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Abstract
Grouplike Symmetric Monoidal Categories and Quiver Tensor Products
by
John Stephen Nolan
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Constantin Teleman, Chair

In this thesis we develop a framework for understanding certain functors between the derived
categories of toric varieties and stacks. We take the viewpoint that, just as toric varieties can
be understood by studying commutative monoids, toric stacks can be understood by study-
ing grouplike symmetric monoidal categories (i.e. those whose objects form an abelian group
under the symmetric monoidal structure). We apply this perspective to describe the convolu-
tion product on the derived category of quasicoherent sheaves on a smooth toric stack [A™/G]
(viewed as a commutative monoid stack via coordinatewise multiplication). By combining
this with Halpern-Leistner’s theory of windows in GIT and with Hanlon-Hicks-Lazarev’s
resolutions of the diagonal, we produce descriptions of “quiver tensor products” on certain
toric varieties, answering a natural question in homological mirror symmetry. We also con-
struct a novel family of monoidal structures on the derived categories of projective spaces.
Finally, we present a sketch of how these ideas can be extended to form a theory of “derived
toric geometry” controlling push-pull functors between derived categories of toric varieties
and stacks.



To you, dear reader, for trying.
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Chapter 0O

Introduction

The goal of this thesis is to understand the derived categories and derived algebraic geometry
of toric stacks (including toric varieties) in terms of subcategories of line bundles.

Our starting point is Beilinson’s theorem that the line bundles Opn, Opn(1),. .., Opn(n)
form a so-called full strong exceptional collection (FSEC) of line bundles in the perfect
derived (dg-)category of P™. This induces an equivalence D(P™) ~ Fun(Qn, D(k)) between
the (unbounded) derived category of P™ and the dg-category of (derived) representations
of a certain quiver Q,, depicted in Fig. 0.1 (where the representations are linear over an
algebraically closed field k of characteristic zero).

X0 X0 X0

qi1

Xn Xn Xn

do qn

v v
v Vv
v v

Figure 0.1: The Beilinson quiver for P™ (with relations xix; = xjx; for all i,j).

On the category Fun(Qq, Perf(k)), there is a natural “quiver tensor product” ®q,, given
by vertexwise tensor products of quiver representations. One of our goals in this thesis is to
answer the following:

Question 0.0.0.1. Can the quiver tensor product ®q,, be understood in terms of the geometry
of P™ ¢

Some basic computations indicate that ®q,, is closely related to the convolution product
on the derived dg-category D(T) of quasicoherent sheaves on the dense torus T C P™. How-
ever, the quiver tensor product ®q, cannot be realized as a genuine convolution product,
since P™ is not a group scheme (or even a monoid scheme).

However, all is not lost: by the theory of windows (as developed in [Hall5] and others),
we know that there is a close relationship between the derived dg-categories D(P™) and
D([A™*"!/G,.]). Thinking of complexes of quasicoherent sheaves on [A™"!/G,.] as graded
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modules gives a quiver description of D([A™"!/G,.]). More precisely, there is an equivalence
D([A™/Gy]) ~ Fun(Qn 0, D(k)), where Qp o is the infinite quiver depicted in Fig. 0.2.

X0 X0 X0 X0
4 Cdo 4 o
M e —1 \ 0 \ 1 \
Xn Xn * Xn * Xn

Figure 0.2: The infinite Beilinson quiver for [A™!/G,,] (with relations xix; = x;x; for all
i,j). Vertices are indexed by X*(G,,) = Z.

It is possible (but not entirely trivial) to show that the induced quiver tensor product
®Qn. on D([A™/Gr]) agrees with the convolution product induced by coordinatewise mul-
tiplication on the stack [A™/G,,]. We thus have an entirely toric / geometric description of
Q00+

To describe the quiver tensor product ®q, on D(P™), we use a trick involving the window
functor W : D(P™) — D([A™"!/G,,]) and its right adjoint H to transport the quiver tensor
product from D([A™"!/G.]) to D(P™). More precisely, we show that we can write

F ®q, 9 = H((W.F) @q, . (WF))

for all #,%4 € D(P™). This general strategy (with a few modifications) allows us to write
®q, as a composite of push-pull functors along toric stacks, and we are led to the general
question:

Question 0.0.0.2. Let

Y, Y,
Ny N
X1 X2 X3

be a diagram of toric stacks. How can one describe the composite functor qa.psqi«pP; :

In some sense the answer to this question is obvious: derived algebraic geometry tells us
that the composite is given by push-pull along the derived fiber product Y; ><I>§2 Y,. However,
this runs into the problem that (derived) fiber products of toric stacks typically fail to be
toric. Thus, even though each push-pull functor can be understood via the combinatorial
language of (stacky) fans, the same is not true for the composite.

A good portion of this thesis (specifically Chapter 2, Chapter 3, and Chapter 6) is
dedicated to constructing a provisional formalism of E,-stacky fans which fixes this problem.
We provide many sample computations illustrating how to work with E-stacky fans, and
we discuss questions and prospective applications relevant to this formalism in Chapter 6.
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Ultimately, we answer Question 0.0.0.1 without directly using the formalism of E.-fans.
A discussion of our answer can be found in Chapter 5. Our methods also generalize to solve
an analogous problem for other toric varieties of “Bondal-Ruan type.” These results have
applications to mirror symmetry for toric varieties and (conjecturally) to the Cox categories
of [Bal+24].

Furthermore, we can use these methods to produce a new family of monoidal struc-
tures on Perf(P™) related to finite-dimensional algebras. This family enables us to construct
“categorical compactifications” of many well-known algebraic groups G, i.e. smooth proper
dg-categories with monoidal structures extending the convolution product of G.

0.1 Conventions

Throughout most of this thesis we use the “implicit co” convention, i.e. all references
to categories and functors are implicitly references to co-categories and functors between
these. When we want to consider the more classical situation we will typically reference
“l-categories” or “discrete categories.” In particular, the notation QC will typically refer to
the derived (dg- / oo-)category of quasicoherent sheaves. Any deviation from this conven-
tion will be explicitly noted. We refer to [HTT]| and [HA] for the foundations of co-category
theory.

We will typically let k be a fixed algebraically closed field of characteristic zero, though
many of our results hold in greater generality and we will indicate this when such generality
is interesting.

0.2 Outline

Chapter 1 is devoted to background material that is useful for subsequent sections.

In Chapter 2 we introduce a notion of “grouplike symmetric monoidal co-category,” i.e.
a symmetric monoidal co-category for which the objects form a group under the symmetric
monoidal operation. These can be thought of as a combinatorial analogue of the full sub-
category of D([Y/G]) spanned by line bundles for Y an affine toric variety and G a reductive
algebraic group. We prove a structure theorem (Theorem 2.3.2.1), allowing us to understand
grouplike symmetric monoidal co-categories in terms of E.,-monoids.

Chapter 3 discusses how to use grouplike symmetric monoidal co-categories € to produce
derived stacks Q)¢ using the Tannakian formalism. We show that, under additional hypothe-
ses, the stacks Qe are quotient stacks of affine derived schemes (Proposition 3.2.3.6), and
we compute the derived categories QC(Q)¢e) (Proposition 3.2.3.8). The stacks 9)¢ also admit
natural E-monoid structures (internal to the co-category of derived stacks).

In Chapter 4 we consider the more general situation of a (nice) E,-monoid 9 in the
oo-category of derived stacks together with an affine homomorphism 9t — BG where BG is
a commutative reductive group. We discuss how to understand the derived category QC(9t)
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as a “category of modules over an infinite quiver with relations.” We prove (Theorem 4.2.3.1)
that the convolution product on QC(9t) induced by the monoid structure on 9t agrees with
a “vertexwise tensor product” obtained from this quiver with relations.

Chapter 5 uses the results of Chapter 4 to study some questions about the derived cat-
egories of P™ and more general toric varieties. We establish a novel family of monoidal
structures on the derived category of P™ related to finite dimensional algebras (Proposi-
tion 5.3.0.1). We also solve a problem in mirror symmetry for toric varieties, giving a “B-
model” construction of the mirror to the tensor product of constructible sheaves on certain
stratified real tori (Proposition 5.4.0.2).

In Chapter 6 we discuss how the results of Chapter 2 and Chapter 3 may be used to
develop a theory of “derived toric geometry.” We indicate some problems and directions for
future research.

Chapters 1, 4, and 5 here are based on joint work with Daigo Ito and originally appeared
(in modified form) in [IN25].



Chapter 1

Background

This section contains background material which will be useful for the rest of the thesis. We
recommend [Gro20], [BFN10], [Sch23] for more extended (but still elementary and concep-
tual) discussions of many of the ideas mentioned here. Almost everything in this section is
well-known to the experts, except for possibly the technical results on transporting monoidal
structures along localizations in Section 1.2.5.

1.1 Generalities on oco-categories

We begin by reviewing some relevant results on oco-category theory.

Notation 1.1.0.1. In this section and the next, to avoid confusion when introducing new
concepts, we will not use the “implicit co” convention. We will change notation in Nota-
tion 1.3.0.1.

1.1.1 Presentability and compact generation

To make our claims about homotopy coherence rigorous, we use the language of co-categories
as developed in [HTT] and [HA] (among other references). This subsection is devoted to a
rapid review of the theory of presentable co-categories discussed in [HTT].

Remark 1.1.1.1. There is a (classical) analogous theory of presentable 1-categories, but it is
less central to applications. Many of the consequences of the classical theory (e.g. existence
of adjoint functors) are easy to check “by hand” as needed. By contrast, proving results
“by hand” in the co-categorical context is often much more difficult, and we are left with no
recourse but to use categorical methods.

The essential idea of oco-category theory is to replace sets in ordinary category theory
by spaces, a.k.a. (weak) homotopy types. The category of spaces is denoted S§. There are
many equivalent point-set models one can use to understand and construct 8. For example,
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one may obtain 8 from the category of CW-complexes and continuous maps by “inverting
homotopy equivalences” in a suitable sense. -

Write Cat,, for the (large) oo-category of small co-categories and Cat,, for the (very
large) oo-category of large oco-categories.! For any Gy € Caty,, we define the oo-category
of presheaves on Cy as PSh(Cy) = Fun(C°?,8). As usual, we have a Yoneda embedding
Co < PSh(Cy).

Presheaf categories are key examples of presentable oco-categories. An oo-category € is
presentable if there exists an oo-category Gy and a functor L : PSh(Cy) — € which is:

e a localization, i.e. L has a fully faithful right adjoint LR, and
o accessible, i.e. LR preserves k-filtered colimits for some regular cardinal k.

Such a category C possesses many useful potential features of large oo-categories — in par-
ticular, € is complete and cocomplete. However, the behavior of C is still controlled by that
of the small co-category Cy.

The adjoint functor theorem [HTT, Corollary 5.5.2.9] states that a functor F: € — €’
between presentable oco-categories has a right adjoint if and only if F preserves colimits.
Motivated by this definition, we let Prt denote the co-category of presentable co-categories
and colimit-preserving functors. We write Fun"(@, €’) for the co-categories of functors in
Prt from € to €. Letting Pr® be the co-category of presentable co-categories and functors
which preserve limits and k-filtered colimits (for some regular cardinal k), the adjoint functor
theorem upgrades to an equivalence (Pr)°° = PrR which is the identity on objects.

The category Prt has a natural symmetric monoidal structure, the Lurie tensor product
®, defined so that colimit-preserving functors €; ® G, — €3 are functors C; x Gy — Cj
which preserve colimits in each variable separately. Our later variants of Pr™ will all inherit
a corresponding Lurie tensor product.

If @ € Pr, we say that:

e An object ¢q € Cqy is compact if the functor Home (cq, —) preserves filtered colimits.

o A small full subcategory €y C € generates € if a morphism f : ¢ — ¢’ is an isomorphism
if and only if the induced map Home(co, ¢c) — Home(cp, ¢’) is an isomorphism for all
co € C. Equivalently, every object of € may be expressed as a colimit of objects of Cy.

If the objects of €y are compact and Cy generates C, we say that C is compactly generated by
Cp. In this case, there is a natural equivalence € = Ind(Cg), where the functor Ind : Cat,, —
Pr “frecly adjoins filtered colimits” to its input (see [HTT, §5.3.5] for a precise definition).
In particular, every object of € can be obtained (canonically) as a colimit of objects of Cy.
We let Prb denote the co-category of compactly generated oco-categories and functors which
preserve colimits and compact objects.

!Standard techniques from the theory of Grothendieck universes allow us to deal with most set-theoretic
“size issues” when they arise.
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Let (V, ®) be a presentably symmetric monoidal co-category, i.e. an object of CAlg(Pr", ®).
There exists a rich theory of “V-enriched oco-categories” — see e.g. [MS24, Appendix A] for a
highly readable account of the subject. The above results extend (with some mild modifica-
tions) to the V-enriched setting. In fact, by [MS24, Theorem A.3.8|, a V-enriched presentable
oo-category is the same as a module over (V,®) in Prt. In particular, we note that V is au-
tomatically enriched over itself, and that any small V-enriched category € admits a Yoneda
embedding € < Funy(C°P, V). We may use this result to reduce the study of presentable
oo-categories enriched in (V, ®) to the study of unenriched presentable co-categories.

Two key examples of the above are as follows:

e When (V,®) = (D(k), ®x), where D(k)-enriched co-categories are the same as k-linear
oo-categories. We write Caty for the large category of small k-linear oco-categories.

o We may also take (V,®) = (Sp, ®), the oo-category of spectra. Here ® is the smash
product.

1.1.2 Stable oco-categories
Recall that an co-category € is stable if ([HA, Proposition 1.1.3.4]):

o (© admits finite limits and finite colimits, and

o A commutative square
A—— B
Cc——D

is a pullback square if and only if it is a pushout square.

These conditions imply that € has a zero object 0. If the diagram
A
0

is a pullback square, we say that A is the fiber of g (denoted fib(g)) and that C is the cofiber
of f (denoted cofib(g)). (These notions actually make sense in any oo-category with a zero
object.)

In any stable oo-category €, the endofunctor [1] : € — € defined by A[1] = cofib(A — 0)?
is an autoequivalence, called the shift autoequivalence. Its inverse is [—1] : € — € defined by
B[—1] = fib(0 — B).

f
—

(I sl oY

—_

2When working in the oo-categorical context, such colimits are typically nontrivial.
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The oco-category of pretriangulated dg-categories over a discrete commutative ring k is
equivalent to the co-category of stable co-categories enriched over D(k). Via this equivalence,
cones in a pretriangulated dg-category correspond to cofibers in the corresponding stable
oo-category. In other words, the homological algebra of cones, shifts, etc. in dg-categories
translates into the homotopical algebra of (co)limits in stable co-categories. The stable co-
categories of primary interest to us are enriched over D(k), so readers will not lose much by
thinking of these stable co-categories as pretriangulated dg-categories.

Remark 1.1.2.1. Every stable co-category is canonically enriched over (Sp, ®). We can view
Sp as the category of modules over the sphere spectrum S, so every stable co-category is
“enriched in some category of modules.” Of course, it is typically much harder to perform
computations in Sp than within any D(k), so this remark is best understood as a general
philosophy.

Remark 1.1.2.2. The homotopy category of a stable co-category / pretriangulated dg-category
is a triangulated category. We work in the context of stable co-categories to avoid various
difficulties in the theory of triangulated categories, e.g. non-existence of tensor products of
categories, non-functoriality of cones, poor behavior of Fourier-Mukai transforms, etc.

Write PrSLt for the co-category of stable, presentable co-categories and colimit-preserving
functors. For a discrete commutative ring k, Prt be the category of D(k)-modules in PrSLt.
To avoid repeating ourselves too much, we will state the following results for Pr]E (though
the analogues for PrL; also hold).

The theory of compact generation admits some simplifications in the stable setting. For
@ € Pry, we have the following (straightforward) results:

e An object ¢ € € is compact if Hom(C, —) commutes with infinite direct sums (and
hence with all colimits).

o A full subcategory Gy C € generates C if, whenever ¢ € € satisfies Hom(cg, ¢) = 0 for
all ¢y € €y, we must have ¢ = 0.

If € is compactly generated by Cg, there is a natural equivalence € = Ind(Cy), where we use
a k-linear version of Ind. In fact, we have Ind(Cy) = Funy(Cp, D(k)) in the stable k-linear
setting.

Let Prtw be the oco-category of stable compactly generated k-linear oco-categories with
morphisms given by k-linear functors that preserve colimits and compact objects. Letting
PrE’w be the category with the same objects but with morphisms given by k-linear functors
that preserve both limits and colimits, the adjoint functor theorem gives an equivalence
(Prll;w)op = P"E,w-

The study of Prtw may be reduced to the study of certain small k-linear co-categories as
follows. Following [AG14], we say that a k-linear co-category €y is perfect if Cy is stable, and
every idempotent p : ¢y — ¢o in €y induces a direct sum decomposition ¢y = ¢ @ ¢/ with
ch, el € Cp. Let Catierf denote the category of perfect k-linear co-categories and exact (i.e.
finite (co)limit-preserving) k-linear functors. For € € Prtw7 let € be the full subcategory



CHAPTER 1. BACKGROUND 9

consisting of all compact objects in €. Then (—)% defines an equivalence Prtw — Catierf,

with inverse given by Ind : Cat?™ — Pric -

Remark 1.1.2.3. Using [BGT13, Theorem 1.10], we may obtain the category Cat>™ from
Caty by “localizing along the Morita equivalences.” That is, the functor

Caty — Catierf
Co — Ind(GO)‘”

is the universal functor out of Caty inverting Morita equivalences of k-linear oo-categories
(including e.g. Morita equivalences of k-algebras). Its right adjoint is the inclusion Cat?*" <
Caty, which is necessarily fully faithful.

1.2 (O-algebras

In this section we recall some of the basics of ¢-algebras (for some operad &) and their
relationship with adjunctions. In Section 1.2.5 we will use these prove some seemingly novel
technical results about transporting monoidal structures along adjunctions which will be
useful in our construction of quiver tensor products.

The results here are stated in the “non-enriched” (i.e., enriched in spaces) context in which
they originally appeared in the literature. In the rest of the paper, we will largely use versions
of these results enriched in spectra or D(k). One may use the results of [MS24, Appendix
A] (especially [MS24, Theorem A.3.8]) to upgrade the results here to their corresponding
enriched versions by regarding presentable co-categories enriched in a presentably symmetric
monoidal co-category V as presentable co-categories with V-actions.

1.2.1 [E,-algebras

The oo-categorical theory of (commutative) algebras in a (symmetric) monoidal category
is subsumed by the theory of E,-algebras (for 1 < n < o0), or more generally algebras
over an oo-operad, as developed in [HA]. We'll focus on the E,-case here for simplicity. In
fact, in this work, we are only truly interested in the case n = 1 or n = co. We use the
terminology of [, -algebras primarily as an efficient method of covering both commutative
and noncommutative cases with the same statement.

An [E,-algebra in a symmetric monoidal oco-category can be thought of as an algebra
object with n compatible associative multiplications. The existence of these multiplications
enforces a sort of commutativity on the operations involved. In particular:

» [;-algebras are the same as associative algebras.

o [E-algebras are the same as commutative algebras.
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Note a key difference with the classical case: commutativity is no longer a property of the
multiplication but an extra structure witnessed by the infinitely many compatible multipli-
cations.

Remark 1.2.1.1. When working in a 1-category, E,-algebras for n > 2 are always commu-
tative (i.e. the same as E-algebras). The differences between Es-algebras and E-algebras
appear only when we allow nontrivial 2-morphisms.

Remark 1.2.1.2. When working in Cat,, (or similar co-categories such as Cat, the 2-category
of discrete categories):

o [E;-algebras are the same as monoidal categories.
o [Es-algebras are the same as braided monoidal categories.
o [E-algebras are the same as symmetric monoidal categories.

In Cat,,, we may take this as a definition of “monoidal / braided monoidal category” (though
we need to bootstrap the definitions so that we may consider Cat,, as a symmetric monoidal
category).

We write Algg (€) = Algg (C,®) for the oo-category of E,-algebras in a symmetric
monoidal co-category (€, ®).® Lax E,-monoidal functors induce functors between the cor-
responding oo-categories of algebras (this is automatic from the definition, [HA, 2.1.3.1]).
There is also an analogous statement for E,-monoidal adjunctions ([HA, 7.3.2.13], restated
as Proposition 1.2.4.4 here and strengthened in Proposition 1.2.4.6).

1.2.2 (O-algebras in general

In this subsection we connect our discussion of E,-algebras with the notation of [HA, §2]
and recall some more precise definitions.

Fix an oo-operad O® and write O for O%. Suppose that O% is single-colored, i.e., O is
4

contractible (e.g. this is true for O = E,, for some n € {1,...,00}).
Notation 1.2.2.1. Let C and D be O-monoidal categories, i.e. fix coCartesian fibrations
Pe:C® — 0% and pp : D® — O% of co-operads with €% X ge pt = € and D® X e pt = D.
Let

Alge,o(D) = Fun®'(€, D)

denote the full subcategory of Funge(C®, D®) spanned by the maps of co-operads. By
abuse of notation, a lax O-monoidal functor F: € — D is a functor F: € — D together with
F® € Fun*(C, D) inducing F on the underlying co-categories. When € = O and pe = ido,
we write Alg o (D) := Algy /o (D).

3This definition actually makes sense when (€, ®) is only assumed to be E,,-monoidal itself.
4This restriction is not logically necessary, but it makes the statements cleaner.
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When 0% = EE ~ N(Fin,) is the commutative operad, we write Alge (D) := Alge z_(D).
We set
CAlg(C) == AIgEm/Em(e) = A'%Eoo(e) = AIg/]EOO(G)

and set
Fun®’1ax(€7 D) = Funo’laX(G, D).

By abuse of notation, if € is a symmetric monoidal oco-category, we say ¢ € C is an
O-algebra object if we may write ¢ = F(x) € € for some F € Alg,(C) = Fun®*(0, €).

Remark 1.2.2.2. Note that the above is not an extreme abuse of notation in the case of
classical operads. Let € be a symmetric monoidal (ordinary) category, and equip the nerve
N(€) with the symmetric monoidal co-category structure of [HA, 2.1.2.21]. Then CAlg(N(C))
can be identified with the nerve of the category of commutative algebra objects on € in the
classical sense.

Remark 1.2.2.3. If (€, ®) is a symmetric monoidal category and O® is any co-operad, we may
view € as an O-monoidal category (by pulling back the structure map €® — N(Fin,) along
O® — N(Fin,).) By the universal property of fiber products, we see that Alg,q(C® X (Fin,)
0%) = Alg,(C®). That is, O-algebras in € (viewed as an O-monoidal co-category) are the
same as O-algebras in C viewed as a symmetric monoidal co-category.

1.2.3 Day convolution

If € is a small O-monoidal co-category, then the presheaf co-category PSh(C) := Fun(C°P, 8)
can be equipped with a Day convolution O-monoidal structure: for an n-ary operation f in
O, we define

(@ {F)1)(c) = colim Fi(ci). (1.2.3.1)

®r{cilf,—c i
We recall some useful properties of Day convolution as follows — proofs of these (or very
similar statements) can be found in [HA, §2.2.6] and [Tor23, §2 and §3].

Proposition 1.2.3.2. Let C be a small O-monoidal co-category. Then Eq. (1.2.3.1) de-
fines the unique colimit-preserving O-monoidal structure on PSh(C) such that the Yoneda
embedding ye : € — PSh(C) is O-monoidal. Furthermore:

1. If D is a small O-monoidal co-category and F : € — D is an oplax O-monoidal functor,

then the pullback functor F* : PSh(D) — PSh(Q) is naturally laxz O-monoidal.

2. If € is a cocomplete oco-category with a colimit-preserving O-monoidal structure, then
left Kan extension along the Yoneda embedding ye : € — PSh(C) induces an equivalence

Fun®t(PSh(@), &) = — Fun®(C, &).

0,lax

The same is true with Fun® replaced by Fun on both sides.
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3. In particular, if D is a small O-monoidal co-category and F : € — D is an O-
monoidal functor (resp. lax O-monoidal functor), then the left Kan extension functor
F, : PSh(C) — PSh(D) is naturally O-monoidal (resp. lax O-monoidal).

4. There is a natural equivalence Alg,(PSh(C)) ~ Funlax(@or_ §).

Proof. The fact that Eq. (1.2.3.1) defines an O-monoidal structure on the Yoneda embedding
is well-known (e.g. [Tor23, Lemma 2.4]) and the uniqueness is clear as PSh(C) is generated
by € via colimits.

(1) is [Tor23, Corollary 2.12]. The lax monoidal case of (2) is [Tor23, Proposition 2.7],
from which the lax monoidal case of (3) immediately follows (cf. [Tor23, Definition 2.14]).
The strong monoidal cases of both statements follow by direct computation (using the fact
that Day convolution preserves colimits to reduce to looking at representable functors).

Finally, (4) is [HA, 2.2.6.8]. O

In particular, we may use Day convolution to construct O-algebra structures on mapping
spaces. The following is essentially contained in the proof of [Nik16, Corollary 6.8]:

Corollary 1.2.3.3. Let C be a symmetric monoidal co-category. Let ¢ € Algy(CP) and let
co € CAlg(@). Then Mape(cy,ca) is naturally an O-algebra in (8, x),> and this O-algebra
structure is functorial in c1 and c».

Proof. We may assume C is small. As ye is symmetric monoidal, Proposition 1.2.3.2 (4)
gives

ye(cs) € CAlg(PSh(C)) ~ Fun®!* (e, 8).

Thus ye(cy) defines a functor Alg, (C°P) — Algy (8) (by composition). In particular, ye(c2)o
¢y gives an O-algebra structure to Mape(cy, c2) = yel(ca)(c1). The functoriality follows as
c; also defines a functor CAlg(PSh(C)) — Alg,(8) by precomposition. H

1.2.4 O-monoidal adjunctions and O-algebra objects

We will implicitly use the following fundamental theorem on adjunctions between O-monoidal
oo-categories:

Proposition 1.2.4.1 ([Hau+23, Proposition A], [Tor23, Theorem 1.1]). Let C and D be
O-monoidal oco-categories, and let L : € &= D : R be an adjunction of the underlying oo-
categories. Then the data of an oplax O-monoidal structure on L is equivalent to the data of
a lax O-monoidal structure on R.

With this in mind, we define:

5As in Notation 1.2.2.1, this O-algebra structure is encoded formally by a functor O® — §*.
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Definition 1.2.4.2. A lax O-monoidal adjunction L: C = D : R is an adjunction between
O-monoidal oco-categories together with an O-monoidal structure on L. An O-monoidal
adjunction is a lax O-monoidal adjunction as above in which L is (strong) O-monoidal.

Example 1.2.4.3. If L : ¢ 2 D : R is an O-monoidal adjunction, the functor R need not
be O-monoidal. For example, if f: X — Y is any morphism of schemes, then the adjunction
f* 1 (QC(X), ®ey ) = (QC(Y), ®e¢, ) : f. is symmetric monoidal, but the functor f, typically
is not symmetric monoidal.

Lax O-monoidal functors induce functors on co-categories of O-algebra objects. In par-
ticular, there is the following standard result:

Proposition 1.2.4.4 ([HA, 7.3.2.13]). Let L : € & D : R be an O-monoidal adjunction.
Then L and R induce an adjunction

L:Alg,o(C) = Alg,,(D) : R

We may use Proposition 1.2.4.4 to understand the behavior of Corollary 1.2.3.3 with
respect to symmetric monoidal functors:

Corollary 1.2.4.5. Let F : € — D be a symmetric monoidal functor between symmetric
monoidal co-categories. Let ¢; € Algy(CP) and let co € CAlg(C). Then the natural map
Fe,.c, : Mape(cq, c2) = Mapqg (F(cq), F(ea)) is naturally an O-algebra homomorphism.

Proof. We may write

The map Fc, , is equivalent to the map ye(cs)(c1) — ((F*F!)(ye(cg)))(cl) induced by the
unit map

TNye(es) : Yelcz) = (FF) (yelea)).
By the functoriality of the construction of Corollary 1.2.3.3, to show that F, ., is a homo-
morphism of O-algebras in 8, it suffices to show that 1y,(c,) upgrades to a homomorphism

of commutative algebras in PSh(C).
The adjunction

F, : PSh(C) 2 PSh(D) : F*
is symmetric monoidal by Proposition 1.2.3.2, so by Proposition 1.2.4.4 we get an adjunction
F, : CAlg ( PSh(G)) = CAlg ( PSh(D)) : F.

The unit map of this adjunction (at ye(cz) € CAlg ( PSh(G))) gives the desired homomor-
phism of commutative algebras upgrading Ny, (c,)- [
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In the body of the paper, we will need the following modest strengthening of Proposi-
tion 1.2.4.4.

Proposition 1.2.4.6. Let L: C 2= D : R be a lax O-monoidal adjunction, and suppose that
i1:C" = C s the inclusion of a full O-monoidal subcategory of C such that the restriction
Loi is O-monoidal. Then, for all ¢’ € Alg,(C’) and d € Alg,o(D), there is a natural
equivalence

MapAIg/O(D) (L(i(C/)L d) ~ MapAlg/o(G) (i(C/),R(d))-

Proof. By [Tor23, Lemma 2.16] (passing to a larger universe as necessary to avoid set-
theoretic issues) there is a lax O-monoidal adjunction

L, : PSh(C) = PSh(D) : R,

Composing this with the O-monoidal adjunction 1, : PSh(€’) 2 PSh(€) : 1*, we obtain an
adjunction
(Loi);: PSh(C’) 2 PSh(D) : i*R,

which is O-monoidal because L o1 is. By Proposition 1.2.4.4, this induces an adjunction on
the corresponding categories of O-algebras.

The Yoneda lemma allows us to embed Alg,,(C’') C Alg,o(PSh(C’)) and Alg,o(D) C
Alg,(PSh(D)) by Proposition 1.2.3.2(4). Thus, for ¢’ € Alg,,(C") and d € Alg,o(D), we
have

MapAlg/o(D) (L(i(C/)L d) Mapmg/o PSh(D ( (Loi)i(c’) ,d)
MapAIg/o PSh(C’)) (Cl,l* (d) )

= Mappg,, (Psh(c)) (i ( "),Ri(d)) because 1, is fully faithful
= Mapayg  e) (i(¢") R(d)). =

1.2.5 Right localization of E,-monoidal structures

We can also ask: given an adjunction of co-categories in which one category is O-monoidal,
is there a natural O-monoidal structure on the other such that the adjunction upgrades to a
(lax) O-monoidal adjunction?

When the left adjoint is a localization in the sense of [HTT, 5.2.7.2] (i.e. when the
right adjoint is fully faithful), necessary and sufficient conditions are well-known — see [HA,
2.2.1.9] for the general case as well as [HA, 4.1.7.4] for the (symmetric) monoidal case. In
this subsection, we collect some results on the dual problem:

o Let D be an O-monoidal co-category, and let L : € &= D : R be an adjunction. Assume
that L is fully faithful. What other conditions guarantee that there exists a natural
O-monoidal structure on € such that R : D — € upgrades to a (lax) O-monoidal
functor?
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We will restrict to the case O = E,, (for some n € {1,. .., 00}) for notational convenience.
We begin by collecting some well-known results on the behavior of such adjunctions:

Proposition 1.2.5.1 ([HA, 4.1.7.4]). ¢ LetL: (€, ®¢) 2 (D, ®9p) : R be a lax E,,-monoidal
adjunction. Suppose that L is fully faithful and R is strong E.,-monoidal. Then:

1. ®e can be computed via the formula
¢1 ®e ¢ = R(L(c1)) ®e R(L(c2)) = R(I—(Cl) XD L(CQ))-
for all ci,cq € C.

2. The E, -monoidal functor (D, @p) — (C, ®¢) is universal among E,-monoidal functors
with source (D, ®p) whose underlying functors factor through C. Symbolically:

Fun® ((ea ®C)7 (87 ®€)) - Fun® ((®7 ®D)7 (87 ®8)) XFun(@,S) Fun(ea 8)
In particular, ®e is unique whenever it exists.

In the stable case, E,,-monoidal adjunctions can be constructed from quotients by (two-
sided) thick ®-ideals. This is well-known to the experts, though we include the details for
completeness.

Definition 1.2.5.2. Let (€, ®¢) be a stably E,-monoidal co-category. A two-sided thick
®-ideal of C is a stable full subcategory J C € such that:

e Ifcdc’€J,thenceJandc’ €.
e IfieJandc € C, then i ®e c and ¢ ®e 1 are both in J.

Lemma 1.2.5.3 (Stable, dual version of [HA, 2.2.1.9]). Let (D, ®p) be a stably E,,-monoidal
oo-category, and let € be a stable co-category. Let L: C = D : R be an adjunction. Suppose:

1. L is fully faithful, and

2. The full subcategory
kerR:={d € obD|R(d) ~ 0}

is a two-sided thick ®-ideal of D.

Then there exists a unique E,-monoidal structure on € such that L : € &2 D : R is E, -
monoidal.

6The claims in [HA, 4.1.7.4] are made for the (symmetric) monoidal case only, but the arguments work
for E-monoidal structures for any mn.
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Proof. By the dual of [HA, 2.2.1.9], it suffices to show that, if f and g are morphisms in D
such that R(f) and R(g) are equivalences in C, then R(f ®p g) is also an equivalence in D.
Factoring f ®p g as (f ®p idq,) o (idg, ®pg), we see that it suffices to show that, if f is a
morphism in D such that R(f) is an equivalence in €, then R(f ®p id4) is an equivalence for
alld e D.”

Since R(f) is an equivalence, we have R(fibf) = fib R(f) ~ 0, so fibf € ker R. Because
ker R is a ®qp-ideal, we have fib(f ®p idq) = fib f ®p d € ker R. Thus fib R(f ® idq) = 0 and
R(f ®p idq) is an equivalence. O

Remark 1.2.5.4. In the context of Lemma 1.2.5.3, the category ker R is automatically stable
and closed under taking direct summands. Thus it suffices to check that if 1 € ker R and
d € D, then i ®p d and d ®p i are both in D.

