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Abstract

The Geometry of Splitting Loci

by

Feiyang Lin

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor David Eisenbud, Co-chair

Assistant Professor Hannah Kerner Larson, Co-chair

Splitting loci are certain degeneracy loci that arise from the data of a family of vector bundles
on P1. They can be viewed as closed substacks of the stack of vector bundles on P1, and
are closely related to the Brill-Noether theory of general k-gonal curves, as well as opposite
Schubert varieties in the affine Grassmannian for the general linear group. We construct a
modular resolution of singularities for splitting loci using a relative flag Quot construction,
and use this resolution to study their singularities. We identify the singular locus of Σe⃗,
prove that tame splitting loci have rational singularities, and characterize exactly which
splitting loci are Gorenstein or Q-Gorenstein. The proof for rational singularities requires a
cohomology vanishing result for tautological bundles on certain Quot schemes Quotr,dP1 (O⊕N),
which we push further into a Borel-Weil-Bott type theorem.
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Chapter 1

Introduction

1.1 What are splitting loci?
Every vector bundle on P1 splits as a direct sum of line bundles. This data can be packaged
into a splitting type, which is a tuple e⃗ = (e1, . . . , er), where e1 ≤ · · · ≤ er are integers. We
say that e⃗ has rank r and degree d = e1 + · · · + er, and write O(e⃗) to denote the vector
bundle O(e1) ⊕ · · · ⊕ O(er) on P1. Given a family of vector bundles on P1, which is a vector
bundle E on B × P1 for some base B, the points b ∈ B can be decorated with the splitting
type of the restriction Eb ∼= O(e⃗b) (Figure 1.1).

Such a vector bundle E is flat over B, and as such, the degree and rank of e⃗b do not vary
as we range over all points b ∈ B as long as B is connected. However, perhaps somewhat
surprisingly, the splitting type, which is a discrete invariant, could jump. There is a partial
order on the set of all splitting types of fixed rank and degree. We say that e⃗ ′ ≤ e⃗ if
e′

1 + · · · + e′
k ≤ e1 + · · · + ek for all 1 ≤ k ≤ r. One can show that e⃗ ′ ≤ e⃗ if and only if there

exists a family E over B = A1 such that e⃗0 = e⃗ ′ and e⃗b = e⃗ for all b ̸= 0. When e⃗ ′ < e⃗, we say
that e⃗ ′ is more unbalanced, or more special, than e⃗. Splitting loci Σe⃗ are closed subschemes

i
i

I b B

b
be

Let E 0Eb

Though rkesanddeges is constant

E is notnecessarilyconstantas b varies
Figure 1.1: The restriction of E to different points of B
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of the base B whose points consist of those b ∈ B where e⃗b ≤ e⃗.
The closed subscheme structure on Σe⃗ is defined using Fitting ideals for R1π∗E(m) where

π : B × P1 → B is the projection. Roughly speaking, it imposes the rank condition that
h1Eb(m) ≥ h1O(e⃗)(m) for all m ∈ Z. This is explained in more detail in Section 2.2. Since
this closed subscheme structure is compatible with base change, in fact we have defined
universal splitting loci Σe⃗ as closed substacks of the stack of vector bundles on P1. We
denote by Br,d

1 the stack of vector bundles of rank r and degree d on P1 over a field k. This
is a smooth algebraic stack, but it is in some ways quite a strange geometric object. Its
closed points are in bijection with the poset of splitting types, and the residual gerbe at the
closed point corresponding to the splitting type e⃗ is exactly Σe⃗ = B(Aut(O(e⃗))), which is
an open substack of Σe⃗. The normal bundle of Σe⃗ in Br,d is the Aut(O(e⃗))-representation
H1End(O(e⃗)), which is also the space of first order deformations of the vector bundle O(e⃗).
In particular, the codimension of Σe⃗ in Br,d is exactly u(e⃗) = h1End(O(e⃗)). Note that this
computes the dimension of Br,d to be

dim Σe⃗ + codim Σe⃗ = −h0End(O(e⃗)) + h1End(O(e⃗)) = −χ(End(O(e⃗))) = −r2.

As e⃗ gets more unbalanced, Aut(O(e⃗)) grows in dimension, and Σe⃗ becomes stackier. More-
over, as splitting types can be arbitrarily unbalanced, this stack is not of finite type. See
Figure 1.2 for an illustration of B3,0.

From the point of view of this stratification, the global geometry of Σe⃗ can seem myste-
rious. In fact, while Br,d is smooth and each Σe⃗ ′ is smooth, upon taking the closure, Σe⃗ can
acquire singularities. The study of how the strata {Σe⃗ ′ : e⃗ ′ ≤ e⃗} fit together into Σe⃗ is the
main subject of this thesis.

Analogies
This type of geometric structure, where there is an algebraic stack whose closed points
are given by elements of some poset, is actually a relatively common geometric situation in
disguise. In studying spaces with group actions, we often encounter meaningful stratifications
X = ⊔

i∈I Xi with the following properties:

1. the strata are orbits of some fixed subgroup;

2. there is a unique open stratum and each stratum is locally closed;

3. there is a natural poset indexing the closure order of the strata, i.e. Xi ⊆ Xj if and
only if i ≤ j;

4. each stratum has homogeneous geometry, e.g. the geometry of Xi at a point p only
depends on the stratum Xj that p is contained in.

Then the closed strata Xi often bear interesting geometry, and are the object of intense
study. We give two well-known examples of this situation.

The first is that of determinantal loci.
1The notation BunGLr

(P1) is perhaps more familiar. Our Br,d’s are connected components of
BunGLr

(P1), and Br,0 = BunSLr
(P1).
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Figure 1.2: A cartoon of B3,0

Example 1.1.1. Let m ≤ n be positive integers, and let Xm,n = Matm×n(k) be the affine
space of m × n matrices over some field k. Then for each 0 ≤ r ≤ m, appropriately sized
minors cut out the variety Dr of matrices of rank at most r. In this case, the partially ordered
set indexing the strata is the set of possible ranks, i.e. {0, 1, . . . , m}, and the partial order
is the natural ordering of these integers.

Now consider instead the quotient Xm,n = [Matm×n /GLm × GLn], where GLm × GLn
acts on Matm×n by precomposition and post-composition. We can think of Xm,n as the total
space of the vector bundle Hom(Euniv,Funiv) on BGLn ×BGLm, where Euniv,Funiv are the
universal vector bundles on BGLn and BGLm. From this perspective, it is clear that the
stack Xm,n parametrizes groupoids of vector bundles E ,F of ranks n,m respectively, plus a
map E → F . To take isomorphism classes of k-points of this stack is the same as asking
for matrices up to invertible row and column operations. Therefore, π0(X(k)) is naturally
bijective to the set {0, 1, . . . ,m}. Each r ∈ {0, 1, . . . ,m} corresponds to the isomorphism
class of the m× n matrix consisting of an r× r identity block and zeros elsewhere. In Xm,n,
each locally closed stratum Dr \Dr−1 of matrices of rank exactly r is an orbit of GLm × GLn,
and maps onto a stacky point of Xm,n under this quotient map.

Example 1.1.2. Let Fln be the complete flag variety on a n-dimensional vector space.
Then the left action of B on Fln = GLn /B stratifies Fln into B-orbits, which are also called
Schubert cells. The Bruhat decomposition for GLn tells us that these orbits are indexed by
the symmetric group Sn, which is a poset under the Bruhat order.



CHAPTER 1. INTRODUCTION 4

Instead of thinking about Fln and its stratification by Schubert cells, we can instead con-
sider the fiber product Yn = BB×BGLn BB

∼= B\ GLn /B, which is the stack parametrizing
a vector bundle of rank n, plus two complete flags of subbundles for this vector bundle. The
k-points π0(Yn(k)) exactly correspond to the elements of Sn, because up to isomorphisms,
the data of two complete flags of an n-dimensional vector space is exactly the relative po-
sition of these flags. However, each point has lots of automorphisms, corresponding to the
subgroup of GLn which preserves both flags. We see how these points fit together by consid-
ering the B-torsor over Yn which frames one of the flags, which is precisely the flag variety
Fln = GLn /B.

In both cases, if we start by considering the stack Xm,n or Yn, the stacky points corre-
sponding to the locally closed strata fit together in a mysterious way, and it is unclear how
to think about the closed strata. By considering the smooth cover which is the space of
matrices Xm,n or the flag variety Fln, we can see their geometry much more explicitly. The
smooth cover is like a magnifying lens! Moreover, in both of these examples, there is an
obvious choice of which magnifying lens to use, because the stack admits a description as a
global quotient stack. However, the stack of vector bundles on P1 is not of finite type, and
therefore it cannot be the quotient of any scheme of finite type. (Although, in fact, it does
admit a description as a quotient of a scheme not of finite type, which is Kashiwara’s thick
affine Grassmannian.) Therefore, there are many choices of which magnifying lens to use to
see how the points Σe⃗ ′ fit together in the stack Br,d, or Σe⃗, and each has its advantages and
disadvantages.

Note that a morphism from a smooth scheme to a smooth algebraic stack is smooth if
and only if the map on k[ϵ]-points is surjective at each k-point on the source. In practice, it is
often convenient to work with the following condition on a family (B, E), which is equivalent
to the induced map B → Br,d being smooth.

Definition 1.1.3. Let (B, E) be a family of vector bundles on P1 over B. Then we say that
(B, E) is a complete family if B is smooth and the Kodaira-Spencer map TbB → Ext1(Eb, Eb)
is surjective for all b ∈ B.

Different ways to see
I first learned about splitting loci in the context of Hurwitz-Brill-Noether theory [Lar21a;
LLV25]. In their work, there is a particular base B which has geometric significance, namely
the Picard scheme of a general k-gonal curve. Specifically, let f : C → P1 be a general
degree k map from a genus g curve C to P1. Then by pushing forward the universal Poincaré
line bundle, we obtain a family of rank k, degree d − g + 1 − k vector bundles on P1 over
Picd(C). By degenerating to a chain of elliptic curves covering a chain of P1’s, [Lar21a]
proves that this pushforward over Picd(C) is a complete family, inducing a smooth map
Picd(C) → Bk,d−g+1−k. As we fix k and d − g and let g go to infinity, the union of Picd(C)
forms a smooth cover of Bk,d−g+1−k, allowing us to see arbitrarily deep into the poset of
splitting types. To be able to say more about the splitting loci for this particular family of
vector bundles is the main motivation for me to study splitting loci in general.

There are also many other complete families which we can use to “see” the geometry of
Σe⃗. First I want to mention two different ways that I don’t really use in my work. One way
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is due to Bolognesi-Vistoli [BV12, Section 4]. The idea there is that when a vector bundle
E on P1 is globally generated, then there is a canonical short exact sequence

0 → H0(E(−1)) ⊗ O(−1) → H0(E) ⊗ O → E → 0.

This sequence can be upgraded to a family, and is called the Strømme sequence [Str87,
Proposition 1.1]. This then gives rise to a description of certain open substacks of Br,d as
a quotient of an open subspace of affine space. The affine space corresponds to all possible
maps of the form H0(E(−1)) ⊗ O(−1) → H0(E) ⊗ O, and the open is the locus of maps
which have locally free cokernel. This was the description used in [Lar23] to compute the
Chow ring of the stack Br,d. Another way is to use Quot schemes on P1, as in the standard
construction of the stack of vector bundles on any fixed curve [Wan11].

In practice, I have heavily relied on a specific smooth cover of Br,d, which I call successive
extension space. For any e⃗ ′ of rank r and degree d, there is a family of vector bundles on
P1 over the affine space H1End(O(e⃗ ′)), which induces a smooth map to Br,d. This family of
vector bundles has several nice properties.

1. H1End(O(e⃗ ′)) surjects smoothly onto ⋃e⃗≥e⃗ ′ Σe⃗;

2. The functor of points for H1End(O(e⃗ ′)) has a modular description. If we let e⃗ ′ =
(f s1

1 , . . . , f
sℓ
ℓ ), and let Qi = O(f si

i ), then a T -point of H1End(O(e⃗ ′)) is the data of
vector bundles K1,K2, . . . ,Kℓ on T × P1, the data of extensions

0 → Ki → Ki+1 → p∗Qi+1 → 0,

plus an isomorphism K1 ∼= p∗Q1, where p : T × P1 → P1 2;

3. This modular description allows us to think of H1End(O(e⃗ ′)) as built from Br,d via
the operations of taking open substacks, forming vector bundles, and forming GLs-
torsor. In particular, the splitting loci in H1End(O(e⃗ ′)) are irreducible of the expected
codimension;

4. There is a torus Gℓ−1
m acting on H1End(O(e⃗ ′)), so that the splitting loci are invariant

under this action;

5. The splitting locus for e⃗ ′ is just the origin of this affine space, which is also the unique
torus fixed point.

These properties make the spaces H1End(O(e⃗ ′)) very nice to work with. The specifics of
this family of covers are laid out in Section 2.2. A cartoon of H1End(O(−2, 2)) and the
splitting loci therein can be found in Figure 1.3.

Remark 1.1.4. In theory, the fact that there exists a family of affine spaces forming a
smooth cover of Br,d reduces the study of Σe⃗ to an algebraic question. However, in practice,
the ideals are difficult to write down and hard to work with. For example, it was a conjecture

2When e⃗ ′ has distinct parts, one can think of H1End(O(e⃗ ′)) as a fiber of the natural map BunB(P1) →
BunT (P1) which takes the associated graded of a complete flag of vector bundles. This is denoted Bunω

N in
geometric Langlands literature [NT25, Section 3.1], where ω corresponds to the data of e⃗ ′.
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Figure 1.3: H1End(O(−2, 2)) ∼= Ext1(O(2),O(−2))

of Eisenbud and Schreyer [ES08, Conjecture 5.1] that Σe⃗ equipped with the Fitting ideal
scheme structure is reduced. While this is known through Hurwitz-Brill-Noether theory
[LLV25], there is no algebraic proof of this fact that I am aware of. We discuss the generators
of the ideal for Σe⃗ in these affine spaces in more detail in Section 4.3.

Remark 1.1.5. When e⃗ ′ has rank 2, then H1End(O(e⃗ ′)) ∼= Ext1(O(e′
2),O(e′

1)). The ideals
defining splitting loci in H1End(O(e⃗ ′)) are generated by minors of Hankel matrices, which
are also called catalecticant matrices (studied in e.g. [Con98; Con+18]). The specific cor-
respondence is explained in Example 2.2.12. Geometrically, it is well-known that Hankel
determinantal ideals define the cone over secant varieties of rational normal curves, and
that the tangent cone to W r

d (C) when C is a hyperelliptic curve can be described this way
[SY22, Appendix A]. Beyond algebraic results, recently D. Brogan showed that the (projec-
tive) secant varieties of rational normal curves are all rational homology manifolds [Bro26].
Moreover, in the same paper, in the case of e⃗ = (−1, 1) and e⃗ ′ = (−d, d), in which case the
splitting locus Σ(−1,1) is a hypersurface in the affine space Ext1(O(d),O(−d)), certain nearby
cycles and vanishing cycles were computed.

Lastly, I want to mention the affine Grassmannian Gr, which is an ind-scheme. The
k-points of the affine Grassmannian (for GLr) can be thought of as the data of a vector
bundle on P1 plus a trivialization away from 0. As such, Gr admits a map to the stack⊔
d∈Z Br,d, and the map is a GLr(k[t−1])-torsor. The GLr(k[t−1])-orbits in Gr, which are

opposite Schubert varieties, are precisely preimages of Σe⃗ under this map. While it is
perhaps unclear what we mean by Gorenstein or Cohen-Macaulay for an ind-scheme, these
notions make sense for algebraic stacks. In that sense, the connections between the quotient
GLr(k[t−1])\ Gr and Gr also make it possible to ask various geometric questions that would



CHAPTER 1. INTRODUCTION 7

be otherwise standard, and indeed have been answered for the finite-dimensional Schubert
varieties in Gr (see references in [Zhu16, Theorem 2.1.21, Remark 2.1.22]). Moreover, up to
some work making precise identifications, results about the cohomology and K-theory classes
of opposite Schubert varieties transport to splitting loci in the stack of vector bundles on P1.
This connection is not be part of this thesis, but will hopefully be explained in forthcoming
work of the author and collaborators.

1.2 Results
In this thesis, we construct a modular resolution of singularities for Σe⃗, and use this resolution
to study the singularities of Σe⃗. Throughout, we work over an algebraically closed field of
characteristic zero. We expect that many of our results also work over any field of arbitrary
characteristic, and the precise field assumptions will be clarified in updated versions of the
papers based on this thesis.

Chapters 2, 3, 5 in the body of this thesis correspond to the papers [Lin25a], [Lin25b],
and [GLS25]. The last chapter is joint with with Ajay Gautam and Shubham Sinha. For the
rest of this section, I will explain the results of the four ensuing chapters and the relationships
between them.

At the beginning of my third year, I set out to construct a resolution of singularities for
splitting loci. One way of thinking about Gr

d(C), the scheme of grd’s on a curve, is as the
result of applying the modular resolution of singularities for determinantal loci to W r

d (C).
Then to figure out what the analogous object is for Hurwitz-Brill-Noether loci W e⃗(C), one
could ask what is a modular resolution of singularities for splitting loci.

There are many benefits to having such a resolution. In the case of determinantal vari-
eties, the following results were intricately connected to the resolution of singularities:

1. Porteous’s formula for the class of determinantal loci is computed using its resolution
of singularities, which in turn yields the class of W r

d (C) in Picd(C).

2. Kempf’s proof that determinantal loci are normal, Cohen-Macaulay, and have ratio-
nal singularities [Wey03, Propositions 6.1.5(a)-(b) and 6.2.3(b), Proposition 6.15(b)].
Because of our very good understanding of the cohomology of tautological bundles on
the Grassmannian (the Borel-Weil-Bott theorem), one can pushforward a particular
complex on a Grassmann bundle by hand to recover the minimal free resolution of
determinantal ideals (Lascoux complexes).

3. An explicit understanding of the tangent spaces of Gr
d(C) and W r

d (C), yielding the
result that W r

d (C) is singular along exactly W r−1
d (C) [Arb+84, Chapter IV Proposition

4.2].

4. Brill-Noether existence and connectedness results, due to Fulton–Lazarsfeld [FL81].

When I first started working on this, we already guessed that a relative hyper-Quot
construction was perhaps the answer, as relative Quot schemes were key to a universal
inductive formula for the classes of splitting loci [Lar21b]. My first result is that this guess
was correct.
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To describe the resolution, for r = (r1, . . . , rm), d = (d1, . . . , dm), let us define the hyper-
Quot stack FQuot(Br,d, Euniv; r, d) → Br,d to be the algebraic stack representing the following
functor:

(T → Spec k) 7→


A vector bundle E of rank r and fiberwise degree d
and a flag of subsheaves E1 ↪→ E2 ↪→ · · · ↪→ Em+1 = E on T × P1

such that Ei is locally free of rank r − ri and fiberwise
degree d− di, and each quotient E/Ei is flat over T

 / ∼,

where two flags are equivalent if there are isomorphisms between the subsheaves forming a
commutative diagram with the equality morphism on E .

The generic splitting type of any rank and degree satisfies |er − e1| ≤ 1. Such a splitting
type is called balanced.

Definition 1.2.1. Let E = O(e⃗) be a vector bundle on P1, and let

E1 ⊂ E2 ⊂ · · · ⊂ Em+1 = E

be a sequence of subbundles such that for all 1 ≤ i ≤ m, each quotient sheaf Ei+1/Ei is a
nonzero balanced vector bundle, and up to automorphisms of Ei, the inclusion Ei ⊂ Ei+1 is
the unique injective map Ei ↪→ Ei+1. Such a flag is called an e⃗-admissible flag.

Note that the Harder-Narasimhan flag of subbundles for O(e⃗) is always e⃗-admissible,
but in general it is possible to omit some subbundles in the Harder-Narasimhan flag while
keeping it e⃗-admissible.

Theorem 1.2.2. LetE = O(e⃗) be a vector bundle on P1, and let E1 ⊂ E2 ⊂ · · · ⊂ Em+1 = E
be an e⃗-admissible flag. Let r = (r1, . . . , rm), d = (d1, . . . , dm) be the ranks and degrees of
E/Ei. Then FQuot(Br,d, Euniv; r, d) is a smooth and irreducible algebraic stack proper over
Br,d. It maps surjectively onto Σe⃗ and it is an isomorphism over the dense open Σe⃗.

This theorem tells us that the splitting types e⃗ ′ ≤ e⃗ can be cut out by requiring flags
of subsheaves with the same numerical data as an e⃗-admissible flag. Relying heavily on this
resolution of singularities, we prove several different results about the singularties of Σe⃗. To
state these results, let us make some definitions.

Definition 1.2.3. • For 1 ≤ s < r, the gap (s, s + 1) is a cut for the pair e⃗ ′ ≤ e⃗ if
e′

1 + · · · + e′
s = e1 + · · · + es and es < es+1. A cut is admissible if in addition, e′

s < e′
s+1.

• For e⃗ ′ ≤ e⃗, we say that e⃗ ′ lies in the smooth locus of e⃗ if Σe⃗ ′ is contained in the smooth
locus of Σe⃗.

• If there exists some 1 ≤ k ≤ r such that f⃗ = (e1, . . . , ek) and g⃗ = (ek+1, . . . , er) are
both balanced, then the splitting type e⃗ = (e1, . . . , er) is called tame.

• We say that e⃗ is a block arithmetic progression of block size s and difference t if it is a
shift of the tuple (0s, ts, . . . , ((m− 1)t)s) (ts is a short hand for s copies of the number
t). As usual, if s = 1, we say that the tuple is an arithmetic progression. We say
that e⃗ is contiguous if e⃗ is a shift of a tuple of the form (. . . , 0a, 1b, 2a, 3b, . . . ) for some
positive integers a, b.
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• We say that a Cohen-Macaulay scheme X is N-Gorenstein if ω⊗N
X is a line bundle, and

Gorenstein if ωX is a line bundle. Being Gorenstein and N -Gorenstein are smooth-local
properties (see Section 3.2), so it makes sense to ask when an algebraic stack, such as
a splitting locus Σe⃗, is Gorenstein or N -Gorenstein. We say that a Cohen-Macaulay
algebraic stack is Q-Gorenstein if it is N -Gorenstein for some N ≥ 1.

Theorem 1.2.4. 1. Let e⃗ ′ ≤ e⃗. Then e⃗ ′ lies in the smooth locus of e⃗ if and only if there
exists a collection of admissible cuts for the pair such that each block of e⃗ between two
adjacent cuts is balanced.

2. Let e⃗ be a tame splitting type. Then Σe⃗ has rational singularities.

3. A splitting locus Σe⃗ is Gorenstein if and only if e⃗ is a block arithmetic progression of
difference 0, 1 or 2, or if e⃗ is contiguous. Σe⃗ is Q-Gorenstein (but not Gorenstein) if
and only if it is an arithmetic progression of difference t ≥ 3. In this case, the smallest
N for which Σe⃗ is N -Gorenstein is t if t is odd, and t/2 if t is even.

In Chapter 4, we describe explicitly the difference dimB − dimTbΣe⃗ for closed points
b ∈ Σe⃗ ′(B) and any e⃗ ′ ≤ e⃗. We also give a geometric description of the universal normal
cone of Σe⃗ at e⃗ ′ for certain pairs of e⃗ and e⃗ ′.

Let Quotr,dP1 (O⊕N) be the Quot scheme parametrizing quotients of O⊕N
P1 of rank r and

degree d 3. In the proof of the rational singularities result above, I needed a cohomology
vanishing statement for tautological bundles on Quotr,dP1 (O⊕N), which is the first part of the
theorem below. This is analogous to how in Kempf’s proof that determinantal varieties
have at most rational singularities, the Borel-Weil-Bott theorem for tautological bundles on
Grassmannians is a critical ingredient. The study of the cohomology groups of tautological
bundles on Quot schemes is the subject of Chapter 5.

In more detail, let
0 → S → O⊕N → Q → 0

be the tautological sequence on Quotr,dP1 (O⊕N) × P1, and let π : Quotr,dP1 (O⊕N) × P1 →
Quotr,dP1 (O⊕N), p : Quotr,dP1 (O⊕N) × P1 → P1. We will write Lm = OP1(m). Given a line
bundle L on P1, we denote L[d] = Rπ∗(Q ⊗ p∗L). When degL ≥ −1, by cohomology and
base change, L[d] is a vector bundle. When degL < −1, we think of L[d] as an object of the
derived category of Quotr,dP1 (O⊕N), which one can show can be represented by a two-term
perfect complex. For λ a non-increasing sequence of (possibly negative) integers and E a
vector bundle on a scheme X, we denote by SλE the Schur functor applied to E , which is
a vector bundle on X. Schur functors can be appropriately generalized to objects in the
derived category that can be represented as a two-term perfect complex.

Theorem 1.2.5. 1. Let λ−1, . . . , λℓ be partitions, at least one of which is non-empty,
then

H>D(Quotr,dP1 (O⊕N),⊗ℓ
m=−1Sλm(L[d]

m )∨) = 0,
3In this introduction, I shall state the results for Quotr,d

P1 (O⊕N ), but all of them can be extended to
Quotr,d(V ), where V is any vector bundle on P1, at the cost of d being sufficiently large, which is the version
in Chapter 5. I also restrict to Schur functors associated to partitions here, but our results are stated more
generally for Schur functors associated to nonincreasing sequences.
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where D = ∑ℓ
m=−1 |λm|.

2. Similarly, let λd−1, . . . , λℓ be partitions, at least one of which is non-empty, then

H>0

Quotr,dP1 (O⊕N),
ℓ⊗

s=d−1
SλsL[d]

s

 = 0.

3. Let M1,M2, . . . ,Mℓ be line bundles on P1. For any tuple of partitions λ1, λ2, . . . , λℓ
satisfying |λ1| + |λ2| + · · · + |λm| < (Nd+N)/(N − r), we have

HD

(
Quotr,dP1 (O⊕N),

m⊗
s=1

SλsM [d]
s

)
∼=

⊗
degMs<0

Sλ
†
sH1(O⊕N

P1 ⊗Ms)⊗
⊗

degMs≥0
SλsH0(O⊕N

P1 ⊗Ms),

where D = ∑
degLs<0 |λs|, and all other cohomology groups are zero.

The first two parts of the above theorem are of the same flavor, in that they show the
vanishing of certain cohomology groups, without any size constraints on the partitions in-
volved. Yet one has no control over the cohomology groups that are not shown to always
vanish. Subject to a size constraint on the partitions involved, the third part of the theorem
above pins down the cohomology groups exactly. This distinction can be viewed as a stabi-
lization behavior: for fixed λs,Ms, as we let d tend to infinity, the cohomology groups of the
corresponding tautological compelxes stabilize. As a corollary of the last part of the above
theorem, we confirm [MOS22, Conjecture 1.3.1, 1.3.2].
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Chapter 2

Resolving the singularities of splitting
loci

2.1 Introduction
A vector bundle on a scheme B×P1 leads to a stratification of the base B according to how
the vector bundle splits when it is restricted to each fiber. The strata that arise are called
splitting loci. The aim of this paper is to produce a modular resolution of singularities for
these strata and use the resolution to study the singularities of splitting loci in the case of
the universal family.

Let Br,d be the moduli stack of rank r, degree d vector bundles on P1. The data of how
a vector bundle of rank r and degree d splits is captured by a splitting type e⃗ = (e1, . . . , er),
where e1 ≤ e2 ≤ · · · ≤ er and ∑r

i=1 ei = d. We define Σe⃗ to be the locally closed substack
in Br,d parametrizing families of vector bundles each with splitting type e⃗, and define Σe⃗ as
the closure of Σe⃗ in Br,d. For convenience, we write O(e⃗) := O(e1) ⊕ · · · ⊕ O(er).

Definition 2.1.1. A splitting type e⃗ = (e1, . . . , er) is balanced if |er−e1| ≤ 1, or equivalently
if h1End(O(e⃗)) = 0. If there exists some 1 ≤ k ≤ r such that f⃗ = (e1, . . . , ek) and g⃗ =
(ek+1, . . . , er) are both balanced, then we say that the splitting type e⃗ is tame.

For example, all rank two splitting types are tame. (1, 2, 5, 6) is tame, but (0, 2, 4) is not.
Recall that a scheme X has rational singularities if there exists a resolution of singularities
ρ : X̃ → X such that R>0ρ∗OX̃

= 0 and the natural map OX → ρ∗OX̃
is an isomorphism.

One checks that having rational singularities is a smooth-local property, in the sense of
[Stacks, Tag 0348]. So it makes sense to say that an algebraic stack has rational singularities.

Our main theorem is the following.

