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Abstract — The large-scale circulation (LSC) is the most fundamental turbulent coherent flow
structure in Rayleigh-Bénard convection. Further, LSCs provide the foundation upon which su-
perstructures, the largest observable features in convective systems, are formed. In confined
cylindrical geometries with diameter-to-height aspect ratios of I' ~ 1, LSC dynamics are known
to be governed by a quasi-two-dimensional, coupled horizontal sloshing and torsional (ST) oscilla-
tory mode. In contrast, in I’ > 1/2 cylinders, a three-dimensional jump rope vortex (JRV) motion
dominates the LSC dynamics. Here, we use dynamic mode decomposition (DMD) on direct nu-
merical simulation data of liquid metal to show that both types of modes co-exist in I' = 1 and
I' = 2 cylinders but with opposite dynamical importance. Furthermore, with this analysis, we
demonstrate that ST oscillations originate from a tilted elliptical mean flow superposed with a
symmetric higher-order mode, which is connected to the four rolls in the plane perpendicular to

the LSC in I' = 1 tanks.

Copyright © 2022 EPLA

Introduction. — Coherent flow structures are central
to the study of turbulence. They are distinct large-scale,
long-living, and recurring flow patterns that occur in vir-
tually all types of turbulent flows despite strong con-
current small-scale nonlinear fluctuations. In turbulent
Rayleigh-Bénard convection (RBC), without any addi-
tional forces, such as rotation or magnetic fields, the most
fundamental coherent structure is known as the large-
scale circulation (LSC), first described by Krishnamurti
and Howard in 1981 [1] and the subject of innumerable
subsequent studies [2-4]. The LSC is formed of warm
fluid that rises and cold fluid that sinks in a circular or
elliptical fashion. Albeit of similar shape to the steady
rolls developing at convective onset, the LSC is consid-
ered a distinct turbulent flow signature [5-8]. In hori-
zontally extended fluid layers, an agglomeration of LSCs
acts to form superstructures [9-13]. The LSC makes the
concept of homogeneous isotropic turbulence inapplicable
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to buoyancy-driven flows [14,15]. However, it creates al-
ternative theoretical avenues, taking the LSC in the form
of a wind of turbulence as its foundation [2,16,17].

It has long been recognised that the LSC is not merely
a simple fluid loop, but that it is characterised by a well-
defined set of modes of dynamic behaviour. Low-frequency
oscillating temperature and velocity signals with periods 7
close to the turnover timescale provided first experimental
indications for this argument [6,18-28]. Insight into the
morphological behaviour has been gained through shad-
owgraphs, sidewall temperature measurements, particle
image and ultrasonic Doppler velocimetry (PIV, UDV).
Direct numerical simulations (DNS) have complemented
these efforts. The three most prominent LSC modes are
torsional oscillations [7], sloshing [8,29], and jump rope
vortices (JRVs) [30,31], all of which have frequencies of
the order of the turnover frequency. The quasi-2D slosh-
ing and torsional (ST) modes dominate in enclosures with
diameter-to-height aspect ratios of I' = D/H ~ 1 [32],
whereas 3D JRVs dominate for I' > /2 [30]. These

~

three LSC modes shall be the focus of this letter. Other
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dynamics, such as the azimuthal drift of the LSC [33,34]
and reversals [22,33-36] are not within the current scope,
but have been successfully described via the stochastic
model of Brown and Ahlers [32,37-39]. Their model also
connects the sloshing movement with the torsional oscilla-
tions. However, it does not include or predict JRVs, whose
inherent 3D time-dependent behaviour appears harder to
capture with a simple analytic model.

Here we will use a complementary, data-driven ap-
proach using DNS and dynamic mode decomposition
(DMD) [40-42]. Our goal is to unravel the dynamics of
these three seemingly geometry-specific LSC modes.

