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ABSTRACT OF THE DISSERTATION

Modeling Low-Barrier Hydrogen Bonds and Solution Effects

by

Kelly Lynne Theel

Doctor of Philosophy, Graduate Program in Chemistry
University of California, Riverside, August 2013

Dr. Gregory J. O. Beran, Chairperson

In the first project, we model low barrier hydrogen bond systems, which have a unique

energy profile. Classification of a hydrogen bond as a low barrier hydrogen bond requires

assignment of the experimental vibrational spectrum, as well as prediction of the zero

point energy. We modeled these systems using a 2D potential energy surface that

explored the symmetric and asymmetric stretch of the proton transit. The resulting

predicted spectra and zero point energies helped classify three molecules as hydrogen

bonds or low barrier hydrogen bonds.

In addition, solvation effects were explored. First, a traditional implicit polar-

izable continuum model, and standard explicit microsolvation techniques were used to

explain why only two out of four isoenergetic gas phase conformers appeared in infrared

multiple photon dissociation spectra. Our calculations suggest that this resulted from

an experimental artifact. We showed that the two configurations were much more sta-

ble in water. Since the ion delivery system was electrospray, it was concluded that the

solvent effectively determined the structure of the gas phase ions, since the barrier to

isomerization was quite high.

While these simple models were able to explain those experiments, a much
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more robust and accurate model for solvent effects is needed, especially for systems

with nonhomogeneous environments (such as protein binding sites). Solvent structure

and features of the environment are completely neglected in both of the rudimentary

models. Quantum Mechanical (QM)/ Molecular Mechanical (MM) sampling of solvent

configuration space is effective, but extremely expensive, due to the high cost of the re-

peated QM calculations. Our model samples the configuration space of the solvent using

inexpensive, but configurationally accurate, molecular dynamics, then includes the infor-

mation from several timesteps in one single expensive QM calculation. A mathematically

rigorous coarse-graining scheme translates and scales the multipoles, polarizabilities and

the dispersions to grid points around the solute region, and then computes the energy

of the system in a single QM/MM calculation. The results are extremely promising.
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Chapter 1

Introduction

1.1 Applications of computational chemistry

This body of work demonstrates how computational chemistry can work hand-

in-glove with experimental evidence to gain greater physical insights into complex sys-

tems than either could achieve alone. The first work explores what characteristics make

molecules good candidates for a class of short, strong hydrogen bonds, which are of

great interest in biology and catalysis. The second body of work explores solvation ef-

fects, and how to capture the energetics of solvated systems affordably and accurately.

Solvation effects have an impact on many chemical systems, and modeling them can be

quite challenging, due to the many degrees of freedom in the solvent.

1.2 Modeling low-barrier hydrogen bonds

As an example of how computational chemistry can help shape the approach

to a problem, our work in Chapter 2 helps to define characteristics that make molecules

good candidates for low barrier hydrogen bond (LBHB) systems, and to confirm their
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Figure 1.1: Schematic of a molecule with a LBHB. Shown here is the proton between
two nitrogens, and so throughout we will refer to the proton transit as the N-H (in the
N-H-N) stretch, and movements which change the length of the hydrogen bond as the
N-N stretch. It should, however, be understood that this discussion can be generalized
to any LBHB.

Figure 1.2: Typical hydrogen-bond 1-D PES. The ZPE (in red) is below the energy
needed to occupy the midpoint of the transit, consistent with the observation that
hydrogen bonds usually are more tightly bound to one of the two electronegative atoms,
and don’t freely move between them.

experimental assignments. LBHBs are shorter and stronger than traditional hydrogen

bonds, and their important role in enzyme catalysis is increasingly recognized [3]. There

is also evidence that LBHBs can facilitate spontaneous self-alignment between molecules.

[4]

LBHBs possess an interesting energy profile which allows the proton to transit

between one of the bounding electronegative atoms to the other. A diagram of a sample

molecule with a LBHB is in Figure 1.1, and for ease of reference we will use this to

label the motions, although the methods described here would be suitable to model
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Figure 1.3: LBHB 1-D PES. In contrast with Figure 1.2, the ZPE is very close to the bar-
rier to proton transit. Accordingly, the proton can pass between the two electronegative
atoms more freely.

many systems suspected of having a LBHB. We will refer to the proton transit as the

N-H movement, and the lengthening or shortening of the hydrogen bond as the N-N

movement. Normal hydrogen bond potential energy surfaces (PESs) usually have a

deep double well, as shown in Figure 1.2, with the zero point energy (ZPE) lower than

the barrier. This is consistent with the fact that in the ground state, a bridging proton

is usually associated with one or the other of the electronegative atoms. In contrast,

Figure 1.3 shows that the PES of a LBHB differs from a typical hydrogen bond in that

the barrier is lower, near the ZPE, which implies that proton transit is accessible from

the ground state in LBHBs.

LBHBs are characterized by three key features: (1) a low frequency vibration

corresponding to the proton transit, which (2) shifts upon deuteration, and as discussed

above, (3) a ZPE near the barrier to transit. So to confirm that a molecule has a LBHB,
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a particular peak in the vibrational spectra must be assigned to the anharmonic N-H (in

N-H-N) stretch, and that wavelength must be seen to change upon deuteration. Also,

the ZPE and the barrier to proton transit must be predicted, and the two must be

similar. To assign peaks with greater certainty, computational models of the system can

predict the spectra associated with a particular motion. Also the ZPE can be calculated,

and the barrier to proton transit mapped out with single point energy calculations.

These methods require a wave function ψ, which we find as a solution to the

time-independent Schrödinger equation:

Ĥ |ψ〉 = E |ψ〉 (1.1)

The Hamiltonian may be represented as:

Ĥ(r,R) = T̂ (R) + T̂ (r)V̂ (r,R) (1.2)

where T̂ (R) is the kinetic energy as a function of R, the positions of the nuclei, and

T̂ (r) is the kinetic energy as a function of r, the positions of the electrons. Similarly,

V̂ (r,R) is the potential energy of the system as a function of both R and r. The Born-

Oppenheimer approximation states that because nuclei are so much more massive than

electrons, their motions occur on a different time scale. This allows us to effectively

decouple the nuclear potential energy from the electronic potential energy, resulting in:

Ĥ(R, r) = T̂ (R) + T̂ (r) + V̂ (R) + V̂ (r) (1.3)

The Born-Oppenheimer approximation to the Schrödinger equation allows us

to combine the last three terms into a parametric function, V (r;R), where for each R
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there is a corresponding set of solutions as r is varied. This is equivalent to saying

the electronic energy is a function of the nuclear positions. To predict the spectra

associated with a motion, for example a bond stretch, the parametric function V (r;R)

can be modeled as a Taylor expansion. The first few terms are shown here in one

dimension, V (x), since the interaction between two atoms is a function of the distance

x:

V (x) = (1/2)kx2 + (1/6)γ3x
3 + (1/24)γ4x

4... (1.4)

Often it is convenient, and an accurate representation of the PES of the move-

ment, to truncate the series at the first non-zero term. This leaves a function with

the form of a harmonic oscillator, which closely resembles the energy profile for a bond

stretch in the low-energy region. In Figure 1.4 a harmonic oscillator is shown in green,

while the energy profile of the asymmetric stretch as the proton makes its transit is

shown in dark blue. It is clear that the harmonic oscillator has an entirely different

shape than the double well potential, and is a poor choice to model LBHBs.

Instead, for LBHB systems we must construct a PES and solve the nuclear

Schrödinger equation on that PES directly. Doing this for the full many-dimensional

PES is computationally intractable. Therefore, we focus on a simplified, 2-D slice of

the PES, constructed by varying the N-N length (the symmetric stretch), and the N-H

length in N-H-N, which corresponds to the proton moving between the nitrogens (the

asymmetric stretch). These two motions are chosen because they are the most telling

vibrations in the proton transit. Single point energies are computed at a large number

of grid points, especially in low-energy regions. A polynomial fit to the computed PES

is then made, and this function of the two coordinates V (symmetric, asymmetric) is

used as the V (r;R) in the Schrödinger equation:
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Figure 1.4: Harmonic oscillator, in green, compared to LBHB energy profile, in dark
blue. The harmonic oscillator is obviously not a good choice to approximate the LBHB
energy, especially in the interesting center region, which corresponds to the proton
transit.

Ĥ(R, r) = T̂ (R) + V̂ (r;R) (1.5)

Equation 1.5 can be substituted back into Equation 1.1:

[T̂ (R) + V̂ (r;R)] |ψ〉 = E |ψ〉 (1.6)

By the variational principle, any trial wave function that we choose to insert

into the Schrödinger equation will yield an energy that is greater than or equal to the

actual ground state energy of the system. So, we can variationally optimize a wave func-

tion as a linear combination of a well-chosen basis set, such as harmonic oscillator wave

functions (φ). Assuming N basis functions are used, there will be coefficients c1...cN .

To find the variationally optimal solution, we evaluate the nuclear Hamiltonian matrix

elements in the harmonic oscillator basis, 〈φa| Ĥ |φb〉, and diagonalize the Hamiltonian

matrix. For illustrative purposes, we have taken the determinant of the Hamiltonian
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minus the energy, below, although modern computer software may use other algorithms

to diagonalize the Hamiltonian:

det

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

H11 − ES11 H12 − ES12 · · · H1N − ES1N

H21 − ES21 H22 − ES22 · · · H2N − ES2N
...

...
. . .

...

HN1 − ESN1 HN2 − ESN2 · · · HNN − ESNN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (1.7)

Hab is 〈φa| Ĥ |φb〉, E is the energy which is unknown, and Sab is the overlap ma-

trix which corresponds to the Dirac delta since our basis set is orthonormal. Effectively,

this simultaneously solves a set of equations setting the first derivative of Ĥ |ψ〉 −E |ψ〉

with respect to each coefficient equal to zero. This minimizes the difference between

Ĥ |ψ〉 and E |ψ〉, which according to the Schrödinger equation, are equal for the actual

wave function. So we are optimizing the coefficients to get as close to the actual wave

function as our basis set will allow. The energy is also unknown, however, and since we

have N equations and N + 1 unknowns, we get a set of answers corresponding to N

values of E.

The lowest value of E is the ground state eigenvalue, and the corresponding N

coefficients are used for the linear combination of harmonic oscillators to produce the

eigenstate.

ψ = c1φ1 + c2φ2 + ...+ cNφN (1.8)

Once a wave function has been found, the ground state energy determines the ZPE, and

the excited states are assigned to either the symmetric (N-N) stretch or the asymmetric

stretch (N-H in the N-H-N) based on a plot of the wave function. This reduced dimen-
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sional model is well suited for working with LBHBs, and proved extremely valuable in

identifying them.

It has been theorized that chelated N-H-N systems might have a preference

for a low barrier to hydrogen transit if the basicity of the nitrogens is similar and the

N-H-N angle is near linear. To test this theory, a large experimental and theoretical

collaboration was undertaken. [1] Indeed, our modeling evidence, when combined with

these experimental results, supports the theory that LBHBs are more likely to be found

in proton bound systems with linear N-H-N conformations and nitrogens with similar

basicities.

1.3 Modeling solvent effects

1.3.1 Simple models

In addition to collaborating with experimentalists to model LBHBs, we also

helped solve the mystery of why, out of four essentially isoenergetic configurations of

dimers, only two were presenting in experimental spectra. Gas phase modeling pre-

dicted that four conformers of proton-bound adenine dimers had low enthalpies, within

4 kJ mol−1 of each other. One would expect to see all four represented in gas phase

spectroscopy. However, Fridgen et al. [2] performed infrared multiple photon dissocia-

tion (IRMPD) experiments using electrospray as the source of gas phase proton-bound

adenine dimers, and found evidence of only two of the four isomers. Our efforts helped

explain why.

Since the experimental source of ions was electrospray, it was prudent to exam-

ine solvent effects on the four proton-bound dimers of interest. Two standard quantum

mechanical (QM) modeling techniques were used to do this: a polarizable continuum
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model (PCM), which is an implicit solvent, and microsolvation, an explicit model. PCMs

have a featureless electrostatic potential, as well as empirical dispersion and cavitation

terms that vary with the surface area of the molecule. [5] Since the terms are empiri-

cal, every solvent needs a tailored PCM in which a QM calculation is then run. This

simple, affordable model often captures solvent effects remarkably well - however, it has

no terms for explicit interaction with solvent. Consequently, this mean field approach

will not capture the effects of high-energy localized interactions, such as solute-solvent

hydrogen bonding, which might be crucial to the conformation and/or energetics of the

system.

Microsolvation involves placing a small number of solvent molecules, in this

case water, around the solute molecule. A QM minimization is performed on these best-

guess starting configurations, and the resulting low energy configurations are examined.

So, while this method is dependent on the chemical intuition of the modeler, often the

conformations found yield important insights into the system. Limitations include the

fact that solvent, by its very nature, is fluid, and requires extensive sampling of the

configuration space to completely capture the energetics. However, since low energy

conformations are highly represented, this small sampling is often enough. Also, the

interaction between the explicit solvent and the next solvation shell, or even the bulk

solvent, is completely neglected, and so some conformational and energetic effects are

never explored.

These methods are standard compromises between the high cost of adequately

sampling the configuration space of a very large system, such as a molecule in bulk

water, and the necessity of capturing the important energetics. In the case of the pro-

tonated adenine dimers, both of these methods predicted the same relative energies

for the four proton-bound dimers, and it was clear that two were energetically favored
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over the others when solvated. Unexpectedly, these solvation effects impacted the gas

phase measurements, because the barrier to transition between the conformations fa-

vored in solution and the other two low-energy conformations found in the gas phase

was predicted to be larger than the 120-130 kJ mol−1 binding energy of the dimers.

1.3.2 Modeling the structure of the solvent

While in the adenine proton-bound dimer system these incomplete descriptions

of the solvent effects proved useful, simple solvent models like these can sometimes fail

spectacularly. For example, the Cope elimination can have a rate increase on the order

of a million, simply by changing from protic to aprotic solvent, but PCMs predict no

change at all. [6–8] One can also envision that for a non-homogeneous environment, such

as a protein binding site, sampling more than just the near-neighbor molecules would be

necessary since the features of the surroundings, including the solvent itself, would have

an impact on shaping the conformation of the solvent structure of the area of interest.

To treat it accurately, this type of system would require a much larger explicit solvent

region than microsolvation affords.

Acevedo and Jorgensen [9] were able to successfully model the Cope elimination

by exploring the configuration space along the reaction coordinate of a periodic box

containing a large number of explicit solvent molecules and the reactants. They used

mixed QM and molecular mechanic (MM) methods. However, this sort of sampling

comes at a high computational cost. The main expense comes from the QM calculations,

which are repeated at every time step in the simulation, in most QM/MM schemes. This

can amount to tens of thousands of costly QM calculations. Alternatively, inexpensive

but conformationally accurate MM can be used to explore the configuration space, but

each step still needs a QM evaluation of the energetics.
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An even less expensive scheme is to use MM methods to generate conforma-

tions, then somehow average the solvent conformations into a single QM calculation

that captures the energetics of the all of the sampled configurations. [10–14] This has

the benefit of moving the large number of sampling calculations into the MM domain,

at little to no impact on the accuracy of the configurations, while still calculating the

sensitive energetics with QM. The accuracy of the QM energy calculation depends on

the level of theory used to average the solvent configurations. Sanchez et al. [10] used

point charges to model all of the solvent effects, while we propose a much more accurate

method here.

Since the first solvation shell dominates the solvation energy profile, we will

treat that explicitly, using our QM/MM methodology that has been proven to work

well in condensed phase systems. [15–17] We sample solvent configurations using inex-

pensive MD. A large number of well separated time steps are then superimposed and

scaled, yielding an averaged environment which we can then interact with the explicit

solute region. The solvent effects will be modeled by translating the multipole mo-

ments, polarizabilities and dispersion terms, as calculated by our ab initio based force

field (AIFF), [16, 18] to gridpoints surrounding the explicit region. Translations are

rigorous, and would be exact if the multipole expansion were infinite. The translated

properties are then used to calculate electrostatic, polarizability and dispersion energies

for the whole system. This coarse graining method effectively captures the structure of

the bulk solvent, and interacts that with the explicit region, yielding an energy that is

a function of the actual features of the system instead of a mean field.

In Chapter 4 we provide a demonstration of this approach and obtain very

encouraging results.
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Chapter 2

Vibrations of a chelated proton in

a protonated tertiary diamine

2.1 Introduction

2.1.1 Context

In this example of how computational chemistry can aid experimentalists, we

were interested in identifying a class of molecules as possible low-barrier hydrogen-bonds

(LBHBs). LBHBs have a zero point energy near the barrier to proton transit, as well as

a low frequency vibration associated with that proton movement. To accurately predict

the characteristics of this system, we generated a two dimensional theoretical potential

energy surface, by optimizing the molecule along two coordinates of the multidimensional

potential energy surface. This reduced-dimensionality surface was then used to solve the

nuclear Schrödinger equation. The resulting wavefunction was used to predict spectra

and the zero point energy. Our calculations were extremely helpful in peak assignment,

as well as verifying that the zero point energy is indeed near the top of the potential
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energy barrier. This was instrumental in identifying one of the molecules of interest

as a having a low-barrier hydrogen bond, and helped elucidate under what conditions

molecules are likely to have LBHBs.

2.1.2 Motivation

Quantum-mechanical implications of a symmetric double-well potential have

been widely discussed for many years. [19–23] For molecular systems, a proton moving

between two equivalent sites over a sufficiently low barrier ought to have a zero point

level close to the barrier top, as schematically indicated by Fig. 1. Such a system

should display unusual properties, including (1) having a low frequency vibration cor-

responding to transit of the H+ between sites, and (2) having the maximum of its zero

point vibrational wavefunction near the top of the potential energy barrier. Recently

we published experimental evidence that ion 1a (Figure 2.2) contains a chelated proton,

i.e. one whose average position midway between two basic nitrogens exemplifies the

second of the above properties. [24] Here we report vibrational spectroscopy for this ion,

consistent with the first of the aforementioned properties, confirming that the isolated

monoprotonated ion, as well as its salts, contains a LBHB.

Diamines enjoy greater basicity than their monofunctional analogues. A great

deal of study has been devoted to proton sponges, basic nitrogens either attached to

(directly or via sp3 carbons) or incorporated within aromatic rings. In general, the

monoprotonated salts of such species have NHN bond angles that deviate substantially

from linearity. Salts of these ions often display more than one peak in their solid phase

15N NMR spectra, [25] demonstrating that the strong intramolecular hydrogen bond

does not behave like an LBHB.

Horbatenko and Vyboishchikov recently published a theoretical analysis of pro-
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Figure 2.1: Schematic representation of a Low Barrier Hydrogen Bond (LBHB), in which
the energy of the zero point level (represented by the dotted line) is comparable to the
central energy barrier of the double well potential.