When € and D are compactly generated, we may provide a criterion for the existence of a
corresponding [E,,-monoidal structure on € that requires us to understand only the behavior
of L (rather than R). We use this result in the body of the paper (see Proposition 5.2.1.5).

Proposition 1.2.5.5. Fiz n € {1,...,00}. Suppose (D,Rp) is a compactly generated,
stable, and presentably E, -monoidal co-category.® Let G : D®D — D be the unique colimit-
preserving functor such that — @p — = G(— X —).% Let C be a compactly generated stable
oo-category, and let L: € = D : R be an adjunction. Suppose:

1. L is fully faithful,
2. L preserves compact objects,
3. G has a left adjoint F: D — D ® D, and

4. The image of Fo L lies in the full subcategory of D @ D compactly generated by

{L(c1) ®L(cy) ‘ ci,co € CVJ
Then there exists a unique E,-monoidal structure ®e on € such that R: (D, ®p) — (€, ®e)
1s [, -monoidal.

Proof. By Lemma 1.2.5.3, it suffices to check that, if d; € ker R and dy € D, then d;®pds €
kerR.! By the Yoneda lemma, it suffices to show that Home (c,R(d; ®p d2)) = 0 for all
c € C. Observe that

Home (c,R(d; ®p d»)) = Home (¢, R(G(d; K dy))) = Hompgs (F(L(c)), d; K da).

7Of course, when n = 1, we must also show the same result for R(idq ®pf), but the same argument will

apply.
8We do not assume that the monoidal structure ®p preserves compact objects.
9G exists by the universal property of the Lurie tensor product, since — ®p — : D x D — D preserves

colimits in each variable separately.
10When n = 1, we must show ds @9 d; € ker R, but the same argument works.
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By hypothesis, F(L(c)) can be written as a colimit of terms L(c;) X L(cy) for ¢q,co € C¥.
Thus it suffices to show that Hompgp (L(cl) XL(cy),di X d2> =0 for all ¢y,co € C¥. But
this is just a direct computation using the Kiinneth formula:

Hompgp (L(ci) K L(cs), d; X ds) = Homyp (L(cy), di) ® Homs (L(c2), da)
= HOIH@ (Cl, R(dl)) & HOHI@ (L(Cg), dg)
=0 ® Home (L(c2), ds) = 0. O

1.3 Derived algebraic geometry and perfect stacks

Notation 1.3.0.1. From this point on, whenever we reference “categories,” we will implicitly
mean oo-categories. We will indicate more classical situations by explicitly referencing 1-
categories or discrete categories.

Derived algebraic geometry is the study of (geometric) stacks on a suitable site of derived
affine schemes. As in classical algebraic geometry, the category dAffy of derived affine
schemes over k is (defined to be) the opposite of the category of derived commutative k-
algebras dCAlg,. Write Spec : dCAlgy” — dAffy for the equivalence.

What one means by “derived commutative rings” varies depending on one’s goals, but a
few standard definitions include:

o The category of connective commutative dg-algebras.
o The category of simplicial commutative rings.
o The category of connective E,,-ring spectra.

When working over a field k of characteristic zero (as we will typically do), all of these
approaches are equivalent, so we will not concern ourselves for the moment with the differ-
ences between these. Readers will not lose much if they restrict to the more familiar case of
commutative dg-algebras.

We shall equip dAff, with the étale topology (see e.g. [GR19, §1.2.2]). A derived stack
over k is a presheaf X € PSh(dAff,) which satisfies descent for the étale topology. Write
dStky for the category of derived stacks.

Remark 1.3.0.2. As usual for the theory of stacks, there are many other topologies one could
consider (e.g. smooth, fppf, fpqc, ..). However, most stacks that appear in practice (including
those we will deal with) satisfy descent for all of the standard choices of topology.

We may define the (derived) category of quasicoherent sheaves on a derived stack X as'!

QC(X) = lim D(R).

Spec R—X

"This limit is a priori large but can be reduced to a small limit by writing X as a small colimit of derived
affine schemes as in [BFN10, §3.1].
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Within this category there is a full subcategory of perfect complexes

Perf(X) = lim Perf(R),
Spec R—X
where Perf(R) = D(R)*. Both QC(X) and Perf(X) are k-linear stable categories. The
category QC(X) is presentable, and Perf(X) is perfect. From the definition as limits, one
sees that both QC(X) and Perf(X) admit natural tensor products ®g¢,, and a morphism
f: X — 9 induces a symmetric monoidal functor f* : (QC(@), ®(719) — (QC(%), ®@€). For
notational simplicity, we shall often write ®, for ®,, when the stack X is clear from context.

Furthermore , the usual t-structures on D(R) (where DSY(R) consists of connective mod-
ules) induce t-structures on the categories QC(X) and Perf(X). (see e.g. [GR19, §3.1.5]). The
functors ®, and f* are right t-exact for the usual t-structure on QC(—). Note that the hearts
of these t-structures may behave poorly: if R is a derived ring, there is no “abelian category
of R-modules” equivalent to D(R)?. We shall not make heavy use of these t-structures, and
we mention them only so that we may appeal to [BH17, Theorem 1.3] later on.

In general, perfect complexes may not be compact in QC(X), and they may fail to generate
QC(X). Following [BFN10], we say a derived stack X is perfect if X has affine diagonal
and Perf(X) compactly generates QC(X). Write dStkﬁerf for the full subcategory of dStky
consisting of perfect stacks.

Most “small” derived stacks in characteristic zero are perfect — see [BFN10, §3.3] for
sufficient criteria. In particular, when charop k = 0, the classifying stack BG of any linear
algebraic group G is perfect. Furthermore, if Q) is perfect and f: X — ) is affine, then X is
perfect.

Morphisms of perfect stacks enjoy many of the standard sheaf-theoretic identities of
algebraic geometry. If f: X — 2) is a morphism of perfect stacks, then the pullback functor
f*: QC(Y) — QC(X) admits a colimit-preserving right adjoint f, : QC(X) — QC(2)). These
satisfy base change and the projection formula by [BFN10, Proposition 3.10]. There is also
an equivalence QC(X xY) = QC(X) ®x QC(Y) by [BFN10, Theorem 4.7]. In Section 1.3.4 we
will construct a “three-functor formalism” on dStky, ensuring that all of the higher homotopy
coherence relations for these functors behave “as expected.”

Perfect stacks also support a good theory of Fourier-Mukai transforms by [BEN10, The-
orem 1.2]. More precisely, if X and ) are perfect stacks, then there is a pair of mutually
inverse equivalences

S Fung (QC(X),QC(Y)) <> QC(X x DY) : D,

where @z = o, (7] (—) ® F) is the Fourier-Mukai transform associated with . € QC(X x
), and # is the Fourier-Mukai kernel associated with F € Fung (QC(%), QC(Q))) The
analogous claim for perfect complexes holds when X and %) are smooth and proper over
k. Note the distinction between the above result and the triangulated theory — here every
reasonable functor is automatically uniquely / functorially a Fourier-Mukai transform!
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1.3.1 Resolutions of the diagonal

Suppose X is a perfect stack. The relationship between generators of X and resolutions of
the diagonal of X is well-known and classical (going back to [Bei78]). We shall review this
relationship in modern language for future reference.

Let Ax : X — X x X be the diagonal morphism of X. The identity functor idy : QC(X) —
QC(X) may be understood as the Fourier-Mukai transform with kernel Ay, 0 € QC(X x X).

Lemma 1.3.1.1. Let X be a perfect stack, and suppose that Ax,Ox = colim;cy < X HB; for
some families {; }ic1,{%Bi}ic1 C QC(X). Then, for any F € QC(X), we have

F = C(_)liIm NX, 7 ® ) @ Bi.
1€

Proof. For 1 = 1,2, let t; : X x X — X be projection onto the ith factor. Note that 7,
preserves colimits because 7y is a morphism of perfect stacks ([BFN10, Proposition 3.10]).
Thus we may compute

F = 1. (M F © Dz, Ox)
= Ty, (7‘(?? Qe thIm(,in X %’i))
i€
= coliIm Tlox ((9 ®p ;) X %i) because all functors involved commute with colimits

i€
1€

= CQIiIm ucs (ﬂ’f(ﬁ Qe ;zfl)) ®yx A; by the projection formula
1€
=colim (X, ¥ Qp ) @1 AB; by base change. O

iel
In the situation of Lemma 1.3.1.1, we see that the family {%;}ic1 generates QC(X).
Conversely, if {%; }ic1 generates QC(X), then {%; XA} je1 generates QC(X x X) = QC(X) X
QC(X), so we may write Ax,Ox as a colimit over these sheaves.
We may use this perspective to rewrite any colimit-preserving functor F : QC(X) —
QC(Y) (where X and 9 are perfect stacks) in terms of a given resolution of the diagonal of
X. More precisely:

Proposition 1.3.1.2. Let X and ) be perfect stacks, and write Ax,Ox = colim;cy o7 X ;.
If F: QC(X) — QC(Y) is a colimit-preserving functor, then A = colim;c; o, X F(%;).
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Proof. This is a direct computation using Lemma 1.3.1.1:

F(.7) = F(coli%n I, 7 ® ) %i)
1€
= C(_)hIHl 'Y, .7 @ ) @ F(%:)
=
= colilm Tlox ((ff ® o) K F(«@i))

ie

= Tl (7‘(?%’ ® chi{n (,!Z/l X F(%’i))) . O
ie

1.3.2 Three-functor formalisms in general

To rigorously construct monoidal convolution products on categories of sheaves, it is useful
to have access to a “three-functor formalism” for said categories. One can define this loosely
as follows. Fix some category of “geometric spaces,” e.g. dAffy or dStkx. A three-functor
formalism should assign to each object X a category D(X) of “sheaves on X” together with:

o For every X, a symmetric monoidal tensor product ® on D(X),
o For every f: X — Y, a x-pullback functor f*: D(Y) — D(X), and
o For “nice” morphisms f: X — Y, a l-pushforward functor f, : D(X) — D(Y),

satisfying base change and the projection formula.

Three-functor formalisms, as well as the stronger notion of six-functor formalisms, are
made mathematically precise (in the language of (oo, 1)-categories) in [Man22, Appendix
A.5], building on previous works [LZ12; GR19]. We recall (a slightly simplified version of)
Mann’s definition.

Let (C,E) be a pair where € is a category with finite limits and E is a collection of
morphisms in € which contains all isomorphisms and is stable under homotopy, composition,
and pullback. One can define a category Corr(C, E) of correspondences in C with right leg
in E. The objects of Corr(C, E) are the objects of €. Morphisms X; — X, in Corr(C, E) are

given by correspondences (also called “spans”) X; JLER VN X where f is a morphism in €
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and g is a morphism in E.'? Composition of correspondences is given by fiber products!?

Y, X Xq Y,

PN

The category Corr(C, E) has a symmetric monoidal structure x defined using the Cartesian
monoidal structure on C.

Definition 1.3.2.1 ([Man22, Definition A.5.6]). A three-functor formalism on (C,E) is a
lax symmetric monoidal functor Sh : (Corr(@, E), ><) — (Cat, ><)7 where Cat is the category
of large categories (in some universe). This induces the following “three functors:”

o The inclusion map C°? < Corr(C, E), given on morphisms by (X BN Y) — (Y &ox
X), is symmetric monoidal when viewed as a functor (C°P, x) — (Corr(C, E), x). Every
object of C° is uniquely a commutative algebra for x (the coproduct in €°P) by [HA,
2.4.3.10]. Thus every category Sh(X) for X € € has a natural symmetric monoidal
structure ®sp(x)-

o Similarly, for a morphism f : X — Y in G, we obtain a symmetric monoidal functor

1 (Sh(Y), ®sh(y)) — (Sh(X), @sh(x))-

o Let Cg be the subcategory of € containing all objects of € but only containing the
morphisms in E. Consider the inclusion map Cg < Corr(C, E) given on morphisms by

(X LN Y) — (X Moy Y). For a morphism f : X — Y in E, we obtain a functor
fy : Sh(X) — Sh(Y).

If all functors ®, f*, and f; admit right adjoints, then Sh is called a siz-functor formalism.

Remark 1.3.2.2. We note that, at the level of objects, the lax symmetric monoidal structure
on Sh corresponds to an “external tensor product” X : Sh(X) x Sh(Y) — Sh(X x Y). The
fact that Sh is a lax symmetric monoidal functor implies that X satisfies the “expected”
compatibilities with the pullback / pushforward functors, e.g. ¥ ® ¥ = A (¥ K ¥) for
X e €, #,9 € Sh(X), and Ax : X — X x X the diagonal. (We will explicitly mention these
compatibilities when needed.)

12Tn particular, the morphism spaces in Corr(C, E) are typically no longer small. Any set-theoretic dif-
ficulties this presents can be circumvented by standard universe-based arguments, and we will ignore such
difficulties for simplicity of exposition.

13Because fiber products are only unique up to natural equivalence, composition is only well-defined up
to coherent homotopy. In particular, the rigorous definition of Corr(C, E) is somewhat technical (as usual for
the subject).
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Six-functor formalisms behave best in the presentable case:

Definition 1.3.2.3. A presentable siz-functor formalism is a six-functor formalism Sh such
that every category Sh(X) (for X € @) is presentable.

In other words, a presentable six-functor formalism is a lax symmetric monoidal func-
tor Sh : (Corr(@,E), ><) — (PrL, ><). As noted in [Man22, proof of Lemma A.5.11], any
presentable six-functor formalism defines a lax symmetric monoidal functor!*

Sh: (Corr(G,E), ><) — (PrL,®)

by postcomposition with the lax symmetric monoidal identity functor (PrL, ><) — (PrL, ®).

In fact, there is even more structure on the categories Sh(X) when Sh is presentable. If
Sh is a presentable six-functor formalism, then all categories Sh(X) and all functors ®, f*,
and f, are naturally enriched and tensored over Sh(pt), where pt is the terminal object of C
(see [MS24, Theorem A.3.8]). This allows us to view Sh as a lax symmetric monoidal functor

Sh: (Corr(C,E), x) — (Préh(pt),®§h(pt)), (1.3.2.4)

where Préh(pt) is the symmetric monoidal category of presentably Sh(pt)-enriched categories
and Sh(pt)-enriched left adjoint functors. We will often abuse notation and refer to the lax
symmetric monoidal functor of (1.3.2.4) as a “presentable six-functor formalism.”

1.3.3 Three-functor formalisms and convolution

In this subsection we shall discuss the convolution products on categories of sheaves obtained
from a three-functor formalism. We begin with a cautionary remark.

Remark 1.3.3.1. Let (C,E) be as in Section 1.3.2. The category Cg may not have products
(and even if it does, these products need not agree with the products in €). Indeed, for
X1, Xy € €, there is no reason that the projection morphisms 7t; : X; x Xg — X; must be in
E. Thus it does not make sense a priori to claim that the functor (Cg, x) — (Corr(C, E), X)
is symmetric monoidal.

Under the given hypotheses on E, we expect that the Cartesian product of € defines
a non-Cartesian symmetric monoidal structure (also denoted x) on Cg. Furthermore, the
inclusion functor (Cg, x) — (Corr(C, E), x) should be symmetric monoidal. A proof of these
claims under an additional assumption (which does not hold in our case of interest) is given
in [HM24, Proposition 2.3.7]. However, proving these claims in our case of interest appears
to involve more tinkering with the “internal machinery” of categories of correspondences
than we care to do here.

Thus, in this section, we will assume for simplicity that £ consists of all morphisms in
C. (In practice, we may often restrict to this case by replacing (€, E) by (€', Mor €’) where
€’ is a full subcategory of “nice objects” of C.)

Here ® denotes the Lurie tensor product on Prt.
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Notation 1.3.3.2. When E is the class of all morphisms in €, we will write Corr(C) =
Corr(C, E) and call Corr(C) the category of correspondences in C.

The inclusion (€, x) — (Corr(€), x) is symmetric monoidal. Indeed, because Corr(C)
is equivalent to its opposite category, it suffices to show that (C°P, x) — (Corr(C), x) is
symmetric monoidal. But this was noted above.

Let Sh : Corr(C) — Cat be a three-functor formalism. Then the composite functor
Shy : (Corr(@), x) — (a, ><)

is lax symmetric monoidal. In particular, for an E, -algebra object M of €, applying Sh, to
M yields an E,,-monoidal convolution product xp on Sh(M). As a binary operation, *py is
given by . «m 9 = w(F X¥) for #,4 € Sh(M), where u: M x M — M is the binary
multiplication. The construction of %y, is functorial: if f: M — N is a homomorphism of
E,.-monoids in Cg, then f,: (Sh(M), *m) — (Sh(N), *n) is En-monoidal.

Under some additional hypotheses, the convolution product combined with the diagonal
map Apm : M — M x M equips Sh(M) with the structure of an (E,,, E,,)-bialgebra. Before
proving this, we recall the co-categorical definition of bialgebras:

Definition 1.3.3.3. Let (D, ®p) be a symmetric monoidal category. For any n,m € NU
{00}, the category of (E,, E.)-bialgebras in (D, ®p) is

BiAlgs 5, (D, ®n) := Algs, ((Algg, (D, ©n))%, @n)™"
We will frequently leave the tensor product @ implicit, writing BiAlgg i (D) := BiAlgg 5 (D, ®p).

Informally, an (E,,, E.,)-bialgebra in a symmetric monoidal category D is an object d of
D together with:

e an [, -algebra structure on d,
o an [E,,-coalgebra structure on d, and
« extra data controlling the (homotopy coherent) compatibility of the two structures.

Because (strong) symmetric monoidal functors preserve E-algebras and E,,-coalgebras, a
symmetric monoidal functor D; — D, induces a functor BiAlgg r (D1) — BiAlgg, g (D2).

Proposition 1.3.3.4. Let Sh: (Corr(C), x) — (Pr*, ®) be a presentable siz-functor formal-
ism. Assume that the induced functor Sh: (€, x) — (Préh(pt), Qsh(pt)) s (strong) symmetric
monoidal. If M is an E, .-monoid in C, then:

1. x-pullback along the structure maps and the diagonal of M make Sh(M) into an
(E, En)-bialgebra in Préh(pt).
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2. l-pushforward along the structure maps and the diagonal of M make Sh(M) into an
(E,, Eo)-bialgebra in Préh(pt].

Furthermore, these constructions are functorial in M.

Proof. (1) The category Algg (C) is Cartesian monoidal, so by [HA, 2.4.3.10] there is an
equivalence Algg (C) — BiAlgg, & (€). Thus we may view M as an (E,,, E)-bialgebra in C.
Reversing the direction of arrows makes M into an (E., E, )-bialgebra in C°P. The composite
functor

(CP x) — (Corr(C), x) — (Prls_h(pt)7®sh(pt))

is symmetric monoidal, hence must send (E, E,, )-bialgebras to (E, E, )-bialgebras.
(2) The same argument works here. O

Remark 1.3.3.5. Part (1) of Proposition 1.3.3.4 does not require that E is the class of all
morphisms in €, though part (2) does.
We state Proposition 1.3.3.4 in terms of the induced functor (C, x) — (Préh(pt), ®sh(pt))

rather than (G, x) — (Préh(pt),®5h(pt)) because the former is rarely symmetric monoidal
while the latter often is so. This will be the case for the six-functor formalism QC :
(Corr(dStkﬁerf), x) — (Prg, ®y) discussed below (see Proposition 1.3.4.3(3)).

1.3.4 A three-functor formalism for quasicoherent sheaves

For our applications, we would like to use a three-functor formalism for quasicoherent sheaves

on stacks in which the “!-pushforward functors” are the right adjoints to the usual x-pullback

functors (in reasonable cases, these are the usual #-pushforward functors). The analogous

three-functor formalism for qeqs schemes is discussed in [Sch23, §8.3]. We will need to extend

the formalism to general derived stacks — this can be done using the results of [BFN10].
We begin by clarifying the notion of “nice” morphisms in this context.

Definition 1.3.4.1. A morphism of stacks f: X — ) is very perfect if f has affine diagonal
and, for every morphism of stacks g : 3 — Q) with 3 perfect, the fiber product X xg 3 is
perfect. Let VP be the class of very perfect morphisms in dStk.

Lemma 1.3.4.2. The class VP has the following properties:
1. VP is stable under composition.*®
2. VP is stable under base change.

3. VP contains all affine morphisms.

4. VP satisfies a cancellation law: if f: X — ) and g : Y — 3 are such that g € VP and
gof e VP, then f € VP.

151t is not clear a priori whether this holds for the perfect morphisms of [BFN10, Definition 3.2].
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5. Any morphism between perfect stacks is in VP.

Proof. This is standard diagram chasing and references to [BFN10]. We first note that the
class of morphisms with affine diagonal is stable under composition and base change, e.g. by
(the argument of) [Vak24, Theorem 11.1.2].

(1). Let f: X — 2 and g : Q) — 3 be very perfect. To see that g o f is very perfect, let
W — 3 be a morphism with W perfect. Then X x3 W = (2) x3 W) xg X. Because g is
very perfect, the stack ) x5 W is perfect. Then, because f is very perfect, the stack X x3W
must also be perfect. It follows that g o f is very perfect.

(2). Let X — 2 be very perfect and let 3 — 2) be any morphism. If W — 3 is a
morphism with W perfect, then (X xg 3) x3 W = X x99 W is perfect. Thus the base change
X xg9 3 — 3 is very perfect.

(3). Any affine morphism has affine diagonal. Furthermore, if X — 2) is affine and
3 — 2 is any morphism with 3 perfect, then X xg) 3 — 3 is affine. Then X Xy 3 is perfect
by [BEN10, Proposition 3.21], so X — 2) must be very perfect.

(4). This is a consequence of (the argument of) [Vak24, Theorem 11.1.1], where we use
(3) above to see that the diagonal of a very perfect morphism is very perfect.

(5). By (4) it suffices to show that, if X is a perfect stack, then the natural map 7 :
X — Speck is very perfect. The map 7t has affine diagonal because the same is true for X.
Furthermore, if ) is a perfect stack, then X x 2) is perfect by [BEN10, Proposition 3.24],
giving the claim. [

By parts (1) and (2) of Lemma 1.3.4.2, the pair (dStky, VP) satisfies the conditions
discussed in Section 1.3.2, so the category Corr(dStky, VP) is well-defined. We may now
define our three-functor formalisms of interest:

Proposition 1.3.4.3. 1. There is a three-functor formalism
QC : (Corr(dStky, VP), x) — (Caty, x)
sending a correspondence X L 39 ) with g very perfect to
QC(%X) & QC(3) £ QC(Y).
2. The same formula defines a presentable six-functor formalism
QC : (Corr(dStk>™), x) — (Prt, ®)

3. The induced functor
QC : (Corr(dStk?™), x) — (Prg, @)

is (strong) symmetric monoidal.
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Proof. (1). We have already constructed QC as a functor dStky" — CAIg(Ea\t) (sending
f: X — 92 tof :QC(Y) — QC(X). By [Man22, Proposition A.5.10],'® to extend QC to a
three-functor formalism, it suffices to show that:

« VP satisfies the cancellation law of Lemma 1.3.4.2 (4).

e Forf:X =92 inVPandany g:3 =, let f': X xy3 —3and g’ : X x93 — X be
the induced maps. Then the base change formula g*f, = (f').(g’)* holds.

o The projection formula holds for f € VP.

The former condition holds by Lemma 1.3.4.2 (4), while the latter two conditions hold by
[BEN10, Proposition 3.10].

(2). Note that the categories QC(X) are automatically presentable (even if X is not
perfect). Thus it suffices to show that, if f: X — ) is a morphism of perfect stacks, then
the functors ®g,, f*, and f, all admit right adjoints. For ®4, and f* this is standard (and
does not use perfectness of the stacks involved). For f,, we know by [BFN10, Proposition
3.10] that f, preserves all colimits, so the existence of a right adjoint to f, follows from the
adjoint functor theorem [HTT, 5.5.2.9].

(3). This follows from [BFN10, Theorem 4.7] and the above discussion. N

Corollary 1.3.4.4. If M is an E,-monoid object in dStk™, then:

1. *-pullback along the structure maps and the diagonal of M make QC(IM) into an
(Eo, En)-bialgebra in Prls“h(pt).

2. s-pushforward along the structure maps and the diagonal of M make QC(IM) into an
(En, Eo)-bialgebra in Prls‘h(pt).

Proof. This follows by applying Proposition 1.3.3.4 to the presentable six-functor formalism
of parts (2) and (3) of Proposition 1.3.4.3. O

Remark 1.3.4.5. Although part (2) of Proposition 1.3.4.3 defines a presentable six-functor
formalism, the right adjoint to f, behaves poorly in general, even for proper morphisms.
For example, f, typically does not preserve compact objects, so its right adjoint does not
preserve colimits. Dealing with these issues is one of the main reasons for the existence of
the formalism of ind-coherent sheaves (as developed in [GR19] among others). We will not
need to make direct use of the right adjoint of f,, so we content ourselves with using QC.

6More precisely: [Man22, Proposition A.5.10] applies to a “suitable decomposition” of VP into classes
of morphisms I and P satisfying certain conditions. Here we simplify things by taking P = VP and taking I
to be the class of isomorphisms in dStky.
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Chapter 2

Grouplike symmetric monoidal
categories

Our goal in this chapter is to study the following particularly nice class of symmetric monoidal
categories:

Definition 2.0.0.1. A symmetric monoidal category C is grouplike if its E,-monoid of
objects p€ is an E-group.

Remark 2.0.0.2. One should think of a grouplike SMC € as somewhat analogous to the full
subcategory of QCS%(2)) consisting of line bundles (for some derived stack 2)). Of course,
there is one key difference here: grouplike SMCs are enriched in 8, while we will typically
think of QCS%(2)) as enriched over some D<°(k). By k-linearizing €, we can obtain something
that behaves much more similarly to a full subcategory of some QCgO(Q)). However, we shall
see that the structure theory of grouplike symmetric monoidal categories is quite transparent
(as opposed to that of their k-linear counterparts).

Our key results (Proposition 2.3.1.1 and Theorem 2.3.2.1) will allow us to understand
presentations of grouplike SMCs in terms of [E..-monoids, thus “decreasing our category level”
and offering a more concrete approach to studying grouplike SMCs. These presentations will
be written using the language of “skew quotients” introduced in Section 2.2.

Skew quotient presentations of grouplike SMCs will be used in Chapter 3 to make the
analogy with categories of line bundles on derived stacks much more precise. In this chapter,
we will also use to establish some technical results on localizations of grouplike SMCs which
are necessary for the proofs of key results in derived toric geometry (see Chapter 6).

2.1 Es-monoids

We will begin with a review of the theory of E,-monoids (i.e. commutative algebra objects
in the symmetric monoidal category (8, x)). Parts of this section (especially the material
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on E-groups) are well-known to the experts, and we have tried to give references where
possible.

2.1.1 Some basic definitions and examples

We begin by recalling some definitions we will use throughout.

Definition 2.1.1.1. The category of Es-monoids is CMon := CAlg(8, x). If M is an E-
monoid, we will write M? for the connected component of the identity in M and 7to(M) for
the discrete commutative monoid of connected components of M.

Notation 2.1.1.2. We will typically use additive notation for E,-monoids, i.e. if M is an
Es-monoid then 0 := Op is the unit and + := 4+, is the binary operation.

We would be remiss if we did not include some examples:

Example 2.1.1.3. Any discrete commutative monoid is an E,-monoid via the symmetric
monoidal inclusion (Set, x) < (8, x).

Example 2.1.1.4. The free E,-monoid on one generator, which we will call F, has under-
lying space given by U,ecnyBX,, where X, is the symmetric group on n generators. Under
the equivalence between spaces and groupoids, [F corresponds to the symmetric monoidal 1-
groupoid of finite sets and equivalences (with symmetric monoidal structure given by disjoint
union).

Example 2.1.1.5. Any topological commutative monoid determines an E.,-monoid by tak-
ing its weak homotopy type. In particular, we may view S' = U(1) as an E,-monoid.

For any E,-monoid M, we may construct a symmetric monoidal category BM with one
object * and with Mapgp, (%, *) = M. This defines a fully faithful, colimit-preserving functor
B : CMon — CAlg(Cat). See [GH15, Corollary 6.3.11] for the co-categorical details.

Given an E,-monoid M, we may define a category of spaces with (right) M-action as

8M := Fun(BM®P, 8) = PShg(BM).

The category 8M is a topos, and the forgetful map 8™ — § (i.e. pullback along the inclusion
pt — BM) preserves both limits and colimits. This additional structure means that it is
often easier to manipulate limits and colimits in CMon by working at the level of underlying
spaces (or underlying M-spaces for some M). We shall do so throughout.

One of the easiest classes of E-monoids to work with (and the class that is most fre-
quently relevant to applications) is the following:

Definition 2.1.1.6. An E-group (sometimes called a grouplike E,-monoid) is an E-
monoid A such that 71y(A) is a group. We let CGrp denote the full subcategory of CMon
spanned by the E..-groups.
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The inclusion CGrp <+ CMon admits a right adjoint (—)* (the group of units functor)
and a left adjoint (—)& (the group completion functor). These may both be described
more concretely. For an E-monoid M, the Eo-group M¥ is the union of all connected
components of M which are invertible in 7t9(M). By the classical group completion theorem
(see [Leh24, Proposition 2.8] for an co-categorical discussion), the E,-group M8P is the loop
space Qq(pt/M).

The category CGrp enjoys a useful collection of properties that do not hold in general in
CMon: namely, CGrp is prestable in the sense of [Lurl8, Definition C.1.2.1]. Recall that this
means:

o The category CGrp has a zero object and admits all finite colimits.
e The functor CGrp — CGrp, A — BA =0]]4 0, is fully faithful.

e If : A — BA’is a homomorphism, then fib(¢) exists in CGrp, and the square

fib(p) —— A
[
0 — BA’

is both a pullback square and a pushout square.

Example 2.1.1.7. Let F be the free E,-monoid on one generator. Then &P  the free
E,-group on one generator, fits into the pushout square

F———0

8| |

FxF —— [FeP.

The quotient BFsP = pt/IFeP corepresents the functor QyM, i.e. BIFeP is the free connected
E,-monoid with a nontrivial generator of its loop space. This quotient also fits into a
pushout square

FeP —— 0

L

0 —— BIFeP.

Because F is compact in CMon, the finite colimit presentations of F¢P and BF*P imply that
FeP and BIF#P are compact in CMon. Even though F is a 1-groupoid, P has homotopy
groups in infinitely many degrees: see Example 2.1.2.2.

Remark 2.1.1.8. Because F compactly generates CMon, we see that

(—)& : CMon — CGrp < CMon



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 30

and

Qg : CMon — CGrp < CMon

preserve compact objects.

2.1.2 Presentations of E..-groups

A version of May’s recognition principle for infinite loop spaces (see [HA, 5.2.6.26]) gives an

equivalence
H: CGrp = Sp=°

sending an E-group A to the connective spectrum HA described by the sequence
{..,QfA, QpA, A, BA,B?A, ... }.

In particular, we have m {(HA) = m;(A). The equivalence H allows us to use stable homo-
topy theory to classify E.-groups. This classification will not be strictly necessary for our
theoretical discussions later on, but it can be quite useful for constructing and understanding
examples.

Example 2.1.2.1. If A is a discrete abelian group, then HA is the spectrum representing
ordinary cohomology with coefficients in A. Thus our usage of H for the equivalence CGrp —
Sp=? is compatible with classical notation.

Example 2.1.2.2. Let F#? be the free E-group on one generator. Then HF® = §, the
sphere spectrum.

If A is an E-group, then we have 7y(A) = cofib(A® — A). Applying H gives a cofiber
sequence in Sp:

H(AY) —— HA —— H(my(A)) —— .

In particular, we may write HA = fib (H(TEO(A)) — H(AO)[l]) (where the fiber is taken in
Sp, not SpS"). Note that H(A%)[1] = H(QyA)[2] and that

76 Maps, (H(7t(A)), H(QpA)[2]) = H(QoA)? (H(7r(A))).
Thus we obtain:
Proposition 2.1.2.3. AnyE,-group A is classified by an elementna € H(QOA)2(H(7’EO(A))).

This “classification” is nothing but a precise way of saying that the data of A is deter-
mined by:

o the discrete abelian group 7(A),

o the E,-group QpA, and
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o the interaction between the two, which is controlled by an element of H(QyA )? (H(WO(A) )) )

Because QA is itself an E.-group, this perspective does not generally reduce the classifi-
cation of E.-groups into a simpler problem. However, it can be quite useful in classifying
highly truncated E..-groups.

Example 2.1.2.4. [JO12, Corollary 2.8] gives the following explicit classification of all E-
groups with nontrivial homotopy groups only in degrees 0 and 1. For any discrete abelian
groups 7 and 71;, the elements of (Hm;)?(H7,) may be represented by symmetric bilinear
maps o__ : 7y X My — 7. Given such a o, we may construct a symmetric monoidal
1-groupoid A (7, , 0) with the following data:

U ObA:T[().

Morphism spaces:

— Map, (x,x) =y for x € 7

— Mapa (x,y) = @ for x #y.

Composition of morphisms is multiplication in 71y.

Tensor product:

— ®:0bA X obA — obA is addition in 7.

— ® is defined on morphisms by addition in 7ty.

Associators oy 1 (X ®Y) ®z = x ® (Y ® z) are given by the identity morphisms.

Braiding maps x ® y =y ® x are given by oy y € 7 = Mape(x +y,y +x).

In other words, A = 7y x Bm; as E;-monoids, but the symmetric monoidal structure is
twisted by o. Every l-truncated E.-group arises as A (7, 71, o) for some 71y, 711, and o©.

Example 2.1.2.5. In the situation of Example 2.1.2.4, we have 1y x Bty = A(mg, 711, 0) as
symmetric monoidal 1-groupoids, where 0 refers to the zero map.

Example 2.1.2.6. In the situation of Example 2.1.2.4, take g = Z/2 = {0,1} and m; =
He = {£1}. We may define 0: Z/2 x Z/2 — py by 015 = (—1)Y. Then A = A(Z/2, pa, 0)
corresponds to Z/2 x Buy as E;-groups, but the symmetric monoidal structure is twisted by
the Koszul sign rule.

