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A Process-Oriented ,  Intensiona l  Mode l 

of  Knowledg e an d Belie f 

by 

Robert F. Hadley 

School of Computing Science 
Simon Frase r  Universit y 

1. INTRODUCTION 

Within the cognitively related disciplines (including Al) there are three dominant approaches towards the modeling 
of  epistemi c states .  Fo r  convenienc e w e cal l  thes e th e logistic ,  syntactic ,  an d intensiona l  approaches .  T h e logisti c 
approac h seek s t o discove r  a  logi c o f  belie f  (knowledge )  whic h woul d enabl e on e t o derive ,  a-priori ,  th e totalit y o f 
thing s a n agen t  believe s (o r  knows) ,  give n th e formula s explicitl y  writte n i n th e agent' s belie f  base. '  Th e syntacti c 
approac h (a s Levesqu e [1984 ]  dub s it )  identifie s a n agent' s belief s wit h jus t  thos e formula s explicitl y  writte n i n th e 
agent' s belie f  bas e -  th e agen t  ha s n o othe r  beliefs .  B y contrast ,  th e intensiona l  approac h identifie s belief s wit h 
abstractions ,  e.g. ,  wit h though t  content s o r  propositions .  O n thi s accoun t  th e sam e belie f  m a y b e expresse d b y 
means o f  a  limite d variet y o f  distinc t  syntacti c objects .  A s wil l  emerg e i n sectio n 1.3 ,  ou r  presen t  concern s li e wit h 
th e intensiona l  model ,  an d wit h h o w intension s ar e relate d t o th e processe s o f  inference ,  belie f  acquisition ,  an d 
belie f  retraction .  However ,  w e n o w briefl y describ e th e logisti c an d syntacti c approaches ,  an d conside r  h o w thes e 
diffe r  fro m th e presen t  work . 

1. 1 T h e Logisti c A p p r o a c h 

Thos e w h o adop t  th e logisti c approac h ar e concerne d wit h th e discover y o f  inferenc e rules ,  suc h tha t  a n agent' s 
explici t  belief s ar e close d unde r  th e applicatio n o f  thes e rules .  Typically ,  th e epistemi c logic s propose d d o no t 
requir e a n agent' s belief s t o b e close d unde r  al l  vali d inferenc e rule s (ful l  logica l  omniscienc e i s no t  required) ,  bu t 
closur e unde r  certai n inferenc e rule s i s stil l  required .  Thus ,  thes e logic s typicall y requir e tha t  agent s eac h posses s a n 
infinit y o f  beliefs ,  o r  a t  leas t  believ e a n infinit y o f  distinc t  formulas ,  (c f  [Levesque ,  1984 ;  Ha lpe m &  Moses ,  1985 ; 
Lakemeyer ,  1987]) .  S o m e hav e questione d th e motivatio n fo r  introducin g logic s whic h represen t  agent s a s 
believin g a n infinit y o f  formula s (e.g. ,  [Fagi n &  Halpem ,  1985]) ,  bu t  th e underlyin g rational e m a y b e tha t  suc h 
logic s emplo y a  non-standar d sens e o f  belief ,  whic h ye t  ha s applicatio n i n th e contex t  o f  finit e agents .  Fo r  example , 
th e sens e o f  belie f  appropriat e t o [Levesque ,  1984 ]  migh t  b e suc h tha t  " p i s believed "  mean s approximatel y tha t  on e 
coul d eventuall y c o m e t o believ e p  b y a  tractabl e computationa l  process .  However ,  whethe r  o r  no t  on e think s tha t 
epistemi c logic s (o f  th e "infinit e belie f  set "  variety )  requir e u s t o adop t  a  non-standar d sens e o f  belief ,  suc h logic s 
usuall y ar e no t  concerne d wit h certai n importan t  process-relate d aspect s o f  belie f  Fo r  example ,  wit h limite d 
exceptions ^  suc h logic s d o no t  addres s th e fac t  tha t  a n agen t  acquire s an d change s belief s ove r  time ,  o r  tha t  thes e 
processe s ofte n involv e inference ,  testin g belief s fo r  consistency ,  retraction ,  etc .  Doubtless ,  mos t  epistemi c logic s 
wer e neve r  intende d t o addres s thos e aspect s o f  belie f  bu t  fo r  certai n application s on e desire s a  forma l  mode l  o f 
h o w thes e cognitiv e processe s relat e t o th e beUe f  state s o f  th e agent .  A n agen t  X  w h o know s wha t  anothe r  agen t  Y 
believe d a n hou r  ag o m a y wis h t o for m a  reasonabl e conjectur e abou t  wha t  Y  believe s now .  I f  so ,  X  need s t o k n o w 
what  processe s mus t  b e assume d t o exis t  i n orde r  t o arriv e eve n a t  a  reasonabl e conjectur e abou t  Y' s presen t  beliefs . 
Of  course ,  s o m e aspect s o f  belie f  chang e ar e addresse d b y trut h maintenanc e system s (e.g. ,  [d e Kleer ,  1986 ;  Doyle , 
1979]) ,  bu t  T M S s ar e concerne d wit h procedure s fo r  manipulatin g belie f  sets ,  rathe r  tha n wit h forma l  model s whic h 
interrelat e th e concept s o f  belie f  knowledge ,  inference ,  retraction ,  etc .  B y contrast ,  w e ar e her e concerne d wit h 
formalization s o f  epistemi c states ,  an d th e processe s whic h affec t  thos e states . 