Theorem 2.1.2. Let k be an algebraically closed field of characteristic zero. Over Spec k,
for tame splitting types e⃗, Σe⃗ has rational singularities.

Combined with Hurwitz-Brill-Noether theory [Lar21a], [LLV25], our result implies the
following corollary.

Corollary 2.1.3. Let C be a general k-gonal curve. Then components of W r
d (C) have

rational singularities.
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Proof. [Lar21a] proves that for a general degree k cover f : C → P1, the morphism Picd(C) →
Bk,d−g+1−k induced by pushing forward line bundles along f is smooth. The same paper plus
the work of [Cop25] prove that the components of W r

d (C) correspond to the maximal splitting
types with at least r + 1 sections, which are tame.

The construction of a modular resolution of singularities for Σe⃗ is essential to the proof of
Theorem 2.1.2. To describe the resolution, for r = (r1, . . . , rm), d = (d1, . . . , dm), let us define
the hyper-Quot stack FQuot(Br,d, Euniv; r, d) → Br,d to be the algebraic stack representing
the following functor:

(T → Spec k) 7→


A vector bundle E of rank r and fiberwise degree d
and a flag of subsheaves E1 ↪→ E2 ↪→ · · · ↪→ Em+1 = E on T × P1

such that Ei is locally free of rank r − ri and fiberwise
degree d− di, and each quotient E/Ei is flat over T

 / ∼ .

Theorem 2.1.4. Let E = O(e⃗) be a vector bundle on P1, and let

E1 ⊂ E2 ⊂ · · · ⊂ Em+1 = E

be a sequence of subbundles such that for all 1 ≤ i ≤ m, each quotient sheaf Ei+1/Ei is a
nonzero balanced vector bundle, and up to automorphisms of Ei, the inclusion Ei ⊂ Ei+1 is
the unique injective map Ei ↪→ Ei+1. Let r = (r1, . . . , rm), d = (d1, . . . , dm) be the ranks and
degrees of E/Ei. Then FQuot(Br,d, Euniv; r, d) is a smooth and irreducible algebraic stack
proper over Br,d. It maps surjectively onto Σe⃗ and it is an isomorphism over the dense open
Σe⃗.

Note that the Harder-Narasimhan flag of subbundles of O(e⃗) always satisfies the condi-
tions of Theorem 2.1.4, but for any given e⃗, there may be more than one choice (see Example
2.3.3).

Combined with Hurwitz-Brill-Noether theory, Theorem 2.1.4 recovers the classical Gieseker-
Petri theorem.

Corollary 2.1.5 (Gieseker-Petri). Let C be a general curve of genus g. Then Gr
d(C) is

smooth.

Proof. Let k be sufficiently large and let f : C → P1 be a general cover of degree k and
genus g. Then by Hurwitz-Brill-Noether theory, W r

d (C) = W e⃗max,r(C), where

e⃗max,r = ((−2)g−d+r, (−1)k−g+d−2r−1, 0r+1),

and exponents mean repeated entry. Moreover, for any line bundle L ∈ W r
d (C), we know

that f∗L = O(e⃗), where

e⃗ = ((−2)h1(L), (−1)k−h1(L)−h0(L), 0h0(L)),

and h0(L) ≥ r+ 1. So to give an (r+ 1)-dimensional subspace V ⊆ H0(C,L) is the same as
giving an inclusion O⊕(r+1) ↪→ f∗L. Therefore, the relative Quot construction corresponding
to the one-step inclusion O⊕(r+1) ⊆ O(e⃗max,r), when base-changed to Picd(C), is precisely
Gr
d(C). Hence Theorem 2.1.4 implies that Gr

d(C) is smooth.



CHAPTER 2. RESOLVING THE SINGULARITIES OF SPLITTING LOCI 13

Tame splitting loci admit a resolution of singularities by a relative Quot construction, and
do not require a hyper-Quot construction, which is necessary in general. To show that the
higher derived pushforward of the structure sheaf vanishes (and thus Σe⃗ has rational singu-
larities), we embed this resolution inside a fiber bundle of Quot schemes Quotr,dP1 (O⊕N), where
it is cut out by the section of a vector bundle. This reduces the vanishing of higher pushfor-
wards to a cohomology vanishing statement for certain tautological bundles on Quotr,dP1 (O⊕N).
While this approach parallels the classical proof that determinantal varieties have rational
singularities, the lack of a Borel-Weil-Bott type statement for Quot schemes presents sub-
stantial challenges at this step. To access the desired cohomology vanishing statement, we
appeal to Strømme’s embedding of Quot schemes on P1 into a product of Grassmannians
and further reduce the problem to a cohomology vanishing statement for certain tautological
vector bundles on a product of Grassmannians. The desired statement then follows from an
application of Borel-Weil-Bott and an involved combinatorial analysis.

Quot schemes on P1 were first systematically studied by Strømme [Str87], where they
showed that Quotr,dP1 (O⊕N) is a nonsingular, irreducible, projective, rational variety. More
recently, motivated by analogies to the Hilbert scheme of points on a surface and compu-
tations of the quantum cohomology of the Grassmannian, there has been a lot of research
towards understanding the cohomology of tautological bundles on Quot schemes on curves,
such as [OS23], [MOS22], [MN24], [SZ24b]. However, most results in the literature focus on
punctual Quot schemes (the case where r = 0), whereas our result applies to Quot schemes
parametrizing higher rank quotients.

Here is the cohomology vanishing theorem we prove. Let d > 0 and N ≥ r ≥ 0. Let Q be
the universal quotient on Quotr,dP1 (O⊕N)×P1, and let p : Quotr,dP1 (O⊕N)×P1 → Quotr,dP1 (O⊕N)
be the projection to the first factor. Then for m ≥ −1, p∗Q(m) is a vector bundle on
Quotr,dP1 (O⊕N). Let Em = (p∗Q(m))∨. Given a partition λ, we write Sλ to denote the Schur
functor associated to λ. When λ = (1k), SλE = ∧kE ; and when λ = (k), SλE = SymkE .

Theorem 2.1.6. Let m ≥ −1 be an integer. Let λ−1, λ0, λ1, . . . , λm be partitions, at least
one of which is nonempty. Let D = |λ−1| + · · · + |λm|. Then

H>D(Quotr,dP1 (O⊕N),⊗m
i=−1Sλi

Ei) = 0.

2.2 Splitting loci and vector bundles on P1

In this section, we review some facts about splitting loci that will be useful later.
Recall that Br,d is defined by the following functor:

(T → Spec k) 7→


Vector bundle E on T × P1,
such that Et has rank r and
degree d for all t ∈ T

 .
When we have a scheme B equipped with a vector bundle E on B×P1 of rank r and fiberwise
degree d, this data gives rise to a morphism ϕE : B → Br,d. We write Σe⃗(E) ⊂ Σe⃗(E) ⊂ B for
the pullback of Σe⃗ and Σe⃗ along ϕE . In general, Σe⃗(E) will no longer be the closure of Σe⃗(E)
in B, but it still has a nice description in terms of the dominance order between splitting
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types. Given two splitting types e⃗, f⃗ , we say that e⃗ ≥ f⃗ if e1 + · · · + ej ≥ f1 + · · · + fj for
each 1 ≤ j ≤ r. Equivalently, e⃗ ≥ f⃗ if ej + · · · + er ≤ fj + · · · + fr for each 1 ≤ j ≤ r.

This partial order, also called the dominance order, turns out to capture when Σe⃗ ⊃ Σf⃗

in Br,d, as will be explained in Proposition 2.2.4. In terms of this partial order, we have
Σe⃗(E) = ⋃

f⃗≤e⃗ Σf⃗ (E). We write u(e⃗) = h1End(O(e⃗)), which is the expected codimension of
Σe⃗. Note also that given a fixed rank and degree, there is a unique balanced splitting type,
which is maximal with respect to dominance. When the degree is divisible by rank, the
unique balanced vector bundle of that rank and degree is called perfectly balanced. This
corresponds to a splitting type e⃗ = (e1, . . . , er) where e1 = er. Given a vector bundle E on
P1, we will write µ(E) := degE

rkE for its slope.

Closure order on splitting types
We collect several equivalent conditions describing when one splitting locus lies in the closure
of another.

Definition 2.2.1. Let e⃗, f⃗ be two splitting types of the same rank and degree. Let the
Harder-Narasimhan flag of subbundles of O(e⃗) be E1 ⊂ E2 ⊂ · · · ⊂ Em ⊂ Em+1 = O(e⃗),
and choose a splitting O(f⃗) = Q1 ⊕Q2 ⊕ · · · ⊕Qn+1, where each Qi is a perfectly balanced
vector bundle and µ(Qi) < µ(Qi+1). We say that O(f⃗) admits a flag of subbundles of type
e⃗ if there exists a flag of subbundles E ′

1 ⊂ E ′
2 ⊂ · · · ⊂ E ′

m ⊂ E ′
m+1 = O(f⃗) such that

rkE ′
i = rkEi and degE ′

i = degEi. An extension of type f⃗ is a sequence of extensions
0 → Ki → Ki+1 → Qi+1 → 0, where 1 ≤ i ≤ n, and K1 = Q1. We say that O(e⃗) can be
realized as an extension of type f⃗ if there exists an extension of type f⃗ where Kn+1 ∼= O(e⃗).

Example 2.2.2. Let f⃗ = (−2, 2). Then Q1 = O(2), Q2 = O(−2). For O(e⃗) to be realizable
as an extension of type f⃗ means there exists a short exact sequence 0 → O(−2) → O(e⃗) →
O(2) → 0. This occurs if and only if e⃗ = (0, 0), (−1, 1), (−2, 2).

Lemma 2.2.3. Let e⃗, f⃗ be two splitting types of the same rank and degree. Let e⃗ = (Bal, a⃗),
where Bal is a balanced splitting type with largest summand mo and a1 > mo. Then f⃗ ≤ e⃗
if and only if there exists a⃗ ′ ≤ a⃗ and an inclusion O(⃗a ′) ↪→ O(f⃗).

Proof. Let i be the length of Bal, and let s = r − i be the length of a⃗.
(⇒) Let a⃗ ′ = (deg a⃗ − ∑s

j=2 fi+j, fi+2, fi+3, . . . , fr). Then since f⃗ ≤ e⃗, we see that
a⃗ ′ ≤ a⃗ and a′

1 = deg a⃗ − ∑s
j=2 fi+j ≤ fi+1. Since a′

j ≤ fi+j for all j, there is an inclusion
O(⃗a ′) ↪→ O(f⃗).

(⇐) Suppose that we have O(⃗a ′) ↪→ O(f⃗). We claim that a′
s−j ≤ fr−j for all 0 ≤ j < s.

Suppose towards a contradiction that a′
s−j > fr−j. Then there are no nonzero homo-

morphisms O(a′
s−j, . . . , a

′
s) to O(f1, . . . , fr−j). But then we must have O(a′

s−j, . . . , a
′
s) ↪→

O(fr−j+1, . . . , fr). A rank j+1 vector bundle cannot be a subsheaf of a rank j vector bundle,
so we get a contradiction.

Having proved the claim, it follows that for all 0 ≤ j ≤ s− 1,

fr−j + · · · + fr ≥ a′
s−j + · · · + a′

s ≥ as−j + · · · + as = er−j + · · · + er,
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or equivalently ∑k
j=1 fj ≤ ∑k

j=1 ej for all k ≥ i. It remains to show that f1 + · · · + fk ≤
e1 + · · · + ek for k < i. Let g⃗ = (f1, . . . , fi−1, gi), where gi = deg Bal −(f1 + · · · + fi−1). Then
deg g⃗ = deg Bal, and gi ≥ fi. Since Bal is balanced, g⃗ ≤ Bal. So for k < i,

f1 + · · · + fk = g1 + · · · + gk ≤ Bal1 + · · · + Balk = e1 + · · · + ek.

Proposition 2.2.4. Let E = O(e⃗), F = O(f⃗) be vector bundles on P1 of the same degree
and rank. Then the following are equivalent:

1. there exists a family of vector bundles on P1
k[t] whose restriction to the fiber at 0 is

O(f⃗) and away from 0 is O(e⃗);

2. Σe⃗ ⊃ Σf⃗ ;

3. h1O(e⃗)(m) ≤ h1O(f⃗)(m) for all m ∈ Z;

4. ∑k
i=1 ei ≥ ∑k

i=1 fi for all 1 ≤ k ≤ r, i.e. e⃗ ≥ f⃗ ;

5. O(f⃗) admits a flag of subbundles of type e⃗;

6. O(e⃗) is realizable as an extension of type f⃗ .

Proof. We will prove (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇔ (5) ⇒ (2), and delay the proof of (2) ⇒
(6) ⇒ (1) to the next subsection.

(1) ⇒ (2): clear.
(2) ⇒ (3): this follows from upper-semicontinuity.
(3) ⇒ (4): Suppose for contradiction that there exists some k such that ∑k

i=1 fi >∑k
i=1 ei. Let k be the maximal index for which this occurs. Then ∑r

i=k+1 fi <
∑r
i=k+1 ei

but ∑r
i=k+2 fi ≥ ∑r

i=k+2 ei. This implies that fk+1 < ek+1. Now h0O(f⃗)(−fk+1 − 1) =
fk+1 + · · ·+fr−(r−k)fk+1 < ek+1 + · · ·+er−(r−k)fk+1 ≤ h0O(e⃗)(−fk+1 −1). Equivalently,
h1O(f⃗)(−fk+1 − 1) ≤ h1O(e⃗)(−fk+1 − 1), which contradicts (3).

(4) ⇔ (5): We proceed by induction on k. When k = 1, e⃗ = f⃗ and both (4) and (5) are
trivial. Now suppose that (4) ⇔ (5) is true for all ranks less than k. Write e⃗ = (mo, . . . ,mo, a⃗)
where a1 > mo. Then Lemma 2.2.3 shows that e⃗ ≥ f⃗ if and only if there exists a subbundle
O(⃗a ′) ↪→ O(f⃗) with a⃗ ′ ≤ a⃗. By induction, a⃗ ′ admits a flag of subbundles of type a⃗ if
and only if a⃗ ′ ≤ a⃗. Adjoining the inclusion O(⃗a ′) ↪→ O(f⃗) to this flag proves the desired
equivalence.

(5) ⇒ (2): The proof of this part depends on results in future sections. We show that there
exists an irreducible algebraic stack parametrizing families of vector bundles equipped with
flags of subbundles of type e⃗, which maps properly to Br,d. The uniqueness of the Harder-
Narasimhan flag for O(e⃗) shows that this is an isomorphism over Σe⃗, and the irreducibility
of this stack shows that the image is exactly the closure Σe⃗.
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An explicit smooth cover of Br,d

In the literature, the algebraicity of the stack of vector bundles on a fixed projective scheme
is usually proven by taking open loci in increasingly large Quot schemes. In the case of
P1, there is a nice family of affine spaces which forms a smooth cover of Br,d. This smooth
cover will be used in Section 2.3 to prove irreducibility and smoothness of the resolution of
singularities we construct.

Let Uf⃗ be the affine space corresponding to the vector space H1End(O(f⃗)). After fixing
an isomorphism O(f⃗) ∼= Q1 ⊕ Q2 ⊕ · · · ⊕ Qm+1, where each Qi is perfectly balanced and
µ(Q1) ≤ µ(Q2) ≤ · · · ≤ µ(Qm+1), we may identify H1End(O(f⃗)) ∼= ⊕m

j=2 Ext1
P1(Qj,⊕j−1

i=1Qi).

Lemma 2.2.5. Let A,B be vector bundles on P1, and let 0 → A → E → B → 0 be an
extension. Then h1E(m) ≤ h1(A⊕B)(m) for all m ∈ Z.

Proof. The long exact sequence in cohomology induced by

0 → A(m) → E(m) → B(m) → 0

shows that h1E(m) ≤ h1A(m) + h1B(m) = h1(A⊕B)(m).

Combined with (2) ⇔ (3) ⇔ (4) from Proposition 2.2.4, this implies that

Lemma 2.2.6. Let a⃗, b⃗ be two splitting types of ranks s and r− s, let O(f⃗) = O(⃗a) ⊕ O(⃗b),
and let 0 → O(⃗a) → O(e⃗) → O(⃗b) → 0 be an extension. Then e⃗ ≥ f⃗ .

Lemma 2.2.7. Let e⃗ be realizable as an extension of type f⃗ . Then e⃗ ≥ f⃗ . In particular,
if O(f⃗) = Q1 ⊕ · · · ⊕ Qm+1 is a decomposition into perfectly balanced bundles such that
µ(Qi) < µ(Qi+1), then er ≤ µ(Qm+1) and Ext1(O(e⃗), Qm+1) = 0. If Q is perfectly balanced
with µ(Q) > µ(Qm+1), then dim Ext1(Q,O(e⃗)) does not depend on e⃗.

Proof. The implications are clear from the statement that e⃗ ≥ f⃗ . To prove this, we proceed
by induction on m. If m = 1, then this is Lemma 2.2.6. Let a⃗ = Q1 ⊕ · · · ⊕ Qm. If e⃗ is
realizable as an extension of type f⃗ , then there exists an exact sequence

0 → O(⃗b) → O(e⃗) → Qm+1 → 0,

where O(⃗b) is realizable as an extension of type a⃗. Lemma 2.2.6 implies that e⃗ ≥ f⃗ ′, where
O(f⃗ ′) = O(⃗b) ⊕ Qm+1. By induction, b⃗ ≥ a⃗ and the largest summand of both are less than
µ(Qm+1). So f⃗ ′ ≥ f⃗ . Putting the inequalities together, we get e⃗ ≥ f⃗ .

Proposition 2.2.8. Let Uf⃗ be the functor defined as follows. Let T be a k-scheme, and let
p : T × P1 → P1. A morphism T → Uf⃗ is the data of vector bundles K1,K2, . . . ,Km+1 on
T × P1, the data of extensions

0 → Ki → Ki+1 → p∗Qi+1 → 0,

plus an isomorphism K1 ∼= p∗Q1. Then there exist a sequences of stacks with maps U(0)
f⃗

→
U(1)
f⃗

→ · · · → U(m+1)
f⃗

, so that U(0)
f⃗

→ U(1)
f⃗

is a GLrkQ1-torsor, U(i)
f⃗

→ U(i+1)
f⃗

where i ≥ 1 is
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an open locus inside a vector bundle over U(i+1)
f⃗

, U(0)
f⃗

∼= Uf⃗ , and U(m+1)
f⃗

= ⋃
e⃗≥f⃗ Σe⃗ ⊂ Br,d.

In particular, the map Uf⃗ → Br,d is surjective onto ⋃e⃗≥f⃗ Σe⃗. Moreover, Uf⃗ is an algebraic
space.

Proof. First we explain the construction of U(i)
f⃗

. We start with U(m+1)
f⃗

= ⋃
e⃗≥f⃗ Σe⃗. Let T

be a k-scheme with maps p : T × P1 → P1 and π : T × P1 → T . By induction, we assume
that a morphism T → U(k)

f⃗
is the data of extensions

0 → Ki → Ki+1 → p∗Qi+1 → 0

where k ≤ i ≤ m, such that R1π∗Hom(Kk, p
∗Qk) = 0 and Km+1 splits as at worst f⃗ . Then

we define
U(k−1)
f⃗

= π∗Hom(Kk, p
∗Qk) \ (Z1 ∪ Z2),

where Zi are defined as follows. Let Kk−1 be the kernel of the universal map Kk → p∗Qk

on π∗Hom(Kk, p
∗Qk) × P1. Then Z1 = SuppR1π∗Hom(Kk−1, p

∗Qk−1), and Z2 is the closed
locus where the map Kk−1 → p∗Qk−1 fails to be surjective.

Continue this process until we have constructed U(1)
f⃗

. Then U(0)
f⃗

is defined to be Isom(K1, p
∗Q1)

over the open locus in U(1)
f⃗

where K1 is isomorphic to Q1. This is open because Q1 is per-
fectly balanced. The functor of points of U(0)

f⃗
is that of Uf⃗ , with the extra conditions that

R1π∗Hom(Ki, p
∗Qi) = 0 for all 2 ≤ i ≤ m+ 1 and Km+1 splits as at worst f⃗ . However, these

extra conditions are also automatically satisfied by points of Uf⃗ due to Lemma 2.2.7. So
U(0)
f⃗

∼= Uf⃗ . Since Uf⃗ → Br,d is flat and locally finitely presented, it is open. The modular
nature of the image of Uf⃗ shows that the image must be a union of Σe⃗, where e⃗ ≥ f⃗ due to
Lemma 2.2.7. We also know that its image contains Σf⃗ . So Uf⃗ → Br,d must be surjective
onto ⋃e⃗≥f⃗ Σe⃗.

To show that Uf⃗ is an algebraic space, by Theorem 2.2.5 of [Con07], it suffices to check
that the geometric points have no nontrivial automorphisms. Given an extension k → k′, a
k′-point of Uf⃗ is the data of vector bundles Ki on P1

k′ , the data of extensions

0 → Ki → Ki+1 → Qi+1 ⊗k k
′ → 0

for each 1 ≤ i ≤ m, and an isomorphism K1 ∼= Q1 ⊗k k
′. The automorphism group of this

point is the product of the autormophism groups of each extension. So it suffices to show that
each extension has no automorphisms. Lemma 2.2.9 below shows that since HomP1

k′
(Qi+1 ⊗k

k′, Ki) = 0 for all 1 ≤ i ≤ m, the extensions have no nontrivial automorphisms.

Lemma 2.2.9. Let X be a proper variety over k, with coherent sheaves A,B, and an
extension

ξ : 0 → A
i−→ E

q−→ B → 0
on X. Then there is a map Hom(B,A) → Hom(E,E), by precomposing with q and post-
composing with i. There is also a map Aut(ξ) → Hom(E,E) defined by identifying an
automorphism of the extension with ϕ : E → E, and sending it to ϕ − idE. Both maps are
injective and maps onto the same image. In particular, if Hom(B,A) = 0, then Aut(ξ) is
trivial.
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Proof.
0 A E B 0

0 A E B 0

i q

ϕ

i q

Since qϕ = q, we have q(ϕ − idE) = 0. Since 0 → Hom(E,A) → Hom(E,E) → Hom(E,B)
is exact, we know that qϕ = q if and only if ϕ − idE factors through i : A → E. Similarly,
ϕi = i if and only if ϕ− idE also factors through q : E → B.

Let X be proper over Spec k, and let A,B be locally free sheaves on X such that
HomX(B,A) = 0 and ExtiX(B,A) = 0 for i ≥ 2. Let p : X × Ext1

X(B,A) → X. We
claim that the T -points of Ext1

X(B,A) is the set of extensions 0 → AT → E → BT → 0
on T ×k X modulo isomorphisms of extensions. It suffices to show that a T -point of the
affine space Ext1

X(B,A) corresponds to an element of the vector space Ext1
XT

(BT , AT ). Un-
der these hypotheses, if pT : XT = X ×k T → X, then by base change, Ext1

XT
(BT , AT ) =

H0(T,OT ) ⊗ Ext1
X(B,A). Now, if one has a map T → Ext1

X(B,A) ∼= H1(X,A⊗ B∨), then
the map on global sections induces a map H1(X,A⊗B∨)∨ → H0(T,OT ), or equivalently an
element of H0(T,OT ) ⊗ Ext1

X(B,A).
The identity map id : Ext1

X(B,A) → Ext1
X(B,A) induces a universal extension 0 →

p∗A → E → p∗B → 0 on X ×k Ext1
X(B,A). Chasing through the correspondence above

and using base change, we see that this extension is indeed universal in the sense that the
extension corresponding to a T -point is the pullback of this universal extension. Applying
this argument relatively and inductively gives us the following theorem.

Proposition 2.2.10. There is a natural isomorphism Uf⃗ → Uf⃗ .

Proof. Let O(f⃗) = Q1 ⊕ · · · ⊕ Qm+1 where Qi is perfectly balanced and µ(Qi) < µ(Qi+1).
We realize Uf⃗ as the top of a tower of affine spaces

Uf⃗ = Uf⃗ ,m → Uf⃗ ,m−1 → · · · → Uf⃗ ,1,

and inductively show that

• there is an identification Uf⃗ ,i
∼= ⊕i

k=1 Ext1(Qk+1,⊕k
j=1Qj);

• Let p : Uf⃗ ,i × P1 → P1. Then a T -point of Uf⃗ ,i is the data of isomorphism classes of
extensions

0 → Kk → Kk+1 → p∗Qk+1 → 0
on T × P1, where k ≤ i, K1 ∼= p∗Q1.

Let Uf⃗ ,1 = Ext1
P1(Q2, Q1), which satisfies the claim by the argument directly preceding this

proof. By induction, assume that the claim is true for Uf⃗ ,i. Abusing notation, let

0 → Kk → Kk+1 → p∗Qk+1 → 0

where 1 ≤ k ≤ i denote the isomorphism classes of extensions on Uf⃗ ,i × P1 corresponding to
the identity map for Uf⃗ ,i.
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T × P1 Uf⃗ ,i × P1 P1

T Uf⃗ ,i

q̃

π̃

p

π

q

Figure 2.1: Relevant maps for the proof of Proposition 2.2.10

Now we let Uf⃗ ,i+1 be the total space of the vector bundle V = R1π∗Hom(p∗Qi+2,Ki+1).
Note that by Lemma 2.2.7 and cohomology and base change, V is a vector bundle. A
T -point of Uf⃗ ,i+1 is the data of a morphism q : T → Uf⃗ ,i and a global section of q∗V =
R1π̃∗q̃

∗Hom(p∗Qi+2,Ki+1). (The relevant maps are labelled in Figure 2.1.) Since

RHom(q̃∗p∗Qi+2, q̃
∗Ki+1) = Hom(q̃∗p∗Qi+2, q̃

∗Ki+1),

and Rπ̃∗Hom(q̃∗p∗Qi+2, q̃
∗Ki+1) is only nonzero for R1π̃∗, we have that

H0(T, q∗V) ∼= H0(T,R1π̃∗Hom(q̃∗p∗Qi+2, q̃
∗Ki+1)) ∼= Ext1

T×P1(q̃∗p∗Qi+2, q̃
∗Ki+1).

In particular, a section of q∗V is indeed an isomorphism class of an extension

0 → Ki+1 → Ki+2 → q̃∗p∗Qi+2 → 0

on T×P1. Combined with the interpretation of a T -point of Uf⃗ ,i, this proves that the functor
of points of Uf⃗ ,i+1 is as claimed by the inductive hypothesis.

Moreover, since Uf⃗ ,i is in fact affine space, V is trivial and may be noncanonically identi-
fied with the fiber at the point of Uf⃗ ,i that corresponds to the split extensions, where the fiber
is Ext1(Qi+2,⊕i+1

j=1Qi). Hence Uf⃗ ,i+1 is isomorphic to the affine space ⊕i+1
k=1 Ext1(Qk+1,⊕k

j=1Qj).
Since Uf⃗ is an algebraic space, the functor of points for Uf⃗ is in fact valued in sets, i.e.

Uf⃗ (T ) ≃ π0(Uf⃗ (T )). Comparing the functor of points for Uf⃗ and Uf⃗ = Uf⃗ ,m, we see that Uf⃗

and Uf⃗ represent exactly the same sheaf. Therefore there is an isomorphism Uf⃗ → Uf⃗ .

Proof of (2) ⇒ (6) ⇒ (1) of Proposition 2.2.4. (6) ⇒ (1): Recall that Uf⃗ is just an affine
space with Σf⃗ = {0}. (6) says that there is a point in Uf⃗ corresponding to the extension
of type f⃗ realizing e⃗. By considering a line connecting this point to 0, we find the desired
family in (1).

(2) ⇒ (6): This follows from Proposition 2.2.8 and the discussion about the image of
Uf⃗ .

Fitting support scheme structure
We review in this subsection the Fitting support scheme structure on splitting loci, which is
known to be reduced.

Let F be a finitely presented coherent sheaf on a locally Noetherian scheme X, and let

E1
Φ−→ E0 → F → 0
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be one such presentation, where E0, E1 are locally free of rank n,m. Then Fitti(F) ⊆ OX is
the ideal sheaf generated by the (n−i)-minors of Φ. The Fitting ideal Fitti(F) is independent
of the choice of presentation (e.g. Corollary 20.4 of [Eis95]).

The Fitting support scheme strucutre on Σe⃗ is given by the ideal sheaf∑m∈Z Fittim(R1π∗E(m)),
where im = h1O(e⃗)(m) − 1 and π : B × P1 → B is the projection. This is the most common
scheme structure used in the literature. Condition (3) of Proposition 2.2.4 shows that this
ideal cuts out the right closed points. The following result shows that the Fitting support
scheme structure agrees with the reduced closed subscheme structure.