Numerical methodology. — We consider a standard
RBC setup in a cylindrical domain, i.e., a fluid layer
heated from below and cooled from above. The non-
dimensional governing equations are the coupled set of
the incompressible Navier-Stokes equations in Oberbeck-
Boussinesq approximation and the temperature equation,

(1)
(2)
3)

Equations (1)-(3) are solved numerically in cylindri-
cal coordinates (r, ¢, z) using the finite volume code
GOLDFISH [17,30,41,43]. Here, D; denotes the mate-
rial derivative, @ the velocity, T the temperature, p
the reduced pressure, and é, is the unit vector in the
vertical direction. The reference scales used for non-
dimensionalisation are the radius R, the temperature
difference A, the thermal diffusivity x and kinematic vis-
cosity v at the mean temperature, and the buoyancy
velocity (gaRA)Y?, where g is the gravitational accel-
eration and « the isobaric expansion coefficient. Hence,
the reference time is R/(gaRA)Y2. The resulting pref-
actors are expressed via the common control parameters,
the Rayleigh and Prandtl number and the radius-to-height
aspect ratio,

V-u=0,
Djt = Ra~ 2 Priy 3V2u — Vp+Té.,
Dgf = Ra_%Pr_%’y_%62f.

agAH? v R T

Ra = ———, ===—.

KV K H

The velocity boundary conditions for all walls are im-
penetrable and no-slip, 17|Z:H = 17}2:0 = 'E}TZR = 0.
The temperature boundary conditions for the bottom
and top are isothermal and for the sidewall insulating,
T|,_,=-051T|_,=050T|_,=0.

We will focus on two numerical data sets, one for I' = 1,
where ST modes are known to dominate, and the other for
I' = 2, where the JRV dominates [30]. The grid resolutions
are N, X Ny X N, = 86 x 164 x 170 and 168 x 171 x 168,
respectively. The resolution was verified via a grid conver-
gence study using a finer mesh of 280 x 256 x 280 volume
cells for the latter case. The other control parameters are
fixed to Ra = 1.12 x 10° and Pr = 0.025. These values
were chosen because corresponding experimental data in
liquid gallium exist [30]. Experimentally and numerically

obtained frequencies showed excellent agreement and, fur-
ther, the laboratory experiments confirmed that the here
discussed behaviours are characteristic for a wide range of
Ra. The simulation for I' = 1 was run for 950 time units
and the one for I' = 2 for 800 time units after reaching a
statistical equilibrium state (see fig. 1 in the Supplemen-
tary Material Supplementarymaterial.pdf (SM)).

Small Pr fluids, as used in the current study, have
the tremendous advantage of being fully turbulent at
relatively low Ra, in a sense that the Reynolds num-
bers Re are high and the relative local coherence length
leon/H = 10k /H is less than 1/10 [30,44], with nx be-
ing the global Kolmogorov length scale. Here, Re ~ 4800
and £.on/H = 0.03. At the same time, the Péclet numbers
are low, here Pe = RePr ~ 120. Thus, unlike in moder-
ate Pr fluids such as water, the small-scale temperature
fluctuations are quickly diffusively damped whereas the
large-scale temperature field is advected by the strongly
inertial high-speed flow. As a result, the thermal signal
is extremely coherent with large amplitudes close to the
boundary values [45]. Thus, the temperature acts as tracer
for the large-scale velocity field. Crucially, the fundamen-
tal dynamic behaviour of the LSC appears to be identical
in low and in moderate Pr turbulent convection. Also for
Pr = 4.38, corresponding to water, ST oscillations domi-
nate for I = 1 tanks and a JRV dominates for I' = 2 [30].
But the much lower amplitude of the temperature signal
and the thermally and kinematically equal turbulent flow
fields result in a comparatively faint signal [30], making
the analysis in moderate Pr fluids more cumbersome than
in low Pr ones.

