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Abstract

Extremely Correlated Fermi Liquid theory of the t− t′ − J model in low dimensions

by

Peizhi Mai

In this work, we apply the extremely correlated Fermi liquid (ECFL) theory into studying

the t-t′-J model in one and two dimensions. In 1-d, we combine ECFL and time depen-

dent density matrix renormalization group (tDMRG) method. The two methods provide a

unique insight into the strong momentum dependence of the self-energy of this prototyp-

ical non-Fermi liquid, described at low energies as a Tomonaga-Luttinger liquid. We also

demonstrate its intimate relationship to spin-charge separation, i.e. the splitting of Landau

quasiparticles of higher dimensions into two constituents, driven by strong quantum fluc-

tuations inherent in one dimension. In 2-d, low energy properties of the metallic state of

the two-dimensional t-J model are presented for second neighbor hopping with hole-doping

(t′ ≤ 0) and electron-doping (t′ > 0), with various superexchange energy J . The density and

temperature dependent spectral properties, resistivity and Hall response are calculated. The

spectral features display high thermal sensitivity at modest T for density n ≥ 0.8, implying

a suppression of the effective Fermi-liquid temperature by two orders of magnitude relative

to the bare bandwidth. Flipping the sign of t′ or varying doping δ changes the curvature

of the resistivity versus T curves between convex and concave, consistent to experimental

findings.
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Chapter 1

Introduction

The phenomenon of high Tc superconductivity was discovered in 1986 [1] and

has inspired huge experimental and theoretical effort to explore the underlying mechanism.

Experimental techniques like angle resolved photoemission spectroscopy (ARPES) [2] and

low temperature scanning tunneling microscopy (STM) [3] were developed to unveil the

complexity of high Tc materials. Among them the cuprates are one of the best studied

families and its schematic phase diagram is shown in Fig. (1.1). We can see that the

superconductivity is only one piece in the rich phase diagram which should be understood

as a whole and this material has other interesting phases like “Normal” (strange) metal and

pseudo-gap.

It is generally accepted that the parent compound of the high Tc materials should

be a Mott insulator [4]. It is supposed to be a conductor based on the conventional band

theory but in fact an insulator due to strong electron-electron interaction. The strong

correlations are one of the main differences between high Tc materials and conventional
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Figure 1.1: Schematic phase diagram for cuprate in electron-doped (left) and hole-doped
(right) cases from Ref. [2].

superconducting materials described by the Fermi liquid and BCS theory. Therefore un-

derstanding the correlation effect in two dimensions (2-d) is the key to explain the high Tc

superconductivity and other related phenomena.

The t-J model where extreme correlations are manifest, plays a fundamentally

important role in understanding the physics of correlated matter, including high Tc su-

perconductors [5, 6]. It is a prototype of extreme correlations by applying the Gutzwiller

projection to exclude double occupancy of fermions in the same site. However, calculations

on this model are very challenging. The application of Gutzwiller projection changes the

canonical anti-commutation relations to a more nontrivial Hubbard (Lie) algebra, leading to

its non-canonical nature. Also there is no obvious small parameter for systematic expansion.

Hence one has to abandon conventional perturbation theory.
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Several numerical techniques arise to solve the t-J model as well as other models

of strongly correlated electrons approximately in a certain parameter region. Among them

there are dynamical mean field theory (DMFT), quantum Monte Carlo methods (QMC),

density matrix renormalization group (DMRG), etc.

DMFT [7, 8] maps a quantum lattice problem into a quantum impurity problem

with the condition that the impurity Green’s function is the same as the original lattice

Green’s function. The impurity Green’s function can be easily obtained since there are

well-established numerical techniques like numerical renormalization group [9] for quantum

impurity model. Next extract the impurity (k-independent) self-energy and take it as an

approximation of the lattice self-energy to update the lattice Green’s function. Then go

back to the mapping and continue this self-consistent loop until the convergence is obtained.

The key approximation in DMFT is the assumption of a local self-energy. Like classical

mean field theory, DMFT becomes more accurate as dimension increases and exact in the

limit of infinite dimension[10, 11]. In this limit, the lack of k dependence simplifies the

calculation but one can still consider the nontrivial correlation between electrons [11]. The

simpler result in this limit can shed some light on understanding the correlation effect on

local quantities in lower dimensions.

In lower dimensions, a k-dependent self-energy is inevitable. In fact, there are

very interesting k-dependent phenomena like the low energy kink in the ARPES data for

cuprates [2] and the Fermi arc in the pseudogap phase [4]. The DMFT can be a reasonable

approximation when the strongly correlated self-energy has weak k dependence as will be

discussed in Chapter 3 for the normal state of 2-d t-J model. But it may not be enough
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to explain strongly k-dependent result like Fermi arc. A natural extension would be having

a cluster of impurities instead of a single one, which is cluster DMFT (CDMFT)[8]. Since

each cluster contains a mean field in a piece of lattice, the resulting ”cluster lattice” is

usually more comprehensive than a regular lattice at the same size in the sense of less finite

size effect and closer to thermal dynamic limit [12]. CDMFT is usually relevant to QMC

methods because it uses QMC methods like continuous-time QMC or determinant QMC as

the impurity solver.

QMC includes a family of computational methods using Monte Carlo method to

handle the multi-dimensional integral in the quantum many body problem. For exam-

ple, at zero temperature, the variational QMC method is used to obtain the approximate

ground state of the system[13]. At finite temperature, one can use determinant QMC [14]

and continuous-time QMC [15] to calculate the partition function approximately and then

derive thermodynamic quantities. The QMC method using random numbers is straight-

forward and friendly to parallel computing schemes and therefore widely applied to study

many body systems. It is quite successful for bosonic systems [16], but gets restricted by

the sign problem when simulating interacting Fermion systems [17]. Since the wave func-

tion changes sign when exchanging two Fermions, the multi-dimensional integral involves

large cancellation. Evaluating it by the finite random sampling in QMC could lead to an

unphysical negative result, unless the system symmetry forces it to be positive definite like

the half-filling case in the Hubbard model[17]. Hence the QMC method works well for small

doping or high temperature in Fig. (1.1) where the sign problem is relatively less severe and

becomes less reliable entering the optimal doping (where Tc becomes the highest) region
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at low temperature. As CDMFT typically uses QMC as an impurity solver, it also suffers

from the sign problem in handling strongly correlated Fermion systems in general.

There are also various numerical techniques in the spirit of renormalization group

(RG), such as NRG and DMRG. The RG idea is to integrate out all high energy degrees

of freedom and keep only the effectively low energy part of the system. Typically one

starts from exactly diagonalizing a small system and keeping only some selected states as a

restricted Hilbert space. Then combine it with an identical or similar system and solve the

resulting bigger system within the restricted Hilbert space. Enlarge the system size in this

way until desired resolution is reached. NRG keeps only the low energy states and works well

in quantum impurity problem [9]. But it fails in the lattice model because the low energy

states for the smaller system is not quite helpful in approximating the low energy states for

the bigger system due to the treatment of boundary and the error grows rapidly with system

size [18]. The DMRG [18, 19] technique overcomes this difficulty by keeping the states with

high eigenvalues (weight) in density matrix. It becomes an very accurate method for one-

dimensional (1-d) system with strong correlations, which has nontrivial k dependence. Its

application into two-dimensional systems is ongoing. Although the computational effort

grows exponentially with the system width, DMRG is still one of the most powerful tool for

studying the strongly correlated Fermion in 2-d [20] which suffers a sign problem in QMC

methods.

However, the analytical progress has been very slow due to the breakdown of

perturbation theory. To overcome this challenge, the extremely correlated Fermi liquid

theory (ECFL) was recently developed by Professor Shastry and his group [21, 22, 23].
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This theory represents the Gutzwiller projected fermions in terms of nonlinear combination

of canonical fermions, analogous to the Dyson-Maleev representation of spins [24] used in

quantum magnets. Under extreme correlation U →∞ the ECFL theory uses a systematic

expansion in a bounded parameter λ ∈ [0, 1], representing the extent of excluding double

occupancy, analogous to the expansion parameter 1
2S in representing spin S variables via

canonical Bosons.

In an actual calculation, we truncate the λ expansion at finite order and set λ→

1 (complete exclusion of double occupancy). We solve the resulting set of finite order

equations numerically and self-consistently to obtain the Green’s function for correlated

Fermions. At finite order approximation the theory becomes worse as approaching the half-

filling limit δ → 0. In fact, even the second order equations already contain nontrivial results

for δ ≥ 0.25. To improve the original second order results, we either impose the physical

spectral weight leading to the correct quasiparticle weight and put in the Tukey window to

kill the unphysical tail of spectral function at very high energy [25], or include high order

corrections, which is an ongoing research. With recent advances in the theory[26], it is

possible to represent the ECFL equations to any order in λ in terms of diagrams which are

generalizations of the Feynman graphs. We can consider diagrams at any order directly,

without having to consider previous orders.

Before applying ECFL into studying two-dimensional strongly correlated systems,

we have benchmarked it against some ARPES data and available theories under certain

conditions. A phenomenological version of ECFL [27] has been built up to explain the

ARPES spectral line shape and the low energy kink. The (microscopic) ECFL theory has
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been benchmarked against the numerically exact results from NRG on the infinite-U single

impurity Anderson model [28], and DMFT on d =∞ infinite-U Hubbard model [25, 29]. The

agreement indicates that ECFL captures the right correlation effects and doping dependent

behavior. It is natural to ask whether ECFL can characterize the k dependent behavior

nontrivial in lower dimensions and compute physical quantities consistent with experiments.

Some tentative comparisons have been done. In 2-d, ECFL has been compared well with

the high Temperature expansion in the infinite-U Hubbard model [30]. A second order

ECFL calculation has been done for the normal state (paramagnet) in 2-d t-J model at low

temperature but only at the overdoped region δ ≥ 0.25 [31]. A series of literature about

ECFL can be found in Ref. [32].

Now that we have an improved second order scheme [25], we are ready to explore

one of the most interested and challenging region, namely the optimal doping region δ ≈ 0.15

at low Temperature [33, 34], where the sign problem is severe in QMC methods[12]. Another

interesting question is how well ECFL is able to describe the 1-d strongly correlated system

with nontrivial k dependent properties. In 1-d, the Tomonaga-Luttinger liquid physics

dominates due to strong fluctuations. The Landau quasi-particle in d > 1 is factorized into

separately propagating constituents (spinon and holon), as a consequence of this strong

quantum fluctuations. Unlike 2-d where no reliable technique is available in our interested

region, DMRG provides provides nearly exact results in 1-d. Through benchmarking against

DMRG in 1-d t-J model, we would know whether ECFL can capture the k-dependent

behavior under strong correlations [35]. Applying ECFL into 1-d and 2-d strongly correlated

systems is where I contributed the most and hence the focus of the thesis.
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The thesis is structured as follows. The t-t′-J model and the detailed ECFL

formalism is introduced in Chapter 2. The application of ECFL in one-dimensional t-t′-

J model is presented in Chapter 3 and is shown to well compare with time dependent

density matrix renormalization group. Both methods capture the feature of Tomonaga-

Luttinger liquid, namely the spin-charge separation. An important result is the unveiling of

a strong momentum dependence of the self-energy of the t-t′-J model in both methods, and

elucidation of its relationship to spin-charge separation. Chapter 4 shows the ECFL results

in two-dimensional t-t′-J model. We first present the spectral properties such as spectral

function, self-energy and quasiparticle weight, directly from solving the ECFL equations.