Theorem 2.2.11 ([LLV25]). The Fitting support scheme structure on splitting loci is normal
and Cohen-Macaulay, and in particular reduced.

The Fitting support scheme structure is more amenable to computations. By working
out a two-term complex of free modules representing the direct image Rπ∗E(m), Corollary
5.4 of [ES08] writes down explicit equations for splitting loci inside Ue⃗d

, where e⃗d = (0r−1, d).
Notably, in the rank 2 case, splitting loci are the affine cones over secant varieties of the
rational normal curve.

Example 2.2.12 (Rank 2 splitting loci, [ES08]). Let d > 1 be a positive integer. Let
SpecA be the affine space corresponding to the vector space Ext1

P1(O(d),O), with coordinates
a0, . . . , ad−2. Let E be the universal vector bundle on P1

A. Then for 1 ≤ k ≤ d − 1, the
following complex represents Rπ∗E(−k − 1):

0 → Ad−k Bk,d−k−−−−→ Ak → 0,

where Bk,d−k is the k × (d− k) Hankel matrix

Bk,d−k =


a0 a1 · · · ad−k−1
a1 a2 · · · ad−k
... ... ... ...

ak−1 ak · · · ad−2

 .

Let d
2 + 1 ≤ e < d, so that (d − e, e) is an unbalanced splitting type that appears in

Ext1(O(d),O) and is not (0, d). Then one can check using the Fitting support definition
that the ideal IΣ(d−e,e)

is precisely the ideal of maximal minors Id−e+1(Bd−e+1,e−1). It is well-
known that the latter is the homogeneous ideal of Secd−e−1(Cd−2), the (d− e− 1)-th secant
variety of the rational normal curve of degree d − 2 in Pd−2 (e.g. [Con+18]). In particular,
when d − e = 1, IΣ(1,d−1)

= I2(B2,d−2) and Σ(1,d−1) ⊂ Ext1(O(d),O) is the cone over the
rational normal curve of degree d − 2. The case of Σ(1,3) ⊆ Ext1(O(4),O), along with the
resolution of singularities we construct, is illustrated in Figure 2.2.

2.3 A resolution of singularities of Σe⃗

We describe the construction of a resolution of singularities for Σe⃗. This was initially inspired
by the use of Quot schemes to compute the classes of splitting loci in [Lar21b].
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(3) ↪→ (0,4)

(3) ↪→ (1,3) (0,4)

(1,3)

(2,2)

ρ

Figure 2.2: The splitting locus Σ(1,3) in Ext1(O(4),O) ∼= A3 and its resolution by the relative
Quot scheme parametrizing O(3)-subsheaves

As explained in the introduction, for any given e⃗, there may be multiple choices of
resolutions. Specifically they are indexed by certain e⃗-admissible sets I ⊆ [m], where m is
the number of subbundles in the Harder-Narasimhan flag of O(e⃗).

Definition 2.3.1. Let B an algebraic stack over k, and let E be a vector bundle of rank
r on B ×k P1. Let r = (r1, . . . , rm), d = (d1, . . . , dm), where r ≥ r1 ≥ r2 ≥ · · · ≥ rm ≥ 0,
di ∈ Z. We define FQuot(B, E ; r, d) → B to be the functor

(T → Spec k) 7→


A morphism T

f−→ B over k, and a flag of quotients
f ∗E ↠ Q1 ↠ Q2 ↠ · · · ↠ Qm on T × P1, such that Qi is
flat over T , and fiberwise of rank ri and degree di

 / ∼,

where we say that two flags are equivalent if there are isomorphisms Qi → Q′
i making the

following diagram commute:

f ∗E Q1 Q2 · · · Qm

f ∗E Q′
1 Q′

2 · · · Q′
m

.

The abbreviation FQuot stands for flag Quot, also called hyper-Quot. The map FQuot →
B is representable by schemes due to the theory of Quot schemes. So if B is an algebraic
stack, then for any choice of r, d, FQuot(B, E ; r, d) is an algebraic stack. When m = 1 and
r = (r1), d = (d1), this is the usual relative Quot, which we denote by Quotr1,d1(B, E), or
Quotr1,d1(E) if the base is clear.

Applying this definition to the pair Br,d and the universal vector bundle Euniv on Br,d×P1,
we get FQuot(Br,d, Euniv; r, d) → Br,d, which is the algebraic stack defined by the functor

(T → Spec k) 7→


A flag of quotients E ↠ Q1 ↠ Q2 ↠ · · · ↠ Qm on T × P1, flat over T ,
such that E is a vector bundle of fiberwise rank r and degree d,
and Qi is a coherent sheaf fiberwise of rank ri and degree di

 / ∼

∼=


A flag of subsheaves E1 ↪→ E2 ↪→ · · · ↪→ Em+1 = E on T × P1, flat over T ,
such that E is a vector bundle of fiberwise rank r and degree d,
and Ei is locally free of rank r − ri and fiberwise degree d− di

 / ∼ .
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Here, the equivalence relation on flags of subsheaves is induced by the one on flags of quotients
and the correspondence between flags of quotients and subsheaves. Let e⃗ be an arbitrary
splitting type of rank r and degree d. Let the Harder-Narasimhan filtration of O(e⃗) be

E1 ⊂ E2 ⊂ · · · ⊂ Em+1 = O(e⃗),

and let a corresponding flag of quotients be

O(e⃗) ↠ Q1 ↠ Q2 ↠ · · · ↠ Qm.

Let di,HN = degQi, ri,HN = rkQi, and let rHN = (r1,HN, . . . , rm,HN), dHN = (d1,HN, . . . , dm,HN).

Definition 2.3.2. Given a splitting type e⃗ and I = {i1, . . . , ik} ⊆ [m], let rI,HN = (ri1,HN, . . . , rik,HN),
and let dI,HN = (di1,HN, . . . , dik,HN). Let Ei0 = 0, Eik+1 = O(e⃗). We say that I is e⃗-admissible
if for all 1 ≤ j ≤ k, Eij/Eij−1 is balanced.

Example 2.3.3. 1. I = ∅ is e⃗-admissible if O(e⃗) is balanced.

2. If the distinct entries of e⃗ are all at least 2 apart, then the only e⃗-admissible index set
is I = [m].

3. Consider e⃗ = (−2,−2,−1,−1, 0, 0). Then rHN = (4, 2), dHN = (−6,−4), and the HN
flag of subsheaves is

E1 = O(0, 0) ↪→ E2 = O(−1,−1, 0, 0) ↪→ O(e⃗).

The empty set is not e⃗-admissible, but {1}, {2}, {1, 2} are all e⃗-admissible.

Recall the definition of tame splitting types from the introduction. It’s clear that e⃗ is
tame if and only if there exists I which is e⃗-admissible and |I| ≤ 1.

Definition 2.3.4. We define

Σ̃e⃗,I = FQuot(Br,d, Euniv; rI,HN, dI,HN),

and
Σ̃e⃗,HN = FQuot(Br,d, Euniv; rHN, dHN).

Theorem 2.3.5. Let e⃗ be a splitting type of rank r and degree d, and let I be e⃗-admissible.
Then Σ̃e⃗,I is a smooth and irreducible algebraic stack, proper over Br,d. The natural map
Σ̃e⃗,I → Br,d is surjective onto Σe⃗, and is an isomorphism over Σe⃗. In particular, dim Σ̃e⃗,I =
−r2 − u(e⃗).

The stack Σ̃e⃗,I is proper over Br,d because relative Quot constructions are proper over
the base. Let I be e⃗-admissible. We say that O(f⃗) admits a flag of subbundles of type (e⃗, I)
if there exists E ′

i1 ⊂ · · · ⊂ E ′
im ⊂ O(f⃗) such that rkE ′

ij
= r − rij , and degE ′

ij
= d− dij . We

add one more equivalent condition to the list in Proposition 2.2.4.

Proposition 2.3.6. Let I be e⃗-admissible. Then f⃗ ≤ e⃗ if and only if O(f⃗) admits a flag
of subbundles of type (e⃗, I). (We call this condition (5’).) Moreover, O(e⃗) admits a unique
flag of subbundles of type (e⃗, I).
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Proof. The same argument for (4) ⇔ (5) in the proof of Proposition 2.2.4 applies here
verbatim to show that (4) ⇔ (5′), since Lemma 2.2.3 only requires that the first part of e⃗ is
balanced.

Let e⃗ = (⃗a, b⃗), where rk a⃗ = s and as < b1. Then up to automorphisms of O(⃗b), we
claim that there is a unique injection O(⃗b) ↪→ O(e⃗). This is because after fixing a splitting
O(e⃗) = O(⃗a) ⊕ O(⃗b), it’s clear that every nonzero homomorphism O(⃗b) → O(e⃗) factors
through O(⃗b). So the space of injections from O(⃗b) to O(e⃗) is an Aut(O(⃗b))-torsor. Now
iteratively applying this claim shows that a flag of subbundles of type (e⃗, I) of O(e⃗) is
unique.

Assuming irreducibility of Σ̃e⃗,I , we have (2) ⇔ (5) ⇔ (5′) from Proposition 2.2.4. This
implies that the natural map Σ̃e⃗,I → Br,d is surjective onto Σe⃗. The uniqueness statement
from Proposition 2.3.6 shows that this map is an isomorphism over Σe⃗. Thus to prove
Theorem 2.3.5, it remains to show irreducibility and smoothness.

Irreducibility
We prove irreducibility for any hyper-Quot construction on (Br,d, Euniv). The main idea is if
Z ⊆ X is a union of irreducible strata, such that only one stratum has codimension equal to
the expected codimension of Z in X, then Z must be irreducible of the expected codimension
and that particular stratum is dense in Z.

Definition 2.3.7. Let B be an irreducible scheme with a map ϕE : B → Br,d, corresponding
to E on B×P1. We say that the pair (B, E) is good, or the map ϕE is good, if each splitting
locus Σe⃗(B) is irreducible of codimension u(e⃗).

Remark 2.3.8. Note that ϕE may not be good even if it is smooth. Smoothness guarantees
that the codimension of Σe⃗ is as expected, but Σe⃗ may become reducible after base change
along a smooth map. However, note that the smooth covers Uf⃗ → Br,d from Section 2.2 are
good. Indeed, the description of Uf⃗ in Proposition 2.2.8 implies that the preimage of Σe⃗ is
irreducible. Note that since the codimension of Σe⃗ is at most u(e⃗), when ϕE is good, the
closure of Σe⃗ is Σe⃗.

LetB be a scheme of finite type with a good map ϕE : B → Br,d. Let 0 ≤ s ≤ r and d′ ∈ Z.
For this section, we are mostly thinking about Quot as parametrizing families of subsheaves
with flat quotients. So it will be convenient to write Ss,d′(B, E) to denote Quotr−s,d−d′(B, E).
When the base is clear, we abbreviate them as Ss,d′(E) and Quotr−s,d−d′(E). Since B is finite
type, there exists c ∈ Z, m ∈ Z such that E∨(c) and E(m) are relatively globally generated;
equivalently, R1π∗E∨(c−1) = 0 and R1π∗E(m−1) = 0. For ease of notation, let F = π∗E∨(c)
and let G = π∗E∨(c− 1). Let F ′ = π∗E(m), G ′ = π∗E(m− 1). Note that these are all vector
bundles by cohomology and base change. The short exact sequence of Strømme (Proposition
1.1 [Str87]), applied to E∨(c) and E(m), after possibly dualizing and twisting, gives us

0 → E → π∗F(c) → π∗G(c+ 1) → 0, (2.1)

and
0 → π∗G ′(−m− 1) → π∗F ′(−m) → E → 0. (2.2)
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Ss,d′(E) Ss,d′(π∗F(c))

B

ι Quotr−s,d−d′(E) Quotr−s,d−d′(π∗F ′(−m))

B

j

Figure 2.3: Two embeddings of a relative Quot scheme into a fiber bundle of Quot schemes

Ss,d′(E) × P1 Ss,d′(π∗F(c)) × P1 B × P1

Ss,d′(E) Ss,d′(π∗F(c)) B

γ̃

f π

ι

σ

γ

Quotr−s,d−d′(E) × P1 Quotr−s,d−d′(π∗F ′(−m)) × P1 B × P1

Quotr−s,d−d′(E) Quotr−s,d−d′(π∗F ′(−m)) B

γ̃

f π

j γ

Figure 2.4: The relative Quot scheme and relavant maps. We abuse notation and use the
same symbols for the two scenarios.

Using (2.1), by postcomposing, we can think of subsheaves of E with flat quotients as sub-
sheaves of π∗F(c) with flat quotients. Similarly, using (2.2), we can think of quotients of E
as quotients of π∗F ′(−m) by precomposing. This gives rise to two different embeddings, as
in Figure 2.3. For the discussion of irreducibility, we will only need the embedding ι. We
label the relevant maps in Figure 2.4.

A subsheaf of π∗F(c) is a subsheaf of E if and only if its image in π∗G(c + 1) is
zero. So the image of the embedding ι in Figure 2.3 is closed, and is the zero locus of
the section of the vector bundle f∗Hom(S, γ̃∗π∗G(c + 1)) corresponding to the composite
S → γ̃∗π∗F(c) → γ̃∗π∗G(c+1), where S is the universal subsheaf on Ss,d′(π∗F(c))×P1. Du-
ally, the image of the closed embedding j in Figure 2.3 is the zero locus of the section of the
vector bundle f∗Hom(γ̃∗π∗G ′(−m−1),Q), corresponding to the composite γ̃∗π∗G ′(−m−1) →
γ̃∗π∗F ′(−m) → Q, where Q is the universal quotient on Quotr−s,d−d′(π∗F ′(−m)) × P1. Our
calculations below will show, among other things, that these sections cut out Ss,d′(E) and
Quotr−s′,d−d′(E) as local complete intersections in their embeddings.

Lemma 2.3.9. Given a⃗, r, d, there is a unique splitting type e⃗b = e⃗b(r, d, a⃗) admitting a
O(⃗a)-subsheaf which can be written as (Bal, a⃗+), where Bal is balanced, and a⃗ = (⃗a−, a⃗+).
This splitting type e⃗b is maximal among all e⃗ of rank r and degree d such that O(e⃗) has a
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O(⃗a)-subsheaf. Moreover, if a⃗ ′ ≤ a⃗, then e⃗b(r, d, a⃗ ′) ≤ e⃗b(r, d, a⃗).

Remark 2.3.10. For instance, if a⃗ = (0, 0), and (r, d) = (4,−1), then e⃗b = (−1, 0, 0, 0).
Notice that in this case, we can take a⃗+ to be length 0, 1 or 2. The claim of the lemma is
that e⃗b is unique, but the decomposition into two parts may not be.

Proof of Lemma 2.3.9. Let Ak = ∑k−1
j=0 as−j. To form such an e⃗b amounts to choosing the

length k of a⃗+, and letting the first part be the balanced splitting type of the correct degree.
The choice of a particular length would not work if the vector obtained is not a weakly
increasing sequence, i.e. if

⌈
d−Ak

r−k

⌉
> as−k+1. It also would not work if the vector obtained,

as a splitting type, corresponds to a vector bundle that does not admit a O(⃗a)-subsheaf.
Recall that by Lemma 2.2.3, O(e⃗b) admits an O(⃗a)-subsheaf if and only if as−j ≤ eb,r−j for
all 0 ≤ j < s.

There are two ways the lemma may be false. One is that no a⃗+ works. We claim that
in this case d

r
≥ as−k+1 for all 1 ≤ k ≤ s, so that it suffices to choose k = 0. Indeed, k = s

doesn’t work if and only if
⌈
d−As

r−s

⌉
> a1, which implies that d

r
≥ a1. Now since⌈

d− As−1

r − s+ 1

⌉
=
⌈
d− As + a1

r − s+ 1

⌉
> a1,

k = s−1 doesn’t work if and only if
⌈
d−As−1
r−s+1

⌉
> a2. The desired claim follows from induction

like so.
Another way that this claim could fail is that there are two valid choices of k. Suppose

that k1 > k2 both work, giving splitting types e⃗b and e⃗ ′
b. Since k1 > k2, e′

b,r−k2 ≤ eb,r−k2 . But
in order for e⃗ ′

b to admit an O(⃗a)-subsheaf, we must have e′
b,r−k2 ≥ as−k2 = eb,r−k2 . Therefore

e′
b,r−k2 = eb,r−k2 , which means that e⃗b must have been balanced up to the index r − k2 to

begin with. So in fact e⃗b = e⃗ ′
b.

For the next claim, write e⃗b = (Bal, a⃗+), and let k = len(⃗a+). (As explained in the remark
above, there may be multiple ways of breaking e⃗b = (eb,1, . . . , eb,r) up into two parts, but just
choose one way.) Let e⃗ be some splitting type of rank r and degree d such that O(e⃗) has a
O(⃗a)-subsheaf. Then since as−j ≤ er−j for 0 ≤ j < k, we have for all 1 ≤ i ≤ k,

i−1∑
j=0

eb,r−j =
i−1∑
j=0

as−j ≤
i−1∑
j=0

er−j.

Since the first part of e⃗b is balanced with deg Bal ≥ ∑r−k
j=1 e

′
j, we must have for 1 ≤ i ≤ r− k,

i∑
j=1

eb,j ≥
i∑

j=1
ej.

Together these inequalities show that e⃗b ≥ e⃗.
The second comparison follows along similar lines. Write e⃗ ′

b = e⃗b(r, d, a⃗ ′) = (Bal′, a⃗ ′
+)

and let k′ = len(⃗a ′
+). We divide into two cases: k ≥ k′ and k < k′. First suppose k ≥ k′.

For 1 ≤ i ≤ k, we have
i−1∑
j=0

eb,r−j =
i−1∑
j=0

as−j ≤
i−1∑
j=0

a′
s−j ≤

i−1∑
j=0

e′
b,r−j. (2.3)
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It remains to compare Bal and the first r − k entries of Bal′. Both are balanced, with
deg Bal ≥ deg Bal′|1,...,r−k. So for 1 ≤ i ≤ r − k,

i∑
j=1

eb,j ≥
i∑

j=1
e′
b,j.

Therefore e⃗b(r, d, a⃗ ′) ≤ e⃗b(r, d, a⃗).
Now suppose k < k′. For 1 ≤ i ≤ k, Equation 2.3 still holds, with the last inequality

being in fact an equality in this case. Suppose that for some k < i ≤ k′,
i−1∑
j=0

eb,r−j = |⃗a+| +
r−1∑
j=k

eb,r−j >
i−1∑
j=0

e′
b,r−j =

i−1∑
j=0

a′
r−j. (2.4)

Since the inequality comparing the partial sums from the back changed as we went from
summing the last k terms to summing the last i terms, it must be true that

eb,r−k =
⌈
d− |⃗a+|
r − k

⌉
> a′

r−i+1 ≥ e′
b,r−k′ =

⌈
d− |⃗a ′

+|
r − k′

⌉
.

In particular, eb,j ≥ e′
b,j for all 1 ≤ j ≤ r − i. However, that’s impossible because together

with Equation 2.4, this implies that d = |e⃗b| > |e⃗ ′
b| = d. This shows that for 1 ≤ i ≤ k′,

i−1∑
j=0

eb,r−j ≤
i−1∑
j=0

e′
b,r−j.

Now since the first r − k′ entries of e⃗b and e⃗ ′
b are balanced with that of e⃗b having degree no

less than that of e⃗ ′
b, we can conclude that e⃗b ≥ e⃗ ′

b.

Lemma 2.3.11. Let (⃗a, e⃗) be such that O(e⃗) admits a O(⃗a)-subsheaf. Then

u(e⃗) − ext1(O(⃗a),O(e⃗)) ≥ 0,

with equality if and only if e⃗ = e⃗b(r, d, a⃗).

Proof. Write e⃗ = (e1, . . . , er) and a⃗ = (a1, . . . , as). We can write

u(e⃗) − ext1(O(⃗a),O(e⃗)) = ext1(O(e1, . . . , er−s),O(e⃗)) +
s−1∑
i=0

(h1(O(e⃗) ⊗ O(er−i)∨) − h1(O(e⃗) ⊗ O(as−i)∨))

= u(e1, . . . , er−s) +
s−1∑
i=0

(h1(O(e⃗) ⊗ O(er−i)∨) − h1(O(e⃗) ⊗ O(as−i)∨)).

Since O(e⃗) has a O(⃗a)-subsheaf, we must have that as−i ≤ er−i for 0 ≤ i < s, so each
difference in the sum above is nonnegative. It is equal to zero if and only if u(e1, . . . , er−s) = 0,
and

h1(O(e⃗) ⊗ O(er−i)∨) = h1(O(e⃗) ⊗ O(as−i)∨)
for all 0 ≤ i < s. The latter condition says that whenever there exists 1 ≤ j ≤ r such that
er−i − ej ≥ 2, then as−i = er−i. In other words, e⃗ achieves equality if and only if e⃗ can be
written as (Bal, a⃗+), where Bal is balanced, and a⃗ = (⃗a−, a⃗+).
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Definition 2.3.12. Let S be the universal subsheaf on Ss,d′(B, E)×P1. Let σ : Ss,d′(B, E) →
B. Define Xa⃗,e⃗ = Σa⃗(S) ∩ σ−1Σe⃗(E). Define Subsheaves(⃗a, e⃗) = U (⃗a, e⃗)/Aut(O(⃗a)), where
U (⃗a, e⃗) ⊂ Hom(O(⃗a),O(e⃗)) is the open locus of injective maps, and Aut(O(⃗a)) acts on Ua⃗,e⃗
by precomposition.

Lemma 2.3.13. The map Xa⃗,e⃗ → Σe⃗(E) is flat with fibers isomorphic to Subsheaves(⃗a, e⃗).

Proof. By taking a base change along a principal Aut(O(e⃗))-bundle, which is a faithfully
flat morphism, we may without loss of generality assume that E ∼= g∗O(e⃗), where g :
Σe⃗(E) × P1 → P1. Then we claim that Xa⃗,e⃗

∼= Σe⃗(E) × Subsheaves(⃗a, e⃗). By functorial-
ity of Quot, Ss,d′(B, g∗O(e⃗)) ∼= Σe⃗(E) × Ss,d′(Spec k,O(e⃗)). We can then take the splitting
locus Σa⃗(S) on both sides. So it remains to show that over a point, the splitting locus
Σa⃗(S) ⊂ Ss,d′(Spec k,O(e⃗)) is isomorphic to Subsheaves(⃗a, e⃗). The only difference between
the functors they represent is that a priori, Subsheaves(⃗a, e⃗) does not require flatness for the
family of quotients. So it remains to show that if

0 → S → g∗O(e⃗) → Q → 0

is the universal short exact sequence on Hom(O(⃗a),O(e⃗)) × P1, then Q is flat over exactly
U (⃗a, e⃗). To see this, we use the local criterion for flatness (Theorem 6.8 [Eis95]), which
says that Q is flat at a closed point ϕ ∈ Hom(O(⃗a),O(e⃗)) if and only if Tor1(OP1

ϕ
,Q) = 0.

Tensoring the short exact sequence above with OP1
ϕ
, we see that since

Tor1(OP1
ϕ
, g∗O(e⃗)) = 0

for all ϕ, Tor1(OP1
ϕ
,Q) = 0 if and only if the map ϕ : O(⃗a) → O(e⃗) is injective.

Remark 2.3.14. The same argument of taking a faithfully flat base change along a frame
bundle shows that Ss,d′(π∗F(c)) → B is flat with fibers isomorphic to the absolute Quot
scheme Ss,d′(E), where E = OP1(c)⊕ rk F .

The argument below follows the ideas of Lemma 6.1 of [Lar21b].

Proposition 2.3.15. Suppose that ϕE : B → Br,d is good. For each a⃗, let e⃗b = e⃗b(r, d, a⃗). Let
c be such that E∨(c) is globally generated and take the embedding of Ss,d′(E) ↪→ Ss,d′(π∗F(c)),
defined above. Then codim(Xa⃗,e⃗b

⊆ Ss,d′(π∗F(c))) = u(⃗a) + rk(f∗Hom(S, γ̃∗π∗G(c + 1))).
For all other tuples (⃗a ′, e⃗ ′) where a⃗ ′ ≤ a⃗ and O(e⃗ ′) admits a O(⃗a ′)-subsheaf, we have e⃗ ′ ≤ e⃗b
and codim(Xa⃗ ′,e⃗ ′ ⊆ Ss,d′(π∗F(c))) > u(⃗a) + rk(f∗Hom(S, γ̃∗π∗G(c+ 1))).

Proof. Let a⃗, e⃗ be such that O(e⃗) has an O(⃗a)-subsheaf. In particular as ≤ er ≤ c. Let
γ : Ss,d′(π∗F(c)) → B. By Lemma 2.3.13,

codim(Xa⃗,e⃗ ⊆ Ss,d′(π∗F(c))) = u(e⃗) + fiberdim(γ) − dim(Subsheaves(O(⃗a),O(e⃗)))

Now, by restricting the exact sequence

0 → E → π∗F(c) → π∗G(c+ 1) → 0
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to some p ∈ Σe⃗(E), we get that O(e⃗) is a kernel like so:

0 → O(e⃗) → O(c)⊕ rk F → O(c+ 1)⊕ rk G → 0. (2.5)

Since fiberdim(γ) = dimSs,d′(O(c)⊕ rk F), and the subsheaf generically splits as the balanced
bundle O(⃗ab), we can write

fiberdim(γ) = h0Hom(O(⃗ab),O(c)⊕ rk F) − h0End(O(⃗ab)).

Since c ≥ as,
h0Hom(O(⃗ab),O(c)⊕ rk F) = h0Hom(O(⃗a),O(c)⊕ rk F).

Similarly,

dim(Subsheaves(O(⃗a),O(e⃗))) = h0Hom(O(⃗a),O(e⃗)) − h0End(O(⃗a)).

Note that End(O(⃗a)) and End(O(⃗ab)) have the same rank and degree, and therefore the
same Euler characteristic. Therefore,

h0(End(O(⃗a))) − h0(End(O(⃗ab))) = h1(End(O(⃗a))) − h1(End(O(⃗ab))) = u(⃗a).

Moreover, we obtain a long exact sequence in Ext groups by applying Hom(O(⃗a),−) to
Equation 2.5. Again since c ≥ as, ext1(O(⃗a),O(c)⊕ rk F) = 0. So we get that

h0Hom(O(⃗a),O(c)⊕ rk F) − h0Hom(O(⃗a),O(e⃗)) = h0Hom(O(⃗a),O(c+ 1)⊕ rk G) − ext1(O(⃗a),O(e⃗))
= rk f∗Hom(S, γ̃∗π∗G(c+ 1)) − ext1(O(⃗a),O(e⃗)).

Combining everything, we get that

codim(Xa⃗,e⃗ ⊆ Ss,d′(π∗F(c))) = u(⃗a) + rk f∗Hom(S, γ̃∗π∗G(c+ 1)) + u(e⃗) − ext1(O(⃗a),O(e⃗)).

By Lemma 2.3.11, for a fixed a⃗, if (⃗a ′, e⃗ ′) is such that a⃗ ′ ≤ a⃗, and e⃗ ′ admits a O(⃗a ′)-
subsheaf, then

codim(Xa⃗ ′,e⃗ ′ ⊆ Ss,d′(B, E)) ≥ u(⃗a ′) + rk f∗Hom(S, γ̃∗π∗G(c+ 1))
≥ u(⃗a) + rk f∗Hom(S, γ̃∗π∗G(c+ 1))

with equality if and only if a⃗ ′ = a⃗ and e⃗ ′ = e⃗b(r, d, a⃗). By Lemma 2.3.9, e⃗ ′ ≤ e⃗b(r, d, a⃗ ′) ≤
e⃗b(r, d, a⃗).

Proposition 2.3.16. Let B be an irreducible scheme of finite type with a good map ϕE :
B → Br,d. Then Ss,d′(E) is irreducible and the induced map ϕS : Ss,d′(E) → Bs,d′ is good.
The image of Σa⃗(S) in B is exactly Σe⃗b

, where e⃗b = e⃗b(r, d, a⃗).

Proof. Recall that Ss,d′(E) is the vanishing locus of a section of the vector bundle

f∗Hom(S, γ̃∗π∗G(c+ 1)),

and that Σa⃗(S) is a splitting locus. Therefore the lower bound on codimension given in the
previous proposition is also an upper bound on the codimension of a component of Σa⃗(S) in
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Ss,d′(π∗F(c)). Since ϕE is good, Σe⃗(E) is irreducible, which implies that Xa⃗,e⃗ is irreducible.
Thus Proposition 2.3.15 implies that Σa⃗(S) is irreducible of codimension u(⃗a) in Ss,d′(E) and
Xa⃗,e⃗b

is dense in Σa⃗(S). Specializing to the case where a⃗ is balanced proves that Ss,d′(E) is
irreducible.