Traditional analysis methods. — In the following,
we will briefly present the traditional analysis methods
to detect torsional oscillations, sloshing, and JRVs for the
sake of completeness and to facilitate comparison with the
DMD results. Shadowgraphs [7], PIV [8], and UDV [30,31]
are means of diagnosing the interior flow in experiments.
However, the arguably most convenient and straightfor-
ward method for identifying signatures of the different
LSC dynamics are thermal measurements acquired along
the circumference, at midheight, z = H/2, and in the
lower and upper part of the cylinder, especially at H/4
and 3H/4 [8,29,35,46]. This method is also equally suited
for analysing numerical data. All three LSC modes can be
identified visually using Hovmoller plots [30,41,47], shown
for I' =1 and 2 in figs. 1 and 2, respectively. Quantitative
information can be obtained by analysing the correspond-
ing time series and spectra [22,30,32].

Quasi-2D modes:  sloshing and torsional (ST) oscil-
lations. The torsional and sloshing motions found
in cylinders with I' ~ 1 are the best-studied LSC
modes. They are sketched in fig. 3 in a decoupled
view to highlight their principle behaviours. Both LSC
modes can be described as quasi-2D planar movements:
Torsional oscillations manifest through a periodic twist
and counter-twist [7,48] whereas sloshing constitutes a
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Fig. 1: Sidewall temperatures for I' = 1 showing the ST
oscillations. Time is normalised by the free-fall time-scale
7ip = H/(gaHA)Y?. The black lines indicate the maximum
and minimum temperature (a) for midheight, exhibiting the
typical signatures of a sloshing mode, and (b)—(c) for one and
three quarter heights, where the minimum and maximum po-
sitions are out of phase with the midplane extrema, and the
z = H/4 maximum and the z = 3H/4 minimum are in phase,
indicating a torsional motion.

(b) z=H/4 (c)z=3H/4

Fig. 2: Sidewall temperatures for I' = 2 for the jump rope
vortex (JRV), similar to fig. 1. The black lines indicate the
LSC position according to eq. (7). The accordion-like sidewall
signature of the JRV can be seen for all three vertical positions.

horizontal back and forth displacement of the virtual
LSC plane [8,29,32]. Brown and Ahlers described these
modes in a unified stochastic framework [32,37-39], ar-
guing that these oscillations are a manifestation of ad-
vected travelling waves along the LSC. Within this model,
the sidewall provides a pressure gradient force that re-
stores the slosh displacement and the torsional oscilla-
tions. Thus, these two LSC modes are coupled and the
torsional mode cannot exist on its own without the slosh
displacement. In fig. 1, sloshing is evident by its char-
acteristic zigzag pattern at z = H/2, i.e., the minimum
and maximum of the temperature approach and recede
from each other in an in-phase periodic motion. Torsional
oscillations are revealed through the maximum and the
minimum being out of phase in the lower and upper half

(b) sloshing

(a) torsional oscillation

Fig. 3: Schematic of decoupled quasi-planar LSC modes at
different stages of the oscillation period 7. At ¢ = 7/4 and
t = 37/4 the LSC plane is aligned with the vertical midplane.
Adapted from Brown and Ahlers [32].

of the cylinder at the same vertical positions, but with
the maximum at z = H/4 and the minimum at z = 3H/4
being in phase. Since we are processing low-Pr numer-
ical data with high azimuthal resolution, we can simply
trace the minimum and maximum of the temperature. In
laboratory experiments, the azimuthal resolution is typ-
ically limited and in medium-Pr fluids the thermal sig-
nal is weaker, thus, requiring either a sinusoidal fitting
function extended to higher harmonics or the temperature
extremum extraction (TEE) method to accurately locate
the extrema [29,32]. The ST frequency can then be de-
termined by evaluating the timeseries of the slosh and the
torsion angle (-7 < ¢ < ) via

()
(6)

i.e., the angular difference between the maximum and
minimum of the temperature at half height and the an-
gular difference between the maximum at one-quarter and
the minimum at three-quarter height, respectively. The
I' = 1 timeseries and corresponding spectra are presented
in fig. 4(a) and (e). Both (sosn and Ciorsion show a
clean oscillation and accordingly a distinct, albeit rela-
tively wide, spectral peak. The width of the peak is a
result of the non-sinusoidal and “square-y” character of
the ST oscillation that can be inferred from fig. 1. The
black lines indicating the maximum and minimum tem-
peratures show that the flow resides a finite time in each
extremal position but the switch between these positions
happens rapidly. The square waveform is also visible in
the magnification of fig. 4(a), presented in fig. 4 in the
SM, further supporting the notion that the width of the
peak is thus a measure of the residence time.

