•2) of bands 3 and 4 remain invariant 

under the permutation of coordinates. The expansion coefficients are 

given by the following expressions: 

1 (14) 

1 A(L3 'v) (15) c2 = 
12 

..t2A2 (13 'v)+(V 3-vll)2 

where 

11 1 
A(L3'v) =- - VB + (V3-Vll) - E(L3'v) ·• 4 12 

and 

= 15 + 
v

3
-2v11 1 v 2 

E(L3 'v) - v 2(V -v ) 2+(2_2) 
4 212 8 -2 3 11 12 
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is the energy of the degenerate L bands. The 8 x 8 results are given 
3v 

in Table I. 

+ I 1 1 I I 1 
We now need the wavefunctions fork= (Z'Z'Z) (2'I'2), etc. 

It is sufficient to find the wavefunction for 

+ 1 I I 
k = (2'2'2); the other wavefunctions can be obtained from the permutations 

++ 
of the coordinates (r1 ,r2 ,r3)_of ~(k,r) or from time-inversion symmetry. 

+ 1 I I 
The wavefunction for k = (2'2'2) can be obtained from the wavefunction 

+ 1 1 1 
for k = (2'2'2) by using symmetry operations of the Hamiltonian. Three 

+ 1 I I 
possible wavefunctions for k = (2'2'2) are 

+ c
2 

[ (11 I) - (1 I 1) + <2 o 2) - (2 2 o) J 

~2 (;) = c
1

[(I 1 I) + (111) + (2 00) + (0 02)](..!.11) 
2 2 2 

- c
2
[(1Il) +(I Il) + (i 20) + (0 22)] 

= -c
1
[(I ll) + (111) + (2 0 0) + (0 20) ](..!.J.I) 

222 

+ c
2
[(11I) + (I II> + <2 02) + co 22) ](l II> 

2 2 2 

These three wavefunctions are not linearly independent. They transform 

into one another under the symmetry operations of the Hamiltonian which 

1 I I 
have the effect of leaving (2'2'2) invariant. The charge densities of 

+ 
3 and 4 for this k point should each be associated with 
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1 * * * 3(1JJ 1JJ1 +1JJ21JJ2 +lJJ31JJ 3 ) • The wavefunctions obtained for the other 

equivalent L points should be treated in the same way. 

6. Charge Density 

+ 16 
The total valence band charge density p(r) can be approximated 

by the following weighted sum of the charge densities at r, X, and L: 

where 

1 
p(X) = 3 

1 
p(L) = 4 

4 

n=l 

p(;) = ~ p(f) + i p(X) + i p(L) (16a) 

4 

p(r) =~ p (f) 
n (16b) 

n=l 

4 

~ [p (1,0,0) + p (0,1,0) + p (0,0,1)] n n n (16c) 

n=l 

(16d) 

In these expressions n indicates the band index. The charge density of 

each band should be multiplied by a factor of two to include for both 

spin states. 

For the Group IV compounds, the most important region of charge 

concentration occurs at and around the bond sites. To obtain the 

correct charge density in this region, the wavefunctions need to be 

expanded in a large number of plane waves. The expansion of the wave-

functions of section II has been limited to two sets of symmetrized 

combinations of plane waves (SCPWs) in order to have simple results for 
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for the energy and the wavefunctions. The coefficients of higher 

SCPWs and the change in energy resulting from these extra plane waves 

•. 44 . 
can be easily obtained from Lowdin perturbat1on theory. 

Denoting H to be the matrix element of the Hamiltonian between 
mn 

+ + + + 
two plane waves of the form lk + G ) and lk + G >. the coefficient of m n 

the latter is given by 

m 

H 
mn 

E-H 
unn 

(17) 

where the sum on m is over those plane waves which have been taken into 

account without perturbation theory and c is the coefficient of a higher 
n 

plane wave. Equation (17) can also be used to obtain the relative phase 

factors between the plane waves of the higher SCPWs, i.e., it can be 

-+ 
used to construct the higher SCPWs for a given k-vector. The energy 

E occurring in (17) is in principle the exact energy of the band in 

question. However it is a good first approximation to use the energy 

obtained from limited plane wave expansions instead of the exact energy. 

The change in the energy when larger plane waves are taken into account 

44 
is also easy to obtain from the Lewdin theory. The size of the 2 x 2 

secular equations remains unchanged but the elements of the 2 x 2 matrix 

are modified with the inclusion of the higher SCPWs. 

We find that the energy differences between the bands at a given 

+ 
k point can be determined fairly accurately by using. the expressions in 

Table I. The application of perturbation theory does not appreciably 

alter these energy differences. However the energies of individual 

levels are usually lowered when higher plane waves are used (all energies 
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-+ 
are measured relative to V = V(G = 0) which was taken equal to zero 

0 

in section II}. This lowering of the energies has an important effect 

on the bonding charge. When Eq. (16) is applied directly to the wave-

functions of section II the resulting charge density at the bond site is 

found to be smaller than the correct 73 value by about 35% for the case 

of Ge. If we lower the energies of all levels by 0.16 Ry (in an attempt 

to simulate the ef~ects of perturbation theory) we obtain a remarkable 

improvement in the charge density. For Ge we obtain a charge density of 

21 at the bond site compared to the correct value of about 26 (normalized 

a3 
to 8e/n, n = ~ =volume of primitive cell). At the atomic site we 

obtain a value of 10 as compared to the value of 12 of reference 88. 

Since our wavefunctions have been expanded in a limited number of SCPWs 

it is not surprising that we do not obtain as localized a charge density 

as in the exact calculation73 where each wavefunction has been expanded 

· in about 90 plane waves. 

The values of p(r), ~(X) and p(L) forGe at the bond and atomic 

sites are given in Table III. 
33 

We have used the CB form factors, 

i.e. v
3 

= -0.23, v
8 

= 0.01 and v11 = 0.06. The energies of all bands 

were shifted downward by 0.16 Ry before being used in the calculation. 

The average of the charge densities of bands 3 and 4 at r, X and L are 

shown in Table IV and compared to the exact values of Ref. 88. 

Although Eqs. (16) do not provide the exact values of the charge 

density p(r) they are nevertheless useful in obtaining information 

-+ about p(r) induced by changes in the pseudopotential parameters or the 

lattice constant can be determined fairly accurately from the results 

of sections 2 and 3. An example is the problem of the pressure 

',I 
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89 dependence of the charge density. Under high hydrostatic pressure 

the charge density becomes more spread out and metallic-like. 90 Using 

the expressions of sections II·and III we can easily check the 

dependence of the charge density on the lattice constant and the pseudo-

potentials. We find that the bonding charge, p(O), decreases (almost 

linearly) with a decrease in the lattice constant. The rate of decrease 

of p(O) (i.e. the charge density at the bond) is about a tenth of the 

rate of decrease of the lattice constant. The charge density at the 

atomic sites decreases twice as fast as the bonding charge. We have 

also examined the pseudopotential dependence of the charge density for 

Si. The pressure dependence of the pseudopotentials has been analyzed 

90 by C. V. de Alvarez and M. L. Cohen. For Si, they have determined 

the scaling of form factors which gives rise to the correct variation 

of the optical gaps with pressure. We have used their pseudopotentials 

for zero and 20 kbar pressures in calculating the charge density. We 

find that at 20 kbars the change in the lattice constant, together with 

the resultant change in the form factors decreases p(O) (i.e. the charge 

density at the bond) by 1% from its value at zero pressure. This is two 

and a half times larger than the decrease resulting from a change in the 

lattice constant alone. This indicates that the change in the pseudo-

potentials has a greater effect in reducing the bonding charge than the 

change in the lattice constant. This rate of decrease of the bonding 

charge with pressure is nearly the same as that obtained.in Ref. 90 and 

the calculations here using analytic expressions are much simpler. 

The expressions of sections 2 and 3 may be useful in calculating 

changes in energies, wavefunctions and charge densities resulting from 

.• 
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other possible changes in the pseudopotential parameters or the lattice 

.. 44 . 
constant. The use of Lowdin perturbation may be necessary in some 

• 
calculations in order to obtain more accurate results. The expressions 

of sections 2 and 3, however, predict the correct trends in most cases. 
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Table I. Explicit dependence of energies on pseudopotential 
form factors for the symmetry ~oints f, X, and L. 
The unit of energy is (2Tiao/a) Ry. Some of these 
expressions are also given in the text. 

Energies 8t r, X, L 

hljatrix si.z!~ 

15 X 15 

l!) X 1.5 

l!) X .15 

X c= ( 1 0 0) ~1T 
' ' a 

t_: (X ) = ~- V 
v 4 8 

l·'l X 14 

• 

'· . 
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Table I (Cont.) 

8X8 

14 X 14 



Table II. Wavefu~ctions for r
1
,r

25
, and r 2 , levels. The expansion coefficients are 

given 1n Sec. 2. 

(CCC) (1.:!.1) (1~1; ;111' (lll) (lll) (ill) (l~~) (lii) 1200l (2DO (020) (0~0) ((:~C·2) (002) 

;p r r) ~ 
,-. .-. 

( - (', -. \j a~ 
.... 2., . -2. .... -2.2 -2. -~ - :-~~. ·~· v C.r -1.:- _ .. :- .....,. 

'- '-' 1\ 1 C: G ~ !., 
.,. 