Then the resistivity is calculated within the bubble approximation and the comparison with

experiment is discussed. At the end, we provide some results on Hall response as a trigger

for further research. Chapter 5 is my publication and preprint list during my PhD career.
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Chapter 2

ECFL formalism

This chapter is from Ref. [33].

2.1 The t-J model preliminaries

The t-J model is a two component Fermi system on a lattice, defined on the

restricted subspace of three local states, obtained by excluding all doubly occupied configu-

rations. The allowed states at a single site are |a〉 with a = 0, ↑, ↓, and the double occupancy

state | ↑↓〉 is removed by the (Gutzwiller) projection operator PG = Πi(1−ni↑ni↓). We use

the Hubbard operators Xa,b
i = |a〉〈b|, which are expressible in terms of the usual Fermions

Ciσ, C
†
iσ and the Gutzwiller projector PG as:

Xσ0
i = PGC

†
iσPG; X0σ

i = PGCiσPG; Xσσ′
i = PGC

†
iσCiσ′PG. (2.1)

These obey the anti-commutation relations

{X0σi
i , X

σj ,0
j } = δi,j

(
δσi,σj − σiσjX

σ̄i,σ̄j
i

)
(2.2)
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and the commutators

[X0σi
i , X

σjσk
j ] = δijδσiσjX

0σk
i ; [Xσi0

i , X
σjσk
j ] = −δijδσiσkX

σj0
i . (2.3)

The Hamiltonian of the general t-J model HtJ is

HtJ = Ht +HJ ,

Ht = −
∑
ij

tijX
σ0
i X0σ

j − µ
∑
i

Xσσ
i ; HJ =

1

2

∑
ij

Jij

(
~Si.~Sj −

1

4
Xσσ
i Xσ′σ′

j

)
, (2.4)

where we sum over repeated spin indices. Here µ is the chemical potential and the spin

is given in terms of the Fermions and the Pauli matrices ~τ as usual ~S = 1
2X

σ0
i ~τσσ′X0σ′

i .

We will restrict in the following to nearest neighbor exchange J , and first (t) and second

neighbor (t′) hopping on a square lattice.

For the purpose of computing the Green’s functions we add Schwinger sources

to the Hamiltonian; the commuting (Bosonic) potential V couples to the charge as well

as spin density. These sources serve to generate compact Schwinger equations of motion

(EOM), and are set to zero at the end. The zero source equations are usually termed as

the Schwinger-Dyson equations. In that limit we recover spatial and temporal translation

invariance of the Greens function. Explicitly we write

ÂS =
∑
i

∫ β

0
ÂS(i, τ)dτ ; ÂS(i, τ) = Vσ′σ

i (τ)Xσ′σ
i (τ), (2.5)

and all time dependences are as in Q(τ) = eτHtJQe−τHtJ . The generating functional of

Green’s functions of the t-J model is

Z[V] ≡ TrtJ e
−βHtJTτ

(
e−ÂS

)
. (2.6)
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it reduces to the standard partition function on turning off the indicated source terms. The

Green’s functions for positive times 0 ≤ τj ≤ β, are defined as usual:

Gσσ′(iτi, fτf ) = −〈Tτ
(
e−ÂSX0σ

i (τi)X
σ′0
f (τf )

)
〉. (2.7)

where for an arbitrary Q we define

〈Q〉 ≡ 1

Z
TrtJ e

−βHtJTτ

(
e−ÂSQ

)
(2.8)

We note that nσ, the number of particles per site, is determined from the number sum rule:

nσ = Gσσ(iτ−, iτ), (2.9)

and µ the chemical potential is fixed by this constraint. By taking the time derivative of

Eq. (2.7) we see that the Green’s function satisfies the EOM

∂τiGσiσf (i, f) = −δ(τi − τf )δif (1− γσiσf (iτi))

− 〈Tτ
(
e−ÂS [HtJ + ÂS(i, τi), X

0σi
i (τi)] X

σf0
f (τf )

)
〉

(2.10)

where the local Green’s function is defined as

γσaσb(iτi) = σaσbGσ̄bσ̄a(iτ−i , iτi) , (2.11)

with the notation

σ̄i = −σi. (2.12)

Using the Hamiltonian Eq. (2.4) and canonical relations Eqs. (2.2, 2.3) we find

[HtJ , X
0σi
i ] =

∑
j

tijX
0σi
j + µX0σi

i

−
∑
jσj

tij(σiσj)X
σ̄iσ̄j
i X

0σj
j +

1

2

∑
j 6=i

Jij (σiσj)X
σ̄iσ̄j
j X

0σj
i ,

(2.13)
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and

[ÂS(iτi), X
0σi
i ] = −Vσiσji X

0σj
i . (2.14)

Substituting into Eq. (2.10) and using the free Fermi gas Green’s function:

g−1
0,σi,σj

(iτi, jτj) =
{
δσiσj [δij(µ− ∂τi) + tij ]− δijV

σiσj
i (τi)

}
δ(τi − τj), (2.15)

we obtain

g−1
0,σi,σj

(iτi, jτj)Gσjσf (jτj , fτf ) = δ(τi − τf )δif (1− γσiσf (iτi))

−
∑
jσj

tij(σiσj) 〈Tτ
(
X
σ̄iσ̄j
i (τi)X

0σj
j (τi) X

σf0
f (τf )

)
〉

+
1

2

∑
kσj

Jik(σiσj)〈Tτ
(
X
σ̄iσ̄j
k (τi)X

0σj
i (τi)X

σf0
f (τf )

)
.

(2.16)

We next “reduce” the higher order Green’s function to a lower one using the identity (valid

for any operator Q):

〈TτXσσ′
i (τ)Q〉 = 〈TτXσσ′

i (τ)〉 〈TτQ〉 −
δ

δVσσ′
i (τ)

〈TτQ〉, (2.17)

and rearranging terms we obtain the fundamental Schwinger EOM:(
g−1

0,σi,σj
(iτi, jτj)− X̂σiσj (iτi, jτj)− Y1σiσj (iτi, jτj)

)
× Gσjσf (jτj , fτf )

= δifδ(τi − τf )
(
δσiσf − γσiσf (iτi)

)
,

(2.18)

where we defined the functional derivative operator at site i and time τi

Dσiσj (iτi) = σiσj
δ

δV σ̄iσ̄ji (τi)
, (2.19)

the composite derivative operator

X̂σiσj (iτi, jτj) = δ(τi − τj)×

(
−tijDσiσj (iτi) + δij

∑
k

1

2
JikDσiσj (kτi)

)
, (2.20)

12



and corresponding Y1 as

Y1σiσj (iτi, jτj) = −δ(τi − τj)×

(
−tijγσiσj (iτi) + δij

∑
k

1

2
Jikγσiσj (kτi)

)
. (2.21)

By considering the spin, space and time variables as generalized matrix indices, we can

symbolically write Eq. (2.18) as

(
g−1

0 − X̂ − Y1

)
. G = δ (1− γ). (2.22)

2.2 The λ expansion and the auxiliary Greens function

The main task is to compute solutions of the Schwinger-Dyson equation, i.e. the

functional differential equation Eq. (2.18) or Eq. (2.22). If symmetry-breaking, such as

magnetism or superconductivity is ignored, then a liquid state ensues, where we would like

the solution to connect continuously with the Fermi gas. For this purpose we seek guidance

from standard Feynman-Dyson perturbation theory for canonical models. The repulsive

Hubbard model is an ideal example, where the corresponding Schwinger-Dyson equation

can be schematically written as:

(
g−1

0 − Uδ/δV − UG
)
.G = δ 1. (2.23)

Comparing with Eq. (2.22), we see that the left-hand sides are of the same form, but

the right-hand sides differ, in Eq. (2.22) the local Greens function γ multiplies the delta

function. In turn this extra term originates from the second (non canonical) term in the

anti-commutator in Eq. (2.2), and is therefore the signature term of extremely strong cor-

relations.
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Within the Schwinger viewpoint of Eq. (2.23), we can view the skeleton graph

perturbation theory (Feynman-Dyson) as an iterative scheme in U , i.e. using the nth order

results to generate the (n + 1)th order terms by functional differentiation. In the ECFL

theory the iterative scheme used is defined by generalizing Eq. (2.22) to

(
g−1

0 − λX̂ − λY1

)
. G = δ (1− λγ). (2.24)

The λ introduced here, for the purpose of iteration, is in analogy to U in Eq. (2.23), although

its range (λ ∈ [0, 1]) is bounded unlike that of U . The explicit solutions in the ECFL theory

start from this basic equation. More explicitly, in Eq. (2.24) the exact Eq. (2.18) is gener-

alized to include the λ parameter 1 by scaling X̂σiσj , Yiσiσj , γσiσj → λX̂σiσj , λYiσiσj , λγσiσj .

The starting point for the iteration is λ = 0, corresponding to the Fermi gas. As we it-

erate towards λ = 1, Eq. (2.24) reduces to the exact equation Eq. (2.22). The Gutzwiller

projection is fully effective only at the end point of the iterative scheme λ = 1, while for

intermediate values of λ, we have only a partial reduction of the number of doubly occupied

sites. The role of U in Eq. (2.23) is roughly similar, at U = 0 we have the Fermi gas,

which evolves into an interacting theory with increasing U , giving us the Feynman-Dyson

perturbation theory. The range of λ (∈ [0, 1]) in Eq. (2.24) is bounded above, as opposed

to that of U ∈ [0,∞] in Eq. (2.23). Therefore the ECFL theory avoids dealing with a major

headache of the canonical theory whenever a coupling constant becomes large. Recall that

realistic interactions in correlated matter usually involve a large coupling parameter U . For

this purpose one is forced to make hard-to-control approximations, such as summing spe-

1In Ref. [23] we have noted an important generalization of these commutators to include a continuous
parameter λ ∈ [0, 1], thus defining the so called λ Fermions. Using them one can systematically obtain the
λ expansion encountered below from these relations directly. Here we stick to a simpler description with λ
introduced by hand, in the equations of motion below.
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cific classes of diagrams in different parameter ranges. The introduction of λ into the ECFL

equations opens the possibility that a low order calculation might suffice to give accurate

results at low excitation energies. This possibility is in-fact realized for important strong

coupling problems as shown earlier Ref. [25].