3D mode: jump rope vortex (JRV).  The JRV is a
fundamental 3D LSC mode that dominates for T' > /2
and is best described as a twirling jump rope [30]. The
interior 3D LSC’s vortex core precesses in a jump rope-
like motion in the direction opposite to that of the outer
tank-filling LSC velocity flow field. In particular, this im-
plies a substantial inherent vertical motion of the LSC
in contrast to the ST modes. A single LSC exists for

Cstosh = p(max(T.—g/2)) — e(min(T.—p/2)),
p(max(T.—p/4)) — p(min(T.—35/4)),

Ctorsion =
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Fig. 4: (a), (c¢): Time series of the slosh and torsion angles
according to egs. (5), (6) for I' = 1 and 2, respectively. (b),
(d): time series of the mean temperature along the midheight
cylinder circumference for I' = 1 and 2, respectively. (e), (f):
corresponding spectra. The frequencies of two ST modes and
two JRV modes identified via DMD are marked by the yel-
low and green vertical lines, respectively. The time series and
frequency are normalised using the free-fall time 75 and cor-
responding free-fall frequency wyy.

cylindrical cells with T' up to approximately 2 [12,13].
For larger convection tanks, multiple circulations exist.
In a T' = 5 Cartesian cell, the dynamics is also domi-
nated by JRVs, in this case four separate vortices [31].
Pandey et al. [9] defined superstructures in RBC as coher-
ent turbulent flow structure whose horizontal length-scale
is greater than the height of the fluid layer. In that sense,
the JRV is possibly the smallest superstructure.

In the Hovmoller diagram of fig. 2, the JRV reveals its
presence through its distinct accordion pattern of strong
temperature alternations along the circumference at all
three heights = = H/2, H/4 and 3H/4. The temperature
distribution is well described by an extended sinusoidal-
fitting function [30],

Ttit(p) = acos(p—Ersc)+bcos(2(p—Ersc)) +Tavg, (7)

where a and b give the relative amplitudes of the hot and
cold sidewall signals, and Tn,g = (T'(r = R))4 is the side-
wall temperature averaged over the entire circumference.
The angle 1,5 denotes the symmetry plane of the LSC,
which is marked by the black lines for both the cold down-
flow and the hot upflow in fig. 2. At half-height, the
temperature oscillates in such a way that between two-
thirds and one-third of the circumference are either be-
low or above the arithmetic mean of the top and bottom
temperature T, = 0, which results in the quasi-periodic
oscillations in the time series of T,,, shown in fig. 4(d).
The narrow, pronounced peak in the power spectrum in
fig. 4(f) is characteristic of this sinusoidal signal.

Applying identical analysis methods and comparing the
results, reveals that Csosn and Crorsion 0nly exhibit regular
oscillations and a spectral peak for I' = 1, fig. 4(a), (e),
but not for I = 2, fig. 4(c), (f). Vice versa, the Ty, signal
only possesses periodic oscillations for I' = 2, fig. 4(d), (),
but not for T' = 1, fig. 4(b), (e). Hence, based on these
analyses, it appears that the 3D JRV mode is absent in
the I' = 1 sample and, conversely, the quasi-2D ST modes
appear to not exist in the I' = 2 sample.