~ 
·, 

J. '-

</i2(r25') 0 b b. t, ;"\ " 
..... -c .. -·.-. }-._ · ... c 0 (' G ~" v~ '-'. '-'r 

__ .. 
v 

1 ~ .!.. ..L .!. J. l. L c.. 

1fi 3( r25') 0 b1 b1 'c. b~ -b -b 'c. b c c b2 b2 0 0 
- l. 1 ' 1 .l 1 

~··1 ( r25') c "' b. - b1 -bl bl bl b, bl 0 0 0 c b2 b,, ~~·1 
' ;: .1. .1. 

IJI,_(r",) 0 
I 

c1 -c c1 -0 c1 -r> c. -c c2 -r> C,, -Cn (' 

-c~~ 
..... 

-1 ~1 -r· -? -'=" . ;) 6 .1 1 .1. 1 1 6 t; 6 "-' -'=" 
I 

•· 



• 

-145-

Table III. Symmetrized charge densities of all valence 
bands at f, X, and L. The charge density 

/\tom 

+ 1 3 1 
p(r) = 8 p(f) + 8 p(X) + 2 p(L); 

+ 
(see Eq. 16 of text). The values of p(r) 
in parenthesis are the exact values obtained 
from Ref. 73. 

p(r) p(X) p(L) 

29.3 11 .. t) 23.8 21. 0 (~6) 

7.8 5. 7 13.9 10. 1 (12) 
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Table IV. Average of the charge densities of bands 

·Pond 

At.c>rn 

3 and 4 at r, X and L. The values in 
parenthesis are the exact values of ·Ref. 88. 

-> 

P3,4 (r) P3, 4(X) P3, 4 (L) p ~ , (r) 
.... , "1 

8( 11) 5(7) 8(10) 7(9) 

O(O) O(O) 0(0) O(O) 
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V. ELECTRONIC BAND STRUCTURES AND CHARGE DENSITIES OF NbC AND NbN 

Abstract 

In this section we present non-local pseudopotential calculations 

of the electronic band structures and charge densities of NbC and NbN. 

The major contribution to the charge density of the bands near the 

Fermi energy comes from C or N 2p-states. The charge density for the 

first partially filled Nb 4d-band and the shape of the Fermi surface 

for this band are also discussed. 

1. Introduction 

Transition metal compounds have been the object of much research 

for some time because of their unusual physical properties. Some of 

these compounds are high temperature superconductors with superconducting 

transition temperatures that vary appreciably with composition.
91 

Despite 

the great practical and theoretical interest in these compounds, the 

electronic structure of many transition metal compounds have not been 

studied in detail as yet. 

In this paper we apply the empirical pseudopotential method (EPM) 

to the study of two transition metal compounds: NbC and NbN. The 

· band structure and density of states of NbN have been recently calculated 

by the APw
92 •93 and the EPM94 methods. The band structure and density 

of states of NbN presented in this paper are the same as those of Ref. 94. 

For NbC only the density of states has been presented previously 

. 95 
(calculated using the APW method). 
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Usual EPM calculations are based on experimental data such as 

optical reflectivity spectra, which provide information on critical 

point energy gaps, and on photoemission data which give information 

on the density of states. Such experimental information is lacking 

for NbN and some other transition metal compounds. The EPM band 

structure calculation94 for NbN was therefore fitted to a self

consistent93 APW calculation and the results indicated that the non

local EPM method could be used to obtain accurate band structures for 

transition metal compounds of interest. Our calculations on NbC 

are an extension of the EPM calculation94 on NbN. We find the band 

structures of NbC and NbN to be very similar. The important difference 

between the two compounds appears to be the position of the Fermi 

energy which determines the occupancy and electronic charge distribution 

in the partially filled Nb 4d-bands. The band structures, charge 

density dsitributions and Fermi surfaces of NbC and NbN are discussed 

in the section II in more detail. 

The pseudopotentials used in the NbC calculation were obtained 

from previous EPM calculations on NbN94 and C. The non-local 

d-pseudopotential of the NbN calculation was used in NbC to treat the 

Nb 4d-states. The non-local p-pseudopotential needed for the C 

2p-states was obtained from the previous EPM calculation on C and 

adjusted for the lattice constant change. All the relevant pseudopotential 

parameters for NbC are listed in Table I and their significance is 

discussed in Ref. 94 which also includes the NbN pseudopotentials. 

.... 



-149-

The energy band structure of NbC was calculated on a grid of 

46 points in 1/48 of the irreducible part of the Brillouin zone . 
• 

To obtain sufficient convergence for the charge density calculation the 

wavefunctions for NbC and NbN were expanded in a basis set of about 

150 plane waves. The band structure, charge density and Fermi surface 

results are discussed in the next section. 

2. Results 

The band structures and densities of state of NbC and NbN are 

shown in Figs. 1-4. In discussing the band structures and charge 

densities of these compounds we will number the bands according to 

their energies. This can cause a band {such as band 3 in NbC and NbN) 

to be mostly p-like in some part of the Brillouin zone and d-like in 

another part of the zone, as can be. seen by following band 3 from 

r to X. 

The lowest valence band in NbC arising from C 2s-states is not 

shown in Fig. 1. This band is separated by a large energy difference 

from the higher bands and does not mix with them. This is consistent 

92 93 . . with other APW ' calculat1ons on NbN; however the precise energy 

of this band relative to the higher bands does not seem to be well 

established. High energy photoemission experiments would be very useful 

. in determining the position of this band. The next three higher bands 

+ 
with r

15 
symmetry at k = 0 arise mainly from CorN 2p-states together 

with some Nb Sp-states. In addition, there is a small overlap and 

mixing between these bands and Nb 4d-states as can be seen in going 

from r to X in the Brillouin zone. This type of overlap is also present 
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in the self-consistent APW calculation of Schwarz93 for NbN but is absent 

in the APW calculation of Mattheiss. 92 Some measurements of NbC valence 

97 98 . band X-ray emission spectra ' 1ndicate that the Nb 4d-states overlap 

with the C 2p-states more than our calculation99 indicates. To obtain 

better agreement with these experimental results the C 2p-states would 

have to be moved closer to the Fermi energy. 

The band structures and band orderings for NbC and NbN shown 

in Figs. 1-2 are seen to be very similar in the region below the Fermi 

energy EF. The partially filled bands at EF come from a mixture of 

Nb 4d-states and C or N 2p-states. The Nb 5s state is high in energy 

and lies above the Fermi energy in both NbC and NbN. The electronic 

charge in this state has been transferred to the Nb 4d-levels while 

some Nb 4d-electrons have dropped into the C 2p-states. The position 

of the Nb 5s level relative to the 5d-levels is seen to be lower in 

NbC than in NbN (Figs. 1-2). This tends to make the dispersion of the 

bands above EF somewhat different in NbC and NbN because of interactions 

between the bands. Other calculations on NbN92 •93 and Tic100 •101 also 

reveal the transition metal s-states to be above the Fermi energy. 

The densities of states, N(E), of NbC and NbN (Figs. 3-4) are 

also seen to be very similar. The Fermi energy, EF, measured relative 

to the energy of r
25

, state, is higher in NbN than in NbC because of 

the extra electron in NbN. In both crystals EF lies in a dip of N(E) 

and NbN has a larger density of states at EF than NbC. This could, 

perhaps, be related to the higher superconducting transition temperature 

found in NbN. The large peak on the low energy side of N(E) comes 

• 
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mainly from C or N 2p-states. The lowest lying C or N 2s-states are 

not shown in Figs. 3-4 . 

.. 
The charge densities for several bands in NbC and NbN are shown 

for the (100) and (110) planes in Figs. 5-13. The charge densities for 

the lowest bands are strongly concentrated on the non-metal ions and 

are not shown in these figures. The charge densities for the p-like 

bands (i.e. bands 2, 3, and 4) are very similar in NbC and NbN. The 

charge densities of the three bands are also very similar to one 

another. In Fig. 5 we show the cahrge density in the (100) plane for 

one of these bands in NbC. The charge density is p-like around C; 

it rises to a maximum as we go away from C and then gradually decreases. 

This is similar to the behavior of the p-like charge densities in 

. 73 102 . sem1conductors ' although the shape of the contours depends on 

crystal symmetry. The d-states of Nb contribute to the small charge 

density around Nb. The outermost closed contour around C contains 

approximately 60% of the total charge in band 3 while the corresponding 

contour around Nb contains only about 15% of the total charge. The 

remaining 25% of the charge is spread out almost uniformly in the rest 

of the unit cell. 

The higher bands in NbC and NbN are each only partially filled. 

+ 
The first partially filled band (i.e. band 5 with symmetry r

25
, at k 0) 

contains nearly all the remaining electron in NbC and over 80% of the 

two remaining electrons in NbN. The charge density of this band in 

the (100) and (110) planes are shown in Figs. 6-9. The interesting 

feature of these figures are the local maxima in the charge density 

occurring aiong the Nb-Nb direction. The magnitude of the charge in 
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the Iliax.ima is strongly dependent on the number of electrons per unit 

cell and is twice as large in NbN (with 10 electrons) than in NbC 

(with 9 electrons). These maxima arise from the Nb 4d-states and 

have d symmetry about the Nb atoms. The charge density of band xy 

5 is not purely d-like. There is a large mixture of C 2p-states in the 

wavefunction which gives the p-like charge distribution around C. 

