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T h e M e c h a n i s m o f  Restructurin g i n G e o m e t r y 

Stellan Ohlsson 
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Universit y o f  Pittsburgh ,  Pittsburgh ,  P A 1526 0 

stellan@vms.cis.pitt.ed u 

Abstract. Restructuring consists of a change in the representation of the current 

searc h state ,  a  proces s whic h break s a n impass e durin g proble m solvin g b y openin g 

up ne w searc h paths .  A  corpu s o f  5 2 think-alou d protocol s fro m th e domai n o f 

geometr y wa s scanne d fo r  evidenc e o f  restructuring .  Th e dat a sugges t  tha t 

restructurin g i s accomplishe d b y re-parsin g th e geometri c diagram . 

Introduction .  A  wid e variet y o f  proble m solvin g processe s hav e bee n analyze d i n 

term s o f  heuristi c searc h (Newel l  &  Simon ,  1972) .  Fo r  example ,  i n geometr y proof s 

th e geometri c theorem s (operators )  ar e applie d t o th e menta l  representatio n o f  th e 

diagra m (th e knowledg e state )  unti l  th e desire d propositio n (th e goa l  state )  ha s bee n 

attaine d (Anderson ,  1981) .  Th e stepwis e characte r  o f  heuristi c searc h contrast s wit h 

th e Gestal t  hypothesi s tha t  proble m solvin g proceed s throug h (a )  a n initial , 

unsuccessful ,  attac k o n th e problem ,  (b )  a  mor e o r  les s protracte d impasse ,  an d (c )  a 

restructurin g o f  th e problem ,  whic h i s typically ,  bu t  no t  necessarily ,  followe d b y 

insigh t  (Ohlsson ,  1984a) . 

Severa l  attempt s hav e bee n m a d e t o reconcil e th e informatio n processin g an d 

Gestal t  hypotheses .  Simo n (1966 )  propose d tha t  i t  help s t o slee p o n a  problem , 

becaus e goa l  tre e informatio n i s forgotte n faste r  tha n proble m information .  Afte r  a 

pause ,  a  ne w goa l  tre e i s buil t  o n th e basi s o f  mor e knowledg e abou t  th e problem . 

Langle y an d Jone s (1988 )  interpre t  a n impass e a s a  failur e t o retriev e th e relevan t 

proble m solvin g operator .  Insigh t  occur s w h e n som e externa l  stimulu s cause s enoug h 

activatio n t o sprea d t o tha t  operato r  t o allo w it s retrieval .  A  relate d hypothesi s 

claim s tha t  insigh t  occur s w h e n a n appropriat e analog y i s retrieve d (Keane ,  1988) . 

Bot h th e differentia l  rat e o f  forgettin g hypothesi s an d th e sprea d o f  activatio n 

hypothesi s requir e tha t  th e proble m solve r  move s attentio n awa y fro m th e problem , 

and s o canno t  explai n insigh t  durin g ongoin g proble m solving .  Severa l  researcher s 

hav e propose d tha t  proble m representation s ca n b e improve d b y th e constructio n o f 

macro-operator s (Amarel ,  1968 ;  Korf ,  1985) .  Koedinge r  an d Anderso n (i n press )  hav e 

propose d th e relate d ide a tha t  geometr y expert s combin e geometri c theorem s int o 

large r  inferenc e schemas ,  calle d diagra m configuratio n schemas ,  whic h allo w the m t o 

find  a  proo f  withou t  step-by-ste p searc h o f  th e proo f  space .  Th e macro-operato r  an d 

diagra m configuratio n hypothese s explai n exper t  performance ,  bu t  the y d o no t 

explai n insight s b y novices .  Al l  of  thes e hypothese s locat e restructurin g i n th e 

processe s o f  proble m solving . 