1. 2 T h e Syntacti c A p p r o a c h 

'Hereafter ,  "belie f  shal l  b e take n t o includ e knowledge ,  unles s th e contex t  requires  tha t  th e distinctio n b e explicit . 

^KonoUge, [1985] presents an epistemic logic which does address the process of belief introspection. However, Konolige's system is not 
intende d t o addres s mos t  othe r  process-relate d aspect s o f  belief . 
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N o w,  apar t  fro m episiemi c logic s whic h posi t  a n infinit y o f  beliefs ,  certai n syntactically-oriente d belie f  model s d o 
addres s th e fac t  tha t  belief s ca n b e acquire d an d retracte d b y processe s (cf .  [Haas ,  1985]) .  I n general ,  thos e w h o 
adop t  th e syntacti c approac h identif y belief s wit h particula r  syntacti c objects ,  s o that ,  fo r  example ,  a n agen t  migh t 
believ e th e formul a p v q bu t  no t  ̂  v  p ,  o r  believ e "Tadpole s swim "  bu t  no t  "Pollywog s swim" .  N o w ,  m a n y rejec t 
th e syntacti c approac h entirely ,  o n th e ground s tha t  i t  i s  to o fine-grained.  Th e syntacti c approac h arguabl y fail s  t o 
accoun t  fo r  th e fac t  tha t  som e syntacticall y distinc t  formula s see m t o expres s precisel y th e sam e thought ,  an d 
therefor e ough t  t o hav e th e sam e belie f  statu s (cf .  [Levesque ,  1984] ;  [Hadley ,  1986]) . 

Fagin and Halpem [1985] present what might be viewed as a liberalized syntactic belief model. The Fagin-Halpem 
(F-H )  mode l  identifie s a n agent' s belief s wit h a  subse t  o f  formula s o f  whic h th e agen t  i s aware .  Thi s particula r 
subse t  (whic h satisfie s specia l  conditions )  ma y b e take n t o includ e formula s th e agen t  wil l  onl y com e t o b e awar e o f 
at  som e futur e time .  I n thi s respec t  th e F- H mode l  i s les s restrictiv e tha n thos e whic h restric t  a n agent' s belief s t o 
formula s presend y writte n i n th e agent' s belie f  base .  However ,  apar t  fro m th e awarenes s requirement ,  th e F- H 
model  i s no t  concerne d wit h th e empirica l  precondition s o f  belie f  (e.g. ,  tha t  a  sophisticate d robo t  migh t  deriv e a 
formul a fro m existin g beliefs ,  bu t  no t  "commi t  to "  th e formul a unti l  a  "consistenc y check "  wit h othe r  belief s i s 
complete) . 

There is no reason to suppose that the F-H model was ever intended to deal with the empirical preconditions of 
belief ,  bu t  a n agen t  w h o wishe s t o reaso n (o r  conjecture )  abou t  wha t  a  give n robo t  currentl y believe s wil l  requir e a 
model  o f  belie f  whic h make s explici t  man y o f  thes e preconditions .  Suc h a  mode l  wil l  nee d t o recogniz e th e fac t  tha t 
agent s revis e an d retrac t  beliefs ,  an d tha t  the y sometime s deriv e formula s whic h the y neve r  accept ,  eve n thoug h th e 
derive d formul a i s indee d a  vali d consequenc e o f  th e agent' s existin g beliefs . 

1. 3 T h e Intensiona l  Approac h 

Th e intensiona l  approac h i s founde d upo n th e premise ,  widesprea d amon g philosopher s o f  language ,  tha t  belie f  an d 
knowledg e mus t  b e understoo d a s a  relatio n betwee n a n agen t  an d a n abstrac t  intensio n (propositio n o r  thought) . 
Recen t  wor k i n epistemi c modeling ,  whic h adopts  a n intensiona l  stance ,  include s tha t  o f  Wilk s an d Balli m [1987] , 
and Maid a [1986] .  Wilk s an d Balli m ar e concerne d primaril y wit h th e generatio n o f  neste d belief s (especiall y 
atypica l  beliefs )  an d Maid a concentrate s upo n epistemi c problem s whic h aris e betwee n agent s whos e reasonin g 
strategie s ar e unknow n t o eac h other .  Nevertheless ,  thes e author s shar e ou r  assumptio n tha t  agents  believ e a 
particula r  symboli c representatio n (sentence ,  formula )  insofa r  a s the y beUev e th e intensio n expresse d b y tha t 
representation . 