We found in Ref. [21] that an efficient method for proceeding with the iterative

scheme is to first perform a factorization of the Greens function into two parts. The first is

an auxiliary Greens function g satisfying a canonical equation, thus admitting a Dysonian

expansion with its attendant advantage of summing a geometric series with every added term

of the denominator. There remain some terms that cannot be pushed into the denominator,

these are collected together as the caparison function µ̃. In the matrix notation used above

we first decompose the Greens function as:

G = g.µ̃, (2.25)

this implies a product in the ~k, ω domain as written below in Eq. (2.32). The differential

operator X in equation Eq. (2.24) is distributed over the two factors of Eq. (2.25) using the

Leibniz product rule, as

X.g.µ̃ = X.g.µ̃+X.g.µ̃ (2.26)

where the contraction symbol Xa indicates the term being differentiated by the functional

derivative terms in X, while the matrix indices follow the dots. Using g−1.g = 1 Eq. (2.24)

is now written as

(
g−1

0 − λX.g.g
−1 − λY1

)
. g.µ̃ = δ (1− λγ) + λX.g.µ̃ . (2.27)
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This equation factors exactly into two equations upon insisting that g has a canonical

structure:

(
g−1

0 − λX.g.g
−1 − λY1

)
= g−1 (2.28)

and

µ̃ = δ (1− λγ) + λX.g.µ̃ . (2.29)

We can then use g.g−1 = 1 to simplify the term X.g.g−1 = −X.g.g−1, giving rise to a

Dyson self-energy expressed in terms of a Dyson vertex functions as usual. The idea then

is to iterate the pair of Equations (2.28,2.29) jointly in λ. Details of the skeleton expansion

nature can be found in Ref. [21, 26, 25]. The main point to note is that while g−1, µ̃ in

Eq. (2.28) and Eq. (2.29) are expanded in powers of λ, the function g is kept unexpanded

as a basis term (or “atom”) of the skeleton expansion, temporarily ignoring its relationship

as the inverse of g−1. The equal time value of the variable γ in Eq. (2.11) is taken from the

exact sum-rule for G in Eq. (2.9). The initial values at λ = 0 are g = g0 and µ̃ = 1, and we

must remember to use the product form Eq. (2.25) to determine the local Greens function

γ in Eq. (2.11). We should note that when the source is turned off V → 0 we recover space

and time translation invariance so that Eq. (2.25) is simply G(~k, iωj) = g(~k, iωj).µ̃(~k, iωj),

with the Matsubara frequency ωj = (2j + 1)πβ. At low T, the leading singularities of G

are co-located with those of g provided the caparison function µ̃ is sufficiently smooth- this

situation is realized in all studies done so far.
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2.3 The shift identities and second chemical potential u0

Before proceeding with the iterative scheme, it is important to discuss a simple but

crucial symmetry of the t-J model- the shift invariance, first noted in Ref. [22]. In an exact

treatment shifting tij → tij+ct δij with ct arbitrary, is easily seen to be innocuous, it merely

adds to Eq. (2.4) a term −ct
∑

σ N̂σ whereby the center of gravity of the band is displaced.

(Here N̂σ is the number operator for electrons with spin σ.) However in situations such as

the λ expansion, the Gutzwiller constraint is released at intermediate values, here it has the

effect of adding terms derivable from a local (i.e. Hubbard type) interaction term. 2 To see

this consider the fundamental commutator term [HtJ , X
0σi
i ] in Eq. (2.13), here under the

shift tij → tij + ct δij , the third term gives rise to an extra term ctX
σ̄iσ̄i
i X0σi

i . This term

vanishes only in a Gutzwiller projected state, the equations of motion by themselves do not

eliminate it. Its appearance is tantamount to adding a Hubbard like term ct
2

∑
iX

σσ
i X σ̄σ̄

i

to the Hamiltonian HtJ . As argued in Ref. [22] we would like the equations of motion for

the Greens functions to be explicitly invariant under the above shift of tij to each order

in λ. Enforcing this shift invariance to each order in the λ expansion plays an important

“watchdog” role on the λ expansion.

An efficient method to do so is to explicitly introduce an extra Lagrange multiplier

u0 through a term λu0
∑

iNi↑Ni↓ to the Hamiltonian Eq. (2.4). This amounts to replacing

tij → tij + δij
u0
2 in all terms other than in the bare propagator g0. The u0 term makes no

difference when λ is set at unity in the exact series, since double occupancy is excluded.

In practice, we set λ = 1 in equations that are truncated at various orders of λ, and the

2Similarly we note that shifting Jij → Jij + cJδij with arbitrary cJ also adds a similar unphysical local
interaction term, as discussed in greater detail in Ref. [22]
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magnitude of u0 is fixed through a second constraint. We thus have two variables to fix,

namely u0 and µ. We also have two constraints, the number sum-rules nσ = gσσ(iτ−, iτ),

and nσ = Gσσ(iτ−, iτ)(Eq. (2.9)). In the absence of a magnetic field the number densities

nσ reduce as nσ → n
2 , where n is the number of particles per site.

After turning off the sources, in the momentum-frequency space we can further

introducing two self energies Ψ(k, iωj), and Φ(k, iωj) with

µ̃(~k, iωj) = 1− λn
2

+ λΨ(~k, iωj) (2.30)

g−1(~k, iωj) = g
(−1)
0 (~k, iωj) + λ

(n
2
εk +

n

4
J0

)
− λΦ(~k, iωj). (2.31)

Here εk and Jk are the Fourier transforms of−tij and Jij . In the right hand side of Eq. (2.31),

the second and third terms arise respectively from the equal-time limit of λY1 and λX.g.g−1

in Eq. (2.28) respectively. The two self energies Φ,Ψ are explicitly λ dependent, they vanish

at infinite frequency for any λ. Thus we write

G(k, iωj) = g(k, iωj)× µ̃(k, iωj). (2.32)

The auxiliary Greens function satisfies a second sum-rule that is identical to Eq. (2.9), both

may written in the Fourier domain:

(kBT )
∑
k,j

eiωj0
+
Gσσ(k, iωj) = nσ; for both G = G and g. (2.33)

Eq. (2.25) can now be written explicitly in the non-Dysonian form proposed in Ref. [21]

G(~k, iωj) =
1− λn2 + λΨ(~k, iωj)

g
(−1)
0 (~k, iωj) + λn2 εk + λn4J0 − λΦ(~k, iωj)

. (2.34)

We observe that simple Fermi liquid type self energies Ψ and Φ can, in the combination

above, lead to highly asymmetric (in frequency) Dyson self energies [21, 22, 26, 25]. Finally
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we note that our calculations are performed in terms of spectral function obtainable from

analytic continuation of the Matsubara frequencies into the upper complex half plane of

frequencies:

ρG(~k, ω) = − 1

π
=mG(~k, iωj → ω + i0+),

G(~k, iωj) =

∫
ρG(~k, ω)

iωj − ω
, (2.35)

and similarly defined spectral functions for variables g,Φ,Ψ etc. Note that the physical

spectral function ρG(~k, ω) is identical to A(~k, ω), a notation used in much of experimental

literature.

2.4 Summary of equations to second order in λ

In the following, we use the minimal second order equations [26, 25, 29] obtained by

expanding Eq. (2.28) and Eq. (2.29) to second order in λ. The calculation is straightforward

and a systematic notation is detailed in Ref. [26], which is followed here. We use the

abbreviation3 k ≡ (~k, iωn), and also redefine Φ(k) = χ(k) + εkΨ(k), keeping in mind that

one set of terms in Φ have an external common factor of εk multiplied by all terms in Ψ.

We next collect the answers below in terms of the two self energies χ,Ψ

g−1(k) = iωn + µ− εk︸︷︷︸+λ
1

4
nJ0 − εk(−λ

n

2
+ λΨ)− λχ(k), (2.36)

the tag below the band energy εk︸︷︷︸ can be ignored after the next paragraph. We now

expand Ψ and χ from Eq. (2.28) and Eq. (2.29) in powers of λ. To the lowest two orders

we find Ψ = λΨ[1] +O(λ2) and χ = χ[0] +λχ[1] +O(λ2), where χ[0] = −
∑

p gp(εp + 1
2Jk−p).

3We denote k ≡ (~k, iωn), ωn = (2n + 1)πkBT the Matsubara frequencies, Ns the number of sites and∑
k ≡

kBT
Ns

∑
kx,ky,ωn

. Jk is the Fourier transform of the exchange.
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The next step is to introduce u0 explicitly: we write εk → ε′k = εk − u0
2 in every

occurrence of εk, except in the bare band energy term εk︸︷︷︸ in Eq. (2.36).

g−1(k) = iωn + µ + λ
1

4
nJ0 −

1

2
u0 − µ̃(k)ε′k − λχ[0](k)− λ2χ[1](k). (2.37)

Note that the shift with u0 also applies to the term χ[0], it now reads χ[0] = −
∑

p gp(ε
′
p +

1
2Jk−p). We note the expressions for χ[1],Ψ[1] from Ref. [26] Eq. (65-67):

χ[1](k) = −
∑
pq

(
ε′p + ε′q +

Jk−p + Jk−q
2

)
(ε′p+q−k + Jq−k)g(p)g(q)g(p+ q − k),(2.38)

Ψ[1](k) = −
∑
pq

(ε′p + ε′q + Jk−p)g(p)g(q)g(p+ q − k), (2.39)

We now set λ = 1 and record the final equations:

g−1(k) = iωn +

(
µ +

1

4
n(J0 − u0)− 1

2
u0 +

∑
p

gpεp +
Jk
2

∑
p

gp cos px

)
− µ̃(k)ε′k − χ[1](k),

(2.40)

µ̃(k) = 1− n

2
+ Ψ[1](k), (2.41)

where we used a nearest neighbor Jij and cubic symmetry in the simplifications. We can

verify that the above expressions obey the shift invariance: if we shift εk → εk + c0, the

arbitrary constant c0 can be absorbed by shifting µ → µ + c0 and u0 → u0 + 2c0, and is

thus immaterial. The band energy is given explicitly as εk = −2t(cos(kxa0) + cos(kya0))−

4t′ cos(kxa0) cos(kya0), where t and t′ are the first and second neighbor hopping amplitudes.

2.5 High energy cutoff scheme

The self consistent solution of the second order equations of Eqs. (2.38,2.39,2.40,2.41)

plus the number sum-rules, can be found numerically by discretizing the momentum and fre-
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quency variables on a suitable grid. This procedure can be carried out in a straightforward

way for low T <∼ t and high hole densities δ >∼ 0.3 (low particle densities n <∼ 0.7). At lower

hole densities or at high temperature T � t, the equations run into convergence problems.

