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Abstract 

Grouplike Symmetric Monoidal Categories and Quiver Tensor Products 

by 

John Stephen Nolan 

Doctor of Philosophy in Mathematics 

University of California, Berkeley 

Professor Constantin Teleman, Chair 

In this thesis we develop a framework for understanding certain functors between the derived 
categories of toric varieties and stacks. We take the viewpoint that, just as toric varieties can 
be understood by studying commutative monoids, toric stacks can be understood by study-
ing grouplike symmetric monoidal categories (i.e. those whose objects form an abelian group 
under the symmetric monoidal structure). We apply this perspective to describe the convolu-
tion product on the derived category of quasicoherent sheaves on a smooth toric stack [An/G] 
(viewed as a commutative monoid stack via coordinatewise multiplication). By combining 
this with Halpern-Leistner’s theory of windows in GIT and with Hanlon–Hicks–Lazarev’s 
resolutions of the diagonal, we produce descriptions of “quiver tensor products” on certain 
toric varieties, answering a natural question in homological mirror symmetry. We also con-
struct a novel family of monoidal structures on the derived categories of projective spaces. 
Finally, we present a sketch of how these ideas can be extended to form a theory of “derived 
toric geometry” controlling push-pull functors between derived categories of toric varieties 
and stacks. 
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To you, dear reader, for trying. 



ii 

Contents 

Contents ii 

0 Introduction 1 
0.1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 
0.2 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 

1 Background 5 
1.1 Generalities on ∞-categories . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 

1.1.1 Presentability and compact generation . . . . . . . . . . . . . . . . . 5 
1.1.2 Stable ∞-categories . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 

1.2 O-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 
1.2.1 En-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 
1.2.2 O-algebras in general . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 
1.2.3 Day convolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 
1.2.4 O-monoidal adjunctions and O-algebra objects . . . . . . . . . . . . . 12 
1.2.5 Right localization of En-monoidal structures . . . . . . . . . . . . . . 14 

1.3 Derived algebraic geometry and perfect stacks . . . . . . . . . . . . . . . . . 17 
1.3.1 Resolutions of the diagonal . . . . . . . . . . . . . . . . . . . . . . . 19 
1.3.2 Three-functor formalisms in general . . . . . . . . . . . . . . . . . . . 20 
1.3.3 Three-functor formalisms and convolution . . . . . . . . . . . . . . . 22 
1.3.4 A three-functor formalism for quasicoherent sheaves . . . . . . . . . . 24 

2 Grouplike symmetric monoidal categories 27 
2.1 E∞-monoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 

2.1.1 Some basic definitions and examples . . . . . . . . . . . . . . . . . . 28 
2.1.2 Presentations of E∞-groups . . . . . . . . . . . . . . . . . . . . . . . 30 
2.1.3 Sharp E∞-monoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 
2.1.4 Faces, localizations, and quotients of E∞-monoids . . . . . . . . . . . 34 
2.1.5 M-spaces and quotients . . . . . . . . . . . . . . . . . . . . . . . . . 37 
2.1.6 Integral E∞-monoids . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 

2.2 Skew quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 
2.2.1 Skew quotients via the Grothendieck construction . . . . . . . . . . . 43 



iii 

2.2.2 Path monoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 
2.2.3 Relative path monoids . . . . . . . . . . . . . . . . . . . . . . . . . . 47 
2.2.4 Properties of skew quotients . . . . . . . . . . . . . . . . . . . . . . . 48 

2.3 Grouplike symmetric monoidal categories . . . . . . . . . . . . . . . . . . . . 49 
2.3.1 Presenting grouplike SMCs as skew quotients . . . . . . . . . . . . . 49 
2.3.2 A structure theorem for grouplike SMCs . . . . . . . . . . . . . . . . 50 
2.3.3 Grouplike SMCs as fiber products . . . . . . . . . . . . . . . . . . . . 53 
2.3.4 Localizations and faces . . . . . . . . . . . . . . . . . . . . . . . . . . 55 
2.3.5 Localizations and limits . . . . . . . . . . . . . . . . . . . . . . . . . 59 
2.3.6 Integral grouplike SMCs . . . . . . . . . . . . . . . . . . . . . . . . . 61 

3 Geometrization of grouplike SMCs 63 
3.1 Presheaves on grouplike SMCs . . . . . . . . . . . . . . . . . . . . . . . . . . 63 

3.1.1 The projection formula for presheaves . . . . . . . . . . . . . . . . . 63 
3.1.2 PShk(C) as a category of graded modules . . . . . . . . . . . . . . . . 64 

3.2 Geometrization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 
3.2.1 Basics of geometrization . . . . . . . . . . . . . . . . . . . . . . . . . 67 
3.2.2 Geometrizing E∞-groups . . . . . . . . . . . . . . . . . . . . . . . . . 68 
3.2.3 PShk(C) versus QC(YC) . . . . . . . . . . . . . . . . . . . . . . . . . 69 

4 Convolution and Tensor Products 72 
4.1 Quivers and derived categories of quotient stacks . . . . . . . . . . . . . . . 72 
4.2 Convolution and quiver tensor products . . . . . . . . . . . . . . . . . . . . 74 

4.2.1 The quiver tensor product . . . . . . . . . . . . . . . . . . . . . . . . 75 
4.2.2 Moduli of representations and comparison functors . . . . . . . . . . 76 
4.2.3 Proof of the En-monoidal equivalence . . . . . . . . . . . . . . . . . . 78 

5 Extended convolution and applications 80 
5.1 Quiver presentations of derived categories . . . . . . . . . . . . . . . . . . . 80 

5.1.1 Windows and quivers . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 
5.1.2 Windows and resolutions of the diagonal . . . . . . . . . . . . . . . . 84 
5.1.3 Hitchcock functors via opposite collections of weights . . . . . . . . . 86 
5.1.4 The toric case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 
5.1.5 Quiver-theoretic examples . . . . . . . . . . . . . . . . . . . . . . . . 91 

5.2 Extended convolution products . . . . . . . . . . . . . . . . . . . . . . . . . 92 
5.2.1 Definitions and examples . . . . . . . . . . . . . . . . . . . . . . . . . 93 
5.2.2 Functoriality of extended convolution . . . . . . . . . . . . . . . . . . 95 
5.2.3 Fourier-Mukai kernels and geometric descriptions of extended convo-

lution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 
5.2.4 Quiver tensor products via extended convolution . . . . . . . . . . . 99 

5.3 Application: (symmetric) monoidal structures on Perf Pd . . . . . . . . . . . 99 
5.3.1 Computations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 



iv 

5.3.2 Categorical compactifications . . . . . . . . . . . . . . . . . . . . . . 102 
5.3.3 Recovering A from (Perf P(A),   

A ) . . . . . . . . . . . . . . . . . . . 103 
5.3.4 Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 

5.4 Application: Tensor products in toric mirror symmetry . . . . . . . . . . . . 109 
5.4.1 The mirror of the constructible tensor product . . . . . . . . . . . . . 110 
5.4.2 A conjecture about Cox categories . . . . . . . . . . . . . . . . . . . 112 

6 A sketch of derived toric geometry 113 
6.1 E∞-cones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 

6.1.1 Spectra of E∞-monoids . . . . . . . . . . . . . . . . . . . . . . . . . . 115 
6.1.2 E∞-cones: definition and examples . . . . . . . . . . . . . . . . . . . 116 

6.2 E∞-fans . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 
6.2.1 GSM spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 
6.2.2 E∞-fans: definition and examples . . . . . . . . . . . . . . . . . . . . 119 
6.2.3 Some nice properties of E∞Fan . . . . . . . . . . . . . . . . . . . . . 120 
6.2.4 Geometrization of E∞-fans . . . . . . . . . . . . . . . . . . . . . . . . 121 

6.3 Projected applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 
6.3.1 The Cox construction . . . . . . . . . . . . . . . . . . . . . . . . . . 122 
6.3.2 Composing spans . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123 

Bibliography 127 



v 

Acknowledgments 

I owe immeasurable thanks to many people for their support, expertise, and encouragement 
throughout my mathematical career. For non-mathematical contributions, I’d like to thank: 

• My parents, Edward and Valerie Nolan, without whom neither I nor this thesis would 
not exist. Thanks for always believing in me and for providing a safe haven from the 
stresses of academia (and the wider world) when I’ve needed it. 

• My sister, Lily Nolan, for being a shining example of resilience and intelligence through-
out my life. I look forward to being acknowledged in your own thesis in a few years’ 
time. 

• My extended family (on both sides), for all their support throughout the years, and 
for always making holidays entertaining. 

• All the friends I’ve made throughout the years, for keeping me sane. 

• My teachers and undergraduate instructors, for helping me realize that math could be 
fun enough to make into a career. 

• My undergraduate research mentors, especially John Benedetto, Spencer Breiner, and 
Blake Pollard, and Eswaran Subrahmanian. Thanks for giving me the chance to build 
my research skills and for helping me prepare for the PhD life. 

• Jeremy Taylor, Kabir Kapoor, and Vinh-Kha Le for making the office a lively place to 
work. 

• Jeremy Taylor (again) and Peisheng Yu for being superb roommates during my time 
in graduate school. 

• Arpita Nag, for her constant companionship and love over this past year and a half. I 
wish we could have met sooner, my love. 

For more mathematical contributions, I’d like to thank: 

• My advisor, Constantin Teleman, for providing key guidance throughout the years and 
for serving as an arbiter of “good mathematical taste.” 

• David Nadler, for running an excellent geometric representation theory seminar over 
the years and for making everyone around him smarter. 

• Martin Olsson, for teaching me how to think about stacks and for running an excellent 
seminar of his own. 



vi 

• Daigo Ito, for being a fantastic collaborator and for getting me to think more deeply 
about quiver tensor products. A good chunk of this thesis comes out of joint work 
with him. If you’re reading this and you are not Daigo, please buy him a beer the next 
time you see him. 

• Swapnil Garg and Yuji Okitani, for sitting in on the meetings Daigo and I had with 
David and for consistently asking interesting questions. 

Over the course of completing this thesis, I also had useful mathematical discussions with 
Colleen Delaney, Daniel Erman, David Favero, Andrew Hanlon, Daniel Halpern–Leistner, 
and Kimoi Kemboi. Daigo also had useful discussions with Martin Gallauer and Ed Segal; 
although I have not had the pleasure of meeting either, they have had a positive influence 
on the joint sections. 



1 

Chapter 0 

Introduction 

The goal of this thesis is to understand the derived categories and derived algebraic geometry 
of toric stacks (including toric varieties) in terms of subcategories of line bundles. 

Our starting point is Beilinson’s theorem that the line bundles OPn , OPn (1), . . . , OPn (n) 
form a so-called full strong exceptional collection (FSEC) of line bundles in the perfect 
derived (dg-)category of Pn . This induces an equivalence D(Pn)  Fun(Qn, D(k)) between 
the (unbounded) derived category of Pn and the dg-category of (derived) representations 
of a certain quiver Qn depicted in Fig. 0.1 (where the representations are linear over an 
algebraically closed field k of characteristic zero). 

q0 q1 . . . qn 

x0 

· · · 
xn 

x0 

· · · 
xn 

x0 

· · · 
xn 

Figure 0.1: The Beilinson quiver for Pn (with relations xixj = xjxi for all i, j). 

On the category Fun(Qn, Perf(k)), there is a natural “quiver tensor product” ⊗Qn , given 
by vertexwise tensor products of quiver representations. One of our goals in this thesis is to 
answer the following: 

Question 0.0.0.1. Can the quiver tensor product ⊗Qn be understood in terms of the geometry 
of Pn? 

Some basic computations indicate that ⊗Qn is closely related to the convolution product 
on the derived dg-category D(T) of quasicoherent sheaves on the dense torus T ⊂ Pn . How-
ever, the quiver tensor product ⊗Qn cannot be realized as a genuine convolution product, 
since Pn is not a group scheme (or even a monoid scheme). 

However, all is not lost: by the theory of windows (as developed in [Hal15] and others), 
we know that there is a close relationship between the derived dg-categories D(Pn) and 
D([An+1/Gm]). Thinking of complexes of quasicoherent sheaves on [An+1/Gm] as graded 
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modules gives a quiver description of D([An+1/Gm]). More precisely, there is an equivalence 
D([An+1/Gm])  Fun(Qn,∞, D(k)), where Qn,∞ is the infinite quiver depicted in Fig. 0.2. 

. . . q−1 q0 q1 . . . 
x0 

· · · 
xn 

x0 

· · · 
xn 

x0 

· · · 
xn 

x0 

· · · 
xn 

Figure 0.2: The infinite Beilinson quiver for [An+1/Gm] (with relations xixj = xjxi for all 
i, j). Vertices are indexed by X•(Gm) = Z. 

It is possible (but not entirely trivial) to show that the induced quiver tensor product 
⊗Qn,∞ on D([An/Gm]) agrees with the convolution product induced by coordinatewise mul-
tiplication on the stack [An/Gm]. We thus have an entirely toric / geometric description of 
⊗Qn,∞ . 

To describe the quiver tensor product ⊗Qn on D(Pn), we use a trick involving the window 
functor W : D(Pn) → D([An+1/Gm]) and its right adjoint H to transport the quiver tensor 
product from D([An+1/Gm]) to D(Pn). More precisely, we show that we can write 

F ⊗Qn G = H((WF ) ⊗Qn,∞ (WG )) 

for all F , G ∈ D(Pn). This general strategy (with a few modifications) allows us to write 
⊗Qn as a composite of push-pull functors along toric stacks, and we are led to the general 
question: 

Question 0.0.0.2. Let 

Y1 Y2 

X1 X2 X3 

p1 q1 p2 q2 

be a diagram of toric stacks. How can one describe the composite functor q2∗p
∗ 
2q1∗p

∗ 
1 : 

D(X1) → D(X3)? 

In some sense the answer to this question is obvious: derived algebraic geometry tells us 
that the composite is given by push-pull along the derived fiber product Y1 ×R 

X2 
Y2. However, 

this runs into the problem that (derived) fiber products of toric stacks typically fail to be 
toric. Thus, even though each push-pull functor can be understood via the combinatorial 
language of (stacky) fans, the same is not true for the composite. 

A good portion of this thesis (specifically Chapter 2, Chapter 3, and Chapter 6) is 
dedicated to constructing a provisional formalism of E∞-stacky fans which fixes this problem. 
We provide many sample computations illustrating how to work with E∞-stacky fans, and 
we discuss questions and prospective applications relevant to this formalism in Chapter 6. 
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Ultimately, we answer Question 0.0.0.1 without directly using the formalism of E∞-fans. 
A discussion of our answer can be found in Chapter 5. Our methods also generalize to solve 
an analogous problem for other toric varieties of “Bondal–Ruan type.” These results have 
applications to mirror symmetry for toric varieties and (conjecturally) to the Cox categories 
of [Bal+24]. 

Furthermore, we can use these methods to produce a new family of monoidal struc-
tures on Perf(Pn) related to finite-dimensional algebras. This family enables us to construct 
“categorical compactifications” of many well-known algebraic groups G, i.e. smooth proper 
dg-categories with monoidal structures extending the convolution product of G. 

0.1 Conventions 

Throughout most of this thesis we use the “implicit ∞” convention, i.e. all references 
to categories and functors are implicitly references to ∞-categories and functors between 
these. When we want to consider the more classical situation we will typically reference 
“1-categories” or “discrete categories.” In particular, the notation QC will typically refer to 
the derived (dg- / ∞-)category of quasicoherent sheaves. Any deviation from this conven-
tion will be explicitly noted. We refer to [HTT] and [HA] for the foundations of ∞-category 
theory. 

We will typically let k be a fixed algebraically closed field of characteristic zero, though 
many of our results hold in greater generality and we will indicate this when such generality 
is interesting. 

0.2 Outline 

Chapter 1 is devoted to background material that is useful for subsequent sections. 
In Chapter 2 we introduce a notion of “grouplike symmetric monoidal ∞-category,” i.e. 

a symmetric monoidal ∞-category for which the objects form a group under the symmetric 
monoidal operation. These can be thought of as a combinatorial analogue of the full sub-
category of D([Y/G]) spanned by line bundles for Y an affine toric variety and G a reductive 
algebraic group. We prove a structure theorem (Theorem 2.3.2.1), allowing us to understand 
grouplike symmetric monoidal ∞-categories in terms of E∞-monoids. 

Chapter 3 discusses how to use grouplike symmetric monoidal ∞-categories C to produce 
derived stacks YC using the Tannakian formalism. We show that, under additional hypothe-
ses, the stacks YC are quotient stacks of affine derived schemes (Proposition 3.2.3.6), and 
we compute the derived categories QC(YC) (Proposition 3.2.3.8). The stacks YC also admit 
natural E∞-monoid structures (internal to the ∞-category of derived stacks). 

In Chapter 4 we consider the more general situation of a (nice) En-monoid M in the ∞-category of derived stacks together with an affine homomorphism M → BG where BG is 
a commutative reductive group. We discuss how to understand the derived category QC(M) 
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as a “category of modules over an infinite quiver with relations.” We prove (Theorem 4.2.3.1) 
that the convolution product on QC(M) induced by the monoid structure on M agrees with 
a “vertexwise tensor product” obtained from this quiver with relations. 

Chapter 5 uses the results of Chapter 4 to study some questions about the derived cat-
egories of Pn and more general toric varieties. We establish a novel family of monoidal 
structures on the derived category of Pn related to finite dimensional algebras (Proposi-
tion 5.3.0.1). We also solve a problem in mirror symmetry for toric varieties, giving a “B-
model” construction of the mirror to the tensor product of constructible sheaves on certain 
stratified real tori (Proposition 5.4.0.2). 

In Chapter 6 we discuss how the results of Chapter 2 and Chapter 3 may be used to 
develop a theory of “derived toric geometry.” We indicate some problems and directions for 
future research. 

Chapters 1, 4, and 5 here are based on joint work with Daigo Ito and originally appeared 
(in modified form) in [IN25]. 
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Chapter 1 

Background 

This section contains background material which will be useful for the rest of the thesis. We 
recommend [Gro20], [BFN10], [Sch23] for more extended (but still elementary and concep-
tual) discussions of many of the ideas mentioned here. Almost everything in this section is 
well-known to the experts, except for possibly the technical results on transporting monoidal 
structures along localizations in Section 1.2.5. 

1.1 Generalities on ∞-categories 

We begin by reviewing some relevant results on ∞-category theory. 

Notation 1.1.0.1. In this section and the next, to avoid confusion when introducing new 
concepts, we will not use the “implicit ∞” convention. We will change notation in Nota-
tion 1.3.0.1. 

1.1.1 Presentability and compact generation 

To make our claims about homotopy coherence rigorous, we use the language of ∞-categories 
as developed in [HTT] and [HA] (among other references). This subsection is devoted to a 
rapid review of the theory of presentable ∞-categories discussed in [HTT]. 
Remark 1.1.1.1. There is a (classical) analogous theory of presentable 1-categories, but it is 
less central to applications. Many of the consequences of the classical theory (e.g. existence 
of adjoint functors) are easy to check “by hand” as needed. By contrast, proving results 
“by hand” in the ∞-categorical context is often much more difficult, and we are left with no 
recourse but to use categorical methods. 

The essential idea of ∞-category theory is to replace sets in ordinary category theory 
by spaces, a.k.a. (weak) homotopy types. The category of spaces is denoted S. There are 
many equivalent point-set models one can use to understand and construct S. For example, 
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one may obtain S from the category of CW-complexes and continuous maps by “inverting 
homotopy equivalences” in a suitable sense. 

Write Cat∞ for the (large) ∞-category of small ∞-categories and Cat∞ for the (very 
large) ∞-category of large ∞-categories.1 For any C0 ∈ Cat∞, we define the ∞-category 
of presheaves on C0 as PSh(C0) = Fun(Cop, S). As usual, we have a Yoneda embedding 
C0 → PSh(C0). 

Presheaf categories are key examples of presentable ∞-categories. An ∞-category C is 
presentable if there exists an ∞-category C0 and a functor L : PSh(C0) → C which is: 

• a localization, i.e. L has a fully faithful right adjoint LR , and 

• accessible, i.e. LR preserves κ-filtered colimits for some regular cardinal κ. 

Such a category C possesses many useful potential features of large ∞-categories – in par-
ticular, C is complete and cocomplete. However, the behavior of C is still controlled by that 
of the small ∞-category C0. 

The adjoint functor theorem [HTT, Corollary 5.5.2.9] states that a functor F : C → C  

between presentable ∞-categories has a right adjoint if and only if F preserves colimits. 
Motivated by this definition, we let PrL denote the ∞-category of presentable ∞-categories 
and colimit-preserving functors. We write FunL(C, C ) for the ∞-categories of functors in 
PrL from C to C  . Letting PrR be the ∞-category of presentable ∞-categories and functors 
which preserve limits and κ-filtered colimits (for some regular cardinal κ), the adjoint functor 
theorem upgrades to an equivalence (PrL)op ∼ −→ PrR which is the identity on objects. 

The category PrL has a natural symmetric monoidal structure, the Lurie tensor product 
⊗, defined so that colimit-preserving functors C1 ⊗ C2 → C3 are functors C1 × C2 → C3 

which preserve colimits in each variable separately. Our later variants of PrL will all inherit 
a corresponding Lurie tensor product. 

If C ∈ PrL , we say that: 

• An object c0 ∈ C0 is compact if the functor HomC(c0, −) preserves filtered colimits. 

• A small full subcategory C0 ⊂ C generates C if a morphism f : c → c  is an isomorphism 
if and only if the induced map HomC(c0, c) → HomC(c0, c ) is an isomorphism for all 
c0 ∈ C. Equivalently, every object of C may be expressed as a colimit of objects of C0. 

If the objects of C0 are compact and C0 generates C, we say that C is compactly generated by 
C0. In this case, there is a natural equivalence C = Ind(C0), where the functor Ind : Cat∞ → 
PrL “freely adjoins filtered colimits” to its input (see [HTT, §5.3.5] for a precise definition). 
In particular, every object of C can be obtained (canonically) as a colimit of objects of C0. 
We let PrL 

ω denote the ∞-category of compactly generated ∞-categories and functors which 
preserve colimits and compact objects. 

1Standard techniques from the theory of Grothendieck universes allow us to deal with most set-theoretic 
“size issues” when they arise. 
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Let (V, ⊗) be a presentably symmetric monoidal ∞-category, i.e. an object of CAlg(PrL , ⊗). 
There exists a rich theory of “V-enriched ∞-categories” – see e.g. [MS24, Appendix A] for a 
highly readable account of the subject. The above results extend (with some mild modifica-
tions) to the V-enriched setting. In fact, by [MS24, Theorem A.3.8], a V-enriched presentable ∞-category is the same as a module over (V, ⊗) in PrL . In particular, we note that V is au-
tomatically enriched over itself, and that any small V-enriched category C admits a Yoneda 
embedding C → FunV(C

op, V). We may use this result to reduce the study of presentable ∞-categories enriched in (V, ⊗) to the study of unenriched presentable ∞-categories. 
Two key examples of the above are as follows: 

• When (V, ⊗) = (D(k), ⊗k), where D(k)-enriched ∞-categories are the same as k-linear ∞-categories. We write Catk for the large category of small k-linear ∞-categories. 

• We may also take (V, ⊗) = (Sp, ⊗), the ∞-category of spectra. Here ⊗ is the smash 
product. 

1.1.2 Stable ∞-categories 

Recall that an ∞-category C is stable if ([HA, Proposition 1.1.3.4]): 

• C admits finite limits and finite colimits, and 

• A commutative square 
A B 

C D 

is a pullback square if and only if it is a pushout square. 

These conditions imply that C has a zero object 0. If the diagram 

A B 

0 C 

f 

g 

is a pullback square, we say that A is the fiber of g (denoted fib(g)) and that C is the cofiber 
of f (denoted cofib(g)). (These notions actually make sense in any ∞-category with a zero 
object.) 

In any stable ∞-category C, the endofunctor [1] : C → C defined by A[1] = cofib(A → 0)2 

is an autoequivalence, called the shift autoequivalence. Its inverse is [−1] : C → C defined by 
B[−1] = fib(0 → B). 

2When working in the ∞-categorical context, such colimits are typically nontrivial. 
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The ∞-category of pretriangulated dg-categories over a discrete commutative ring k is 
equivalent to the ∞-category of stable ∞-categories enriched over D(k). Via this equivalence, 
cones in a pretriangulated dg-category correspond to cofibers in the corresponding stable ∞-category. In other words, the homological algebra of cones, shifts, etc. in dg-categories 
translates into the homotopical algebra of (co)limits in stable ∞-categories. The stable ∞-
categories of primary interest to us are enriched over D(k), so readers will not lose much by 
thinking of these stable ∞-categories as pretriangulated dg-categories. 
Remark 1.1.2.1. Every stable ∞-category is canonically enriched over (Sp, ⊗). We can view 
Sp as the category of modules over the sphere spectrum S, so every stable ∞-category is 
“enriched in some category of modules.” Of course, it is typically much harder to perform 
computations in Sp than within any D(k), so this remark is best understood as a general 
philosophy. 
Remark 1.1.2.2. The homotopy category of a stable ∞-category / pretriangulated dg-category 
is a triangulated category. We work in the context of stable ∞-categories to avoid various 
difficulties in the theory of triangulated categories, e.g. non-existence of tensor products of 
categories, non-functoriality of cones, poor behavior of Fourier-Mukai transforms, etc. 

Write PrLst for the ∞-category of stable, presentable ∞-categories and colimit-preserving 
functors. For a discrete commutative ring k, PrL 

k be the category of D(k)-modules in PrL 
st. 

To avoid repeating ourselves too much, we will state the following results for PrLk (though 
the analogues for PrLst also hold). 

The theory of compact generation admits some simplifications in the stable setting. For 
C ∈ PrLk, we have the following (straightforward) results: 

• An object c ∈ C is compact if Hom(C, −) commutes with infinite direct sums (and 
hence with all colimits). 

• A full subcategory C0 ⊂ C generates C if, whenever c ∈ C satisfies Hom(c0, c) = 0 for 
all c0 ∈ C0, we must have c = 0. 

If C is compactly generated by C0, there is a natural equivalence C = Ind(C0), where we use 
a k-linear version of Ind. In fact, we have Ind(C0) = Funk(C0, D(k)) in the stable k-linear 
setting. 

Let PrLk,ω be the ∞-category of stable compactly generated k-linear ∞-categories with 
morphisms given by k-linear functors that preserve colimits and compact objects. Letting 
PrR 
k,ω be the category with the same objects but with morphisms given by k-linear functors 

that preserve both limits and colimits, the adjoint functor theorem gives an equivalence 
(PrLk,ω)

op = PrRk,ω. 
The study of PrLk,ω may be reduced to the study of certain small k-linear ∞-categories as 

follows. Following [AG14], we say that a k-linear ∞-category C0 is perfect if C0 is stable, and 
every idempotent p : c0 → c0 in C0 induces a direct sum decomposition c0 = c  0 ⊕ c  0 with 
c  0, c  0 ∈ C0. Let Catperf 

k denote the category of perfect k-linear ∞-categories and exact (i.e. 
finite (co)limit-preserving) k-linear functors. For C ∈ PrLk,ω, let Cω be the full subcategory 



CHAPTER 1. BACKGROUND 9 

consisting of all compact objects in C. Then (−)ω defines an equivalence PrL 
k,ω 

∼ − → Catperf
k , 

with inverse given by Ind : Catperf 
k → PrL 

k,ω. 

Remark 1.1.2.3. Using [BGT13, Theorem 1.10], we may obtain the category Catperf 
k from 

Catk by “localizing along the Morita equivalences.” That is, the functor 

Catk → Catperf 
k 

C0 → Ind(C0)
ω 

is the universal functor out of Catk inverting Morita equivalences of k-linear ∞-categories 
(including e.g. Morita equivalences of k-algebras). Its right adjoint is the inclusion Catperf 

k → 
Catk, which is necessarily fully faithful. 

1.2 O-algebras 

In this section we recall some of the basics of O-algebras (for some operad O) and their 
relationship with adjunctions. In Section 1.2.5 we will use these prove some seemingly novel 
technical results about transporting monoidal structures along adjunctions which will be 
useful in our construction of quiver tensor products. 

The results here are stated in the “non-enriched” (i.e., enriched in spaces) context in which 
they originally appeared in the literature. In the rest of the paper, we will largely use versions 
of these results enriched in spectra or D(k). One may use the results of [MS24, Appendix 
A] (especially [MS24, Theorem A.3.8]) to upgrade the results here to their corresponding 
enriched versions by regarding presentable ∞-categories enriched in a presentably symmetric 
monoidal ∞-category V as presentable ∞-categories with V-actions. 

1.2.1 En-algebras 

The ∞-categorical theory of (commutative) algebras in a (symmetric) monoidal category 
is subsumed by the theory of En-algebras (for 1  n  ∞), or more generally algebras 
over an ∞-operad, as developed in [HA]. We’ll focus on the En-case here for simplicity. In 
fact, in this work, we are only truly interested in the case n = 1 or n = ∞. We use the 
terminology of En-algebras primarily as an efficient method of covering both commutative 
and noncommutative cases with the same statement. 

An En-algebra in a symmetric monoidal ∞-category can be thought of as an algebra 
object with n compatible associative multiplications. The existence of these multiplications 
enforces a sort of commutativity on the operations involved. In particular: 

• E1-algebras are the same as associative algebras. 

• E∞-algebras are the same as commutative algebras. 
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Note a key difference with the classical case: commutativity is no longer a property of the 
multiplication but an extra structure witnessed by the infinitely many compatible multipli-
cations. 
Remark 1.2.1.1. When working in a 1-category, En-algebras for n  2 are always commu-
tative (i.e. the same as E∞-algebras). The differences between E2-algebras and E∞-algebras 
appear only when we allow nontrivial 2-morphisms. 
Remark 1.2.1.2. When working in Cat∞ (or similar ∞-categories such as Cat, the 2-category 
of discrete categories): 

• E1-algebras are the same as monoidal categories. 

• E2-algebras are the same as braided monoidal categories. 

• E∞-algebras are the same as symmetric monoidal categories. 

In Cat∞, we may take this as a definition of “monoidal / braided monoidal category” (though 
we need to bootstrap the definitions so that we may consider Cat∞ as a symmetric monoidal 
category). 

We write AlgEn 
(C) = AlgEn 

(C, ⊗) for the ∞-category of En-algebras in a symmetric 
monoidal ∞-category (C, ⊗). 3 Lax En-monoidal functors induce functors between the cor-
responding ∞-categories of algebras (this is automatic from the definition, [HA, 2.1.3.1]). 
There is also an analogous statement for En-monoidal adjunctions ([HA, 7.3.2.13], restated 
as Proposition 1.2.4.4 here and strengthened in Proposition 1.2.4.6). 

1.2.2 O-algebras in general 
In this subsection we connect our discussion of En-algebras with the notation of [HA, §2] 
and recall some more precise definitions. 

Fix an ∞-operad O⊗ and write O for O⊗
1. Suppose that O⊗ is single-colored, i.e., O is 

contractible (e.g. this is true for O = En for some n ∈ {1, . . . , ∞}).4 

Notation 1.2.2.1. Let C and D be O-monoidal categories, i.e. fix coCartesian fibrations 
pC : C⊗ → O⊗ and pD : D⊗ → O⊗ of ∞-operads with C⊗ ×O⊗ pt = C and D⊗ ×O⊗ pt = D. 
Let 

AlgC/O(D) = FunO,lax(C, D) 

denote the full subcategory of FunO⊗ (C⊗ , D⊗) spanned by the maps of ∞-operads. By 
abuse of notation, a lax O-monoidal functor F : C → D is a functor F : C → D together with 
F⊗ ∈ Funlax 

O (C, D) inducing F on the underlying ∞-categories. When C = O and pC = idO,
we write Alg/O(D) := AlgO/O(D). 

3This definition actually makes sense when (C, ⊗) is only assumed to be En-monoidal itself. 
4This restriction is not logically necessary, but it makes the statements cleaner. 
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When O⊗ = E⊗ ∞  N(Fin∗) is the commutative operad, we write AlgC(D) := AlgC/E∞ 
(D). 

We set 
CAlg(C) := AlgE∞/E∞ 

(C) = AlgE∞ 
(C) = Alg/E∞ 

(C) 

and set 
Fun⊗,lax(C, D) := FunO,lax(C, D). 

By abuse of notation, if C is a symmetric monoidal ∞-category, we say c ∈ C is an 
O-algebra object if we may write c = F(∗) ∈ C for some F ∈ AlgO(C) = Fun⊗,lax(O, C). 

Remark 1.2.2.2. Note that the above is not an extreme abuse of notation in the case of 
classical operads. Let C be a symmetric monoidal (ordinary) category, and equip the nerve 
N(C) with the symmetric monoidal ∞-category structure of [HA, 2.1.2.21]. Then CAlg(N(C)) 
can be identified with the nerve of the category of commutative algebra objects on C in the 
classical sense. 
Remark 1.2.2.3. If (C, ⊗) is a symmetric monoidal category and O⊗ is any ∞-operad, we may 
view C as an O-monoidal category (by pulling back the structure map C⊗ → N(Fin∗) along 
O⊗ → N(Fin∗).) By the universal property of fiber products, we see that Alg/O(C⊗ ×N(Fin∗) 

O⊗) = AlgO(C
⊗). That is, O-algebras in C (viewed as an O-monoidal ∞-category) are the 

same as O-algebras in C viewed as a symmetric monoidal ∞-category. 

1.2.3 Day convolution 

If C is a small O-monoidal ∞-category, then the presheaf ∞-category PSh(C) := Fun(Cop, S) 
can be equipped with a Day convolution O-monoidal structure: for an n-ary operation f in 
O, we define  

⊗f {Fi}
n 
i=1 

 
(c) = colim 

⊗f{ci}n 
i=1 →c 

n 

i=1 

Fi(ci). (1.2.3.1) 

We recall some useful properties of Day convolution as follows – proofs of these (or very 
similar statements) can be found in [HA, §2.2.6] and [Tor23, §2 and §3]. 

Proposition 1.2.3.2. Let C be a small O-monoidal ∞-category. Then Eq. (1.2.3.1) de-
fines the unique colimit-preserving O-monoidal structure on PSh(C) such that the Yoneda 
embedding yC : C → PSh(C) is O-monoidal. Furthermore: 

1. If D is a small O-monoidal ∞-category and F : C → D is an oplax O-monoidal functor, 
then the pullback functor F∗ : PSh(D) → PSh(C) is naturally lax O-monoidal. 

2. If E is a cocomplete ∞-category with a colimit-preserving O-monoidal structure, then 
left Kan extension along the Yoneda embedding yC : C → PSh(C) induces an equivalence 

FunO,L(PSh(C), E) ∼ −→ → FunO(C, E). 

The same is true with FunO replaced by FunO,lax on both sides. 
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3. In particular, if D is a small O-monoidal ∞-category and F : C → D is an O-
monoidal functor (resp. lax O-monoidal functor), then the left Kan extension functor 
F! : PSh(C) → PSh(D) is naturally O-monoidal (resp. lax O-monoidal). 

4. There is a natural equivalence Alg/O(PSh(C))  FunO,lax(Cop, S). 

Proof. The fact that Eq. (1.2.3.1) defines an O-monoidal structure on the Yoneda embedding 
is well-known (e.g. [Tor23, Lemma 2.4]) and the uniqueness is clear as PSh(C) is generated 
by C via colimits. 

(1) is [Tor23, Corollary 2.12]. The lax monoidal case of (2) is [Tor23, Proposition 2.7], 
from which the lax monoidal case of (3) immediately follows (cf. [Tor23, Definition 2.14]). 
The strong monoidal cases of both statements follow by direct computation (using the fact 
that Day convolution preserves colimits to reduce to looking at representable functors). 
Finally, (4) is [HA, 2.2.6.8]. 

In particular, we may use Day convolution to construct O-algebra structures on mapping 
spaces. The following is essentially contained in the proof of [Nik16, Corollary 6.8]: 

Corollary 1.2.3.3. Let C be a symmetric monoidal ∞-category. Let c1 ∈ AlgO(C
op) and let 

c2 ∈ CAlg(C). Then MapC(c1, c2) is naturally an O-algebra in (S, ×), 5 and this O-algebra 
structure is functorial in c1 and c2. 

Proof. We may assume C is small. As yC is symmetric monoidal, Proposition 1.2.3.2 (4) 
gives 

yC(c2) ∈ CAlg(PSh(C))  Fun⊗,lax(Cop , S). 

Thus yC(c2) defines a functor AlgO(C
op) → AlgO(S) (by composition). In particular, yC(c2)◦ 

c1 gives an O-algebra structure to MapC(c1, c2) = yC(c2)(c1). The functoriality follows as 
c1 also defines a functor CAlg(PSh(C)) → AlgO(S) by precomposition. 

1.2.4 O-monoidal adjunctions and O-algebra objects 

We will implicitly use the following fundamental theorem on adjunctions between O-monoidal ∞-categories: 

Proposition 1.2.4.1 ([Hau+23, Proposition A], [Tor23, Theorem 1.1]). Let C and D be 
O-monoidal ∞-categories, and let L : C  D : R be an adjunction of the underlying ∞-
categories. Then the data of an oplax O-monoidal structure on L is equivalent to the data of 
a lax O-monoidal structure on R. 

With this in mind, we define: 
5As in Notation 1.2.2.1, this O-algebra structure is encoded formally by a functor O⊗ → S× . 
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Definition 1.2.4.2. A lax O-monoidal adjunction L : C  D : R is an adjunction between 
O-monoidal ∞-categories together with an O-monoidal structure on L. An O-monoidal 
adjunction is a lax O-monoidal adjunction as above in which L is (strong) O-monoidal. 

Example 1.2.4.3. If L : C  D : R is an O-monoidal adjunction, the functor R need not 
be O-monoidal. For example, if f : X → Y is any morphism of schemes, then the adjunction 
f∗ : (QC(X), ⊗OX )  (QC(Y), ⊗OY ) : f∗ is symmetric monoidal, but the functor f∗ typically 
is not symmetric monoidal. 

Lax O-monoidal functors induce functors on ∞-categories of O-algebra objects. In par-
ticular, there is the following standard result: 

Proposition 1.2.4.4 ([HA, 7.3.2.13]). Let L : C  D : R be an O-monoidal adjunction. 
Then L and R induce an adjunction 

L : Alg/O(C)  Alg/O(D) : R. 