Extracting the dominant LSC modes employing
the dynamic mode decomposition (DMD).
We will now use the dynamic mode decomposition
(DMD) [40,42] in its parallel [49], sparsity-promoting vari-
ant [50] to demonstrate that, in fact, all three modes are
present in both cases and to gain further insights into their
specific dynamics. DMD is particularly well-suited for this
endeavour since it extracts the flow structures with a single
frequency contents, such as the ST and JRV frequencies
here, and sparsity promotion enables us to rank the modes
according to their dynamical importance (see SM). DMD
has successfully been applied in the context of turbulent
RBC [41], thus, we only give a very short summary here.
We process full instantaneous real-valued flow fields
from the coLDFISH DNS. For I' = 1, N = 1401 snapshots
are used each 0.5 time units apart. For I' =2, N = 1301
snapshots are used, each 1.0 time units apart. This choice
is largely dictated by memory requirements. Every snap-
shot is expressed as a column vector vy, = (T, ur, Ug, Uz )k
at a given time ¢; with dimension M = 4N, NyzN,. The
first N — 1 snapshots are then cast in a matrix Vlel,
and a singular value decomposition (SVD) is performed,
e., Vlel = UXWH. The superscript H denotes the
conjugate-transpose of a matrix, U represents the spatial
structures, i.e., the POD modes, and W the temporal
ones, the matrix ¥ contains the singular values and de-
termines the rank ¢ of Vlel. The last N — 1 snapshots,
V¥ are combined with the matrices U and W to calcu-
late the optimal representation S of the linear mapping
in the basis spanned by the POD modes between snap-
shots, S = UHV,NWY~!. Finally, the complex eigen-
vectors y; and eigenvalues A\, of S are used to calculate
the dynamic modes as 1, = Uyi. The eigenvalues can
be associated with the frequency and the decay rate of
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Fig. 5: Isosurfaces of the real part of the DMD temperature
modes, Re(y(T)): (a)—(c) I' =1, (d)-(f) I' = 2; (a), (d): mean
flow, (b), (e): superposition of two ST DMD modes, (c), (f):
superposition of two JRV DMD modes.

the DMD mode via the common logarithmic mapping,
wr = Im(In(Ag))/At, or = Re(ln(\y))/At, where At is
the time step between the snapshots. The approximate
flow can be represented with

v(t) & Y agelTE Ty, (8)
k

where aj are the complex amplitudes of the dynamic
modes and k is the index of the included modes.

If we were to seek an optimal approximation of the en-
tire flow using the dynamic modes ), the sparsity pro-
moting algorithm [50] would retain many modes due to
the strongly nonlinear and turbulent nature of the origi-
nal system. E.g., for a maximum performance loss of 50%,
114 (422) dynamic modes (ignoring the complex-conjugate
twin mode [41]) need to be kept for T' =1 (" = 2).

However, we can use the representation (8) to consider
the temporal evolution of either a single mode or a small
subset of modes. We employ the sparsity promoting al-
gorithm to only retain eleven modes. The primary mode
is the stationary mean (or base) flow, shown in fig. 5(a),
(d). In both cases, the shape is that of an LSC. How-
ever, for I' = 1, the maximum and the minimum temper-
ature are azimuthally off-centre within the warm upflow
and the cold downflow, respectively, indicative of a tilted
LSC plane. For I' = 2, the maximum and minimum are
approximately centred, this is best visible in the sidewall
temperature signal at midheight shown in fig. 6(a), (d)
and also in fig. 3 in the SM. This finding is in essential
agreement with Brown and Ahlers [32], stating that the
preferred orientation of the LSC is determined where it
has the longest diameter. In addition, for both I', four
low-frequency drifting modes are identified (not shown,
see also fig. 1 in the SM).