The sum of the charge densities of all occupied states in NbC 

and NbN are shown in Figs. 10-13. The strong concentration of charge 

on C or N evident in these figures arises from the first s-like 

valence bands in NbC and NbN. The C or N 2s-bands could be too low in 

energy in our calculation and this would tend to make the charge 

localization on C or N stronger than it should be. Since the Nb 5s-state 

lies above the Fermi energy there is no charge localization on Nb; 

the charge contours around Nb coming from the Nb 4d and 5p states have 

much lower values than the combination of s,p-contours around C or N. 

Figures 10-13 show the charge distribution of NbC and NbN to be strongly 

ionic in character. A spread out metallic-like charge distribution 

outside the closed contours around the ions can also be seen in these 

figures. This seems to indicate that bonding in NbC and NbN results 

mainly from a combination of ionic and metallic charge distributions. 

The C-C, N-N and Nb-Nb metal and non-metal nearest neighbor distances 

are too large for the formation of localized covalent bonds as in the 

case of the diamond or zincblende crystals where the bonding is 

characterized by a peak in the magnitude of the charge density on the 

line joining the nearest neighbor atoms. The overlap between the bonding 

orbitals on the ions in NbC and NbN are small and do not produce a 
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maximum in the charge density. The overlap results, instead, in a 

region, centered halfway between like atom nearest neighbors, with 

a slowly varying charge distribution which appears metallic-like. The 

bonding configuration for NbC and NbN (and probably in other transition 

metal compounds as well) can be described as having ionic, convalent 

and metallic components. 

A very interesting property of NbC, NbN and some other transition-

metal carbides is the occurrence of anomalies in the phonon dispersion 

curves of those compounds and the association of these with a high 

. 103 104 superconduct1ng ' transition temperature, T . These phonon 
c 

.. 105 
anomalies have been interpreted by Weber, Bilz and Schroder as 

-+ 
resulting from resonances in the q-dependent polarizability of the 

metal ions. They attribute the coupling between the metal ions as 

arising from a charge density with d symmetry. This is consistent xy 

with the charge density of band 5 in NbC and NbN (Figs. 6-9) which we 

have obtained. Because of the extra electron in NbN compared to NbC 

the magnitude of the charge in the d peak is larger in NbN in NbC. xy 

The coupling between the Nb atoms is therefore expected to be larger 

in NbN than in NbC. If the number of valence electrons is reduced 

from 9 to 8 (as in going from NbC to Nbc
0

. 75) the magnitude of the 

charge in the d peak becomes nearly zero. It is interesting to .note 
xy 

that no phonon anomalies are observed i~03Nbc0 . 75 . If the phonon 

-+ 
anomalies .and high values of T are related to resonances in q-dependent 

c 

polarizability of the metal ions than it appears that it is band 5 

which is most important in determining the superconducting properties 

of NbC, NbN and other transition-metal carbides. 
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A cross-section of the Fermi surface of NQC for band 5 is shown 

in Fig. 14. The Fermi surface of NbN for various bands at the Fermi 

energy is given in Ref. 94. An interesting feature of the NbC Fermi 

surface is the magnitude of wavevectors separating the occupied and 

empty states. + 27f 2 
The wavevectors AD and BC (Fig. 14) with q ==--;- (3,0,0) 

+ 27f 
and the wavevector GH with q ==-- (0.5,0.5,0) are in good agreement 

a 
+ 

with the q values at which the anomalies in the phonon dispersion 

103 curves have been observed. It is possible that the shape of the 

Fermi surface in NbC and NbN can lead to an enhancement of the 

observed phonon anomalies in these compounds. It should be noted, 

however, that experimentally the phonon anomalies disappear without 

any shift in their position when the number of valence electrons is 

103 diminished. We expect the shape of the Fermi surface and the wave 

vectors at which resonance behavior may occur to change with the number 

of valence electrons. 
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Table I. Pseudopotential.parameters for NbC. Non-local d and 
p-pseudopotentials were used in addition to the local 
pseudopotentials in calculating the band st:ructure of 
NbC • 

Local 
Pseudop.Jtentials 

VA(ll) = 0. OG 

v:.~(4) = -o. 14 

v['(B) " -o. 11 
.... 

v·=-(1~) = -o. 06G 

• a=4.47A 

Parameters for non
loca 1 d- pseudo potential 
(See Ref. 5) 

{
A2 r ~ Rs 

VNL = 0 r > R 
s 

R = 1.18 A s 

A2 = -4.65 Ry 

a= 0.118 

" = 1. 74 

Parameters for non
local p- pseudo potential 
(See Ref. 7) 

-ar 
-{Are r ~ R8 

VNL- 0 r > R 
s 

R
8 

= 0. 20 A 

A= -0.19 Ry 

a= 1.10 A 
-1 
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Figure Captions 
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Fig. 10. Total charge density of occupied states in NbC for a (100) 

plane. 

Fig. 11. Total charge density in NbC plotted for a (110) plane. 

Fig. 12. Total charge density of NbN for a (100) plane. 

;Fig. 13. Total charge density of NbN for a (110) plane. 

Fig. 14. A cross section of the Fermi surface for the first partially 

filled band in NbC. 
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VI. TIGHT-BINDING CALCULATIONS OF BULK AND SURFACE STATES 

Abstract 

A. Tight-Binding Calculations of the Valence Bands 
of Diamond and Zincblende Crystals 

In this section we use the tight-binding method, to calculate the 

valence band structures and densities of states of C, Si, Ge, GaAs and 

ZnSe. We obtain very good agreement with other calculations when we 

include all nearest and one second nearest neighbor interactions. 

The effects of the various interactions on the density of states are 

discussed. 

1. Introduction 

The tight-binding approach to the problem of the electronic energy 

levels in solids is intuitively very appealing. The method provides 

a real space picture of the electronic interactions which give rise 

to the particular features of the energy band structure, density of 

states, etc. This is extremely useful in studies of how these features 

change when the electronic configuration is altered. The tight-binding 

method is most practical when only a few types of electronic interactions 

are dominant. In such a case an adequate description of the system of 

interest can be obtained by specifying a small number of interaction 

parameters. In this way a qualitative description of the valence bands 

b b .· d2,106-110 f . 1 .. h d" d . bl d .d can e o ta1ne or mater1a s 1n t e 1amon , z1nc en e an 

other structures. 
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In this paper we show that a tight-binding method using a few 

interaction parameters gives accurate results for the valence bands of 

the diamond and zincblende crystals C, Si, Ge, GaAs, and ZnSe. The 

2 tight-binding method we use is equivalent to that of Slater and Koster. 

It can also be regarded as a more complete version of the Weaire and 

107 Thorpe model in which interactions between more distant directed 

orbitals are included. 111 •112 It is necessary to include these extra 

interactions for a more complete description of the valence bands. 

In section 2 we give a brief review of the method and consider the 

effects of the various interactions on the density of states. We 

show that the inclusion of all the possible nearest neighbor interactions113 

between s and p-tight-binding states is not sufficient to broaden 

the "p-like" bands along all symmetry directions. The resulting error 

in the energies is about 1 eV and occurs mostly for states near the 

surface of the Brillouin zone. With the inclusion of only one second-

nearest-neighbor interaction, the accuracy is greatly improved and the 

resulting valence band structures and densities of states exhibit all 

the structures obtained in other calculations. 

The band structures, densities of states and interaction parameters 

for C, Si, Ge, GaAs and ZnSe are discussed in section 3. The dependence 

of the energy levels, along several symmetry directions and at some 

symmetry points, on the interaction parameters are also given in section 3. 

These expressions are useful for obtaining information about the 

interaction parameters. 
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2. Tight-Binding Method 

In diamond and zincblende crystals, every atom is tetrahedrally 

coordinated and there are two atoms in the primitive cell. For each 

tight-binding basis function centered on these atoms, two Bloch 

functions can be constructed. For example for a tight-binding basis 

function b(L) we have the two Bloch fu~ctions 

1/Jo(~,£) 
1 

~ 
i~·R = e - boC.t-E) 

IN R 
(1) 

and 

1/Jl(~,,t) 
1 

~ 
ik•R = e - - b1 (L-E-.:0 

IN R 
(2) 

where .t is the vector joining the two atoms in the primitive cell and 

the subscripts on b refer to the atoms in the primitive cell. In the 

diamond structure crystals we take b
0

(L) = b1 (,t), but in the zincblende 

crystals the two functions are different. 

In order to have 

0 •. 
1.J 

i,j = 0,1 (3) 

we must require that the tight-binding functions on different atomic 

sites be orthonormal: 

(4) 

( b . (r) I b . ( r) ) = 1 
1. - 1. -

(5) 
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These conditions can always be accomplished by a method due to Lowdin2 

without affecting the symmetry of the basis functions. 

