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ABSTRACT 

The theory of nuclear quadrupole resonance is reviewed. The 

various chemical interpretations of nuclear quadrupole resonance are 

discussed critically. A fairly simple method is outlined for deter

mining the asymmetry par.ameter of the electric field gradient from 

the observed transition frequencies without directly solving the sec

ular equation. 

The chlorine resonance i~ titanium tetrachloride has been re

examined. The existence of four resonances has been clearly shown, 

confirming Dehmelt's work but not that of Hamlen and Koski. 

The chlorine-35 resonance in thorium tetrachloride has been 

discovered. It consists of a single line at about 6 Me. The low 

frequency of the resonance suggests highly ionic bonding. This in

terpretation differs from that based on x-ray studies but seems to 

be more certain. The temperature dependence of the resonance frequency 

does not follow Bayer's theory. Some double-bond character may account 

for the difference. 

Niobium and chlorine resonances have been discovered in niobium 

pentachloride. The niobium resonances are described by a single set of 

parameters, the coupling constant being, approximately, eqQ = 78 Me, 

and the asymmetry parameter, ~ = 0.32. Because of the large asymmetry 

parameter, it was possible to observe two ,6M = 2 and one ,6M = 3 transi

tions. A single chlorine-35 resonance was found at about 13 Me. Two 

more chlorine resonances would be expected on the basis of the crystal 

structure, but they have not been found. The frequency of the chlorine 

resonance suggests appreciable covalency in niobium pentachloride. 
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A single resonance has been found in tantalum pentachloride at 

about 13 Me. It is believed to be a chlorine-35 resonance. The 

tantalum and niobium pentachlorides are reported to have the same crys

tal structure. The frequencies of the chlorine resonances in the two 

compounds differ by only 2.5% and illustrate the great chemical simi

larity of the compounds. 
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University of California, Berkeley, California 

November 1959 

INTRODUCTION 

Nuclear quadrupole resonance is one of several branches of 

spectroscopy which are concerned with transitions in which the nucleus 

changes its orientation. As with the more familiar nuclear magnetic 

resonance, energetic transitions are possible if a nucleus with spin 

interacts with an external field so that the different nuclear orien

tations, with respect to this field, have different energies. 

In nuclear magnetic resonance, the interaction is that of the 

nuclear magnetic·dipole moment with an externally applied magnetic 

field, resulting in a Zeeman splitting of the nuclear spin levels. In 

nuclear quadrupole resonance, the intera.ction arises from a nonspherical 

nuclear-charge distribution in a nonuniform electric field. The only 

electric fields large enough for practical purposes are those produced 

by electrons or ions near the nucleus. 

The nuclear electric quadrupole moment is a measure of the 

asphericity of the nuclear charge and is essentially the second moment 

of the charge distribution. Since the nuclear closed shells are spheri

cal, it is only those charges outside these shells which contribute to 

the quadrupole moment. Thus an order-of-magnitude estimate of the 

quadrupole moment is er2, where r is a nuclear dimension about 10-l3 em. 
n n 

A quadrupole moment can interact with a nonzero electric-field gradient. 

The gradient at the nucleus produced by an electron or ion is er-3, where 

re is an atomic dimension about 10-S cmo This gradient is aboutelo17 

voltsjcm2, which is too large to be produced in the laboratory. The 

energy of the interaction is then e 2 r 2jr3 = 10-9 ev or l0-21 ergs. A 
n e 

transition involving this energy would have a frequency of 10 Me. 



The spectrum lies in the radiofrequency region along with the 

spectra of nuclear magnetic resonance. In order to observe the spectrum, 

electromagnetic energy of the appropriate frequency must be supplied to 

the nuclei, and it must be possible to tell when the nuclei absorb this 

energy. The instrumentation thus has much in common with that of nuclear 

magnetic resonance, except that a magnet for supplying the external field 

is not required. Since the field gradient is supplied by the atomic 

environment of the nucleus, it cannot be varied. Therefore the resonance 

must be found by varying the frequency of the radiofrequency energy. 

This last requirement makes the experimental procedure somewhat more dif

ficult than that of the nuclear magnetic resonance. 

In practice, quadrupole resonances have been observed from about 

1 Me up to several hundred megacycles. The line widths are similar to 

those of solid-state nuclear magnetic resonances, being of the order of 

a few kilocycles. Lines of this width are much less intense than those 

found in nuclear magnetic resonance of liquids, where the widths may be 

a .few cycles. As a result signal-to-noise ratios are much less. 

It does not seem possible to observe a quadrupole resonance in 

a liquid or a gas, since the high collision rate causes molecular re

orientation to occur so rapidly that the nucleus sees an essentially 

spherical environment and so cannot undergo energetic transitions by 

change of orientation. The situation here is different from nuclear 

magnetic resonance where in the fluid the .nucleus can still interact 

with the external magnetic field. 

Nuclear quadrupole resonance can yield information useful to 

both nuclear and chemical physics. Nuclear binding energies are so great 

that the nucleus is not affected by its environment, and its quadrupole 

moment is a constant. Quadrupole resonance can provide very accurate 

ratios of quadrupole moments of isotopes and can confirm the values of 

nuclear spins. The difficulties of searching make it an inefficient way 

to determine nuclear spins, and the difficulties of estimating the field 

gradient render it of little value in determining absolute quadrupole 

moments. 

I 
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Since the nuclear quadrupole moment is unaffected by its envi

ronment, it serves as a probe for the comparison of the electric-field 

gradients in various compounds. These gradients are very sensitive to 

the nature of the chemical bonding and crystal structures. This is the 

reason for the chemist's interest in quadrupole resonance. 

If an atom forms a covalent bond, the electron charge density 

in the direction of the bond is quite different from that in other 

directions, and field gradients will be quite anisotropic, resulting 

in a strong interaction with the nuclear moment. On the other hand, if 

the bonding is completely ionic the ion will often consist of closed 

electron shells. The nucleus will see a spherical charge distribution 

and there will be no interaction. Intermediate types of bonding result 

in intermediate strengths of interaction. Thus the resonance can give 

valuable information about the nature of the chemical bond. 

Unfortunately a number of other factors such as hybridization 

and multiple -bond character also have an effect on the resonance, and 

the interpretation of the measurements is sometimes ambiguous. 

It is not difficult to measure resonance frequencies to an ac

curacy of 0.01% and so to detect very small differences in atoms. 

Chemically equivalent atoms that are not crystallographically equivalent 

are readily distinguished by their resonances. Thus information relevant 

to the crystal structure may be obtained. 

In the present study, investigations of several anhydrous, fairly 

ionic chlorides will be reported. As far as possible, the significance 

of the results will be discussed. In order to appreciate these results, 

we must discuss fairly thoroughly and critically the relevant theory. 

The necessary experimental procedures will also.be described. 

The first nuclear quadrupole resonance to be observed was re

ported,by Dehmelt and Kruger in 1950. 1 They studied the chlorine reso:~ 
nance in transdichloroethylene. Since then several hundred resonances 

have been reported for a dozen or more nuclides. Chlorine resonances 

in organic compounds constitute a large fraction of these resonances, 

since they are relatively easy to find. 
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An introductory discussion of nuclear quadrupole resonance has 

been given by Dehmelt. 2 A very comprehensive treatment has been given 

by Das and Hahn covering theory, technique, and applications, except 

for a discussion of the Hamiltonian.3 This latter topic has been covered 

by Cohen and Reif. 4 A bibliography has been compiled by Barnes, cover

ing the period up to the end of 1957. 5 

THEORY 

Energy Levels 

In order to understand and interpret the nuclear quadrupole res

onance spectra obtained, it is necessary to outline the physical theory 

describ~ng the phenomena. The first problem will be the determination 

of the energy levels of the system, so that the necessary factors and 

parameters may be related to the observed spectral frequencies. 

This problem has been treated by a number of authors. Casimir 

first presented a general treatment of nuclear-electronic interaction 
6 in atoms. Pound, who attempted unsuccessfully to discover nuclear quad-

rupole resonance, discussed the quadrupole interaction in solids.7 

Cohen has given a very general and elegant treatment of nuclear electro

static interactions in solids. 8 The present discussion will follow Pound 

initially, since his discussion seems to be somewhat simpler mathemati~. 

cally. Cohen's thesis will be followed later for material not discussed 

by Pound. 

In nucle~ magnetic resonance, it is possible by purely classical 

means to obtain the resonance condition and in some cases to set up 

equations governing the total magnetic moment .of all the nuclei, includ

ing the various relaxation processes (the Bloch equations) so that line 

widths~ s~turation effects, and transient phenomena may be described. 9 

This is possible because the relevant qUantum-mechanical operators in

volve the first powers of coordinates and, as in the Ehrenfest relations ,
10 

the expectation values of these operators obey classical laws. 

" '• 
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Unfortunately the simplicity of a classical treatment is not 

available for nuclear quadrupole resonance. Here the important operators 

involve the second powers of coordinates, and the expectation values of 

such operators do not obey classical laws. Equations analogous to Bloch's 

must be derived quantum mechanically. Such a procedure is very difficult 

and has not yet been carried out in the general case. Lurcat has pre

sented equations for nuclear quadrupole resonance in the case of axially 

symmetric field gradients without considering relaxation effects. 11 Since 

the derivations are quite i~lved and contribute nothing to the present 

study, they will hot be described here. 

Nuclear quadrupole resonance is concerned only with transitions 

in which the angular orientation of the nucleus changes, or in other 

terms, in which the z component, m, of the nuclear spin, I, changes. Any 

other excitation of the nucleus requires energies many orders.of magnitude 

greater than those under consideration and so will have no effect on the 

problem. Any energies that are not dependent on m may be'neglected, 

since only the differences in energy as m changes are observed. Such 

energies that do not depend on m may contribute to optical isotope 

shifts but do not appear in nuclear quadrupole resonance. 6 

On this basis, the electrostatic interaction of the nucleus with 

its environment may be treated by perturbation methods, the unperturbed 

system being the nucleus in free space, described by the eigenfunctions 

of angular momentum. The Hamiltonian for this interaction will be de

rived, and the terms describing the quadrupole interaction will be iso

lated and expressed in a convenient form. Since the angular-momentum 

eigenfunctions are degenerate in free space, the methods of degenerate 

perturbation theory will be used to find the energy levels. Since only 

a few states are energetically available to the system, the problem can 

be solved exactly. 

The desired Hamiltonian, which is simply the sum of the electro

static interaction energies between the various nuclear charges e. and 
~ 

external charges e., either electrons or ions, separated·by distances 
J 

r .. , is 
~J e. e. 

~ J 
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Selecting a system of laboratory coordinates with the origin at the 

center of charge of the nucleus, we can express this equation in terms 

of ri and rj, the distances of the charges from the origin, and Qij' 

the angle at the origin subtended by the charges: 

ei e. 
J 

-1/2 

] 

For r . > r. , the Square root may be expressed as a series of Legendre 
J l.. 12 

polynomials Pk. Electronic charges for which rj is less than ri are 

neglected here. The only electrons that have appreciable density with

in the nucleus are those which have s character. Since these have 

spherical symmetry, they do not affect the nuclear transitions being 

considered. 

The magnitude of the potential which is neglected can be seen 

as follows. A p .electron has its maximum density at about the ordinary 

atomic radius, i.e., roughly at a jz, where a is the hydrogen radius. 
0 0 

As will be seen shortly, the quadrupole interaction is determined by 

the field gradient at the nucleus due to electronsa Thus the contri

bution of a p electron is of the order of e(Z/a )3. From Poisson's . 0 

equation, the field gradient due to electronic charge within the nucleus 

is .of the order of that charge density. The radial part of a p-wave 

function is roughly (Zja )3/2 Zrja for small r, so that the resultant 
0 0 

field gradient is e (Z/a. )3 (Zr fa )2, where r is a nuclear dimension. 
o n o n -8 

Thus the intranuclear p-electronic charge cont.ributes about 10 of the 

total field gradient and so may be neglected in view of present experi

mental accuracy. A similar estimate shows that the field gradient 

produced by the intranuclear s electron density is e (Zja )3. This 
0 

is obviously not negligible, but because of the spherical symmetry, no 

orientation-dependent interaction.ariseso 
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The first three 

p = 1, 
0 

pl (cos g) 

and p2 (cos g) 

and the Hamiltonian is 

= L: 
i,j 

Legendre. 

= cos 9, 

= 3/2 cos 
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polynomials are 

2 
9 - l/2, 

pk (cos g .. ) • 
~J 

In order to separate nuclear and electronic coordinates, Pk 

(cos 9 .. ) may be expanded by the addition theorem in terms of spherical 
~J 

harmonics, Y~, and the polar angles 9 and ¢ of the charges in the co-

ordinate system. 13 Thus we have 

e. e. r. k 
;u = L: ~ J L: ( _]:_) 

i,j r. k=O 
r. 

J J 

k 41t -q 
X L: ( -l)q 

2k+l yk (9i'¢i) 
yq 

( 9 j'¢ j)' 
q=-k 

k 

where 
(-l)q l2k;l (k- )! r/2 yq = (k+~)! sinq 9 

k 

dq ( iq¢ -l/2 
X P k cos 9) e ( 21t) 

(d cos 9)q 

if q is positive. If q is negative, (-l)q is omitted. Unfortunately 

most of the conceivable conventions with respect to the normalizations 

and phase factors of the spherical harmonics can be found in the litera-
l? 

ture. The definitions used here are those used by Condon and Shortley ~ 

and by Pound7 who first applied the theory of quadrupole in~eractions 
to solids. The first few spherical harmonics are as follows: 
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1 

yo = .JJ+;""_ Yo 
2 =J~ 1 l{ 

(3 2 
9 - 1) cos 

0 

y0 - J 3- cos 9 
1 - 4n: 

y±l 
2 = + J ~cos +"¢ 9 sin 9 e-~ 

y±2 
2 

= J 15 sin2 
32n: 

9 ±2i¢ e • 

If we expand the Hamiltonian, the first term (k = 0) is 

L: 
i,j 

e. e. 
~ J 

rj 
= ' 

where Z is the atomic number. This is the energy Df a point nucleus in 

the potential at the or:i.gd.n due to external charges. It contains no 
I 

nuclear coordinates and sb is independent of nuclear orientation. Hence, 

it will be neglected. 

The next term, k = 1, involving cos 9i and cos Qj' is a dipole

interaction energy. As in all the odd multipole moments, i.e. those for 

which k is odd, the nuclear coordinates occur as odd powers of sin or 

cos. Hence the values .of Y~q change sigqc on inversion of coordinates, 

or have odd parity. Nuclear wave functions w have either even or odd 

parity, so that expressions of the form w Yk odd w have odd parity and 

the integrals of these expressions, i.e., the matrix elements are zero. 

Hence all odd-multipole interactions are zero. Since there is a slight 

uneasiness about this argument, it .may be added that there is no ex• 
14 perimental evidence for a nuclear electric-dipole moment. 

Hence, the first relevant term is the one for which k = 2. It 

is the quadrupole and is the term of interest here. 

The term in k 3 is the octupole interaction and should be zero 

by the arguments above. If these arguments are invalid, this term must 

still be extremely small. Since the Y~q are of unit order of magnitude, 

the term in k = 3 is roughly (r:.jr. )2 times the term in k = 1. Thus the 

( -13 -8 2 ~1oJ 
octupole is -10 /10 ) or 10 times the dipole term for which, as 

noted above, there is no experimental evidence. 

' 
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Similarly, the hexadecapole (k = 4) interaction should be much 

smaller than the quadrupole effect and all higher terms correspondingly 

smaller. Wang has reported a surp~isingly .large hexadecapole inter-

action in 121 123 15 Sb and Sb , but subsequent Japanese work refutes this 

claim. 
16 

In addition to the restriction that k must be even, it can be 

shown that for a nucleus with spin I, no interaction can be observed for 

which k. exceeds 2I. 17 This follows from the properties of matrix 

elements of the form (I m I Y~q I I m) _. With these two restrictions, 

no orientation-dependent electrostatic interactions can occur for nuclei 

with spin 0 or 1/2, and only quadrupolar interactions can occur for spins 

1 and 3/2. A nuclear spin of 2 or more is required for hexadecapole 

interactions . 

Thus the quadrupole interaction is the only one that must be 

considered, It may be written in the form of the product of two second

rank tensors as follows: 

J{ 
a 

2 
= L: 

q=-2 
\7 E • 

q 

= = 
The tensors Q and \7 E are related to the second-order spherical harmonics 

as follows: 

= 
ri2 (4:JL/5)1/2 

= 
Q = L: e. y2 (9i,¢j) 

i J. 

- -3 (4:JL/5)1/2 
= 

V'E = L: e. r. y2 (9j,¢j) • . J J j 
= 

The five components of Q, which follow from the definition of Y
2

, are 

2 2 2 2 
Q

0 
= L: e. r. 1/2 ( 3 cos 9J.. - 1) = 1/2 L: e. ( 3 zJ.. - ri ) 

i J. J. i J. 

cos 
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. 2 " ±2i¢ 
s~n "'· e 

~ 

The corresponding components of ~ are: 

= + (1/6)
112 ~ ?Jj?J zj (9/d xj ± i o/o yj) (ej/rj) 

j 

'VE±2 = ~ e j r j -3 (3/8)1/2 sin2 9 j J±2i¢ j 

:;:: 1/2 (1/6)
112 ~ (o/d xj ± i oj?J yj)

2 
(ej/rj). 

J-____,.. 
The second form shows that \7E is composed of the rectangular 

components of the electric field gradient at the nucleus due to the charge 

ej at a point rj. This form follows from the first if the second deri

vations of the potential ejr are written in polar form: 

e 
= r3 

3 X 
2 2 

3 X Y - r 

'VE 
e 

3 
2 2 

r5 
y X 3 y -r 

3 Z X 3 z y 

3 sin
2 

9 cos 2 ¢ - 1 :' 3 sin2
.,Q ·• 

cos ¢ sin ¢ 

3 sin
2 

9 • 

cos ¢ sin ¢ 
Q • 

cos Q 

3 . 2 " . 2 ~ - l 
s~n "' s~n 'f' 

3 sin Q 

sin ¢ cos Q 

3 X Z 

3 y z 

3 

:: · · 3 sin 9 • 

cos ¢ cos Q 

3 sin 9 · 

sin ¢ cos 9 

3 cos 2 9 - 1 
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These nine components are, of course, not independent. The sym-

metry of the matrix reduces the six off-diagonal terms to three, and the 

three diagonal terms satisfy Laplace's equation, v2 V = 0, since only 

the charge outside the nucleus is being considered. Thus there are five 

independent components corresponding to the five components of the 

spherical harmonics. 

For the quadrupole mome~t tensor, Q, the rectangular components 

have the form 

~e. x. y., etc. 
i ~ ~ ~ 

Having expressed the quadrupole interaction in the convenient 

form of second-order spherical harmonics, we can proceed with the per-

turbation theory. The first step is to find the matrix elements of the 

Hamiltonian in the angular momentum representation. These are the 

elements ( a I m I J{ Q I a I m 1 ) , where a represents external quantum 

numbers that remain fixed, I is the nuclear spin quantum number which 

also remains fixed, and m is its component on the z axis. 

As mentioned in the introduction, the frequencies involved in 

nuclear resonance are in the range of megacycles.· The frequencies of 

the vibrations of external ionic charges are very much greater, generally 

corresponding to the infrared region. The motion of atomic electrons is 

also very much faster than the nuclear precissional motions. Thus the 

nucleus in its prece.ssion sees only the average of the fluctuating 

electric fields around it. As a result, in a manner similar to the Born-

Oppenheimer approximation, the nuclear motion may be separated from other 

motions. The tensor Q depends only on nuclear coordinates, while VE 
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does not .depend on these coordinates. The matrix elements may be sepa

rated into nuclear and external parts as follows: 

= 2:: (I m I Q I I m' ) (a I 'V~ I a) -q q 
q ' 

where (a I 'VEql a). is simply the expectation or average value of the 

field-gradient tensor at the nucleus. Henceforth this tensor will be 

written in terms of the second derivatives of the electrostatic potential 

v. 
The components of'VE become: 

'VE = 1/2 V 
0 zz 

'VE±l = -t (l/6l/
2 (V ± 

xz 

~E±2 = 1/2 (1/6)112 (v 
XX 

where we have 

V: 
xz 

<J2 v 
= d x d z ' etc. 

i v ) . yz 

- v ± i v ) 
' yy yz 

The matrix elements of the quadrupole-moment operator must now be 

evaluated. In most discussions of this point, it is customary to use the 

theorem that such matrix elements·are proportional to similar elements 

formed by substituting the components of nuclear angular momentum Ix' Iy' 

and I for the corresponding components of the nuclear position coordi-
z . . 18 11 

nates, x, y, and z. This may be proved with or without the use of 

group theorY. However for the immediate purpose of getting answers, it 

suffices to turn to Feenberg and Pake who tabulate and derive by elemen-

tary means "the matrix elements of such second-rank tenors. 19 .,. 



-17-

From the above results, the non-zero matrix elements of 

( J:{ Q)mm = 1/2 (2/3 )
1

/
2 

c [3 m
2 

- I(I+l)] V zz 

= (1/6)
1

/
2 

c(2m±l) [I(I+1}.-m(m±lH1/ 2(v 
!XZ 

( J:{ Q)m,m±2 = 1/2 (1/6)
1

/
2 

c [I(I+l) - m(m±l) ]
1

/
2 

1/2 ( ) x [I(I+l)- (m±l) (m±2)] V - V ± 2 i V .. 
XX yy Xy 

where 

c = (3/2)1/2 I(2~-l) (I, m = IIQ II, m = 
0 

I ) 

( . )1/2 1 
= 3/ 2 2I( 2I-l) (I, m = 

The matrix element in c' is called the nuclear quadrupole moment and 

designated eQ. If the nuclear charge distribution is in the form of a 

prolate spheroid or rod then we have z. 2 "' r. 2 , and Q is positive. For 
J. J. 

an oblate spheroid or disk, we have z. "'0, and Q is negative. For a 
J. 

spherical distribution the expectation values of 3 z. 2 and r. 2 =.x. 2 + 
2 2 J. J. J. 

yi + zi are equal and Q = 0. The quadrupole moment is thus a measure 

of the departure from sphericity of the nuclear charge distribution as 

seen from the laboratory coordinate system. 

The electric field-gradient tensor is a symmetric second~rank 

tensor. Therefore, by suitable rotation of the-coordinate system it can 

be put into diagonal form. 20 Then we have V = V = V = 0. If we 
xy yz zx 

choose this rotated coordinate system, VE±l becomes zero, as do the 

matrix elements (J:1 Q)m,m±l" The remaining field-gradient components 

satisfy Laplace's equation V + V + V = 0. leaving two independent 
XX yy ZZ 

components which will be expressed as 

and 

q = v zz 
v -vyy· 

7l = Hv -
zz 
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The axes have been selected so that IVxxl ~ lvyyl < IVzzl ; ~ is called 

the asymmetry parameter and has values between 0 and 1. The five inde

pendent components of the field-gradient tensor are q,.~, and the three 

angles required to describe the orientation of the coordinate system. 

With these changes the nonzero matrix elements of the quadrupole 

interaction may be written in the final form: 

I'1J ) - eq Q [3 m2 - I( I + 1)] 
'~ Q mm - 4I(2I~l) 

():{ Q)m,m±2 = 4r(~r~l) ~ (I(I+l) - m(m±l) l/2 

x [1(1+1) - (m±l) (m±2)]1/ 2 • 

The factor 4r(~f-~) will be designated A3,B although sometimes in the 

literature A is twice this quantityd7 

Having obtained a set of matrix elements for the quadrupole 

interaction, the energy ievels of the system can now be found. It will 

be useful to note the following relations, which may be verified by 

direct substitution: 

(Ji ) (1J ) = A [3 .m2 - I(I+l)] Q mm = <H Q -m, -m 

= A~ (I(I+l) - m(m±l) ]
1

/ 2 [I(I+l) - (m±l) (m±2) ]
1

/ 2• 

The llriliting case in which '1'1 = 0 is particularly easy to handle and 

illustrates a number of important .points. This case, in which the field 

gradient has axial symmetry, arises frequently for reasons of molecular 

symmetry. 

Since we have '1'1 = 0, all the off-diagonal matrix elements are seen 

to be zero, . leaving only the diagonal elements. Because the Hamiltonian 

matrix is now diagonal, these matrix elements are the energy levels. 
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Hence we have 

E = (J{Q) = A [3 m
2
·- I(I+l)] • m- mm 

Thus the eigenfunctions are the angular-momentum states, a result to be 

expected in view of the axial symmetry. Since we have E = E , all m -m 
levels are doubly degenerate except for m = 0. This result arises from 

the fact that the quadrupole moment of the nucleus essentially has a 

mirror plane of symmetry perpendicular to the axis of quantization. For 

nuclei with half-integral spins, all the levels have this two-fold de

generacy. This is an illustration of Kramer's theorem that, f~r systems 

with half-integral spin, there is a double degeneracy which cannot be 

split by an electric field. 21 

The spacing between the levels is 

E l - E = 3 A (2m+ 1). m+ m 

For nuclei with half-integral spin the spacings are 

6 A, 2 (6 A), 3 (6 A), 4 (6 A) · 
' 

where A and the number of levels depend on I. 

spins the levels are 

For nuclei with integral 

3 A, 3 (3 A), 5 (3 A), 7 (3 A) •· • · 

As will be shown later these spacings are proportional to the observable 

resonance frequencies. 

When the field gradient does not have axial symmetry and ~ is not 

zero, the Hamiltonian matrix is not diagonal. To find the energy levels, 

we must make it diagonal. Following the methods of degenerate perturbation 
10 theory, the eigenfunctions t£ of the system are expressed as linear 

functions of the degenerate angular-momentum states *t = ~ atm ¢m· Since 

the ':¥£ are eigenfunctions, we have 'J:{Q t£ = E£ · *t' where E£ are the 

desired energy levels. Taking the scalar proauct of each side with ¢k' 
we obtain 
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Consistency requires that we have I (J.l ) .. E 0 I = 0 • 
Q km km 

The case of nuclei with integral spin will not be discussed here. 

It is of importance only for N14 studies and is disucssed by Das and 

Ha.hn.3 

As a simple illustration, the solution for nuclear spin I = 3/2 

will be worked out in detail. These results apply to Cl35 and Cl37 and 

will be used later. 

For I = 3/2 there are four angular momentum states, 1jr±
3
/ 2 . and 

The Hamiltonian matrix is thus 

J.{ 3/2,3/2 0 
J.{ 3/2' -1/2 

0 

0 J.{ 1/2,1/2 0 J.{ 1/2,-3/2 

J.{ ~l/2; 3/2 0 J.{ 
-1/2,-1/2 

0 

0 J.{ 
-3/2,1/2 

0 J.{ 
-3/2.-3/2 

where J.{ ±3/2,±3/2 = 3 A, J.{ ±1/2,±1/2 = - 3 A, and ~±3/2,+1/2 = 

Ji 3/2 3/2 

J.{ -1/2 3/2 

0 

0 

Rearranging the rows and columns gives 

Ji 3/2 -l/2 0 0 

J.{-1/2 ~±;2 0 0 

0 
J.{l/2 1/2 

J.{ 
1/2 -3/2 

0 J.{ 
-3/2 1/2 

The matrix thus readily factors into two equivalent submatrices. Because 

of the equalities between matrix elements, these have identica~ energy 

eigenvalues. The levels are thus doubly degenerate, as required by 

Kramer's theorem. The states 1jr+
3

/ 2 and v_
112 

mix to give one set of 

l~vels, whil~ 1Jr ... 
312 

and 1Jr1; 2 mix to give the degenerate states. 
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The secular e~uation for one submatrix is 

Jt 3/2 3/2 - E 

;u -l/2 3/2 

;u 3/2 -1/2 

Jt -E 
-1/2 -l/2 

= o. 

or E
2 

- E ( :U 3/2 3/2 +. :U -1/2 -l/2) + :U 3/2 3/2 
2 

;u -1/2 -1/2 - ;u 3/2 -1/2 = 0 • 

Substituting the values of the matrix elements gives 

The roots are 

a,nd 
2 1/2 2 1/2 

E -l/2 = - 3 A ( 1 + 11 /3) . = - 1/4 e~Q ( 1 + 1) /3) , 

E
3

/ 2 is the energy of the state which becomes ~3/2 as 1) becomes zero. 

This method of designation is used for all states. The other submatrix 

gives 

and 

El/2 = E-1/2. 

Thus for I = 3/2 only two energy levels occur, each doubly de

generate. Only one energetic transition is possible, the energy differ

ence being 

with the corresponding fre~uency 

2 1/2 
v = 1/2 e~Q/h (1 + 1) /3) • 

This is the transition which is observed. It should be noted that the 

single fre~uency is determined both by the coupling constant eqQ and by 

the asymmetry parameter 1). 
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Higher half-integral spins are treated in the same way as the 

preceding example, however the algrbra becomes less tractable. 

As shown above, the only nonzero matrix elements are of the form 

(~Q) and ~Q) +2 • Thus the Hamiltonian matrix may be factored into 
mm m,m-

two submatrices as before merely by interchanging rows and columns. Be-

cause of the equalities between matrix elements, the submatrices have 

equal eigenvalues again conforming to ~amer's theorem. Since the matrix 

elements connect states differing by ~ = 2, the resulting degenerate 

pairs of eigenfunctions have the form 

+ .•. 

~ = a ~ + a / .~ -t -t -1/2 ~-1/2 -t 3 2 ~3/2 

The secular equation of the submatrix may now b~ .found. Since there are 

2I+l spin states, the submatrix has I + 1/2 .rows and columns, and the 

secular equation is .of degree I + l/2 in E, yielding I + 1/2 energy 

levels. 

A few of the secular equations are given in Table I.3 

Table I 

Secular equations for half-integral spins 

I Equation 

3/2 
2 2 

€ - 3 (3 + 1l ) = 0 

5/2 €3 - 7 (3 + 1\2) 2 
€ - 20 (1 - 1l ) = 0 

7/2 
4 

14 (3 + tt
2

) 2 2 
35 (3 + tt2 )

2 
= 0 € € - 64 ( 1 - 1l ) € + 

9/2 €5 11 (3 + tt
2

) €3 - 44 (1 - 1\
2 ) 2 

44/3 (3 + 11
2

)
2 

€ € + 

+ 48 (3 + '1'1
2 ) (1- 11

2
)= 0 

€ 

E/A 

Ej2A 

E/3A 

Ej6A 
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Aside from the first e~uation it is not possible to obtain explicit 

solutions. Therefore, approximation methods must be used to get numeri-

cal solutions. 

22 23 Bersohn and Gordy have given perturbation theory expansions 

2 for the energy levels as power series in ~ • These however are useful 

only for smaller values of ~' whereas the secular e~uations can be 

solved numerically to any degree of accuracy. 

Cohen has shown that the secular e~uation can be written as the 

sum of two finite continued fractions. 8 This form is useful for itera-

tive methods .of solution. Using it, Cohen has published solutions of 

the secular e~uation forL=5/2, 7/2, and 9/2 for ten values of~ from 

0 to 1.
24 

The e~uation is as follows: 

E -l{ 
m mm 

+ 

}12 
m m+2 

= ----~~~-----------------------------
E -Jl m m+2,m+2 

2 }!. 
m m-2·· 

'}{ 2 
' m+2,m+4 

E - J{ 
m m-2,m-2 

E -J:f 
m m-4,m-4 

.. 