Figure 2.2: Conjugate acid ions from acyclic α, ω-diamines.
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tonated proton sponges that have low barriers to H+ passage from one nitrogen to the

other. [26] By calculating 3-dimensional potential energy surfaces for examples that pos-

sess a plane of symmetry, they predict a vibrational frequency between 300 and 350 cm-1

for a case where the central barrier ranges from 4.5 to 6.5 kJ mol-1. The frequency has

a value an order of magnitude lower than that of an ordinary NH bond, demonstrat-

ing that transit between nitrogens exerts a profound effect on vibrational frequency.

Because the NHN bond angle is far from linear in these proton sponges, considerable

mixing occurs between the asymmetric NHN stretch and the in-plane NHN bend.

Monoprotonated ions from diamines form easily within a mass spectrometer, in

which they can be isolated. [27] In the present study ions produced from an electrospray

source have been trapped in a Fourier Transform Ion Cyclotron Resonance spectrometer

(FT-ICR), where irradiation by IR pulses from a free-electron laser induces frequency-

dependent dissociation via loss of neutral dimethylamine. After absorbing a single pho-

ton at a resonant frequency, the density of vibrational states becomes so great that the

ion absorbs subsequent photons rapidly and decomposes unimolecularly. Infrared Res-

onant Multiple Photon Dissociation (IRMPD) thus provides an action spectrum moni-

tored by mass spectrometry, which reveals the IR absorption profile of an isolated ion.

Isotopic substitution permits the assignment of absorption bands to motions involving

the bridging H+.

In parallel with these gas phase experiments, crystalline samples of the mono-

protonated salts have been examined by NMR, X-ray crystallography, inelastic neutron

scattering (INS), and Raman spectroscopy at high pressures. It is generally accepted

that the increased basicity of aliphatic diamines in the gas phase arises from forma-

tion of cyclic structures that contain intramolecular strong hydrogen bonds (or proton

bridges), as the left hand side of the equation in Figure 2.3 illustrates. The presence of
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Figure 2.3: Cyclic structures with strong intramolecular hydrogen bonds (proton
bridges) have increased basicity.

these intramolecular strong hydrogen bonds has been demonstrated by the solid phase

structural studies of the triflate salt of 1a (X = CH2CH2), [24] whose neutral conju-

gate base is commonly called tetramethylputrescine. Tetramethylputrescinium ions are

illustrated in Figure 2.2, along with relevant homologues. Recent solution-phase studies

by Pluth, Bergman, and Raymond [28] explored the rates of ring opening, as illustrated

in Figure 2.3. They find that chainlength affects the strength of proton bridges. The

present work provides evidence showing that, in a case where the two nitrogens have the

same basicity and the NHN bond angle is nearly linear, the proton bridge behaves like

a low barrier hydrogen bond (LBHB), in which the proton is poised midway between

the two nitrogens.

What properties indicate that an intramolecular strong hydrogen bond corre-

sponds to an LBHB? This paper first addresses that question using theory as a prelude

to experiment. DFT calculations gauge suitable candidates having a low barrier to

proton transit from one nitrogen to the other, a nearly linear NHN bond angle, and

identical proton affinities of the two amino groups. It turns out that the ions that give

the lowest barriers for proton transit include ion 1 and also have NHN angles close to

180◦.

A 2-dimensional potential energy surface (PES) for ion 1 has been constructed.

To ensure an accurate and computationally affordable description of the noncovalent in-
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teractions governing this PES, a double-hybrid density functional was used. The molec-

ular system of 1 is too large for the complete potential energy surface to be probed,

so predictions based on a greatly reduced dimensionality have been explored for com-

parison with experiment. Taking advantage of the nearly linear NHN alignment, the

calculations predict vibrational quantizations by treating 1 as though it were a linear

triatomic. Within the limitations of this simplifying assumption, the reduced dimen-

sionality approach computes frequencies and the shifts expected when bridging H+ is

replaced by D+. Proceeding from theory to experiment, measured IRMPD spectra are

compared with calculated band positions, which agree with the theoretical predictions

for an LBHB. In the 300-600 cm-1 domain, the observed NHN asymmetric stretching

band for 1a matches the value computed from the 2-dimensional PES. The result indi-

cates that the vibrational motion that moves a proton from one nitrogen to the other (an

asymmetric NHN stretch) gives rise to a discrete IR absorption. The band corresponds

to the expected low frequency proton transit mode in an LBHB, consistent with the

inference that LBHBs can occur in proton-bridged, aliphatic diamines. The absence of

this spectroscopic signature in other proton-bridged diamines implies that not all such

species contain LBHBs. Specifically, the characteristic isotopic shift in the 300-600 cm-1

domain is not observed in the asymmetric, bridged diamine 2. Solid phase NMR and

X-ray crystallography probe the structure of salts of 1a. NMR demonstrates that the

polycrystalline monoiodide salt exhibits a single, sharp 15N resonance. Crystallography

compares experimentally measured distances with those predicted by DFT for the free

ion. Our previously reported study of dipolar 15N-1H coupling in the triflate salt situates

the bridging proton midway between the two nitrogens, rather than rapidly exchanging

from one to the other. [24]

Inelastic neutron scattering (INS) detects a vibration of the monoiodide salt
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of 1a close to the same position as seen by IRMPD for isolated 1a in the gas phase,

which again is greatly attenuated by replacement the bridging H+ with deuterium. The

closeness of the band position seen in the solid to that of the isolated ion in the gas phase

(as well as to theory) predicts that the NHN asymmetric stretch, if correctly assigned,

ought to shift only slightly with applied pressure.

High pressure Raman spectroscopy reveals a vibrational mode for the monoio-

dide salt of 1a that agrees with the band observed for the gaseous ion and by INS, which

is not observed for the monoiodide salt of the deuterated ion 1b nor for the diiodide

salt of the diprotonated diamine. This position of this Raman absorption depends on

applied pressure much less than do nearby vibrations, an outcome consistent with the

aforementioned prediction. Taken together, the results demonstrate how theory, iso-

topic labeling, IRMPD, Raman spectroscopy, and INS can provide an assignment for

vibrational motion of a bridging proton within a LBHB.

2.2 Experimental section and computational methods

2.2.1 Computational

Figure 2.4: Distances and angles for protonated α, ω-diamine equilibrium geometries
and for the barrier top corresponding to proton transit.

Reaction coordinates for internal nucleophilic displacement (Figure 2.4 and
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Figure 2.5: Transition state geometry for internal nucleophilic displacement

Figure 2.5) were calculated utilizing constrained geometry optimizations at B3LYP/6-

31G(d, p) using a pruned (99, 590) ultrafine grid, with normal mode calculations at

stationary points, by means of the Gaussian03 program suite.(CITE GAUSSIAN) Po-

tential energy surfaces (PESs) for proton transit using these geometries were fitted to

calculated data points as polynomials and vibrational energy levels computed by solving

for the eigenvalues and eigenvectors of the corresponding Hamiltonian matrix expanded

in a harmonic oscillator basis within the Mathematica programming environment.

Energetics for proton transit, as per Figure 2.3 and for the 2-dimensional PES in

Figure 2.6 were computed using the recently developed double-hybrid B2-P3LYP density

functional [29] in the cc-pVTZ basis. [30] Standard density functionals exhibit known

deficiencies in treating van der Waals interactions. [31] Double-hybrid functionals [32]

attempt to correct for this deficiency by mixing Mller-Plesset (MP2)-like long-range

correlation into the functional. The B2-P3LYP functional significantly outperforms

B3LYP for systems where non-covalent interactions are important, so it was used for

computing energetics. The cc-pVTZ basis is the recommended basis set for use with

B2-P3LYP, since the functional’s empirical parameters were fitted using this basis.

B2-P3LYP calculations were performed using a developmental version of Q-

Chem, version 3.1. [33] Because analytical gradients of the B2-P3LYP functional are

currently unavailable, the structures optimized at B3LYP/6-31G(d, p) were used. Two
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Figure 2.6: 2-Dimensional potential energy surface for the conjugate acid ion of N,
N, N, N-tetramethylputrescine fitted to 132 data points calculated at B2-P3LYP/cc-
pVTZ//B3LYP/6-31G(d, p) for different values of R and r. The heavy black contours
represent the zero point wavefunction for ion 1a with contour lines at 30, 40, 50, 60, 70,
80, 90, and 98% of maximum amplitude. The dashed line represents a straight cut from
one energy minimum to the other.

additional approximations were invoked to accelerate the B2-P3LYP energy calcula-

tions. First, just as in the original B2-P3LYP paper, [29] the resolution-of-the-identity

(RI) approximation was used, [34] with the auxiliary cc-pVTZ fitting basis, [35] to

speed the MP2 portion of the B2-P3LYP calculation. Second, a dual-basis Hartree-

Fock (HF)/MP2 calculation [36] was used to approximate the MP2/cc-pVTZ solution

by taking the converged HF density matrix from a carefully chosen smaller basis set,

projecting the density matrix into the larger cc-pVTZ basis, and taking a single HF

iteration in the larger basis before applying the MP2 correction. Each of these approx-

imations typically introduces negligible errors into relative energies.

To generate a 2-dimensional PES, B2-P3LYP/cc-pVTZ energies were computed
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for >120 geometries, which were generated by fixing the two NH distances over a domain

of values and performing constrained B3LYP/6-31G(d, p) optimizations to relax all other

degrees of freedom. In the first pass, the two NH bond lengths were varied independently

in 0.25 Å increments. Additional grid points were added at spacings of 0.05-0.10 Å or

less in low-energy regions. Sampling intervals as tight as 0.01 Å were tested, but the

impact on the polynomial fit was insignificant.

The B2-P3LYP data points were fitted within the Mathematica programming

environment using the symmetry coordinates s1 = R/
√

2 and s2 = (R - 2r)/
√

2 (cf.

Figure 2.4) to a 2-dimensional potential energy surface using polynomial coefficients

and cross-terms up to order 4 for s2 with an additional R6 term for s1 using non-

linear least-squares fitting subroutines. Geometry optimizations did not constrain any

angles but nevertheless gave NHN values within 10◦ of linearity. Having NHN bond

angles this close to 180◦ justified the use of s1 and s2 (internal coordinates for a linear

triatomic) in constructing the PES and calculating vibrational levels. Energies and

wavefunctions for the movement of a proton or deuteron on the 2-dimensional PES

were determined by solving the nuclear Schrödinger equation in a 2-dimensional basis

of harmonic oscillator eigenfunctions. At least 20 basis functions, centered about 0 for

s2 and the equilibrium point in s1, were used in each coordinate. The PESs of interest

were each fitted to give RMS deviations <0.2 kJ mol-1. The reduced masses for a

linear triatomic having a small mass m between two larger masses M are M for s1 and

mM/(m + 2M) for s2. [37] In terms of the integer masses of hydrons and nitrogen, these

correspond to 14 Da for s1, 14/29 Da for s2 with bridging H+, and 14/15 Da for s2 with

bridging D+. Energies and eigenstates were calculated using standard matrix techniques

as implemented in Mathematica. Convergence was tested by varying both the number of

basis functions and the fundamental frequency of the oscillators. Full dimensional DFT
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anharmonic calculations were performed using a second-order perturbative evaluation

of vibrorotational parameters implemented in the Gaussian program suite. [38]

2.2.2 Gas phase ion spectroscopy and crystallography

N, N, N, N-Tetramethylornithine [39] (the conjugate base of ion 2) was pre-

pared by NaBH3CN reduction of a mixture of formaldehyde and commercial ornithine

and purified by ion-exchange chromatography on a Dowex 50Wx8-400 column, using a

procedure analogous to that reported by Tian, Lis, and Kass. [40] Deuterated analogues

of N, N, N, N-tetramethylputrescine were synthesized as previously described. [24] The

crystalline monoiodide salt of 1a was prepared by dissolving 5 mmol of commercial N,

N, N, N-tetramethylputrescine (N, N, N, N-tetramethyl-1, 4-butanediamine, Aldrich) in

20 mL absolute ethanol and adding 3 mmol of commercial 57% hydriodic acid dropwise.

The solution was allowed to cool, and colorless crystals deposited after a few minutes,

which were then recrystallized from absolute ethanol and subsequently used for crystal-

lography at 100 K on a CCD X-ray diffractometer system (Mo-radiation, λ = 0.71073

Å, 50 KV/40 mA power).

Gaseous conjugate acid ions were produced using electrospray ionization of

free diamines or their salts from 50:50 methanol:water containing a trace of acetic acid

(for protonated ions) or from 50:50 CH3OD:D2O containing a trace of CD3COOD (for

deuteronated ions) and introduced into a Fourier transform ion cyclotron resonance mass

spectrometer (FT-ICR) coupled to the infrared beam line of FELIX, the free electron

laser for infrared experiments at the FOM Institute Rijnhuizen. Details of the laser,

the FT-ICR, and the multiple photon dissociation (IRMPD) process have described

elsewhere. [41–46] Briefly, electrosprayed ions were injected into a home-built 4.7 T

FTICR mass spectrometer via a quadrupole deflector and a 1-m long RF octupole ion
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guide. IRMPD spectra were monitored by expulsion of neutral dimethylamine (loss

of 45 Da from protonated ions and of 46 Da from deuteronated ions) as a function of

wavelength.

2.2.3 Solid phase NMR and high pressure Raman spectroscopy

Magic-angle-spinning (MAS) solid-state NMR experiments were performed at

9.4 T (1H frequency 400 MHz) on a Bruker AVANCE III spectrometer equipped with

a double-resonance 4 mm MAS probe, spinning at a MAS rate of 8 kHz. 1H direct

excitation experiments were acquired using 83 kHz π/2 excitation pulses, and 15N cross-

polarization (CP) experiments were acquired using 83 kHz 1H π/2 excitation and de-

coupling pulses along with a 2 ms CP spin-lock. During CP the 1H nutation rate was

set to 50 kHz and the 15N nutation rate ramped from 38 kHz-46 kHz. For a typical CP

spectrum, 4096 complex data points with a dwell of 10 ms (spectral width 50 kHz, total

acquisition time 40.1 ms) were acquired with a recycle delay of 5 s for a total experiment

time on the order of 17 h. 1H chemical shifts were referenced to TMS and 15N shifts to

liquid-NH3 using solid ammonium chloride (at 39.2 ppm) as a secondary chemical shift

reference.

Raman scattering studies of salts of 1a, 1b, and diprotonated tetramethylpu-

trescinium diiodide were carried out under high pressure using a diamond anvil cell

(DAC). Polycrystalline 1a was purified by three successive recrystallizations from abso-

lute ethanol containing a slight excess of free tetramethylputrescine. Samples of 1b were

prepared by bubbling hydrogen iodide gas through a solution of excess tetramethylpu-

trescine in ethanol-O-d followed by three recrystallizations from ethanol-O-d containing

excess of free diamine, as above. The diprotonated diiodide salt was prepared by adding

excess aqueous 57% hydriodic acid to an ethanolic solution of tetramethylputrescine,
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collecting the precipitated crystals, and recrystallizing from ethanol. Stoichiometry of

all samples was assayed gravimetrically by precipitation of AgI from addition of ethano-

lic AgNO3 to weighed aliquots in ethanol. 15N natural abundance solid phase NMR

showed that the sample of 1a exhibited a very small peak (approximately 2% the area

of the peak from the monoprotonated salt) corresponding to an impurity of the dipro-

tonated diamine. The same lot of polycrystalline 1a was used for DAC Raman, NMR,

and INS experiments. Deuterated salt 1b was freshly recrystallized from ethanol-O-d

before each experiment.

The Raman spectrum of the sample was obtained by using a Dilor XY modular

Raman spectrometer. The excitation source was the 514 nm line of an argon ion laser or

the 647 nm line of a krypton ion laser. The excitation light was directed into the DAC

sample chamber, and the backscattered (180◦) light collected and sent through a double

subtractive monochromator and detected by a liquid nitrogen-cooled CCD. The sample

pressure was determined by measuring the fluorescence shift of the R1 emission of ruby

placed inside the sample chamber of the DAC. [39] The peak positions of the Raman

bands were found by fitting the Raman spectra with Gaussian line shape functions.

Some overlapping bands were fit with composite Gaussian functions.

2.2.4 Inelastic neutron scattering

Inelastic neutron scattering spectra were obtained on the inverse geometry Fil-

ter Difference Spectrometer at the Lujan Center at Los Alamos National Laboratory. [47]

Approximately 500 mg of the monoiodide salt of monoprotonated (1a) tetramethylpu-

trescine was loaded in an aluminum sample container under helium atmosphere for data

collection at 10 K. As noted above, integration of the solid phase NMR showed this sam-

ple to contain 2% of the diprotonated diamine. The monoprotonated diamine salt was
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subsequently recrystallized three times from ethanol-O-d containing a slight excess of

neutral tetramethylputrescine to exchange the H-bond proton with deuterium, yielding

the monodeuteronated (1b) monoiodide salt. An equivalent INS spectrum was then col-

lected with the aim of comparing the two spectra reproduced in Figure 2.15. Subtraction

(not shown) eliminated all bands, except for those strongly coupled to displacements of

the H-bond proton.

2.3 Results

The polycrystalline salts of tetramethylputrescine display characteristic solid

phase MAS NMR spectra. The monoprotonated d16 monotriflate

[(CD3)2NCD2CH2CH2CD2NH(CD3)2
+ CF3SO−3 ] exhibits the spectrum reproduced in

Figure 2.7. The resonance assigned to the bridging H+ lies 13 ppm downfield of the

aliphatic hydrogens. The natural abundance 15N resonances of the monotriflate and

monoiodide salts of undeuterated 1a and of the diprotonated tetramethylputrescine-d0

diiodide salt all show sharp (FWHM = 10 Hz) peaks in the solid phase MAS NMR at

room temperature. The chemical shifts of the mono- and diiodide salts are well sepa-

rated, 40.0 and 47.3 ppm, respectively. The monoprotonated monotriflate salt exhibits

a simlarly sharp 15N peak and has a chemical shift of 36 ppm in the solid phase NMR.

Singly charged conjugate acids of tertiary diamines have been investigated be-

cause only one proton is attached to nitrogen, which can be exchanged for a deuteron.

DFT was used to select the ion most suitable for vibrational spectroscopy. The singly

charged ions 1− 3 were surveyed computationally and the experimental spectra of

gaseous 1 (as a LBHB candidate) compared with those of 2a, 2b, 3a, and 3b (as con-

trols). Four criteria were used to select ions for experimental study of LBHB properties:
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Figure 2.7: MAS 1H NMR of the monotriflate salt of monoprotonated
tetramethylputrescine-d16. The dashed line indicates the chemical shift of the bridg-
ing proton.

Table 2.1: Geometrical parameters (Å and degrees) corresponding to the scheme in
Figure 2.4 for internal H+ transit within singly protonated aliphatic diamines calculated
at B3LYP/6-31G(d, p), along with electronic energy barriers (E‡ in kJ mol-1) based on
single points calculated at B2-P3LYP/cc-pVTZ//B3LYP/6-31G(d, p). Symmetry of
the geometry at the barrier top is indicated in the right-hand column.