By Proposition 2.3.15, the image of Σa⃗(S) in B is closed, contained in Σe⃗b
, and contains

Σe⃗b
. By the assumption that ϕE is good, the closure of Σe⃗b

is exactly Σe⃗b
. So the image of

Σa⃗(S) must be exactly Σe⃗b
.

Proposition 2.3.17. When ϕE : B → Br,d is good, the embeddings of Figure 2.3 defined
earlier have codimension equal to rk R, where R = f∗Hom(S, γ̃∗π∗G(c + 1)) in the first
case, and R = f∗Hom(γ̃∗π∗G ′(−m − 1),Q) in the second case. In particular, Ss,d′(E) =
Quotr−s,d−d′(E) sits as a local complete intersection under these two embeddings.

Proof. The proposition for the first case follows from the stratification of Ss,d′(B, E) into
irreducible strata Xa⃗,e⃗ and our computation in Proposition 2.3.15, which says that the strata
always have codimension at least rk R, and is equal to rk R if and only if a⃗ is balanced and
e⃗ = e⃗b(r, d, a⃗).

To see that the second embedding also has the expected codimension rk R, now it suffices
to compute the difference in dimension between Xa⃗b,e⃗b

and Quotr−s,d−d′(π∗F ′(−m)), where a⃗b
is balanced and e⃗b = e⃗b(r, d, a⃗b). Let us choose a k-point α ∈ Xa⃗b,e⃗b

⊂ Quotr−s,d−d′(π∗F ′(−m)).
Then α viewed as a point of Quotr−s,d−d′(π∗F ′(−m)) corresponds to an exact sequence

0 → S → E → Q → 0,

on P1
k, where E ∼= O(−m)⊕N , N = h0O(e⃗b)(m), and Q is a coherent sheaf of rank r − s,

degree d− d′. Viewed as a point of Xa⃗b,e⃗b
, it corresponds to an exact sequence

0 → O(⃗ab) → O(e⃗b) → Q → 0.

Let K = O(−m− 1)⊕M , where M = h0O(e⃗b)(m− 1). Then these two exact sequences fit in
a diagram as in Figure 2.5.

By deformation theory, the fiber dimension of the map γ : Quotr−s,d−d′(π∗F ′(−m)) → B
is χ(Hom(S,Q)). But

χ(Hom(S,Q)) = χ(Hom(K,Q)) + χ(Hom(O(⃗ab), Q))
= dim Hom(K,Q) + χ(Hom(O(⃗ab),O(e⃗b))) − χ(End(O(⃗ab)))
= dim Hom(K,Q) + dim Hom(O(⃗ab),O(e⃗b)) − ext1(O(⃗ab),O(e⃗b)) − h0End(O(⃗ab))
= dim Hom(K,Q) − u(e⃗b) + dim Hom(O(⃗ab),O(e⃗b)) − h0End(O(⃗ab)),

where the last equality is due to Lemma 2.3.11. It follows now that

rk R = dim Hom(K,Q)
= fiberdim(γ) + u(e⃗b) − (dim Hom(O(⃗ab),O(e⃗b)) − h0End(O(⃗ab)))
= codim(Xa⃗b,e⃗b

⊆ Quotr−s,d−d′(π∗F ′(−m))).
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0 0

K K

0 S E Q 0

0 O(⃗ab) O(e⃗b) Q 0

0 0

Figure 2.5: Relationship between the two exact sequences that correspond to the same point
α ∈ Xa⃗b,e⃗b

Remark 2.3.18. Note that both Proposition 2.3.16 and Proposition 2.3.17 work for arbi-
trary numerical specifications s, d′, r, d. In particular they hold when the map Ss,d′(E) → B
is not birational onto its image, though this is stronger than what we will need.

Theorem 2.3.19. Let B be an irreducible scheme of finite type with a good map ϕE : B →
Br,d. Let r = (r1, . . . , rℓ), d = (d1, . . . , dℓ) be such that r ≥ r1 ≥ · · · ≥ rℓ ≥ 0 and ri, di ∈ Z.
Then FQuot(B, E ; r, d) is irreducible. In particular, FQuot(Br,d, Euniv; r, d) is irreducible.

Proof. We can build FQuot(B, E ; r, d) as a tower of relative Quot schemes. Let S2 be the uni-
versal subbundle of E of rank r−r2, degree d−d2 onQ := FQuot(B, E ; (r2, . . . , rℓ), (d2, . . . , dℓ)),
then FQuot(B, E ; r, d) can also be viewed as Sr−r1,d−d1(Q,S2). Repeated applications of
Proposition 2.3.16 along this tower shows that FQuot(B, E ; r, d) is irreducible.

Let Z be a component of FQuot(Br,d, Euniv; r, d). Then the restriction of E to Z must
generically split as some e⃗. Thus, if FQuot(Br,d, Euniv; r, d) has two components where E
generically splits as e⃗ and e⃗ ′, then we will detect them when we base change to Uf⃗ where
f⃗ ≤ e⃗ and f⃗ ≤ e⃗ ′. But Uf⃗ → Br,d is good, so our argument above shows that the base change
of FQuot(Br,d, Euniv; r, d) to Uf⃗ is irreducible for all f⃗ .

Smoothness
Now we will prove smoothness of Σ̃e⃗,I when I is e⃗-admissible. The key ingredient is an exact
sequence that allows us to count the dimension of the tangent space.

Proof of smoothness claim in Theorem 2.3.5. Recall from Section 2.2 and specifically Propo-
sition 2.2.8 that there is an explicit smooth atlas {Ue⃗ ′} = {H1End(O(e⃗ ′))} of Br,d, indexed
by all possible splitting types of rank r and degree d, which satisfies the following properties:

• dimUe⃗ ′ = u(e⃗ ′);
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• Σe⃗ ′(Ue⃗ ′) is a single point, which we call {0} (as it is 0 in an affine space);

• the map Ue⃗ ′ → Br,d is good, in particular

Ũe⃗,e⃗ ′ = ŨI,e⃗,e⃗ ′ := Σ̃e⃗,I ×Br,d
Ue⃗ ′ = FQuot(Ue⃗ ′ , EUe⃗ ′ ; rI,HN, dI,HN)

is irreducible;

• Ue⃗ ′ maps surjectively onto ⋃f⃗≥e⃗ ′ Σf⃗ .

Using this smooth atlas, to prove that Σ̃e⃗,I is smooth, it suffices to prove one of the following
two equivalent claims for all e⃗ ′:

1. the restriction of Σ̃e⃗,I to ⋃f⃗≥e⃗ ′ Σf⃗ is smooth;

2. the scheme

Ũe⃗,e⃗ ′ = ŨI,e⃗,e⃗ ′ := Σ̃e⃗,I ×Br,d
Ue⃗ ′ = FQuot(Ue⃗ ′ , EUe⃗ ′ ; rI,HN, dI,HN)

is smooth.

The proof will proceed by induction on the dominance order for e⃗ ′. Since Σ̃e⃗,I surjects
onto Σe⃗, when e⃗ ′ > e⃗, the restriction of Σ̃e⃗,I to ⋃f⃗≥e⃗ ′ Σf⃗ is empty.

Now assume that both (1) and (2) are true for all e⃗ ′′ > e⃗ ′. Let π : Ũe⃗,e⃗ ′ → Ue⃗ ′ . Then
since (1) is true for all e⃗ ′′ > e⃗ ′, Ue⃗,e⃗ ′ is smooth away from π−1({0}). By Theorem 2.3.19,
Ũe⃗,e⃗ ′ is irreducible, so

dim Ũe⃗,e⃗ ′ = dim Ũe⃗,e⃗ ′ \ π−1({0}) = dim Σ̃e⃗,I − dim Br,d + dimUe⃗ ′ = u(e⃗ ′) − u(e⃗).

Let [α] be a point in π−1({0}), corresponding to a flag α : E1 ↪→ E2 ↪→ · · · ↪→ Ek ↪→ O(e⃗ ′).
To show that Ũe⃗,e⃗ ′ is everywhere smooth, it suffices to check that for all such [α] ∈ π−1({0}),
the dimension of the tangent space is

dimT[α]Ũe⃗,e⃗ ′ = u(e⃗ ′) − u(e⃗).

Because the tangent space of 0 ∈ Ue⃗ ′ is just H1End(O(e⃗ ′)), the space of first-order
deformations of O(e⃗ ′), the tangent space of Ue⃗,e⃗ ′ at [α] has a modular interpretation:

T[α]Ũe⃗,e⃗ ′ =
{

A flag of subsheaves E1 ↪→ E2 ↪→ · · · ↪→ Ek+1 = E on P1
k[ε]/(ε2) specializing to α

over P1
k, such that each quotient E/Ei is flat over k[ε]/(ε2)

}
/ ∼ .

We claim that this tangent space fits inside an exact sequence

0 → ⊕k
i=1 End(Ei) → ⊕k

i=1 Hom(Ei, Ei+1) → T[α]Ũe⃗,e⃗ ′ → ⊕k+1
i=1H

1End(Ei) → ⊕k
i=1 Ext1(Ei, Ei+1) → 0.

We will describe each of the maps and argue exactness going from right to left.
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1. To specify the last map is the same as specifying maps ϕi,j = H1End(Ei) → Ext1(Ej, Ej+1)
for all 1 ≤ i ≤ k + 1, 1 ≤ j ≤ k. We set ϕi,j to be zero if i ̸= j and i ̸= j + 1. Note
that Ext1(Ej, Ej+1) = H1Hom(Ej, Ej+1). The map ϕi,i is induced by the map of
bundles End(Ei) → Hom(Ei, Ei+1) by postcomposing with the inclusion Ei ↪→ Ei+1
in the flag. The map ϕi,i−1 is the negation of the map induced by the map of bun-
dles End(Ei) → Hom(Ei−1, Ei), which is defined by precomposing with the inclusion
Ei−1 ↪→ Ei. Let i < k. Then

0 → Hom(Ei+1/Ei, Ei+1) → End(Ei+1) → Hom(Ei, Ei+1) → 0

is exact, because Ei+1 is a vector bundle. Since we are on a curve, the induced map
H1End(Ei+1) → H1Hom(Ei, Ei+1) = Ext1(Ei, Ei+1) is surjective. This implies that
the last map is surjective.

2. The kernel of the last map corresponds to those deformations of E1, . . . , Ek that can
be lifted to a deformation of the flag. To prove this, it suffices to prove it for a single
map, namely if E ↪→ F , then the kernel of H1End(E) ⊕ H1End(F ) → Ext1(E,F )
corresponds to those pairs of first-order deformations of E and F that can be lifted
to a deformation of E ↪→ F . This is the content of Lemma 2.3.20 below. The map
T[α]Ũe⃗,e⃗′ → ⊕k+1

i=1H
1End(Ei) is the map that forgets the deformations of the inclusions,

and only remembers the deformations of each bundle. It clearly maps onto the kernel
of the last map, given our interpretation of the kernel.

3. The kernel of the third map corresponds to those deformations of the flag that do not
deform the vector bundles. In other words, there is a map

T[α]

m∏
i=1

Subsheaves(Ei, Ei+1) → T[α]Ũe⃗,e⃗ ′ ,

and the kernel of the third map is precisely the image of this map. In particular
we can think about each Subsheaves(Ei, Ei+1) individually. The tangent space of
Subsheaves(Ei, Ei+1) at ϕ : Ei ↪→ Ei+1 is the cokernel ofH0End(Ei) → H0(Hom(Ei, Ei+1)),
induced by post-composing with ϕ.

4. The first map is the direct sum of the maps End(Ei) → Hom(Ei, Ei+1), which are
all injective, as they are induced from the injective maps of sheaves End(Ei) →
Hom(Ei, Ei+1).
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Using this exact sequence, we can compute dimT[α]Ũe⃗,e⃗ ′ :

dimT[α]Ũe⃗,e⃗ ′ = h1(End(O(e⃗ ′))) −
m∑
i=1

χ(End(E ′
i)) +

m∑
i=1

χ(Hom(E ′
i, E

′
i+1))

= u(e⃗ ′) +
m∑
i=1

χ(Hom(E ′
i, E

′
i+1/E

′
i))

= u(e⃗ ′) +
m∑
i=1

χ(Hom(Ei, Ei+1/Ei))

= u(e⃗ ′) −
m∑
i=1

h1(Hom(Ei, Ei+1/Ei))

= u(e⃗ ′) − u(e⃗).

Lemma 2.3.20. Let A be an Artinian local ring with residue field k, and let I be a square-
zero ideal in A. Given a map of vector bundles ϕ : E → F on X×SpecA/I, the deformations
of E,F to SpecA that can be extended to a deformation of ϕ is characterized by the kernel of
a map Ext1

X0(E0, E0 ⊗k I)⊕Ext1
X0(F0, F0 ⊗k I) → Ext1

X0(E0, F0 ⊗k I), which is the difference
of the natural maps Ext1

X0(E0, E0 ⊗k I) → Ext1
X0(E0, F0 ⊗k I) and Ext1

X0(F0, F0 ⊗k I) →
Ext1

X0(E0, F0 ⊗k I) induced by ϕ.

Proof. Corresponding to deformations Ẽ, F̃ of E,F over SpecA, we have two extensions

0 → E0 ⊗k I → Ẽ → E → 0,
0 → F0 ⊗k I → F̃ → F → 0.

To deform the map ϕ : E → F into a map of ϕ̃ : Ẽ → F̃ is the same as writing down a
map of these two short exact sequences such that the maps on the kernel and quotient are
induced by ϕ. This is possible if and only if the pushout of the first sequence by the map
ϕ0 ⊗ I : E0 ⊗k I → F0 ⊗k I agrees with the pullback of the second sequence by the map
ϕ : E → F . This is if and only if the difference of their classes in Ext1

XA/I
(E,F0 ⊗k I) =

Ext1
X0(E0, F0 ⊗k I) is zero.

Remark 2.3.21. One can define Harder-Narasimhan strata (HN strata) inside the stack of
vector bundles on a fixed curve C as those vector bundles with a fixed Harder-Narasimhan
polygon. These HN strata are generalizations of Σe⃗ to higher genus. One can also define
an analogue of Σe⃗ as the stratum of vector bundles whose HN polygon is a specialization
of some fixed polygon. In the literature, the standard way to show that the locally closed
HN strata are smooth is via hyper-Quot constructions, similar to Σ̃e⃗,HN. Proposition 15.4.2
of [Pot97] gives a general criterion for smoothness for such hyper-Quot constructions, and
Corollary 15.4.3 uses this criterion to prove smoothness of HN strata for complete families of
vector bundles. The main difference between the case of higher genus curves and P1 is that
we no longer know if the hyper-Quot construction is irreducible, though it must contain one
component which is a resolution of singularities for Harder-Narasimhan strata.
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Fibers of the resolution
To get a better sense of the resolutions Σ̃e⃗,I , we give some examples of the fiber of Σ̃e⃗,HN
over a point p ∈ Σe⃗ ′ when e⃗ ′ < e⃗. These examples show that the fibers can be reducible
with components of different dimensions.

Example 2.3.22. Let e⃗ = (−2, 0, 2), and let e⃗ ′ = (−3, 0, 3). We can stratify the fiber by
how each bundle in a flag splits, and there are two possibilities:

α = [O(2) ↪→ O(0, 2) ↪→ O(−3, 0, 3)],

β = [O(2) ↪→ O(−1, 3) ↪→ O(−3, 0, 3)].
Let Xα, Xβ denote the collection of flags with such splitting types. Xβ

∼= P1 × P1 is closed.
Xα really is only the data of the second inclusion, which can be identified with quotients
O(0, 3) ↠ κ(p) which do not factor through the projection to O. This is isomorphic to
P(O(0, 3)) over P1 minus the directrix. The closure Xα can be identified with P(O(0, 3)),
and is glued to Xβ = P1 ×P1 along the directrix of the former and the diagonal of the latter.

Example 2.3.23. Let e⃗ = (−1, 0, 1) and e⃗ ′ = (−2,−1, 3). In this case, we may have

α = [O(1) ↪→ O(−1, 2) ↪→ O(−2,−1, 3)],

β = [O(1) ↪→ O(−2, 3) ↪→ O(−2,−1, 3)].
The dimensions are dimXα = 3, dimXβ = 4. The stratum Xβ is closed and isomorphic
to P2 × P2. Xα is isomorphic to P1 × V , where V is isomorphic to P(O(−1, 3)) minus the
directrix. The intersection Xα ∩Xβ can be identified with those flags of type β

O(1)

[
0
Q

]
−−−→ O(−2, 3)

0 0
L 0
0 1


−−−−−→ O(−2,−1, 3)

where L,Q are forms of degrees 1 and 2, and L divides Q. Since L and Q are defined up to
scaling, this intersection is isomorphic to P1 × P1.

2.4 Rational singularities
In this section, we will use the resolution of singularities constructed in the previous section
to show that tame splitting loci have rational singularities. Throughout this section, we will
assume that we are working over an algebraically closed field of characteristic zero.

We will need to repeatedly apply Littlewood-Richardson rules and we also make heavy
use of the Borel-Weil-Bott theorem. For more details on Littlewood-Richardson rules, we
refer the reader to Section 2.3 of [Wey03], and Theorem 1.4 of [Kou91]. For details on Borel-
Weil-Bott, the reader may refer to Corollary 4.1.9 of [Wey03]. Given partitions µ, α, β, we
will use cµα,β to denote the Littlewood-Richardson coefficient, which, among other things, is
the multiplicity of SαV ⊗ SβW in the decomposition of Sµ(V ⊕W ).



CHAPTER 2. RESOLVING THE SINGULARITIES OF SPLITTING LOCI 35

Σ̃e⃗ F = Quotr1,d1(π∗π∗E) F × P1

Σe⃗ B B × P1

i

ρ γ

f

γ̃

j

π

Figure 2.6: Embedding of Σ̃e⃗ into F

Let e⃗ be a tame splitting type. Then Σe⃗ admits a resolution of singularities by Σ̃e⃗,I ,
where |I| = 1. Let Σ̃e⃗ = Σ̃e⃗,I = Quotr1,d1(Br,d, Euniv).

Having rational singularities is a smooth local property, so we may assume that we are
working with a smooth scheme B of finite type, equipped with a smooth map B → Br,d corre-
sponding to a vector bundle E on B×P1. The reader may refer to Figure 2.6 for our labelling
of the relevant maps. We denote the pullback of Σ̃e⃗ to B by Σ̃e⃗. Up to twisting, we may as-
sume that the vector bundle E on B×P1 is fiberwise globally generated. By Theorem 2.2.11,
Σe⃗ is normal, so the natural map OΣe⃗

→ ρ∗OΣ̃e⃗
is an isomorphism. To show that Σe⃗ has ra-

tional singularities, it remains to show that Riρ∗OΣ̃e⃗
= 0 for i > 0. Recall from Proposition

2.3.17 that Σ̃e⃗ admits an embedding into F = Quotr1,d1(π∗π∗E), and it is cut out as a local
complete intersection by a section of the vector bundle R = f∗Hom(γ̃∗π∗(π∗E(−1))(−1),Q).
The proposition below shows that in this situation, it suffices to prove the vanishing of
certain higher pushforwards of the wedge powers of R∨.

Proposition 2.4.1. Suppose that we have the following commutative diagram of schemes,
where i and j are closed immersions, and i is a local complete intersection cut out by a
section of the vector bundle R on F . Suppose that R>iγ∗ ∧i R∨ = 0 for i ≥ 0. Then
R>0ρ∗OZ̃

= 0.
Z̃ F

Z B

ρ

i

γ

j

Proof. The condition tells us that the Koszul complex ∧•R∨ → i∗OZ̃
is a resolution of i∗OZ̃

by locally free OF -modules. Let Ki = ker(∧i−1R∨ → ∧i−2R∨), so that for i ≥ 1,

0 → Ki+1 → ∧iR∨ → Ki → 0,

and
0 → K1 → OF → i∗OZ̃

→ 0.
We claim that R>1γ∗K1 = 0. Let M = rk R. By assumption R>Mγ∗KM = R>Mγ∗ ∧M R∨ =
0. Assume that R>i+1γ∗Ki+1 = 0. Then the first short exact sequence, combined with the
fact that R>iγ∗ ∧i R∨ = 0, shows that R>iγ∗Ki = 0. The claim follows by induction.

Then using the second exact sequence, we see that R>0γ∗(i∗OZ̃
) = 0. The diagram is

commutative and pushforwards by closed immersions are exact, so Rkγ∗(i∗OZ̃
) = j∗R

kρ∗OZ̃

for all k ≥ 0. Hence j∗R
>0ρ∗OZ̃

= 0, which implies that R>0ρ∗OZ̃
= 0.
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The same idea in the previous proof also proves the following proposition, which we will
need later.

Proposition 2.4.2. Let V• → F be a finite exact sequence of coherent sheaves on a proper
scheme X. Let k be a nonnegative integer. If for all i ≥ 0, H≥i+k(X,Vi) = 0, then
H≥k(X,F) = 0.

The map q : F → B is flat with fibers all isomorphic to Quotr,dP1 (O⊕N), whereN = h0O(e⃗),
e⃗ is any splitting type showing up in B. By the theorem below and cohomology and base
change, we know that R>0γ∗OF = 0. So the condition of Proposition 2.4.1 is satisfied when
i = 0.

Theorem 2.4.3. ([Str87], Theorem 2.1) Q = Quotr,d(O⊕N
P1 ) is an irreducible, nonsingular,

rational projective variety. In particular, H>0(Q,OQ) = 0.

Therefore, to show the Σe⃗ has rational singularities, by Proposition 2.4.1, it remains to
show that R>nγ∗

∧n R∨ = 0 for all n > 0, where

R = f∗Hom(γ̃∗π∗(π∗E(−1))(−1),Q)
= (γ∗π∗E(−1))∨ ⊗ f∗Q(1).

In characteristic 0, Cauchy’s formula says that if E ,F are vector bundles, then
n∧

(E ⊗ F) ∼= ⊕µ⊢nSµ†E ⊗ SµF ,

where µ† is the conjugate partition of µ, and µ ranges over all partitions of n. Using this
identity, we have

n∧
R∨ =

n∧
((γ∗π∗E(−1)) ⊗ (f∗Q(1))∨)

=
⊕
µ⊢n

Sµ†(γ∗π∗E(−1)) ⊗ Sµ((f∗Q(1))∨)

=
⊕
µ⊢n

γ∗Sµ†(π∗E(−1)) ⊗ Sµ((f∗Q(1))∨).

So by the projection formula,

Rkγ∗

n∧
R∨ =

⊕
µ⊢n

Sµ†(π∗E(−1)) ⊗Rkγ∗(Sµ((f∗Q(1))∨)).

Therefore, to prove Theorem 2.1.2, it suffices to show that when k > n = |µ|, the
higher pushforwards Rkγ∗(Sµ((f∗Q(1))∨)) are zero. Since γ is flat with fibers all isomorphic
to Quotr,dP1 (O⊕N), by cohomology and base change, it suffices to show vanishing for the
cohomology of corresponding bundles on Quotr,dP1 (O⊕N).

Let d > 0 and N ≥ r ≥ 0. Let Q be the universal quotient on Quotr,dP1 (O⊕N) × P1,
and let p : Quotr,dP1 (O⊕N) × P1 → Quotr,dP1 (O⊕N) be the projection to the first factor. Recall
from the introduction that on Quotr,dP1 (O⊕N), for all m ≥ −1, we define tautological bundles
Em = (p∗Q(m))∨.
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Theorem 2.4.4. Let λ be any nonempty partition. Then H>|λ|(Quotr,dP1 (O⊕N),SλE1) = 0.

By our previous discussion, Theorem 2.4.4 implies Theorem 2.1.2. It follows from the
more general statement below.

Theorem 2.4.5 (Restatement of Theorem 1.2.5). Letm ≥ −1 be an integer. Let λ−1, λ0, λ1, . . . , λm
be partitions, at least one of which is nonempty. Let D = |λ−1| + · · · + |λm|. Then

H>D(Quotr,dP1 (O⊕N),⊗m
i=−1Sλi

Ei) = 0.

We will prove Theorem 1.2.5 above by induction on the number of factors in the tensor
product. For the base case, we will need the following proposition.

Proposition 2.4.6. Let D > 0 be a positive integer. Then for sufficiently large m, for any
two partitions α, β such that |α| + |β| = D,

H>D(Quotr,dP1 (O⊕N),SαEm−1 ⊗ SβEm) = 0.

Proof of Theorem 1.2.5 assuming Proposition 2.4.6. On Quotr,dP1 (O⊕N) × P1, for any n ∈ Z,
we have an exact sequence

0 → O(n) → O(n+ 1)⊕2 → O(n+ 2) → 0,

by pulling back the same sequence from P1. Tensoring this sequence with Q, since O(n+ 2)
is locally free, the sequence remains exact:

0 → Q(n) → Q(n+ 1)⊕2 → Q(n+ 2) → 0.

For n ≥ −1, R1p∗Q(n) = 0, so the sequence remains exact after taking p∗, and each term is
a vector bundle on Quotr,dP1 (O⊕N):

0 → p∗Q(n) → p∗Q(n+ 1)⊕2 → p∗Q(n+ 2) → 0.

Dualizing, we have
0 → En+2

Φn+1−−−→ E⊕2
n+1 → En → 0. (2.6)

We will prove Theorem 1.2.5 for a fixed D > 0 by induction on the index i of the smallest
nonempty partition λi. Without loss of generality, we may take m to be sufficiently large.
So Proposition 2.4.6 takes care of the base cases i = m and i = m − 1. Now suppose
that Theorem 1.2.5 is true when the smallest nonempty partition is λk. There is a complex
(Sλk−1Φk)• formed on the map Φk : Ek+1 → E⊕2

k , called the Schur complex, whose t-th term
is

(Sλk−1Φk)t = ⊕
|α|=t,c

λk−1
α,β

̸=0
Sα†Ek+1 ⊗ SβE⊕2

k .

Corollary V.1.15 of [ABW82] tells us that when the cokernel of Φk is locally free, this complex
is a resolution of the Schur functor of the cokernel, which is the vector bundle Sλk−1Ek−1 in
our case.

Tensoring this resolution with ⊗m
i=kSλi

Ei and applying Littlewood-Richardson rules, we
find that the vector bundle ⊗m

i=k−1Sλi
Ei has a resolution whose t-th term is the direct sum
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of bundles of the form ⊗m
i=k+2Sλi

Ei ⊗ Sλ′
k+1

Ek+1 ⊗ Sλ′
k
Ek, where |λ′

k+1| = |λk+1| + t, and
|λ′
k| = |λk| + |λk−1| − t. In particular, the sum of the sizes of the partitions involved is D for

all bundles that show up in the resolution. The inductive hypothesis applies to show that
all terms in the resolution have no cohomology in degree greater than D, which implies that
H>D(⊗m

i=k−1Sλi
Ei) = 0.

Proof of Proposition 2.4.6
For every integer m ≥ d− 1, we have a short exact sequence

0 → p∗S(m) → p∗O(m)⊕N → p∗Q(m) → 0

of vector bundles on Quotr,dP1 (O⊕N), inducing a map gm : Quotr,dP1 (O⊕N) → Gm, where Gm =
Gr(rk p∗S(m), N(m+ 1)). Strømme proves that for m ≥ d, the map ι = ιm−1 = (gm−1, gm) :
Quotr,dP1 (O⊕N) → Gm−1 ×Gm is a closed embedding (Theorem 4.1, [Str87]). Let

0 → A1 → O⊕Nm
Gm−1 → B1 → 0 (2.7)

0 → A2 → O⊕N(m+1)
Gm

→ B2 → 0 (2.8)

be the universal sequences on Gm−1 and Gm, and let W = H0(P1,O(1)). For i = 1, 2,
let ki = rk Ai, n1 = Nm,n2 = N(m + 1), so that Gm−1 × Gm = Gr(k1, n1) × Gr(k2, n2).
Strømme also proves that Quotr,dP1 (O⊕N) is the zero locus of a global section of the vector
bundle A∨

1 ⊠ (B2 ⊗ W ) ∼= A∨
1 ⊠ (B2 ⊕ B2), whose rank is equal to the codimension of

Quotr,dP1 (O⊕N) in Gm−1 × Gm, exhibiting it as a local complete intersection (Theorem 4.1,
[Str87]).

As a result, ι∗OQuotr,d

P1 (O⊕N ) admits a Koszul resolution as a OGm−1×Gm-module:

∧• (A1 ⊠ (B2 ⊕ B2)∨) → ι∗OQuotr,d

P1 (O⊕N ).