To derive this e~uation use is made of the set of linear e~ua-

tions, given above, from which the secular determinant is obtained, i.e., 
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From the nature of the matrix elements, these equations have at most three 

terms with m = k, k ± 2. To find an expression for E£' select the equa

tion for which k = ~~ 

This may be written 
2 

E .e .. J:t.e,e = + 
J.{ . .e /,+2 

Next, cpnsider the equation for k = .e-2: 

a ):l. + .e,.e-4 .e-2,.e-4 

Thia may be written 

2 
J:t .e-2 .e ... 4 

The right side of this equation may now be substituted for the 

denominator of the first fraction of the preceding; equation. Proceeding 

in this way, the two continued fractions may be constructed by succes~ 

sively eliminating the a.em· The continued fractions terminat>e with the 

equations for which k = -I and +I respectively, for these two equations 

have only two terms each. 

In the course of the present work these .continued fractions were 

used along with the IBM G50 digital computer to obtain a set of solutions 

of the secular equa.tion for J = 9/2 for values of 'I) rc-..nging from 0 to 1 

in steps of 0.01. TI1ese are given in the appendix. Similar, more de

tailed calculations were made for restricted v-3.lues of 'I) in connection 

with a Nb93 spectrum. 

-~ 
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By comparing such calculated energy levels with an observed 

spectrum, one can determine the values of the parameters eqQ and~. In 

connection with the Nb93 spectrum, a method was devised whereby a fairly 

good estimate of these parameters can be obtained without the necessity 

of solving these equations. The method involves some arithmetic, but in 

the absence of a table of solutions of the secular equation it appears 

to be much faster than the process of finding ·accurate solutions over 

successively smaller ranges of ~; it is more accurate than graphical 

methods. 

From elementary algebra .it is known that an equation of the form 

n 
L: 

i=O 

i 
a. E = o, 
~ 

where a = 1, such as the secular equation, can be written in terms of n 
its n roots Ej in the form 

n 
n 
j=l 

(E - E.) 
J 

= o. 

On expanding this product the coefficients of the powers of E in the two 

forms may be equated. The expanded form of the product is 

n n-1 n-2 · 
En - ( L: E . ) E + ( L: E . Ek) E - • • • 

j=l J j=k J 

+ [ ( -l)n-1 

n 
IT 

j=l 

n .n 

n EJ L: 
j=l j=l 

E. 
J 

= 0 0 

1/E. ] E 
J 

Among the n relations between coefficients are the following: 

n 

an-1 = L: Ej 
. 1 J= 

n 
al = (-l)n-1 IT 

j=l 
E. • 

J 

n 
L: 

j=l 
1/E. 

J 
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In order to apply this theorem to the present problem it should 

be noted that the secular determinant always gives an equation of the 

above form and that the observed resonance frequencies are proportional ~ 

to the differences between successive roots of the secular equation. 

Thus, if the lowest root is called E0 , the higher roots are E0 + kv1 , 

E
0 

+ k (v
1 

+ v
2

), etc., where k is a proportionality constant relating 

the energy units of the equation (which are a function of eQq) to the 

unit of frequency measurement (usually megacycles). The a. are functions 
J. 

2 
of T) • 

unknowns 

given in 

Thus 
2 

T) ' 

the 

the three relations given suffice to determine the three 

k (and thus eqQ), and E0 • 

appendix. 

The details of the method are 

It was subsequently found that Dean had previously proposed a 

method based on similar princ.iples inhis thesis. 25 He expressed the 

ratio of two observed frequencies in terms of the appropriate roots of 

the secular equation. Thus he obtained Ei+l - E1 = R (Ei - Ei_1 ). 

Using this equation along with the n relations between the roots and 

coefficients, we can eliminate the n roots algebraically, leaving an 
2 equation between T) and R, which may be solved for T). This procedure 

works well for the case of I = 5/2. However, for the higher spins, the 

elimination of the roots becomes quite formidable. If it could be ap

plied to the higher spins, Dean's method would be useful where not all 

the transitions have been observed. 

Both Dean's method applied to spin I = 5/2 and the method pre

sented here applied to spins 7/2 and 9/2 result in an experimental 

numerical value being found for the function (l - '1)
2 )2/(3 + '1)

2)3. The 

resulting equation is relatively easy to solve numerically. At least 

in these three cases and probably for' other half-integral spins, this 

one equation serves to determine the asymmetry parameter from the .ex

perimental measurements. Details are given in the appendix. 
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Selection Rules and Transition Probabilities 

In order to excite transitions between the various energy levels 

of the ~uadrupole system, the sample is exposed to electromagnetic fields 

of suitable fre~uency. The interaction which causes the transitions 

turns out to be magnetic. It was shown previously that it is not pos

sible to produce electric field gradients in the laboratory which would 

give electric ~uadrupole interactions of the same strength as the mag

netic dipole interactions caused by accessible magnetic fields. As a 

conse~uence, the sample is placed in a radiofre~uency magnetic field. 

The calculation of transition probabilities in an oscillating 
10 

field follows the methods of time-dependent perturbation theory. The 

treatment presented here is an elaboration of that given by Bloembergen, 
26 24 

Purcell, and Pound, and by Cohen. 

The part of the Hamiltonian describing an oscillatory perturba

tion may be written in the form ~' sin rot. If the system, at time 

t = 0, is in one of the eigenstates ~j' then at some later time its 

state may be described in terms of these states by the summation 

I: ~ (t) ~k 
k 

As Schiff s~ows (reference 10, p. 201), the coefficient ~ (t) is 

~ (t) = 
J:!'kj 
2 i fi 

where M 'kj is the matrix element 

sidering a particular absorption 

r:i(Wkj+ro)t - 1 

\ ~j + ro ~j - ro 

(kJ M' Jj) and fi ~j = Ek - Ej. 

j > k then Ek >E. and m . > 0. 
J . KJ 

this case only the second term in the brackets has an appreciable 

Con

In 

magnitude, because the numerators of the fractions are roughly unity 

while ~j and ro are of the order of 107 cps. Th~s appreciable magnitude 

occurs only in the region J~j - roJ "' 1/fi. Thus, the applied fre~uency 

ro can excite transitions over a small range of ~j values. In a 

resonance experiment many nuclei are exposed to such excitation. Due 

to various sources of line broadening, to be considered later, these 
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nuclei have a range of resonant frequencies ~j' as shown by the observed 

line width. This distribution of resonant frequencies is described by a 

shape function g( v), which is essentially the line shape and is norrnaliz.ed " 

so that 00 

Ia g(v) dv = 1. 

In the experiment the applied frequency w causes transitions for which 

~j lies in the small region around w. This entire region must be con

sidered in calculating the integrated transition probability Wkjt: 

J . 2 2 ei(C!Jkrw)t -1 e -i(CJ.kj-w)t -1 
= 1/411 I J:{ 1k .1 g( vk.) d vkJ. 

J J ~j~ ~j~ 

This integral is usually evaluated by noting that the factor 

is negligible 

g( vkj) varies 

except for ~j ~ w, as noted above. It is assumed that 

slowly over this region and has the value g(v) and that 

I -·' 12 · $1. k. is constant. Accordingly, we have 
J ' 

2 
2 2 Loo sin 1/2 (~. -w)t 

wkj t = 1/h 1 :H v k .1 g( v) 1/21( 2 J 
J (~j~) 

d ~j 

= lj'tl2 I }j.rkj 12 g(v) 1/4 t. 

The transition probability per unit time is thus 
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In an ,experiment, the net number of absorption transitions, n, 

will be the difference between the total number of absorptions and emis-

sions: 

where Nj and Nk are the populations of these states. If the number of 

induced transitions is kept small enough so that the populations are not 

greatly affected (i.e. if saturation is avoided), then the population is 

described by the Boltzmann distribution 

N j - Nk = N j - N j e 

Ek - Ej 

k T 

At ordinary temperatures the ratio kvjkT is about 10-5 or less, and the 

expression may be written 

h vkj 
Nj - Nk = Nj k T 

Therefore, we have 

n = wkj Nj 

Since each transition absorbs energy in the amount k vkj the total power 

absorption is 

or 

The result is that a measure of the relative intensities of the resonance 

lines is given by the quantity 

2 I c.r ' 12 v <» kj •. 

In the quadrupole resonance of nuclei with half-integral spins 

(the only case to be considered here), the eigenstates w are expressed 
m 

in terms of spin states ¢k as follows: 



where 

lki=I 
L: 

k=l/2 
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a k ¢k m, 

n,k = l/2, -3/2, 5/2, -7/2 ···±I. 

For each such state there is a degenerate state of the form 

~ = m 

lki=I 
L: 

k=l/2 

where a k = a k" -m,- m, As a result, a transition between a pair of energy 

levels E ~E 1 involves, in general, four transitions between the states 

± m ~ ± m'. The observed intensity depends upon four matrix elements, 
2 

and I }i 1 kj I must be replaced by 

I ( m I :l:! 1 lm' ) 1
2 

+ I ( m I 'J{' 1-m 1 
) 1

2 
+ I ( -m I l1 1 lm 1 

) 1
2 

2 
+ I ( -m I ';}{ 1 I -m ' ) I . 

The term in the Hamiltonian due to the radiofrequency magnetic 
~~ 

field H sin rot is ';}{ 1 sin rot = -wH sin rot, where 1-1. is the nuclear mag-

netic moment. If this field makes the polar angles (9,¢) with the prin

cipal axe~ of the electric field gradient, the interaction may be written 

where 

J:1 1 = -2 y h Hl (Iz cos 9 + Ix sin 9 cos ¢ + Iy sin 9 sin¢) 

= -yh Hl (2 cos 9 Iz + e-i¢ sin 9 I++ ei¢ sin 9 I-) 

y ii I = iJ. and I± = I ± i I • 
X y 

The matrix elements of ';}{ ' then take the form 

(mlli 1 lm 1
). y h Hl (2 cos 9 ( mfiz lm') 

+ e
-inl 

'f' sin 



.. 
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In order to evaluate the spin matrix elements, it should be 

noted that k - k 1 is even or odd as m-m 1 is even or odd. The "well 

known matrix elements"13 of I are 

= k ok kl 
' 

J I (I+l) - k (k-1) ok,kl+l 

Using these relations and the expressions for the eigenstates we obtain 

a a I kl k Qk kl = ~ a k a I k k, m,k m , , k m, m , 

if m-m 1 is even, and 0 if m-m 1 is odd; 

(mii+Im 1
) = ~ ~ a k a I k' ,J I (I+l) - k (k-1) ok,kl+l 

k kl m, m ' 

= ~ a a .J I (I+l) - k (k-1) , 
k m,k m 1 ,k-1 

if m~ 1 is odd, and 0 otherwise; and 

(mii-Im 1
) =~~aka 1 k' 

k k' m, m ' 
J I (I+l) - k (k+l) ok k 1 -l 

' 

= ~ am,k am 1 ,k+l J I (I+l) - k (k+l) , 

if m-m 1 is odd, and 0 otherwise. 

If m-m 1 is even, the matrix elements of ):{ 1 become 

( m I Ji 1 I m 1 ) = - ( -m I ):{ 1 I -m ' ) = - Y h H1 2 cos 9 ( m I I z j m ' ) 

and 

= ( -m·l J{' lm' ) * 
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The sum of the squares of the magnitudes of these four matrix 

elements becomes 

where we have 

and 

A result yielding the same numeric~l value is obtained if m-m' is odd. 

This result is for a single crystal. When a polycrystalline 

sample is used, the angles (9,¢) between the crystal axes and the mag-

netic field assume all values uniformly. 

thus given by 

·(2D ,+G ,). mm mm 

The effective value of W ·_ is 
mm' 

In order to proceed further, the coefficients a . must be eval-
mJ 

uated. This may be done by continuing the degenerate-perturbation~theory 

calculation of the previous section. After the secular equation has been 

solved, the various eigenvalues may be used to solve the set of linear 

equations which gave the secular equations and which determine the a .• 
mJ 

When the asymmetry parameter ~ is small it is possible to conside{ 

those terms of the Hamiltonian which contain ~ as a perturbation. Sub

stituting nuclear spin components for nuclear coordinates as described ;-n 

the previous sections, we can write the Hamiltonian of the interaction as 

The unperturbed wave functions are then spin functions, and it is rela-

tively easy to find the matrix elements of the term in~. The a . may 
mJ 

•· 
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then be found directly by second-order non-degenerate perturbation theory. 

The method is much quicker but not as accurate as the method using the 

secular equation. Generally, transition probability calculations need not 

be as accurate as those of the energy levels. 

If the asymmetry parameter 11 is zero, the results are quite simple. 

In this case we have amk = omk and 

(mjijm') 
z ~ o k o 'k k = m o 1 k m m m,m 

= r. 5 k 0m• k-1 
k m ' 

J I (I+l) - k (k-1) 

= o ~I (I+l) - m (m•l), m 1 ,m-1 

and 

~ o o .f I (I+l) - k (k+l) 
mk m' ,k+l 

k 
= 

- o ~I (I+l) - m (m+l). - m' ,m+l 

'J~his is the familiar result for magnetic dipole radiation that the selec

tion rules are L>m = 0, ± 1. Since t:,m = 0 does not involve an: energy 

change, it is of no interest here. The only observable traqsitions are 

those between adjacent levels. For a nucleus of spin I with 2 I+l states 

and I + 1/2 levels, there are I - 1/2 observable transitions. Expressions 

for their frequencies were given in the previous section. 

When 11 is not zero, each state is a mixture of all spin states: 

'rm = ~ amk ¢k. Transitions may then occur between any pair of states. 

It is generally :t;ound that the principal component of w is that for which 
24 m 

k = m, even for large values of 11. The result is that the principal 

transitions are still those between adjacent levels, the transitions 

between nonadjacent levels being much weaker, but in some cases observable. 

Cohen has calculated the transition probabilities for spins I = 5/2, 

7/2, and 9/2 for values of 11 increasing by 0.1 for the L:,m = 1 transitions 

and one or two other transitions. 24 Later in this thesis, similar calcu

lations will be presented for I = 9/2 and a particular value of 11 for all 

possible transitions. 



Relaxation Times and Line Widths 

For the sake of a complete description of the spectrum, a brief 

discussion of rel~~ation times and line widths will be given. The treat

ment will be quite qualitative, however, and will not be applied to the 

results of the present work, because for the most part either the theory 

is intractable or the phenomena are not sufficiently well investigated 

or understood to formulate a precise theory. 

It is frequently found that quadrupole resonance lines have widths 

of a few kilocycles, similar to those found in the nuclear magnetic reso

nance of solids. Spin-lattice relaxation times of the order of a second 

are sometimes found. It is this behavior which will be discussed here. 

More detailed discussions can be found in a number of places such as the 
. ~ 9 ~ 

art~cles by Bloem bergen, Purcell, and Pound, Andrew, Pake, and Das 

and Hahn. 3 

The natural width of the resonance line, due to a single nucleus 

in a static electric field interacting only with the applied radio

frequency field, would be extremely narrow. It would be determined by 

the strength of the radiofrequency magnetic field H1 and would be of the 

order of ~ H1jfi, where ~ is the nuclear magnetic moment. Ordinarily this 

width is of the order of a few cycles per second. 

In practice, however, the nucleus is found in an electric field 

which is subject to the dynamics and distortions of the crystal lattice. 

In addition, the nucleus is capable of magnetic interactions with its 

environment. 

The limiting line width observed in a resonance experiment is 

usually determined by magnetic interactions among the nuclei. The mag

netic field at a .distance r from a nuclear magnetic moment ~l' is ap.

proximately ~1/r3. This field can cause a .Zeeman shift of the levels of 

a second nucleus by an amount ~1~2jr123. Because of the inverse-cube 

dependence, the shift is caused primarily by the nearer neighbors. The 

net effect is to broaden the line over a frequency range of the order of 

~1~2/h r 123. Taking typical magnetic moments and internuclear distances 

gives a line width of a few kilocycles. This egrees with the usual 

observations. 
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In considering the interaction between two like nuclei, another 

interaction arises in which one nucleus increases its m value while the 

other decreases its m value. This interaction is accompanied by a 

transfer of a quantum of energy from one nucleus to the other. These 

interactions limit the lifetime of a nucleus in a given state, and fol

lowing the uncertainty principle, a broadening of the line inversely 

proportional to this lifetime results. The width turns out to be about 

the same as that obtained above -- about 1..1. 2 jh r3. 

These effects are the same as those occurring in nuclear magnetic 

resonance in solids. In fluids the thermal motion averages out the mag

netic interactions, and much narrower lines are found in nuclear magnetic 

resonance. In nuclear quadrupole resonanc.e this same motion averages out 

the electric field gradient as well, and no resonance experiment is pos

sible. 

Another type of magnetic interaction is the indirect or electron

coupled spin-spin interaction. This arises when two nuclei interact with 

the same electrons. Then the spin of one nucleus tends to polarize the 

electrons, which in turn tend to polarize the second nucleus. This inter

action becomes more important in heavier atoms where the hyperfine inter

action becomes larger. To produce a broadening, as ppposed to a splitti:1g, 

a nucleus must interact with a number of neighboring nuclei to a similar 

extent. This is mostly likely to occur in metals or ionic crystals, but 

in the latter the interaction must be wea$ because there is little sharing 

of electrons between atoms. lt is possible that in some cases the electron

coupled interaction may be as strong as that of the direct dipolar inter

action, but there seems to be little experimental evidence on this point. 

The earth's magnetic field will produce a small Zeeman shift of 

the resonant frequency; in a polycrystalline sample the amount of the shift 

will vary from grain to grain, resulting in a broadening. The amount is 

of the order of 1..1.H where H is the earth's field. This field is usually a 

few tenths of a gauss, and the resulting broadening is a few hundred 

cycles. In most cases this is too small to be seen because of the di

polar broadening. 
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Anything which causes the electric field gradient to vary from 

one nucleus to another will shift the resonant frequencies and cause a 

broadening of the line. The effect is somewhat similar.to that of the 

inhomogeneous magnetic field in nuclear magnetic resonance. 

One way such an electrical inhomogeneity may arise is by the 

formation of crystal strains and distortions. The application of a 

large anisotropic pressure to a crystal can broaden a resonance line ir

reversibly, apparently as a result of the production of a permanent dis

tortion of the lattice. 28 The sudden quenching of a molten material can 

result in a broadening of a resonance line. Warming the sample may 

relieve the strain, causing the line width to become normal. 29 The ex

treme example of this is a glass where the line may become so broad that 

it is undetectable. Cold-working, such as . grin,ding, can decrease the 

intensity of the resonance and may broaden it. In this case a. partial 

recovery in time is noted. 

A number of studies have been made of the effect of impurities on 

resonance lines, usually using halogenated benzenes. 29-36 It is generally 

found that a fraction of a mole percent of impurity gives a measurable 

decrease in intensity, while a few percent of impurity has a marked effect. 

There appears to be some broadening of the line, although some workers have 

denied this.36 The explanation given for a lack of broadening is that an 

impurity molecule, by its different size or dipole moment, has such a large 

effect that resonances of neighboring nuclei are shifted far beyond the 

normal line. The situation is far from clear., 

Gamma irradiation also reduces the line intensity, although there 

is some recovery in time.37-39 The irradiation probably produces new and 

some unstable species, so that the effect is similar to that of impurities. 

It is almost impossible to predict any of these electrical effects 

quantitatively because of the difficulty of specifying in any detail what 

has happened to the crystal lattice and because of the further difficulty 

of relating lattice changes to the quadrupole coupling constants. With 

some care, it seems possible to reduce these effects until they are unob

servable, while in many cases if the effects are sufficiently intense, the 

resonance line may become unobserv~ble. 
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In the previous section it was shown that the intensity of the 

resonance was proportional to the excess population of the lower energy 

level. The radiofrequency excitation tends to reduce this excess. How

ever, the thermal motions of the lattice tend to restore the Boltzmann 

distribution through spin-lattice relaxation, which transfers the exci

tation energy of the nuclei to the lattice. If the radiofrequency ex

citation is too intense or the spin-lattice relaxation is too slow, the 

population of the upper and lower levels will tend towards equality. The 

net absorption decreases and the system is said to be saturated. 

The conditions to avoid saturation may be seen in the following 

rough derivation. If W is the transition probability due to spin-lattice 

relaxation, then a spin-lattice relaxation time T1 is defined by T1 = 
1/( 2W). In order to avoid saturation, the transition probability due to 

radiofrequency excitation must be less than W. Therefore, we have 

It was previously shown that ~ 'kj ....., y fi ·H
1

• Accordingly, we have 

2 2 1/4 Y H1 g(v) 2 T1 < lo 

Roughly, the reciprocal of the line width is 2 g(v), which is usually 

* designated by the time T2 . The requirement may then be written 

2 2 * 1/4 y H1 T1 T2 < 1. 

* Since T1 is often found to be of the order of a second, while T
2 

is about 

a millisecond, the critical value of H1 is of the order of 0.01 gauss. 

The magnitude of T1 will be determined by the mechanism trans

ferring the excitation energy from the nucleus to the lattice. Waller 

proposed that the spin-spin interaction IJ.11J.2jr123 is modulated through 

r 12 by the lattice vibrations. 40 Such vibrations at the resonant fre

quency, as well as pairs of vibrations differing by this frequency, could 

cause nuclear transitions as a result of the fluctuating magnetic inter

action. Numerically, however, this mechanism gives relaxation times which 
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are many orders of magnitude too large • Paramagnetic impurities such as 

paramagnetic ions or F centers have magnetic moments a thousand times 

larger than the nuclear moments. The relaxation time goes inversely as 

the square of the interaction energy. The estimated relaxation time is 

then reduced by a factor of a million and becomes more reasonable.9 It 

agrees well with that found for many nuclei observed in nuclear magnetic 

resonance that do not have quadrupole moments. The relaxation times may 

be many seconds. Only a very small concentration of paramagnetic im

purities is necessary, because the nuclear excitation may be passed 

rapidly through the spin system by the spin-spin interaction unit it 

arrives in the neighborhood of the impurity. 

Nuclear quadrupole resonances tend to have shorter relaxation 

times than in the magnetic cases. Here there is an additional, similar 

mechanism. The nuclear quadrupole interaction due to an electronic 

charge at a distance r is e 2Qjr3, and this may also be modulated by 

lattice vibrations. This interaction can be 103 or 104 times as great 

as the nuclear dipolar interaction cited above. The relaxation time is 

then some 106 to 108 times shorter than that of the Waller mechanism 

and thus may be appreciably shorter than the time due to paramagnetic 

impurities. 
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Chemical Interpretation of Nuclear Quadrupole Resonance 

In the first section it was shown that the resonance frequencies 

are determined by two parameters, the quadrupole coupling constant eqQ 

and the asymmetr:;-r:c.:_ parameter T). It was also pointed out that for a 

given nucleus, the quadrupole moment Q is independent of its environment. 

Thus, the coupling constant for a given nucleus depends only on q, the 

electric field gradient at the nucleus due to external charges, 

The charges external to the resonant nucleus are then the elec:;. 

trans of that atom and other ions. Fortunately, most of the atomic elec ·· 

trons are in closed shells, and the resulting s.pherical s.ymmetry means 

that these electrons do not contribute to the electric field gradient at 

the nucleus. This symmetry greatly simplifies the problem. However, it 

is somewhat of an oversimplification, for the closed shells may be dis

torted by other nonspherical charge distributions. 

If the resonant nucleus is in a covalently bonded atom, then the 

valence electrons will have highly directional distributions and will 

produce nonzero field gradients at the nucleus. The field gradient is 

proportional to the inverse cube of the distance from the charge, so that 

electrons close to the nucleus will produce large gradients. The most 

penetrating electrons, aside from the spherically symmetric s electrons 

are those in p orbitals. Thus, covalent bonding involving p electrons 

ean produce large gradients and high resonant frequencies if the bonds are 

not too symmetrically oriented. 

If the resonant nucleus is in an ion, then all its planetary elec

trons are in closed shells and, to a first approximation, produce no field 

gradient. In this case, other ions may produce gradients, but because of 

the inverse-cube law these gradients are smaller than those produced by 

penetrating covalent electrons. These other ions may distort the closed 

shells around the resonant nucleus and increase the gradient appreciably, 

Usually, however, it is still smaller than in the covalent case. 

This brief description shows how the nuclear quadrupole spectrum 

is related to such chemical concepts as ionic and covalent bonding. It is 

the hope of gaining further information about these concepts that makes 

the chemist interested in nuclear quadrupole resonance. 
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The theory developed previously to describe the spectrum in terms 

O·f the parameters eqQ and ~ is very accurate, the principal approximations 

being the neglect of the electronic charge within the nucleus and the 

hexadecapole interaction. It was seen that both of these effects are 

probably smaller than present experimental precision. In contrast, when 

at attempt is made to relate eqQ and ~ to the nature of the chemical 

bond, the theory becomes quite crude. 

There are a number of reasons for this situation. One major dif

ficulty is the electronic wave function for a molecule. Any reasonably 

simple wave function is only a very approximate description of the elec

tron distribution. Good approximations become quite complex. In addition 

a wave function which gives a good estimate of molecular energies may 

describe the electron distribution well in only those regions which make 

a large contribution to the energy. Other properties, such as the quad

rupole coupling constant, may be sensitive to the wave function in other 

regions. Hence an approximate wave function which gives a good estimate 

of the energy will not necessarily give a good estimate of the coupling 

constant. 

Another difficulty is that the quantities of interest to the 

chemist, such as ionicity and bond order, are not precisely defined. 

Usually they are defined in terms of some approximate wave function and 

so may not be directly related to observable properties of real molecules. 

Finally, it is found that perhaps four of these quantities have 

an effect on the parameters eqQ and ~& These four quantities cannot be 

uniquely determined from the two parameters without some further infor

mation, This information .must usually come from some quite different 

type of measurement; in view of the approximate relation between physical 

properties and wave functions, sizeable errors can be introduced, 

Gordy has described the situation in these words: "The difficulties 

are the same ones that always plague those who seek to solve the chemical 

bond problem in an elegant and exact manner. There are many more electrons 

in the molecule than there are observables, and we do not really know the 

correct *· for any of them. We must make assumptions, some questionable, 
1 
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to apply our new datum. Nevertheless we are proud of our number q. It 

is more accurately measured than are most other quantities around which 
41 assumptions are constructed." 

With these cautions in mind the theoretical treatment of the 

problem will now be presented. Gordy has given a derivation which is 

particularly lucid from a chemical point of view and this will be fol-
41 lowed here. Townes and Dailey have also discussed the problem and, 

. 42-44 up to a point, obtain similar results. The differences will be dis-

cussed later. 

There are several rigorous statements which can be made about the 

field gradient from symmetry considerations, 4 If the nucleus lies on an 

axis of three-fold or greater symmetryj then the asymmetry parameter will 

be zero and the z axis will be along the symmetry axis. If there are 

two or more axes of three-fold or greater symmetry passing through the 

nucleus, then the field gradient q is zero. Thus, no resonance can arise 

from sites of cubic or tetragonal symmetry •. If there is a two-fold axis 

or a reflection plane, one of the principal axes of the field gradient 

must lie parallel or perpendicular, respectively, to them. Frequently if 

an atom forms only one chemical bond, the z axis of the field gradient 

will lie along the bond axis. 

Gordy's treatment applied essentially to halogen atoms in diatomic 

molecules. By approximation, it is applied to halogen atoms in solids. 

The approximations involved will be discussed later. More drastic changes 

would be required to discuss.other types of atoms. 

The contribution t.o the z component of the electric field gradient 

qzz by a charge e a.t the position (r, G, ~) was shown to be ejr3 (3 cos2 

9 - 1). This function will be called q hereafter. It should be noted 

that the angular part of this function is the same as that of the d 2 
z 

wave function or the state with £ = 2 and m = 0. This relation will make 

certain i.ntegrals zero because of symmetry. 

To find the total field gradient due to the bonding electrons, q 

must be integrated over the electro:1 distribution. To this end, the wave 

function of the bonding orbital should be used. A commonly used approxi

mation to this wave fur.ctior. is t~e L. c. A. 0. molecular orbital 
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o/ = a*A + b*B' where *A and *B are normalized atomic wave functions of 

the atoms A and B. The halogen atom will be taken as "A". With two 

electrons in the bonding orbital, the z component of the field gradient 

at A due to them becomes 

qA bond = 2 a 
2 J * ~ q o/ A d T + 4 ab J * ~ q *B d T 

No consideration has been given to possible polarization of the closed 

shells by the bonding electrons. The third integral gives the contri

bution to q by the electrons when they are near atom B. Because of the 

l/r3 factor, this term will be small compared to the first integral. 

The second inte~al arising from the overlap region is somewhat larger 

than the third, but it is also smaller than the first. For halides ''a11 

is usually greater than "b" and the inequalities become greater. The 

last two integrals will be neglected. The error involved may be of the 

order of 10% if a~ b. The equation becomes 

If *A is an atomic p orbital, then the gradient due to the bond 

is 2 a 2 times that due to a p electron. In a free atom the gradient is 

actually the result of a deficit of one p electron from an otherwise 

closed shell. In the molecule the total gradient caused by bonding and 

nonbonding electrons is that .due to a deficit of 2- 2 a2 p electrons from 

a closed shell. The molecular gradient may then be related to the atomic 

gradient as follows: 

eqQA mol I = 
· -2 enQA 

':1. atom · - 2 qA atom 
= 2 · -2 a 2 

'l'he -2 arises because qA (atom) is usually reported for the orbital m = 1, 

while in the molecule (w.p_ere one is interested in bonds) qA (mol) is 

evaluated for the axial orbital m = 0. 



So far, the normalization of w has not been considered. The 

normalization factor for a and b is (a2 
+ b2 

+ 2 ab S)-l/
2

, where 

is the overlap integral which has values of the order of 1/3. If a = b 

then we have a2 ~1/2(1+8) ~ 3/8. Gordy cites the measurements on Cl2 
2 41 and Br2 which give Pq = 1 so that a = 1/2, On this basis he argues 

that the overlap integral S must be zero, offering the following ration

alization. In the molecular orbital, the function of the overlap integral 

in the normalization is to reduce the electron density throughout the 

atomic orbital to allow for the inc~ease of charge in the overlap of the 

bond. The major portion of the field gradient comes from the region near 

the nucleus. This region, being inside some of the shielding effects of 

the closed shells, is quite a deep potential well compared to the overlap 

region. It is suggested that very little charge can.be removed from such 

a well to form a bond, so that the reduction near the nucleus implied by 

the overlap integral does not occuro The charge in the overlap region 

must come from the outer parts of the atom, where the differences in 

potential are small enough to be overcome by the bond energyo This change 

in interpretation would not affect bond-energy calculations for these 

depend to a large extent Dn the overlap region, while the effect of the 

small region near the nucleus would be compensated for in other parts of 

the atomo 

This argument seems quite reasonable and most workers in the field 

agree that for purposed of quadrupole resonance the overlap integral 

should be set equal to zeroo 

The overlap integral which is to be neglected is often takeri as a 

measure of the strength of a covalent bond. However, other properties of 

the chemical bond can affect the field gradient. Thus, charge may be 

transferred from the region of one nucleus to another7 so that a r b and 

ionic effects arise. In additionJ> hybridization of orbitals can occur in 

the nuclear region. These effects will now be considered. 