Chainlength X r R <NHN E ‡ r ‡ R ‡ <NHN‡ Symm

CH2 (3a) 1.089 2.713 155◦ 7.19 1.308 2.575 160◦ Cs

CMe2 (3c) 1.092 2.698 155◦ 6.94 1.304 2.569 160◦ Cs

CH2CH2 (1) 1.114 2.708 171◦ 3.63 1.306 2.608 173◦ C2

CH2CH2CH2 1.111 2.734 183◦ 4.30 1.312 2.624 183◦ Cs

CH2CMe2CH2 1.115 2.715 182◦ 3.63 1.308 2.616 182◦ Cs

(CH2)4 1.080 2.895 191◦ 12.5a 1.328 2.657 188◦ C1
a Starting from the more stable tautomer in the unsymmetrical double-well potential;

E‡ = 11.4 kJ mol−1 starting from the less stable tautomer.

(1) the two amino groups should have equal basicities (2) the cyclic geometry should

involve linear or nearly linear NHN bond angles (which is why ion 3 was selected as a

control); (3) the bridged diamines should exhibit low barriers for proton transit between

the two nitrogens; and (4) a relatively low barrier for loss of Me2NH via internal SN2 is

required for the IRMPD experiments. Figure 2.4 depicts relevant geometrical features

of proton transit, with the corresponding values from B3LYP/6-31G(d, p) geometry

optimizations for a homologuous series summarized in Table 2.1. Table 2.2 summarizes

energies and geometries for decompositions of these cations via the equation found in

Figure 2.3 followed by the scheme found in Figure 2.5.
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Table 2.2: Geometrical parameters (Å and degrees) corresponding to Figure 2.5 for
internal nucleophilic displacement of dimethylamine in monoprotonated aliphatic di-
amines calculated at B3LYP/6-31G(d, p) along with electronic energy changes corre-
sponding to the equation given in Figure 2.3 (∆Eex) and for Figure 2.5 (∆ESN2 and the
barrier height ∆E‡SN2) in kJ mol-1 based on single points calculated at B2-P3LYP/cc-
pVTZ//B3LYP/6-31G(d, p).

Chain X ∆Eex ∆EaSN2 ∆E‡SN2 <NHN rNC rCN

CH2 (3a) 64 159 161 178◦ 1.98 2.13
CMe2 (3c) 54 134 140 182◦ 2.01 2.11

CH2CH2 (1) 78 94 128 192◦ 2.13 2.12
CH2CH2CH2 63 57 120 198◦ 2.16 2.08

CH2CMe2CH2 65 48 125 197◦ 2.16 2.07
(CH2)4 68 88 138 199◦ 2.18 1.92

aNot corrected for basis set superposition error.

The diamine selected for comparison with theory, 1, corresponds to a symmet-

ric double well along the asymmetric stretch coordinate, whose geometry possesses an

NHN angle within 10◦ of linearity. Shorter chains (such as in 2) have NHN bond angles

too small for the reduced dimensionality treatment described below. Diamine 1 has a

low calculated proton transit barrier between the tertiary amino groups. The ring size

for 1 also facilitates internal nucleophilic displacement via the pathway portrayed in

the scheme in Figure 2.5. The ease with which intramolecular displacement can occur

allows this reaction to be used for detection of IR absorption of the gaseous ion via

action spectroscopy. The calculations described below suggest that the NHN stretch for

1 should occur between 500 and 550 cm-1. The calculated barrier for the scheme found

in Figure 2.5 thus requires the absorption of approximately 20 photons or less at that

frequency to reach threshold for expelling dimethylamine.

It is important that the NHN angles be nearly linear for two reasons. First,

the lowest energy trajectory may be inaccessible if the strong hydrogen bond has an

angle much less than 180◦. Perrin and coworkers [48, 49] have shown that H+ transit

in the conjugate acid of 1, 8-bis(dimethylamino)napthalene corresponds to equilibration
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of two isomers of equal stability, even though the calculated electronic energy barrier is

low. Majerz and Oluvsson [50, 51] have more recently pointed out the strong influence

of the bond angle on the facility with which proton transit can take place. In a bent

NHN geometry, the lowest barrier on the energy surface may not be accessible for low-

lying vibrational states. In other words, for highly nonlinear strong hydrogen bonds,

the effective barrier might not correspond to the picture in Fig. 1, even if that potential

does represent the minimum energy pathway.

Second, a theoretical analysis (for comparison with experiment) requires eval-

uation of anharmonic motion. For molecules as large as 1, which lacks a plane of

symmetry, it is necessary, at present, to treat the system using a greatly reduced di-

mensionality. This paper considers the NHN asymmetric stretch and the NN symmetric

stretch as though they were a linear triatomic. This approach neglects bending motions.

2.3.1 Predicted potential energy surfaces for 1

DFT locates two low energy equilibrium conformations of the isolated ion 1a.

The calculations place the less stable one 12 kJ mol-1 higher, an enthalpy difference that

means the more stable conformation (which does not lie far from possessing C2 sym-

metry) represents >99% of the population at room temperature. X-ray crystallography

confirms the predominance of the more stable conformation in crystalline salts. [24]

The simplest way to make a prediction for the strong hydrogen bond in 1a is

to calculate a 1-dimensional potential energy curve for the more stable conformation,

as previous investigations have done. [19–22] The next level of approximation requires a

2-dimensional potential for that conformation, which provides a good estimate of bond

distances. [24] In both models, vibrational quantizations are computed by assuming lin-

ear NHN (even though this constraint was not imposed on the geometry optimizations),
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with the corresponding reduced masses for stretching modes of a linear triatomic. [37]

As Table 2.1 indicates, the NHN angle for monoprotonated diamine 1a in-

creases by only 2◦ as the proton passes over the central barrier. Nevertheless, the NN

distance at the barrier top, R‡, has a value 0.1 Å shorter than does R at the equilibrium

geometry. For this reason, a 2-dimensional potential energy surface has been calculated

for ion 1 as a function of R - 2r (corresponding to the motion of the hydrogen treated as

an asymmetric stretch) and R (corresponding to the NN stretch). Dividing these by
√

2

gives the symmetry coordinates s2 and s1 used to compute anharmonic frequencies. As

Table 2.1 summarizes, approximation as a linear equilibrium geometry becomes invalid

for shorter homologues such as ions 3. Published crystal structures of longer homo-

logues [24] indicate that the crystalline salts examined to date exhibit disorder or dimer

formation that interfere with solid phase investigations.

The 2-dimensional potential energy surface was computed for ion 1 using

B3LYP/6-31G(d, p) optimized geometries at various fixed values of the NH distances,

as described in the experimental section, with single point energies computed at B2-

P3LYP/cc-pVTZ for each data point. This functional and basis set have performed well

both in general noncovalent interaction benchmarks [29] and in predicting the binding

energies of the proton-bound dimers of adenine. [52–54] In contrast, B3LYP consistently

underestimates such interactions [29, 55] (regardless of inclusion of diffuse functions in

the basis set). The 2-dimensional potential energy surface for 1 is illustrated in Figure

2.6, along with a contour plot for the zero point wavefunction of 1a. Predicted zero-point

energies, anharmonic frequencies, and isotope effects resulting from the 2-dimensional

surfaces will be discussed below in the context of the experimental results.
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2.3.2 Experimental studies

The validity of the 2-dimensional potential energy surface can be gauged by

comparing the predicted N-N distance R with the experimental value. The expectation

value <R> for the zero-point vibrational wavefunction of 1a for the surface depicted

in Figure 2.6 has a value of 2.643 Å. The value from X-ray crystallography of the

monotriflate salt of 1a is R = 2.659 Å. [24] Because the structure of the cation in

the crystalline salt is perturbed by the counterion, the monoiodide salt was prepared,

as well, for which X-ray crystallography at 90 K gives the value R = 2.647 Å. The

calculated value of <R> thus agrees well with the crystallographic N-N distance for the

monoiodide salt of 1a.

The top panel in Figure 2.8 reproduces the IRMPD spectra of the gaseous

ions 1a (m/z 145 in the black upper trace, electrosprayed from 50:50 methanol:water

containing a trace of acetic acid) and 1b (m/z 146 in the red lower trace, electrosprayed

from 50:50 CH3OD:D2O containing a trace of CD3COOD) in the 600-1800 cm-1 domain.

As noted above, IR absorption was monitored by the loss of neutral dimethylamine

observed using FT-ICR (m/z 145 –> m/z 100 for the black trace, m/z 146 –> m/z

100 for the red trace). Most of the observed bands match peaks predicted by DFT

anharmonic calculations [38] shown in the lower panel, with assignments indicated by

the dashed lines. The most intense IR absorption band (around 1500 cm-1) in Figure 2.8

comes from HCH scissor modes. The position of this band does not shift in changing

from 1a to 1b, even though the intensity of the IRMPD absorptions (the fractional

dissociation represented by the y-axis) diminishes. This consequence of deuteration

appears general and can be ascribed to the increasing heat capacity of the deuterated

ion.
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Figure 2.8: Experimental IRMPD spectra of ions 1a (upper panel, upper trace) and 1b
(upper panel, lower trace), in which the y-axis indicates the fractional yield of dimethy-
lamine loss, compared with an anharmonic normal modes calculation for 1a [38] (using
harmonic absorption cross sections and 30 cm1 FWHM Gaussian lineshape). The solid
arrow near 1200 cm−1 in the experimental spectra in the upper panel indicates a band
that disappears upon deuteration, which is provisionally assigned to an NHN bending
mode. The lower panel shows the IR absorptions predicted by a B3LYP/6-31G(d,p)
anharmonic calculation on 1a, from which three bands (the NHN asymmetric stretch at
961 cm−1 and the two NHN bends at 1598 and 1640 cm−1) have been deleted. Dashed
lines indicate matches assigned between the IRMPD and the calculated spectrum.
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Figure 2.9: IRMPD spectrum of ions 1a (black trace) and 1b (pale trace) in the long
wavelength domain. Arrows correspond to frequencies calculated from the 2-dimensional
surface in Figure 2.6: dashed arrows for NN stretching modes (1a at 515 cm−1, 1b at
456 cm−1); the solid arrow for the asymmetric NHN stretch predicted for 1a at 528
cm−1; and the solid arrow for the position of the asymmetric NDN stretch at 282 cm−1,
which lies outside the experimentally accessible frequency range.

2.3.3 NHN Asymmetric stretching vibrations

The IR spectra of 1a and 1b are reproduced in Figure 2.8 and Figure 2.9.

The free electron laser requires readjustment to scan at frequencies below 600 cm-1, so

the spectra in Figure 2.9 were recorded separately from those in Figure 2.8. One band

in the 300-600 cm-1 region of Figure 2.9 displays a major shift of peak position as a

consequence of isotopic substitution. Upon replacement of the bridging H+ with D+,

the band near 540 cm-1 greatly diminishes, while the bands near 390 and 460 cm-1 do

not move appreciably, although a new peak appears around 440 cm-1. The vibration

that vanishes is taken to represent motion of the bridging proton.

Low frequency motions of the alkyl chain also occur in this region. To take

these into account, Gaussian03 B3LYP/6-31G(d, p) anharmonic calculations [38] for

motions of the methylene chain in this domain give frequencies, which can be compared
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with those predicted by a harmonic normal modes calculation [27] (511 vs. 503 cm-1; 497

vs. 483 cm-1; 446 vs. 447 cm-1; 345 vs. 348 cm-1 for the four most intense peaks). The

small differences between harmonic and anharmonic calculations suggest the accuracy

of those values. Setting them aside, the vertical, solid black arrow indicates the position

of the asymmetric NHN vibration of the bridging proton of 1a predicted from the 2-

dimensional surface (symmetry coordinate s2) in Figure 2.6 at 528 cm-1. When bridging

H+ is substituted by bridging D+, the predicted peak position shifts to 282 cm-1 (outside

the domain of the free electron laser scan), as indicated by the solid red arrow.

Harmonic calculations predict a much higher value for the NHN asymmetric

stretch. The value from a normal modes computation (2027 cm-1) shifts greatly in the

Gaussian03 anharmonic calculation (961 cm-1). [38] Neither value agrees with the predic-

tion from the 2-dimensional surface in Figure 2.6. As Figure 2.8 shows, the experimental

peaks between 800 and 1000 cm-1 exhibit no shift upon deuteration. Moreover, nearly

all of the experimental peak positions of 1a match those of the calculated spectrum in

the lower panel (from which the 961 cm-1 band has been omitted). Hence, assigning

the band near 540 cm-1 to the NHN asymmetric stretch seems plausible. Additional

evidence below corroborates that assignment.

Comparison of ions 1 and 2 provides one type of control. The sort of isotopic

shift in going from ion 1a to 1b is not seen in the conjugate acid ions (2a and 2b)

from tetramethylornithine, Me2NCH2CH2CH2CH(NMe2)COOH, whose dimethylamino

groups have unequal basicities. This basicity difference ought to prevent the strong

intramolecular hydrogen bond from behaving like a LBHB. The gas-phase mid-IR spec-

trum of the protonated amino acid (MH+ ion) is reproduced in Figure 2.10 panel A.

The lowest frequency absorption detected by IRMPD occurs near 600 cm-1. As Fig-

ure 2.10 panel B shows, 2a exhibits no other bands in the 300-600 cm-1 region. Does
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Figure 2.10: IRMPD spectrum of monoprotonated N, N, N, N-tetramethylornithine,
2a, in the 600-1800 cm-1 domain (A) and a comparison of 2a with the d2-ion 2b in the
300-600 cm-1 domain (B).
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Figure 2.11: IRMPD spectra of N, N, N, N-tetramethyl-1, 3-propanediamine (black
trace with bridging H+; pale trace with bridging D+). Note that there are at least 3
bands present in the black trace that are absent in the pale trace.

that vibration involve an exchangeable hydrogen?

Panel B in Figure 2.10 compares the IRMPD spectra of the MH+ (2a, m/z 189,

upper trace) and MD+ (2b, m/z 191, lower trace) ions in the low frequency domain. The

latter ion contains 2 deuteria, because the carboxyl group also exchanges with solvent.

As in the case of ion 1, the MD+ spectrum (lower) is much less intense than the MH+

spectrum (upper), but the principal band in the 300-600 cm-1 domain does not change

position. Small features appear around 450 cm-1 in the deuterated spectrum, but they

do not appear to be significantly above background and may be noise.

Since no shift of band position takes place, the 600 cm-1 band in 2 does not

involve the exchangeable hydrogens. Nor do any other absorptions appear at lower

frequencies. The example of 2 serves as a control for the method of isotopic substitution

for assessing vibrations assigned to the bridging proton.

What happens if the NHN bond deviates too much from linearity? Making

the bond angle much less than 180◦ need not prevent proton bridges from behaving like
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Figure 2.12: Potential energy curves (y-axes in cm-1) corresponding to the straight cut
from minimum to minimum across the 2-dimensional surface indicated by the dashed
line in Figure 2.6 for the conjugate acid ions of N,N,N,N-tetramethylputrescine with
bridging H+ (1a) and bridging D+ (1b). The ν = 0 and ν = 1 energy levels and the
corresponding cuts through the wavefunctions show the probability that the bridging
hydron lies close to the midpoint between the nitrogens in the zero point level.

LBHBs, but it invalidates predictions based upon treating it as a linear triatomic. The

experimental spectra of 3a and 3b reproduced in Figure 2.11 display more peaks that

disappear in the mid-IR (presumably shifted to where they cannot be observed) than

do diamines with longer methylene chains. As Table 2.1 summarizes, the NHN strong

hydrogen bonds for diamines with 3-carbon chains are substantially bent, and, as a

consequence, no effort has been made to predict its vibrations at reduced dimensionality.

At least 3 bands in 3a appear to vanish in the experimental spectrum of 3b, around

1200 cm-1, 1300 cm-1, and between 1350 and 1400 cm-1. While no assignment is put

forth for these bands, this control demonstrates that deuteration can, in some cases,

lead to more pronounced changes than those observed in Figure 2.8 and Figure 2.9.

The reduced dimensionality approach used here gives a potential energy surface

(Figure 2.1 and Figure 2.12) from which NN symmetric stretching vibrations (symmetry
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coordinate s1) are calculated at the same time as the NHN asymmetric stretches. On

the one hand, computations based on the 2-dimensional potential energy surface give

a value of 515 cm-1 for ion 1a. On the other hand, standard normal modes calcula-

tions [27] shows several vibrations that possess NN symmetric stretch character. The

normal modes calculations predict frequency shifts <5 cm-1 in going from bridging H+ to

bridging D+, while computations based on the surface in Figure 2.6 (which do not take

motions of the methylene chain into account) predict that the NN symmetric stretch

should shift to 456 cm-1. The IR absorption maximum in Figure 2.9 around 470 cm-1

does not lie too far from the aforementioned predictions for the NN stretch, which is indi-

cated by a black dashed arrow. More importantly, the apparent shift of the experimental

maximum to 440 cm-1 corresponds to predictions based on the reduced dimensionality

treatment (which is indicated by the red dashed arrow). The 2-dimensional potential

energy surface also predicts the zero point energy for the asymmetric and symmetric

vibrations taken together to undergo an isotopic shift 765 –> 653 cm-1 for 1a –> 1b

(Figure 2.12).

2.3.4 NHN Bending vibrations

Another feature virtually disappears from Figure 2.8 upon replacement of the

exchangeable H+ by D+: the band around 1200 cm-1. The change in mass of the

bridging hydron presumably moves this band to lower frequency, where it is obscured

by other bands. Consequently, the 1200 cm-1 vibration is inferred to involve a substantial

contribution from the bridging proton to its reduced mass. The adjacent band near 1250

cm-1, which does not move upon deuteration, probably corresponds to CH3 rocking

motions calculated at 1158 cm-1. The lower panel in Figure 2.8 shows the B3LYP/6-

31G(d, p) anharmonic vibrational spectrum [38] of 1a, from which the NHN bending
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peaks (calculated at 1598 and 1640 cm-1) and the asymmetric stretch of the bridging

proton at 961 cm-1 have been deleted. It would be tempting to surmise that the shoulder

around 1600 cm-1 in the IRMPD spectrum comes from NHN bending vibrations, but the

fact that the shoulder does not move upon deuteration argues against this assignment.

As noted above, anharmonic DFT calculations [38] predict that NHN bending

vibrations in 1a should occur around 1600 cm-1. The shoulder around 1600 cm-1 in Fig-

ure 2.8 does not shift upon replacing the bridging H+ with D+, so it seems unlikely that

this feature corresponds to a vibration in which the bridging proton moves. Deuteration

of all the CHs in 1a (giving a d20 ion at m/z 165) shifts the most intense feature to a

pair of bands near 1100 and 1200 cm-1 (see Supporting Information). This shift reveals

a broad band centered around 1550 cm-1 with a full width a half-maximum (FWHM) of

100 cm-1, which is superimposable upon the shoulder in Figure 2.1. Assignment of this

feature, which appears to be common to 1a, 1b, and the monoprotonated d20 diamine,

remains in question.