By definition of gm−1 and gm, we know that ι∗(SαB∨
1 ⊠SβB∨

2 ) = SαEm−1⊗SβEm. So tensoring
the Koszul resolution with SαB∨

1 ⊠ SβB∨
2 , we get a resolution of ι∗(SαEm−1 ⊗ SβEm):

∧• (A1 ⊠ (B2 ⊕ B2)∨) ⊗ (SαB∨
1 ⊠ SβB∨

2 ) → ι∗(SαEm−1 ⊗ SβEm).

For a given D = |α| + |β|, we will choose m to be sufficiently large so that D < n1 − k1. In
particular, any partition α with |α| ≤ D must have αn1−k1 = 0. Let µ = (µ1, . . . , µk1), α =
(α1, . . . , αn1−k1) and β be partitions. Let

Vµ,α,β = (SµA1 ⊗ SαB∨
1 ) ⊠ (Sµ†(B∨

2 ⊕ B∨
2 ) ⊗ SβB∨

2 ).

By Cauchy’s formula,

∧k (A1 ⊠ (B2 ⊕ B2)∨) ⊗ (SαB∨
1 ⊠ SβB∨

2 ) = ⊕µ⊢kVµ,α,β.

By Proposition 2.4.2, the following result implies Proposition 2.4.6.
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Proposition 2.4.7. For all partitions α, β with |α| + |β| > 0 and αn1−k1 = 0, and any
partition µ,

H>|µ|+|α|+|β|(Vµ,α,β) = 0.

We will first deal with the case where µ ̸= ∅, which is harder. Suppose that there exist
partitions γ1, γ2, ν

′, ν = (ν1, . . . , νn2−k2) such that cµ†
γ1,γ2c

ν′
γ1,γ2c

ν
ν′,β ̸= 0. In other words,

Wµ,α,ν = (SµA1 ⊗ SαB∨
1 ) ⊠ SνB∨

2

arises as a summand of Vµ,α,β. By Borel-Weil-Bott and Künneth, if Wµ,α,ν has cohomology,
the vector bundles SµA1 ⊗ SαB∨

1 and SνB∨
2 must both have cohomology in some unique

degrees D1, D2. Then Wµ,α,ν has cohomology in degree D = D1 + D2. When this happens,
Borel-Weil-Bott imposes some combinatorial conditions on the partitions involved. We would
like to show that D ≤ |µ| + |α| + |β|.

Before proceeding further with the proof, note the following example which shows that
this bound is sharp in general.

Example 2.4.8. The Quot scheme Quot1,3(O⊕3) admits an embedding ι2 : Quot1,3(O⊕3) ↪→
Gr(3, 9)×Gr(5, 12). We can take µ = (7, 2), α = (1), β = (2). Then H12(Vµ,α,β) ̸= 0. Indeed,
on the first factor, cohomology degree equals 7. On the second factor, nonzero cohomology
arises from the partition ν = (6, 15), which has cohomology in degree 5. It comes from
combining ν ′ = (4, 15) and β = (2) using the Littlewood-Richardson rule. The possible pairs
γ1, γ2 such that cµ†

γ1,γ2c
ν′
γ1,γ2 ̸= 0 include (γ1 = (2), γ2 = (2, 15)), (γ1 = (2, 1), γ2 = (2, 14)), (γ1 =

(2, 1, 1), γ2 = (2, 13)), as well as the three tuples obtained from the above by switching γ1
and γ2. For all six pairs, cµ†

γ1,γ2c
ν′
γ1,γ2c

ν
ν′,β = 1.

Due to a lack of understanding of the map on cohomology induced by the Koszul reso-
lution, we are unable to check whether this nonvanishing group implies that H3(Quot, E2 ⊗
Sym2E3) ̸= 0.

Now let us delve into the combinatorics further. The vector bundle SνB∨
2 has cohomology

if and only if the following tuple obtained by pointwise addition

(0k2 , ν) + (n2 − 1, n2 − 2, . . . , 1, 0)

has no repeated entries. Borel-Weil-Bott says that if this tuple has no repetitions, then SνB∨
2

has cohomology in degree equal to the length of the permutation that sorts this vector in
descending order, and no cohomology in other degrees. Since |µ| > 0, |ν| = |µ| + |β| > 0.
So the condition that the vector has no repetition is equivalent to the existence of some
1 ≤ j ≤ n2 − k2 such that νj ≥ k2 + j and νj+1 ≤ j. When such j exists, it is unique and
SνB∨

2 has cohomology in degree D2 = jk2.
The cohomology of the first vector bundle SµA1 ⊗ SαB∨

1 is a bit more complicated to
describe. Define

fi = n1 − k1 + i− 1 − µi,

gj = n1 − k1 − j + αj.
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Let −µ = (−µk1 , . . . ,−µ2,−µ1). Then Borel-Weil-Bott says that SµA1 ⊗ SαB∨
1 has coho-

mology if and only if the vector

(−µ, α) + (n1 − 1, n1 − 2, . . . , 1, 0) = (fk1 , fk1−1, . . . , f1, g1, g2, . . . , gn1−k1)

does not have repeated entries. In this case, SµA1 ⊗ SαB∨
1 has cohomology in degree equal

to the length of the permutation that sorts this vector in strictly descending order.
Define indices 0 ≤ i1 ≤ i2 ≤ · · · ≤ in1−k1 ≤ k1, where iℓ is the largest index such that

fiℓ < gn1−k1−ℓ+1 for each 1 ≤ ℓ ≤ n1 − k1. When there doesn’t exist such an index, we
set iℓ = 0. In terms of i1, . . . , in1−k1 , the unique degree in which SµA1 ⊗ SαB∨

1 has nonzero
cohomology is

D1 =
n1−k1∑
ℓ=1

(iℓ − iℓ−1)(n1 − k1 − ℓ+ 1),

where we let i0 = 0. For 1 ≤ ℓ ≤ n1 − k1, the inequality fiℓ < gn1−k1−ℓ+1 is equivalent to

µiℓ − (n1 − k1 − ℓ+ 1) ≥ iℓ − αn1−k1−ℓ+1. (2.9)

Setting ℓ = 1, we note that (2.9) says that

µi1 ≥ n1 − k1 + i1 − αn1−k1 = n1 − k1 + i1. (2.10)

When iℓ < iℓ+1, we also have fiℓ+1 > gn1−k1−ℓ+1, which is equivalent to

iℓ − αn1−k1−ℓ+1 > µiℓ+1 − (n1 − k1 − ℓ+ 1). (2.11)

Replacing ℓ with ℓ+ 1 in (2.9), we find

µiℓ+1 − (n1 − k1 − ℓ) ≥ iℓ+1 − αn1−k1−ℓ.

Combined with (2.11), we obtain

iℓ − αn1−k1−ℓ+1 ≥ µiℓ+1 − (n1 − k1 − ℓ) ≥ µiℓ+1 − (n1 − k1 − ℓ) ≥ iℓ+1 − αn1−k1−ℓ.

So for 1 ≤ ℓ < n1 − k1, whenever iℓ < iℓ+1,

αn1−k1−ℓ − αn1−k1−ℓ+1 ≥ iℓ+1 − iℓ. (2.12)

If iℓ = iℓ+1, then this inequality follows from α being a partition. So we’ve shown that (2.12)
holds unconditionally for 1 ≤ ℓ < n1 − k1.

To summarize,

Proposition 2.4.9. If H•(Wµ,α,ν) ̸= 0, then there exist 1 ≤ j ≤ n2 − k2, and 0 = i0 ≤ i1 ≤
· · · ≤ in1−k1 ≤ k1 such that the conditions (2.10) and (2.12) are satisfied, and the unique
degree in which the cohomology of Wµ,α,ν is nonzero is D = jk2 +∑n1−k1

ℓ=1 (iℓ− iℓ−1)(n1 −k1 −
ℓ+ 1). Moreover,

D ≤ i1(n1 − k1) + jk2 + |α|.
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Proof. We’ve already proven the proposition except for the last inequality. Recall that m
was chosen so that αn1−k1 = 0. Now using Equation (2.12),

D = jk2 +
n1−k1∑
ℓ=1

(iℓ − iℓ−1)(n1 − k1 − ℓ+ 1)

≤ jk2 + i1(n1 − k1) +
n1−k1∑
ℓ=2

(αn1−k1−ℓ+1 − αn1−k1−ℓ+2)(n1 − k1 − ℓ+ 1)

= jk2 + i1(n1 − k1) + |α| − αn1−k1(n1 − k1)
= jk2 + i1(n1 − k1) + |α|.

Proposition 2.4.10. Suppose that after applying the Littlewood-Richardson decomposi-
tions, Vµ,α,β contains Wµ,α,ν as a summand, i.e. there exist partitions γ1, γ2, ν

′, ν such that
cµ

†
γ1,γ2c

ν′
γ1,γ2c

ν
ν′,β ̸= 0. Suppose Wµ,α,ν has cohomology with associated indices j, iℓ given by the

previous proposition. Then

|µ| + |α| + |β| ≥ jk2 + i1(n1 − k1) + (i1 − j)2 + |α|.

Proof. Write α+β for the partition with (α+β)i = αi+βi, and write α∪β for the partition
obtained by stacking the Young diagrams of α and β and sorting the rows according to
length. As explained in Proposition 3.2.1 of [MOS22], Littlewood-Richardson rules imply
that ν ′ is dominated by α+ β, and µ† is dominated by α ∪ β. Therefore

µ†
1 + · · · + µ†

2j ≥ α1 + · · ·αj + β1 + · · · + βj ≥ ν ′
1 + · · · + ν ′

j.

But since νj ≥ k2 + j, we also have that

ν ′
1 + · · · + ν ′

j ≥ ν1 + · · · + νj − |β| ≥ j(k2 + j) − |β|.

Recall also from (2.10) that µi1 ≥ n1 − k1 + i1. So

|µ| ≥
2j∑
k=1

µ†
k + i1(n1 − k1 + i1 − 2j)

≥ j(k2 + j) − |β| + i1(n1 − k1 + i1 − 2j)
≥ jk2 + i1(n1 + k1) + (i1 − j)2 − |β|.

Adding |α| + |β| to both sides yields the desired claim.

Now Proposition 2.4.10 and Proposition 2.4.9 together show that |µ| + |α| + |β| ≥ D,
which proves Proposition 2.4.7 when µ ̸= ∅. It remains to prove Proposition 2.4.7 when
µ = ∅. In this case, V∅,α,β = SαB∨

1 ⊠ SβB∨
2 . The same analysis of SνB∨

2 in the previous case
applies. If α, β are both non-empty, the bundle V∅,α,β has cohomology if and only if there
exist 1 ≤ i ≤ n1 − k1, 1 ≤ j ≤ n2 − k2, such that αi ≥ k1 + i, αi+1 ≤ i, βj ≥ k2 + j,
βj ≤ j. If this is the case, then V∅,α,β has cohomology in degree D = ik1 + jk2. Now
|α| + |β| ≥ i(k1 + i) + j(k2 + j) > D. The argument in the case where only one of α, β is
nonempty is completely analogous. This concludes the proof of Proposition 2.4.7 and the
proof of Theorem 2.1.2.
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Chapter 3

When are splitting loci Gorenstein?

3.1 Introduction
Let Br,d be the stack of rank r, degree d vector bundles on P1. For every tuple of integers
e⃗ = (e1, . . . , er) with e1 ≤ e2 ≤ · · · ≤ er and e1+· · ·+er = d, there is a locally closed substack
Σe⃗ ⊆ Br,d parametrizing families of vector bundles on P1 that fiberwise are isomorphic to
O(e⃗). The closure of Σe⃗ is a closed substack Σe⃗ ⊆ Br,d, the splitting locus associated to e⃗,
parametrizing vector bundles on P1 that split as O(e⃗) = O(e1)⊕· · ·⊕O(er) or a specialization
of O(e⃗). While Σe⃗ is smooth, the closure Σe⃗ can be singular. In this paper, we completely
characterize when splitting loci Σe⃗ are Gorenstein or Q-Gorenstein. Our universal statement
extends to splitting loci in every scheme that maps smoothly to Br,d (i.e. if the Kodaira-
Spencer map is surjective at every point). For example, our results exhibit the corresponding
Hurwitz-Brill-Noether loci as having at most Gorenstein or Q-Gorenstein singularities (see
[Lar21a] for more details). In previous work on the singularities of splitting loci, it has been
shown that splitting loci are normal and Cohen-Macaulay [LLV25], and that certain tame
splitting loci have rational singularities (Theorem 2.1.2).

We say that e⃗ is a block arithmetic progression of block size s and difference t if it is a
shift of the tuple (0s, ts, . . . , ((m− 1)t)s) (ts is a short hand for s copies of the number t). As
usual, if s = 1, we say that the tuple is an arithmetic progression. We say that e⃗ is contiguous
if e⃗ is a shift of a tuple of the form (. . . , 0a, 1b, 2a, 3b, . . . ) for some positive integers a, b.

Example 3.1.1. 1. e⃗ = (−1, 0, 0, 0, 1) and e⃗ = (0, 1, 1, 1, 2, 3, 3, 3) are contiguous.

2. e⃗ = (−3,−3, 0, 0, 3, 3) is a block arithmetic progression of block size 2 and difference
3.

We say that a Cohen-Macaulay scheme X is N -Gorenstein if ω⊗N
X is a line bundle. Being

Gorenstein and N -Gorenstein are smooth-local properties (see Section 3.2), so it makes sense
to ask when an algebraic stack, such as a splitting locus Σe⃗, is Gorenstein or N -Gorenstein.
We say that an algebraic stack is Q-Gorenstein if it is N -Gorenstein for some N ≥ 1.

Our main theorem is the following.

Theorem 3.1.2. A splitting locus Σe⃗ is Gorenstein if and only if e⃗ is a block arithmetic pro-
gression of difference 0, 1 or 2, or if e⃗ is contiguous. Σe⃗ is Q-Gorenstein (but not Gorenstein)
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if and only if it is an arithmetic progression of difference t ≥ 3. In this case, the smallest N
for which Σe⃗ is N -Gorenstein is t if t is odd, and t/2 if t is even.

To prove Theorem 3.1.2, we first exhibit a basis

a
(1)
1 , . . . , a

(ℓ)
1 , b

(1)
2 , . . . , b

(ℓ)
2

forA1(Σe⃗) in Proposition 3.3.2. The a(i)
1 ’s lift generators forA1(Σe⃗). Setting e⃗ = (f s1

1 , . . . , f
sℓ
ℓ ),

let e⃗ (i) be defined by replacing f si
i in e⃗ with (fi − 1, f si−2

i , fi + 1). Then the b(i)
2 ’s are given

by

b
(i)
2 =

[Σe⃗ (i) ] if fi−1 + 1 < fi < fi+1 − 1 and si ≥ 2,
0 otherwise.

Note that Σe⃗ (i) is of codimension 1 in Σe⃗. (When we say basis, we mean to include only those
nonzero b(i)

2 ’s.) In terms of these universal classes, we prove an adjunction-type formula for
the class of the canonical module for splitting loci.

Theorem 3.1.3 (Theorem 3.3.8). Let X be a scheme, and let E be a rank r, fiberwise degree
d vector bundle on X × P1, inducing a smooth map X → Br,d (so that X is necessarily
smooth). Let e⃗ = (f s1

1 , . . . , f
sℓ
ℓ ), where f1 < · · · < fℓ, and let Σe⃗(X) denote the splitting

locus corresponding to e⃗ in X. Write δi = ∑
j<i sj −∑

j>i sj. Then

[ωΣe⃗(X)] = [ωX |Σe⃗(X)] +
∑

1≤i≤ℓ

(
(deg e⃗− rfi + δi)a(i)

1 + (r − si)b(i)
2

)
,

where the a(i)
1 , b

(i)
2 classes denote the pullbacks of the universal classes on Σe⃗ to Σe⃗(X).

Next, we consider a specific family of smooth covers of the stack Br,d of rank r, degree
d vector bundles on P1, namely the affine spaces H1End(O(e⃗ ′)) where e⃗ ′ = ((−M)r−1, D),
and D is large enough so that e⃗ ′ < e⃗. Let Σe⃗ denote the splitting locus corresponding to
the splitting type e⃗ inside H1End(O(e⃗ ′)). As worked out in Section 2.2, for splitting types
e⃗ ′ = ((−M)r−1, D), the affine space H1End(O(e⃗ ′)) is a principal GLr−1-bundle over an open
substack of a vector bundle over Br,d. Using this interpretation of H1End(O(e⃗ ′)), we prove
the following:

Theorem 3.1.4. Let e⃗ ′ = ((−M)r−1, D) and let e⃗ = (f s1
1 , . . . , f

sℓ
ℓ ), where f1 < · · · < fℓ,

such that e⃗ ′ < e⃗. Then the class group of the splitting locus Σe⃗ ⊆ H1End(O(e⃗ ′)) fits in the
following right exact sequence:

Z2 → A1(Σe⃗) → A1(Σe⃗) → 0, (3.1)

where the first map is given by sending the two basis elements to

α1 =
ℓ∑
i=1

(
−(fi +M)a(i)

1 + b
(i)
2

)
,

α2 =
ℓ∑
i=1

(
(fi +M + 1)a(i)

1 − b
(i)
2

)
.
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With some computation, the previous two theorems together tell us exactly when the
class of the canonical module in H1End(O(e⃗ ′)) is trivial or N -torsion. This turns out to be
enough. The affine spaces H1End(O(e⃗ ′)) in general admit an action by Gk−1

m , where k is the
number of perfectly balanced blocks in e⃗ ′, which makes the ideal for splitting loci therein
Zk−1-graded (Section 3.2). When e⃗ ′ has the special shape of ((−M)r−1, D), H1End(O(e⃗ ′))
admits a natural Gm-action which makes the canonical module for Σe⃗ standard-graded. As
such, ω⊗N

Σe⃗
is a line bundle if and only if we have N [ωΣe⃗

] = 0 as a class in A1(Σe⃗) (Proposition
3.2.6).

Remark 3.1.5. 1. Note that the image of the first map in (3.1) is generated by the
classes α1 + α2 = ∑ℓ

i=1 a
(i)
1 and α2 − (M + 1)(α1 + α2) = ∑ℓ

i=1(fia
(i)
1 − b

(i)
2 ), and in

particular does not depend on M . One can check that these are precisely the classes
that arise from restricting classes in A1(Br,d). A priori, these classes must pull back to
zero on Σe⃗, since we can also factor the pullback through the affine space H1EndO(e⃗ ′),
which has trivial class group. Our computation tells us that these are the only classes
that become zero.

2. When e⃗ is rank 2, the ideals for splitting loci in H1EndO(e⃗ ′) are precisely Hankel
determinantal ideals, as explained in [ES08, Corollary 5.4]. Thus our results recover
the computation in [Con+18] for the class groups of Hankel determinantal rings and
the classes of the canonical modules therein. Our previous remark gives an explanation
for why the class group of Hankel determinantal rings only depends on the difference
between the number of rows and columns of the Hankel matrix.

3. Our investigation is partly inspired by the results in the case of determinantal varieties,
warranting a brief comparison here. Over a field, the class group of the determinantal
variety of m-by-n matrices of rank at most r > 0 is Z. It is freely generated by the
class of one of two distinguished prime ideals P,Q, satisfying [P ] = −[Q], and the
class of the canonical module is m[P ] + n[Q]. In particular, the determinantal variety
is Gorenstein (equivalently Q-Gorenstein) precisely when the matrices are square, i.e.
m = n [BV88, Theorem 8.8].

4. Our work inches us one step closer to the question of whether Σe⃗ has rational singu-
larities when e⃗ = (−2, 0, 2), which is the first non-tame case. Since e⃗ = (−2, 0, 2) is
Gorenstein, it now suffices to check that Σe⃗ is log terminal. This seems out of reach
to us, since our intersection-theoretic techniques are agnostic of any behavior in codi-
mension 2 and beyond, which one would need a better handle of in order to compute
the discrepancies.

3.2 Preliminaries
We refer the reader to [Lar21b] and Section 2.2 for background on splitting loci.
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A Torus Action On H1End(O(e⃗))
Let e⃗ = (f s1

1 , . . . , f
sℓ
ℓ ). Let e⃗ = (f s1

1 , . . . , f
sℓ
ℓ ). We shall explain that there is a natural Gℓ−1

m -
action on H1End(O(e⃗)) under which splitting loci are invariant. In particular, the ideals for
splitting loci in H1End(O(e⃗)) are naturally Zℓ−1-multigraded.

As explained in Subsection 2.2, a T -point of the affine space H1End(O(e⃗)) is the data
of vector bundles K1, . . . ,Kℓ on T × P1, plus the data of an isomorphism K1 ∼= O(f s1

1 )|T×P1 ,
plus the data of extensions

0 → Ki−1
fi−→ Ki

gi−→ O(f si
i ) → 0

for each 2 ≤ i ≤ ℓ. Note that we will often write O(f si
i ) to denote the pullback of this

bundle along the second projection from P1 to T × P1. In terms of these extensions, the
action is easy to describe. An element (α1, . . . , αℓ−1) ∈ Gℓ−1

m acts on such a collection of data
by keeping the vector bundles the same, but scaling the extensions to:

0 → Ki−1
fi−→ Ki

βigi−−→ O(f si
i ) → 0,

where βi = α1α2 · · ·αi−1. After fixing an isomorphism of O(e⃗) ∼= ⊕ℓ
i=1O(f si

i ), we can identify
H1End(O(e⃗)) ∼= ⊕1≤j<i≤ℓ Ext1(O(f si

i ),O(f sj

j )). We will now work out what the action is in
these coordinates by considering the action on a k-point.

Proposition 3.2.1. The isomorphism H1End(O(e⃗)) ∼= ⊕1≤j<i≤ℓ Ext1(O(f si
i ),O(f sj

j )) is a
decomposition of H1End(O(e⃗)) into weight spaces of the action of Gℓ−1

m . For 1 ≤ j < i ≤ ℓ,
if vij ∈ Ext1(O(f si

i ),O(f sj

j )), and α = (α1, . . . , αℓ−1) ∈ Gℓ−1
m , then α · vij = β−1

j βivij =
αjαj+1 · · ·αi−1vij.

Proof. Let K1, . . . , Kℓ be the bundles involved in the data of a k-point of H1End(O(e⃗)),
corresponding to the point (vij)1≤j<i≤ℓ ∈ ⊕1≤j<i≤ℓ Ext1(O(f si

i ),O(f sj

j )). We will show that
α = (α1, . . . , αℓ−1) ∈ Gℓ−1

m acts by vij 7→ β−1
j βivij.

To prove this, we proceed by induction. Suppose that we have shown that α · vi′j =
β−1
j βi′vi′j whenever i′ < i. By definition, α acts on Ext1(O(f si

i ), Ki−1) by scaling the
extensions with weight βi for all i ≥ 2. The identification of Ext1(O(f si

i ), Ki−1) with
⊕1≤j<i Ext1(O(f si

i ),O(f sj

j )) can be made step by step. Suppose we have identified

Ext1(O(f si
i ), Ki−1) ∼= Ext1(O(f si

i ), Kt−1) ⊕ ⊕t≤j<i Ext1(O(f si
i ),O(f sj

j )),

where t ≥ 3. Then in order to identify Ext1(O(f si
i ), Kt−1) with Ext1(O(f si

i ),O(f st−1
t−1 )) ⊕

Ext1(O(f si
i ), Kt−2), we choose a (non-canonical) splittings of the following exact sequence:

0 → Ext1(O(f si
i ), Kt−2) → Ext1(O(f si

i ), Kt−1) → Ext1(O(f si
i ),O(f st−1

t−1 )) → 0, (3.2)

Suppose by induction that α acts on Ext1(O(f si
i ), Kt−1) by scaling by βi, and that we have

also shown the desired claim that α · vij = β−1
j βivij whenever j ≥ t. The base case when

t = i is certainly true. We will show that α acts on Ext1(O(f si
i ), Kt−2) by βi as well, and

that α · vi,t−1 = β−1
t−1βivi,t−1.
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Let us first consider the second map in (3.2) above. The map is given by taking the
pushout along the given map Kt−1

gt−1−−→ O(f st−1
t−1 ):

0 Kt−1 Ft−1,i O(f si
i ) 0

0 O(f st−1
t−1 ) Et−1,i O(f si

i ) 0

gt−1

f g

ψ

ϕ γ

.

Since α acts on the first extension by sending g to βig by our inductive hypothesis, the
prescribed action on the original extensions would act on Ext1(O(f si

i ),O(f si−1
i−1 )) by scaling

by β−1
t−1βi, as explained by the following diagram.

0 Kt−1 Ft−1,i O(f si
i ) 0

0 O(f st−1
t−1 ) Et−1,i O(f si

i ) 0

βt−1gt−1

f βig

βt−1ψ

ϕ β−1
t−1βiγ

We can also compute the restriction of the action to Ext1(O(f si
i ), Kt−2), by interpreting

the first map in (3.2). It is again given by taking a pushout along the map gt−1 : Kt−2 → Kt−1.
So the action of α on Ext1(O(f si

i ), Kt−1) with weight βi restricts as the following diagram
shows:

0 Kt−2 Ft−2,i O(f si
i ) 0

0 Kt−1 Ft−1,i O(f si
i ) 0

ϕ′

ft−1

βiγ
′

ψ′

f βig

.

Thus (α1, . . . , αℓ−1) ∈ Gℓ−1
m acts on Ext1(O(f si

i ), Kt−2) also by scaling by βi.

Since the action above arises from scaling extension classes, it does not change the iso-
morphism class of the bundles K1, . . . , Kℓ. In particular, splitting loci corresponding to the
isomorphism class of Kℓ are invariant under this action.

Example 3.2.2. Let e⃗ = (−2, 0, 2). Then we can write the coordinate ring of H1End(O(e⃗))
as k[a, b, c1, c2, c3], where a, b are coordinates corresponding to the pairs (−2, 0) and (0, 2)
respectively, and c1, c2, c3 are coordinates of Ext1(O(2),O(−2)). Then there is a natural
G2
m-action on this ring, giving rise to a Z2-grading. Namely, deg a = (1, 0), deg b = (0, 1) and

deg ci = (1, 1). All splitting loci inside H1End(O(e⃗)) are homogeneous with respect to this
grading.

Example 3.2.3. Of the most importance to us is the easiest case where e⃗ = (f s1
1 , f

s2
2 ). In this

case, H1End(O(e⃗)) = Ext1(O(f s2
2 ),O(f s1

1 )) admits a Gm-action that corresponds to scaling
the extension class. The corresponding Z-grading on the polynomial ring with s1s2(f2−f1−1)
variables is the standard grading, and ideals for splitting loci are homogeneous with respect
to this grading.



CHAPTER 3. WHEN ARE SPLITTING LOCI GORENSTEIN? 47

Gorenstein and N-Gorenstein Algebraic Stacks
Let us check that both being Gorenstein and being N -Gorenstein are smooth-local properties
for locally Noetherian, Cohen-Macaulay schemes.

Lemma 3.2.4. Let X be a locally Noetherian Cohen-Macaulay scheme with a smooth
cover by schemes Uα indexed by α ∈ I. Then X is (N -)Gorenstein if and only if Uα is
(N -)Gorenstein for every α.

Proof. Since a scheme is Gorenstein if and only if every local ring is Gorenstein, and since
being locally Noetherian and Cohen-Macaulay are both smooth-local properties, we can
reduce to the following claim: let A,B be Noetherian, Cohen-Macaulay local rings and let
f : A → B be a smooth and local homomorphism. Then A is (N -)Gorenstein if and only if
B is (N -)Gorenstein.

Since f is smooth, there exists a relative dualizing module ωf which is a rank one pro-
jective B-module. Since B is local, in fact ωf ∼= B. By [Stacks, Lemma 0E30], ωB =
ωf ⊗B (B ⊗A ωA) (the derived tensor product is just the regular tensor product because ωf
is projective, and the derived pullback of ωA to SpecB is just the regular pullback because
f is smooth and in particular flat). So in fact ωB = ωA ⊗A B, and ω⊗N

B = ω⊗N
A ⊗A B. Since

f : A → B is smooth and in particular faithfully flat, given a finitely generated A-module
M, M ⊗AB is free iff M ⊗AB is projective iff M ⊗AB is flat iff M is flat iff M is projective
iff M is free. Therefore ω⊗N

A
∼= A if and only if ω⊗N

B
∼= B.

Alternatively just for the Gorenstein claim, one could use [Stacks, Lemma 0BJL] (B/mB

is Gorenstein because it’s the fiber of a smooth morphism, so in particular should be regular).

Thus as with all smooth-local properties, if X is a locally Noetherian, Cohen-Macaulay
algebraic stack, it makes sense to talk about whether X is Gorenstein or N -Gorenstein. We
say that X is Q-Gorenstein if there exists N ≥ 1 such that X is N -Gorenstein.