The p orbital forming the bond may then be taken as a p orbital, 
z 

or in terms of angular momentum, the state with £ = 1, m = 0. The bond 
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may be strengthened by hybridization of orbitals such that the resultant 

atomic orbital collects charge on one side of the atom to form the bond. 

This may be achieved by s and d hybridization. The d orbital would be 

d 2 or £ = 2, m = 0. There is also the possibility that there may be 
z. 

some mixing of p states with a higher principal quantum number. However, 
42 

Townes and Dailey argue that this effect should be fairly small. The 

normalized atomic orbital becomes 

The field gradient due to the bond then becomes 

Three other integrals have been omitted from this expression because they 

are zero for reasons of symmetry. The second integral will be appreciably 

smaller than the first because the d orbitals have smaller densities than 

p orbitals near the nucleus. This integral may be about 10% of the first.42 

2 2 If, as is usually assumed, ad is smaller than ap this term may be safely 

neglected. Since s-functions have a large value near the nucleus, the 

last integral is about as large as the first. If the coefficients a and s 
ad are both appreciably smaller than ap' this last term may also be neg-

lected. If these conditions are not met, its neglect may cause a sizeable 

error. The field gradient from the bonding orbital is then 

2 2 
qA bond= 2 a ap (-2 ) qA atom. 

In addition to the bonding orbital, 

w = a W + a w will be occupied yielding s p p s 
q (atom). 

the counter-hybridized orbital 

a gradient q = 2 a 2 (-2) 
s 

Considering as before the deficit of electrons from the closed 

shell, we obtain the following expression: 

= 2 -2 a2 a 2 -2 a 2 
Pq p s • 
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Since the overlap integral has been neglected a2 + b2 = 1 and the ioni

city of the molecule (~)becomes~= a2 - b2• From these relations and 

1 2 2 2 •tt the norma ization as + ap + ad = 1, Pq may be wr1 en 

= 2 - (1~~) (1- a 
2 

- a 
2

) - 2 a 
2 

s d s 

One further effect must be considered, that caused by ~ bonding. 

The halogen may form a ~ bond of order y by donating 2 y electrons to 
~ ~ 

the overlap region. This sharing produces a gradient of y ~(-2)q t 
~ a om 

in 

the x direction and, from Laplace's equation, -1/2 y (-2)q t in the y 
~ ·a om 

and z directions. The final form of Pq is then 

2 2 2 
Pq = (1 - as + ad - r~/2) - ~ (1 - as 

It can now be seen that p , which expresses the coupling constant 
q· 

in the molecule in terms of that in the atom, is related to four param-

eters. Thus, in the absence of other information, it is not possible to 

evaluate any one of these parameters from nuclear quadrupole resonance. 

In order to proceed further, additional information must be used or new 

assumptions made. As will be seen shortly, various rather divergent ap

proaches have been taken to this problem. 

So far, the polarization of the closed shells of electrons has 

been neglected. A considerable amount of work has been done on this 
45-51 subject by Sternheimer, Das, and others. It would appear, however, 

that the problem is not yet completely understood. 

Two types of distortion affect the interaction between the 

nucleus and external charges. The external charge may distort the closed 

shells and so change the field gradient at the nucleus. In addition, the 

quadrupole moment of the nucleus causes a distortion of the closed shells, 

inducing an electronic quadrupole moment which interacts with the ex

ternal charge. It may be shown by perturbation methods that these two 

polarizations have equal effects cin the quadrupole coupling constant. 4 
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The polarization caused by the nuclear ~uadrupole moment may, 

for purposes of analysis, be resolved into two components known as 

angular excitations and radial excitations. The electrons see a per

turbing potential arising from the nuclear ~uadrupole moment 

in addition to the potential of the nucleus as a point, Zejr. If the 

nucleus has a positive ~uadrupole moment so that positive charge is 

extended along the axis, then the positive potential is greater along 

the axis than it is at a similar distance from the nucleus in a plane 

perpendicular to the axis. The electrons will then tend to move toward 

the axis and away from the plane. This angular redistribution results 

in a negative ~uadrupole moment due to the electrons. This moment op

poses the nuclear moment and results in shielding. 

In addition, where the potential is more positive, the electrons 

will be pulled closer in along the axis than they will on the plane where 

the potential is more negative. This movement results in a positive 

~uadrupole moment which augments the nuclear moment and produces the so

called antishielding. 

Quantum mechanically, the perturbation - e 2Q (3 cos 2 9 -l)/r3 

having the symmetry of an angular momentum operator with ~ = 2, m = 0 

adds d states to s states, and f states to p states to give the angular 

excitation. It also adds higher p states to p states, and higher d states 

to d states to give the radial excitation. 

Numerical calculations show that the inner shells tend to have 

some shielding effect, whereas the outer shells have a large antishielding 

effect. Since the ~uadrupole coupling constant in a free atom arises 

largely from the region near the nucleus, the shielding effect of the in

ner shells predominates, so that in atomic chlorine the coupling constant 

is reduced by about 8%. In a covalent molecule the coupling constant is 

again determined largely in the interior of the atom and a similar shield

ing should arise. Since the shielding is similar in both cases, the ratio 

of the coupling constants p~ should not be greatly affected. 
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The situation becomes very different when charges that are pri

marily external are considered. Here the antishielding is most important, 

and the calculations indicate that the coupling constant due to an ex

ternal charge should be increased by a factor of about 55 at the chlorine 

nucleus and 180 at the iodine nucleus. This estimate would mean that a 

neighboring ion could easily be the principal cause of the coupling 

constant and that the integrals representing the bonding electron density 

in the overlap region and on the neighboring atom might be too large to 

neglect. 

Experimental results do not support such large antishielding 

factors for the halogens. 49 Thus, the coupling constants found by 

molecular-beam experiments for the halogens in the simple alkali halide 

molecules would require that the antishielding factors be at least an 

order of magnitude smaller than those given above. Alse the coupling 

constant of about 12 Mc5 2 found for Cl35 in TlC14 is some four or five 

times smaller than would be possible if such antishielding factors were 

correct. 

The difficulty seems to arise only for the ne,gati ve ions, becaus·e 

the coupling constants found for the metal ions in the alkali halides 

mentioned above are of the same order of magnitude as the antishielding 

factors would suggest. In addition, Bersi:»lm has had considerable success 

in treating metal ions in a number of ionic solids using the calculated 

antishielding factors.5l The suggestion has been made that the negative 

ions, being much larger and more readily deformed than the positive ions, 

are being further distorted because of overlap between the closed shells 
49 of the two bonding atoms. This point will be discussed further in the 

next section. 

There is no experimental evidence to date for the drastic effects 

predicted for antishielding·in the halogens. It seems simpler and better 

to ignore them until further information is available, bearing in mind 

that there is much that is not yet understood about these effects. 

The theqry which has been outlined so far in this section applies 

to free diatomic molecules. However, it will be applied to solids also. 
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Chlorine usually forms a strong bond with only one other atom. In this 

case the ionicity, hybridization, and bond order of this bond will affect 

the resonance in the same way as has been described. Special consider

ation may be necessary if the chlorine is bonded to several atoms, as in 

bridged compounds or totally ionic crystals. In the ordinary case the 

solid does have a small effect on the resonance. This can be seen for 

the compounds for which coupling constants have been determined both in 

the solid and in the gas. It is usually found that the coupling constant 

is somewhat less in the solid than in the gaso3 The difference is usually 

less than 10%. This reduction has been attributed both to increased 

ionicity in the solid and to weak intermolecular bonding which would tend 

to oppose the electron deficit due to the main bond. 

In the solid the asymmetry parameter, ~' may not be zero as it is 

in the diatomic molecule. In most cases this provides another observable. 

However, in the case of spin I = 3/2 (which includes chlorine and bromine), 

the single observed frequency is given by 

2 1/2 
v = 1/2 eQq (1 + ~ /3) • 

It is not possible to determine these two parameters separately from the 

observed frequency. Zeeman studies on single crystals will provide in

dependent estimates of these parameters. The maximum value of the factor 

(1 + ~ 2/3) 1/2 is 1.15. · Often the crystal structure will indicate that~ 
must be zero for reasons of symmetryo Sometimes the ·structure will sug

gest that ~ is small, in which case it may be neglected. Usually it is 

neglected, unless there is good evidence that it is not small. If it is 

neglected, then the equation becomes eqQ = 2 v. However the possibility 

of error due to this approximation should be remembered. 

Resonant nuclei are described as occupying identical, equivalent 

or nonequivalent sites in the crystal lattice. 4 In the first case, the 

field-gradient tensors have the same magnitude and orientation at the 

various sites. Equivalent sites are related by symmetry operations, so 

that the tensors have the same magnitude but different orientations. A 

magnetic field would generally cause different Zeeman shifts at these 



sites. At nonequivalent sites the tensors differ in magnitude. This 

case includes chemically different atoms such as the chlorine atoms in 

CH
2
ClCOCl, as well as chemically equivalent atoms which have different 

field gradients because of different crystallographic siteso Nonequi

valent sites give distinct resonance lines, and the multiplicity of a 

group of lines is usually an indication of the number of such sites in 

the unit cell. The splittings in the case of atoms which differ only 

because of the lattice structure are usually only a few percent and are 

a reflection of the same effects which reduce the solid-state coupling 

constants from those in the gas, The mean frequency of such a group of 

lines may be used in connection with chemical bond problems in view of 

the approximate nature of the theoryo 

We now examine the various methods of using the equation derived 

above, 
2 2 2 2 

p = (1 ~a +ad ~ 1/2 y ) ~ ~ ( 1 ~a =ad). q s ~ . s 

The equation shows that the coupling constant depends on four factors, 

the ionicity ~~d ~ bonding of the bond, and the s and d hybridization of 

the halogen bonding orbitals. Obviously it is not possible to deduce 

estimates of the size of these four factors from the single observable 7 

the coupling constant. We must either measure other observables that 

depend upon these factors or make some reasonable assumptionso The 

principal methods that have been used in the literature are Otltlined in 

Table II. 

In Table III are presented some results which have been obtained 

for a number of molecules by various investigators. The examples have 

been chosen deliberately to show how great a divergence is possible in 

the interpretation of quadrupole coupling constants. Generally, better 

agreement is obtainedj although the differences are still larger than 

might be desired. 

It is quite evident that some of the numbers given in Table II 

have little relation to reality. They cannot all be right. As was seen 

in its derivation, the equation above is quite approximate. As a result, 

if it were used with different sets of valid auxiliary data or asst~ptions, 
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Table II 

(1-a;+a~-1/2 r rc) 
2 2 

Methods of using the equation p = - 13 (1-a -a ) s d 

Term 

Source 2 2 
13 a ad 'rc s 

41 a ob Gordy From pq 0 0 

Gordy 41 
From 13 = 1/2 DX 0 0 From pq 

Townes, Dailey 42-44 From 0 15% 0 0 Pq or 

Townes, Daile3 
42 

Mays, DaiEey5 From pq 0 or 15% 0 From bond 
Schawlow5 length 

Wilmshurst55 From 
lxA-~1 

From p 0 13 = (XA+~) q 

a':'From p " indicates that the quantity is obtained from the equation 
q 

above after the remaining terms have been obtained as indicated in 

the table. 

b"O" indicates the quantity is assumed to be zero. 
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Table III 

Some results derived from couEling constants b;y various methods 

rr covalency cr covalency ionicitya s hybridization 
Source ComEound {~2 {~2 {~2 {~2 

Schawlow54 SiCl4 41±12 22±8 34±4 15 

SiBr4 60±15 24±8 16±7 15 

CCl4 0 81 19 15 

SnBr4 25±8 74±4 28±4 15 

Gordy 41 SiCl4 30 52 18 0 

SiBr4 26 59 15 0 

CCl4 9 79 12 '0 

SnBr4 8 55 37 0 

Mays, Da iley5 3 GeH
3
Cl 15 44 43 18 

CH
3

Br 0 82 18 8 

SiH
3
Cl 29 34 37 18 

Dailey 56 TlCl 0 18 82 18 

Wilmshurst55 GeH
3

Cl 0 74 26 43 

CH
3

Br 0 100 0 25 

SiH
3
Cl 0 74 26 49 

TlCl 0 64 36 79 

NaCl 0 46 54 97 

8 The ionicity is the net ionicity of the bond, i.e.' the ionicity of the cr 

" 
component, ~' minus the charge donated by the rr bond (ionicity = ~ - y ). 

1( 
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it would in general yield different answers. The approximate nature of 

the equation is probably one of the causes for the differences shown in 

Table III. A more important cause must be the nature of the additional 

assumptions and relations used with this equation. These additional re

lations may apply better to some molecules than to others, but they are 

in general all open to criticism. The various methods will now be ex

amined in more detail. 

Gordy has offered the simplest treatment by neglecting both 

double-bond character and hybridization. 41 This leaves only ionicity, 

so that the equation becomes p = 1-~. In neglecting d hybridization, 
q 

he is supported by all other workers. Gordy finds support for this 

omission in KCl and KBr. For these molecules, p is essentially zero, 
q 

and if we assume them to be completely ionic, the general equation indi- , 
2 

cates that ad = 0. This is an extreme case; however Dailey believes 

that, in general, d hybridization cannot be greater than 5%.57 It seems 

reasonable that such hybridization should be small, since in the halogens 

the d levels lie some distance above the occupied p levels. In chlorine 

the 3d levels will be higher than the 4s levels. 

Gordy does not explain why he has neglected ~-bond character in 

obtaining the simpler equation, although he has applied that equation 

to SiH
3
Cl and similar compounds for which other workers have estimated 

a double-bond character as high as 30%. There are, however, many cases 

where ~ bonding is not likely to occur. These include the majority of 

organic halogen compounds, where, because of the octet rule, the carbon 

is unlikely to form any partial double bonds. If c.onjugation occurs, 

then such partial double bonding again becomes possible. 

The third factor neglected by Gordy is s hybridization. This 

assumption is more difficult to justify. For both solid c12 and Br2, 

p is found to be one. From symmetry, 
q 2 

the ionicity ~ must be zero, so 

that the general equation yields a 2 2 = ad 4 If we decide that the ad 
2 s 

is zero, then as must also be zero. There must be some reservation 

about the use of these data, since they were obtained from the solid 

state. The spectrum of solid r 2 has been interpreted to indicate ap

preciable intermolecular bonding. 43 
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It is on this matter of s hybridization that Townes and Dailey 

differ with Gordy. In their simpler procedure, they also neglect d 

hybridization and ~ bondingo However, instead of completely neglecting 

s hybridization, they use the rule for chlorine, bromine, and iodine that 

there is 15% s hybridization if the other atom is less electronegative 

than the halogen by 0.25 units or more; otherwise, there is no hybridi

zation.57 The percentage and the dividing line have varied slightly in 

their publications. 

This estimate of hybridization is based partly on a consideration 

of the neighboring group-V and VI elements were s hybridizations of 10 

to 25% have been obtained from consideration of the bond angles. It is 

also based upon the coupling constant found for chlorine in ICl. For 

this molecule we have p = 0.82. Townes and Dailey feel that if no 
q 

hybridization is allowed, the ionicity becomes to great -- about 28%. 

The amount of hybridization in a singly bonded chlorine will be 

determined by two opposing factors, the increased stabilization resulting 

from greater overlap and bond strength, and the extra energy necessary to 

permit hybridization. Since the s orbitals are filled, but the bonding 

p orbitals are not, a mixing of these orbitals results effectively in an 

excitation of electrons from s to p orbitals. As the chlorine becomes 

more negatively ionic, the energy required for this hybridization and 

excitation becomes less. Thus, s hybridization becomes more likely as 

the bond becomes more ionic or as the atom bonded to the chlorine becomes 

less electronegative. Calculations58 show that the overlap and strength 

of a hybrid bond increase rapidly as the s component increases, until 

about 25% s hybridization is reached.58 Beyond this point there is little 

gain in bond energy, and eventually there is a decrease. Thus, in some

what ionic bonds it is likely that there will be s hybridization and that 

the amount will be less than 25%, while in highly covalent bonds the 

amount will be smaller. The rule,:~of Townes and Dailey appears to describe 

the situation better than does Gordyvs assumption. The exact form of the 

rule is rather arbitrary, but as an approximation it is probably as good 

as a number of others that have been made in the treatment of quadrupole 

coupling constants. 



Using their respective methods, Gordy, and Townes and Dailey 

have used quadrupole coupling constants to determine the ionicities of 

a number of halogen compounds. Their results can be used to. obtain an 

empirical relation between ionicity and electronegativity. The rela

tions proposed by these workers are shown in Fig. 1 together with a 

curve proposed some years ago by Pauling.59 The experimental points 

are those obtained by Townes and Dailey. Pauling obtained his ionicities 

by dividing the observed dipole moments of diatomic molecules by the bond 

lengths. It is now known that several other factors as well as ionicity 

are responsible for dipole moments. These factors include hybridization, 

overlap.and'polarization. and some are neither small nor.eapy·to calc:u-
41 late. Gordy has considered these factors and gets fair agreement with 

his results from coupling constants. 

The curve given by Townes and Dailey is intended to represent 

their experimental results. If Gordy's results are used, the points at 

the lower ionicities are shifted upward and the straight line ~ = 1/2 6. X 

gives an approximate representation of the data. This relation probably 

exaggerates the ionicity in the region of 6.X = 2. 

Livingston has plotted the resonant frequencies of a large number 
60 of compounds against the appropriate electronegativity difference. If 

we assume that the frequencies are proportional to the ionicities, as 

has been done above, Livingstonvs data generally support the curves of 

Fig. 1. In an investigation of the electronegativities of carbon, 

silicon, germanium, tin, and lead, Allred and Rochow have plotted the 

resonant frequencies of various series of halogen compounds of these 

elements against the electronegativity differencesQ61 The members of a 

given series can be connected by a straight line. However, the data 

cover only part of the electronegativity scale and the lines do not in 

general point toward the origin, so that this work does not offer any 

special support for Gordy1 s proposed equation. 

Wilmshurst has attempted to solve the questions of s hybridization 

in a different way.55 He also neglects d hybridization and ~bonding 
(although he discussed molecules for which other workers have estimated 
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Fig. 1. Ionicity vs. electronegativity, general. 
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up to 30% double-bond character). Then by deriving a more or less 

arbitrary relation between ionicity and electronegativity, he is able 

to estimate the amount of s hybridization from the coupling constant. 

Arguing that the bonding electrons will be divided between the atoms 

in proportion .to the relative electronegativities, he gets the relation 

This is similar to Gordyts empirical equation except that the denominator 

generally reduces the ionicity, especially for bonds between highly elec

tronegative atoms. Thus, even for sodium chloride, the ionicity is only 

54%. Since in this case the general equation has become p = (1-~)(1-a 2), 
q s 

a reduction in ionicity leads to an increase in s character. In sodium 

chloride the s character becomes 97% while in thallium chloride it is 79%. 
All of these numbers are quite surprising by ordinary standards. It is 

particularly puzzling that a covalent bond should arise primarily from 

an s orbital when a p orbital that would provide much greater overlap is 

available. The calculations referred to previously indicate that when 

the s component of an s-p hybrid becomes greater than 50%, the bond be

comes weaker. 58 It should also be remembered that if the s character is 

actually as great as is suggested, then the cross term 

which was previously neglected in comparison with 

could become the predominant term. The remainder of the derivation would 

then require extensive revision. Considering the results obtained and 

the methods used, it seems very difficult to accept Wilmshurst's treat

ment. 

So far, the effects of double-bond character have been neglected. 

There may be some justification for such an approximation in discussing 

the halogens. Chlorine, for example, has only one vacancy in its closed 



shell, and this is used for the a bond. To form a ~ bond the chlorine 

must contribute both electrons for the bond orbital. Beirtg quite 

electronegative, the chlorine may not have much tendency to make such 

a donation of electrons. There is no chemical evidence for chlorine 

forming a full double bond. If the amount of double-bond character, y~, 

is appreciably less than one, its effect on the coupling constant will 

be small, because y is multiplied by one half in the equation for p • 
~ q 

Gordy has offered a procedure which would allow an estimate of 
41 the ~ character of a bond. Again neglecting hybridization, he obtains 

.the ionicity from the electronegativities by means of h.is empirical re

lation ~ = 1/2/::,. X. He can then calculate the ~ bonding from the 

coupling constant. The general equation becomes 

This method seems to·have some merit, although its application requires 

a certain amount of faith. 

There are two weak points in the relations used. One is the 

relation between ionicity and electronegativitye A preference has al~ 

ready been expressed here for the relation of Townes and Dailey, which 

allows for some s hybridization. It is interesting to recall at this 

point that Gordy has used, in support of his equation, molecules such 

as SiH
3
cl, which other workers believe to be partially double-bonded. 

If these do in fact have ~ character, then the estimates of ionicity 

must be reduced~ and the data would tend toward Townes and Daileyr s 

curve. Regardless of the relation used, the points in Fig. 1 would have 

deviations of the order of 10% from any reasonable curve. This deviao 

tion might be due to double-bond character or to various subtleties of 

the true electron distribution. The curves that have been offered by 

these workers are probably good generalizations, but .their application 

to any particular case may be open to doubt. 

The other point to be considered is the electronegativity scale 

itself. Pritchard and Skinner recently gave a thorough discussion of 
62 this concept and have indicated its weaknesses as a quantitative measure. 
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Pauling defined it as the "power of an atom in a molecule to attract 

electrons to itself."59 Numerous and highly varied experimental methods 

have been proposed to give a numerical estimate of this power. These 

methods have been based on heats· of reaction, work functions, force 

constants, and several arbitrary electrostatic relations.61 In some 

cases the consistency of the estimates leaves much to be desired. Allred 

and Rochow, summarizing work on the group IV elements from carbon to lead, 
61 

cite values for germanium from 1.7 to 2.3, and for lead from 1.5 to 2.45. 

From the best estimates, an error in an electronegativity difference of 

15% would seem ~uite possible. For some elements such as lead, the error 

might be appreciably larger. Such an error would cause a corresponding 

error in the estimate of ~ character. A further point about electro

negativity is that it appears not to be strictly an atomic property but 

rather to be a function of the bonding orbitals and valence state. Gordy, 

in applying the electronegativity values; uses an e~uation that allows for 

the effect of the net ionic charge of the atoms in ~uestion. 

The amounts of ~ character obtained by Gordy for the halogens 

range up to 30% and may be fairly reasonable. The approach may be justi

fied in principle, but the numerical results must be accepted with some 

reserve. 

A different route to double-bond character has been pointed out 

by Townes and Dailey 42 and used by Mays and Dailey53 and Scha~low. 54 

Here the bond order is obtained directly from the observed bond lengths. 

After allowing for the effect .of the ~ bonds and s hybridization, we can 

derive the ionicity from the measured coupling constante The general 

e~uation is then p~ = (1- as
2
)(1- ~) - 1/2 r~ (rAB). 

The ~ bond character is obtained by the use of the equation de

veloped by Pauling, which gives the quantity in terms of the observed 

bond length r 0 and the single and double covalent bond radii, r 1 and r 2:59 

This interpolation procedure has been used extensively by Pauling 

and others in the discussion of chemical bonding. Because of discrepancies 
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which arose for nitrogen, oxygen, and fluorine compounds, Schomaker and 

Stevenson assumed that there was some bond shortening because of ionic 

effects and proposed that bond lengths should be corrected by·an amount 

. -0.09 6. X A. 63 This correction seems to have been used quite frequently. 

The whole question of the effect of the chemical bond on bond 
64~67 length has been critically examined in recent years. The conclu~ 

sions seem to be expressed by Wells in the words.9 "the apparent abnormal 

shortness Qf many bonds cannot be satisfactorily explained in the present 

state of our knowledge."65 
The Schomaker-Stevenson correction was proposed to accoQ~t for 

discrepancies in compounds of three elements, Its application to other 

cases however often caused new discrepancies. It has been concluded 

that this term has no sound basis and is not supported by experiment. 

The effects of multiple~bond character have been studied ex~ 

tensively in numerous organic compounds. With a relatively simple atom 

like carbon forming fairly well-defined bonds in m&~y compounds, the 

.relation between bond order and bond length may be fairly well established. 

With more complex atoms, such as the transition metals which do not form. 

such well-defined bonds, the difficulty of recognizing a pm"e double bond 

or some specific bond order makes the assigr~ent of a length for a double 

bond very risky. 

If we assume that such a length has been obtained, the difference 

in single-. and double -bond lengths appears to be of the order of 0. 2 A. 

Since the bond lengths of most chlorides are accurate to, at best, 0.02 A 

and in many cases to 0.03 to 0.05 Ap the accuracy of many estimates of 

double-bond character cannot be better than 20 or 30%0 

It is interesting that by this method Schawlow estimates that 

SiBr4 has 60% double~bond character.59 This is quite a large value, 

especially in comparison with Gordy's estimate 'of 26%. In the case of 

a carbon compound; the C - Cl bond in vinyl chloride should have 15% 

double~bond character on the basis of its bond length, whereas a value 
. 68 

of 5% is obtained from an analysis of the asymmetry parameter. 

It would appea:r that bond orders derived from bond lengths can-

not be very reliable estimates, except possibly in the case of compounds 

of carbon. 
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There is one further method of estimating double-bond character. 

This depends upon the asymmetry parameter •68 A simple illustration may 

be given for a planar molecule in which the z axis of the field-gradient 

tensor lies along the halogen-bond axis, and the x- and y- axes lie 

parallel and perpendicular to the plane, respectively. If a ~bond of 

order y lies in the y-z plane, then 2 y p electrons are shared by the 
~ ~ y 

bonding atoms, and 2 - y electrons remain with the chlorine along with 
~ 

two p electrons. The x component of the field gradient is then 
X 

= (l + l/2 y ) 2 q t ' 
~ a om 

while the y component is 

From the definition of ~' we have 

so that 

~ Pq = 3/2 y~, 

where 

I· 
The method is rather attractive because it should yield results 

that are fairly consistent with those obtained from an analysis of p , 
q 

since both parameters are determined by the bonding orbital in the region 

of the resonant nucleus. Both parameters are also, of course, subject 

to similar approximations. The method has been applied to a number of 

organic compounds by several workers. 68,69 
Unfortunately, as with other aspects of the study of quadrupole 

couplings, several difficulties arise, The first is of a practical nature. 
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It was shown previously that for nuclei with spin 3/2, only one resonance 

line can be observed, and it is not possible to resolve ~ and eqQ. This 

is the situation with both chlorine and bromine, By studying the Zeeman 

splitting of the quadrupole resonance of a single crystal, we·can get an 
22 24 '"''0 71 independent measurement of~. ' ,( ' Such a study involves more ex-

perimental work than the simple investigation of the pure quadrupole 

resonance in a powder. 

Two difficu~ties of a more fundamental nature also arise. If the 

bond axis lies along an axis of three-fold or higher symmetry, there is 

no spatial distinction such as x and y components. There may still be rt 

bonding present using orbitals of the form w Px ± i w Py' but the asym

metry parameter ~ is zero. In addition, in the solid, intermolecular 

bonding can make a contribution to the asymmetry parameter. In solid 

iodine, the asymmetry parameter of 0.16 has been ascribed entirely to 

such intermolecular bonding. 43 This latter problem does not arise for 

coupling constants derived from microwave spectroscopy of gases. 

Several suggestions can be drawn from the preceeding, rather ex

tensive discussion of the relation between the quadrupole coupling con

stant and the chemical bond in the halogen compounds, If there is 

reason to think that double-bond character is small, then the method of 

Townes and Dailey seems to be the best available treatment. It is some

what arbitrary in parts, but the approximate nature of many aspects of 

the theory would hardly justify a .more elaborate treatment. 

If double-bond character is thought to be appreciable, the situ

ation becomes more difficult. If the asymmetry parameter is available, 

it probably offers the best approach. Otherwise, the choice between 

Townes and Dailey 1 s derivation of bond order from bond length and Gordy's 

empirical determination of ionic character will depend on which method 

seems more applicable to each particular case. 

In any event, the approximate nature of the results should be 

remembered, The uncertainties arising from the form of the bonding 

orbital, the effects of shielding and antishielding, and the ignorance· 

of the asymmetry parameter for nuclei with spin 3/2 make an accuracy of 

10% very U.'"llikely and suggest 20% as a lower limit. 
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Several attempts have been made to discuss the quadrupole coupl

ing constant or the field gradient by the use of much more accurate wave 

functions.72,73 The numerical work is quite tedious and so far it has 

not been possible to test the accuracy of the results. 

This entire section has been concerned with halogens. The de

tails might be changed in reasonably obvious ways for other elements. 

H,,wever, the problems of hybridization and bond order could become more 

severe. In the case of an atom bonded to several other atoms, the 

gradient may be the small difference of several fairly large terms, in 

which case the effects of approximations could become quite large. 

Temperature Dependence of Resonance Frequencies 

It is generally observed that the frequencies of the resonances 

decrease as the temperature increases. The relative decrease is of the 
-4 0 order of 10 / C, and becomes greater at higher temperatures. 

When the temperature dependence is studied, the sample usually 

remains under atmospheric pressure. Under these conditions, thermal 

expansion may change the interatomic distances. The temperature may 

thus have a direct effect on the frequency through thermal vibrations, 

as well as indirect effect through thermal expansion. These two effects 

may be separated if frequency measurements are made at various temper

ature0 and pressures. 

When pressure is applied to a crystal, it must be applied !so

tropically to avoid strains, which would broaden the resonance line. In 

practice this is done by applying the pressure hydrostatically. Under 

these conditions the thermodynamic state of the sample may be specified 

by its volume and its temperature. If the pressure were not isotropic, 

as in the experiments in which a piezoelectric crystal is placed in an 

electric field, then the volume would not suffice to define the state.: 

This is especially important, because the resonance is sensitive to 

asymmetry. 
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If we assume isotropy, the temperature dependence may be ex

pressed by74' 75 

O;)T·(H)To~_\ ·CH)T(-V~) 

( }i )P = 0 ;)T (H )P <~ ;)v =0 ;)T (v a) ~ ;)v, 
where a is the coefficient of volume expansion and ~ is the compressi

bility. By making pressure and temperature measurements, one can sepa:

rate the direct temperature effect (~ ; J from the expansion effect 

® ~ )T. Such complete measurements ave -nXt been made very often, be

cause pressures of at least several hundred atmospheres are re~uired. 

The sample holder becomes more complicated and additional e~uipment is 

re~uired. 

In a study of NaClo
3

, Gutowsky and Williams 75 report that 8o% 

of the temperature variation of the chlorine resonance at constant P, 

(~ ; ) p' is due to the direct temperature effect' (~ ; ) v' while for the 

sodium, the corresponding number is 35%. 