As pointed out above, the shorter homologue whose spectra are reproduced in

Figure 2.11, displays at least three bands in the 1000-1400 cm-1 domain that appear

to vanish upon deuteration. For this ion, the central barrier to proton transit is higher

(7.0 kJ mol-1) and the NHN bond angle deviates further from linearity (155◦) than in

1. These three bands of ion 3a could correspond to the NHN asymmetric stretch and

the NHN bends, but modeling the effects of anharmonicity in ions with NHN angles far

from 180◦ lies beyond the scope of current efforts.

2.3.5 Inelastic neutron scattering

The traces in Figure 2.13 reproduce INS data for the monoiodide salts of 1a

and 1b. Unlike the IR spectra, these traces do not exhibit features above noise level in
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Figure 2.13: Inelastic Neutron Scattering (INS) spectrum of the monoiodide salt of
monoprotonated tetra-methylputrescinium (1a, upper trace) and of the monoiodide salt
of monodeuteronated tetramethylputrescinium (1b, lower trace).

the 600-1400 cm-1 domain. Because neutron scattering depends on the strong interaction

with atomic nuclei, INS intensity scales with motion amplitude. For that reason, higher

frequency vibrations, which dominate vibrational spectra observed using electromagnetic

radiation, exhibit smaller cross sections than do low frequency modes that have large

changes in amplitude upon vibrational excitation.

Two bands essentially disappear when the bridging proton of 1a is replaced by

a deuteron in 1b: one band at 525 cm-1 and the other at 190 cm-1. The latter may be

a phonon band, which will not be further discussed here. The 525 cm-1 band coincides

closely with one of the bands that disappears upon deuteration in the IRMPD spectrum

of gaseous 1a and occurs near the calculated frequency indicated by the solid black

arrow in Figure 2.9.

At first it appears remarkable that the frequency calculated by a 2-dimensional

39



calculation matches not only the gas-phase IR spectrum but also the vibration seen in

the monoiodide salt. INS also brings to light a band in the same vicinity as carbons are

successively deuterated in the monotriflate salt, [56] too, but other vibrations obscure

it. The monoiodide salt provides a less congested domain.

Assuming that the 540 cm-1 band in the gas-phase IR spectrum and the 525

cm-1 band observed by INS both arise from the asymmetric NHN stretch means that

either (1) motion of the bridging proton from one nitrogen to the other remains un-

affected by the presence of the iodide counterion and (2) the Gruneisen parameter for

that vibration is small; or else (3) that several effects (changes in the harmonicity of

the potential energy curve, interactions between ions within the lattice, coupling among

vibrations, etc.) fortuitously cancel. Pressure-dependent Raman spectroscopy provides

a way to test the second of these three hypotheses.

2.3.6 Pressure-dependent Raman spectroscopy

Figure 2.14 reproduces the diamond anvil cell (DAC) Raman spectra of pro-

tonated (1a) and deuteronated (1b) monoiodide salts for ascending and descending

pressures. Harmonic DFT calculations predict the Raman activity for chain vibrations.

Published experiments [24] demonstrate that the C2 geometry represents a probable

structure of 1a in its zero point level (even though the C2 structure lies at the top of

a low barrier). The 1-dimensional cut from minimum to minimum, represented by the

dashed line in Figure 2.6, gives a slice across the ν = 0 wavefunction for 1a in Figure 2.12.

As can be seen, large amplitude motions in the zero point complicate predictions. The

most straightforward estimate of the contribution from chain motion assumes a linear

combination of vibrations for the C2 geometry and of the structure corresponding to the

bottom of the double well (the equilibrium geometry).
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Figure 2.14: Raman spectra as a function of pressure in a diamond anvil cell (DAC):
(A) Monoiodide salt of monoprotonated tetramethylputrescinium (1a) with increasing
pressure; (B) Monoiodide salt of monoprotonated tetramethylputrescinium (1a) with de-
creasing pressure; (C) Monoiodide salt of monodeuteronated tetramethyl-putrescinium
(1b) with increasing pressure; (D) Monoiodide salt of monodeuteronated tetramethyl-
putrescinium (1b) with decreasing pressure.
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As it happens, the chain vibrations with the greatest Raman activity for 1a

do not differ too greatly between the equilibrium and C2 geometries. The largest con-

tributor in the 300-700 cm-1 domain for the C2 structure corresponds to torsions about

the pair of CH2-CH2 single bonds related by symmetry, having a predicted frequency of

567 cm-1. Me-N-Me bends accompany that motion, as well as concomitant symmetrical

distortions of the methylene chain. DFT predicts the next most intense Raman bands in

that domain to occur at 471 cm-1 and 362 cm-1. All correspond to the A representation,

having very low predicted IR intensities, with predicted Raman activities in the ratio

1:0.17:0.12. The weaker vibrations correspond to a torsion about the central CH2-CH2

single bond and to torsions about all of the single bonds (except for the N-CH3 bonds),

again with concomitant distortions of the methylene chain. For the equilibrium geom-

etry, DFT predicts the two most intense Raman bands in the 300-700 cm-1 domain to

occur more closely together, at 511 and 497 cm-1. These correspond to torsions about

one or the other of the non-central CH2-CH2 single bonds, with concomitant Me-N-Me

bends and distortions of the methylene chain. DFT predicts the third most intense

band to occur at 345 cm-1. Relative to the 567 cm-1 band of the C2 geometry these

three bands have predicted Raman activities of 0.26, 0.14, and 0.08, respectively, but

should also exhibit substantial IR intensities. Those predictions for 1a do not change

substantially in the monodeuterated analogue 1b.

The bands seen in the DAC Raman spectra at 530, 430, and 370 cm-1 at or not

far from atmospheric pressure in Figure 2.14 seem consistent with the calculated band

positions. Figure 2.15 expands the DAC Raman spectra in the 425-575 cm-1 domain.

Comparison of the mono-iodide salts of 1a (solid trace) and 1b (dashed trace) near

13 kbar with the atmospheric pressure spectrum of 1a (dotted trace) reveals a broad

band in the fully protonated salt that emerges only with increasing pressure. This
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Figure 2.15: Comparision of the monoiodide salt of monoprotonated tetramethylpu-
trescinium (1a, solid trace) with the monoiodide salt of monodeuteronated tetram-
ethylputrescinium (1b, dashed trace) Raman spectra near 13 kbar. Dotted curve shows
the trace for monoprotonated tetramethylputrescinium (1a) at atmospheric pressure.

broad band in 1a, which extends from about 475 to 510 cm-1 in the solid blue trace,

overlaps a strong band (provisionally assigned to the aforementioned CH2-CH2 torsions,

which moves up in frequency from 510 cm-1 in the dotted trace to 525 cm-1 in the solid

trace). At atmospheric pressure, this strong band appears to obscure the broad band,

which becomes visible in 1a only with the expected shift of the torsional vibration to

higher frequency as pressure increases. The dashed trace for the monodeuterated salt

1b exhibits virtually the same behavior for the CH2-CH2 torsions, but the broad band

is absent. Figure 2.16 displays DAC Raman spectra for diprotonated and dideuterated

diiodide salts, which provides another control, demonstrating the absence the broad

band in those salts at any pressure.
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Figure 2.16: Raman spectra as a function of pressure in a DAC of diiodide salts of
diprotonated and dideuteronated tetramethylputrescinium. Middle trace shows the
spectrum for diprotonated tetramethylputrescinium diiodide at atmospheric pressure.
Bottom trace shows the spectrum for dideuteronated tetramethylputrescinium diiodide
at atmospheric pressure. Topmost trace shows the spectrum for diprotonated tetram-
ethylputrescinium diiodide at 14.4 kbar.

2.4 Discussion

The spectroscopy of proton-bound dimers and internally proton-bridged ions

has long been a subject of interest for both chemists and biochemists. [24, 48, 49, 57–

82] In condensed phases the infrared spectra of these species tend to exhibit broad

bands, [57–64] while narrower absorptions are reported for gaseous ions. [71–77] One

aspect of the gas phase spectra that warrants attention is the effect of anharmonicity

on strong hydrogen bonds. Anharmonicity not only results in bands at much lower

frequencies than would be predicted by DFT normal modes calculations (e.g. <400

cm-1 for the proton-bound dimer of ammonia, H3NH+ · · · NH3 [77–79], but it also causes

other peaks to shift from their expected positions (e.g. the internally proton-bridged

monoanion of phthalic acid [46]). Accurate accounting for band positions in small ions

has required a complete analysis of all internal degrees of freedom (e.g. for the Zundel
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ion, H2OH+ · · ·OH2 [80–82]), but such a rigorous approach is not yet feasible for larger

organic species. The present work explores the extent to which consideration of only two

anharmonic internal degrees of freedom can describe vibrations of internally hydrogen

bonded cations, such as 1a, in which the NHN bond angle is nearly linear.

The experimentally observed band near 540 cm-1 for gaseous 1a is assigned to

the NHN asymmetric stretching vibration of a low barrier hydrogen bond (LBHB) on the

basis of solid phase structural data, [24] deuterium substitution, theoretical calculations,

and vibrational spectra of the crystalline salts. Figure 2.12 displays a cut across the

computed 2-dimensional PES in Figure 2.6 from minimum to minimum at constant R

(as represented by the dashed line in Figure 2.6). Zero point levels in these 1-dimensional

representations correspond to the combined energies of the symmetric and asymmetric

stretches predicted for linear NHN and NDN triatomic systems. In the case of the

proton-bridged ion 1a, the potential energy maxima for proton transit along these cuts

lie below the zero point levels, and the vibrational wavefunctions (as shown) are flat in

the region of the barrier tops. For the deuteron-bridged ion 1b (which has a zero point

level slightly below the barrier top) the zero point wavefunctions are slightly dished in

the region of the barrier tops.

The control experiments summarized in Figure 2.10 and Figure 2.11 exhibit

features that suggest the special properties of ion 1, in which the NHN bond angle is

not far from 180◦. All of the ions exchange their nitrogen-bound protons completely in

D2O solution. An ion with a very nonlinear NHN bond angle, such as 3a (which may

or may not contain a LBHB), displays three bands between 1100 and 1400 cm-1 that

disappear when the bridging H+ is replaced by D+. This shift between 3a and 3b differs

from the behavior of ion 1, in which only one band between 1100 and 1400 cm-1 domain

vanishes upon deuterium substitution. Turning to the low-frequency domain, when the
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two nitrogens have unequal basicity (as in ion 2), the only band observed between 300

and 600 cm-1 for the perprotio analogue does not change its position upon deuterium

substitution. By contrast, ion 1a displays low-frequency vibrations that shift when H+

is replaced by D+.

As Figure 2.9 summarizes, the positions of NN stretching (symbolized by

dashed arrows) and of asymmetric NHN stretching modes (symbolized by solid arrows)

can be fitted by using a 2-dimensional potential energy surface. This approach does not

consider NHN bending motions. The bands provisionally assigned to bending modes

(indicated by a black arrow in Figure 2.8 near 1200 cm-1) appear far below where they

are predicted, even by DFT anharmonic normal modes calculations. [38] At the same

time, HCH scissor modes of 1a in the 1200-1400 cm-1 domain occur at frequencies ap-

proximately 90-100 cm-1 higher than predicted. This behavior is reminiscent of the

difference between the IRMPD spectra of the terephthalate and phthalate monoanions:

the former exhibits a very good match between DFT-calculated and experimental band

positions, while the latter (which has a proton bridge between the unionized and ionized

carboxylic groups) shows poor agreement. [46]

The consequences of anharmonicity have been discussed more fully in the con-

text of the proton-bound dimer of ammonia, N2H
+
7 . [77–79] Selective substitution of the

bridging hydron cannot be achieved in that ion, so the present study with di-tertiary

amines permits experiments that are not possible with N2H
+
7 . The band assigned to the

NHN asymmetric stretching mode of 1a occurs at a low frequency, but it is higher than

reported in gaseous N2H
+
7 (for which a fundamental at 374 cm-1 has been observed),

and are also 100-150 cm-1 higher than the corresponding a2u mode predicted for N2H
+
7

by theory using multidimensional surfaces. [77–79] As in the case of N2H
+
7 , the band

provisionally assigned to NHN bending - 1200 cm-1 for 1a - occurs at higher frequencies
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than the asymmetric NHN stretch.

Unlike N2H
+
7 , the conjugate acid ions of the tertiary diamine examined here do

not possess threefold axes of symmetry. Yet, as in the case of N2H
+
7 , coupling between

the NHN asymmetric and the NN stretching modes takes place, as signaled by the effect

of changing the bridging hydron from H+ to D+ in 1. Isotopic substitution not only

moves the former vibration out of range, but it also shifts the latter by 30-50 cm-1 to

the red, as predicted on the basis of the 2-dimensional PESs calculated herein. No

absorption has been assigned to the pure NN stretch in the reported IRMPD of N2H
+
7 ,

but the predicted values [77–79] do not lie far from the observed band positions assigned

to that mode in Figure 2.9 and Figure 2.14.

The structure of ion 1a also gives good agreement with theory. The experi-

mental NN distance (from the X-ray structure of the monoiodide salt), R = 2.653 Å,

has the same value, within experimental error, as the expectation value <R> based on

Figure 2.6. This is considerably shorter than the NN distance in the proton-bound dimer

of ammonia, 2.765 Å, when N2H
+
7 is encapsulated within a calixarene and has unequal

NH distances [83] (a distance that lies between the values predicted by theory [77–79]).

Available data do not unambiguously indicate the positions expected for bend-

ing vibrations of LBHBs between cationized tertiary amines. DFT calculations predict

that bending frequencies should go up and NHN stretching frequencies should go down

as LBHBs become stronger. For nearly linear LBHBs (such as 1a) the NHN and NN

stretches ought to occur at much lower frequencies than the NHN bends. Full dimen-

sional treatments of N2H
+
7 indicate that the NHN bends for that ion (the degenerate

pair νxy) occur above 1500 cm-1, consistent with experiment [77–79] (a frequency much

higher than seen for the NHN asymmetric stretch). If the bands marked by arrows in

Figure 2.8 and Figure 2.11 are correctly assigned to NHN bending vibrations, then their
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occurrence at frequencies below 1400 cm-1 must be due to coupling with motions of the

methyl groups or the methylene chain. In such a case, treating those bands as vibrations

of a triatomic system would prove inadequate.

2.5 Conclusions

Not all proton bridges necessarily form low-barrier hydrogen bonds, but the

structural features of salts of monoprotonated tetramethylputrescine, gas-phase vibra-

tional spectroscopy of isolated ions, and the Raman and INS described here present a

coherent body of data consistent with LBHB behavior. While molecular symmetry may

play a role, the LBHB characteristics presented by ion 1a seem to require only that the

two nitrogens possess the same basicity, a near-linear geometry, and a low barrier to

proton transit accompanied by minimal motion of the nitrogens. The spectra in Fig-

ure 2.10 for tetramethylornithine conjugate acid ions, 2, which exhibit no shift of the

lowest observed band upon deuteration, illustrate that when the two amino groups have

sufficiently different basicities, LBHB behavior is not seen.

Strong hydrogen bonding can shift NH stretching vibrations to lower frequen-

cies in the gas phase without necessarily broadening their absorption profiles, but not all

such cases represent LBHBs. [84] Results reported here provide benchmarks for vibra-

tional spectroscopy of linear, cationic LBHBs. The quality of fit between experiment and

calculations for low frequency NN and NHN in-line vibrations suggests that theory may

ultimately be useful for evaluating isotope effects that result from changing the bridg-

ing hydron from H+ to D+. Substantial equilibrium isotope effects have been invoked

in context of enzymology, where LBHBs have been discussed. [22, 85–87] Additional

spectroscopic studies may permit such isotope effects to be predicted with accuracy.
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Chapter 3

The Structure of the Protonated

Adenine Dimer by Infrared

Multiple Photon Dissociation

Spectroscopy and Electronic

Structure Calculations

3.1 Introduction

3.1.1 Context

This work demonstrates the importance of modeling solvent effects. The

infrared multiple photon dissociation (IRMPD) spectrum of electrosprayed adenine

proton-bound dimers were recorded in the gas-phase. While gas-phase B3LYP/6-31+G(d,p)

calculations indicate that the four lowest isomers are essentially isoenergetic, compar-
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isons of the experimental and predicted IR spectra suggest that only two of the four

isomers are observed in the experiment.

However, computed solvation effects, as modeled using both a polarizable con-

tinuum model (PCM) and microsolvation with five explicit water molecules, preferen-

tially stabilize these two observed isomers, consistent with the interpretation of the

IRMPD spectra. This work shows that for these small species the solvent-phase struc-

ture is preserved. It also demonstrates the potential danger of using gas-phase calcula-

tions to predict the structures of gaseous ions born in solution, such as those from an

electrospray source.

3.1.2 Motivation

Adenine (6-aminopurine, C5H5N5) plays a crucial role in biochemistry. For

example, it is a main component of adenosine triphosphate (ATP), NAD+, and nucleic

acids to name a few. Nucleic acids have been used in constructing materials [88] such

as nanomachines, nanoscaffolds, and DNA computers. [89] DNA bases themselves have

gained interest as components of self-assembling structures. For example, 2-D sheetlike

nanostructures containing doubly protonated adenine have self-assembled from low-pH

aqueous solutions containing adenine, hydrogen halide, and iodide. These structures

have been isolated and characterized by X-ray crystallography. [90]

Adenine itself has been the topic of numerous quantum mechanical molecular

structure studies to explore geometries, proton affinities, protonation, polyhydration,

tautomerism, the structure of the amino group in terms of planarity, and the mechanism

of double proton transfer in adenine-containing complexes. [91–101] The presence of

rare or noncanonical tautomeric forms of DNA bases is closely related to mispairing

of purines and pyrimidines, causing spontaneous point mutations. [102–104] Therefore,
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Figure 3.1: Adenine dimer, Scheme 1.

there is an increasing interest to investigate the structure and tautomerism of the DNA

bases. The N9H tautomer of adenine was calculated to be the most stable (Figure 3.1,

Scheme 1) in the gas phase by some 30-35 kJ mol−1. [105,106] Protonation of the N9H

tautomer at N1 is found to be thermodynamically preferred in the gas phase. [107] Gu

et al. [91] explored the water-assisted intramolecular proton transfer in the tautomers of

adenine using density functional theory (DFT, B3LYP/6-311G(d,p)) calculations and

found that the high-energy imino form of the tautomers of adenine are stabilized by

about 8-12 kJ mol-1 in the presence of water due to enhancement of the conjugated

π electron system found in the imino form of adenine. Because of its larger dipole

moment, the N7H tautomer of adenine was found to be preferentially stabilized in the

presence of water, where it lies only about 16 kJ mol-1 above the N9H tautomer. [91] A

larger concentration of the N7H tautomer, then, would be expected in aqueous solutions

and in biological systems than indicated by gas-phase calculations. A water molecule

was also found to reduce the energy barrier to the tautomerization by acting as both a

proton donor and acceptor, thereby assisting the proton transfer isomerization. [91] The

tunneling effect in the intramolecular proton transfer in adenine was investigated using

the parabolic barrier approximation and one-dimensional model. [108,109] The tunneling
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rates were calculated to be 1010 times larger than the classical one for the gas phase and

103-104 times larger for the water-assisted process. In addition, the assignment of the

bands in the infrared spectra of argon-and nitrogen-matrixisolated adenine and its 15N

isotopomers (substituted at N9 or N7 positions) indicated that only the N9H tautomer

of adenine was identified. [110] The results of these studies represent the solid phase

since the source of matrix-isolated adenine is from heating solid adenine in vacuum and

entraining the vapor in matrix gas prior to being condensed on a cryogenic substrate.