For I' = 1, all ten non-base flow modes represent some
form of ST oscillations. The morphology of these modes

I'=1: (a) mean (b) JRV mode (c) mean + JRV mode
b o> & o
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Fig. 6: Hovmoller diagram of the real part of the DMD tem-
perature modes at midheight: (a)—(c) I' = 1, (d)—(f) T’ = 2;
(a), (d): mean flow, (b), (e): superposition of two JRV DMD
modes, (c), (f): superposition of mean flow and JRV modes
resulting in the characteristic accordion pattern. See fig. 5 in
the SM for each JRV mode separately.

is similar to the ones shown in fig. 5(b), a 4-roll state,
which is symmetric with respect to the vertical and hor-
izontal midplanes. Their oscillatory behaviour is slightly
different, though. In particular, one of these 4-roll modes
periodically completely collapses and then rebuilds itself
with opposite sign, whereas another one achieves a simi-
lar sign-change by performing a circular motion, as shown
in the supplementary movie moviel.mp4. When we su-
perpose the mean flow with these two dominant 4-roll ST
modes, we observe a characteristic zigzag slosh and tor-
sional pattern at the sidewall, displayed in fig. 7(a)—(c),
and similarly we see that this is the resulting motion in
the supplementary movies moviel.mp4 and movie2.mp4.
The corresponding frequencies extracted via DMD are also
marked in the spectra in fig. 4(e). The frequencies agree
well with the ones obtained via the traditional method
of determining the slosh and torsional angle. Moreover,
the existence of several ST modes is in complete agree-
ment with the broad peak observed in the spectrum of
fig. 4(e); more modes are needed to reproduce a square
wave. Whenever we considered more than eleven dynamic
modes, we also identified modes that leave an accordion
imprint on the sidewall. The 3D structure of two su-
perposed modes is shown in fig. 5(c) and their thermal
sidewall signal in fig. 6(c), (d) and supplementary movie
movie2.mp4. Hence, this indicates that JRV modes also
exist in a I' = 1 cylinder, but the stronger confinement
suppresses their dynamical importance.
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Fig. 7: Hovmoller diagram of the real part of the DMD tem-
perature of a superposition of the mean flow and two ST modes
resulting in the characteristic zigzag pattern. The upper pan-
els (a)—(c) show the data for I' = 1, the lower panels (d)—(f)
the data for I' = 2; (a), (d): at midheight z = H/2, (b), (e):
z=H/4, (c), (f): z=3H/4. See fig. 6 in the SM for each ST
mode separately.

For the I' = 2 data, DMD reveals that two accordion
modes are the most important dynamic modes. The 3D
structure of a superposition of these two modes is shown in
fig. 5(f) and the supplementary movie movie3.mp4. The
corresponding Hovmoller diagram of the DMD modes with
and without mean flow are shown in fig. 6(e)—(f). The re-
maining dominant modes are of ST type (less four drift
modes). These I' = 2 ST DMD modes exhibit a zigzag
pattern that closely resembles the one found in I' = 1,
see fig. 7(d)—(f). However, there are also notable differ-
ences, as seen in the 3D visualisation of fig. 5(e) and the
supplementary movie movie4.mp4. There is no clear 4-roll
state, where two rolls are stacked on top of each other, in-
stead the four rolls are all situated next to each other on
the same level. Nonetheless, also these ST modes have an
inherent symmetry with respect to the vertical midplane.
Even a small deviation of the LSC from its upright posi-
tion seems to induce a sloshing motion together with its
associated torsional oscillation, which act to attempt to
restore the LSC into a position that is aligned with the
horizontal midplane.

Discussion. — We now connect the DMD-based find-
ings with the more traditional methods by separately
analysing the two superposed ST and JRV modes. The
slosh and torsional angles Csiosh, Ctorsion are shown in
fig. 8(a), (¢). The ST DMD modes exhibit regular
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Fig. 8: Traditional analysis as shown in fig. 4(a)—(d) applied to
the two selected ST and JRV DMD modes, respectively. (a),
(b): analysis for I' = 1, (c), (d): analysis for I' = 2. (a), (c):
slosh and torsional angle Csiosh, Ctorsion for the DMD ST (JRV)
modes are shown in dark and light blue (grey), respectively.
(b), (d): the average temperature around the midplane cir-
cumference Tyvy. The magenta line corresponds to the DMD
JRV mode, showing a large amplitude oscillation. The grey
line corresponds to the ST DMD mode, with a much smaller
amplitude.