The two derivatives (~ ;) and (~ ; ) may be expressed in 

terms ®f the thermal vibrations o ¥he lattice ~d the atomic parameters, 

~ and ~' which govern the resonance. The effect of the lattice vibra

tions will depend on the amplitudes s.e of the normal vibrations. At 

constant volume, the fre~uency is considered to change only through the 

,,effect of the temperature on the lattice vibrations, according to 

d v 
2l s.e ~~) d T . v 

This is fre~uently called the Bayer term because Bayer first discussed 

the effect of torsional vibrations on the resonance fre~uency.76 At 

constant temperature, ~' ~' and s.e may all change with dimensional 

changes according to 
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d v 

~ 

= ~ = (H )T 
G !£)T· 

d v 
+(fT} 

This term is somewhat difficult to l:tandle and will be discussed later o 

12 
The lattice vibrations generally have frequencies above 10 cps, 

which lie in the Raman region. Thus these motions are 104 or more times 

faster than the nuclear precessional motions. The field gradient at the 

nucleus will fluctuate as a result of these vibrations, but the nuclear 

interactions will depend only on the average gradient. As the tempera

ture rises, the amplitude, of oscillation becomes greater, and the average 

value of the gradient may change. For some types of vibration, such as 

bond stretching, it would be very difficult to predict how the gradient 

would change. For other types, such as torsional motions, such pre

dictions are comparatively easy. Fortunately this latter type of 

motion seems to be the major factor in the temperature dependence of 

many resonances. 

Kushida has discussed the problem of lattice vibrations at great 

length in a rather general way.77 The algebra involved becomes somewhat 

cumbersone, and since no quantitative application of the theory will be 

made here, the treatment will be illustrated for a simpler case treated 

earlier by Bayer.76 

Here the effect of torsional oscillations on a .field gradient 

having axial symmetry will be considered. Such oscillations are con

sidered to cause the principal axes of the field-gradient tensor to 

undergo small rotary vibrations about their equilibrium positions with

out changing the magnitude of the components. 

In the absence of any vibrations, the field-gradient tensor may 

be written: 

0 0 

-
q = 0 0 -q/2 

0 0 
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If a rotation of 9 about the y ax::l.s occurs,. the components along the 

original axes become: 

cos 9 0 -sin 9 

-
q = 0 1 0 

sin 9 0 cos 9 

2 2 o..l/2 ,COS 9 + sin 9 

= q 0 

-3/2 cos 9 sin 9 

For small values of Q we can write 

0 

q = q -1/2 

-3/2 9 0 

0 

-1/2 

0 

0 

-1/2 

0 

-3/2 9 

cos 9 

·0 

-sin 9 

0 

1 

0 

sin Q\ 
0 \ 

cos Q) 

-1/2 sin 9 cos 9 

0 

1/2 . 2 n 2 n - s~n ~ + cos ~ 

When 9 undergoes symmetric vibrations, we have 9 = 0 and 

92 -1/2 0 0 

q = q 0 -1/2 0 

0 0 1 -3/2 92 

Similar simultaneous rotations about the x axis would yield 

92 -1/2 0 0 y 
92 = 

3/2 -1/2 0 q = q 0 
X 

0 0 i· -3/2 92 - 3/2 92 
X y 

Rotations about the z axis would have no effect. Thus, in a first ap-

( ~ ·~ ' proximation, ~has become q 1 - 3/2 9 - 3/2 9 ) and ·~ has become 
2 2 • X . Y 

3/2 9 - 3/2 9 • For half-integral spins, the perturbation theory 
y X 



-66-

2 expressions for the energy levels.contain powers ofT}, hence T} need not 

be considered here. The resonance frequency is thus proportional to 

( 1 - 3/2 Q! - 3/2 Q~). 
In order to find the temperature dependence, the oscillating 

systems are treated as quantum-mechanical oscillations for which we have 

4 ~2 vj2 92 A = k "t ~l/2 + ehv~T- l) ' 

where v.£ is the oscillation frequency, and A is the appropriate moment 

of inertia of the oscillator. From this equation the resonant frequency 

becomes 

v(T) = v(O) -l) 
- 3/2 ~/2 + l""ty~T - l) 

The temperature coefficient becomes 

( o v) h
2 

1 ljv dlT = - 3/2 ~ 2 
V 41! kT 

2 
- 1) 

h:v .£ /kT 
e y 

+ hv.£ /kT 
A ( e Y 

y 

This equation shows that the temperature coefficient of the resonant 

frequency would in this simple case be negative, increasing in magni

tude with temperature. Substitution of appropriate values ifdr:.·A and 
X 

v.£x leads to the correct order of magnitude for the coefficient.77,78 

The fact that the effective value of q decreases is fairly easy 

to understand. In the absence of vibrations, q is by definition the 

largest of the three principal-axis components of the tensor. The magni

tude must then be less in any other direction. Hence the averaging over 

the vibrational motion must decrease q. 



The fact that the Bayer theory has the same form as the observed 

temperature dependence and roughly the same magnitude supports the belief 

that the torsional oscillations are the principal causes of this .depend

ence. Especially in molecular crystals, torsional molecular vibrations 

may be of greater amplitude than intramolecular stretching motions. 

The estimation of the effect of such stretching vibrations and 

of the effect of all the volume-dependent terms would require a knowl

edge of the relation between the coupling constant and the interatomic 

distances" Such relations are not generally available. Some of the 

complexities of the situation may be imagined on the basis of the dis

cussion of the chemical bond in the last section and will be seen from 

the following discussion. 

If the field gradient at the nucleus is produced by an external 

ion and augmented by antishielding effects, then the gradient should be 

inversely proportional to the third power of the interionic distance. 

The gradient should decrease as the crystal expands through heating or 

otherwise. Such a variation has been found for the copper resonance in 

cu2o as a result of pressure studies by Kushida, Benedek, and Bloembergen!4 

The data of Lee, Fabricand, Carlson, and Rabi on KC179 and KBr, 80 

and of Trischka and Braunstein on RbC1, 81 appear to illustrate the same 

ionic variation of field gradient with bond length" The atomic beam 

spectra of the three gaseous molecules have been studied in several 

vibrational statesj and the quadrupole constants a~d other parameters 

have been obtained. The relative increase in the bond length of ~ 

diatomic molecule as the vibrational quantum number, v, increases by 
82 

one may be obtained from the parameters designated Be and o:e. 

We have 

where ~ is the reduced atomic mass and B = B ~a (v + 1/2). Therev e e 
fore, we can write 



r = r 
e, v e ,o 

= r e,o 
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-1/2 
[1 - a /B ( v + J/2 ) l , e e 

If the ionic mechanism described above is operating, then we have 

q - l/r3 and 6q/q = -3 6r/r. 

A comparison of the changes in the coupling constant and the 

bond length is given in Table III for the positive ions of the three 

alkali halides. The agreement, although not within experimental error, 

seems to support the ionic mechanism. 

Pressure studies on the coupling constant of sodium in NaCl0
3 

by Gutowsky and Williams show that the coupling constant is inversely 

proportional to the square of the volume.75 This decrease is much 

more rapid than the ionic model would predict. The authors sUggest 

that interionic repulsions or nonuniform shifts with volume may be af

fecting the coupling constant. 

The data obtained for the variation of the coupling constant 

of the halogens with the vibrational state in various gaseous molecules 

do not support the ionic model given above in any way. In addition to 

the three alkali halides discussed above, LiCl has been investigated 

in atomic beams by Marple and Trischka, 8B ICN has been studied by micro

wave methods by Oka, Hirakawa, and Miyahara, 84 and BrCN has been simi

larly studied by Oka and Hirakawa. 85 The results of these studies are 

shown in Table IV. 

Table IV 

Coupling constants of some halides 

Vibrational state 
Molecule 

0 1 2 3 
K39c135 o.o4o Me. -0.075 -0.273 
K3%r79 10.244 11.224 12.204 

Rb85cl35 0.774 0.612 0.470 

Li6cl35 -3.07 -3.48 -3.87 

ICN ·2418,.8 -2476.8 
Br79CN 685.6 687.9 
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Two surprising features are contained in this table. .'First, 

since chlorineand iodine have negative quadrupole moments:, while bromine 
. 

has a positive moment, the field gradients at the halogens are positive 

in every case except that of RbCl. Neither an ionic model or the co

valent model of Gordy and of Townes andJ Dam'ley· can explain a negative 

field gradient at the halogen in a compound such as RbCl. The second 

feature is that in every case, including RbCl, the field gradient is 

more positive algebraically in the higher vibrational states which have 

greater bond lengths. The ionic model given above cannot explain such 

an effect in KCl, KBr, and RbCl even th,augh it appears to account for 

the behavior of the alkali ions. 

Both ICN and BrCN are obviously partially covalent and have been 

considered to have some double-bond character. The investigators have 

suggested that as the bond lengthens in the higher vibrationa~ states 

the double-bond character decreases. 84,B5 This change would incr~ase 
the coupling constant. Some rough calculations by the authors lend 

credence to this suggestion. 

Such an explanation seems most unlikely for KCl, KBr, and RbCl. 

It .is these three molecules for which Wikner and Das found that the 

antishielding parameters would account'for the alkali coupling constants 

but not for those of the halogens. 49 (It should be pointed out that 

these authors seem to be unaware of the unusual sign of the field gradient 

of chlorine in RbClo) The coupling constants calculated with the aid of 

the antishielding parameters are an order of magnitude or more greater 

than those observed in the halogens of these alkali halides. 

Wikner and Das suggest that this failure may result from exchange 

and overlap distortions of the closed shells of the halogen ions. The 

negative ions being much larger and softer would presumably be more sub

ject to such effects than the positive ions. 

It appears to the writer that such an effect could, qualitatively 

at least, explain a number of otherwise unexplained relations between the 

coupling constants and bond lengths. The repulsive.interaction of the 

electrons of the closed shells of two touching ions would presumably 

cause some flattening of these shells at the point of contact. Such a 
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distortion would be equivalent to an additional negative charge near the 

point of contact and would contribute a negative gradient at each nucleus. 

Such a gradient would oppose the positive gradient produced at the hal

ogen by the net positive charge of the alkali ion. If the calculated 

antishielding factors are correct, then the gradient due to the exchange 

distortion must be of the same order of magnitude as that due to the 

positive ion in order to account for the much smaller observed gradient. 

If the exchange gradient were somewhat greater than that of the ionic 

charge, the net gradient would be negative, as it is for the chlorine in 

RbCl. 

A consideration of the relative size of the ions would support 

this theory. The radii of the ions are as follows: K, 1,33 A; Rb, 1.49 A; 

Cl, 1.81 A; and Br, 1.96 A~ In RbCl, the positive ion comes closest in 

size to the negative -iono A large positive ion might be expected to 

produce a large exchange distortion of the halogen. Thus the effect 

would be most pronounced in RbCl. The positive ion is somewhat smaller 

in KCl, and here the exchange effect is.Just slightly smaller than the 

direct ionic effect so that the resul~ing halogen gradient is very small 

but positiveo In KBr, the positive ion is even smaller with respect to 

the negative one; therefore the gradient is appreciably larger and posi

tive. On this basis the halogen field gradient in CsCl should be quite 

negative. No measurements hav~ been reported f.or this compound~ 

Such an exchange distortion would also account for the fact that 

the halogen gradients become ~ore positive in the higher vibrational 

states of KCl, KBr, and RbCl. Morn and Mayer have estimated that the 

repulsive potential between closed shells is of the form e-R/P, where R 

is the internuclear distance in Bohr radii, and p is about 0.35.86 The 

exchange distortion would probably also decrease very rapidly as R in

creased. Such a decrease would reduce the' field gradient due to the 

exchange distortion much more rapidly than that due t.o the direct ionic 

effect, which would vary as R-3. Thus, regardless of whether the 

gradient at the halogen were positive or negative, it would become more 

positive as R increased in the higher vibrational states, as is observed. 
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Such a difference between two large quantities would account for the 

fact that the gradient increases by similar amounts in KCl and RbCl, 

although the ratios of the gradients are quite different. 

At a positive ion, such an exchange distortion, if present, 

would augment the negative gradient due to a negative ion. Both effects 

would decrease with increasing bond length. Perhaps in NaClo
3 

an ex

change distortion might account for the gradient at the sodium de

creasing more rapidly than as r-3, as mentioned above. There is, how

ever, little evidence for an exchange distortion of a positive ion. 

In a solid like Nac1o
3

, other explanations may be available. 

Some sort .of quantitative estimate of the effects of an exchange 

distrotion is needed but the difficulties facing such a calculation seem 

quite formidable. In the light .of the preceding discussion, it is :,_._."" 

perhaps more surprising that so many solid compounds show a negative 

temperature coefficient of frequency of the order of lo-4j 0 c than that 

five compounds have been reported with positive temperature coefficients. 

Solid iodine has a positive coefficient which has been attributed 
. 43 ' 87 to the loosening of intermolecular bonds on heating. Copper in 

' 88 
KCu (CN) 2 and arsenic in Asi

3 
also show this behavior, but the multiple 

bonds may account .for it. The halogens in Asi
3

, 88 Wcl6, 89 and TiBr49° 

all show __ positive coefficients. It has been suggested that some inter

molecular bonding may be at work in .the latter two compounds.9° In the 

present thesis a new example of this type will be reported with ThC14. 
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EXPERIMENTAL PROCEDURE 

Introduction 

It was shown in the previous part that a nuclear-~uadrupole 

system exposed to a radiofre~uency magnetic field of the appropriate 

fre~uency would absorb energy from the field. Experimentally the 

problem is then to provide a radiofre~uency source, a .means of de

te.cting the energy absorption and facilities for measuring the fre

~uency and other characteristics of the resonance. 

The re~uirements are thus similar to those of nuclear magnetic 

resonance. (N .M.R.). There are however two fundamental differences 

which restrict the experimental methods. Since the resonant fre~uency 

is determined by the ~uadrupole coupiing constant which in turn is 

determined by the nuclear and chemical properties of the sample, it 

is not possible to change this fre~uency as it is in N.M.R. Instead, 

to find the resonance, we must change the fre~uency of the ra~io

fre~uency field. Thus circuits such as the bridge of Bloembergen, 

Purcell, and Pound26 and the crossed coil of Bloch9l which are ad

justed to give optimum performance at a single fre~uency would be very 

difficult to use because of the complex adjustment that would be neces

sary to maintain good performance as the frequency changed. A second 

difficulty prohibits the use of Bloch's method. Since the two nuclear 

states ±m are degenerate, there is no resultant induced signal perpen

dicular to the applied radiofre~uency field. A magnetic field would 

split this degeneracy in a single crystal, but the Bloch techni~ue 

would still not be very useful for searching for an· unknown resonance. 

The only method for detecting ~uadrupole resonances which is 

in common use depends upon the change in the level of oscillation when 

the ~uadrupole system absorbs energy from a radiofre~uency oscillator. 

In this method, the sample is exposed to the magnetic field of the tank 

circuit which determines the frequency of the oscillator. The frequency 

is varied by changing the capacity of the tank circuit. At resonance, 

the sample absorbs energy from the tank circuit, changing its Q value 

and changing the voltage across the tank. This voltage change e.ppears 

upon detection of the radiofrequency. 
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It was shown above that the power absorbed by a quadrupole 

resonance is given approximately by the equation 

2 ( 2 II.! I '2 Pres = 1/kT n Nj g v) v ~ kj , 

-7 -7 

where J{•kj =- ~ • 2 H1 , and the radiofrequency magnetic field is 

2 H
1 

cos 2n v t, Not all of this power absorption is detected how

ever. If an alternating current passes through a coil containing a 

sample there will be some power P dissipated in the resistance R of 
0 

the coil, and the resulting voltage E across the coil will be given 
l/2 ° by the expression E = (2 P R) • If there is an additional small 

0 0 

power loss due to resonance, the voltage across the coil will become 

E ~ [2 R (P + P )] 1/ 2 ~ E (l +(l/2)(P /P )]. o res o res o 

The change in voltage across the coil is then 6E =(l/2XP /P ) E • res o o 
It is this change in the radiofrequency amplitude::that is detected~ 

Having originated across the resistance R, it corresponds to a signal 

power of 

= 

E 2 
' ·0 
'2 R 

p 
p '( res) 
·res\.-~ - . o' 

p 
l __ ( -re~.)2 T. P . 

0 

In practice the coil is part of a resonant circuit so that the currents 

and voltages are increased; however the results given above are un

changed. 

Thermal noise will produce a signal of power P . = kTB, where 
no~se 

k is Boltzman's constant, T is the temperature, and B is the width of 

the frequency band available in cycles per second. 

The ratio of signal power to noise power is then 

P /P =~/~P (P /P ) 1/kTB sig noise res res o 

p 
res 

= 5 Q 4: kTB' 

where 5 is the ratio of the energy absorbed by the resonance per cycle to 

the energy stored in the magnetic field, and Q, (sometimec CQlled the 
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quality factor of. the circuit) is the ratio of the energy stored in the 

circuit to the energy dissipated per cycle P jv. The energy stored may 
0 

be derived from the magnetic field 2 H1 and the coil volume V , giving 
2 c 

lj8n (2 H1 ) Vc' or from the voltage across the capacitance of the 

circuit, givdng 1/2 E2c. The value of Q is often of the order of 50. 

A more precise derivation of the ultimate signal-to-noise ratio is 

given by Bloembergen, Purcell, and Pound, 26 Andrew~ and Pound.7 

Numerical calculations along these lines and experience indi

cate that, in some cases with a few grams of sample, the signal power 

is equivalent to the noise power from a band many kilocycles wide. It 

is then fairly easy to use a filter circuit to limit the band width and 

the noise so that the resonance line may be displayed on an oscilloscope. 

For convenience in viewing, it is customary to modulate the oscillator 

frequency so that the resonance is traversed repeatedly. 

In other cases the resonance may be very much weaker. A larger 

sample may be used if such quantities are available. Usually, however, 

it is necessary to reduce the noise power by using a filter with a much 

narrower pass band, possibly a fraction of a cycle per second. The 

resonance must then be traversed very slowly to avoid its distortion 

or elimination bythe filter circuit. The resonance is then recorded on 

a chart recorder. 

In order to attain such a .narrow band width a special technique 

is used involving the lock-in amplifier. Problems arising from drift 

and low frequency noise are avoided by modulating the resonant absorption 

at a frequency of a few hundred cycles per second. A signal at this 

frequency is then sought after detection of the radiofrequency. By 

beating such a signal against the modulation signal, effects due to a 

drift in the modulation frequency are eliminated, and an extremely nar

row band width may be acnieved. 

The absorption is usually modulated in one of two ways. If a 

magnetic field is applied to a powdered sample, the resonance may be 

broadened so that its intensity is decreased. If the magnetic field is 

pulsed, the absorption will be modulated. Alternatively, the radio

frequency supplied to the sample may be frequency-modulated over a 
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range small compared to _the line width. The resulting amplitude modu

lation due to resonant absorption will be proportional to the derivative 

of the line shape. The former method of modulation was used in the work 

reported here. 

In addition to the instrumentation described above, provision 

must be.made for the determination of the frequency of the resonance and 

the temperature of the sample. 

The general experimental arrangement is shown in the block dia

gram in Fig. 2. Most of the equipment has been built from designs pub

lished in the literature. Consequently the design and operation of the 

components will be described only in a qualitative fashion, with the 

difficulties and modifications arising in the present work being pointed . 
out. Some of the modifications have been more the result of expediency 

than of sound engineering design. 

Radiofrequency Circuits and Sample Holders 

The radiofrequency system used for most of the work reported here 

is based on the circuits developed by Pound and Knight92 and by Watkins. 93 

The design is somewhat simpler than that of Watkins because less versa

tility seems necessary. The wiring diagram is given in Fig. 3. 
The fundamental part of this circuit is the so-called marginal 

oscillator. Mathematical treatments of this type of oscillator have been 

given by Watkins93 and by Bruin and Schimmel.94 

Basically an oscillator consists of a frequency determining ele

ment and an amplifier which supplies the energy to balance that lost by 

dissipation in the rest of the circuit. A marginal oscillator is one 

which is so adjusted that it will be unable to sustain oscillation if the 

dissipation increases by a .small amount. If the dissipation increases 

by a smaller amount there will be a large decrease in the amplitude of 

oscillation. 

If the response of the amplifier were perfectly linear and the 

loop gain of the circuit greater than one, the amplitude of the oscil

lations would increase indefinitely. Generally, however, the response 
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is not linear, the gain decreasing as the signal increases. The oscil

lation amplitude thus increases until the loop gain decreases to unity, 

at which point the oscillation level becomes stable. 

If an additional energy loss occurs due to a quadrupole resonance, 

the oscillation amplitude must decrease until the loop gain increases to 

unity. If the loop gain is very nearly linear, i.e., if the gain is 

almost independent of amplitude, then a large decrease in amplitude will 

be necessary before the oscillation level again becomes stable. Under 

these conditions a high sensitivity is obtained. 

In Fig. 3 the tube V~, a 6BQ7A, is the oscillator stage. It is 

a cathode-coupled amplifier, with one grid left free to be used for 

stabilizing the circuit. In the interest of simplicity rather than 

versatility, the oscillator does not have variable resistances in the 

cathode connections or in the feedback network such as Watkins used. 

Another difference from Watkins' circuit is that a coupling capacitor 

is used between the tank circulit and the tube in an attempt to reduce 

any signals arising from the Zeeman-modulation field. 

The radiofrequency voltage across the sample, which was usually 

less than one volt r.m.s., is then amplified to provide a better signal

to-noise ratio at the detector and a sufficiently strong signal for 

stabilization. The amplifier, consisting of tubes V2, V3, and V4, is a 

video or broadband amplifier. The small peaking coils and small resis

tors in the plate circuits are characteristic of this design. The 6AK5 
tubes were designed for such amplifiers and have small interelectrode 

capacitances. Watkins used only two stages and reported that the ampli

fier gain was flat up to 25 Me. In the present circuit, the gain did not 

seem sufficient for stabilization and the third stage was added, result

:i.ng in an over -all gain of about fifty. However the gain is flat only 

to about 13 Me, beyond which it falls rapidly. Probably with more care

ful attention to the peaking coils and plate resistors, sufficient gain 

and a greater band width could be obtained with two stages. 

The amplified radiofrequency is fed to two separate detectors, 

the two halves of the twin diode V5. The first detector is used for 
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stabilization or automatic volume control. The output of this stage is 

a signal proportional to the average amplitude of the radiofrequency. 

When this signal is returned to the spare grid of the oscillator, the 

oscillator gain is adjusted to maintain a fairly constant level. The 

necessity for such stabilization arises because the loop gain of the 

oscillator is frequency-dependent. As a result, the oscillation ampli

tude, and hence the sensitivity, would change as the frequency was 

ehanged. When the bias ,of: the diCilde .: iS adjusted with the potentiometer, 

-:~he- oscillation level may be set to a desired value. The oscillation 

level is of course supposed to change at the modulation frequency when 

a resonance occurs. In order to prevent the stabilization circuit from 

removing this desired signal, the RC filter is placed in the detector 

circuit. With a time constant of 1 sec, it will not respond to the much 

faster modulation frequency but will respond to long term drifts, 

The other detector circuit yields the modulation envelope of the 

radiofrequency, containing noise and a signal at the modulation frequency 

if a resonance is present. A de signal proportional to the radiofrequency 

amplitude is provided to operate a meter, which may be used to monitor 

that amplitude. 

The audio-frequency output of the detector is finally amplified 

by the audio amplifier v6 before it is fed to the lock~in amplifier. 

In order to test the operation of the spectrometer and to pro

vide a phase reference for adjustment of the lock-in amplifier and an 

amplitude reference for the comparison of resonance strengths, a cali

brator V7 is provided, The theory of its operation has been discussed 

by Watkins.93 A sine wave at the modulation frequency is fed to the 

grid of this tube, causing the plate resistance to vary accordingly. If 

the plate of the calibrator is coupled very weakly to the tank circuit 

of the oscillator, a .small change in the energy dissipated in the latter 

results. This is essentially what happens during a resonance. 

The reference signal for the calibrator could be adjusted in 

phase and amplitude by the circuit shown in Fig. 4. When the switch was 

in the "low" position, the calibrator simulated a weak resonance. With 
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the switch in the "high 11 position, the output signal was much larger, 

permitting visual adjustment of the equipment with the aid of an oscil

loscope. 

All the filaments on this chassis are supplied by a stabilized 

de filament power supply. Storage batteries had been used previously, 

but due to a large current drain, their voltage tended to vary. This 

variation caused an appreciable change 'in the operation of the spectrom

eter. 

The plate voltage is obtained from a commercial regula~ed power 

supply~ The voltage regulator tube VB further stabilizes the voltage 

supplied to the oscillator. It was found necessary to provide addition

al filtering to reduce the 120 cps ripple from the power supply. If 

this was not done, quite an appreciable signal appeared at the output. 

The sensitivity of the circuit created a number of difficulties . 

. In spite of all reasonable precautions, the spectrometer showed are~ 

sponce to mechanical vibrations. Under the worst conditions, loud sounds 

would create an output signal. Probing and tapping the circuit components 

with a glass rod located the worst of the offending leads and connections 

and these were repair~d. In the same way it was found that some oscil

lator tubes were much more microphonic than others. Some vibration 

sensitivity remained, but by mounting the chassis on felt pads and 

weighting it with lead bricks, we avoided most of the trouble. 

The spectrometer was also sensitive to electrical disturbances. 

Faulty motors and 60 cps pickup created difficulties which were usually 

handled by trial-and-error methods. 

One of the most distressing problems appeared to be the result 

of stray radiofrequency currents in the chassis. If an attempt was made 

to operate at a .low level (i.e., about 0.2 volts or less across the 

sample coil, a large audio-frequency signal was found in the output. It 

was roughly sinusoidal in form and was observed at frequencies between 

about 30 and 120 cps. Both the frequency and the waveform seemed to have 

a .small random variation. The frequency appeared to depend on the setting 

of the A.V.C. bias control. The amplitude could be greatly changed by 



-82-

connecting a wire between various pexts of the chassis indicating that 

in some respect the chassis was not uniformly at zero potential. Adding 

a metal base plate to the chassis increased the signal. 

The frequency of this signal was sometimes close enough to the 

modulation frequency to cause trouble. The only solution seemed to be 

a trial-and-error procedure of grounding various parts of the chassis 

when the trouble arose. The oscillator stage was built inside a shield

ing box with the de leads entering through feed-through capacitors. 

Each of the other stages had its ground leads connected to the chassis 

at one point only. 

The problem arose only at low oscillation levels, and in most 

cases a higher level was employed. In this connection, using a 6BK7A 

as the oscillator instead of the 6BQ7A seemed to permit a lower level 

of operation and thus avoid some of the trouble discussed above. 

This marginal oscillator has been used to study resonances from 

3 to 13 Me. It could probably be used at somewhat lower frequencies, 

but no serious attempt was made to do so. It would not function properly 

above 13 Me, apparently because the loss of gain in the video amplifier 

above this frequency prevented the operation of the stabilization circuit. 

The oscillator would oscillate at higher frequencies, but any attempt to 

change the frequency would stop the oscillation. 

The voltage across the sample coil could be varied from 0.2 to 

about 1.0. Below this range the instability described above set in, 

while above this range the video amplifier would saturate, causing very 

serious attenuations of the modulation due to a resonance. 

In later work, a need arose for a spectrometer operating above 

13 Me. The simplest means of satisfaction seemed to be a superregenera

tive circuit. The circuit developed by Dean was selected since it had 

been used by several different investigators. 25,95 This circuit is 

similar to one developed by Dr. G. 0. Brink in this laboratory. Brink's 

initial design was based on Livingston''s regenerative circuit with 

changes in the grid circuit to cause superregeneration.96 Both of these 

latter circuits depend upon stray capacitance for their feedback loop. 
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The superregenerative circuit was rather critical in its operation and 

required frequent attention as the frequency was varied. Brink later 

added a capacitive voltage divider in an attempt to get more stable 

operation. The result was similar to that previously developed by Dean. 

The circuit was used to study the nitrogen resonance in hexamethylene

tetramine at 3 Me but was not used further. 

The wiring diagram of the circuit used here is given in Fig. 5. 
Tube Vl is the oscillator stage, V2 is an audio amplifier, and V3 is a 

calibrator. The latter two stages are analogous to those described 

above. 

A characteristic of a superregenerative oscillator is that the 

radiofrequency oscillation is damped or quenched periodically. The 

oscillation is then allowed to build up again. The oscillation will be 

initiated by whatever signal is present at the oscillator frequency. 

In the absence of any other signal, the component of the thermal noise 

at the appropriate frequency will start the oscillation. In this case 

the phase of each pulse of oscillation will vary at random. If the 

oscillation does not die out completely before it is allowed to buil~ 

up again, the phase will remain constant from pulse to pulse and the 

oscillation is described as coherent. 

If an additional signal at the oscillator frequency is present, 

the oscillation will build up from a different initial level. As a 

result, either the growth time or the maximum growth will change. In 

either case, the average oscillation level will change. In this way, 

a superregenerative oscillator can amplify a signal at its frequency 

by several orders of magnitude, It is thus very sensitive, although 

fairly simple. 

When used to detect quadrupole resonance, the circuit is operated 

in the coherent mode, If the quench period is shorter than the spin-spin 

relaxation time, T2, the nuclei will still be precessing in phase with 

the oscillation. This coherent precession can then influence the growth 

of the radiofrequency pulses. 

In the coherent mode, the oscillation is amplitude-modulated at 

the quench frequency by a nonsinwsoidal wave form. This wave form may 
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be Fourier-analyzed, yielding the quench frequency and a number of its 

harmonics. Each of these frequencies mixes with the radiofrequenoy ::to 
c· 

give sum frequencies and difference frequencies. Thus the oscillator 

spectrum consists of a central frequency and a series of weaker side 

bands with a common spacing equal to the quench frequency. Each of 

these side bands is capable of interacting with a quadrupole resonance 

at the frequency of that side band. As the frequency is varied, a 

series of perhaps seven resonance curves is obtained from these side 

bands. The result is a fairly distinctive pattern to recognize when 

searching for a resonance. It is, ho~ever, sometimes difficult to 

identify which line corresponds to the true resonant frequency. The 

fundamental test is that the side bands shift as the quench frequency 

is changed, while the central line should not. 

Dean's ·circuit has been used here as a self-quenched oscillator. 

During the oscillation, a grid current builds up a negative charge on 

the grid-coupling capacitor. When the grid becomes suffi~iently negative, 

the oscillation is quenched, and the charge leaks off through the grid

leak resistor. The quench frequency is determined by the time constant 

of this resistor and capacitor. 

The circuit is self-detecting, because the average plate current 

changes as the average radiofrequency level changes. A.s a result, the 

output signal is taken from the plate, with RC filters being used to 

attenuate the radiofrequency and quench frequency components. 

The same arrangements were made for filament and plate power 

supplies as in the marginal oscillator described aobve. 

The superregenerative circuit was fairly easy to operate, was 

relatively insensitive to external disturbance such as vibration and 

60 cps pickup, and appeared to have a better si~nal-to-noise ratio than 

the marginal oscillator. 

Certain resonances near 10 or 12 Me where both circuits worked 

well could readily be observed with the superregenerative circuit, where

as with the marginal oscillator, they could not be seen at all or else 

could be distinguished from noise only by comparing several tracings at 

the expected frequency. 



Dean used a 6c4 for his oscillator tube. However, most of these 

which were available seemed to be of rather flimsy construction. Some 

gave trouble due to microphonics, and in some the elements could be 

heard vibrating when the tubes were tapped. For this reason the more 

ruggedly built premium version 6135 was used in the present circuit. 