The class in (H},L2)2(H(Z/2)) ~ H(Z/2)2(H(Z/2)) classifying o (and hence A) is non-
trivial.! Indeed, we know that the nontrivial class in (Hp,)?(H(Z/2)) can be represented by
some symmetric bilinear map Z/2 x Z/2 — ps, and o is the only nonzero option. Thus A
is not isomorphic to Zs x By as E.-groups.

Tn terms of cohomology theories, o corresponds to the Steenrod square Sq® : H®(—Z/2) —
H**2(— Z/2).
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Example 2.1.2.7. In the situation of Example 2.1.2.4, let R be a discrete commutative
ring, and let © : R® R — R be the multiplication map. Then A(R,R,u) is a symmetric
monoidal 1-groupoid. This generalizes Example 2.1.2.6 (once we have identified py ~ Z/2).
It would be interesting to understand what conditions on A(R, R, i) correspond to standard
ring-theoretic conditions on R (e.g. integrality).

We conclude this discussion with some remarks about how to classify more general E.-
groups. (This is standard and we mostly include it for readers’ convenience.)

By [HA, 1.4.3.6(3)], the standard t-structure on Sp is left complete. In other words, for
any spectrum E, we may write E = lim,_,o, T2 "E. Let’s now suppose E = HA for some
Es group A.2 Then T2 "HA = H(t¢,A) for any n, and in particular T*™HA = 0 for any
n > 0. The corresponding sequence of spectra

. —— H(TesA) —— H(t1A) —— H(T<oA) —— 0

is called the Postnikov tower of HA. The Postnikov tower lets us inductively construct A
from discrete data.
More precisely, for all n > 0, note that

fib(H(Tens1A) = H{t<nA)) = ™ (HA) ] = 70 (A) .

Thus, because Sp is stable, we also have H(t<n11A) = cofib(H(t<nA)[—1] — 7, (A)[n]). It
follows that H(T<n+1A) (and hence 1<, 1A) is classified by an element

kn € 1 Maps, (H(t<nA)[—1], 1 (A) [n]).
Now

T MapSp(H(TSnA) [_1]7 Wn(A) [Tl]) =T MapSp(H(TgnA)u ﬂn(A) [Tl + 1])
= Ttn+1 Maps, (H(T<nA), 7t (A))
— (Hmn (A))" (H(t<nA))
so we may as well view k,, as an element of the cohomology group (H7tn(A))nJrl (H(’tgnA)).

These k,, are called the (Postnikov) k-invariants of A.
Thus an E-group A is classified by:

o Discrete abelian groups 7t,,(A) for all n, and

e k-invariants k,, € (Hﬂn(A))n(H(’fgnA» for all n > 0.

Computing the groups (Hﬂn(A))n+1(H(T<nA)) is difficult to do in general but can give
useful information about the corresponding E.-groups.

In fact, the same argument works whenever E is “eventually connective,” though this case will not
interest us.
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2.1.3 Sharp E,-monoids

So far we have studied only E.,-monoids which behave quite similarly to groups. We will
also find it useful to consider the other extreme:

Definition 2.1.3.1. An E.-monoid M is sharp if MT = 0. We write CMon* for the full
subcategory of CMon spanned by the sharp E,-monoids.

Remark 2.1.3.2. This is an oco-categorical version of the more well-known notion of “sharp
discrete commutative monoid” (see e.g. [Ogul8, §1.2]).

Proposition 2.1.3.3. For an E,-monoid M, the following are equivalent:
1. M is sharp.
2. For all Es-groups A, we have Homepmon (A, M) = 0.
3. M° =0 and my(M)* = 0.
4. QM =0 and my(M)* = 0.

Proof. The equivalence of (1) and (2) follows from the definition of M* as the right adjoint
to the inclusion CGrp < CMon. The equivalence of (3) and (4) follows from the equivalence
M® =0/QyM.

(2 = 3). For the first claim, as M? is an E,-group, we have Homcmon(M®, M%) =
Homcmon (M, M) = 0. This implies that ida, is contractible, i.e. M = 0. For the second
claim, if F¢P is the free E-group on one generator, then

7T0(7Vl)i = 7TOU\/[i) = 7o(Homemon (F#, M)) = mo(pt) = 0.
(3 = 1). Since my(M)* = m5(M*) = 0, we must have M* = M = 0. O
Here are some key examples of sharp E.,-monoids:

Example 2.1.3.4. Let I be the free E,-monoid on one generator. Then I is sharp. Indeed,
we may write F = Unen(pt/Zn) where L, is the symmetric group on n elements. Then
70(F) = (N, +) and FY = pt.

Example 2.1.3.5. A discrete commutative monoid is sharp (as an E.-monoid) if and only
if it is sharp in the classical sense.

Example 2.1.3.6. Let N and M be E-monoids, and suppose M is sharp. Then Homcpon (N, M)
is sharp (when considered as an E,-monoid with pointwise addition). Indeed, because a ho-
momorphism ¢ : N — M has an additive inverse if and only if all values ¢(n) have additive
inverses, we have

HomCMon(N; M)i = HomCMon(Ny Mi) = HomCMon(Ny 0) =0.
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Any E,-monoid may be understood as an extension of a sharp E,-monoid by an E..-
group. In fact:

Proposition 2.1.3.7. The inclusion CMon* < CMon admits a left adjoint given by M —
M# == M/M*.

Proof. Let M be an E,-monoid. If N is any sharp E,-monoid, then

Homcon(M/M*, N) = Homewmon (M, N) Xttomeyen (M£,N) 0
= Homcmon (M, N) X 0 because N is sharp
= HomCMon(M7 N)

Thus it suffices to show that M/M% is sharp.
We check that the conditions of Proposition 2.1.3.3(3) hold. First observe that the
discrete monoid

7'fo(M/Mi) = WO(M)/HO(M:E) = WO(M)/WO(M)i

is sharp. Furthermore, the components of M which map to the identity component of M*
are precisely the components of M*. Thus (M/M*)? = M*/M* = 0. O

It follows from Proposition 2.1.3.7 that the limit of a diagram of sharp E..-monoids is
sharp. The analogous statement for colimits fails (since F may be viewed as a colimit of
sharp E.-monoids as in Example 2.1.1.7). However, we do have the following;:

Proposition 2.1.3.8. A filtered colimit of sharp Ey-monoids is sharp. In particular, the
inclusion CMon* < CMon preserves filtered colimits.

Proof. Suppose {Mi}icr is a filtered system of sharp E.-monoids. The functor (—)* :
CMon — CMon is corepresented by 8P, which is compact by Example 2.1.1.7. Thus

(colim M;)* = colim M = colim 0 = 0. O]

Corollary 2.1.3.9. The functor (—)* : CMon — CMon®* ezhibits CMon* as an w-accessible
localization of CMon. In particular, CMon® is compactly generated.

2.1.4 Faces, localizations, and quotients of E,-monoids

One way to obtain sharp E,-monoids is by taking quotients by faces of other E,-monoids.
Faces also give a natural context for discussing localizations of E-monoids. Our definition
of a face closely parallels the classical definition:

Definition 2.1.4.1. Let M be an E -monoid. A face of M is a submonoid S € M such
that, if m;, my € M and m; + my € S, then m;, my, € M. Let Face(M) denote the poset of
faces of M ordered by inclusion.
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Examples of faces abound:

Example 2.1.4.2. If M is an E-group, then M is the only face of M, and M/M = pt is
sharp.

Example 2.1.4.3. If M is any Eo-monoid, then M* is a face of M. The quotient M/M*
is sharp by Proposition 2.1.3.7.

Example 2.1.4.4. Let M = N™ and let e; for the ith standard basis vector of N™. The faces
of M are exactly the submonoids of N™ of the form N! = @;c(Ne; for some I C {1,...,n}.

This quotient is sharp.

Note that Face(M) = Face(mg(M)), so the classification of faces of E,-monoids may
be understood by studying only discrete monoids. In particular, the classification in Exam-

ple 2.1.4.4 also classifies faces of any Ey-monoid M with my(M) =N (e.g. M =T).
The above examples (and many more) can all be obtained from the following construction.

Proposition 2.1.4.5. If ¢ : M — N is any homomorphism of Eo-monoids and N is sharp,
then fib($) is a face of M.

Proof. By Proposition 2.1.3.3, we have N = 0. That is, the natural morphism 0 — N is an
inclusion. Because inclusions pull back, the natural morphism fib(¢) — M is an inclusion,
and we may identify fib(¢) with the submonoid of M consisting of components which are
sent to zero by ¢. If my, my € M satisfy ¢(m; +my) =0, then ¢(m,) and d(my) are both
units in N, hence are zero because N is sharp. Thus m;, my € fib(¢$). Since my; and my
were arbitrary, fib(¢) is a face of N. o

Let M be an E,-monoid, and let S € M be a face. Then the localization of M at S,
written M[—S], is the E -monoid satisfying the universal property

Homcmon (M[—=S],N) ={d : M — N|d(s) is a unit for all s € S}.

In the case of Eo-monoids (as opposed to rings), localizing and quotienting by faces turn out
to be closely related. For example, it is easy to see that M[—S] can be explicitly constructed
as the cofiber of the diagonal map S — M x S.

Remark 2.1.4.6. We do not need to restrict to faces at all to define localization: if ¢ : N — M
is any homomorphism, we may define the localization M[—N] as the universal E.-monoid
with a homomorphism M — M[—N] inverting all components meeting the image of ¢. As
above, we may compute that

M[—N] = cofib((d,idn) : N — M x N).

If S is the smallest face of M containing the image of ¢. then M[—N] = M[-S], so no
generality is lost by considering only localizations at faces.
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Moreover, we have:

Proposition 2.1.4.7. Let M be an Ey-monoid, and let S C M be a face. Then M[—S]T =
SeP and M[—S]/S& = M/S.

Proof. We may use [Leh24, Theorem 8.4] to identify M[—S] with the groupoid completion
(M?S)gpdof a certain category M7S,3 i.e. the groupoid obtained by inverting all morphisms
in M7S. Likewise, S8 = S[—S] may be identified with the groupoid completion of a full
subcategory 573 C M7S. By the construction of M7S and the fact that S C M is a face,

any morphism with domain or codomain in S7S must in fact lie entirely in 575. Thus there
is a natural inclusion

SEP — (S/S)gPd <y (M/S)ePd = M[-S].

To see that S8 = (M[—S])*, it now suffices to show that 7 (S8P) = mo(M[—S])*. Any
unit of M[—S] is a unit in M up to adding an element of S8, and any unit in M lies in S
(because S is a face). Therefore 715(S8) C 715(M[—S])*. The reverse inclusion is obvious, so
we get S8 = (M[-S])*.

To see that M[—S]/S8 = M/S, we use the universal property: for any E,-monoid N,
we have

Homcmon (M[—=S]/S87, N) = Homcmon (M[—S], N) Xpiom(ser,n) O
= Homcmon (M, N) Xgom(s,n) O because the zero morphism inverts S
:HomCMon(M/SaN)' L

Corollary 2.1.4.8. Let M be an E,-monoid, and let S C M be a face. Then M/S is sharp.

Proof. Write M/S = M[-S]/(M[—=S]¥) as in Proposition 2.1.4.7, and apply Proposition 2.1.3.7
to see that M[—S]/(M[=S]*) is sharp. O

Remark 2.1.4.9. We have shown that any homomorphism of E,-monoids ¢ : M — N with
N sharp induces a face fib(¢p) € M, and the quotient M/ fib(¢$) is sharp. However, we
typically do not have N = M/ fib(¢). Indeed, this fails for the addition map + : N> — N,
since fib(+) = 0 but N?/0 ¢ N.

The above subtlety does not appear when considering a quotient map M — M/S where

S is a face of M. Indeed, quotients by faces behave more like quotients in CGrp than like
arbitrary surjective morphisms in CMon, as the following results show.

Proposition 2.1.4.10. Let M be an E-monoid, and let S be a face of M. Then fib(M —
M/S) =S.

Proof. By Corollary 2.1.4.8, M/S is sharp. Thus Proposition 2.1.4.5 tells us that fib(M —
M/S) is a face of M. To show that fib(M — M/S) = S, it now suffices to show that both

sides have the same connected components, which is straightforward. O

3We will discuss this construction in much more detail in Section 2.2.
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2.1.5 M-spaces and quotients

We would like to better understand the relationship between fiber products and cofibers of
homomorphisms of E.-monoids.

Proposition 2.1.5.1. Let & : N — M be a homomorphism of Es-monoids. Then the
quotient functor (—)/N : 8M — 8M/N preserves fiber products.

Remark 2.1.5.2. The quotient functor (—)/N : 8M — 8M/N does not preserve all finite
limits, simply because it fails to preserve final objects. This is easy to fix: we can use
Proposition 2.1.5.1 to show that the functor (—)/N : 8M — (8M/N) ) preserves finite
limits.

Our proof of Proposition 2.1.5.1 will be delayed until after Lemma 2.1.5.6, since we’ll
first need to discuss a more explicit way to work with quotients of M-spaces.

These quotients can be computed by working in the category

s8 := PShs(A) = Fun(A°, 8)

of simplicial spaces. Viewing sets as discrete spaces gives an inclusion sSet < s8, so all of
our favorite simplicial sets (simplices A™, horns A}, et cetera) may be viewed as simplicial
spaces.
For any M-space X, the quotient X/M is nothing but the geometric realization of the
action simplicial space
actsspm (X) := X x M*.

The action simplicial space construction actssyy defines a functor 8M — s8. In fact, we can
do a little better: since 8™ = (8M) ., actssp is well-defined as a functor

actssy : SM = (SM)/pt — (8)ptxMme =SS /Me. (2.1.5.3)

Lemma 2.1.5.4. The functor actsspm : SM — s8 me admits a left adjoint L : s8 pme — M.
For any simplex A™ (considered together with an arbitrary structure map f : A™ — M*),
there is a natural equivalence L(A™) = M.

Proof. We shall show that L exists by writing the functor actssypy as a composite of right
adjoints. The embedding

8M = Fun(BM, 8) < Fun(BM, Cat)

admits a left adjoint (given by applying the groupoid completion functor (—)&P4 pointwise).
The Grothendieck construction gives a natural equivalence

Fun(BM, Cat) = CatSy",

and the inclusion
Cat‘}%c,\%t — Cat/BM
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admits a left adjoint by the dual of [GHN17, Theorem 4.5]. By viewing oco-categories as
complete Segal spaces (as in [Lur09, §1.2]), we get a fully faithful embedding Cat — s8
which admits a left adjoint. Because Cat — s sends BM to M®, we actually obtain a
functor
Cat/BM — SS/M.

which admits a left adjoint. Chasing the definitions shows that the composite of all of these
functors is actssp : SM — s8 /me, so actsspm has a left adjoint L.

Now let f : A™ — M*® be any map (corresponding to (my,...,m,) € M"), and let
X € 8M be arbitrary. Then we have

Mapgm (L(A™), X) = Mapgs . (A™, X x M*)

== MapSS(An7 X X M.) XﬂgO—,MaPSS(A“’,M.),f pt

= (X X Mn) ano—, MM (my,...,my) pt
=X
— MapSM(M7X)7

so L(A™) = M by the Yoneda lemma. H

Remark 2.1.5.5. Lemma 2.1.5.4 fails when we view actssym as a functor 8™ — s8. Indeed,
because actssym (pt) = M® is not final in s8, the functor actssy : SM — s8 does not preserve
final objects, hence cannot be a right adjoint.

As shown in [Maz25], s§ admits a “Kan—Quillen” model structure (behaving much like
the Kan—Quillen model structure on sSet). We will not need to use the full strength of
Mazel-Gee’s oo-categorical theory of model categories here, but we will need the following
notion from [Maz25, Definition 4.1]: a map f : X, — Y, in s8 is a Kan fibration if, for all
horn inclusions Ay < A™ and all commutative squares

A — X,

21
7
//
l /// l

A" —— Y,,

there exists a (typically non-unique) lift A™ — X, making the diagram commute.

Lemma 2.1.5.6. Let M be an Ey-monoid, and let f: X = Y be a morphism in M. Then
the induced map actssy () : actssp (X) — actsspm (Y) is a Kan fibration in sS.

Proof. Suppose we are given a commutative diagram

AR —— actssp (X)

| l

A" — actsspm (Y)
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in s8. We need to construct a lift A™ — actssy (X).

Because actssp (X) — actsspm(Y) is a morphism in s8 /pme, we may view this commutative
diagram as a diagram in s§,pe. This allows us to use Lemma 2.1.5.4 to transform this
commutative diagram into a diagram

L(ADY) —— X
[
L(A™) —— Y

in §M (where L is as in Lemma 2.1.5.4). We know that L(A™) = M. Furthermore, A} can
be written as an iterated pushout of simplices A™, so L(AL) can be written as an iterated
pushout of copies of L(A™) = M. All transition maps in this presentation of L(A}') are
equivalences, so we see that L(AL) = M, and the natural map L(A}) — L(A™) agrees with
idp.

Because the map L(A}) — L(A™) is invertible, we get a lift L(A™) — X defined as the
composite L(A™) = L(A}) — X. Using the adjunction of Lemma 2.1.5.4, we obtain the
needed lift A™ — actssy (X). O

Proof of Proposition 2.1.5.1. Suppose we are given maps p : X — Z and q: Y — Z in 8M.
We need to show that the natural map

(X Xz Y)/N —)X/N Xz/N Y/N

is an equivalence. It suffices to check this at the level of underlying spaces, where we can write
X/N = |actssn(X)] (and likewise for the other spaces in question). Thus we are studying
the natural map

|actssn (X Xz Y)| = |actssn (X)] X actssn (2)) | actssn (Y)].

This is an equivalence by [Maz25, Corollary 6.7], which applies because actssn (X) — actssn (Y)
is a Kan fibration by Lemma 2.1.5.6. 0

We now discuss some key applications of Proposition 2.1.5.1 to the interplay of fiber
products, quotients, and localizations in CMon.

Corollary 2.1.5.7. Let & : My — M3 and P : My — M3 be homomorphisms of Eq-
monotds.

1. If 8 : N = My xXm, Mo is any homomorphism of E-monoids, then
(My xm; Ma)/N = M;/N Xm,/n Ma/N

as Es-monoids.
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2. If S C My xm, Mo is any face, then
(My X' Ms My)[—S] = M, [-S§] X M3[—S] My [—S]
as E.-monoids.

Proof. 1. As usual, there is a natural homomorphism of E,-monoids (M; Xnm, M2)/N —
M; /N xa, /N Ma/N, and to check that this is an equivalence, it suffices to work at the
level of underlying spaces. The natural homomorphisms M; Xm, My — M, (for i = 1,2, 3)
allow us to view each M; as an object of §M1>*MsM2  The result then follows by applying
Proposition 2.1.5.1 to the quotient map (—)/N : §MiXmzM2 _y g(MixmgMz)/N,

2. We may write

(Mi XM, M2)[=S] = ((My xm, M2) x S)/S
= ((Mq X S) X (Msxs) (M2 x S))/S
= (M; x S)/S X(msxs)/s (Mg x S)/S by part (1)
= M [=S] X my—s) Ma[=S]. 0

Corollary 2.1.5.8 (Quotient maps pull back). Let M, M’, and N be E-monoids, and let
d:N = Mandp: M" — M/yN be homomorphisms of Es-monoids. Then there is a
natural equivalence

(M Xpm/n MY)/N = cofib ((¢,0) : N = (M xpm/n M) = M.

Proof. The action of N on M/N and M’ is trivial, so we have (M/N)/N = (M/N) x pt/N
and M’/N = M’ x pt/N. Thus

(M xm/n M)/N =M/N Xpm nspt/n (M x pt/N) by Corollary 2.1.5.7(1).
= M/N XM/N M’
=M’ O

2.1.6 Integral E, -monoids

The following class of E,-monoids does not have the same theoretical importance as sharp
E-monoids, but it is often still useful to consider (as it contains many key examples).

Definition 2.1.6.1. An E.-monoid M is integral if the natural map M — MSP is an
inclusion. Write CMon™" for the full subcategory of CMon spanned by the integral E.-
monoids.

Proposition 2.1.6.2. For an E,-monoid M, the following are equivalent:

1. M is integral.



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 41

2. M is a union of connected components of some Ey,-group A.

3. Ewvery connected component of M is an M°-torsor and t4(M) satisfies the cancellation
law: if a,b,c € m(M) and a+b =a+c, then b =c.

Proof. (1 = 2). Obvious (take A = M#P).

(2 = 3). For the first claim, we may embed M into A and reduce to the case where M
is a group. The claim then follows from the group completion theorem: in a loop space QX,
every component is a torsor for (QX)°.

For the second claim, we note that mo(M) C m(A), i.e. (M) is a submonoid of a
discrete abelian group. The cancellation law then follows from classical algebra.

(3 = 1). Because my(M) satisfies the cancellation law, the map (M) — 71H(M)8P =
719(M8P) is injective. Every component of M8P is an (M&P)’-torsor, so to show that M — M&P
is an inclusion, it suffices to show that the natural map M" — (M#P)? is an equivalence.
Because M? and (M#P)? are connected, it in fact suffices to show that the natural map
QoM — Qy(M?8P) is an equivalence.

By [Leh24, Theorem 1.2], we may write

Qu(M®) = colim Q.M.

m€M7M

where M/M is the action category of M (cf. [Leh24, Definition 3.1]).* By [Leh24, Lemma
3.2], for my, my € M/M, we have a Cartesian square

MapM7M(m17m2) — M

T

For i € {1, 2}, let M; be the connected component of M containing M;. By the cancella-
tion law, there is at most one connected component M3 C M such that (—) 4+ m; maps My
to M. If such an M3 exists, then (—) +m; : Mg — M, is a morphism of M%torsors, and
therefore an equivalence. Thus

pt there exists ms such that my = mg+my

Map,, 7, (My, Mo) =
pM/M( 1) {@ otherwise.

That is, M7M is a poset. Furthermore, the induced maps Q,;,, M — Q,,,, M are all equiva-
lences (as if my = mz + my, then mz + (—) : My — M, is a morphism of M -torsors, hence
an equivalence). It follows that

QoM = colim Q.M = Q;M?®P, ]
meM/M

4The reason for the notation M7M will become clear in Section 2.2.
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Here are a few relevant examples:

Example 2.1.6.3. A discrete commutative monoid is integral (as an E.-monoid) if and
only if it is integral in the classical sense (see [Ogul8, §1.2]). In particular, N is integral.

Example 2.1.6.4. Any E_-group is integral.

Remark 2.1.6.5. Every sharp integral monoid M is discrete. Indeed, every connected com-
ponent of M is a torsor for MY = pt.

Proposition 2.1.6.6. The inclusion CMon™ < CMon admits a left adjoint M — Mt
where M s the union of the connected components of M8 meeting the image of M in

MeP.

Proof. Tt is clear from Proposition 2.1.6.2(2) that M is integral. Furthermore, if N is
integral, then the inclusion N C N#P gives

HomCMon(Ma N) - HomCMon(Ma ng) - HomCMon(Mgpa ng)a

where Homcwmon (M, N) is identified with the submonoid of Homcpen (M8P, N&P) consisting of
maps which send M™* € M# to N C NP, But this submonoid is exactly Homcpon (M, N),
so we have Homcpmon (M, N) = Homcpmon (M™, N) as needed. N

It follows from Proposition 2.1.6.6 that the limit of a diagram of integral E.,-monoids is
integral. The analogous statement for colimits fails.

2.2 Skew quotients

The following construction gives a key method of producing symmetric monoidal categories
from [E,-monoids.

Definition 2.2.0.1. Let ¢ : N — M be a homomorphism of E,-monoids. The skew quotient
M/ N is the small SMC characterized by the following universal property: for every small
SMC €, there is a natural equivalence

Fun®(M/ N, €) = Fun®(N, €) Xpune () Fun®(M, €).
We typically omit ¢ from the notation, writing M?N = M7¢N.

Example 2.2.0.2. For any E.,,-monoid N, the skew quotient 07N is equivalent to the sym-
metric monoidal category BN. Indeed, for any symmetric monoidal category (C,®), we
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have
Fun®(0/N, €) = Fun®(N, €o,) X pun® (n.e) Fun®(0, €)
= Fun®(N, €/) Xgyne(n.e) 0 because 0 is initial in CAlg(Cat)
=Fun®(N, €y, x¢ 0)
= Homcmon (N, o(C))
= Fun®(BN, @),
so the result follows from the Yoneda lemma.

From an (oo, 2)-categorical perspective, M7N fits into a universal lax pushout square in
CAlg(Cat):
N——M

|~

0 >— M/N

That is, for any diagram of E-categories

N— M
(2.2.0.3)
Tt

there is an induced map M7N — € such that the outer square of the diagram

N——M

L7 LN

0 —— M/N —— ¢

agrees with (2.2.0.3) above.

2.2.1 Skew quotients via the Grothendieck construction

Using cocompleteness of CAlg(Cat), it is possible to show skew quotients M7N always exist.
However, it is difficult to to understand the behavior of M?N using only the universal
property and this abstract existence result. Instead, we offer a more explicit construction of
skew quotients using the Grothendieck construction (following the approach of [Leh24, §8]).

This will give us more information about the objects and morphisms of M /N.
By [Leh24, Proposition 3.11], for an E,-monoid N, there is an equivalence

CMony, ~ CAlg(Fun(BN, §)).

This equivalence sends ¢ : N — M to the map Fg, : BN — & given as follows:
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+ Let * be the unique object of BN. Then F4 (%) = M.
o For n € N = Mapgy (*, %), Fp(n) : M — M is multiplication by ¢(n).

The inclusion (8, x) < (Cat, x) induces a symmetric monoidal functor (Fun(BN, 8), x) <
(Fun(BN, Cat), x). The Grothendieck construction (also called “unstraightening”) gives a
symmetric monoidal equivalence

(Fun(BN, Cat), %) ~ (Cat‘}%clf}rt, XBN)

where Catj%cﬁrt is the category of coCartesian fibrations over BN and functors which preserve
coCartesian morphisms. (See [HTT, §3.2] for the standard reference, [Maz15] for a model-
independent discussion, and [Ram22, Theorem A] for discussion of the symmetric monoidal
structure on the equivalence.) The forgetful functor (CatjoBC]ﬁrt, xgn) — (Cat, x) (given by
(E — BN) — &) is lax symmetric monoidal, where the lax E.-structure on the functor
corresponds to the maps

81 XBN 82—>81 XSQ

induced by the map BN — pt.Combining all of these together gives a lax symmetric monoidal

functor
(Fun(BN, ), x) — (Cat’53™, xBN) — (Cat, x)

and thus a functor
(—)/'N : CMony, ~ CAlg(Fun(BN, 8)) — CAlg(Cat) (2.2.1.1)
The following is a refinement of [Leh24, Theorem 8.4]:

Proposition 2.2.1.2. The functor (—)7’N of (2.2.1.1) is equivalent to (—)7N as functors
CMony, — CAlg(Cat).

Proof. Both are computed by the same weighted colimit (by definition for (—)7N, and by
[GHN17, Theorem 1.1] for (—)/'N). O

As a consequence, we may use the results of [Leh24, §8] to compute M?N as a limit of
familiar E-categories.

Corollary 2.2.1.3. Let ¢ : N — M be a homomorphism of E.-monoids. Then
M/N = (BM)o, Xgm BN.

Proof. The equivalence M7’ N =~ (BM)y, xgm BN follows from [Leh24, Definition 8.1] and
the discussion immediately following it. Now use M7N = M?’ N. [

Example 2.2.1.4. If ¢ : M — M is the identity, then Corollary 2.2.1.3 implies M7M =
(BM)o, .



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 45

Combining Corollary 2.2.1.3 and [Leh24, Lemma 8.2], we obtain the following useful
result.

Corollary 2.2.1.5 ([Leh24, Lemma 8.2]). Let ¢ : N — M be a homomorphism of Eu-
monoids. For my,my € M (with corresponding objects [m4],[my] € M/N), there is a
Cartesian square

MapM7N([m1]7 [m2]) — N

l lda(wml

pt e > M.

In particular, for allm € M, we have Mapy, 7 (05,7, m) = ¢ H(m).

It is not hard to see that the natural map M — M?N is essentially surjective.> Thus

Corollary 2.2.1.5 allows us to describe all morphisms in M7 N. This can be quite useful, as
we shall see presently.

If  : N - M is a homomorphism of E,-monoids and m;, my € M, the long exact
sequence for a fibration gives a long exact sequence:

> T[()(M)
(2.2.1.6)

. — m(Mapy, 7y (Imi], [mo])) —— m(N) —— (M)

g

Proposition 2.2.1.7. Let ¢ : N — M be a homomorphism of Ee-monoids. If N is discrete
and 1 (M) is concentrated in degrees 0 and 1, then M/N is a discrete category.

Proof. Every object of M7N is of the form [m] for some m € M, so it suffices to show that
all mapping spaces Map,, 7\, ([mu], [mo]) are discrete. Fix my,my € M, and consider the
sequence

. 7[1'_+1(M) — ﬂi(MapM7N([m1], [mg])) E— T[l(N) — TEI(M) —_— ...

contained within the long exact sequence Eq. (2.2.1.6). For all i > 1, we have m;(N)
0 and 71;.1(M) = 0, so ﬂi(MapMm([ml], [my])) = 0. Since this holds for all i >
Mapy, 7 ([my], [myl) is discrete.

L=

2.2.2 Path monoids

The following construction will allow us to understand skew quotients entirely in terms of
an (0o, 1)-categorical universal property.

SFor an explicit proof of a more general claim, see Proposition 2.2.4.1(1).
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Definition 2.2.2.1. Let € be a small SMC. The (absolute) path monoid of €, written PyC,
is the fiber product appearing in the following Cartesian square of E.,-monoids:

PoC — 1 Arr(@)

l(eVoﬁw)
c—(0,¢)
Loe E— Loe X Loe.

where the E-monoid structure on ty Arr(C) is defined pointwise, and evy (resp. evy) sends
a morphism to its domain (resp. codomain). More succinctly, we can write PoC = 15(Cy ).

At the level of underlying spaces, we have

Po€ = colim Mape (0, ¢) (2.2.2.2)

cELWC

where the automorphism groups Aute(c) act on Mape(0, ¢) by postcomposition.
By construction, the skew quotient M/ 4N satisfies

Lo Fun®(M/, N, €) = Homewton (N, Po€) X tomeye (N.1o@) Homemon (M, 1€). (2.2.2.3)

for any SMC €. In other words, the functor (N — M) — M7N is the left adjoint to the
functor

CAlg(Cat) — Arr(CMon)
Cr (Poe — Loe).

We will eventually show (in Theorem 2.3.2.1) that this adjunction induces an equivalence
between certain subcategories of CAlg(Cat) and Arr(CMon). To accomplish this, we should
first understand what values PyC can potentially take.

Proposition 2.2.2.4. Let C be a SMC. Then PyC is sharp.

Proof. The identity morphism idy is the initial object of Cy,. Thus, given f € (PoC)*, we
have Home, (idy, f) ~ pt and

Home,, (f,idy) =~ Home,, (idy, —f) = pt.

It follows that f ~ idy in Cy,, and this equivalence is unique up to contractible choices.
Therefore (PyC)* ~ pt. O

In fact, this is the only obstruction: every sharp E,-monoid arises as a path monoid, as
we see from the following example.
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Example 2.2.2.5. Suppose M is an E,-monoid. Then P(BM = M/M%. Indeed, since
BM has only one object 0, P(BM is the quotient of Mapgy(0,0) by Autgm (0) (acting by
postcomposition). The former space is M, while the latter space is M*, so PgBM = M/M*.
In particular, if M is sharp, we obtain P BM = M.

Here are some other computations we can do with path monoids:

Example 2.2.2.6. Suppose M is a E,-monoid, viewed as a E-groupoid (possibly with
many objects). Then PoM is just the space of paths at M based at the origin, so PoM = pt
by contractibility of path spaces.

Example 2.2.2.7. Suppose ¢ : N — M is a homomorphism of E,,-monoids and N is an
Eo-group. If € is any SMC, we have Homcmon (N, PoC) ~ pt by Proposition 2.2.2.4. Thus

to Fun®(M/N, €) = pt X Homeyon (N,10€) HOMcmon (M, 15C)
- HomCMon(M/Na LOG)
= 1o Fun®(M/N, @),

ie. M?N is just the usual quotient M /N in CMon.

2.2.3 Relative path monoids

The following generalization of path monoids will be useful in constructing some presenta-
tions of SMCs as skew quotients.

Definition 2.2.3.1. Let C be a small SMC, let N be an E,-monoid, and let 1 : N — 1,C be
a homomorphism. The path monoid of C relative to P, written Py n €, is the fiber product
appearing in the following Cartesian square:

PO,N C—— Lo Arr((‘f)

l(evme\’l)
0x N & € X xC.

Remark 2.2.3.2. Note that Py e € = PyC, so this generalizes our original notion of path
monoid.

Heuristically, Py N € is the Eo-monoid of pairs (n € N, f: 0 —1(n)), though some care
needs to be taken in defining the morphisms correctly. At the level of underlying spaces, we
have

PonC = Colil{ln Mape(0,1% (1)), (2.2.3.3)
ne

generalizing Eq. (2.2.2.2).
Relative path monoids typically are not sharp. In fact, any E.-monoid can arise as a
relative path monoid:



CHAPTER 2. GROUPLIKE SYMMETRIC MONOIDAL CATEGORIES 48

Example 2.2.3.4. Let C be a small SMC. Then Py € = Ende(0). In particular, if € = BM
for some M € CMon, then Py, € = M.

2.2.4 Properties of skew quotients
Let’s list some important skew quotient computations for future reference.
Proposition 2.2.4.1. Let ¢ : N — M be a homomorphism of Ey-monoids. Then:
1. ,(M/N) = M/N*%.
o(M/N) = pt xam N.