Reduction to a class calculation
In this subsection, we explain how to reduce the question of whether splitting loci are Goren-
stein or Q-Gorenstein to a class calculation.

Proposition 3.2.5. Let S be a Z-graded Noetherian ring with S0 ∼= k. Let M be a graded
finitely generated S-module. Then M is locally free if and only if it is a free S-module.

Proof. We shall show the forward direction. Suppose that M is a graded, finitely generated,
locally free S-module. In particular, M is projective. By the graded Nakayama’s lemma,
there exists a graded surjection from a graded free S-module which is an isomorphism after
tensoring with k. Let the kernel be K, so that we have a short exact sequence

0 → K → ⊕S(−di) ↠M → 0

Then the fact that M is projective implies that tensoring with k is exact, which implies that
K ⊗S k = 0. But by the graded Nakayama’s lemma, this implies that K = 0. In particular,
M is free.
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Recall that on an integral and normal scheme, the Weil class group can also be viewed
as the group of rank 1 reflexive sheaves (for details see e.g. [Sch]). As such, given a rank 1
reflexive sheaf M on an integral and normal scheme X, we use [M ] ∈ A1(X) to denote the
corresponding class. Recall from the introduction that Σe⃗ denotes the splitting locus inside
H1End(O(e⃗ ′)), where e⃗ ′ = ((−M)r−1, D) and e⃗ ′ > e⃗. We will write ωΣe⃗

for the canonical
module of Σe⃗.

Proposition 3.2.6. ω⊗N
Σe⃗

is locally free if and only if N [ωΣe⃗
] ∈ A1(Σe⃗) is zero.

Proof. The canonical module ωΣe⃗
is a rank 1 reflexive sheaf (e.g. [BH98, Theorem 3.3.10(d),

Proposition 3.3.13]). Therefore N [ωΣe⃗
] is zero if and only if ω⊗N

Σe⃗
is the structure sheaf. But

since ω⊗N
Σe⃗

is graded, by the previous proposition, it is the structure sheaf if and only if it is
locally free.

3.3 Some class calculations

Codimension One Chow Group of Σe⃗

Let e⃗ = (f s1
1 , . . . , f

sℓ
ℓ ), where f1 < · · · < fℓ. Let r = ∑ℓ

i=1 si = rk e⃗, and let d = ∑ℓ
i=1 sifi =

deg e⃗. Recall from the proof of [LLV25, Proposition 9.1] that if e⃗ ′ is such that u(e⃗ ′)−u(e⃗) = 1,
then there exists 1 ≤ i ≤ ℓ such that fi−1 + 1 < fi < fi+1 − 1 (as far as i has neighbors),
si ≥ 2, and e⃗ ′ arises from replacing f si

i in e⃗ with (fi − 1, f si−2
i , fi + 1). We denote by e⃗ (i) the

codimension one splitting type e⃗ ′ obtained by unbalancing f si
i when it exists. Let Ze⃗ be the

union of splitting loci Σe⃗ and all Σe⃗ ′ where u(e⃗ ′) − u(e⃗) = 1.
Let Σ̃e⃗ be the algebraic stack whose functor is given by

(T → Spec k) 7→


A vector bundle E of rank r and fiberwise degree d and a flag of
quotients E = Q0 ↠ Q1 ↠ Q2 ↠ · · · ↠ Qℓ−1 on T × P1, such that Qi is
flat over T , and fiberwise of rank ∑ℓ−i

j=1 sj and degree ∑ℓ−i
j=1 sjfj

 / ∼,

where two flags of quotients E = Q0 ↠ Q1 ↠ Q2 ↠ · · · ↠ Qℓ−1, E = Q0 ↠ Q′
1 ↠

Q′
2 ↠ · · · ↠ Q′

ℓ−1 are equivalent if there are isomorphisms Qi → Q′
i which together with

the identity morphism on Q0 form a commutative diagram. By Theorem 2.3.5, Σ̃e⃗ is a
resolution of singularities for Σe⃗. Moreover, for each e⃗ (i), the only possible such flags are
coarsenings of the Harder-Narasimhan flag for O(e⃗ (i)), so the natural map Σ̃e⃗ → Σe⃗ is not
only an isomorphism over Σe⃗, but also an isomorphism over Ze⃗. As such, on Ze⃗ × P1, there
is a natural flag of quotients for the universal bundle

E = Q0 ↠ Q1 ↠ Q2 ↠ · · · ↠ Qℓ−1,

where each Qi is in fact a vector bundle. For 1 ≤ i < ℓ, let Nℓ−i+1 = ker(Qi−1 → Qi), and
let N1 = Qℓ−1. The sheaves Ni are vector bundles on Ze⃗ × P1, which split as O(f si

i ) over
Ze⃗ \ Σe⃗ (i) , and split as O(fi − 1, f si−2

i , fi + 1) over Σe⃗ (i) , if it exists.
Let z be the hyperplane class on Ze⃗ × P1, corresponding to O(1). For all k ≥ 1, there

exist classes a(i)
k ∈ Ak(Ze⃗), b(i)

k ∈ Ak−1(Ze⃗) such that

ck(Ni(−fi)) = π∗a
(i)
k + π∗b

(i)
k z.
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If e⃗ (i) does not exist, then
Ni(−fi) ∼= π∗π∗(Ni(−fi)), (3.3)

and in particular b(i)
k = 0 for all k ≥ 1. If e⃗ (i) exists, then away from Σe⃗ (i) , we have (3.3)

again, which shows that up to classes in the image of A∗(Σe⃗ (i)), b(i)
k ≡ 0. Note also that b(i)

1
is the degree of Ni(−fi) on fibers, which is zero.

Lemma 3.3.1. For all M ∈ Z,

c1(Rπ∗Ni(−fi +M)) = c1(π∗Ni(−fi)) +Mπ∗(c1(Ni).z)
= (M + 1)a(i)

1 − b
(i)
2 .

Proof. Twisting changes the Chern classes as follows:

c1(Ni(−fi +M)) = π∗a
(i)
1 +Msiz,

c2(Ni(−fi +M)) = π∗a
(i)
2 + π∗b

(i)
2 z + (si − 1)Mπ∗a

(i)
1 z.

Recall that the relative Todd class of a trivial P1-bundle is 1 + z. So by Grothendieck-
Riemann-Roch,

c1(Rπ∗Ni(−fi +M)) = π∗

(1
2(c1(Ni(−fi +M))2 − 2c2(Ni(−fi +M))) + c1(Ni(−fi +M)).z

)
= π∗

(1
2(2Msiπ

∗a
(i)
1 .z − 2π∗b

(i)
2 .z − 2M(si − 1)π∗a

(i)
1 .z) + π∗a

(i)
1 .z

)
= (M + 1)a(i)

1 − b
(i)
2 .

Proposition 3.3.2. Whenever the codimension one splitting type e⃗ (i) exists, [Σe⃗ (i) ] = b
(i)
2 ∈

A1(Ze⃗). In particular, A1(Σe⃗) has a basis given by a(1)
1 , . . . , a

(ℓ)
1 and those b(i)

2 ’s for which e⃗ (i)

exists.

Proof. By Lemma 3.3.1,

c1(π∗Ni(−fi)) = a
(i)
1 − b

(i)
2 ,

c1(π∗Ni(−fi + 1)) = 2a(i)
1 − b

(i)
2 .

Moreover, as explained in the proof of [LLV25, Proposition 9.1], Σe⃗ (i) is Cartier in Ze⃗ and
cut out by a section of ∧2siπ∗(Ni(−fi) ⊗H0(P1,O(1)))∨ ⊗ ∧2siπ∗Ni(−fi + 1). In particular,

[Σe⃗ (i) ] = c1(π∗Ni(−fi + 1)) − 2c1(π∗Ni(−fi)) = b
(i)
2

as desired.
By Lemma 3.1 of [CL24], we know that A1(Σe⃗) is freely generated by c1(π∗Ni(−fi))|Σe⃗

.
By excision, it follows that A1(Σe⃗) is generated by lifts of c1(π∗Ni(−fi))|Σe⃗

from Σe⃗ to Σe⃗

and the classes of these codimension one strata. The a(i)
1 classes certainly lift c1(π∗Ni(−fi)),

and we just saw that when e⃗ (i) exists, then b
(i)
2 is exactly the class of that stratum. Thus it
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U
(0)
e⃗ ′

U
(1)
e⃗ ′ V = π∗Hom(E ,O(D))

U
(2)
e⃗ ′ = ⋃

e⃗ ′′≥e⃗ ′ Σe⃗ ′′ Br,d

GLr−1-bundle

vector bundle

Figure 3.1: Building Ext1(O(D),O(−M)⊕r−1) from Br,d

remains to show that there are no relations between the b(i)
2 ’s. Consider the map Bsi,0 → Σe⃗

induced by the vector bundle N (fi) ⊕ ⊕j ̸=iO(f sj

j ), where N is the universal vector bundle
on Bsi,0 ×P1. Under this map, the classes a(j)

1 , b
(j)
2 all pull back to zero for j ̸= i, and a(i)

1 , b
(i)
2

pull back to the classes a1, a
′
2 as defined in [Lar23], which are free generators of the (rational)

Picard group of Bsi,0. In particular, if there were any relation ∑ℓ
j=1(cjb

(j)
2 + dja

(j)
1 ) = 0 in

A1(Σe⃗), then it must be the case that cia′
2 + dia1 = 0 in the rational Chow ring of Bsi,0 for

all 1 ≤ i ≤ ℓ, but that implies that ci = di = 0. So in fact there cannot be any relations and
the a(i)

1 and b
(i)
2 ’s form a basis.

Proof of Theorem 3.1.4
Let e⃗ ′ = ((−M)r−1, D), such that D − (r − 1)M = d, and D is large enough so that e⃗ ′ < e⃗.
Let E be the universal bundle on Br,d × P1. We will also use E to denote the pullback of
the universal bundle on Br,d × P1 to various spaces U × P1 when there is an obvious map
U → Br,d. When there is an obvious map U → Σe⃗, we also omit the pullback from our
notation, writing a

(i)
1 , b

(i)
2 to denote the pullbacks of the universal classes on Σe⃗. We will

write Ue⃗ ′ = H1End(O(e⃗ ′)) = Ext1(O(D),O(−M)⊕r−1). Let us recall from Section 2.2 how
to construct the affine space Ue⃗ ′ from Br,d:

1. First we restrict to the open U
(2)
e⃗ ′ in Br,d where E splits as e⃗ ′′ ≥ e⃗ ′.

2. Over this open, we form the pushforward V = π∗Hom(E ,O(D)), which is a vector
bundle.

3. We excise the locus where the corresponding map ϕ : O(e⃗ ′′) → O(D) is not surjective,
and the locus where the kernel is not perfectly balanced, and obtain an open locus
U

(1)
e⃗ ′ .

4. On U
(1)
e⃗ ′ × P1, there is a universal surjection E → O(D) so that fiberwise the kernel

is perfectly balanced. Let K = ker(E → O(D)). The last step now is to form the
principal GLr−1-bundle Ue⃗ ′ = U

(0)
e⃗ ′ = Isom(O(−M)r−1,K) which frames K.
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After base change from U
(2)
e⃗ ′ to Σ◦

e⃗ = ∪e⃗ ′≤f⃗≤e⃗Σf⃗ , we note that this construction is also a
recipe for building Σe⃗ from Σ◦

e⃗.
Luckily, this construction is pretty amenable to tracking how A1(Σe⃗) compares to A1(Σe⃗).

Forming a vector bundle does not affect Chow, and as far as A1 is concerned, forming a GL-
bundle amounts to setting c1 of the corresponding vector bundle to zero. We have also excised
two closed loci in this process, and we must take note of whether they contain codimension
one components, and if so, we must remember to excise them in the class group computation.
The rest of this subsection will follow this recipe to prove Theorem 3.1.4.

Let Zns denote the closed locus in V = π∗Hom(E ,O(D)) of those maps O(f⃗) → O(D)
which are not surjective. We label the relevant maps as follows:

V × P1 Σ◦
e⃗ × P1

V Σ◦
e⃗

p̃

π′ π

p

Lemma 3.3.3. The closed locus Zns is irreducible of codimension r − 1. In particular, Zns
is of codimension 1 if and only if r = 2. In that case,

[Zns] = π′
∗c2(Hom(E ,O(D))) =

−(f1 +M)a(1)
1 − (f2 +M)a(2)

1 if e⃗ = (f1, f2), f1 < f2;
−(f +M)a1 + b2 if e⃗ = (f, f).

Note that in the latter case, since m = 1, we use a1, b2 as a shorthand for a(1)
1 , b

(1)
2 .

Proof. Let Z ′ be the locus of points in V × P1 where the universal map E → O(D) is zero.
By our choice of D, the evaluation map

ev : π∗V = π∗π∗Hom(E ,O(D)) → Hom(E ,O(D))

is surjective, and Z ′ is in fact the total space of the vector bundle W = ker(ev) on Σ◦
e⃗ × P1.

In particular Z ′ must be irreducible of codimension r = rk Hom(E ,O(D)) in V ×P1. A map
O(f⃗) → O(D) is not surjective if it is zero at some point of P1. Therefore, the nonsurjective
locus Zns ⊂ V is the image of Z ′ in V . Since a generic nonsurjective map O(f⃗) → O(D)
drops rank at exactly one point, [Zns] = π′

∗cr(Hom(E ,O(D))). As this class has codimension
r − 1, it has codimension 1 if and only if r = 2.

Now suppose that e⃗ = (f1, f2) where f1 < f2. Then Ze⃗ = Σe⃗ and we have the short exact
sequence over Ze⃗

0 → N2 → E → N1 → 0.
Note that in this case, D = f1 + f2 +M . By Lemma 3.3.1,

π′
∗c2(Hom(E ,O(D))) = π′

∗

(
(c1(N ∨

1 (f1)) + (D − f1)z)(c1(N ∨
2 (f2)) + (D − f2)z)

)
= π′

∗

(
(−π∗a

(1)
1 + (f2 +M)z)(−π∗a

(2)
1 + (f1 +M)z)

)
= −(f1 +M)a(1)

1 − (f2 +M)a(2)
1 .
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Lastly, suppose that e⃗ = (f, f). Then m = 1, E = N1, M = D − 2f , and we get

π′
∗c2(Hom(E ,O(D))) = π′

∗

(
c2(E∨(f)) + c1(E∨(f))(D − f)z

)
= π′

∗ ((π∗a2 + π∗b1.z) − π∗a1.(f +M)z))
= −(f +M)a1 + b1.

Let Zubal denote the closed locus in π∗Hom(E ,O(D)) \ Zns of those surjective maps
O(f⃗) → O(D) whose kernel is not isomorphic to O(−M)⊕(r−1). Note that Zubal is empty if
r = 2.

Lemma 3.3.4. Suppose that r ≥ 3. Then Zubal is of pure codimension 1 and

[Zubal] =
ℓ∑
i=1

((−fi −M)a(i)
1 + b

(i)
2 ) ∈ A1(V \ Zns).

Proof. Since we are always working with a finite type stack, there exists S sufficiently large
such that K(S) is globally generated. The Strømme sequence [Str87, Proposition 1.1] tells
us that

0 → π∗(π∗K(S − 1))(−1) → π∗π∗K(S) → K(S) → 0.
Twisting this down by O(−S +M − 1) and pushing forward, we see that
π∗K(S− 1) ⊗H1OP1(−S+M − 2) → π∗K(S) ⊗H1OP1(−S+M − 1) → R1π∗K(M − 1) → 0
is exact. The locus where K is not perfectly balanced is precisely the support of R1π∗K(M−
1).

In the resolution above of R1π∗K(M − 1) by a map of vector bundles, the two vector
bundles involved both have rank (r−1)(S−M)(S−M+1). So the support of R1π∗K(M−1) is
cut out by the section of a line bundle. Since it is possible for K to split as perfectly balanced,
this section cannot be zero, and since we are working with an integral stack, this shows that
Zubal is of pure codimension one. The class of Zubal is just (S −M)c1(π∗K(S)) − (S −M +
1)c1(π∗K(S − 1)).

Now, recall that on (V \ Zns) × P1,
0 → K → E → O(D) → 0,

and as such we have c1(π∗K(S)) = c1(π∗E(S)) and c1(π∗K(S − 1)) = c1(π∗E(S − 1)). By
Lemma 3.3.1,

[Zubal] = (S −M)c1(π∗K(S)) − (S −M + 1)c1(π∗K(S − 1))
= (S −M)c1(π∗E(S)) − (S −M + 1)c1(π∗E(S − 1))

=
ℓ∑
i=1

((S −M)c1(π∗Ni(S)) − (S −M + 1)c1(π∗Ni(S − 1)))

=
ℓ∑
i=1

(
(S −M)((fi + S + 1)a(i)

1 − b
(i)
2 ) − (S −M + 1)((fi + S)a(i)

1 − b
(i)
2 )
)

=
ℓ∑
i=1

((−fi −M)a(i)
1 + b

(i)
2 ).



CHAPTER 3. WHEN ARE SPLITTING LOCI GORENSTEIN? 53

Lemma 3.3.5. Zubal is irreducible.

Proof. We have already shown that Zubal is of pure codimension 1. We can stratify V \
Zns by the splitting type a⃗ of K and the splitting type f⃗ of E . Each of these strata is
isomorphic to [Ua⃗,f⃗/Aut(O(⃗a)) × Aut(O(f⃗))], where Ua⃗,f⃗ ⊂ Hom(O(⃗a),O(f⃗)) is the locus
of maps with locally free cokernel. Note that each stratum is irreducible. Note also that
π∗Hom(O(e⃗ (i)),O(D)) is irreducible of codimension 1 in V , and over this space the kernel
is generically balanced. So when a⃗ is not balanced and f⃗ = e⃗ (i) for some i, the stratum
associated to a⃗ and f⃗ must be of codimension at least 2 in V . In particular, it suffices
to restrict our attention to the case where f⃗ = e⃗, and check that the only unbalanced a⃗
such that [Ua⃗,e⃗/Aut(O(⃗a)) × Aut(O(e⃗))] achieves codimension 1 in V \ Zns is a⃗ = (−M −
1,−M, . . . ,−M,−M + 1).

Note that in order for (−M, . . . ,−M,D) < (e1, . . . , er), we must have that D ≥ er +∑r−1
i=2 (ei − e1). So if Ua⃗,e⃗ ̸= ∅, then deg a⃗ ≤ (r − 1)e1. In the special case where e⃗ itself is

(f r−1
1 , f2), we must have that D > f2. So if Ua⃗,e⃗ ̸= ∅ in this case, then deg a⃗ < (r − 1)e1.

We have

dim[Ua⃗,e⃗/Aut(O(⃗a)) × Aut(O(e⃗))] = hom(O(⃗a),O(e⃗)) − h0End(O(⃗a)) − h0End(O(e⃗)),

and the dimension of V \ Zns is precisely

χ(Hom(O(⃗a),O(e⃗))) − χ(End(O(⃗a))) − h0End(O(e⃗)).

So the codimension of [Ua⃗,e⃗/Aut(O(⃗a))] is u(⃗a) − h1Hom(O(⃗a),O(e⃗)).
As explained by Hong and Larson in [Hon23, Theorem A.1.1], in order for there to exist

an injective map O(⃗a) → O(e⃗) with locally free cokernel, we could have the following two
scenarios:

1. ai ≤ ei for 1 ≤ i ≤ r − 1; or

2. there exists some 1 ≤ m ≤ r such that ak = ek+1 for k ≥ m, and ak < ek for k < m.

In the first case,

u(⃗a) − h1Hom(O(⃗a),O(e⃗)) =
r−1∑
i=1

i−1∑
j=1

(
h1Hom(O(ai),O(aj)) − h1Hom(O(ai),O(ej))

)

where each term

δij = h1Hom(O(ai),O(aj)) − h1Hom(O(ai),O(ej))

is nonnegative because aj ≤ ej. If all δij ≤ 1 and δij = 1 exactly once, then whenever
ai ≥ aj + 3, we have ej − aj ≤ 1 and ej = aj + 1 exactly once. Moreover, when ej = aj + 1,
there can be at most one i with ai − aj ≥ 2.

Now suppose that ar−1 − a1 ≥ 3. Then we must have that e1 − a1 ≤ 1. We cannot have
a1 = e1, because then deg a⃗ ≥ (r − 1)e1 + 3 would be too large. If a1 = e1 − 1, as we said
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before then it must be the case that ai − a1 ≤ 1 for i < r − 1. But then ar−1 − ai ≥ 2 for
1 < i < r− 1, which implies that ei = ai for 1 < i < r− 1 (we’ve used up our one chance to
have ei = ai + 1). This is now again impossible because deg a⃗ is now too large.

Now suppose that ar−1 − a1 = 2. Then again because deg a⃗ ≤ (r − 1)e1, we need that
e1 − a1 ≥ 1. But this implies that ai − a1 ≤ 1 for 1 < i < r − 1. Thus up to a shift, a⃗
is of the form ((−1)k, 0s, 1), where k > 0, s ≥ 0, k + s = r − 1, and e1 ≥ 0. In particular,
h1Hom(O(⃗a),O(e⃗)) = 0. So u(⃗a) = 1, which implies that k = 1 and up to a shift, we have
a⃗ = (−1, 0r−2, 1), which is the expected splitting type.

Lastly, we will show that in the second case, the stratum [Ua⃗,e⃗/Aut(O(⃗a)) × Aut(O(e⃗))]
cannot be of codimension 1. Let us write e⃗ = (e⃗−, e⃗+), a⃗ = (⃗a−, e⃗+), where e⃗+ = (em+1, em+2, . . . , er) =
(am, . . . , ar−1). Note that e⃗− has length m whereas a⃗− has length m− 1.

u(⃗a) − h1Hom(O(⃗a),O(e⃗))
=
(
u(⃗a−) − h1Hom(O(⃗a−),O(e⃗−)

)
+
(
ext1(O(e⃗+),O(⃗a−)) − ext1(O(e⃗+),O(e⃗−))

)
.

The first part is nonnegative for the same reason as in the first case. The second part can
be computed directly as follows:

ext1(O(e⃗+),O(⃗a−)) − ext1(O(e⃗+),O(e⃗−))
= − χ(Hom(O(e⃗+),O(⃗a−))) + χ(Hom(O(e⃗+),O(e⃗−)))
= − ((r −m)(m− 1) + (r −m) deg a⃗− − (m− 1) deg(e⃗+)) + ((r −m)m+ (r −m) deg e⃗− −m deg(e⃗+))
= (r −m)(1 +D) − deg e⃗+.

But since 1 +D > er, the quantity (r−m)(1 +D) − deg e⃗+ must be positive and it equals 1
if and only if m = r− 1 and er = D. But this is only possible if −M = e1 = e2 = · · · = er−1,
which just means that e⃗ ′ = e⃗, which is a contradiction.

If we let α1 = ∑ℓ
i=1

(
−(fi +M)a(i)

1 + b
(i)
2

)
, then we see that

α1 =
[Zns] if r = 2,

[Zubal] if r ≥ 3.

As a result of the previous lemmas, α1 is the only class that gets excised prior to the last
step of framing the kernel bundle.

Next, by framing the universal kernel K, we introduce another relation α2 in A1.

Lemma 3.3.6. We have that

Z → A1(U (1)
e⃗ ′ ) → A1(U (0)

e⃗ ′ ) → 0,

where the first map sends 1 to

α2 = c1(π∗(K(M))) =
ℓ∑
i=1

(
(fi +M + 1)a(i)

1 − b
(i)
2

)
.
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Proof. Recall that forming Isom(K,O(−M)⊕(r−1)) is the same as first taking π∗ Hom(K,O(−M)⊕(r−1)),
and then taking the open corresponding to isomorphisms. At this stage of the construction,
K is fiberwise isomorphic to O(−M)⊕(r−1), so K ∼= π∗(π∗K(M))(−M). The closed locus
which one excises is cut out by the determinant, which can be understood as a section of
∧r−1K∨ ⊗∧r−1O(−M)⊕(r−1) = π∗ ∧r−1 (π∗K(M))∨, so the locus in π∗ Hom(K,O(−M)⊕(r−1))
corresponding to maps which are not isomorphisms has class −c1(π∗K(M)). As in our com-
putation for [Zubal], we find that

c1(π∗K(M)) = c1(π∗E(M))

=
ℓ∑
i=1

c1(π∗Ni(M))

=
ℓ∑
i=1

(
(fi +M + 1)a(i)

1 − b
(i)
2

)
.

The Class of the Canonical Module
We give a compact description of the normal bundle for the smooth closed substack Ze⃗ in
B◦
r,d = Br,d \ ∪f⃗<e⃗,f⃗ ̸=e⃗ (i)Σf⃗ using filtered Ext and relative analogs. We refer to [Ill71, Section

V.2.2.2] for more details on the functors RHom±(−,−), RHom±(−,−).

Proposition 3.3.7. The normal bundle of Ze⃗ in B◦
r,d = Br,d \ ∪f⃗<e⃗,f⃗ ̸=e⃗ (i)Σf⃗ is R1π∗End+(E),

which is filtered with associated graded isomorphic to ⊕1≤j<i≤ℓR
1π∗Hom(Ni,Nj). In par-

ticular, for all smooth maps U → B◦
r,d, there is an exact sequence

0 → TZe⃗×B◦
r,d
U → TU → R1π∗End+(E) → 0,

where T(−) denotes the tangent bundle of the specified space.

Proof. Let ρ : Σ̃e⃗ → Σe⃗ be the resolution of singularities recalled at the beginning of Section
3.3. Thus, the first map in

0 → TZe⃗
→ TB◦

r,d
|Ze⃗

→ NZe⃗⊂B◦
r,d

→ 0

can be naturally identified with the natural map TΣ̃e⃗
→ ρ∗TB◦

r,d
, restricted to ρ−1Ze⃗. Let

us consider this situation after the base change along a smooth map B → Br,d, where B
is a scheme. Let E be the vector bundle on B × P1 inducing the map B → Br,d, and let
Ze⃗ ⊂ U ⊂ B be the base change of the stacks Ze⃗ ⊂ B◦

r,d ⊂ Br,d. We would like to show that
the normal bundle of Ze⃗ in U is R1π∗End+E , where End+(E) is taken with respect to the
filtration on E induced by Σ̃e⃗.

Recall that the Kodaira-Spencer map TB → R1π∗End(E) exists globally. Since B → Br,d

is smooth, this map is surjective. Moreover, the natural surjection End(E) → End+(E)
induces a surjection R1π∗End(E) → R1π∗End+(E). The composition of these two surjections
gives rise to a surjective map TB → R1π∗End+E . We claim that the composition

0 → TZe⃗
→ TU |Ze⃗

→ R1π∗End+E → 0 (3.4)
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is exact in the middle.
This follows from Proposition 1.5 in [DL85]. The content of their proposition is the

following. Suppose that E is a vector bundle on B×X where X is a curve and the Kodaira-
Spencer map TbB → Ext1

X(Eb, Eb) is surjective for all b ∈ B. Then whenever we form a flag
Quot construction associated to such E , then there is in general an exact sequence

0 → Ext0
+(Eb, Eb) → Tt FQuot(E) → TbB

ω+−→ Ext1
+(Eb, Eb) → 0, (3.5)

where t ∈ FQuot(E) is a point mapping to b ∈ B, corresponding to the data of a filtration
on Eb. The Exti+(Eb, Eb)’s in the sequence are taken with respect to the filtration given by t,
and ω+ is the composition of the Kodaira-Spencer map TbB → Ext1(Eb, Eb) and the natural
map Ext1(Eb, Eb) → Ext1

+(Eb, Eb).
Applied to our situation, we can take the flag Quot construction which corresponds to

base-changing Σ̃e⃗ to B, which is an isomorphism over Ze⃗. We know that we must have
Ext0

+(Eb, Eb) = 0 for all b ∈ Ze⃗ since Σ̃e⃗ → Σe⃗ is an isomorphism over Ze⃗. This fact can be
seen independently by using a spectral sequence to compute Ext0

+. The associated graded
pieces arising from the filtration on E are just the Ni’s, which are vector bundles. This
implies that over Ze⃗, RHom+(E , E) ∼= Hom+(E , E). Since RHom+ = RΓ ◦ RHom+ ([Ill71]
V.2.2.10), this shows that (R1π∗End+E)b ∼= H1(P1, End+(Eb, Eb)) ∼= Ext1

+(Eb, Eb). Thus the
exactness of (3.5) shows that the base change of (3.4) to any closed point b ∈ B is exact in
the middle.

Lastly, since End+(E) is filtered with associated graded isomorphic to ⊕1≤j<i≤ℓHom(Ni,Nj),
and since π∗Hom(Ni,Nj) = 0 for all 1 ≤ j < i ≤ ℓ, the conormal bundle R1π∗End+(E) is
filtered with associated graded isomorphic to ⊕1≤j<i≤ℓR

1π∗Hom(Ni,Nj), as claimed.