A calibrator: of the same design as that discussed above was 

provided. However, the superregenerative circuit appears to detect a 

quadrupole resonance by means of the signal induced by the precessing 

nuclei. The calibrator interacts by causing a small change in the dis

sipation in the tank circuit. Hence the calibrator may not be useful 

for intensity measurements. It is still useful for phase adjustments. 

The superregenerative circuit has been used to examine resonances 

from 10 to 40 Me. It coUld probably be used at still higher frequencies. 

The voltage across the sample coil can be changed by varying the plate 

supply voltage. The oscillator has functioned at plate supply voltages 

ranging from 40 to 300 v. Usually, however, the voltage range was from 

100 to 200 v. 

In both spectrometers the frequency is varied by slowly turning 

the tun~ng capacitor. The widths of quadrupole resonances are usually 

a few kilocycles, while the time constants of the final filters are 10 

or 20 sec. In order to record the resonance line, it is necessary then 

that the frequency should not change faster than a kilocycle or so per 

minute • To sweep through 2 Me which would be a typical tuning range 

with a given coil, would require 2000 min or about 30 hr. To turn the 

tuning capacitor at these rates, various low-speed induction and 

synchronous motors were used together with various reduction gear trains. 

The induction motor required an external, phase-shifting capacitor; to 

reverse its rotation the leads to the motor were interchanged. The 

synchronous motors could not be reversed. 

The tuning capacitors were the type with soldered pigtail con

nections on the rotor to avoid noise from sliding contacts. 

The coils for the tuning circuits were wound directly on the 

sealed glass tubes containing the samples. In this way, various sizes 
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of sample tubes could be used and a good filling factor (i.e., the ratio 

of sample volume to coil volume) could always be obtained. The coils 

were usually 3/8 to 5/8 in. in diameter and 1/2 to 1 in. long. The 

number of turns ranged from about five to twenty-five, depending on the 

desired frequency. The wire was usually Formvar insulated, although 

bare wire was sometimes used if adjacent turns were not in contact. 

The largest convenient wire diaiiieter was used in winding a coil, con

sidering the size of the sample tube and the number of turns required, 

The coil was usually bound with adhesive tape to ensure its rigidity. 

The ends of the coil were then soldered to contacts in the sample 

holder. 

Measurements were made of the Q factor of the tank circuit for 

some typical cases. The values obtained were rather variable, but 50 

was a representative value. 

The sample holder used for most of the work is shown in Fig. 6a. 

It is one used previously by Brink. It is of extremely simple design 

and was quite satisfactory for room-temperature operation. 

This holder was also used at lower temperatures although it 

caused some difficulty. The holder is placed in a tall, narrow Dewar 

flask and a suitable refrigerant dry ice and ethanol, or liquid 

nitrogen -- is added. Since the closure is not tight, liquids tend to 

leak in around the sample. At dry-ice temperatures, such leakage is 

somewhat messy. However, it does not interfere with the operation and 

can be prevented by sealing the closure with Tygon lacquer. At liquid 

nitrogen temperatures, such sealing is more difficult. The can then 

fills with liquid nitrogen or condensed air. Apparently some heat 

leakage along the electrical leads causes the liquid to boil around the 

sample. As a result the dielectric constant and capacitance change, 

causing frequency fluctuations of several hundred cycles per second. 

Such fluctuations interfere with frequency measurements. 

Subsequently, another sample holder was built, but there was 

little occasion to use it. It is shown in Fig. 6b. This holder was 

much larger so that the Dewar flask and a solenoid to provide the Zeeman 

modulation field could be mounted inside the can. The sample was then 
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mounted at the end of a bakelite shaft so that it was near the bottom 

of the Dewar flask. The sample was thus in good thermal contact with 

the refrigerant, and since the only heat supply was two long thin 

electrical leads, the problem of boiling near the coil was eliminated. 

There was no trouble with frequnecy fluctuations. An additional advan

tage was that it was necessary to add more liquid nitrogen only about 

once in 10 hr, in contrast to once every two hours with: the smaller 

holder. The large capacitance of the holder restricted its use to low 

frequencies below 13 Me~ 

The chassis was kept about a foot away from the sample holder 

to avoid pickup from the modulation field. Connection was made by 

means of coaxial cables. The cables frequently added to the circuit 

noise, especially if there was any vibration. For this reason, a 

rigid coaxial connection was constructed. The outer conductor was a 

piece of copper tubing soldered to two standard coaxial connectors. 

The central conductor was a piece of heavy copper wire soldered to the 

connectors. 

Since a quadrupole resonance usually has a temperature coefficient 

of the order of 1 kc/°C it is important that the temperature be known when 

the frequency is measured. It is especially important that the relative 

temperatures be known accurately when the frequencies of two resonances 

must be compared with high accuracy. 

For room temperature work, the small sample hold.er ·was placed in 

a Dewar flask, the top of which was closed with a split ·cork stopper. A 

calibrated mercury~in=glass thermometer vas placed in the flask near the 
0 sample holder. The absolute temperature should have an accuracy of 0.1 C. 

For low-temperature work, one junction of a copper-constantan 

thermocouple was mounted near the sample inside the can. The other junc

tion was immersed in an ice bath, and the resulting emf. was measured 

with a Leed·s .. and Northrup K~2 potentiometer. It was necessary to ground 

one lead of the thermocouple to the sample holder, otherwise the thermo-

· couple acted as an antenna, introducing noise and communications signals 

into the spectrometer. The grounding also prevented a disturbance when 

the potentiometer switch wa.s closed. The thermocouple was calibrated 

with dry ice and liquid nitrogen. 
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At liquid-nitrogen temperature, the temperatures never varied 

by more than a few tenths of a degree from that of the calibration bath. 

The relative accuracy of the measurements is probably better than 0.1°C; 
0 however, the absolute accuracy may not be as good, perhaps 0.5 C. 

For dry-ice work, the thermocouple was calibrated with dry ice 

alone. For resonance measurements, ethanol was added as a heat-transfer 

medium; otherwise, the dry ice sublimed away from the sample holder, 

leaving an insulating space between the can and the refrigerant. The 

temperature of the sample in the latter case would rise until it was 

10 or 15°C above that of the dry ice. With the ethanol present, the 

sample temperature was much more stable and was usually about 4°C above 

that of dry ice. The relative accuracy of temperature comparisons was 

again about O.l°C but the absolute accuracy of a temp~rature here may 

only be about one degree. 

A few frequency measurements were made at the ice point by im

mersing the sample holder in an ice bath. The temperature was assumed 

to be zero within a tenth of a degree, because of the similarity of 

sample and refrigerant temperatures at liquid-nitrogen temperature, 

where heat leakage would be more important. 

Modulation Circuit 

It has been mentioned that two methods are available for the 

modulation of the resonant absorption. These methods are frequency 

modulation and Zeeman modulation. 

In the former method, the frequency of the oscillator is modu

lated with a low audio frequency, the shift being kept smalier than the 

width of a resonance. For a small shift in the oscillator frequency, 

the energy absorbed, and hence the spectrometer output, change by an 

amount proportional to the derivative of the resonance line shape. The 

method is convenient for the study of the line shape of known resonances. 

Frequency modulation was used for a while in this laboratory. The 

modulation was obtained by means of a vibrating condenser in parallel 
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with the tuning condenser. The vibrating condenser was constructed from 

· two strips· of metal mounted close together, one of whic~ was 'magnetic 

and was kept vib¢ating by the field of a small relay magnet fed by a 

current at the modulation frequency. 

This type of frequency modulation has two disadvantages. If the 

frequency shift is a fraction of the line width, the change in energy 

absorption is roughly the same fraction of the maximum absorption of the 

resonance. The available signal is thus smaller than it might be. The 

other disadvantage is that any type of frequency modulation will respond 

to any sufficiently strong signal at the oscillator frequency t6 give 

an output similar to that of a resonance. As a result, communications 

transmissions may at .first be mistaken for resonances. 

The Zeeman modulation method avoids both of these troubles. How-, 

ever, the resulting output line shape may be difficult to interpret. In 

the interest of sensitivity and specificity in searching tor unknown 

resonances, Zeeman modulation was adopted for the present work. 

A magnetic field of 10 gauss can cause a Zeeman shift of several 

kilocycles in a quadrupole resonance. In a polycrystallirie sample, the 

amount of the shift will vary from grain to grain, depending on the 

orientation of the grains. Thus, a small field can broaden the resonance 

line and correspondingly reduce its height. If the field is turned on 

and off at the modulation frequency, the change in resonant absorption 

will be proportional to the difference in height between the broadened 

and unbroadened lines. It is not too difficult to have the change in 

absorption correspond almost to the maximum absorption of the resonance. 

The method thus gives the maximum signal attainable. Since external 

signals will not be affected by the magnetic field, they will not give 

rise to resonance-like outputs. 

If the magnetic field is not large enough to completely flatten 

the resonance curve, then at the center of the resonance the intensity 

of the natural line will exceed that of the broadened line. In the tails 

of the broadened line, where the intensity of the'natural line is neg

ligible, the inequality is reversed. The total response to a resonance 

will consist of a resonance-like peak with a small .inverted tail on each 



-91-

side of it. Such lines will be seen in the present work. This complex 

line shape is difficult to analyze, so that the frequency-modulation 

technique is better if the line shape is being studied. 

The circuit used here to generate the current pulses for the 

magnetic field is shown in Fig. 7. It is derived from circuits used 

by Watkins93 and Cotts. 97 In these circuits a bank of.6AS7 tubes was 

used as a switch to generate 3-amp pulses from a 110 de power line. In 

this laboratory, such a power line is not available. As a result Brink 

changed the circuit by using Western Electric 275C or Claire HG1003 

relays to switch a 5-amp current from 6-v storage batteries. This cir

cuit was used for some time. However, it was not entirely satisfactory 

because jitter in the relay contacts caused some vibration in the pulse 

length. This variation had the effect of a noise source. The contacts 

also had a tendency to stick after they had been in use for some time, 

probably as a result of the inductive nature of the ~oad. 

In an attempt to reduce the noise level, still another method 

of switching was used. It was decided to generate the magnetic field 

by using a small magnetizing current in coils with a large number of 

turns. The large number of turns produces a large inductance. Hence 

a large voltage must be available to generate the pulse in a short time. 

The field is generated by a pair of Helmholtz coils each 20 em 

in diameter with 1500 turns of No. 26 wire. The current is supplied in 

pulses of up to 0.2 amp from a 600-v power supply. The switch consists 

of several 616 tubes in parallel. The coils are placed in the plate 

circuit so that the high .plate resistance of these tubes may act as a 

constant current source to overcome slow response of the large inductance. 

The inductance of the coils is about 0. 5 henry each; so with 

600 v available, the current can increase at the initial rate of 600 amp 

per second and can reach 0.2 amp in 0.3 msec. At a modulation frequency 

of 100 cps, the pulse length is 5 msec. Thus the current growth is 

satisfactory for the present purpose. 

The tubes can be rendered nonconducting in an extremely short ~ 

time. However any attempt to quickly cut off such a current in such an 

inductance can readily generate potentials of several thousand volts. 
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The usual result is that an arc develops at some point in the circuit. 

It is possible to prevent such arc formation by suitable insulation, / 

but then the energy stored in the magnetic field is dissipated in the 

coils by means of damped oscillations. In order to prevent such un

satisfactory behavior, the resistor and diodes are installed in the 

plate circuit. The diodes permit current to flow only as the tubes are 

being cut off. The resistor is chosen so that the current of 0,2 amp 

which initially flows through it as the tubes are cut off will develop 

about llXX) v maximum. The energy is then dissipated in the resistor, 

and the pulse decays in about the same period as its rise time. 

By connecting the coils in series and using a current somewhat 

more·than 0.2 amp, we can obtain a field of about 50 gauss. However, 

the pulse form begins to deteriorate, and the coils get 'somewhat warm. 

The coils are ordinarily connected in parallel, and a smaller field 

is used. 

A most valuable part of the circuit is taken from Cotts' design. 

The pulsing magnetic field induces a signal in the spectrometer circuit. 

This signal is, of course, at the modulation frequency and, by mixing 

with the radiofrequency, it is capable of appearing at the spectrometer. 

The result is a large unwanted signal which changes in magnitude as the 

radiofrequency is changed, because the sensitivity to pickup depends on 

the oscillator frequency. 

A Fourier analysis of the square-wave pattern of pulses shows 

that the fundamental frequency component is the modulation frequency. 

If the pulses are made to alternate in polarity, a Fourier analysis shows 

that the fundamental frequency is now one half of the modulation fre

quency and there is no component present at the modulation frequency. 

In principle, such a series of alternating pulses should not cause any 

output signal at the modulation frequency. In practice, the pickup is 

reduced by an order of magnitude or more. The residual pickup is the 

result of an asymmetric response to the alternating pulses by the 

spectrometer. 

The alternation is achieved by inserting a reversing switch 

between the 6L6 tubes and the coils. The reversals are made during 

.. 



each period when the current is off. The reversing switch consists of 

a pair of Western ·Electric 275C or Claire HGlOOJ relays. Since the 

reversal occurs when no current is flowing, contact jitter does not 

matter, and the contacts do not have to face induced potentials. 

The 6SL7 amplifies the input sine wave from an audio oscillator 

and clips it, yielding a square wave which turns the 6L6 tubes on and 

off. This square wave is a.lso used to trigger the 6SN7, which is a 

multivibrator. The latter provides two square waves at half the modu

lation frequency. These signals are fed to the 6J6, which drives the 

two reversing relays. 

The modulation frequency is a compromise. If the frequency is 

too low, trouble will be caused by low-frequency noise such. as that due 

to the flicker effect. Higher modulation frequencies cause greater pick

up •. In addition, the relays used in this circuit will not o:J,erate much 

above 120 cps. The modulation frequency used in this work is about 

100 cps. 

The circuit has performed well for a long time. The only dif

ficulty is probably the result of the high voltages used. Sometimes 

pickup at the modulation frequency is observed which is not affected by 

the reversal of the current pulses. This pickup may be coming from some 

part of the circuit where the reversal does not occur. 

Brink has suggested that 6-v storage batteries could be used if 

the current were switched by power tra.'l'lsistors. 

One minor difficulty wo.uld probably arise with any mag.'1etic 

modulation system. It has been found that the movement of large pieces 

of iron such as movable electronic racks or metal chairs near the 

Helmholtz coils causes a shift of the recorder needle. These objects 

probably distort the magnetic field and so change the pickup. 



The Lock-In Amplifier 

The audiofrequency output from the spectrometer chassis contaim: 

possibly a weak signal at the modulation frequency, which represents a 

resonance and a considerable amount of amplified noise. In order to 

isolate the resonance signal and reeord it, the spectrometer output is 

fed to a lock-in amplifier, which i:; also known as a phase-sensitive 

detector. 

A good mathematical discussion of the theory of such instruments 

has been given by Palma-Vittorelli, Palma, and Palumbo.98 The circuit 

used in the present work is essentially that used by Watkins, 93 and is 

shown in Fig. 8. 
Basically, a lock-in amplifier extracts a particular Fourier 

component from a complex spectrum. If the complex.spectrum is amplitude

modulated by a reference sine wave, then each Fourier component in the 

complex signal will mix with the reference signal to give sum ·and ·dif

ference frequencies. The component having the same frequency as the 

reference will thus produce a de signal proportional to the amplitude 

of that component and to the cosine of the phase difference between the 

component and the reference. A low-pass filter may be used to isolate 

this de signal. Components with frequencies different from the refer

ence cannot give a de output, and can thus be eliminated. The pass band 

of the filter can be made very narrow, so that the circuit responds only 

to a band of twice that width centered on the reference frequency. 

An efficient way to amplitude modulate the input signal is to 

swi tch:it on and off at the reference frequency. The signal is then 

modulated by a square wave. However, a square wave has, in addition to 

the reference frequency, a set of harmonic frequencies. These harmonics 

can yield a de output by mixing with components of the input having 

these harmonic frequencies. Since the thermal-noise spectrum is essen

tially uniform while the resonance signal has its largest component at 

the modulation frequency, the best signal-to-noise ratio is obtained by 

eliminating these harmonic frequencies from the input signal. Hence the 

input signal should be put through a fairly narrow band-pass filter 
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before it reaches the phase-sensitive detector. Such a filter will also 

reduce the maximum amplitude excursions of a noisy signal. If this is 

not done, the phase-sensitive detector may saturate on the larger noise 

peaks. Suchnonlinear operation can introduce noise into the output 

signal of the lock-in.amplifier. 

Finally, the output de signa.l can be used to operate a chart 

recorder. 

The circuit in Fig. 8 operates in the manner just described. The 

reference signal is first fed to a phase shifter, V7, and is then ampli

fied and clipped in V8 to yield a square wave. The width of the pulses 

produced by the clipper was foun,d to depend on the amplitude of the 

signal supplied. For this reason, a balance adjustment was provided in 

the cathode resistance of V7 to guarantee that this stage would change 

only the phase and not the amplitude of the reference signal. This 

precaution is valuable because the phase is frequently checked and 

adjusted in operation. 

The resulting square wave is fed to the suppressor grids of two 

pentodes V4 and V5 and is large enough .to stop conduction in these tubes 

every half cycle. The pentodes then function as the switch described 

above. 

The signal from the spectrometer is first fed to a band-pass 

filter consisting of stages l and 2. The· twin-T filter forms p~t of 

a ne.gative feedback loop. Since the twin-T itself is a band-blocking 
I 

filter, the band of frequencies that it does not pass does not undergo 

negative feedback. This band is then amplified and passed on. These 

stages have a gain of about 100 at the center of the pass band and a 

band width of about 8 cps at the· half-power level. 

The signal is then split in the phase invertor, V3, and applied 

to the normal grids of the two pentodes for push-pull operation. The 

use of pentodes as switches in the present application has sometimes been 

criticized because of the presence of drift and instability. However, 

the present circuit has never given any trouble of this nature. Watkins 

used the difference-amplifier type of circuit with cathode degeneration 

... 



to improve the stability. In the present circuit the red-base premium 

tubes 5693 were used instead of 6SJ7 1 s as a further precaution. 

The output from the pentodes is then fed to the RC filters. 

These filters have time constants o:f the order of 1 to 20 sec. The 

reciprocal of these time constants determines the ultimate band width 

and, hence, si~lal-to-noise ratio of the spectrometer. 

Because of the high resistances used in the filter circuit, it 

is important that the leakage current of the large capacitors be kept 

as small as possible. For this reason pyranol-filled capacitors were 

used. 

Finally, the de signal is fed to the pair of cathode followers, 

V6, where it is amplified to operate an Esterline-Angus chart recorder. 

The plate voltage for the chassis is 300 v; however, it was found nec

essary to reduce the plate voltage of the pentodes to about 200 v. If 

this was not do~e, the grids of the cathode followers became sufficiently 

positive that grid current flowed, and severe attenuation of the output 

si~al resulted. The dual potentiometer on the cathode follower permits 

electrical adjustment of·the zero point of the recorder without changing 

the resistance or sensitivity of the recorder circuit. The switch on 

one of the cathodes produces sufficient unbalance to deflect the recorder 

and serve as a marker. 

In normal operation the system i~ monitored by an oscilloscope 

at two points. The audiofrequency signal before it enters the narrow

band filter gives a good indication of the sensitivity and general 

performance of the radiofrequency parts of the circuit. The system is 

also monitored at a point between the pentodes and the output filters 

to see that the gain is low enough to prevent saturation of the phase

sensitive detector. 

It is useful to be. able to monitor the output of the narrow

band, twin~T filters as well as the input. Because of the narrowness 

of the pass band, it is important that this filter be tuned accurately 

to the modulation frequency. Otherwise, the resonance signa~ will be 

attenuated and will have its phase shifted. The phase shift will then 
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interfere with the operation of the phase-sensitive detector. Mica 

capacitors are used in the twin-T to improve its stab'ility. 

When the filter is properly tuned, it .produces no phase shift 

for its central frequency. Thus a sensitive indication of tne tuning 

is obtained by passing a. sine wave at th~ modulation frequency through 

the filter and applying .the input to the vertical plates of an oscil.:.. 

loscope and the output to the horizontal plates. When the filter is 

tuned, a straight .line with a slope of 45 deg appears on the scope. 

In practice, the twin-T filter was initially tuned to about 

100 cps on the basis of the amplitude of the output. Thereafter, the 

modulation frequency was occasionally checked, and, if necessary, 

adjusted to that of the filter on the basis of the phase shift. 

The remaining alignment was done by observing a strong known 

resonance and then adjusting the phase of the reference input to the 

lock-in amplifier to yield the largest recorder signal. The phase of 

the reference to the calibrator was then adjusted to give the maximum 

recorder output. These phase settings did not require much subsequent 

adjustment. 

The chassis has been operated both with ac and de filament 

power supplies. With the former, there was some evidence of 60 cps 

pickup, but it .did not interfere with the operation. 

Frequency Measurement 

Radiofrequency measurements were made with the aid of a heter

odyne frequency meter, model LR, made by the General Radio Company for 

~ilitary use. This instrument contains a 100-kc quartz crystal, which 

is temperature-controlled, and a variable-frequency oscillator. The 

frequency of the variable oscillator is determined by a thyratron

operated interpolation meter which reads the difference in frequency 

between the variable oscillator and the nearest reference frequency 

provided by the crystal oscillator. The crystal provides harmonics up 

to about 15 Me, and, by frequency division, 10-kc markers. Frequencies 

above 15 Me can be measured by using harmonics from the variable oscil

lator. 
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By comparison with .the National Bureau of Standards transmissions 

on Station WWV, the quartz-crystal oscillator can easily be adjusted to 

its nominal frequency with an accuracy of about one part per million. 

'The limiting accuracy of a .frequency measurement is determined by the 

reading of the interpolator scale. The full-scale deflection is 5 kc, 

thUs 100 cps seems to be a reasonable estimate of error. This accuracy 

is just adequate for the present measurements. 

In order to determine the frequency of the spectrometer oscil

lator, radiated signals from the spectrometer and the meter are picked 

up by a communications receiver. The receiver presents an audible beat 

note corresponding to the difference in frequency of the two signals. 

The variable oscillator of the meter may then be adjusted to within 

about 20 cps of the spectrometer frequency. Sometimes the spectrometer 

will pick up the radiated signal from the meter. In this case the dif

ference frequency can be seen on the oscilloscope monitoring the audio 
,. 

output of the spectrometer. It is then possible to reduce the difference 

to a few cycles per second. This method of comparison tends to create 

a disturbance at the chart recorder and so to distort the shape of a res

onance line. 

In order to determine the frequency of a resonance, the spectrom

eter frequency is slowly varied and the resonance is recorded. The. spec

trometer frequency may then be determined as the peak of the resonance 

is recorded. Alternatively, the spectrometer frequency may·be measured 

before and after the resonance is recorded. The resonance frequency is 

then determined by interpolation on the chart between markers correspond

ing to the two measurements. The first method is subject to errors 

caused by the disturbance of the spectrometer arising from the radiated 

signal of the meter. The line may then be distorted, producing an error 

in the estimate of its center. The second .method avoids this error but 

now an error may be introduced in the interpolation procedure. Because 

of small irregularities the frequency is not a perfectly linear function 

of time. A linear interpolation may then be in error. This error is 

minimized by keeping the measured frequencies close together. Both 

methods were used in the present '-rork. 
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The output filters of the pl:,ase-sensitive detector cause a sys

tematic error in these frequency mee.surements. If these filters have a 

time constant of 20 sec, the peak of the resonance will not be recorded 

until some 20 sec or more after the spectrometer has passed through it. 

If the sweep rate is 1 Kc per minute, then the spectrometer frequency 

will be several hundred cycles. beyond that of the resonance when the 

recorder reaches its peak. In practice, a delay error of about 500 cps 

has been found. This error can be almost completely eliminated by 

measuring the apparent resonance, first with the frequency .rising and 

then with the frequency falling. If the sweep rates are the same in 

both measurements, the delay error is cancelled out by taking the average 

of the two estimates. 

In the present work a resonance was determined by making measure

ments with the frequency alter~ately rising and falling until three pas

ses each way had been made. The average of the six frequencies was then 

taken. Because of small temperature drifts, the temperature was recorded 

for each measurement. If we assume that the frequency is a linear func

tion of temperature over these small regions, the mean frequency cor-:- .. · 

responds to ·the mean temperature. At least two separate sets of such 

measurements were made and compared to determine the frequency of a 

resonance. 

The widths of the resonances were usually between 2 to 5 kc. 

Apparently random deviations of 100 to 200 cps were found in the fre

quency measurements. These probably indicate the accuracy with which 

the center of such lines could be estimated. In some cases, temperature 

differences between measurements were large enough to affect the fre

quencies, but it was usually possible to make some correction for such 

effects. 

Considering the accuracy of the meter readings and the random 

deviations, 300 cps seems to be a reasonable estimate of the accuracy 

of the measurements made in the present work. As an illustration, the 

frequency of the N14 resonance in (CH
2

)6N4 was measured and found to be 

3.3062 Me at 26.6°C. Watkins and Pound obtained 3.3062 ± .0001 Me at 

26.6°c. 
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RESULTS AND DISCUSSION 

Titanium Tetrachloride 

The Cl35 resonance in Ticl4 at about 6 Me was examined with the 

Pound-Watkins spectrometer. The low frequency of the resonance made it 

useful as a check on the spectrometer performance and frequency-measuring 

techniques in the frequency range where the chlorine resonance of thorium 

tetrachloride was expected to occur. 

Most of the measurements were made on a sample of unknown history 

obtained from the chemistry department storeroon. on campus. The material 

had a straw color, originally thought to be due to iron. However, emis

sion spectroscopy and colorimetry using NaCNS as a reagent failed to 
: . 

detect any iron. It was concluded that there could not be more than 20 

p.p.m. of iron. The spectroscopic analysis did not find any other metal

lic ions in the sample. Evaporation of the material left several tenths 

of a percent of nonvolatile impurities. These appear to be titanium 

hydrolysis products and some organic material arising from the attack of 

the n·ottle top by the tetrachloride. Some of the impurities were in 

suspension in the liquid, and being segregated in this way, woUld have 

little effect on the resonance. 

Later a few measurements were made on a second sample drawn from 

a .fresh bottle of "purified 11 material purchased from the Fisher Chemical 

Company. This material was completely colorless, and spectroscopic 

analysis showed no impuritieso 

Some of the frequency measurements were made by interpolating 

between frequency markers 20 kc apart. During this work small nonlineari

ties in the rate of the frequency change were observed. These caused 

small errors in the frequency measurements based on linear interpolation. 

By using several adjacent markers, it was possible to apply corrections 

for the effect of the nonlinearity. The corrections of about 200 or 300 

cps, although approximate, were small enough that they did not contribute 

much to the over-all error. 
r' I. 
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The remaining measurements were made by frequency comparisons at 

the peak of the resonance, as described in the experimental section. In 

this way, the effect of the nonlinearity could be neglected. 

At liquid-nitrogen temperatures, the temperature variation 
0 between .measurements was less than 1 C, and the average of all ftrequen-

cies was assumed to ,correspond to the average temperature. When dry ice 

was used, the temperature varied from ;..70°C to -74°C between various sets 

of measurements. In order to separate the random errors of the frequency 

measurements from the effects of the somewhat random temperatures, the 

results of these measurements were analyzed by a least-squares procedure, 

with a linear relation between frequency and temperature assumed over 

this small range. 

The results of all measurements on both samples are given in 

Table V. The results at -74°C correspond to the actual temperatures 

used, while those at -78°C represent an extrapolation based on the least

squares analysis. The latter results are given for ease of comparison 

with those of other workers done at that temperature. 

Table V 

Frequencies of Cl35 resonances in TiC1
4

, present work 

Temperature Frequencies 

(oc (Me) 

-74.0 5.9354 5.9799 6.0138 6.0495 

-78.0 5.9378 5.9823 6.0166 6.0526 

-196.0 5.9802 6.0380 6.0807 6.1118 

Estimated error: ± 0.0003 Me 

The estimate of error is based on the statistical probable error 

of the mean frequencies, which averaged about 120 cps for the lines listed 

in Table V, and on an estimated possible systematic error of about 100 cps 

arising from the interpolation meter. There may also be a small systematic 

error, less than 100 cps, due to nonlinearity, in spite of the corrections. 
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The temperatures listed may be in error by a few tenths of a 

degree. This error however will be common to each of the four lines. 

The four frequencies refer to a common temperature within a few hun

dredths of a degree. 

The values quoted at dry ice temperature are based on one meas

urement using the purer sample, eight measurements of the low-frequency 

line using the impure s~ple, and six measurements on each of the other 

lines using this sample. The root-mean-square deviations from the 

least-squares fit of the latter measurements for the four lines in order 

of increasing frequency are 420, 450, 430, and 230 cps, while the devia

tions of the former measurements from the same lines are 190, 510, 620, 
and 200 cps. The data thus provide no evidence of a difference between 

the samples. 

Because of the limited amplitude of the Zeeman-modulation field, 

the recorded resonance lines have negative tails on each side of the 

absorption peaks. For this reason and also because of a limited signal-
., 

to-noise ratio, it is difficult to estimate a fundamental line width. 

Nevertheless it seems worthwhile to give some description of the observed 

lines. Using the purer sample and taking the full width at a point half 

way between the positive and negative peaks of the recording, we found 

an average value of 2.5 kc for the four lines both at dry-ice and liquid

nitrogen temperatures. The impure sample appeared to give a slightly 

broader line, especially at lower temperatures, but the results were 

erratic. 

It is difficult.to compare the shapes of the four lines because 

of the somewhat variable results. All that can be said is that the 

present results do not indicate any differences in the widths or in

tensities .of the four lines. 

A typical recording of the spectrum is shown in Fig. 9. Because 

of nonlinearity, the line spacings are not directly proportional to the 

measured frequency differences. 

The chlorine resonance of titanium tetrachloride was first re

ported by Dehmelt, who gave 6.05 Me as the mean frequency of four lines 

at liquid-nitrogen temperature. 100 ~1e present work giving 6.053 Me for 

the mean frequency fully supports Dehmelt. 
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Fig. 9. Resonance of TiCt!
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Later Hamlen and Koski examined this resonance with a super

regenerative spectrometer and reported only three lines, although they 
' 89 

were aware of Dehme.lt 1 s work. The frequencies they obtained are given 

in Table VI. 

Table VI 

Frequencies of Cl35 resonances in TiC14, Hamlen and Koski 

Temperature 

(oc) 

-30 

-78 

-196 

5.922 

5.978 

6.022 

5.963 

6.001 

6.082 

Estimated error: ±. 0.006 

5.988 

6.033 

6.150 

These results and those obtained here are shown graphically in Fig. 10 •. 

The values obtained in the present work are connected by straight lines 

for convenience. These lines are, of course, only first approximations 

to the temperature dependence. 

There can be little doubt that there are four resonances and that 

Hamlen and Koski have failed to Dbserve all of them because of experi

mental difficulties. The difficulties arising in frequency meas·urement 

and in the resolution of multiple lines with a superregenerative spec

trometer have already been mentioned and could readily account for the 

present problem. The quench frequency of such a circuit is usually 

about 0.1% .of the oscillator frequency or in this case about 6 kc. Since 

the resonances are separated by about 30 kc, there may be considerable 

overlapping of the sideband recordings of adjacent resonances. The re

sulting confusion may have obscured one or other of the resonances and 

caused the apparently large error in one of the reported frequencies. 