Proton-transfer reactions are important in biological systems since they can

lead to mutations. [103] It is therefore important to investigate the changes in chemical

properties of bases due to protonation. Many experimental and theoretical studies have

been conducted on protonated nucleic acid bases and related compunds [111–116] due to

the remarkable effect protonation has on conformational structure. [117] For example,

base protonation has been implicated in the transformation of the B to Z structures

of DNA. [118, 119] Knowledge of the protonation site is also essential for the design of

some drugs which regulate the activity of a selected gene by stabilizing the triple helix

formed between the target base sequence and an oligonucleotide. [120] The triple helix

structure inhibits transcription resulting in its therapeutic effect. [121] Russo et al. [112]

have performed gradient-corrected density functional computations with triple-ζ-type

basis sets to determine the preferred protonation site and the absolute gas-phase proton

affinities of the most stable tautomers of the DNA bases and for the first time predicted

the gas phase basicity order among four DNA nucleic acid bases to be

guanine > cytosine > adenine > thymine

.

A better redistribution of electron density was found in the most favorable
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protonated species. The nature of the highest occupied molecular ortbial (HOMO),

molecular electrostatic potential, and charge distribution together can explain the effects

that stabilize the most stable protonated structures. Proton affinity values of 873.6 (T),

958.6 (C), 944.7 (A), and 963.6 (G) kJ mol-1 at 298 K were obtained, in a fair agreement

with available experimental data.

The small energy differences between the adenine tautomers and among their

conjugate acids make the identification of the most stable tautomers theoretically chal-

lenging. Relative tautomer stabilities are highly sensitive to changes in the treatment

of electron-electron correlation and/or the one particle basis. [99, 112] Therefore, ex-

perimental techniques that target alternative properties are potentially very useful. IR

spectroscopy is obviously a powerful technique to study adenine cluster systems; how-

ever, other spectroscopic techniques (such as photoexcitation) have been widely used to

elucidate changes in the electronic structure and dynamics of adenine due to the pres-

ence of a proton. For instance, Marian et al. [122] produced protonated adenine ions by

electrospray, stored and cooled them in a Paul trap, and dissociated them using resonant

photoexcitation with nanosecond UV laser pulses. By comparing their photofragmenta-

tion spectra with computed vertical excitation spectra, it was determined that protona-

tion mainly occurs at the N1 position of an N9H tautomer of adenine, with a possible

contribution from the N3 protonated N7H tautomer, which lies only 1.9 kJ mol-1 higher

in energy.

IRMPD spectroscopy [123–125] provides more direct evidence of cation struc-

ture. For instance, Atkins et al. [126] have used IRMPD spectroscopy in the N-H/O-H

stretching region along with electronic structure calculations to determine that the low-

est energy structure of sodium-bound glycine dimers consists of two symmetric bidentate

ligands. Similarly, for the aliphatic amino acid protonbound homodimers composed of
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glycine, alanine, and valine as well as the heterogeneous alanine/glycine mixture an

iondipole complex in which the N-protonated amino acid is bound to the carbonyl oxy-

gen of the second monomer was found to be the dominant structure. [126, 127] In an-

other recent study, the oxazalone structure was confirmed for the b2
+ ion produced from

collision-induced dissociation of the protonated AGG peptide while the protonated cyclic

dipeptide is a diketopiperazene. [128] Much less work has been done on DNA bases and

related compounds. Salpin et al. [129] identified the lowest energy structures of the pro-

tonated pyrimidic bases using IRMPD spectroscopy in the 900 to 2000 cm-1 region. [130]

Lithium cationized complexes of thymine and uracil have also been studied in the gas

phase by IRMPD spectroscopy in the N-H/O-H stretching region. [131] On the basis of

a combination of experimental and theoretical data, it was found that the lithium cation

in both thymine and uracil complexes most likely bind to O4 to form linear Li+-bound

dimers. Hydration of these Li+-bound dimers resulted in significant structural changes

to enable strong interbase hydrogen bonding, similar to that in the Watson-Crick model

of DNA.

In recent theoretical work by Liu et al., [96] nine stable protonbound adenine

dimers, (C5H5N5)2H
+, formed from the N9H tautomer of adenine and the N1 protonated

N9H tautomer were found. In some of the proton-bound dimers, the proton partially

or completely transferred from the protonated adenine to the neutral. While one might

expect the proton-bound dimer to consist of the most stable neutral and protonated

monomer forms, Hud and Morton [132] demonstrated that the four protonbound dimers

composed of the N9H tautomer protonated at N1 and the N7H tautomer of adenine

are by far the lowest energy proton-bound dimers and that the four isomers have fairly

similar binding energies. In the present work the structure of the adenine proton-bound

dimer is explored by combination of theoretical and IRMPD techniques. By compari-
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son of the experimental IRMPD spectra with theoretical predictions of the vibrational

spectra for various isomers, we hypothesize that only one or two isomers are observed

experimentally. While our predicted gas-phase thermochemistry data cannot explain

this observation, we perform calculations that suggest that the experimentally observed

isomers are thermodynamically favored in solution. Therefore, we propose that only two

of the most stable gas-phase dimers are prevalent in solution and that these solution-

stable dimers are predominantly the ones that are electrosprayed and observed in these

gas-phase experiments.

3.2 Methods

3.2.1 Experimental Section

The details of coupling the ApexQe Bruker Fourier transform ion cyclotron res-

onance (FT-ICR) mass spectrometer with a 25 Hz Nd:YAG pumped Laservision optical

parametric oscillator/amplifier (OPO/OPA) laser have been presented previously. [133]

Adenine proton-bound dimers were electrosprayed from 5 mM solutions of adenine in

18 M Millipore water which had been slightly acidified with a few drops of 1 mM HCl

solution. Protonated adenine dimer (m/z 271) was isolated in the ICR cell by standard

ejection techniques. Absorption of the infrared laser light resulted in dissociation of the

proton-bound dimer, which was monitored by a change in mass of the parent ion. The

IR laser scan rate was 0.5 cm-1 s-1 with irradiation times of 2.0 s. This corresponds to a

step size of 1 cm-1 between points in the IRMPD spectra. IRMPD efficiency is defined

as the negative of the natural logarithm of precursor ion intensity divided by the sum

of the fragment and precursor ion intensities.
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3.2.2 Computational Section

Optimized structures, dimer interaction energies, harmonic vibrational fre-

quencies, and statistical thermodynamic quantities of the various proton-bound adenine

dimer isomers were computed using the B3LYP density functional and the 6-31+G(d,p)

basis set in the Gaussian 03 software package. [134] Single point MP2/6-311++G(2d,p)

calculations were also done on the B3LYP/6-31+G(d,p) structures. Thermodynamic

quantities employing the MP2 electronic energies and the B3LYP thermal corrections

are reported as MP2/6-311++G(2d,p)//B3LYP/6-31+G(d,p) energies. In addition,

we refine the predicted energies using the recently developed double-hybrid B2P3LYP

density functional [29] with the cc-pVTZ basis. [30] Standard density functionals ex-

hibit known deficiencies in treating van der Waals interactions, [31] and double-hybrid

functionals [32, 135] attempt to correct for this deficiency by mixing in Moller-Plesset

(MP2)-like long-range correlation into the functional. The B2P3LYP functional signifi-

cantly outperforms B3LYP for systems where noncovalent interactions are important, so

we use it here. The cc-pVTZ basis is the recommended basis set for use with B2P3LYP,

since the empirical parameters in the functional were fit using this basis. To compen-

sate for basis set superposition errors (BSSE), the standard counterpoise correction [136]

was also considered. All B2P3LYP calculations were performed using a developmental

version of Q-Chem, version 3.1. [33] Because analytical gradients of the B2P3LYP func-

tional are currently unavailable, we utilize B3LYP/6-31+G(d,p) structures and harmonic

frequencies (for computing thermodynamics).

Two additional approximations are invoked to accelerate the B2P3LYP energy

calculations. First, just as in the original B2P3LYP paper, we use the resolution-of-the-

identity (RI) approximation [34,137,138] and the auxiliary cc-pVTZ fitting basis [35] to
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speed the MP2 portion of the B2P3LYP calculation substantially. Second, we utilize a

dual-basis Hartree-Fock (HF)/MP2 calculation. [36] In this approach, the HF/cc-pVTZ

solution is approximated by taking the converged HF density matrix from a carefully

chosen smaller basis set, projecting the density matrix into the larger cc-pVTZ basis

and taking a single HF iteration in the larger basis. By use of these approximations,

the energy of a 5-water-molecule-solvated adenine dimer structure (1044 basis functions

in the cc-pVTZ basis) can be computed in about 6 h on a single processor on a modern

workstation. At the same time, these two approximations introduce negligible additional

errors into the relative energies.

Two separate strategies were used to address aqueous solvation effects on the

proton-bound dimers. First, PCM calculations [139] at the B3LYP/6-31+G(d,p) level

are performed to address bulk solvation effects. Adenine proton-bound dimer gas-phase

structures were reoptimized and frequencies computed in the presence of the polarizable

continuum. Second, gas-phase calculations (with no PCM model) employing up to 5

explicit water solvent molecules around the proton-bound dimers were used to investigate

specific adenine-solvent interactions.

3.3 Results and Discussion

3.3.1 Computed Structures and Thermochemistry of Adenine Proton-

Bound Dimers

The four lowest-energy structures of the adenine proton-bound dimer are shown

in parts A-D in Figure 3.2. These structures were first presented by Hud and Morton.

[132] They are planar and best described as N3 or N1 protonated N9H adenine tautomers

interacting with the N7H neutral tautomer of adenine. At the B3LYP level, they lie
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Figure 3.2: B3LYP/6-31+G(d,p) structures of the four lowest-energy proton-bound ade-
nine dimers.
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some 20 kJ mol-1 lower in enthalpy than the proton-bound dimers stemming from the

N9H tautomers (E-J in Figure 3.3). [132]

Figure 3.3: B3LYP/6-31+G(d,p) structures of eight high-energy proton-bound adenine
dimers

To begin, we validate the B2P3LYP functional for these systems by comparing

the predicted binding energies for the proton-bound adenine dimer with the experimental

value of ∆H(500 K) = 127 ± 4 kJ mol-1 measured by Mautner using high-pressure mass

spectrometry experiments. [114] The binding energies are computed relative to the ade-

nine N9H tautomer and the N1-protonated adenine N9H tautomer. [140] These results

are summarized in Table 3.1. As has been noted earlier, [132] B3LYP underestimates

the interaction energy for the proton-bound dimer by about 20 kJ mol-1. In contrast,

three of the B2P3LYP-predicted isomer interaction energies lie within the experimental

uncertainty, and the fourth lies only 1 kJ mol-1 outside of that range. Both B3LYP and
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Table 3.1: Binding Energies (kJ mol-1) of the Four Lowest-Energy Isomers of the Proton-
Bound Adenine Dimer Relative to N9H Adenine and N1-Protonated-N9H Adenine (Ex-
perimental Value for ∆H(500 K) = 127 ± 4 kJ mol-1)

B3LYP/6-31+G(d,p) B2P3LYP/cc-pVTZa

Isomer ∆ EelecCPb ∆H(500 K)c ∆ EelecCPb ∆H(500 K)c

A 113.8 106.8 132.4 125.4
B 111.3 104.1 129.5 122.3
C 111.0 104.7 131.1 124.8
D 109.4 102.9 129.5 123.1

a Using B3LYP/6-31+G(d,p)-optimized geometries.
b Counterpoise-corrected electronic interaction energies.

c Enthalpies computed using B3LYP/6-31+G(d,p) structures and frequencies.

B2P3LYP suggest that isomer A is the most stable, but the small energy differences

between the four structures prevent a definitive prediction of the most stable gas-phase

structure. Overall, these results suggest that the B2P3LYP functional performs better

than B3LYP for this system. In the remaining sections, we will use B2P3LYP to confirm

the B3LYP predictions.

The relative energies of the four lowest-energy proton-bound dimers computed

here and energies for these and other structures published previously [96] are summa-

rized in Table 3.2. MP2/6-311++G(2d,p)//B3LYP/6-31+G** energies agree with the

relative energetic ordering from Hud and Morton [132] and Liu et al. [96] The relative

energies of these species suggest that the higher energy structures, E-L, are unlikely to

be present in significant quantities experimentally.

3.3.2 IRMPD Spectroscopy

Upon absorption of infrared radiation from the OPO laser, the adenine proton-

bound dimer (m/z 271) dissociates to produce protonated adenine (m/z 136). No other

products were observed.

The IRMPD efficiency spectrum in the 3250-3650 cm-1 region is shown as the
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Figure 3.4: Comparison of the experimental IRMPD spectrum of the adenine proton-
bound dimers with the B3LYP/6-31+G(d,p) predicted IR spectra for structures A-D in
Figure 3.2
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Table 3.2: Computed relative enthalpies for various adenine proton-bound dimer struc-
tures.
Method 1 = B3LYP/6-31++G(d)//B3LYP/6-31G(d,p)
Method 2 = B3LYP/6-311+G(d) for both energies and geometries
Method 3 = MP2/6-311++G(2d,p)//B3LYP/6-31+G(d,p)
Method 4 = B2P3LYP/cc-pVTZ//B3LYP/6-31+G(d,p)

Structure Method 1ac Method 2b Method 3c Method 4c

A 0 0.0 (0.0) 0.0 (0.0)
B 2.6 3.1 (1.9) 3.1 (1.9)
C 2.5 0.7 (1.3) 0.5 (1.1)
D 4 2.3 (2.4) 2.2 (2.3)
E 24.3 0 17.7 (21.1)
F 27.8 3.8 23.1 (26.6)
G 31.5 13.1 25.5 (30.0)
H 15.1 24.5 (28.6)
I 14.1 23.0 (26.1)
J 15.9 36.2 (35.8)
K 37.4 (34.5)
L 46.2 (39.7)

a [132].
b [96] and relative to structure E.

c 298 K enthalpies and (free energies in parentheses), relative to structure A.

black trace at the bottom of Figure 3.4. The computed spectra in Figure 3.4 will be

discussed below. There are three strong features at 3435, 3481, and 3498 cm-1 as well

as a much weaker absorption at 3545 cm-1. The two flanking bands can be assigned to

the NH2 symmetric stretching (3435 cm-1) and the NH2 antisymmetric stretching (3545

cm-1) vibrations based on comparison with experiments conducted on neutral adenine

in the gas phase (see Figure 3.5) and isolated in cryogenic matrices. [110,141,142] There

have been some major differences reported between the experimental and theoretical

positions of the NH2 symmetric and antisymmetric stretching bands for the DNA bases.

This is important to justify when comparing the experimental and computed spectra

and will be discussed now.

In Figure 3.5 we compare the experimental IRMPD spectrum of the adenine

proton-bound dimer and the IR spectrum of neutral adenine in the gas phase, [141,142]
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Figure 3.5: Comparison of the experimental IRMPD spectrum of the adenine proton-
bound dimer with the gas-phase spectrum of neutral adenine. Also shown are predicted
spectra for the N9H tautomer of neutral adenine

It is clear from Figure 3.5 that the NH2 antisymmetric stretch and symmetric stretches

are in very similar positions for the two species. Also in this figure are the spectra

predicted by both B3LYP/6-31+G(d,p) and B3LYP/6-311+G(d,p) scaled by 0.957 and

0.9595, respectively. The scaling factor for the B3LYP/6-311+G(d,p) calculations was

chosen to match the position of the N-H stretch predicted by the B3LYP/6-31+G(d,p)

calculations, the scaling factor of which is a standard one used by our group. [126, 131]

It can be seen that the observed NH2 symmetric and antisymmetric stretching bands

are significantly to the red of the predicted band positions in both cases. The same dis-

agreement in the positions of these particular modes, NH2 symmetric and antisymmetric

stretching, has also been observed with B3LYP/6-31G(d,p) calculations of adenine [89]

and cytosine. [99] The reason for the disagreement between experiment and theory is

beyond the scope of this paper, but it is important to point out that this disagreement

exists and that it must be considered when comparing the experimental and observed

spectra of DNA bases and complexes containing an -NH2 group. We are confident in as-
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signing the 3435 and 3545 cm-1 features to the symmetric and antisymmetric stretching

vibrations of the proton-bound dimer. Finally, very recent anharmonic calculations on

neutral adenine predict the asymmetric and symmetric stretching vibrations at 3539 and

3432 cm-1, respectively, in excellent agreement with experimental values. [143] The N-H

stretching vibrations predicted by the scaled harmonic calculations and the anharmonic

calculations are virtually identical.

The two bands in the experimental proton-bound dimer spectrum observed at

3481 and 3498 cm-1 (Figure 3.4) may be assigned to free N-H stretching bands based

on their positions. Throughout this paper ”free N-H” denotes an N-H group that is not

involved in hydrogen bonding, which would strongly red-shift the N-H stretch out of the

observable IR region. The band observed at 3501 cm-1 (Figure 3.5) for neutral adenine

is the N9-H stretch. In the proton-bound dimer the band at 3498 cm-1 is in agreement

with the theoretically predicted N7-H stretch of the neutral adenine moiety, for all four

lowest energy structures, A-D (see Figure 3.2). In the proton-bound dimer spectrum the

band centered at 3481 cm-1 is not observed in the neutral adenine spectrum and is not

predicted for structures C and D. In structures C and D as well as neutral adenine, there

is only one free N-H moiety. However, in proton-bound dimers A and B there are two

free N-H groups. This closely resembles the positions of the predicted absorptions for

the N9-H stretch of the protonated adenine moiety for proton-bound dimer structures

A and B (see Table 3.3). At almost the same frequency is the free N-H stretch of the

amino group involved in hydrogen bonding. This feature observed in the experimental

spectrum does not rule out structures C and D from being present in the gas phase, but

it does show that structures A and B are present and perhaps even dominant species

based upon the relative intensities.

Also in Figure 3.4 are the B3LYP/6-31+G(d,p)-predicted IR spectra for the
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Table 3.3: Table of Assignments for Experimental IRMPD Bands for the Adenine
Proton-Bound Dimer and Predicted Bands for Structures A-D

B3LYP/6-31+G(d,p)/cm-1

Observed/cm-1 Assignment A B C D

3435 NH2 symmetric stretch 3448 3448 3429a 3428a

3447b 3447b

3481 A(9)-H stretch 3479 3480
Free N-H stretch of H-bonded NH2 group 3490 3483

3498 A(7)-H stretch 3497 3497 3497 3496
3545 NH2 antisymmetric stretch 3582 3583 3558a 3557a

3581b 3582b

a Protonated adenine moiety.
b Neutral adenine moiety.

four lowest energy proton-bound dimers, A-D. As discussed above, C and D alone cannot

account for the experimental spectrum since the second N-H stretches at 3481 cm-1 is not

predicted for them. Either of the structures A or B could account for the experimental

spectrum since all of the features are accounted for in the predicted spectra. According to

the predicted gas-phase thermochemistries, all four isomers are essentially isoenergetic,

at least to within the computational error bars. However, if structures C and D are

prevalent contributors to the experimental spectrum, the predicted spectra suggest that

there would be two each of the NH2 symmetric and antisymmetric stretching bands or

that the experimental bands might be significantly broader than observed. While it

is difficult to ascertain whether the weak band at 3545 cm-1 is split, the strong band

centered at 3435 cm-1 does not resemble two bands nor is it significantly broadened.