The thesis that a declarative sentence expresses an abstract sense or intension, whose structure is di function both of 
th e sentence' s synta x an d o f  th e meanin g o f  it s  parts ,  i s  a  vie w whic h date s bac k a t  leas t  t o Frege .  M o d e m 
philosophica l  descendent s o f  Frege ,  includin g Montagu e [1970 ]  an d Lewi s [1976] ,  hav e considerabl y refine d an d 
modifie d Frege' s view ,  bu t  Frege' s underlyin g ide a tha t  th e sens e (intension )  o f  a  sentenc e i s determine d b y a 
compositiona l  process ,  involvin g both  synta x an d meanin g functions ,  persists .  Th e precis e definitio n o f  'intension ' 
varie s fro m theor y t o theory ,  bu t  a  sentence' s intensio n i s usuall y take n t o b e 2i  functio n which ,  give n a  possibl e 
worl d a s argument ,  return s tha t  trut h valu e o f  th e sentenc e i n tha t  possibl e world . 

One notorious difficulty with intensional semantics is that when intensions are merely construed as functions in the 
set-theoreti c sense ,  the n ever y tautology ,  4> ,  turn s ou t  t o hav e th e sam e intensio n (o r  meaning) ,  sinc e eac h vali d ̂  
must  b e assigne d th e valu e 'true '  i n eac h possibl e world .  (Recal l  tha t  <t)' s  intensio n i s a  functio n fro m possibl e 
world s t o trut h values) .  Thus ,  whe n intension s ar e regarde d merel y a s functions ,  intension s ar e to o coarse-graine d t o 
serv e a s meaning s o r  "Uiough t  contents" .  I n a n attemp t  t o circumven t  thi s difficulty ,  Lewi s [1976 ]  define s sentenc e 
meanin g a s a  functio n both  o f  a  sentence' s pars e tre e an d it s intension .  I n doin g so ,  h e quickl y dispose s o f  th e 
proble m concernin g tautologies .  However ,  man y believ e Lewis' s modificatio n result s i n a  theor y o f  meanin g whic h 
i s excessivel y fine-grained,  sinc e unde r  hi s modificatio n virtuall y ever y syntacticall y distinc t  pai r  o f  sentence s (e.g. , 
/? V  <7 vs .  q  v  p  )  i s  assigne d a  differen t  meaning .  I n [Hadley ,  1988 ]  a  simpl e modificatio n o f  Lewis' s vie w i s 
propose d t o remov e thi s difficulty .  Th e modificatio n create s a  degre e o f  granularit y fo r  intension s whic h allow s u s 
t o sa y tha t  structurall y non-isomorphi c formula s (includin g tautologies )  diffe r  i n intension ,  bu t  formula s whic h ar e 
bot h logicall y equivalen t  an d structurall y isomorphi c i n a  graph-theoreti c sense ,  hav e th e sam e intensio n o r  meaning . 
For  example ,  o n thi s accoun t  p v q an d ̂  v  p  hav e th e sam e intensio n sinc e the y ar e logicall y equivalen t  an d 
thei r  pars e tree s ar e isomorphic . 

355 



HADLEY 

M a ny othe r  compositiona l  theorie s o f  sentenc e meanin g exist ,  o f  course ,  an d eac h ha s it s o w n degre e o f  granularity . 
Cresswel l  [1985 ]  propose s a  theor y o f  sentenc e meanin g wit h a n attractiv e degre e o f  granularity ,  a s doe s Gawro n 
[1986] .  Fo r  presen t  purposes ,  w e shal l  remai n neutra l  amon g thes e differin g theories .  W e shal l  simpl y identif y 
intension s wit h sentenc e meanings ,  an d th e reade r  m a y selec t  th e theor y o f  meanin g whic h suit s his^e r  purpose . 
W h at  i s  relevan t  fo r  ou r  purpose s i s  tha t  eac h o f  th e aforementione d theorie s propose s a  canonica l  syste m fo r 
representin g meaning s o r  intensions ,  suc h tha t  al l  sentence s whic h ar e synonymou s (accordin g l o th e semanti c 
theory )  ar e mappe d ont o a  singl e canonica l  representation .  Moreover ,  eac h o f  th e semanti c theorie s include s a 
principle d se t  o f  rule s fo r  translatin g (o r  compiling )  a n expressio n int o it s  canonica l  meanin g representation . 
Question s abou t  synonym y m a y b e answere d b y comparin g th e canonica l  representation s int o whic h th e respectiv e 
expression s ar e "compiled "  b y th e translatio n rules .  Question s whethe r  tw o distinc t  expression s ca n represen t  th e 
same belie f  wil l  i n tur n b e decide d b y ascertainin g whethe r  th e distinc t  expression s ar e synonymous. ^ 