I n contrast ,  I  hav e propose d tha t  restructurin g involve s a  chang e i n th e menta l 

representatio n o f  th e curren t  searc h stat e (Ohlsson ,  1984b) .  A  chang e i n th e 
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representatio n implie s tha t  objects ,  relations ,  an d propertie s whic h initiall y  ar e see n 

as instance s o f  certai n concept s ar e bein g re-encode d a s instance s o f  othe r  concepts . 

For  example ,  a n objec t  whic h i s initiall y  encode d a s a  h a m m e r  migh t  i n th e cours e o f 

proble m solvin g becom e re-encode d a s a  pendulu m weight ,  a  lin e m a y b e re-encode d 

as a  triangl e side ,  an d s o on .  Re-encodin g a  searc h stat e change s th e se t  o f  operator s 

whic h ar e applicabl e i n tha t  state ,  an d thu s break s a n impass e b y openin g u p ne w 

searc h paths .  A  simila r  theor y ha s bee n propose d b y Kapla n an d Simo n (i n press )  t o 

explai n restructurin g i n th e Mutilate d Checke r  Boar d Problem .  Th e critiqu e b y 

Montgomer y (1988 )  doe s no t  touc h thos e aspect s o f  th e theor y tha t  ar e of  mai n 

concer n i n thi s paper .  Th e purpos e o f  th e presen t  pape r  i s t o provid e evidenc e fo r 

re-encodin g fro m th e domai n of  geometry ,  an d t o propos e a  mechanis m fo r 

re-encodin g i n tha t  domain . 

Table 1. Geometric theorems acquired by the subjects. 

Theorem 1. Supplementary angles are congruent. 

Theorem 2. Vertical angles are congruent. 

Theorem 3. The supplementary angle of a right angle is a right angle. 

Theorem 4. If two angles and their common side in one triangle are congruent to the 

correspondin g angle s an d thei r  c o m m o n sid e i n anothe r  triangle ,  the n th e tw o 

triangle s ar e congruent . 

Theorem 5. If two sides in a triangle are congruent, then their opposite angles are 

congruent ;  an d vic e versa . 

Method .  Thre e undergraduat e psycholog y student s participate d i n a n 

experimenta l  cours e i n elementar y geometry .  Th e experimente r  sa w eac h subjec t 

individuall y i n session s tha t  laste d approximatel y on e hou r  each .  Th e subject s 

learne d basi c theorem s o f  plan e geometry ,  th e first  five  o f  whic h ar e show n i n Tabl e 

1.  A  typica l  sessio n bega n wit h fre e recal l  o f  previousl y learne d theorems ,  continue d 

wit h th e introductio n o f  n e w theorems ,  an d ende d wit h proble m solvin g practice .  Th e 

subject s ha d th e theorem s availabl e durin g proble m solving ,  an d the y wer e 

instructe d t o thin k aloud .  Th e dat a consis t  o f  5 2 think-alou d protocols ,  representin g a 

tota l  o f  approximatel y nin e hour s o f  proble m solvin g effort .  Th e protocol s wer e 

scanne d fo r  th e occurrenc e o f  restructurin g events .  Te n suc h event s wer e found .  Th e 

thre e mos t  informativ e event s wil l  b e analyze d below .  The y illustrat e deliberat e 

restructuring ,  goa l  drive n restructuring ,  an d restructurin g i n respons e t o a  hint . 

Case 1 :  Deliberat e restructuring .  Subjec t  S 3 wa s give n th e proble m i n Figur e 1 

afte r  sh e ha d studie d Theorem s 1- 5 (se e Tabl e 1) .  Sh e bega n b y provin g tha t  triangle s 
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A E D an d B E C ar e congruent ,  an d the n entere d a n impasse .  I n fragment s F65-F6 7 