The existence of four resonances in titanium tetrachloride leads 

to some speculation about the crystal structure of the compound. The 

number of resonances is often an indication of the number of nonequi

valent crystallographic sites occupied by the resonant nuclei. 
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The compounds Sii4, Gei4, Sni4, and TiBr4 are all reported to 
101 

have the same crystal structure, the so-called Sni4 structure. These 

compounds, as well as SiBr4 and GeBr4, for which structures have not 

been reported, all show two lines in their halogen resonances.54,90,l02 

One of these lines is weaker than the other and shows that the asymmetry 

parameter for it is zero. These features are consistent with the Sni4 
structure. 

Four halogen resonances are shown by SiC14, Gecl4, Snc14, and 

SnBr4, three lines being .close together, and one being somewhat lower in 

frequency.54,60 The lines ~11 appear to have equal intensities. Most 

bf these compounds are liquid at room temperature, and no crystal struc

tures have been reported. 

Schawlow54 and Shimomura103 have suggested that these compounds 

.can be grouped according to crystal structure on the basis of the number 

of resonance lines. 

It is tempting to suggest ·that, having four lines probably of 

equal intensity, TiC14 has the same crystal structure as the other tetra

halides having four lines& The relative and absolute spacings of the 

V13Xious tetrahalides with four lines are shown in Fig. 11. The charac

teristic separation of the lines into a singlet and triplet is not 

evident in the case of TiC14., Since the structure of these compounds 

is not known, the significance of the separation is also not known. 

Titanium tetrachloride has a .much lower resonance frequency and greater 

ionicity than the other compounds, so that a difference in the multiplet 

structure might be possible. 

The regularities ~f the periodic table tend to support such a 

structure assignment. The iodides of the group IV metals, silicon, 

germanium, tin, and titanium are all solids having the Sni4 structure, 

while the bromides of.silicon, germanlium, and titanium also have this 

structur~. The chlorides of silicon, germanium, tin, and titanium are 

all liquids and along with SnBr4 definitely do not have the Sni4 struc

ture on the basis of their resonances. It would thus be quite reasonable 

for Ticl4 to have the same structure as the other chlorides. 
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Fig. 11. Spectra of TiC1 4 and other tetrahalides. 
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The structure .of the chlorides does not seem to be known, The 

only clue that has been offered is by Shimomura.
104 

He argues on the 

basis of the number of resonances and Zeeman studies that the lattice 

consists of regular tetrahedra in a unit cell of monoclinic symmetry. 

The chemical implications of the chlorine resonance in titanium 

tetrachloride have been discussed by Hamlen and Koski. 89 Taking the 

average frequency of the resonances ~t -78°c, 6.0 Me and using the simple 

approach of Townes and Dailey allowing 15% s hybridization and no double 

bonding, one gets an estimate of 13% for the covalency of the Ti-Cl bond. 

This value is plotted on a graph of the Townes and Dailey relation be

tween ionic;tty and electronegativity in Fig. 12. The electronegativity 

of the titanium is taken as 1.6.62 , 105 Also plotted for comparison is 

the ionicity in TiBr4 derived from the study of the bromine resonance 

by Barnes and Engardt.90 Both points have appreciable deviations from 

the curve. Taken by itself, the deviation of the TiC14 point might not 

be too significant, since the deviation is only a little larger than 

those of the points defining the curve. However, the larger deviation 

of TiBr4 invites a closer examination of both .cases. 

Hamlen and Koski suggested that additional s hybridization, ~ 

bonding, or.both might be causing the TiC14 result. Barnes and Engardt 

suggested in their case that intermolecular bonding or an error in the 

titanium electronegativity might be responsible. Each of these factors 

could be a cause of the deviations, but some are not too likelyP 

If the electronegativity of titanium were 1.3 instead of 1.6,. 

both points would.be brought quite close to the curve. Such a value 

would be rather low for a transition metal. In addition, at least four 

different approaches support a .value of 1.6 or 1.7 for titanium. These 

include bond energies, force constants, electrostatic estimates, and 

work functions. 105 There is thus no support for a .reduction in the 

electronegativity of titanium. It should also be noted that regardless 

of the value used for titanium, there is still the question of why both 

compounds should be equally ionic when the electronegativities of the 

two halogen differ by 0.2. 
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The suggestion that intermolecular bonding is at work is very 

difficult to accept, especially for TiBr4 ~ If the coupling constant of 

the bromine is to be reduced from that due to 43% covalency expected 

from the electronegativities to that of the 14% covalency observed, the 

intermolecular bonds would have to be fairly strong. The low melting 

points of the titanium halides reflect low heats of fusion. These 

heats are about 2 kcaljmole for both TiC14 and TiBr4 and are among the 

smallest found for any of the tetrahalides aside from the carbon halides7°6 

These energies are smaller than those of many hydrogen bonds and some Van 

der Waals forces, and are very strong evidence that there can be no .di

rected covalent intermolecular bonds of any appreciable strength. 

The suggestion of s hybridization does not seem too acceptable 

either. The relation between the ratio p of the observed frequency to 
. q 

the frequency of a covalent single bond, and the amount of s hybridiza-

tion a;, the:;d2onicity ~' and the 1C character y1C was derived in the 

theoretical introduction and is 

2 
p = (l - a ) (1 = ~) - 1/2 r1C • q s 

Using this equation and neglecting 1C-bonding, we find that about 75% s 

hybridization would be required in the bromide and 55% in the chloride 

to account for the experimental results. As discussed in the theoretical 

section, such large hybridizations are not to be expected in bonding 

orbitals on the basis of overlap and energy considerations. 

Hamlen and Koski point out that s hybridization is favored by 

high ionicity. This is true, but it does not require such high values. 

In any case the curve of Townes and Dailey is derived from compounds 

having ionicities equal to or greater than that of TiC14, with only a 

constant 15% allowance b~~ng made for hybridization. Thus the deviation 

of TiC14 from the curve cannot be due to..additional s hybridization in

duced by the ionicity. 

The remaining suggestion for the deviations is 1C bonding, and 

this seems more plausible. Turning to the above equation and allowing 

15% s hybridization and the ionicity predicted by the Townes and Dailey 
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curve, 54% 1! character is required for the Ti-Br bond and 20% for the 

Ti-Cl bond. Twenty percent is perhaps an acceptable value, 54% seems 

a bit high; However, it is thought -·~hat the higher halogens are in-

.. creasingly capable of forming partial 1t bonds . 107 Such a difference in 

1! bonding would avoid the necessity of concluding that both halides are 

equally ionic in spite of the difference in the halogen electronegati

vities. Somewhat smaller amounts of 1t bonding may perhaps be present, 

so that some deviation from the Townes-and-Dailey relations still occurs. 

Since, as was pointed out initially, the deviation of TiCl4 is not much 

larger than is usual, the approximate nature of the relation does not 

require very much 1t character. In the case of TiBr
4

, a larger amount 

of 1! character would appear to be necessary. However, the amount need 
( 

not be as great a~ 54%; 35% might suffice. 

Thus, in summary, the resonance results are consistent with an 

:i.onici ty for Ticl4 somewhere between the 75% predicted by the Townes

and-Dailey relations and 87% and with a double bond character somewhere 

between 20% in the first case and O%. For TiBr4, the ionicity is prob

ably not as high as 86% but may be above the 57% predicted from the 

Townes and Dailey relation. There is probably appreciable 1! bonding, 

but not more than 54% and perhaps less. 

A few of the physical properties of TiCl4 will now be considered 

in the light of the above conclusion that the ionicity of the compound 

ts of the order of 80%. This discussion will be of value when ThCl4 is 

discussed later. 

Ionic compounds, such as sodium chloride and magnesium oxide, 

frequently have very high melting and boiling points. On the other hand, 

covalent compounds, such as methane and carbon tetrachloride usually have 

low melting and boiling points. Such temperatures are sometimes cited 

as support for the assignment of bond types. 

The melting point of TiCl4 (-25°C) and the boiling point (l36°C) 

E..re certainly quite low. However, these values do not give any indication 

of the nature of the bonding in such a compound. The vapor consists of 

monomeric TiCl4 molecules. Since the entropies involved in these transi-
106 tions are normal, the temperatures indicate that the heats of transition 
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or the energies holding the molecules t'--.gether are low. The heat of 

fusion is about 2. 2 kcaljmole while the heat of vaporization is about 

8.4 kcal/mole. The thermal data say only that the TiC14 molecules do 

not attract each other strongly, but they say nothing about the intra

molecular bonding. 

In Cl2, the bond is covalent. Since no additional covalent 

bonds can be found by these atoms, and there are no ionic charges, the 

molecules have no strong attractions, and the transition temperatures 

are very low. However, as Van Arkel has pointed out, certain ionic 
108 

molecules can behave the same way. These are the so-called "shielded" 

or "screened" molecules, in which a small central ion is surrounded by 

larger ions of the opposite charge. The surrounding negative ions are 

sufficiently large and so oriented that they prevent the close approach 

of any other negative ions to the central positive ion. Negative ions 

from neighboring molecules cannot then form strong electrostatic bonds, 

because the electric field of the central positive ion is opposed by 

the field of the surrounding negative ions. Two such molecules cannot 

attract each other electrostatically, and since.the ions have closed 

shells, they cannot form intermolecular covalent bonds. Thus such an 

ionic compound forms a weak molecular lattice. 

Titanium tetrachloride which is a regular tetrahedron in the 

vapor presumably forms such a molecular lattice. The low transition 

temperatures are thus consistent with predominantly ionic intramolecular 

bonds in this compound. 

Another physical property that is sometimes related to the type 

of bonding is the electrical conductivity at the melting point. A high 
-1 - -1 

equivalent conductivity such as 134 ohms em for NaCl or 29 ohms em for 

MgC12 is characteristic of ionicalJ:y bonded compounds, whereas covalently 

bonded compounds such as cc14 have zero conductivity at the melting 

point.
108 

Zero conductivity is reported for TiC14 at its melting point.
108 

Once again, however, this value is not inconsistent with ionic intra

molecular bonding. 

If the above interpretation of a molecular lattice of predomi

nantly ionic molecules is correct, at the melting point the thermal energy 
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is sufficient to break the weak intermolecular bonds but not the very 

much stronger ionic intramolecular bonds. Thus no ions w.ill appear in 

the liquid of such a "shielded" ionic compound. If the central anions 

were not well "shielded", strong ionic bonds would form between the 

molecules. At the melting point when the thermal energy was great enough 

to break these bonds it would also break at least a fraction of the intra

molecular bonds. Thus, in the "unshielded" ionic case, some ions and 

hence some conductivity would be expected at the melting point. 

If the TiC14 molecule were completely ionic it would be possible 

to calculate the heat of formation by the method of Born and Haber. 108 

Although the crystal structure is not known, an estimate of the lattice 

energy could be obtained from the heats of fusion and vaporization and 

an electrostatic calculation of the energy of the gaseous molecule. Such 

a procedure indicates that a completely ionic structure would have a 

positive heatof formation. 

Thus, some additional stabilization is required, and the partial 

covalence of the bonds must provide this. Attempts to calculate the 

energies involved in the case of mixed bonding can have little meaning, 

however. One of the largest terms in the Born-Haber calculation is the 

energy required to ionize the titanium to the +4 state. In the partially 

ionic case, complete ionization of the titanium does not enter the prob

lem, and the uncertainty in the energy required now would be sufficient 

to invalidate any calculation. 

An interesting point arises if one attempts to calculate the 

resonant frequency to be expected in _TiC14 assuming a completely ionic 

molecule. The principal contribution comes .from the titanium ion with 

its +4 charge at a distance of 2.18 A from- the chlorine nucleus. Neg

lecting the polarization of the closed shells of the chlo~ine, such a 

charge would result in a resonant frequency of about 1 Me. The charges 

of the other three chlorine atoms would reduce th~s value by about 10%, 

and the remainder of the lattice would have an additional small effect. 

In addition the Ti-Cl bond length is probably slightly different in the 

solid from the gaseous value used here. However, the estimate of the 

frequency should _still be accurate to better than an order of magnitude. 
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If, now, the antishielding effects estimated by Sternheimer45. 

and Das49 are considered, the resonant frequency must be multiplied by 

the antishielding factor for chlorine. The expected frequency for the 

fully ionic case then becomes about 50 Me. 

As the assumed ionicity decreases, the ionic contribution to the 

resonant frequency will decrease to zero when the ionicity is zero. At 

the same time the covalent contribution to the frequency will increase 

from zero in the ionic limit to 55 Me in the covalent limit. For inter

mediate ionicities the two contriqutions should add, yielding about 50 

Me in all cases. 

On this basis it would not be possible to have a resonant fre

quency of 6 Me in TiC14. This result supports other evidence, cited in 

the theoretical discussion, that the antishielding factor fails to 
' ' 

describe the situation by at least an order of magnitude. 

Turning to the temperature dependence of the resonant frequen

cies, one can say little except that the behavior conforms to that ob

served in most other compounds. The average temperature coefficients 

over the range from -196°C to -78°C are -0.37, -0.48, -0.55, and -0.43 

kcj°C for the .four lines in order of increasing frequency. The relative 
-4/o coefficient is thus a little less than 10 C. From the parameters 

obtained in the least-squares treatment of the results at dry-ice tem

peratur~~ the values obtained for the coefficients at that temperature 

are -0.60, -0.60, -0.70, and -0.78 kcj0 c, in the same order as above. 

The accuracy of these latter results may not be very great, but they do 

suggest that the coefficients become more negative as the temperature 

rises. Such a downward curvature of the frequency ~ temperature is the 

expected and generally observed behavior. 

It is also difficult to say very much about the line widths. As 

was pointed out, .the value of 2.5 kc is, at best, a first approximation 

to the true line width for the sample. 

An important cause of line broadening is the magnetic dipole

dipole interaction. It is also the only mechanism for which a good 

theoretical treatment is available. Abragam and Kambe109 following Van 
110 Vleck have given formulae for thG second moment of the resonance line 
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in several cases. These equations are not explicitly temperature-dependent 

and to this extent are consistent with the observations reported here. A 

detailed knowledge of the crystal structure is necessary to apply these 

results, and this is not available for Ticl4 • Considering the form of the 

equations and the chlorine-chlorine distance in the gaseous molecules --

3.56 A -- a full-width at half maximum somewhat in excess of 1.5 kc might 

be expected. These numbers do not have too much significance, but they are 

reassuring. 

Thorium Tetrachloride 

On the suggestion of Professor B. B. Cunningham, a search for the 

chlorine resonance in thorium tetrachloride was made in an attempt to gain 

new information relating to the ionicity of this compound. 

The resonance was discovered and the frequency measurements were 

made by using a sample of about 10 gm prepared with the aid of Mr. J. D. 

Axe. The tetrachloride was produced by reacting several strips of high 

purity thorium metal with chlorine gas at about 400°C in a quartz system. 

The product was then sublimed under reduced pressure at about 750 to 

8o0°C. The final sample was quite dense and crystalline. 

The resonance was later observed in smaller samples from two com

mercial sources. Because of the smaller size and possibly because of some 

hydrolysis, these samples did not give very strong signals. For this rea

son, precise frequency measurements were not attempted with these samples. 

The observations support the results obtained w~th the sample described 

above. An x-ray-diffraction powder pattern on both of these samples 
111 yielded the same results as those found by Mooney. 

All the work was done with the Pound-Watkins spectrometer. Fre

quency measurements were made at the peak of the recorded resonance in 

all but one case. In that case, for a trial the oscillator was held at 

various frequencies in the n:eighborhood of the resonance. The recorder 

deflections were then plotted as a function of the,ee frequencies and the 

mean frequency of the resonance c'urve was determined graphically. The 
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result appeared to be consistent with the other measurements and was 

included in the over-all average. This method eliminates errors due 

to interpolation and the lag of the filter circuit. However, it is 

tedious and subject. to difficultieE: because of the frequency instabi

lity of the spectrometer oscillator. 

The temperature coefficient of the resonant frequency was found 

to be very small, so that at 25°C and -74°C the mean frequency of a 

group of measurements was assigned to the mean temperature of the group. 

Table VII gives the mean frequencies and temperatures found, 

together with the number of sets of measurements involved in the aver:-

ages and the assignment of the frequencies to the chlorine isotopes. 

Isotope 

Cl35 

Cl35 

Cl35 

Cl35 

Cl37 

Estimate 

Frequency 
(Me) 

5.9193 

5.9199 

5.9202 

5.9181 

4.6645 

of error ± 

Table VII 

Temperature Number of Sets 
(oc) 

25.3 3 

o.o 2 

-74.0 4 

-195.9 2 

-195.9 1 

0,0003 Me 

A chart recording of the resonance is shown in Fig. 13. 

The over-all estimate of error is the same as in the TiC14 
measurements. The standard deviation is smaller in the ThC14 measure

ments, but fewer measurements were made, so that the probable error is 

similar. 

The ratio of the frequencies at -195°C is 1.26876. The ratio 

of the frequencies for the two isotopes in other compounds varies from 

68 6 15 1.2 5 to 1.2 90. The good agreement supports the accuracy of the 

measurements given here and the assignment of the frequencies to the 
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. chlorine isotopes. The signal-to-noise ratio .for the Cl37 line was ap

preciably less than for the Cl35 line. This is to be expected, since 

the abundance of c137 is one-third that of Cl35. Unfortunately the 

signal-to-noise ratio for this resonance decreases as the temperature 

increases. The decrease is sufficient that it was not possible to 

determine the frequency of the Cl37 resonance .at higher temperatures. 

· The existence of only a single resonance for each isotope implies 

that all the chlorine atoms occupy equivalent sites. In other words, the 

chlorine sites can differ only by symmetry operations. This result is to 
111 be expected from the crystal structure reported for ThC1

4 
by Mooney. 

Thorium tetrachloride has tetragonal symmetry, the classification 

being Dt~ or I4jamd. There are four molecules per unit cell, the di

mensions being a = 8.490 A and c ~ 7.483 A. [Other references112, 113 
0 0 111 

suggest that the values given by Mooney (8.473 A and 7.468 A) are 

actually kX units in spite of their designations as angstroms.] Each 

thorium is surrounded by four chlorines at 2.47 A and four more at 

3.11 A. The four nearest chlorines have a configuration intermediate 

between a square plane and a regular tetrahedron. The bonds of these 

four chlorines make angles of 15° above and below the plane of s~etry, 

while a regular tetrahedron would give angles of 35°. The four distant 
0 

chlorines make angles of 53 a'Qove and below the plane. These are near 

neighbors of other thorium atoms. The chlorines differ only in the 

orientation of their bonds. 

Taking the resonant frequency of 5.9 Me and using the equation 

of Townes and Dailey, ~ = v b (Mc)/0.85x55, which allows for 15% s 
0 s 

hybridization, we obtain an estimate of 87% ionicity for the Th-Cl bond. 

The electronegativity of thorium has been given as 1.4.105 From these 

data, a point may be plotted on the ionicity ~ electronegativity curve. 

In Fig. 14 it can be seen that ThC14 lies very close to the relation of 

Townes and Dailey. The resonance data for ThC1
4 

thus suggests a .high 

ionicity and offer no evidence for ~ bonding. 

This conclusion of high ionicity contrasts with that of Zachariasen 

that the bonding is "predominantly covalent."ll3 Mooney in an early re

portstated that the bonding "approaches the covalent type more closely 
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114 than the ionic type': Later however she said only that the bonding 

"must be regarded as partially covalent in cha.racter. nlll 

These statements are based on the crystal structure of the 

compound. If the chlorines were in a regular tetrahedron around the 

thorium, it would not be possible to say anything about the bonding, for 

such an arrangement .could arise from either covalent or electrostatic 

bonds. The chlorine arrangement around the thorium is not that of a 

close-packed coordination structure. On this basis, it can be said that 

the bonding is not purely ionic. Some covalency is necessary to account 

for the more elaborate arrangement that is found. 

The question of whether such covalency needs to predominate in 

the bonding is another matter. The question would have to be determined 

from the energies required for the various structures. Perhaps a small 

amount of covalency would be sufficient to change the structure from the 

regular tetrahedron, which might result from ionic interactions, to the 

flattened tetrahedron which is found. The method of making such a 

calculation involving mixed ionic and covalent bonds does not seem 

obvious. 

Partly on the basis of the ThC14 structure and partly from other 

thorium compounds, Katzin has suggested that the coordination number of 

thorium may be 8.115 If the ratio of the ionic radii of the two atoms 

is taken, the value 0.99/1.81 = 0.55 is obtained. This value is within 
. 64 

the range allowed for a coordination number of six. However, the 

observed solid-state bond length of 2.47 A is much shorter than would 

be predicted. If the contraction arose largely in the chlorine, the 

ratio might decrease toward the limit of 0.41, below which four-fold 

coordination occurs. Of course, in the vapor the coordination number is 

four. If the radii are such that the ratio is near a .division between ·. 

two coordination numbers, a. small amount of covalency might have a .strong 

effect on the structure. Thus it appears that while the st.ructure indi

cates some covalency, it does not demand that covalency predominate. 

Turning to the physical properties of ThC14 we find that some of 

these are quite different from those of Ticl4 , although the resonances 

suggest that both are ab.out 87% ionic. Thus ThC14 melts at about 770°C 
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in contrast to -25°C for TiC14, while the electrical conductivity is 16 
-1 -1 . 108 ohm em at the melting point for the former and 0 ohm em ~or T~c14 . 

In many cases such differences would be indicative of a difference 

in bond type. However, following the discussion given for Ticl4 and· con

sidering the structure of the ThC14 lattice, one concludes that these dif

ferences are more likely the result of differences in crystal structure. 

The structure described above for ThC14 involves a flattening of 

the tetrahedron found in the vapor. Four additional chlorines from neigh

boring molecules appear to be bonded to each thorium. These additional 

bonds with lengths of 3.2 A appear to be too long to have much covalent 

character. If, however, the molecules are largely ionic as suggested 

above, an appreciable electrostatic attraction is possible at this dis

tance. Thus a strong intermolecular binding is possible in this structure, 

because the thorium ions are no longer "shielded." As a result, the 

melting point of ThC14 is fairly hi~, while that of the "shierlded" TiC14 
is low, although both are highly ionic. 

The intramolecular bonds will be stronger than the intermolecular 

bonds because of the shorter length and because of the partial covalency. 

However the strengths of the two types -of bonds will not be as greatly 

different as they are in TiC14. Thus, when enough thermal energy has been 

added to break the intermolecular bonds and melt the ThC14, some of the 

intramolecular bonds will also be broken. Some ions will be produced at 

the melting point, and thus some electrical conductivity may be expected. 

In NaCl both types of bonds are the same, and so at .the melting point 

many ions are produced and a large conductivity results. In TiC14, the 

intermolecular bonds are so weak_ that they break at such a low temperature 

that no intramolecular bonds are broken and no conductivity occurs. 

Seaborg and Katz state that uc14 is soluble in polar solvents but 

insoluble in nonpolar solvents. 116 This compound has the same structure111 

and pres.umably the same type of bonding as ThC14• The solubility thus 

supports a high ionicity for ThC14. The polar compounds probably form 

electrostatic coordination complexes with the ionic molecules to make the 

solution more stable than the solid. A nonpolar solvent could not inter

act in this way, although it might form covalent complexes. The solubi

lities thus suggest that ionicity must be present. Thus in both TiC14 
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and ThC14 the physical properties, although different, are consistent 

with a high ionicity. 

A simplified Born~Haber c~lculation similar to that made pre

viously for TiCl
4 

may be attempted for Thcl4 • The ionization potentials 

of thorium have not been fully measured. The third and fourth potentials 

are 20.0 ev and 28.7 ev respectively, from spectroscopic analysis, while 

the second potential has been estimated by extrapolation methods to be 

11.5 ev.
11

7 The first potential has not been determined ex estimated. 

If 6 ev is taken as a possible value, a calculation may then be made •. 

6 
64 . Using the vapor-phase bond length of 2. l A and a heat of sublimation 

of ThCl4 of 50 kcal, we estimate the heat of fortnation of the solid to 

be 25 kcal/mole. This number is smaller than the error of the estimate. 

The experimental value is -284 kca1. 118 Thus again, a purely ionic 

lattice would not be as stable as the compound is observed to be. Some 

covalency is necessary, but the amount would be difficult to determine 

on this basis. 

An interesting feature of the structure of ThC14 is the change 

in bond length upon crystallization. In the vapor phase, the bond length 
69 . lll 

is 2 61 ± .03 A, while in the solid, the length is 2.47 A. The 

author does not estimate the accuracy of the latter length. From the 

accuracy with which the unit-cell dimensions and parameters are given, 

the error must be at least 0.02 A and is probably greater than this. 

The shortening on crystallization may thus be 0.14 A. In contrast, in 

NaCl the interionic distance increases by 0.30 A in going from the gas 

to the solid. The distances are 2.51 A and 2.81 A respectively. The 

b h i f 1 di t •t t• 1 108 1 . e av or o NaC may be pre cted quan ~ a ~ve y. The exp anat~on 

is that the chlorine ion in the solid is surrounded by additional posi

tive ions which oppose the attraction of the single positive ion that 

was paired with the chlorine ion in the gas. 

It appears that the shortening of the bond in the solid ThC\ can 

also be explained electrostatically. A given thorium ion attracts not 

only its own four chlorine ions but also four chlorine ions for neigh

boring molecules. The attraction for these more-distant chlorines will 

tend to compress the shorter ThCl bonds. A rough calculation of the 
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effect was made by using only the thorium ion and one near and one distant 

chlorine ion. A repulsive potential of the form B/r9 was assumed between 

the thorium and the nearer chlorine. The other two bonds were assumed to 

be rigid with the observed lengths. Considering the force along the bond 

in question, we found a shortening that was one half of the observed 

shortening. Thus it appears that the shortening may be due largely to 

electrostatic effects. A significant refinement of. the estimate consider

ing all near neighbors would become fairly complex. 

As in the case of Ticl4, an estimate of the resonant frequency on 

a purely electrostatic basis may be made. If we consider only the predomi

nant effect·of the nearest +4 ion on the chlorine arid neglect the polari

zation of the closed shells, a .frequency of about 0.7 Me is found. The 

antishielding factor of 50 raises this frequency to about 37 Me. Again 

it must be concluded that the antishielding factor does not describe the 

actual state of affairs. 

The frequency of the Cl35 resonance in ThC14 is plotted as a 

function of temperature in Fig. 15. It is evident that the frequency 

doesnot follow the monotonic decrease with increasing temperature of 
-4/o the order of 10 C predicted by the Bayer theory and usually observed. 

· 4 -6/o The maximum relative temperature coefficient for ThC14 is about x 10 C, 

being nearly two orders of magnitude less than usual. 

Five other compounds have been reported with resonances having 

positive temperature coefficients. The resonances are bromine in TiBr4, 90 

chlorine in wc16,8o arsenic and iodine in Asi
3

, 88 copper in KCu (CN)
2

,87 

and I2.43 

For I 2 , the suggestion.has been made that the weakening of inter

molecular bonds with increasing temperature is responsible for the posi

tive coefficient. 43 Such bonds have been inferred from the rather large 

asymmetric parameter of ~ = 0.18. 

It would be difficult to say very much about the arsenic resonance 

in Asi
3

• The arsenic atom is at the center of an approximate octahedron 

of iodine atoms. If the·octahedron were perfect, the resonant frequency 

would be zero because of symmetry. The observed frequencies of 29 and 
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32 Me are nearly an order of magnitude less than what is usually observed 

for arsenic. 88 It would appear that the field gra,dient at the arsenic is 

the small difference of rather larger gradients produced by each of the 

iodines. The frequency will then be very sensitive to small changes in 

the structure as the temperature changes. 

The only other explanation offered for these compounds comes from 

Barnes and Engardt.9° By pressure studies they showed that the increase 

in the resonant frequency in TiBr4 is due to the dimensional changes in 

the lattice, rather than thermal-vibrational effects. They state that 

the effect "may.be due to intermolecular hyoridization of the metal~halogen 

bond caused by the approach of nearest-neighbor molecules~ This statement 

is not too clear; however, in previous discussion in this thesis, the pos

sibility of intermolecular bonding was discounted. 

Three of the halides having unusual temperature coefficients are 

fairly ionic. These are ThC14, TiBr4, and wc16 • The latter two lie some 

distance off the Townes-and-Dailey curve as shown in Fig. 14. It is 

tempting to believe that a common factor is at work in these compounds. 

For comparison, the temperature dependence of TiBr4 and wc1
6 

is shown in 

Fig. 16. Two rough frequency measurements made here on wc16 tend to sup~ 

port the puolished results. 

Two possible explanations seem very unlikely in the case of TiBr4. 
Earlier it was suggested on the basis of the heats of fusion and vapori

zation that intermolecular bonding was unlikely in this compound. An 

additional argument is that the resonant frequency and its temperature 

coefficient show no evidence of the thermal transition point reported 

at -15°c. 90 If this is a cryptallographic transition, then the neigh

boring molecules can have very little e.ffect on the resonance. 

In chlorine and bro.mine, the nuclei have spins of 3/2. In these 

cases it is not possible to resolve the values of the electric field 

gradient q and the asymmetry parameter ~ from the frequency measurements 

ala~. However, TiBr4 is reported to have the Sni
4 

structure, and the 

two-line resonance spectrum is consistent with such a structure. One of 

these lines arises from a Ti.,.Br bond, which lies along a crystalline 

,, 
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axis of three-fold symmetry. In such a .situation the asymmetry parameter 

must be zero and must remain so as the temperature changes. This conclu

sion has been verified for the tetraiodides having this structure. 102 ,ll9 

Thus in TiBr4 the positive temperature dependence of the frequency must 

result from the effect of changing lattice dimensions on the field gra

dient q, but not on 1). 

A possible explanation is suggested by the discussion given 

earlier of the resonant frequency in TiBr4. It was concluded that 35% 

or more of 1£-borid character would most satisfactorily account for the 

deviation of this compound from the Townes-and-Dailey curve. The devi

ation of wc16 is even greater, and similar arguments would suggest con

siderable double -bond character in this compound. 

It is usually considered that a full double bond reduces a bond 

length by 0.2 A.59 If it is ·assUm.ed that thermal expansion reduces the 

1f bond as a result of decreased overlap, the electric-field gradient at 

the nucleus must increase as a result of this mechanism. Taking a typical 

linear thermal-expansion coefficient of l0-51°C, a typical bond length of 

2.5 A, and the reduction of 0.2 A for a 1f bond, we find that the 1£-bond 
-5· -41o character must decrease by 2.510.2 x 10 = 1.2 x 10 C. From the re-

lation between resonant frequency and bond type, 

it can be seen that appreciable 1t•bond character could contribute a posi

tive term to the temperature coefficient about as large as the negative 
-4 0 . 

coefficient .10 I C usually expected. It is noteworthy that the largest 
-4 0 positive coefficient among these three halides is about 10 I C and is 

shown by wc16 . Since this compound lies ·so far from the Townes -ana:-Dailey 

curve, it may have a very large 1£-bond character. 