Co

(M/N)grd = M/N.
cofib(M — M/N) = BN.

+~

If ¢’ : N" — M is any homomorphism of Es-monoids, then P07N/(M7N) =N’xnmN.
In particular, Pom (M/N) =

Ra

Proof. (1). Using Corollary 2.2.1.3, we compute

BMy,) X ,8m WwBN because 1y preserves limits.
) XLQBM BNi

< Z
Zl
M

/N*) by Example 2.2.2.7.

(2). This is the special case of Corollary 2.2.1.5 with m; = my = Opm.
(3). This is [Leh24, Theorem 8.4]. One may also prove this directly from the skew

quotient definition of M7N: the functor Arr(CMon) — CMon defined by
(M — N) — (M/N)&ed
is the left adjoint to the functor CMon — Arr(CMon) defined by

Q= (PoQ = Q) = (pt = Q).

The left adjoint to this latter functor is the usual quotient (M — N) — M/N, so M7N =
M/N by uniqueness of left adjoints.
(4). For an SMC €, we have

Fun®(cofib(M — M/N), €) = Fun®(M/N, €) Xy (m.e) 0
= Fun®(N,Po€) Xpyee (o) FuUn® (M, €) Xpyne (m,e) 0
= Fun®(N PyC) X Fun® (N, @) 0
= Fun@(pt/N C)
= Fun®(BN, @).
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The result follows by Yoneda. .
(5). We first construct a homomorphism of Eo-monoids P n/(M/N) — N’xp N. There

is a natural homomorphism PO,N/(M7N) — N’ coming from the definition of relative path
monoids. We may also obtain a homomorphism Py n/(M/N) — N as a composite

Pon/(M/N) — Py (0/N) — Pog BN = N.

The induced homomorphisms PO,N/(M7N) — M both agree (they both send a pair (n/,f :
0— ¢'(n’)) to d(n’)), so we obtain the desired homomorphism Pgn/(M/N) — N’ xp N.
At the level of underlying spaces, we may write

Pon(M/N) = coli{,n Map,, 7\ (0,1') by (2.2.2.2)
n/e !

= colim pt X/ m.¢ N by Corollary 2.2.1.5
n’eN’

= (colimpt) xm N
n’eN’
=N’ x M N.
This equivalence of underlying spaces agrees with the homomorphism constructed above.

Since homomorphisms which induce equivalences of underlying spaces are themselves equiv-
alences, we see that Pon/(M/N) =N’ xpm N as Eo-monoids. ]

2.3 Grouplike symmetric monoidal categories

We are now ready to study grouplike SMCs (Definition 2.0.0.1). We should also introduce
some notation for the category of grouplike SMCs:

Definition 2.3.0.1. Write CAIg&"™(Cat) for the full subcategory of CAlg(Cat) spanned by
the grouplike SMCs.

Note that the inclusion CAlg®"°(Cat) —» CAlg(Cat) admits a right adjoint, given by
sending a small SMC € to the full subcategory C&Pk® C € spanned by the units in 1,C.

2.3.1 Presenting grouplike SMCs as skew quotients

If  : M — N is a homomorphism of E,-monoids and N is an E,-group, then M?N
is a grouplike SMC by Proposition 2.2.4.1(1). Our goal is to show that every grouplike
SMC arises in this way. In fact, the following result controls skew quotient presentations of
grouplike SMCs.

Proposition 2.3.1.1. Let € be a grouplike SMC, let M be an Eq-group, and let ¢ : M — ,C
be a homomorphism. If & is essentially surjective, then there is a natural equivalence
Fd> . M/PO,M C = C.
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Proof. Using Eq. (2.2.2.3), we obtain an equivalence
o Fun®(M/ P €, €) = Homeuon (Po,m €, Po€) X Homepon (Po.m ©,t0€) HOMCcMon (M, 15C).

The desired functor Fy, : M7P0,M C — € is induced by ¢ and the forgetful homomorphism
Pom € — PoC. The functor Fy, is obviously essentially surjective. For fully faithfulness, we
use Lemma 2.3.1.2 below. O

Lemma 2.3.1.2. Let C be a small SMC, let M be an Ee-group, and let ¢ : M — 1€ be a
homomorphism. Then there is a natural fully faithful functor Fgy : M/ Pom € — C.

Proof. The functor Fy is constructed exactly as in the proof of Proposition 2.3.1.1 above.
Because M is grouplike, to show that Fg, is fully faithful, it suffices to show that the induced
map

Mapy, 7, 1, (0: [m]) = Mape (0, §(m))
is an equivalence for all m € M. By Corollary 2.2.1.5 and the Cartesian square defining

Pom, there is a commutative diagram of Cartesian squares

MapM7P0,Me(O7 [m]) —— Pom € —— 11 Arr(C)

l l l(evo ,evy)

pt > M 0xé L€ X 1pC.

Thus the outer square is Cartesian. But the fiber product of the outer square is just
Mape (0, d(m)), so we get MapM7POM€(0, [m]) = Mape(0, p(m)) and Fy is fully faith-
ful. ’ O

2.3.2 A structure theorem for grouplike SMCs

By restricting Proposition 2.3.1.1 to the case of absolute path monoids, we can prove a useful
structure theorem for grouplike SMCs.

Theorem 2.3.2.1 (Structure of grouplike SMCs). The adjunction
(—)/(=) : Arr(CMon) = CAlg(Cat) : (Po(—) — 1o(—))

restricts to an equivalence of categories Arr*8?(CMon) = CAlg®"*°(Cat).

Proof. Tt is clear that the adjunction in question restricts to an adjunction
Arr*8P(CMon) = CAIge™(Cat).

We need to show that this is an equivalence. One direction follows from Proposition 2.3.1.1:
if € is a grouplike SMC, then C = 1€/ Py ,e € = 1€/ P(C.
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For the other direction of the equivalence, suppose we are given (¢ : N — M) €
Arr®8?(CMon). We have (,(M/N) = M/N* = M by Proposition 2.2.4.1(1) and the hy-
pothesis that N is sharp. By Proposition 2.2.4.1(5), we have

Po(M/N) = 1o(M/N) xpm N =M xpm N = N.

It is clear that the induced morphism PO(M7N) — LO(M7N) (viewed as an object of
Arr*P(M/ N)) is naturally equivalent to the original morphism (¢ : N — M). ]

We can derive many useful results about the category CAlge™°(Cat) from Theorem 2.3.2.1.
Here are just a few:

Corollary 2.3.2.2. The category CAlge”*®(Cat) is presentable and compactly generated.

Proof. There is a Cartesian square of categories

Arr#€(CMon) —— Arr(CMon)

l l(eVmeVl)

CMon! x CMon® —— CMon x CMon.

w- Thus, by [HTT, 5.5.7.6],
Arrﬁ’gp(.CMon) must also be presentable and compactly generated. Now use the equivalence
CAlg® ¢ (Cat) = Arr*€P(CMon) of Theorem 2.3.2.1. O

The categories and arrows not involving Arr*#?(CMon) all lie in PrR

Corollary 2.3.2.3. Finite products agree with finite coproducts in CAlg®*" °(Cat).

Proof. We may use the equivalence CAIge”™(Cat) ~ Arr*8?(CMon) and the fact that limits
and colimits in diagram categories are computed pointwise to reduce this to the claim that
finite products agree with finite coproducts in CMon* and CGrp. The claim then follows from
the fact that finite products agree with finite coproducts in CMon and that finite (co)products
of sharp E,-monoids (resp. Ex-groups) are sharp E,-monoids (resp. Ey-groups). O

Corollary 2.3.2.4. The functors Py : CAlg®™ (Cat) — CMon and t, : CAIgt"™*(Cat) —
CMon preserve filtered colimits.

Proof. Under the equivalence of Theorem 2.3.2.1, we may identify the functors in question
with the evaluation maps evy, evy : Arr#8(CMon) — CMon. The functors evg : Arr##?(CMon) —
CMon* and ev; : Arr*®”(CMon) — CGrp preserve filtered colimits because colimits in di-
agram categories are computed pointwise. Thus it remains to show that the inclusions
CMon* < CMon and CGrp < CMon preserve filtered colimits. The former claim is Propo-
sition 2.1.3.8, while the latter claim holds because the inclusion CGrp < CMon is a left
adjoint. [
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Theorem 2.3.2.1 gives a simple procedure for computing limits of grouplike SMCs. Given
a diagram C_y: | — CAIg8P®(Cat), we replace each C; by (PoC; — 19C;i) € Arr8P(CMon).
Limits of sharp E,-monoids are sharp, and limits of E,-groups are E.-groups, so the in-
clusion Arr*#?(CMon) < Arr(CMon) preserves limits. Thus we may compute the limit in
Arr(CMon), and we obtain

%
lim C; ~ (li_m Lo(ﬂi)/(limPOGi). (2.3.2.5)

Example 2.3.2.6. Let ¢,V : N — Z be any homomorphisms. We compute
BN X $,BZ, BN.

Under the equivalence of Theorem 2.3.2.1, BN corresponds to (N — pt) € Arr®¥?(CMon),
while BZ corresponds to (pt — BZ) € Arr*®?(CMon). Thus BN X ¢.82y BN corresponds to

(N xpe N = pt xgz pt) ~ (N> 22 7) € Arr#(CMon).

We conclude that .
BN XdJ,BZ,Il’ BN ~ Z/¢+¢N2.

Remark 2.3.2.7. There is also a version of (2.3.2.5) involving relative path monoids. Namely,
suppose C_ : I — CAIge*°(Cat) is any diagram, and let ¢ : M — lim; 14@; be a surjective
homomorphism of E.,-groups. Then

lim C; = (lim Loei)7( lim Po m ei)

Indeed, this follows from Proposition 2.3.1.1 and the fact that both 1y and Py pm commute
with limits.

We may use (2.3.2.5) to construct a general pullback / pushout square describing grou-
plike SMCs.

Proposition 2.3.2.8. Let C be a grouplike symmetric monoidal category. Then the square
WeE — @
|
0 —— BPyC.
is both a pullback square and a pushout square.
Proof. Using (2.3.2.5), we see that
0 xgpge €= (0 X0 10€)/(0 xpye Po€) = 15Cc/0 = 1,C.

Thus the square in question is a pullback square.
Because skew quotients commute with colimits, we have

C/1e = (1,C/1C)/(PyC/0) = 0/ PyC = B P,C.

This is the same as saying that the square in question is a pullback square. [
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2.3.3 Grouplike SMCs as fiber products

Theorem 2.3.2.1 allows us to recover a grouplike SMC € from its E.-group of objects 1oC, its
path monoid PyC, and the natural map PyC — 1,C. However, ,€C is not the only E-group
one can obtain from €.

Indeed, the groupoid completion C&4 = (,C/ P, is also an E-group. It is thus natural
to ask whether € can be recovered from €24 together with PyC and some data controlling
the interaction between these E,-monoids. To obtain such a description, we first give a
description of C&4 completely in terms of Eo-groups:

Proposition 2.3.3.1. Let ¢ : N — M be a homomorphism of Ew-monoids, and suppose M
is an B -group. Then (M/N)ngd M /Ns&P,

Proof. This is a direct computation:

(M/N)£d = M/N by Proposition 2.2.4.1(3)
= (M/N)# because M /N is already an E.-group
= ME®P /N8P hecause (—) preserves colimits
= M/N® because M is already an E,-group. ]

Corollary 2.3.3.2. If € is a grouplike SMC, then C&P4 = 1,C/(P,C)8P

Proof. By Theorem 2.3.2.1 we may write € = L0€7P0€. The result follows from Proposi-
tion 2.3.3.1. O

In particular, we see that if € is a grouplike SMC, then there is a natural map
eerd 5 B(P,C)eP = B((PyC)%P).
We may use this map to characterize € as a pullback:
Proposition 2.3.3.3. Let C be a grouplike SMC. Then € = C&Pd X (Bp,e)erd BPoC.

Proof. We compute

@54 % g pye e BPoC = (€571/0) x B(PoC)e 0 (0/PyC) by Theorem 2.3.2.1
= (@ xg(pyeyer Pt) /(0 xo Po€) by (2.3.2.5)

(10C/(PoC)E Xp(pye)er 0)/P0

= fib (1pC/(PeC)® — B(P,C)%*)/ Py

LOG/ PyC because CGrp is prestable
C by Theorem 2.3.2.1. [

Corollary 2.3.3.4. Let C be a grouplike SMC. Then 1,C = fib(C&Pd — (B P,C)&Pd).
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Proof. Apply 1y to the Cartesian square of Proposition 2.3.3.3 and note that (BP,C =
B(PoC)* = B(pt). O

The limit description of Proposition 2.3.3.3 may be upgraded to an equivalence of cate-
gories:

Proposition 2.3.3.5. The commutative square of categories

(—)8P9— (BPo(—))®

. pd
CAlg®Pke(Cat) > Arr(CMon®P)

[re l

CMon* s CMon®?

is Cartesian.

Proof. The square clearly commutes, so we obtain a natural map

CAlg®” ¢ (Cat) — CMon* X cponer Arr(CMon®P)
C — (PG, e — (BP,C)sPd).
Taking pullbacks as in Proposition 2.3.3.3 defines a one-sided inverse CMon* X cponee Arr(CMon®?) —
CAlg®" ¢ (Cat) to the above map. We need to show that this is in fact a two-sided inverse.

That is, given a pair (N,M — (BN)&P4) € CMon® X cponze Arr(CMon®?), we need to show
that:

. Po(M X (BN )epd BN) = N and
o (M X(BN)gpd BN)gpd — M
For the first claim, note that

M x gnea BN = (M/0) x 0/N = (M xgne» 0)/N

BNzp /0
By Proposition 2.2.4.1(5), we have Po(M X gnjza BN) = N, giving the claim.
For the second claim, we compute
((M X g pepa 0)/N)E = (M xgne 0)8/NEP by (2.3.2.5)
= (M xgner 0)/N8 because M Xgner 0 is already an E-group
= M by Corollary 2.1.5.8. 0

Informally, Proposition 2.3.3.5 says that CAlg®"(Cat) is equivalent to the category of
diagrams
M

!

BN —— BN#P
with N a sharp E,-monoid and M an E.-group.
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2.3.4 Localizations and faces

To understand the geometry associated with grouplike SMCs, we need to introduce a suitable
notion of “locality.”

Definition 2.3.4.1. Let € be a grouplike SMC. For a set of morphisms S in C, the localization
of C with respect to S is the grouplike SMC € satisfying the following universal property: for
any grouplike SMC @', we have

Fun®(@, ") = {F € Fun®(C, ') | F(f) is invertible for all f € S}.

We say that a localization is elementary if S may be taken to be a single morphism. The col-
lection of localizations of € forms a full subcategory ( CAIggphke(Cat))lé’j C (CAIg ™ (Cat))e,.

Remark 2.3.4.2. The assumption that €’ is grouplike here is not significant: if €’ is arbitrary,
an analogous universal property holds (by combining the above universal property with that
of (C’)erlike @), We restrict to the case of grouplike €’ for technical convenience, as
CAlg®" ¢ (Cat) is easier to work with than CAlg(Cat).

We seek to show that localizations of a grouplike SMC € always exist. In fact, Theo-
rem 2.3.2.1 will allow us to give a skew quotient presentation of any localization of C.

Proposition 2.3.4.3. Let C be a grouplike SMC. Then:

1. Any localization of C may be written as the localization of C with respect to a face of

PyC.

2. Given a face S C PyC, the localization C[S™Y] ewists, and there is a natural equivalence
CIS™ = (We/S%)/((PeC)/S).

3. Given a face S C PoC and a surjective homomorphism of Eo-groups ¢ : M — ,C,
there is a natural equivalence

e[S = M/((Pom €)[-S]).
In particular, C[S™!] = L0€’7( POG[—S]).
4. The assignment S — (€ — C[S™]) defines an equivalence Face(PyC) — (CAIggphke(Cat))lé’j.

Proof. (1). If f: ¢; — co is any morphism in €, then because € is grouplike, there exists an
object —c; € € such that ¢; @ —c; ~ Oe¢. The morphism f is then equivalent (as an object
of Arr(C)) to (f®id_,) @ id.,. Localizing with respect to f is equivalent to localizing with
respect to (f@id_., ), which is an object of PyC. It follows that any localization of € may be
described as a localization with respect to a collection of morphisms in PoC. We may always
assume that such a collection is closed under equivalence, i.e. is a subspace of PyC.
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Now suppose that S is a subspace of PyC. We claim that localizing with respect to S
is equivalent to localizing with respect to a face of PyC. If fi,fy € S, then localizing with
respect to S automatically inverts f; 4+ f5, so we may assume S is a submonoid of PyC. If
g1, 92 € PoC and g; + g2 € S, then localizing with respect to S must invert g; (because a
suitable translate of go — (g7 + g2) is an inverse for g;). Likewise, any such localization must
also invert go. It follows that we may take S to be a face of PyC.

(2). Let €’ be any grouplike SMC. Under the equivalence CAlg®*™°(Cat) = Arr*&?(CMon)
of Theorem 2.3.2.1, any symmetric monoidal functor F: € — €’ which inverts S corresponds
to a commutative square

PG —— 1€
| |
PoC' —— (€’

such that the leftmost vertical arrow sends S to 0 (because PoC’ is sharp), and vice versa.
Thus the grouplike SMC €[S™'] corresponds to the morphism (N — M) € Arr*#P(C)
equipped with a universal commutative square

PoC —— 1€

L

N—M

such that the leftmost vertical arrow sends S to 0. By Corollary 2.1.4.8, the quotient PyC/S is
sharp, so the morphism Py@/S — (15@)/S# is an object of Arr*¥?(CMon). The commutative
square

P[)e _— Loe

| |

POG/S E— Loe/sgp

(viewed as a morphism in Arr#?(CMon)) clearly satisfies the desired universal property, so
we have C[S™1] = (LOG/Sgp)7(POG/S).

(3). Let €' be a grouplike SMC. Then t, Fun®(M7((P0,M (i’)[—S]), C’) is, by definition,
equivalent to the fiber product

Homemon (M, 10C€") X Homeyen ((Po €)[—S1,10¢’) Homemon ((Pom €)[=S], Po€’).
Because (€’ is an E,-group, we have

Homcmon ((Pom €)[—S], 1b€") = Homemon ((Pom C[—=S1)8, 1o€") = Homemon ((Po.m €)2P, 1oC").
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There is a natural inclusion Homemon ((Po,m €)[—=S], Po€’) C Homemon(Po,m €, PoC’). Be-

cause inclusions pull back, we obtain an inclusion

Lo Fun@(M7((PO,M €)[=S]), €") € Homemon (M, 10C") X Homeyen ((Po.n €)52,10¢7) Homenmon (Po,m €, PoC’)
= 1o Fun®(M/ Py m €, €')
=1, Fun® (€, ¢

identifying FUHQB(M7((P07M G)[—S]), @’) with the subspace of 1, Fun® (€, €’) consisting of
symmetric monoidal functors which invert S. But this is exactly saying that

to Fun® (M/((Pom €)[=S1), €’) = 1, Fun® (€[S 1], €"),

SO M7((P0,M €)[-S]) = CI[S™!] by Yoneda.
(4). By the preceding results, this functor is well-defined and essentially surjective. To
see that this assignment is fully faithful, we note that both Face(Py@) and (CAlg®™¢(Cat) )lgj

are (the categories associated with) posets, and for faces S;,So C PoC, we have S; C Sy if
and only if C[S; '] maps to C[S;*] over €. O

We may use Proposition 2.3.4.3 to give a more intrinsic characterization of localizations.

Proposition 2.3.4.4. Let F: C — C' be a symmetric monoidal functor between grouplike
SMCs. Then F is a localization if and only if:

e The induced morphism PyC/ fib(PoF) — PoC’ is an equivalence,
e F induces a surjection 1my(,oC) — 1o(1,C’), and
e The induced morphism fib(PoF)8? — fib(gF) is an equivalence.

Furthermore, in this case, fib(PoF) is a face of PoC, and F is the localization of C with respect
to fib(PoF).

Proof. (=). Suppose F: € — €' is a localization. By Proposition 2.3.4.3, we may assume
F is the localization with respect to a face S C PG, and we have PyC’ = PyC/S and (€’ =
(0C/SeP. By Proposition 2.1.4.10, we have S = fib(P¢F), so the “furthermore” statement
holds and Poe/ == POG/S = Poe/ flb(PoF)

Because yF is a quotient map, yF must be surjective on 7y. It remains to show that
fib(gF) = fib(PoF)8> = S&P. This is straightforward because CGrp is prestable:

fib(1oF) = fib(M — M/SEP) = fib(M — cofib(S® — M)) = SeP.

(<). Suppose F satisfies the stated conditions. First observe that (oF : (xC — 1,C’ is
equivalent to the quotient map 1€ — 1HC/ fib(xF)8P. Indeed, this follows from the presta-
bility of CGrp: because yF is surjective on 7y, there is a natural equivalence

LG’ = M/ fib(1F) = M/ fib(PoF)e.
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We may therefore use Theorem 2.3.2.1 to write C’ as
LWC'/PoC’ = (1yC/ fib(PoF)#P) /( PyC/ fib(PyF))

Because PyC’ is sharp, fib(PyF) must be a face of Py€ by Proposition 2.1.4.5. Combining
this with Proposition 2.3.4.3(2), we get €’ = C[fib(PoF) ], as desired. O

The faces of N™ are classified in Example 2.1.4.4. Using Proposition 2.3.4.4, we may
extend this to a classification of the localizations of grouplike SMCs € with PyC ~ N™.This
result underpins the Cox construction discussed in Chapter 6.

Example 2.3.4.5. Let € be a grouplike SMC, and suppose PqC ~ N™ for some n. Then
localizations of € correspond to commutative squares

Nt % L€
b
N ¥
such that:
« 71y is projection onto coordinates indexed by J C {1,...,n},
o 1 induces a surjection 7 (1oC) — 9(M), and
¢ The induced map Z"™ V! = fib(7;)8P — fib(1) is an equivalence.

Indeed, any quotient of N™ by a face agrees with 7t; for some ] by Example 2.1.4.4, so the
equivalence follows from Proposition 2.3.4.4 applied to the skew quotient map ¢ — M/NJ.

We note that localizations of grouplike SMCs interact well with colimits:

Proposition 2.3.4.6 (Localizations push out). If € and €' are grouplike SMCs, € — C[S™1]
is a localization, and F : C — @ is a symmetric monoidal functor, then there is a pushout
square

e—F e

| |

CIS™] —— C'[F(S) 1.

Proof. Immediate from the universal properties. O
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2.3.5 Localizations and limits

In this subsection we collect some useful results on the interaction between localizations of
grouplike SMCs and limits. These algebraic results control the locality properties of E.-fans
sketched in Chapter 6.

We begin by showing that localizations of grouplike SMCs pull back. Note that local-
izations of E,-monoids do not pull back, so this result may be somewhat surprising: the
discrepancy is essentially due to the fact that limits of grouplike SMCs retain more informa-
tion than the corresponding limits of E.,-monoids.

Proposition 2.3.5.1 (Localizations of grouplike SMCs pull back). Let € and €' be grouplike
SMCs, let S C PyC be a face with corresponding localization G : € — C[S™'], and let
F:C' — C[STY be a symmetric monoidal functor. Let

e’ —S e

I

e’ —— e[S
be a pullback square. Then the natural functor G : C” — @' is a localization.

Proof. Note that S = fib(PqG) by Proposition 2.3.4.4. We check that the criteria of Propo-
sition 2.3.4.4 hold for G’.

e We have
PoC"/1ib(PyG) = (PoC Xpyermivpyc)-1)) PoC’)/ fib(PG)

= (PoC Xpye/ finp,c) PoC’)/ fib(PoG) by Proposition 2.3.4.3(2)
= Py@’ by Corollary 2.1.5.8.

o As (yG’ is a pullback of 1yG, we see that 7(1yG’) is surjective on 7y by [HTT, Propo-
sition 6.2.3.7] (applied in 8) and the corresponding claim for 8.

o We have
ﬁb(PoG/)gp = flb(P(]G)gp = flb(LoG) = flb(LoG/)

Thus G’ is the localization of C” along the face fib(PyG) C PoC”. O

To extend Proposition 2.3.5.1 to a more general class of limits, we will need the following
technical (but certainly well-known) bit of abstract nonsense.

Lemma 2.3.5.2. Let (1, <) be a nonempty finite poset admitting finite nonempty joins.® Let
C_:1—= € be any diagram. Then limic1 C;y can be computed as an iterated fiber product of
the Ci-

6 Actually, as we shall see, all we will need are binary joins of minimal elements of I.
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Proof. Let i1,...,1n be the minimal elements of I. Let I’ be the subposet of I consisting of
all binary joins {iq V ip}a bef1,..n}- Note that each i, =14 Vi is an element of I’. We first
claim that I’ is coinitial in I.

By the dual of [HTT, Theorem 4.1.3.1], I’ is coinitial in I if and only if, for any i € I,
we have (I’ x11,;)89 = pt. By our choice of the i, there exists some i, <1, so I’ x1 [ ; is
nonempty. Furthermore, if i, V ip <1 and 14/ V 1y < 1, then there exists a zigzag

NG

1qa Vip iq V iy lqr Vipr.

It follows that (I’ xp 1,;)#P¢ is connected. Since I’ xp I, is itself a poset, the groupoid
completion (I’ x1 1,;)8P4 is a discrete set. The only discrete connected set is pt, so (I’ x;
[,)8?d = pt, and I’ is coinitial in 1.

We may therefore write limic; C; = limy/cp» Cis. The limit of this latter diagram can be
computed as an iterated fiber product as follows. First, for all a, b, compute C;, x Ciaviy Ci,.
Then, for all a, b, and ¢, compute the limit of all terms involving a, b, and c as

((Cia X Ciqvig Cib) XCyy (Cib X Ciyvie Cic)) X Ciqvic (Cia X Ciqvic Cic)

Repeat this process for all a,b,c,d, et cetera, until one has obtained the limit of all of
I ]

Corollary 2.3.5.3. Let I be a nonempty finite posel admitting finite nonempty joins. Let
C_ : 1 — CAIgt""*°(Cat) be a finite diagram such that all transition maps C; — C; are
localizations. Then all structure maps limier C; — C; are localizations.

Proof. By Lemma 2.3.5.2, the limit in question may be constructed as an iterated fiber
product of the C;. All structure maps in question may therefore be written as compositions
of structure maps of fiber products and transition maps €; — €;. The result then follows
from Proposition 2.3.5.1 and the fact that compositions of localizations are localizations. [

Proposition 2.3.5.4. Let F: G — C3 and G : Cy — C3 be morphisms in CAlg®™(Cat).
Let S C Py(Cy xe, Ca) be a face. Then

(€1 Xey C2)ISTH = CilS™1] Xeys-1) C2[ST.

Proof. Let A = 1yC1 X e; LWC2. Replacing each C; by the full subcategory € spanned by
the objects in the image of the natural map A — 1,C; does not change the fiber product: we
have €1 X, € = Cf X¢; €5. Furthermore, the image of S in each €; lies in €{, so C{[S™'] is
the full subcategory of G;[S™!] spanned by the objects lying in the image of A — 1,C;[S™1].

"One can of course make this process more rigorous using an inductive argument at the cost of a significant
reduction in clarity.
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Thus C1[S7Y xe,s-1) Ca[STH = €[S X eq(s1] Cs[S7]. Tt follows that we may assume
without loss of generality that C; = C{ for all 1, i.e. we may assume that the natural map
A — @y is surjective on 7rp.
Now we can write
(€ xe, C)IST! (A/ PoA(C1 e, C2))[S™!] by Proposition 2.3.1.1
= A/(Po A(C1 Xe, Co)[— S]) by Proposition 2.3.4.3(3)
= (A xa A)
= (A XA A)/(PO’A 61[—5] XPOA@3 POA 62[ S])) by COI‘OH&I‘y 2.1.5.7
= (A/Poa Cil=S]) X r7p, ;5] (A/ Poa Co[=S]) by Remark 2.3.2.7
= C1IS7! X517 C2[ST by Proposmon 2.3.4.3(3)

/(Po,A C1 Xpy ;s Poa Co) [—S]) because Py o preserves limits

where the final step uses the assumption that A — C; is surjective for all 1i. O

Corollary 2.3.5.5. Let I be a nonempty finite poset admitting finite nonempty joins. Let C_ :
I — CAIg®™®(Cat) be a finite diagram, and let S C lim; PoC; be a face. Then (lim; C;)[S™1] =
hml((?l [Sil] ) .

Proof. By Lemma 2.3.5.2, we may write lim; C; as an iterated fiber product of the C;. The
result then follows from Proposition 2.3.5.4. O

2.3.6 Integral grouplike SMCs

Just as with integral E.,-monoids, we can define a notion of integral grouplike SMC. This
notion is not especially important for the general theory, but many grouplike SMCs of interest
are integral, and it is worth noting some nice properties of integral grouplike SMCs.

Definition 2.3.6.1. A grouplike SMC € is integral if the natural functor € — €84 is faithful,
i.e. all maps
Mape(c1,c2) = Mapeepa(c1, o)

(for cq,cy € €) are inclusions.

Proposition 2.3.6.2. Let C be a grouplike SMC. The following are equivalent:
1. C s integral.
2. For every skew quotient presentation C = M7¢N, N is integral.

3. PoC is integral (hence discrete by Remark 2.1.6.5).

4. There exists a skew quotient presentation € = M7¢N with N integral.
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Proof. First observe that, if we write € = M7N for some ¢ : M — N, then for all m € M,
the bottom and outer squares of

Mape(0, [m]) ———

Mapegpd(o, [m]) — N&P (2363)

are Cartesian by Corollary 2.2.1.5. By the two pullbacks lemma, the top square of (2.3.6.3)
must also be Cartesian. .

(1) = (2). Given a presentation € = M/ N, we need to show that the map N — N&P
is an inclusion. Because C is integral, all of the maps Mape (0, [m]) — Mapeepa (0, [m]) are
inclusions. From the diagram (2.3.6.3), we see that this means the map N — N&P becomes
an inclusion whenever we base change to some m € M. A map of spaces is an inclusion if
and only if all induced maps of fibers are inclusions, so N — N#P is an inclusion.

(2) = (3). This follows from Theorem 2.3.2.1 by writing € = 1,C/ P(C.

(3) = (4). Trivial.

(4) = (1). Suppose we have a presentation € = M7¢N with N integral. We want
to show that, for all ci,co € €, the map Mape(ci,c2) — Mapeepa(cy, c2) is an inclusion.
Because € is grouplike, it suffices to consider the case where ¢; = 0. We may also write
co = [m] for some m € M. The top square of (2.3.6.3) is Cartesian, and the map N — N&P
is an inclusion because N is integral. Thus the natural map Mape (0, [m]) — Mapeepa (0, [m])
must be an inclusion, precisely as needed. [

Corollary 2.3.6.4. A limit of integral grouplike SMC's is integral.
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Chapter 3

Geometrization of grouplike SMCs

In this chapter we discuss how to construct derived stacks from grouplike SMCs. The
essential idea is relatively simple: given a grouplike SMC €, we use the modern perspective
on the Tannakian formalism (as in e.g. [Ste23]) to define a stack Qe from the symmetric
monoidal category (PShy(C), ). In favorable cases, we can show that the stack 9)e admits
an explicit presentation as a quotient stack (Proposition 3.2.3.6) and that there actually is
an equivalence (QC(Q¢), ®g) =~ (PShy(C), *).

3.1 Presheaves on grouplike SMCs

We will begin by discussing the general behavior of presheaf categories PShy (C) when C is
grouplike. The main result of this section, Proposition 3.1.2.3, allows us to think of PShy (C)
as a category of “graded modules” (for a certain oo-categorical interpretation of “grading”).

3.1.1 The projection formula for presheaves

We will first need to establish that presheaves on grouplike SMCs satisfy a version of the
projection formula. This is a straightforward but lengthy calculation, and actually holds in
greater generality:

Proposition 3.1.1.1. Let F: C — D be a symmetric monoidal functor between small SMCs,
and suppose that every object of € is dualizable.! For F € PShy(C) and 4 € PShy (D), we

have
F(F.Z x¥9) =7 xF'Y.

Proof. The functors F*, F;, and % all commute with colimits and V-tensors, so it suffices to
consider the case where .% = ye(c) and 4 = yp(d) for some ¢ € € and d € D. Then, for

IThis holds if € is grouplike, and this is the only situation we will need to consider in the rest of the
paper.
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¢’ € @, we have

(F*(Fyele) xyn(d))(c') = (Fyelc) xyn(d))(F(c'))

*yelcY), Fryn(d))
yele) x Fyn(d))

(yo (F(c)) *yn(d)) (F(c)

= Hompsh, (p) (Yo (F(c')), yo (F(c)) xyn(d))
= Hompsp, (1) (yn(F(c')) xyn(F(c )VJJD(d))
= Hompsp, (p) (Yo (F(c")) xyn (F(c")),yn(d))
= Hompsp, (p) (yn(F(c’ ®e c¥)),yn(d))
= Hompshy (p) (Fi(yelc’) xye(c"))

)

),

(

Since ¢’ € € was arbitrary, we get F*(Fiye(c) xyp(d)) =yelc) * Fryp(d) as desired. H

3.1.2 PShy(C) as a category of graded modules

For an E,-monoid M, let Locy(M) = Fun(M,Mody) be the category of V-valued local
systems on M. Because M is a groupoid, there is a natural equivalence M >~ M and in
particular we have Locy(M) ~ PShy,(M). We will view Locy(M) as symmetric monoidal
under the Day convolution product *p;.

The category Loci (M) serves as an oo-categorical version of the category of “M-graded
k-modules,” as the following example makes clear.

Example 3.1.2.1. Let M be a discrete commutative monoid. Then objects of Loc,(M)
are given by families V = (Vi) mem in Mody, and morphisms V — V' are just families of
morphisms Vi, — V/ for all m € M (with no coherence data involved). The symmetric
monoidal structure on Locy (M) is given by

(V*M V/)m - |_| le Xk Vmg'

mi+mo=

Remark 3.1.2.2. There is a natural t-structure on the category Locy (M) given by Loch(M)
Fun(M, Modfo). More generally, we may define a natural t-structure on any PShy(C)
PShs?(€) = Fun(€, Mod?).