oscillations in both the I' = 1 and in the I' = 2 geometry,
thus providing further evidence that indeed in both as-
pect ratios a sloshing motion in combination with a tor-
sional oscillation exists. The origin of the sloshing can
be understood as the interaction or superposition of the
LSC mean flow being tilted with respect to the horizontal
midplane and a higher-order mode that is (anti)symmetric
with respect to the horizontal and vertical midplanes. ST
oscillations dominate the dynamics in I' = 1 cylindrical
cells and also have some impact on the dynamics of I' = 2
cells. The midplane average temperature T,,4 is shown
in fig. 8(b), (d). For the JRV modes, strong oscillations
are visible, albeit with a much larger amplitude for I' = 2
compared to I' = 1. Thus, the JRV mode is also present in
both cases, indicating that it is indeed a very fundamental
dynamic property of the LSC. Figure 8 further elucidates
that the individual ST modes do not exhibit typical JRV
characteristics, i.e., they do not show distinct regular os-
cillations in T},4. Similarly, the individual JRV modes do
not exhibit ST characteristics, i.e., they do not show os-
cillations in (siosn and Ciorsion- 1he faint signatures of the
respective other LSC mode type are detectable, because
the JRV and ST frequencies are almost identical since both
are set by the LSC path length and the free-fall velocity.
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Unravelling the LSC modes in Rayleigh-Bénard convection

Traditional analysis methods tend to identify either the
JRV or the ST LSC mode. In contrast, DMD analysis
reveals that both types of modes coexist with the JRV be-
ing dominant in higher I cylinders and the ST mode being
dominant in lower I' cylinders; figs. 4 and 8 demonstrate
how to easily differentiate the JRV and the ST LSC mode
using Csiosh, Ctorsion and Tg,g measurements.
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Abstract —Supplementary material to the main article.

Selecting the dominant modes using sparsity
promotion. — The dominant dynamic modes are se-
lected using the sparsity-promoting algorithm [1-4]. That
is, we select and rank the DMD modes based on their im-
portance to the total dynamics of the system. Crucially,
and in stark contrast to POD, the modes are not ranked by
their energy content, but their amplitudes. The most im-
portant dynamic modes do not need to correspond to the
highest energy modes [3]. Typically, modes with high am-
plitudes represent essential flow dynamics. However, only
using the DMD amplitudes as sole ranking criterion is in-
sufficient, as also modes with large decay rates can have
large amplitudes (statistical outliers), which are not rep-
resentative of the essential flow processes. Thus, instead,
we look for the solution of the optimisation problem

(1)

where J is the objective function, D, is a diagonal matrix
containing the amplitudes a of the full rank modes, and
F denotes the Frobenius norm. 3} are the singular values
obtained via a singular value decomposition (SVD) of the
matrix VlN_1 = USWH which contains the first N — 1
snapshots, i.e. the full flow. Y are the eigenvectors and
Voanag 1s the Vandermonde matrix based on the eigenvalues
of S, i.e. the optimal presentation of the linear mapping
between snapshots in the basis spanned by POD modes,

(2)

Sparsity-promotion means we penalise the number of
non-zero elements in an unknown vector of amplitudes a:

3)

minimize J(a) = |[SWH — Y D Vul/%,

S=UvfvNwn-t

minimize J(a)+¢ Ek: lak|,

where ( is the sparsity-promoting parameter and k de-
notes the included dynamic modes. The /;-norm is used
in favour of the cardinality as a relaxed constraint. The
optimisation problem is solved using the alternating direc-
tions of multiplier method (ADMM, [5]). The quality of
the approximation, i.e. using fewer dynamics modes, can
be judged by calculating the performance loss

(@) _ V¥ WD, Vaal

%Tjss = 100 -
. J(0) Ve

, ()

where ¥ are the dynamic modes.