The basic problem of the tight-binding method is to find the matrix 

elements of the Hamiltonian between the various basis states. For 

example, if we place s-states on each atomic site and take only nearest-

neighbor interactions, we find the following 2x2 matrix for the eigen-

values: 

E -E(~) 
so 

vssgo(ls) 

= 0 . (6) 

* vssgo(ls) E -E(}s) 
sl 

The parameters E and E are the energies of the tight-binding 
so sl 

s-states: 

E =<siHis> , E ( sll HI sl ) . 
so sl 

In diamond structure crystals E 
so 

= E and will be denoted simply 
sl 

by E • The parameter' 
s 

measures the strength of the nearest neighbor interaction (the factor 

of 4 is used for convenience) and 

1 
4 

4 
~ 

j=l 

ik"T, 
e- ""'J (7) 
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results from the phase difference between the atoms at the four corners 

1 
of the tetrahedron defined by ~l = ~(l,l,l)a, ~2 

1 - -
t;<l,l,l)a, 

- - 1 - -
~3 = (l,l,l)a and ~4 = ~(l,l,l)a where a is the lattice constant. 

(T bt . . h f t i~ • T • h b . 1 . F. 1 • o o a1n g
0 

we ass1gn a p ase ac or e -J to eac or 1ta 1n 1g. . 

In this way the phase of the Bloch function changes by ei~·(tj-!i) = 
ik·~ e...... in going from atom ito j {i,j = 1,2, ... ,4), which is consistent 

with Eqs. 1-2.) 

In a similar way, we can obtain the matrix elements of the 

interactions between the other orbitals. We will consider here only 

the case where we have only one set of s, p ' p and p orbitals at 
X y Z 

each atomic site. We will denote these by s
0

, x
0

, y
0

, z
0 

or s
1

, x
1

, 

y
1

, z
1 

where the subscripts as before refer to the atoms in the primitive 

cell. The Hamiltonian matrix elements between an s and a p-state on 

the same atom or two different p-states on the same atom are zero 

because of symmetry in diamond and zincblende crystals. To describe 

the interaction of an s-state on·one atom with the p-state of a nearest 

neighbor atom we need one parameter for the group IV crystals and two 

parameters for the zincblende crystals, where there are different s and 

p orbitals on the basis atoms. We will denote the interactions between 

s and p orbitals by V g
1 

and V g
1 

where 
X s 0p slp 

(8) 

(9) 
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(10) 

For the group IV crystals V p = V and will be denoted simply by . 
s

0 
s

1
P 

V The minus sign in front of some of the phase factors result from sp 

the fact that the sign of the matrix elements ( s 0 (~)1H!x1 (~-Lj)> and 

( s 1 (~-Lj) IH!x0 (~)) depend
2 

on the sign of (Lj)x. For Ll and L2 the 

sign is positive, for L
3 

and L
4 

it is negative. These differences in 

sign are incorporated into g
1

. To obtain the matrix elements for the 

s~py and s-pz interactions g1 should be replaced by 

for s-p type interactions, and 
y 

1 ik•T ik•T i~"T i~"t4 g (k) = - (e - ~1-e - -2-e ~ -3+e ~ - ) 
3 4 

for s-p type interactions. The matrix elements between s, p and d 
. z 

(11) 

(12) 

basis functions have been derived in Ref. (2). The Sx8 se'cular matrix 

representing all possible nearest neighbor interactions between the 

tight-binding s and p orbitals centered on each atom in the crystal is: 



so sl xo Yo zo xl yl zl 

so IE -E(k) v ssgo 0 0 0 v s pgl v s pg2 v s
0

pg3 so - 0 0 

~·: * * * sl l v ssgo E -E(k) -V s
1
pgl -V s pg2 -V s pg3 0 0 0 

s1 - 1 1 . 

xo I 0 -v s
1
pgl E -E(k) 0 0 v xxgo vxyg3 v xygl Po -

Yo I 0 -V s
1

pg2 0 E -E(k) 
Po ... 

0 vxyg3 vxxgo v xygl 

I 

0 -v g 0 0 E -E(k) v v v ..... 
zo I xygl xyg2 xxgo "-.1 

s 1p 3 Po ... = 0 00 
I 

* * * * X~ I vs
0
pgl 0 v xxgo v xyg3 vxygl E -E(k) "'a 0 

J. pl -
.•. * * * yl I V g .. 0 v xyg3 v xxgo vxyg2 0 E -E(k) 0 

\ s
0

p 2
1
' 

pl -
* * * zl v . 0 v xygl v xyg1 vxxgo 0 0 E -E(k) s pg3 pl . -0 

(13) 
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For diamond structure crystals E E , Ep E and V = v 
so sl 0 pl sop slp 

and from this point we will drop the subscripts for these crystals. 

The functions g
0

, g1 , g2 and g
3 

which we have previously defined can 

also be expressed in the following way: 

go<ls.> = 
kl k2 . k3 . . kl . k2 . k3 

(14) cosn-- cosTI-- cosTI-- -1 s1nTIT s1nTIT Sl.nTIZ 2 2 2 

gl(~) 
kl . k2 k3 . . kl kl k3 

(15) = -cosTI-- s1nn-- sinTI-- +1 s1nTIT cosTIT cosTIT 2 2 2 

g2(ls,) 
kl k2 k3 kl . k2 k3 

(16) = -sinTI-- cosTI-- sinTI-- +i COSTIT S1UTI2 COSTIT 2 2 2 

g3(~) 
. kl . k2 k3 . kl k2 . k3 

(17) = -S1nTI-- S1nTI-- COSTI-- +1 COSTIT COSTIT S1nTIT 2 2 2 

where 

For diamond structure crystals, the parameters appearing in (13) 

2 are related to those of Slater and Koster by 

E = E (000), E = E (000) s s,s p x,x 

v = 4E (.!. .!. .!.) v = 4E (.!..!. .!.) (18) ss s,s 2 2 2 XX x,x 2 2 2 

v = 4E (.!. .!. .!. ) v = 4V (.!. .!..!.) 
xy x,y 2 2 2 sp s ,x 2 2 2 

Before describing the total_interaction between sand p states, 

it is interesting to look at each one separately. If we set the s-p 

interaction parameters V and V equal to zero the sxs matrix (13) s
0

p s
1

p 

decouples into a 2x2 (Eq. 6) and a 6X6 matrix. The energy eigenvalues 

of the 2x2 matrix which describes the s-states is given by 

·.:: .. 
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(19) 

for diamond structure crystals. Although this expression is very simple 

it nevertheless provides a very good description of the lowest valence 

band in these crystals. Specifying the width of the band (which is 

about 3.5-4.0 eV in Si and Ge) determines the band structure to within 

a few tenths of an eV throughout the Brillouin zone. The largest 

errors (compared to calculations based on the empirical pseudopotential 

method (EPM)) occur along the A direction and along the Z direction 

which runs between the symmetry points 2n 1 
X = ~ (1,0,0) and W = (1,2,0) 

of the Brillouin zone. Along this direction the two bands are 

degenerate (by symmetry) and have no dispersion. The second valence 

band in the group IV crystals is p-like at r and (19) does not 

therefore provide a valid description for this band. The band structure 

and density of states associated with the tight-binding s-like bands 

is shown in Fig. 2. The dip in the density of states occurs near the 

line X~ W in the Brillouin zone. For V < 0 the lower energy band 
ss 

is bonding at. r and the higher band is antibonding. 

order of the bonding-antibonding states is reversed. 

crystals (6) gives 

E +E ~e -E r so sl 
± v2 gogo* E 

sO sl 
+ = 

2 2 ss 

For V > 0 the 
ss 

For the zincblende 

(20) 
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whereas as a result of inversion symmetry the two bands were degenerate 

at X in the diamond structure crystals, a gap of magnitude IE -E I so sl. 

opens up at X for the zincblende crystals. The maximum of the first 

band and the minimum of the second still occur at X. But unlike the 

case of the group IV crystals the bands approach X with zero slope and 

this results in a sharp peak in the density of states (not shown) for 

states near X. Except for this structure the s-band density of states 

in the group IV and zincblende crystals are very similar to each other. 

The band str'ucture and density of states associated with the six 

p-states of the group IV crystals is shown in Fig. 3 for V = 0, 
XX 

V = 6.8 and E = 0. The sharp rise and fall of the curve near xy p 

threshold occurs at ~~in and is very similar to the ~~in edge observed 

3 4 8 in the density of states of a number of diamond and zincblende crystals. ' ' 

As in the case of the s-bands there is no dispersion along the line 

joining the points X and W of the Brillouin zone and the dip in the 

density of states corresponds to these states. The overall shape of 

the curves for the s and p-states are similar in the region near the 

density of states minimum. For the zincblende crystals the band structure 

and density of states for the p-states is similar to that of Fig. 3. 

The maximum of the lower three bands and the minimum of the upper three 

bands occur at X and are separated by a gap. The zero slope of the 

bands at X gives rise, as in the case'of the s-states, to a sharp structure 

in the density of states (not shown). Except for this structure the 

densities of states of the p-bands in the group IV and the zincblende 

crystals are very.similar as may be expected. 
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Sometimes it is more convenient (e.g.: surface calculations: 

Ref. 111) to use tight-binding orbitals directed along the bond directionsw 

The parameters which appear in this approach can be easily related to 

s and p interaction parameters. This can be done by taking the 

Hamiltonian matrix elements between the following directed orbitals 

(see Fig. 3). 

1 
<Pl = 2 <so+xo+yo+zo) ¢5 

1 
= 2 (sl+xl+yl-zl) (21) 

¢2 
1 . 