1. 4 T h e Propose d M o d e l 

I n wha t  follow s a n axiomati c syste m i s presente d whic h aim s t o formaliz e man y o f  th e interrelationship s amon g th e 
epistemi c concepts ,  an d relate d notion s suc h a s retracting ,  questioning ,  o r  committin g t o a  belief .  Th e mode l  i s 
designe d t o captur e human-lik e epistemi c concepts ,  an d i s intende d t o b e o f  us e t o thos e w h o see k forma l  model s o f 
epistemi c processes .  Unlik e man y w h o adop t  th e logisti c approach ,  ou r  overridin g concer n i s no t  wit h findin g a 
tractabl e model ,  bu t  wit h providin g a  conceptua l  m a p whic h i s sensitiv e t o th e empirica l  contingencie s o f  belie f  an d 
knowledge.' '  Moreover ,  becaus e ou r  focu s i s  primaril y upo n cognitiv e fidelity ,  i t  i s  hope d tha t  th e axiomati c 
structur e wil l  m a k e vivi d jus t  h o w man y assumption s on e mus t  mak e t o conjectur e tha t  a n agen t  ha s som e actua l 
belie f  a t  a  give n time . 

The epistemic model to be described is axiomatized in first-order logic. In spite of this, the model permits the 
representatio n o f  neste d beliefs ,  an d permit s agent s t o reaso n abou t  th e belief s o f  themselve s an d others .  Self -
referenc e i s possibl e withi n th e languag e o f  th e model ;  thus ,  th e potentia l  fo r  paradoxe s o f  self-referenc e arises .  A 
metho d (du e t o Kripk e [1975] )  fo r  eliminatin g th e contradiction s whic h self-referenc e ca n engende r  i s describe d i n 
sectio n 3 . 

In section 2 the axioms of the formal model are presented. The axioms modify and generalize the intensional model 
of  belie f  propose d i n [Hadley ,  1988 ]  (whic h include d neithe r  knowledge ,  th e representatio n o f  neste d epistemi c 
propositions ,  no r  self-referentia l  belie f  statements) .  A s wil l  becom e apparent ,  th e mode l  propose d her e (hereafte r 
'N IM '  fo r  "neste d intensiona l  model" )  require s a n agen t  t o kno w o r  believ e onl y thos e formula s whic h ar e 
intensionall y identica l  wit h formula s explicitl y  presen t  i n th e agent' s belie f  base .  Thus ,  N I M doe s no t  entai l  logica l 
omniscience .  Moreover ,  N I M doe s no t  requir e u s t o suppos e tha t  agent s believ e ever y formul a the y hav e validl y 
derive d fro m othe r  beliefs . 

2.  A N INTENSIONA L EPISTEMI C M O D EL 

T h e ax io m se t  describe d belo w (sectio n 2.1 )  permit s agent s t o reaso n abou t  thei r  o w n epistemi c state s an d thos e o f 
others .  Thus ,  th e languag e o f  ou r  mode l  include s neste d (embedded )  epistemi c formulas .  However ,  th e languag e 
shoul d als o permi t  u s t o sa y tha t  differen t  agent s believ e differen t  formula s a t  differen t  times .  Fo r  thi s reason , 
epistemi c assertion s shoul d involv e a t  leas t  thre e separat e parameters .  T h e representatio n o f  assertion s involvin g 
multipl e parameter s i s  straightforwar d i n first-order  logi c ( F O L ) ,  an d fo r  thi s reason  (amon g others )  F O L i s chosen . 
However ,  th e representatio n o f  neste d epistemi c proposition s i n F O L i s les s straightforward . 

Perils (1985) describes a method, involving quotation, unquotation, and concatenation of expressions, which permits 
th e representatio n o f  neste d proposition s i n a n extensio n o f  F O L .  However ,  thi s metho d ca n b e unwield y fo r  level s 
abov e th e first  leve l  o f  embedcUng .  Fo r  thi s reason ,  w e her e adop t  th e simpl e expedien t  o f  U-eatin g th e epistemi c 
operator s { K an d B )  a s skole m functions .  Fo r  example ,  w e wil l  suppos e tha t  th e functio n K(i,f ,  t )  simpl y return s th e 
propositio n tha t  agen t  i  k n o w s formula/a t  tim e t .  W h e n w e wis h t o asser t  thi s proposition ,  w e simpl y attac h th e 
predicat e 'true' ,  a s i n true (  K(i,f ,  t )  ) .  ( W e assum e lowe r  cas e fo r  predicate s an d variables ,  an d uppe r  cas e fo r 

^The reader  i s  referred  t o [Hadley ,  1988 ]  fo r  a  deuUe d discussio n o f  th e compilatio n proces s an d th e individuatio n o f  intensions . 

*There  is no reason to suppose that all relevant aspeas of belief and knowledge can be expressed in tracuble fonnal systems. We know, for 
example ,  tha t  human s engag e i n certai n form s o f  reasoning  whic h ar e intractable .  Fo r  mor e o n this ,  se e Perli s  [1985] . 
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functors) .  W e d o no t  attemp t  t o defin e th e trut h predicat e withi n ou r  axio m set ,  bu t  assum e i t  t o b e interprete d fro m 
withou t  (cf .  sectio n 3) .  Moreover ,  w e nee d no t  alway s explicitl y  displa y th e trut h predicate ;  rathe r  w e stipulat e tha t 
any functo r  writte n i n bol d fac e i s precede d b y a n implici t  trut h predicate .  So ,  t o sa y tha t  (fo r  al l  agents ,  formulas , 
and times )  i f  i t  i s  tru e tha t  a  formul a i s know n t o b e known ,  the n tha t  formul a i s true ,  w e m a y write : 

K(i,KUJ,tl),t2 )  - > true(f) . 