The algorithm can be used to fix a desired number
of snaphots while still optimally approximating the flow.
During this process the amplitudes are optimised and the
modes are selected. Here, we chose the mean stationary
mode and ten time-varying modes, i.e. eleven modes in
total. Alternatively, the algorithm can be used to fix the
quality of approximation retaining a minimal number of
modes, e.g. for a maximum performance loss of 50%, 114
dynamic modes are needed for I' = 1, and 422 modes are
needed for I' = 2, respectively.
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Supplementary figures. —

(@T=1,z=H2 (b)C=2,z=H2

e
e
Ee—

i

‘ ""| | () I

i
A

y

1L/

600

0

g

W

: -;.-§
=

|
A

|

¥ “ |
A A

Wy

vl

400

i
‘ !
e

)

¥

WA
| W

200

WA
v’,"l \‘ | \ &

(|

e

Fig. 1: Hovmoller diagrams of the temperature for the entire
DNS time series for (a) I' = 1 and (b) I' = 2. Both cases show
that the LSC also drifts irregularly in azimuth, however, these
modes are not within the scope of this Letter. No reversals
were observed.
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Fig. 2: Similar to figs. 1 and 2 in the main manuscript. The
black lines show the results of the respective other analysis
method, i.e. applying the fit (7) to the I' = 1 data in (a—c),
and marking the minimum and maximum temperature in the
I’ = 2 data in (d—f).
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Fig. 3: Isosurfaces of the real part of the stationary mean tem-
perature DMD mode, Re(¢(T)) for (a) I' =1 and (b) I' = 2.
These are the same visualisation as in fig. 5 (a) and (d), re-
spectively, but rotated in azimuth by 90°.
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Fig. 4: (a,c) Time series of the slosh and torsion angles for
I' =1 and 2, respectively. (b,d) Time series of the mean tem-
perature along the midheight cylinder circumference for I' = 1
and 2, respectively. Shown are magnifications of the first 90
time units of fig. 4.

Supplementary movies. —

Mowie 1. 3D visualisation of the separate sloshing
modes (left and middle panel) and the superposition of
the mean flow with both of these modes for I' = 1. Simi-
lar to the Hovmoller diag shown in the suppl. fig. 6. The
upper and lower panels show the same data but oriented
in azimuth by 90°.

Mowie 2. Visualisations of various cross-sections of the
two sloshing modes (upper five panels) and the two JRV
modes (lower five panels) in the I' = 1 tank. The green
lines mark the average LSC plane {;sc and the orange
ones the plane perpendicular to it {psc + /2.

Movie 8. 3D visualisation of the separate JRV modes
(left and middle panel) and the superposition of the mean
flow with both of these modes for I' = 2. Similar to the
Hovmoller diag shown in the suppl. fig. 6. The upper and
lower panels show the same data but oriented in azimuth
by 90°.

Mowie 4. Visualisations of various cross-sections of the
two sloshing modes (upper five panels) and the two JRV
modes (lower five panels) in the I' = 2 tank. The green
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Fig. 5: The (a—c) first and (d—f) second dominant JRV modes
superposed with the mean flow of the I' = 2 data, cf. fig. 6
(d—e) in the main manuscript.

(a)z=H/2 (b)z=H/4 (c)z=3H/4
90
0.2
60 1 r
g— 0.0
30 ] .
-0.2
(d)z=H2 (e)z=H/4 (f)z=3H/M4
90
0.2
60
§ 0.0
30
-0.2
0

Fig. 6: The (a c) first and (d f) second domlnant ST modes
superposed with the mean flow of the I' = 1 data, cf. fig. 7
(a—c) in the main manuscript.
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lines mark the average LSC plane £ sc and the orange
ones the plane perpendicular to it £ps¢ + m/2.
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