We would like to give a description of PShy(€) (for € a grouplike SMC) as a category of
“graded modules over a graded algebra.”

by

Proposition 3.1.2.3. Let C be a grouplike SMC, and let  : M — ,C be a homomorphism of
Ew-groups which is surjective on 1. Write \p for the natural homomorphism Pom € — M
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and Tp, , ¢ for the natural symmetric monoidal functor € — BPom C. Then there is a
t-exact symmetric monoidal equivalence

(PShi(€), *e) = (Mody,m;, k(Locy(M)), @pym, k)
Proof. Consider the adjunction
¢, : Lock (M) 2 PSh (C) : ¢*.
Note that:
o The pair (¢, d*) satisfies the projection formula by Proposition 3.1.1.1.

o The functor ¢* preserves arbitrary colimits (since colimits in PShV(M7N) are com-
puted pointwise).

o The functor ¢* is conservative (since a morphism in PShy (C) is an isomorphism if and
only if it is an isomorphism pointwise).

Thus this adjunction satisfies the hypotheses of the symmetric monoidal Barr—Beck theorem
[MNN17, Proposition 5.29] and we obtain a symmetric monoidal equivalence

( PShi(€), *G) = ( M0d¢*¢!1Lock(M) (Lock (M), ®¢*¢!1Lock(M)>'

Thus it suffices to show that

Cb*d)!]lLocv(M) = Il)!7-(;;0,M ek'

In fact, because ¢, : (Locy (M), *m) — (PSh(€), xe) is symmetric monoidal, we have

G1 1oy (M) = Lpsh, () =TNerk

where e : 0 — € is the unit morphism. We may therefore reduce to showing that

d ek =iy | ek,
and this last claim follows from Lemma 3.1.2.4 below. L]

Lemma 3.1.2.4. Let C be a grouplike SMC, and let & : M — € be a homomorphism of
Eo-groups which is surjective on my. Write:

e Y for the natural homomorphism Pom € — M
e Tipy,, ¢ for the natural symmetric monoidal functor € — BPom €, and

e Ne for the unit map 0 — C.
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Then, for allm € M and V €V, there is a natural equivalence
(™ me(V))(m) = oolim V= (Wi, e V) (m).

Thus there is a natural equivalence ™ ner = Y17 e

Proof. Both equivalences follow from the pointwise formula for left Kan extensions. More
precisely, for the first equivalence, note that

(P ne(V)) () = (e(V)) (d(m)) = colim V= colim V.,

ne(0)—d¢(m) Mape (0¢,[m])
and Corollary 2.2.1.5 gives Mape (O¢, [m]) =y ~!(m). For the second equivalence, note that

£ V)(m) = colim mh  o(V)(n) = colim V
(Wi, e V) (m) Joolim 7, e(V)(n) = colim 'V,

whih agrees with colim,,-1(pm) V because M is a groupoid. O

3.2 Geometrization

We are now prepared to discuss the construction of stacks )¢ from grouplike SMCs €. More
precisely:

Definition 3.2.0.1. We define a geometrization functor 9)_ : CAlg®*™®(Cat)°® — dStk by
the formula
Ve(R) = o Fun®(C, Mody")

for all R € dCAlg.

To see that Qe is indeed a derived stack, note that if Spec R® — SpecR is a Cech cover
corresponding to an fppf covering sieve of Spec R, then

lim Qe (R*) = lim 1 Fun® (€, Mod?)
— 1, Fun® (€, lim Mod )
= 1y Fun® (€, Mod%o) by faithfully flat descent
=Ye(R)

as needed.

Of course, we could have made this definition much earlier: the reason we have postponed
it until now is that we are now able to prove algebraicity results for Qe (when certain
additional properties hold).

We will begin by discussing some useful basic properties and examples of geometrization
Section 3.2.1. In Section 3.2.2, we will discuss how applying the geometrization functor
to Ex-groups produces E,-group objects in the category of derived stacks. Finally, in
Section 3.2.3, we will use the preceding discussion and the characterizations of presheaf
categories in Section 3.1 to prove algebraicity results for geometrizations of grouplike SMCs
with “trivializable symmetry” (see Definition 3.2.3.1).
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3.2.1 Basics of geometrization

Here are a few key examples to keep in mind when discussing geometrization:

Example 3.2.1.1. For any E,-monoid M, we have QYgm = Speck(M). Indeed, for all
R € dCAlg,, any symmetric monoidal functor BM — Mod§0 must send the unique object of
BM to R € Modg, so

VDem(R) = Mapycayg, (K(M), R) = (Spec k(M))(R).

Example 3.2.1.2. If F#P is the free E-group on one generator, then Qrer = BGL;. Indeed,
for any R € dCAlg,, we have

Ve (R) = 1o Fun® (FeP, Mod”) = Pic(R) = BGL, (R).

Note that the derived stacks Qgm and Yrer admit natural E,-monoid structures in the
category of derived stacks. This in fact holds much more generally:

Proposition 3.2.1.3. Let C be a grouplike SMC. Then the derived stack Y)e has a natural
Ew-monoid structure, i.e. Pe € CAlg(dStk). If € = A is an E-group, then Ya is an
Eoo-group object in dStk.

Proof. Considering (Cat, x) as a Cartesian monoidal category, [HA, Corollary 2.4.3.10] im-
plies that every object of Cat admits a natural unique E.-coalgebra structure in Cat (and
this extends to an equivalence of categories). Passing to commutative algebra objects in
Cat, we see that the forgetful map BiAlgy p_(Cat) — CAlg(Cat) is an equivalence. Corol-
lary 1.2.3.3 then implies that, for any R € dCAlg, there is a natural E.,-monoid structure on
the mapping space 1y Fun® (€, Mod%o) = ¢ (R). Combining these algebra structures for all
R gives the E,-monoid structure on 9)e.
If € = A is an E,-group, then we in fact have

DA (R) = 1o Fun®(A, Pic(R)) = Homecerp (A, Pic(R))

where Pic(R) here denotes the E-group of line bundles over R. Because homomorphisms
between E.-groups form an E.-group, we see that Y (R) is itself an E-group. Combining
this for all R shows that Q) is in fact an E,-group object in dStk. O

We conclude with a remark which will not be directly useful here, but which will motivate
some of the discussion in Chapter 6:

Remark 3.2.1.4. The geometrization functor ) : CAlg®"™(Cat)°? — dStk preserves all limits.
Indeed, we have

Decolim; ¢ (R) = 1o Fun® (colim €;, Mody" ) = lim 1y Fun® (€;, Mody" ) = limYe, (R)

for any diagram €_ : I — CAlg®*™ ®(Cat)°? and any R € dCAlg.
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3.2.2 Geometrizing E-groups

Our goal in this subsection is to discuss the behavior of the geometrization functor on certain
E-groups.

Notation 3.2.2.1. Fix an Ey-group A, and let Go = Speck(A).
Here are some key examples to consider:

Example 3.2.2.2. If A = Z, then Gz = Speck[t,t '] = G,,. More generally, if A is free of
rank n, then G is an algebraic torus of rank n.

Example 3.2.2.3. If A =Z/n, then Gz, = Speckl[t]/(t™ — 1) = py.

By Proposition 3.2.1.3, Ga is an E,-group stack. Thus it makes sense to talk about
the classifying stack BGA. Using the comonadic version of the Barr-Beck theorem, one can
prove the following result,

Proposition 3.2.2.4 ([Mou21, Theorem 4.1 and Proposition 8.2]). 2 Suppose A is discrete.
Then there is a t-exact symmetric monoidal equivalence

(Lock(A),*a) = (QC(BGA), ®0)
This equivalence sends LOCEO(A) to QCSY(BGA).

Corollary 3.2.2.5. If A is a discrete abelian group, then Ya = BGa, and there is a natural
symmetric monoidal equivalence

(Lock(A),*xa) = (QC(YA), ®4).

Proof. For any R € dCAlg,, we may write
VA (R) = 1o Fun®(A, Mody")
=1 Fun ((Loc O(A), %a), (Mod§0,®R))
=y FunP" ((QCSY(BGA), ®0), (Mody’, @r))
= BGA(R) by [Ste23, Theorem 1.0.3],

giving the first claim. The second claim is then just a restatement of Proposition 3.2.2.4. [

Remark 3.2.2.6. Some sort of discreteness hypothesis is necessary for Corollary 3.2.2.5 to
hold. Indeed, both claims in Corollary 3.2.2.5 may fail when we allow A to be non-discrete:

2Moulinos states the claim only for A = Z, but the argument works for any discrete A.
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o If we take A = F®P, then by Example 3.2.1.2, we have Qrer = BGL;. Because we
are working over a field k of characteristic zero, we have GL; = Gy, s0 Yper = Yz.
However, we have

QC(Yrer) = QC(Yz) = Lock (Z) # Locy (FeP),

for example because the unit object of Locy (IF¢P) has

H° Endy (1poe, (rer))) = H° (k(QoFeP)) = k{m; (F2°,0)) = k(Z/2) # k.

o If we take A = BZ, then by Example 3.2.1.1, we have Qgz = G, so Qpz is not a
classifying stack. However, we do have Locy(BZ) = Modyzy = QC(YAa). The only

problem here is that the unit map pt — Q)gz is not a cover in any reasonable topology
on dAffy.

3.2.3 PShy(C) versus QC(Ye¢)

We would like to extend Corollary 3.2.2.5 to the stacks Q)e for more general grouplike SMCs
C. To avoid the first counterexample of Remark 3.2.2.6, we will need to impose some extra
conditions on the grouplike SMCs we study:

Definition 3.2.3.1. An E_-group A has trivializable symmetry if the natural map A —
1o (A) splits in CGrp, i.e. there is a (typically non-canonical) equivalence of E,-groups A =
mo(A) x AY. A grouplike SMC € has trivializable symmetry if the Eo-group of objects (oA
does.

Example 3.2.3.2. A grouplike symmetric monoidal 1-category € has trivializable symmetry
if and only if, up to natural symmetric monoidal equivalence, we may assume that the grading
o of € satisfies o¢c ¢ =idcgce for all C € C.

By Proposition 2.1.2.3, an E,-group A has trivializable symmetry if and only if the
extension class na € H(_QOA)2(H(7IO(A))) is zero. Thus:

Example 3.2.3.3. Any discrete E.-group has trivializable symmetry.
Example 3.2.3.4. Any connected E.-group has trivializable symmetry.

Example 3.2.3.5. The E,-group F& does not have trivializable symmetry. Indeed, by the
discussion in [JO12, §3], Nre» € H(QoF#P)?(HZ) maps to the nonzero element of H(Z/2)*H(Z),
hence is itself nonzero.

We may now show that, for every grouplike SMC €, the stack )¢ admits a global quotient
presentation. This presentation is not canonical. The lack of canonicity is closely related to
issues with the Cox construction for toric varieties in the presence of toric factors, which we
plan to discuss in future work.
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Proposition 3.2.3.6. Let C be a grouplike SMC with trivializable symmetry. Then there is
a (typically non-canonical) equivalence e =~ [(Spec k(Po ny(1,e) €))/GAl.

Proof. Choose a splitting of the forgetful map € — 7y(xC). This gives an essentially
surjective symmetric monoidal functor 7(1oC) — €. By Proposition 2.3.1.1, we obtain

a skew quotient presentation C = 7'(0(L0€)7P0,7TO(L0@) C. Proposition 3.1.2.3 then gives a
symmetric monoidal equivalence

(PShi(€), %e) = (Moda (Lock(7(10€)), @2)

where A 1= k(P x,(,e) C) is viewed as a local system over 7 (1,C) with fiber over p € 7y(1,C)
given by K((Po.x(0e) €) Xmy(ioe) 1p}). By Corollary 3.2.2.5 this gives a t-exact symmetric
monoidal equivalence

(PShi(€), xe) = (Moda (QC(BGr,(we))), @ )
or equivalently
(PShi (@), +¢) = ( QC (I(Spec A)/ Gy (ige))), @0 ). (3.2.3.7)
By Tannaka duality ([Ste23, Theorem 1.0.3] again), for all R € dCAlg, we get
[(Spec A)/ Gy e} (R) = Fun®L(QC=([(Spec A)/G g ), ModS?)
~ Fun®"(PShy (€)<’, Mody")
— Fun®"(C, Mody’)
=Ye(R).
This equivalence is natural in R (but not in €), so we get Ye ~ [(Spec A)/Gry(,e))(R). O

Even though the equivalence of Proposition 3.2.3.6 is not canonical, we can obtain a
canonical description of the category QC(Q)e):

Proposition 3.2.3.8. Let C be a grouplike SMC with trivializable symmetry. Then there is
a natural t-exact symmetric monoidal equivalence

(PShi(€),%¢) = (QC(Ve), ®4p).

Proof. To construct our alleged equivalence ¥, we first construct a natural symmetric monoidal
functor F: G — (QC(Q)@), ®/;). By definition we have

QC(Ve) = lim  Modg = lim Modg

Spec R—9)e C—)Mod%o

where the last limit is taken over all symmetric monoidal functors € — Mod3” with R
a derived commutative ring. There is a tautological symmetric monoidal functor € —
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limGaModEO Mod§0, and composing this with the inclusion ].ime*>M0d§0 |\/|od,§0 C QC(Ye)
gives the desired F. The universal property of Day convolution then gives a symmetric
monoidal functor F : (PShk(G),*@) — (QC(Q)G), ®ﬁ), and it is clear from the definition
that this is t-exact.

To show that F is an equivalence, we use the non-canonical equivalence of Proposi-
tion 3.2.3.6. Indeed, post-composing F with the induced equivalence

QC(Ye) ~ QC([(Spec A)/Gry(1pe)])

(where A = k(P x,(,e) C)), we obtain the equivalence Eq. (3.2.3.7). By the two-out-of-three
property for equivalences, we see that F is itself an equivalence. [
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Chapter 4

Convolution and Tensor Products

4.1 Quivers and derived categories of quotient stacks

Notation 4.1.0.1. Throughout this section, fix a commutative reductive group G (i.e. a
product of a torus and a finite abelian group). Let ¢ : Q) — BG be a morphism of derived
stacks which is affine and almost of finite type. Equivalently, there exists a unique affine
derived scheme Y almost of finite type over Speck and a G-action G ~ Y such that ) =
[Y/G].

The derived category QC(2)) = QC([Y/G]) may be understood as the derived category
of G-equivariant quasicoherent sheaves on Y. Because G is reductive, for .%,¥4 € QC(2)),
the Hom-complexes Homg) (.#,%) may be computed by taking the G-invariants of the Hom-
complexes of the corresponding quasicoherent sheaves on Y. We write Oy (x) for the pullback
of the line bundle (a.k.a. 1-dimensional representation) Ogg(x) € QC(BG) to .

We are interested in describing the symmetric monoidal category (QC(2)), ®,) as a func-
tor category out of some small k-linear category.

Definition 4.1.0.2. The total weight quiver Q(¢) is the essentially small full symmetric
monoidal subcategory of (Perf(2)), ®s) with objects given by {0y (X)}yex+(c). More gener-
ally, for any subset S C X*(G), the partial weight quiver Qs(d) corresponding to S is the
full (not necessarily monoidal) subcategory of Perf(Q)) with objects {0y (X)}xes-

Remark 4.1.0.3. Suppose Y = Spec R for a derived ring R. Then specifying the G-action on
Y is the same as specifying a X*(G)-grading on the derived ring R, say R = @®yex+(c)Ry.
From this perspective, quasicoherent sheaves on 2) correspond to X*(G)-graded R-modules.
In this case, we have the following explicit (but less homotopy-coherent) description of the
partial weight quivers Qs(¢):

« obQs($p) =S.

e For x1,%x2 € S, we have Homq, () (X1, X2) = Ryp—x:-
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o Composition of morphisms in Qs(¢) is multiplication in R.

The symmetric monoidal structure on the total weight quiver Q(¢) is given on objects by
addition in X*(G) and on morphisms!' by multiplication in R.

Example 4.1.0.4. If G = G, and 9 = [A™"1/G,.], the total weight quiver Q(¢) is the
k-linearization of the infinite Beilinson quiver appearing in Fig. 0.2. The partial weight
quiver for {0,...,n} C Z = X*(G,,) is the k-linearization of the Beilinson quiver appearing
in Fig. 0.1.

Due to the above interpretations, we will often implicitly identify the objects of the
category Qs(¢) with S C X*(G). Following Example 4.1.0.4 (and Definition 5.1.4.1 below),
we will generally think of Qs(¢d) as a “k-linear quiver with relations” and think of k-linear
functors from Qs () (or Qs(d)°P) to D(k) as derived quiver representations.

By Proposition 1.2.3.2, there exists a unique k-linear colimit-preserving symmetric monoidal
structure ©q(¢) on D(Q(¢$)P) extending the natural symmetric monoidal structure on Q(¢)
(viewed as a full subcategory of D(Q(¢$)°P) via the Yoneda embedding). More concretely,
for Vi,V € D(Q($)°P) = Funi (Q(d)°P, D(k)) and x € X*(G), we have

(Vi ©q() Vo) (x) = @ Vi(x1) ®x Valxa).

X1+X2=X

With the above definitions, it is not hard to give a description of (QC(%)), ®4) in terms
of Q(¢d). Special cases and variants of this statement are well-known in the literature,
especially in the context of equivariant mirror symmetry for affine toric varieties (see e.g.
[BO19, Proposition 2.1], as well as [Mou21, Theorem 1.1] and [BH25, Proposition 3.3.1] for
statements over the sphere spectrum).

Proposition 4.1.0.5. The inclusion Q(¢d) — QC(2)) induces a symmetric monoidal equiv-
alence

Y (D(Q(P)P), ©q(e)) — (QC(Y), ®¢).

Proof. The functor ¥ is symmetric monoidal by Proposition 1.2.3.2(1). It suffices to show
that QC(2)) is compactly generated by the line bundles {0y (x)}yexe(c) (as ®¢ must then
be the unique colimit-preserving k-linear extension of the symmetric monoidal structure on
Q(¢)). This is standard, though we provide an “intrinsically derived” proof.

Because G is a reductive group, QC(BG) is compactly generated by the line bundles
{Osc (X)}xexe () (see e.g. [BEN10, Corollary 3.22]). The natural map ) — BG is affine, so
we may write

QC(Y) = Mod,(QC(BG))

!The behavior on morphisms is forced on us by the fact that the underlying category of Q(¢) is grouplike.
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for some 7 € CAIg(QCS°(BG)). Observe that Mod,,(QC(BG)) is compactly generated by
{7 (X) }xexe(c)- In fact, if .# € Mod, (QC(BG)) satisfies Hommed , (qc(BG)) (#(X), F) = 0
for all x € X*(G), then by adjunction

Homqce)(Orc(X),#) = Hommod,, (qc(Bc)) (& (X),#) =0

for all x € X*(G), so the underlying object of the .@7-module .% is zero and we must have
Z = 0. It follows that QC(2)) is compactly generated by {Oy (X)}yexe(q)- O

Combining Proposition 4.1.0.5 with Tannakian reconstruction theory gives a useful mod-
uli interpretation of %).

Corollary 4.1.0.6. For all R € dCAlg,, we have
V(R) = Fun®(Q(¢), Perf<"(R))~.

Proof. By [BH17, Theorem 1.3|, we may identify 2)(R) with the subspace of Fun]';’®(QC(2)), D(R))=
consisting of functors which preserve connective objects. By Proposition 4.1.0.5 and Propo-
sition 1.2.3.2(2), we may write

Fun®(QC(2),D(R)™ = Fun®(Q(¢), D(R))~,

and the subspace of Fun®®(QC(2)), D(R))™ consisting of functors which preserve connective
objects is identified with Fun®(Q(d), DS?(R))™. Because every object of Q(¢) is invert-
ible with respect to ®q, the image of every symmetric monoidal functor Q(¢) — DS°(R)
must consist of line bundles, hence must lie in PerfS°(R). Thus Fun®(Q(¢),DS(R))= =
Fun®(Q(¢), PerfS°(R))=. O

4.2 Convolution and quiver tensor products

Notation 4.2.0.1. Let G be a commutative reductive group. Let ¢ : 91 — BG be a
homomorphism of E,,-monoid derived stacks which is (as a morphism of derived stacks) affine
and almost of finite type, so 9 is a perfect stack. In particular, taking M = 9 xgg SpecKk,
the affine derived scheme M is an E,,-monoid derived scheme, and the natural morphism
M — 9t is a morphism of E-monoids. Write p: 9T x 9 — 91 for the binary multiplication
map.

Remark 4.2.0.2. In general, we expect that such an E,-homomorphism 99t — BG is obtained
from a “normal” E,-homomorphism G — M (defined analogously to the inclusion of a
normal subgroup). However, we are not aware of a workable characterization of normal
E,.-homomorphisms in the oo-categorical context. In our classical applications, the E,-
structure on 9 — BG can be checked “by hand,” so we leave development of a theory of
normal E,,-homomorphisms to future work.
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By Proposition 4.1.0.5, we know that QC(9) ~ D(Q(¢)°?) and that the usual tensor
product ®4 on Q(¢) corresponds to the Day convolution product on D(Q(¢)°P). Under the
above hypotheses, QC(9t) also admits an E,-monoidal convolution product xgy by the results
of Section 1.3.3. Our goal in this section is to show (Theorem 4.2.3.1) that *gy corresponds to
a “quiver tensor product” ®q on D(Q(¢$)°P). Compared with Proposition 4.1.0.5, establishing
Theorem 4.2.3.1 as a homotopy-coherent E,,-monoidal equivalence is nontrivial, and we are
not aware of versions of this result in the literature (even at the level of homotopy categories).

4.2.1 The quiver tensor product

To rigorously construct the quiver tensor product on D(Q(¢)°P), first recall that we may view
QC(9M) as an (E,, Ey)-bialgebra in Pry by Corollary 1.3.4.4. The multiplication on QC(91)
is the usual tensor product of quasicoherent sheaves, while the (binary) comultiplication is
the pullback functor

i 2 QC(M) — QC(M x M) = QC(M) @ QC(M),

where p : 9 x M — M is the binary multiplication associated with the monoid structure
on M. In particular, for x € X*(G), we have

W Om(x) = Om(x) W Oon(X), (4.2.1.1)

so the E-coalgebra structure on QC(9t) ~ D(Q(d)°P) restricts to an E,,-coalgebra structure
on Q(¢). Because Q(d) is closed under the usual tensor product on QC(9), we actually get
a stronger statement: the (E.,E,)-bialgebra structure on QC(9) (defined by pullbacks)
restricts to an (E., E,,)-bialgebra structure on Q(¢).

Example 4.2.1.2. Consider the setting of Definition 5.1.4.1. Because the category Cat
of small discrete categories is Cartesian monoidal, every small category € is (uniquely) an
E-coalgebra in Cat by [HA, 2.4.3.10].> The comultiplication on € is given by the diagonal
A : €© — € x C. In particular, the category QP**(¢) obtains an E,-coalgebra structure in
this way, and the above E.-coalgebra structure on Q(¢) is the k-linearization of that on

Q(¢).

By Corollary 1.2.3.3, the E, -coalgebra structure on Q(¢) combines with the symmet-
ric monoidal structure ®y on D(k) to produce a quiver tensor product Qq = ®q(p) OL
D(Q(d)°?) = Fum(Q(d)°P,D(k)). More concretely, this is defined for Vi, Vs : Q(d)P —
D(k) and x € X*(G) by

(Vi ®q V2)(x) = Vi(x) @k Va(x)-

The E, -coalgebra structure on Q(¢) is used to define the behavior of ®q on morphisms.

2This does not require discreteness — the only reason we mention “discreteness” here is that the categories
QP*(¢) of Definition 5.1.4.1 are discrete.
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4.2.2 Moduli of representations and comparison functors

To establish Theorem 4.2.3.1, we will use the moduli stack of representations of a small k-
linear co-category, as developed in [TV07] and subsequent papers (see in particular [AG14,
§5] for a discussion in the language of co-categories). We review the theory of these moduli
stacks here.

Definition 4.2.2.1 ([TV07, Definition 3.2]). Let SRep : Cat}” — dStky be the functor defined
by
Rep(C)(R) = Funy (C, Perf(R))=

for € € Caty and R € dCAlg,. (This defines a derived stack for the étale topology by [TV07,
Lemma 3.1] — see also [AG14, Lemma 5.4] for an co-categorical treatment.) We call Rep(C)
the moduli stack of representations of C.

Remark 4.2.2.2. We use conventions opposite to those of [TVO07], which refers to what we
call Rep(C) as the moduli stack of (pseudo-perfect) CP-modules.

Remark 4.2.2.3. The moduli stacks Rep(C) are typically very “large” and poorly behaved.
For example, Rep(k) is the moduli stack of all perfect complexes. This will not present
difficulties for us: we are not interested in the stacks PRep(C) themselves. Instead, we want
to study maps X — Rep(C) where X is “small” and well-behaved (e.g. perfect).

Recall that:

e Ind(—) = Fun((—)°?,D(k)) sends a small k-linear oco-category € to the oco-category of
k-linear presheaves on C.

o (—)¢ sends a presentable k-linear co-category to its (small) full subcategory of compact
objects.

The left adjoint to the inclusion Catierf — Caty is given by C +— (Ind €)®. Thus Rep(C) ~
Rep(Ind(C)®) for all € € Caty. We will implicitly identify these moduli stacks. As a
consequence, we lose no generality by restricting the domain of fRep to (Catierf)ol’.

Viewing Rep as a functor (Catierf)‘)p — dStky allows us to find an explicit left adjoint
to Rep. In fact, we can do even better: fRep fits into a lax symmetric monoidal adjunction
(cf. Definition 1.2.4.2). Here subscripts (—)., resp. superscripts (—)*, are used to indicate
that a functor sends morphisms to the corresponding pushforward functors, resp. pullback
functors.

Proposition 4.2.2.4. There are lax symmetric monoidal adjunctions
(Perf*)°p . (dStkk, X) = ((Catierf)op, ®k) : 9%2]3

and
Ind Perf, : (dStky, x) 2 (Prg ,, ®) : Rep((—)“).
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Proof. By using the symmetric monoidal equivalence
Ind : ((Catierf)olo,@k) — (PI’Ew,®k) (=)

we see that it suffices to construct the former adjunction. Existence of this adjunction
is standard (cf. [Toé07, Proposition 3.4]), though we recall the argument in co-categorical
language for completeness.

Let € € Catt™. Any derived stack X : dAff® — § may be written as a colimit of
representables; i.e. X = colim; Spec R; for some R;. We may then compute

Mapgs, (X, Rep(€)) = Mapgsy,, (Coliim Spec Ry, Rep(C))
= li{n Mapgs, ( Spec Ry, Rep(C))
= li{n Funy (C’, Perf(Ri)) by definition of Rep(C)
= Funy (G,liim Perf(Ri))
= Funy (8, Perf(%)) by definition of Perf(X).

This is the needed adjunction.

To get the lax symmetric monoidal structure on the adjunction, we just need to find a
natural oplax symmetric monoidal structure on the left adjoint (Perf*)°P. The lax symmetric
monoidal structure on QC* : dStk” — Prt restricts to a lax symmetric monoidal structure
on Perf* : dStk?® — Cat?™. Reversing the direction of arrows, we obtain an oplax symmetric
monoidal structure on (Perf*)°P : dStk; — (Catierf) ? as needed. O

In particular, for a derived stack X € dStky and a small k-linear co-category € € Caty,
the following data are equivalent:

o A morphism of derived stacks fg, : X — Rep(C) ~ Rep(Ind(C)«).
e A k-linear functor &, : € — Perf(X).
o A k-linear functor of the form Hom(&,, —) : Ind Perf(X) — Ind(C).

Here Hom(&,, —) refers to the functor satisfying
Hom(@@n g) (C) = HOInInd Perf(X) (Cgac; f)

for .7 € IndPerf(X) and ¢ € C. The functors of this form are precisely the functors from
Ind Perf(X) to Ind(C) in Pr}iw by a version of Yoneda’s lemma.

Suppose that € € Algg (Cat}”), i.e. € is an Eq-coalgebra in small k-linear co-categories.
Then Ind(C) is an E,,-coalgebra in Prtw. Applying the equivalence (Prbw)op ~ Pr}iw, we see
that Ind(C) is an E, -algebra in PrE’w, i.e. an E,-monoidal category such that the monoidal

structure preserves colimits and limits (formed in the powers Ind(C)¥*).
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Furthermore, for R € dCAlg,, Corollary 1.2.3.3 lets us combine the symmetric monoidal
structure ®4 on Perf(R) with the E,-coalgebra structure on € to produce an E,-monoid
structure on the space PRep(C)(R) = Funy (€, Perf(R))=. Thus Rep(C) is an E,-monoid
object of dStkx. This E,-monoid structure gives a useful source of symmetric monoidal
functors into (Ind(C), ®e):

Proposition 4.2.2.5. Let X € /—\IgEn(dStkierf) be a perfect B, -monoid derived stack, and let
C € Algg_(Cat)”). There is a natural equivalence

~

MapAlgEn(dStkk)(%7 Rep(C)) ~ Funkn’k ((QC(%L*%)’ (Ind(C), ®e))

enhancing the adjunction equivalence of Proposition 4.2.2.4. In particular, if fg, : X —
Rep(C) is a homomorphism of commutative monoid derived stacks, then the functor

Hom(&,, —) : (QC(X), *x) — (Ind(€), ®¢)
1s E,,-monoidal.

Proof. The adjunction of Proposition 4.2.2.4 is only lax symmetric monoidal in general. How-
ever, on the full subcategory dStkﬁerf C dStky, the functor Ind Perf, is symmetric monoidal
and agrees with QC,. The result follows from Proposition 1.2.4.6 (keeping in mind Re-
mark 1.2.2.3), using the fact that Funk“’R(—, —)= is the space of morphisms in Algg_ (PrE)
by definition. [

4.2.3 Proof of the E,-monoidal equivalence

We have now assembled all of the ingredients necessary to upgrade the underlying equivalence
Proposition 4.1.0.5 to a symmetric monoidal equivalence

Theorem 4.2.3.1. The underlying equivalence of categories of Proposition 4.1.0.5 upgrades
to an E,,-monoidal equivalence

(QC(M), *am) =~ (D(Q(P)), Rq(p)or)-

Proof. Let R € dCAlg,.. There is a natural E,-monoid structure on Fun®(Q(¢), PerfS’(R))>
constructed as follows. Note that Q(¢) is an (Es, E,,)-bialgebra in (Catierf, Ry ), or equiv-
alently an E,-coalgebra in (CAIg(CatierfL@k). Furthermore, PerfS’(R) is a symmetric

monoidal co-category, i.e. an object of CAlg(Cat>™) = CAlg(CAlg(Cat>™)) (by [HA, 3.2.4.5]).
Thus the mapping space

Fun®(Q(¢), Perf<"(R))™ = Mapc, g c ety (Q(), Perf~’(R))

obtains an [E, -algebra structure from Corollary 1.2.3.3.
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By Corollary 4.1.0.6, we may identify 9(R) =~ Fun®(Q(d), PerfS°(R))~ as E,-monoids.
Forgetting the symmetric monoidal structure on functors and applying the inclusion PerfS°(R) —»
Perf(R), we obtain a map

for)r : MR) = Fun®(Q(d), Perf<’(R))™ — Fun(Q(d), Perf(R))™ =: Rep(Q(¢))(R).

Each map fg(_)r is a homomorphism of E,-monoid spaces by Corollary 1.2.3.3 and Corol-
lary 1.2.4.5. The maps fy(_)r are natural in R and thus assemble into a map of [E,,-monoid
derived stacks fg(—) : 9t — Rep(Q(d)).

By Proposition 4.2.2.5, f4(_) gives an E,-monoidal functor

Hom(6/(—),—) : (QC(9M), xam) — (D(QP)*), @q)
F = (x — Hom(@m(x),ﬁ))
The underlying functor of this [E,,-monoidal functor is the inverse of the underlying equiv-

alence of Proposition 4.1.0.5. Thus Hom(&'(—),—) gives the desired E,-monoidal equiva-
lence. [

Remark 4.2.3.2. The proof of Theorem 4.2.3.1 works just as well over the sphere spectrum S
provided that we know QC(BG) is compactly generated by invertible objects. In particular,
taking G = G, (the flat multiplicative group over S) and M = A! (the flat affine line over
S), we extend [Mou21, Theorem 1.1] to an equivalence

(QC(AY/Gml), ) = (Fun((Z, <), Sp), ®s).

It would be interesting to understand the topological implications of this statement.
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Chapter 5

Extended convolution and
applications

So far we have been largely concerned with the behavior of “basic” toric stacks (and gen-
eralizations of the same), i.e. quotients [Spec R/G] with G a commutative reductive group.
In particular, Theorem 4.2.3.1 identifies convolution products on such stacks with “quiver
tensor products” for certain generalized quivers Q(¢). Now we shall use these results to
prove analogous results for more general toric stacks (and variations thereof — most crucially
P™. Our key results include:

o Proposition 5.3.0.1, which constructs a family of hitherto-unknown monoidal structures
on PerfP™ and

o Proposition 5.4.0.2, which describes the mirror to a certain natural tensor product on
constructible sheaves arising in toric mirror symmetry.

To construct these tensor products, we will use a version of the theory of windows (as
discussed in [Hall5]) to relate the derived category of a GIT quotient to that of the corre-
sponding “basic” quotient stack. In Section 5.1, we discuss some of the aspects of window
theory that we will need. Afterwards, in Section 5.2, we discuss how to use windows to
transport monoidal structures from quotient stacks to GIT quotients. We finish by giving
explicit applications of this theory in Section 5.3 and Section 5.4.

5.1 Quiver presentations of derived categories

We begin by recalling the relationship between full strong exceptional collections of line
bundles, quiver presentations of derived categories, and the window theory of [Hall5].