(Unless otherwise indicated, assume variables are universally quantified with widest possible scoping). Note that 
th e foregoin g assumption s  ̂ proximat e th e Fregia n vie w tha t  whe n a  formul a occur s withi n a n epistemi c context ,  i t 
denote s it s  sense ,  an d otherwise ,  i t  denote s it s trut h value . 

2. 1 Ax iom s o f  th e M o d e l 

Befor e presentin g th e axiom s o f  N I M ,  i t  m a y prov e helpfu l  t o mak e explici t  a  fe w mor e backgroun d assumptions . 
I n th e followin g w e assum e tha t  ever y agen t  possesse s a  belie f  bas e (BB) ,  whic h contain s a  fmit e collectio n o f 
explici t  formula s whic h th e agen t  regard s a s true .  A n y axio m whic h th e agen t  accept s mus t  b e represente d i n th e B B 
by a t  leas t  on e formula .  Synonymou s (intensionall y equivalen t  bu t  syntacticall y distinct )  formulation s o f  suc h 
axiom s nee d no t  b e present .  Belief s whic h ar e cause d i n th e agen t  vi a processe s no t  normall y considere d inferentia l 
(e.g. ,  vi a sens e perception )  wil l  b e regarded ,  fo r  presen t  purposes ,  a s axiom s acquire d a t  variou s times .  I n addition , 
th e B B m a y contai n formula s whic h th e agen t  ha s explicitl y  inferre d an d "accepted" .  W e assum e tha t  al l  formula s 
i n a  B B belon g t o a n artificia l  language ,  bu t  w e mak e n o assumption s abou t  th e particula r  languag e an d inferenc e 
rule s whic h th e agen t  X  employs .  W e d o no t  assum e tha t  X' s axiom s for m a  consisten t  set ,  o r  tha t  X  neve r  make s a 
fallaciou s inference . 

We further assume that agents may employ strategies for maintaining consistency, and may, as a consequence, 
retrac t  previousl y hel d beliefs .  Th e retractio n proces s may ,  o r  m a y no t  b e ideall y rational .  Finally ,  w e d o no t 
assume tha t  a n agen t  enter s a  sentenc e int o hi s B B a s soo n a s i t  i s  inferred .  Ther e i s a  sens e o f  'infer '  accordin g t o 
whic h on e believe s anythin g on e ha s inferred ,  bu t  her e w e us e 'infer '  t o mea n merel y 'deriv e accordin g t o accepte d 
rule s (whic h m a y includ e heuristics)' .  Agent s m a y trea t  newl y inferre d formula s a s "candidates "  fo r  belief ,  an d 
ente r  a n examinatio n o r  "questioning "  phas e durin g whic h th e candidat e i s teste d fo r  consistenc y wit h al l  o r  som e o f 
th e agent' s othe r  beliefs . 

We now present the axioms of NIM. As will be apparent, NIM contains an unusual number of predicates whose 
interpretatio n i s underconstraine d b y th e forma l  structure .  Thi s i s due ,  w e believe ,  t o th e fac t  tha t  i t  deal s wit h 
aspect s o f  belie f  whic h ar e simpl y ignore d i n mos t  axiomati c treatments .  Ou r  contentio n i s tha t  on e simpl y canno t 
for m reasonabl e conjecture s abou t  a n agent' s belie f  state s ove r  time ,  unles s thes e additiona l  aspect s ar e explicitl y 
considered .  Fo r  clarity ,  th e intende d interpretation s o f  eac h axio m an d predicat e ar e discusse d a s th e axiom s ar e 
introduced . 

The expression B(i,f, t), which occurs in most of the axioms, may be interpreted as // is true that i believes/at time 
t .  Th e predicat e in-bb(i,f ,  t )  m a y b e rendered  formula/i s explicitl y  presen t  i n i'sB B a t  tim e t . 

1. in-bb(ij,t) -^B(iJ,t) 

Axiom 1 tells us that all formulas explicitly present in i's BB at time t are among i's beliefs at t. In axioms 2 and 3, 
below ,  th e intende d interpretatio n o f  sense(f,s )  is :  s  i s  th e intensio n o f  formula/ .  Th e variabl e s  range s ove r  th e clas s 
of  intensions .  Thus ,  axio m 2  state s tha t  a n agen t  w h o believe s a  formula/believe s al l  formula s synonymou s with/ . 
Ax io m 3  make s a n analogou s statemen t  abou t  knowledge .  Recal l  that ,  fo r  artificia l  language s a t  least ,  th e 
synonym y o f  formula s m a y b e ascertaine d b y compilin g th e formula s int o thei r  canonica l  intensiona l 
representations ,  an d checkin g th e result s fo r  identity . 