We may use Proposition 1.2.4.4 to understand the behavior of Corollary 1.2.3.3 with 
respect to symmetric monoidal functors: 

Corollary 1.2.4.5. Let F : C → D be a symmetric monoidal functor between symmetric 
monoidal ∞-categories. Let c1 ∈ AlgO(C

op) and let c2 ∈ CAlg(C). Then the natural map 
Fc1,c2 : MapC(c1, c2) → MapD(F(c1), F(c2)) is naturally an O-algebra homomorphism. 

Proof. We may write 

MapD(F(c1), F(c2)) = yD 

 
F(c2) 

 
F(c1) 

 

= F! 
 
yC(c2) 

 
F(c1) 

 

= 
 
(F ∗ F!)(yC(c2)) 

 
(c1) by the definition of F ∗ . 

The map Fc1,c2 is equivalent to the map yC(c2)(c1) → 
 
(F∗F!)(yC(c2)) 

 
(c1) induced by the 

unit map 
η yC(c2) : yC(c2) → (F ∗ F!) 

 
yC(c2) 

 
. 

By the functoriality of the construction of Corollary 1.2.3.3, to show that Fc1,c2 is a homo-
morphism of O-algebras in S, it suffices to show that ηyC(c2) upgrades to a homomorphism 
of commutative algebras in PSh(C). 

The adjunction 
F! : PSh(C)  PSh(D) : F ∗ 

is symmetric monoidal by Proposition 1.2.3.2, so by Proposition 1.2.4.4 we get an adjunction 

F! : CAlg 
 

PSh(C) 
 
 CAlg 

 
PSh(D) 

 
: F∗ . 

The unit map of this adjunction (at yC(c2) ∈ CAlg 
 

PSh(C) 
 
) gives the desired homomor-

phism of commutative algebras upgrading ηyC(c2). 
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In the body of the paper, we will need the following modest strengthening of Proposi-
tion 1.2.4.4. 

Proposition 1.2.4.6. Let L : C  D : R be a lax O-monoidal adjunction, and suppose that 
i : C  → C is the inclusion of a full O-monoidal subcategory of C such that the restriction 
L ◦ i is O-monoidal. Then, for all c  ∈ Alg/O(C ) and d ∈ Alg/O(D), there is a natural 
equivalence 

MapAlg/O(D) 

 
L(i(c  )), d 

 
 MapAlg/O(C) 

 
i(c ), R(d) 

 
. 

Proof. By [Tor23, Lemma 2.16] (passing to a larger universe as necessary to avoid set-
theoretic issues) there is a lax O-monoidal adjunction 

L! : PSh(C)  PSh(D) : R!. 

Composing this with the O-monoidal adjunction i! : PSh(C )  PSh(C) : i∗ , we obtain an 
adjunction 

(L ◦ i)! : PSh(C )  PSh(D) : i ∗ R! 

which is O-monoidal because L ◦ i is. By Proposition 1.2.4.4, this induces an adjunction on 
the corresponding categories of O-algebras. 

The Yoneda lemma allows us to embed Alg/O(C ) ⊂ Alg/O(PSh(C )) and Alg/O(D) ⊂ 
Alg/O(PSh(D)) by Proposition 1.2.3.2(4). Thus, for c  ∈ Alg/O(C ) and d ∈ Alg/O(D), we 
have 

MapAlg/O(D) 

 
L(i(c  )), d 

 
= MapAlg/O(PSh(D)) 

 
(L ◦ i)!(c 

), d 
 

= MapAlg/O(PSh(C ))

 
c  , i ∗ R!(d) 

 

= MapAlg/O(PSh(C)) 

 
i!(c 

), R!(d) 
 

because i! is fully faithful 
= MapAlg/O(C) 

 
i(c ), R(d) 

 
. 

1.2.5 Right localization of En-monoidal structures 

We can also ask: given an adjunction of ∞-categories in which one category is O-monoidal, 
is there a natural O-monoidal structure on the other such that the adjunction upgrades to a 
(lax) O-monoidal adjunction? 

When the left adjoint is a localization in the sense of [HTT, 5.2.7.2] (i.e. when the 
right adjoint is fully faithful), necessary and sufficient conditions are well-known – see [HA, 
2.2.1.9] for the general case as well as [HA, 4.1.7.4] for the (symmetric) monoidal case. In 
this subsection, we collect some results on the dual problem: 

• Let D be an O-monoidal ∞-category, and let L : C  D : R be an adjunction. Assume 
that L is fully faithful. What other conditions guarantee that there exists a natural 
O-monoidal structure on C such that R : D → C upgrades to a (lax) O-monoidal 
functor? 
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We will restrict to the case O = En (for some n ∈ {1, . . . , ∞}) for notational convenience. 
We begin by collecting some well-known results on the behavior of such adjunctions: 

Proposition 1.2.5.1 ([HA, 4.1.7.4]). 6 Let L : (C, ⊗C)  (D, ⊗D) : R be a lax En-monoidal 
adjunction. Suppose that L is fully faithful and R is strong En-monoidal. Then: 

1. ⊗C can be computed via the formula 

c1 ⊗C c2 = R(L(c1)) ⊗C R(L(c2)) = R 
 
L(c1) ⊗D L(c2) 

 
. 

for all c1, c2 ∈ C. 

2. The En-monoidal functor (D, ⊗D) → (C, ⊗C) is universal among En-monoidal functors 
with source (D, ⊗D) whose underlying functors factor through C. Symbolically: 

Fun⊗ 
 
(C, ⊗C), (E, ⊗E) 

 
= Fun⊗ 

 
(D, ⊗D), (E, ⊗E) 

 
×Fun(D,E) Fun(C, E). 

In particular, ⊗C is unique whenever it exists. 

In the stable case, En-monoidal adjunctions can be constructed from quotients by (two-
sided) thick ⊗-ideals. This is well-known to the experts, though we include the details for 
completeness. 

Definition 1.2.5.2. Let (C, ⊗C) be a stably En-monoidal ∞-category. A two-sided thick 
⊗-ideal of C is a stable full subcategory I ⊂ C such that: 

• If c ⊕ c  ∈ I, then c ∈ I and c  ∈ I. 

• If i ∈ I and c ∈ C, then i ⊗C c and c ⊗C i are both in I. 

Lemma 1.2.5.3 (Stable, dual version of [HA, 2.2.1.9]). Let (D, ⊗D) be a stably En-monoidal ∞-category, and let C be a stable ∞-category. Let L : C  D : R be an adjunction. Suppose: 

1. L is fully faithful, and 

2. The full subcategory 
ker R := {d ∈ ob D | R(d)  0} 

is a two-sided thick ⊗-ideal of D. 

Then there exists a unique En-monoidal structure on C such that L : C  D : R is En -
monoidal. 

6The claims in [HA, 4.1.7.4] are made for the (symmetric) monoidal case only, but the arguments work 
for En-monoidal structures for any n. 
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Proof. By the dual of [HA, 2.2.1.9], it suffices to show that, if f and g are morphisms in D 
such that R(f) and R(g) are equivalences in C, then R(f ⊗D g) is also an equivalence in D. 
Factoring f ⊗D g as (f ⊗D idd1 ) ◦ (idd2 ⊗Dg), we see that it suffices to show that, if f is a 
morphism in D such that R(f) is an equivalence in C, then R(f ⊗D idd) is an equivalence for 
all d ∈ D.7 

Since R(f) is an equivalence, we have R(fib f) = fib R(f)  0, so fib f ∈ ker R. Because 
ker R is a ⊗D-ideal, we have fib(f ⊗D idd) = fib f ⊗D d ∈ ker R. Thus fib R(f ⊗ idd) = 0 and 
R(f ⊗D idd) is an equivalence. 

Remark 1.2.5.4. In the context of Lemma 1.2.5.3, the category ker R is automatically stable 
and closed under taking direct summands. Thus it suffices to check that if i ∈ ker R and 
d ∈ D, then i ⊗D d and d ⊗D i are both in D. 

When C and D are compactly generated, we may provide a criterion for the existence of a 
corresponding En-monoidal structure on C that requires us to understand only the behavior 
of L (rather than R). We use this result in the body of the paper (see Proposition 5.2.1.5). 

Proposition 1.2.5.5. Fix n ∈ {1, . . . , ∞}. Suppose (D, ⊗D) is a compactly generated, 
stable, and presentably En-monoidal ∞-category.8 Let G : D⊗D → D be the unique colimit-
preserving functor such that − ⊗D − = G(−  −). 9 Let C be a compactly generated stable ∞-category, and let L : C  D : R be an adjunction. Suppose: 

1. L is fully faithful, 

2. L preserves compact objects, 

3. G has a left adjoint F : D → D ⊗ D, and 

4. The image of F ◦ L lies in the full subcategory of D ⊗ D compactly generated by  
L(c1)  L(c2) 

  c1, c2 ∈ C ω 
 

. 

Then there exists a unique En-monoidal structure ⊗C on C such that R : (D, ⊗D) → (C, ⊗C) 
is En-monoidal. 

Proof. By Lemma 1.2.5.3, it suffices to check that, if d1 ∈ ker R and d2 ∈ D, then d1 ⊗D d2 ∈ 
ker R. 10 By the Yoneda lemma, it suffices to show that HomC 

 
c, R(d1 ⊗D d2) 

 
= 0 for all 

c ∈ C. Observe that 

HomC 

 
c, R(d1 ⊗D d2) 

 
= HomC 

 
c, R(G(d1  d2)) 

 
= HomD⊗D 

 
F(L(c)), d1  d2 

 
. 

7Of course, when n = 1, we must also show the same result for R(idd ⊗Df), but the same argument will 
apply. 

8We do not assume that the monoidal structure ⊗D preserves compact objects. 
9G exists by the universal property of the Lurie tensor product, since − ⊗D − : D × D → D preserves 

colimits in each variable separately. 
10When n = 1, we must show d2 ⊗D d1 ∈ ker R, but the same argument works. 



CHAPTER 1. BACKGROUND 17 

By hypothesis, F(L(c)) can be written as a colimit of terms L(c1)  L(c2) for c1, c2 ∈ Cω . 
Thus it suffices to show that HomD⊗D 


L(c1)  L(c2), d1  d2 


= 0 for all c1, c2 ∈ Cω . But 

this is just a direct computation using the Künneth formula: 

HomD⊗D 

 
L(c1)  L(c2), d1  d2 

 
= HomD 

 
L(c1), d1 

 
⊗ HomD 

 
L(c2), d2 

 

= HomC 

 
c1, R(d1) 

 
⊗ HomC 

 
L(c2), d2 

 

= 0 ⊗ HomC 

 
L(c2), d2 

 
= 0. 

1.3 Derived algebraic geometry and perfect stacks 

Notation 1.3.0.1. From this point on, whenever we reference “categories,” we will implicitly 
mean ∞-categories. We will indicate more classical situations by explicitly referencing 1-
categories or discrete categories. 

Derived algebraic geometry is the study of (geometric) stacks on a suitable site of derived 
affine schemes. As in classical algebraic geometry, the category dAffk of derived affine 
schemes over k is (defined to be) the opposite of the category of derived commutative k-
algebras dCAlgk. Write Spec : dCAlgop 

k 
∼ −→ dAffk for the equivalence. 

What one means by “derived commutative rings” varies depending on one’s goals, but a 
few standard definitions include: 

• The category of connective commutative dg-algebras. 

• The category of simplicial commutative rings. 

• The category of connective E∞-ring spectra. 

When working over a field k of characteristic zero (as we will typically do), all of these 
approaches are equivalent, so we will not concern ourselves for the moment with the differ-
ences between these. Readers will not lose much if they restrict to the more familiar case of 
commutative dg-algebras. 

We shall equip dAffk with the étale topology (see e.g. [GR19, §1.2.2]). A derived stack 
over k is a presheaf X ∈ PSh(dAffk) which satisfies descent for the étale topology. Write 
dStkk for the category of derived stacks. 
Remark 1.3.0.2. As usual for the theory of stacks, there are many other topologies one could 
consider (e.g. smooth, fppf, fpqc, …). However, most stacks that appear in practice (including 
those we will deal with) satisfy descent for all of the standard choices of topology. 

We may define the (derived) category of quasicoherent sheaves on a derived stack X as11 

QC(X) = lim 
Spec R→X 

D(R). 
11This limit is a priori large but can be reduced to a small limit by writing X as a small colimit of derived 

affine schemes as in [BFN10, §3.1]. 
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Within this category there is a full subcategory of perfect complexes 

Perf(X) = lim 
Spec R→X 

Perf(R), 

where Perf(R) = D(R)ω . Both QC(X) and Perf(X) are k-linear stable categories. The 
category QC(X) is presentable, and Perf(X) is perfect. From the definition as limits, one 
sees that both QC(X) and Perf(X) admit natural tensor products ⊗OX

, and a morphism
f : X → Y induces a symmetric monoidal functor f∗ : 

 
QC(Y), ⊗OY 


→ 


QC(X), ⊗OX 

 
. For 

notational simplicity, we shall often write ⊗O for ⊗OX when the stack X is clear from context. 
Furthermore , the usual t-structures on D(R) (where D0(R) consists of connective mod-

ules) induce t-structures on the categories QC(X) and Perf(X). (see e.g. [GR19, §3.1.5]). The 
functors ⊗O and f∗ are right t-exact for the usual t-structure on QC(−). Note that the hearts 
of these t-structures may behave poorly: if R is a derived ring, there is no “abelian category 
of R-modules” equivalent to D(R)♥ . We shall not make heavy use of these t-structures, and 
we mention them only so that we may appeal to [BH17, Theorem 1.3] later on. 

In general, perfect complexes may not be compact in QC(X), and they may fail to generate 
QC(X). Following [BFN10], we say a derived stack X is perfect if X has affine diagonal 
and Perf(X) compactly generates QC(X). Write dStkperf 

k for the full subcategory of dStkk 

consisting of perfect stacks. 
Most “small” derived stacks in characteristic zero are perfect – see [BFN10, §3.3] for 

sufficient criteria. In particular, when charop k = 0, the classifying stack BG of any linear 
algebraic group G is perfect. Furthermore, if Y is perfect and f : X → Y is affine, then X is 
perfect. 

Morphisms of perfect stacks enjoy many of the standard sheaf-theoretic identities of 
algebraic geometry. If f : X → Y is a morphism of perfect stacks, then the pullback functor 
f∗ : QC(Y) → QC(X) admits a colimit-preserving right adjoint f∗ : QC(X) → QC(Y). These 
satisfy base change and the projection formula by [BFN10, Proposition 3.10]. There is also 
an equivalence QC(X×Y) = QC(X)⊗k QC(Y) by [BFN10, Theorem 4.7]. In Section 1.3.4 we 
will construct a “three-functor formalism” on dStkk, ensuring that all of the higher homotopy 
coherence relations for these functors behave “as expected.” 

Perfect stacks also support a good theory of Fourier-Mukai transforms by [BFN10, The-
orem 1.2]. More precisely, if X and Y are perfect stacks, then there is a pair of mutually 
inverse equivalences 

K− : FunL 
k 

 
QC(X), QC(Y) 

 ∼ ←→ QC(X × Y) : Φ−, 

where ΦF = π2∗(π
∗
1(−) ⊗ F ) is the Fourier-Mukai transform associated with F ∈ QC(X × 

Y), and KF is the Fourier-Mukai kernel associated with F ∈ FunLk 

 
QC(X), QC(Y) 

 
. The 

analogous claim for perfect complexes holds when X and Y are smooth and proper over 
k. Note the distinction between the above result and the triangulated theory – here every 
reasonable functor is automatically uniquely / functorially a Fourier-Mukai transform! 
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1.3.1 Resolutions of the diagonal 
Suppose X is a perfect stack. The relationship between generators of X and resolutions of 
the diagonal of X is well-known and classical (going back to [Bei78]). We shall review this 
relationship in modern language for future reference. 

Let ΔX : X → X×X be the diagonal morphism of X. The identity functor idX : QC(X) → 
QC(X) may be understood as the Fourier-Mukai transform with kernel ΔX∗OX ∈ QC(X×X). 

Lemma 1.3.1.1. Let X be a perfect stack, and suppose that ΔX∗OX = colimi∈I Ai  Bi for 
some families {Ai}i∈I, {Bi}i∈I ⊂ QC(X). Then, for any F ∈ QC(X), we have 

F = colim 
i∈I 

Γ(X, F ⊗ Ai) ⊗k Bi. 

Proof. For i = 1, 2, let πi : X × X → X be projection onto the ith factor. Note that π2∗ 

preserves colimits because π2 is a morphism of perfect stacks ([BFN10, Proposition 3.10]). 
Thus we may compute 

F = π2∗(π
∗
1F ⊗ ΔX∗OX) 

= π2∗ 


π∗ 

1F ⊗O colim
i∈I 

(Ai  Bi) 

 

= colim 
i∈I 

π2∗ 

 
(F ⊗O Ai)  Bi 

 
because all functors involved commute with colimits 

= colim 
i∈I 

π2∗ 

 
π∗

1(F ⊗O Ai) ⊗O π
∗
2Bi 

 

= colim 
i∈I 

π2∗ 

 
π∗

1(F ⊗O Ai) 
 
⊗k Bi by the projection formula 

= colim 
i∈I 

Γ(X, F ⊗O Ai) ⊗k Bi by base change. 

In the situation of Lemma 1.3.1.1, we see that the family {Bi}i∈I generates QC(X). 
Conversely, if {Bi}i∈I generates QC(X), then {Bi Bj}i,j∈I generates QC(X×X) = QC(X) 
QC(X), so we may write ΔX∗OX as a colimit over these sheaves. 

We may use this perspective to rewrite any colimit-preserving functor F : QC(X) → 
QC(Y) (where X and Y are perfect stacks) in terms of a given resolution of the diagonal of 
X. More precisely: 

Proposition 1.3.1.2. Let X and Y be perfect stacks, and write ΔX∗OX = colimi∈I Ai  Bi. 
If F : QC(X) → QC(Y) is a colimit-preserving functor, then KF = colimi∈I Ai  F(Bi). 
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Proof. This is a direct computation using Lemma 1.3.1.1: 

F(F ) = F 

 

colim 
i∈I 

Γ(Y, F ⊗ Ai) ⊗k Bi 

 

= colim 
i∈I 

Γ(Y, F ⊗ Ai) ⊗k F(Bi) 

= colim 
i∈I 

π2∗ 

 
(F ⊗ Ai)  F(Bi) 

 

= π2∗ 

 

π∗ 
1F ⊗ colim 

i∈I 

 
Ai  F(Bi) 

 
 

. 

1.3.2 Three-functor formalisms in general 
To rigorously construct monoidal convolution products on categories of sheaves, it is useful 
to have access to a “three-functor formalism” for said categories. One can define this loosely 
as follows. Fix some category of “geometric spaces,” e.g. dAffk or dStkk. A three-functor 
formalism should assign to each object X a category D(X) of “sheaves on X” together with: 

• For every X, a symmetric monoidal tensor product ⊗ on D(X), 

• For every f : X → Y, a ∗-pullback functor f∗ : D(Y) → D(X), and 

• For “nice” morphisms f : X → Y, a !-pushforward functor f! : D(X) → D(Y), 

satisfying base change and the projection formula. 
Three-functor formalisms, as well as the stronger notion of six-functor formalisms, are 

made mathematically precise (in the language of (∞, 1)-categories) in [Man22, Appendix 
A.5], building on previous works [LZ12; GR19]. We recall (a slightly simplified version of) 
Mann’s definition. 

Let (C, E) be a pair where C is a category with finite limits and E is a collection of 
morphisms in C which contains all isomorphisms and is stable under homotopy, composition, 
and pullback. One can define a category Corr(C, E) of correspondences in C with right leg 
in E. The objects of Corr(C, E) are the objects of C. Morphisms X1 → X2 in Corr(C, E) are 

given by correspondences (also called “spans”) X1 
f ←− Y 

g −→ X2 where f is a morphism in C 
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and g is a morphism in E. 12 Composition of correspondences is given by fiber products13 

Y1 ×X2 Y2 

Y1 Y2 

X1 X2 X3. 

The category Corr(C, E) has a symmetric monoidal structure × defined using the Cartesian 
monoidal structure on C. 

Definition 1.3.2.1 ([Man22, Definition A.5.6]). A three-functor formalism on (C, E) is a 
lax symmetric monoidal functor Sh : 

 
Corr(C, E), × 

 
→ 

 Cat, × 
 
, where Cat is the category 

of large categories (in some universe). This induces the following “three functors:” 

• The inclusion map Cop → Corr(C, E), given on morphisms by (X 
f −→ Y) → (Y 

f ←− X 
idX−−→ 

X), is symmetric monoidal when viewed as a functor (Cop, ×) → (Corr(C, E), ×). Every 
object of Cop is uniquely a commutative algebra for × (the coproduct in Cop) by [HA, 
2.4.3.10]. Thus every category Sh(X) for X ∈ C has a natural symmetric monoidal 
structure ⊗Sh(X). 

• Similarly, for a morphism f : X → Y in C, we obtain a symmetric monoidal functor 
f∗ : (Sh(Y), ⊗Sh(Y)) → (Sh(X), ⊗Sh(X)). 

• Let CE be the subcategory of C containing all objects of C but only containing the 
morphisms in E. Consider the inclusion map CE → Corr(C, E) given on morphisms by 

(X 
f −→ Y) → (X 

idX ←−− X 
f −→ Y). For a morphism f : X → Y in E, we obtain a functor 

f! : Sh(X) → Sh(Y). 

If all functors ⊗, f∗ , and f! admit right adjoints, then Sh is called a six-functor formalism. 

Remark 1.3.2.2. We note that, at the level of objects, the lax symmetric monoidal structure 
on Sh corresponds to an “external tensor product”  : Sh(X) × Sh(Y) → Sh(X × Y). The 
fact that Sh is a lax symmetric monoidal functor implies that  satisfies the “expected” 
compatibilities with the pullback / pushforward functors, e.g. F ⊗ G = Δ∗ 

X (F  G ) for 
X ∈ C, F , G ∈ Sh(X), and ΔX : X → X × X the diagonal. (We will explicitly mention these 
compatibilities when needed.) 

12In particular, the morphism spaces in Corr(C, E) are typically no longer small. Any set-theoretic dif-
ficulties this presents can be circumvented by standard universe-based arguments, and we will ignore such 
difficulties for simplicity of exposition. 

13Because fiber products are only unique up to natural equivalence, composition is only well-defined up 
to coherent homotopy. In particular, the rigorous definition of Corr(C, E) is somewhat technical (as usual for 
the subject). 
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Six-functor formalisms behave best in the presentable case: 

Definition 1.3.2.3. A presentable six-functor formalism is a six-functor formalism Sh such 
that every category Sh(X) (for X ∈ C) is presentable. 

In other words, a presentable six-functor formalism is a lax symmetric monoidal func-
tor Sh : 

 
Corr(C, E), × 

 
→ 

 
PrL , × 

 
. As noted in [Man22, proof of Lemma A.5.11], any 

presentable six-functor formalism defines a lax symmetric monoidal functor14 

Sh : 
 

Corr(C, E), × 
 
→ 

 
PrL ,⊗ 

 

by postcomposition with the lax symmetric monoidal identity functor 
 
PrL , × 

 
→ 

 
PrL , ⊗ 

 
. 

In fact, there is even more structure on the categories Sh(X) when Sh is presentable. If 
Sh is a presentable six-functor formalism, then all categories Sh(X) and all functors ⊗, f∗ , 
and f! are naturally enriched and tensored over Sh(pt), where pt is the terminal object of C 
(see [MS24, Theorem A.3.8]). This allows us to view Sh as a lax symmetric monoidal functor 

Sh : 
 

Corr(C, E), × 
 
→ 

 
PrL 

Sh(pt), ⊗L 
Sh(pt) 

 
, (1.3.2.4) 

where PrL 
Sh(pt) is the symmetric monoidal category of presentably Sh(pt)-enriched categories

and Sh(pt)-enriched left adjoint functors. We will often abuse notation and refer to the lax 
symmetric monoidal functor of (1.3.2.4) as a “presentable six-functor formalism.” 

1.3.3 Three-functor formalisms and convolution 

In this subsection we shall discuss the convolution products on categories of sheaves obtained 
from a three-functor formalism. We begin with a cautionary remark. 
Remark 1.3.3.1. Let (C, E) be as in Section 1.3.2. The category CE may not have products 
(and even if it does, these products need not agree with the products in C). Indeed, for 
X1, X2 ∈ C, there is no reason that the projection morphisms πi : X1 × X2 → Xi must be in 
E. Thus it does not make sense a priori to claim that the functor (CE, ×) → (Corr(C, E), ×) 
is symmetric monoidal. 

Under the given hypotheses on E, we expect that the Cartesian product of C defines 
a non-Cartesian symmetric monoidal structure (also denoted ×) on CE. Furthermore, the 
inclusion functor (CE, ×) → (Corr(C, E), ×) should be symmetric monoidal. A proof of these 
claims under an additional assumption (which does not hold in our case of interest) is given 
in [HM24, Proposition 2.3.7]. However, proving these claims in our case of interest appears 
to involve more tinkering with the “internal machinery” of categories of correspondences 
than we care to do here. 

Thus, in this section, we will assume for simplicity that E consists of all morphisms in 
C. (In practice, we may often restrict to this case by replacing (C, E) by (C  , Mor C ) where 
C  is a full subcategory of “nice objects” of C.) 

14Here ⊗ denotes the Lurie tensor product on PrL. 
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Notation 1.3.3.2. When E is the class of all morphisms in C, we will write Corr(C) = 
Corr(C, E) and call Corr(C) the category of correspondences in C. 

The inclusion (C, ×) → (Corr(C), ×) is symmetric monoidal. Indeed, because Corr(C) 
is equivalent to its opposite category, it suffices to show that (Cop, ×) → (Corr(C), ×) is 
symmetric monoidal. But this was noted above. 

Let Sh : Corr(C) →  Cat be a three-functor formalism. Then the composite functor 

Sh! : (Corr(C), ×) → 
 Cat, × 

 

is lax symmetric monoidal. In particular, for an En-algebra object M of C, applying Sh! to 
M yields an En-monoidal convolution product M on Sh(M). As a binary operation, M is 
given by F M G = µ!(F  G ) for F , G ∈ Sh(M), where µ : M × M → M is the binary 
multiplication. The construction of M is functorial: if f : M → N is a homomorphism of 
En-monoids in CE, then f! : (Sh(M), M) → (Sh(N), N) is En-monoidal. 

Under some additional hypotheses, the convolution product combined with the diagonal 
map ΔM : M → M × M equips Sh(M) with the structure of an (En, E∞)-bialgebra. Before 
proving this, we recall the ∞-categorical definition of bialgebras: 

Definition 1.3.3.3. Let (D, ⊗D) be a symmetric monoidal category. For any n, m ∈ N ∪ 
{∞}, the category of (En, Em)-bialgebras in (D, ⊗D) is 

BiAlgEn,Em 
(D, ⊗D) := AlgEm 

 
(AlgEn 

(D, ⊗D))
op , ⊗D 

 op . 

We will frequently leave the tensor product ⊗D implicit, writing BiAlgEn,Em 
(D) := BiAlgEn,Em 

(D, ⊗D). 

Informally, an (En, Em)-bialgebra in a symmetric monoidal category D is an object d of 
D together with: 

• an En-algebra structure on d, 

• an Em-coalgebra structure on d, and 

• extra data controlling the (homotopy coherent) compatibility of the two structures. 

Because (strong) symmetric monoidal functors preserve En-algebras and Em-coalgebras, a 
symmetric monoidal functor D1 → D2 induces a functor BiAlgEn,Em 

(D1) → BiAlgEn,Em 
(D2). 

Proposition 1.3.3.4. Let Sh : (Corr(C), ×) → (PrL , ⊗) be a presentable six-functor formal-
ism. Assume that the induced functor Sh : (C, ×) → (PrL 

Sh(pt), ⊗Sh(pt)) is (strong) symmetric 
monoidal. If M is an En-monoid in C, then: 

1. ∗-pullback along the structure maps and the diagonal of M make Sh(M) into an 
(E∞, En)-bialgebra in PrL 

Sh(pt). 
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2. !-pushforward along the structure maps and the diagonal of M make Sh(M) into an 
(En, E∞)-bialgebra in PrL 

Sh(pt). 

Furthermore, these constructions are functorial in M. 

Proof. (1) The category AlgEn 
(C) is Cartesian monoidal, so by [HA, 2.4.3.10] there is an 

equivalence AlgEn 
(C) 

∼ −→ BiAlgEn,E∞ 
(C). Thus we may view M as an (En, E∞)-bialgebra in C. 

Reversing the direction of arrows makes M into an (E∞, En)-bialgebra in Cop. The composite 
functor 

(Cop , ×) → (Corr(C), ×) → (PrL 
Sh(pt), ⊗Sh(pt)) 

is symmetric monoidal, hence must send (E∞, En)-bialgebras to (E∞, En)-bialgebras. 
(2) The same argument works here. 

Remark 1.3.3.5. Part (1) of Proposition 1.3.3.4 does not require that E is the class of all 
morphisms in C, though part (2) does. 

We state Proposition 1.3.3.4 in terms of the induced functor (C, ×) → (PrL 
Sh(pt), ⊗Sh(pt)) 

rather than (C, ×) → (PrL 
Sh(pt), ⊗Sh(pt)) because the former is rarely symmetric monoidal 

while the latter often is so. This will be the case for the six-functor formalism QC : 
(Corr(dStkperf 

k ), ×) → (PrLk, ⊗k) discussed below (see Proposition 1.3.4.3(3)). 

1.3.4 A three-functor formalism for quasicoherent sheaves 

For our applications, we would like to use a three-functor formalism for quasicoherent sheaves 
on stacks in which the “!-pushforward functors” are the right adjoints to the usual ∗-pullback 
functors (in reasonable cases, these are the usual ∗-pushforward functors). The analogous 
three-functor formalism for qcqs schemes is discussed in [Sch23, §8.3]. We will need to extend 
the formalism to general derived stacks – this can be done using the results of [BFN10]. 

We begin by clarifying the notion of “nice” morphisms in this context. 

Definition 1.3.4.1. A morphism of stacks f : X → Y is very perfect if f has affine diagonal 
and, for every morphism of stacks g : Z → Y with Z perfect, the fiber product X ×Y Z is 
perfect. Let VP be the class of very perfect morphisms in dStkk. 

Lemma 1.3.4.2. The class VP has the following properties: 

1. VP is stable under composition.15 

2. VP is stable under base change. 

3. VP contains all affine morphisms. 

4. VP satisfies a cancellation law: if f : X → Y and g : Y → Z are such that g ∈ VP and 
g ◦ f ∈ VP, then f ∈ VP. 

15It is not clear a priori whether this holds for the perfect morphisms of [BFN10, Definition 3.2]. 
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5. Any morphism between perfect stacks is in VP. 

Proof. This is standard diagram chasing and references to [BFN10]. We first note that the 
class of morphisms with affine diagonal is stable under composition and base change, e.g. by 
(the argument of) [Vak24, Theorem 11.1.2]. 

(1). Let f : X → Y and g : Y → Z be very perfect. To see that g ◦ f is very perfect, let 
W → Z be a morphism with W perfect. Then X ×Z W = (Y ×Z W) ×Y X. Because g is 
very perfect, the stack Y ×Z W is perfect. Then, because f is very perfect, the stack X ×Z W 
must also be perfect. It follows that g ◦ f is very perfect. 

(2). Let X → Y be very perfect and let Z → Y be any morphism. If W → Z is a 
morphism with W perfect, then (X ×Y Z) ×Z W = X ×Y W is perfect. Thus the base change 
X ×Y Z → Z is very perfect. 

(3). Any affine morphism has affine diagonal. Furthermore, if X → Y is affine and 
Z → Y is any morphism with Z perfect, then X ×Y Z → Z is affine. Then X ×Y Z is perfect 
by [BFN10, Proposition 3.21], so X → Y must be very perfect. 

(4). This is a consequence of (the argument of) [Vak24, Theorem 11.1.1], where we use 
(3) above to see that the diagonal of a very perfect morphism is very perfect. 

(5). By (4) it suffices to show that, if X is a perfect stack, then the natural map π : 
X → Spec k is very perfect. The map π has affine diagonal because the same is true for X. 
Furthermore, if Y is a perfect stack, then X × Y is perfect by [BFN10, Proposition 3.24], 
giving the claim. 

By parts (1) and (2) of Lemma 1.3.4.2, the pair (dStkk, VP) satisfies the conditions 
discussed in Section 1.3.2, so the category Corr(dStkk, VP) is well-defined. We may now 
define our three-functor formalisms of interest: 

Proposition 1.3.4.3. 1. There is a three-functor formalism 

QC : (Corr(dStkk, VP), ×) → (Cat∞, ×) 

sending a correspondence X 
f ←− Z 

g −→ Y with g very perfect to 

QC(X) f 
∗ 

−→ QC(Z) g∗ −→ QC(Y). 

2. The same formula defines a presentable six-functor formalism 

QC : (Corr(dStkperf 
k ), ×) → (PrL , ⊗) 

3. The induced functor 
QC : (Corr(dStkperf 

k ), ×) → (PrL 
k, ⊗k) 

is (strong) symmetric monoidal. 
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Proof. (1). We have already constructed QC as a functor dStkop 
k → CAlg(Cat) (sending 

f : X → Y to f∗ : QC(Y) → QC(X). By [Man22, Proposition A.5.10],16 to extend QC to a 
three-functor formalism, it suffices to show that: 

• VP satisfies the cancellation law of Lemma 1.3.4.2 (4). 

• For f : X → Y in VP and any g : Z → Y, let f  : X ×Y Z → Z and g  : X ×Y Z → X be 
the induced maps. Then the base change formula g ∗f∗ = (f )∗(g )∗ holds. 

• The projection formula holds for f ∈ VP. 

The former condition holds by Lemma 1.3.4.2 (4), while the latter two conditions hold by 
[BFN10, Proposition 3.10]. 

(2). Note that the categories QC(X) are automatically presentable (even if X is not 
perfect). Thus it suffices to show that, if f : X → Y is a morphism of perfect stacks, then 
the functors ⊗OX , f∗ , and f∗ all admit right adjoints. For ⊗OX and f∗ this is standard (and 
does not use perfectness of the stacks involved). For f∗, we know by [BFN10, Proposition 
3.10] that f∗ preserves all colimits, so the existence of a right adjoint to f∗ follows from the 
adjoint functor theorem [HTT, 5.5.2.9]. 

(3). This follows from [BFN10, Theorem 4.7] and the above discussion. 

Corollary 1.3.4.4. If M is an En-monoid object in dStkperf 
k , then: 

1. ∗-pullback along the structure maps and the diagonal of M make QC(M) into an 
(E∞, En)-bialgebra in PrL 

Sh(pt). 

2. ∗-pushforward along the structure maps and the diagonal of M make QC(M) into an 
(En, E∞)-bialgebra in PrL 

Sh(pt). 

Proof. This follows by applying Proposition 1.3.3.4 to the presentable six-functor formalism 
of parts (2) and (3) of Proposition 1.3.4.3. 

Remark 1.3.4.5. Although part (2) of Proposition 1.3.4.3 defines a presentable six-functor 
formalism, the right adjoint to f∗ behaves poorly in general, even for proper morphisms. 
For example, f∗ typically does not preserve compact objects, so its right adjoint does not 
preserve colimits. Dealing with these issues is one of the main reasons for the existence of 
the formalism of ind-coherent sheaves (as developed in [GR19] among others). We will not 
need to make direct use of the right adjoint of f∗, so we content ourselves with using QC. 

16More precisely: [Man22, Proposition A.5.10] applies to a “suitable decomposition” of VP into classes 
of morphisms I and P satisfying certain conditions. Here we simplify things by taking P = VP and taking I 
to be the class of isomorphisms in dStkk. 
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Chapter 2 

Grouplike symmetric monoidal 
categories 

Our goal in this chapter is to study the following particularly nice class of symmetric monoidal 
categories: 

Definition 2.0.0.1. A symmetric monoidal category C is grouplike if its E∞-monoid of 
objects ι0C is an E∞-group. 

Remark 2.0.0.2. One should think of a grouplike SMC C as somewhat analogous to the full 
subcategory of QC0(Y) consisting of line bundles (for some derived stack Y). Of course, 
there is one key difference here: grouplike SMCs are enriched in S, while we will typically 
think of QC0(Y) as enriched over some D0(k). By k-linearizing C, we can obtain something 
that behaves much more similarly to a full subcategory of some QC0(Y). However, we shall 
see that the structure theory of grouplike symmetric monoidal categories is quite transparent 
(as opposed to that of their k-linear counterparts). 

Our key results (Proposition 2.3.1.1 and Theorem 2.3.2.1) will allow us to understand 
presentations of grouplike SMCs in terms of E∞-monoids, thus “decreasing our category level” 
and offering a more concrete approach to studying grouplike SMCs. These presentations will 
be written using the language of “skew quotients” introduced in Section 2.2. 

Skew quotient presentations of grouplike SMCs will be used in Chapter 3 to make the 
analogy with categories of line bundles on derived stacks much more precise. In this chapter, 
we will also use to establish some technical results on localizations of grouplike SMCs which 
are necessary for the proofs of key results in derived toric geometry (see Chapter 6). 

2.1 E∞-monoids 

We will begin with a review of the theory of E∞-monoids (i.e. commutative algebra objects 
in the symmetric monoidal category (S, ×)). Parts of this section (especially the material 
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on E∞-groups) are well-known to the experts, and we have tried to give references where 
possible. 

2.1.1 Some basic definitions and examples 

We begin by recalling some definitions we will use throughout. 

Definition 2.1.1.1. The category of E∞-monoids is CMon := CAlg(S, ×). If M is an E∞-
monoid, we will write M0 for the connected component of the identity in M and π0(M) for 
the discrete commutative monoid of connected components of M. 

Notation 2.1.1.2. We will typically use additive notation for E∞-monoids, i.e. if M is an 
E∞-monoid then 0 := 0M is the unit and + := +M is the binary operation. 

We would be remiss if we did not include some examples: 

Example 2.1.1.3. Any discrete commutative monoid is an E∞-monoid via the symmetric 
monoidal inclusion (Set, ×) → (S, ×). 

Example 2.1.1.4. The free E∞-monoid on one generator, which we will call F, has under-
lying space given by n∈NBΣn, where Σn is the symmetric group on n generators. Under 
the equivalence between spaces and groupoids, F corresponds to the symmetric monoidal 1-
groupoid of finite sets and equivalences (with symmetric monoidal structure given by disjoint 
union). 