(se e Tabl e 2 )  sh e deliberatel y set s ou t  t o se e th e proble m fro m m a n y viewpoints .  T h e 

proces s o f  restructurin g proceed s throug h thre e steps .  First ,  sh e mentall y cut s th e 

figure  alon g th e diagona l  C A ,  formin g th e triangle s C D A an d C B A (F68-F70) .  Sh e 

the n mentall y cut s th e figure  alon g th e othe r  diagonal ,  formin g th e triangle s D C B 

and D B A (F71-F74) .  Finally ,  sh e keep s on e triangl e fro m eac h pair ,  a s i t  were ,  an d 

set s hersel f  th e tas k o f  provin g the m congruen t  (F75-F77) .  Figur e 2  give s a 

diagrammati c analysi s o f  th e process .  Th e geometri c object s perceive d b y th e subjec t 

ar e draw n i n bol d lines ,  whil e th e res t  o f  th e diagra m i s draw n i n broke n lines . 

Restructurin g wa s no t  followe d b y insigh t  i n thi s case .  Th e subjec t  worke d o n th e 

proble m fo r  twelv e minute s withou t  solvin g it . 

Tabl e 2 .  Protoco l  excerp t  fro m Subjec t  S3 . 

F65. but perhaps one can see this in some other way also 

F66.  on e ca n perhap s se e thi s fro m m a n y viewpoint s her e 

F67 .  no w w e shal l  se e 

F68 .  on e ca n se e i t  a s 

F69 .  C D A an d C B A 

F70 .  triangle s 

F71 .  on e ca n se e i t  o n 

F72 .  D C B an d D B A instea d 

F73 .  ye s exactl y ye s 

F74 .  thos e tw o 

F75.  wel l 

F76.  no w I  ca n se e thi s i n anothe r  w a y 

F77 .  C D B an d C A D ough t  t o b e congruen t  her e i n som e w a y 

Case 2 :  Goal-drive n restructuring .  S I  wa s give n th e proble m i n Figur e 1  a s hi s 

first  proble m afte r  studyin g Theorem s 1- 5 (se e Tabl e 1) .  S I  misunderstoo d th e goa l  o f 

th e proble m t o b e t o prov e tha t  angl e A D C i s congruen t  t o angl e B C D .  W h e n th e 

protoco l  excerp t  i n Tabl e 3  begins ,  h e ha s prove d tha t  angle s E D A an d E C B ar e 

congruen t  b y provin g the m correspondin g part s of  th e congruen t  triangle s E D A an d 

E C B.  H e the n set s himsel f  th e goa l  o f  provin g tha t  th e remainin g parts ,  i .  e. ,  angle s 

E DC an d E C D ,  ar e equa l  (F43) .  Hi s pla n i s t o prov e tha t  the y ar e equa l  b y provin g 

tha t  th e side s o f  th e triangl e E D C ar e equa l  (F42-F45) .  Thi s goa l  i s  reformulate d a s 

provin g tha t  th e triangl e E D C i s isoscele s (F46-F47) .  Thi s vie w of  th e proble m lead s 

t o a n impass e (F48-F49) .  Prompte d b y th e experimente r  t o continu e t o think-aloud , 

he state s tha t  h e i s thinkin g abou t  th e sam e proble m bu t  fro m anothe r  angl e 

(F50-F52) :  h e ha s re-encode d E D an d E C a s line s (F54) .  Th e goa l  i s  stil l  t o prov e the m 

congruen t  (F53-F55) .  H e suddenl y realize s tha t  E D an d E C ar e correspondin g side s o f 
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th e tw o triangle s E D A an d E C B ,  whic h h e ha s alread y prove d congruen t  (F56-F61) . 

Figur e 3  show s a  diagrammati c analysi s of  th e proces s wit h perceive d geometri c 

object s i n bol d line s an d th e res t  o f  th e diagram-th e background--i n broke n lines .  Th e 

subjec t  quickl y complete d th e correc t  solution . 

Table 3. Protocol excerpt from Subject SI. 