2. [sense(fi,s)A.sense(f2,s)] -^ [B(iJ^,t) = B(i,f2,t)] 

3. [sense(fi,s)A.sense(f2,s)] -^ [Kii,f^,t) = K{i,f2,t)] 

Th e followin g axio m expresse s th e widel y accepte d vie w tha t  whoeve r  knows /mus t  a t  leas t  believe/ ,  and /mus t  b e 
true . 
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4.  K ( i j j )  ^B{ i , f . t )^ t rue( f ) 

Not e that ,  i f  w e assum e true (  K {  Mary ,  K(John ,  p ,  /I) ,  t2) )  (whic h w e abbreviat e a s K (  Mary ,  K{John ,  p ,  t\) ,  t l )  ) , 
the n w e m a y us e axio m 4 ,  togethe r  wit h conjunctiv e simplification ,  t o deriv e true{K{John,p ,  t\)) .  Thi s i n tur n 
enable s u s t o deriv e true{p) ,  b y analogou s reasoning .  Ax io m 5  simpl y state s tha t  a n agen t  w h o retract s a  formul a 
cease s t o believ e th e formula .  This ,  togethe r  wit h axio m 4 ,  entail s tha t  th e formul a woul d no t  b e known .  W e m a y 
us e axio m 2  t o sho w tha t  th e agen t  woul d als o ceas e t o believ e al l  synonymou s formulas .  Ax iom s 1  an d 5  togethe r 
entai l  tha t  a  retracte d formul a cease s t o b e i n th e belie f  base . 

5. retracts{i,f, t) ^ ^B(/,/, /) 

I n th e followin g axiom ,  questioning(if,t )  m a y b e interprete d a s i  begin s a t  tim e t  t o investigat e whethe r  formul a f  i s 
consisten t  wit h othe r  beliefs .  Th e underlyin g ide a i s that ,  i f  i  ha s begu n t o questio n whether/shoul d b e retained , 
the n i  i s  no t  presentl y committe d to / s truth .  W e assum e tha t  thos e automate d reasonin g systems ,  whic h emplo y 
belie f  revisio n strategies ,  ente r  a  phas e i n whic h th e consistenc y o f  a  se t  o f  formula s i s investigate d befor e an y 
retraction s ar e made .  A  formul a whic h i s bein g questione d m a y b e on e whic h ha s bee n single d ou t  fo r  specia l 
investigation .  However ,  w e d o no t  insis t  tha t  'retracts '  an d 'questioning '  b e interprete d jus t  a s suggeste d here ,  an d 
n o attemp t  i s mad e t o formaliz e thes e notions .  I f  a  give n syste m lack s a  questionin g mechanism ,  o r  eve n a  retractio n 
mechanism ,  the n th e 'questioning '  predicat e (o r  'retracts' )  m a y b e assigne d th e valu e 'false' ,  whic h woul d rende r 
th e presenc e o f  thes e predicate s innocuous . 

6. questioning{i,f, t) —» -nB(i,f, t) 

The intende d interpretatio n o f  axio m 7  i s tha t  an y formul a whic h ha s jus t  bee n inferre d b y a n agent ,  fro m a  subse t  o f 
tha t  agent' s beliefs ,  i s  t o b e regarde d a s a  candidat e fo r  belie f  b y tha t  agent .  I n th e following ,  just-inferred(if,s,t ) 
m ay b e rea d /  inferre d f  f ro m se t  s  a t  tim e t .  Mem(w,s )  m a y b e rea d a s w  i s a  member  o f  se t  s ,  an d cand(f,i,t )  i s 
rendere d as// 5 a  candidat e fo r  i  a t  t . 

7. [just-inferred(i,f, s,t) a V w { mem{w, s) -^ in-bb{i, w,t))] -^ candif, i, t) 

A x i o m 8  tell s u s that ,  unde r  norma l  circumstances ,  belief s persist .  Mo r e specifically ,  th e axio m tell s u s tha t  i f  i 
believe s a  formul a a t  t̂ ,  the n i  als o believe s th e formul a a t  al l  late r  times ,  unles s i  reu-act s o r  question s th e formul a a t 

some intervenin g time .  Since  th e interpretatio n o f  'retracts '  i s  lef t  t o th e user' s discretion ,  'retracts '  m a y b e take n t o 
includ e som e for m o f  spontaneou s forgettin g o r  othe r  memor y loss .  Nothin g her e force s u s t o restric t  retractio n t o 
deliberat e actions .  I n 8 ,  later(tj,t̂ )  m a y b e rea d a s t j  i s  late r  tha n tj ,  an d inc-between(tj,t2,tj )  m a y b e rea d ̂ 2 H^ s 

inclusivel y betwee n t j  an d t y 

8.  [B(j,/, /j) A later{t^, t^) a 

- iBf j  {  inc-between{t^,t2,t ^  a  [retracts{i,f,t ^  v  questioning{},f,t.̂ ]  )  ]  - > B{i,f,t. ^ 