Example 2.1.1.5. Any topological commutative monoid determines an E∞-monoid by tak-
ing its weak homotopy type. In particular, we may view S1 = U(1) as an E∞-monoid. 

For any E∞-monoid M, we may construct a symmetric monoidal category BM with one 
object ∗ and with MapBM(∗, ∗) = M. This defines a fully faithful, colimit-preserving functor 
B : CMon → CAlg(Cat). See [GH15, Corollary 6.3.11] for the ∞-categorical details. 

Given an E∞-monoid M, we may define a category of spaces with (right) M-action as 

S M := Fun(BMop , S) = PShS(BM). 

The category SM is a topos, and the forgetful map SM → S (i.e. pullback along the inclusion 
pt → BM) preserves both limits and colimits. This additional structure means that it is 
often easier to manipulate limits and colimits in CMon by working at the level of underlying 
spaces (or underlying M-spaces for some M). We shall do so throughout. 

One of the easiest classes of E∞-monoids to work with (and the class that is most fre-
quently relevant to applications) is the following: 

Definition 2.1.1.6. An E∞-group (sometimes called a grouplike E∞-monoid) is an E∞-
monoid A such that π0(A) is a group. We let CGrp denote the full subcategory of CMon 
spanned by the E∞-groups. 
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The inclusion CGrp → CMon admits a right adjoint (−)± (the group of units functor) 
and a left adjoint (−)gp (the group completion functor). These may both be described 
more concretely. For an E∞-monoid M, the E∞-group M± is the union of all connected 
components of M which are invertible in π0(M). By the classical group completion theorem 
(see [Leh24, Proposition 2.8] for an ∞-categorical discussion), the E∞-group Mgp is the loop 
space Ω0(pt/M). 

The category CGrp enjoys a useful collection of properties that do not hold in general in 
CMon: namely, CGrp is prestable in the sense of [Lur18, Definition C.1.2.1]. Recall that this 
means: 

• The category CGrp has a zero object and admits all finite colimits. 

• The functor CGrp → CGrp, A → BA = 0 
 
A 0, is fully faithful. 

• If φ : A → BA  is a homomorphism, then fib(φ) exists in CGrp, and the square 

fib(φ) A 

0 BA  

φ 

is both a pullback square and a pushout square. 

Example 2.1.1.7. Let F be the free E∞-monoid on one generator. Then Fgp , the free 
E∞-group on one generator, fits into the pushout square 

F 0 

F× F Fgp. 

Δ F 

The quotient BFgp = pt/Fgp corepresents the functor Ω0M, i.e. BFgp is the free connected 
E∞-monoid with a nontrivial generator of its loop space. This quotient also fits into a 
pushout square 

Fgp 0 

0 BFgp. 
Because F is compact in CMon, the finite colimit presentations of Fgp and BFgp imply that 
Fgp and BFgp are compact in CMon. Even though F is a 1-groupoid, Fgp has homotopy 
groups in infinitely many degrees: see Example 2.1.2.2. 

Remark 2.1.1.8. Because F compactly generates CMon, we see that 

(−)gp : CMon → CGrp → CMon 



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 30 

and 
Ω0 : CMon → CGrp → CMon 

preserve compact objects. 

2.1.2 Presentations of E∞-groups 

A version of May’s recognition principle for infinite loop spaces (see [HA, 5.2.6.26]) gives an 
equivalence 

H : CGrp 
∼ −→ Sp0 

sending an E∞-group A to the connective spectrum HA described by the sequence 

{. . . , Ω2 
0A, Ω0A, A, BA, B2 A, . . . }. 

In particular, we have π−i(HA) = πi(A). The equivalence H allows us to use stable homo-
topy theory to classify E∞-groups. This classification will not be strictly necessary for our 
theoretical discussions later on, but it can be quite useful for constructing and understanding 
examples. 

Example 2.1.2.1. If A is a discrete abelian group, then HA is the spectrum representing 
ordinary cohomology with coefficients in A. Thus our usage of H for the equivalence CGrp 

∼ −→ 
Sp0 is compatible with classical notation. 

Example 2.1.2.2. Let Fgp be the free E∞-group on one generator. Then HFgp = S, the 
sphere spectrum. 

If A is an E∞-group, then we have π0(A) = cofib(A0 → A). Applying H gives a cofiber 
sequence in Sp: 

H(A 0) HA H(π0(A)) . 

In particular, we may write HA = fib 
 
H(π0(A)) → H(A0)[1] 

 
(where the fiber is taken in 

Sp, not Sp0). Note that H(A0)[1] = H(Ω0A)[2] and that 

π0 MapSp 

 
H(π0(A)), H(Ω0A)[2] 

 
= H(Ω0A)

2 
 
H(π0(A)) 

 
. 

Thus we obtain: 

Proposition 2.1.2.3. Any E∞-group A is classified by an element ηA ∈ H(Ω0A)
2 
 
H(π0(A)) 

 
. 

This “classification” is nothing but a precise way of saying that the data of A is deter-
mined by: 

• the discrete abelian group π0(A), 

• the E∞-group Ω0A, and 
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• the interaction between the two, which is controlled by an element of H(Ω0A)
2 
 
H(π0(A)) 

 
. 

Because Ω0A is itself an E∞-group, this perspective does not generally reduce the classifi-
cation of E∞-groups into a simpler problem. However, it can be quite useful in classifying 
highly truncated E∞-groups. 

Example 2.1.2.4. [JO12, Corollary 2.8] gives the following explicit classification of all E∞-
groups with nontrivial homotopy groups only in degrees 0 and 1. For any discrete abelian 
groups π0 and π1, the elements of (Hπ1)

2(Hπ0) may be represented by symmetric bilinear 
maps σ−,− : π0 × π0 → π1. Given such a σ, we may construct a symmetric monoidal 
1-groupoid A(π0, π1, σ) with the following data: 

• ob A = π0. 

• Morphism spaces: 

– MapA(x, x) = π1 for x ∈ π0 

– MapA(x, y) = ∅ for x = y. 

• Composition of morphisms is multiplication in π0. 

• Tensor product: 

– ⊗ : ob A × ob A → ob A is addition in π0. 
– ⊗ is defined on morphisms by addition in π1. 

• Associators αxyz : (x ⊗ y) ⊗ z → x ⊗ (y ⊗ z) are given by the identity morphisms. 

• Braiding maps x ⊗ y → y ⊗ x are given by σx,y ∈ π1 = MapC(x + y, y + x). 

In other words, A = π0 × Bπ1 as E1-monoids, but the symmetric monoidal structure is 
twisted by σ. Every 1-truncated E∞-group arises as A(π0, π1, σ) for some π0, π1, and σ. 

Example 2.1.2.5. In the situation of Example 2.1.2.4, we have π0 × Bπ1 = A(π0, π1, 0) as 
symmetric monoidal 1-groupoids, where 0 refers to the zero map. 

Example 2.1.2.6. In the situation of Example 2.1.2.4, take π0 = Z/2 = {0, 1} and π1 = 
µ2 = {±1}. We may define σ : Z/2 × Z/2 → µ2 by σi,j = (−1)ij . Then A = A(Z/2, µ2, σ) 
corresponds to Z/2 × Bµ2 as E1-groups, but the symmetric monoidal structure is twisted by 
the Koszul sign rule. 

The class in (Hµ2)
2 
 
H(Z/2) 

 
 H(Z/2)2 

 
H(Z/2) 

 
classifying σ (and hence A) is non-

trivial.1 Indeed, we know that the nontrivial class in (Hµ2)
2 
 
H(Z/2) 

 
can be represented by 

some symmetric bilinear map Z/2 × Z/2 → µ2, and σ is the only nonzero option. Thus A 
is not isomorphic to Z2 × Bµ2 as E∞-groups. 

1In terms of cohomology theories, σ corresponds to the Steenrod square Sq2 : H•(−; Z/2) → 
H•+2 (−; Z/2). 
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Example 2.1.2.7. In the situation of Example 2.1.2.4, let R be a discrete commutative 
ring, and let µ : R ⊗ R → R be the multiplication map. Then A(R, R, µ) is a symmetric 
monoidal 1-groupoid. This generalizes Example 2.1.2.6 (once we have identified µ2  Z/2). 
It would be interesting to understand what conditions on A(R, R, µ) correspond to standard 
ring-theoretic conditions on R (e.g. integrality). 

We conclude this discussion with some remarks about how to classify more general E∞-
groups. (This is standard and we mostly include it for readers’ convenience.) 

By [HA, 1.4.3.6(3)], the standard t-structure on Sp is left complete. In other words, for 
any spectrum E, we may write E = limn→∞ τ

−nE. Let’s now suppose E = HA for some 
E∞ group A. 2 Then τ−nHA = H(τnA) for any n, and in particular τnHA = 0 for any 
n > 0. The corresponding sequence of spectra 

. . . H(τ2A) H(τ1A) H(τ0A) 0 

is called the Postnikov tower of HA. The Postnikov tower lets us inductively construct A 
from discrete data. 

More precisely, for all n  0, note that 

fib(H(τn+1A) → H(τnA)) = πn(HA)[n] = πn(A)[n]. 

Thus, because Sp is stable, we also have H(τn+1A) = cofib(H(τnA)[−1] → πn(A)[n]). It 
follows that H(τn+1A) (and hence τn+1A) is classified by an element 

kn ∈ π0 MapSp(H(τnA)[−1], πn(A)[n]). 

Now 

π0 MapSp(H(τnA)[−1], πn(A)[n]) = π0 MapSp(H(τnA), πn(A)[n + 1]) 
= πn+1 MapSp(H(τnA), πn(A)) 

= 
 
Hπn(A) 

 n+1 
H(τnA) 

 

so we may as well view kn as an element of the cohomology group 
 
Hπn(A) 

n+1 
H(τnA) 

 
. 

These kn are called the (Postnikov) k-invariants of A. 
Thus an E∞-group A is classified by: 

• Discrete abelian groups πn(A) for all n, and 

• k-invariants kn ∈ 
 
Hπn(A) 

n 
H(τnA) 

 
for all n  0. 

Computing the groups 
 
Hπn(A) 

n+1 
H(τnA) 

 
is difficult to do in general but can give 

useful information about the corresponding E∞-groups. 
2In fact, the same argument works whenever E is “eventually connective,” though this case will not 

interest us. 
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2.1.3 Sharp E∞-monoids 

So far we have studied only E∞-monoids which behave quite similarly to groups. We will 
also find it useful to consider the other extreme: 

Definition 2.1.3.1. An E∞-monoid M is sharp if M± = 0. We write CMon for the full 
subcategory of CMon spanned by the sharp E∞-monoids. 

Remark 2.1.3.2. This is an ∞-categorical version of the more well-known notion of “sharp 
discrete commutative monoid” (see e.g. [Ogu18, §1.2]). 

Proposition 2.1.3.3. For an E∞-monoid M, the following are equivalent: 

1. M is sharp. 

2. For all E∞-groups A, we have HomCMon(A, M) = 0. 

3. M0 = 0 and π0(M)± = 0. 

4. ΩeM = 0 and π0(M)± = 0. 

Proof. The equivalence of (1) and (2) follows from the definition of M± as the right adjoint 
to the inclusion CGrp → CMon. The equivalence of (3) and (4) follows from the equivalence 
M0 = 0/Ω0M. 

(2 ⇒ 3). For the first claim, as M0 is an E∞-group, we have HomCMon(M
0 , M0) = 

HomCMon(M
0 , M) = 0. This implies that idM0 is contractible, i.e. M0 = 0. For the second 

claim, if Fgp is the free E∞-group on one generator, then 

π0(M)± = π0(M
±) = π0(HomCMon(Fgp , M)) = π0(pt) = 0. 

(3 ⇒ 1). Since π0(M)± = π0(M
±) = 0, we must have M± =M 0 = 0. 

Here are some key examples of sharp E∞-monoids: 

Example 2.1.3.4. Let F be the free E∞-monoid on one generator. Then F is sharp. Indeed, 
we may write F = n∈N(pt/Σn) where Σn is the symmetric group on n elements. Then 
π0(F) = (N, +) and F0 = pt. 

Example 2.1.3.5. A discrete commutative monoid is sharp (as an E∞-monoid) if and only 
if it is sharp in the classical sense. 

Example 2.1.3.6. Let N and M be E∞-monoids, and suppose M is sharp. Then HomCMon(N, M) 
is sharp (when considered as an E∞-monoid with pointwise addition). Indeed, because a ho-
momorphism φ : N → M has an additive inverse if and only if all values φ(n) have additive 
inverses, we have 

HomCMon(N, M)± = HomCMon(N, M±) = HomCMon(N, 0) = 0. 
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Any E∞-monoid may be understood as an extension of a sharp E∞-monoid by an E∞-
group. In fact: 

Proposition 2.1.3.7. The inclusion CMon → CMon admits a left adjoint given by M → 
M := M/M± . 

Proof. Let M be an E∞-monoid. If N is any sharp E∞-monoid, then 

HomCMon(M/M
± , N) = HomCMon(M, N) ×HomCMon(M± ,N) 0 

= HomCMon(M, N) ×0 0 because N is sharp 

= HomCMon(M, N). 

Thus it suffices to show that M/M± is sharp. 
We check that the conditions of Proposition 2.1.3.3(3) hold. First observe that the 

discrete monoid 
π0(M/M

±) = π0(M)/π0(M
±) = π0(M)/π0(M)± 

is sharp. Furthermore, the components of M which map to the identity component of M± 

are precisely the components of M± . Thus (M/M±)0 = M±/M± = 0. 

It follows from Proposition 2.1.3.7 that the limit of a diagram of sharp E∞-monoids is 
sharp. The analogous statement for colimits fails (since Fgp may be viewed as a colimit of 
sharp E∞-monoids as in Example 2.1.1.7). However, we do have the following: 

Proposition 2.1.3.8. A filtered colimit of sharp E∞-monoids is sharp. In particular, the 
inclusion CMon → CMon preserves filtered colimits. 

Proof. Suppose {Mi}i∈I is a filtered system of sharp E∞-monoids. The functor (−)± : 
CMon → CMon is corepresented by Fgp, which is compact by Example 2.1.1.7. Thus 

(colim 
i 
Mi)

± = colim 
i 
M± 
i = colim 

i 
0 = 0. 

Corollary 2.1.3.9. The functor (−) : CMon → CMon exhibits CMon as an ω-accessible 
localization of CMon. In particular, CMon is compactly generated. 

2.1.4 Faces, localizations, and quotients of E∞-monoids 

One way to obtain sharp E∞-monoids is by taking quotients by faces of other E∞-monoids. 
Faces also give a natural context for discussing localizations of E∞-monoids. Our definition 
of a face closely parallels the classical definition: 

Definition 2.1.4.1. Let M be an E∞-monoid. A face of M is a submonoid S ⊂ M such 
that, if m1, m2 ∈ M and m1 + m2 ∈ S, then m1, m2 ∈ M. Let Face(M) denote the poset of 
faces of M ordered by inclusion. 
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Examples of faces abound: 

Example 2.1.4.2. If M is an E∞-group, then M is the only face of M, and M/M = pt is 
sharp. 

Example 2.1.4.3. If M is any E∞-monoid, then M± is a face of M. The quotient M/M± 

is sharp by Proposition 2.1.3.7. 

Example 2.1.4.4. Let M = Nn , and let ei for the ith standard basis vector of Nn . The faces 
of M are exactly the submonoids of Nn of the form NI = ⊕i∈INei for some I ⊂ {1, . . . , n}. 
For any such I, the corresponding quotient Nn/ ⊕i∈I Nei may be identified with N{1,...,n}\I . 
This quotient is sharp. 

Note that Face(M) = Face(π0(M)), so the classification of faces of E∞-monoids may 
be understood by studying only discrete monoids. In particular, the classification in Exam-
ple 2.1.4.4 also classifies faces of any E∞-monoid M with π0(M) = N (e.g. M = F). 

The above examples (and many more) can all be obtained from the following construction. 

Proposition 2.1.4.5. If φ : M → N is any homomorphism of E∞-monoids and N is sharp, 
then fib(φ) is a face of M. 

Proof. By Proposition 2.1.3.3, we have N0 = 0. That is, the natural morphism 0 → N is an 
inclusion. Because inclusions pull back, the natural morphism fib(φ) → M is an inclusion, 
and we may identify fib(φ) with the submonoid of M consisting of components which are 
sent to zero by φ. If m1, m2 ∈ M satisfy φ(m1 + m2) = 0, then φ(m1) and φ(m2) are both 
units in N, hence are zero because N is sharp. Thus m1, m2 ∈ fib(φ). Since m1 and m2 

were arbitrary, fib(φ) is a face of N. 

Let M be an E∞-monoid, and let S ⊂ M be a face. Then the localization of M at S, 
written M[−S], is the E∞-monoid satisfying the universal property 

HomCMon(M[−S], N) = {φ : M → N | φ(s) is a unit for all s ∈ S}. 

In the case of E∞-monoids (as opposed to rings), localizing and quotienting by faces turn out 
to be closely related. For example, it is easy to see that M[−S] can be explicitly constructed 
as the cofiber of the diagonal map S → M × S. 
Remark 2.1.4.6. We do not need to restrict to faces at all to define localization: if φ : N → M 
is any homomorphism, we may define the localization M[−N] as the universal E∞-monoid 
with a homomorphism M → M[−N] inverting all components meeting the image of φ. As 
above, we may compute that 

M[−N] = cofib((φ, idN) : N → M × N). 

If S is the smallest face of M containing the image of φ. then M[−N] = M[−S], so no 
generality is lost by considering only localizations at faces. 
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Moreover, we have: 

Proposition 2.1.4.7. Let M be an E∞-monoid, and let S ⊂ M be a face. Then M[−S]± = 
Sgp, and M[−S]/Sgp = M/S. 

Proof. We may use [Leh24, Theorem 8.4] to identify M[−S] with the groupoid completion 
(M/S)gpdof a certain category M/S, 3 i.e. the groupoid obtained by inverting all morphisms 
in M/S. Likewise, Sgp = S[−S] may be identified with the groupoid completion of a full 
subcategory S/S ⊂ M/S. By the construction of M/S and the fact that S ⊂ M is a face, 
any morphism with domain or codomain in S/S must in fact lie entirely in S/S. Thus there 
is a natural inclusion 

Sgp = (S /S)gpd → (M /S)gpd = M[−S]. 
To see that Sgp = (M[−S])± , it now suffices to show that π0(S

gp) = π0(M[−S])± . Any 
unit of M[−S] is a unit in M up to adding an element of Sgp, and any unit in M lies in S 
(because S is a face). Therefore π0(S

gp) ⊂ π0(M[−S])± . The reverse inclusion is obvious, so 
we get Sgp = (M[−S])± . 

To see that M[−S]/Sgp = M/S, we use the universal property: for any E∞-monoid N, 
we have 

HomCMon(M[−S]/Sgp , N) = HomCMon(M[−S], N) ×Hom(Sgp,N) 0 

= HomCMon(M, N) ×Hom(S,N) 0 because the zero morphism inverts S 

= HomCMon(M/S, N). 

Corollary 2.1.4.8. Let M be an E∞-monoid, and let S ⊂ M be a face. Then M/S is sharp. 

Proof. Write M/S = M[−S]/(M[−S]±) as in Proposition 2.1.4.7, and apply Proposition 2.1.3.7 
to see that M[−S]/(M[−S]±) is sharp. 

Remark 2.1.4.9. We have shown that any homomorphism of E∞-monoids φ : M → N with 
N sharp induces a face fib(φ) ⊂ M, and the quotient M/ fib(φ) is sharp. However, we 
typically do not have N = M/ fib(φ). Indeed, this fails for the addition map + : N2 → N, 
since fib(+) = 0 but N2/0  N. 

The above subtlety does not appear when considering a quotient map M → M/S where 
S is a face of M. Indeed, quotients by faces behave more like quotients in CGrp than like 
arbitrary surjective morphisms in CMon, as the following results show. 

Proposition 2.1.4.10. Let M be an E∞-monoid, and let S be a face of M. Then fib(M → 
M/S) = S. 

Proof. By Corollary 2.1.4.8, M/S is sharp. Thus Proposition 2.1.4.5 tells us that fib(M → 
M/S) is a face of M. To show that fib(M → M/S) = S, it now suffices to show that both 
sides have the same connected components, which is straightforward. 

3We will discuss this construction in much more detail in Section 2.2. 
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2.1.5 M-spaces and quotients 

We would like to better understand the relationship between fiber products and cofibers of 
homomorphisms of E∞-monoids. 

Proposition 2.1.5.1. Let φ : N → M be a homomorphism of E∞-monoids. Then the 
quotient functor (−)/N : SM → SM/N preserves fiber products. 

Remark 2.1.5.2. The quotient functor (−)/N : SM → SM/N does not preserve all finite 
limits, simply because it fails to preserve final objects. This is easy to fix: we can use 
Proposition 2.1.5.1 to show that the functor (−)/N : SM → (SM/N)/(pt/N) preserves finite 
limits. 

Our proof of Proposition 2.1.5.1 will be delayed until after Lemma 2.1.5.6, since we’ll 
first need to discuss a more explicit way to work with quotients of M-spaces. 

These quotients can be computed by working in the category 

sS := PShS(Δ) = Fun(Δop , S) 

of simplicial spaces. Viewing sets as discrete spaces gives an inclusion sSet → sS, so all of 
our favorite simplicial sets (simplices Δn , horns Λn 

k , et cetera) may be viewed as simplicial 
spaces. 

For any M-space X, the quotient X/M is nothing but the geometric realization of the 
action simplicial space 

actssM(X) := X × M• . 
The action simplicial space construction actssM defines a functor SM → sS. In fact, we can 
do a little better: since SM = (SM)/pt, actssM is well-defined as a functor 

actssM : S M = (S M)/pt → (sS)pt×M• = sS /M• . (2.1.5.3) 

Lemma 2.1.5.4. The functor actssM : SM → sS/M• admits a left adjoint L : sS/M• → SM . 
For any simplex Δn (considered together with an arbitrary structure map f : Δn → M•), 
there is a natural equivalence L(Δn) = M. 

Proof. We shall show that L exists by writing the functor actssM as a composite of right 
adjoints. The embedding 

S M = Fun(BM, S) → Fun(BM, Cat) 

admits a left adjoint (given by applying the groupoid completion functor (−)gpd pointwise). 
The Grothendieck construction gives a natural equivalence 

Fun(BM, Cat) = CatcoCart 
/BM , 

and the inclusion 
CatcoCart 

/BM → Cat/BM 
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admits a left adjoint by the dual of [GHN17, Theorem 4.5]. By viewing ∞-categories as 
complete Segal spaces (as in [Lur09, §1.2]), we get a fully faithful embedding Cat → sS 
which admits a left adjoint. Because Cat → sS sends BM to M• , we actually obtain a 
functor 

Cat/BM → sS /M• 

which admits a left adjoint. Chasing the definitions shows that the composite of all of these 
functors is actssM : SM → sS/M• , so actssM has a left adjoint L. 

Now let f : Δn → M• be any map (corresponding to (m1, . . . , mn) ∈ Mn), and let 
X ∈ SM be arbitrary. Then we have 

MapSM (L(Δn), X) = MapsS /M• (Δ
n ,X × M•) 

= MapsS(Δ
n , X × M •) ×π2◦−, MapsS(Δn ,M•), f pt 

= (X × Mn) ×π2◦−, Mn , (m1,...,mn) pt 
= X 

= MapSM (M, X), 

so L(Δn) = M by the Yoneda lemma. 

Remark 2.1.5.5. Lemma 2.1.5.4 fails when we view actssM as a functor SM → sS. Indeed, 
because actssM(pt) = M• is not final in sS, the functor actssM : SM → sS does not preserve 
final objects, hence cannot be a right adjoint. 

As shown in [Maz25], sS admits a “Kan–Quillen” model structure (behaving much like 
the Kan–Quillen model structure on sSet). We will not need to use the full strength of 
Mazel-Gee’s ∞-categorical theory of model categories here, but we will need the following 
notion from [Maz25, Definition 4.1]: a map f : X• → Y• in sS is a Kan fibration if, for all 
horn inclusions Λn 

k → Δn and all commutative squares 

Λn 
k X• 

Δn Y•, 

there exists a (typically non-unique) lift Δn → X• making the diagram commute. 

Lemma 2.1.5.6. Let M be an E∞-monoid, and let f : X → Y be a morphism in SM . Then 
the induced map actssM(f) : actssM(X) → actssM(Y) is a Kan fibration in sS. 

Proof. Suppose we are given a commutative diagram 

Λn 
k actssM(X) 

Δn actssM(Y) 
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in sS. We need to construct a lift Δn → actssM(X). 
Because actssM(X) → actssM(Y) is a morphism in sS/M• , we may view this commutative 

diagram as a diagram in sS/M• . This allows us to use Lemma 2.1.5.4 to transform this 
commutative diagram into a diagram 

L(Λn 
k ) X 

L(Δn) Y 

in SM (where L is as in Lemma 2.1.5.4). We know that L(Δn) = M. Furthermore, Λn 
k can 

be written as an iterated pushout of simplices Δn
 , so L(Λn 

k ) can be written as an iterated 
pushout of copies of L(Δn  

) = M. All transition maps in this presentation of L(Λnk ) are 
equivalences, so we see that L(Λn 

k ) = M, and the natural map L(Λn 
k ) → L(Δn) agrees with 

idM. 
Because the map L(Λn 

k ) → L(Δn) is invertible, we get a lift L(Δn) → X defined as the 
composite L(Δn) 

∼ −→ L(Λn 
k ) → X. Using the adjunction of Lemma 2.1.5.4, we obtain the 

needed lift Δn → actssM(X). 

Proof of Proposition 2.1.5.1. Suppose we are given maps p : X → Z and q : Y → Z in SM . 
We need to show that the natural map 

(X ×Z Y)/N → X/N ×Z/N Y/N. 

is an equivalence. It suffices to check this at the level of underlying spaces, where we can write 
X/N = | actssN(X)| (and likewise for the other spaces in question). Thus we are studying 
the natural map 

| actssN(X ×Z Y)| → | actssN(X)| ×| actssN(Z)| | actssN(Y)|. 

This is an equivalence by [Maz25, Corollary 6.7], which applies because actssN(X) → actssN(Y) 
is a Kan fibration by Lemma 2.1.5.6. 

We now discuss some key applications of Proposition 2.1.5.1 to the interplay of fiber 
products, quotients, and localizations in CMon. 

Corollary 2.1.5.7. Let φ : M1 → M3 and ψ : M2 → M3 be homomorphisms of E∞-
monoids. 

1. If θ : N → M1 ×M3 M2 is any homomorphism of E∞-monoids, then 

(M1 ×M3 M2)/N = M1/N ×M3/N M2/N 

as E∞-monoids. 
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2. If S ⊂ M1 ×M3 M2 is any face, then 

(M1 ×M3 M2)[−S] = M1[−S] ×M3[−S] M2[−S] 

as E∞-monoids. 

Proof. 1. As usual, there is a natural homomorphism of E∞-monoids (M1 ×M3 M2)/N → 
M1/N ×M3/N M2/N, and to check that this is an equivalence, it suffices to work at the 
level of underlying spaces. The natural homomorphisms M1 ×M3 M2 → Mi (for i = 1, 2, 3) 
allow us to view each Mi as an object of SM1×M3 M2 . The result then follows by applying 
Proposition 2.1.5.1 to the quotient map (−)/N : SM1×M3 M2 → S(M1×M3 M2)/N . 

2. We may write 

(M1 ×M3 M2)[−S] = 
 
(M1 ×M3 M2) × S 

 
/S 

= 
 
(M1 × S) ×(M3×S) (M2 × S) 

 
/S 

= (M1 × S)/S ×(M3×S)/S (M2 × S)/S by part (1) 
= M1[−S] ×M3[−S] M2[−S]. 

Corollary 2.1.5.8 (Quotient maps pull back). Let M, M  , and N be E∞-monoids, and let 
φ : N → M and ψ : M  → M/φN be homomorphisms of E∞-monoids. Then there is a 
natural equivalence 

(M ×M/N M )/N := cofib 
 
(φ, 0) : N → (M ×M/N M

) 
 ∼ −→ M  . 

Proof. The action of N on M/N and M  is trivial, so we have (M/N)/N = (M/N) × pt/N 
and M /N = M  × pt/N. Thus 

(M ×M/N M )/N = M/N ×M/N×pt/N (M  × pt/N) by Corollary 2.1.5.7(1). 
= M/N ×M/N M  

=M  . 

2.1.6 Integral E∞-monoids 

The following class of E∞-monoids does not have the same theoretical importance as sharp 
E∞-monoids, but it is often still useful to consider (as it contains many key examples). 

Definition 2.1.6.1. An E∞-monoid M is integral if the natural map M → Mgp is an 
inclusion. Write CMonint for the full subcategory of CMon spanned by the integral E∞-
monoids. 

Proposition 2.1.6.2. For an E∞-monoid M, the following are equivalent: 

1. M is integral. 
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2. M is a union of connected components of some E∞-group A. 

3. Every connected component of M is an M0-torsor and π0(M) satisfies the cancellation 
law: if a, b, c ∈ π0(M) and a + b = a + c, then b = c. 

Proof. (1 ⇒ 2). Obvious (take A = Mgp). 
(2 ⇒ 3). For the first claim, we may embed M into A and reduce to the case where M 

is a group. The claim then follows from the group completion theorem: in a loop space ΩX, 
every component is a torsor for (ΩX)0 . 

For the second claim, we note that π0(M) ⊂ π0(A), i.e. π0(M) is a submonoid of a 
discrete abelian group. The cancellation law then follows from classical algebra. 

(3 ⇒ 1). Because π0(M) satisfies the cancellation law, the map π0(M) → π0(M)gp = 
π0(M

gp) is injective. Every component of Mgp is an (Mgp)0-torsor, so to show that M → Mgp 

is an inclusion, it suffices to show that the natural map M0 → (Mgp)0 is an equivalence. 
Because M0 and (Mgp)0 are connected, it in fact suffices to show that the natural map 
Ω0M → Ω0(M

gp) is an equivalence. 
By [Leh24, Theorem 1.2], we may write 

Ω0(M
gp) = colim 

m∈M /M 
ΩmM. 

where M/M is the action category of M (cf. [Leh24, Definition 3.1]).4 By [Leh24, Lemma 
3.2], for m1, m2 ∈ M/M, we have a Cartesian square 

Map
M /M(m1, m2) M 

pt M 

·m1 

m2 

For i ∈ {1, 2}, let Mi be the connected component of M containing Mi. By the cancella-
tion law, there is at most one connected component M3 ⊂ M such that (−) + m1 maps M3 

to M2. If such an M3 exists, then (−) + m1 : M3 → M2 is a morphism of M0-torsors, and 
therefore an equivalence. Thus 

Map
M /M(m1, m2) = 

 
pt there exists m3 such that m2 = m3 + m1 

∅ otherwise. 

That is, M/M is a poset. Furthermore, the induced maps Ωm1 M → Ωm2 M are all equiva-
lences (as if m2 = m3 + m1, then m3 + (−) : M1 → M2 is a morphism of M0-torsors, hence 
an equivalence). It follows that 

Ω0M = colim 
m∈M /M 

ΩmM = Ω1M
gp . 

4The reason for the notation M /M will become clear in Section 2.2. 
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Here are a few relevant examples: 

Example 2.1.6.3. A discrete commutative monoid is integral (as an E∞-monoid) if and 
only if it is integral in the classical sense (see [Ogu18, §1.2]). In particular, N is integral. 

Example 2.1.6.4. Any E∞-group is integral. 

Remark 2.1.6.5. Every sharp integral monoid M is discrete. Indeed, every connected com-
ponent of M is a torsor for M0 = pt. 

Proposition 2.1.6.6. The inclusion CMonint → CMon admits a left adjoint M → Mint , 
where Mint is the union of the connected components of Mgp meeting the image of M in 
Mgp. 

Proof. It is clear from Proposition 2.1.6.2(2) that Mint is integral. Furthermore, if N is 
integral, then the inclusion N ⊂ Ngp gives 

HomCMon(M, N) ⊂ HomCMon(M, Ngp) = HomCMon(M
gp , Ngp), 

where HomCMon(M, N) is identified with the submonoid of HomCMon(M
gp, Ngp) consisting of 

maps which send Mint ⊂ Mgp to N ⊂ Ngp. But this submonoid is exactly HomCMon(M
int , N), 

so we have HomCMon(M, N) = HomCMon(M
int , N) as needed. 

It follows from Proposition 2.1.6.6 that the limit of a diagram of integral E∞-monoids is 
integral. The analogous statement for colimits fails. 

2.2 Skew quotients 

The following construction gives a key method of producing symmetric monoidal categories 
from E∞-monoids. 

Definition 2.2.0.1. Let φ : N → M be a homomorphism of E∞-monoids. The skew quotient 
M/φN is the small SMC characterized by the following universal property: for every small 
SMC C, there is a natural equivalence 

Fun⊕(M/φN, C) = Fun⊕(N, C0/) ×Fun⊕(N,C) Fun⊕(M, C). 

We typically omit φ from the notation, writing M/N = M/φN. 

Example 2.2.0.2. For any E∞-monoid N, the skew quotient 0/N is equivalent to the sym-
metric monoidal category BN. Indeed, for any symmetric monoidal category (C, ⊕), we 
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have 

Fun⊕(0 /N, C) = Fun⊕(N, C0/) ×Fun⊕(N,C) Fun⊕(0, C) 
= Fun⊕(N, C0/) ×Fun⊕(N,C) 0 because 0 is initial in CAlg(Cat) 
= Fun⊕(N, C0/ ×C 0) 
= HomCMon(N, 0(C)) 
= Fun⊕(BN, C), 

so the result follows from the Yoneda lemma. 

From an (∞, 2)-categorical perspective, M/N fits into a universal lax pushout square in 
CAlg(Cat): 

N M 

0 M/N 

That is, for any diagram of E∞-categories 

N M 

0 C 

(2.2.0.3) 

there is an induced map M/N → C such that the outer square of the diagram 

N M 

0 M/N C 

agrees with (2.2.0.3) above. 

2.2.1 Skew quotients via the Grothendieck construction 

Using cocompleteness of CAlg(Cat), it is possible to show skew quotients M/N always exist. 
However, it is difficult to to understand the behavior of M/N using only the universal 
property and this abstract existence result. Instead, we offer a more explicit construction of 
skew quotients using the Grothendieck construction (following the approach of [Leh24, §8]). 
This will give us more information about the objects and morphisms of M/N. 

By [Leh24, Proposition 3.11], for an E∞-monoid N, there is an equivalence 

CMonN/  CAlg(Fun(BN, S)). 

This equivalence sends φ : N → M to the map Fφ : BN → S given as follows: 
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• Let ∗ be the unique object of BN. Then Fφ(∗) = M. 

• For n ∈ N = MapBN(∗, ∗), Fφ(n) : M → M is multiplication by φ(n). 

The inclusion (S, ×) → (Cat, ×) induces a symmetric monoidal functor (Fun(BN, S), ) → 
(Fun(BN, Cat), ). The Grothendieck construction (also called “unstraightening”) gives a 
symmetric monoidal equivalence 

(Fun(BN, Cat), )  (CatcoCart 
/BN , ×BN) 

where CatcoCart 
/BN is the category of coCartesian fibrations over BN and functors which preserve 

coCartesian morphisms. (See [HTT, §3.2] for the standard reference, [Maz15] for a model-
independent discussion, and [Ram22, Theorem A] for discussion of the symmetric monoidal 
structure on the equivalence.) The forgetful functor (CatcoCart 

/BN , ×BN) → (Cat, ×) (given by 
(E → BN) → E) is lax symmetric monoidal, where the lax E∞-structure on the functor 
corresponds to the maps 

E1 ×BN E2 → E1 × E2 

induced by the map BN → pt.Combining all of these together gives a lax symmetric monoidal 
functor 

(Fun(BN, S), ×) → (CatcoCart 
/BN , ×BN) → (Cat, ×) 

and thus a functor 

(−)/  N : CMonN/  CAlg(Fun(BN, S)) → CAlg(Cat) (2.2.1.1) 

The following is a refinement of [Leh24, Theorem 8.4]: 

Proposition 2.2.1.2. The functor (−)/ N of (2.2.1.1) is equivalent to (−)/N as functors 
CMonN/ → CAlg(Cat). 

Proof. Both are computed by the same weighted colimit (by definition for (−)/N, and by 
[GHN17, Theorem 1.1] for (−)/ N). 

As a consequence, we may use the results of [Leh24, §8] to compute M/N as a limit of 
familiar E∞-categories. 

Corollary 2.2.1.3. Let φ : N → M be a homomorphism of E∞-monoids. Then 

M /N = (BM)0/ ×BM BN. 

Proof. The equivalence M/ N  (BM)0/ ×BM BN follows from [Leh24, Definition 8.1] and 

the discussion immediately following it. Now use M/N = M/ N. 

Example 2.2.1.4. If φ : M → M is the identity, then Corollary 2.2.1.3 implies M/M = 
(BM)0/. 
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Combining Corollary 2.2.1.3 and [Leh24, Lemma 8.2], we obtain the following useful 
result. 

Corollary 2.2.1.5 ([Leh24, Lemma 8.2]). Let φ : N → M be a homomorphism of E∞-
monoids. For m1, m2 ∈ M (with corresponding objects [m1], [m2] ∈ M/N), there is a 
Cartesian square 

Map
M /N([m1], [m2]) N 

pt M. 

φ(−)+m1 

m2 

In particular, for all m ∈ M, we have Map
M/N(0M/N, m) = φ−1(m). 

It is not hard to see that the natural map M → M/N is essentially surjective.5 Thus 
Corollary 2.2.1.5 allows us to describe all morphisms in M/N. This can be quite useful, as 
we shall see presently. 

If φ : N → M is a homomorphism of E∞-monoids and m1, m2 ∈ M, the long exact 
sequence for a fibration gives a long exact sequence: 

. . . πi(Map
M /N([m1], [m2])) πi(N) πi(M) . . . π0(M). 

(2.2.1.6) 

Proposition 2.2.1.7. Let φ : N → M be a homomorphism of E∞-monoids. If N is discrete 
and πi(M) is concentrated in degrees 0 and 1, then M/N is a discrete category. 

Proof. Every object of M/N is of the form [m] for some m ∈ M, so it suffices to show that 
all mapping spaces Map

M/N([m1], [m2]) are discrete. Fix m1, m2 ∈ M, and consider the 
sequence 

. . . πi+1(M) πi(Map
M /N([m1], [m2])) πi(N) πi(M) . . . 

contained within the long exact sequence Eq. (2.2.1.6). For all i  1, we have πi(N) = 
0 and πi+1(M) = 0, so πi(Map

M/N([m1], [m2])) = 0. Since this holds for all i  1, 
Map

M/N([m1], [m2]) is discrete. 