¢6 
1 

(sl+xl-yl+zl) = 2 <so+xo-yo-zo) =-
2 

(22) 

¢3 
1 

¢7 
1 

(sl-xl+yl+zl) = 2 <so-xo+yo-zo) =-
2 (23) 

¢4 
1 

<so-xo-yo+zo) ¢8 
1 

(sl-xl-yl-zl) =- =-
2 2 (24) 

Th 1 f d . d 1 . H" b h'' 111 . e resu ts or 1amon structure crysta s 1n 1ra ayas 1 s notat1on 

are: 

y 1 = ( <P. I HI <P. ) = t (E +3E ) 1 1 s p (25) 

= <<t>liHI¢2> 
1 (26) Y2 = - [E -E ] 4 s p 

= <<t>liHI¢8> 
1 [V -3V -6V -6V ] (27) y3 =-

16 ss xx xy sp 

= <¢2IHI¢8> 
1 [V +V +2V -2V ] (28) y4 =-

16 ss xx xy sp 

=<¢2IHI¢5> 
1 [V +V -2V +2V ] (29) Y5 =-

16 ss xx xy sp 

y6 = < <P21HI¢7> 
1 (30) = -- [V -3V +2V +2V ] 16 SS XX xy Gp 
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The parameter y
1 

appears in the diagonal matrix elements and can be 

taken equal to zero. The parameters y
2 

and y
3 

are the same as the 

2 parameters v
1 

and v2 of Weaire and Thorpe and from Fig. 4 it can be 

expected that they represent the most important interactions. The 

properties of a model Hamiltonian based only on these two types ?f 

interactions has been studied in detail by Weaire and Therpe107 •114 

and has been employed in a number of calculations involving crystalline 

polytypes of Si and Ge. 108 These calculations show that the two 

parameter model gives a relatively good description of the lower 

"s-like" valence bands but gives a poor description of the higher 

p-like bands which appear as delta functions in the density of states. 

The inclusion of the other interactions broadens the delta functions 

and gives a better description of the valence bands. 

For zincblende crystals we need three extra parameters to 

describe the overlaps corresponding to nearest~neighbor s-p interactions. 

The interaction parameters are: 

a 1 = <¢1 IHI¢1 > = l (E +3E ) 
4 s 0 Po 

Sl = <¢8IHI¢8> = * (Esl+3Epl) 

a2 = <¢1IHI¢2> = t (Eso-EPo) 

s2 = <¢ IHI¢ > = l <E -E > 7 8 4 s 1 p1 

= 1
1
6 [V -3V -6V -3V -3V ] 

SS XX XY s 0p s
1

p 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 
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84 <<t>liHI¢5> 
1 [V +V +2V +V -3V ] (37) = = 

16 SS XX xy s
0

p slp 

<<t>21Hl<t>5> 
1 [V +V -2V +V +V s p] (38) CL5 = = 

16 SS XX xy s
0

p 
1 

<<t>21HI¢7> 
1 

(V -3V +2V +V +V ] (39) CL6 = 
16 SS XX xy s

0
p s

1
p 

The fact that the interactions represented by a
4 

and S
4 

are different 

is caused by the lack of inversion symmetry. 

It can be shown that independent of the choice of the interaction 

parameters y
1

, ••. ,y
6 

(diamond structures) ·and a
1

, •.. ,a
6

, S
1

, •.. ,S
4 

(zincblendes), the bands have no dispersion along the symmetry 

direction Z which goes through the points X = 2~ (1,0,0) and . a 

W = 2~ (1 !. 0) of the Brillouin zone. Other calculations such as a '2' 

those based on the empirical pseudopotential method (EPM) show3 

however a dispersion of about one eV between X and W for the upper 

two valence bands. This dispersion is reflected in the density of 

states where each of these points gives rise to a characteristic and 

well resolved peak. To obtain this result in the tight-binding 

calculation it is necessary to include at least one second nearest-

neighbor interaction. Figures 5 show the density of states of a crystal 

such as Ge with and without second nearest neighbor interactions. 

For the nearest-neighbor calculation the parameters used were (in eV): 

(E -E ) = 8.41, 'V = -6.78, V = 2.62, V = 6.82 and V = 5.31. p s ss xx xy sp 

The second nearest neighbor interaction we have used (in Fig. 7) arises 

from the overlap of a p orbital at the origin with a px orbital 
- X 

d b 1 . f h (0 +!. +!.) separate y a att1ce vector o t e type ,-
2

,-
2 

a. Its effect is 

.. 
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to change the diagonal matrix elements to ( x.IHix. > -+ E + U cos k 
1 1 p XX 2 

cos k
3

, etc. for diamond structure crystals. The interaction U is 
XX 

denoted by 4E (011) in Ref. 6. The interaction parameters when both 
XX 

nearest and second nearest interactions were used (Fig. 5) are: 

(E -E) = 8.41, V = -6.78, V = 1.62, V = 6.82, V 5.31 and 
p s ss xx xy sp 

U = -1.0 (eV). The resulting density of states in Fig. 5 shows the 
XX 

separate structures arising from the points X and w. These structures 

coalesce into a single peak when u is set equal to zero. It should 
XX 

be pointed out here that not all second nearest neighbor interactions 

are useful in broadening the bands along Z. Interactions between two 

s-states or between s and p states separated by a primitive lattice 

vector have no effect on the dispersion along Z which is affected 

mainly by second-nearest neighbor interactions between p-states, the 

largest one being U • 
XX 

3. Results for C, Si, Ge, GaAs and ZnSe 

Since there is not sufficient information on the valence bands 

of C we have used only nearest-neighbor interactions in our calculations 

on C. The parameters were obtained by fitting to the results of a 

115 variational calculation and they are shown in Tables I. The energy 

eigenvalues are compared to other calculations in Table II and the 

resulting band structures and densities of states are shown in Fig. 6. 

Table II shows good agreement between the simple tight-binding 

calculation and the variational115 calculations for the valence bands 

of C. The results are also very similar to those obtained from an APw116 

calculation. The conduction bands are not well reproduced by the simple 
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tight-binding method except at r where the splittings were fitted. 

For Si and Ge we have used one second nearest neighbor interaction 

in addition to the nearest neighbor interactions in the calculations. 

The nature of these interactions was discussed in section II. The 

interaction parameters for Si and Ge are listed in Table I and the 

eigenvalues at some symmetry points in the Brillouin zone are compared 

to the EP~17 , 10 values in Table II. The corresponding band structures 

and densities of states are shown in Figs. 7-8 and compared to those 

bt . d f EPM 1 1 . ll7 ,lO . 1 . 1 1 o a1ne rom recent ca cu at1ons 1nvo v1ng non- oca 

(angular momentum dependent) potentials. The agreement in all cases 

is within a few tenths of an eV for the valence bands but for the 

conduction bands the method is not as successful. For the sake of 

completeness we give in Tables III and IV the interaction parameters for 

C, Si, and Ge if only nearest neighbor interactions are used. These 

tables show that the strength of nearly every interatomic interaction 

decreases as we go from C to Si to Ge. 

In the case of the zincblende crystals GaAs and ZnSe we have only 

used nearest neighbor interactions for convenience. A second nearest 

neighbor interaction between the Ga or Zn p-states similar to the one 

used for Si and Ge is, however, necessary to broaden the upper two 

valence bands. The band structures and densities of states for GaAs 

and ZnSe are shown in Figs. 9-10 and compared to nonlocal (angular 

. 12 118 momentum dependent) EPM calculat1ons. ' The interaction parameters 

are listed in Tables V and VI. The largest error in the band structures 

occur for the states denoted by Liin. The tight-binding results are 
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actually much closer to older EPM calculations which used local 

pseudopotentials resulting in upper valence bands which are narrower. 

Ultraviolet and X-ray photoemission spectra however reveal a larger width 

for these bands than those indicated by local pseudopotentials and 

this has been one reason for the use of nonlocal pseudopotentials. 

The energy eigenvalues at some symmetry points in the Brillouin zone 

are given in Table VII and compared to the EPM values. For more 

accurate conduction bands second nearest neighbor interactions, 

especially those between s and p states, need to be included. 

The tight-binding method allows a simple calculation of the s and 

p character of the valence bands and it is interesting to see how 

close to ideal sp3 they are. We have therefore computed the average 

s and p components of the wavefunctions for the valence bands. We 

find the top two valence bands to be completely p-like in character 

in all five crystals. The differences in the s-p characters occur 

mainly for the first two valence bands and these are shown in Table VIII. 

The average of the s and p-electrons in the four valence bands of C, 

Si and Ge are, C: 1.25s, 2.75p; Si: 1.4s, 2.6p and Ge: 1.5s, 2.5p. 

The ratio of the number of s to p electrons is 0~45 for C, 0.54 for 

Si and 0.6 for Ge. Carbon is therefore as expected the closest to 

the ideal ratio of 0.333. In GaAs and ZnSe the first valence band 

is s-like around As and Se. The second valence band is mainly s-like 

around Ga and Zn and p-like around As and Se. 
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107 
In the simple model of Weaire and Thorpe in which only two 

interaction parameters (equivalent to y
2 

and y
3

) are used the bonding 

and antibonding p states give rise to two o-functions, each of weight 

two, in the density of states. The delta functions correspond to 

doubly degenerate bands which are flat throughout the Brillouin zone. 