Th e precedin g eigh t  axiom s ar e intende d t o b e descriptiv e o f  ou r  concep t  o f  belief .  The y relat e th e concep t  o f  belie f 
t o cognat e concept s i n a  manne r  intende d t o b e usefu l  t o agent s w h o reaso n abou t  th e belief s o f  a n artificia l  agent . 
Th e followin g axiom ,  b y contrast ,  i s  prescriptive .  I t  i s  intende d t o conve y th e condition s unde r  whic h a  candidat e 
formul a (i n th e sens e introduce d b y axio m 7 )  shoul d becom e a n activ e belief .  Th e ter m 'successful(if,t2) '  shoul d b e 

take n t o mea n tha t  a t  tim e t j  formula/ha s jus t  bee n successfull y scrutinize d b y agen t  i' s  questionin g mechanism , 

and ha s bee n foun d acceptable .  Th e ter m 'should-be-inserted(if,t2 y m a y b e rea d as ,  formula/shoul d b e adde d t o 

i' s  B B a t  tim e fj -  Thu s axio m 9  state s tha t  a  formul a whic h i s a  candidat e fo r  /  a t  /j ,  an d whic h ha s successfull y 

passe d th e questionin g phas e a t  a  late r  tim e ̂ 2 shoul d b e adde d t o z' s  B B a t  fj .  Ax io m I  woul d the n ensur e that/i s  a 

belie f  at/j -

9.  [candif ,  i,t̂ )  a  laterif̂ t.̂ )  a  successful{i,f,t̂ ]  - > should-be-inserted{i,f,t ^ 

N o w,  sinc e th e interpretatio n o f  'questioning '  m a y var y accordin g t o th e intende d applicatio n o f  th e model ,  th e 
interpretatio n o f  'successful '  shoul d var y accordingly .  I f  a  particula r  agen t  altogethe r  lack s a  questionin g 
mechanism ,  w e m a y simpl y assig n 'true '  t o 'successful' ,  sinc e ther e woul d b e n o test s whic h a  candidat e formul a 
shoul d pass ,  beyon d bein g a  candidate .  O f  course ,  question s m a y aris e abou t  h o w exhaustiv e a  questionin g o r 
consistenc y testin g proces s mus t  b e befor e w e ma y assig n 'success '  t o a  formula .  However ,  thes e ar e practica l 
issue s whic h mus t  b e decide d i n particula r  applications . 

2. 2 Forma l  Propertie s o f  th e Mode l 
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We no w conside r  som e o f  th e forma l  propertie s o f  N IM .  First ,  not e tha t  th e element s o f  N I M ,  wit h mino r  syntacti c 
alterations ,  ma y b e represente d i n an y standar d first-orde r  predicat e calculus ,  know n t o b e soun d an d complete .  W e 
use 'PC '  t o denot e an y suc h logic . 

Propositio n 1 .  N I M i s consistent . 

The consistenc y o f  N I M ma y b e checke d b y transformin g eac h o f  it s  axiom s int o claus e form ,  usin g a  standar d 
clause-for m transformatio n algorithm .  Th e M M axiom s ar e consisten t  jus t  i n cas e th e resultin g clause s ar e jointl y 
consistent .  On e ma y easil y verif y tha t  thes e clause s ar e simultaneousl y satisfiabl e i n a  univers e o f  on e individual .  I f 
th e univers e contain s bu t  on e individual ,  al l  variable s i n th e clause s ma y b e replace d b y a  uniqu e constan t  denotin g 
thi s individual .  I t  i s  the n trivia l  t o assig n trut h value s t o th e resultin g grounde d literal s s o tha t  eac h o f  th e clause s i s 
rendere d tru e b y th e give n interpretation . 

Definition. Let T be a first-order theory formed by adding to PC an encoding of the axioms of NIM in PC. 

Propositio n 2 .  T  i s soun d an d complete . 

Proof .  Th e soundnes s o f  T  follow s fro m th e fac t  tha t  it s  rule s o f  inferenc e ar e exactl y thos e o f  P C ,  an d al l  axiom s i n 
T ar e consisten t  I f  P C contain s axioms ,  the y ar e universall y valid ,  an d thu s consisten t  wit h th e consisten t  se t  N I M , 
whic h wa s adde d t o P C t o obtai n T .  Th e completenes s o f  T  follow s immediatel y fro m th e completenes s o f  PC .  Th e 
inferenc e rule s o f  P C ensur e tha t  al l  logica l  consequenc e o f  th e N I M axiom s encode d i n P C ar e derivable . 