The origin of this problem is the formation of weak featureless tails of the spectral functions

extending to quite high energies. These tails are known to be artificial, since they do not

occur in the exact numerical solutions where available. Thus the second order theory seems

insufficient in the regime of low hole densities δ <∼ 0.2, where much of the current interest

lies. A technically rigorous resolution of the problem of weak tails seems possible. However

it requires the non-trivial calculation of higher order terms in the λ expansion. Such higher

order terms oscillate in sign and hence cancellations at high energies are expected.

In view of the substantial magnitude of the program of summing the λ series to

high orders, it seemed worthwhile to investigate simpler and physically motivated approxi-

mations for improving the lowest order scheme. It turns out that there are a few interesting

alternatives in this direction. In Ref. [25] we showed one convenient way to handle the

high energy tail problem practically, through the introduction of a high energy cutoff. The

choice of an objective cutoff was rationalized by considering two physically different limits,

that of high particle density n → 1 and the simpler high temperature limit, where related

tails are found. The cutoff is chosen using the analytically available high T limit results

and then applied to all densities and T.

The cutoff scheme of Ref. [25] is not rigorous, but enables us to extract meaningful

results for low energy excitations from the second order λ equations, out to fairly low hole

densities δ <∼ 0.2. It is benchmarked in the case of d =∞, where the cutoff scheme quantita-
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tively reproduces the spectral weights in the most interesting regime of low energies |ω| � t,

while erring somewhat at energies above the scale of quarter bandwidth. In Ref. [25, 29]

the resulting physical quantities such as resistivity are shown to be in good correspondence

to the exact results from DMFT. In view of this success we use a similar cutoff scheme for

2-d below, with the expectation that the physics of the low energy excitations is captured.

In the present 2-d case we employ a single (re)-normalization to the spectral function for

each ~k as

ρ̂g(~k, ω) =
1

Nk
WT (ω − ε̄k)ρg(~k, ω), (2.42)

where WT is a smooth window function (shown in Fig. (3) Ref. [25]) of total width 2Ω
(+)
c =

4D. Here Ω
(+)
c = 2D = 8t corresponding to the bare bandwidth. The center of the window

is at ε̄k, the self-consistently iteratively determined location of the peak of the ρg(~k, ω).

The constant Nk is fixed by the normalization condition
∫
ρ̂g(~k, ω)dω = 1. In the present

case of 2-d we can impose this cutoff window at each ~k individually, so that only ~k states

very far from the chemical potential are affected.

The two chemical potentials µ and u0 are determined through the number sum

rules written in terms of the Fermi function f(ω) = (1 + eβω)−1 and the spectral functions:

∑
k

∫
ρ̂g(k, ω)f(ω)dω =

n

2
=
∑
k

∫
ρG(k, ω)f(ω)dω. (2.43)

The set of equations Eqs. (2.38,2.39,2.40,2.41,2.42,2.43) constitute the final set of equations

to be computed. These are valid in any dimension, and reduce to the ones benchmarked in

d =∞ after setting J → 0[25, 29].

After analytically continuing iωn → ω + i0+ we determine the spectral function

of the interacting electron spectral function ρG(~k, ω) = − 1
π=mG(~k, ω). The set of Equa-
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tions (1-5) was solved iteratively on L × L lattices with L = 19, 37, 61 and a frequency

grid with Nω = 214, 216 points. We find that L = 61 produces the most accurate results

at low temperature, while different L do not make a difference at high temperature. Also,

Nω = 214, 216 lead to the same result in the relevant range of parameters. Therefore, we

only display the result computed at L = 61 and Nω = 214 in this paper. Other details are

essentially the same as in our recent study of the d =∞, J → 0 case in Ref. [25, 29].
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Chapter 3

The t-t′-J model in one dimension

using ECFL and time dependent

density matrix renormalization

group

This chapter is from Ref. [35].

3.1 Overview

In the present work we solve the d = 1 t-t′-J model for generic parameters using

the same set of ECFL equations as in higher dimensions. We calculate from ECFL and

time dependent density matrix renormalization group (tDMRG) the momentum distribu-
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tion function, self-energy, spectral function and excitation dispersion over a broad energy

scale. In the low k, ω regime exhibiting non-Fermi liquid behavior, reasonable agreement is

found between the two and the exact diagonalization (ED) data in the velocities of spinons

and holons [36], as well as the Tomonaga-Luttinger liquid (TLL) theory in anomalous ex-

ponent [38]. Extending the O(λ2) ECFL equations to higher orders holds promise of a

better agreement. At higher energies, where few studies exist, the agreement between the

two theories is quite good already. A valuable insight gained at low energies is the close

relationship between a momentum dependent ridge in the =Σ(k, ω) and the spin-charge

separation in 1-d.

3.2 Parameters used

For a 1-dimensional t-t′-J model [21, 33] we compute the results from the two

theories at density n = 0.7, second nearest neighbor hopping t′/t = 0, 0.2 and J/t = 0.3, 0.6.

The ECFL results are shown at various T while the tDMRG results are at T = 0 where

most reliable calculations are possible. t = 1 is the energy unit and will be neglected below.

The tDMRG methods used are very similar to those used in Ref. [37]. We start by

obtaining the ground state |0〉 using DMRG [18, 38] on a rather long but finite chain, with

L = 400, and then apply ĉ0 or ĉ†0 to a site 0 near the center, forming |ψ(t = 0)〉. We use a

Trotter based time evolution algorithm, with fermionic swap gates to handle next-nearest

neighbor terms. We specify a density matrix eigenvalue truncation cutoff of 3×10−8 during

the evolution, subject to a constraint on the maximum number of states kept of m = 3000.

(Results were checked by comparing to m = 2000.) We evolve out to a time t = 50. At
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t = 50, the normalization of |ψ(t)〉 had decreased by a few percent, a small error affecting

primarily the widths of any sharp peaks. The space and time dependent Green’s function

is obtained by sandwiching ĉi or ĉ†i between the ground state and |ψ(t)〉 for all i. Linear

prediction is used to extend the time dependent Green’s function out to t = 100, after

which the data is windowed and Fourier transformed.This calculation represents the most

accurate and detailed study to date of the spectral properties of the model at T = 0.

3.3 Momentum distribution function

nk is an important quantity to study in 1-d t-J model. It shows a power law

singularity at kF [39, 40], a signature of the TLL, unlike a jump in higher dimensions as

Fermi liquid behavior. This feature is observed from both methods in Fig. (3.1). Due to the

second order approximation, the weak 3kF singularity related to shadow band [41, 42] is

not observed in ECFL results. Besides this weak effect, nk from both methods agrees well,

especially in the occupied side, showing that ECFL describes the correct t′ and J dependent

behaviors.

3.4 Self-energy

Next we present the Dysonian self-energy in terms of its spectral function ρΣ

defined as usual ρΣ(k, ω) = − 1
π=Σ(k, ω). In tDMRG, Σ can be found from G by inverting

the Dyson relation G−1 = G−1
0 − Σ. The ECFL theory produces two (non Dysonian) self

energies Φ,Ψ [21], and the resulting G can again be inverted to find the standard Dysonian

Σ. Both ECFL (T = 0.005) and tDMRG (T = 0) self-energies are shown in Fig. (3.2) and
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(3.3) for comparison.

In Fig. (3.2), the two theories have a similar pattern of k dependence, a dominant

ridge running from left to right, and a less prominent feature running from top-left to

bottom-right. They pass through k = kF , ω = 0 region. The ridge is responsible for the

appearance of twin peaks in the spectral functions representing spin-charge separation. In

the higher energy region in Fig. (3.3), both theories agree well and are similar to their higher

dimensional counterparts.

A powerful feature of ECFL theory is that it allows us to vary temperature without

extra effort, at least in the low to intermediate temperature region. In Fig. (3.4), ρΣ at kF is

presented in several temperatures. The bump becomes higher with increasing temperature

though no obvious change in larger scale (Inset (b)). This is expected because warming

softens the peak height of spectral function at kF , which is ρG(kF , 0) = 1/(π2ρΣ(kF , 0) in

Inset (a). The central peak height ρΣ(kF , 0) scales as Tα with α ≈ 1.1, as opposed to α = 2

expected for a Fermi liquid. Although T = 0.005 is the lowest temperature in the current

numerical scheme for second order ECFL due to the finite lattice size (up to L = 2417 and

Nω = 217), we extrapolate the curve to T = 0. The peak at kF disappears at zero T, and

is replaced by a minimum at the origin corresponding to a singular peak in the spectral

function, consistent with earlier studies [39, 42]. The self-energy approaches zero as
∣∣ω∣∣γ ,

where γ ≈ 1.3. This behavior is difficult to observe in our present tDMRG implementation,

because the finite time cut-off, leads to a broadening. The peak and its k dependence is

recovered on moving away from kF . As discussed above this feature causes spin-charge

separated peaks at T=0.
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3.5 Spectral function

We also compare the spectral functions from both methods. In Fig. (3.5) both

show a single peak at kF and double peaks away from kF representing spinon and holon

excitations respectively. The exponents in the insets match reasonably with those from the

TLL at J = 0.3 and also at 0.6 (where ζ ′ ∼ −.49 versus ζ ′ ∼ −0.46 from Ref. [38]). In

Fig. (4.1) we compares the spectral function of the tDMRG with the ECFL theory. The

latter is presented both with and without Gaussian windowing by a suitable time constant

comparable to that in our tDMRG work. As one might expect, the scales of the two theories

differ if we compare the raw (un-windowed) figures, but become very close upon windowing.

3.6 Dispersion relation of spinon and holon excitation

We extract the excitation dispersion relation from spectral function in Fig. (3.7).

The holon velocity vc is larger than the spinon velocity vs in the selected parameter region

[36]. The error bars in the tDMRG originates from the broadening of the lines due to

finite time windowing. Within the error bar, the DMRG agrees with the available ED data

[36]. We expect that neglected higher order terms in the ECFL theory would play a role in

improving the holon velocity and also intensities.

3.7 Conclusions and Discussion

In this paper, we present the self-energy for the 1-d t-t′-J model from both ECFL

and tDMRG and specify its characteristic low energy strongly momentum-dependent cross-
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ridge in self-energy, qualitatively different from higher dimensional cases, responsible for

the spin-charge separation in spectral function. This perspective is different from the ones

discussed in earlier studies on this model in 1-d [36, 38, 40, 41, 42, 45, 46, 47, 48, 49, 50].

The existence of a ridge structure in the imaginary self energy, represents a non-trivial exact

statement about the momentum dependence of the 1-d model.