This explanation is similar to that proposed by Oka and co-workers 

for the increase in the coupling constant of the halogen in the higher 

vibrational states of gaseous ICN and BrCN. 84,B5 

In several ways, the resonance of ThC14 is similar to that of 

TiBr4. Both have quite low resonant frequencies, and the form of the 
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temperature dependence is similar, although the ThC14 curve is flatter. 

Both curves rise to a maximum and then decrease at higher temperatures. 

It seems quite possiqle that the temperature dependence is in

fluenced by the same factor in both ThC14 and TiBr4 • In other words, a 

reduction in double-bond character with increasing temperature may cause 

the very small temperature dependence in Thcl4• 

Such ~ bonding could be induced in the solid through greater over

lap as a .result of the bond shortening described above. Although the 

total shortening on crystallization, 0.14 A, seems to be better explained 

electrostatically than by double-bond character, nevertheless a small 

amount of ~ bonding may ·result. As the primary electrostatic bond ex

pands on heating, the overlap and n: character will decrease. 

The fact that ThC1
4 

conforms so well to the Townes and Dailey 

curve led to the suggestion above that there was no evidence for ~ bond

ing. There are two factors that may have some bearing on this contradic

tion. The first is that the curve is not too well defined, especially 

toward its .central position. The second factor is that the electronega

tivity of Th+4 (1.4) is based on only one method. This is Gordy's electro

static approach, in which the electronegativity is determined from an esti

mate of the screened electrostatic potential at the covalent radius. 62 

Such estimates usually agree with.Pauling 1 s estimates of electronegativity 

to within 0.1 unit. However, in the case of another heavy tetravalent 

atom, lead, the various estimates of electronegativity differ by several 

tenths of a unit. 61 If the electronegativity of Th+4 were say, 1.6. and 

more like the transition metals, then the resonant frequency would be 

more consistent with some double bonding. 

The preceding discussion of n: bonding has of necessity been rather 

speculative. There seems to be little useful information available on the 

subject. If Zeeman studies. were made on the ThC14 quadrupole resonance 

using a single crystal it would be possible to determine the asymmetry 

parameter ~. From this number and its temperature dependence, it might 

be possiole to get .an independent measure of the ~ bonding and its varia

tion. 
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ThB 120 113 N Cl 121 d l 111 All of the compounds r 4 , Pac14, , p 4 , an UC 
4 

have the same structure as ThC14 and, particularly in the case of the 

chlorides, presumably have similar bonds. For comparison with the re

sults in ThC1
4

, the bromine quadrupole re:sonance and its temperature 

dependence in ThBr4 would be of interest. If the compound is similarly 

ionic, the resonance would be at about 50 Me. Greater covalency would 

result ,in a higher frequency. From the discussion of the titanium hali

des, the ThBr4 might have more double-bond character than the chloride 

and so might also show an unusual temperature dependence. However, with 

the bromide as with the chloride, it would not be possible to resolve 

the asymmetry parameter, and so the double-bond character would not be 

explicitly determined. 

The three chlorides mentioned above are all paramagnetic. As a 

result, it seems unlikely that a quadrupole resonance could be observed 

in these compounds. Nuclear magnetic resonances have been observed in 

a few paramagnetic compounds, particularly fluorides. 122 In these cases 

the covalency is about 1% or less, so that the unpaired paramagnetic 

electrons of the central ion have little interaction with the resonant 

nuclei of the ligands. As the covalency increases, the paramagnetic 

electrons broaden the resonance lines. It seems probable that the re

sonance would be too broad to observe if the covalency were greater than 

3% in the fluorides. 123 Both relaxation times T
1 

and T2 are approxi

mately inversely proportional to the square of the hyperfine interaction 

of the resonant atem. 122 It appears that the interaction constant of 

chlorine is somewhat greater than that of fluorine so that the upper 
122 124 limit of covalency must be reduced below 3% for chlorine. ' The 

resonant frequency would then be less than 1 Me, and the resonance would 

be.difficult to observe, because of an adverse signal-to-noise ratio. 

In connection with the quadrupole resonance in ThC14, it would 

be of some interest to study the electron paramagnetic resonance in Pac14, 

uc14 , and Npc14 • These compoundB could be magnetically diluted with the 

isomorphous ThC14 • It has been found in the-paramagnetic resonance of 

some complexes of the transition metals that a few percent of covalent 

bonding can be detected. Such covalency can reduce g values and the 



hyperfine splitting due to the metal, while at the same time introducing 

new splittings.
12

5 These additional splittings ~ise from the hyperfine 

interaction of the paramagnetic electrons with the nuclei of the ligands 

as a result of the covalency. From such effects, it is possible to esti

mate the magnitude of the covalency. Since the symmetry at the anion 

site, s
4

, is far from octahedral, the interpretation of the results may 

be difficult. If possible, however, the results would be of interest in 

comparison with those for ThC14 • 

Turning finally to line shape, the full line width at -74°C is 

roughly 2. 6 kc at half maximum. This value is similar to the one re

ported above for TiC14 and is of the magnitud~ expected on the basis of 

dipole-dipole interactions. The signal-to-noise ratio decreased ap

preciably as the temperature increased from -196°C to .25°C. A decrease 

by about a factor of four over this range would be expected simply be

cause of thermal population of the levels if the relaxation times do not 

change too much. In view of the crude nature of these observations, 

there seems to be no point in further discussion of them. 

Niobium Pentachloride 

The resonances to be reportedl:~here were discovered and measured 

using about six grams of NbC1
5 

obtained from Dr. R. E. Elson of the 

Lawrence Radiation Laboratory, Livermore. The material was fl. yellow, 

crystalline powder with considerable variation in grain size. Spectros

copic analysis did not reveal any impurities. 

An x-ray-diffraction powder pattern was m,ade. While there was 

considerabl~ agreement with the pattern published by Douglass and 

Staritsky,
126 

several of the strongest lines reported by these workers 

were either weak or absent. Melting the sample did not change the pat

tern. The discrepancy was discussed with Dr. D. E. Sands of Livermore 

who, along with Dr. A. Zalkin, worked out the structure of NbC1
5

.
12

7 He 

felt that the problem of the missing lines was not too serious because 

they had had trouble with i.Iripurities of various niobium oxychlorides and 
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subhalides as well as with crystalline stacking faults. They found no 

evidence of any other phases or structures. 

A second sample of about 20 gm of NbC1
5 

was obtained from Dr. 

R. M. Horning of the Stauffer Chemical Company, Richmond, California. 

This sample behaved identically in all respects with that obtained from 

Elson. It was used in subse~uent searches for chlorine resonances, and 

several of the resonances found with Elson's sample were confirmed with 

it. However, it was not used for any precise measurements. 

Niobium-93 has a spin of 9/2. As a result, four principal re

sonance lines are expected. The fre~uencies determined for these lines 

at 24.5°C and -195.6°C are listed in Table VIII. Each of these values 

is the result of two sets of fre~uency measurements made with the Pound

Watkins circuit as the recorder passed the peak of the resonance. At 

room temperature, the temperature of the various measurements varied 

by, at most, 1.5°C. A small correction not exceeding 50 cps was applied 

to the three higher fre~uencies to bring them to the temperature of the 

lowest fre~uency. This was done because the temperature coefficient of 

the lowest fre~uency line is much larger than that of the others. The 

correction was based on the over-all temperature coefficient between 

-196° and 25°C. At li~uid-nitrogen temperature, the variation was, at 
0 most, 0.3 C, and the only correction was one of 10 cps to the line at 

6 Me. 

Additional lines due to Nb93 were observed, and their fre~uen
cies are listed in Table VIII. The line at 11.5 Me was measured by 

comparing several recordings of the line with' fre~uency markers on the 

chart. The sweep rate was slow enough that no error was caused by the 

lag of the filter circuits. The line at 21 Me was determined in a 

similar way, except that the superregenerative circuit was used. 

For a check on the accuracy of. the measurements made with the 

superregenerative circuit, the fre~uency of the niobium line at 12.9 

Me was measured. The comparisons were made as the peak of the res

onance was recorded. The true central fre~uency of the oscillator was 

determined by measuring the fre~uency of several recorded sidebands 
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Table VIII 

Frequencies, in megacycles, of resonances in NbCl
5
a 

Transition Observed 

Nb93 l/2 - 3/2b 5.42287 

Nb93 3/2 5/2b 6.06211 

Nb93 5/2 - 7/2b 9.56123 

Nb93 7/2 - 9/2 
b 

12.90320 

Nb93 l/2 - 5/2c ll. 486±0. 002 Me 

Nb93 l/2 - 7/2c 21.046
7
±.001 Me 

Nb93 7/2 - 9/2c 12.9039
7
±.0005 Me 

c135 l/2 - 3/2 13.05814 
d 

Cl37 l/2 - 3/2 l0.2909f 

Calculated 

5.42286 

6.06185 

9.56127 

12.90330 

ll. 4847 

21.0460 

12.9033 

Observed 

5. 71543 

6.05164 

9. 54663 

12.91323 

13.280e 

. 10. 476e 

aParameters used in calculation of Nb frequencies are: 

Calculated 

5.71542 

6.05133 

9. 54663 

12.91339 

eqQ 78.080
9

±0.002 Me 

0.32249±0.00002 

-195. 7°C 

78.260 4±0.002 Me 

0.34974±0.00002 

b . Estlmated accuracy of frequencies is ±0.0003 Me. 

cMeasured at 23.5°C with superregenerative circuit. 

~easured at 23.5°C. 

e o 
Measured at 196 C. 

f 0 
Measured at 25.0 C. 
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with two different quench frequencies. By observing the changes in the 

frequencies of the sidebands as the quench frequency changed; it was 

usually possible to determine which was the central line. In a similar 

way, the true central frequency of the oscillator was determined from 

among the sidebands heard on the receiver. The agreement between the 

frequency determined in this way and that found with the Pound-Watkins 

circuit is fairly good. 

It was found, however, that even with this procedure there was 

still some ambiguity as to the central line in some cases. With the 

self-quenched circuit, a change in the quench frequency usually caused 

a small change in the oscillator frequency. Sometimes however this 

change in the oscillator frequency was large enough to prevent the de

termination of the central line by observation of the shift of the side

bands. 

A single chlorine resonance was observed. The two frequencies 

arising from the two isotopes are given in Table VIII. At room temper

ature, both frequencies were determined by comparison at the peak of 

the resonance using the superregenerative spectrometer. The central 

line was carefully checked for the resonance at 13 Me and compared with 

rough measurements made with the Pound-Watkins circuit. There seemed 

to be no experimental ambiguity. The ratio of the frequencies is 1.2689. 

If we correct for the difference in temperatures using a negative tem

peraturefcoefficient of lo-4j 0 c, this ratio becomes 1.2688. This value 

agrees well with the usual range of 1.2685 to 1.2690.15 The agreement 

confirms the assignment of the resonances to the chlorine isotopes and 

supports the accuracy of the measurements. 

Using the Pound-Watkins circuit, we made fairly rough frequency 

measurements for the two chlorine isotopes at liquid-nitrogen tempera

ture:. These measurements are shown in Table VIII. The ratio of the two 

frequencies is 1.2676. This value is too small and points to a possible 

error of 10 kc in the reported frequencies. The accuracy of the fre

quencies is still sufficient to show that the chlorine has a normal 

negative temperature coefficient of 1.0 kcj°C. 
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From Table I, the secular e~uation for a nucleus of spin 9/2 is 

2 2 
+ 48 (1-~ ) (3+~ ) = 0 

where € is the ratio of the energy eigenvalues, E, to the quadrupole 

coupling constant over twenty-four, 

€ = 24EjeqQ • 

From the observed frequencies, preliminary estimates of the parameters 

eqQ and ~ were made by comparing the secular equations with an equation 

constructed from these frequencies, as described in the theoretical 

section and illustrated in the Appendi«. A set of numerical solutions 

of the secular equation was then obtained with the aid of the IBM-650 

computer for values of~ in the region estimated above. The solutions 

were taken for values of ~ sufficiently close together that linear 

interpolation ~as quite accurate. The four frequencies could then be 

expressed as linear functions .of ~ multiplied by eqQ, in the small 

region of interest. With these equations, the best estimate of the two 

parameters eqQ and ~ could then be readily obtained from the observed 

frequencies by'a least-squares procedure. An illustration is provided 

in the Appendix. 

The values of eqQ and ~ obtained in this way are given in Table 

VIII. From these parameters a set of expected frequencies was calcu

lated. The results are also shown in Table VIII. The agreement between 

the observed and calculated frequencies is very good, the differences 

being at most 0.0003 Me, the estimated accuracy of the measurements. 

The accuracies estimated for the parameters are based on estimated ac-

e uracy of the fre~uency measurement. 

The large value of the asymmetry parameter, about 1/3, indicates~ 

that the eigenfunctions of the nuclear spin are not pure spin functions 

but are mixtures of these. It was shown in the discussion of transition 



probabilities and selection rules that, under such conditions, the se

lection rules 6M = l involving the nominal quantum numbers M, breaks 

down. Additional transitions become possible, and it was shown how the 

intensities of the transitions are calculated once the asymmetry param

eter is specified. 

Calculations have been made of the transition probabilities of 

all ten possible transitions between the five levels. The calculations 

were made for the room-temperature case where ~ = 0.32249. Since it 

was shown that the power absorbed by the sample at resonance is pro

portional to the product of the transition proqability and the square 

of the frequency, this product was calculated as a measure of the in

tensity to be expected. The average values for the powder sample are 

given in Table IX. 

Table IX 

Calculated relative intensities Wf2 for I = 9/2, ~ = 0.32249 

6M = l Wf2 
6M = 2 Wf2 

6M=3 Wf2 
6M = 4 Wf2 

lL2 - 3L2 129 lL2 - 5L2 54 lL2 - 7L2 7.8 l/2 - 9/2 0.17 

3/2 - 5/2 245 3L2 - 7L2 14 3/2 - 9/2 1.9 

5~ - 7L2 488 5/2 - 9/2 2.9 

7L2 - 2L2 500 

The values obtained reflect the fact that the level M = l/2 has 

an appreciable amount of -3/2 mixed with it and, conversely, M = 3/2 

has some -l/2 mixed in. However, the level M ~ 9/2 remains fairly pure. 

Thus M = l/2 can take part in several transitions, but M = 9/2 has little 

tendency to do so. 

The transitions observed in this work are underlined in Table IX. 

This appears to be the first time that a 6M = 3 transition has been ob

served in solid-state nuclear-resonance work. 

The resonance recordings of the 6M = l transitions obtained with 

the Pound-Watkins circuit are shown in Fig. 17. In Fig. 18 are shown 
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Nb~ N~3 N~3 
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Nb93 Cl35 

Superregenerative· circuit 

MU-19058 

Fig. 17. Resonances of NbC1 5 at room temperature. 
The recordings were made with different gains 
and chart speeds. 
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Fig. 18. Resonances of NbC1 5 at room temperature. 
The recordings were made with different gains 
and chart speeds. 
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the recordings of the 1/2 - 5/2, 3/2 - 7/2, and 1/2 - 7/2 transitions 

obtained with the superregenerative oscillator. For comparison, the 

1/2 - 5/2 transition is shown as it was recorded with the Pound-Watkins 

oscillator. The much greater sensitivity of the superregenerative 

circuit is ~uite evident from the recordings. 

Because two different spectrometers were used and because of 

the complex line shape resulting .from the Zeeman modulation tails and 

from an apparent overlapping of the sidebands due to a greater line 

width in the ,0.M = 2 and 3 transitions, no attempt has been made to 

measure experimental intensities. Visual comparison, however, shows 

that the relative intensities of the lines follow the general pattern 

predicted by the calculations. It is also evident that the remaining 

transitions are not likely to be seen with the present e~uipment and 

sample. 

In order to interpret the results given above in chemical terms, 

it is necessary to consider the crystal structure of NbC1
5

• This has 

been worked out by Zalkin and Sands. 127 The unit cell. is monoclinic, but 

the angle is 90.6 deg. The chlorine atoms are in approximately hexag

onal, close-packed layers. The niobium atoms then occupy interstitial 

positions in the lattice. Two niobium atoms occupy adjacent sites on 

a line parallel to the monoclinic axis. As a result the crystal ap

pears ~o consist of dimeric Nb2Cl10 molecules. The structure of one of 

these molecules is shown in Fig. 19. Each,: niobium is at the center of 

an approximately octahedral configuration of chlorines. Two octahedra 

thus share an edge. 

According to Zalkin and Sands, the molecules occupy sites of 

two different symmetries, one having 2/m symmetry, the other having only 

m. The molecules occupying these sites appear to be identical however. 

In either of these molecules, the two niobium atoms would be e~uivalent 

because of symmetry. With 2/m symmetry, there are three sets of non

e~uivalent chlorines labelled A, B, and C in Fig. 19, while with m sym

metry, there could b.e six non e~uivalent sets of chlorines. 
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N b C.P5 
MU-19087 

Fig. 19. Structure of NbC 15 . Atomic radii not to scale. 
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The bonds lengths in the solid are of some interest in connection 

with a discussion of bond type. The chlorines Band C have bond lengths 

of 2.30 A and 2.25 A, respectively. These values are not greatly dif

ferent from the length of 2.29 A reported for the monomeric gaseous 

molecule. The bridging chlorines A however have much longer bonds 2.56 A. 

Such a lengthening could probably be explained in either an ionic or co

valent picture. 

Crude electrostatic calculations, which involve only the two 

bridging chlorines and the two niobiums and allow an inverse ninth-power 

repulsive term along the Nb-Cl bonds~ predict even greater expansions 

than are observed. The repulsive effect of the two niobium ions is very 

great, but it would probably be opposed if the other chlorine ions were 

considered. 

Qualitatively, at least, a covalent explanation can also be of

fered. Chlorine, having a single vacancy in its p shell, forms a single 

covalent bond. In Nb
2
c1

10 
the bridging chlorine is symmetrically placed 

with respect to the two niobiums and presumably forms equivalent bonds 

with each; In the words of some authors, "bond-switching" occurs. In 

any case, the chlorine may be considered to form half of a covalent bond 

with each niobium. It is usually considered that the formation of a 

double bond reduces the bond length by about 0.20 A.59 Since the forces 

opposing the shortening of a bond are generally stronger than'the forces 

opposing its extension, an increase of 0,26 A in going to a half-bond 

may not be unreasonable. 

The chemical aspects of the niobium spectrum will be considered 

first. Only one set of parameters i~ necessary to describe the niobium 

spectrum. Thus all the niobium atoms appear to be equivalent. This 

result supports the conclusion of Zalkin and Sands that all the Nb
2
Cl10 

molecules are identical in spite of their location at two different sym

metry sites.
127 It is possible that the resonances might be very close 

doublets. Since the niobium lines are about 7 kc wide, the spacing of 

the doublet could not be much greater than about 3 kc. This spacing 

would then be less than about 0.03% of the resonant frequency. The 
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chlorine line, being about 2 kc wide at 13 Me, would lower this limit to 

about 0.007%. Presumably, relative dimensional differences of the 

molecules at the two sites could not be much greater than this limit. 

A purely ionic model of the lattice might be constructed in which 

each niobium ion carried a charge of +5e and each chloride ion a charge 

of -e. From the known dimensions of the lattice, an estimate can be made 

of the parameters eqQ and ~. 

In this way, a value of 9.3 x 1013 esujcm3 is obtained for q if 

antishielding effects are neglected, If we use the quadrupole moment 

for Nb93 of Q = -0.2
5 

± .1
5 

barns determined by Murakawa,
128 

the coupling 

constant becomes 1.7 Me. This value is far below the observed value of 

78 Me. No calculations have been made of the antishielding effect in 

niobium, Wikner and Das give estimates of the antishielding parameters 

for Rb+, Cu+, Ga+++, Na+, and Al+++. 49 Consideration of the trends of 

these values suggests that 25 might be a reasonable value for the anti

shielding factor in Nb5+. The above values of+ and eqQ would then be 

raised by a factor of 25, yielding 230 x 1013 esujcm3 and 43 Me, respec

tively. If we consider the accuracy of the quadrupole moment and the 

antishielding factor, this estimate is in reasonable agreement with ob

servation. It should be recalled that the estimated antishielding 

factors are fairly consistent with experiment for the positive ions in 

contrast to the negative ions. 49,5l 

The same electrostatic model yields an estimate of ~ = 0.13 for 

the asymmetry parameter. In this case the agreement with the experi

mental value of 0.32 is quite poor. Since the asymmetry parameter is 

the ratio of field gradients, it does not depend on the antishielding 

factor or the value of the quadrupole moment. 

These results are based on the six nearest chlorine neighbors 

and the nearest niobium. More-distant neighbors would have some effect. 

The effect of the other chlorine ions should be quite small because of 

their fairly symmetric arrangement around the niobium in question. Even 

the six nearest chlorines contribute only 14% of the estimated gradient, 

because of their nearly octahedral symmetry. The next-nearest niobium 



is somewhat over 6 A away and should contribute less than 20% of the 

gradient due to the nearest niobium. Again symmetry should reduce the 

contribution of the more distant niobiums. 

The electrostatic model could probably account for the magnitude 

of the coupling constant, but it does not seem to predict the asymmetry 

parameter. The chlorine resonance to be discussed shortly points to 

covalent bonding, and so the niobium resonance will be considered from 

a covalent point of view. The most extreme covalent model would have 

the chlorines B and C forming completely covalent bonds with the niobium, 

while the chlorines A would form half bond with each niobium. From the 

known lattice dimensions, an asymmetry parameter of ~ = 0.55 is obtained 

because of the difference assumed between the bonds. The model also 

predicts that the coupling constant for a single covalent bond is 1.06 

times the total coupling constant due to the six bonds. Thus a single 

Nb~Cl bond would have a coupling constant of about 83 Me if we consider 

the observed value. 

From a study of the optical hyperfine structure of Nb93, Murakawa 

estimated the coupling constant of the ground-state configuration of the 
4 6 128 atom 4d 5s n

312 
to be about 0.15 Me. For the excited state with the 

3 2 4 designation 4d 5s F
312

, the value is 0.09 Me. These values are 

much smaller than the value of 78 Me found in NbCl
5

• 

Undoubtedly the niobium bonding orbitals are s-p-dhybrids similar 

to the sp3d2 hybrids found in regular octahedral bonds. As was pointed 

out previously, the d component of an orbital makes very little contri

bution to the gradient in comparison with that due to the p component. 

This difference is the result of the more external nature of d orbitals. 

In the discussion of the coupling constant due to an orbital of 

the form 

it was pointed out that contributions to the gradient 

ad
2 

( wdJqJwd ) could be neglected in comparison with 

In the halogens, the cross term: 2asad ( wsJqJwd) was 

of the form 
2 

ap ( ,wpJqJwp ). 
also neglected on 

the assumption that 2asad 

of niobium in NbC1
5

, this 

is much less than a 2. In the hybrid orbitals 
p 

cross term could easily predominate. 
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The expectation value of r -3 have been estimated for 5p- orbitals 

in t t. d t. 129 s ron 1 um an an J.mony. From these values and the ~uadrupole moment 

of Nb93 
' 

an estimate of 95 to 620 Me is obtained for the coupling constant 

of a 5p- orbital in niobium. The order of magnitude of the true value 

appears to be large enough to account for the observed coupling constant 

in NbC1
5

, if we assume some p hybridization in the niobium orbitals. 

It is easy to see then that the coupling constant of niobium in 

Nbcl
5 

should be very much greater than it is in the atom. It is also 

easy.to see that it will be almost impossible to give a uni~ue interpre

tation of the niobium resonance. There are obviously at least two dis

tinctly different types of bonds formed by niobium in NbC1
5 

--those to 

the bridging chlorines and those to the others. Each of these two types 

must be specified in terms of the hybridization parameters, a , a , and 
.s p 

ad' the ionicity, ~' and possibly the double-bond character, Yn· 

There are thus six and possibly eight independent parameters 

responsible for the two observables, e~Q and T}. The chlorine resonance 

might cast some light on the ionicity and the n bonding, but it will not 

help with the niobium hybridization. In addition there are no experi

mental values for the coupling constant due to a 5p- orbital in niobium. 

The only other niobium resonance that has been reported was 
130 found in KNb0

3 
by Cotts and Knight. They determined the coupling 

constants in two different crystalline modifications, obtaining values 

of 23 and 16 Me. The corresponding asymmetry parameters are 0.81 and 

0.0, respectively, These authors conclude that a purely ionic model 

.could not account for their values. The coupling constants are less 

than a third of the value found in NbC1
5 

and presumably reflect a more 

symmetric environment. 

In : J?ummary:,. about all that can be said about the niobium reso

nance is that it does not support either an extremely ionic or extremely 

covalent model. Other than that, the results are probably consistent 

with many models of intermediate bonding. 

Turning to the chlorine spectrum, we note that the experimental 

situation is most unsatisfactory. From the structure of the compound, 

it appears that the chlorines B and C are not ~uite e~uivalent, while 



the chlorine A is quite different from either. If A is bonded to both 

niobiums with at least some covalency, the most likely spectrum would 

consist of two chlorine lines fairly close together, with a third line 

at an appreciably lower frequency. An analogous situation occurs in the 
131-134 group III B trihalides. These compounds are believed to dimerize 

in the solid state. The resonance due to the bridging halogens is found 

at frequencies 15 to 30% below those of the remaining halogens. In the 

present study, only a single chlorine resonance has been found in NbC1
5

, 

in spite of repeated searches over the range of frequencies from 2.5 to 

40 Me. 

The existence of only one chlorine line suggests that it must 

arise from the bridging chlorines A. If it were caused by either the B 

or C chlorines, a similar chlorine line ought to be found fairly close 

to the existing one. It is difficult to believe that such a line would 

not be seen. It is possible that the observed line might be a super

position of lines due to both B and C. However, since these two chlorine 

bonds differ in length by 0.05 A and are not equivalent by symmetry, it 

would be surprising if their resonances were close enough together to 

appear as a .single line of about 2-kc width. 

No convincing reasons are available for the fai1ure to observe 

the remaining chlorine lines. The observation of other lines in this 

compound from 5 Me to 21 Me - the latter being the very weak 6. M = 3 

transition - seems to demonstrate the satisfactory operation of the 

spectrometer. The usual excuse for failure to observe a line is that it 

is too broad to be seen. It is not easy to invoke this factor in the 

present case. The observed chlorine line is relatively narrow, so that 

the suggested broadening could have to occur only for certain of the 

chlorines in the molecule. If the observed line is due to the bridging 

chlorines then all the observed lines would c·ome from the diamond-shaped 

array of niobiums and chlorines. The unobserved lines would be associ

ated with the B and C chlorines. These external atoms might be more 

subject to vibrations and lattice distortions and hence more likely to 

give broad lines~ As remarked above, this is not a very convincing 

explanation. 
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If the frequency of the chlorine resonance (13 .06 Me) is used 

directly in the theory of To~es .and Dailey,. an estimate of 72% ionicity 

results. If we use the reported electronegativity of niobium [1.7 (105)), 

a point may be plotted on the curve of Tqwnes and Dailey as shown in Fig. 

20. The point is seen to 1ie quite c·lose to the curve. 

The use of the observed frequency is appropriate if .the resonance 

is produced by the chlorines B or C. Further considerations arise in the 

case of chlorine A. As was done with iodine in Asi
3

, the coupling con

stant at the halogen may be considered to result from the combined effect 

of two half-bonds pointing toward the two metal atoms.3 From the ob

served angle between these bonds (101.2 deg) it is found that the re

sulting coupling constant should be almost equal to that due. to either 

one of the components, and that the resonant frequency due to a full 

Nb-Cl bond should be 24.7 Me. As was pointed out above, no resonance 

has been found at this frequency or elsewhere. From this frequency, an .. 
estimate of 47% is now obtained for the ionicity of an Nb-Cl bond. 

The corresponding point lies some distance below the curve of 

Townes and Dailey. The model of the chlorine bond as a simple super

position of two half but otherwise normal single bonds may be too great 

a simplification for the present purpose. Consequently, between some 

uncertainty as to which chlorine is responsible for the resonance and 

further uncertainty as to the nature of the bridging bonds, the numerical 

conclusions must be treated as both tentative and approximate. 

The chlorine line is approximately 2 kc wide while the 6-.M = 1 

transitions of the niobium are about 7 kc wide. This difference is more 

or less what would.be expected from a dipole-dipole interaction. Actual

ly the ratio of the nuclear magnetic moments of Nb93 and Cl35 is about 

seven. Abragam and Kambe have given ~xpressions for the second moments 

of quadrupole resonances in some simpler cases, 109 but their formulae do 

not cover such large spins as 9/2. 

The 6-.M = 2 and 3 transitions appear to be wider than the 6-.M = 1 

transitions of the niobium. A wi4th of 13 .kc was obtained for the transi

tion M = 1/2 ~ M = 5/2 by use of the Pound-Watkins circuit. The greater 

width of these transitions accounts for the peculiar line shapes recorded 
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Pauling 
NbCI5 
24.7 Me 

I 2 3 
Electronegativity difference, l::i X 

MU-19060 

Fig. 20. Ionicity ~· electronegativity, NbC1 5 . 
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with the superregenerative oscillator. The line width is abnost as large 

as the sideband spacing, and the sidebands tend to overlap. The quench 

frequency in these cases was about 15 to 20 kc. 

The reason for the increased width of these transitions is not 

known. Saturation cannot be a factor here, for while the transition 

probability for resonant absorption has become very small, the transition 

probability involved in the depopulation of the upper level should be the 

same as in the 6M = 1 transitions. 

Miscellaneous Results and Failures 

Tantalum pentachloride is reported to have the same structure as 

niobium pentachloride and abnost identical bond lengths. 127 Thus it was 

of interest to see how the resonances in the tantalum compound compared 

with those already found in the niobium compound. 

The chlorine resonances in the two compounds should be very simi

lar. Tantalum-181 has a very large quadrupole moment -- about 3 barns135 ·. 

--reflecting the collective nature of the nucleon motion in this nucleus. 

From this value together with the quadrupole moment of Nb93 (0.25 barns) 

and the coupling constant of niobium in NbC1
5 

(78 Me), an estimate of 

3/0.25 x 78 = 940 Me is obtained for the coupling constant of tantalum in 

Tac1
5

• Tantalum-181 has a spin of 7/2. Adopting an asymmetry parameter 

of~ = 0.3 on the basis of NbC1
5 

and using Cohen's tables, 24 we can pre

dict resonant frequencies of 87, 126, and 200 Me for Ta181 in Tac1
5

• 

These estimates assume that the bonding in these compounds is largely 

covalent. If there is an appreciable ionic contribution to the coupling 

constant, the difference in antishielding parameters of tantalum and 

niobium would have to be considered. In this case, the resonant fre

quencies of tantalum would most likely be greater than the values given 

above. The tantalum resonances are thus beyond the range of the equip

ment used here, and only chlorine resonances may be expected. 

A sample of about 12 grams of Tac1
5

, obtained from Dr. R. M. 

Horning of Stauffer Chemical Company, Richmond, was used. X-ray powder 
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diffraction patterns agreed fairly well with the pattern reported by 
126 

Douglass and Staritsky for Nbcl
5

, with some allowance being made for 

differing intensities. 