The addition of extra interactions obviously broadens these bands and 

the o-functions. It is interesting to. see which interactions are 

most important in producing this broadening of the bands. In the 

s-p interaction picture, it can be shown that if we set V = V 
XX xy 

then we immediately obtain, for both diamond and zincblende crystals, 

two sets of bands which are doubly degenerate and flat throughout 

the Brillouin zone independent of the magnitude of the other nearest 

neighbor interactions. In the directed-orbital representation Eqs. (29) & 

(30), and Eqs. (38) & (39) show that Vxx = Vxy corresponds toYs= y6 

{diamond structures) or aS= a
6 

(zincblendes). Therefore independent 

of the other interactions between the orbitals if Ys = y6 or aS = a 6 

we will have flat p bands in the entire Brillouin zone. The broadening 

of the p bands can be expected to be related to V -V ·· 1n fact if 
XX xy 

we take second neafest neighbor interactions to be zero then in diamond 

structure crystals the width of the doubly degenerate valence bands is 

exactly equal to IV -V I or 41Ys-y
6

1 with the top of the bands at r 
XX XY 

and the bottom at X. It is obviously not a good approximation to take 

V = V or y = y tn fact we expect the interaction V to be 
xx xy S 6 · xy 

stronger than Vxx because the overlap between the orbitals x
0

, y1 is 

larger than the overlap between the orbitals x
0 

and x
1

. This is born 

out in Tables I, III, and V. 
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In order to calculate the interaction parameters we used the 

dependence of the energy gaps at a few points in the Brillouin zone 

on the potentials. Along some symmetry directions and at some 

symmetry points the dependence of the energies on the potentials can 

be obtained in closed form. Here we list some of these relations a 

number of which were first obtained in Ref. (2). 

For the diamond structure crystals we have: 

E + (E -E ) + U 
S p S XX 

- v 
XX 

E + (E -E ) + U + V 
S p S XX XX 

At L the doubly degenerate eigenvalues are given by 

E (13 I) = E + (E -E ) ± .!. (V +V ) 
S p S 2 XX xy 

and the four non-degenerate states are: 

(E E) · 
E (L) = E + p 

2 
6 ± .!_

4 
(V -V +2V ) 

S SS XX xy 

+ (E -E ) l 
2 

+ 3V 2 
p s f sp 

(There is a slight error in Ref. (2) for this expression, i.e. , v 
ss 

outside the square root is replaced by V .) At X the energy of the sp . 
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doubly degenerate roots are given by 

E(X4) = E + (E -E ) s p s 
u ± v 

xx xy 

_/(E -E +U ) 2 + (2V )l l p S XX sp 

2TI When U is set equal to zero the energy of the bands for ~ = (l,k,O) xx a 

are equal to the energies at X. Along the symmetry direction 

2rr A = -- (k,k,k) only the energy of the doubly degenerate bands can be 
a 

obtained in closed form: 

± 

= E 
p 

+U 
XX 

+U 
XX 

cos2rrk ± jv g
0
-v g

1
j xx xy 

2 cos rrk 

(v 3 k + V . 2 k k)2 (V . 3 k V 2 k . k)2 
xxcos 7f 2 xys1n 7f 2 cosrr 2 + xxs1n 7f 2 + xycos 7f 2 s1nTI 2 

Along the symmetry directidn ~ = 2rr (k,O,O), the singly degenerate 
a 

eigenvalues are given by 

E(k) E 
s 

k E -E +U ±(V +V )cosrr 2 + · p S XX SS XX 
2 

± 1 (E -E +U ±(V -V )cosrr ~) 2 + (2V sinrr ~ ) 2 
2 p S XX XX SS 2 Sp 2 

The doubly degenerate.eigenvalues along~ are given by 
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E = E +(E -E )+U cosrrk ± ..J(v cos'IT ~2 ) 2 + (V sinrr ~) 2 
S p S XX XX . xy 2 

Along the symmetry direction ~ 2 (k,k,O), the energy of the fourth 
a 

valence band is given by 

E(k) = E +(E -E )+U cosrrk-(V cos2rrk+V sin2rrk) 
S p S XX XX XY 

Changing the sign of V and V gives the result for one of the conduction xx xy 

bands. 

The tight binding expressions sometimes give equalities between 

1 1 1 
energies at different points in the Brillouin zone, e.g. E4 (2•2•2) = 

1 1 1 
E4 (2'2'0) = Ep - 2 (Vxx+Vxy), where the subscripts refer to the band 

index. This equality holds only when a few parameters are used and 

as it stands it is incompatible with the results of EPM calculations116 •117 

which show a difference of 0.1-0.2 eV between the two states. The 

interaction parameters can be determined by using the following 

For the zincblende crystals the eigenvalues at the symmetry points 

r, x and L are given by 

E +E 1C -· Y so S· 
v2 E(f 

1
) 1 ± 

sO sl 
+ = 2 2 ss 

1("Po:Epl) 2 
E +E 

E(fl5) = 
Po pl 

± + v2 (triply degener~te) 2 XX 
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E +E ~CPo-EPl) 2 + v2 E{X1) 
so pl 

± = 2 2 s
0

p .. 
E +E ~e -E r E{X

3
) 

sl Po 
± + v2 = 

sl Po 
2 2 slp 

E +E ~c -E r E{X
5

) 
Po pl 

± + v2 = 
Po P1 

2 2 xy 

E +E ~c -E Y E{L
3

) 
Po pl 

± 1 + {V +V ) 2 = 
Po P1 

2 2 2 XX xy 

The energies of the bands for k = 2
TT {l,k,O) is equal to the 

a 
energies 

at X when only the nearest neighbor interactions listed above are used. 
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Table I. Tight-binding interaction parameters {in eV) for C, Si 
and Ge. The parameter Uxx represent a second nearest 
neighbor interaction. The parameter Es determines the 
zero of energy and is arbitrary. 

E (E -E ) v v v v u 
s p s ss sp xx xy 

c 7.40 -15.2 10.25 3.0 8.30 

xx 

{"I • 
,) _l 7.20 -8.13 5.88 1.71 7.51 -1.46 

Gc 8. 1~1 -6.78 5.31 l. 62 6.82 -1.0 
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Tab.le II. Comparison of the energy eigenvalues of C, Si and Ge at 
some symmetry points in the Brillouin zone. The energies 
in (eV) are measured relative to the top of the valence 
bands at r25'" 

c Si Ge 

State Tight- DVMa Tight- EPMb Tight- EPMc 
Binding Binding Binding 

1'25' 0 0 0 0 0 0 

rl -19.6 -19.6 -12.16 -12.16 -12.57 -12.57 

r15 6.0 6.0 3.42 3.42 3.24 3.24 

r2, 10.8 10.8 4.10 4.10 0.99 0.99 

L2, -15.2 -14.5 -9.44 9.57 -10.30 -10.30 

Ll -9.8 -11.7 -7.11 -6.98 -7.52 -7.52 

L3, -2.6 -2.4 -1.44 -1.23 -1.60 -1.44 

xl -11.6 -11.6 -7.70 -7.70 -8 o 6 0 1 -8.56 

xt~ -5.3 -5.3 -2.87 -2.87 -3.20 -3.20 

1.:(0.5,0.5,0) -2.35 -3.84 -3.74 -3~80 -3.80 

E(0.7,0.7,0) -1.83 -4.32 -4.46 -4.29 -4.29 

a. Ref. 115. 

b. Ref. 117. 

c. Ref. 10. 

·~ 



....... .-:· ...... . 

I. 

-195-

Table III. Interaction parameters (in eV) appropriate for C, 
Si and Ge when second nearest neighbor interactions 
are ignored. The parameter E is arbitrary. 

s 

E (E -E ) v v vxx vxy s p 5 ss sp 

c 7.40 -15.2 10.25 3.0 8.3 

Si 7.20 -8.13 5.88 3.17 7.51 

Gc 8.41 -6.78 5.31 2~62 6.82 
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Table IV. Interaction parameters (in eV) between directed 
orbitals for C, Si and Ge. These parameters are 
related to those in Table III through the equations 
given in Sec. II. The parameter y1 can be chosen 
arbitrarily. 

y 1 y2 y3 y4 Y5 y6 

c -1.85 -8.47 -1.01 -0.52 0.81 

Sl -1.80 -6.13 -0.11 -0.51 0.57 

Ge -2.10 -5.L~6 -0.07 -0.45 0.60 
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Table V. Interaction parameters (in eV) for GaAs and ZnSe. The four 
intra-atomic parameters E , E , E and E give information 

so sl Po P1 

ZnSe 

only.on the relative energy differences between the tight
binding s and p functions. The subscripts 0 and 1 refer to As 
(or Se) and Ga (or Zn) respectively. 

E E 
sl Po 

-IJ.Ol -4.79 0.19 

-11.~2 -0.28 0.12 

E 
pl 

4.59 -7.00 

7.42 -6.14 5.47 4.73 

v 
XX 

0.93 

0.96 

v xy 

4.72 

4.33 
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Table VI. Tight-binding parameters .(in eV) between directed orbitals 
for GaAs and ZnSe. These parameters are related to those in 
Table V through the relations given in Sec. II. 