Calculations predict a difference of about 20 cm-1 between the two NH2 symmetric

stretching vibrations of C and D (see Table 3.3). The two bands at 3481 and 3498 cm-1

in the Experimental spectrum are well-resolved, so we would expect, if C and D are

present, that there would be two bands around 3435 cm-1.
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Table 3.4: Relative enthalpiesa (relative free energies in parentheses) of solvated and
unsolvated adenine proton-bound dimers A, B, C, and D

Unsolvated PCM B3LYP/6-31+G** 5 waters 5 waters + PCM

A 0.0 (0.0) 0.0 (0.0) 0.0 (0.0) 0.0 (0.0)
B 3.1 (1.9) -0.1 (-0.1) 3.5 (4.2) -0.2 (0.6)
C 0.5 (1.1) 9.5 (10.4) 21.8 (20.7) 10.6 (11.2)
D 2.2 (2.3) 9.3 (10.5) 22.8 (22.9) 10.2 (11.7)

a Unless otherwise stated, all energies are B2P3LYP/cc-pVTZ//B3LYP/6-31+G(d,p),
298 K values.

3.3.3 Aqueous Solvation Effects on Dimer Stabilities

Working under the hypothesis that structures A and B are mainly respon-

sible for the experimental infrared spectrum of the adenine proton-bound dimer, an

explanation for why structures C and D can be ruled out, even though the gas-phase

thermochemistries predict virtually equal amounts of all four (Table 3.4), is needed.

Because these proton-bound dimers are initially formed in solution before being electro-

sprayed and desolvated, we explore the effects of solvation on the relative stabilities of

the different isomers. Solvent effects remain challenging to address quantum mechani-

cally, so two different approaches are used to investigate them. As we will demonstrate,

both solvent models predict qualitatively similar results, suggesting that the models are

capturing important physical effects.

First, a polarizable continuum model is used to approximate bulk solvation

effects. The geometries of all four structures were therefore reoptimized using the PCM

with water (dielectric = 78.39) as the solvent at the B3LYP/6-31+G(d,p) level. Fre-

quency calculations were also performed in the presence of the PCM. The thermochem-

ical results of the PCM calculation are shown in Table 3.4. According to the PCM

calculations, water preferentially stabilizes structures A and B significantly with respect

to C and D.
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To look at specific localized solvent interaction, the explicit microsolvation us-

ing a handful of water molecules was examined. By use of five water molecules, all

hydrogen-bond donors and acceptors on the proton-bound dimers can be saturated with

water molecules. These structures, which could reasonably correspond to the innermost

solvent coordination layer in bulk water, are presented in Figure 3.6, and their rela-

tive B2P3LYP/cc-pVTZ energies are listed in Table 3.4. In contrast to the gas-phase

results, and in good agreement with the PCM ones, the A/B microsolvated structures

are substantially more stable than the C/D ones. Similarly, calculations employing

both the explicit solvent molecules and the PCM model provide energies consistent with

the explicit-only and PCM calculations (Table 3.4). Simple equilibrium constant cal-

culations based on either the microsolvated or PCM relative free energies suggest that

mixtures of isomers A-D in solution will contain less than 1% each of C and D at 298 K.

The ratio of A to B depends on the exact free energies used, but it ranges from almost

a 50:50 mixture (PCM) to 84% A (5-water microsolvated). These results are consistent

with the interpretation of the IRMPD spectrum discussed above.

Examining these results in more detail, Table 3.5 lists the relative stabilities

of the singly solvated A and C dimer structures presented in Figure 3.7. (Solvated

structures for B and D are in Figure 3.8.) The four single water molecule solvation sites

are the most acidic available sites on each of the proton-bound dimers. Each solvation

site donates a proton from the adenine to the water, and two of these sites also have an

adjacent proton-acceptor site, which accepts a hydrogen bond from the water molecule.

The key difference between the A/B and the C/D dimers is the orientation of the NH2

group on the right adenine molecule. In A/B, this group is directly involved in the

proton-bound dimer formation, while in C/D it is completely accessible to the solvent.

A water-adenine hydrogen bond at this site on the side opposite the 5-membered ring is
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Figure 3.6: B3LYP/6-31+G(d,p) structures of the four lowest-energy adenine proton-
bound dimers microsolvated with five water molecules.
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Table 3.5: 298 K relative enthalpies and free energies for singly solvated adenine proton-
bound dimers as calculated at B2P3LYP/cc-pVTZ//B3LYP/6-31+G** level of theory
(see Figure 3.7 for structures)

Structure Relative H Relative G

A1i 0.0 0.0
A1ii 12.4 8.3
A1iii 17.0 4.5
A1iv 23.8 20.8
B1i 3.0 3.1
B1ii 15.7 13.4
B1iii 21.5 10.5
B1iv 26.3 24.2
C1i -0.3 -0.8
C1ii 14.2 11.9
C1iii 24.4 21.2
C1iv 28.6 14.3
D1i 1.4 0.9
D1ii 15.0 12.9
D1iii 25.8 22.9
D1iv 30.3 15.9

the least favored position, as is clear from the relative energies of structures A1iv, C1iii,

and C1iv (23.8, 24.4, and 28.6 kJ mol-1, respectively). Because C/D have two such

solvent-accessible sites, they are stabilized less in water than are the A/B proton-bound

dimers.

Neither the PCM model nor the explicitly microsolvated model truly describes

the bulk water solvation effects. However, both models provide the same results: struc-

tures C and D are significantly less stable in water than are A and B. Because the

dimers are formed in solution prior to electrospray, we propose that the relative stabil-

ity of these dimers in solution determines which isomers are observed in the IRMPD

spectrum. This hypothesis assumes that the dimers A and/or B do not isomerize to

C and/or D in the gas phase. This assumption seems reasonable, given that the bind-

ing energies of these proton-bound dimers are approximately 120-130 kJ/mol and that

substantial disruption of the hydrogen bonding and tautomerization would be required,
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Figure 3.7: The four B3LYP/6-31+G(d,p) singly microsolvated structures each for A
and C. Microsolvated structures for B and D are in Figure 3.8

Figure 3.8: Singly microsolvated structures for B and D
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resulting in a significant energy barrier for isomerization of A or B to C or D. In other

words, isomerization seems unlikely on the time scale of the electrospray/desolvation

process. This hypothesis is consistent with the apparent absence of strong signals for

isomers C and D in the spectra. In contrast, the gas-phase energies which find all four

structures nearly degenerate, cannot explain this observation.

3.4 Comparison of IRMPD Spectrum With Higher-Energy

Isomers

In Figure 3.9 the IRMPD spectrum is compared to the computed spectra for

structures E-L. Structures I and J have multiple strong bands in the lower-energy portion

of the spectrum and therefore can be ruled out on spectroscopic grounds. However,

structures E, F, G H, K, and L cannot be equivocally ruled out based solely by comparing

of the experimental and computed spectra. These structures alone cannot account for

the spectrum, but the absence of predicted bands does not rule them out. Structures

E through L can, though, be ruled out based on their computed energies. Even PCM

calculations with these structures do not lower their energies with respect to A and B.

3.5 Conclusions

Gas-phase calculations predict four isoenergetic isomers of the proton-bound

adenine dimer. In contrast the IRMPD spectrum of electrosprayed adenine proton-

bound dimers with the predicted IR spectra reveal that only two of the isomers are

present. PCM model calculations and microsolvation calculations with 5 explicit wa-

ter molecules qualitatively agree that solvation significantly stabilized two of the four

lowest energy isomers. These two solvent-stabilized isomers are consistent with the in-
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Figure 3.9: Comparison of the experimental IRMPD spectrum of the adenine proton-
bound dimers with the B3LYP/6-31+G(d,p) predicted IR spectra for structures E-L
(structures in Figure 3.3)
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terpretation of the IRMPD spectrum. This work demonstrates that in some cases, using

gas-phase calculations to predict the structures of ions born in solution and transferred

to the gas-phase via electrospray ionization can give misleading results.
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Chapter 4

Constructing a quasi-implicit

solvent model through rigorous

coarse-graining of explicit solvent

in QM/MM simulations

4.0.1 Introduction

Solvation effects play a crucial role in chemistry, but their accurate and prac-

tical theoretical modeling has been a long-standing challenge. For example, changing

from a protic to aprotic solvent can accelerate the Cope elimination reaction a million-

fold. [6–8] Conventional, computationally inexpensive polarizable continuum models

which treat the solvent as a featureless dielectric fail to capture these solvent effects. On

the other hand, explicitly solvated hybrid quantum solute/classical molecular mechanics

solvent (QM/MM) simulations do correctly reproduce the strong solvent effects in this

system. [9]
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Figure 4.1: Schematic of the coarse-grained solvent model. The inner solute region
(solute plus nearby solvent molecules) are treated explicitly, while the outer solvent
region is coarse-grained into cells. The effective force field parameters in each cell are
assigned to a grid point in the center of that cell and averaged over many solvent
configurations.

Unfortunately, modeling explicit solvent requires large numbers of solvent molecules

and extensive configuration sampling. While the use of MM solvent in QM/MM sim-

ulations reduces some of the configuration sampling costs, the expensive solute QM

calculations still need to be performed for each solvent configuration. At the same time,

the many successful applications of implicit solvent models [144, 145] suggest that the

sampling of the solvent degrees of freedom can be decoupled from the solute degrees

of freedom to some extent, thereby greatly reducing the number of times the solute

QM calculations need to be performed. On the other hand, most implicit models lose

information about the structure of the solvent imparted by the solute.

This work explores a new strategy for capturing important solvent effects, in-
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cluding solvent structure, without incurring the high computational cost of full QM/MM

configuration sampling. In this model, the solute and inner-most solvent molecules are

treated explicitly with QM/MM, while the longer-range solvent degrees of freedom are

decoupled and sampled separately. As illustrated in Figure 4.1, the solvent region is

then divided into spatial cells, and the force field electrostatic, polarization, and van der

Waals dispersion parameters of the molecules in each cell are rigorously mapped onto

a point at the center the cell. The properties in each cell are then averaged over many

solvent configurations, and the effective solute-solvent interactions are calculated in a

single QM/MM calculation using these averaged properties.

The idea of averaging over solvent degrees of freedom for a QM calculation

is not new. For example, mean-field models such as the averaged solvent electrostatic

potential (ASEP) and related methods embed the system in point charges obtained by

averaging over many solvent configurations. [10–14] Alternatively, one can pre-compute

the response of the solute to the solvent and use that in place of QM calculations during

the solvent sampling. This has traditionally been done by computing point charges or

higher-order multipoles for the solute, [146–151] though more recent efforts use elaborate

generalized multipole/polarizability expansions for the solute [152, 153] or continuous

solute charge densities. [154] Integral equation theories like the reference interaction site

model (RISM) also provide a useful means of obtaining information about the statistical

structure and properties of the solvent. [155]

The approach used here is similar to the mean-field ASEP model in that it

obtains a set of averaged solvent properties for use in a single quantum calculation.

However, it uses a mathematically rigorous coarse-graining that does not rely on statis-

tical data fitting, and it includes electrostatics, polarization and dispersion effects, all of

which prove important. As we demonstrate below in a proof-of-principle application to a
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formamide molecule in water, a single QM/MM calculation with coarse-grained and av-

eraged solvent reproduces the average over many explicit-solvent QM/MM calculations

to within kJ/mol accuracy at much lower cost. Furthermore, the polarizable MM model

used here is very faithful to QM, meaning that the interaction energies obtained in this

fashion should be very close to what one would obtain in a set of fully QM calculations.

4.1 Overview of the coarse graining method

The proposed model divides the system into solute and solvent regions. The

solute region contains a solute molecule plus some number of first-solvent-shell solvent

molecules. This solute region will be treated explicitly with our fragment-based QM/MM

hybrid many-body interaction (HMBI) approach [15–17] to capture important, specific

solute-solvent interactions. HMBI treats individual molecules and their short-range (SR)

pairwise intermolecular interactions using QM, while the longer-range (LR) pairwise and

many-body interactions are approximated with an anisotropic polarizable force field

whose parameters are computed on the fly from density functional theory.

EHMBI = EQM1−body + EQMSR 2−body + EMM
LR 2−body + EMM

many−body (4.1)

Because the HMBI QM/MM partitioning is based on the interaction type, all molecules

in the solute region exhibit both QM and MM interactions. The ab initio force field

(AIFF) used for the MM interactions in HMBI is parameterized using distributed multi-

poles (up to hexadecapole), distributed polarizabilities (up to quadrupole-quadrupole),

and distributed dispersion (anisotropic terms up to R−8). [16, 18] The HMBI fragment

model provides substantial computational savings compared to a full QM treatment

while introducing only small errors, and it has proved very effective in modeling molec-
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ular clusters [156] and crystals. [16, 157,158]

The solvent region is treated purely with MM using the same AIFF. To coarse-

grain the solvent region, the region is partitioned into spatial “cells” defined in terms of

spherical polar angles and distances from the solute center. The coarse-grained prop-

erties reside on a grid point located at the center of each cell. The coarse-graining

procedure seeks to determine effective multipoles, polarizabilities, and dispersion coef-

ficients for each cell resulting from the molecules present in that cell during the solvent

configuration sampling. To do so, we exploit the fact that a multipole moment Qlm

(using spherical polar notation) at a given point in space r can be exactly represented

by a separate, infinitely long multipole expansion at another point in space r′.

Qlm(r) =
∑
l′≥l

∑
m′≥m

clm,l′m′Ql′m′(r′) (4.2)

where the coefficients clm,l′m′ involve spherical harmonics and numerical coefficients.

[159]

In other words, the multipole moments on a given atom can be translated to

a nearby coarse-graining (CG) grid point, at the expense of introducing higher-order

multipole moments into the expansion. In this manner, the force field electrostatic

parameters for all molecules in a given spatial cell can be translated and combined in

the center of that cell.

QCGlm ←
atoms∑
A

∑
l′m′

QAl′m′ (4.3)

The same idea of combining multipoles is used in the fast multipole method to accelerate

the evaluation of long-range electrostatics. [160]

One can go a step further and coarse-grain the atom-centered polarizabilities
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and frequency-dependent polarizabilities by recognizing that a polarizability can be

expressed in terms of multipole operators Q̂lm, [159]

αlm,l′m′ =

′∑
n

〈0|Q̂lm|n〉〈n|Q̂l′m′ |0〉+ 〈0|Q̂l′m′ |n〉〈n|Q̂lm|0〉
Wn −W0

(4.4)

Therefore, the polarizabilities can be translated to the cell center by inserting expres-

sions for multipole translations for the Q̂lm and Q̂l′m′ operators. See the Supporting

Information for more details of the coarse-graining. The coarse-grained multipoles and

polarizabilities at the grid point in each cell are subsequently averaged over many solvent

configurations.

If infinite-order multipole expansions were used, this procedure for translating

the multipoles and polarizabilities in individual solvent configurations would be formally

exact (though subject to the often poor convergence of the multipole series). In practice,

the expansions are truncated at relatively low order, which limits the size of the coarse-

graining cells that can be used, since the weights of the new higher-order multipole terms

grow with translation distance.

The interactions between the solute region and the coarse-grained solvent cells

are evaluated readily in the HMBI framework. Each coarse-grained cell behaves like an

additional monomer consisting of a single “atom” in the HMBI model, albeit with no

QM contributions. The total energy is given by,

Etotal = EQM1-body(solute) + EQMSR 2-body(solute-solute) + EMM
LR 2-body(solute-solute)

+ EMM
2-body(solute-CG) + EMM

2-body(CG-CG) + Eindmany-body(solute, CG) (4.5)

The first three terms correspond to the standard HMBI energy within the solute region
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excluding the many-body induction. The fourth and fifth terms describe the MM pair-

wise interactions between each solute molecule and coarse-grained cell or between two

coarse-grained cells, respectively. The final term describes the many-body induction for

the entire system computed self-consistently among all molecules in the solute region

and the coarse-grained cells. Because we are interested here in the interaction between

the solute and the solvent, no intramolecular (1-body) solvent region contributions are

included.

The solute-solvent two-body electrostatics and polarization are computed from

the multipolar interactions between multipoles/polarizabilities on each solute molecule

and each coarse-grained cell. Solute-solvent two-body dispersion interactions are com-

puted via Casimir-Polder integration over the solute and coarse-grained cell anisotropic

frequency-dependent polarizabilities. The MM interactions between two coarse-grained

cells are computed analogously. In principle, three-body dispersion could be handled

similarly, though those effects are omitted here. Instead, we provide a proof-of-principle

demonstration that this approach reproduces the full HMBI QM/MM results at much

lower computational cost.

4.2 Theoretical details of coarse graining

4.2.1 Translation equations for multipole moments, Rank 0 - Rank 4

One of the keys to the success of this method is the mathematically rigorous al-

gorithm for translating multipoles and polarizabilities. As stated earlier, the translation

equations are exact if the multipole expansion is carried out to infinite rank, subject

to convergence of the multipole expansion. In our implementation, we include up to

hexadecapole moments (rank 4) in the model. Higher order terms might prove to be
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necessary if the translation distances are increased substantially, however for our sample

system rank 4 proves to be adequate.

Using the standard addition theorem for spherical harmonics, one can show

that the multipole components at a new position r′ are determined as a linear combi-

nation of the multipoles at the original position r. [159]

Q′lk(r
′) =

l∑
l′=0

l′∑
k′=−l′

[(
l + k

l′ + k′

)(
l − k
l′ − k′

)]1/2
Ql′k′(r)Rl−l′,k−k′(r− r′) (4.6)

Thus, r is the point about which the original multipole QOl′k′ is expanded, and

r′ is the point about which the new multipole QClk is then expanded. The translation

vector is {x, y, z} in Bohr radii. The subscripts l and k refer to the spherical harmonic

indices of the translated multipole, and l’ and k’ refer to the subscripts of the original

multipole before translation. The binomial coefficients are expanded, and the original

multipole is multiplied by the corresponding spherical harmonic, real or complex. The

terms are then summed and converted into real functions. A few representative multi-

pole translations are worked out by hand, to assist the reader, in Appendix B.