2.2.2 Path monoids 

The following construction will allow us to understand skew quotients entirely in terms of 
an (∞, 1)-categorical universal property. 

5For an explicit proof of a more general claim, see Proposition 2.2.4.1(1). 
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Definition 2.2.2.1. Let C be a small SMC. The (absolute) path monoid of C, written P0C, 
is the fiber product appearing in the following Cartesian square of E∞-monoids: 

P0C ι0 Arr(C) 

ι0C ι0C × ι0C. 

(ev0,ev1) 

c→(0,c) 

where the E∞-monoid structure on ι0 Arr(C) is defined pointwise, and ev0 (resp. ev1) sends 
a morphism to its domain (resp. codomain). More succinctly, we can write P0C = ι0(C0/). 

At the level of underlying spaces, we have 

P0C = colim 
c∈ι0C 

MapC(0, c) (2.2.2.2) 

where the automorphism groups AutC(c) act on MapC(0, c) by postcomposition. 
By construction, the skew quotient M/φN satisfies 

ι0 Fun⊕(M/φN, C) = HomCMon(N, P0C) ×HomCMon(N,ι0C) HomCMon(M, ι0C). (2.2.2.3) 

for any SMC C. In other words, the functor (N → M) → M/N is the left adjoint to the 
functor 

CAlg(Cat) → Arr(CMon) 
C → (P0C → ι0C). 

We will eventually show (in Theorem 2.3.2.1) that this adjunction induces an equivalence 
between certain subcategories of CAlg(Cat) and Arr(CMon). To accomplish this, we should 
first understand what values P0C can potentially take. 

Proposition 2.2.2.4. Let C be a SMC. Then P0C is sharp. 

Proof. The identity morphism id0 is the initial object of C0/. Thus, given f ∈ (P0C)
± , we 

have HomC0/ 
(id0, f)  pt and 

HomC0/ 
(f, id0)  HomC0/ 

 
id0, −f 

 
 pt. 

It follows that f  id0 in C0/, and this equivalence is unique up to contractible choices. 
Therefore (P0C)

±  pt. 

In fact, this is the only obstruction: every sharp E∞-monoid arises as a path monoid, as 
we see from the following example. 
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Example 2.2.2.5. Suppose M is an E∞-monoid. Then P0BM = M/M± . Indeed, since 
BM has only one object 0, P0BM is the quotient of MapBM(0, 0) by AutBM(0) (acting by 
postcomposition). The former space is M, while the latter space is M± , so P0BM = M/M± . 
In particular, if M is sharp, we obtain P0BM = M. 

Here are some other computations we can do with path monoids: 

Example 2.2.2.6. Suppose M is a E∞-monoid, viewed as a E∞-groupoid (possibly with 
many objects). Then P0M is just the space of paths at M based at the origin, so P0M = pt 
by contractibility of path spaces. 

Example 2.2.2.7. Suppose φ : N → M is a homomorphism of E∞-monoids and N is an 
E∞-group. If C is any SMC, we have HomCMon(N, P0C)  pt by Proposition 2.2.2.4. Thus 

ι0 Fun⊕(M /N, C) = pt ×HomCMon(N,ι0C) HomCMon(M, ι0C) 
= HomCMon(M/N, ι0C) 
= ι0 Fun⊕(M/N, C), 

i.e. M/N is just the usual quotient M/N in CMon. 

2.2.3 Relative path monoids 

The following generalization of path monoids will be useful in constructing some presenta-
tions of SMCs as skew quotients. 

Definition 2.2.3.1. Let C be a small SMC, let N be an E∞-monoid, and let ψ : N → ι0C be 
a homomorphism. The path monoid of C relative to ψ, written P0,N C, is the fiber product 
appearing in the following Cartesian square: 

P0,N C ι0 Arr(C) 

0×N ι0C × ι0C. 

(ev0,ev1) 

0×ψ 

Remark 2.2.3.2. Note that P0,ι0C C = P0C, so this generalizes our original notion of path 
monoid. 

Heuristically, P0,N C is the E∞-monoid of pairs (n ∈ N, f : 0 → ψ(n)), though some care 
needs to be taken in defining the morphisms correctly. At the level of underlying spaces, we 
have 

P0,N C = colim 
n∈N 

MapC(0, ψ(n)), (2.2.3.3) 

generalizing Eq. (2.2.2.2). 
Relative path monoids typically are not sharp. In fact, any E∞-monoid can arise as a 

relative path monoid: 
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Example 2.2.3.4. Let C be a small SMC. Then P0,0 C = EndC(0). In particular, if C = BM 
for some M ∈ CMon, then P0,0 C = M. 

2.2.4 Properties of skew quotients 

Let’s list some important skew quotient computations for future reference. 

Proposition 2.2.4.1. Let φ : N → M be a homomorphism of E∞-monoids. Then: 

1. ι0(M/N) = M/N± . 

2. 0(M/N) = pt ×M N. 

3. (M/N)gpd = M/N. 

4. cofib(M → M/N) = BN. 

5. If φ  : N  → M is any homomorphism of E∞-monoids, then P0,N  (M/N) = N  ×M N. 
In particular, P0,M (M/N) = N. 

Proof. (1). Using Corollary 2.2.1.3, we compute 

ι0(M /N) = ι0(BM0/) ×ι0BM ι0BN because ι0 preserves limits. 
= ι0(BM0/) ×ι0BM BN± 

= ι0(M /N ±) 

= ι0(M/N ±) by Example 2.2.2.7. 

(2). This is the special case of Corollary 2.2.1.5 with m1 = m2 = 0M. 
(3). This is [Leh24, Theorem 8.4]. One may also prove this directly from the skew 

quotient definition of M/N: the functor Arr(CMon) → CMon defined by 

(M → N) → (M /N)gpd 

is the left adjoint to the functor CMon → Arr(CMon) defined by 

Q → (P0Q → Q) = (pt → Q). 

The left adjoint to this latter functor is the usual quotient (M → N) → M/N, so M/N = 
M/N by uniqueness of left adjoints. 

(4). For an SMC C, we have 

Fun⊕(cofib(M → M /N), C) = Fun⊕(M /N, C) ×Fun⊕(M,C) 0 

= Fun⊕(N, P0C) ×Fun⊕(N,C) Fun⊕(M, C) ×Fun⊕(M,C) 0 

= Fun⊕(N, P0C) ×Fun⊕(N,C) 0 

= Fun⊕(pt /N, C) 
= Fun⊕(BN, C). 
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The result follows by Yoneda. 
(5). We first construct a homomorphism of E∞-monoids P0,N  (M/N) → N  ×M N. There 

is a natural homomorphism P0,N  (M/N) → N  coming from the definition of relative path 
monoids. We may also obtain a homomorphism P0,N  (M/N) → N as a composite 

P0,N  (M /N) → P0,N  (0 /N) → P0,0 BN = N. 

The induced homomorphisms P0,N  (M/N) → M both agree (they both send a pair (n  , f : 
0 → φ (n )) to φ(n )), so we obtain the desired homomorphism P0,N  (M/N) → N  ×M N. 

At the level of underlying spaces, we may write 

P0,N  (M /N) = colim 
n ∈N  

Map
M /N(0, n ) by (2.2.2.2) 

= colim 
n ∈N  

pt ×n  ,M,φ N by Corollary 2.2.1.5 

= (colim 
n ∈N  

pt) ×M N 

= N  ×M N. 

This equivalence of underlying spaces agrees with the homomorphism constructed above. 
Since homomorphisms which induce equivalences of underlying spaces are themselves equiv-
alences, we see that P0,N  (M/N) = N  ×M N as E∞-monoids. 

2.3 Grouplike symmetric monoidal categories 

We are now ready to study grouplike SMCs (Definition 2.0.0.1). We should also introduce 
some notation for the category of grouplike SMCs: 

Definition 2.3.0.1. Write CAlggplike(Cat) for the full subcategory of CAlg(Cat) spanned by 
the grouplike SMCs. 

Note that the inclusion CAlggplike(Cat) → CAlg(Cat) admits a right adjoint, given by 
sending a small SMC C to the full subcategory Cgplike ⊂ C spanned by the units in ι0C. 

2.3.1 Presenting grouplike SMCs as skew quotients 

If φ : M → N is a homomorphism of E∞-monoids and N is an E∞-group, then M/N 
is a grouplike SMC by Proposition 2.2.4.1(1). Our goal is to show that every grouplike 
SMC arises in this way. In fact, the following result controls skew quotient presentations of 
grouplike SMCs. 

Proposition 2.3.1.1. Let C be a grouplike SMC, let M be an E∞-group, and let φ : M → ι0C 
be a homomorphism. If φ is essentially surjective, then there is a natural equivalence 
Fφ : M/ P0,M C 

∼ −→ C. 



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 50 

Proof. Using Eq. (2.2.2.3), we obtain an equivalence 

ι0 Fun⊕(M/ P0,M C, C) = HomCMon(P0,M C, P0C) ×HomCMon(P0,M C,ι0C) HomCMon(M, ι0C). 

The desired functor Fφ : M/ P0,M C → C is induced by φ and the forgetful homomorphism 
P0,M C → P0C. The functor Fφ is obviously essentially surjective. For fully faithfulness, we 
use Lemma 2.3.1.2 below. 

Lemma 2.3.1.2. Let C be a small SMC, let M be an E∞-group, and let φ : M → ι0C be a 
homomorphism. Then there is a natural fully faithful functor Fφ : M/ P0,M C → C. 

Proof. The functor Fφ is constructed exactly as in the proof of Proposition 2.3.1.1 above. 
Because M is grouplike, to show that Fφ is fully faithful, it suffices to show that the induced 
map 

Map
M/ P0,M C

(0, [m]) → MapC(0, φ(m)) 

is an equivalence for all m ∈ M. By Corollary 2.2.1.5 and the Cartesian square defining 
P0,m, there is a commutative diagram of Cartesian squares 

Map
M/ P0,M C

(0, [m]) P0,M C ι0 Arr(C) 

pt M ι0C × ι0C. 

(ev0,ev1) 

m 0×φ 

Thus the outer square is Cartesian. But the fiber product of the outer square is just 
MapC(0, φ(m)), so we get Map

M/ P0,M C
(0, [m]) 

∼ −→ MapC(0, φ(m)) and Fφ is fully faith-
ful. 

2.3.2 A structure theorem for grouplike SMCs 

By restricting Proposition 2.3.1.1 to the case of absolute path monoids, we can prove a useful 
structure theorem for grouplike SMCs. 

Theorem 2.3.2.1 (Structure of grouplike SMCs). The adjunction 

(−)/(−) : Arr(CMon)  CAlg(Cat) : 
 

P0(−) → ι0(−) 
 

restricts to an equivalence of categories Arr,gp (CMon) = CAlggplike (Cat).

Proof. It is clear that the adjunction in question restricts to an adjunction 

Arr,gp(CMon)  CAlggplike(Cat). 

We need to show that this is an equivalence. One direction follows from Proposition 2.3.1.1: 
if C is a grouplike SMC, then C = ι0C/ P0,ι0C C = ι0C/ P0C. 
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For the other direction of the equivalence, suppose we are given (φ : N → M) ∈ 
Arr,gp(CMon). We have ι0(M/N) = M/N± = M by Proposition 2.2.4.1(1) and the hy-
pothesis that N is sharp. By Proposition 2.2.4.1(5), we have 

P0(M /N) = ι0(M /N) ×M N = M ×M N = N. 

It is clear that the induced morphism P0(M/N) → ι0(M/N) (viewed as an object of 
Arr,gp(M/N)) is naturally equivalent to the original morphism (φ : N → M). 

We can derive many useful results about the category CAlggplike(Cat) from Theorem 2.3.2.1. 
Here are just a few: 

Corollary 2.3.2.2. The category CAlggplike(Cat) is presentable and compactly generated. 

Proof. There is a Cartesian square of categories 

Arr,gp(CMon) Arr(CMon) 

CMon × CMongp CMon × CMon. 

(ev0,ev1) 

The categories and arrows not involving Arr,gp(CMon) all lie in PrR 
ω. Thus, by [HTT, 5.5.7.6], 

Arr,gp(CMon) must also be presentable and compactly generated. Now use the equivalence 
CAlggplike(Cat) = Arr,gp(CMon) of Theorem 2.3.2.1. 

Corollary 2.3.2.3. Finite products agree with finite coproducts in CAlggplike(Cat). 

Proof. We may use the equivalence CAlggplike(Cat)  Arr,gp(CMon) and the fact that limits 
and colimits in diagram categories are computed pointwise to reduce this to the claim that 
finite products agree with finite coproducts in CMon and CGrp. The claim then follows from 
the fact that finite products agree with finite coproducts in CMon and that finite (co)products 
of sharp E∞-monoids (resp. E∞-groups) are sharp E∞-monoids (resp. E∞-groups). 

Corollary 2.3.2.4. The functors P0 : CAlggplike(Cat) → CMon and ι0 : CAlggplike (Cat) →
CMon preserve filtered colimits. 

Proof. Under the equivalence of Theorem 2.3.2.1, we may identify the functors in question 
with the evaluation maps ev0, ev1 : Arr,gp(CMon) → CMon. The functors ev0 : Arr,gp(CMon) → 
CMon and ev1 : Arr,gp(CMon) → CGrp preserve filtered colimits because colimits in di-
agram categories are computed pointwise. Thus it remains to show that the inclusions 
CMon → CMon and CGrp → CMon preserve filtered colimits. The former claim is Propo-
sition 2.1.3.8, while the latter claim holds because the inclusion CGrp → CMon is a left 
adjoint. 
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Theorem 2.3.2.1 gives a simple procedure for computing limits of grouplike SMCs. Given 
a diagram C(−) : I → CAlggplike (Cat), we replace each Ci by (P0Ci → ι0Ci) ∈ Arr,gp (CMon).
Limits of sharp E∞-monoids are sharp, and limits of E∞-groups are E∞-groups, so the in-
clusion Arr,gp(CMon) → Arr(CMon) preserves limits. Thus we may compute the limit in 
Arr(CMon), and we obtain 

lim 
i 

Ci  

 

lim 
i 
ι0Ci 

−→ 

lim 
i 

P0Ci 

 

. (2.3.2.5) 

Example 2.3.2.6. Let φ, ψ : N → Z be any homomorphisms. We compute 

BN ×φ,BZ,ψ BN. 
Under the equivalence of Theorem 2.3.2.1, BN corresponds to (N → pt) ∈ Arr,gp(CMon), 
while BZ corresponds to (pt → BZ) ∈ Arr,gp(CMon). Thus BN × φ,BZ,ψ BN corresponds to 

(N ×pt N → pt ×BZ pt)  
 
N2 φ+ψ −−−→ Z 

 
∈ Arr,gp(CMon). 

We conclude that 
BN × φ,BZ,ψ BN  Z/φ+ψN2 . 

Remark 2.3.2.7. There is also a version of (2.3.2.5) involving relative path monoids. Namely, 
suppose C− : I → CAlggplike(Cat) is any diagram, and let φ : M → limi ι0Ci be a surjective 
homomorphism of E∞-groups. Then 

lim 
i 

Ci = 
 

lim 
i 
ι0Ci 


/ 
 

lim 
i 

P0,M Ci 
 

Indeed, this follows from Proposition 2.3.1.1 and the fact that both ι0 and P0,M commute 
with limits. 

We may use (2.3.2.5) to construct a general pullback / pushout square describing grou-
plike SMCs. 

Proposition 2.3.2.8. Let C be a grouplike symmetric monoidal category. Then the square 

ι0C C 

0 B P0C. 

is both a pullback square and a pushout square. 

Proof. Using (2.3.2.5), we see that 

0 ×B P0C C = (0 × 0 ι0C)/(0 ×P0C P0C) = ι0Cc/0 = ι0C. 
Thus the square in question is a pullback square. 

Because skew quotients commute with colimits, we have 

C/ι0C = (ι0C/ι0C)/(P0C/0) = 0/ P0C = B P0C. 
This is the same as saying that the square in question is a pullback square. 
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2.3.3 Grouplike SMCs as fiber products 

Theorem 2.3.2.1 allows us to recover a grouplike SMC C from its E∞-group of objects ι0C, its 
path monoid P0C, and the natural map P0C → ι0C. However, ι0C is not the only E∞-group 
one can obtain from C. 

Indeed, the groupoid completion Cgpd = ι0C/ P0C is also an E∞-group. It is thus natural 
to ask whether C can be recovered from Cgpd together with P0C and some data controlling 
the interaction between these E∞-monoids. To obtain such a description, we first give a 
description of Cgpd completely in terms of E∞-groups: 

Proposition 2.3.3.1. Let φ : N → M be a homomorphism of E∞-monoids, and suppose M 
is an E∞-group. Then (M/N)gpd = M/Ngp. 

Proof. This is a direct computation: 

(M /N)gpd = M/N by Proposition 2.2.4.1(3) 
= (M/N)gp because M/N is already an E∞-group 

= Mgp/Ngp because (−)gp preserves colimits 

= M/Ngp because M is already an E∞-group. 

Corollary 2.3.3.2. If C is a grouplike SMC, then Cgpd = ι0C/(P0C)
gp. 

Proof. By Theorem 2.3.2.1 we may write C = ι0C/ P0C. The result follows from Proposi-
tion 2.3.3.1. 

In particular, we see that if C is a grouplike SMC, then there is a natural map 

Cgpd → B(P0C)
gpd = B((P0C)

gp). 

We may use this map to characterize C as a pullback: 

Proposition 2.3.3.3. Let C be a grouplike SMC. Then C = Cgpd ×(B P0C)gpd B P0C. 

Proof. We compute 

Cgpd ×(B P0C)gpd B P0C = (Cgpd/0) ×B(P0C)gp/0 (0/ P0C) by Theorem 2.3.2.1 

= 
 
Cgpd ×B(P0C)gp pt 

 
/(0 ×0 P0C) by (2.3.2.5) 

= 
 
ι0C/(P0C)

gp ×B(P0C)gp 0 
 
/ P0C 

= fib 
 
ι0C/(P0C)

gp → B(P0C)
gp 
 
/ P0C 

= ι0C/ P0C because CGrp is prestable 

= C by Theorem 2.3.2.1. 

Corollary 2.3.3.4. Let C be a grouplike SMC. Then ι0C = fib(Cgpd → (B P0C)
gpd). 
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Proof. Apply ι0 to the Cartesian square of Proposition 2.3.3.3 and note that ι0B P0C = 
B(P0C)

± = B(pt). 

The limit description of Proposition 2.3.3.3 may be upgraded to an equivalence of cate-
gories: 

Proposition 2.3.3.5. The commutative square of categories 

CAlggplike(Cat) Arr(CMongp) 

CMon CMongp 

(−)gpd→(B P0(−))gpd 

P0 ev1 

B(−)gpd 

is Cartesian. 

Proof. The square clearly commutes, so we obtain a natural map 

CAlggplike(Cat) → CMon ×CMongp Arr(CMongp) 

C → (P0C, Cgpd → (B P0C)
gpd). 

Taking pullbacks as in Proposition 2.3.3.3 defines a one-sided inverse CMon×CMongp Arr(CMongp) → 
CAlggplike(Cat) to the above map. We need to show that this is in fact a two-sided inverse. 
That is, given a pair (N, M → (BN)gpd) ∈ CMon ×CMongp Arr(CMongp), we need to show 
that: 

• P0(M ×(BN)gpd BN) = N and 

• (M ×(BN)gpd BN)gpd = M. 

For the first claim, note that 

M×(BN)gpd BN = (M/0) ×BNgp/0 0 /N = (M ×BNgp 0) /N 

By Proposition 2.2.4.1(5), we have P0(M ×(BN)gpd BN) = N, giving the claim. 
For the second claim, we compute  
(M ×(BN)gpd 0) /N 

 gpd 
= (M ×BNgp 0)gp /Ngp by (2.3.2.5) 
= (M ×BNgp 0)/Ngp because M ×BNgp 0 is already an E∞-group 

= M by Corollary 2.1.5.8. 

Informally, Proposition 2.3.3.5 says that CAlggplike(Cat) is equivalent to the category of 
diagrams 

M 

BN BNgp 

with N a sharp E∞-monoid and M an E∞-group. 
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2.3.4 Localizations and faces 

To understand the geometry associated with grouplike SMCs, we need to introduce a suitable 
notion of “locality.” 

Definition 2.3.4.1. Let C be a grouplike SMC. For a set of morphisms S in C, the localization 
of C with respect to S is the grouplike SMC C satisfying the following universal property: for 
any grouplike SMC C  , we have 

Fun⊕(C, C ) = {F ∈ Fun⊕(C, C ) | F(f) is invertible for all f ∈ S}. 

We say that a localization is elementary if S may be taken to be a single morphism. The col-
lection of localizations of C forms a full subcategory (CAlggplike(Cat))loc 

C/ ⊂ (CAlggplike (Cat))C/. 

Remark 2.3.4.2. The assumption that C  is grouplike here is not significant: if C  is arbitrary, 
an analogous universal property holds (by combining the above universal property with that 
of (C  )gplike ⊂ C ). We restrict to the case of grouplike C  for technical convenience, as
CAlggplike(Cat) is easier to work with than CAlg(Cat). 

We seek to show that localizations of a grouplike SMC C always exist. In fact, Theo-
rem 2.3.2.1 will allow us to give a skew quotient presentation of any localization of C. 

Proposition 2.3.4.3. Let C be a grouplike SMC. Then: 

1. Any localization of C may be written as the localization of C with respect to a face of 
P0C. 

2. Given a face S ⊂ P0C, the localization C[S−1] exists, and there is a natural equivalence 

C[S−1] = 
 
ι0C/S

gp 

/ 
 
(P0C)/S 

 
. 

3. Given a face S ⊂ P0C and a surjective homomorphism of E∞-groups φ : M → ι0C, 
there is a natural equivalence 

C[S−1] = M/ 
 
(P0,M C)[−S] 

 
. 

In particular, C[S−1] = ι0C/ 
 

P0C[−S] 
 
. 

4. The assignment S → (C → C[S−1]) defines an equivalence Face(P0C) 
∼ −→ (CAlggplike(Cat))loc 

C/. 

Proof. (1). If f : c1 → c2 is any morphism in C, then because C is grouplike, there exists an 
object −c1 ∈ C such that c1 ⊕ −c1  0C. The morphism f is then equivalent (as an object 
of Arr(C)) to (f ⊕ id−c1 ) ⊕ idc1 . Localizing with respect to f is equivalent to localizing with 
respect to (f ⊕ id−c1 ), which is an object of P0C. It follows that any localization of C may be 
described as a localization with respect to a collection of morphisms in P0C. We may always 
assume that such a collection is closed under equivalence, i.e. is a subspace of P0C. 
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Now suppose that S is a subspace of P0C. We claim that localizing with respect to S 
is equivalent to localizing with respect to a face of P0C. If f1, f2 ∈ S, then localizing with 
respect to S automatically inverts f1 + f2, so we may assume S is a submonoid of P0C. If 
g1, g2 ∈ P0C and g1 + g2 ∈ S, then localizing with respect to S must invert g1 (because a 
suitable translate of g2 − (g1 + g2) is an inverse for g1). Likewise, any such localization must 
also invert g2. It follows that we may take S to be a face of P0C. 

(2). Let C  be any grouplike SMC. Under the equivalence CAlggplike(Cat) = Arr,gp(CMon) 
of Theorem 2.3.2.1, any symmetric monoidal functor F : C → C  which inverts S corresponds 
to a commutative square 

P0C ι0C 

P0C
 ι0C

 

such that the leftmost vertical arrow sends S to 0 (because P0C
 is sharp), and vice versa. 

Thus the grouplike SMC C[S−1] corresponds to the morphism (N → M) ∈ Arr,gp(C) 
equipped with a universal commutative square 

P0C ι0C 

N M 

such that the leftmost vertical arrow sends S to 0. By Corollary 2.1.4.8, the quotient P0C/S is 
sharp, so the morphism P0C/S → (ι0C)/Sgp is an object of Arr,gp(CMon). The commutative 
square 

P0C ι0C 

P0C/S ι0C/S
gp 

(viewed as a morphism in Arr,gp(CMon)) clearly satisfies the desired universal property, so 
we have C[S−1] = (ι0C/Sgp)/(P0C/S). 

(3). Let C  be a grouplike SMC. Then ι0 Fun⊕(M/ 
 
(P0,M C)[−S] 

 
, C ) is, by definition, 

equivalent to the fiber product 

HomCMon(M, ι0C ) ×HomCMon((P0,M C)[−S],ι0C ) HomCMon((P0,M C)[−S], P0C ). 

Because ι0C  is an E∞-group, we have 

HomCMon((P0,M C)[−S], ι0C ) = HomCMon((P0,M C[−S])
gp , ι0C ) = HomCMon((P0,M C)

gp , ι0C ). 
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There is a natural inclusion HomCMon((P0,M C)[−S], P0C
) ⊂ HomCMon(P0,M C, P0C

). Be-
cause inclusions pull back, we obtain an inclusion 

ι0 Fun⊕(M/ 
 
(P0,M C)[−S] 

 
, C ) ⊂ HomCMon(M, ι0C ) ×HomCMon((P0,M C)gp,ι0C ) HomCMon(P0,M C, P0C ) 

= ι0 Fun⊕(M/ P0,M C, C ) 

= ι0 Fun⊕(C, C ) 

identifying ι0 Fun⊕(M/ 
 
(P0,M C)[−S] 

 
, C ) with the subspace of ι0 Fun⊕(C, C ) consisting of 

symmetric monoidal functors which invert S. But this is exactly saying that 

ι0 Fun⊕ 
 
M/ 

 
(P0,M C)[−S] 

 
,C  

 
= ι0 Fun⊕(C[S−1], C ), 

so M/ 
 
(P0,M C)[−S] 

 
= C[S−1] by Yoneda. 

(4). By the preceding results, this functor is well-defined and essentially surjective. To 
see that this assignment is fully faithful, we note that both Face(P0C) and (CAlggplike(Cat))loc 

C/ 

are (the categories associated with) posets, and for faces S1, S2 ⊂ P0C, we have S1 ⊂ S2 if 
and only if C[S−1 

1 ] maps to C[S−1 
2 ] over C. 

We may use Proposition 2.3.4.3 to give a more intrinsic characterization of localizations. 

Proposition 2.3.4.4. Let F : C → C  be a symmetric monoidal functor between grouplike 
SMCs. Then F is a localization if and only if: 

• The induced morphism P0C/ fib(P0F) → P0C
 is an equivalence, 

• F induces a surjection π0(ι0C) → π0(ι0C
), and 

• The induced morphism fib(P0F)
gp → fib(ι0F) is an equivalence. 

Furthermore, in this case, fib(P0F) is a face of P0C, and F is the localization of C with respect 
to fib(P0F). 

Proof. (⇒). Suppose F : C → C  is a localization. By Proposition 2.3.4.3, we may assume 
F is the localization with respect to a face S ⊂ P0C, and we have P0C

 = P0C/S and ι0C  = 
ι0C/S

gp. By Proposition 2.1.4.10, we have S = fib(P0F), so the “furthermore” statement 
holds and P0C

 = P0C/S = P0C/ fib(P0F). 
Because ι0F is a quotient map, ι0F must be surjective on π0. It remains to show that 

fib(ι0F) = fib(P0F)
gp = Sgp. This is straightforward because CGrp is prestable: 

fib(ι0F) = fib(M → M/Sgp) = fib(M → cofib(Sgp → M)) = Sgp . 

(⇐). Suppose F satisfies the stated conditions. First observe that ι0F : ι0C → ι0C  is 
equivalent to the quotient map ι0C → ι0C/ fib(ι0F)gp. Indeed, this follows from the presta-
bility of CGrp: because ι0F is surjective on π0, there is a natural equivalence 

ι0C  = M/ fib(ι0F) = M/ fib(P0F)
gp . 
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We may therefore use Theorem 2.3.2.1 to write C  as 

ι0C / P0C  = 
 
ι0C/ fib(P0F)

gp 

/ 
 

P0C/ fib(P0F) 
 

Because P0C
 is sharp, fib(P0F) must be a face of P0C by Proposition 2.1.4.5. Combining 

this with Proposition 2.3.4.3(2), we get C  = C[fib(P0F)
−1], as desired. 

The faces of Nn are classified in Example 2.1.4.4. Using Proposition 2.3.4.4, we may 
extend this to a classification of the localizations of grouplike SMCs C with P0C  Nn.This 
result underpins the Cox construction discussed in Chapter 6. 

Example 2.3.4.5. Let C be a grouplike SMC, and suppose P0C  Nn for some n. Then 
localizations of C correspond to commutative squares 

Nn ι0C 

NJ M 

φ 

πJ ψ 

φ  

such that: 

• πJ is projection onto coordinates indexed by J ⊂ {1, . . . , n}, 

• ψ induces a surjection π0(ι0C)  π0(M), and 

• The induced map Zn−|J| = fib(πJ)gp → fib(ψ) is an equivalence. 

Indeed, any quotient of Nn by a face agrees with πJ for some J by Example 2.1.4.4, so the 
equivalence follows from Proposition 2.3.4.4 applied to the skew quotient map C → M/NJ . 

We note that localizations of grouplike SMCs interact well with colimits: 

Proposition 2.3.4.6 (Localizations push out). If C and C  are grouplike SMCs, C → C[S−1] 
is a localization, and F : C → C  is a symmetric monoidal functor, then there is a pushout 
square 

C C  

C[S−1] C [F(S)−1]. 

F 

Proof. Immediate from the universal properties. 
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2.3.5 Localizations and limits 

In this subsection we collect some useful results on the interaction between localizations of 
grouplike SMCs and limits. These algebraic results control the locality properties of E∞-fans 
sketched in Chapter 6. 

We begin by showing that localizations of grouplike SMCs pull back. Note that local-
izations of E∞-monoids do not pull back, so this result may be somewhat surprising: the 
discrepancy is essentially due to the fact that limits of grouplike SMCs retain more informa-
tion than the corresponding limits of E∞-monoids. 

Proposition 2.3.5.1 (Localizations of grouplike SMCs pull back). Let C and C  be grouplike 
SMCs, let S ⊂ P0C be a face with corresponding localization G : C → C[S−1], and let 
F : C  → C[S−1] be a symmetric monoidal functor. Let 

C  C 

C  C[S−1] 

G  

G 

F 

be a pullback square. Then the natural functor G : C  → C  is a localization. 

Proof. Note that S = fib(P0G) by Proposition 2.3.4.4. We check that the criteria of Propo-
sition 2.3.4.4 hold for G  . 

• We have 

P0C / fib(P0G) = (P0C ×P0(C[fib(P0G)−1 ]) P0C )/ fib(P0G) 

= (P0C ×P0C/ fib(P0G) P0C )/ fib(P0G) by Proposition 2.3.4.3(2) 
= P0C  by Corollary 2.1.5.8. 

• As ι0G  is a pullback of ι0G, we see that π0(ι0G
) is surjective on π0 by [HTT, Propo-

sition 6.2.3.7] (applied in S) and the corresponding claim for S. 

• We have 
fib(P0G )gp = fib(P0G)

gp = fib(ι0G) = fib(ι0G ). 

Thus G  is the localization of C  along the face fib(P0G) ⊂ P0C
 . 

To extend Proposition 2.3.5.1 to a more general class of limits, we will need the following 
technical (but certainly well-known) bit of abstract nonsense. 

Lemma 2.3.5.2. Let (I, ) be a nonempty finite poset admitting finite nonempty joins.6 Let 
C− : I → C be any diagram. Then limi∈I Ci can be computed as an iterated fiber product of 
the Ci. 

6Actually, as we shall see, all we will need are binary joins of minimal elements of I. 
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Proof. Let i1, . . . , in be the minimal elements of I. Let I  be the subposet of I consisting of 
all binary joins {ia ∨ ib}a,b∈{1,...,n}. Note that each ia = ia ∨ ia is an element of I  . We first 
claim that I  is coinitial in I. 

By the dual of [HTT, Theorem 4.1.3.1], I  is coinitial in I if and only if, for any i ∈ I, 
we have (I  ×I I/i)gpd = pt. By our choice of the ia, there exists some ia  i, so I  ×I I/i is 
nonempty. Furthermore, if ia ∨ ib  i and ia  ∨ ib   i, then there exists a zigzag 

ia ib  

ia ∨ ib ia ∨ ib  ia  ∨ ib  . 

It follows that (I  ×I I/i)gpd is connected. Since I  ×I I/i is itself a poset, the groupoid 
completion (I  ×I I/i)gpd is a discrete set. The only discrete connected set is pt, so (I  ×I 
I/i)

gpd = pt, and I  is coinitial in I. 
We may therefore write limi∈I Ci = limi ∈I  Ci  . The limit of this latter diagram can be 

computed as an iterated fiber product as follows. First, for all a, b, compute Cia ×Cia∨i b 
Cib . 

Then, for all a, b, and c, compute the limit of all terms involving a, b, and c as  
(Cia ×Cia∨i b 

Cib ) ×Ci b 
(Cib ×Ci b ∨ic 

Cic ) 
 
×Cia∨ic 

(Cia ×Cia∨ic 
Cic ) 

Repeat this process for all a, b, c, d, et cetera, until one has obtained the limit of all of 
I  .7 

Corollary 2.3.5.3. Let I be a nonempty finite poset admitting finite nonempty joins. Let 
C− : I → CAlggplike (Cat) be a finite diagram such that all transition maps Ci → Cj are
localizations. Then all structure maps limi∈I Ci → Cj are localizations. 

Proof. By Lemma 2.3.5.2, the limit in question may be constructed as an iterated fiber 
product of the Ci. All structure maps in question may therefore be written as compositions 
of structure maps of fiber products and transition maps Ci → Cj. The result then follows 
from Proposition 2.3.5.1 and the fact that compositions of localizations are localizations. 

Proposition 2.3.5.4. Let F : C1 → C3 and G : C2 → C3 be morphisms in CAlggplike(Cat). 
Let S ⊂ P0(C1 ×C3 C2) be a face. Then 

(C1 ×C3 C2)[S
−1] = C1[S

−1] ×C3[S−1] C2[S
−1]. 

Proof. Let A = ι0C1 ×ι0C3 ι0C2. Replacing each Ci by the full subcategory C  
i spanned by 

the objects in the image of the natural map A → ι0Ci does not change the fiber product: we 
have C1 ×C3 C2 = C  

1 ×C  
3 
C  

2. Furthermore, the image of S in each Ci lies in C  
i, so C  

i[S
−1] is 

the full subcategory of Ci[S−1] spanned by the objects lying in the image of A → ι0Ci[S−1]. 
7One can of course make this process more rigorous using an inductive argument at the cost of a significant 

reduction in clarity. 
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Thus C1[S
−1] ×C3[S−1] C2[S

−1] = C  
1[S

−1] ×C  
3[ S −1] C  2[S −1]. It follows that we may assume 

without loss of generality that Ci = C  
i for all i, i.e. we may assume that the natural map 

A → Ci is surjective on π0. 
Now we can write 

(C1 ×C3 C2)[S
−1] = (A/ P0,A(C1 ×C3 C2))[S

−1] by Proposition 2.3.1.1 

= A/ 
 

P0,A(C1 ×C3 C2)[−S] 
 

by Proposition 2.3.4.3(3) 
= (A ×A A)/ 

 
P0,A C1 ×P0,A C3 P0,A C2)[−S] 

 
because P0,A preserves limits 

= (A ×A A)/ 
 

P0,A C1[−S] ×P0,A C3[−S] P0,A C2[−S]) 
 

by Corollary 2.1.5.7 

= (A/ P0,A C1[−S]) ×A/ P0,A C3[−S] 
(A/ P0,A C2[−S]) by Remark 2.3.2.7 

= C1[S
−1] ×C3[S−1] C2[S

−1] by Proposition 2.3.4.3(3) 

where the final step uses the assumption that A → Ci is surjective for all i. 

Corollary 2.3.5.5. Let I be a nonempty finite poset admitting finite nonempty joins. Let C− : 
I → CAlggplike(Cat) be a finite diagram, and let S ⊂ limi P0Ci be a face. Then (limi Ci)[S−1] = 
limi(Ci[S−1]). 

Proof. By Lemma 2.3.5.2, we may write limi Ci as an iterated fiber product of the Ci. The 
result then follows from Proposition 2.3.5.4. 

2.3.6 Integral grouplike SMCs 

Just as with integral E∞-monoids, we can define a notion of integral grouplike SMC. This 
notion is not especially important for the general theory, but many grouplike SMCs of interest 
are integral, and it is worth noting some nice properties of integral grouplike SMCs. 

Definition 2.3.6.1. A grouplike SMC C is integral if the natural functor C → Cgpd is faithful, 
i.e. all maps 

MapC(c1, c2) → MapCgpd (c1, c2) 

(for c1, c2 ∈ C) are inclusions. 

Proposition 2.3.6.2. Let C be a grouplike SMC. The following are equivalent: 

1. C is integral. 

2. For every skew quotient presentation C = M/φN, N is integral. 

3. P0C is integral (hence discrete by Remark 2.1.6.5). 

4. There exists a skew quotient presentation C = M/φN with N integral. 
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Proof. First observe that, if we write C = M/N for some φ : M → N, then for all m ∈ M, 
the bottom and outer squares of 

MapC(0, [m]) N 

MapCgpd (0, [m]) Ngp 

pt M 

φgp 

m 

(2.3.6.3) 

are Cartesian by Corollary 2.2.1.5. By the two pullbacks lemma, the top square of (2.3.6.3) 
must also be Cartesian. 

(1) ⇒ (2). Given a presentation C = M/φN, we need to show that the map N → Ngp 

is an inclusion. Because C is integral, all of the maps MapC(0, [m]) → MapCgpd (0, [m]) are 
inclusions. From the diagram (2.3.6.3), we see that this means the map N → Ngp becomes 
an inclusion whenever we base change to some m ∈ M. A map of spaces is an inclusion if 
and only if all induced maps of fibers are inclusions, so N → Ngp is an inclusion. 