Even though Σe⃗ is not smooth in general, if we only care about the class of the canonical
module, we may excise codimension ≥ 2 closed strata and work over a smooth open, where
we have an explicit understanding of the normal bundle as given by the proposition above.

Theorem 3.3.8. Let X be a scheme, and let E be a rank r, fiberwise degree d vector
bundle on X × P1, inducing a smooth map X → Br,d (so that X is necessarily smooth).
Let e⃗ = (f s1

1 , . . . , f
sℓ
ℓ ), where f1 < · · · < fℓ, and let Σe⃗(X) denote the splitting locus

corresponding to e⃗ in X. Write δi = ∑
j<i sj −∑

j>i sj. Then

[ωΣe⃗(X)] = [ωX |Σe⃗(X)] +
∑

1≤i≤ℓ

(
(deg e⃗− rfi + δi)a(i)

1 + (r − si)b(i)
2

)
.

Proof. Let X◦ = X \ ∪f⃗<e⃗,f⃗ ̸=e⃗ (i)Σf⃗ and let Ze⃗ = Ze⃗ ×B◦
r,d
X◦. Using Proposition 3.3.7, we

find that

[ωΣe⃗
] = [ωZe⃗

]
= −c1(TZe⃗

)
= −c1(TX◦|Ze⃗

) + c1(NZe⃗⊂X◦)
= [ωX |Σe⃗

] +
∑

1≤j<i≤ℓ
c1(R1π∗Hom(Ni,Nj)).
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We claim that when 1 ≤ j < i ≤ ℓ,

c1(R1π∗Hom(Ni,Nj)) = (fi − fj − 1)(sia(j)
1 − sja

(i)
1 ) + sib

(j)
2 + sjb

(i)
2 ,

which would yield the desired result.
First, we can consider the class of this vector bundle after we excise Σe⃗ (i) . Then Ni is

perfectly balanced, and we have Ni = π∗Mi(fi), where we define Mi = π∗Ni(−fi).
Now,

R1π∗Hom(Ni,Nj) = R1π∗Hom(π∗Mi(fi),Nj)
= M∨

i ⊗R1π∗Nj(−fi).

By Lemma 3.3.1, we have c1(R1π∗Nj(−fi)) = −(fj − fi + 1)a(j)
1 + b

(j)
2 , and c1(M∨

i ) = −a(i)
1 .

So if we excise Σe⃗ (i) , then we see that modulo b(i)
2 ,

c1R
1π∗Hom(Ni,Nj) = sic1(R1π∗Nj(−fi)) + sj(fi − fj − 1)c1(M∨

i )
= −si(fj − fi + 1)a(j)

1 − sj(fi − fj − 1)a(i)
1 + sib

(j)
2

= (fi − fj − 1)(sia(j)
1 − sja

(i)
1 ) + sib

(j)
2 .

Similarly, if we excise Σe⃗ (j) , then

R1π∗Hom(Ni,Nj) = Mj ⊗R1π∗(N ∨
i (fj)) = Mj ⊗ π∗(Ni(−fj − 2))∨.

Again by Lemma 3.3.1, c1(Mj) = a
(j)
1 and c1(π∗(Ni(−fj − 2))∨) = −(fi − fj − 1)a(i)

1 + b
(i)
2 .

So modulo b(j)
2 ,

c1R
1π∗Hom(Ni,Nj) = (fi − fj − 1)(sia(j)

1 − sja
(i)
1 ) + sjb

(i)
2 .

Since b(i)
2 and b

(j)
2 are part of a free basis, the two calculations above together shows the

desired formula.

Proof of Theorem 3.1.2
By Theorem 3.3.8, the class of the canonical module for Σe⃗ ⊂ H1End(O(e⃗ ′)) is

[ωΣe⃗
] =

∑
1≤i≤ℓ

(
(deg e⃗− rfi + δi)a(i)

1 + (r − si)b(i)
2

)
.

Recall also that the two classes that generate the kernel of A1(Σe⃗) → A1(Σe⃗) are

α1 =
ℓ∑
i=1

(
−(fi +M)a(i)

1 + b
(i)
2

)
,

α2 =
ℓ∑
i=1

(
(fi +M + 1)a(i)

1 − b
(i)
2

)
.
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For convenience, given two vectors p⃗, q⃗ both of length ℓ, we use the notation (p⃗ | q⃗) to denote
the element ∑ℓ

i=1(pia
(i)
1 + qib

(i)
2 ). The subgroup generated by α1, α2 is free of rank 2, which

we think of in terms of the following basis:

(1a⃗ | 0) =
ℓ∑
i=1

a
(i)
1 ,

(f⃗ | −1b⃗) =
ℓ∑
i=1

(
fia

(i)
1 − b

(i)
2

)
.

We can rewrite the formula for [ωΣe⃗
] from Theorem 3.3.8 in terms of this basis:

[ωΣe⃗
] = deg e⃗(1a⃗ | 0) − r(f⃗ | −1b⃗) + (δ⃗ | −s⃗),

where δ⃗ = (δ1, . . . , δℓ) and s⃗ = (s1, . . . , sℓ). So [ωΣe⃗
] is zero or N -torsion if and only if (δ⃗ | −s⃗)

is zero or N -torsion. We now explain exactly when the canonical class is trivial or torsion.
Let δ⃗ = (δ1, . . . , δℓ). Let ∆(δ⃗) = (δ2 − δ1, . . . , δℓ − δℓ−1) = (s1 + s2, . . . , sℓ−1 + sℓ), and

similarly let ∆(f⃗) = (f2 −f1, . . . , fℓ−fℓ−1). Let e⃗ (i1), . . . , e⃗ (ik) be those splitting types which
are codimension one in Σe⃗.

First suppose there is at least one such codimension one splitting type. Then by observing
the generators, we see that if N(δ⃗ | −s⃗) ∈ span⟨α1, α2⟩ for some N ≥ 1, then we must have
that si1 = si2 = · · · = sik = s for some s ≥ 2, and there exist some A,B such that

(Nδ⃗ | −Ns1b⃗) = (Nδ⃗ | −Ns⃗) = A(1a⃗ | 0) +B(f⃗ | −1b⃗),

But then we are forced to take B = Ns. Looking only at the a⃗ part of the basis, we see that

Nδ⃗ = A · 1a⃗ +Nsf⃗ .

Equivalently, N∆(δ⃗) = Ns∆(f⃗). But if this is true, then we also have that ∆(δ⃗) = s∆(f⃗).
Let i ∈ {i1, . . . , ik} so that si = s. Then since si−1 + si = ∆(δ⃗)i−1 is divisible by s, si−1

must also be divisble by s. Similarly, since si + si+1 = ∆(δ⃗)i is divisible by s, si+1 must be
divisible by s. Hence we can write si = kis for each 1 ≤ i ≤ ℓ, where ki > 0. The condition
tells us that fi+1 − fi = ∆(f⃗)i = 1

s
∆(δ⃗)i = ki + ki+1 ≥ 2. Moreover, si = kis ≥ s ≥ 2. So

actually every 1 ≤ i ≤ ℓ contributes a codimension 1 class. It follows that si = s for all
1 ≤ i ≤ ℓ, and fi+1 − fi = 2 for all 1 ≤ i < ℓ. In sum, we have shown that if there exists
a codimension one splitting type e⃗ (i) and Σe⃗ is N -Gorenstein, then e⃗ is a block arithmetic
progression of difference 2 and Σe⃗ is actually Gorenstein.

Now suppose that there are no codimension 1 splitting loci in Σe⃗. In this case, Σe⃗ is
N -Gorenstein if and only if N∆(δ⃗) = B∆(f⃗) for some B ≥ 1. For each 1 ≤ i ≤ ℓ, there are
two possibilities:

1. fi+1 = fi + 1 or fi−1 = fi − 1, and si can be anything;

2. fi ≥ fi−1 + 2 and fi ≤ fi+1 − 2, and si = 1.
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When only the first possibility occurs, we claim that in fact for every 1 ≤ i < ℓ, fi+1 =
fi + 1. This is trivial if ℓ ≤ 3, so let us assume that ℓ ≥ 4. Suppose towards the contrary
that fi+1 − fi ≥ 2 for some i, which can only happen for 2 ≤ i ≤ ℓ − 2. Then we must
have fi−1 = fi − 1 and fi+2 = fi+1 + 1. So the relevant entries of ∆(f⃗) and ∆(δ⃗) are
(. . . , 1, fi+1 − fi, 1, . . . ) and (. . . , si−1 + si, si + si+1, si+1 + si+2, . . . ). Since ∆(f⃗) and ∆(δ⃗)
are proportional, we must have

si−1 + si = si+1 + si+2

si + si+1 = (fi+1 − fi)(si−1 + si).

In particular,
2(si + si+1) = (fi+1 − fi)(si−1 + si + si+1 + si+2),

which is impossible. Thus we conclude that ∆(f⃗) = (1, 1, . . . , 1), and there exist N,B such
that N∆(δ⃗) = B∆(f⃗) if and only if there exists B ≥ 1 such that ∆(δ⃗) = B∆(f⃗). The latter
condition is saying that si−1 + si = si + si+1 for all 1 < i < ℓ. This is exactly the case
where e⃗ is contiguous. In sum, if a splitting type e⃗ is N -Gorenstein, does not dominate any
splitting type of codimension 1, and only possibility (1) occurs, then Σe⃗ is contiguous and
it is Gorenstein.

If only the second possibility occurs, we have ∆(δ⃗) = (2, 2, . . . , 2). So in this case if Σe⃗

is N -Gorenstein for any N ≥ 1, then e⃗ is an arithmetic progression. If e⃗ is an arithmetic
progression with difference t, then Σe⃗ is Gorenstein if and only if t = 0, 1, 2. When t > 2, if
t = 2t′, then the smallest N such that Σe⃗ is N -Gorenstein is N = t′. If t is odd, then the
smallest N such that Σe⃗ is N -Gorenstein is t.

Lastly, we claim that the two possibilities cannot both occur for an N -Gorenstein splitting
type e⃗ with no codimension 1 strata. It suffices to show that it is not possible to have i, j
such that |i − j| = 1, (1) occurs at i and (2) occurs at j. We make the argument for
j = i − 1, as the other case is entirely analogous. In this case, e⃗ = (. . . , fi−1, f

si
i , f

si+1
i+1 , . . . ),

where fi+1 = fi + 1. But then ∆(f⃗)i−1 = fi − fi−1 > 1 = ∆(f⃗)i. This implies that
1 + si = ∆(δ⃗)i−1 > ∆(δ⃗)i = si + si+1, which is not possible.
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Chapter 4

The Singular Locus

4.1 Statement of Results
In this chapter, we will prove a characterization of the singular locus of Σe⃗ and compute
the codimension of the tangent space of Σe⃗ at each Σe⃗ ′ . First we explain what these words
mean for algebraic stacks.

Definition 4.1.1. Let X be an algebraic stack locally of finite type over a field, with U ↠ X
a smooth cover by a scheme. Let R = U ×X U . Since U is locally of finite type over a
field, the regular locus is open [Stacks, Lemma 07R5]. We define Reg(U) to be the regular
locus of U , and Sing(U) to be the complement of Reg(U) with the reduced closed subscheme
structure. Since pr1, pr2 : R → U are smooth, pr−1

1 (Sing(U)) = pr−1
2 (Sing(U)) = Sing(R). In

particular, Sing(U) is an R-invariant closed subscheme of U , and defines a closed substack of
X by [Stacks, Lemma 0505, Definition 044F]. Similarly, if (A,m) → (B, n) is a smooth local
homomorphism of Noetherian local rings, then A is regular if and only if B is regular. This
shows that Reg(U) is also an R-invariant open subscheme of U , defining an open substack
Reg(X) ⊂ X.

Using the same algebraic fact above, one can show that this definition of Reg(X) and
Sing(X) is independent of the choice of U . Since reducedness is a smooth-local property,
Sing(X) is by construction reduced.

Recall that a lower set of a partially ordered set is one which is closed under taking ≤.

Lemma 4.1.2. Reduced closed substacks of Σe⃗ are all of the form ⋃
e⃗ ′∈I Σe⃗ ′ for a lower set

I of the poset of splitting types so that e⃗ ′ ∈ I implies e⃗ ′ ≤ e⃗.

Proof. By [Stacks, Lemma 0509], reduced closed substacks of an algebraic stack X are in
one-to-one correspondence with closed subsets of |X|. In the case of X = Σe⃗, |Σe⃗| is the
poset {e⃗ ′ : e⃗ ′ ≤ e⃗}. It follows from the definition of the topology on |X| [Stacks, 04XG,
04XL] and the properties of the complete families H1End(O(e⃗ ′)) that the closed subsets of
|Σe⃗| are exactly the lower sets I ⊆ |Σe⃗|. The unique reduced closed substack Z of Σe⃗ such
that |Z| = I is precisely ⋃e⃗ ′∈I Σe⃗ ′ with the reduced closed substack structure.

In particular, in the universal setting, the singular locus of Σe⃗ is a union of Σe⃗ ′ ’s, which
warrants the following definition.
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Definition 4.1.3. We say that e⃗ ′ is in the singular locus of e⃗, denoted e⃗ ′ ∈ Sing(e⃗) if Σe⃗ ′ is
contained in the singular locus of Σe⃗, and similarly we write e⃗ ′ ∈ Reg(e⃗) if Σe⃗ ′ is contained
in the regular locus of Σe⃗.

Remark 4.1.4. A different, but also natural, closed substack structure on Sing(Σe⃗) would
be to use the Fitting ideal scheme structure on the sheaf of differentials, such as explained in
[Stacks, Section 0C3H]. These two scheme structures differ in general, as can already be seen
in the case of determinantal varieties. In this chapter, we choose to focus on the reduced
closed substack structure.

Next we explain what we mean by the codimension of the tangent space of Σe⃗ at Σe⃗ ′ .

Lemma 4.1.5. Let (B, E) be a complete family, and let b ∈ Σe⃗ ′(B) be any closed point.
Then the quantity dimB − dimTbΣe⃗(B) only depends on e⃗ and e⃗ ′.

Proof. In the case where B = H1End(O(e⃗ ′)), Σe⃗ ′(B) is just the closed point at the origin,
and we can compute the quantity dimB − dimTbΣe⃗(B) = u(e⃗ ′) − dimT0Σe⃗.

We note that by the exact sequence of sheaves of differentials associated to a smooth
morphism, if f : (R,m) → (S, n) is a smooth local homomorphism of Noetherian local rings,
then dimS/n n/n

2 − dimR/m m/m2 = dimS − dimR. Now consider the fiber product

F = B ×Br,d
H1End(O(e⃗ ′)) H1End(O(e⃗ ′))

B Br,d

.

Note that all spaces and morphisms in this diagram are smooth. Let b ∈ B be any closed
point in Σe⃗ ′(B). Since H1End(O(e⃗ ′)) → Br,d surjects onto ⋃

f⃗≥e⃗ ′ Σf⃗ , upon base change,
F surjects onto ⋃

f⃗≥e⃗ ′ Σf⃗ (B) as well. So we can always choose some closed point b′ ∈ F

mapping to b ∈ Σe⃗ ′(B). Under the map F → H1End(O(e⃗ ′)), b′ ∈ F necessarily maps to
0 ∈ H1End(O(e⃗ ′)). Now the algebraic argument above shows that

dimB − dimTbΣe⃗(B) = dimF − dimTb′Σe⃗(F ) = u(e⃗ ′) − dimT0Σe⃗

as desired.

Definition 4.1.6. Let T (e⃗ , e⃗ ′) be the quantity dimB − dimTbΣe⃗(B), whenever (B, E) is a
complete family and b ∈ Σe⃗ ′(B) is any closed point.

Note that T (e⃗, e⃗ ′) ≤ u(e⃗), and achieves equality if and only if e⃗ ′ ∈ Reg(e⃗). For the rest
of this section, we shall state our results characterizing Sing(e⃗) and T (e⃗, e⃗ ′) for arbitrary
e⃗ ′ ≤ e⃗.

Definition 4.1.7. For 1 ≤ s < r, the gap (s, s+1) is a cut for the pair e⃗ ′ ≤ e⃗ if e′
1+· · ·+e′

s =
e1 + · · · + es and es < es+1. A cut is admissible if in addition, we have e′

s < e′
s+1. We also

view the positions (0, 1) and (r, r + 1) as admissible cuts.

Theorem 4.1.8. Let e⃗ ′ ≤ e⃗. Then e⃗ ′ ∈ Reg(e⃗) if and only if there exist admissible cuts for
the pair such that each block of e⃗ between two adjacent cuts is balanced.
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In other words, e⃗ ′ lies in the regular locus of e⃗ if and only if e⃗ can be obtained by cutting
e⃗ ′ into blocks such that e′

s < e′
s+1 at each gap, and balancing each block of the partition. A

special case of this theorem was obtained in [Cop25, Proposition 7].

Definition 4.1.9. Let e⃗ ′ ≤ e⃗. Then we say that the pair (e⃗ ′, e⃗) is nice if there exists a
collection of inadmissible cuts for the pair so that e⃗ is balanced between two adjacent cuts.

Nice pairs (e⃗, e⃗ ′) are an important base case where our understanding of the geometry of
Σe⃗ along Σe⃗ ′ is quite explicit. The following description of T (e⃗, e⃗ ′) may be viewed as a flow
chart for computing T (e⃗, e⃗ ′). One of the exit states for this flow chart is the case of a nice
pair (e⃗, e⃗ ′).

Theorem 4.1.10. If (e⃗, e⃗ ′) share a nontrivial admissible cut, then we can partition (e⃗, e⃗ ′)
simultaneously according to the cut, so that e⃗ = (c⃗1, c⃗2), and e⃗ ′ = (c⃗ ′

1, c⃗
′
2). Then

T (e⃗, e⃗ ′) = T (c⃗1, c⃗
′
1) + T (c⃗2, c⃗

′
2) + ext1(c⃗ ′

2, c⃗
′
1).

If (e⃗, e⃗ ′) do not share any nontrivial cuts, then T (e⃗, e⃗ ′) = 0.
If (e⃗, e⃗ ′) share only inadmissible cuts, then we can write e⃗ = (c⃗m, . . . , c⃗1), e⃗ ′ = (c⃗ ′

m, . . . , c⃗
′
1),

where the blocks witness all the inadmissible cuts for the pair (e⃗, e⃗ ′). Then if f⃗ = (⃗bm, . . . , b⃗1),
where b⃗i is the result of balancing c⃗i, then T (e⃗, e⃗ ′) = T (f⃗ , e⃗ ′).

If (e⃗, e⃗ ′) is a nice pair, then using the inadmissible cuts exhibiting (e⃗, e⃗ ′) as a nice pair,
we can write e⃗ = (c⃗m, c⃗m−1, . . . , c⃗1), and

e⃗ ′ = (c⃗ ′
m, . . . , c⃗

′
1)

= (⃗bm, gρm−1
m−1 , g

ℓm−1
m−1 , b⃗m−1, g

ρm−2
m−2 , g

ℓm−2
m−2 , . . . , g

ρ2
2 , g

ℓ2
2 , b⃗2, g

ρ1
1 , g

ℓ1
1 , b⃗1).

where the change in color signifies a cut in between. Note that each c⃗i is balanced, gi ∈ Z,
ρi, ℓi > 0, and len(c⃗1) = len(c⃗ ′

1) = len(⃗b1) + ℓ1, len(c⃗2) = len(c⃗ ′
2) = len(⃗b2) + ℓ2 + ρ1, etc. Let

ti = ρi + ℓi. Then
T (e⃗, e⃗ ′) = u(e⃗ ′) −

m∑
i=1

h1End(O(gtii , b⃗i, g
ti−1
i−1 ))

To see that Theorem 4.1.10 implies Theorem 4.1.8, it suffices to check that in the case
of nice pairs, T (e⃗, e⃗ ′) < u(e⃗). This is actually a somewhat nontrivial computation, which
we do at the end of Section 4.4. In Remark 4.4.8, we explain how to adapt our proof of
Theorem 4.1.10 to obtain Theorem 4.1.8 in all characteristics.

We give a few small examples of our theorems above.

Example 4.1.11. 1. If e⃗, e⃗ ′ are of rank 2 and e⃗ is not balanced, then e⃗ ′ < e⃗ is always in
the singular locus for e⃗ and T (e⃗ ′, e⃗) = 0.

2. The splitting type e⃗ ′ = (−2, 0, 0, 2) is in the singular locus of e⃗ = (−1,−1, 1, 1). Note
that (e⃗, e⃗ ′) is a nice pair, and using Theorem 4.1.10, we compute that T (e⃗, e⃗ ′) =
7−4 = 3. On the other hand, the codimension of Σe⃗ is u(e⃗) = 4. So the tangent space
dimension of Σe⃗ at e⃗ ′ is one larger than the dimension of Σe⃗.
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3. The splitting type e⃗ ′ = (−1,−1, 0, 0, 0, 2) is in the regular locus of e⃗ = (−1,−1, 0, 0, 1, 1).
One would take the cut (2, 3) to satisfy the conditions of Theorem 4.1.8. Since e⃗ ′ is
in the regular locus of e⃗, we have T (e⃗, e⃗ ′) = u(e⃗) = 4. We can also compute the same
number using the algorithm of Theorem 4.1.10. Since c⃗1, c⃗2 are both balanced, we have
that T (e⃗, e⃗ ′) = ext1(c⃗ ′

2, c⃗
′
1) = 4.

Lastly, in Section 4.5, we give a description of the normal cone of Σe⃗ ′ in Σ≥e⃗ ′

e⃗ when (e⃗, e⃗ ′)
is a nice pair. To be more precise about what we mean, let B≥e⃗ ′

r,d = ⋃
f⃗≥e⃗ ′ Σf⃗ be the open

substack of Br,d which Ue⃗ ′ surjects onto. For any e⃗ ≥ e⃗ ′, denote Σ≥e⃗ ′

e⃗ = Σe⃗ ∩ B≥e⃗ ′

r,d .
Since B≥e⃗ ′

r,d and Σe⃗ ′ are both smooth, it makes sense to talk about the normal bundle
of Σe⃗ ′ in B≥e⃗ ′

r,d . Let Ne⃗ ′ be the normal bundle of Σe⃗ ′ in B≥e⃗ ′

r,d . We abuse notation and
also use Ne⃗ ′ to denote the total space of this normal bundle. Now let Ne⃗,e⃗ ′ denote the
normal cone associated to the closed embedding Σe⃗ ′ ⊂ Σ≥e⃗ ′

e⃗ . As in the case of schemes,
Ne⃗,e⃗ ′ admits a natural closed embedding into Ne⃗ ′ . In Proposition 4.2.2, we show that Ne⃗ ′

is the Aut(O(e⃗ ′))-representation H1End(O(e⃗ ′)), where Aut(O(e⃗ ′)) acts on End(O(e⃗ ′)) by
conjugation, inducing an action on this cohomology group. In Section 4.5, we describe the
normal cone Ne⃗,e⃗ ′ as a closed substack of Ne⃗ ′ = [H1End(O(e⃗ ′))/Aut(O(e⃗ ′))] by describing
the closed subscheme of H1End(O(e⃗ ′)) which descends to Ne⃗,e⃗ ′ .

4.2 Successive extension spaces, revisited
We clarify the isomorphism Σe⃗

∼= BAut(O(e⃗)) and compute the normal bundle for Σe⃗ ↪→
B≥e⃗
r,d . Let Ne⃗,e⃗ ′ be the normal cone for the closed embedding {0} ↪→ Σe⃗ in H1End(O(e⃗ ′)).

We shall also illucidate the relationship between Ne⃗,e⃗ ′ and Ne⃗,e⃗ ′ .

Proposition 4.2.1. Let Σe⃗ be the locally closed substack of Σe⃗ ⊆ Br,d, defined by Fitting
ideal conditions. In other words, let Σe⃗ be the algebraic stack representing the following
functor:

(T → Spec k) 7→


A vector bundle E of rank r and fiberwise degree d
on T × P1 such that R1π∗E(m) is a vector bundle of
rank h1O(e⃗)(m) for all m ∈ Z

 ,
where π : T × P1 → T . Then Σe⃗

∼= BAut(O(e⃗)).

Proof. We can think of the functor of points for BAut(O(e⃗)) as

(T → Spec k) 7→


A vector bundle E of rank r and fiberwise degree d
on T × P1 such that there exists an étale cover {Ui} of T ,
so that EUi

∼= O(e⃗)Ui

 .
The argument in [Lar21b, Lemma 4.3] for T = Spec k[ε] generalizes verbatim to arbitrary T
to show that these two functors are equivalent.

Note that in fact this argument shows that E can be Zariski-locally trivialized.
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Proposition 4.2.2. The normal bundle Ne⃗ of Σe⃗ in B≥e⃗
r,d is the Aut(O(e⃗))-representation

H1End(O(e⃗)), where Aut(O(e⃗)) acts via conjugation on End(O(e⃗)), inducing an action on
H1End(O(e⃗)).

Proof. Suppose that T → B≥e⃗
r,d is smooth and surjective. First note that by Proposition 3.3.7,

the normal bundle for Σe⃗ = Σe⃗ in T is R1π∗End(E), where E is the family of vector bundles
on Σe⃗ × P1 inducing the composite Σe⃗ → T → B≥e⃗

r,d . By descent, this description of the
normal bundle is also true in the universal setting, i.e., on Σe⃗, the normal bundle Ne⃗ can be
written as R1π∗End(Euniv). When pulled back from Σe⃗ to Spec k, the universal Aut(O(e⃗))-
torsor over Σe⃗, this vector bundle becomes the vector space H1End(O(e⃗)) by cohomology
and base change. It remains to check that the action of Aut(O(e⃗)) on H1End(O(e⃗)) which
makes it descend to R1π∗End(Euniv) is precisely the one claimed above.

To show this, let us consider an arbitrary T -point of B≥e⃗
r,d again. Let α ∈ Aut(O(e⃗)), let

q : Σe⃗ × P1 → P1, πe⃗ : Σe⃗ × P1 → Σe⃗, and let P = Isom(E , q∗O(e⃗)). We will often write
O(e⃗)S to denote the pullback of O(e⃗) from P1 to S×P1, and if f : X → Y , then we will use
f̃ : X × P1 → Y × P1.

P P Spec k

Σe⃗ = Σe⃗ Σe⃗

T B≥e⃗
r,d

γα

h
h

g

Then α induces an automorphism γα : P → P by post-composition. On P × P1, we have a
universal identification µ : h̃∗E → O(e⃗)P , so that when pulled back along γ̃α, this becomes
γ̃α

∗µ : h̃∗E µ−→ O(e⃗)P
α−→ O(e⃗)P . As such,the following diagram commutes:

h̃∗E γ̃α
∗h̃∗E

O(e⃗)P O(e⃗)P

γ̃α
∗
µ

α

µ−1

The isomorphism h∗R1πe⃗∗End(E) ∼= γ∗
αh

∗R1πe⃗∗End(E) can be identified as an automorphism
of R1πP ∗End(O(e⃗)P). The latter is induced by the automorphism α, which acts by conju-
gation on End(O(e⃗)P), as desired.

We are interested in the normal cone Ne⃗,e⃗ ′ as defined in Section 4.1, which is a closed
substack of Ne⃗ ′ = [H1End(O(e⃗ ′))/Aut(O(e⃗ ′))]. Since the map from Ue⃗ ′ → B≥e⃗ ′

r,d is smooth
and surjective, the normal bundle for Spec k ↪→ Ue⃗ ′ is the base change of the normal bundle
Ne⃗ ′ . Similarly, the normal cone for Σe⃗ ′ ⊆ Σ≥e⃗ ′

e⃗ admits a smooth surjection from the normal
cone Ne⃗,e⃗ ′ of {0} in Σe⃗ ⊆ Ue⃗ ′ . The following diagram illustrates this. Every square is a fiber
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product.
Ue⃗ ′ Spec k H1End(O(e⃗ ′)) Ne⃗,e⃗ ′

B≥e⃗ ′

r,d Σe⃗ ′ Ne⃗ ′ Ne⃗,e⃗ ′

In Section 4.5, we describe Ne⃗,e⃗ ′ when (e⃗, e⃗ ′) is a nice pair. This description then descends
to a description of Ne⃗,e⃗ ′ as a closed substack of Ne⃗ ′ .

4.3 Section Matrices
Lemma 4.3.1. Every class ξ ∈ H1End(O(e⃗)) can be uniquely identified as an r× r strictly
upper triangular matrix T = (Tij) with entries in k[t±1], where Tij = ∑ej−1

s=ei+1 ai,j,st
s if

1 ≤ i < j ≤ r.