An initial search from 3.2 to 17 Me revealed no resonances. The 

sample was a very fine dust, apparently as a result of sublimation. With 

the thought that such a powder might have appreciable lattice distortion 

because of a large surface area, the sample was melted. The whitish 

powder became a light brown crystalline solid. The description of Tac1
5 

in various handbooks and texts as a light yellow powder is apparently 

based on samples,containing niobium. X-ray patterns taken after melting 

were essentially the same as those taken before. 

A new search revealed a weak resonance at 13.391 Me at 24.3°C. 

No other resonances were found between 9.8 and 25 Me. It seems most 

likely that this resonance is due to c135 • A resonance of about one

third the observed intensity would then be expected at 10.5 Me due to 

Cl37. None was found, but the weakness of the resonance would readily 

account for the failure. If the observed lines were due to Cl37, a 

fairly strong line would be expected at 16.8 Me. The failure to observe 

such a line would be very unlikely. 

This resonance undoubtedly corresponds to the Cl35 resonance at 

13.058 Me found in NbC1
5

• The small 2.5% difference in the freq,uencies 

of the reasonances is a further indication of the great chemical simi

larity of tantalum and niobium compounds. 136 The discussion of the 

chlorine resonance in Nbcl
5 

may then be applied to Tac1
5 

also. The ex

istence of a single chlorine resonance in Tac1
5 

tends to substantiate 

the findings in NbC1
5

, but does not elucidate the absence of the other 

expected chlorine lines. 

Sands et al. report that NbOC1
3 

has some structural features in 

common with NbC1
5

•137 Both compounds dimerize in the solid state, and 

both incorporate an Nb~c16 planar structure in the molecular unit. This 

structure includes the chlorines A and C shown in Fig, 19. The bond 

lengths and angles of the planar structure are q,uite similar in both 

compounds. In Nb0Cl
3

Lthe chlorines B of Nbcl
5 

are replaced by oxygens 
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which held the planar units together in chains. The Nb-0 bonds are 

appreciably shorter than the Nb-C~ bonds in NbC1
5

, but the bond angles 

are simil.ar. 

The oxygen atoms produce a less-symmetric environment for the 

niobium than is found in Nbcl
5

• It seems probable that the niobium 

resonant fre~uency would be appreciably higher in Nb0Cl
3 

than in NbC1
5

• 

However, if the bonding is fairly covalent the chlorine resonances in 

Nb0Cl
3 

should be similar to those of the A and C chlorines in NbC1
5

• 

A sample of Nb0Cl
3 

was obtained from Dr. R. E. Elson of the 

Lawrence Radiation Laboratory, Livermore. No resonances were found in 

the range from 5.3 to 38.3 Me. However, the sample weighed only 2 gm 

and so the failure to observe any resonances is not too .disturbing. 

Zirconium occurs immediately below titanium in the periodic 

table and above thorium in some forms of the table. Zirconium tetra-
101 chloride is reported to have the Sni4 structure. The chlorine res- .. '. 

onances of this compound would be of interest for comparison with those 

of the other tetrahalides studied here and elsewhere. From the struc

ture, two· chlorine resonances would be expected, and from the resonances 

in TiCl4 and ThC14, they might be expected to have fairly low fre~uencies, 

say 5 to 10 Me. 

A sample of 13 gm obtained from Dr. Horning was used. A search 

from 3 to 14 Me was unsuccessful. This sample was also a fine dust, 

apparently the product of a sublimation. Since Zrc14 has a vapor pres

sure of 10 atmospheres at its melting point, no·attempt was made to melt 

this large sample. Instead the sample was heated in a sealed tube for 

several hours. The vapor pressure of the Zrc14 was held at about one 

atmosphere in the hope that some crystal growth would occur. After this 

treatment, the dust appeared to have sintered. A new search failed to 

show any resonances in the range from 3.4 to 25.2 Me. There is no ap

parent explanation for this failure. 
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Note Added in Proof 

Several relevant papers were either discovered or published after 

the thesis was completed. Comments upon these are offered below. 

Das and Karplus have given further consideration to the coupling 

constants of the alkali halides.138 They are still unable to predict 

the experimental results for the negative ions. They mention the unusual 

sign of the chlorine coupling constant in RbCl and the variation of the 

coupling constants with the vibrational states. 

Burns has carried out some calculations on antishielding factors 

and suggests that the calculated values for the negative ions are in 

error because these ions are so deformable that first order estimates 

are not applicable. 139 

In another paper Burns has estimated that the antishielding 
+5 14o factor: for Nb should be 15. This value is somewhat smaller than 

the guess of 25 used here, and reduces the coupling constant of the ionic 

model ofNbC1
5 

to 26 Me. This coupling constant is now only 1/3 of the 

observed value. 

Barnes and Segel have shown experimentally that quadrupole reso-

b bt . d i t• d 141 Th d nances can e o a~ne n some paramagne ~c compoun s. ey use 

chlorides and bromides of the first transition series having magnetic 
0 ordering temperatures of 17 K or more. The exchange interacti.on narrows 

·, 

the otherwise broad line. The resonances are still fairly broad (15 kc.) 

and sufficiently weak that they were seen only with the superregenerative 

spectrometer. This experiment raises the question of the observation of 

a quadrupole resonance in uranium tetrachloride. 

Fineman and Daignault have recalculated a number of electro

negativities on a thermochemical basis using an algebraic method which 

eliminates the rather uncertain value of the energy of the metal-metal 

single bond.
142 

Their values for the transition metals are appreciably 

higher than those of Pauling. They suggest a value of 1.6 for thorium 

instead of the previous estimate of 1.4. Such a value together with the 

coupling constant reported here for thorium tetrachloride would suggest 

some double-bond character in this compound. Such double-bond character 



-153-

would make it easier to understand the temperature coefficient of the 

resonance in this compound, following the discussion given in this 

thesis. 

• 
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APPENDIXES 

Appendix I. EnergyLevels for_I = 9/2 

Cohen has given a general expression for the energy levels of a 

quadrupole system: 8 

E 
m 

2 
J! 2 IJ m, m + = J-'1- + ________ __:::.L_::_:...__::_....;__ _______ _ 

· mm 

E m 
J{ .. 

m + 2, m + 2 

J:!2 
m+2 m+4 

Em - :U rri + 4, m + 4 

l{2 
m- m ..: 2 

+ ------------------~~~--~~-------------------------

E - :H 
m m - 2, m - 2 

st2 4 
m - 2 m -

E -Ji ·--4 m· 4- ··· ·m m , -

){mm = A [3 m2 
- I (I + 1)]. 

l{ = A Ti/_ 2 [I{-I+l)..o(m±i)(m:;t:_' 2)]1/~ (I(I.f-~).:.m(m:h) ]1/ 2 
m ± 2, m 

A= eqQj4I(2I-l). 

Evaluation of the matrix elements for a spin I = 9/2 yields :five equa

tions for the energy levels of the system. A dimensionless quantity 

proportional to the energy is used, 

The 
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eqllations 

€1 

= En/2 

6 A 

for the energy 

= -4 + 7L2 

€1 ~ 1 _:.., 

levels 

Tj2 
2 

!I 
€1 -

are: 

25/6 
2 

+ T} 

'1L3 
2 

€ 1 + 3 - Tj . . 
6 (£ - 2 1 

• 



.; 

7/3 Tl
2 

~ = - 3 + ---'-'-'--""'"-----'-~-
3 €3 - 2 

112 
€5-= 1 + + -

€5 - 6 

7/3 
2 

= 2 + 11 
€7 

€7 + 3 -

2 

25/6 112 
+ ----~~~~--------------

€ + 4 -
3 

7/2 

€ 5 + 4-

.£5/6 11 
2 

€ 7 + 4 - IL2 

!l 

2 
€ 3 + 1 - _ _,_11----,.

€3 - 6 

2 

25L6 
2 

11' -· 
2 

€5, + 3 - IL3 !l 
€5 - 2 

!12 
2 

€ 1 +. 1 - 11 

€' 7 
,, 

- 6 

€ = 6 + ----------l~----------------
9 2 

€ + 1 - ----7 ..... L._2_..._!l ________ _ 
9 

25L6 !l2 
~ 9 + 4 - ---"-'-----'-----

~ + 3 - 7}3, !}2 
9 € 9 - 2 

Each of these equations is simply a different form the the secular equa

tion for I = 9/2: 

€ 



··, r .. 157-

These eq_uations may be solved numerically by successive iterations. A 

program, designated E-Z, was developed to make such calculations using 

the IBM-650 digital computer. By the use of this program, solutions were 

obtained for values of ~ 2 from 0 to 1 in steps of 0.01. These solutions 

are presented in Table X. 

The column headings indicate the m values of the energy levels. 
2 The left-hand column gives the valu~ of ~ • The remaining columns give 

the energy values in units of 6 A. 
In order to avoid transcription errors, the table is reproduced 

.. directly from the sheets printed by the machine. The energy values are 

in floating-point notations A decimal point is assumed to be at the 

left of the first digit in each column. The last two digits on the right 

of each column a~e greater by 50 than the power of ten by which the re

maining eight digits and decimal point must be multiplied. The energy 

value for m = 9/2 and ~ 2 = 0 is tnus 6.000. A minus sugn after the num

ber indicates that it is negativ;~. 

The accuracy of the answers is generally about two or three in 

the eighth digit. Since the sum of the roots of the secular eq_uation 

must be zero, a rough check on the accuracy is possible. In the present 

table, the procedure is possible for values of ~ 2 up to 0.8o. 
As ~ approaches one, more iterations are req_uired to obtain a 

given accuracy. 

q_uired accuracy 

mark the ·answer 

iterations were 

The program was designed in such a way that if the re

were not attained after 50 iterations, the machine would 
2 

and go on to the next value of ~ . For m = 3/2, 50 

carried out for values of ~ 2 greater than 0.80. The 

answers in these cases did not have the req_uired accuracy. They were 

later replaced by values obtained from the other four solutions by the 

use of the fact that the sum of the roots is zero. 
: 2 For ~ = 1, the secular eq_uation becomes a q_uadratic J.n € • The 

following solutions are easi-ly obtained: 

0.0 

± 2.491,928,4 ±.DOOiOOO~l 
± 6.147,38o,93 ± .ooo,ooo,o4. 

•• 
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Table X 

Solutions for the secular equations for I • 9/2 

Values of m for various energy levels 
_____ tt2 _______ 9_1 L ____________ uz ____________ s1.z: __ u __ _______ nz ___________ ILL ________ _ 

_ _ _ _ _ _ _ _ _ _ 6. Q.Q_O_Q QQ.Q_5_t ____ 2_Q QP_O_QQ Q_?_l _ ___ _l_QQQ D_O_QQ 5 _1_-___ 2 Q_O_QQ 0..0_0_~ 1 :-___ '±Q.O.O_QQQ.0_5_l_--: ___ _ 
1 60014L9051 20046688'1 9897235050- 2965118851- 4051255551-
2 6002858b~l 200934!951 9793733050- 2933864151- 4098963351-
3 6004289551 2014019351 9689537050- 2905541651- 4143813551-

-~-- _ ':+ ____ f&Q~ 7.2]_1_~ L ___ 2 01_8_ IQ ll_5_l_ ___ 2.~ 8~..6..2.2 0 5Jl-:. __ 21il 265_l3.5l.:-___ ft.lll6.2 953.5.1::-____ . 
5 6007153551 2023387351 9479241050- 2855844451- 4226772351-

-- ___ 6 _____ 6_QQ §.?_8_Q. ?_? _1 ____ Z..0_2_~ Q ]_7_9_?_ L ___ 2~_7_3_2.2 5.0_5_0": ___ 2_!BJ_8_2_Q8.5l-:. __ ~-2_6.5 52.L't5l.:-____ _ 
7 6010020851 2032773051 9266688050- 2813364351- 4302760751-
8 6011455851 2037472651 9159669050- 2794295851- 4338665751-
9 6012b9l651 2042176851 9052209050- 2776467751- 4373379951-

----! 9 ____ § Q_l_Lt~?§)_~! ___ -~Q':+_6_a_ ti 2 S>P_L ___ 8_~'±~ 3_4_TQ 2 .o_-___ ?:1.?_9_ I 2 _7_3_~~ :-___ '±'±OL0_2.~Q5_t: ___ _ 
11 6015765851 2051598951 8836123050- 2744060351- 4439692051-

____ E ____ ~ Q]._7_2_Q~.?_?_~ ___ _ 2_Q2§)_l_~ 2 2_1 ____ l3_7_Z 7. 5 ]J_Q2Q:-___ 2. 1 .?_9_Z ~H33_?_l-: ___ 4..'±1J~-l~ 1.5_1_-:. ___ _ 
13 6018643551 2061039651 8618730050- 2715364451- 4502445851-
14 6020083651 2065767051 8~09633050- 2702221451- 4532666251-
15 6021524651 2070499251 8400316050- 2689800051- 4562192051-

____ ]_6 ____ .9_0_2_29_9_q_~5 L ___ Z.9_7_~n.PJ_~l- ___ 829.9JU l95_Q:: ___ 2_6. 789_4_8.751_-_ --~5-'UQ 1 2_7_5.1::-___ _ 
17 6024409251 2079977851 8181149050- 2666920651- 4619351551-

-___ :t ~ ___ -~ Q? _?_8_~? § _?_1 _____ 2_Q ~ ~ ]_2_Lt'± 2 ] ____ §9_7_U 9.?_0_~ Q:-__ _ Z §.? _6_~ 7. ~5-.?_l-: ___ 4_Q. '± 1 9_6_Q.1.5J_-: ___ _ 
19 6027297351 2089475851 7961480050- 2646372551- 4674252751-
20 6028742751 2094232251 7851531050- 2636880651- 4700941251-
21 6030189051 2098993451 7741543050- 2627867851- 4727160051-

- ___ ~ ~ ____ 6__ g.? _1_6__ ~ ~ J. _5_3:_ ____ 2_ ~ Q ~ _7 _5_ 9__9.? _1 ____ 1_6_:E2':+_l_Q.~Q.:-___ ~ 2 J __9_~ Q 9':+_5_!_-: __ -~ 7.2 ?J_~~ Q? _!_-:. ___ _ 
. 23 6033084151 2108530751 7521553050- 2611170551- 4778289051-

- ___ ?!+ ____ ~ .9_3_Lt 2 ~ )_o_~! ____ ?.! ]._3_~Q ~ J _5_:!:_ ___ _7_'±! 1 _6_0_~ Q.? 9_-___ ?_~_o_~ '± ~_6_l~! :-___ '± § Q.?_Z '±~ J.?_t-: ___ _ 
25 6035982851 2118088151 7301709050- 2596082751- 4827817351-
26 6037433551 2122874351 7191900050- 2589088351- 4852029251-
27 6038885051 2127665651 7082195050- 2582435251- 4875895651-

·- ___ 2_~ ____ 6_Q '± QJ_~ 12 5_1_ ___ .?_l_n ~.9_2_Q2 .L ___ f:I'L7_2_6.1 J.P_~o-: ___ 2_!2.7.PJ._Q6 o.5l-:. __ ~Jl_<.tcz~.32.Q~ l.:-_· ___ _ 
29 6041790851 2137263551 6863176050- 2570085151- 4922651951-

- __ -~ Q ____ Q. Q ':+}_4_ '± 2J_?_l ____ 2_l '± ?..9_7_Q 12 _l ____ .9]2~ 2 Q_l_Q!2. Q :: ___ 2. 59!+_~2 t>f>_?_l_--: __ A<t.45.5_6_!H~ 5.1..-____ _ 
31 6044700251 2146881951 6644806050- 2558906551- 4968194751-
32 6046156251 2151698951 6535908050- 2553722451- 4990541551-
33 6047613251 2156521151 6427223050- 2548(91751- 5012620151-

- __ -~~ ____ Q. Q !!-J_Q 71.9_5_t ____ 2_!. f? 12-~~2 2 _1 ____ 9.?_1J! 1 9_7_o_~Q:----~2':+!+_1_Q n..:u.-:: __ ;;_Q.~~~-4..Q.Q 5.l.:-____ _ 
35 6050529751 2166181251 6210552050- 2539645551- 5056010651-

. ___ -~ Q. ____ 6_ Q 2 J J_~ ~ ~.? _1 ____ .?_l_l! 9 ]_9_l2 L ___ § 1.9_2_~ 2':+.9_5_Q:: ___ 2_~~ 2 !+_Q.~ ~ .?J_-:. __ _5_0_l7. ~~9_5_!21.:-____ _ 
37 6053449951 2175862351 5994906050- 2531382651- 5098438851-
38 6054911451 2180710851 5887498050- 2527559251- 5119312851-
39 6056373851 2185564551 5780384050- 2523929951- 5139970551-

-_ --~9 __ __ 9.9_5_7 eJ}_U L ___ f 1.9_0_'±.2. 2]_5_l ____ 5_Q.:D5_7_~Q_5_0_-:. __ Z5_2_Q~.6..5Ji2l:: ___ 5l.9_0_4.1B.O.!U--: ____ _ 
41 6059301351 2195288151 5567076050- 2517i19451- 5180662451-

-___ !+_2 _____ 6_Q~9J_~Q.~.? _1 ____ ?_2_Q Q !.?_7_~~ L ___ 5~_6_Q_9_Q~9_5_Q-: ___ 2_!H ~J-~~22.1..-:. __ .5_2_QQ 1.03..'-21:: __ __ _ 
43 6062232451 2205033151 5355066050- 2511192851- 5220566051-.. 44 6063699451 2209913651 5249569050- 2508418851- 5240237151-
45 6065167351 2214799651 5144425050- 2505795651- 5259728851-

- ___ ~~- ___ §_O_~~§ )_6_~2 L ___ ~ .?_!_~~~ Q J-~~ ___ -~Q ~~ _6_~ 7_Q .?_0_-:. __ .?_?_Q~ ~ J&t~ !:: ___ 5 VJ_Q~2)_?_t_-: _ ---· 
47 6068105851 2L24587751 4935214050- 2500980751- 5298191851-

- __ -~~ ____ ~ 9~-~~? §_?_5_ ~ ___ .. ~ ~ ~J_4_~ ~ 't .?_! ____ !+_8_~! _1_6_3_Q2 9.:-___ f':+J_8_7_Il_6_!:!.l:: ___ !:!.~ !1_1_UQ.5_l_-: ___ _ 
49 6071048151 ~234397551 4727490050- 2496703451- 5335992951-
50 6072520651 2L39310651 4624198050- 2494754351- 5354656651-

(continued) 
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Table X (continued) 

Values of m for various energy levels 

9/2 7/2 5/2 3/2 112 

51 6073994151 ~~442L9151 4521298050- 2492925751- 5373167651-
5~ 60754685~1 L2491531~1 4418791050- 2491212451- 5391530451-
53 6076943851 ~254082651 4316684050- 2489610151- 5409747851-

-- 5.9-____ fl_O_la ~.z_o_t'2L ___ z ~;.-~o 11 ;,_:u ____ .42 H9Ji2 os_Q-: __ .z_Lta.su___s_a 51_-___ 5~Ll_8 n_7_5. 1 =-- _ 
55 6079897351 2263957951 4113686050- 2486725651- 5445761151-

-- _5_6_ ____ Q.Q8l3_7_~~ _5_1_ ___ 2_2_Q8 903_8_~ l ____ 40 L2_8Q 10.5.0:::- __ _2_•±8.5_4.3.5 25.l-:: __ 5lt.Q3 5.6_4_151__:-__ _ 
57 6082854651 2273855351 3912331050- 2484240951- 5481235551-
58 6084334651 2278812251 3812278050- 2483140851- 5498778851-
59 6085815651 2283774651 3712643050- 2482130451- 5516195851-

- _bQ __ __ gQ_tU2 2]_6_5_ L ___ 2_;;:!_t~8_l'f25_5_ L __ 36 13.43 3 0 5.0_-:-___ 2.4JLl2 0.6.5_5. 1:::-___ 55 33_4_90 15_1-:_ __ 
61 6088780551 2293715951 3514649050- 2480367851- 5550663651-

___ Q_f --- _Q_ Q9_0_(§~:+_5_],_- --- -~-~ 2 ~_6_9_Lt~ ?_l __ -- _)_4_],_9 2_9_20 20.:-:_- -~ 1+?.9Q.Q9_5_5_l-:: ___ 5_'2_g]_7_2_Q~ 5_1_-:__--
63 6091749251 2303679251 3318367050- 2478930251- 5584661151-
64 6093235051 2308669251 3220872050- 24783t7651- 5601489651-
65 6094721751 2313664651 3123808050- 2477797751- 5618208051-

-- 9_6 ____ 9_0_~§ ~-0-~ '! 2 L ____ ?}_1_Ci§§_?_q~! __ --~ Q .?U 7 90 _ _5_Q:: ____ 2_43 1_?_3__9_ 2 5l_-___ _5_9_3_481_7_9_5.1.:-: __ 
6"7 6097698151 2323672151 2930981050- 2476950151- 5651321951-

-__ q_ ~ ____ Q_ g 9 3_1_ ~ 1!? _s_:~,_ ____ 2_~ f!? S>_8_i:t Q? _1 ____ L8_~~z ~_20_~ g ::: ____ f ~ 1 _6_Q_z 1 _p__s_1:: ___ 5.Q.§ n_n 2 .?J_-: __ 
69 6100678451 2333701551 2739898050- 2476370451- 5684019651-
70 6102170051 2338724551 2645016050- 2476174751- 5700217951-
71 6103662651 23437529?1 2550568050- 2476040251- 5716318151-
72 6105156151 2348786951 2456558050- 2475964751- 5732322251----7 3----61 o-6-6S u t,-~-1-- --,-;; 3e-i63 ;-1-----z-3-629"B'"6-o5o-=----2 4-,-,-5-946-is-1:::-- -5748_2_32 3 5-1-.:-

-_1 :_+ ____ ~ J-_o_ ~! ~ _?_J._~! ____ ~ ~.? _b_ ~ r__!! p_ .\.. ____ 2_ ~ ~ '?. §_'-f:.'i Q.? .9_-: __ ?-_':f-_7_';)__ '?. § _3_5.~ 1 ::: ___ 219_4_Q ~ 2:+.?_l:: __ 
75 6109642651 2363921651 2177153050- 2476073451- 5779775451-
76 6111140151 236b977551 2084893050- 2476215951- 5795411651-
77 6112638651 23740388~1 1993076050- 2476408951- 5810960451-

-- _7_~ ___ AU:+_U~Q _?_1 ____ ]-_3_7_? 10_5_'2_ 21 ____ l9_0_1_Q.2 ~_9-~_Q:: __ _2_ i:t 79_6_5.152_1_-:_ __ __? _ _8_~Q~2)_Q'21~- _ 
79 6115638551 2384177751 1810745050- 2476940551- 5841801251-

-_ -~ Q ____ Q_! 1_7_1_ ~ ~ 9 p_:~,_ ____ 2_3_ 8 '! _z5_j_ ~? _1 ____ J.]_~ Q n !+_Q~ Q::: ___ f~ 1 _1_~ 7__ 92.?_1-: ___ 5_fJ.21 .9_9_5. I;_:; _1_-__ 
81 6118642351 2394338451 1630155050- 2477657051- 5872308251-
82 6120145851 2399426951 1540513050- 2478081851- 5887439651-
83 6121650251 24045207~1 1451304050- - 2478547851- 5902492751-

-_ -~~- ___ Q_! D_~2 29.?_~ ____ 2_'±Q '! _9_2_Q Q? _l ____ l-}_6_~2 2?_0_2Q:-___ ~'±13_Q~ 2 J-_5_1_-: __ p_~l1:+_6_l~ 5_1:-__ 
85 6124662151 2414724651 1274189050- 2479603151- 5932364751-

- __ 8_ ~ ____ 6_! ~ 9_1_ ~ ~ 2 _? _1 ____ ]-_4:_! '-!. ~ }_4:_6_ 21-_ ___ l]._8_6_~ 71 _9 _5_Q:: ___ 2_ '±~ 9 _1_~ ~ 2 2 _1_-:_ __ __?_9_'!: I 113_7_5.'21:::-__ 
87 6127678051 24249499~1 1098790050- 2480813451- 5961935551-
88 6129187551 2430070651 1011735050- 2481474751- 5976609951-
89 6130698051 2435196551 9251110049- L482170751- 5991212751-

- _ 9 _9 ____ §_1_3_~ZQJ_5_'2_ L __ -~ <f!f_O_~z 1 13__?_],_ ____ 8_~ § '2 _l_O_Q Q ~_9_-:__ __ _?!+_8_~ '2 Q_2_Q_2l.:-: ___ 6\!9__5_1_ ~~35_1-:: __ 
91 6133722051 2445464351 7531330049- 2483666851- 6020206251-

-_ _9_Z ____ 6_:1,_~? ]-_3_~~_? _1 ____ f_4_~ Q 2Q_6)_~! ____ §2 ]_7_7_'2_Q_9_4__~:: __ X'±~ 4 ~_6_Lt~ _5_1_-: __ 9_0_ilt 59_9_1.21~- _ 
93 6136750151 2455753251 5828430049- 2485294151- 6048924951-
94 6138265751 2460905651 4983340049- 2486155151- 6063182851-
95 6139782351 24660631~1 4142410049- 2487046151- 6077375251-
96 6141300051 24712259~1 3305650049- L487966851- 6091502651-

--9-f--- 6-f42 !f(s-75 1----24-76:39 3-ti-~-i- -- -2473o-foo49--=-- -24-8 8 Y-i-645 i ::.---61o-s-566o_5_1.: --
" .. ? ~ ____ ~]. _4_~~ ~_8_4_~! ___ -~ '!? _1__566 9 51 .. __ _1 __ 6_i:t_~ _?_5_QQ_ <+ 9::-. ___ f ~-~-~~ 2 ) _ _1_'21:: ___ Q.U9.?_Q.q]5_1_-:_ _ 

99 6145859151 2486745151 8202400048- 2490897751- 6133504151-
100 6147380951 2491928~~1 2000000044- 2491928151- 6147381151-

'" 
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Appendix 2. Determination of the Asymmetry Parameters 

It was pointed out in the theoretical discussion of the energy 

levels that an equation of the form 

n 
I: 

i=O 

i 
ai E = 0, 

with a = 1, such as the secular equations of the quadrupole systems, 
.n 

can be written in terms of its roots, Ej' in the form ' 

n 
IT (E - Ej) = 0. 

j=l 

Expanding and comparing the coefficients of like powers of E, we obtain 

the following equations, among others: 

a .n-1 

al = 

a = 
.0 

= 
n 
I: 

j=l 

( -l)h-1 

( -l)n ( 

n n 1 
( IT Ej) ( I: Ej ) 
j=l j=l 

n 
n E j) • 

j=l 

In the secular equations for I = 3/2, 5/3, 7/2, and 9/2 listed 

in Table I, the second term is missing. 

roots is zero. 

Thus a 1 and the sum of the n-

The n-1 ~bserved transition frequencies, vk, are proportional 

to the successive differences between then roots E. of the secular 
J 

equation. Introducing a proportionality constant k relating the . 

units of frequency to the units of energy (i.e., eqQ) and using the 

numerical values of the frequencies together with the requirement that 

the sum of the roots be zero, we can obtain values for the roots. 
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Call the lowest root E • ·For I= 9/2, the roots may then be 
0 

E = E 
0 0 

E2 = E
0 

+ k (v1 + v2) 

E3 = E + k ( vl + v2 
0 

E4 = E
0 

+ k (vl + v2 

+ v3) 

+ v3 + v4) 

From the last equation, E may be eliminated from the five roots, and 
0 

each root may be written as the product of an experimental number and 

~ where k is defined by 

h h 4I (21 - 1) 
k = 6A = 6 eqQ 

= 2~GQ ~or I = 9/2. 

Using these values for the roots we can write the coefficients a1 and a
0 

as multiples of k4 and k5, respectively. From the secular equation for 

I = 9/2, we have 

and 

a = 
0 

These two equations may now be solved for ~ 2 and k. 

Taking the room-temperature frequencies for Nb93 in NbC1
5 

in the 

proced~e will be illustrated below: 



.. 

v1 = 5.42287 Me, 

v 2 = 6.06211 Me, 

v
3 

= 9.56123 Me, 

v4.= 12.90320 Me, 

E
0 

= - k/5 (4 v1 + 3 v2 + 2 v
3 

+ v4) = - 14.38o69 k; 

E = - 14.38o69 k, 
0 

E1 = - 8.95782 k, 

E2 = - 2.89571 k, 

E
3 

= 6.66552 k, 

E4 = 19.56872 k, 

IT Ej =- 48655.68 k5, 

Eliminating k, we can write 

(
36 ) 5/2 
ll X 0.3253827 

= 37.25692. 

This equation in the above form is not too difficult to solve by ap

proximation methods, yielding 

1)
2 

= 0.104042 
or 

"l = 0.322555. 

Returning to the two equations above, division of one by the other yields 

2 
k = 36 0 3253827 1 - "l 11 X • 2 

3 + 11 
= 0.3073725. 



Therefore, we have 

eq,Q 
h 

= 
24 
k = 78.08115 Me. 

The least-sq,uares fitting of the parameters eq,Q and ~ to the 

above freq,uencies (see Appendix 3) yields 

and 

eq,Q 
h = 78.08o9 Me 

~ = 0.322491. 

The present method gives a very good approximation to these values. 

Any useful pair of coefficients of any of the secular eq,uations 

for I = 5/2, 7/2, and 9/2 leads to the same cubic eq,uation, 

= N. 

If the freq,uencies were exact it would hot matter which pair of coef

ficients of the eq,uation were used. However, the freq,uencies are not 

exact, and so each pair of coefficients leads to ·a slightly different 

answer. For the sake of accuracy as well as convenience, it seems best 

to use the coefficients that req,uire the least ~anipulation of the data. 

It is., :interesting that several of the secular eq,uations should 

lead to the same final eq,uation for~. This discussion does not apply 

to the secular eq,uations for integral spins, for these factor more 

readily and req,uire somewhat different algebra. 

• 
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Appendix 3. Least-Squares Determination of the Parameters 

.For the case of I = 9/2, the transition frequencies may be writ

ten in terms of the parameters eqQ and ~ as follows: 

and 

A = eqQ 

' 
where E. are the roots of the secular equation. If we consider a very 

~ 

small region of ~' this equation becomes 

~ (6 ') d 
+ 24h 'T) dT} 

where 1}
0 

is some value of 11 in this region, and o 11 is ~ -1}
0

• Here ~ 
0 

may be a guess as to the value of 11 appropriate to a set of observed 

frequencies. It could be obtained by the method of Appendix 2. The 

problem is then to fin<;l the values of eqQ and O·~ that best describe 

the observed frequencies. If we use the criterton of least squares, 

this means that the function 

2 
[vi obs. - vi calc. ( eqQ, 11 ) J 

must be minimized by variation of the parameters eqQ and ~. With the 

approximate linear equation given above, this is a fairly elementary 

exercise in least squares. 

In the present work the computer program E-Z mentioned in Ap

pendix 1 was used to obtain numerical solutions of the secular equation 

for values of 11 2 differing in steps of 0.00002 in the neighborhood of 

the expected values ofT}. The energy values were linear in 11 to with

in the accuracy of the solutions. 

The frequencies determined with these parameters are given in 

Table VIII. 

The transition 1/2 ~3/2 varies so rapidly with 11 that it is the 

major factor determining 11 in this procedure. 
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