(2) ⇒ (3). This follows from Theorem 2.3.2.1 by writing C = ι0C/ P0C. 
(3) ⇒ (4). Trivial. 
(4) ⇒ (1). Suppose we have a presentation C = M/φN with N integral. We want 

to show that, for all c1, c2 ∈ C, the map MapC(c1, c2) → MapCgpd (c1, c2) is an inclusion. 
Because C is grouplike, it suffices to consider the case where c1 = 0. We may also write 
c2 = [m] for some m ∈ M. The top square of (2.3.6.3) is Cartesian, and the map N → Ngp 

is an inclusion because N is integral. Thus the natural map MapC(0, [m]) → MapCgpd (0, [m]) 
must be an inclusion, precisely as needed. 

Corollary 2.3.6.4. A limit of integral grouplike SMCs is integral. 
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Chapter 3 

Geometrization of grouplike SMCs 

In this chapter we discuss how to construct derived stacks from grouplike SMCs. The 
essential idea is relatively simple: given a grouplike SMC C, we use the modern perspective 
on the Tannakian formalism (as in e.g. [Ste23]) to define a stack YC from the symmetric 
monoidal category (PShk(C), ). In favorable cases, we can show that the stack YC admits 
an explicit presentation as a quotient stack (Proposition 3.2.3.6) and that there actually is 
an equivalence (QC(YC), ⊗O )  (PShk(C), ). 

3.1 Presheaves on grouplike SMCs 

We will begin by discussing the general behavior of presheaf categories PShk(C) when C is 
grouplike. The main result of this section, Proposition 3.1.2.3, allows us to think of PShk(C) 
as a category of “graded modules” (for a certain ∞-categorical interpretation of “grading”). 

3.1.1 The projection formula for presheaves 

We will first need to establish that presheaves on grouplike SMCs satisfy a version of the 
projection formula. This is a straightforward but lengthy calculation, and actually holds in 
greater generality: 

Proposition 3.1.1.1. Let F : C → D be a symmetric monoidal functor between small SMCs, 
and suppose that every object of C is dualizable.1 For F ∈ PShV(C) and G ∈ PShV(D), we 
have 

F ∗(F!F  G ) = F  F ∗ G . 

Proof. The functors F∗ , F!, and  all commute with colimits and V-tensors, so it suffices to 
consider the case where F = yC(c) and G = yD(d) for some c ∈ C and d ∈ D. Then, for 

1This holds if C is grouplike, and this is the only situation we will need to consider in the rest of the 
paper. 
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c  ∈ C, we have  
F ∗(F!yC(c)  yD(d)) 

 
(c ) = 

 
F!yC(c)  yD(d) 

 
(F(c  )) 

= 
 
yD(F(c))  yD(d) 

 
(F(c  )) 

= HomPShV(D) 

 
yD(F(c 

 )), yD(F(c))  yD(d) 
 

= HomPShV(D) 

 
yD(F(c 

 ))  yD(F(c)) 
∨ , yD(d) 

 

= HomPShV(D) 

 
yD(F(c 

 ))  yD(F(c 
∨ )), yD(d) 

 

= HomPShV(D) 

 
yD(F(c 

 ⊗C c 
∨ )), yD(d) 

 

= HomPShV(D) 

 
F!(yC(c 

)  yC(c 
∨ )), yD(d) 

 

= HomPShV(C) 

 
yC(c 

)  yC(c 
∨), F ∗ yD(d) 

 

= HomPShV(C) 

 
yC(c 

), yC(c)  F ∗ yD(d) 
 

= 
 
yC(c)  F ∗ yD(d) 

 
(c ). 

Since c  ∈ C was arbitrary, we get F∗(F!yC(c)  yD(d)) = yC(c)  F∗ yD(d) as desired. 

3.1.2 PShk(C) as a category of graded modules 

For an E∞-monoid M, let Lock(M) = Fun(M, Modk) be the category of V-valued local 
systems on M. Because M is a groupoid, there is a natural equivalence M  Mop, and in 
particular we have Lock(M)  PShk(M). We will view Lock(M) as symmetric monoidal 
under the Day convolution product M. 

The category Lock(M) serves as an ∞-categorical version of the category of “M-graded 
k-modules,” as the following example makes clear. 

Example 3.1.2.1. Let M be a discrete commutative monoid. Then objects of Lock(M) 
are given by families V = (Vm)m∈M in Modk, and morphisms V → V  are just families of 
morphisms Vm → V  

m for all m ∈ M (with no coherence data involved). The symmetric 
monoidal structure on Lock(M) is given by 

(V M V )m = 
 

m1+m2=m 

Vm1 ⊗k Vm2 . 

Remark 3.1.2.2. There is a natural t-structure on the category Lock(M) given by Loc 0
k (M) = 

Fun(M, Mod 0
k ). More generally, we may define a natural t-structure on any PShk(C) by 

PSh 0
k (C) = Fun(C, Mod 0

k ). 
We would like to give a description of PShk(C) (for C a grouplike SMC) as a category of 

“graded modules over a graded algebra.” 

Proposition 3.1.2.3. Let C be a grouplike SMC, and let φ : M → ι0C be a homomorphism of 
E∞-groups which is surjective on π0. Write ψ for the natural homomorphism P0,M C → M 
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and πP0,M C for the natural symmetric monoidal functor C → B P0,M C. Then there is a 
t-exact symmetric monoidal equivalence  

PShk(C), C 

 
= 

 
Modψ!π ∗ 

P0,M C k
(LocV(M)), ⊗φ!π ∗ 

P0,M C k 

 

Proof. Consider the adjunction 

φ! : Lock(M)  PShk(C) : φ ∗ . 

Note that: 

• The pair (φ!, φ∗) satisfies the projection formula by Proposition 3.1.1.1. 

• The functor φ∗ preserves arbitrary colimits (since colimits in PShV(M/N) are com-
puted pointwise). 

• The functor φ∗ is conservative (since a morphism in PShk(C) is an isomorphism if and 
only if it is an isomorphism pointwise). 

Thus this adjunction satisfies the hypotheses of the symmetric monoidal Barr–Beck theorem 
[MNN17, Proposition 5.29] and we obtain a symmetric monoidal equivalence  

PShk(C), C 

 
= 

 
Modφ∗ φ!1Loc k(M) 

(Lock(M)), ⊗φ∗ φ!1Loc k(M) 

 
. 

Thus it suffices to show that 

φ ∗ φ!1LocV(M) = ψ!π
∗ 
P0,M C k. 

In fact, because φ! : (Lock(M), M) → (PShk(C), C) is symmetric monoidal, we have 

φ!1LocV(M) = 1PShk(C) = ηC!k 

where ηC : 0 → C is the unit morphism. We may therefore reduce to showing that 

φ ∗ ηC!k = ψ!π
∗ 
P0,M C k, 

and this last claim follows from Lemma 3.1.2.4 below. 

Lemma 3.1.2.4. Let C be a grouplike SMC, and let φ : M → ι0C be a homomorphism of 
E∞-groups which is surjective on π0. Write: 

• ψ for the natural homomorphism P0,M C → M 

• πP0,M C for the natural symmetric monoidal functor C → B P0,M C, and 

• ηC for the unit map 0 → C. 
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Then, for all m ∈ M and V ∈ V, there is a natural equivalence  
φ ∗ ηC!(V) 

 
(m) = colim 

ψ−1(m) 
V = 

 
ψ!π

∗ 
P0,M C V 

 
(m). 

Thus there is a natural equivalence φ∗ηC! = ψ!π
∗ 
P0,M C

. 

Proof. Both equivalences follow from the pointwise formula for left Kan extensions. More 
precisely, for the first equivalence, note that  

φ ∗ ηC!(V) 
 
(m) = 

 
ηC!(V) 

 
(φ(m)) = colim 

ηC(0)→φ(m) 
V = colim 

MapC(0C,[m]) 
V , 

and Corollary 2.2.1.5 gives MapC(0C, [m]) = ψ−1(m). For the second equivalence, note that  
ψ!π

∗ 
P0,M C V 

 
(m) = colim 

ψ(n)→m 
π∗ 

P0,M C
(V)(n) = colim 

ψ(n)→m 
V , 

whih agrees with colimψ−1(M) V because M is a groupoid. 

3.2 Geometrization 

We are now prepared to discuss the construction of stacks YC from grouplike SMCs C. More 
precisely: 

Definition 3.2.0.1. We define a geometrization functor Y− : CAlggplike(Cat)op → dStk by 
the formula 

YC(R) = ι0 Fun⊗(C, Mod0 
R ) 

for all R ∈ dCAlg. 

To see that YC is indeed a derived stack, note that if Spec R• → Spec R is a Čech cover 
corresponding to an fppf covering sieve of Spec R, then 

lim YC(R •) = lim ι0 Fun⊗(C, Mod0 
R• ) 

= ι0 Fun⊗(C, lim Mod0 
R• ) 

= ι0 Fun⊗(C, Mod0 
R ) by faithfully flat descent 

= YC(R) 

as needed. 
Of course, we could have made this definition much earlier: the reason we have postponed 

it until now is that we are now able to prove algebraicity results for YC (when certain 
additional properties hold). 

We will begin by discussing some useful basic properties and examples of geometrization 
Section 3.2.1. In Section 3.2.2, we will discuss how applying the geometrization functor 
to E∞-groups produces E∞-group objects in the category of derived stacks. Finally, in 
Section 3.2.3, we will use the preceding discussion and the characterizations of presheaf 
categories in Section 3.1 to prove algebraicity results for geometrizations of grouplike SMCs 
with “trivializable symmetry” (see Definition 3.2.3.1). 
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3.2.1 Basics of geometrization 

Here are a few key examples to keep in mind when discussing geometrization: 

Example 3.2.1.1. For any E∞-monoid M, we have YBM = Spec kM. Indeed, for all 
R ∈ dCAlgk, any symmetric monoidal functor BM → Mod 0 

R must send the unique object of 
BM to R ∈ ModR, so 

YBM(R) = MapdCAlgk 
(kM, R) = (Spec kM)(R). 

Example 3.2.1.2. If Fgp is the free E∞-group on one generator, then YFgp = BGL1. Indeed, 
for any R ∈ dCAlgk, we have 

Y Fgp (R) = ι0 Fun⊗(Fgp , Mod0 
R ) = Pic(R) = BGL1(R). 

Note that the derived stacks YBM and YFgp admit natural E∞-monoid structures in the 
category of derived stacks. This in fact holds much more generally: 

Proposition 3.2.1.3. Let C be a grouplike SMC. Then the derived stack YC has a natural 
E∞-monoid structure, i.e. YC ∈ CAlg(dStk). If C = A is an E∞-group, then YA is an 
E∞-group object in dStk. 

Proof. Considering (Cat, ×) as a Cartesian monoidal category, [HA, Corollary 2.4.3.10] im-
plies that every object of Cat admits a natural unique E∞-coalgebra structure in Cat (and 
this extends to an equivalence of categories). Passing to commutative algebra objects in 
Cat, we see that the forgetful map BiAlgE∞,E∞ 

(Cat) → CAlg(Cat) is an equivalence. Corol-
lary 1.2.3.3 then implies that, for any R ∈ dCAlg, there is a natural E∞-monoid structure on 
the mapping space ι0 Fun⊗(C, Mod 0

R ) = YC(R). Combining these algebra structures for all 
R gives the E∞-monoid structure on YC. 

If C = A is an E∞-group, then we in fact have 

YA(R) = ι0 Fun⊗(A, Pic(R)) = HomCGrp(A, Pic(R)) 

where Pic(R) here denotes the E∞-group of line bundles over R. Because homomorphisms 
between E∞-groups form an E∞-group, we see that YA(R) is itself an E∞-group. Combining 
this for all R shows that YA is in fact an E∞-group object in dStk. 

We conclude with a remark which will not be directly useful here, but which will motivate 
some of the discussion in Chapter 6: 
Remark 3.2.1.4. The geometrization functor Y : CAlggplike(Cat)op → dStk preserves all limits. 
Indeed, we have 

Ycolimi Ci (R) = ι0 Fun⊗ 
 

colim 
i 

Ci, Mod0 
R 

 
= lim 

i 
ι0 Fun⊗ 

 
Ci, Mod0 

R 

 
= lim 

i 
YCi (R) 

for any diagram C− : I → CAlggplike(Cat)op and any R ∈ dCAlg. 
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3.2.2 Geometrizing E∞-groups 

Our goal in this subsection is to discuss the behavior of the geometrization functor on certain 
E∞-groups. 

Notation 3.2.2.1. Fix an E∞-group A, and let GA = Spec kA. 

Here are some key examples to consider: 

Example 3.2.2.2. If A = Z, then GZ = Spec k[t, t−1] = Gm. More generally, if A is free of 
rank n, then GA is an algebraic torus of rank n. 

Example 3.2.2.3. If A = Z/n, then GZ/n = Spec k[t]/(tn − 1) = µn. 

By Proposition 3.2.1.3, GA is an E∞-group stack. Thus it makes sense to talk about 
the classifying stack BGA. Using the comonadic version of the Barr–Beck theorem, one can 
prove the following result, 

Proposition 3.2.2.4 ([Mou21, Theorem 4.1 and Proposition 8.2]). 2 Suppose A is discrete. 
Then there is a t-exact symmetric monoidal equivalence 

(Lock(A), A) 
∼ −→ (QC(BGA), ⊗O ) 

This equivalence sends Loc 0
k (A) to QC0(BGA). 

Corollary 3.2.2.5. If A is a discrete abelian group, then YA = BGA, and there is a natural 
symmetric monoidal equivalence 

(Lock(A), A) 
∼ −→ (QC(YA), ⊗O ). 

Proof. For any R ∈ dCAlgk, we may write 

YA(R) = ι0 Fun⊗(A, Mod0 
R ) 

= ι0 Fun⊗,L 
k 

 
(Loc0 

k (A), A), (Mod0 
R , ⊗R) 

 

= ι0 Fun⊗,L 
k 

 
(QC0(BGA), ⊗O ), (Mod0 

R , ⊗R) 
 

= BGA(R) by [Ste23, Theorem 1.0.3], 

giving the first claim. The second claim is then just a restatement of Proposition 3.2.2.4. 

Remark 3.2.2.6. Some sort of discreteness hypothesis is necessary for Corollary 3.2.2.5 to 
hold. Indeed, both claims in Corollary 3.2.2.5 may fail when we allow A to be non-discrete: 

2Moulinos states the claim only for A = Z, but the argument works for any discrete A. 
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• If we take A = Fgp , then by Example 3.2.1.2, we have YFgp = BGL1. Because we 
are working over a field k of characteristic zero, we have GL1 = Gm, so YFgp = YZ. 
However, we have 

QC(YFgp ) = QC(YZ) = Lock(Z) = Lock(Fgp), 

for example because the unit object of Lock(Fgp) has 

H 0 Endk(1Lock(Fgp))) = H 0(kΩ0Fgp) = kπ1(Fgp , 0) = kZ/2 = k. 

• If we take A = BZ, then by Example 3.2.1.1, we have YBZ = Gm, so YBZ is not a 
classifying stack. However, we do have Lock(BZ) = ModkZ = QC(YA). The only 
problem here is that the unit map pt → YBZ is not a cover in any reasonable topology 
on dAffk. 

3.2.3 PShk(C) versus QC(YC) 

We would like to extend Corollary 3.2.2.5 to the stacks YC for more general grouplike SMCs 
C. To avoid the first counterexample of Remark 3.2.2.6, we will need to impose some extra 
conditions on the grouplike SMCs we study: 

Definition 3.2.3.1. An E∞-group A has trivializable symmetry if the natural map A → 
π0(A) splits in CGrp, i.e. there is a (typically non-canonical) equivalence of E∞-groups A = 
π0(A) × A0 . A grouplike SMC C has trivializable symmetry if the E∞-group of objects ι0A 
does. 

Example 3.2.3.2. A grouplike symmetric monoidal 1-category C has trivializable symmetry 
if and only if, up to natural symmetric monoidal equivalence, we may assume that the grading 
σ of C satisfies σC,C = idC⊕C for all C ∈ C. 

By Proposition 2.1.2.3, an E∞-group A has trivializable symmetry if and only if the 
extension class ηA ∈ H(Ω0A)

2 
 
H(π0(A)) 

 
is zero. Thus: 

Example 3.2.3.3. Any discrete E∞-group has trivializable symmetry. 

Example 3.2.3.4. Any connected E∞-group has trivializable symmetry. 

Example 3.2.3.5. The E∞-group Fgp does not have trivializable symmetry. Indeed, by the 
discussion in [JO12, §3], ηFgp ∈ H(Ω0Fgp)2(HZ) maps to the nonzero element of H(Z/2)2H(Z), 
hence is itself nonzero. 

We may now show that, for every grouplike SMC C, the stack YC admits a global quotient 
presentation. This presentation is not canonical. The lack of canonicity is closely related to 
issues with the Cox construction for toric varieties in the presence of toric factors, which we 
plan to discuss in future work. 
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Proposition 3.2.3.6. Let C be a grouplike SMC with trivializable symmetry. Then there is 
a (typically non-canonical) equivalence YC  [(Spec kP0,π0(ι0C) C)/GA]. 

Proof. Choose a splitting of the forgetful map ι0C → π0(ι0C). This gives an essentially 
surjective symmetric monoidal functor π0(ι0C) → C. By Proposition 2.3.1.1, we obtain 
a skew quotient presentation C = π0(ι0C)/ P0,π0(ι0C) C. Proposition 3.1.2.3 then gives a 
symmetric monoidal equivalence  

PShk(C), C 

 
 

 
ModA 

 
Lock(π0(ι0C) 

 
, ⊗A 

 

where A := kP0,π0(ι0C) C is viewed as a local system over π0(ι0C) with fiber over p ∈ π0(ι0C) 
given by k(P0,π0(ι0C) C) ×π0(ι0C) {p}. By Corollary 3.2.2.5 this gives a t-exact symmetric 
monoidal equivalence  

PShk(C), C 

 
 

 
ModA 

 
QC(BGπ0(ι0C)) 

 
, ⊗A 

 

or equivalently  
PShk(C), C 

 
 

 
QC 

 
[(Spec A)/Gπ0(ι0C)] 

 
, ⊗O 

 
. (3.2.3.7) 

By Tannaka duality ([Ste23, Theorem 1.0.3] again), for all R ∈ dCAlg, we get 

[(Spec A)/Gπ0(ι0C)](R) = Fun⊗,L(QC0 ([(Spec A)/Gπ0(ι0C)]), Mod0 
R ) 

 Fun⊗,L(PShk(C)0 , Mod0 
R ) 

= Fun⊗,L(C, Mod0 
R ) 

= YC(R). 

This equivalence is natural in R (but not in C), so we get YC  [(Spec A)/Gπ0(ι0C)](R). 

Even though the equivalence of Proposition 3.2.3.6 is not canonical, we can obtain a 
canonical description of the category QC(YC): 

Proposition 3.2.3.8. Let C be a grouplike SMC with trivializable symmetry. Then there is 
a natural t-exact symmetric monoidal equivalence  

PShk(C), C 

 ∼ −→ 
 

QC(YC), ⊗O 

 
. 

Proof. To construct our alleged equivalence ~F, we first construct a natural symmetric monoidal 
functor F : C → 

 
QC(YC), ⊗O 

 
. By definition we have 

QC(YC) = lim 
Spec R→YC 

ModR = lim 
C→Mod0 

R 

ModR 

where the last limit is taken over all symmetric monoidal functors C → Mod 0 
R with R 

a derived commutative ring. There is a tautological symmetric monoidal functor C → 
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lim
C→Mod0 

R 
Mod0 

R , and composing this with the inclusion lim
C→Mod0 

R 
Mod0 

R ⊂ QC(YC) 
gives the desired F. The universal property of Day convolution then gives a symmetric 
monoidal functor ~F : 


PShk(C), C 

 
→ 

 
QC(YC), ⊗O 


, and it is clear from the definition 

that this is t-exact. 
To show that ~F is an equivalence, we use the non-canonical equivalence of Proposi-

tion 3.2.3.6. Indeed, post-composing ~F with the induced equivalence 

QC(YC)  QC([(Spec A)/Gπ0(ι0C)]) 

(where A = kP0,π0(ι0C) C), we obtain the equivalence Eq. (3.2.3.7). By the two-out-of-three 
property for equivalences, we see that ~F is itself an equivalence. 
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Chapter 4 

Convolution and Tensor Products 

4.1 Quivers and derived categories of quotient stacks 

Notation 4.1.0.1. Throughout this section, fix a commutative reductive group G (i.e. a 
product of a torus and a finite abelian group). Let φ : Y → BG be a morphism of derived 
stacks which is affine and almost of finite type. Equivalently, there exists a unique affine 
derived scheme Y almost of finite type over Spec k and a G-action G  Y such that Y = 
[Y/G]. 

The derived category QC(Y) = QC([Y/G]) may be understood as the derived category 
of G-equivariant quasicoherent sheaves on Y. Because G is reductive, for F , G ∈ QC(Y), 
the Hom-complexes HomY(F , G ) may be computed by taking the G-invariants of the Hom-
complexes of the corresponding quasicoherent sheaves on Y. We write OY(χ) for the pullback 
of the line bundle (a.k.a. 1-dimensional representation) OBG(χ) ∈ QC(BG) to Y. 

We are interested in describing the symmetric monoidal category (QC(Y), ⊗O ) as a func-
tor category out of some small k-linear category. 

Definition 4.1.0.2. The total weight quiver Q(φ) is the essentially small full symmetric 
monoidal subcategory of (Perf(Y), ⊗O ) with objects given by {OY(χ)}χ∈X•(G). More gener-
ally, for any subset S ⊂ X•(G), the partial weight quiver QS(φ) corresponding to S is the 
full (not necessarily monoidal) subcategory of Perf(Y) with objects {OY(χ)}χ∈S. 

Remark 4.1.0.3. Suppose Y = Spec R for a derived ring R. Then specifying the G-action on 
Y is the same as specifying a X•(G)-grading on the derived ring R, say R = ⊕χ∈X•(G)Rχ. 
From this perspective, quasicoherent sheaves on Y correspond to X•(G)-graded R-modules. 
In this case, we have the following explicit (but less homotopy-coherent) description of the 
partial weight quivers QS(φ): 

• ob QS(φ) = S. 

• For χ1, χ2 ∈ S, we have HomQS(φ)(χ1, χ2) = Rχ2−χ1 . 
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• Composition of morphisms in QS(φ) is multiplication in R. 

The symmetric monoidal structure on the total weight quiver Q(φ) is given on objects by 
addition in X•(G) and on morphisms1 by multiplication in R. 

Example 4.1.0.4. If G = Gm and Y = [An+1/Gm], the total weight quiver Q(φ) is the 
k-linearization of the infinite Beilinson quiver appearing in Fig. 0.2. The partial weight 
quiver for {0, . . . , n} ⊂ Z = X•(Gm) is the k-linearization of the Beilinson quiver appearing 
in Fig. 0.1. 

Due to the above interpretations, we will often implicitly identify the objects of the 
category QS(φ) with S ⊂ X•(G). Following Example 4.1.0.4 (and Definition 5.1.4.1 below), 
we will generally think of QS(φ) as a “k-linear quiver with relations” and think of k-linear 
functors from QS(φ) (or QS(φ)op) to D(k) as derived quiver representations. 

By Proposition 1.2.3.2, there exists a unique k-linear colimit-preserving symmetric monoidal 
structure Q(φ) on D(Q(φ)op) extending the natural symmetric monoidal structure on Q(φ) 
(viewed as a full subcategory of D(Q(φ)op) via the Yoneda embedding). More concretely, 
for V1, V2 ∈ D(Q(φ)op) = Funk(Q(φ)op, D(k)) and χ ∈ X•(G), we have 

(V1 Q(φ) V2)(χ) = 
 

χ1+χ2=χ 

V1(χ1) ⊗k V2(χ2). 

With the above definitions, it is not hard to give a description of (QC(Y), ⊗O ) in terms 
of Q(φ). Special cases and variants of this statement are well-known in the literature, 
especially in the context of equivariant mirror symmetry for affine toric varieties (see e.g. 
[BO19, Proposition 2.1], as well as [Mou21, Theorem 1.1] and [BH25, Proposition 3.3.1] for 
statements over the sphere spectrum). 

Proposition 4.1.0.5. The inclusion Q(φ) → QC(Y) induces a symmetric monoidal equiv-
alence 

Ψ : (D(Q(φ)op), Q(φ)) 
∼ −→ (QC(Y), ⊗O ). 

Proof. The functor Ψ is symmetric monoidal by Proposition 1.2.3.2(1). It suffices to show 
that QC(Y) is compactly generated by the line bundles {OY(χ)}χ∈X•(G) (as ⊗O must then 
be the unique colimit-preserving k-linear extension of the symmetric monoidal structure on 
Q(φ)). This is standard, though we provide an “intrinsically derived” proof. 

Because G is a reductive group, QC(BG) is compactly generated by the line bundles 
{OBG(χ)}χ∈X•(G) (see e.g. [BFN10, Corollary 3.22]). The natural map Y → BG is affine, so 
we may write 

QC(Y) = ModA (QC(BG)) 
1The behavior on morphisms is forced on us by the fact that the underlying category of Q(φ) is grouplike. 
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for some A ∈ CAlg(QC0(BG)). Observe that ModA (QC(BG)) is compactly generated by 
{A (χ)}χ∈X•(G). In fact, if F ∈ ModA (QC(BG)) satisfies HomModA (QC(BG))(A (χ), F ) = 0 
for all χ ∈ X•(G), then by adjunction 

HomQC(BG)(OBG(χ), F ) = HomModA (QC(BG))(A (χ), F ) = 0 

for all χ ∈ X•(G), so the underlying object of the A -module F is zero and we must have 
F = 0. It follows that QC(Y) is compactly generated by {OY(χ)}χ∈X•(G). 

Combining Proposition 4.1.0.5 with Tannakian reconstruction theory gives a useful mod-
uli interpretation of Y. 

Corollary 4.1.0.6. For all R ∈ dCAlgk, we have 

Y(R) = Fun⊗(Q(φ), Perf0(R))  . 

Proof. By [BH17, Theorem 1.3], we may identify Y(R) with the subspace of FunL,⊗
k (QC(Y), D(R)) 

consisting of functors which preserve connective objects. By Proposition 4.1.0.5 and Propo-
sition 1.2.3.2(2), we may write 

FunL,⊗ 
k (QC(Y), D(R))  = Fun⊗(Q(φ), D(R))  , 

and the subspace of FunL,⊗(QC(Y), D(R)) consisting of functors which preserve connective 
objects is identified with Fun⊗(Q(φ), D0(R)) . Because every object of Q(φ) is invert-
ible with respect to ⊗Q, the image of every symmetric monoidal functor Q(φ) → D0(R) 
must consist of line bundles, hence must lie in Perf0(R). Thus Fun⊗(Q(φ), D0(R)) = 
Fun⊗(Q(φ), Perf0(R)) . 

4.2 Convolution and quiver tensor products 

Notation 4.2.0.1. Let G be a commutative reductive group. Let φ : M → BG be a 
homomorphism of En-monoid derived stacks which is (as a morphism of derived stacks) affine 
and almost of finite type, so M is a perfect stack. In particular, taking M = M ×BG Spec k, 
the affine derived scheme M is an En-monoid derived scheme, and the natural morphism 
M → M is a morphism of En-monoids. Write µ : M×M → M for the binary multiplication 
map. 

Remark 4.2.0.2. In general, we expect that such an En-homomorphism M → BG is obtained 
from a “normal” En-homomorphism G → M (defined analogously to the inclusion of a 
normal subgroup). However, we are not aware of a workable characterization of normal 
En-homomorphisms in the ∞-categorical context. In our classical applications, the En -
structure on M → BG can be checked “by hand,” so we leave development of a theory of 
normal En-homomorphisms to future work. 
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By Proposition 4.1.0.5, we know that QC(M)  D(Q(φ)op) and that the usual tensor 
product ⊗O on Q(φ) corresponds to the Day convolution product on D(Q(φ)op). Under the 
above hypotheses, QC(M) also admits an En-monoidal convolution product M by the results 
of Section 1.3.3. Our goal in this section is to show (Theorem 4.2.3.1) that M corresponds to 
a “quiver tensor product” ⊗Q on D(Q(φ)op). Compared with Proposition 4.1.0.5, establishing 
Theorem 4.2.3.1 as a homotopy-coherent En-monoidal equivalence is nontrivial, and we are 
not aware of versions of this result in the literature (even at the level of homotopy categories). 

4.2.1 The quiver tensor product 

To rigorously construct the quiver tensor product on D(Q(φ)op), first recall that we may view 
QC(M) as an (En, E∞)-bialgebra in PrLk by Corollary 1.3.4.4. The multiplication on QC(M) 
is the usual tensor product of quasicoherent sheaves, while the (binary) comultiplication is 
the pullback functor 

µ ∗ : QC(M) → QC(M × M) = QC(M) ⊗k QC(M), 

where µ : M × M → M is the binary multiplication associated with the monoid structure 
on M. In particular, for χ ∈ X•(G), we have 

µ ∗ OM(χ) = OM(χ)  OM(χ), (4.2.1.1) 

so the En-coalgebra structure on QC(M)  D(Q(φ)op) restricts to an En-coalgebra structure 
on Q(φ). Because Q(φ) is closed under the usual tensor product on QC(M), we actually get 
a stronger statement: the (E∞, En)-bialgebra structure on QC(M) (defined by pullbacks) 
restricts to an (E∞, En)-bialgebra structure on Q(φ). 

Example 4.2.1.2. Consider the setting of Definition 5.1.4.1. Because the category Cat 
of small discrete categories is Cartesian monoidal, every small category C is (uniquely) an 
E∞-coalgebra in Cat by [HA, 2.4.3.10].2 The comultiplication on C is given by the diagonal 
ΔC : C → C × C. In particular, the category Qpre(φ) obtains an E∞-coalgebra structure in 
this way, and the above E∞-coalgebra structure on Q(φ) is the k-linearization of that on 
Qpre(φ). 

By Corollary 1.2.3.3, the En-coalgebra structure on Q(φ) combines with the symmet-
ric monoidal structure ⊗k on D(k) to produce a quiver tensor product ⊗Q := ⊗Q(φ) on 
D(Q(φ)op) = Funk(Q(φ)op, D(k)). More concretely, this is defined for V1, V2 : Q(φ)op → 
D(k) and χ ∈ X•(G) by 

(V1 ⊗Q V2)(χ) = V1(χ) ⊗k V2(χ). 

The En-coalgebra structure on Q(φ) is used to define the behavior of ⊗Q on morphisms. 
2This does not require discreteness – the only reason we mention “discreteness” here is that the categories 

Qpre(φ) of Definition 5.1.4.1 are discrete. 
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4.2.2 Moduli of representations and comparison functors 

To establish Theorem 4.2.3.1, we will use the moduli stack of representations of a small k-
linear ∞-category, as developed in [TV07] and subsequent papers (see in particular [AG14, 
§5] for a discussion in the language of ∞-categories). We review the theory of these moduli 
stacks here. 

Definition 4.2.2.1 ([TV07, Definition 3.2]). Let Rep : Catop 
k → dStkk be the functor defined 

by 
Rep(C)(R) = Funk(C, Perf(R))  

for C ∈ Catk and R ∈ dCAlgk. (This defines a derived stack for the étale topology by [TV07, 
Lemma 3.1] – see also [AG14, Lemma 5.4] for an ∞-categorical treatment.) We call Rep(C) 
the moduli stack of representations of C. 

Remark 4.2.2.2. We use conventions opposite to those of [TV07], which refers to what we 
call Rep(C) as the moduli stack of (pseudo-perfect) Cop-modules. 
Remark 4.2.2.3. The moduli stacks Rep(C) are typically very “large” and poorly behaved. 
For example, Rep(k) is the moduli stack of all perfect complexes. This will not present 
difficulties for us: we are not interested in the stacks Rep(C) themselves. Instead, we want 
to study maps X → Rep(C) where X is “small” and well-behaved (e.g. perfect). 

Recall that: 

• Ind(−) = Fun((−)op, D(k)) sends a small k-linear ∞-category C to the ∞-category of 
k-linear presheaves on C. 

• (−)ω sends a presentable k-linear ∞-category to its (small) full subcategory of compact 
objects. 

The left adjoint to the inclusion Catperf 
k → Catk is given by C → (Ind C)ω . Thus Rep(C)  

Rep(Ind(C)ω) for all C ∈ Catk. We will implicitly identify these moduli stacks. As a 
consequence, we lose no generality by restricting the domain of Rep to (Catperf 

k )op. 
Viewing Rep as a functor (Catperf 

k )op → dStkk allows us to find an explicit left adjoint 
to Rep. In fact, we can do even better: Rep fits into a lax symmetric monoidal adjunction 
(cf. Definition 1.2.4.2). Here subscripts (−)∗, resp. superscripts (−)∗ , are used to indicate 
that a functor sends morphisms to the corresponding pushforward functors, resp. pullback 
functors. 

Proposition 4.2.2.4. There are lax symmetric monoidal adjunctions 

(Perf∗ )op : (dStkk, ×)  
 

Catperf 
k 

 op , ⊗k 

 
: Rep 

and 
Ind Perf∗ : (dStkk, ×)  

 
PrR 
k,ω, ⊗ 

 
: Rep((−) ω). 
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Proof. By using the symmetric monoidal equivalence 

Ind : 
 

Catperf 
k 

 op , ⊗k 

 ∼ ←→ 
 
PrR 
k,ω, ⊗k 

 
: (−) ω 

we see that it suffices to construct the former adjunction. Existence of this adjunction 
is standard (cf. [Toë07, Proposition 3.4]), though we recall the argument in ∞-categorical 
language for completeness. 

Let C ∈ Catperf 
k . Any derived stack X : dAffop 

k → S may be written as a colimit of 
representables, i.e. X = colimi Spec Ri for some Ri. We may then compute 

MapdStkk 

 
X, Rep(C) 

 
= MapdStkk 

 
colim 
i 

Spec Ri, Rep(C) 
 

= lim 
i 

MapdStkk 

 
Spec Ri, Rep(C) 

 

= lim 
i 

Funk 

 
C, Perf(Ri) 

 
by definition of Rep(C) 

= Funk 

 
C, lim 

i 
Perf(Ri) 

 

= Funk 

 
C, Perf(X) 

 
by definition of Perf(X). 

This is the needed adjunction. 
To get the lax symmetric monoidal structure on the adjunction, we just need to find a 

natural oplax symmetric monoidal structure on the left adjoint (Perf∗ )op. The lax symmetric 
monoidal structure on QC∗ : dStkop 

k → PrLk restricts to a lax symmetric monoidal structure 
on Perf∗ : dStkop 

k → Catperf 
k . Reversing the direction of arrows, we obtain an oplax symmetric

monoidal structure on (Perf∗ )op : dStkk → 
 
Catperf 

k 

 op as needed. 

In particular, for a derived stack X ∈ dStkk and a small k-linear ∞-category C ∈ Catk, 
the following data are equivalent: 

• A morphism of derived stacks fE• : X → Rep(C)  Rep(Ind(C)ω). 

• A k-linear functor E• : C → Perf(X). 

• A k-linear functor of the form Hom(E•, −) : Ind Perf(X) → Ind(C). 

Here Hom(E•, −) refers to the functor satisfying 

Hom(E•, F )(c) = HomInd Perf(X)(Ec, F ) 

for F ∈ Ind Perf(X) and c ∈ C. The functors of this form are precisely the functors from 
Ind Perf(X) to Ind(C) in PrR 

k,ω by a version of Yoneda’s lemma. 
Suppose that C ∈ AlgEn 

(Catop 
k ), i.e. C is an En-coalgebra in small k-linear ∞-categories. 

Then Ind(C) is an En-coalgebra in PrLk,ω. Applying the equivalence (PrLk,ω)
op  PrR 

k,ω, we see 
that Ind(C) is an En-algebra in PrRk,ω, i.e. an En-monoidal category such that the monoidal 
structure preserves colimits and limits (formed in the powers Ind(C)k). 
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Furthermore, for R ∈ dCAlgk, Corollary 1.2.3.3 lets us combine the symmetric monoidal 
structure ⊗O on Perf(R) with the En-coalgebra structure on C to produce an En-monoid 
structure on the space Rep(C)(R) = Funk(C, Perf(R)) . Thus Rep(C) is an En-monoid 
object of dStkk. This En-monoid structure gives a useful source of symmetric monoidal 
functors into (Ind(C), ⊗C): 

Proposition 4.2.2.5. Let X ∈ AlgEn 
(dStkperf 

k ) be a perfect En-monoid derived stack, and let 
C ∈ AlgEn 

(Catop 
k ). There is a natural equivalence 

MapAlgEn (dStkk)(X, Rep(C))  FunEn,R 
k 

 
(QC(X), X), (Ind(C), ⊗C) 

 

enhancing the adjunction equivalence of Proposition 4.2.2.4. In particular, if fE• : X → 
Rep(C) is a homomorphism of commutative monoid derived stacks, then the functor 

Hom(E•, −) : (QC(X), X) → (Ind(C), ⊗C) 

is En-monoidal. 

Proof. The adjunction of Proposition 4.2.2.4 is only lax symmetric monoidal in general. How-
ever, on the full subcategory dStkperf 

k ⊂ dStkk, the functor Ind Perf∗ is symmetric monoidal 
and agrees with QC∗. The result follows from Proposition 1.2.4.6 (keeping in mind Re-
mark 1.2.2.3), using the fact that FunEn,R 

k (−, −) is the space of morphisms in AlgEn 

 
PrR 
k 

 

by definition. 

4.2.3 Proof of the En-monoidal equivalence 

We have now assembled all of the ingredients necessary to upgrade the underlying equivalence 
Proposition 4.1.0.5 to a symmetric monoidal equivalence 

Theorem 4.2.3.1. The underlying equivalence of categories of Proposition 4.1.0.5 upgrades 
to an En-monoidal equivalence  

QC(M), M 

 
 

 
D(Q(φ)op), ⊗Q(φ)op 

 
. 

Proof. Let R ∈ dCAlgk. There is a natural En-monoid structure on Fun⊗(Q(φ), Perf0(R)) 

constructed as follows. Note that Q(φ) is an (E∞, En)-bialgebra in (Catperf 
k , ⊗k), or equiv-

alently an En-coalgebra in 


CAlg(Catperf 
k ), ⊗k 


. Furthermore, Perf0(R) is a symmetric 

monoidal ∞-category, i.e. an object of CAlg(Catperf 
k ) = CAlg(CAlg(Catperf 

k )) (by [HA, 3.2.4.5]).
Thus the mapping space 

Fun⊗(Q(φ), Perf0(R))  = MapCAlg(Catperf 
k )

(Q(φ), Perf0(R)) 

obtains an En-algebra structure from Corollary 1.2.3.3. 
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By Corollary 4.1.0.6, we may identify M(R)  Fun⊗(Q(φ), Perf0(R)) as En-monoids. 
Forgetting the symmetric monoidal structure on functors and applying the inclusion Perf0(R) → 
Perf(R), we obtain a map 

fO(−),R : M(R)  Fun⊗(Q(φ), Perf0(R))  → Fun(Q(φ), Perf(R))  =: Rep(Q(φ))(R). 