We also compare the spectral function, the excitation dispersion and the momen-

tum distribution function between the ECFL and tDMRG methods. They agree quali-

tatively in the low energy region, both capturing clear signatures of the TLL and more

quantitatively at larger energy scales where the system behaves like it does in higher di-

mensions.
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(c) n=0.7, t’=0.2, J=0.3
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(d) n=0.7, t’=0.2, J=0.6

Figure 3.1: Momentum distribution nk for ECFL (yellow) at T=0.005 and tDMRG (blue)
at T=0 with n=0.7, J=0.3, 0.6 and t’=0, 0.2. In all cases these two methods agree well 2

and both give a power law singularity at kF .
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(a) ECFL, T=0.005 (b) tDMRG, T=0

Figure 3.2: n=0.7, J=0.3, t’=0: Imaginary self-energy ρΣ(k, ω) at low ω and k − kF
from both methods. Both give a dominant (k, ω) dependent ridge running from left to
right, leading to the twin peaks structure in the spectral functions which represents the
spin-charge separation.
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Figure 3.3: n = 0.7, J = 0.3: ρΣ(k, ω) vs ω at marked k/kF ’s. The two sets of results are
similar on a broad energy scale, and are comparable to higher dimensional results.
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Figure 3.4: ρΣ(kF , ω) from ECFL is shown for several T at J = 0.3, t′ = 0. The central peak
ρΣ(kF , 0) scales as T 1.1, in contrast to Fermi liquid behavior T 2. Extrapolating to T = 0
the double minimum structure disappears, leaving behind a ∼ |ω|1.3 dependence. Inset (a)
shows the spectral function softened by warming. Inset (b) displays the self-energy in larger
scale where changing T barely makes a difference.
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(b) tDMRG T=0, J=0.3

Figure 3.5: Energy distribution curves (EDCs) at t’=0, J=0.3: (a) and (b) (same legends
marking k/kF ) displaying the spinon and the holon for k 6= kF . Left inset (a) at k = .9kF
shows that the peak in (πρΣ)2 (dashed black) coincides with the dip in the spectral function
ρG(ω) (solid gold), while (ω + µ − εk − <Σ)2) (magenta dots) is small everywhere. This
implies that the twin peaks originate in the intervening peak of self-energy. Right Inset (a)
also at k = .9kF shows the fitting procedure for finding the anomalous exponent ζ ′ ≡ ζ − 1

2

for the spinon [43, 44], we fit to .59(ω−ωpeak)ζ
′
(dashed blue), the best fit value is ζ ′ ∼ −0.44,

close to the TLL result −0.45 [38].
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(a) tDMRG (b) ECFL with window

(c) ECFL without window

Figure 3.6: J = 0.6, t′ = 0. The spectral function of the tDMRG (T = 0) with an intrinsic
time window (a) and the ECFL (T = .005) with (b) and without (c) a comparable time
window. The introduction of a time window brings the two theories to the same scale. The
central peak and the spinon peaks are of comparable height while the holon peak of ECFL
is less prominent.
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Figure 3.7: Dispersion of excitations from both ECFL at T=0.005 (gold dots) and tDMRG
at T=0 (blue dots), and the available ED data (red) [36]. The error bars in the tDMRG
estimates are from the time window broadening. The tDMRG results are consistent with
the ED results, while the ECFL holon dispersion deviates somewhat.
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Chapter 4

Extremely Correlated Fermi Liquid

theory of the t-t′-J model in two

dimensions

This chapter is from Ref. [33] and [34].

4.1 Band Parameters

The t-J model is studied on the square lattice with hopping parameters t and t′

for first and second neighbors. The hopping parameter t > 0, while t′ is varied between

−0.4t and 0.4t, thereby changing the Fermi surface (FS) from hole-like to electron-like.

Parameters relevant to cuprate High Tc materials are summarized in[6, 51, 52]. Following

[6] we assume t ∼ 0.45 eV, giving a bandwidth ∼ 3.6 eV.
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4.2 Single-particle spectral properties

The electron spectral function is gained from solving the set of ECFL equations.

We display the energy distribution curves (EDCs) in Fig. (4.1), obtained by fixing k and

scanning ω at optimal doping and various t′. These quantities can be measured in ARPES

experiment. Fig. (4.1) shows the EDCs for several constant k (measured in terms of kF )

along nodal (Γ → X) and antinodal direction (Γ → M for t′ > 0). Note that the value of

kF depends on t′ and direction in k space. The antinodal (M → X) kF for t′ ≤ −0.2 is close

to zero. The corresponding EDCs are too close to resolve clearly and hence not presented.

We observe that in low temperature the EDC mountain rises up and gets sharper

as k approaches Fermi surface from the unoccupied side (k < kF ) while it falls down and gets

broadened as k goes into the occupied side (k > kF ). The insets show that a small heating

(∆T ∼ 6%t) suppresses the region around Fermi surface k ∼ kF strongly while leaves the

region away from Fermi surface almost unchanged. As a result, a weaker k dependence

of peak height can be viewed in the higher temperature. It also shows that the EDC line

shape is asymmetric for k < kF , consistent to ARPES experiment. As t′ decreases from

positive (electron doped) to negative (hole doped), the correlation becomes stronger and

therefore the spectral peak gets lower. Slight anisotropy is found for t′ ≤ 0.2 in that the

peak at Fermi surface is a bit higher in nodal direction than antinodal direction, indicating

weak k dependence of self-energy.

The spectral function of the Dyson self-energy is defined as

ρΣ(~k, ω) = − 1

π
=mΣ(~k, ω). (4.1)

It is calculated from the spectral function obtained from solving the set of ECFL equa-
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(b) t′ = 0.4, antinodal (Γ→M)
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(c) t′ = 0.2, nodal (Γ→ X)
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(d) t′ = 0.2, antinodal (Γ→M)
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(e) t′ = 0, nodal (Γ→ X)
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(f) t′ = 0, antinodal (Γ→M)

-��� -��� -��� -��� ��� ���
����

����

����

����

����

����

����

����

-��� -��� -��� -��� ��� ���
���

���

���

���

���

���

���

ω

ρ
�
(�
��
�ω

)

(g) t′ = −0.2, nodal (Γ→ X)
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(h) t′ = −0.4, nodal (Γ→ X)

Figure 4.1: (Color online) EDC line shapes at different fixed values of momentum k in
each curve. All figures including insets share the same legend. The parameters are set as
δ = 0.15, T = 105K and 400K (inset), in the nodal (Γ → X) and antinodal (Γ → M for
t′ > 0) directions with varying t′. The line peak and width around kF in either direction
depends strongly on temperature. The Fermi surface peak goes down as t′ decreases due to
stronger correlation.
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tions (1-6).

ρΣ(~k, ω) =
ρG(~k, ω)

π2ρ2
G(~k, ω) + <G2(~k, ω)

. (4.2)

where <eG is calculated through Hilbert transform of ρG. As observed in Fig. (4.2) (a-e),

the self-energy shows asymmetry from intermediate frequencies at all different values of t′

and k, consistent with previous study [25, 30, 33], unlike the symmetric curve in standard

Fermi liquid. And they all appear to weakly depend on k, qualitatively different from the

strong k dependence of low energy behaviors of self-energy in one dimension [35]. This weak

k dependence supports our approximation of resistivity formula ignoring vertex correction

in the next section. It also justifies the dynamical mean field theory type methods, which

assumes local or weakly k dependent self-energy[7, 8], as a good approximation in two

dimensions. The inset indicates that heating makes most difference in low energy region

by lifting the bottom. In Fig. (4.2) (f), ρΣ at kF for different t′ are put together. As t′

increase from negative to positive, its minimum goes down indicating lower decay rate and

the bottom region becomes rounded, more Fermi-liquid like.

The momentum distribution curves (MDCs) are plotted in Fig. (4.3), obtained

by fixing ω and scanning k, at optimal doping and various t′. As expected from the EDC

case, the MDC peak becomes highest at Fermi surface ω = 0, which gets broadened the

most upon warming. However, unlike the EDC case, the MDC peaks far away from band

boundary (k = 0 or π) look more symmetric. The spectral function in Ref. [27, 55] leads to

a somewhat exaggerated asymmetry in MDC as well, and has been the subject of further

phenomenological adjustments in Ref. [56], to reconcile with experiments. The present

microscopic results show that the greater symmetry of the MDC spectral lines comes about
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(b) t′ = 0.2
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(c) t′ = 0
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(d) t′ = −0.2
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(e) t′ = −0.4
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(f) varying t′

Figure 4.2: (Color online) (a)-(e): ρΣ at different k in nodal (Γ→ X) direction with several
t′. Here δ = 0.15, T = 105K and 400K (inset). In all cases, ρΣ has weak k dependence
and differs mostly in high energy on the unoccupied side. Increasing temperature raises the
bottom of self-energy while leaving its high energy part almost unchanged. (f): ρΣ at fixed
k = kF in nodal direction varying t′. Increasing t′ lowers the bottom of ρΣ and makes its
low energy part more rounded (Fermi-liquid like).

naturally, without the need for any adjustments of parameters etc.

The quasiparticle energy E(~k) and quasiparticle weight Z(~k) are found from G

as usual[25]. In Fig. (4.4) we display the hole density δ and t′ dependence of the low

temperature Z(kF ), along the nodal (i.e. 〈11〉) direction. The typical magnitudes of Z are

comparable or lower than those reported in d =∞[25]. A new and important feature is the

strong sensitivity of Z(kF ) to the sign and magnitude of t′/t. Both decreasing t′ (at fixed

δ) and decreasing δ (at fixed t′) reduce Z. This feature is basic to understanding our main

results. We next study the decay rate of the electrons
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(b) t′ = 0.4, (Γ→M)
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(c) t′ = 0.2, (Γ→ X)
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(d) t′ = 0.2, (Γ→M)
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(e) t′ = 0, (Γ→ X)
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(f) t′ = 0, (Γ→M)
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(g) t′ = −0.2, (Γ→ X)
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(h) t′ = −0.2, (M → X)
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(i) t′ = −0.4, (Γ→ X)
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(j) t′ = −0.4, (M → X)

Figure 4.3: (Color online) MDC line shapes at different fixed values of frequency ω in each
curve. All figures including insets share the same legend. Here the parameters are set as
δ = 0.15, T = 105K and 400K (inset), in the nodal (Γ → X) and antinodal (Γ → M for
t′ ≥ 0 or M → X for t′ < 0) directions with varying t′. In all cases, they have a highest
peak with symmetric shape at ω = 0 which also locates kF . Consistently, the peak height
decreases with smaller t′, or stronger correlation.
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Figure 4.4: Hole density δ, and t′/t variation of the nodal Z(kF ) at T = 63K. The ratio t′/t
is marked at the top. Decreasing t′ has a similar effect to decreasing δ.