Ct l al a2 a2 a3=a3 a4 a4 cx.5 

GaAs -1.36 2.25 -1.55 -2.35 -4.44 -0.92 -0.03 -0.28 

ZnSe -2 01 11 5.57 -2.26 -1.93 -4.12 -0.51 -0.32 -0.23 

Ct6 

0.66 

0.62 
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Table VII. Comparison of the energy eigenvalues of GaAs and ZnSe at some 
symmetry points in the Brillouin zone. The energies in (eV) 
are measured relative to the top of the valence bands at r

15
. 

GaAs ZnSe 

State Tight-binding EPMa Tight-binding EPMb 

1'15v 0 0 0 0 

r J.v 
-12.4 -12.4 -12.1 -12.1 

r 1.6 1.6 2.9 2.9 
J.c 

f' 4.8 4.8 7.5 7.5 
15c 

Ll.v -10.7 -10.5 -11.0 -10.9 

J, /. -6.2 -6.7 -4.7 -4.9 
.v 

LJv -1.2 -1.2 -0.75 -0.75 

1'lc 
1.7 1.6 3.9 4~1 

L3c 6.0 4.8 8. 3- 7.9 

xlv -9.7 -9.7 -10.6 -10.6 

X -6.8 -6.8 -4.8 -4.8 
. 3v 

X 5v 
-2.8 -2 .a -1.9 -1.9 

xl 2.2 2.2 4.7 4.7 
c 

r.rnin -3.1 -4.1 -2.1 -3.2 .1 

a. Ref. 12. 

b. Ref. 18. 
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Table VIII. The average s and p characters for the valence 
bands of C~ Si, Ge, GaAs and ZnSe. 

Band 1 Band 2 Bands 3,4 
s,p s,p s ,p 

c 0.84,0.16 0.39,0.61 -o,1 

Si 0.9,0.1 0.45,0.55 -0,1 

Gc 0.9,0.1 0.57,0.1~3 -0,1 

CaAs 0.88,0.12 0.61,0.39 -0,1 

/, n ::-;(~ 0.94,0.06 0.42,0.58 -o,1 
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Figure Captions 

Fig. 1. Tight-binding s-orbitals on a tetrahedron . 

Fig. 2. Band structure and density of states of s-states for diamond 

structure crystals. 

Fig. 3~ Band structure and density of states of p-states for diamond 

structure crystals. 

Fig. 4. Directed sp3 orbitals on two adjacent tetrahedrons. The 

different possible interactions of the orbitals on the 

rtearest neighbor atoms are given in Sec. 2. 

Fig. 5. The density of states of Ge with and without second nearest 

neighbor interaction. The second nearest neighbor interaction 

splits the energies at X arid W and gives rise to extra 

structure in the density bf states. 

Fig. 6. Band structure and density of states of diamond. 

Fig. 7. Tight-binding band structure and density of states of Si as 

compared to the results obtained from empirical pseudopotential 

calculations. (Ref. 117) 

Fig. 8. Tight-binding band structure and density of states of Ge as 

compared to the results obtained from empirical pseudopotential 

calculations. (Ref. 12) 

Fig. 9. Tight-binding band structure and density of states of GaAs 

compared to the results of EPM calculations. (Ref. 12) 

Fig. 10. Tight-binding band structure and density of states of ZnSe 

compared to the results of EPM calculations. (Ref. 118) 
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B. Intrinsic (111) Surface States of Ge, GaAs and ZnSe 

Abstract ~ 

In this section we study the intrinsic (111) surface states of Ge, 

GaAs and ZnSe using the tight-binding method. The local density of 

states of atoms on different layers are calculated and the various 

types of surface states are discussed. The effects of relaxation on 

the surface states are examined for Ge. 

1. Introduction 

The tight-binding (TB) method is very useful in providing a 

practical and relatively simple way of studying the electronic surface 

states of semiconductors. By using a small number of interaction 

24 parameters it is possible to obtain good results for both bulk and 

. 25 26 119 25 26 surface states of d1amond ' ' and zincblende type ' compounds. 

The (TB) parameters appropriate for Ge, GaAs and ZnSe were obtained 

in section A. In this section we wish to describe in more detail the 

(111) surface states of Ge, GaAs and ZnSe. Similar calculations on the 

(110) surface of diamond and zincblende semiconductors have also been 

120 
recently done. Surface reconstruction is not considered in our 

calculation, however, the effects of surface relaxation are studied for 

Ge. The local density of states (LDS) for surface atoms and atoms close 

to the surface layer are calculated. The character and degree of 

localization of the charge density associated with the various surface 

states are also calculated. 

This paper is organized in the following way. In section 2 we 

briefly discuss some aspects of the calculation and give the interaction 



.. 

-213-

parameters we have used. The surface states of Ge with and without 

relaxation effects are studied in section 3. The (111) and (lll) 

surfaces of GaAs and ZnSe are discussed in section 4. 

2. Calculation 

The calculation of surface states by the TB method for group IV 

. 1 h b di d b H. b h.lll d h d d h mater1a s as een scusse y 1ra ayas 1 an we ave exten e t e 

method to zincblende compounds. In the calculation of surface states 

we have taken a system consisting of a finite number, N, of atomic 

layers. To distinguish surface states from bulk states without 

ambiguity we have taken N = 16. For GaAs or ZnSe the atomic layers 

are composed only of one type of atom which alternate between the 

Ga-type and As-type atoms. 

The interaction parameters for Ge, GaAs and ZnSe are the same as 

those determined.in seetion A. 

To simulate the effects of surface relaxation for Ge we have 

121 
assumed that the surface layer moves inward by 0.3 A and we have 

changed the interatomic interaction parameters at the surface according 

119 
to 

0 
Hij exp(l3ilR) 

where H?. is the matrix elements given above and ilR is the change in the 
1] 

nearest-neighbor distance. This approximation works well in the case 

f S . 119 
. 0 1. We have used 13 = 10.4/a where a is the cubic lattice constant . 

The intra-atomic interaction parameter y
2 

was also changed (as in Ref. 122) 

to account for the change in the s-p character of the orbitals resulting 

from relaxation. 
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We have calculated the local density of states N~(E) of atoms on 

different layers for Ge, GaAs and ZnSe. To do this the expression 

~ ~ o(E-E (~J>I <111 l<t>. > 12 

i ~.n n · ~.n 1 

was used where 111 is the total wavefunction corresponding to the 
K,n 

nth eigenvalue, and the sum i is over the orbitals of the atoms on 

a particular layer. All the densities of states curves discussed in 

the next section have been normalized to the bulk (or crystalline) 

density of states to facilitate comparison between them. 

3. Results 

a. Ge: Unrelaxed Surface. In Fig. 1 we show the total density 

of states of 16 layers together with the LDS of the surface layer. 

Figures 2 and 3 show the LDS of a layer just below the surface (denoted 

by (Ge)
2

) and the LDS of atoms four layers below the surface (Ge)
5

• 

The total density of states of 16 layers (Fig. 1) is very similar to 

the bulk (or crystalline) density of states shown in Fig. 3, except 

for structure arising from the two surfaces. In particular the 

the structures s
1 

and T
1 

are associated with localized surface states 

and can be seen to become weaker as we go away from the surface. The 

123 peak denoted s
1 

is seen in energy loss spectroscopy; it has an 

integrated weight equal to one electron per surface atom. · It has a 

width of about 1 eV and lies 0.4 eV above the top of the bulk valence 

bands E • Over 70% of the charge density associated with this peak 
v 

is localized in the first two layers at the surface: 52% at the surface 

layer and 20% on the layer below. The Fermi energy EF lies about 0.6 eV 
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The energy E in Fig. 1 gives the energy 
s 

at which the integrated LDS of surface atoms equals the number of 

surface atoms (so that the surface is neutral); it is less than 0.1 eV 

away from EF in the unrelaxed surface configuration. 

The contribution to the s
1 

peak comes mainly from the dangling 

bond states and also from the back-bonding states of the atoms on the 

layer below the surface. As seen in Figs. 1-3 these states become 

progressively weaker as we go away from the surface and virtually 

disappears within four to five layers below the surface. 

The T
1 

peak in Fig. 1 corresponds to back-bonding surface states. 

Only certain wavevectors in the region near the point K (corner of the 

hexagonal Brillouin zone) contribute to this peak. At K the charge 

density associated with T
1 

has a concentration of 80% on the surface 

layer. The average contribution over the Brillouin zone is however 

much smaller and the integrated weight of the structure is equivalent 

to 0.25 electrons per surface atom. 

The structures R
1 

and R
2 

(Fig. 1) are resonant states also 

associated with back-bonding states. The wavefunctions associated 

with these states have a charge density of about 0.15 electrons per 

atom at the surface layer. The n
1 

structure (Fig. 1) is not associated 

with any surface states but apparently results from the use of a finite 

number of layers; the states involved have a small dispersion throughout 

the Brillouin zone. 
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The Figs. 1-3 show that the LDS of atoms o~ the surface layer and 

on layers near the surface are remarkably similar to the total 

density of states (of 16 layers) or to the bulk densit:r of states 

(except, of course, for the presence of surface structure). Most of 

the small step-like structures evident in these figures result from 

the use of a finite number of planes in the calculations and they 

gradually disappear as more planes are used. We have smoothed out 

the step-like structures and the noise in the densities of states by 

using Gaussian functions 0.15 eV wide at half-maximum. 