Each map fO(−),R is a homomorphism of En-monoid spaces by Corollary 1.2.3.3 and Corol-
lary 1.2.4.5. The maps fO(−),R are natural in R and thus assemble into a map of En-monoid 
derived stacks fO(−) : M → Rep(Q(φ)). 

By Proposition 4.2.2.5, fO(−) gives an En-monoidal functor 

Hom(O (−), −) : 
 

QC(M), M 

 
→ 

 
D(Q(φ)op), ⊗Q 

 

F → 
 
χ → Hom(OM(χ), F ) 

 

The underlying functor of this En-monoidal functor is the inverse of the underlying equiv-
alence of Proposition 4.1.0.5. Thus Hom(O(−), −) gives the desired En-monoidal equiva-
lence. 

Remark 4.2.3.2. The proof of Theorem 4.2.3.1 works just as well over the sphere spectrum S 
provided that we know QC(BG) is compactly generated by invertible objects. In particular, 
taking G = Gm (the flat multiplicative group over S) and M = A1 (the flat affine line over 
S), we extend [Mou21, Theorem 1.1] to an equivalence  

QC([A1/Gm]),  
 
 

 
Fun((Z, )op , Sp), ⊗ S 

 
. 

It would be interesting to understand the topological implications of this statement. 
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Chapter 5 

Extended convolution and 
applications 

So far we have been largely concerned with the behavior of “basic” toric stacks (and gen-
eralizations of the same), i.e. quotients [Spec R/G] with G a commutative reductive group. 
In particular, Theorem 4.2.3.1 identifies convolution products on such stacks with “quiver 
tensor products” for certain generalized quivers Q(φ). Now we shall use these results to 
prove analogous results for more general toric stacks (and variations thereof – most crucially 
Pn . Our key results include: 

• Proposition 5.3.0.1, which constructs a family of hitherto-unknown monoidal structures 
on Perf Pn , and 

• Proposition 5.4.0.2, which describes the mirror to a certain natural tensor product on 
constructible sheaves arising in toric mirror symmetry. 

To construct these tensor products, we will use a version of the theory of windows (as 
discussed in [Hal15]) to relate the derived category of a GIT quotient to that of the corre-
sponding “basic” quotient stack. In Section 5.1, we discuss some of the aspects of window 
theory that we will need. Afterwards, in Section 5.2, we discuss how to use windows to 
transport monoidal structures from quotient stacks to GIT quotients. We finish by giving 
explicit applications of this theory in Section 5.3 and Section 5.4. 

5.1 Quiver presentations of derived categories 

We begin by recalling the relationship between full strong exceptional collections of line 
bundles, quiver presentations of derived categories, and the window theory of [Hal15]. 

Notation 5.1.0.1. In this section we continue with the notation of Notation 4.1.0.1. Let 
X be an open substack of Y, and write jX : X → Y for the corresponding open immersion. 
Write X = X ×Y Y, so X = [X/G]. 
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5.1.1 Windows and quivers 

There is a deep relationship between the derived category of Y and that of an open substack 
X ⊂ Y (see e.g. [Hal15]). In particular, in many cases, there is a nice embedding QC(X) → 
QC(Y). We can formalize one notion of “nice embedding” as follows: 

Definition 5.1.1.1. A window is a functor W : QC(X) → QC(Y) such that: 

• j∗ 
X W = idQC(X), 

• W preserves colimits, and 

• W preserves compact objects (i.e. perfect complexes). 

The adjoint functor theorem [HTT, 5.5.2.9] implies that W admits a right adjoint H : 
QC(Y) → QC(X), which we call the Hitchcock functor corresponding to W. 

Remark 5.1.1.2. Our hypotheses on W guarantee that W can be recovered from the restric-
tion W|Perf(X) : Perf(X) → Perf(Y). In the literature, the term “window” more frequently 
refers to this restriction (or to closely related notions, e.g. with Perf replaced by Coh). The 
windows that interest us necessarily send perfect complexes to perfect complexes, so we do 
not gain anything by replacing QC by Ind Coh. 

We are particularly interested in windows coming from certain collections of line bundles 
on X. For such a collection to determine a window, the line bundles should be induced by 
weights of G satisfying the following conditions. 

Definition 5.1.1.3. A collection of weights S ⊂ X•(G) is transparent for X ⊂ Y if: 

• {OX(χ)}χ∈S compactly generates QC(X), and 

• HomX 

 
OX(χ1), OX(χ2) 

 
= HomY 

 
OY(χ1), OY(χ2) 

 
for all χ1, χ2 ∈ S. 

Because Y is affine and G is reductive, for all χ1, χ2 ∈ X•(G), we have 

Homi Y 

 
OY(χ1), OY(χ2) 

 
= 0 for all i > 0. 

In particular, if S is transparent, then for all χ1, χ2 ∈ S, we have 

HomX 

 
OX(χ1), OX(χ2) 

 
= HomY 

 
OY(χ1), OY(χ2) 

 
= Rχ2−χ1 (5.1.1.4) 

using the notation of Remark 4.1.0.3. The following is one of the primary examples we 
should keep in mind. 

The notions of “transparent collection of weights” and “full strong exceptional collec-
tion of line bundles” are related but distinct. The key distinction for our purposes is that 
transparent collections are defined relative to an embedding X ⊂ Y, while full strong excep-
tional collections are defined solely in terms of X. Transparent collections also exist more 
frequently than full strong exceptional collections when X is not proper. (For example, the 
entire collection X•(G) is always transparent for Y ⊂ Y.) Nevertheless, in many cases, the 
two notions coincide: 



CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 82 

Proposition 5.1.1.5. Assume that Y is an (affine) underived algebraic variety and HomY(OY, OY) = 
k[0], i.e. OY is an exceptional object of QC(Y). 

1. If S ⊂ X•(G) is transparent for X ⊂ Y, then the line bundles {OX(χ)}χ∈S form a full 
strong exceptional collection in Perf(X). 

2. Suppose Y is normal and codimY (Y \X)  2. If S ⊂ X•(G) is such that the line bundles 
{OX(χ)}χ∈S form a full strong exceptional collection in Perf(X), then S is transparent 
for X ⊂ Y. 

3. Suppose Y = Spec R where R is a unique factorization domain, and suppose Pic(X) = 
X•(G). Then transparent collections of weights for X ⊂ Y correspond precisely to full 
strong exceptional collections in Perf(X) via the correspondence S → {OX(χ)}χ∈S. 

Proof. Throughout we use the equivalence between line bundles on a stack quotient [Z/G] 
and G-equivariant line bundles on Z. 

(1). By supposition, OX(χ) is exceptional in Perf(X) for every χ ∈ X•(G). Also, for 
χ ∈ X•(G), note that only one of H0(X, OX(χ)) and H0(X, OX(−χ)) can be non-zero. This 
gives a partial order on S. Thus, if S ⊂ X•(G) is transparent, then {OX(χ)}χ∈S can be 
ordered to be a full strong exceptional collection. 

(2). It suffices to show that Hom0 
X 


OX(χ1), OX(χ2) 

 
= Hom0 

Y 

 
OY(χ1), OY(χ2) 

 
for all 

χ1, χ2 ∈ S. In fact, this holds for all χ1, χ2 ∈ X•(G), as we now show. 
We may identify Hom0

X 

 
OX(χ1), OX(χ2) 

 
with the subspace of H0(X, OX) on which G acts 

with weight χ2 −χ1. Any section of H0(X, OX) extends uniquely to a section of H0(Y, OY ) by 
the algebraic Hartogs’ lemma (see e.g. [Stacks, Tag 031T]), and the uniqueness implies that G 
acts on this new section with the same weight. Thus we may identify Hom0

X 

 
OX(χ1), OX(χ2) 

 

with the subspace of H0(Y, OY ) on which G acts with weight χ2 − χ1. This last subspace 
may itself be identified with Hom0 

Y 

 
OY(χ1), OY(χ2) 

 
. 

(3). By hypothesis, every line bundle on Y is (non-equivariantly) trivial. It follows 
that a G-equivariant line bundle on Y is determined by the character by which G acts on 
a (non-equivariant) non-vanishing section. In other words, there is a natural surjection 
X•(G)  Pic(Y). Applying the restriction map Pic(Y) → Pic(X) = X•(G), we see that 
the identity map X•(G) → X•(G) factors through the surjection X•(G)  Pic(Y), and 
thus Pic(Y) = X•(G). In particular, we see that the restriction Pic(Y) → Pic(X) is an 
isomorphism, i.e. every G-equivariant line bundle on X extends to a unique G-equivariant 
line bundle on Y. 

We claim that this implies codimY (Y \ X)  2. Indeed, if this is not true, we can choose 
a nonempty divisor D ⊂ Y which is entirely contained in Y \ X. Replacing D by G · D, 
we may assume without loss of generality that D is G-invariant. Thus OY (D) is naturally 
G-equivariant. Note that OY (D) restricts to the trivial G-equivariant line bundle on X, so 
OY (D) must be G-equivariantly trivial on Y. That is, there exists f ∈ H0(Y, OY )

G such 
that the effective divisor D is linearly equivalent to V(f). But the hypothesis H0(Y, OY )

G = 

https://stacks.math.columbia.edu/tag/031T
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HomY(OY, OY) = k then implies D must be empty, a contradiction. Thus codimY (Y\X)  2 
and we are in the situation of (2). 

We now introduce the windows arising from transparent collections of weights. The 
following is known to experts,1 and we state it partially to establish precise notation for 
later. 

Proposition 5.1.1.6. Suppose S is transparent for X ⊂ Y. Then: 

1. There is a natural equivalence QC(X) = D(QS(φ)op). 

2. There exists a window WS : QC(X) → QC(Y) such that WS(OX(χ)) = OY(χ) for all 
χ ∈ S. 

Proof. (1). Let χ1, χ2 ∈ S. By Eq. (5.1.1.4), we have HomX(OX(χ1), OX(χ2)) = HomQS(φ)(χ1, χ2). 
Thus the full subcategory of QC(X) with objects {OX(χ)}χ∈S is equivalent to QS(φ). This 
full subcategory compactly generates QC(X), yielding the claim. 

(2). The inclusion iS : QS(φ) → Q(φ) left Kan extends to a functor (iS)! : D(QS(φ)op) → 
D(Q(φ)op). Note that (iS)! preserves colimits and compact objects by definition. Applying 
part (1) to X•(G) (which is transparent for Y ⊂ Y), we get an equivalence QC(Y) = 
D(Q(φ)op). Let WS : QC(X) → QC(Y) be the functor corresponding to (iS)! via the above 
equivalences. Chasing the definitions shows that WS(OX(χ)) = OY(χ) for all χ ∈ S. In 
particular, since j∗ 

XWS(OX(χ)) = OY(χ) and {OX(χ)}χ∈S generates QC(X), we see that 
j∗ 
XWS = idQC(X), so WS is a window. 

Remark 5.1.1.7. If S ⊂ X•(G) is any collection of weights, note that the compact objects of 
D(QS(φ)op) are those which can be written as a finite colimit (possibly with shifts) of the gen-
erators 


OY(χ) 


χ∈S 

. In general, we cannot expect D(QS(φ)op)ω = Funk(QS(φ)op, Perf(k)), 
though this is true if S arises from a finite full strong exceptional collection as in Proposi-
tion 5.1.1.5. 

Notation 5.1.1.8. If S is a transparent collection of weights for X ⊂ Y, we fix the following 
notation: 

• WS is the window of Proposition 5.1.1.6. 

• HS is the corresponding Hitchcock functor (i.e. right adjoint of WS). 

• KS is the Fourier-Mukai kernel of WS. 

By the construction in Proposition 5.1.1.6, we see that the window WS may be identified 
with the left Kan extension functor iS! : D(QS(φ)op) → D(Q(φ)op). The right adjoint 
HS may therefore be identified with the “restriction of quiver representations” functor i∗ 

S : 
D(Q(φ)op) → D(QS(φ)op). 

1We thank Daniel Halpern-Leistner for bringing a version of this statement to our attention. 
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Example 5.1.1.9. Let X = Pn ⊂ Y = [An+1/Gm], and let S = {0, . . . , n} ⊂ Z = X•(Gm) 
(so S is transparent for X ⊂ Y). Direct computations using the “restriction of quiver 
representations” description of the Hitchcock functor HS show that 

HS 

 
O[A n+1/Gm]() 

 
= 

 
O[A n+1/Gm]()   0 

0  < 0 

for all  ∈ Z. In particular, HS is distinct from the geometric pullback functor j∗ as functors 
from D(Q(φ)op) to D(QS(φ)op), although the two functors agree on the image of WS. 

In general, it is difficult to give a geometric description of the windows WS or the 
Hitchcock functors HS in terms of Fourier-Mukai transforms. However, in certain favor-
able cases, the windows WS arise via push-pull along compactifications of the diagonal of 
X as in [BDF17] (see Remark 5.1.4.12). We show this claim for a class of toric varieties 
in Proposition 5.1.4.10. Proposition 5.1.3.2 allows us to leverage this to provide geometric 
descriptions of the Hitchcock functors for the opposite collections of weights. We use this to 
understand certain windows and Hitchcock functors for the inclusion Pn ⊂ [An+1/Gm] in 
Example 5.1.2.4 and Example 5.1.3.4. 

5.1.2 Windows and resolutions of the diagonal 
A standard method (introduced in [Bei78]) for showing an exceptional collection in Perf(X) 
is full is to show that the collection can be used to produce a resolution of the diagonal of X. 
When the exceptional collection in question corresponds to a collection of weights S ⊂ X•(G) 
which is transparent for X ⊂ Y, this resolution of the diagonal may be used to concretely 
understand the window WS. 

Proposition 5.1.2.1. Suppose S ⊂ X•(G) is such that 

HomX(OX(χ1), OX(χ2)) = HomY(OY(χ1), OY(χ2)) 

for all χ1, χ2 ∈ S. Then S is transparent for X ⊂ Y if and only if there is an expression 

ΔX∗OX = colim 
i∈I 

Ai  OX(χi) 

with all χi ∈ S and all Ai ∈ QC(X). In this case, KS = colimi∈I Ai  OY(χi) ∈ QC(X × Y). 

Proof. With the given hypotheses, transparency of S is equivalent to the claim that {OX(χ)}χ∈S 

generates QC(X). (Compactness of the sheaves {OX(χ)}χ∈S is obvious because X is perfect.) 
The equivalence in the statement of the Proposition now follows from Lemma 1.3.1.1. The 
computation of KS is Proposition 1.3.1.2. 
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Example 5.1.2.2. Let X = Pn ⊂ [An+1/Gm]. The Beilinson complex 

Ωn 
P n (n)  O P n (−n) Ωn−1 

P n (n − 1)  O P n (−n + 1) . . . O P n  O P n 

may be understood as a colimit over all of its terms (building the complex up one term 
at a time by a sequence of iterated mapping cones / cofibers). This complex is quasi-
isomorphic to ΔPn∗OPn , so by Proposition 5.1.2.1, we see that S = {−n, . . . , 0} is transparent 
for Pn ⊂ [An+1/Gm]. The complex KS is given by 

Ωn 
P n (n)  O[A n+1/Gm](−n) . . . O P n  O[A n+1/Gm]. 

When the resolution of the diagonal of X extends to a resolution of the pushforward of 
the structure sheaf of a perfect stack over X×Y, we may obtain a more geometric description 
of WS: 

Proposition 5.1.2.3. Suppose that there exist a collection of weights S ⊂ X•(G), a perfect 
stack WS, and a morphism q = (q1, q2) : WS → X × Y such that: 

• HomX(OX(χ1), OX(χ2)) = HomY(OY(χ1), OY(χ2)) for all χ1, χ2 ∈ S. 

• There is an expression q∗OWS = colimi∈I Ai  OY(χi) with all χi ∈ S. 

• There is a Cartesian square 

X WS 

X× X X × Y. 

ΔX q 

(idX,j) 

Then S is transparent for X ⊂ Y, and WS = q2∗q
∗ 
1. 

Proof. By base change, we have 

ΔX∗OX = (idX, j) ∗ q∗OWS = colim 
i∈I 

Ai  OX(χi) ∈ QC(X × X). 

Thus the hypotheses of Proposition 5.1.2.1 are satisfied, S is transparent for X ⊂ Y, and WS 

is given by the Fourier-Mukai transform with kernel q∗OWS . This Fourier-Mukai transform 
is exactly q2∗q

∗ 
1. 

Example 5.1.2.4. In the situation of Example 5.1.2.2, the complex KS has cohomology 
sheaves H i(KS) concentrated in degree 0. Furthermore, the map OPn  O[An+1/Gm] → KS 

(induced from the brutal truncation) is a surjection on H 0 . That is, KS is a quotient of 
the structure sheaf in the abelian category of quasicoherent sheaves. Thus KS is naturally 
a commutative algebra. Let WS = Spec P n ×[A n+1 /Gm] 

KS, and let q = (q1, q2) : W → Pn × 

[An+1/Gm] be the natural map. The conditions of Proposition 5.1.2.3 hold automatically, 
so we must have WS = q2∗q ∗ 

1. 
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5.1.3 Hitchcock functors via opposite collections of weights 

We may use the results of Section 5.1.2 to obtain geometric descriptions of the windows WS 

in some nice cases. For our applications, we will also want to understand the Hitchcock 
functors HS and their relationship to the aforementioned windows. It turns out that the 
Fourier-Mukai kernel of HS agrees with the Fourier-Mukai kernel of a window corresponding 
to a different transparent collection of weights! 

Let S ⊂ X•(G) be an arbitrary collection of weights. The opposite collection to S is 
−S = {−χ | χ ∈ S}. By taking duals of line bundles, we see that QS(φ)op  Q−S(φ). 

Proposition 5.1.3.1. Let S be transparent for X ⊂ Y. Then −S is also transparent for X ⊂ 
Y. Furthermore, for all F ∈ Perf(X), there is a natural equivalence W−S(F ) = WS(F ∨)∨ . 

Proof. Let F ∈ Perf(X). By hypothesis, F ∨ may be obtained from the objects OX(χ) for 
χ ∈ S via a finite sequence of taking shifts, (co)fibers, and direct summands. Dualizing, we 
see that F can be obtained from the objects OX(−χ) for χ ∈ S via a finite sequence of taking 
shifts, (co)fibers, and direct summands. Because Perf(X) compactly generates QC(X), the 
collection {OX(−χ)}χ∈S also compactly generates QC(X). 

For all −χ1, −χ2 ∈ S and all i > 0, we have 

Homi X 

 
OX(−χ1), OX(−χ2) 

 
= Homi X 

 
OX(χ2), OX(χ1) 

 
= 0 

by transparency of S. Thus −S is transparent. 
To see the claim about W−S(F ), by writing F as a canonical colimit of objects OX(−χ), 

we reduce to showing that W−S 

 
OX(−χ) 

 
= WS(OX(−χ)

∨)∨ for all χ ∈ S. But this is 
obvious, as both W−S 


OX(−χ) 


and WS(OX(−χ)

∨)∨ are naturally equivalent to OY(−χ) 
by definition. 

We may use knowledge of W−S to compute the Hitchcock functor HS: 

Proposition 5.1.3.2. Let S be transparent for X ⊂ Y. Then K−S is the Fourier-Mukai 
kernel of the Hitchcock functor HS : QC(Y) → QC(X). 

Proof. Let πY : Y × X → Y and πX : Y × X → X be the natural projections. We need to 
show that 

HomX(F , HSG ) = HomX 

 
F , πX∗(π ∗ 

Y G ⊗ K−S) 
 

for all F ∈ QC(X) and all G ∈ QC(Y). Because Perf(X) compactly generates QC(X), Perf(Y) 
compactly generates QC(Y), and HS preserves colimits, it suffices to take F ∈ Perf(X) and 
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G ∈ Perf(Y). Then we may compute 

HomX(F , HSG ) = HomY(WSF , G ) 

= HomY 

 
(W−S(F ∨ )) ∨ , G 

 

= HomY 

 
G ∨ , W−SF ∨ 


= HomY 

 
G ∨ , πY∗(π ∗ 

X F ∨ ⊗ K−S) 
 

= HomX×Y 

 
π ∗ 
Y G ∨ ,π ∗ 

X F ∨ ⊗ K−S 

 

= HomX×Y 

 
π ∗ 
X F , π ∗ 

Y G ⊗ K−S 

 

= HomX 

 
F , πX∗(π ∗ 

Y G ⊗ K−S) 
 
. 

Corollary 5.1.3.3. Let S be transparent for X ⊂ Y, and suppose there exists a perfect 
stack W−S and a morphism q = (q1, q2) : W−S → X × Y such that W−S = q2∗q

∗ 
1. Then 

HS = q1∗q
∗ 
2. 

Proof. Take K−S = q∗OW−S in Proposition 5.1.3.2. 

Example 5.1.3.4. Let X = Pn ⊂ [An/Gm], and let q : W → Pn × [An/Gm] be as in 
Example 5.1.2.4. For S = {0, . . . , n}, we see that HS = q1∗q

∗ 
2. 

5.1.4 The toric case 

Our key examples of transparent collections of line bundles will arise from smooth toric 
stacks. For our purposes, a smooth toric stack is an open substack X = [X/G] of a stack 
quotient [An/G], where the action G  An is induced by a homomorphism G → Gn 

m and 
the diagonal action Gn 

m  An . As above, we write φ : [An/G] → BG for the structure map. 
We begin by introducing a combinatorial description of the total weight quiver Q(φ). 

Definition 5.1.4.1. Let φ : G → Gn 
m be a homomorphism. We may define a (non-enriched) 

symmetric monoidal discrete category Qpre(φ), the prelinear total weight quiver, where: 

• ob Qpre(φ) = X•(G). 

• MapQpre(φ)(χ1, χ2) consists of monomials of degree χ2 − χ1 in the variables x1, . . . , xn. 

• Composition is given by multiplication of monomials. 

• Multiplication of objects is the group operation in X•(G). 

• Multiplication of morphisms is multiplication of monomials. 

For S ⊂ X•(G), we define the prelinear partial weight quiver Qpre 
S (φ) as the full subcategory 

of Qpre(φ) with objects S. 

For S ⊂ X•(G), the weight quiver QS(φ) agrees with the k-linearization of the prelinear 
weight quiver Qpre 

S (φ). 
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Example 5.1.4.2. For X = Pn ⊂ [An+1/Gm], the category Qpre(φ) is the infinite Beilinson 
quiver Qn,∞ of the Introduction (depicted in Fig. 0.2). The collection S = {0, . . . , n} is 
transparent for Pn ⊂ [An+1/Gm], and the category Qpre 

S (φ) is the Beilinson quiver Qn 

depicted in Fig. 0.1. 

Example 5.1.4.3. Let X = F2, the Hirzebruch surface of type 2. We may realize X as an 
open subset of the quotient [A4/G2 

m ], where G2 
m acts on A4 by 

(g1, g2) · (y1, y2, y3, y4) = (g1y1, g−2 
1 g2y2, g1y3, g2y4). 

(See e.g. [CLS11, Examples 14.2.17 and 14.2.20].) The category Qpre(φ) is the infinite quiver 

. . . . . . . . . . . . 

. . . • • • • . . . 

. . . • • • • . . . 

. . . . . . . . . . . . 

where: 

• the horizontal arrows are given by the monomials y1 and y3, 

• the vertical arrows are given by the monomials y4, 

• the slanted diagonal arrows are given by the monomials y3, and 

• there are (implicit) relations yiyj = yjyi. 

Identify X•(G2 
m ) = Z2 via the isomorphism corresponding to the x and y axes in our depiction 

of Qpre(φ). The collection S = {(0, 0), (1, 0), (−2, 1), (−1, 1) is transparent for X ⊂ [A4/G2 
m ] 

by the results of [Kin97, §6]. 

Let us say that the open immersion jX : X ⊂ [An/G] is decent if X•(G) = Pic(X). If X 
is a smooth toric stack and X → [An/G] is a decent open immersion, then any full strong 
exceptional collection of line bundles on X corresponds to a transparent collection of weights 
S for X ⊂ [An/G] by Proposition 5.1.1.5. Thus we obtain a combinatorial description of 
QC(X): 

QC(X) = Fun 
 
Qpre 
S (φ), D(k) 

 
. 

This description applies to many key examples. 
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Example 5.1.4.4. If X is a smooth toric variety without torus factors, the Cox construction 
(see [CLS11, Chapter 5]) gives a decent open immersion X → [An/G], where n is the number 
of rays in the fan of X. 

Example 5.1.4.5. Let d0, . . . , dn be positive integers, and let P(d0, . . . , dn) be the weighted 
projective stack with weights d0, . . . , dn. Assume n  1.2 Then the standard open immersion 
P(d0, . . . , dn) → [An+1/Gm] is decent. 

In the situation of Example 5.1.4.4, the window corresponding to the Bondal-Thomsen 
collection of weights has a particularly nice description whenever it exists. We first recall 
some relevant definitions. 

Definition 5.1.4.6 ([Bon06]). Let X be a smooth complete toric variety, and let j : X → 
Y = [An/G] be the decent open immersion of Example 5.1.4.4. Let φ∗ : Zn → X•(G) be 
the natural map induced by the action G  An . Let M = ker φ∗ , and let MR = M ⊗Z R. 
Define a (discontinuous) anti-Bondal-Ruan map Fφ : MR/M → X•(G) (where MR/M is 
viewed as a real torus) by 

Fφ 

 

i 

aiei +M 
 
= φ ∗ 

 

i 

aiei 
 

The anti-Bondal-Thomsen collection (or anti-BT collection) is −ΘX = im Fφ ⊂ X•(G). The 
Bondal-Thomsen collection is ΘX = −(−ΘX). Following [FH25, Definition 5.3], we say that 
X is of Bondal-Ruan type if ΘX (equivalently, −ΘX) is transparent for X ⊂ [An/G]. 

Remark 5.1.4.7. We use the term “anti” above to stress that we are prioritizing different 
conventions from those of [Bon06] and subsequent works. This is motivated by Proposi-
tion 5.1.3.2: the window corresponding to the Bondal-Thomsen collection has a nice geo-
metric description, so the Hitchcock functor corresponding to the anti-BT collection has a 
corresponding description. Because of the relevance of Hitchcock functors to the results of 
Section 5.2, we prefer to use the anti-BT collection. 
Remark 5.1.4.8. The generalization of Definition 5.1.4.6 to toric Deligne-Mumford stacks is 
straightforward and profitable; see e.g. [HHL24, §2.3]. We avoid doing so here due to the 
difficulties sketched in Remark 5.1.4.12 below. 

Intersection-theoretic sufficient conditions for a smooth complete toric variety to be of 
Bondal-Ruan type are given in [Bon06]. (See also [FH25, Proposition 5.18] for a more detailed 
proof.) These conditions hold for many examples of interest, e.g. all but two smooth toric 
Fano threefolds. 

Example 5.1.4.9. For X = Pn , the Bondal-Thomsen collection of weights is {−n, . . . , 0} ⊂ 
Z = X•(Gm). This is transparent for Pn ⊂ [An+1/Gm], so Pn is of Bondal-Ruan type. 

2When n = 0, we have P(d0) = B(Z/d0), and one can check the existence of a transparent collection of 
line bundles “by hand.” 
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One should also note that many smooth toric varieties (e.g. Hirzebruch surfaces) are not 
of Bondal-Ruan type but still admit transparent collections of weights. In such cases, we can 
construct corresponding windows using Proposition 5.1.1.6, but a geometric interpretation 
of such windows remains elusive. In the Bondal-Ruan case, the situation is much nicer: 

Proposition 5.1.4.10. Let X be a smooth complete toric variety of Bondal-Ruan type, 
and fix notation as in Definition 5.1.4.6. Let W be the scheme-theoretic closure (taken 
in the category of relative schemes over X × Y) of the diagonal of X in X × Y. 3 Let 
q = (q1, q2) : W → X × Y be the natural closed immersion. Then WΘX = q2∗q ∗ 

1. 

Proof. We need only check that q satisfies the hypotheses of Proposition 5.1.2.3 for S = ΘX. 
The first condition follows by the definition of Bondal-Ruan type. The second condition 
follows from [HHL24, Theorem A], as the structure sheaf q∗OW admits a resolution by 
direct sums of line bundles OX(χ1)  OY(χ2) with χ1, χ2 ∈ ΘX. The third condition holds 
by the definition of W. 

In the case where X is Pn (or more generally a weighted projective stack), we may 
understand the stack W and the push-pull explicitly using blowups. This seems to be known 
to experts (see e.g. [BDF17]), but we include details for completeness. 

Example 5.1.4.11. Let X = P(d0, . . . , dn) be a weighted projective stack. Consider the 
weighted stacky blow-up sBlw 

0 An+1 → An+1 of An+1 at the origin with weight w = 
(d0, . . . , dn) in the sense of [QR21]. Unpacking the definitions, the stack sBlw 

0 An+1 is 
equivalent to the (stacky) relative affine spectrum Spec

X 
Sym•

OX 
OX(1) (i.e., the (stacky) 

total space of OX(−1)) since they are both equivalent to the quotient stack 

[(Spec k[x0, . . . , xn][u] \ V(x0, . . . , xn))/Gm] 

where the Gm-action on Spec k[x0, . . . , xn][u] corresponds to the Z-grading on k[x0, . . . , xn][u] 
given by deg xi = di and deg u = −1. Now, consider another Gm-action on Spec k[x0, . . . , xn][u] 
corresponding to the Z-grading given by deg xi = 0 and deg u = 1. Combining these two 
Gm-actions, we have a G2 

m -action on Spec k[x0, . . . , xn][u] \ V(x0, . . . , xn) and we set 

Z = [(Spec k[x0, . . . , xn][u] \ V(x0, . . . , xn))/G2 
m]. 

Geometrically, the second Gm-action corresponds to the Gm-action on Spec
X 

Sym•
OX 

OX(1)  
sBlw 

0 An+1 given by scaling fibers and we have 

Z  [Spec
X 

Sym• 
OX 

OX(1)/Gm]  [
w 
sBl 

0 
An+1/Gm] 

3Alternatively, note that the map (idX, j) : X → X × Y is a locally closed immersion, so its (relative) 
affinization W = Spec

X×Y 
τ0(idX, j)∗OX is a closed substack of X × Y. 
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in the sense of [Rom05, Remark 2.4]. Now, note that if we consider the diagonal Gm-action of 
weight w on An+1 , then the stacky weighted blow-up sBlw 

0 An+1 → An+1 is Gm-equivariant. 
Thus, we obtain a morphism 

b : Z  [
w 
sBl 

0 
An+1/Gm] → [An+1/Gm] = Y. 

Algebraically, this reduces to saying that the ring homomorphism 

k[x0, . . . , xn] → k[x0, . . . , xn][u] 
xi → xiu di 

respects Z2-gradings given by deg xi = (di, 0) on k[x0, . . . , xn] and by deg xi = (0, di) and 
deg u = (1, −1) on k[x0, . . . , xn][u], respectively (cf. [QR21, Section 5.2] and [BDF17] for 
details). 

Similarly, the projection Spec
X 

Sym•
OX 

OX(1) → X is Gm-equivariant with respect to the 
trivial Gm-action on X, so we obtain a morphism 

π : Z  [Spec
X 

Sym• 
OX 

OX(1)/Gm] → X × BGm → X. 

In this case, the Bondal-Thomsen collection ΘX = 


1 − 

i di, . . . , 0

 
forms a full strong 

exceptional collection in P(d0, . . . , dn). By comparing with the proof of [BDF17, Proposition 
4.1.5] (or by direct verification), we can see WΘX  b∗π∗ . 

Remark 5.1.4.12. It is not clear how one would obtain the description of WΘX in Exam-
ple 5.1.4.11 from the results of [HHL24] (unless e.g. (d0, . . . , dn) = (1, . . . , 1)), as the diag-
onal morphism of P(d0, . . . , dn) is finite but not a closed immersion in general. One would 
hope that a refined approach can be used to extend the virtual resolutions of [HHL24] to 
virtual resolutions of diagonals of separated smooth toric Deligne-Mumford stacks. In this 
case, our results for smooth complete toric varieties of Bondal-Ruan type may be extended 
to separated smooth toric Deligne-Mumford stacks of Bondal-Ruan type. 

5.1.5 Quiver-theoretic examples 

We may use the approach of [BP08] to view a full strong exceptional collection of line bundles 
on a general smooth projective toric variety as transparent for a certain open immersion. 
This open immersion is constructed in terms of moduli spaces of quiver representations. 

Let Q be a k-linear category such that: 

• Q has finitely many objects. 

• All Hom objects in Q are finite-dimensional vector spaces concentrated in degree zero. 

• There is a total order on ob Q such that HomQ(q1, q2) = 0 only if q1  q2 
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• HomQ(q, q) = k for all q ∈ Q. 

Let YQ be the parameter space of representations of Q with dimension vector (1, . . . , 1), 
i.e. 

Y ⊂ 
 

q1,q2∈ob Q 

A 
 

Homk 

 
HomQ(q1, q2), Homk(k, k) 

 

is the subscheme defined by the composition relations in Q. Let 

GQ = 
  

q∈ob Q 

Gm 

 
Gπ0(Q) 
m 

where π0(Q) is the set of connected components of Q. Then GQ acts on Y by conjugation, and 
YQ = [YQ/GQ] is the rigidified moduli stack of vertexwise one-dimensional representations 
of Q. 

If X is a smooth projective variety and {L1, . . . , Ln} is a full strong exceptional collection 
of line bundles on X, we may define a small k-linear category QL as the opposite of the full 
subcategory of QC(X) consisting of the objects {L1, . . . , Ln}. Let us identify the objects of 
QL with {1, . . . , n}. There is a tautological map j : X → YQL defined by sending a point 
u ∈ X to the representation i → HomX(Li, O). By [BP08, proof of Theorem 2.4], the 
map j is an open immersion. The vector bundles Li are all pullbacks j∗OYQL 

(χi) for some 
χi ∈ X•(G), and the collection S = {χ1, . . . , χn} ⊂ X•(G) is transparent for X ⊂ Y. 

Example 5.1.5.1. By [HP11, Theorem 5.14], if X is a del Pezzo surface with rk Pic X  7, 
then X admits a full strong exceptional collection of line bundles. We do not know when the 
corresponding k-linear categories QL admit “quiver tensor products.” 

The quiver-theoretic presentations of smooth projective varieties are generally larger and 
harder to control than those arising in our toric examples. In particular, the varieties YQ 

are typically singular. We do not know when it is possible to describe the corresponding 
windows WS in terms of push-pull operations as in Proposition 5.1.4.10. 

Example 5.1.5.2. For X = Pn , if Q is the quiver corresponding to (the opposite of) the 
Beilinson collection {OPn (−n + 1), . . . , OPn , then YQ is a closed subscheme of An(n+1) , and 
GQ 

∼= Gn 
m. By contrast, the toric quotient presentation allows us to view X as an open 

substack of [An/Gm]. 

5.2 Extended convolution products 

Suppose M is a perfect En-monoid stack with multiplication µ : M × M → M. If X is an 
open substack of M, then the multiplication on M typically does not induce a multiplication 
on X: there is no reason for X to be closed under µ. 
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However, the situation is somewhat different if we categorify. Sometimes the convolution 
product M on QC(M) (together with a choice of window WS) induces an “extended convo-
lution” product   

M,S on QC(X) even when X is not closed under µ. Our goal in this section 
is to demonstrate this claim and understand the behavior of   

M,S in the case where M is a 
(nice) global quotient [M/G]. 

5.2.1 Definitions and examples 

We begin by formalizing the data we will use to construct extended convolution products. 

Definition 5.2.1.1. For 1  n  ∞, an En -extended convolution setup (or En -EC setup) 
is a triple 

(φ : M → BG, j : X → M, S) 

where: 

• G is a commutative reductive group over k. 

• φ : M → BG is a homomorphism of En-monoid derived stacks which is (as a morphism 
of derived stacks) affine and almost of finite type. 

• j : X → M is an open immersion. 

• S ⊂ X•(G) is a collection of weights which is transparent for X ⊂ M. 

A geometric En-EC setup is an En-EC setup as above together with: 

• a morphism of perfect stacks q = (q1, q2) : W−S → X × M such that W−S = q2∗q
∗ 
1. 

Given an En-EC setup as above, we write µ : M × M → M for the binary multiplication. 

Before developing the theory of extended convolution, we introduce a few key examples 
of En-EC setups. 

Example 5.2.1.2. Let A be a finite dimensional k-algebra. The natural map k× ⊂ k → 
A corresponds to a multiplicative homomorphism Gm → A(A), and the quotient stack 
[A(A)/Gm] inherits a monoid structure. Let X = P(A), and identify X•(Gm)  Z in such a 
way that OP(A)(1) ∈ Pic P(A)  X•(Gm) corresponds to 1 ∈ Z. Write S = {0, . . . , dimk A} ⊂ 
Z. Then 

(φ : [A(A)/Gm] → BGm, P(A) → [A(A)/Gm], S) 

is a geometric E1-EC setup, where q : W−S → P(A) × [A(A)/Gm] is the morphism of 
Proposition 5.1.4.10. If A is commutative, the above E1-EC setup upgrades to an E∞-EC 
setup. 
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Example 5.2.1.3. Let X be a smooth toric stack with a decent open immersion j : X → 
[An/G]. We may view [An/G] as an E∞-monoid stack, where An is equipped with its 
coordinatewise multiplication. Let S be any collection of weights corresponding to a full 
strong exceptional collection of line bundles in Perf(X). Then 

(φ : [An /G] → BG, j : X → [An /G], S) 

is an E∞-EC setup (though there is no reason a priori for it to be geometric). 

We may do even better in the Bondal-Ruan case: 

Example 5.2.1.4. Suppose that X is a smooth complete toric variety of Bondal-Ruan type, 
and let j : X → [An/G] be the open immersion arising from the Cox construction. Then 

(φ : [An /G] → BG, j : X → [An /G], −ΘX) 

is a geometric E∞-EC setup by Proposition 5.1.4.10. 

Given an En-EC setup (φ, j, S) with notation as in Definition 5.2.1.1, the category QC(X) 
inherits a convolution product from that of QC(M). 