Charge (Rank 0)

Q00(r′) = Q00(r)

Dipole (Rank 1)

Q11c(r′) = Q11c(r)− xQ00(r)

Q11s(r
′) = Q11s(r)− yQ00(r)

Q10(r′) = Q10(r)− zQ00(r)
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Quadrupole (Rank 2)

Q20(r′) =Q20(r)+ 1
2(2xQ11c(r)+2yQ11s(r)−4zQ10(r)+2z2Q00(r)−x2Q00(r)−y2Q00(r))

Q21c(r′) = Q21c(r)−
√

3zQ11c(r)−
√

3xQ10(r) +
√

3xzQ00(r)

Q21s(r
′) = Q21s(r)−

√
3zQ11s(r)−

√
3yQ10(r) +

√
3yzQ00(r)

Q22c(r′) = Q22c(r) + 1
2(2
√

3yQ11s(r)− 2
√

3xQ11c(r) +
√

3x2Q00(r)−
√

3y2Q00(r))

Q22s(r
′) = Q22s(r)−

√
3xQ11s(r)−

√
3yQ11c(r) +

√
3xyQ00(r)

Octupole (Rank 3)

Q30(r′) = Q30(r) + 1
2(3x2zQ00(r) + 3y2zQ00(r)− 2z3Q00(r)− 3x2Q10(r)− 3y2Q10(r) +

6z2Q10(r)− 6zQ20(r)− 6xzQ11c(r)− 6yzQ11s(r) + 2
√

3xQ21c(r) + 2
√

3yQ21s(r))

Q31c(r′) = Q31c(r) + 1
4(
√

6x3Q00(r) +
√

6xy2Q00(r)− 4
√

6xz2Q00(r) + 8
√

6xzQ10(r)−

4
√

6xQ20(r)−3
√

6x2Q11c(r)−
√

6y2Q11c(r)+4
√

6z2Q11c(r)−2
√

6xyQ11s(r)−8
√

2zQ21c(r)+

2
√

2xQ22c(r) + 2
√

2yQ22s(r))

Q31s(r
′) = Q31s(r) + 1

4(
√

6x2yQ00(r) +
√

6y3Q00(r)− 4
√

6yz2Q00(r) + 8
√

6yzQ10(r)−

4
√

6yQ20(r)−2
√

6xyQ11c(r)−
√

6x2Q11s(r)−3
√

6y2Q11s(r)+4
√

6z2Q11s(r)−8
√

2zQ21s(r)−

2
√

2yQ22c(r) + 2
√

2xQ22s(r))

Q32c(r′) = Q32c(r)+ 1
2(−
√

15x2zQ00(r)+
√

15y2zQ00(r)+
√

15x2Q10(r)−
√

15y2Q10(r)+

2
√

15xzQ11c(r)− 2
√

15yzQ11s(r)− 2
√

5xQ21c(r) + 2
√

5yQ21s(r)− 2
√

5zQ22c(r))

Q32s(r
′) = Q32s(r)−

√
15xyzQ00(r) +

√
15xyQ10(r) +

√
15yzQ11c(r) +

√
15xzQ11s(r)−

√
5yQ21c(r)−

√
5xQ21s(r)−

√
5zQ22s(r)

Q33c(r′) =Q33c(r)+1
4(−
√

10x3Q00(r)+3
√

10xy2Q00(r)+3
√

10x2Q11c(r)−3
√

10y2Q11c(r)−

6
√

10xyQ11s(r)− 2
√

30xQ22c(r) + 2
√

30yQ22s(r))

Q33s(r
′) =Q33s(r)+1

4(−3
√

10x2yQ00(r)+
√

10y3Q00(r)+6
√

10xyQ11c(r)+3
√

10x2Q11s(r)−

3
√

10y2Q11s(r)− 2
√

30yQ22c(r)− 2
√

30xQ22s(r))
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Hexadecapole (Rank 4)

Q40(r′) =Q40(r)+1
8(3x4Q00(r)+6x2y2Q00(r)+3y4Q00(r)−24x2z2Q00(r)−24y2z2Q00(r)+

8z4Q00(r) + 48x2zQ10(r) + 48y2zQ10(r) − 32z3Q10(r) − 24x2Q20(r) − 24y2Q20(r) +

48z2Q20(r)− 32zQ30(r)− 12x3Q11c(r)− 12xy2Q11c(r) + 48xz2Q11c(r)− 12x2yQ11s(r)−

12y3Q11s(r)+48yz2Q11s(r)−32
√

3xzQ21c(r)−32
√

3yzQ21s(r)+4
√

3x2Q22c(r)−4
√

3y2Q22c(r)+

8
√

3xyQ22s(r) + 8
√

6xQ31c(r) + 8
√

6yQ31s(r))

Q41c(r′) =Q41c(r)+1
4(−3

√
10x3zQ00(r)−3

√
10xy2zQ00(r)+4

√
10xz3Q00(r)+3

√
10x3Q10(r)+

3
√

10xy2Q10(r)−12
√

10xz2Q10(r)+12
√

10xzQ20(r)−4
√

10xQ30(r)+9
√

10x2zQ11c(r)+

3
√

10y2zQ11c(r)−4
√

10z3Q11c(r)+6
√

10xyzQ11s(r)−3
√

30x2Q21c(r)−
√

30y2Q21c(r)+

4
√

30z2Q21c(r)− 2
√

30xyQ21s(r)− 2
√

30xzQ22c(r)− 2
√

30yzQ22s(r)− 4
√

15zQ31c(r) +

2
√

6xQ32c(r) + 2
√

6yQ32s(r))

Q41s(r
′) =Q41s(r)+1

4(−3
√

10x2yzQ00(r)−3
√

10y3zQ00(r)+4
√

10yz3Q00(r)+3
√

10x2yQ10(r)+

3
√

10y3Q10(r)−12
√

10yz2Q10(r) + 12
√

10yzQ20(r)−4
√

10yQ30(r) + 6
√

10xyzQ11c(r) +

3
√

10x2zQ11s(r)+9
√

10y2zQ11s(r)−4
√

10z3Q11s(r)−2
√

30xyQ21c(r)−
√

30x2Q21s(r)−

3
√

30y2Q21s(r) + 4
√

30z2Q21s(r) + 2
√

30yzQ22c(r)− 2
√

30xzQ22s(r)− 4
√

15zQ31s(r)−

2
√

6yQ32c(r) + 2
√

6xQ32s(r))

Q42c(r′) = Q42c(r)+ 1
4(−
√

5x4Q00(r)+
√

5y4Q00(r)+6
√

5x2z2Q00(r)−6
√

5y2z2Q00(r)−

12
√

5x2zQ10(r)+12
√

5y2zQ10(r)+6
√

5x2Q20(r)−6
√

5y2Q20(r)+4
√

5x3Q11c(r)−12
√

5xz2Q11c(r)−

4
√

5y3Q11s(r) + 12
√

5yz2Q11s(r) + 8
√

15xzQ21c(r)− 8
√

15yzQ21s(r)− 2
√

15x2Q22c(r)−

2
√

15y2Q22c(r)+4
√

15z2Q22c(r)−2
√

30xQ31c(r)+2
√

30yQ31s(r)−8
√

3zQ32c(r)+2
√

2xQ33c(r)+

2
√

2yQ33s(r))

Q42s(r
′) =Q42s(r)+1

2(−
√

5x3yQ00(r)−
√

5xy3Q00(r)+6
√

5xyz2Q00(r)−12
√

5xyzQ10(r)+

6
√

5xyQ20(r)+3
√

5x2yQ11c(r)+
√

5y3Q11c(r)−6
√

5yz2Q11c(r)+
√

5x3Q11s(r)+3
√

5xy2Q11s(r)−

6
√

5xz2Q11s(r) + 4
√

15yzQ21c(r) + 4
√

15xzQ21s(r) −
√

15x2Q22s(r) −
√

15y2Q22s(r) +
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2
√

15z2Q22s(r)−
√

30yQ31c(r)−
√

30xQ31s(r)−4
√

3zQ32s(r)−
√

2yQ33c(r)+
√

2xQ33s(r))

Q43c(r′) =Q43c(r)+1
4(
√

70x3zQ00(r)−3
√

70xy2zQ00(r)−
√

70x3Q10(r)+3
√

70xy2Q10(r)−

3
√

70x2zQ11c(r)+3
√

70y2zQ11c(r)+6
√

70xyzQ11s(r)+
√

210x2Q21c(r)−
√

210y2Q21c(r)−

2
√

210xyQ21s(r)+2
√

210xzQ22c(r)−2
√

210yzQ22s(r)−2
√

42xQ32c(r)+2
√

42yQ32s(r)−

4
√

7zQ33c(r))

Q43s(r
′) =Q43s(r)+1

4(3
√

70x2yzQ00(r)−
√

70y3zQ00(r)−3
√

70x2yQ10(r)+
√

70y3Q10(r)−

6
√

70xyzQ11c(r)−3
√

70x2zQ11s(r)+3
√

70y2zQ11s(r)+2
√

210xyQ21c(r)+
√

210x2Q21s(r)−
√

210y2Q21s(r) + 2
√

210yzQ22c(r) + 2
√

210xzQ22s(r)−2
√

42yQ32c(r)−2
√

42xQ32s(r)−

4
√

7zQ33s(r))

Q44c(r′) =Q44c(r)+1
8(
√

35x4Q00(r)−6
√

35x2y2Q00(r)+
√

35y4Q00(r)−4
√

35x3Q11c(r)+

12
√

35xy2Q11c(r)+12
√

35x2yQ11s(r)−4
√

35y3Q11s(r)+4
√

105x2Q22c(r)−4
√

105y2Q22c(r)−

8
√

105xyQ22s(r)− 8
√

14xQ33c(r) + 8
√

14yQ33s(r))

Q44s(r
′) =Q44s(r)+1

2(
√

35x3yQ00(r)−
√

35xy3Q00(r)−3
√

35x2yQ11c(r)+
√

35y3Q11c(r)−
√

35x3Q11s(r)+3
√

35xy2Q11s(r)+2
√

105xyQ22c(r)+
√

105x2Q22s(r)−
√

105y2Q22s(r)−

2
√

14yQ33c(r)− 2
√

14xQ33s(r))

4.2.2 Translation of polarizabilities

Polarizabilities, which describe how the electron density changes in a non-

uniform electric field, can also be expressed in terms of multipole moment operators using

the standard sum-over-states form from Rayleigh-Schrodinger perturbation theory. [159]

αlκ,l′κ′ =
∑
n

′ 〈0| Q̂lκ |n〉 〈n| Q̂l′κ′ |0〉+ 〈0| Q̂l′κ′ |n〉 〈n| Q̂lκ |0〉
Wn −W0

(4.7)
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Here, the polarizability, αlκ,l′κ′ , is a function of the multipole moments, Qlκ

and Ql′κ′ . The translated polarizability, α′lκ,l′κ′ , then, is a function of the translated

multipoles Q′lκ, Q
′
l′κ′ . First, translated multipoles are expressed in terms of the original

multipoles, using the equations above. Then, the terms are grouped so as to be expres-

sions of the original polarizabilities, resulting in the polarizability translation in terms

of the original polarizability.

For example, the translations for Q10(r
′) and Q11c(r

′) are given below:

Q10(r
′) = Q10(r)− zQ00(r)

Q11c(r
′) = Q11c(r)− xQ00(r)

We then substitute these into the equation for polarizability, such that α′10,11c =∑
n

′<0|(Q̂10(r)−zQ̂00(r))|n><n|(Q̂11c(r)−xQ̂00(r))|0>+<0|(Q̂11c(r)−xQ̂00(r))|n><n|(Q̂10(r)−zQ̂00(r))|0>
Wn−W0

This can be expanded, and because the charge Q00 is a constant and the states |0 > and

|n > are orthogonal, the matrix elements involving Q00 are 0. The terms are rearranged,

so that the new polarizability is expressed in terms of original polarizabilities.

α′10,11c =
∑
n

′<0|Q̂10(r)|n><n|Q̂11c(r)|0>+<0|Q̂11c(r)(r)|n><n|Q̂10(r)|0>
Wn−W0

= α10,11c

It can be seen that this dipole-dipole polarizability, the response of the z-

component of the dipole moment (Q10) due to the x-component of a dipole (Q11c)

has no change upon translation. The actual equations to translate multipoles of rank

0 - rank 2 are provided in Appendix C. The same method is used to translate the

frequency dependent polarizabilities, except instead of just one polarizability, they must

be translated for each value of the frequency.
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4.3 Results

To test the performance of this approach, a molecular dynamics (MD) simu-

lation was performed on one formamide solvated by 213 water molecules in an 18.7 Å

box using the OPLS-AA (formamide) [161] and TIP3P (water) [162] force fields. The

formamide and 17 water molecules lying within 4.5 Å of the formamide in a single time

step were chosen as the solute region. Earlier work indicates that the AIFF is very

faithful to QM for water around 4–5 Å (shorter distances require exchange contribu-

tions, which are not currently included in the AIFF). [17] Then the solvent was sampled

for 2 nanoseconds around the fixed solute region using MD. Fifty well-separated solvent

configurations were taken from this second simulation and used for the subsequent cal-

culations. Periodic boundary conditions were employed during the MD configuration

sampling, but for simplicity, they are not utilized in the QM/MM coarse-graining tests

described below. Modification of the method to include periodic boundary conditions

would be straightforward. [16]

Full HMBI calculations (RI-MP2/aug-cc-pVDZ [163] QM and AIFF MM pa-

rameters computed using the Sadlej triple-zeta basis [164]) were performed on each

sampled configuration, and the interaction energy Eint = Efull − Ewater − Eformamide

between the formamide and water was computed for each one. The average interac-

tion over all 50 configurations was found to be -65.9 kJ/mol. Detailed structures and

energetics are provided in Supporting Information.

The proposed solvation model introduces errors by (1) treating the solvent

region with pure MM instead of HMBI QM/MM, (2) coarse-graining each individual

solvent configuration, and (3) averaging the solvent properties before interacting them

with the solute, instead of the traditional “interact then average” approach. The good
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Figure 4.2: Error distributions for the coarse-grained model formamide-water interaction
energy relative to conventional HMBI for each of the 50 configurations. The dotted line
corresponds to the error in a single composite coarse-grained calculation.

Table 4.1: Comparison of the single coarse-grained and averaged formamide-water in-
teraction energy calculation with the average of 50 full HMBI calculations, in kJ/mol.
The data show the improvements as solvent-region electrostatics (ES), induction (Ind),
and dispersion (Disp) are added to the model.

Avg. of 50 CG calcs 1 composite CG calc
Contrib. Eint Contrib. Eint

Solute only -49.8 -49.8
Solute & CG ES -2.2 -52.0 -2.2 -52.0
Solute & CG ES, Ind -3.0 -55.0 -4.9 -56.9
Solute & CG ES, Ind, Disp -9.8 -64.8 -9.8 -66.7

Avg. of 50 Standard HMBI calcs -65.9
Avg. of 50 HMBI solute & MM solvent calcs, no CG -67.1

quality of the AIFF makes the first source of error small. Switching to a purely AIFF

MM explicit treatment of the solvent region (no coarse-graining) leads to an average

energy of -67.1 kJ/mol, or an error of -1.2 kJ/mol.

To gauge the second type of errors, the coarse-graining procedure was applied

separately to each of the 50 solvent configurations and compared against the full HMBI

results. The coarse-graining used cells in radial increments of 1.0 Å and angular incre-

ments of ∆θ = 5◦ and ∆φ = 5◦. 4.2 shows how the distribution of errors changes as

more physical terms are added to the model, and 4.1 summarizes the resulting average
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interaction energies. Complete energetics are provided as Supporting Information.

If the solvent region is neglected entirely, the error distribution is extremely

broad, with a mean error and standard deviation of 16.1 ± 13.0 kJ/mol. Despite lying

4.5 Å or more from the formamide, the solvent region molecules account for 25% of the

total interaction energy between formamide in water on average, and they contribute

much more in many individual configurations. Including the coarse-grained solvent

electrostatics for each configuration reduces the error to 13.9 ± 3.6 kJ/mol. In other

words, the solvent-region electrostatics have a modest impact on the mean error, but they

substantially reduce the width of the error distribution. Next, accounting for induction

throughout the solute and coarse-grained solvent improves both the mean error and

standard deviation to 10.8 ± 1.0 kJ/mol. This combination of solvent electrostatics and

induction provides interaction energies with good precision but a large systematic error

due to the neglect of dispersion.

Including the dispersion energies eliminates most of this residual error and

leads to a final error of 1.0 ± 1.0 kJ/mol compared to full HMBI. The similar shape of

the error distributions with and without dispersion suggests that the dispersion energy

contributions are fairly uniform across the different solvent configurations. Overall, the

electrostatics, induction, and dispersion terms are each important for describing the

interaction between the formamide solute and the solvent, and performing the coarse-

graining procedure on individual configurations introduces only small errors into the

interaction energies.

Finally, we examine the degree to which one can obtain the same results by

averaging the coarse-grained solvent properties over all 50 configurations and then per-

forming a single, composite coarse-grained QM/MM calculation. Doing so gives an

interaction energy of -66.7 kJ/mol (4.1), which differs from the explicit HMBI average
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over 50 configurations by only 0.8 kJ/mol (1%), and it can be obtained with orders of

magnitude less computational time. Furthermore, previous work on molecular crystals

has demonstrated that HMBI can predict molecular crystal lattice energies to within

a couple kJ/mol of full QM results or experiment. [16] Therefore, the coarse-grained

results here are also likely to be close to what one would obtain by performing 50 full

MP2 calculations on this entire 214-molecule system.

Further insights are obtained by comparing the average of 50 coarse-grained

calculations and the single composite calculation in 4.1. Because their contributions are

pairwise additive, the average contribution due to the solvent electrostatics and disper-

sion are mathematically identical regardless of whether one “interacts then averages”

or “averages then interacts.” In contrast, the self-consistent induction contribution to

the average interaction energy differs by 2 kJ/mol depending on the order of operations,

and this accounts for the difference between the average over 50 calculations and the

single composite calculation. So while the overall 0.8 kJ/mol accuracy clearly benefits

from error cancellation among the three approximations described above, each of the

errors involved is still only 1–2 kJ/mol.

Next, we examine the coarse-graining and averaging behavior in further detail.

The individual cells used here are relatively small, particularly those closest to the solute

region. A typical cell contains either zero or one water molecule(s) in a single solvent

configuration. Considering 196 solvent-region molecules in 50 distinct configurations

leads to 9,800 water molecules total. These molecules are distributed across 893 coarse-

grained cells, with an average of 11 water molecules per cell across the 50 configurations.

4.3 plots a histogram of the number of water molecules in each coarse-grain cell. In this

example, about half the cells exhibit total occupations of five or fewer, but the other

half are occupied more frequently, including several with occupations of 50. Cells further
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Figure 4.3: Histogram of the number of water molecules per cell in the averaged 50-
configuration coarse-grained calculation.

from the solute are larger and therefore tend to have slightly higher occupations, though

this gets tempered quickly as the cells reach the edges of the finite water cluster used

here.

Of course, the distribution of cell occupations depends strongly on the coarse-

graining cell size. Simple preliminary tests varying the size of the coarse-graining cells

by integer multiples in r, θ, and φ produce fluctuations in the overall errors on the

order of a couple kJ/mol, consistent with the magnitudes of the errors discussed above.