The structures we have obtained for the (111) surface of Ge are 

4 very similar to those for a (110) surface except for the T
1 

peak 

which is absent for the (110) surface. The existence of the T
1 

structure is however very sensitive to the value of the structure 

factor describing the relative positions of the atoms on the surface. 

b. Ge: Relaxed Surface. The effect of surface relaxation on the 

LDS of the atoms on the surface layer is shown in Fig. 4. As can be 

seen relaxation results in the appearance of new surface states denoted 

by s
2 

and s
3 

and a weakening of the s
1 

and T
1 

states. There is a 

broadening of about 0.4 eV in the top valence bands for states near 

the surface. The energy E which corresponds to the neutrality level 
s 

for the surface layer is 2.0 eV below EF. This shift in E (relative 
s 

to the unrelaxed case) would result in an excess charge density of 

0.07 electrons per surface atom but this is unlikely since band bending 

near the surface would cause a redistribution of the surface charge. 
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The integrated weight of the s
1 

peak in the total density of 

states (Fig. 5) is still equivalent to one electron per surface atom. 

But the charge dneisty associated with this peak is not strongly 

concentrated on the surface layer but extends over the first four 

layers at the surface. 

The s
2 

and s
3 

surface states result from surface relaxation and 

correspond to back-bonding orbitals of the first two atomic layers. 

At the K point of the zone the charge associated with the s
2 

structure 

is completely localized on the first two layers. The localization is 

however much smaller (about 10%) for most of the other points in the 

zone. The s
3 

structure has a weight of 0.35 electrons per surface atom 

over an energy range of about 3 eV. The T
1 

structure is strongly damped 

by relaxation and this may explain why it has not been observed experi-

mentally. A comparison of Figs. 1-4 shows that relaxatio11 effects are 

very important in the description of surface states. Although we have 

treated surface relaxation only approximately here the results give 

an indication of the type of changes that occur as a result of 

relaxation. 

4. Surface States of GaAs and ZnSe 

The (111) surface is not a cleavage plane for zincblende crystals, 

however it has recently become possible to prepare such surfaces by 

Ar+ bombardment and annealing under ultra high vacuum conditions124 •125 

d h . . 124 d 1 125 . h b d an p otoem1ss1on an energy oss exper1ments ave een one on 

GaAs and GaP samples. The (111) surfaces are polar, i.e., the layers 

alternate between Ga-type and As-type atoms. 
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In Figs. 5-9 we show the results of our calculations on a system 

consisting of 16 layers. The notation used in these figures is as 

follows. The various layers are numbered consecutively so that [Ga]
1 

refers to the gallium and (As)
1 

to the arsenic surface layers 

respectively. Layers near the Ga surface are denoted by brackets and 

those near the As surface by parenthesis. Thus [As]
2 

refers to the 

arsenic layer just below the Ga surface layer and (Ga)
2 

t0 the gallium 

layer next to the As surface layer. A similar procedure is also used 

for identifying the Zn and Se layers in ZnSe. 

Let us now examine the detailed structure in the densities of 

states. A comparison of Figs. 5 and 8 shows the structures in GaAs 

and ZnSe to be very similar. The only differences between the two are 

in the width of the surface peaks and the degree of charge localication 

in each peak. We will discuss these in detail later in this paper. 

For the moment we will give a general description of the surface states 

and concentrate on GaAs. 

Figure Sa shows the LDS of the gallium surface layer [Ga]
1 

, the 

LDS of the arsenic layer below it [As] 2 , together with the total 

density of states for 16 layers. The LDS of the As surface layer, 

(As)
1 

and the gallium layer next to it, (Ga)
2 

are shown in Fig. Sb. 

The structure Ao corresponds to the first conduction band in the 

zincblende phase (see also Fig. 7). The peaks A
1

, ••. ,A
4 

are however 

associated with the various surface states. The peaks A
1 

corresponds 

to a mixture of dangling bond Ga ~tates together with back-bonding As 

states. The peak A
2 

however is almost totally an As dangling bond 

state. It is interesting to note that nearly all the contribution 



-219-

to the A
1 

(A
2

) peak comes from atoms near the Ga (As) surface layer. 

There is, for example, practically no contribution to the A
2 

(As

dangling bond state) from As atoms near the Ga surface layer; only 

As atoms near the As surface contribute to this peak. 

The A
3 

structure corresponds to Ga surface states which overlap 

with the bulk valence bands. These surface states are associated 

with Ga back-bonding orbitals. Gallium atoms on both the Ga-rich and 

As-rich sides contribute to the A
3 

peak. The localization of the 

charge density at the surface layer is less for this state than for 

the A
1 

and A
2 

peaks. Our calculation also shows As surface states 

overlapping with bulk bands at -3 eV, near the region that corresponds 

.....min to the L1 edge for the zincblende case. (The zero of energy in 

Figs. 5-9 has been chosen at the top of the bulk valence bands. This 

also happens to be (see Fig. 7) the energy for the top As (Se) surface 

states.) The A
4 

structure corresponds to As back-bonding states and 

the major contribution to it comes from the As surface layer. There 

is no contribution to A
4 

arising from As or Ga atoms near the Ga rich 

surface. 

We will now examine the. character and degree of localization of 

the various peaks in GaAs and ZnSe. The A1 structure in GaAs (ZnSe) 

has an integrated weight of one electron per Ga (Zn) surface atom 

and the Fermi energy lies in the middle of this peak. The Ga (Zn) 

dangling orbitals contribute 0.32 (0.55) electrons to the whole peak 

while the As (Se) back-bonding states next to the surface layer 

contribute 0.47 (0.33) electrons. About 80% of charge density 
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associated with A
1 

is therefore seen to be localized within the first 

two surface layers with a stronger localization in the case of the 

more ionic ZnSe. 

The integrated weight of the A2 structure is one electron per 

As (Se) surface atom. The As (Se) dangling bond orbitals contribute 

0.71 (0.82) electrons to this structure. The Ga (Zn) atoms next to 

the surface layer make no contribution to this peak but other As (Se) 

layers near the surface make smaller contributions to A
2 

as can be 

seen from Figs. 5-9. 

In the A
3 

structure surface states begin near the edge of the band 

and extend over an energy range of about 1 eV. The localization at 

the surface of the states associated with A
3 

are on the average smaller 

than those for A
1 

and A
2

• The A
3 

peak is very interesting in that 

Ga (Zn) and As (Se) atoms near both the Ga (Zn) rich and As (Se) rich 

surfaces contribute to it as can be seen from Figs. 5 and 8. The major 

contribution in GaAs is from Ga back-bonding orbitals located at the 

Ga surface layer or on Ga atoms on the layer below the As surface. 

The contribution of As back-bonding orbitals on both the Ga and As 

side of the surface is about half as large as that coming from the Ga 

orbitals. In ZnSe the Zn and Se atoms contribute almost equally to 

the A
3 

structure. 

The As (Se) back-bonding orbitals on both the As (Se) surface and 

on atoms next to the Ga (Zn) surface layer also give rise to surface 

states which are very similar to A
3

• These states occur at -3 (-2) eV 

in GaAs (ZnSe) for wavevectors near K. 
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The A
4 

states are very strongly localized on the As (Se) surface 

atoms. Figure 4 shows the A
4 

structure to have a very small overlap 

with the bulk states. The integrated weight of A
4 

is equivalent to 

1 electron per As (Se) surface atom. The As (Se) back-bonding surface 

orbitals contribute about 0.36 (0.78) electrons and the Ga back-bonding 

orbitals next to the As surface atoms contribute 0.11 (0.10) electrons. 
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Figure Captions 

Fig. 1. Total density of states (solid line) of Ge for a system 

consisting of 16 layers. The local density of states 

(dashed line) of surface atoms has been normalized to the 

total density of states for a better comparison between the 

two. 

Fig. 2. Local density of states (LDS) of Ge atoms on the layer below 

the surface. Surface states are labelled in Fig. 1. 

Fig. 3. Local density of states of Ge atoms four layers below the 

surface (solid line) and the bulk (or crystalline) density 

of states (dashed line). 

Fig. 4. Total density of states (solid line) of Ge for a system 

consisting of 16 layers and for a relaxed surface. The 

local density of states of surface atoms is also shown. 

Fig. 5. Total density of states (solid line) of GaAs for a system 

of sixteen layers (a) and (b). The local densities of states 

(LDS) of Ga surface atoms denoted by [Ga]
1 

and the LDS of 

the As layer [As]
2 

next to the [Ga] 1 are also shown in (a). 

The corresponding LDS for the As surface are shown in (b). 

Fig. 6. The LDS of Ga atoms [Ga]
5 

on a plane four layers below the 

[Ga]
1 

surface (solid line) and the LDS of [As]
6 

atoms five 

layers below the surface (dashed line) are shown in (a). 

The corresponding features for atoms below the As surface 

are shown in (b). 

.... 
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Fig. 7. The total density of states of GaAs for a system consisting 

of 16 layers (solid line) as compared to the bulk crystalline 

density of states calculated using the same interaction 

parameters. The dotted zincblende curve refers to the bulk. 

Fig. 8. The LDS of [Zn]
1

, (As) 1 surface atoms and the LDS of [Se] 2 

and (Zn)
2 

atoms next to the surface layers. See also caption 

for Fig. 5. 

Fig. 9. See caption for Fig. 6. 
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