Notation 5.1.0.1. In this section we continue with the notation of Notation 4.1.0.1. Let
X be an open substack of ), and write jx : X — ) for the corresponding open immersion.
Write X = X xg9 Y, so X = [X/G].
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5.1.1 Windows and quivers

There is a deep relationship between the derived category of ) and that of an open substack
X C 9 (see e.g. [Hallb]). In particular, in many cases, there is a nice embedding QC(X) —
QC()). We can formalize one notion of “nice embedding” as follows:

Definition 5.1.1.1. A window is a functor W : QC(X) — QC(2)) such that:
* jxW =idoca),;
o W preserves colimits, and
o W preserves compact objects (i.e. perfect complexes).

The adjoint functor theorem [HTT, 5.5.2.9] implies that W admits a right adjoint H :
QC(Y) — QC(X), which we call the Hitchcock functor corresponding to W.

Remark 5.1.1.2. Our hypotheses on W guarantee that W can be recovered from the restric-
tion Wiper(x) : Perf(X) — Perf(2)). In the literature, the term “window” more frequently
refers to this restriction (or to closely related notions, e.g. with Perf replaced by Coh). The
windows that interest us necessarily send perfect complexes to perfect complexes, so we do
not gain anything by replacing QC by Ind Coh.

We are particularly interested in windows coming from certain collections of line bundles
on X. For such a collection to determine a window, the line bundles should be induced by
weights of G satisfying the following conditions.

Definition 5.1.1.3. A collection of weights S C X*(G) is transparent for X C %) if:

o {Ox(x)}xes compactly generates QC(X), and
o Homjy (ﬁae(Xl), ﬁx(Xﬂ) = Homy, (ﬁ@ (x1), Oy (Xz)) for all x1,%2 € S.

Because Y is affine and G is reductive, for all x1,x2 € X*(G), we have
Homy, (Oy(x1), Oy(x2)) = 0 for all i > 0.

In particular, if S is transparent, then for all x;,x2 € S, we have

Homy (Ox(x1), Ox(x2)) = Homy (Oy(x1), Oy (X2)) = Rys—x (5.1.1.4)

using the notation of Remark 4.1.0.3. The following is one of the primary examples we
should keep in mind.

The notions of “transparent collection of weights” and “full strong exceptional collec-
tion of line bundles” are related but distinct. The key distinction for our purposes is that
transparent collections are defined relative to an embedding X C 2), while full strong excep-
tional collections are defined solely in terms of X. Transparent collections also exist more
frequently than full strong exceptional collections when X is not proper. (For example, the
entire collection X*(G) is always transparent for ) C 9).) Nevertheless, in many cases, the
two notions coincide:



CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 82

Proposition 5.1.1.5. Assume thatY is an (affine) underived algebraic variety and Homey (O, Oy ) =
k[0], i.e. Oy is an exceptional object of QC(2)).

1. If S € X*(G) is transparent for X C %), then the line bundles {Ox(X)}xes form a full
strong exceptional collection in Perf(X).

2. Suppose Y is normal and codimy (Y\X) < 2. IfS € X*(G) is such that the line bundles
{Ox(X)}xes form a full strong exceptional collection in Perf(X), then S is transparent

for X C9.

3. Suppose Y = Spec R where R is a unique factorization domain, and suppose Pic(X) =
X*(G). Then transparent collections of weights for X C %) correspond precisely to full
strong exceptional collections in Perf(X) via the correspondence S — {Ox(x)}yes-

Proof. Throughout we use the equivalence between line bundles on a stack quotient [Z/G]
and G-equivariant line bundles on Z.

(1). By supposition, Ox(X) is exceptional in Perf(X) for every x € X*(G). Also, for
X € X*(G), note that only one of H*(X, Ox(x)) and H(X, Ox(—X)) can be non-zero. This
gives a partial order on S. Thus, if S C X*(G) is transparent, then {Ox(x)}yes can be
ordered to be a full strong exceptional collection.

(2). It suffices to show that Hom% (ﬁx(xﬂ, ﬁx(Xg)) = HomgJ (ﬁg_) (x1), Oy (Xg)) for all
X1,X2 € S. In fact, this holds for all x;,%x2 € X*(G), as we now show.

We may identify Hom% (ﬁx (x1), ﬁx(xg)) with the subspace of HY(X, Ox) on which G acts
with weight x2 —X1. Any section of H(X, Ox) extends uniquely to a section of HO(Y, &y) by
the algebraic Hartogs” lemma (see e.g. [Stacks, Tag 031T]), and the uniqueness implies that G
acts on this new section with the same weight. Thus we may identify Homg€ (ﬁx(Xl), Ox (Xz))
with the subspace of H(Y, Oy) on which G acts with weight x, — x;. This last subspace
may itself be identified with Hom% (ﬁ@ (x1), Oy (Xg)).

(3). By hypothesis, every line bundle on Y is (non-equivariantly) trivial. It follows
that a G-equivariant line bundle on Y is determined by the character by which G acts on
a (non-equivariant) non-vanishing section. In other words, there is a natural surjection
X*(G) — Pic(9). Applying the restriction map Pic(2)) — Pic(X) = X*(G), we see that
the identity map X*(G) — X*(G) factors through the surjection X*(G) — Pic(2)), and
thus Pic(2)) = X*(G). In particular, we see that the restriction Pic(2)) — Pic(X) is an
isomorphism, i.e. every G-equivariant line bundle on X extends to a unique G-equivariant
line bundle on Y.

We claim that this implies codimy (Y \ X) > 2. Indeed, if this is not true, we can choose
a nonempty divisor D C Y which is entirely contained in Y \ X. Replacing D by G - D,
we may assume without loss of generality that D is G-invariant. Thus Oy (D) is naturally
G-equivariant. Note that Oy (D) restricts to the trivial G-equivariant line bundle on X, so
Oy(D) must be G-equivariantly trivial on Y. That is, there exists f € H°(Y, Oy)¢ such
that the effective divisor D is linearly equivalent to V(f). But the hypothesis H(Y, 0y)¢ =


https://stacks.math.columbia.edu/tag/031T

CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 83

Homgy (Oy, Oy) = k then implies D must be empty, a contradiction. Thus codimy (Y\X) > 2
and we are in the situation of (2). O

We now introduce the windows arising from transparent collections of weights. The
following is known to experts,! and we state it partially to establish precise notation for
later.

Proposition 5.1.1.6. Suppose S is transparent for X C ). Then:
1. There is a natural equivalence QC(X) = D(Qs(d)°P).

2. There exists a window Ws : QC(X) — QC(2)) such that Ws(Ox(x)) = Oy(x) for all
X € S.

Proof. (1). Let x1,%x2 € S. By Eq. (5.1.1.4), we have Homx (0% (X1), Ox(X2)) = Homqq () (X1, X2)-
Thus the full subcategory of QC(X) with objects {Tx(X)}yes is equivalent to Qgs(¢). This
full subcategory compactly generates QC(X), yielding the claim.

(2). The inclusion is : Qs(¢d) — Q(¢) left Kan extends to a functor (is), : D(Qs($)°P) —
D(Q(d)°P). Note that (is), preserves colimits and compact objects by definition. Applying
part (1) to X*(G) (which is transparent for ) C %)), we get an equivalence QC(Q)) =
D(Q(¢d)°P). Let Ws : QC(X) — QC(2)) be the functor corresponding to (is); via the above
equivalences. Chasing the definitions shows that Ws(0x(x)) = Oy(x) for all x € S. In
particular, since j5Ws(Ox(x)) = Oyl(x) and {Ox(x)lyes generates QC(X), we see that
jxWs = idqc(x), so Ws is a window. ]

Remark 5.1.1.7. If S € X*(G) is any collection of weights, note that the compact objects of
D(Qs(¢)°P) are those which can be written as a finite colimit (possibly with shifts) of the gen-
erators {ﬁ@ (x)}xes. In general, we cannot expect D(Qs(d)P)® = Fun (Qs(d)°P, Perf(k)),
though this is true if S arises from a finite full strong exceptional collection as in Proposi-
tion 5.1.1.5.

Notation 5.1.1.8. If S is a transparent collection of weights for X C ), we fix the following
notation:

o Wy is the window of Proposition 5.1.1.6.
e Hs is the corresponding Hitchcock functor (i.e. right adjoint of Ws).
e X5 is the Fourier-Mukai kernel of W5s.

By the construction in Proposition 5.1.1.6, we see that the window Ws may be identified
with the left Kan extension functor is; : D(Qs(¢)°?) — D(Q(d)°P). The right adjoint
Hs may therefore be identified with the “restriction of quiver representations” functor i :

D(Q($)") — D(Qs(¢)P).

"'We thank Daniel Halpern-Leistner for bringing a version of this statement to our attention.
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Example 5.1.1.9. Let X =P* C Q) = [A"/G,.], and let S ={0,...,n} C Z = X*(G,,,)
(so S is transparent for X C 2)). Direct computations using the “restriction of quiver
representations” description of the Hitchcock functor Hg show that

Opn+16,,1(0) €=0
Hs(ﬁmnﬂ/@m}(e)) = {O AN+ /G o) o

for all £ € Z. In particular, Hg is distinct from the geometric pullback functor j* as functors
from D(Q(¢)°P) to D(Qs(¢d)°P), although the two functors agree on the image of Ws.

In general, it is difficult to give a geometric description of the windows Ws or the
Hitchcock functors Hg in terms of Fourier-Mukai transforms. However, in certain favor-
able cases, the windows Wjs arise via push-pull along compactifications of the diagonal of
X as in [BDF17] (see Remark 5.1.4.12). We show this claim for a class of toric varieties
in Proposition 5.1.4.10. Proposition 5.1.3.2 allows us to leverage this to provide geometric
descriptions of the Hitchcock functors for the opposite collections of weights. We use this to
understand certain windows and Hitchcock functors for the inclusion P™ C [A™!/G,,] in
Example 5.1.2.4 and Example 5.1.3.4.

5.1.2 Windows and resolutions of the diagonal

A standard method (introduced in [Bei78]) for showing an exceptional collection in Perf(X)
is full is to show that the collection can be used to produce a resolution of the diagonal of X.
When the exceptional collection in question corresponds to a collection of weights S € X*(G)
which is transparent for X C ), this resolution of the diagonal may be used to concretely
understand the window Wg.

Proposition 5.1.2.1. Suppose S C X*(G) is such that

Homx (Ox(x1), Ox(x2)) = Homy (Oy(x1), Oy(X2))

for all x1,xX2 € S. Then S is transparent for X C %) if and only if there is an expression

Ay, Ox = CQliIrnM X Ox(xi)
1€

with allx; € S and all o, € QC(X). In this case, Hs = colimic; 24 X Oy (xi) € QC(X x Q).

Proof. With the given hypotheses, transparency of S is equivalent to the claim that {@x (x)}yes
generates QC(X). (Compactness of the sheaves {0 (X)}yes is obvious because X is perfect.)
The equivalence in the statement of the Proposition now follows from Lemma 1.3.1.1. The
computation of J#5 is Proposition 1.3.1.2. [
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Example 5.1.2.2. Let X =P™ C [A""!/G,,]. The Beilinson complex

QB M)XK Opn(—) —— QP (N —1) X Opn(—m + 1) > s Opn X Opn

may be understood as a colimit over all of its terms (building the complex up one term
at a time by a sequence of iterated mapping cones / cofibers). This complex is quasi-
isomorphic to Apn, Opn, so by Proposition 5.1.2.1, we see that S = {—n, ..., 0} is transparent
for P* C [A™1/G,,]. The complex .#5 is given by

Qﬁ)}n (Tl) X ﬁ[AnJrl/Gm} (—Tl) 7. > ﬁ[pm X ﬁ[AnJrl/Gm}.

When the resolution of the diagonal of X extends to a resolution of the pushforward of

the structure sheaf of a perfect stack over X x¥), we may obtain a more geometric description
of Wsi

Proposition 5.1.2.3. Suppose that there exist a collection of weights S C X*(G), a perfect
stack Ws, and a morphism q = (q1, q2) : Ws — X x Q) such that:

o Homzx(Ox(x1), Ox(x2)) = Homy (Oy(X1), Oy (x2)) for all X1,x2 € S.
e There is an expression q,Ow, = colimic; @4 X Oy (xi) with all x; € S.
e There is a Cartesian square

X —— Ws

O

xxx 1y sy

Then S is transparent for X C'), and Ws = q2.q;7.
Proof. By base change, we have
Ax.Ox = (idx,})" q.Owg = coleilmm X Ox(xi) € QC(X x X).

Thus the hypotheses of Proposition 5.1.2.1 are satisfied, S is transparent for X C ¥), and W5
is given by the Fourier-Mukai transform with kernel q.0,. This Fourier-Mukai transform
is exactly q2.q7. [

Example 5.1.2.4. In the situation of Example 5.1.2.2, the complex .#5 has cohomology
sheaves #(#5) concentrated in degree 0. Furthermore, the map Opn ) Ojyn+1 /g, ] — Hs
(induced from the brutal truncation) is a surjection on J#°. That is, J#s is a quotient of
the structure sheaf in the abelian category of quasicoherent sheaves. Thus J#5 is naturally
a commutative algebra. Let Wg = %an[mﬂ/@m}‘%/s’ and let ¢ = (q1,qz2) : W — P™ x

[A"*1/G,,] be the natural map. The conditions of Proposition 5.1.2.3 hold automatically,
so we must have Ws = q2.q7.
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5.1.3 Hitchcock functors via opposite collections of weights

We may use the results of Section 5.1.2 to obtain geometric descriptions of the windows W
in some nice cases. For our applications, we will also want to understand the Hitchcock
functors Hg and their relationship to the aforementioned windows. It turns out that the
Fourier-Mukai kernel of Hg agrees with the Fourier-Mukai kernel of a window corresponding
to a different transparent collection of weights!

Let S € X*(G) be an arbitrary collection of weights. The opposite collection to S is
—S ={—x|x € S}. By taking duals of line bundles, we see that Qs($)P ~ Q_s(¢).

Proposition 5.1.3.1. Let S be transparent for X C ). Then —S is also transparent for X C
). Furthermore, for all F € Perf(X), there is a natural equivalence W_s(F) = Ws(FV)V.

Proof. Let .# € Perf(X). By hypothesis, .#" may be obtained from the objects @x(x) for
X € S via a finite sequence of taking shifts, (co)fibers, and direct summands. Dualizing, we
see that .# can be obtained from the objects Ox(—x) for x € S via a finite sequence of taking
shifts, (co)fibers, and direct summands. Because Perf(X) compactly generates QC(X), the
collection {0x(—x)}yes also compactly generates QC(X).

For all —x;,—x2 € S and all i > 0, we have

Hom® (Ox(—x1), Ox(—x2)) = Homk (Ox(xa), Ox(x1)) = 0

by transparency of S. Thus —S is transparent.

To see the claim about W_g(.%), by writing .% as a canonical colimit of objects 0% (—X),
we reduce to showing that W_g(Ox(—x)) = Ws(Ox(—x)V)" for all x € S. But this is
obvious, as both W_g(0x(—x)) and Ws(Ox(—x)")" are naturally equivalent to Oy (—x)
by definition. O

We may use knowledge of W_s to compute the Hitchcock functor Hs:

Proposition 5.1.3.2. Let S be transparent for X C Q). Then H#_s is the Fourier-Mukai
kernel of the Hitchcock functor Hs : QC(2)) — QC(X).

Proof. Let gy : P x X — P and ¢ : Y x X — X be the natural projections. We need to
show that
Homy (%, Hs¥) = Homy (ﬁ,ﬂx*(ﬁ%g ® Ji/_s))

forall # € QC(X) and all4 € QC(2)). Because Perf(X) compactly generates QC(X), Perf(2))
compactly generates QC(2)), and Hs preserves colimits, it suffices to take .# € Perf(X) and
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4 € Perf(®)). Then we may compute

Homyx (#,Hs¥) = Homgy (Ws.7,¥9)
= Homy, ((W_s(a@\/
= Homy, (%\/,W,sgav)
= Homy (%v,ﬂ@*(ng‘gﬁv ® Ji/_s))

<
s

= HOHI:{XQI) (ﬂ*xy, ﬂ%g & f%/,s)

Corollary 5.1.3.3. Let S be transparent for X C %), and suppose there exists a perfect
stack W_gs and a morphism q = (q1,q2) : W_s — X X Q) such that W_s = q2.q]. Then

Hs = q1.95.
Proof. Take J#_s = q.0Ow_, in Proposition 5.1.3.2. l

Example 5.1.3.4. Let X = P™ C [A"/Gy, ), and let ¢ : W — P™ x [A™/G,,] be as in
Example 5.1.2.4. For S ={0,...,n}, we see that Hs = q1.q5.

5.1.4 The toric case

Our key examples of transparent collections of line bundles will arise from smooth toric
stacks. For our purposes, a smooth toric stack is an open substack X = [X/G] of a stack
quotient [A™/G], where the action G ~ A™ is induced by a homomorphism G — G} and
the diagonal action Gy, ~ A™. As above, we write ¢ : [A™/G] — BG for the structure map.
We begin by introducing a combinatorial description of the total weight quiver Q(¢).

Definition 5.1.4.1. Let ¢ : G — G} be a homomorphism. We may define a (non-enriched)
symmetric monoidal discrete category QP™(¢), the prelinear total weight quiver, where:

e obQ(dp) =X*(G).

o Mapgure (g (X1, X2) consists of monomials of degree X2 —x1 in the variables x1,...,xn.
o Composition is given by multiplication of monomials.

o Multiplication of objects is the group operation in X*(G).

e Multiplication of morphisms is multiplication of monomials.

For S C X*(G), we define the prelinear partial weight quiver Q3°(d) as the full subcategory
of QP (¢p) with objects S.

For S € X*(G), the weight quiver Qs(¢) agrees with the k-linearization of the prelinear
weight quiver QY ().
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Example 5.1.4.2. For X =P" C [A™"!/G,.], the category QP™(¢) is the infinite Beilinson
quiver Qn « of the Introduction (depicted in Fig. 0.2). The collection S = {0,...,n} is
transparent for P C [A™"/G,,], and the category Q2°(¢) is the Beilinson quiver Qy
depicted in Fig. 0.1.

Example 5.1.4.3. Let X = F,, the Hirzebruch surface of type 2. We may realize X as an
open subset of the quotient [A?/G? ], where G2, acts on A? by

(91, 92) - (Y1.Y2,Y3,Ya) = (9191, 91 °92Y2, 913, 92Ya).
(See e.g. [CLS11, Examples 14.2.17 and 14.2.20].) The category QP*¢(¢) is the infinite quiver

\ ~
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where:
» the horizontal arrows are given by the monomials y; and ys,
 the vertical arrows are given by the monomials y,,
 the slanted diagonal arrows are given by the monomials ys, and
o there are (implicit) relations yiy; = y;y;.

Identify X*(G? ) = Z? via the isomorphism corresponding to the x and y axes in our depiction
of Q®(¢). The collection S = {(0,0), (1,0), (—2,1), (—1,1) is transparent for X C [A?/G2]
by the results of [Kin97, §6].

Let us say that the open immersion jx : X C [A™/G] is decent if X*(G) = Pic(X). If X
is a smooth toric stack and X < [A™/G] is a decent open immersion, then any full strong
exceptional collection of line bundles on X corresponds to a transparent collection of weights
S for X C [A™/G] by Proposition 5.1.1.5. Thus we obtain a combinatorial description of
QC(X):

QC(%) = Fun (QZ(¢), D(K)).

This description applies to many key examples.
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Example 5.1.4.4. If X is a smooth toric variety without torus factors, the Cox construction
(see [CLS11, Chapter 5]) gives a decent open immersion X < [A™/G], where n is the number
of rays in the fan of X.

Example 5.1.4.5. Let do, ..., d,, be positive integers, and let P(dy, ..., d.) be the weighted
projective stack with weights do, ..., dn. Assumen > 1.2 Then the standard open immersion
P(dy,...,dn) < [A™/G,,] is decent.

In the situation of Example 5.1.4.4, the window corresponding to the Bondal-Thomsen
collection of weights has a particularly nice description whenever it exists. We first recall
some relevant definitions.

Definition 5.1.4.6 ([Bon06]). Let X be a smooth complete toric variety, and let j : X <
) = [A™/G] be the decent open immersion of Example 5.1.4.4. Let ¢* : Z™ — X*(G) be
the natural map induced by the action G ~ A™. Let M = ker ¢*, and let Mr = M ®z R.
Define a (discontinuous) anti-Bondal-Ruan map Fy : Mg/M — X*(G) (where Mg/M is
viewed as a real torus) by

Fd)(Z aie; + M) = d)*(ZLaiJei)

i

The anti-Bondal-Thomsen collection (or anti-BT collection) is —@x = imFg, C X*(G). The
Bondal-Thomsen collection is @x = —(—0x). Following [FH25, Definition 5.3|, we say that
X is of Bondal-Ruan type if O (equivalently, —@x) is transparent for X C [A™/G].

Remark 5.1.4.7. We use the term “anti” above to stress that we are prioritizing different
conventions from those of [Bon06] and subsequent works. This is motivated by Proposi-
tion 5.1.3.2: the window corresponding to the Bondal-Thomsen collection has a nice geo-
metric description, so the Hitchcock functor corresponding to the anti-BT collection has a
corresponding description. Because of the relevance of Hitchcock functors to the results of
Section 5.2, we prefer to use the anti-BT collection.

Remark 5.1.4.8. The generalization of Definition 5.1.4.6 to toric Deligne-Mumford stacks is
straightforward and profitable; see e.g. [HHL24, §2.3]. We avoid doing so here due to the
difficulties sketched in Remark 5.1.4.12 below.

Intersection-theoretic sufficient conditions for a smooth complete toric variety to be of
Bondal-Ruan type are given in [Bon06]. (See also [FH25, Proposition 5.18] for a more detailed
proof.) These conditions hold for many examples of interest, e.g. all but two smooth toric
Fano threefolds.

Example 5.1.4.9. For X = P™, the Bondal-Thomsen collection of weights is {—m,...,0} C
7 = X*(G). This is transparent for P* C [A™"!/G,,], so P™ is of Bondal-Ruan type.

2When n = 0, we have P(dg) = B(Z/dy), and one can check the existence of a transparent collection of
line bundles “by hand.”
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One should also note that many smooth toric varieties (e.g. Hirzebruch surfaces) are not
of Bondal-Ruan type but still admit transparent collections of weights. In such cases, we can
construct corresponding windows using Proposition 5.1.1.6, but a geometric interpretation
of such windows remains elusive. In the Bondal-Ruan case, the situation is much nicer:

Proposition 5.1.4.10. Let X be a smooth complete toric variety of Bondal-Ruan type,
and fiz notation as in Definition 5.1.4.6. Let W be the scheme-theoretic closure (taken
in the category of relative schemes over X x ) of the diagonal of X in X x 9.2 Let
q=10(q1,q2) : W— X x 9 be the natural closed immersion. Then We, = q2.4;.

Proof. We need only check that q satisfies the hypotheses of Proposition 5.1.2.3 for S = Ox.
The first condition follows by the definition of Bondal-Ruan type. The second condition
follows from [HHL24, Theorem A], as the structure sheaf q.0y admits a resolution by
direct sums of line bundles 0% (X1) X Oy(X2) with x1,%x2 € Ox. The third condition holds
by the definition of W. O

In the case where X is P™ (or more generally a weighted projective stack), we may
understand the stack W and the push-pull explicitly using blowups. This seems to be known
to experts (see e.g. [BDF17]), but we include details for completeness.

Example 5.1.4.11. Let X = P(dy,...,dn) be a weighted projective stack. Consider the
weighted stacky blow-up sBlLY A" — A™FL of AnHL at the origin with weight w =
(do,...,dn) in the sense of [QR21]. Unpacking the definitions, the stack sBly' A™*! is
equivalent to the (stacky) relative affine spectrum Spec, Symg, Ox(1) (i.e., the (stacky)
total space of Ox(—1)) since they are both equivalent to the quotient stack

[(Speckxo, ..., xn][Ul\ V(xo,...,xn))/Gm]

where the G, -action on Spec k[xg, . . ., xn][u] corresponds to the Z-grading on k[xg, . . ., xn][u]
given by degx; = d; and degu = —1. Now, consider another G,,-action on Spec k[xg, . .., xn][ul
corresponding to the Z-grading given by degx; = 0 and degu = 1. Combining these two
Gm-actions, we have a G2 -action on Specklxg, ..., xnJ[ul \ V(xq, ..., %) and we set

3 = [(Specklxo, - . ., xal W\ V(x0, ..., xn))/GT].

Geometrically, the second G-action corresponds to the Gy -action on Spec,, Symy, Ox(1) ~
sB1lyY A™*! given by scaling fibers and we have

I~ [Spec36 Symyg, Ox(1)/Gpn] ~ [leBIAﬂﬂ/Gm]

3 Alternatively, note that the map (idx,j) : X — X x 9 is a locally closed immersion, so its (relative)

affinization W = Specxw}’t@(idx,j)*ﬁx is a closed substack of X x 9).
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in the sense of [Rom05, Remark 2.4]. Now, note that if we consider the diagonal G,-action of
weight w on A" then the stacky weighted blow-up sBly” A" — A"t is G,,-equivariant.
Thus, we obtain a morphism

b3~ [svlgv)lA““ JGonl = A /G] = 9).

Algebraically, this reduces to saying that the ring homomorphism

klxo, ..., %Xn] = Kk[xq, ..., xn]ul

xi > xuds

respects Z2-gradings given by degx; = (d;i,0) on k[xg,...,xn] and by degx; = (0, d;) and
degu = (1,—1) on k[xq, ..., xnl[u], respectively (cf. [QR21, Section 5.2] and [BDF17] for
details).

Similarly, the projection mx Sym},}€ Ox(1) — X is Gy,-equivariant with respect to the
trivial G,-action on X, so we obtain a morphism

T: 3~ [Speca€ Symy, Ox(1)/Gm] — X x BGp, — X.

In this case, the Bondal-Thomsen collection @y = {1 — > idi, ... ,0} forms a full strong
exceptional collection in P(dy, ..., d,). By comparing with the proof of [BDF17, Proposition
4.1.5] (or by direct verification), we can see We, ~ b,m*.

Remark 5.1.4.12. It is not clear how one would obtain the description of Wg, in Exam-
ple 5.1.4.11 from the results of [HHL24| (unless e.g. (dyg,...,dn) = (1,...,1)), as the diag-
onal morphism of P(dy, ..., d,) is finite but not a closed immersion in general. One would
hope that a refined approach can be used to extend the virtual resolutions of [HHL24] to
virtual resolutions of diagonals of separated smooth toric Deligne-Mumford stacks. In this
case, our results for smooth complete toric varieties of Bondal-Ruan type may be extended
to separated smooth toric Deligne-Mumford stacks of Bondal-Ruan type.

5.1.5 Quiver-theoretic examples

We may use the approach of [BP08] to view a full strong exceptional collection of line bundles

on a general smooth projective toric variety as transparent for a certain open immersion.

This open immersion is constructed in terms of moduli spaces of quiver representations.
Let Q be a k-linear category such that:

o Q has finitely many objects.
o All Hom objects in Q are finite-dimensional vector spaces concentrated in degree zero.

o There is a total order on ob Q such that Homq(qi, q2) = 0 only if q; < g2
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« Homg(q,q) =k for all q € Q.

Let Yq be the parameter space of representations of Q with dimension vector (1,...,1),
i.e.
Y C H A(Homk (HomQ(ql, g2), Homy (k, k)))
q1,q2€0bQ

is the subscheme defined by the composition relations in Q. Let

o= I] 02)/ow

qeobQ

where 73(Q) is the set of connected components of Q. Then Gq acts on Y by conjugation, and
Nq = [Yq/Gql is the rigidified moduli stack of vertexwise one-dimensional representations
of Q.

If X is a smooth projective variety and {.Z7, ..., %} is a full strong exceptional collection
of line bundles on X, we may define a small k-linear category Q¢ as the opposite of the full
subcategory of QC(X) consisting of the objects {Z, ..., %.}. Let us identify the objects of
Qg with {1,...,n}. There is a tautological map j : X — q. defined by sending a point
u € X to the representation i — Homgx (%, &). By [BP08, proof of Theorem 2.4], the
map j is an open immersion. The vector bundles .Z; are all pullbacks j*ﬁ@%f (xi) for some
Xi € X*(G), and the collection S ={x1,...,Xn} C X*(G) is transparent for X C Q).

Example 5.1.5.1. By [HP11, Theorem 5.14], if X is a del Pezzo surface with rk Pic X < 7,
then X admits a full strong exceptional collection of line bundles. We do not know when the
corresponding k-linear categories Q¢ admit “quiver tensor products.”

The quiver-theoretic presentations of smooth projective varieties are generally larger and
harder to control than those arising in our toric examples. In particular, the varieties Yq
are typically singular. We do not know when it is possible to describe the corresponding
windows W5 in terms of push-pull operations as in Proposition 5.1.4.10.

Example 5.1.5.2. For X = P™, if Q is the quiver corresponding to (the opposite of) the
Beilinson collection {@pn(—m + 1),..., Opn, then Yq is a closed subscheme of A1 and
Gq = GJ,. By contrast, the toric quotient presentation allows us to view X as an open
substack of [A™/G,,].

5.2 Extended convolution products

Suppose I is a perfect E,-monoid stack with multiplication @ : 2t x 9t — M. If X is an
open substack of 91, then the multiplication on 9N typically does not induce a multiplication
on X: there is no reason for X to be closed under p.
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However, the situation is somewhat different if we categorify. Sometimes the convolution
product %9y on QC(IM) (together with a choice of window Ws) induces an “extended convo-
lution” product %y, ¢ on QC(X) even when X is not closed under w. Our goal in this section
is to demonstrate this claim and understand the behavior of *slm,s in the case where 901 is a
(nice) global quotient [M/G].

5.2.1 Definitions and examples

We begin by formalizing the data we will use to construct extended convolution products.

Definition 5.2.1.1. For 1 < n < oo, an E, -extended convolution setup (or E,-EC setup)
is a triple

(p:9M — BG,j: X —M,S)
where:
o G is a commutative reductive group over k.

e ¢ : 9 — BG is a homomorphism of E, -monoid derived stacks which is (as a morphism
of derived stacks) affine and almost of finite type.

e j:X — M is an open immersion.

e S C X*(G) is a collection of weights which is transparent for X C 9.
A geometric E,.-EC setup is an E,.-EC setup as above together with:

« a morphism of perfect stacks q = (q1, q2) : W_s — X x I such that W_g = qg2.q7.
Given an E,-EC setup as above, we write @ : 99t x 9t — 91 for the binary multiplication.

Before developing the theory of extended convolution, we introduce a few key examples
of E,,-EC setups.

Example 5.2.1.2. Let A be a finite dimensional k-algebra. The natural map k* C k —
A corresponds to a multiplicative homomorphism G,, — A(A), and the quotient stack
[A(A)/G,,] inherits a monoid structure. Let X = P(A), and identify X*(G,,) ~ Z in such a
way that Op(a)(1) € PicP(A) ~ X*(Gyy,) corresponds to 1 € Z. Write S ={0, ..., dimy A} C
Z. Then

(¢ : [A(A)/Gm] = BGy, P(A) = [A(A)/Gnl, S)

is a geometric E;-EC setup, where q : W_g — P(A) x [A(A)/G,] is the morphism of
Proposition 5.1.4.10. If A is commutative, the above E;-EC setup upgrades to an E-EC
setup.
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Example 5.2.1.3. Let X be a smooth toric stack with a decent open immersion j : X —
[A™/G]. We may view [A™/G] as an E,-monoid stack, where A™ is equipped with its
coordinatewise multiplication. Let S be any collection of weights corresponding to a full
strong exceptional collection of line bundles in Perf(X). Then

(¢:[A"/G] = BG,j: X — [A"/G],S)
is an Eo-EC setup (though there is no reason a priori for it to be geometric).
We may do even better in the Bondal-Ruan case:

Example 5.2.1.4. Suppose that X is a smooth complete toric variety of Bondal-Ruan type,
and let j : X < [A™/G] be the open immersion arising from the Cox construction. Then

(¢:[A"/G] — BG,j: X — [A™/G],—Ox)
is a geometric E,-EC setup by Proposition 5.1.4.10.

Given an E-EC setup (d, j, S) with notation as in Definition 5.2.1.1, the category QC(X)
inherits a convolution product from that of QC(9).

Proposition 5.2.1.5. Let (b,],S) be an E,.-EC setup with notation as in Definition 5.2.1.1.
There exists a unique By -monoidal structure xgn s on QC(X) such that the Hitchcock functor

Hs 0 (QC(9M), xox) — (QC(X), %/, s)
1s E,.-monoidal.
Proof. We check that the adjunction
Ws : QC(X) 2 QC(IM) : Hs

satisfies the conditions of Proposition 1.2.5.5. Conditions (1) and (2) are satisfied by the
definition of Ws. Condition (3) is satisfied by the definition of the convolution product:
— *gp — = Wi(— X —) and p, has left adjoint u*. To check condition (4), note that QC(X)
is compactly generated by {O%(x)}yes and Ws(Ox(x)) = Om(x) for x € S. Since

WO (X) =~ Owm(x) X Oox(x)

by G-equivariance of the multiplication on 9%, condition (4) holds. [

We call xgy 5 the extended convolution product (or EC product) associated with the E,-
EC setup (d,j,S). The name is justified by Corollary 5.2.2.6, which implies in particular
that xyy 5 extends the convolution product on any open submonoid stack of 9 contained in
X.

By Proposition 1.2.5.1, the E,,-monoidal functor Hg satisfies the following universal prop-
erty: if F: (QC(IM), *9n) — (€, ®e) is an E,-monoidal functor and the underlying functor
of F satisfies F = F’ o Hg, then there is a unique E,-monoidal structure on F’ such that
F = F o Hg as [E,,-monoidal functors.
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5.2.2 Functoriality of extended convolution

To understand the behavior of EC products geometrically, it is useful (though perhaps not
strictly necessary for later developments) to define morphisms of E,,-EC setups. We do so
here and show (Proposition 5.2.2.5) that morphisms of E,-EC setups induce E,-monoidal
functors.