3.  D I S C U S S I O N 

We no w retur n t o a  difficult y previousl y mentioned ,  namely ,  tha t  N I M include s a n explici t  trut h predicate .  Sinc e 
our  mode l  doe s no t  includ e a  definitio n o f  th e trut h predicate ,  i t  i s  no t  vulnerabl e t o th e kin d o f  interna l 
inconsistencie s whic h Tarsk i  [1936 ]  describes .  Nevertheless ,  paradoxe s involvin g self-referenc e ca n stil l  aris e o n a 
give n interpretatio n o f  th e predicate s i n N I M .  I t  ma y b e objected ,  therefore ,  tha t  th e existenc e o f  potentiall y 
paradoxica l  sentence s render s N I M defective .  However ,  Kripk e ha s clearl y demonstrate d [1975 ]  tha t  an y languag e 
ric h enoug h t o permi t  th e ascriptio n o f  trut h t o sentence s i s vulnerabl e t o paradox .  H e furthe r  demonstrate s tha t  thi s 
vulnerabilit y  i n n o wa y presuppose s syntacti c o r  semanti c ill-formedness ,  bu t  ca n aris e fo r  perfectl y innocen t 
lookin g sentence s whe n unusua l  empirica l  condition s exist .  O f  course ,  on e ca n alway s banis h trut h ascription s i n a 
special-purpos e language ,  bu t  i f  w e ar e eve r  t o hav e a n adequat e mode l  o f  huma n cognition ,  w e wil l  nee d t o 
represen t  proposition s suc h as ,  "Wha t  Mar y believe s i s true" . 

Since we are ultimately concerned with adequate cognitive models, we have included a truth predicate. Thus, 
paradoxica l  sentence s ma y arise .  However ,  bot h Kripk e [1975 ]  an d Pedi s [1985 ]  hav e show n tha t  th e inclusio n o f 
suc h sentence s nee d no t  rende r  a  first-order  languag e inconsistent .  Kripk e propose s a  comple x theor y o f  trut h 
accordin g t o whic h paradoxica l  sentence s ar e simpl y no t  assigne d trut h values .  Th e underlyin g intuitio n o f  Kripke' s 
theor y i s tha t  an y ascriptio n o f  trut h t o a  sentenc e involve s a  presuppositio n tha t  th e sentenc e i s grounded . 
(Roughly ,  a  grounde d sentenc e i s on e whos e trut h evaluatio n "bottom s out" ,  eithe r  immediatel y o r  ultimately ,  i n th e 
evaluatio n o f  sentence s whic h d o no t  ascrib e trut h o r  falsit y t o othe r  sentences. )  O n th e rar e occasion s whe n th e 
presuppositio n o f  groundednes s i s unsatisfie d n o trut h valu e i s assigned .  Kripk e goe s o n t o argu e (followin g Kleen e 
[1952] )  tha t  th e existenc e o f  sentence s withou t  trut h value s doe s no t  requir e tha t  w e abando n an y o f  th e usua l  law s 
of  logic .  Fo r  example ,  sinc e " p v  —,p "  stil l  hold s fo r  al l  case s whe n p  ha s a .  trut h value ,  w e ma y retai n th e law . 
W h en p  lack s a  trut h value ,  th e disjunctio n i s no t  false ;  rathe r  i t  als o lack s a  trut h value . 

4.  C O N C L U S I ON 

A generalize d first-order  mode l  o f  belie f  an d knowledg e ha s bee n presente d whic h simultaneousl y avoid s logica l 
omniscienc e an d th e excessivel y fine-grained  "syntacti c approach" .  Th e model ,  N I M ,  i s intensionall y based ,  an d 
sanction s inference s involvin g neste d epistemi c attitudes ,  wit h differen t  agent s an d differen t  times .  N I M make s 
explici t  man y (i f  no t  all )  o f  th e empirica l  assumption s a n agen t  mus t  mak e befor e concludin g tha t  anothe r  agen t 
believe s (knows )  somethin g a t  a  give n time .  Becaus e th e mode l  i s axiomatize d i n F O L ,  i t  ma y b e use d b y an y 
standard ,  first-order  theore m prover .  Moreover ,  N I M provide s agent s wit h a  conceptua l  map ,  interrelatin g th e 
concept s o f  knowledg e an d belie f  an d a  numbe r  o f  cognat e concepts ,  suc h a s 'infers' ,  'retracts' ,  an d 'questions' . 
Becaus e th e mode l  build s upo n th e concep t  o f  a n intension ,  whos e degre e o f  granularit y i s lef t  open ,  th e rang e o f 
formula s whic h ar e permitte d t o expres s th e sam e belie f  i s  lef t  t o th e use r  o f  N I M .  Fo r  example ,  on e coul d defin e 
"sam e intension "  s o tha t  al l  logicall y equivalen t  formula s woul d hav e th e sam e intension ,  an d thu s (b y axio m 2 ) 
woul d expres s th e sam e belief .  However ,  i f  on e wishe s t o retai n a n intuitive ,  human-lik e concep t  o f  belief ,  on e 
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shoul d individuat e intension s s o tha t  (roughly )  onl y thos e formula s whic h w e intuitivel y regar d a s synonymou s ar e 
permitte d t o hav e th e sam e intension ,  an d thu s expres s th e sam e belief .  W e hav e suggeste d severa l  semanti c 
theorie s whic h yiel d (approximately )  th e require d criterio n o f  synonymy . 
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