Therefore, one can probably use larger coarse-grained cells as well, which would skew

the distribution in 4.3 toward higher occupancies. Future work will examine the trade-

offs between reducing the number of coarse-grained degrees of freedom using larger cells

with the increased errors introduced by translating the multipoles and polarizabilities

further.

A key benefit to coarse-graining explicit solvent is that captures the underlying

solvent structure. From the radial distribution function, one expects that waters in

the inner solvent shells will be more ordered than those further away. Indeed, the
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Figure 4.4: Averaged permanent cell dipole moments (in Debeye) as a function of the
cell distance from the formamide solute.

average permanent cell dipole moment (i.e. not considering the induction contribution)

in the inner-most shell of coarse-grained cells is 1.6 D, which is relatively close to the

1.85 D dipole of an isolated water molecule (4.4). However, the average permanent

cell dipole moment decreases 40% by the time one is 9 Å away from the formamide

solute molecule. The solvent shell structure restricts the orientational freedom of the

inner water molecules, leading to larger average cell dipole moments, but more facile

rotational averaging in the cells further from the solute leads to smaller average cell

dipole moments.

4.4 Conclusions and future work

In conclusion, we have demonstrated a new approach for constructing an im-

plicit solvent model in QM/MM calculations through coarse-graining and averaging over

many solvent configurations. This coarse-graining procedure, which is based on the fact

that a given multipole/polarizability can be expanded in terms of a set of different mul-

tipoles/polarizabilities centered on a new point in space, introduces only small errors

in the solute-solvent interaction energies for both individual and averaged solvent con-
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figurations. By decoupling the MM solvent sampling from QM/MM solute region, it

drastically reduces the computational costs associated with sampling the solvent degrees

of freedom.

Many issues must be addressed to transform the model proposed here into a

practical procedure. For example, to perform the configuration averaging, one might

use a dual-sampling strategy in which a variety of configurations of the solute region are

first sampled. Then, for each solute-region configuration, one would freeze the solute

region and sample the solvent. The AIFF force field parameters are relatively expensive

to generate, but they can be pre-computed, tabulated, and interpolated easily. Future

work will investigate how the results depend on the size of the coarse-graining grid cells,

the solute region size, and to what extent a simpler isotropic treatment of dispersion

can be used instead of the anisotropic one used here. Overall, the high-quality results

obtained here suggest that this sort of approach could prove fruitful for accurately

modeling solution-phase chemistry with much lower computational costs.
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Chapter 5

Conclusions

Our modeling of LBHBs demonstrates how complimentary theoretical calcu-

lations can be to experimental work. Our calculations helped assign the key stretching

modes in IRMPD spectra, and predicted whether the ZPE was above the proton-transfer

barrier, as expected for a low-barrier hydrogen bond. Also, in another practical collabo-

ration with experimentalists, we showed how solvation affected IRMPD experiments on

proton-bound dimers of adenine. Low levels of theory gave good results in the simple

system of interest, and showed that surprisingly, the solvent was determining the struc-

ture of the proton-bound dimer investigated in the gas phase electrospray experiment.

Most importantly, we developed a new, coarse-grained model that effectively

and affordably captures solvent structure and solute-solvent energetics. This model was

demonstrated on a small molecule system, solvated in explicit water. The results were

exceptional, thanks to a coarse graining scheme that uses a rigorous mathematical algo-

rithm to translate and average the properties of each solvent atom, including multipoles,

polarizabilities, and dispersion. Since we explore the configuration space with inexpen-

sive molecular dynamics, then do a single high-level calculation that includes the explicit
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solute region and the coarse grained solvent, this method is also relatively affordable.
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J. Robert Roscioli, Laura R. McCunn, Mark A. Johnson, and Oliver Kühn. Gas-
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Appendix A

Multipole Moments in Spherical

Tensor Formalism

Please note that the dipole moments are in a non-standard order. This list

corresponds to the ordering found in the HMBI C+ code, with Q11c first, Q11s second,

and then Q10. The more standard order places Q10 first, then Q11c, and lastly Q11s.

The indexing (starting with zero) maps to the multipole class multipole vector indexing.

(reference Stone)

Point Charges

0. Q00 = q

Dipoles

1. Q11c = µx

2. Q11s = µy

3. Q10 = µz

Quadrupoles
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4. Q20 = Θzz

5. Q21c = 2√
3
Θxz

6. Q21s = 2√
3
Θyz

7. Q22c = 1√
3
(Θxx −Θyy)

8. Q22s = 2√
3
Θxy

Octopoles

9. Q30 = Ωzzz

10. Q31c =
√

3
2Ωxzz

11. Q31s =
√

3
2Ωyzz

12. Q32c =
√

3
5(Ωxxz − Ωyyz)

13. Q32s = 2
√

3
2Ωxyz

14. Q33c =
√

1
10(Ωxxx − 3Ωyyy)

15. Q33s =
√

1
10(3Ωxxy − Ωyyy)

Hexadecapoles

16. Q40 = Φzzzz

17. Q41c =
√

8
5Φxzzz

18. Q41s =
√

8
5Φyzzz

19. Q42c = 2
√

1
5(Φxxzz − Φyyzz)

20. Q42s = 4
√

1
5Φxyzz
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21. Q43c = 2
√

2
35(Φxxxz − 3Φxyyz)

22. Q43s = 2
√

2
35(3Φxxyz − Φyyyz)

23. Q44c =
√

1
35(Φxxxx − 6Φxxyy + Φyyyy)

24. Q44s = 4
√

1
35(Φxxxy − Φxyyy)
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Appendix B

Sample Translations of

Multipoles

Using the following formula from section (place section number here):

QClk =
l∑

l′=0

l′∑
k′=−l′

[
(
l+k
l′+k′

)(
l−k
l′−k′

)
]
1
2QOl′k′Rl−l′,k−k′(−c)

Where the original multipole expansion QOl′k′ , is about the origin, and QClk is the new

multipole expansion, about point c, at {x, y, z}. The spherical harmonics are a function

of −c or {−x,−y,−z}.

Let Wlk,l′k′ = [
(
l+k
l′+k′

)(
l−k
l′−k′

)
]
1
2Rl−l′,k−k′(−c), such that QClk =

l∑
l′=0

l′∑
k′=−l′

QOl′k′Wlk,l′k′(−c).

If k is not equal to zero, the resulting spherical harmonic (R) and the corresponding

multipole moment (Q) will be complex. In that case, the following formula is used to

covert Q or R into linear combinations of regular harmonics, which results in a real

function for the translation. While the formula is given in terms of R, Q may be

substituted throughout for multipole moments.

Rlm = (Rlmc + iRlms)/2bm

Where if m > 0, bm = (−1)m
√

1
2 ; if m < 0, bm =

√
1
2 . Also, if m is negative, Rlms
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becomes −Rl|m|s, where if m is positive, Rlms = Rl|m|s. All Rlmc = Rl|m|c.

By definition spherical harmonics with l values smaller than the absolute value of the m

term are equal to zero.

The following examples are designed to elucidate this theory.

For Rank 0, there is only one term:

QC00 = QO00W00,00(−c)

l = 0; k = 0; l’ = 0; k’ = 0;

QO00W00,10(−c) = QO00[
(
0
0

)(
0
0

)
]
1
2R00(−c)

R00(−c) = 1, so:

QC00 = QO00

This is consistent with the fact that point charges do not change upon translation.

For Rank 1, we will examine QC10.

QC10 = QO00W00,10(−c) +QO10W10,10(−c) +QO11W11,10(−c) +QO1,−1W1,−1,10(−c)

Taken term by term:

First term

l = 1; k = 0; l’ = 0; k’ = 0;

QO00W00,10(−c) = QO00[
(
1
0

)(
1
0

)
]
1
2R10(−c)

R10(−c) = −z, so:

QO00W00,10(−c) = −zQO00

Second term

l = 1; k = 0; l’ = 1; k’ = 0;

QO10W10,10(−c) = QO10[
(
1
1

)(
1
1

)
]
1
2R00(−c)

R00(−c) = 1, so:

QO10W10,10(−c) = QO10

Third term
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l = 1; k = 0; l’ = 1; k’ = 1;

QO11W11,10(−c) = QO11[
(
1
2

)(
1
0

)
]
1
2R0,1(−c)

Since |m| > l, the spherical harmonic is equal to zero, so the whole term is equal to zero.

Fourth term

l = 1; k = 0; l’ = 1; k’ = -1;

QO1,−1W1,−1,10(−c) = QO1,−1[
(
1
0

)(
1
2

)
]
1
2R0,−1(−c)

Again, the spherical harmonic is equal to zero, and so the whole term goes to zero.

Summing all the terms:

QC10 = QO10 − zQO00

which is indeed the correct translation for the z diole moment.

We will also examine one Rank 2 multipole, QC20, which will cover the complex

spherical harmonic case.

QC20 = QO00W00,20 +QO10W10,20 +QO11W11,20 +QO1,−1W1,−1,20 +QO20W20,20 +QO21W21,20 +

QO2,−1W2,−1,20 +QO22W22,20 +QO2,−2W2,−2,20

Again, taking this expression term by term:

First term

l = 2; k = 0; l’ = 0; k’ = 0;

QO00W00,20(−c) = QO00[
(
2
0

)(
2
0

)
]
1
2R20(−c)

R20(−c) = 1
2(3z2 − r2) = 1

2(2z2 − x2 − y2), so

QO00W00,20(−c) = 1
2(2z2 − x2 − y2)QO00

Second Term

l = 2; k = 0; l’ = 1; k’ = 0;

QO10W10,20 = QO10[
(
2
1

)(
2
1

)
]
1
2R10(−c)

R10(−c) = −z, so,

QO10W10,20 = −2zQO10
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Third term

l = 2; k = 0; l’ = 1; k’ = 1;

QO11W11,20(−c) = QO11[
(
2
2

)(
2
0

)
]
1
2R1,−1(−c)

The spherical harmonic is complex.

Using the rules for changing complex spherical harmonics to linear combinations of

regular spherical harmonics:

R1,−1 = (R11c − iR11s)/(2
√

1
2) =

√
1
2(R11c − iR11s)

Using the same rules for the complex multipole:

Q11 = (Q11c + iQ11s)/(2(−1)1
√

1
2) = −

√
1
2(Q11c + iQ11s)

Combining these two:

QO11R1,−1(−c) = −
√

1
2(Q11c + iQ11s)

√
1
2(R11c(−c)− iR11s(−c))

Simplified,

QO11R1,−1(−c) = −1
2(Q11cR11c(−c) + iQ11sR11c(−c)− iQ11cR11s(−c) +Q11sR11s(−c))

While this term is still complex, we can expect cancellation of terms that will leave the

entire translation a real function.

Fourth term

l = 2; k = 0; l’ = 1; k’ = -1;

QO1,−1W1,−1,20(−c) = QO1,−1[
(
2
0

)(
2
2

)
]
1
2R1,1(−c) = QO1,−1R1,1(−c)

Once again, the multipole and spherical harmonic are complex.

R11 = (R11c + iR11s)/(2(−1)1
√

1
2) = −

√
1
2(R11c + iR11s)

Q1,−1 = (Q11c − iQ11s)/(2
√

1
2) =

√
1
2(Q11c − iQ11s)

So the entire term is:

QO1,−1R1,1(−c) = −1
2(Q11cR11c(−c) + iQ11cR11s(−c)− iQ11sR11c(−c) +Q11sR11s(−c))

Fifth term

l = 2; k = 0; l’ = 2; k’ = 0;
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QO20W020,20 = QO20[
(
2
2

)(
2
2

)
]
1
2R20(−c) = QO20R00(−c)

Since R00 = 1,

QO20W020,20 = QO20

We leave it to the reader to show that terms six through nine have Rlm with |m| > l

and so are equal to zero.

Combining the first, second, third, fourth and fifth terms,

QC20 = 1
2(2z2−x2−y2)QO00−2zQO10− 1

2(Q11cR11c(−c)+iQ11sR11c(−c)−iQ11cR11s(−c)+

Q11sR11s(−c))− 1
2(Q11cR11c(−c)+iQ11cR11s(−c)−iQ11sR11c(−c)+Q11sR11s(−c))+QO20

Simplified:

QC20 = 1
2(2z2 − x2 − y2)QO00 − 2zQO10 −QO11cR11c(−c)−QO11sR11s(−c) +QO20

Since R11c(−c) = −x and R11s(−c) = −y

QC20 = 1
2(2z2 − x2 − y2)QO00 − 2zQO10 + xQO11c + yQO11s +QO20

This is equivalent to the translation given in Chapter 4.
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Appendix C

Translations of polarizabilities

The following are the equations used to translate polarizabilites, where αlm,l′m′

is an original polarizability, before translation, and α′lm,l′m′ is a polarizability that has

already been translated to the new coordinates. Note that α′lm,l′m′ = α′l′m′,lm, which

reduces the number of equations that are in terms of the original polarizabilities.

Charge has no polarizability, and dipole-dipole polarizabilities do not change

upon translation, so equations for translations start with dipole-quadrupole.

dipole - quadrupole

α′11c,20 = α11c,20 + α11c,11cx+ α11c,11sy − 2α11c,10z

α′20,11c = α′11c,20

α′11c,21c = α11c,21c −
√

3α11c,10x−
√

3α11c,11cz

α′21c,11c = α′11c,21c

α′11c,21s = α11c,21s −
√

3α11c,10y −
√

3α11c,11sz

α′21s,11c = α′11c,21s

α′11c,22c = α11c,22c −
√

3α11c,11cx+
√

3α11c,11sy
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α′22c,11c = α′11c,22c

α′11c,22s = α11c,22s −
√

3α11c,11sx−
√

3α11c,11cy

α′22s,11c = α′11c,22s

α′11s,20 = α11s,20 + α11c,11sx+ α11s,11sy − 2α11s,10z

α′20,11s = α′11s,20

α′11s,21c = α11s,21c −
√

3α11s,10x−
√

3α11c,11sz

α′21c,11s = α′11s,21c

α′11s,21s = α11s,21s −
√

3α11s,10y −
√

3α11s,11sz

α′21s,11s = α′11s,21s

α′11s,22c = α11s,22c −
√

3α11c,11sx+
√

3α11s,11sy

α′22c,11s = α′11s,22c

α′11s,22s = α11s,22s −
√

3α11s,11sx−
√

3α11c,11sy

α′22s,11s = α′11s,22s

α′10,20 = α10,20 + α11c,10x+ α11s,10y − 2α10,10z

α′20,10 = α′10,20

α′10,21c = α10,21c −
√

3α10,10x−
√

3α11c,10z

α′21c,10 = α′10,21c

α′10,21s = α10,21s −
√

3α10,10y −
√

3α11s,10z

α′21s,10 = α′10,21s
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α′10,22c = α10,22c −
√

3α11c,10x+
√

3α11s,10y

α22c,10 = α10,22c

α10,22s = α10,22s −
√

3α11s,10x−
√

3α11c,10y

α22s,10 = α′10,22s

quadrupole-quadrupole

α20,20 = α20,20 + 2α11c,20x+α11c,11cxx+ 2α11s,20y+ 2α11c,11sxy+α11s,11syy− 4α10,20z−

4α11c,10xz − 4α11s,10yz + 4α10,10zz

α20,21c = α20,21c −
√

3α10,20x + α11c,21cx −
√

3α11c,10xx + α11s,21cy −
√

3α11s,10xy −
√

3α11c,20z − 2α10,21cz −
√

3α11c,11cxz + 2
√

3α10,10xz −
√

3α11c,11syz + 2
√

3α11c,10zz

α21c,20 = α′20,21c

α20,21s = α20,21s + α11c,21sx −
√

3α10,20y + α11s,21sy −
√

3α11c,10xy −
√

3α11s,10yy −
√

3α11s,20z − 2α10,21sz −
√

3α11c,11sxz −
√

3α11s,11syz + 2
√

3α10,10yz + 2
√

3α11s,10zz

α21s,20 = α′20,21s

α20,22c = α20,22c −
√

3α11c,20x + α11c,22cx −
√

3α11c,11cxx +
√

3α11s,20y + α11s,22cy +

√
3α11s,11syy − 2α10,22cz + 2

√
3α11c,10xz − 2

√
3α11s,10yz

α22c,20 = α′20,22c

α20,22s = α20,22s −
√

3α11s,20x + α11c,22sx −
√

3α11c,11sxx −
√

3α11c,20y + α11s,22sy −
√

3α11c,11cxy −
√

3α11s,11sxy −
√

3α11c,11syy − 2α10,22sz + 2
√

3α11s,10xz + 2
√

3α11c,10yz

α22s,20 = α′20,22s

α21c,21c = α21c,21c − 2
√

3α11c,21cz − 2
√

3α10,21cx+ 3α10,10xx+ 3α11c,11czz + 6α11c,10xz

α21c,21s = α21c,21s −
√

3α11s,21cz −
√

3α10,21cy−
√

3α11c,21sz + 3α11c,11szz + 3α11c,10zy−
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√
3α10,21sx+ 3α11s,10xz + 3α10,10xy

α21s,21c = α′21c,21s

α21c,22c = α21c,22c+
√

3α11s,21cy−
√

3α11c,21cx−
√

3α11c,22cz−3α11c,11syz+3α11c,11cxz−
√

3α10,22cx− 3α11s,10xy + 3α11c,10xx

α22c,21c = α′21c,22c

α21c,22s = α21c,22s−
√

3α11s,21cx−
√

3α11c,21cy−
√

3α11c,22sz+3α11c,11sxz+3α11c,11cyz−
√

3α10,22sx+ 3α11s,10xx+ 3α11c,10xy

α22s,21c = α′21c,22s

α21s,21s = α21s,21s − 2
√

3α10,21sy + 3α10,10yy − 2
√

3α11s,21sz + 6α11s,10yz + 3α11s,11szz

α21s,22c = α21s,22c −
√

3α11c,21sx+
√

3α11s,21sy −
√

3α10,22cy + 3α11c,10xy − 3α11s,10yy −
√

3α11s,22cz + 3α11c,11sxz − 3α11s,11syz

α22c,21s = α′21s,22c

α21s,22s = α21s,22s −
√

3α11s,21sx−
√

3α11c,21sy −
√

3α10,22sy + 3α11s,10xy + 3α11c,10yy −
√

3α11s,22sz + 3α11s,11sxz + 3α11c,11syz

α22s,21s = α′21s,22s

α22c,22c = α22c,22c−2
√

3α11c,22cx+3α11c,11cxx+2
√

3α11s,22cy−6α11c,11sxy+3α11s,11syy

α22c,22s = α22c,22s−
√

3α11s,22cx−
√

3α11c,22sx+3α11c,11sxx−
√

3α11c,22cy+
√

3α11s,22sy+

3α11c,11cxy − 3α11s,11sxy − 3α11c,11syy

α22s,22c = α′22c,22s
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α22s,22s = α22s,22s−2
√

3α11s,22sx+3α11s,11sxx−2
√

3α11c,22sy+6α11c,11sxy+3α11c,11cyy
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