Γ(~k) = −Z(~k)× =mΣ(~k,E(~k)), (4.3)

found as the half-width at half-maximum of the spectral function ρG(~k, ω) at fixed ~k. We

display the T variation of Γ and −=mΣ at the Fermi surface for three representative values

of t′/t in Fig. (4.5). Both variables display considerable variation with modest change of

T . The case of t′ > 0 shows a distinct quadratic T dependence, but for t′ ≤ 0 we note

the strong reduction, or absence, of such a quadratic dependence. Below we note a closely

parallel T and t′ dependence of the resistivity.

In Fig. (4.6) we display the photoemission accessible peak heights of the spectral

function {t?ρG(~k, ω)}max over the BZ at three representative values of t′/t, at three temper-

atures T = 63, 210, 334K. The peaks locate the interacting Fermi surface and its thermal

sensitivity. The Fermi surface closely tracks the non-interacting FS, changing from hole-like
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Figure 4.5: δ = 0.15: The decay rate Eq. (4.3) and (inset) the nodal −=mΣ(kF ). The
ratio t′/t is marked at top. While t′ = 0.4t has a positive curvature for both variables,
t′ = −0.4t displays a prominent negative curvature in −=mΣ, and an almost flat Γ.
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in Panels (a,b,c) to strongly electron-like in Panels (g,h,i). This implies that the momentum

dependence of the Dyson self energy is mild. In contrast a strong momentum dependence

would distort the Fermi surface shape significantly- while retaining the Luttinger-Ward vol-

ume. Several features are noteworthy. The peaks are higher in the nodal relative to the

anti-nodal direction at low T. We observe the high sensitivity to warming, in going from

T = 63K to T = 334K a small (∼ 0.7%) change in T relative to the bandwidth causes a

five to fifteen-fold drop in the spectral peaks at the Fermi surface. This is correlated to the

thermal variation of −=mΣ at the same set of t′, shown in the inset of Fig. (4.5), since the

intensity at kF is essentially the inverse of this object. Meanwhile the background spectral

weight rises rapidly in all cases, to a roughly similar magnitude. The figure shows that

at low T the curve with t′ > 0 has much higher peaks than t′ ≤ 0, giving the impression

of weaker correlations. However the drop on warming is the largest in this case, which

signifies another facet of strong correlations. The heights of the spectral peak and that of

the background is predicted quantitatively in Fig. (4.6). Their ratio is straightforward to

measure in angle resolved photo emission studies, and we suggest it should be interesting

to closely study this ratio experimentally, as a check of the theoretical understanding of the

temperature dependence of =mΣ(kF ) and the decay rate Γ(kF ).

4.3 Resistivity

We now study the behavior of the resistivity from electron-electron scattering. We

use the popular bubble approximation, factoring the current correlator as 〈J(t)J(0)〉 ∼∑
k v

2
kG2(k), where the bare current vertex is the velocity ~vαk = ∂εk

∂kα
. In tight binding
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(a) t′/t=-0.4, T= 63K (b) t′/t=-0.4, T= 210K (c) t′/t=-0.4, T= 334K

(d) t′/t=0, T= 63K (e) t′/t=0, T= 210K (f) t′/t=0, T=334K

(g) t′/t=0.4, T= 63K (h) t′/t=0.4, T= 210K (i) t′/t=0.4, T= 334K

Figure 4.6: The spectral function A(~k, ω) peak heights over the zone at a fixed hole density δ = 0.15, t′

increasing from top to bottom and T increasing from left to right. At a fixed T, the peak heights increase on
proceeding down any column (i.e. increasing t′/t), signifying sharper quasiparticles. Proceeding across any
row (i.e. increasing T) illustrates the dramatic thermal sensitivity in all cases. Recalling that our bandwidth
is ∼ 3.6 eV, we observe that upon warming from 63K to 210K, a tiny variation (∼ 0.35%) of temperature
relative to the bandwidth, the peak height drops by a factor between 5 and 10, followed by a more gentle
fall to 334K. This extraordinary thermal sensitivity is characteristic of our solution of the t-J model, it is
also reflected in other variables discussed here such as the resistivity.
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theory vαk oscillates in sign, resulting in a vanishing average over the Brillouin zone. This

oscillation is expected to reduce magnitude of the vertex corrections [57]. For a 3-d metal

having well separated sheets in the c direction (c0 the separation of the sheets), with each

sheet represented by the 2-d t-t′-J model, the DC resistivity ρxx can be written in terms

of the electron spectral function as follows. We define a dimensionless resistivity ρ̄xx whose

inverse is given by

σ̄xx = 〈Υ(~k)(~vxk)2/a2
0〉k, (4.4)

where 〈A〉k ≡ 1
Ns

∑
~k
A(~k), while the momentum resolved relaxation scale is:

Υ(~k) = (2π)2

∫ ∞
−∞

dω (−∂f/∂ω)ρ2
G(~k, ω), (4.5)

and f ≡ 1/(1 + expβω) is the Fermi function. This object resembles the spectral peaks

in Fig. (4.6), losing height and broadening rapidly with T. The physical 3-d resistivity

is given by ρxx = ρ0 × ρ̄xx, where ρ0 ≡ c0h/e
2 (∼ 1.71mΩ cm) serves as the scale of

resistivity[58], and using the measured values of the lattice constants we can express our

results in absolute units. For understanding the magnitude of the inelastic scattering it

can be useful to convert the resistivity into the dimensionless parameter 〈kF 〉λm of an

effective 2-d continuum theory, where λm is the mean-free-path and where 〈kF 〉 is an (angle

averaged) effective Fermi momentum. We can use a relation argued for in Ref. [59, 60]

〈kF 〉 λm =
hc0

e2ρxx
=

1

ρ̄xx
, (4.6)

In Ref. [59, 60] the authors note that for a metallic system this parameter is expected

to be greater than unity, and its least value is 〈kF 〉 λm = 1 for the case of impurity

scattering at unitarity. Thus we expect that ρxx � ρ0 (i.e. ρ̄xx � 1) in a good metal, while
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ρxx
>∼ ρ0 is the threshold for bad-metal behavior. The Ioffe-Regel-Mott resistivity scale

used in Ref. [25, 29, 53] provides a similar measure for quantifying the magnitudes of the

resistivity for bad-metallic behavior in strongly correlated metals. However we should keep

in mind that both estimates suffer from ambiguities in defining a precise threshold value of

resistivity, since factors of 2 (or even of 2π) cannot be ruled out in a qualitative criterion

such as ρ >∼ ρ0

Fig. (4.7) shows the temperature dependence of the resistance at three densities,

and their strong variation with t′/t. J is taken as 900K here, varying J between 0 and

1500K makes almost no difference at these temperatures. We see that the scale of the

resistivity for t′ ≤ 0 approaches the (approximately estimated) unitarity value 1.71mΩcm

for the lowest δ and the highest displayed T. On the other hand t′ > 0 shows a considerably

smaller resistivity at most densities.

In all curves we see that the curvature changes from positive (for t′ ≥ 0) to

negative (for t′ < 0) at say 150K. To understand the role of t′/t we note that the resistivity

in Eq. (4.4) depends on t′/t through the velocity vxk , in addition to a dependence through

the self energies Eqs. (2.39,2.38). To gauge their relative importance it is useful to examine

a local approximation of Eq. (4.4) where the two functions are averaged separately over

momentum:

σ̄localxx = 〈Υ(~k)〉k × 〈(~vxk)2/a2
0〉k. (4.7)

The velocity squared average is independent of the sign of t′, therefore the local approxima-

tion, shown in the inset of Panel(b), probes only the dependence through Eqs. (2.39,2.38).

Comparing the inset and main figure in Panel(b), we see that at t′ = 0.4t both resistivity
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Figure 4.7: The resistivity at three typical densities. The lowest T region is expected to be cutoff by
superconductivity. For a fixed T the curvature changes from positive (concave) to negative (convex) as t′/t
varies upwards in each panel, and also slightly as δ increases across the panels - resembling the experimental
findings of Ref. [61, 62, 63, 64, 65]. The Fermi liquid ρ ∝ T 2 regime is suppressed as t′ becomes more
negative, and is difficult to discern here with t′/t = −.4. Panel (b) (Inset) is the local approximation from
Eq. (4.7). It illustrates the t′ dependence of ρLocal from the spectral functions, or equivalently the self
energies. The t′ dependence of the velocities, included in the result from Eq. (4.4) in the main panel (b),
exhibits an enhanced convexity of the resistance. The magnitude of ρxx increases with decreasing δ within
the displayed range of T. The electron-doped case t′ > 0 shows a somewhat smaller resistivity than the
hole-doped case t′ ≤ 0. In the latter, ρxx approaches the unitarity value 1.71mΩcm only at the lowest δ and
highest T .
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Figure 4.8: (Color online) Resistivity versus T for varying doping δ and t′ =
−0.2,−0.1, 0, 0.2 (some data in (a) (b) and (d) can be found in Ref. [33]). For a cer-
tain t′, the curvature changes from negative (convex) to positive (concave) with increasing
doping.

curves display a positive curvature. At t′ = −0.4t we see that ρLocal is essentially linear in

T, while ρxx shows a negative curvature. The behavior of −Σ′′ in the inset of Fig. (4.5)

qualitatively resembles the resistivity. The difference is actually related to the velocity fac-

tors, which are very different effect between t′ < 0 and t′ > 0. These cause the integrals to

have very different thermal variation.
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Figure 4.9: (Color online) Curvature of resistivity versus T for a range of doping δ and
t′ = −0.2,−0.1, 0 and 0.2. In all t′, there is a blue area (Fermi liquid region) on the lower
right part and a red area (strange metal and bad metal region [29]) on the upper left part
of the plot, consistent to experimental results.
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Next we fix t′ and explore how doping variation affects the T-dependent behavior

of the resistivity as shown in Fig. (4.8), more relevant to experiment on a certain material.

For a given t′, decreasing doping changes the curves from concave to linear then to convex

and varying t′ shifts the crossover doping region. In higher doping (less density), the

electron distributes more sparsely and get less affected by Gutzwiller projection. Hence

the system has less correlation effectively and displays more Fermi-liquid-like behavior,

namely, T 2 dependence. In the case with less doping closer to the Mott insulating limit, the

correlation is relatively stronger and suppresses the Fermi liquid state into lower temperature

region, which is usually masked by superconductivity. In the displayed temperature range

of Fig. (4.8), the system shows strange metal or even bad metal behaviors[29] instead. The

curvature can be explicitly calculated as second derivative of ρxx with respect to T and

shown in Fig. (4.9), qualitatively similar to the experiments[61].

To explore the crossover from the Fermi liquid (ρxx ∝ T 2) at low T to the strange

metal (ρxx ∝ T ) at higher T , we define a simple model:

ρapprox = const× T 2

TFL + T
. (4.8)

This model characterizes Fermi liquid behaviors at T . TFL and its crossover to strange

metal linear behavior at T & TFL. TFL serves as a crossover scale describing the boundary

of Fermi liquid region as well as estimating the strength of correlation. We find our data

fits into this model well up to intermediate temperature with fitted coefficient and TFL.