Proposition 5.2.1.5. Let (φ, j, S) be an En-EC setup with notation as in Definition 5.2.1.1. 
There exists a unique En-monoidal structure   

M,S on QC(X) such that the Hitchcock functor 

HS : (QC(M), M) → (QC(X),   µ,S) 

is En-monoidal. 

Proof. We check that the adjunction 

WS : QC(X)  QC(M) : HS 

satisfies the conditions of Proposition 1.2.5.5. Conditions (1) and (2) are satisfied by the 
definition of WS. Condition (3) is satisfied by the definition of the convolution product: 
− M − = µ∗(−  −) and µ∗ has left adjoint µ ∗ . To check condition (4), note that QC(X) 
is compactly generated by {OX(χ)}χ∈S and WS(OX(χ)) = OM(χ) for χ ∈ S. Since 

µ ∗ OM(χ)  OM(χ)  OM(χ) 

by G-equivariance of the multiplication on M, condition (4) holds. 

We call   
M,S the extended convolution product (or EC product) associated with the En -

EC setup (φ, j, S). The name is justified by Corollary 5.2.2.6, which implies in particular 
that   

M,S extends the convolution product on any open submonoid stack of M contained in 
X. 

By Proposition 1.2.5.1, the En-monoidal functor HS satisfies the following universal prop-
erty: if F : (QC(M), M) → (C, ⊗C) is an En-monoidal functor and the underlying functor 
of F satisfies F = F  ◦ HS, then there is a unique En-monoidal structure on F  such that 
F = F  ◦ HS as En-monoidal functors. 
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5.2.2 Functoriality of extended convolution 

To understand the behavior of EC products geometrically, it is useful (though perhaps not 
strictly necessary for later developments) to define morphisms of En-EC setups. We do so 
here and show (Proposition 5.2.2.5) that morphisms of En-EC setups induce En-monoidal 
functors. 

Definition 5.2.2.1. Let (φ1, j1, S1) and (φ2, j2, S2) be En-EC setups with notation as in 
Definition 5.2.1.1. For notational simplicity, write ji = jXi , Wi = WSi , Hi = HSi , and 
  
i =   

Mi,Si for i = 1, 2. A morphism of En-EC setups (α, β) : (φ1, j1, S1) → (φ2, j2, S2) 
consists of: 

• an En-homomorphism α : M1 → M2 and 

• a group homomorphism β : G1 → G2, 

such that the diagram 
M1 M2 

BG1 BG2 

α 

φ1 φ2 

Bβ 

commutes and im α∗W2 ⊂ im W1. 

Example 5.2.2.2. If G1 = G2 = G and S1 = X•(G) (so X1 = M1), then any morphism 
α : M1 → M2 over BG gives a morphism of En-EC setups (α, idG) : (φ1, idX1 , X•(G)) → 
(φ2, j2, S2). 

Example 5.2.2.3. Let f : A → B be a homomorphism of finite-dimensional k-algebras 
such that dim A  dim B. Then the natural map αf : [A(A)/Gm] → [A(B)/Gm] gives a 
morphism of E1-EC setups 

(αf, idGm ) : 
 
φA : [A(A)/Gm] → BGm, P(A) → [A(A)/Gm], {0, . . . , dimk A} 

 

→ 
 
φB : [A(B)/Gm] → BGm, P(B) → [A(B)/Gm], {0, . . . , dimk B} 

 
. 

If A and B are both commutative, then αf is in fact a morphism of E∞-EC setups. 

Morphisms of En-EC setups induce functors that preserve the corresponding EC prod-
ucts. To prove this, we first need a lemma allowing us to simplify certain composite functors 
involving windows and Hitchcock functors. 

Lemma 5.2.2.4. For i ∈ {1, 2}, fix the following data: 

• A commutative reductive group Gi, 

• A morphism of derived stacks φi : Yi → BGi which is affine and almost of finite type, 
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• An open immersion ji : Xi → Yi, and 

• A transparent collection of weights Si ⊂ X•(Gi) for Xi ⊂ Yi. 

Write Wi : QC(Xi) → QC(Yi) and Hi : QC(Yi) → QC(Xi) for the corresponding window 
and Hitchcock functor (respectively). Let f : Y1 → Y2 be a morphism such that f∗(im W2) ⊂ 
im W1.4 Then: 

1. f ∗ W2 = W1j
∗ 
1f 

∗ W2. 

2. H2f∗ = H2f∗j1∗H1. 

3. H2f∗W1 = H2f∗j1∗. 

Proof. (1). Suppose F ∈ QC(X2). Then f∗W2F = W1G for some G ∈ QC(X1). Applying 
j∗ 
1 gives 

j∗1f 
∗ W2F = j∗ 

1W1G = G , 

so 
f ∗ W2F = W1G = W1j

∗ 
1f 

∗ W2F . 

Naturality of this isomorphism is clear because W1 is fully faithful. 
(2). Take right adjoints of all functors involved in (1). 
(3). We compute 

H2f∗W1 = H2f∗j1∗H1W1 by (2) 
= H2f∗j1∗ idX1 because W1 is fully faithful 
= H2f∗j1∗. 

Proposition 5.2.2.5. Let (α, β) : (φ1, j1, S1) → (φ2, j2, S2) be a morphism of En-EC se-
tups with notation as above. Then the functor H2α∗j1∗ : 


QC(X1),   

1
 
→ 

 
QC(X2),   

2


is 
symmetric monoidal. 

Proof. By Lemma 5.2.2.4(2), we have H2α∗ = H2α∗j1∗H1. Using the universal property of 
H1 mentioned in Proposition 5.2.1.5, it suffices to show that H2α∗ is En-monoidal. But this 
is clear as both H2 and α∗ are En-monoidal. 

Corollary 5.2.2.6. Let (φ, j, S) be an En-EC setup with notation as in Definition 5.2.1.1. 
Let α : N → M be a homomorphism of En-monoid derived stacks over BG, and assume 
α factors through the inclusion j : X → Y, say α = j ◦ a. Then the pushforward functor 
a∗ : 

 
QC(N), N 

 
→ 

 
QC(X),   

M,S 


is En-monoidal. 

Proof. In Proposition 5.2.2.5, take (φ1, j1, S1) = 
 
φ, idX, X•(G) 

 
, (φ2, j2, S2) = (φ, j, S), 

α = j ◦ a, and β = idG. Then H2α∗j1∗H1 = HSj∗a∗ = a∗. 
4The functor W1 is fully faithful, so it suffices to check this inclusion on objects. 
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5.2.3 Fourier-Mukai kernels and geometric descriptions of 
extended convolution 

We would like to understand the operations   
M,S using the geometry of X. This is difficult in 

general for the simple reason that the window associated with a transparent collection is hard 
to understand geometrically. However, we shall show that giving a geometric description of 
  
M,S is no more difficult than giving a geometric description of the Fourier-Mukai kernel 

K−S of W−S. In particular, for geometric En-EC setups, we obtain a simple geometric 
description of   

M,S. 
For simplicity, our claims here will be made for the binary product   

M,S : QC(X)  
QC(X) → QC(X). The analogous claims for n-ary products can be established using the 
same arguments. 

Proposition 5.2.3.1. Let (φ, j, S) be an En-EC setup with notation as in Definition 5.2.1.1. 
View K−S as an object of QC(M × X). Then   

M,S is given by the Fourier-Mukai transform 
with kernel (j × j × idX)

∗(µ × idX)
∗K−S ∈ QC(X3). 

Proof. Let F , G ∈ QC(X). By Lemma 5.2.2.4(3), we have 

F   M,S G = HS(j∗F M j∗G ) = HSµ∗(j × j)∗(F  G ). 

Writing HS = ΦK−S and applying the general formula ΦK ◦ f∗ = Φ(f×id)∗ K , we see the 
claim. 

If we have an explicit resolution of the diagonal, we may obtain an explicit algebraic 
description of the corresponding EC product. 

Corollary 5.2.3.2. Suppose (φ, j, S) is an En-EC setup with notation as in Definition 5.2.1.1. 
Write ΔX∗OX as a complex 

. . . 
 

χ∈S 

OX(−χ)  Ai,χ 

 

χ∈S 

OX(−χ)  Ai+1,χ . . . di 

Then the Fourier-Mukai kernel of   
M,S is 

. . . 
 

χ∈S 

OX(−χ)  OX(−χ)  Ai,χ 

 

χ∈S 

OX(−χ)  OX(−χ)  Ai+1,χ . . . (j×j×idX) ∗(µ×idX) ∗ di 

Proof. By Proposition 5.1.2.1, the kernel K−S ∈ QC(M × X) is given by 

. . . 
 

χ∈S 

OM(−χ)  Ai,χ 

 

χ∈S 

OM(−χ)  Ai+1,χ . . . di 

Applying Proposition 5.2.3.1 gives the result. 
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Proposition 5.2.3.1 also yields a geometric description of the EC products associated with 
geometric En-EC setups. 

Proposition 5.2.3.3. Suppose (φ, j, S, q) is a geometric En-EC setup with notation as in 
Definition 5.2.1.1. Let Zµ,S be defined by the Cartesian square (in dStkk) 

Zµ,S W−S 

X× X M×M M 

p3 

p1×p2 q2 

j×j µ 

Then, for F , G ∈ QC(X), there is a natural isomorphism F   
M,S G = q1∗p3∗(p

∗
1F ⊗ p∗2G ). 

Proof. By hypothesis, K−S = q∗OW−S , so the Fourier-Mukai kernel of   
M,S is 

(j × j × idX) 
∗(µ × idX) 

∗ q∗OW−S 

by Proposition 5.2.3.1. Applying base change for the commutative square 

Zµ,S W−S 

X 3 M×M× X M× X 

p3 

p1×p2×(q1◦p3) q 

j×j×idX µ×idX 

shows that 
(j × j × idX) 

∗(µ × idX) 
∗ q∗OW−S = (p1,2 × (q1 ◦ p3))∗OZµ,S . 

For F , G ∈ QC(X), we may now compute (letting πi : X3 → X be projection onto the ith 
coordinate): 

F   M,S G = π3∗ 

 
π∗ 

1F ⊗ π∗ 
2G ⊗ (p1 × p2 × (q1 ◦ p3))∗OZµ,S 

 

= π3∗ 

 
p1 × p2 × (q1 ◦ p3) 

 
∗ 

 
p∗ 

1F ⊗ p∗ 
2G 

 
by the projection formula 

= q1∗p3∗(p
∗ 
1F ⊗ p∗ 

2G ). 

Example 5.2.3.4. Suppose X is a separated scheme and W−S ⊂ X × M is the restriction 
of the diagonal closed substack of M to X × M (this is true for Example 5.2.1.2 and Ex-
ample 5.2.1.4). Then Zµ,S ⊂ X3 is (the restriction to X3 of) the closure of the graph of 
µ ◦ (j × j) : X × X → M. The legs of the correspondence 

Zµ,S 

X× X X 

p1×p2 q1◦p3 

are just the projections to the factors when Zµ,S is viewed as a closed substack of X3 . 

Remark 5.2.3.5. If α : (φ1, j1, S1) → (φ2, j2, S2) is a morphism of En-EC setups, we may use 
similar methods to the above to describe the functor H2α∗j1∗. 
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5.2.4 Quiver tensor products via extended convolution 

Let (φ, j, S) be an En-EC setup with notation as in Definition 5.2.1.1. Because µ∗OM(χ) = 
O(χ)  O(χ) for all χ ∈ X•(G), the En-coalgebra structure on Q(φ) restricts to an En -
coalgebra structure on QS(φ). As in Section 4.2.1, this produces an En-monoidal quiver 
tensor product ⊗QS(φ) on D(QS(φ)op). 

Theorem 5.2.4.1. Let (φ, j, S) be an En-EC setup with notation as in Definition 5.2.1.1. 
Then there is an En-monoidal equivalence  

QC(X),   M,S 

 ∼ −→ 
 
D(QS(φ)op), ⊗QS(φ) 

 

F → 
 
χ → HomX(OX(χ), F ) 

 
. 

Proof. The functor in question is an equivalence by Proposition 5.1.1.6, so it suffices to show 
that said functor is En-monoidal. For this, let iS : QS(φ) → Q(φ) be the inclusion, and 
recall that the diagram 

QC(M) QC(X) 

D(Q(φ)op) D(QS(φ)op) 

HS 

∼ ∼ 

i ∗ 
S 

commutes by the definition of HS. Thus, by the universal property of Proposition 5.2.1.5, 
it suffices to show that the composite QC(M) → D(QS(φ)op) is En-monoidal. But the 
equivalence 

 
QC(M), M 

 ∼ − → 

D(Q(φ)op), ⊗Q 

 
is En-monoidal by Theorem 4.2.3.1, and 

functoriality of Corollary 1.2.3.3 implies i∗ 
S is En-monoidal, so the same must be true of the 

composite. 

Remark 5.2.4.2. As a consequence of Theorem 5.2.4.1 and Remark 5.1.1.7, we see that, if 
S arises from a finite full strong exceptional collection of line bundles on X, then the EC 
product   

M,S preserves perfect complexes. (One may also deduce this from the definition of 
  
M,S.) However, even in this case, we are not aware of a way to define   

M,S geometrically 
without using the full categories QC. Indeed, convolution on M uses the functor µ∗, which 
typically does not preserve perfect complexes. 

5.3 Application: (symmetric) monoidal structures on 
Perf Pd 

Using the methods of Section 5.2, we can construct new (symmetric) monoidal structures 
on Perf Pd from finite-dimensional algebras. Recall that we use the term “En-monoidal 
structures” for the sole purpose of stating results about usual monoidal structures (n = 1) 
and symmetric monoidal structures (n = ∞) concisely, and no other value of n will be 
considered in this section (cf. Remark 1.2.1.1 and Remark 1.2.1.2). 
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Throughout the section, let A be a finite-dimensional k-algebra with dim A = d + 1, 
and let A(A) be the corresponding affine monoid scheme. By standard results on algebraic 
monoids (see e.g. [Vin95, page 1]), the group of units A(A)× is open and Zariski dense in 
A(A). We may use this to obtain the following: 

Proposition 5.3.0.1. Let A be a nonzero5 finite-dimensional k-algebra. Write ZA for the 
closure in P(A)3 of the graph of the binary multiplication on [A(A)×/Gm]. Then: 

1. Push-pull along the correspondence 

ZA 

P(A) × P(A) P(A) 

defines a monoidal structure   
A :=  

[A(A)/Gm],−Θ P(A) 
on Perf P(A). 

2. If j  : [A(A)×/Gm] → P(A) is the inclusion, then the pushforward functor 

j  ∗ : 
 

QC([A(A) ×/Gm]), [A(A)×/Gm] 

 
→ 

 
QC(P(A)),   A 

 

is monoidal. 

3. The construction of   
A is functorial in surjections of finite-dimensional k-algebras. 

When A is commutative, “monoidal” may be upgraded to “symmetric monoidal” throughout. 

Proof. We use the geometric E1-EC setup (φ, j, {0, . . . , dimk A}, q) of Example 5.2.1.2. When 
A is commutative, we upgrade this to an E∞-EC setup. 

(1). The scheme ZA agrees with the restriction to P(A)3 of the graph of the multiplication 
morphism 

P(A) × P(A) → [A(A)/Gm]. 

Thus Proposition 5.2.3.3 and Example 5.2.3.4 imply the claim. 
(2). This is a direct consequence of Corollary 5.2.2.6. 
(3). This follows from Example 5.2.2.3 and Proposition 5.2.2.5. 

5.3.1 Computations 

One can compute EC products F   
A G using the equivalence of Theorem 5.2.4.1. More 

precisely, using Remark 4.1.0.3 with R = Sym A∨ , the category QS(φ)op is given by 

q0 q1 . . . qn 
A∨ A∨ A∨ 

5When A = 0, we have P(A) = ∅, so the corresponding EC-setup exists but the description of the 
geometric structure fails. 



CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 101 

where we have relations α1α2 = α2α1 ∈ Sym A∨ for αi ∈ A∨ . Via the equivalence of 
Theorem 5.2.4.1, F ∈ QC(Perf P(A)) corresponds to the derived QS(φ)op-representation6 

Γ(P(A), F ) Γ(P(A), F (−1)) . . . Γ(P(A), F (−n)) 

and similarly for G . The EC product F   
A G then corresponds to the quiver tensor product 

Γ(P(A), F ) ⊗k Γ(P(A), G ) . . . Γ(P(A), F (−n)) ⊗k Γ(P(A), G (−n)), 

where the coalgebra structure on A∨ is used to construct the tensor product of morphisms. 
This is easiest to understand for specific classes of sheaves: 

Example 5.3.1.1. For i ∈ {0, . . . , dim A−1}, the sheaf ΩiP(A)(i)[i] corresponds to the simple 
QS(φ)op-representation 

0 . . . 0 k 0 . . . 0 

sending qi to k and qj to 0 for j = i by Bott’s formula. In particular, we see that 

Ω i P(A)(i)[i]   A Ω
j 
P(A)(j)[j] = 

 
0 i = j 

Ωi P(A)(i)[i] i = j 

Example 5.3.1.2. For [a] ∈ P(A), the skyscraper sheaf k([a]) corresponds to the quiver 
representation 

k k . . . k a a a 

where we view a as an element of A∨∨ = Homk(A∨ , Homk(k, k)). 

Proposition 5.3.1.3. Let a1, a2 ∈ A \ {0}, so k([a1]), k([a2]) ∈ Perf P(A). Then 

k([a1])   A k([a2]) = 


k 
 
[µA(a1, a2)] 

 
µA(a1, a2) = 0. 

⊕ dim A−1 
i=0 Ωi P(A)(i)[i] µA(a1, a2) = 0. 

Proof. Using Example 5.3.1.2 and the fact that the coalgebra structure on A∨ is the dual 
of the algebra structure on A, we see that k([a1])   

A k([a2]) corresponds to the quiver 
representation 

k k . . . k
µA(a1,a2) µA(a1,a2) µA(a1,a2) 

If µA(a1, a2) = 0, this representation corresponds to k 
 
[µA(a1, a2)] 

 
, establishing the first 

case of the claim. 
Otherwise µA(a1, a2) = 0, so k([a1])   

A k([a2]) corresponds to the quiver representation 

k k . . . k 0 0 0 

6Recall that our convention is that all the functors are implicitly derived. 
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This decomposes as a direct sum of the simple representations of QS(φ)op. Example 5.3.1.1 
lets us convert these quiver representations back into perfect complexes, giving 

k([a1])   A k([a2]) = 
dim A−1 

i=0 

Ω i P(A)(i)[i]. 

5.3.2 Categorical compactifications 

The monoidal ∞-categories 
 

Perf P(A),   
A 

 
give categorified “compactifications” of many 

well-known algebras and groups. We formalize this notion as follows. 

Definition 5.3.2.1. Let N be a perfect En-monoid stack over k. A categorical compactifi-
cation of N is a fully faithful, En-monoidal functor 

ι : (QC(N), N) → (Ind C, ⊗C) 

where (C, ⊗C) ∈ CAlg 
 
Catperf 

k 

 
. We will often abuse notation and refer to (C, ⊗C) as a 

categorical compactification of N. 

By Corollary 5.2.2.6, if N is an open submonoid of [A(A)/G] such that N ⊂ P(A), 
then pushforward along the inclusion j  : N ⊂ X exhibits (Perf P(A),   

M,S) as a categorical 
compactification of N. We obtain the following examples in this way. 

Example 5.3.2.2. Any finite-dimensional k-algebra A  admits a categorical compacti-
fication. In fact, if we let A = A  × k, then the inclusion A(A ) → P(A) exhibits 
(Perf P(A),   

M,S) as a categorical compactification of A(A). 

Example 5.3.2.3. We may also construct categorical compactifications of many linear alge-
braic groups. We list some such groups G together with algebras A such that (Perf P(A),   

M,S) 
is a categorical compactification of G: 

• For G = Gn 
m, we can take A = kn+1 . 

• For G = GLn, we can take A = Endk(kn) × k. 

• For G = PGLn, we can take A = Endk(kn). 

• For G = Ga, we can take A = k[]/2 . 

• For G = Bn the group of invertible upper triangular matrices, let Bn be the k-algebra 
of all upper triangular matrices. Then we can take A = Bn × k. 

• For G = Bn/Gm (a Borel subgroup of PGLn), we can take A = Bn. 

Given Example 5.3.2.2, it is natural to ask: 

Question 5.3.2.4. Which linear algebraic groups admit categorical compactifications? 
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Remark 5.3.2.5. Categorical compactifications are typically far from unique, even if we im-
pose “connectivity” hypotheses on C. 7 It would be interesting to understand whether one 
can construct a canonical categorical compactification of a nice (e.g. semisimple) algebraic 
group. 

Although the EC products in this subsection can be defined geometrically, they may 
exhibit surprising behavior at infinity. 

Example 5.3.2.6. Consider P1 = P(k2), so that Perf P1 is a categorical compactification of 
Gm. By Proposition 5.3.1.3, we see that k([1 : 0])   

k2 k([0 : 1]) is the (globally supported) 
complex OP1 ⊕ OP1 (−1)[1]. Loosely: we have extended the multiplication of Gm to P1 , but 
multiplying zero by infinity produces a perfect complex rather than a number! 

Let us mention some additional subtleties that may arise when attempting to apply these 
methods over non-algebraically closed fields. 
Remark 5.3.2.7. Suppose for the context of this remark that k is not algebraically closed, and 
let k ⊂ F be a finite extension of fields. In this case, we still obtain a symmetric monoidal 
EC product on Perf P(F). One might naïvely expect that this EC product agrees with a 
genuine convolution product, with the multiplication on P(F) constructed by restricting the 
multiplication on A(F) to A(F) \ {0}. 

However, such a construction is typically not possible: even though the set of k-points  
A(F) \ {0} 

 
(k) = F× is closed under multiplication, this is no longer true for the set of 

F-points 

A(F) \ {0} 


(F). In particular, the construction of the EC product on Perf P(F) does 

not contradict the fact that all complete connected algebraic groups are abelian varieties. 

5.3.3 Recovering A from (Perf P(A),   A ) 

We have the following result allowing us to reconstruct a finite-dimensional algebra A from 
the corresponding EC product on Perf P(A): 

Proposition 5.3.3.1. Let A and A  be finite-dimensional k-algebras. Then A and A  are 
isomorphic as k-algebras if and only if there is a monoidal equivalence (Perf(P(A)),   

A )  
(Perf(P(A )),   

A  ). 

To prove Proposition 5.3.3.1, we will need a linear-algebraic lemma. 

Notation 5.3.3.2. Let V and V  be finite-dimensional vector spaces. Given an element 
v ∈ V (possibly zero), let [v] denote the corresponding class in V/k× . Given a linear map 
φ : V → V  , let [φ] denote the corresponding class in V/k× → V/k× . 

Lemma 5.3.3.3. Let A and A  be finite-dimensional k-algebras. Suppose φ : A → A  is a 
linear map such that [φ] : A/k× → A /k× is a homomorphism of monoids (in Set). Then 
there exists c ∈ k× such that cφ : A → A  is a monoid homomorphism. 

7For example, any full strong exceptional collection on a smooth complete toric variety gives a categorical 
compactification of the dense torus by Example 5.2.1.4. 
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Proof. Invertible elements of A are dense in A(A) (see e.g. [Vin95, page 1]), so we may fix 
a basis {e0, . . . , en} of A such that ei is invertible in A for all i. Because [φ] is a monoid 
homomorphism, the images [φ]([ei]) are invertible in A /k× . Thus the images φ(ei) must 
also be invertible in A  . In particular, for fixed i, the sets {µA  (φ(ei), φ(ej))}nj=0 are linearly 
independent in A  . 

For i, j,  ∈ {0, . . . , n}, we may write 

φ 
 
µA(ei, e j) 

 
= ci,jµA  

 
φ(ei), φ(e j) 

 

and 
φ 
 
µA(ei, e j + e) 

 
= ci,jµA  

 
φ(ei), φ(e j + e) 

 

for some ci,j, ci,j ∈ k× . For any i, j,  ∈ {0, . . . , n}, we get 

ci,jµA  
 
φ(ei), φ(e j) 

 
+ ci,µA  

 
φ(ei), φ(e) 

 
= φ 

 
µA(ei, e j + e) 

 

= ci,jµA  
 
φ(ei), φ(e j + e) 

 

= ci,jµA  
 
φ(ei), φ(e j) 

 
+ ci,jµA  

 
φ(ei), φ(e) 

 

so that ci,j = ci,j = ci, by the aforementioned linear independence. In particular, for all 
i, j, we have ci,j = ci,0. Repeating the argument with the order of inputs to µA  reversed 
shows that ci,j = c0,j. Thus ci,j = c0,0 for all i, j, i.e. 

φ 
 
µA(ei, e j) 

 
= c0,0µA  

 
φ(ei), φ(e j) 

 
. 

Multiplying both sides of this equation by c0,0 shows that (c0,0φ)◦µA = µA  ◦(c0,0φ⊗c0,0φ), 
i.e. c0,0φ is a monoid homomorphism. 

Proof of Proposition 5.3.3.1. The “only if” direction follows by the functoriality of the con-
struction of   on surjective maps (Proposition 5.2.2.5). 

For the “if” direction, we may assume A and A  have the same underlying vector space 
V . Every monoidal equivalence (Perf(P(A)),   

A)  (Perf(P(A )),   
A  ) is induced by an 

autoequivalence τ of Perf(P(V)). By [BO01, Theorem 3.1], we can write τ = [φ]∗(− ⊗ L [n]) 
for some φ ∈ GL(V) (so [φ] ∈ PGL(V)), L ∈ Pic(P(V)), and n ∈ Z. As τ(k([1A])) = 
k([1A  ]), we must have n = 0, i.e. τ = [φ]∗(− ⊗ L ). 8 

By Lemma 5.3.3.3, it suffices to show that [φ] : A/k× → A /k× is a monoid homomor-
phism. To this end, let x, y ∈ A. We may assume dim A  2, allowing us to argue by 
cases: 

• If x = 0 or y = 0, we must have 

[φ](µA(x, y)) = [0] = 
 
µA  

 
φ(x), φ(y) 

 
. (5.3.3.4) 

8One can also show that in this situation we must have L  O, though this does not simplify matters 
for us. 
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• If x and y are both nonzero and µA(x, y) = 0, then µA  (φ(x), φ(y)) = 0, so Eq. (5.3.3.4) 
still holds. In fact, if we had µA  (φ(x), φ(y)) = 0, then 

k([φ(x)])   A  k([φ(y)]) = k 
 
[µA  (x, y)] 

 

is indecomposable while Proposition 5.3.1.3 implies k([x])   
A k([y]) is decomposable. 

But then 
τ 
 
k([x])   A k([y]) 

 
= k([φ(x)])   A  k([φ(y)]) 

contradicts the assumption that τ is an equivalence. 

• Otherwise, µA(x, y) = 0, so 

k 
 
φ(µA(x, y)) 

 
 τ 

 
k([µA(x, y)]) 

 
 τ 

 
k([x])   A k([y]) 

 
 k([φ(x)])   A  k([φ(y)]). 

Hence, by Proposition 5.3.1.3, we have [φ(µA(x, y))] = [µA  (φ(x), φ(y))]. 

Thus [φ] : A/k× → A /k× is a monoid homomorphism. 

5.3.4 Invariants 

Fix a finite-dimensional algebra A and consider the monoidal category 
 

Perf P(A),   
A 

 
. In 

this section we compute: 

• The Balmer spectrum Spc  
A 

Perf(P(A)) 

• The Grothendieck ring K0 
Perf P(A),   

A 

 
. 

• The Picard group Pic(Perf P(A),   
A ). 

We observe that the Balmer spectrum and the Grothendieck ring depend only on dim A. 
We first compute Spc  

A 
Perf(P(A)). 

Remark 5.3.4.1. For A = kn+1 (so   
A is the quiver tensor product for the Beilinson quiver 

Qn), the Balmer spectrum Spc  
A
P(A) = Spc⊗ D(Qn) is computed in [LS13, §2]: it is nothing 

but a disjoint union of n + 1 points. A general discussion of related phenomena (in the 
language of semiorthogonal decompositions) can be found in [BIK13, Appendix A]. We will 
see the same computations hold even if we start with different finite dimensional algebras 
A, even when A is not commutative. In particular, the Balmer spectrum is a quite coarse 
invariant: it cannot tell different algebras apart. 

Here we follow [NVY22] for a definition of the Balmer spectrum of a stably monoidal ∞-category which need not be symmetric monoidal: 
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Definition 5.3.4.2. Let (C, ⊗C) be a small stably monoidal ∞-category. A two-sided thick 
⊗-ideal P in C is prime if P = C and, whenever we have I ⊗C J ⊂ P for two-sided thick 
⊗-ideals I, J of C, then either I ⊂ P or J ⊂ P. The Balmer spectrum of (C, ⊗C) is 

Spc⊗C 
C = {P | P is a prime two-sided thick ⊗-ideal of C} 

with a topology defined similarly to the (Zariski) topology of the usual Balmer spectrum 
(see [NVY22, Section 1.2] for details). 

Lemma 5.3.4.3. Let (C, ⊗C) be a small stably monoidal ∞-category. Let S0, . . . , Sn be 
a collection of exceptional objects of C with Si = Sj for i = j, and for each i, let 
Pi = Sj | j = i. Suppose that: 

1. C = S0, . . . , Sn 

2. Pi = ker(− ⊗ Si) = ker(Si ⊗ −) for all i. 

3. Si is a two-sided thick ⊗-ideal for all i. 

Then 

Spc⊗C 
C = 

n 

i=0 

Pi. 

Proof. First, Pi is clearly a two-sided thick ⊗-ideal since Pi = ker(− ⊗ Si) = ker(Si ⊗ −). 
Because C/Pi = Si = Perf(k), we see that Pi is maximal among thick subcategories of C. 
Thus Pi is a prime two-sided thick ⊗-ideal of C by [NVY22, Theorem 3.2.3]. 

Conversely, let P be a prime thick ⊗-ideal of C. Because P = C, there exists i such that 
Si ∈ P. Then, since Si⊗Sj = 0 ⊂ P for each j = i and Si ⊂ P, we have Sj ∈ Sj ⊂ P 
for every j = i. Thus, P = Pi as Pi is maximal. 

Remark 5.3.4.4. When ⊗C is symmetric monoidal, the result above is also a direct conse-
quence of [BIK13, Theorem A.5]. 

Proposition 5.3.4.5. Let A be a finite dimensional algebra A over k. Then 

Spc  
A 
P(A) = 

dim A−1 

i=0 

Ωj(j)[j] | j = i. 

In particular, Spc  
A 
P(A) depends only on the dimension of A. 

Proof. This follows from Lemma 5.3.4.3 by taking Si = Ωi(i)[i] for i = 0, . . . , dim A − 1 and 
using the computation of Example 5.3.1.1. 
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Remark 5.3.4.6. Recent work on higher Zariski geometry ([Aok+25]) proves that the ∞-
category of 2-rings (i.e., rigid stably symmetric monoidal ∞-categories) embeds into the ∞-
category of 2-ringed spaces via an enhanced version of the Balmer spectrum construction. 
If A is commutative, the above computations can be used to show that the 2-ringed space 
associated with (Perf(P(A)),   

A ) depends only on dim A, i.e. this 2-ringed space does not 
distinguish between different commutative algebras of the same dimension. However, it is 
easy to show directly that   

A is not rigid, so we do not contradict the results of [Aok+25]. 
Example 5.3.1.1 also allows us to compute the Grothendieck ring of (Perf P(A),   

A ): 

Proposition 5.3.4.7. Let A be a finite dimensional k-algebra. Then there is an isomorphism 

K 0 
 

Perf P(A),   A 

 
 Zdim A . 

Proof. Consider the the basis of K0(Perf P(A),   
A ) given by vi := 

 
Ωi(i)[i] 

 
for i = 0, . . . , dim A− 

1. By Example 5.3.1.1, regardless of the algebra structure of A, we have v2 
i = vi for all i and 

vi · vj = 0 for all i = j. Thus the basis {vi}dim A−1 
i=0 gives rise to the desired isomorphism. 

Unlike the Balmer spectrum and the Grothendieck ring, the Picard group of Pic 
 

Perf P(A),   
A 

 

can depend on the choice of A. 

Proposition 5.3.4.8. Let A be a finite dimensional k-algebra. Then 

Pic 
 

Perf P(A),   A 

 
= (A×)dim A−1 /k× × Z. 

Proof. Suppose F is invertible in Pic 
 

Perf P(A),   
A 

 
. Then the derived quiver representa-

tion corresponding to F must take invertible values at each vertex, i.e. F corresponds to a 
derived quiver representation of the form 

k[i0] k[i1] . . . k[idim A−1]. 

We first claim that i0 = i1 = · · · = idim A−1. Indeed, if this were not the case, then 
we would necessarily have ip = ip−1 for some p. This forces H0 


Homk(k[ip], k[ip−1]) 

 
= 

Hip−1−ip (Homk(k, k)) = 0. Thus, for any G ∈ Perf P(A), the derived quiver representation 
corresponding to F   

A G would necessarily have 0 as one of its morphisms. In particular, 
because F is invertible, one of the morphisms in the quiver representation corresponding to 
the unit of   

A is 0. But this is impossible as the unit of   
A is k(1A), corresponding to the 

quiver representation 

k k . . . k. 1A 1A 1A 

Thus every invertible object of Pic 
 

Perf P(A),   
A 

 
corresponds to a derived quiver rep-

resentation of the form 

k[i] k[i] . . . k[i] 
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for some i ∈ Z. We may define a homomorphism α : Pic 
 

Perf P(A), A 

 
→ Z sending a 

quiver representation of the above form to i. The homomorphism 

Z → Pic 
 

Perf P(A),   A 

 

i → k(1A)[i] 

defines a section of α. 
It remains to show that ker α = (A×)dim A−1/k× . We may define a map β : (A×)dim A−1 → 

ker α sending (a1, . . . , adim A−1) to the object of ker α corresponding to the quiver represen-
tation 

k k . . . k 
a1 a2 adim A−1 

It is clear that every object of ker α arises in this way. Furthermore, any isomorphism 
β(a1, . . . , adim A−1)  β(a  

1, . . . , a  
dim A−1) is witnessed by a commutative diagram 

k k . . . k 

k k . . . k, 

∼ 

a1 

∼ 

a2 adim A−1 

∼ 

a  
1 a  

2 a  
dim A−1 

where invertibility of each ap and each a  
p ensures that the vertical arrows are all deter-

mined by the rightmost vertical arrow. Thus ker β = k× and ker α = (A×)dim A−1/ ker β = 
(A×) dim A−1 /k× . 

Remark 5.3.4.9. The invariants we have discussed in this section reflect the differences in 
behavior between the EC products on Perf Pd and the usual tensor product on Perf Pd . 
Indeed, for the usual tensor product ⊗O , we have: 

• Spc⊗O 
Perf Pd = Pd . 

• K0 
 

Perf Pd , ⊗O 

 
 Z[η]/ηn+1 where η = [OPd (1)] − 1. 

• Pic(Perf P(A), ⊗O )  Z · OPd (1) × Z (where the second factor arises from the shift 
functor [1]). 

Example 5.3.4.10. We may use the above results to construct two distinct symmetric 
monoidal structures on Perf P1 with the same Balmer spectrum and the same ring structure 
on K0 . Namely, take A = k2 and A  = k[]/2 . The Balmer spectra and Grothendieck 
rings of 

 
Perf P(A),   

A

 
and 

 
Perf P(A ),   

A  


agree because dim A = dim A  . However, 

Pic 
 

Perf P(A),   
A 


= k××k××Z, while Pic 


Perf P(A ),   

A  

 
= k×k××Z, so the symmetric 

monoidal structures are distinct. 

Note that the Picard group is not a complete invariant. 
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Example 5.3.4.11. Let A be any finite dimensional k-algebra. In general, A is not isomor-
phic to its opposite algebra Aop. However, we have 

Pic(Perf P(A), A) = (A×)dim A−1 /k× ×Z ∼ = ((Aop)×)dim A−1 /k× ×Z = Pic(Perf P(Aop), Aop ) 

where we use the isomorphism A× ∼= (Aop)× = (A×)op defined by a → a−1 . Note that 
this isomorphism does not extend to a linear map A → Aop, so the argument of Proposi-
tion 5.3.3.1 does not apply. 

Example 5.3.4.12. For an example where all algebras involved are commutative, let A = 
k[]/3 and A  = k[x, y]/x2 , xy, y2, then A× ∼= k× ×k2 ∼= A × , where the first isomorphism 
is given by 

A× = k× × (1 + mA) → k× × k 2 

(c, 1 + a + b 2) → (c, a, b − a 2/2). 

As before, this isomorphism is not linear, so this does not contradict the argument of Propo-
sition 5.3.3.1. 

5.4 Application: Tensor products in toric mirror 
symmetry 

Suppose X = XΣ is the smooth complete toric variety associated with a fan Σ ⊂ NR (where 
N is a lattice, M is its dual lattice, and (−)R = (−) ⊗Z R). Homological mirror symmetry 
for toric varieties (in this context also called the “coherent-constructible correspondence”) 
gives a symmetric monoidal equivalence  

QC(XΣ), ⊗O 

 
 

 
ShΛΣ (M R/M), M R/M 

 
(5.4.0.1) 

where: 

• MR/M is a real torus, 

• ΛΣ ⊂ T∗(MR/M) is a certain Lagrangian defined from the combinatorics of Σ, 

• ShΛΣ (MR/M) is the category of constructible 9 sheaves on MR/M with coefficients in 
k and singular support in ΛΣ, and 

• MR/M is the convolution product on T∗(MR/M). 
9Here we use constructible in a weak sense, i.e. we do not require any finiteness conditions on stalks. See 

[Kuw17] for a more comprehensive discussion of finiteness conditions in this context. 
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There is a vast literature on this subject, and we will content ourselves by noting that a 
fairly complete (and significantly more general) discussion of Eq. (5.4.0.1) may be found in 
[Kuw17], which builds on [Bon06; Fan+11] and many other sources. 

In this section we will discuss the appearance of quiver tensor products in homological 
mirror symmetry, with a particular focus on smooth complete toric varieties of Bondal-Ruan 
type (cf. Definition 5.1.4.6). We begin by noting the following explicit description of quiver 
tensor products in the Bondal-Ruan case. 