F42. yes now I am thinking about whether one can prove that these two sides [DE, 

E C]  ar e equall y lon g 

F43 .  becaus e i f  the y ar e the n thos e tw o angle s [EDC ,  E C D ]  whic h ar e jus t  th e 

remainin g part s of  thos e angle s whic h I  wan t  t o ge t  [ A D E ,  B C D ]  mus t  b e equall y lon g 

F44 .  s o the n thi s an d tha t  angl e [ A D E ,  B C D ]  mus t  b e equall y bi g 

F45 .  an d the n th e proble m i s solve d 

F46 .  s o i t  i s  n o w a  questio n o f  provin g tha t  i t  i s  isoscele s 

F47 .  tha t  triangl e [EDC ] 

F48 .  an d tha t  I  canno t 

F49 .  bu t  perhap s on e ca n d o i t  i n som e othe r  w a y 

(What  ar e yo u thinking? ) 

F50 .  wel l  n o w I  a m thinkin g 

F51 .  wel l  i t  i s  th e sam e proble m 

F52 .  bu t  fro m anothe r  angl e 

F53 .  ye s i f  thi s on e 

F54 .  i s  thos e tw o line s [ED ,  E C ]  ar e equall y lon g 

F55. 1 a m thinkin g 

F56 .  ye s bu t  the y mus t  b e 

F57 .  sinc e the y ar e part s o f 

F58 .  i t  i s  congruen t 

F59 .  thes e tw o her e ar e congruen t  [triangle s E D A ,  E C B ] 

F60 .  an d i t  i s  [ED ,  E C ]  correspondin g side s i n th e triangle s [EDA ,  E C B ] 

F61 .  therefor e thes e tw o side s [ED ,  E C ]  ar e equall y lon g 

Case 3 :  Hint-drive n restructuring .  S 2 attempte d Proble m 2  (se e Figur e 4 )  afte r 

havin g learne d th e five  theorem s i n Tabl e 1 ,  plu s fou r  others .  Sh e decide d t o prov e 

triangle s A E D an d B E G congruen t  an d quickl y reache d a n impasse .  Th e protoco l 

excerp t  i n Tabl e 4  begin s w h e n th e experimente r  give s he r  th e hin t  tha t  ther e ar e 

othe r  pair s of  triangle s i n th e figure  tha t  migh t  b e congruent .  Sh e first  reject s thi s 

suggestio n (F113-F115) .  Sh e the n run s throug h th e triangle s i n th e figure 

(F113-F121) ,  an d conclude s tha t  ther e ar e n o othe r  congruen t  triangle s i n th e figure 

(F121) .  Sh e the n suddenl y see s th e triangle s A E G an d B D A (F123-F124) .  Figur e 5 

show s a  diagrammati c analysi s o f  th e proces s wit h perceive d geometri c object s draw n 

i n bol d line s an d th e res t  o f  th e diagra m draw n i n broke n lines .  I n spit e o f  thi s 

restructuring ,  th e subjec t  faile d t o solv e th e problem . 
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A B 

Prove angles ECD and CDE congruent. 

Figure 1. Problem 1. 

A B 

Prove line segments AG and BD congruent. 

Figure 4. Problem 2. 

> 

Figur e 5 .  Analysi s o f  S2' s re-encodin g process .  Perceive d geometri c figure s 
ar e draw n i n bol d lines ,  th e res t  o f  th e figure s i n broke n lines . 

241 



Tabl e 4 .  Protoco l  excerp t  fro m S2 . 