Table. 4.1 shows the value of TFL in various sets of δ and t′. In all cases, the TFL

is considerably smaller than the Fermi temperature in non-interacting case at the order of

bandwidth, as a result of strong correlation. In experiment, a small enough TFL prevents
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Fermi liquid temperature TFL (K)

varying δ t′ = −0.2 t′ = −0.1 t′ = 0 t′ = 0.1 t′ = 0.2

δ=0.12 10.0 18.4 33.1 68.2 117.6
δ=0.15 15.8 31.1 66.3 135.4 218.0
δ=0.18 24.4 53.7 117.4 245.2 420.9
δ=0.21 37.3 78.8 189.5 360.3 618.4
δ=0.24 56.8 145.2 274.4 569.5 820.5

Table 4.1: The Fermi liquid temperature TFL obtained from fitting the data with Eq.
4.8. Increasing either t′ (horizontally) or doping δ (vertically) increases TFL, signaling less
correlation as expected.

the observation of Fermi liquid because at low enough temperature the superconducting

state shows up instead[61]. Under this extreme correlation, TFL can be further suppressed

by smaller second neighbor hopping t′ or smaller doping δ, either of which strengthens the

effective correlation.

δ and t′ both control the effective correlation strength and hence TFL. Negative

t′ makes the system discourage second neighbor hopping by higher the total energy and

therefore increases the resistivity and shrinks the temperature region for Fermi liquid. In this

sense, decreasing t′ turns up the effective correlation by depressing the hopping process. On

the other hand, decreasing doping leaves less space for electron movement with the exclusion

of double occupancy, which also effectively increases the correlation and suppresses TFL.

The similar role of t′ and δ can also be understood in the fact that they both changes the

geometry of Fermi surface which determines the conductivity at T � W , where W = 8t

is the bare bandwidth. In general, either increasing δ with fixed t′ or increasing t′ with

fixed δ changes the Fermi surface from hole-like to electron-like. In a special case δ = 0

(half-filling), however, the conductivity vanishes at whatever t′.
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4.4 Hall response

Within the bubble scheme, we may also calculate the Hall conductivity[66, 67, 54]

as σxy = −2π2/ρ0 × ( Φ
Φ0

)× σ̄xy, the dimensionless conductivity:

σ̄xy =
4π2

3

∫ ∞
−∞

dω (−∂f/∂ω)〈ρ3
G(k, ω)η(k)〉k, (4.9)

and η(k) = ~2
a40
{(vxk)2 ∂2εk

∂k2y
− (vxkv

y
k) ∂2εk
∂kx∂ky

}. Here Φ = Ba2
0 is the flux[58] and Φ0 = hc/(2|e|)

is the flux quantum. In terms of these we can compute the Hall constant RH and Hall angle

ΘH from

cRH = −4π2v0

|e|
σ̄xy × ρ̄2

xx, (4.10)

cot(ΘH) = − 1

2π2

σ̄xx
σ̄xy
× Φ0

Φ
, (4.11)

with v0 = (a2
0c0) [58, 68]. We also define the Hall number as

nH = − v0

|e|cRH

=
1

4π2

σ̄2
xx

σ̄xy
, (4.12)

where the definition ensures that in the limit of a circular Fermi surface without interactions,

nH → n, where n is the number of electrons per copper in the effective single band t-J model

[68]. The tight binding Fermi surface in the presence of t′ is not circular, but rather resembles

the surfaces shown in Fig. (4.6). Under these conditions we can evaluate the conductivities

in Eq. (4.4) and Eq. (4.9), using an approximate Lorentzian spectral function peaked at the

bare Fermi surface [68]. The resulting “bare” Hall number n0
H contains the corrections due

to the curvature of the Fermi surface, including the change in sign in going from open to

close surfaces as t′ becomes negative. It is therefore helpful to compare our computed Hall
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Electron
Density

Hall num-
ber

t′/t = −0.4 t′/t = −0.2 t′/t = 0 t′/t = 0.2 t′/t = 0.4

nH -0.819 -2.514 1.119 0.679 0.675
n=0.82 n0

H -1.163 -3.389 1.51 0.879 0.823
nH/n0

H 0.704 0.742 0.741 0.773 0.82

nH -0.768 -1.918 1.249 0.67 0.65
n=0.85 n0

H -1.137 -2.448 1.774 0.927 0.855
nH/n0

H 0.676 0.783 0.704 0.722 0.76

nH -0.706 -1.479 1.436 0.67 0.637
n=0.88 n0

H -1.109 -1.963 2.148 0.977 0.884
nH/n0

H 0.637 0.754 0.669 0.686 0.721

Table 4.2: The Hall number nH from Eq. (4.12), the bare Hall number n0
H , and their ratio

nH/n
0
H . nH is computed at lattice size 61×61 at T = 63K and n0

H0 is computed in the bare
band with lattice size 4000× 4000 at T=0. Note that the ratio nH/n

0
H varies from .6 to .8.

This substantial correction is due to strong correlation, and hence the inverse problem, that
of deducing the density n from the Hall number nH is quite complex. This table provides
an estimate of the errors involved in this inversion. Finite temperature effects make the
inversion even more complicated, as seen in Fig. (4.10)

number nH , containing the effects of interactions and a complicated scattering rate, with

n0
H containing only the band effects. This helps us to gauge the effects of interactions, left

out in the formula for n0
H . The computed nH , bare Hall number n0

H and their ratio nH/n
0
H

are shown in Table. (4.2). We see that strong correlation generally suppresses nH from

the bare value n0
H , in some cases by as much as 40%. The n0

H itself differs from n quite

substantially, depending on doping, temperature and t′, and therefore one must exercise

great care in extracting carrier densities from Hall numbers.

In Fig. (4.10) we display the computed Hall variables. In Panel (a) tan ΘH is

shown for two values of t′/t displaying hole-like and electron-like behavior. A decrease in

hole density reduces the magnitude in either case. In Panel (b) we display the computed

cot(ΘH) versus T 2 with three values of t′ giving an electron-like FS. We note that at

low T , cot ΘH is approximately linear with T 2 [69, 70, 29] and is strongly affected by the
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Figure 4.10: Panel (a) tan ΘH for B = 10T at three densities vs T. The set with t′ = −0.4t have
a hole-like FS while the set with t′ = 0 an electron-like FS. In both cases we see a rapid fall-off with
T, and a decreasing magnitude with δ. Panel(b) for B = 10T at δ = 0.15 shows | cot(ΘH)| for three
values of t′/t. It is approximately linear with T 2 over the range. In fact it is linear on both sides
of a slight kink or bend[29]. Such a bend is also seen in data [63, 65, 69, 70, 71, 72, 73] but has
apparently evaded comment. Panel(c) gives the T dependent RH for three densities, each with four
values of t′/t. The magnitude of cRH at lowest T is related to the Hall numbers nH in Table-1 via
the relation Eq. (4.12) cRH = −v0/nH |e|, where v0/|e| = .596mm3/C. The sign change resembles
the change seen in experiments[74].
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magnitude of t′. The cot(ΘH) ∝ T 2 regime is followed at higher T by a bend (or kink). Such

a bending is seen in Fig. (4.10-b). It is also seen in many experiments, but seems to have

evaded attention so far. In [29] it is noted that the the bending temperature corresponds

to a crossover from the Fermi liquid to a strange metal, and is therefore of fundamental

importance. In Panel (c) we show the Hall constant RH at three densities for representative

values of t′/t. Its sign is electron-like for t′ > 0 and hole-like for t′ ≤ 0, tracking the change

in topology of the Fermi surface in Fig. (4.5). The magnitude of RH is substantially affected

by changing t′. This is a strong correlation effect, and discourages envisaging any simple

relationship between the Hall number and hole density.

4.5 J variation

Above we have discussed the ECFL results at J = 0.17. The next question is how

J variation affects the strongly correlated system.

Fig. (4.11) shows the EDCs and MDCs at different J fixing t′ = 0. Turning on

J raises the peak in EDC (a→c→e) and MDC (b→d→f) slightly signaling less correlation.

Besides, increasing J brings the EDC peaks closer with respect to kF while separating the

MDC peaks further from ω = 0. If deriving t-J model from the one band Hubbard model,

the superexchange J term can be understood in the second order perturbation of Hubbard

model in large U limit as J ∝ t2/U . Therefore increasing J means less electron-electron

interaction.

Also, the peak shift indicates that J is positively related to the effective band-

width. This point can be viewed more clearly in the EDC and MDC dispersion relation in
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Fig. (4.12). As J increases, the EDC and MDC effective band spread more widely, though

still rather narrow due to strong correlation compared to the bare bandwidth, shown in

inset. The MDC dispersion shows the high energy kink (waterfall). Due to the finite lattice

size and second order approximation, the low energy kink can not be resolved clearly. But

the big picture of EDC and MDC dispersion should be enough for analyzing the effect of

J . Larger J moves the corresponding ω further away from 0 given a certain k, while moves

the corresponding k closer to kF given a certain ω, justifying our observation in Fig. (4.11).

Another angle to view the J effect is through the 3D-plot of ρG(k, k, ω) in Fig. (4.13).

It appears that turning on J rotates the spectral function counterclockwise with respect to

the z axis with k = kF , ω = 0 if viewed from above. In other words, increasing J extends

the renormalized bandwidth with no change on the Fermi surface location since all curves

cross at the same kF . That said, small variation of J does not change the system behavior

quantitatively and only slightly in quantitative detail. Therefore when studying k-average

quantity like resistivity and Hall number, it is reasonable to set J = 0.17 from experiment

as a representative number and explore the k, ω, t′ and δ dependence of the system.

From the discussion above, we expect the k-average physical quantity like resistiv-

ity with significant contribution from the area around Fermi surface to be insensitive to J

variation.Fig. (4.14) shows the resistivity at different J for fixed t′. It turns out that varying

J from 0 to 0.4 does not make a qualitative difference in the resistivity of the normal state,

although it has a relatively stronger effect on the case with larger |t′|. This observation

support our choice of fixing J at a representative value.
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4.6 Discussion

Using the recently developed second order equations of the ECFL theory in Ref. [25],

we have presented results for the 2-d t-J model at low and intermediate temperatures. In

keeping with our recent findings for the d = ∞ solution of the same equations, we note

that the quasiparticle weight Z(kF ) is non-zero, but remarkably small. This fragile Fermi

liquid therefore has an extremely low effective Fermi temperature, above which it displays

characteristics of a Gutzwiller correlated strange metal, as listed in Ref. [25, 29], including

a resistivity that is linear in T.