Proposition 5.4.0.2. Let X be a smooth complete toric variety of Bondal-Ruan type, and 
let X ⊂ M be the Cox presentation of X. Write Zµ,−ΘX for the closure in X3 of the graph of 
the binary multiplication on the dense torus in X. Then push-pull along the correspondence 

Zµ,−ΘX 

X× X X 

defines a symmetric monoidal structure   
M,−ΘX 

on Perf(X). Furthermore, there is a sym-
metric monoidal equivalence  

Perf(X),   M,−ΘX 

 
 

 
Fun 

 
Qpre 
ΘX 

(φ), Perf(k) 
 
, ⊗Q 

 
. 

Proof. We use the geometric EC setup (φ, j, −ΘX, q) of Example 5.2.1.4. The first claim 
follows by combining Proposition 5.2.3.3 and Example 5.2.3.4. The second claim is Theo-
rem 5.2.4.1, noting that Qpre

−ΘX 
(φ)op  Qpre 

ΘX 
(φ) by taking duals of line bundles.

5.4.1 The mirror of the constructible tensor product 

Given the underlying equivalence of categories of Eq. (5.4.0.1), it is natural to ask when 
and whether one can describe the tensor product ⊗k of constructible sheaves on MR/M 
in terms of the algebraic geometry of XΣ. This question does not always make sense – for 
F , G ∈ ShΛΣ (MR/M), the singular support of the tensor product F ⊗k G need not lie in 
ΛΣ. However, when the Lagrangian ΛΣ arises from a stratification Z = {Zi}i∈I of MR/M, 
the category ShΛΣ (MR/M) is closed under ⊗k, and the question does make sense. In this 
case, we shall write ShZ(MR/M) := ShΛΣ (MR/M). 

By [Bon06] (see also [FH25, §5] for a more detailed presentation and generalization), we 
know that ΛΣ arises from a stratification when X is of Bondal-Ruan type. More precisely, 
let Fφ : MR/M → X•(G) be the anti-Bondal-Ruan map of Definition 5.1.4.6. We may 
decompose MR/M as a disjoint union of the level sets {Zχ := F−1 

φ (χ)}χ∈−ΘX . 10 

There is a natural order on −ΘX given by the transitive closure of the following rule: 
χ1  χ2 if Zχ1 ⊂ Zχ2 (cf. [FH25, Corollary 5.7 and Definitions 4.8, 4.13, and 4.28]. The order 

10In [FH25], Zχ is denoted by Sχ for χ ∈ ^ G = X•(G). We use the letter Z only to avoid conflict with our 
notation for transparent collections. 



CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 111 

on −ΘX may also be understood algebraically: by the discussion at the beginning of [FH25, 
§5.2], we have χ1  χ2 if and only if H0(X, O(χ2 − χ1)) = 0. In particular, Z = {Zχ}χ∈−ΘX is 
a (non-conical) stratification, which we call the anti-Bondal-Ruan stratification, of MR/M 
by the poset −ΘX (cf. [FH25, Definition 4.2]). 

Proposition 5.4.1.1. Let X be a smooth complete toric variety of Bondal-Ruan type, and 
let Z be the corresponding anti-Bondal-Ruan stratification of MR/M. There is a symmetric 
monoidal equivalence  

QC(X),   [A n/G],−ΘX 

 
 

 
ShZ(M R/M), ⊗k 

 

Proof. Let ExZ(MR/M) be the ∞-category of exit paths of the stratification Z. We refer 
to [HPT24, Proposition 2.2.10] for a precise definition of ExZ(MR/M), but we note as a 
heuristic (cf. [HPT24, Observation 5.1.6]) that: 

• Objects of ExZ(MR/M) are points of Z. 

• Morphisms are exit paths in MR/M, i.e. paths γ : [0, 1] → MR/M (from the domain 
to the codomain) such that if t1  t2 and γ(ti) ∈ Zχi for i = 1, 2, then χ1  χ2. 

• Composition is concatenation of paths. 

By [HPT24, Theorem 0.4.2 and Example 5.3.10], there is a symmetric monoidal equivalence  
ShZ(M R/M), ⊗k 

 
= 

 
Fun(ExZ(M R/M), D(k)), ⊗k 

 

given by sending a constructible sheaf to the collection of its stalks and specialization maps.11 

By [FH25, Proposition 5.5 and Proposition 5.6], there is a natural equivalence 

Qpre 
−ΘX 

(φ)op ∼ −→ ExZ(M R/M) 

given by sending an object OX(χ) ∈ Qpre 
−ΘX 

(φ)op to the corresponding stratum Zχ. Thus we 
obtain a chain of equivalences  

ShZ(M R/M), ⊗k 

 
= 

 
Fun(ExZ(M R/M), D(k)), ⊗k 

 

= 
 

Fun(Qpre 
−ΘX 

(φ)op , D(k)), ⊗k 

 

= 
 
D(Q−ΘX (φ)

op), ⊗Q 

 

= 
 

QC(X),   [A n/G],ΘX 

 
. 

11The symmetric monoidal structure on Fun(ExZ(MR/M), D(k)) is just the objectwise tensor product, 
so saying that this equivalence is symmetric monoidal is just saying that stalks and specialization maps 
commute with tensor products. 
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Remark 5.4.1.2. Proposition 5.4.1.1 may also be stated for the usual Bondal-Ruan strat-
ification, though in this case the geometric interpretation of the EC product  

[An/G],−ΘX 

on QC(X) is less clear. Going between the Bondal-Ruan and anti-Bondal-Ruan stratifica-
tions corresponds to taking the negative of the corresponding Lagrangians. This does not 
affect the existence of the homological mirror symmetry equivalence, as both QC(X) and 
ShΛΣ (MR/M) are self-dual. 

When X is not of Bondal-Ruan type, the situation can be more subtle: 

Example 5.4.1.3. Let X = XΣ = Fn be a Hirzebruch surface of type n  2. By [Kin97, 
Proposition 6.1], X admits a full strong exceptional collection of line bundles. This cor-
responds (by Example 5.1.4.4) to a collection of weights S which is transparent for an 
embedding X ⊂ [A4/G2 

m ]. Let Qpre
S (φ) be the discrete category of Definition 5.1.4.1. 

By Example 4.2.1.2, we obtain a symmetric monoidal structure ⊗QS(φ) on D(QS(φ)op)  
ShΛΣ (MR/M). 

However, this symmetric monoidal structure does not agree with the tensor product of 
constructible sheaves on MR/M. In fact, the category ShΛΣ (MR/M) is not closed under 
⊗k! (This relates to the fact that ΛΣ is not the Lagrangian of conormals to a stratification 
of MR/M.) The discrepancy arises because, even though X has a full strong exceptional 
collection of line bundles, the equivalence of Eq. (5.4.0.1) is not induced by said collection. 

5.4.2 A conjecture about Cox categories 

The recent paper [Bal+24] introduces a “Cox category” QCCox(X) (for an arbitrary semipro-
jective toric variety X) in which the Bondal-Thomsen collection ΘX behaves as if it were 
“transparent” in a suitable sense. In general, the QCCox(X) is not the derived category of 
any genuine stack X, though it has a geometric interpretation in terms of “gluing birational 
models of X.” Via homological mirror symmetry, QCCox(X) is expected to correspond to a 
category ShΛCox (MR/M) where the singular support Lagrangian ΛCox is obtained by taking 
the unions of the Lagrangians of these birational models. 

Conjecture 5.4.2.1. Let X be a smooth semiprojective toric variety. The category ShΛCox (MR/M) 
is closed under ⊗k, and there is a symmetric monoidal equivalence  

QCCox(X),   
 
 

 
ShΛCox (M R/M), ⊗k 

 

where   is a “birationally glued EC product” extending the convolution on the maximal torus 
of X. 
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Chapter 6 

A sketch of derived toric geometry 

Here we provide a brief discussion of how to use our results on grouplike SMCs to establish 
a theory of derived toric stacks, i.e. a generalization of the notion of toric stacks which is 
closed under taking fiber products. A more complete account of these ideas (including proofs 
of the claims) will appear in the near future. 

We should first indicate some reasons why we desire such a theory: 

1. Many natural functors between derived categories of toric varieties or stacks arise as 
push-pull functors along spans 

Z 

X Y 

of toric stacks and morphisms. To compose such push-pull functors, we need to take 
derived fiber products of the toric stacks involved. Because everything is toric, we 
should expect that the derived fiber products can be understood via the combinatorics 
of (some variants of) cones and fans. Derived toric geometry is an attempt to do so. 

2. Toric geometry is a useful testing ground for conjectures and ideas in algebraic geome-
try, largely because it replaces the hard commutative algebra of arbitrary commutative 
rings with more tractable combinatorics. We can expect derived toric geometry to play 
a similar role with respect to general derived algebraic geometry. 

3. There has been a recent proliferation of different flavors of “derived geometry” (e.g. 
derived algebraic geometry, spectral algebraic geometry, rigid analytic geometry, et 
cetera). All of these theories should have some analogue of “toric varieties,” and it 
is natural to ask to what extent classic results from toric geometry (e.g. the Cox 
construction) reappear in these new contexts. 

4. Derived algebraic geometry is often pitched as a more refined approach to intersection 
theory (essentially transforming Serre’s intersection formula into a definition). We hope 
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that a derived approach to toric geometry can illuminate and categorify questions about 
(toric) intersection theory on toric varieties, though we will not pursue this direction 
here. 

With that motivation in mind, let’s proceed to discussing the basics of derived toric 
geometry. 

6.1 E∞-cones 

Our “local building blocks” in derived toric geometry are E∞-cones, which are patterned on 
grouplike SMCs in much the same way that affine schemes are patterned on commutative 
rings. 
Remark 6.1.0.1. Our choice to work with grouplike SMCs rather than E∞-monoids reflects 
the fact that we are interested in the general theory of toric stacks. Since toric stacks are not 
Zariski-locally determined by affine toric varieties, we cannot just use the standard theory 
of fans to describe toric stacks. Instead, we are left with two options: 

• Take the Cox construction as a definition and replace the notion of “fan” by “stacky 
fan” (as in [BCS05] or more generally in [GS15a]). This is intrinsically global: the 
combinatorics of stacky fans control the action of a commutative reductive group G 
on a toric variety X, and the toric stack associated with a stacky fan is the global 
quotient stack X/G. Note however that [GS15b, Theorem 6.1] gives a mostly local1 

algebro-geometric characterization of toric stacks as defined in [GS15a]. 

• Replace the local models (i.e. cones) appearing in classical toric geometry by something 
which accounts for the stacky points of toric stacks. By the results of Chapter 3 
and Section 4.1, we can understand certain quotient stacks by commutative reductive 
groups in terms of grouplike SMCs. Thus these local models should encode the data of 
grouplike SMCs. (We do not know of a reference that treats this perspective explicitly.) 

We shall take the latter approach here, since we would prefer to be able to work fully locally 
while still manipulating objects which are semi-combinatorial in nature. 

Given a grouplike SMC C, we will define the corresponding E∞-cone Cone(C) as a topo-
logical space together with a structure sheaf encapsulating the data of C. In nice enough 
cases, the topological space underlying Cone(C) will be the (Alexandrov) topological space 
associated with a finite poset, justifying our claim that E∞-cones are semi-combinatorial in 
nature. 

1The only non-local part of the characterization in [GS15b] is the rather mild assumption that the toric 
stacks they work with have affine diagonal. We will make a similar assumption when defining stacky E∞-fans. 
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6.1.1 Spectra of E∞-monoids 

We begin by recalling some standard definitions (see [Ogu18, §1.3]) that will allow us to 
define the topological space underlying Cone(C). 

Definition 6.1.1.1. Let M be an E∞-monoid. 

• A (naïve) ideal of M is an M-equivariant subspace I ⊂ M (i.e. a subspace such that, 
for all i ∈ I and m ∈ M, we have i + m ∈ I). 

• A radical ideal of M is an ideal I ⊂ M such that, if m ∈ M satisfies n · m ∈ I for 
some n ∈ N, then m ∈ M. The radical 

√ 
I of an ideal I is the smallest radical ideal 

containing I. 

• A prime ideal of M is an ideal p ⊂ M such that M \ p is a submonoid (equivalently, a 
face) of M. 

The spectrum of M, denoted Spec M, is the set of prime ideals of M. We consider Spec M 
as a topological space with the Zariski topology, generated by the basic open sets 

D(m) = {p ∈ Spec M | m ∈ p} 

for m ∈ M. We will write Openbasic(Spec M) for the poset of open subsets of Spec M (ordered 
by inclusion). 

Remark 6.1.1.2. We have Spec M = Spec π0(M), and the following discussion could be 
performed entirely in the language of discrete commutative monoids without losing any 
generality. 

Example 6.1.1.3. Consider the case of M = Nn . By Example 2.1.4.4, the faces of Nn are 
exactly the submonoids NI for some I ⊂ {1, . . . , n}. The prime ideals are then given by 

pJ = 

 
n 

i=1 

ciei 

     cj > 0 for some j ∈ J 

 

. 

for J ⊂ {1, . . . , n}. Thus we may identify Spec Nn with the powerset P({1, . . . , n}) via pJ ↔ J. 
Note that pJ ⊂ pJ  if and only if J ⊂ J  , so this identification preserves the natural orders. 

A subset of Spec Nn is open if and only if the corresponding subset of P({1, . . . , n}) 
is downward closed. The basic open sets of Spec Nn are the downward closed subsets of 
P({1, . . . , n}) with a greatest element. Thus Openbasic(Spec Nn) = P({1, . . . , n}), where the 
bijection comes from sending a basic open set to the greatest element of the corresponding 
subset of P({1, . . . , n}). 

Example 6.1.1.4. If π0(M) is finitely generated, then Spec M is finite by [Ogu18, Propo-
sition 1.3.7(i)] (or alternatively by the fact that Spec M may be identified with a subset of 
Spec Nn for some n). Thus we may understand Spec M in terms of the combinatorics of 
finite posets. 
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The topological spaces Spec M behave in many ways like the spectra of local integral 
domains. For example, Spec M always has a unique generic point and a unique closed point. 
Furthermore, Spec M is always a spectral topological space (e.g. by [Ray20, Proposition 
3.1]), and we can use this to understand sheaves on Spec M: 

Proposition 6.1.1.5. Let M be an E∞-monoid, and let V be a complete category. Then the 
inclusion Openbasic(Spec M) ⊂ Open(Spec M) induces an equivalence 

ShV(Spec M) = Fun(Openbasic(Spec M)op , V). 

6.1.2 E∞-cones: definition and examples 

We are now prepared to define E∞-cones: 

Definition 6.1.2.1. Let C be a grouplike SMC. The (stacky) E∞-cone Cone(C) is the topo-
logical space Spec P0C equipped with structure sheaf OCone(C) ∈ ShCAlggplike(Cat)(Spec P0C) is 
defined (using Proposition 6.1.1.5) by 

OCone(C)(D(m)) = C[m−1] 

for all D(m) ∈ Openbasic(Spec M). 

We may use Proposition 6.1.1.5 to draw diagrams capturing the data of E∞-cones. 

Example 6.1.2.2. The topological space underlying Cone(0) has one point, and the struc-
ture sheaf has the value 0. As such, we will write pt = Cone(0). This will turn out to be 
the final (and initial!) object of a suitable category of E∞-cones. 

Example 6.1.2.3. The topological space underlying Cone(BN) is Spec N (i.e. the two-point 
space with one open point and one closed point). The structure sheaf (depicted using Propo-
sition 6.1.1.5) is 

BN BZ. 

Example 6.1.2.4. The topological space underlying Cone(BN2) is Spec N2 . The structure 
sheaf is 

BN2 BN × BZ 

BZ × BN BZ2 . 

We can generalize the preceding examples to any strongly convex rational polyhedral 
cone (instead of just N ⊂ Z or N2 ⊂ Z2). 
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Example 6.1.2.5. Let N ∼ = Zn be a free finitely generated discrete abelian group, and let 
σ ⊂ N ⊗Z R be a strongly convex rational polyhedral cone (as in [CLS11, §1.2]). We may 
define a corresponding E∞-cone Kσ as follows. Let M = Hom(N, Z) be the dual lattice, and 
let 

σ ∨ = {m ∈ M ⊗ Z R | m, n  0 for all n ∈ σ}. 

Then Kσ := Cone(B(σ∨ ∩ M)) is the E∞-cone associated with σ. 
The prime ideals of σ∨ ∩ M are in bijection with the faces of σ: a prime p ⊂ σ∨ ∩ M 

corresponds to the face 

{n ∈ σ | m, n = 0 for all m ∈ p} ⊂ σ. 

Thus the underlying topological space of Kσ may be identified with the poset Face(σ) of 
faces of σ (ordered by inclusion and considered with the topology where the open sets are 
the downward-closed sets). Every face σ  ⊂ σ is the closed point (in the subspace topology) 
of a unique basic open 

Kσ  = Cone(B((σ )∨ ∩ M)) ⊂ Kσ, 

and every basic open in Kσ arises in this way. 

Now we discuss some truly “stacky” examples. 

Example 6.1.2.6. Let C = A be an E∞-group. Then Cone(A) has a unique point, and the 
structure sheaf is defined on this unique point by OCone(A)(∗) = A. 

Example 6.1.2.7. Consider C = Z/N2 where N2 → Z is the addition map. The topological 
space underlying Cone(Z/N2) is Spec N2 . The structure sheaf is 

Z/N2 BN 

BN BZ, 

where we have identified Z/(Z × N) = BN, Z/(N × Z) = BN, and Z/(Z × Z) = Z. Here the 
bottommost horizontal map is induced by the positive inclusion N → Z, while the rightmost 
vertical map is induced by the negative inclusion N → Z. 

6.2 E∞-fans 

Now that we have defined our local models (i.e. E∞-cones) for derived toric geometry, we 
would like to turn our attention to more global questions. We introduce E∞-fans here to 
track how the local data of E∞-cones can be glued together. 
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6.2.1 GSM spaces 

Schemes are typically understood as locally ringed spaces which are Zariski-locally covered 
by affine schemes. To produce an analogous definition / characterization of E∞-fans, we first 
introduce the following definition: 

Definition 6.2.1.1. A locally grouplike symmetric monoidal space (abbreviated locally GSM 
space) is a pair (Σ, OΣ) where Σ is a topological space and OΣ ∈ ShCAlggplike(Cat)(Σ). 

We would like to assemble these into a category LGS of locally GSM spaces satisfying: 

• Objects of LGS are locally GSM spaces. 

• 1-morphisms are pairs (f, f#) : (Σ, OΣ) → (Σ  , OΣ  ) consisting of: 

– A continuous map f : Σ → Σ  and 

– A map f# : f−1 OΣ  → OΣ in Sh CAlggplike(Cat)(Σ). 

such that: 

– for all σ ∈ Σ, the induced map 

f# 
σ : (f

−1 OΣ  )σ = OΣ  ,f(σ) → OΣ,σ 

is conservative.2 

• The composition law in LGS is formally identical to the composition law for morphisms 
of ringed spaces. 

Proposition 6.2.1.2. There exists a well-defined ∞-category LGS satisfying the above re-
quirements. 

We write E∞Cone for the full subcategory of E∞Fan with objects given by the E∞-cones. 
These satisfy a universal property analogous to that satisfied by affine schemes among locally 
ringed spaces: 

Proposition 6.2.1.3. Let (Σ, OΣ) be a locally GSM space, and let C be a grouplike SMC. 
Then there is an equivalence (natural in Σ): 

MapLGS(Σ, Cone(C)) = Fun⊗(C, Γ(Σ, OΣ)). 

Corollary 6.2.1.4. There is an adjunction 

Γ(−, O (−)) : LGS  (CAlggplike(Cat))op : Cone . 

In particular Cone : (CAlggplike(Cat))op → LGS is functorial and limit-preserving. Further-
more, Cone is fully faithful, with image E∞Cone. 

2That is, if f#(m) is an isomorphism, then m is an isomorphism. By translation we may always assume 
m ∈ P0OΣ,σ. 
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6.2.2 E∞-fans: definition and examples 

We may now introduce E∞-fans: 

Definition 6.2.2.1. An E∞-fan is a locally GSM space (Σ, OΣ) which admits a finite open 
covering by E∞-cones {Cone(Ci)}i∈I such that, for all i1, i2 ∈ I, we have 

Cone(Ci1 ) ∩ Cone(Ci2 ) = Cone(Ci3 ) 

for some i3 ∈ I. We will refer to these requirements (finiteness, consisting of open cones, and 
stability under finite intersections) as the fan condition for an open cover. 

Let E∞Fan be the full subcategory of LGS with objects E∞-fans. 

Remark 6.2.2.2. If we think of E∞-cones as analogous to affine schemes, then E∞-fans are 
analogous to quasicompact schemes with affine diagonal. 

The fan condition actually implies that the intersection of any finite number of open 
cones in an E∞-fan Σ is still an open cone: 

Proposition 6.2.2.3. Let Σ be an E∞-fan, and let Cone(C1), Cone(C2) ⊂ Σ be open cones. 
Then Cone(C1) ∩ Cone(C2) is an open cone. 

Thus the poset Opencone(Σ) of open cones in a fixed E∞-fan Σ admits finite joins. We 
can describe sheaves on Σ in terms of Opencone(Σ): 

Proposition 6.2.2.4. Let Σ be a E∞-fan, and let V be a complete category. Then the 
inclusion Opencone(Σ) ⊂ Open(Σ) induces an equivalence ShV(Σ) = Fun(Opencone(Σ)op, V). 

We can use Proposition 6.2.2.4 to give explicit descriptions of the structure sheaves on 
examples: 

Example 6.2.2.5. We may glue two copies of Cone(BN) (see Example 6.1.2.3) together 
along the open Cone(BZ) (with the two copies of Cone(BZ) identified using the additive 
inverse map BZ → BZ) to form an E∞-fan ΣP1 . The structure sheaf OΣ P 1 may be depicted 
as 

BN 

BN BZ. 
where the horizontal map comes from the positive inclusion N → Z and the vertical map 
comes from the negative inclusion N → Z. 

There is an obvious open immersion ΣP1 → Cone(Z/N2) (see Example 6.1.2.7), so ΣP1 

is quasiconical. In Section 6.3.1, we will provide a general explanation for why this open 
immersion exists, generalizing the Cox construction in classical toric geometry. 
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Example 6.2.2.6. We continue with the notation of Example 6.1.2.5. Let Σ = {σ ⊂ N⊗Z R} 
be a fan in N⊗Z R, as in [CLS11, §3.1]. We may define a corresponding E∞-fan FΣ as follows. 
As a topological space, FΣ is Σ itself, viewed as a poset and equipped with the topology where 
the open sets are precisely the downward-closed subsets. Every σ ∈ Σ is the closed point 
(in the subspace topology) of a unique open subset Uσ = FΣ. We equip FΣ with the unique 
structure sheaf OFΣ such that OFΣ (Uσ) = B(σ∨ ∩ M). 

With this structure sheaf, each Uσ is equivalent to the corresponding cone Kσ constructed 
in Example 6.1.2.5. The closed points of FΣ correspond to the maximal cones of Σ, while 
the generic point of FΣ corresponds to the minimal cone of Σ. 

6.2.3 Some nice properties of E∞Fan 

In this subsection we discuss some useful properties of the category E∞Fan. Many (but not 
all) of these will be analogues of the corresponding properties for the category of derived 
schemes. 

Recall that one of our goals was to construct a framework for derived toric geometry in 
which it is possible to take fiber products (so that we can compose spans). This will follow 
by combining Remark 6.2.4.3 below with: 

Theorem 6.2.3.1. The category E∞Fan admits finite limits, and the inclusion E∞Fan ⊂ LGS 
preserves finite limits. 

Much like for schemes, we can construct a fully faithful embedding of E∞Fan into the 
category of “Zariski sheaves” on E∞Cone. In fact, the Zariski topology on E∞Cone is trivial,3 

so we can (and should) work entirely with presheaves on E∞Cone. We note that 

PShS(E∞Cone) = Fun(CAlggplike(Cat), S), 

so the presheaves in question may be defined purely in terms of grouplike SMCs. 

Proposition 6.2.3.2. The functor y  : E∞Fan → PShS(E∞Cone) defined by 

y (Σ)(C) = MapE∞Fan(Cone(C), Σ) 

is fully faithful and preserves finite limits. 

It turns out that E∞-cones may be characterized purely categorically among E∞-fans: 
they are precisely the E∞-monoid objects in E∞Fan. Furthermore, every morphism between 
E∞-cones is naturally a morphism of E∞-monoids in E∞-fan. We get: 

Proposition 6.2.3.3. The inclusion E∞Cone → E∞Fan induces an equivalence 

E∞Cone = CMon(E∞Cone) = CMon(E∞Fan). 

The E∞-group objects in E∞Fan are precisely those of the form Cone(A) with A an E∞-group. 
3All E∞-cones Cone(C) have unique closed points, so every Zariski open cover of Cone(C) must contain 

the identity. Thus every covering sieve on Cone(C) is just E∞Cone/ Cone(C). 
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This, together with Proposition 2.3.2.8, allows us to present any E∞-cone as a quotient: 

Corollary 6.2.3.4. Let C be a grouplike SMC. Then the E∞-cone Cone(C) is equivalent to 
the quotient [Cone(B P0C)/ Cone(ι0C)] computed in E∞Fan. 

6.2.4 Geometrization of E∞-fans 

Of course, the theory of E∞-fans is essentially worthless without a way to construct genuine 
geometric objects (e.g. derived stacks, spectral stacks, etc.) out of E∞-fans. We can do this 
using the Tannakian approach of Chapter 3. 

Definition 6.2.4.1. A geometrization context (abbreviated g-context) (X, τ, D) consists of 
a subcanonical site (X, τ) together with a sheaf of (typically large) symmetric monoidal 
categories D ∈ Sh CAlg(Cat)(X). If D takes values in CAlg(PrL), we refer to (X, τ, D) as a 
presentable g-context. 

Definition 6.2.4.2. Given a g-context (X, τ, D), we can define a geometrization functor 
XD 
(−) : E∞Cone → Stk(X) := ShS(X) by the formula XD 

Cone(C)(U) = Fun⊗(C, D(U)). Using 
Proposition 6.2.3.2, we may left Kan extend XD 

(−) to a functor XD 
(−) : E∞Fan → Stk(X). 

Remark 6.2.4.3. Using an argument similar to Remark 3.2.1.4, one can show that geometriza-
tion functors XD 

(−) preserve all limits which exist in E∞Fan. 
Most of our examples of g-contexts will fit into the following framework: 

Definition 6.2.4.4. Let (V, ⊗V) be a presentable symmetric monoidal category. Let Aff(V) = 
CAlg(V)op, and write SpecV R for the object of Aff(V) corresponding to R ∈ CAlg(V). Let 
τmax be the finest topology on Aff(V) such that the functor 

QCV : Aff(V)op → PrL 
V 

SpecV R → ModR(V) 

is a sheaf. Then (Aff(V), τmax, QCV) is a g-context, which we call the Tannakian g-context 
associated with V. More generally, we will say that any g-context (Aff(V), τ, QCV) with 
τ ⊂ τmax is sub-Tannakian. 

Example 6.2.4.5. Taking (V, ⊗V) = (Mod♥ 
R , ⊗0 

R ) to be the discrete abelian category of 
modules over a discrete commutative ring R, we see that Aff(V) is the category of (classical) 
affine schemes over Spec R. The corresponding Tannakian g-context allows us to realize 
E∞-fans as classical algebraic stacks. This realizes affine E∞-fans as classical schemes. 

Example 6.2.4.6. Taking (V, ⊗V) to be the category of simplicial abelian groups, we see 
that CAlg(V) is the category of simplicial commutative rings, so Aff(V) is the category of 
affine derived schemes. The corresponding Tannakian g-context allows us to realize E∞-fans 
(resp. affine E∞-fans) as derived algebraic stacks (resp. derived schemes). 
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Example 6.2.4.7. Taking (V, ⊗V) = (Sp0 , ⊗S) to be the category of connective spectra 
(with its usual smash product), we see that CAlg(V) is the category of connective E∞-rings. 
The corresponding Tannakian g-context allows us to realize E∞-fans (resp. affine E∞-fans) 
as (connective) spectral algebraic stacks (resp. spectral algebraic schemes). 

Example 6.2.4.8. Taking (V, ⊗V) = (QC0(S), ⊗OS ) for some derived algebraic stack S, we 
see that Aff(V) is the category of affine morphisms to S. The corresponding Tannakian g-
context lets us realize E∞-fans as stacks together with a morphism to S. Any stack we obtain 
in this way will be “globally trivial,” i.e. it can be obtained as a fiber product S ×Spec Z X, 
where X is the geometrization of the corresponding E∞-fan over Spec Z. 

To get a full theory of “relative derived toric geometry over S” (allowing for bundles 
of toric stacks over S et cetera), we should likely use a variant of the above constructions, 
replacing individual E∞-fans by cosheaves of E∞-fans over S. This may also be useful in 
constructing derived toric stacks for non-split tori. 

There are also interesting examples which don’t obviously relate to stable / prestable ∞-categories: 

Example 6.2.4.9. Let (V, ⊗V) = (CAlggplike (Cat), ×). Then Aff(V) = E∞Cone, and ge-
ometrization via the corresponding Tannakian g-context just gives the inclusion E∞Fan ⊂ 
PShS(E∞Cone). 

Example 6.2.4.10. Let (V, ⊗V) = (Catperf 
k , ⊗) for some E∞-ring spectrum k, so Aff(V) is 

the opposite of the category of symmetric monoidal perfect k-linear categories. Writing X(−) 

for geometrization with respect to the corresponding Tannakian g-context, we see by [AG14, 
Theorem 3.15] that, for any E∞-algebra R over k, 

XCone(Fgp)(Perf(R)) = Fun⊗(Fgp , ModPerf(R) = dBr(R), 

the derived Brauer group of R. Thus the stack XCone(Fgp)(Perf(−)) : Aff(CAlgk/)op → S may 
be identified with the classifying stack B2GL1, allowing us to approach a theory of higher 
(or categorified) derived toric geometry. 

6.3 Projected applications 

Here we mention some work in progress on applications of the theory of E∞-fans. We caution 
readers that these are still preliminary. 

6.3.1 The Cox construction 

Recall that the Cox construction from classical toric geometry says that every smooth toric 
variety without torus factors embeds as an open substack of some quotient stack An/G (with 
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G commutative and reductive). This can be understood entirely at the level of fans, and so 
it makes sense to ask whether an analogous construction works for nice enough E∞-fans. 

By Corollary 6.2.3.4, we may think of any E∞-cone as something like a quotient stack of 
an affine variety by an abelian group. This motivates the following definition: 

Definition 6.3.1.1. An E∞-fan Σ is quasiconical if there exists an open immersion Σ → 
Cone(C) for some E∞-cone Cone(C). 

Remark 6.3.1.2. In general, geometrization functors XD do not preserve colimits, so the 
quotient description of an E∞-cone Cone(C) does not immediately imply a corresponding 
description of XD 

Cone(C) as a quotient stack. However, such a description of XD 
Cone(C) is possible

in some favorable cases – see e.g. Proposition 3.2.3.6. 
Quasiconicality, much like quasi-affineness in scheme theory, is a property rather than a 

piece of extra structure. In fact, if Σ is quasiconical, then there always exists a canonical 
open immersion from Σ into an E∞-cone: 

Proposition 6.3.1.3. An E∞-fan Σ is quasiconical if and only if the natural map j : Σ → 
Cone(Γ(Σ, OΣ)) is an open immersion. 

The Cox construction therefore translates into the claim that any smooth fan is quasi-
conical when viewed as an E∞-fan. We may generalize this as follows: 

Theorem 6.3.1.4 (Cox construction (work in progress)). Fix a sharp E∞-monoid N with 
π0(N) = N. Let Σ be an E∞-fan which admits a cover by E∞-cones Cone(Ci) such that there 
exist equivalences P0Ci  Nni for all i (and for some ni). Then Σ is quasiconical, and 
P0Γ(Σ, OΣ) = Nn for some n. 

6.3.2 Composing spans 

As mentioned before, we are interested in having a notion of derived toric geometry so 
that we may use toric language to discuss compositions of spans. Many interesting functors 
between derived categories of toric varieties arise via push-pull operations along spans. For 
example, this is true for: 

• Derived equivalences of toric varieties induced by toric flops (see [BO95, Theorem 3.6 
and the remark after it]), 

• The McKay correspondence for cyclic subgroups of SL2 acting on A2 (see [BKR01]), 

• Certain window functors (e.g. by [BDF17] or the discussion in Section 5.1.2), and 

• The extended convolution products on toric varieties of Bondal–Ruan type constructed 
in this thesis. 
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These functors may have surprising relationships with each other, and we can hope to witness 
these relationships (and present new toric models of interesting functors) using the geometry 
of E∞-fans. 

Example 6.3.2.1. If 
~X 

X− X+ 

p q 

is a toric flop, then the autoequivalence p∗q ∗ q∗p ∗ : QC(X−) → QC(X−) typically is not the 
identity – instead, it is the inverse of a spherical twist. (See [Bar20, Theorem 1.0.2] for a 
general statement.) 

Using base change, we may also understand q∗q ∗ q∗p ∗ as the push-pull functor induced 
by the span 

~X ×X+ 
~X 

X− X−. 

If X− (resp. X+, ~X) is the geometrization of the E∞-fan Σ− (resp. Σ+, ~Σ), then our span in 
question is the geometrization of the span (in E∞Fan) 

~Σ ×Σ+ 
~Σ 

Σ− Σ−. 

Thus understanding the inverse spherical twist here reduces to studying the geometry of a 
certain fiber product of E∞-fans. 

Of course, to say anything computationally meaningful, we need an effective strategy 
for computing fiber products of E∞-fans. This reduces to computing pushouts of grouplike 
SMCs, which itself reduces to computing pushouts in CMon. We have not seen this last 
problem treated in the necessary generality in the literature, so we need to develop a method 
for doing so. 

We propose the following strategy for computing a pushout N ⊕M P in CMon: 

1. Write N as a colimit of copies of the regular right M-space M in the topos SM , say 
N = colimi Mi. Because the forgetful functor SM → S is conservative and colimit-
preserving, to check that N = colimi Mi for some diagram M− : I → SM , it suffices to 
construct a map colimi Mi → N in SM and then check that this map is an equivalence 
in S. This latter task is feasible because colimits in S are computable using standard 
model-categorical techniques (e.g. cofibrant replacement). 
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2. The pushout N ⊕M P in CMon is the coproduct in CMonM/ = CAlg(SM), which agrees 
with the monoidal structure  on SM corresponding to Day convolution in PShS(BM). 
At the level of underlying spaces, we obtain 

N ⊕M P = N  P = colim 
i 
Mi  P = colim 

i 
Pi, 

where P− : I → SM is the diagram with transition maps defined as in M−, but all 
objects taken to be P. 

3. The preceding step gives a formula for the M-space underlying N ⊕M P. Upgrading 
this to an equivalence of E∞-monoids requires some level of guesswork. One needs to 
construct an E∞-monoid Q together with a commutative square (in CMon) 

M N 

P Q. 

To check that the natural map N⊕M P → Q is an isomorphism, it suffices to check this 
at the level of underlying spaces, which can be done using the presentation obtained 
in step (2). 

Remark 6.3.2.2. Note the close relationship between this method and the standard method 
for computing pushouts of cdgas. Indeed, in both cases, we take a “free resolution” of one of 
the factors, tensor that free resolution with the other factor, and then attempt to determine 
the commutative algebra structure on the resulting object. 

We can think of our colimit presentations in SM as non-abelian free resolutions. It is 
plausible that these can be systematized using some version of the “double-arrow complexes” 
of [Flo15, §4]. 
Remark 6.3.2.3. Step (1) above is always doable in principle: under the equivalence SM  
PShS(BM), M corresponds to the unique representable functor, and every object of PShS(BM) 
is a colimit of representable functors. However, in practice, the universal colimit presentation 
of N is rather unwieldy, and there are often much smaller presentations we can use. 

Here’s an easy example of the above method in practice: 

Example 6.3.2.4. Let’s compute the fiber product pt ×Cone(BN) pt in E∞Fan (or equiva-
lently in E∞Cone). This is equivalent to computing the pushout 0 ⊕BN 0 = B0 ⊕BN B0 in 
CAlggplike(Cat). Because the functor B : CMon → CAlggplike(Cat) preserves colimits, it suffices 
to compute the pushout 0 ⊕N 0 in CMon. We follow the steps outlined above: 

1. We can write 0 as the coequalizer of the diagram N ⇒ N in SN , where one map is 
φ(n) = n + 1 and the other map is the identity.4 Indeed, the coequalizer of this 

4A practical explanation of how to compute (homotopy) coequalizers can be found at https://ncatlab. 
org/nlab/show/homotopy+coequalizer. 

https://ncatlab.org/nlab/show/homotopy+coequalizer
https://ncatlab.org/nlab/show/homotopy+coequalizer
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diagram can be rewritten as the pushout of the diagram 

N  N N 

N 

(φ,idN) 

(id N,idN) 

Replacing (idN, idN) : N  N → N with the cofibration of topological spaces N  N → 
N × [0, 1] (given by sending one copy of N to N × {0} and the other to N × {1}), we can 
compute the pushout here at the level of topological spaces as 

(N × [0, 1])/ 
 
(n + 1, 0) ∼ (n, 1) for all n 

 
= R0. 

This is clearly homotopy equivalent to the contractible N-space 0. 

2. It follows that the underlying space of 0 ⊕N 0 is the coequalizer of 0 ⇒ 0. Arguing 
using cofibrant replacements as above, we see that this coequalizer is 

(pt × [0, 1])/(0 ∼ 1) = S 1 . 

3. There is a commutative diagram of E∞-monoids 

N 0 

0 BZ, 

where the commutativity is witnessed by a generator of Z = ΩBZ. (The simplest way 
to see this rigorously is by viewing this diagram as living in the 2-category of symmetric 
monoidal 1-groupoids.) Thus we get a natural homomorphism of E∞-monoids 0⊕N 0 → 
BZ. By step (2), we saw that 0 ⊕N 0 = S1 = BZ, so the homomorphism we constructed 
is an equivalence. 

Thus 0 ⊕N 0 = BZ = S1 . 5 It follows that pt ×Cone(BN) pt = Cone(S1). 

To apply this to examples like Example 6.3.2.1, we need to be able to construct more 
examples of non-abelian free resolutions. This is the subject of ongoing research. 

Question 6.3.2.5. Which standard free resolutions of toric subvarieties can be upgraded to 
non-abelian free resolutions (i.e. can be defined in SM for some M)? Does this hold for 
Koszul resolutions? What about HHL resolutions ([HHL24])? 

5Of course, the equivalence 0 ⊕N 0 = BZ also follows directly from the group completion theorem, but 
the method presented here is much more general. 
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