(Wha t  othe r  triangle s coul d b e congruent? ) 

F109 .  wha t  other s 

F l l O coul d ther e b e other s whic h ar e congruen t 

F i l l ,  h u h 

(Tha t  coul d be .  Y o u hav e n o w bee n workin g th e hypothesi s tha t  th e whol e poin t  i s  t o 

prov e tha t  thos e tw o triangle s [ A E D ,  B E G ]  ar e congruent. ) 

F112.ye s 

(An d jus t  n o w yo u reache d th e conclusio n tha t  yo u canno t  d o tha t  wit h th e 

informatio n yo u have .  C a n yo u find  tw o othe r  triangle s whic h on e ca n find  whic h on e 

coul d believ e coul d b e congruent? ) 

F113 .  congruen t  exactl y alik e 

F114 .  n o tha t  i s  impossibl e ther e ar e n o other s 

F115.i t  canno t  b e 

F116 .  ther e ar e onl y on e othe r 

F117 .  als o hypotheticall y the n thi s lin e her e 

F118 .  the n ther e ar e tw o her e 

F119 .  an d thos e tw o her e ca n surel y neve r  b e congruen t 

F120 .  thes e tw o her e ca n surel y neve r  b e congruen t 

F121 .  n o I  d o no t  understan d tha t 

F122 .  bu t 

F123 .  nowlseei t 

F124. 1 hav e forgotte n thi s on e her e [ A G B o r  B D A ] 

Discussion. The restructuring process revealed in these three protocol excerpts 

consist s i n re-encodin g th e give n figure .  Th e diagram-th e se t  o f  line s o n th e 

paper-contain s withi n i t  a  larg e numbe r  o f  differen t  geometri c object s (angles ,  sides , 

triangles ,  etc.) .  Onl y som e o f  thos e geometri c object s ar e perceive d a t  an y on e time . 

T h e others  reced e int o th e background .  I n particular ,  i f  a  lin e configuratio n i s 

perceive d i n on e way ,  the n alternativ e encoding s o f  tha t  sam e lin e configuratio n 

reced e int o th e background .  Restructurin g consist s o f  switchin g t o on e o f  th e 

alternativ e encodings .  H o w doe s th e switchin g mechanis m work ? Th e dat a sugges t 

tha t  re-encodin g i s don e b y re-parsin g th e diagram .  Durin g initia l  proble m 

perceptio n comple x object s (e .  g. ,  triangles )  ar e constructe d ou t  o f  simple r  object s (e . 

g. ,  lines) .  Thi s proces s i s a  searc h throug h a  descriptio n spac e (Ohlsson ,  1984b) . 

Alternativ e interpretation s of  th e perceptua l  informatio n ar e possible ,  s o som e 

choice s ar e m a d e ,  resultin g i n a  particula r  encodin g o f  th e give n diagram .  W h e n a n 

impass e force s th e proble m solve r  t o re-encod e th e problem ,  he/sh e back s u p i n th e 

descriptio n space ,  dismantle s his/he r  previou s encoding ,  an d traverse s anothe r  pat h 

throug h th e descriptio n space .  Thi s proces s break s a n impass e b y allowin g othe r 

operator s (geometri c theorems )  t o appl y t o th e curren t  state .  Restructurin g i s a  rar e 
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event :  Ther e wa s approximatel y on e restructurin g even t  pe r  hou r  o f  proble m solvin g 

effor t  i n th e presen t  study .  Restructurin g doe s no t  necessaril y  lea d t o insight :  I n tw o 

of  th e thre e excerpt s presente d above ,  th e subjec t  faile d t o solv e th e problem .  Thi s 

stud y support s th e ide a tha t  diagra m parsin g i s centra l  i n geometr y (Koedinge r  & 

Anderson ,  i n press) ,  bu t  th e validit y o f  th e re-parsin g mechanis m fo r  othe r  domain s 

tha n geometr y remain s a n ope n question .  Fo r  example ,  a  differen t  mechanis m seem s 

t o b e responsibl e fo r  re-encodin g o f  th e Mutilate d Checke r  Boar d Proble m (Kapla n & 

Simon ,  i n press) . 

A c k n o w l e d g e m e n t  Preparatio n o f  thi s pape r  wa s supported ,  i n part ,  b y O N R 

gran t  N00014-89-J-1681 .  N o endorsemen t  shoul d b e inferred . 
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