By varying t′, the second neighbor hopping at a fixed t and J, we found in Fig. (4.4)

a remarkable variation of the quasiparticle weight Z(kF ) that is characteristic of the 2-d

square lattice, with no simple analog in d = ∞. We found t′ < 0 leads to a considerable

reduction in its magnitude, while t′ > 0 leads to a larger value and thus a more robust

Fermi liquid. A direct calculation of the single particle spectral width Γ = −ZΣ′′ confirms

this observation in Fig. (4.5), and when studied as a function of the temperature, shows a

much larger magnitude, and hence broader spectral lines.

In Fig. (4.6) we present the Fermi surface, as found from the peaks of the spectral

function. The shapes of the Fermi surfaces are quite close to those implied by the bare

band parameters. This implies that the momentum dependence of the self energy, while

non-zero, is fairly small. This also suggests that the vertex corrections, neglected here in

2-d, may actually be quite small as well.

Two key results concern the spectral heights over the Brillouin zone, and the

resistivity as a function of T at various densities and t′. The spectral height is the peak
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value of ρG(~k, ω) scanned over ω, and equals the inverse of the least magnitude of =mΣ(~k, ω).

In Fig. (4.6) we present both the T evolution (going horizontally) and the t′ evolution (going

vertically) of this important object visible in ARPES. We note that t′ < 0 model with a very

small Γ also displays a rapid loss of coherence on warming. The quasiparticle peaks drop

rapidly, while the valleys, representing the background spectral weight in photoemission,

catch up with the peaks in magnitude. A similar variation happens for t′ = 0 but the drop

of the peak heights is more pronounced. The case of t′ > 0 has the largest drop of peak

heights, while its effective Fermi temperature is the largest of the three cases. It follows

that the electron doped case has a more robust Fermi liquid appearance for T lower than its

Fermi scale. Our study provides absolute scale values for these observable heights, and it

should be interesting to study these experimentally for comparison. Towards that objective

we note that t′ > 0 maps to the electron doped High Tc superconductors, while t′ ≤ 0 maps

to the hole doped cases, as we may also deduce from the shapes of the Fermi surfaces in

the above figure.

The other key result concerns the resistivity. We are able to calculate the longi-

tudinal resistivity ρxx on a doubly absolute scale, both the magnitude of ρxx and that of T

are given in physical units by using reasonable values for the basic parameters of the t-J

model and the lattice constants Fig. (4.7). We find essentially the experimentally observed

scales for both axes, and there is room for further adjustments of bare scales if needed.

The main finding is that as δ is varied towards half filling, the regime of linear resistivity

increases in the hole-like cases (t′ ≤ 0) and the quadratic dependence regime shrinks to very

low T scales, falling below the known superconducting transition temperatures. The other
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important finding is that the concavity (convexity) of resistance versus T, usually taken to

denote a (non) Fermi liquid behavior, requires an enlarged viewpoint; we find that the sign

of t′ flips the two cases. As an example, the case t′ ≤ 0 has a pronounced convex regime

at low T. This could be naively ascribed to a non-Fermi liquid behavior, but in reality is a

crossover range to the strange metal regime.

We also present results in Fig. (4.10) for the Hall constant and the Hall angle.

These are calculated using simple versions of the Kubo formula, found by neglecting the

vertex corrections, in the same spirit as the longitudinal resistivity. This is as yet untested

against exact results and hence require some caution. We find that the Hall angle changes

sign with t′. The cot(ΘH) is found to be roughly linear with T 2, in agreement with the

experimental situation. As noted above, the cot(ΘH) ∝ T 2 regime is followed at higher T

by a bend (or kink) corresponding to a crossover from the Fermi liquid to a strange metal,

and is therefore important. A similar bend is also seen in many experiments[63, 71, 69, 70,

72, 73, 65], but seems to have evaded comment so far. In Ref. [29] this kink is discussed

further and its connection to the crossover is explained.

In Table I, we present the Hall number nH obtained from the Hall constant for var-

ious n and t′/t. It is compared with the corresponding n0
H obtained from a non interacting

theory that incorporates the band-structure effects of changing curvature when t′ < 0. We

note that the n0
H already captures the changes in sign due to varying t′. However there are

substantial quantitative corrections even at the lowest T , originating in strong correlations.

This makes the inference of electron density n from nH quite non-trivial; Table I provides

an estimate of the errors involved in this inversion.
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4.7 Conclusion

In this work we employ a recently developed scheme from the ECFL theory,

wherein the second order λ expansion terms are supplemented with a high energy cutoff.

This scheme, summarized in the paper, has been benchmarked in d = ∞ against DMFT

[25, 29] for computing transport and other low energy excitations, giving good agreement

with exact numerical results. As detailed in Ref. [25] the magnitude of the quasiparticle

weight Z is comparable, if somewhat lower than the exact DMFT values for low hole density

δ <∼ 0.8. In this work the same equations are applied to the 2-d t-J model. While the close

agreement found in the d = ∞ case might not guarantee the accuracy of these results in

d = 2, it is plausible that the variations of resistivity and Hall constant induced by the mag-

nitude and sign of t′ found here, will persist in more exact (future) results. Hence it seems

that we can draw some useful conclusions already, especially in regard to the difference

between hole and electron doping.

In this paper, we have displayed a range of results for the 2-dimensional model,

obtained by varying different parameters. It is interesting that the magnitudes of various

transport variables, presented here in physical units1, are roughly on the scale of reported

measurements[63, 71, 61, 64, 73, 62, 72, 65]. Although it is not our primary aim here to

produce exact fits, we note that the agreement can be improved in many cases with suitable

changes of the bare (band) parameters.

In the range of parameters considered here, a metallic state has been posited, and

therefore the role of the exchange J is limited; we find very little variation of the transport

1From Ref. [25, 29] we may infer that the Z in the present calculation may be somewhat too low for
t′ = 0 and .12 ≤ δ ≤ .15.
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quantities with a change in J. The transport parameter variation with density seems very

similar to that found in d = ∞ in Ref. [53, 25, 29] where J is inoperative. Upon warming

from the lowest T, several metallic regimes were shown to arise, namely the Fermi liquid

state, the strange metal, the bad metal and the high temperature metal [29]. The origin of

these varied regimes lies in Gutzwiller correlations. In d = 2 an extra feature is the role of

t′ as stressed in this work. We expect magnetic, superconducting and possibly other broken

symmetry states at the lowest T and δ to arise, largely due to the effect of J. Further work

is necessary to find reliable calculational schemes for these broken symmetry states.

A few broad conclusions suggest themselves. The parameter t′/t and δ play a key

role in determining the low-energy scales. In Fig. (4.4) we see that the quasiparticle weight

Z has a large variation with t′ and δ. The origin of this sensitivity on t′ lies in the self

energies in Eqs. (2.39,2.38), where combinations of the band parameters tij play the role

of an effective interaction, in addition to determining the propagation of electrons. Varying

t′/t therefore changes the self-energies much more strongly than in weak coupling theories.

δ is the hole doping away from half-filling Mott insulating limit and hence also describes

the effective correlation.

Our main findings are as follows. (I) The spectral functions are highly sensitive

to thermal variation; in Fig. (4.6) we observe a five to fifteen fold drop in intensity with a

variation of kBT about 1/100th the bandwidth ∼ 3.6 eV. This is in severe conflict with ex-

pectations from conventional theories of metals. (II) We note from Fig. (4.7) and Fig. (4.8)

that with t′ ≤ 0, a Fermi liquid (FL) resistivity ρ ∝ T 2 is seen only at the lowest T, depend-

ing on δ. The very low T (FL) regime is followed by a “strange metal” regime, also at low T ,
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where we find a ρ versus T curve with zero or negative curvature. This regime parallels the

Gutzwiller-correlated strange metal regime reported in d =∞ [29], the negative curvature

making it even stranger. (III) For the electron-doped case t′ > 0, Fig. (4.7) shows that the

curvature is positive and the Fermi liquid regime extends to higher temperatures.

It is significant that the ECFL theory captures the diametrically opposite resistiv-

ity behaviors of hole doped[63, 62, 61] and electron doped materials[64, 65] within the same

scheme, only differing in the sign of t′/t. The resistivity curvature mapping of Ref. [61] can

also be viewed in terms of a variation of this ratio and the temperature, as in Fig. (4.7). In

conclusion this work provides a sharp picture of the difference made by the second neighbor

hopping t′ and hole doping δ in the presence of Gutzwiller correlations. It also yields quan-

titative results for several famously hard-to-compute variables in correlated matter, that

are in rough agreement with a variety of experiments.
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Figure 4.11: (Color online) EDC and MDC line shapes at different values of superexchange
J . All EDC figures (a, c, e) or MDC (b, d, f) figures share the same legend respectively.
Here the parameters are set as δ = 0.15, t′ = 0, T = 105K and J = 0, 0.17, 0.4, in the nodal
(Γ → X) direction. Increasing J the peak around Fermi surface becomes higher. More
obviously, increasing J puts the EDC lines closer while separates the MDC lines further.

64



J=0

J=0.17

J=0.4

-��� -��� ��� ��� ��� ���

-���

-���

���

���

���

�-��

ω
(�
�
)

bare

-� � �

-�

�

�

�

(a) EDC dispersion

J=0

J=0.17

J=0.4

-��� -��� ��� ��� ��� ���

-���

-���

���

���

���

�-��

ω
(�
�
)

bare

-��� -��� ��� ��� ��� ���

-���
-���
-���
���

���

���

���

���

(b) MDC dispersion

Figure 4.12: (Color online) EDC and MDC dispersion relation at different values of superex-
change J . In both cases, increasing J expands the renormalized bandwidth, consistent to
Fig. (4.11) of EDC and MDC lines. Both insets show that the renormalized band is strongly
suppressed by correlation compared with the bare one. The energy and k resolution in the
present study is not fine enough to deduce the detailed properties of kinks in the two dis-
persions. These kinks occur experimentally at low energies ω ∼ 70 meV, and their origin
has been discussed phenomenologically within ECFL in Ref. [27].
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(a) J = 0, T = 105K (b) J = 0, T = 400K

(c) J = 0.4, T = 105K (d) J = 0.4, T = 400K

Figure 4.13: (Color online) 3-d plot of the spectral function ρG(k, k, ω). Consistent with
Fig. (4.11), turning on J increases the peak height and rotates ρG counterclockwise with
respect to the z axis with k = kF , ω = 0 if viewed from above.
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Figure 4.14: (Color online) Resistivity at δ = 0.15 versus T for various J and t′ (same
legend for all panels). In all t′, we observe J variation does not change the resistivity much.
Especially for the case t′ = 0, J variation barely affect the resistivity in the interested T
region. As |t′| becomes larger (either positive or negative), J has a relatively larger influence
on the resistivity.
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