Definition 5.2.2.1. Let ($1,j1,S1) and (2, jo,S2) be EL-EC setups with notation as in
Definition 5.2.1.1. For notational simplicity, write j; = jx,, Wi = Ws,, Hi = Hs,, and
*i = *gn, 5, for i = 1,2, A morphism of Eq-EC setups (o, B) : (b1,j1,51) = (P2, ]2, S2)
consists of:

o an E,,-homomorphism o : 2; — My and
e a group homomorphism 3 : G; — Gy,

such that the diagram
9ﬁ1 —x QﬁQ

[

BG, —" BG,

commutes and im «*W5 C im W;.

Example 5.2.2.2. If G; = G, = G and S$; = X*(G) (so X; = M), then any morphism
o My — My over BG gives a morphism of E,,-EC setups (e, idg) : (d1,idx,, X*(G)) —
(2,2, Sa).

Example 5.2.2.3. Let f : A — B be a homomorphism of finite-dimensional k-algebras
such that dim A > dim B. Then the natural map o : [A(A)/G] — [A(B)/G,.] gives a
morphism of E;-EC setups

(ot idg,) :(Pa : [A(A)/Gm] = BGm, P(A) < [A(A)/G] {0, . .., dimy A})
— (¢p : [A(B)/Gm] = BGm,P(B) = [A(B)/Gw] {0, ..., dimy B}).

If A and B are both commutative, then o is in fact a morphism of E,.-EC setups.

Morphisms of E,,-EC setups induce functors that preserve the corresponding EC prod-
ucts. To prove this, we first need a lemma allowing us to simplify certain composite functors
involving windows and Hitchcock functors.

Lemma 5.2.2.4. For i€ {1,2}, fiz the following data:
e A commutative reductive group Gi,

e A morphism of derived stacks &i : Q)i — BGy which is affine and almost of finite type,
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e An open immersion ji : Xi — i, and
o A transparent collection of weights S; C X*(Gy) for Xi C D).

Write Wi : QC(X;) — QC(9):i) and H; : QC(Y:) — QC(X;) for the corresponding window
and Hitchcock functor (respectively). Let f: )1 — Do be a morphism such that f*(im Wy) C
imW,.* Then:

1. FWo = Wij W,
2. Hof, = HofujrHi.
3. Hof Wy = Hofuju..

Proof. (1). Suppose # € QC(X3). Then f*Wy.% = W9 for some ¢ € QC(X;). Applying

j] gives
JiIfWeF =jiW9 =9,
SO
f*Wgﬁ - ng - le)ff*WQﬁ

Naturality of this isomorphism is clear because W is fully faithful.
(2). Take right adjoints of all functors involved in (1).
(3). We compute

HQf*Wl == Hgf*jl*lel by (2)
= Haf,ji. idx, because W; is fully faithful
- H2f*j1*- 0

Proposition 5.2.2.5. Let («, ) : (d1,j1,S1) — (d2,j2,S2) be a morphism of E-EC se-
tups with notation as above. Then the functor Hot,j1s : (QC(%l),*{) — (QC(%Q),*;) 18
symmetric monoidal.

Proof. By Lemma 5.2.2.4(2), we have Hoa, = Hax,j1.H;. Using the universal property of
H; mentioned in Proposition 5.2.1.5, it suffices to show that Hy«, is E,,-monoidal. But this
is clear as both H, and «, are E,.-monoidal. U]

Corollary 5.2.2.6. Let (¢,j,S) be an E-EC setup with notation as in Definition 5.2.1.1.
Let o« : N — M be a homomorphism of E.-monoid derived stacks over BG, and assume
« factors through the inclusion j : X — ), say o« = j o a. Then the pushforward functor

a, : (QC(‘T()?*m) — (QC(%)a*s/m,s) is B, -monoidal.

P’f’OOf. In Proposition 52257 take (d)lajlysl) = (d)aldX7X‘(G))7 (d)27j2752) = (cb)jas)a
x=joa,and 3 =idg. Then Ho,j1.H; = Hsj.a, = a,. O

4The functor W; is fully faithful, so it suffices to check this inclusion on objects.
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5.2.3 Fourier-Mukai kernels and geometric descriptions of
extended convolution

We would like to understand the operations xgy, ¢ using the geometry of X. This is difficult in
general for the simple reason that the window associated with a transparent collection is hard
to understand geometrically. However, we shall show that giving a geometric description of
*on.s 18 no more difficult than giving a geometric description of the Fourier-Mukai kernel
H s of W_g. In particular, for geometric E,-EC setups, we obtain a simple geometric
description of gy .

For simplicity, our claims here will be made for the binary product xy, s : QC(X) X
QC(X) — QC(X). The analogous claims for n-ary products can be established using the
same arguments.

Proposition 5.2.3.1. Let (¢,j,S) be an E,.-EC setup with notation as in Definition 5.2.1.1.
View # s as an object of QC(IM x X). Then xgy g is given by the Fourier-Mukai transform
with kernel (j x j x idx)*(w x idy)* #_s € QC(X3).

Proof. Let #,9 € QC(X). By Lemma 5.2.2.4(3), we have
F wips 9 =Hs (3T xm §.9) = Hs . (j x §).(F B ¥).

Writing Hs = ® 4 . and applying the general formula @ 4 o f, = @ (¢iq)«x, We see the
claim. ]

If we have an explicit resolution of the diagonal, we may obtain an explicit algebraic
description of the corresponding EC product.

Corollary 5.2.3.2. Suppose (§,j,S) is an E, -EC setup with notation as in Definition 5.2.1.1.
Write Ax.Ox as a complex

Then the Fourier-Mukai kernel of xgy g is

jxjxide)* (uxidy)*

( d;
c—— P Ox(—x) R Ox(—x) R iy YD Ox () R O ()R Ar g — -

XES X€ES

Proof. By Proposition 5.1.2.1, the kernel # s € QC(9t x X) is given by

—— PO Ry — P OBy — ..

XES XES

Applying Proposition 5.2.3.1 gives the result. [
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Proposition 5.2.3.1 also yields a geometric description of the EC products associated with
geometric E,-EC setups.

Proposition 5.2.3.3. Suppose (d,j,S, q) is a geometric E,-EC setup with notation as in
Definition 5.2.1.1. Let 3, s be defined by the Cartesian square (in dStky)

P3
3us > W_s

J/'p1><'p2 qu

Exx 29 mxom — s om

Then, for 7,9 € QC(X), there is a natural isomorphism F xgn ¢ 9 = q1.P3+(P1-F @ P59Y).
Proof. By hypothesis, #_ s = q.0w_g, so the Fourier-Mukai kernel of gy ¢ is
(j xj xidx)*(p x idx)"q.Ow g
by Proposition 5.2.3.1. Applying base change for the commutative square
3u,s P > W_g

P1><P2><(q10P3)l J(q

3 DN oo w x9N g x

shows that
(G xj xidx)" (1 x idx)*q.Ow_g = (P12 X (q1 OP3))*ﬁ3u,s~
For .7,%9 € QC(X), we may now compute (letting 7t; : X* — X be projection onto the ith
coordinate):
T xoms Y = T (M F @ 1G9 @ (p1 X p2 X (1 OP3))*ﬁ3u,s)
= 703, (p1 X P2 X (q10 ‘pg))* (p’{ﬂ ® p;g) by the projection formula
= qu:P3«(p1-F ® p3¥). O

Example 5.2.3.4. Suppose X is a separated scheme and W_g C X x 9 is the restriction
of the diagonal closed substack of 9t to X x 9 (this is true for Example 5.2.1.2 and Ex-
ample 5.2.1.4). Then 3,s C X® is (the restriction to X of) the closure of the graph of
o (j xj): X x X — M. The legs of the correspondence

3};,5

plTp/ &Opg

XxXx X
are just the projections to the factors when 3, s is viewed as a closed substack of X3.

Remark 5.2.3.5. If ot : (b1,]1,S1) — (b2, ]2, S2) is a morphism of E,-EC setups, we may use
similar methods to the above to describe the functor Hoo,j1..
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5.2.4 Quiver tensor products via extended convolution

Let (&,j,S) be an E,-EC setup with notation as in Definition 5.2.1.1. Because pu* Oy (x) =
O(x) ® O(x) for all x € X*(G), the E,-coalgebra structure on Q(¢) restricts to an E,-
coalgebra structure on Qs(¢). As in Section 4.2.1, this produces an E,-monoidal quiver
tensor product ®qq(¢p) on D(Qs(P)P).

Theorem 5.2.4.1. Let (b,3,S) be an E-EC setup with notation as in Definition 5.2.1.1.
Then there is an E,,-monoidal equivalence

(QC(%), % s) = (D(Qs($)™), Das(0))
7 (x + Homy(0x(x), 7).

Proof. The functor in question is an equivalence by Proposition 5.1.1.6, so it suffices to show
that said functor is E,-monoidal. For this, let is : Qs($) — Q(d) be the inclusion, and
recall that the diagram

QC(M) —=— QC(X)

L]
D(Q(¢)°P) —— D(Qs(d)°P)

commutes by the definition of Hg. Thus, by the universal property of Proposition 5.2.1.5,
it suffices to show that the composite QC(9) — D(Qs(¢$)°P) is E,-monoidal. But the
equivalence (QC(E))T),*W) — (D(Q(d))OP),@Q) is E,,-monoidal by Theorem 4.2.3.1, and
functoriality of Corollary 1.2.3.3 implies 1§ is E,,-monoidal, so the same must be true of the

composite. L]

Remark 5.2.4.2. As a consequence of Theorem 5.2.4.1 and Remark 5.1.1.7, we see that, if
S arises from a finite full strong exceptional collection of line bundles on X, then the EC
product gy, ¢ preserves perfect complexes. (One may also deduce this from the definition of
*on.s-) However, even in this case, we are not aware of a way to define xg, ¢ geometrically
without using the full categories QC. Indeed, convolution on 9% uses the functor w,, which
typically does not preserve perfect complexes.

5.3 Application: (symmetric) monoidal structures on
Perf P4

Using the methods of Section 5.2, we can construct new (symmetric) monoidal structures
on PerfP? from finite-dimensional algebras. Recall that we use the term “E,-monoidal
structures” for the sole purpose of stating results about usual monoidal structures (n = 1)
and symmetric monoidal structures (n = oo) concisely, and no other value of n will be
considered in this section (cf. Remark 1.2.1.1 and Remark 1.2.1.2).
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Throughout the section, let A be a finite-dimensional k-algebra with dimA = d + 1,
and let A(A) be the corresponding affine monoid scheme. By standard results on algebraic
monoids (see e.g. [Vin95, page 1]), the group of units A(A)* is open and Zariski dense in
A(A). We may use this to obtain the following;:

Proposition 5.3.0.1. Let A be a nonzero® finite-dimensional k-algebra. Write 3o for the
closure in P(A)? of the graph of the binary multiplication on [A(A)*/Gw]. Then:

1. Push-pull along the correspondence

— O\

P(A) x P(A) P(A)
defines a monoidal structure x := *fA(A)/GmL*®]P(A) on PerfP(A).
2. Ifj' : [A(A)* /G] = P(A) is the inclusion, then the pushforward functor
jr : (QCUA(A)/Gml), *1a(a) sem)) = (QC(P(A)), x4 )
is monoidal.
3. The construction of x is functorial in surjections of finite-dimensional k-algebras.

When A is commutative, “monoidal” may be upgraded to “symmetric monoidal” throughout.

Proof. We use the geometric E1-EC setup (d,j,{0, ..., dimy A}, q) of Example 5.2.1.2. When
A is commutative, we upgrade this to an E.-EC setup.

(1). The scheme 34 agrees with the restriction to P(A)? of the graph of the multiplication
morphism

P(A) x P(A) — [A(A)/Gl.

Thus Proposition 5.2.3.3 and Example 5.2.3.4 imply the claim.
(2). This is a direct consequence of Corollary 5.2.2.6.
(3). This follows from Example 5.2.2.3 and Proposition 5.2.2.5. N

5.3.1 Computations

One can compute EC products .# %, ¢ using the equivalence of Theorem 5.2.4.1. More
precisely, using Remark 4.1.0.3 with R = Sym A", the category Qs(¢$)°P is given by

AV AY AV

o < qi < qn

SWhen A = 0, we have P(A) = &, so the corresponding EC-setup exists but the description of the
geometric structure fails.
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where we have relations iy = owex; € SymAY for oy € AY. Via the equivalence of
Theorem 5.2.4.1, % € QC(PerfP(A)) corresponds to the derived Qs (¢ )°P-representation®

MNP(A),.#) «—— I'(P(A), F(—1)) < 4 NP(A), #(—n))
and similarly for ¢. The EC product .# %, ¢ then corresponds to the quiver tensor product

MP(A), #) @ T(P(A),9) < ce % INP(A), Z#(—)) @k T(P(A), ¥4 (—)),

where the coalgebra structure on A" is used to construct the tensor product of morphisms.
This is easiest to understand for specific classes of sheaves:

Example 5.3.1.1. Fori € {0, ...,dim A—1}, the sheaf O_]}(A) (1)[i] corresponds to the simple
Qs (¢d)°P-representation

0 < ce 4 0 < k < 0 < ce 4 0
sending g; to k and q; to 0 for j # i by Bott’s formula. In particular, we see that
- ~ 0 %]
Qpay Dl *3 Op A GGl =19 0 vy .
FA) A=Y Qp WA 1=7

Example 5.3.1.2. For [a] € P(A), the skyscraper sheaf k([a]) corresponds to the quiver
representation
k+—k+— ...+«—k

where we view a as an element of AYY = Hom (A", Homy (k, k)).

Proposition 5.3.1.3. Let a;, a, € A\ {0}, so k([a1]), k([az]) € PerfP(A). Then

k([a(as, as)]) ta(ag, as) #0.
ST QA D malar az) = 0.

K(la) # kllas)) = {

Proof. Using Example 5.3.1.2 and the fact that the coalgebra structure on A" is the dual
of the algebra structure on A, we see that k([ai]) x4 k([as]) corresponds to the quiver
representation

ua(ag,az) ua(ag,az) ua(ag,az)
k < k < col 4 k

If ua(ay, az) # 0, this representation corresponds to k([uA(al, ag)]), establishing the first
case of the claim.
Otherwise pa (ai, az) =0, so k([a;]) x4 k([as]) corresponds to the quiver representation

0 0 0
k < k < k

6Recall that our convention is that all the functors are implicitly derived.
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This decomposes as a direct sum of the simple representations of Qs(¢$)°P. Example 5.3.1.1
lets us convert these quiver representations back into perfect complexes, giving

k(la]) xp k(laz)) = @ Qb1 O

5.3.2 Categorical compactifications

The monoidal co-categories (Perf IP’(A),*A) give categorified “compactifications” of many
well-known algebras and groups. We formalize this notion as follows.

Definition 5.3.2.1. Let 91 be a perfect E,-monoid stack over k. A categorical compactifi-
cation of N is a fully faithful, E,-monoidal functor

L2 (QC(N), x:) < (Ind €, ®e)

where (G, ®e) € CAlg (Catﬁerf). We will often abuse notation and refer to (€, ®¢) as a
categorical compactification of 1.

By Corollary 5.2.2.6, if 91 is an open submonoid of [A(A)/G] such that 91 € P(A),
then pushforward along the inclusion j’ : 91 C X exhibits (PerfP(A), xgy ) as a categorical
compactification of 9. We obtain the following examples in this way.

Example 5.3.2.2. Any finite-dimensional k-algebra A’ admits a categorical compacti-
fication. In fact, if we let A = A’ x k, then the inclusion A(A’) < P(A) exhibits
(PerfP(A), %9y s) as a categorical compactification of A(A).

Example 5.3.2.3. We may also construct categorical compactifications of many linear alge-
braic groups. We list some such groups G together with algebras A such that (PerfP(A), xgy 5)
is a categorical compactification of G:

o For G =G, we can take A = k"1,

e For G = GL,, we can take A = Endy (k™) x k.
e For G = PGL,,, we can take A = Endy (k™).

e For G = G, we can take A = k[e]/€?.

« For G = B, the group of invertible upper triangular matrices, let B, be the k-algebra
of all upper triangular matrices. Then we can take A = B,, x k.

« For G = B,,/G,, (a Borel subgroup of PGL,,), we can take A = B,,.
Given Example 5.3.2.2, it is natural to ask:

Question 5.3.2.4. Which linear algebraic groups admit categorical compactifications?



CHAPTER 5. EXTENDED CONVOLUTION AND APPLICATIONS 103

Remark 5.3.2.5. Categorical compactifications are typically far from unique, even if we im-
pose “connectivity” hypotheses on €.” It would be interesting to understand whether one
can construct a canonical categorical compactification of a nice (e.g. semisimple) algebraic

group.
Although the EC products in this subsection can be defined geometrically, they may
exhibit surprising behavior at infinity.

Example 5.3.2.6. Consider P' = P(k?), so that PerfP! is a categorical compactification of
Gm. By Proposition 5.3.1.3, we see that k([1 : 0]) %, k([0 : 1]) is the (globally supported)
complex Op1 @ Op1(—1)[1]. Loosely: we have extended the multiplication of G, to P!, but
multiplying zero by infinity produces a perfect complex rather than a number!

Let us mention some additional subtleties that may arise when attempting to apply these
methods over non-algebraically closed fields.

Remark 5.3.2.7. Suppose for the context of this remark that k is not algebraically closed, and
let k C F be a finite extension of fields. In this case, we still obtain a symmetric monoidal
EC product on PerfP(F). One might naively expect that this EC product agrees with a
genuine convolution product, with the multiplication on IP(F) constructed by restricting the
multiplication on A(F) to A(F) \ {0}.

However, such a construction is typically not possible: even though the set of k-points
(A(F) \{O})(k) = F* is closed under multiplication, this is no longer true for the set of
F-points (A(F) \{0}) (F). In particular, the construction of the EC product on Perf P(F) does
not contradict the fact that all complete connected algebraic groups are abelian varieties.

5.3.3 Recovering A from (PerfP(A), x})

We have the following result allowing us to reconstruct a finite-dimensional algebra A from
the corresponding EC product on PerfP(A):

Proposition 5.3.3.1. Let A and A’ be finite-dimensional k-algebras. Then A and A’ are
isomorphic as k-algebras if and only if there is a monoidal equivalence (Perf(P(A)),*,) =~
(Perf(P(A')), x%.).

To prove Proposition 5.3.3.1, we will need a linear-algebraic lemma.

Notation 5.3.3.2. Let V and V'’ be finite-dimensional vector spaces. Given an element

v € V (possibly zero), let [v] denote the corresponding class in V/k*. Given a linear map
¢ :V — V', let [p] denote the corresponding class in V/k* — V/k*.

Lemma 5.3.3.3. Let A and A’ be finite-dimensional k-algebras. Suppose & : A — A’ is a
linear map such that [d] : A/k* — A'/k* is a homomorphism of monoids (in Set). Then
there exists ¢ € K™ such that cd : A — A’ is a monoid homomorphism.

"For example, any full strong exceptional collection on a smooth complete toric variety gives a categorical
compactification of the dense torus by Example 5.2.1.4.
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Proof. Invertible elements of A are dense in A(A) (see e.g. [Vin95, page 1]), so we may fix
a basis {eg,...,en} of A such that e; is invertible in A for all i. Because [¢] is a monoid
homomorphism, the images [d]([e;]) are invertible in A’/k*. Thus the images ¢(e;) must
also be invertible in A’. In particular, for fixed i, the sets {pa/(dp(ei), d(e;))}j, are linearly
independent in A’.

For 1,j,£ € {0, ...,n}, we may write

d)(HA(ei, ej)) = Cij HA'((D(ei), d)(ej))

and
d(paler, g5 +e)) =cijepa (dler), dle; +ep))

for some cyj,cq50 € k*. For any i,j,£ € {0,...,n}, we get

cijba (dle), dley)) + cienar(dle), dler)) = d(paler, e + er))
= Ci,jeHA/(d)(ei); ey + ez))
= Ci,jf”A’(d)(ei)a Cb(ej)) + Ci,jeHA'(d)(ei); dD(ee))

so that c¢ij; = cij¢ = ci¢ by the aforementioned linear independence. In particular, for all
i,j, we have ¢;; = cio. Repeating the argument with the order of inputs to uas reversed
shows that cij = coj. Thus ci; = cop for all i,j, i.e.

d(nalei,e)) = coonar (bler), dle;)).

Multiplying both sides of this equation by cg o shows that (coodp)opa = paro(cood®cood),
i.e. coo@ is a monoid homomorphism. [

Proof of Proposition 5.3.3.1. The “only if” direction follows by the functoriality of the con-
struction of x” on surjective maps (Proposition 5.2.2.5).

For the “if” direction, we may assume A and A’ have the same underlying vector space
V. Every monoidal equivalence (Perf(P(A)), %) =~ (Perf(P(A’)),x}%,) is induced by an
autoequivalence T of Perf(P(V)). By [BO01, Theorem 3.1], we can write T = [p].(—®-Zn])
for some ¢ € GL(V) (so [p] € PGL(V)), £ € Pic(P(V)), and n € Z. As t(k([1a])) =
k([1a/]), we must have n = 0, i.e. T = [¢p],(— ® £).B

By Lemma 5.3.3.3, it suffices to show that [¢p] : A/k* — A’/k* is a monoid homomor-
phism. To this end, let x,y € A. We may assume dim A > 2, allowing us to argue by
cases:

o If x =0 ory =0, we must have

[D](1a(x,y)) = [0] = [par(d(x), d(y))]. (5.3.3.4)

80mne can also show that in this situation we must have . ~ &, though this does not simplify matters
for us.
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« Ifxandy are both nonzero and pa (x,y) = 0, then pa-(d(x), d(y)) =0, so Eq. (5.3.3.4)
still holds. In fact, if we had pa/(d(x), d(y)) # 0, then

k([b()]) k(b)) = K([mas(x,y)])

is indecomposable while Proposition 5.3.1.3 implies k([x]) 7 k([y]) is decomposable.
But then

T(k([x]) %4 k(ly])) = k([d(x)]) %4 k([b(y)])

contradicts the assumption that T is an equivalence.

o Otherwise, pua(x,y) #0, so
k([ (raly)]) = t(k(lpa(x,y)D) = t(k(x]) x4 k(YD) =~ k([d(x)]) *a: k(ld(y)]).

Hence, by Proposition 5.3.1.3, we have [d(pa(x,y))] = [ua/(d(x), d(y))].
Thus [¢] : A/k* — A’/k* is a monoid homomorphism. ]

5.3.4 Invariants

Fix a finite-dimensional algebra A and consider the monoidal category (Perf P(A), *}\). In
this section we compute:

o The Balmer spectrum Spc*;\ Perf(P(A))

o The Grothendieck ring KO( PerfP(A), *ﬁ\).
o The Picard group Pic(PerfP(A), %} ).

We observe that the Balmer spectrum and the Grothendieck ring depend only on dim A.
We first compute Spc, Perf(P(A)).

Remark 5.3.4.1. For A = k™! (so x4 is the quiver tensor product for the Beilinson quiver
Qn ), the Balmer spectrum Spe,, P(A) = Spcg D(Qn) is computed in [LS13, §2]: it is nothing
but a disjoint union of n + 1 points. A general discussion of related phenomena (in the
language of semiorthogonal decompositions) can be found in [BIK13, Appendix A]. We will
see the same computations hold even if we start with different finite dimensional algebras
A, even when A is not commutative. In particular, the Balmer spectrum is a quite coarse
invariant: it cannot tell different algebras apart.

Here we follow [NVY22] for a definition of the Balmer spectrum of a stably monoidal
oo-category which need not be symmetric monoidal:
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Definition 5.3.4.2. Let (€, ®¢) be a small stably monoidal co-category. A two-sided thick
®-ideal P in € is prime if P # € and, whenever we have J ®¢ J C P for two-sided thick
®-ideals J, J of €, then either J C P or J C P. The Balmer spectrum of (C, ®¢) is

Spcg, € ={P|P is a prime two-sided thick ®-ideal of C}

with a topology defined similarly to the (Zariski) topology of the usual Balmer spectrum
(see [NVY22, Section 1.2] for details).

Lemma 5.3.4.3. Let (C,®¢e) be a small stably monoidal co-category. Let Sy,...,Sn be
a collection of exceptional objects of C with (Si) # (S;) for i # j, and for each i, let
Pi=(S;1j #1). Suppose that:

1. €=(So,...,Sn)
2. Py =ker(— ®S;) = ker(S; ® —) for all i.
3. (S1) is a two-sided thick ®-ideal for all i.
Then N
Speg, € = |_| P.

i=0
Proof. First, P; is clearly a two-sided thick ®-ideal since P; = ker(— ® S;) = ker(S; ® —).
Because C/P; = (S;) = Perf(k), we see that P; is maximal among thick subcategories of €.
Thus P; is a prime two-sided thick ®-ideal of € by [NVY22, Theorem 3.2.3].

Conversely, let P be a prime thick ®-ideal of C. Because P # €, there exists i such that
Si € P. Then, since (S;) ® (S;) = (0) C P for each j # i and (S;) ¢ P, we have S; € (S;) C P
for every j # 1. Thus, P = P; as P; is maximal. O]

Remark 5.3.4.4. When ®¢ is symmetric monoidal, the result above is also a direct conse-
quence of [BIK13, Theorem A.5].

Proposition 5.3.4.5. Let A be a finite dimensional algebra A over k. Then

dim A—1

Spey P(A) = | | (QIG)GI #1).

i=0
In particular, Spc*;\ P(A) depends only on the dimension of A.

Proof. This follows from Lemma 5.3.4.3 by taking S; = Q(i)[i] fori =0,...,dim A —1 and
using the computation of Example 5.3.1.1. [
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Remark 5.3.4.6. Recent work on higher Zariski geometry ([Aok+25]) proves that the oco-
category of 2-rings (i.e., rigid stably symmetric monoidal co-categories) embeds into the co-
category of 2-ringed spaces via an enhanced version of the Balmer spectrum construction.
If A is commutative, the above computations can be used to show that the 2-ringed space
associated with (Perf(P(A)), %) depends only on dim A, i.e. this 2-ringed space does not
distinguish between different commutative algebras of the same dimension. However, it is
easy to show directly that %/ is not rigid, so we do not contradict the results of [Aok+25].

Example 5.3.1.1 also allows us to compute the Grothendieck ring of (PerfP(A), %4 ):

Proposition 5.3.4.7. Let A be a finite dimensional k-algebra. Then there is an isomorphism
K(PerfP(A), %} ) ~ Z9™A,

Proof. Consider the the basis of K®(Perf P(A), x4 ) given by v; := [Q*(1)[i]] fori =0,...,dim A—
1. By Example 5.3.1.1, regardless of the algebra structure of A, we have v = v; for all 1 and
vi -v; = 0 for all i #j. Thus the basis {Vi}?i:r%Afl gives rise to the desired isomorphism. [J

Unlike the Balmer spectrum and the Grothendieck ring, the Picard group of Pic ( Perf P(A), *;\)
can depend on the choice of A.

Proposition 5.3.4.8. Let A be a finite dimensional k-algebra. Then
Pic (PerfP(A), x4 ) = (AX)ImATL /KX x Z.

Proof. Suppose .% is invertible in Pic ( Perf P(A),*j\). Then the derived quiver representa-
tion corresponding to .% must take invertible values at each vertex, i.e. % corresponds to a
derived quiver representation of the form

k[ig] «— kli] < R Klidgima—1].

We first claim that iy = 1, = -+ = 1lgima—1. Indeed, if this were not the case, then
we would necessarily have i, # i,_; for some p. This forces HO(Homk(k[ip], k[ip_l])) =
H'»-1% (Homy(k,k)) = 0. Thus, for any ¢4 € PerfIP(A), the derived quiver representation
corresponding to .# x, ¢ would necessarily have 0 as one of its morphisms. In particular,
because .% is invertible, one of the morphisms in the quiver representation corresponding to
the unit of ) is 0. But this is impossible as the unit of x/ is k(1a), corresponding to the
quiver representation

1A 1a 1A
k < k < k.

Thus every invertible object of Pic ( PerfP(A), *}\) corresponds to a derived quiver rep-
resentation of the form

k[i] +—— k[i] ¢ ki

AN
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for some 1 € Z. We may define a homomorphism « : Pic ( PerfP(A),*A) — Z sending a
quiver representation of the above form to i. The homomorphism

Z — Pic (PerfP(A), x4)
i k(1a)0]

defines a section of «.

It remains to show that ker o = (A )4mA=L /KX We may define a map 3 : (AX)dmA-1L
ker « sending (ay,..., agma—1) to the object of ker & corresponding to the quiver represen-
tation

a asz Adim A—1
k < k < Lk

It is clear that every object of ker o arises in this way. Furthermore, any isomorphism

Blai,...,ama—1) = B(aj,...,al, o) is witnessed by a commutative diagram
k < aj k < as ddimA-1 k
) aj ) aj %ZﬂimA—l
k < k < ¢ K,

where invertibility of each a, and each a{, ensures that the vertical arrows are all deter-
mined by the rightmost vertical arrow. Thus ker § = k* and ker o« = (AX)4mA=L /ker B =
(AX)dimAfl/kx. ]

Remark 5.3.4.9. The invariants we have discussed in this section reflect the differences in
behavior between the EC products on PerfP4 and the usual tensor product on PerfPd.
Indeed, for the usual tensor product ®,, we have:

« Spcg, PerfPd = P4,
e KO(PerfP?4 ®4) >~ ZM]/M™"" where n = [0pa(1)] — 1.

o Pic(PerfP(A),®y) ~ Z - Opa(1) x Z (where the second factor arises from the shift
functor [1]).

Example 5.3.4.10. We may use the above results to construct two distinct symmetric
monoidal structures on Perf P! with the same Balmer spectrum and the same ring structure
on K° Namely, take A = k? and A’ = k[e]/e%. The Balmer spectra and Grothendieck
rings of (PerfP(A),*j\) and (PerfIP(A’),*A,) agree because dimA = dim A’. However,
Pic ( PerfP(A),*Q\) = k* xk* xZ, while Pic ( Perf P(A'), *Q\,) = kxk* xZ, so the symmetric
monoidal structures are distinct.

Note that the Picard group is not a complete invariant.
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Example 5.3.4.11. Let A be any finite dimensional k-algebra. In general, A is not isomor-
phic to its opposite algebra A°". However, we have

Pic(Perf P(A), x4 ) = (AX)HmA-L (X 7 = ((AP) X )dmA=L /)X « 7, = Pic(Perf P(AP), pop )

where we use the isomorphism A* = (A°P)* = (A*X)°? defined by a — a~!. Note that
this isomorphism does not extend to a linear map A — A°P, so the argument of Proposi-
tion 5.3.3.1 does not apply.

Example 5.3.4.12. For an example where all algebras involved are commutative, let A =
klel/e® and A’ = k[x,yl/(x?,xy,y?), then A* = kX xk? = A’*, where the first isomorphism
is given by

AX =KX x (1+ma) — kX x k2
(c,1+ae+be?) — (c,a,b—a?/2).

As before, this isomorphism is not linear, so this does not contradict the argument of Propo-
sition 5.3.3.1.

5.4 Application: Tensor products in toric mirror
symmetry

Suppose X = Xy is the smooth complete toric variety associated with a fan £ C Ny (where
N is a lattice, M is its dual lattice, and (—)r = (—) ®z R). Homological mirror symmetry
for toric varieties (in this context also called the “coherent-constructible correspondence”)
gives a symmetric monoidal equivalence

(QC(X5),®0) =~ (Shas (Mr/M), *pmp/m) (5.4.0.1)
where:
e Mgr/M is a real torus,
e Ay C T*(Mgr/M) is a certain Lagrangian defined from the combinatorics of X,

o Sha, (Mg/M) is the category of constructible ? sheaves on Mg/M with coefficients in
k and singular support in Ayg, and

e *my/m is the convolution product on T*(Mgr/M).

9Here we use constructible in a weak sense, i.e. we do not require any finiteness conditions on stalks. See
[Kuw17] for a more comprehensive discussion of finiteness conditions in this context.
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There is a vast literature on this subject, and we will content ourselves by noting that a
fairly complete (and significantly more general) discussion of Eq. (5.4.0.1) may be found in
[Kuw17], which builds on [Bon06; Fan+11] and many other sources.

In this section we will discuss the appearance of quiver tensor products in homological
mirror symmetry, with a particular focus on smooth complete toric varieties of Bondal-Ruan
type (cf. Definition 5.1.4.6). We begin by noting the following explicit description of quiver
tensor products in the Bondal-Ruan case.

Proposition 5.4.0.2. Let X be a smooth complete toric variety of Bondal-Ruan type, and
let X C M be the Cox presentation of X. Write 3, e, for the closure in X* of the graph of
the binary multiplication on the dense torus in X. Then push-pull along the correspondence

3u-—0x
N %

defines a symmetric monoidal structure xgy, o, on Perf(X). Furthermore, there is a sym-
metric monoidal equivalence

(Perf(X), xin,o,) = ( Fun (Q&: (), Perf(k)), @q ).

Proof. We use the geometric EC setup (¢,j, —0Ox, q) of Example 5.2.1.4. The first claim
follows by combining Proposition 5.2.3.3 and Example 5.2.3.4. The second claim is Theo-
rem 5.2.4.1, noting that Q" _($)°P ~ Qg (¢) by taking duals of line bundles. ]

X xX

5.4.1 The mirror of the constructible tensor product

Given the underlying equivalence of categories of Eq. (5.4.0.1), it is natural to ask when
and whether one can describe the tensor product ® of constructible sheaves on Mgr/M
in terms of the algebraic geometry of Xsy. This question does not always make sense — for
F,9 € Shp, (Mgr/M), the singular support of the tensor product .# ®y ¢ need not lie in
As. However, when the Lagrangian Ay arises from a stratification Z = {Z;}ic1 of Mg/M,
the category Sha, (Mg/M) is closed under ®y, and the question does make sense. In this
case, we shall write Shz(Mg/M) := Sha, (Mgr/M).

By [Bon06] (see also [FH25, §5] for a more detailed presentation and generalization), we
know that Ay arises from a stratification when X is of Bondal-Ruan type. More precisely,
let Fp : Mg/M — X*(G) be the anti-Bondal-Ruan map of Definition 5.1.4.6. We may
decompose Mg/M as a disjoint union of the level sets {Z, = Fgl(x)}xe_@x.lo

There is a natural order on —©x given by the transitive closure of the following rule:
x1 < Xoif Zy, C Z,, (cf. [FH25, Corollary 5.7 and Definitions 4.8, 4.13, and 4.28]. The order

19In [FH25], Z, is denoted by Sy for x € G= X*(G). We use the letter Z only to avoid conflict with our
notation for transparent collections.
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on —Ox may also be understood algebraically: by the discussion at the beginning of [FH25,
§5.2], we have x; < X2 if and only if H*(X, O(x2 —x1)) # 0. In particular, Z = {Z, }yc_o, is
a (non-conical) stratification, which we call the anti-Bondal-Ruan stratification, of Mg/M
by the poset —Ox (cf. [FH25, Definition 4.2]).

Proposition 5.4.1.1. Let X be a smooth complete toric variety of Bondal-Ruan type, and
let Z be the corresponding anti-Bondal-Ruan stratification of Mg/M. There is a symmetric
monoidal equivalence

(QC(x),% *an /Gl )2 (Shz(Mg/M), ®x)

Proof. Let Exz(Mg/M) be the oo-category of exit paths of the stratification Z. We refer
to [HPT24, Proposition 2.2.10] for a precise definition of Exz(Mg/M), but we note as a
heuristic (cf. [HPT24, Observation 5.1.6]) that:

o Objects of Exz(Mg/M) are points of Z.

o Morphisms are exit paths in Mg/M, i.e. paths vy : [0,1] = Mg/M (from the domain
to the codomain) such that if t; <ty and y(ti) € Z,, for i =1,2, then x; < Xo.

o Composition is concatenation of paths.
By [HPT24, Theorem 0.4.2 and Example 5.3.10], there is a symmetric monoidal equivalence
(Shz(Mg/M), ®x) = (Fun(Exz(Mg/M),D(k)), ®x)

given by sending a constructible sheaf to the collection of its stalks and specialization maps.*!
By [FH25, Proposition 5.5 and Proposition 5.6], there is a natural equivalence

Q5 () = Exz (Ma/M)

given by sending an object Ox(x) € QY gx(q))op to the corresponding stratum Z,. Thus we
obtain a chain of equivalences

(Shz(Mg/M), ®y)

(Fun(Exz( MR/M) D(k)), ®x)
(Fun(Q”§, (¢)°,D(k)), ®x)
= (D(Q-o.(¢ ) ®q)

(QC(X),* [A“/G],@x)' U

' The symmetric monoidal structure on Fun(Exz(Mg/M),D(k)) is just the objectwise tensor product,
so saying that this equivalence is symmetric monoidal is just saying that stalks and specialization maps
commute with tensor products.
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Remark 5.4.1.2. Proposition 5.4.1.1 may also be stated for the usual Bondal-Ruan strat-
ification, though in this case the geometric interpretation of the EC product (. /Gl—Ox
on QC(X) is less clear. Going between the Bondal-Ruan and anti-Bondal-Ruan stratifica-
tions corresponds to taking the negative of the corresponding Lagrangians. This does not

affect the existence of the homological mirror symmetry equivalence, as both QC(X) and
Sha, (Mg/M) are self-dual.

When X is not of Bondal-Ruan type, the situation can be more subtle:

Example 5.4.1.3. Let X = Xz = F,, be a Hirzebruch surface of type n > 2. By [Kin97,
Proposition 6.1], X admits a full strong exceptional collection of line bundles. This cor-
responds (by Example 5.1.4.4) to a collection of weights S which is transparent for an
embedding X C [A*/G2]. Let QY°(¢p) be the discrete category of Definition 5.1.4.1.
By Example 4.2.1.2, we obtain a symmetric monoidal structure ®qq(p) on D(Qs(¢)°P) ~
Shay (Mgr/M).

However, this symmetric monoidal structure does not agree with the tensor product of
constructible sheaves on Mg/M. In fact, the category Sha,(Mg/M) is not closed under
®x! (This relates to the fact that Ay is not the Lagrangian of conormals to a stratification
of Mg/M.) The discrepancy arises because, even though X has a full strong exceptional
collection of line bundles, the equivalence of Eq. (5.4.0.1) is not induced by said collection.

5.4.2 A conjecture about Cox categories

The recent paper [Bal424] introduces a “Cox category” QCcox(X) (for an arbitrary semipro-
jective toric variety X) in which the Bondal-Thomsen collection @ behaves as if it were
“transparent” in a suitable sense. In general, the QCcqox(X) is not the derived category of
any genuine stack X, though it has a geometric interpretation in terms of “gluing birational
models of X.” Via homological mirror symmetry, QCcox(X) is expected to correspond to a
category Sha,, (Mgr/M) where the singular support Lagrangian Ac.x is obtained by taking
the unions of the Lagrangians of these birational models.

Conjecture 5.4.2.1. Let X be a smooth semiprojective toric variety. The category Sha., (Mgr/M)
is closed under Qy, and there is a symmetric monoidal equivalence

(QCeox(X),+") = (Shac,, (Mz/M), @)

where %' is a “birationally glued EC product” extending the convolution on the maximal torus

of X.
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Chapter 6

A sketch of derived toric geometry

Here we provide a brief discussion of how to use our results on grouplike SMCs to establish
a theory of derived toric stacks, i.e. a generalization of the notion of toric stacks which is
closed under taking fiber products. A more complete account of these ideas (including proofs
of the claims) will appear in the near future.

We should first indicate some reasons why we desire such a theory:

1. Many natural functors between derived categories of toric varieties or stacks arise as
push-pull functors along spans

Z

7N

X Y

of toric stacks and morphisms. To compose such push-pull functors, we need to take
derived fiber products of the toric stacks involved. Because everything is toric, we
should expect that the derived fiber products can be understood via the combinatorics
of (some variants of) cones and fans. Derived toric geometry is an attempt to do so.

2. Toric geometry is a useful testing ground for conjectures and ideas in algebraic geome-
try, largely because it replaces the hard commutative algebra of arbitrary commutative
rings with more tractable combinatorics. We can expect derived toric geometry to play
a similar role with respect to general derived algebraic geometry.

3. There has been a recent proliferation of different flavors of “derived geometry” (e.g.
derived algebraic geometry, spectral algebraic geometry, rigid analytic geometry, et
cetera). All of these theories should have some analogue of “toric varieties,” and it
is natural to ask to what extent classic results from toric geometry (e.g. the Cox
construction) reappear in these new contexts.

4. Derived algebraic geometry is often pitched as a more refined approach to intersection
theory (essentially transforming Serre’s intersection formula into a definition). We hope
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that a derived approach to toric geometry can illuminate and categorify questions about
(toric) intersection theory on toric varieties, though we will not pursue this direction
here.

With that motivation in mind, let’s proceed to discussing the basics of derived toric
geometry.

6.1 [E_-cones

Our “local building blocks” in derived toric geometry are [E.,-cones, which are patterned on
grouplike SMCs in much the same way that affine schemes are patterned on commutative
rings.

Remark 6.1.0.1. Our choice to work with grouplike SMCs rather than [E.-monoids reflects
the fact that we are interested in the general theory of toric stacks. Since toric stacks are not
Zariski-locally determined by affine toric varieties, we cannot just use the standard theory
of fans to describe toric stacks. Instead, we are left with two options:

o Take the Cox construction as a definition and replace the notion of “fan” by “stacky
fan” (as in [BCS05] or more generally in [GS15a]). This is intrinsically global: the
combinatorics of stacky fans control the action of a commutative reductive group G
on a toric variety X, and the toric stack associated with a stacky fan is the global
quotient stack X/G. Note however that [GS15b, Theorem 6.1] gives a mostly local®
algebro-geometric characterization of toric stacks as defined in [GS15a).

» Replace the local models (i.e. cones) appearing in classical toric geometry by something
which accounts for the stacky points of toric stacks. By the results of Chapter 3
and Section 4.1, we can understand certain quotient stacks by commutative reductive
groups in terms of grouplike SMCs. Thus these local models should encode the data of
grouplike SMCs. (We do not know of a reference that treats this perspective explicitly.)

We shall take the latter approach here, since we would prefer to be able to work fully locally
while still manipulating objects which are semi-combinatorial in nature.

Given a grouplike SMC €, we will define the corresponding E.-cone Cone(C) as a topo-
logical space together with a structure sheaf encapsulating the data of €. In nice enough
cases, the topological space underlying Cone(€) will be the (Alexandrov) topological space
associated with a finite poset, justifying our claim that E..-cones are semi-combinatorial in
nature.

!The only non-local part of the characterization in [GS15b] is the rather mild assumption that the toric
stacks they work with have affine diagonal. We will make a similar assumption when defining stacky E..-fans.
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6.1.1 Spectra of E.,-monoids

We begin by recalling some standard definitions (see [Ogul8, §1.3]) that will allow us to
define the topological space underlying Cone(C).

Definition 6.1.1.1. Let M be an E-monoid.

o A (naive) ideal of M is an M-equivariant subspace I C M (i.e. a subspace such that,
for alli € T and m € M, we have i+ m € I).

o A radical ideal of M is an ideal I C M such that, if m € M satisfies n-m € I for
some n € N, then m € M. The radical VI of an ideal I is the smallest radical ideal
containing I.

o A prime ideal of M is an ideal p C M such that M \ p is a submonoid (equivalently, a
face) of M.

The spectrum of M, denoted Spec M, is the set of prime ideals of M. We consider Spec M
as a topological space with the Zariski topology, generated by the basic open sets

D(m) ={p € SpecM|m ¢ p}

for m € M. We will write Open”®°(Spec M) for the poset of open subsets of Spec M (ordered
by inclusion).

Remark 6.1.1.2. We have Spec M = Spec (M), and the following discussion could be
performed entirely in the language of discrete commutative monoids without losing any
generality.

Example 6.1.1.3. Consider the case of M = N™. By Example 2.1.4.4, the faces of N™ are

exactly the submonoids N! for some I C {1,...,n}. The prime ideals are then given by
py = {Z ciei [ ¢; > 0 for some j € ]}.
i=1

for ] € {1,...,n}. Thus we may identify Spec N™ with the powerset P({1,...,n}) via p; <> J.
Note that py C py if and only if ] C J’, so this identification preserves the natural orders.

A subset of SpecN™ is open if and only if the corresponding subset of P({1,...,n})
is downward closed. The basic open sets of Spec N™ are the downward closed subsets of
P({1,...,n}) with a greatest element. Thus Open**(Spec N™) = P({1,...,n}), where the
bijection comes from sending a basic open set to the greatest element of the corresponding
subset of P({1,...,n}).

Example 6.1.1.4. If 1o(M) is finitely generated, then Spec M is finite by [Ogul8, Propo-
sition 1.3.7(i)] (or alternatively by the fact that Spec M may be identified with a subset of
Spec N™ for some n). Thus we may understand Spec M in terms of the combinatorics of
finite posets.
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The topological spaces Spec M behave in many ways like the spectra of local integral
domains. For example, Spec M always has a unique generic point and a unique closed point.
Furthermore, Spec M is always a spectral topological space (e.g. by [Ray20, Proposition
3.1]), and we can use this to understand sheaves on Spec M:

Proposition 6.1.1.5. Let M be an Eo,-monoid, and let'V be a complete category. Then the
inclusion Open®¢(Spec M) C Open(Spec M) induces an equivalence

Shy(Spec M) = Fun(Open”*¢(Spec M)°P, V).

6.1.2 [ -cones: definition and examples

We are now prepared to define E-cones:

Definition 6.1.2.1. Let € be a grouplike SMC. The (stacky) Eo,-cone Cone(C) is the topo-
logical space Spec PyC equipped with structure sheaf Ocone(e) € ShCAlggpnke(Cat)(Spec PoC) is
defined (using Proposition 6.1.1.5) by

ﬁCone(G) (D(m)) = e[mil]

for all D(m) € Open™°(Spec M).
We may use Proposition 6.1.1.5 to draw diagrams capturing the data of E.-cones.

Example 6.1.2.2. The topological space underlying Cone(0) has one point, and the struc-
ture sheaf has the value 0. As such, we will write pt = Cone(0). This will turn out to be
the final (and initial!) object of a suitable category of E.-cones.

Example 6.1.2.3. The topological space underlying Cone(BN) is SpecN (i.e. the two-point
space with one open point and one closed point). The structure sheaf (depicted using Propo-
sition 6.1.1.5) is

BN —— BZ.

Example 6.1.2.4. The topological space underlying Cone(BN?) is Spec N2, The structure
sheaf is
BN? ——— BN x BZ

I |

BZ x BN ——— BZ2.

We can generalize the preceding examples to any strongly convex rational polyhedral
cone (instead of just N C Z or N* C Z?).
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Example 6.1.2.5. Let N = Z™ be a free finitely generated discrete abelian group, and let
o0 C N ®z R be a strongly convex rational polyhedral cone (as in [CLS11, §1.2]). We may
define a corresponding E.,-cone K, as follows. Let M = Hom(N, Z) be the dual lattice, and
let

o/ ={meM®zR|(m,n) >0 for all n € o}.

Then K4 := Cone(B(0" N M)) is the E-cone associated with o.
The prime ideals of 0¥ N M are in bijection with the faces of o: a prime p C ¥ N M
corresponds to the face

neol{(mmn)=0foral mep}Co.

Thus the underlying topological space of Ky may be identified with the poset Face(o) of
faces of o (ordered by inclusion and considered with the topology where the open sets are
the downward-closed sets). Every face o’ C o is the closed point (in the subspace topology)

of a unique basic open
Ko = Cone(B((g")Y N M)) C K,

and every basic open in K arises in this way.

Now we discuss some truly “stacky” examples.

Example 6.1.2.6. Let C = A be an E,-group. Then Cone(A) has a unique point, and the
structure sheaf is defined on this unique point by Ocone(a)(*) = A.

Example 6.1.2.7. Consider C = Z/N? where N2 — 7 is the addition map. The topological
space underlying Cone(Z/N?) is Spec N2. The structure sheaf is

7/N? —— BN

|

BN — — BZ,

where we have identified Z/(Z x N) = BN, Z/(N x Z) = BN, and Z/(Z x Z) = Z. Here the
bottommost horizontal map is induced by the positive inclusion N — Z, while the rightmost
vertical map is induced by the negative inclusion N — Z.

6.2 [E-fans

Now that we have defined our local models (i.e. E,-cones) for derived toric geometry, we
would like to turn our attention to more global questions. We introduce E -fans here to
track how the local data of E.,-cones can be glued together.
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6.2.1 GSM spaces

Schemes are typically understood as locally ringed spaces which are Zariski-locally covered
by affine schemes. To produce an analogous definition / characterization of E-fans, we first
introduce the following definition:

Definition 6.2.1.1. A locally grouplike symmetric monoidal space (abbreviated locally GSM
space) is a pair (X, Ox) where X is a topological space and Oy € ShCAlggpuke(Cat)(Z).

We would like to assemble these into a category LGS of locally GSM spaces satisfying:
o Objects of LGS are locally GSM spaces.
 l-morphisms are pairs (f, ") : (£, 0s) — (X', Os/) consisting of:

— A continuous map f: X — X’ and
— A map f#: f 105 — Os in Sheaigseive (car) (X)-

such that:
— for all 0 € X, the induced map
2 (1 0s)o = Osr4(0) = Os.o
is conservative.?

e The composition law in LGS is formally identical to the composition law for morphisms
of ringed spaces.

Proposition 6.2.1.2. There exists a well-defined oco-category LGS satisfying the above re-
quirements.

We write E.,Cone for the full subcategory of E Fan with objects given by the E.-cones.
These satisfy a universal property analogous to that satisfied by affine schemes among locally
ringed spaces:

Proposition 6.2.1.3. Let (X, 05) be a locally GSM space, and let C be a grouplike SMC.
Then there is an equivalence (natural in X):

Map s(Z, Cone(€)) = Fun®(C, Iz, ox)).
Corollary 6.2.1.4. There is an adjunction
M(—, 0() : LGS = (CAIg®"(Cat))°? : Cone.

In particular Cone : (CAIgE?™(Cat))°? — LGS is functorial and limit-preserving. Further-
more, Cone is fully faithful, with image E,Cone.

2That is, if f#(m) is an isomorphism, then m is an isomorphism. By translation we may always assume
m e Py ﬁzyg.



CHAPTER 6. A SKETCH OF DERIVED TORIC GEOMETRY 119

6.2.2 [E-fans: definition and examples

We may now introduce E-fans:

Definition 6.2.2.1. An E -fan is a locally GSM space (X, Os) which admits a finite open
covering by E,-cones {Cone(C;)}ier such that, for all 11,1, € I, we have

Cone(Cy,) N Cone(C;,) = Cone(Ci,)

for some i3 € 1. We will refer to these requirements (finiteness, consisting of open cones, and
stability under finite intersections) as the fan condition for an open cover.
Let E,Fan be the full subcategory of LGS with objects E.-fans.

Remark 6.2.2.2. If we think of E,-cones as analogous to affine schemes, then E.-fans are
analogous to quasicompact schemes with affine diagonal.

The fan condition actually implies that the intersection of any finite number of open
cones in an E-fan X is still an open cone:

Proposition 6.2.2.3. Let X be an Ey-fan, and let Cone(C;), Cone(Cy) C X be open cones.
Then Cone(Cq) N Cone(Cs) is an open cone.

Thus the poset Open“*(X) of open cones in a fixed Ey-fan X admits finite joins. We
can describe sheaves on X in terms of Open®"¢(X):

Proposition 6.2.2.4. Let X be a E-fan, and let V be a complete category. Then the
inclusion Open®®(X) C Open(X) induces an equivalence Shy (L) = Fun(Open®"(X)°P V).

We can use Proposition 6.2.2.4 to give explicit descriptions of the structure sheaves on
examples:

Example 6.2.2.5. We may glue two copies of Cone(BN) (see Example 6.1.2.3) together
along the open Cone(BZ) (with the two copies of Cone(BZ) identified using the additive
inverse map BZ — BZ) to form an E,-fan Zpi. The structure sheaf ﬁzw may be depicted
as

BN

|

BN —— BZ.

where the horizontal map comes from the positive inclusion N < 7Z and the vertical map
comes from the negative inclusion N — Z.

There is an obvious open immersion Xpi <> Cone(Z?NZ) (see Example 6.1.2.7), so Ip
is quasiconical. In Section 6.3.1, we will provide a general explanation for why this open
immersion exists, generalizing the Cox construction in classical toric geometry.
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Example 6.2.2.6. We continue with the notation of Example 6.1.2.5. Let £ = {0 C N®zR}
be a fan in N®zR, as in [CLS11, §3.1]. We may define a corresponding E.,-fan Fs as follows.
As a topological space, Fx is X itself, viewed as a poset and equipped with the topology where
the open sets are precisely the downward-closed subsets. Every o € X is the closed point
(in the subspace topology) of a unique open subset U, = Fx. We equip Fx with the unique
structure sheaf O, such that O, (Uy) = B(c¥ N M).

With this structure sheaf, each U, is equivalent to the corresponding cone Ky constructed
in Example 6.1.2.5. The closed points of Fsz correspond to the maximal cones of X, while
the generic point of Fy corresponds to the minimal cone of X.

6.2.3 Some nice properties of EFan

In this subsection we discuss some useful properties of the category E,Fan. Many (but not
all) of these will be analogues of the corresponding properties for the category of derived
schemes.

Recall that one of our goals was to construct a framework for derived toric geometry in
which it is possible to take fiber products (so that we can compose spans). This will follow
by combining Remark 6.2.4.3 below with:

Theorem 6.2.3.1. The category EFan admits finite limits, and the inclusion EFan C LGS
preserves finite limits.

Much like for schemes, we can construct a fully faithful embedding of E,Fan into the
category of “Zariski sheaves” on Eo Cone. In fact, the Zariski topology on E. Cone is trivial,®
so we can (and should) work entirely with presheaves on E,,Cone. We note that

PShs(E.Cone) = Fun(CAIg&**(Cat), 8),
so the presheaves in question may be defined purely in terms of grouplike SMCs.
Proposition 6.2.3.2. The functory’ : Ei,Fan — PShg(E,,Cone) defined by
y'(2)(€) = Mapg,_f,, (Cone(€), I)
is fully faithful and preserves finite limits.

It turns out that E,-cones may be characterized purely categorically among E-fans:
they are precisely the E.-monoid objects in E,,Fan. Furthermore, every morphism between
[E.-cones is naturally a morphism of E-monoids in E.-fan. We get:

Proposition 6.2.3.3. The inclusion E.,Cone — EFan induces an equivalence
E,Cone = CMon(E,Cone) = CMon(EFan).

The Eq-group objects in Eo Fan are precisely those of the form Cone(A) with A an E-group.

3All Eq-cones Cone(€) have unique closed points, so every Zariski open cover of Cone(€) must contain
the identity. Thus every covering sieve on Cone(C) is just Eo,Cone, cone(e)-
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This, together with Proposition 2.3.2.8, allows us to present any E.-cone as a quotient:

Corollary 6.2.3.4. Let C be a grouplike SMC. Then the Ey-cone Cone(C) is equivalent to
the quotient [Cone(BPyC)/ Cone(oC)] computed in E Fan.

6.2.4 Geometrization of E_,-fans

Of course, the theory of E.-fans is essentially worthless without a way to construct genuine
geometric objects (e.g. derived stacks, spectral stacks, etc.) out of Ey-fans. We can do this
using the Tannakian approach of Chapter 3.

Definition 6.2.4.1. A geometrization context (abbreviated g-context) (X, T,D) consists of
a subcanonical site (X, T) together with a sheaf of (typically large) symmetric monoidal
categories D € Shcmg(é\t)(x)' If D takes values in CAlg(Pr"), we refer to (X,T,D) as a
presentable g-context.

Definition 6.2.4.2. Given a g-context (X, T,D), we can define a geometrization functor
XP_) : ExCone — Stk(X) := Shs(X) by the formula X2, e (W) = Fun®(C,D(U)). Using
Proposition 6.2.3.2, we may left Kan extend X'(Di) to a functor X'(Di) : EooFan — Stk(X).

Remark 6.2.4.3. Using an argument similar to Remark 3.2.1.4, one can show that geometriza-
tion functors X'(D_ ) preserve all limits which exist in EeFan.

Most of our examples of g-contexts will fit into the following framework:

Definition 6.2.4.4. Let (V, ®y) be a presentable symmetric monoidal category. Let Aff(V) =
CAlg(V)°P  and write Specy R for the object of Aff(V) corresponding to R € CAlg(V). Let
Tmax b€ the finest topology on Aff(V) such that the functor

QCy : Aff(V)°P — Pry,
Specy R — Modg (V)

is a sheaf. Then (Aff(V), Tyax, QCy) is a g-context, which we call the Tannakian g-context
associated with V. More generally, we will say that any g-context (Aff(V),t,QCy) with
T C Toax 1 sub-Tannakian.

Example 6.2.4.5. Taking (V,®vy) = (Mod?,@%) to be the discrete abelian category of
modules over a discrete commutative ring R, we see that Aff('V) is the category of (classical)
affine schemes over SpecR. The corresponding Tannakian g-context allows us to realize
E.-fans as classical algebraic stacks. This realizes affine E-fans as classical schemes.

Example 6.2.4.6. Taking (V, ®v) to be the category of simplicial abelian groups, we see
that CAlg('V) is the category of simplicial commutative rings, so Aff(V) is the category of
affine derived schemes. The corresponding Tannakian g-context allows us to realize E.-fans
(resp. affine E-fans) as derived algebraic stacks (resp. derived schemes).
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Example 6.2.4.7. Taking (V,®v) = (SpS°, ®s) to be the category of connective spectra
(with its usual smash product), we see that CAlg(V) is the category of connective E.,-rings.
The corresponding Tannakian g-context allows us to realize E-fans (resp. affine E-fans)
as (connective) spectral algebraic stacks (resp. spectral algebraic schemes).

Example 6.2.4.8. Taking (V, ®v) = (QCSY(S), ®e,) for some derived algebraic stack S, we
see that Aff('V) is the category of affine morphisms to S. The corresponding Tannakian g-
context lets us realize E-fans as stacks together with a morphism to S. Any stack we obtain
in this way will be “globally trivial,” i.e. it can be obtained as a fiber product S Xgpecz X,
where X is the geometrization of the corresponding E.-fan over Spec Z.

To get a full theory of “relative derived toric geometry over S” (allowing for bundles
of toric stacks over S et cetera), we should likely use a variant of the above constructions,
replacing individual E-fans by cosheaves of E.-fans over S. This may also be useful in
constructing derived toric stacks for non-split tori.

There are also interesting examples which don’t obviously relate to stable / prestable
oo-categories:

Example 6.2.4.9. Let (V,®y) = (CAIge™®(Cat), x). Then Aff(V) = ECone, and ge-
ometrization via the corresponding Tannakian g-context just gives the inclusion E,Fan C
PShg(E, Cone).

Example 6.2.4.10. Let (V,®vy) = (Catierf,@)) for some E,-ring spectrum k, so Aff(V) is
the opposite of the category of symmetric monoidal perfect k-linear categories. Writing X_,
for geometrization with respect to the corresponding Tannakian g-context, we see by [AG14,
Theorem 3.15] that, for any E,-algebra R over k,

XCone(ng)(Perf(R)) - Fun®(ng7 MOdPerf(R) — dBT(R),

the derived Brauer group of R. Thus the stack Xcone(rer) (Perf(—)) : Aff(CAlg, ,)°P — 8 may
be identified with the classifying stack B2GL;, allowing us to approach a theory of higher
(or categorified) derived toric geometry.

6.3 Projected applications

Here we mention some work in progress on applications of the theory of E -fans. We caution
readers that these are still preliminary.

6.3.1 The Cox construction

Recall that the Cox construction from classical toric geometry says that every smooth toric
variety without torus factors embeds as an open substack of some quotient stack A™/G (with
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G commutative and reductive). This can be understood entirely at the level of fans, and so
it makes sense to ask whether an analogous construction works for nice enough E.-fans.

By Corollary 6.2.3.4, we may think of any E-cone as something like a quotient stack of
an affine variety by an abelian group. This motivates the following definition:

Definition 6.3.1.1. An E -fan X is quasiconical if there exists an open immersion £ <
Cone(C) for some E-cone Cone(C).

Remark 6.3.1.2. In general, geometrization functors XP do not preserve colimits, so the
quotient description of an E,-cone Cone(C) does not immediately imply a corresponding
description of X(Djone (e) 8s a quotient stack. However, such a description of X(Djone (e) s possible

in some favorable cases — see e.g. Proposition 3.2.3.6.

Quasiconicality, much like quasi-affineness in scheme theory, is a property rather than a
piece of extra structure. In fact, if ¥ is quasiconical, then there always exists a canonical
open immersion from X into an E,-cone:

Proposition 6.3.1.3. An E-fan X is quasiconical if and only if the natural map j : L —
Cone(I'(Z, O%)) is an open immersion.

The Cox construction therefore translates into the claim that any smooth fan is quasi-
conical when viewed as an E.-fan. We may generalize this as follows:

Theorem 6.3.1.4 (Cox construction (work in progress)). Fiz a sharp Eo-monoid N with
mo(N) = N. Let L be an Ey-fan which admits a cover by Eq-cones Cone(C;) such that there
exist equivalences PoCy ~ N™ for all i (and for some ni). Then X is quasiconical, and
Pol'(Z, 0s) = N™ for some n.

6.3.2 Composing spans

As mentioned before, we are interested in having a notion of derived toric geometry so
that we may use toric language to discuss compositions of spans. Many interesting functors
between derived categories of toric varieties arise via push-pull operations along spans. For
example, this is true for:

 Derived equivalences of toric varieties induced by toric flops (see [BO95, Theorem 3.6
and the remark after it]),

o The McKay correspondence for cyclic subgroups of SLy acting on A? (see [BKRO1]),
 Certain window functors (e.g. by [BDF17] or the discussion in Section 5.1.2), and

o The extended convolution products on toric varieties of Bondal-Ruan type constructed
in this thesis.
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These functors may have surprising relationships with each other, and we can hope to witness
these relationships (and present new toric models of interesting functors) using the geometry
of E-fans.

Example 6.3.2.1. If
X
VRN
X_ X,

is a toric flop, then the autoequivalence p.q*q.p* : QC(X_) — QC(X_) typically is not the
identity — instead, it is the inverse of a spherical twist. (See [Bar20, Theorem 1.0.2] for a
general statement.)
Using base change, we may also understand q.q*q.p* as the push-pull functor induced
by the span
X XX, X

N

X_ X_.

If X_ (resp. Xy, X) is the geometrization of the Eo-fan £_ (resp. £, Z), then our span in
question is the geometrization of the span (in E,Fan)

ZXZ+£

PN

2 2.

Thus understanding the inverse spherical twist here reduces to studying the geometry of a
certain fiber product of Eo-fans.

Of course, to say anything computationally meaningful, we need an effective strategy
for computing fiber products of E.-fans. This reduces to computing pushouts of grouplike
SMCs, which itself reduces to computing pushouts in CMon. We have not seen this last
problem treated in the necessary generality in the literature, so we need to develop a method
for doing so.

We propose the following strategy for computing a pushout N @&y P in CMon:

1. Write N as a colimit of copies of the regular right M-space M in the topos 8™, say
N = colim; M;. Because the forgetful functor 8™ — § is conservative and colimit-
preserving, to check that N = colim; M for some diagram M_ : I — 8M it suffices to
construct a map colim; M; — N in 8M and then check that this map is an equivalence
in 8. This latter task is feasible because colimits in & are computable using standard
model-categorical techniques (e.g. cofibrant replacement).
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2. The pushout N ép P in CMon is the coproduct in CMonp,, = CAlg(8™), which agrees
with the monoidal structure « on 8™ corresponding to Day convolution in PShg(BM).
At the level of underlying spaces, we obtain

N @m P =N x P = colim M; x P = colim P;,

where P_ : I — 8M is the diagram with transition maps defined as in M_, but all
objects taken to be P.

3. The preceding step gives a formula for the M-space underlying N @&y P. Upgrading
this to an equivalence of E,-monoids requires some level of guesswork. One needs to
construct an Eo-monoid Q together with a commutative square (in CMon)

M— N

I

P—— Q.

To check that the natural map N@&p P — Q is an isomorphism, it suffices to check this
at the level of underlying spaces, which can be done using the presentation obtained
in step (2).

Remark 6.3.2.2. Note the close relationship between this method and the standard method
for computing pushouts of cdgas. Indeed, in both cases, we take a “free resolution” of one of
the factors, tensor that free resolution with the other factor, and then attempt to determine
the commutative algebra structure on the resulting object.

We can think of our colimit presentations in 8™ as non-abelian free resolutions. It is

plausible that these can be systematized using some version of the “double-arrow complexes”
of [Flo15, §4].

Remark 6.3.2.3. Step (1) above is always doable in principle: under the equivalence 8™ ~

PShg(BM), M corresponds to the unique representable functor, and every object of PShg(BM)
is a colimit of representable functors. However, in practice, the universal colimit presentation

of N is rather unwieldy, and there are often much smaller presentations we can use.

Here’s an easy example of the above method in practice:

Example 6.3.2.4. Let’s compute the fiber product pt Xcone(gn) Pt in ExFan (or equiva-
lently in E,Cone). This is equivalent to computing the pushout 0 ©gy 0 = B0 &gy BO in
CAlg8P°(Cat). Because the functor B : CMon — CAlg8"°(Cat) preserves colimits, it suffices
to compute the pushout 0 Gy 0 in CMon. We follow the steps outlined above:

1. We can write 0 as the coequalizer of the diagram N = N in 8Y, where one map is
$(n) = n + 1 and the other map is the identity.* Indeed, the coequalizer of this

4A practical explanation of how to compute (homotopy) coequalizers can be found at https://ncatlab.
org/nlab/show/homotopy+coequalizer.
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diagram can be rewritten as the pushout of the diagram

NUN @ N

l(ideidN)

N

Replacing (idy,idy) : NUN — N with the cofibration of topological spaces N U N —
N x [0, 1] (given by sending one copy of N to N x {0} and the other to N x {1}), we can
compute the pushout here at the level of topological spaces as

(N x [0,1])/((n+1,0) ~ (n,1) for all n) = Ry,.
This is clearly homotopy equivalent to the contractible N-space 0.

2. It follows that the underlying space of 0 @y 0 is the coequalizer of 0 = 0. Arguing
using cofibrant replacements as above, we see that this coequalizer is

(pt x [0,1])/(0~1) = S".

3. There is a commutative diagram of E_-monoids

N——0
|
0 —— BZ,

where the commutativity is witnessed by a generator of Z = QBZ. (The simplest way
to see this rigorously is by viewing this diagram as living in the 2-category of symmetric
monoidal 1-groupoids.) Thus we get a natural homomorphism of E-monoids 0Gr0 —
BZ. By step (2), we saw that 0@®y0 = S! = BZ, so the homomorphism we constructed
is an equivalence.

Thus 0 @y 0 = BZ = S'.5 Tt follows that pt X cone(sn) Pt = Cone(S!).

To apply this to examples like Example 6.3.2.1, we need to be able to construct more
examples of non-abelian free resolutions. This is the subject of ongoing research.

Question 6.3.2.5. Which standard free resolutions of toric subvarieties can be upgraded to
non-abelian free resolutions (i.e. can be defined in 8™ for some M)? Does this hold for
Koszul resolutions? What about HHL resolutions ([HHL24])?

50f course, the equivalence 0 @y 0 = BZ also follows directly from the group completion theorem, but
the method presented here is much more general.
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