Proof. Consider the Čech complex computing H iEnd(O(e⃗)), namely

0 → Matr(k[t]) ⊕ Matr(k[t−1]) → Matr(k[t±1]) → 0,

where t is the local coordinate at [0 : 1] ∈ P1. Let A1
∞ and A1

0 denote the affine charts
P1 \ {0} and P1 \ {∞} respectively. Recall that the transition function for OP1(r) from A1

∞
to A1

0 is given by multiplication by tr. Therefore let

α =


te1

te2

· · ·
ter


be the transition function from A1

∞ to A1
0 for O(e⃗). Then in terms of α, the map in the Čech

complex above is given by
(Φ,Ψ) 7→ Φ − αΨα−1.

Examining this map, we find that only the strictly upper triangular entries do not all lie in
the image. Moreover, for i < j, the (i, j)-th of any element of the cokernel can be uniquely
represented by a linear combination of the monomials tei+1, . . . , tej−1.

Suppose that e⃗ = (e1, . . . , er) = (f s1
1 , . . . , f

sℓ
ℓ ). After choosing an isomorphism O(e⃗) =

O(e1) ⊕ · · · ⊕ O(er), where e1 ≤ · · · ≤ er, we can identify

H1End(O(e⃗)) = ⊕1≤i<j≤r Ext1(O(ej),O(ei)).

Then each Ext1(O(ej),O(ei)) = H1Hom(O(ej),O(ei)) precisely corresponds to the (i, j)-th
entry of the strictly upper triangular matrix of Lemma 4.3.1. This description of classes in
H1End(O(e⃗)) gives rise to a distinguished basis for this vector space, which gives us linear
coordinates for this affine space. Let H1End(O(e⃗)) = SpecA, where

A = k[ai,j,s : 1 ≤ i < j ≤ r, ei < s < ej].
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Then there is a universal element of H1End(O(e⃗)) over this affine space, namely T = (Tij),
where Tij is only nonzero if i < j, in which case

Tij =
ej−1∑
s=ei+1

ai,j,st
s.

As explained in Section 3.2, the polynomial ring A is naturally Zℓ−1-graded. If we let
δi ∈ Zℓ−1 denote the vector which is 1 in the i-th entry and zero elsewhere, then the degree
of ai,j,s is

deg ai,j,s = δi + δi+1 + · · · + δj−1 ∈ Zℓ−1.

Proposition 4.3.2. The universal bundle on H1End(O(e⃗))×P1 is the one whose transition
function from H1End(O(e⃗)) × A1

∞ to H1End(O(e⃗)) × A1
0 is given by α+ T .

Proof. In general, if F ,G are vector bundles on a schemeX, then the isomorphismH1Hom(F ,G) →
Ext1(F ,G) can be described as follows. Take a collection of opens {Ui} together with trivi-
alization FUi

∼= Or
Ui
,GUi

∼= Os
Ui

. Let Pij, Qij be the transition functions for G and F respec-
tively, and let Mij ∈ Hom(FUij

,GUij
) represent a chosen class in H1Hom(F ,G). Then the

corresponding class in Ext1(F ,G) is given by the vector bundle E whose transition function
from Ui to Uj is [

Pij Mij

0 Qij

]
.

Note that E admits an inclusion from G and a quotient to F , forming an extension.
Now the desired claim follows from iterating this argument. For the base case where

ℓ = 2, the vector bundle on Ext1(O(f s2
2 ),O(f s1

1 )) × P1 arising from the universal extension
can be described using a transition function precisely in this manner. For the inductive step,
we consider the extension

0 → Kℓ−1 → Kℓ → O(f sℓ
ℓ ) → 0.

In Proposition 2.2.10, we argued that R1π∗Hom(O(f sℓ
ℓ ),Kℓ−1) is a vector bundle over the

affine space H1End(O(f s1
1 , . . . , f

sℓ−1
ℓ−1 )). But as the latter is just affine space, this vec-

tor bundle must be trivial, and can be identified non-canonically with the fiber over 0 ∈
H1End(O(f s1

1 , . . . , f
sℓ−1
ℓ−1 )). This non-canonical identification precisely corresponds to filling

the top right block of the transition function for Kℓ with the same entries as in the case of
Kℓ−1 ∼= O(f s1

1 , . . . , f
sℓ−1
ℓ−1 ).

Let E be the universal vector bundle onH1End(O(e⃗ ′))×P1. We say that ℓ is a critical twist
for e⃗ ′ if R1π∗E(−ℓ) is not a vector bundle, where π : H1End(O(e⃗ ′)) × P1 → H1End(O(e⃗ ′)).
Let i be the largest index such that e′

i < ℓ. Then there is a distinguished short exact sequence

0 → Kℓ → E → Qℓ → 0,

where Kℓ is the subbundle glued using the top left i× i block of the transition function for
E , and Qℓ is the quotient bundle glued using the bottom right (r − i) × (r − i) block. Note
that by construction, π∗Qℓ(−ℓ) and R1π∗Kℓ(−ℓ) are vector bundles of rank h0O(e⃗ ′)(−ℓ) and
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h1O(e⃗ ′)(−ℓ) respectively, and the long exact sequence for derived pushforward gives rise to
a resolution of R1π∗E(−ℓ) by a map of vector bundles:

π∗Qℓ(−ℓ) → R1π∗Kℓ(−ℓ) → R1π∗E(−ℓ) → 0.

After identifying π∗Qℓ(−ℓ) ∼= A⊕h0 , R1π∗Kℓ(−ℓ) ∼= A⊕h1 , where hi = hiO(e⃗ ′)(−ℓ), the map
of vector bundles is simply a matrix with entries in A. [New97] calls these matrices section
matrices, and their Lemma 4.1.2 describes these section matrices in an inductive manner,
from which we extract the following proposition, which is a key ingredient of our proof.

We say that a homogeneous element f ∈ A with respect to the Zℓ−1-grading is curvilinear
if at least one of the terms of f is linear in the usual sense.

Proposition 4.3.3 ([New97, Lemma 4.1.2]). When ℓ is a critical twist, the A-module
R1π∗E(−ℓ) admits a resolution of the form

A⊕h0 Mℓ−→ A⊕h1 → R1π∗E(−ℓ) → 0,

where hi = hiO(e⃗ ′)(−ℓ), and Mℓ is a matrix whose entries are all curvilinear forms in A.

Remark 4.3.4. In fact, though we don’t need this result here, it is not so hard to read off
the linear part of the matrix Mℓ from New’s lemma.

4.4 Proof of Theorem 4.1.8 and Theorem 4.1.10
We will proceed by analyzing the tangent space to Σe⃗ at the origin of H1End(O(e⃗ ′)).

Lemma 4.4.1. There is a natural surjection from the set of critical twists ℓ where h1O(e⃗ ′)(−ℓ) =
h1O(e⃗)(−ℓ) to the set of cuts for (e⃗, e⃗ ′).

Proof. Suppose that ℓ is a critical twist such that h1O(e⃗ ′)(−ℓ) = h1O(e⃗)(−ℓ). We can write
e⃗ ′ = (e′

1, . . . , e
′
m, e

′
m+1, . . . , e

′
r), where e′

m < ℓ ≤ e′
m+1. There also exists a unique s such that

es < ℓ ≤ es+1.
First note that it must be the case that s ≤ m. Indeed, if s > m, on one hand by

dominance, es+1 + · · ·+er ≤ e′
s+1 + · · ·+e′

r, but on the other hand it’s supposed to contribute
the same amount of h0 as e′

m+1, . . . , e
′
s, e

′
s+1, . . . , e

′
r after twisted down by ℓ, which is not

possible.
Next we claim that es+1 + · · · + er = e′

s+1 + · · · + e′
r. We have ≤ by dominance. (For this

computation, assume that ℓ = 0, so es+1 ≥ 0 > es, and e′
m+1 ≥ 0 > em.) But at the same

time,

e′
m+1 + · · · + e′

r = h0(O(e⃗ ′)) − (r −m) = h0O(e⃗) − (r −m) = es+1 + · · · + er + (m− s).

Since e′
m < 0, we also have

e′
s+1 + · · · + e′

r ≤ e′
m+1 + · · · + e′

r − (m− s) = es+1 + · · · + er.

So in fact, if m > s, then e′
k = ℓ− 1 for all s+ 1 ≤ k ≤ m.

To see that this map is surjective, given a cut, then one critical twist that would satisfy
h1O(e⃗ ′)(−ℓ) = h1O(e⃗)(−ℓ) is ℓ = e′

s+1 + 1.
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First, suppose that there exists an admissible cut (s, s + 1) for (e⃗, e⃗ ′). Then we can
do induction. Let b⃗ = (⃗b1, b⃗2) be the splitting type obtained by balancing (e1, . . . , es) and
(es+1, . . . , er) respectively. Then the splitting locus Σb⃗ in H1End(O(e⃗ ′)) is the product
H1End(O((e′

1, . . . , e
′
s))) ×H1End(O(e′

s+1, . . . , e
′
r)) (e.g. because Σb⃗ is an irreducible smooth

subvariety of codimension equal to the codimension of this product). Moreover, Σe⃗ is pre-
cisely the product of the splitting loci for (e1, . . . , es) and (es+1, . . . , er) in these two extension
spaces. This shows the first part of Theorem 4.1.10.

From now on we assume that there are no admissible cuts for (e⃗, e⃗ ′).

Proposition 4.4.2. If there are no nontrivial cuts for (e⃗, e⃗ ′), then T (e⃗, e⃗ ′) = 0.

Proof. As explained in Lemma 4.4.1, if there are no cuts, then there is no critical twist where
h1O(e⃗ ′)(−ℓ) = h1O(e⃗)(−ℓ). The latter is precisely when the rank condition requires us to
take 1×1 minors of the section matrix Mℓ to cut out Σe⃗. So if there are no cuts, then all the
rank conditions are either trivial, or would require us to take minors of size 2 or more of the
section matrices. In particular, either e⃗ is balanced, or the ideal cutting out e⃗ is contained
in m2, where m is the maximal ideal for the multigraded polynomial ring whose spectrum is
H1End(O(e⃗ ′)).

Next, let us suppose that there are nontrivial cuts for (e⃗, e⃗ ′). Then e⃗ cannot be balanced.
By assumption, none of the cuts is admissible. We shall compute T (e⃗, e⃗ ′) in this case, and
prove that e⃗ ′ is always in the singular locus of Σe⃗.

After applying all the cuts for the pair, we can write e⃗ = (c⃗m, c⃗m−1, . . . , c⃗1), and

e⃗ ′ = (⃗bm, gρm−1
m−1 , g

ℓm−1
m−1 , b⃗m−1, g

ρm−2
m−2 , g

ℓm−2
m−2 , . . . , g

ρ2
2 , g

ℓ2
2 , b⃗2, g

ρ1
1 , g

ℓ1
1 , b⃗1),

where gi ∈ Z, len(c⃗1) = len(⃗b1) + ℓ1, len(c⃗2) = len(⃗b2) + ℓ2 + ρ1, etc. We have used colors
to highlight the location of the cuts. (If it helps, the letters ℓ, ρ are chosen to signify left
and right.) We will also use c⃗ ′

i = (gℓii , b⃗i, g
ρi−1
i−1 ), where ρ0 = ℓm = 0. We also know that

deg(c⃗i) = ℓigi + deg(⃗bi) + ρi−1gi−1, ρi, ℓi > 0, and c⃗i,last < c⃗i−1,1. The reason we index in
reverse is because when we take the corresponding flag for O(e⃗), we have

F• : O(c⃗1) ⊆ O(c⃗2, c⃗1) ⊆ · · · ⊆ O(e⃗),

so that
gri F• = Ei/Ei−1 ∼= O(c⃗i).

First, we claim that we may reduce to the case where c⃗i is balanced for all i. For the
moment, let us write f⃗ = (bal(c⃗m), . . . , bal(c⃗1)). Let ρ : Σ̃f⃗ ↠ Σf⃗ ⊆ H1End(O(e⃗ ′)) be the
resolution of singularities parametrizing flags of numerical type specified by the blocks in
f⃗ = (bal(c⃗m), . . . , bal(c⃗1)). On Σ̃f⃗ × P1, we have a universal flag of subbundles

F• : S1 ⊂ S2 ⊂ · · · ⊂ Sm ∼= E .

Every splitting type present in H1End(O(e⃗ ′)) is at least e⃗ ′. As such, each gri F• = Si/Si−1
is a vector bundle of rank rk c⃗i and fiberwise degree deg c⃗i.

In fact more is true:
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Lemma 4.4.3. Let x = F• ∈ Σ̃f⃗ be a flag, where F• is the flag S1 ⊂ S2 ⊂ · · · ⊂ Sm ∼= Ex.
Then

Ext1
+(Ex, Ex) ∼=

⊕
1≤i<j≤m

Ext1(Si/Si−1, Sj/Sj−1),

Ext1
−(Ex, Ex) ∼=

⊕
1≤i≤m

Ext1(Si/Si−1, Si/Si−1),

and the sequence

0 → Ext1
−(Ex, Ex) → Ext1(Ex, Ex) → Ext1

+(Ex, Ex) → 0. (4.1)

is exact. Note that all filtered Ext’s are taken with respect to the flag F•.

Proof. There are spectral sequences computing Exti±(Ep, Ep). In general, given a coherent
sheaf E with a filtration, let

Ep,q
1 =

⊕i Extp+q(gri E , gri−p E) p ≥ 0
0 otherwise

,

then the spectral sequence whose E1-page is given by these terms computes Extp+q
− (E , E) in

degree p+ q. Similarly, if we let

Ep,q
1 =

⊕i Extp+q(gri E , gri−p E) p < 0
0 otherwise

,

then the spectral sequence whose E1-page is given by these terms computes Extp+q
+ (E , E) in

degree p+ q [Pot97, Section 15.3].
Let us now specialize these spectral sequences to our situation. Since every splitting type

present in H1End(O(e⃗ ′)) is at least e⃗ ′, gri := gri F• = Si/Si−1 is a vector bundle of rank
rk c⃗i and degree deg c⃗i. For both spectral sequences, since we are working over P1, there are
only nonzero terms when p+ q = 0 or p+ q = 1.

For Ext•
+(Ex, Ex), the only nonzero terms are E−p,p+1

1 where p < 0 and E−1,1
1 . So the

spectral sequence abuts on the E1-page, showing that

Ext0
+(Ex, Ex) = ⊕i Hom(gri, gri+1),

and
Ext1

+(Ex, Ex) = ⊕1≤i<j≤m Ext1(gri, grj).

Note that only when ρ(x) = 0, Ext0
+(Ex, Ex) can be nonzero.

Similarly, for Ext•
−(Ex, Ex), the only nonzero terms are Ep,−p

1 and E0,1
1 . As such, this

spectral sequence also abuts on the E1-page, showing that

Ext1
−(Ex, Ex) = ⊕i Ext1(gri, gri),

Ext0
−(Ex, Ex) = ⊕1≤j≤i≤m Hom(grj, gri).
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Figure 4.1: E1-page of the spectral sequences for Ext•
±(Ex, Ex); dots denote nonzero terms

The spectral sequences are illustrated in Figure 4.1.
Using these descriptions of Ext1

±(Ex, Ex), we see that Ext1(Ex, Ex) can be naturally written
as a direct sum of Ext1

−(Ex, Ex) and Ext1
+(Ex, Ex), so that the natural maps in the sequence

(4.1) are simply the inclusion of and projection onto a summand, making the sequence
evidently exact.

Lemma 4.4.4. When ρ(p) = 0 ∈ H1End(O(e⃗ ′)), the image of the tangent map is ρ∗(TpΣ̃f⃗ ) =
Ext1

−(O(e⃗ ′),O(e⃗ ′)).

Proof. As explained in Proposition 3.3.7, there is a right exact sequence

TpΣ̃f⃗

ρ∗−→ Ext1(O(e⃗ ′),O(e⃗ ′)) → Ext1
+(O(e⃗ ′),O(e⃗ ′)) → 0,

where the second map is the natural map from Ext1 to Ext1
+. We proved in the previous

lemma that the kernel of this map, which is the image of TpΣ̃f⃗ , is precisely Ext1
−(O(e⃗ ′),O(e⃗ ′)).

Lemma 4.4.5. The map Σ̃f⃗ → Brk c⃗i,deg c⃗i
induced by the bundle gri F• = Si/Si−1 is smooth.

Proof. Since Σ̃f⃗ is smooth, it suffices to show that at each p = F• ∈ Σ̃f⃗ , TpΣ̃f⃗ surjects
onto Ext1(gri F•, gri F•). This follows from the previous lemma, where we showed that the
tangent space surjects onto Ext1

−(Ep, Ep) ∼= ⊕m
i=1 Ext1(gri F•, gri F•).

Lemma 4.4.6. In the case of a nice pair (f⃗ , e⃗ ′), let ρ : Σ̃f⃗ → Σf⃗ ⊆ H1End(O(e⃗ ′)). Let
E = ρ−1(0), and let N

E,Σ̃
f⃗
, T0,Σ

f⃗
denote the normal cone and tangent cone for the closed

embeddings E ↪→ Σ̃f⃗ and {0} ↪→ Σf⃗ respectively. Then the induced map ρ′ : N
E,Σ̃

f⃗
→ T0,Σ

f⃗

is surjective and a rational resolution.

Proof. Let V be the image of ρ′. Note that in this case, E is a smooth subvariety, and so the
normal cone is the total space of the normal bundle for E ↪→ Σ̃f⃗ . By [Kem73, Proposition
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1], it suffices to show that N
E,Σ̃

f⃗
→ V is a rational resolution, i.e. a proper birational

map exhibiting V as having rational singularities, and in particular normal. This follows
from our explicit description in Section 4.5, which says that the map ρ′ is a collapsing of
homogeneous bundles, and a theorem of Kempf [Kem76, Theorem 0], which says that such
maps are rational resolutions.

Lemma 4.4.7. T (e⃗, e⃗ ′) = T (f⃗ , e⃗ ′).

Proof. Let us work in the setting of B = H1End(O(e⃗ ′)), so that it is equivalent to show that
dimT0Σe⃗ = dimT0Σf⃗ . Since Σe⃗ ⊆ Σf⃗ , we certainly have dimT0Σe⃗ ≤ dimT0Σf⃗ . It suffices to
show the other inequality.

We have a factorization

Σ̃e⃗
ψ−→ Σ̃f⃗

ρ−→ B = H1End(O(e⃗ ′)),

so that the image ψ(Σ̃e⃗) ⊆ Σ̃f⃗ contains ρ−1(0), and it is precisely the intersection of
the splitting loci Σc⃗i

(Si/Si−1). Since there are no cuts for c⃗i ≥ c⃗ ′
i, by Proposition 4.4.2,

TpΣc⃗i
(Si/Si−1) = TpΣ̃f⃗ for each i and all p ∈ ρ−1(0). So TpΣ̃e⃗ = Tp

⋂m
i=1 Σc⃗i

(Si/Si−1) = TpΣ̃f⃗

for all p ∈ ρ−1(0). In particular,

T0Σe⃗ ⊇ span{ρ∗Tpψ(Σ̃e⃗) : p ∈ ρ−1(0)} = span{ρ∗TpΣ̃f⃗ : p ∈ ρ−1(0)} = T0Σf⃗ ,

where the last equality uses Lemma 4.4.6. We conclude that dimT0Σe⃗ ≥ dimT0Σf⃗ as
desired.

Remark 4.4.8. Without using Kempf’s theorem, i.e. without assuming characteristic zero,
we only know that dimT0Σe⃗ ≥ dim span{ρ∗TpΣ̃f⃗ : p ∈ ρ−1(0)}. The argument below will
show that

dim span{ρ∗TpΣ̃f⃗ : p ∈ ρ−1(0)} > dim Σf⃗ ≥ dim Σe⃗,

which also completes the proof of Theorem 4.1.8.

So from now on we assume that (e⃗, e⃗ ′) is a nice pair, i.e. each c⃗i is balanced.

Proposition 4.4.9. Let ti = ρi + ℓi, with t0 = tm+1 = 0. Then the tangent space of
Σe⃗ ⊆ H1End(O(e⃗ ′)) at e⃗ ′ is equal to ⊕m

i=1H
1End O(gtii , b⃗i, g

ti−1
i−1 ).

Proof. Over the special fiber ρ−1(0), the degree constraints makes it so that Si/Si−1 always
splits as c⃗ ′

i. Therefore, to choose the subbundle Fi ⊂ Fi+1 is the same as choosing O(gℓii ) ⊆
O(gtii ), which is parametrized by the Gr(ℓi, ti). Therefore in fact the special fiber ρ−1(0) ∼=
Πm−1
i=1 Gr(ℓi, ti). For a fixed flag p = F• ∈ ρ−1(0), Lemma 4.4.4 shows that

ρ∗(TpΣ̃e⃗) = Ext1
−(Ep, Ep) ∼= ⊕m

i=1H
1End O(gℓii , b⃗i, g

ρi−1
i−1 ).

As we range over all p ∈ ρ−1(0), the span of all ρ∗(TpΣ̃e⃗) is exactly ⊕m
i=1H

1EndO(gtii , b⃗i, g
ti−1
i−1 ).

Lastly, by Lemma 4.4.6, the span is in fact all of T0Σe⃗.
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At this point, we have proven Theorem 4.1.10. To complete the proof of Theorem 4.1.8,
it remains to show that when (e⃗, e⃗ ′) is a nice pair, we have the inequality

u(e⃗) > T (e⃗, e⃗ ′).

In the following computation, we will write exti±(O(e⃗),O(e⃗)) to denote the dimension of
filtered Exts taking with respect to the unique filtration corresponding to the inadmissible
cuts for (e⃗, e⃗ ′). We will also write exti±(O(e⃗ ′),O(e⃗ ′)) to denote the dimension of filtered Exts
taking with respect to any filtration in ρ−1(0). Note that the dimensions do not depend on
the choice of a point in ρ−1(0).

Let D = ⊕m
i=1H

1End O(gtii , b⃗i, g
ti−1
i−1 ). Then

u(e⃗) − T (e⃗, e⃗ ′)
= u(e⃗) − u(e⃗ ′) +D

= ext1
+(O(e⃗),O(e⃗)) −

[
ext1

+(O(e⃗ ′),O(e⃗ ′)) + ext1
−(O(e⃗ ′),O(e⃗ ′))

]
+D

=
[
ext1

+(O(e⃗ ′),O(e⃗ ′)) − ext0
+(O(e⃗ ′),O(e⃗ ′))

]
− ext1

+(O(e⃗ ′),O(e⃗ ′)) − ext1
−(O(e⃗ ′),O(e⃗ ′)) +D

= D − ext1
−(O(e⃗ ′),O(e⃗ ′)) − ext0

+(O(e⃗ ′),O(e⃗ ′)).

In other words, it suffices to show that

⊕m
i=1H

1End O(gtii , b⃗i, g
ti−1
i−1 ) − ⊕m

i=1H
1End O(gℓii , b⃗i, g

ρi−1
i−1 ) > ext0

+(O(e⃗ ′),O(e⃗ ′)).

The right hand side can be simplified further:

ext0
+(O(e⃗ ′),O(e⃗ ′)) =

∑
1≤i<j≤m

hom(O(gℓii , b⃗i, g
ρi−1
i−1 ),O(gℓjj , b⃗j, g

ρj−1
j−1 ))

=
m−1∑
i=1

ℓiρi.

Recall that
(c⃗ ′
i+1, c⃗

′
i) = (gℓi+1

i+1 , b⃗i+1, g
ρi
i , g

ℓi
i , b⃗i, g

ρi−1
i−1 ).

Now for all 1 ≤ i < m, define

Fi,i+1 = ext1(gℓii , (g
ℓi+1
i+1 , b⃗i+1)) + ext1((⃗bi, gρi−1

i−1 ), gρi
i ) − ρiℓi.

Then our computation above shows that

u(e⃗) − T (e⃗, e⃗ ′) ≥
m−1∑
i=1

Fi,i+1.

Let us assume that gi = 0, which we can achieve up to a shift, so that

(c⃗ ′
i+1, c⃗

′
i) = (gℓi+1

i+1 , b⃗i+1, 0ρi , 0ℓi , b⃗i, gρi−1
i−1 ).

Let d = −(deg b⃗i+1 +ℓi+1gi+1), e = deg b⃗i+ρi−1gi−1. Let ri = rk b⃗i+ρi−1, ri+1 = rk b⃗i+1 +ℓi+1.
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Lemma 4.4.10. Fi,i+1 ≥ 0, with equality if and only if up to a shift, either

1. (c⃗i+1, c⃗i) = ((−1)ri+1+ρi , 0ℓi , 1ri), and (c⃗ ′
i+1, c⃗

′
i) results from unbalancing (−1)ri+1+ρi , or

2. (c⃗i+1, c⃗i) = ((−1)ri+1 , 0ρi , 1ri+ℓi), (c⃗ ′
i+1, c⃗

′
i) results from unbalancing 1ri+ℓi .

Proof. Note that by construction, d ≥ ri+1 and e ≥ ri. Then

Fi,i+1 = −ℓiχ(O(gℓi+1
i+1 , b⃗i+1)) − ρiχ(−(⃗bi, gρi−1

i−1 )) − ρiℓi

= −ℓi(−d+ ri+1) − ρi(−e+ ri) − ρiℓi

= ℓi(d− ri+1 − ρi) + ρi(e− ri)
= ℓi(d− ri+1) + ρi(e− ri − ℓi).

If e ≥ ri + ℓi and d ≥ ri+1 + ρi, then this difference is strictly positive and Σe⃗ is singular at
e⃗ ′.

Now suppose that ri ≤ e < ri + ℓi, in which case c⃗i = (0, . . . , 0, 1e). Then in fact since
ci+1,last < ci,1 = 0, we must have that d ≥ ri+1 + ρi. If d > ri+1 + ρi, then again Fi,i+1 > 0.
But if d = ri+1 +ρi, we have c⃗i+1 = ((−1)ri+1+ρi), and Fi,i+1 = ρi(e− ri), which is zero if and
only if e = ri. This is the case where (c⃗i+1, c⃗i) = ((−1)ri+1+ρi , 0ℓi , 1ri), and e⃗ ′ results from
unbalancing (−1)r1+ℓ.

Similarly, if we consider the possibility where ri+1 ≤ d < ri+1 + ρi, we will find that e⃗ ′ is
in the regular locus only if e = ri + ℓi and d = ri+1.

However, the special cases of the lemma above cannot in fact occur. Indeed, in the
special cases detailed by the lemma, there is an admissible cut that is not accounted for.
For example, in case (1), the gap between 0ℓi and 1ri is an admissible cut. Therefore, we
actually always have Fi,i+1 > 0. This concludes the proof of Theorem 4.1.8.

4.5 Normal Cone Description
When (e⃗, e⃗ ′) is a nice pair, we shall give a description of Ne⃗,e⃗ ′ , which is the normal cone
of {0} in Σe⃗ for the family over H1End(O(e⃗ ′)). As explained in Section 4.2, the universal
normal cone Ne⃗,e⃗ ′ is the quotient of Ne⃗,e⃗ ′ by the action of Aut(O(e⃗ ′)).

Let e⃗, e⃗ ′ be a nice pair, and inherit the notation from the statement of Theorem 4.1.10:

e⃗ ′ = (c⃗ ′
m, . . . , c⃗

′
1)

= (⃗bm, gρm−1
m−1 , g

ℓm−1
m−1 , b⃗m−1, g

ρm−2
m−2 , g

ℓm−2
m−2 , . . . , g

ρ2
2 , g

ℓ2
2 , b⃗2, g

ρ1
1 , g

ℓ1
1 , b⃗1).

For 1 ≤ i ≤ m− 1, let Vti denote a ti-dimensional vector space.

Lemma 4.5.1. Let ρ : Σ̃e⃗ → Σe⃗ ⊆ H1End(O(e⃗ ′)) be the resolution of singularities defined
using the e⃗-admissible flag corresponding to the inadmissible cuts of (e⃗, e⃗ ′), exhibiting them
as a nice pair. Then ρ−1(0) ∼=

∏m−1
i=1 Gr(ℓi, Vti).
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Proof. ρ−1(0) is the hyper-Quot scheme parametrizing flags

O(c⃗ ′
1) ⊆ O(c⃗ ′

2, c⃗
′
1) ⊆ · · · ⊆ O(e⃗ ′).

For 1 ≤ i ≤ m, let
Mi = O(b⃗i, gρi−1

i , g
ℓi−1
i , . . . , gℓ11 , b⃗1) ⊆ O(e⃗ ′),

and for 1 ≤ j ≤ m− 1, let

Nj = O(gρj

j , g
ℓj
j , . . . , g

ℓ1
1 , b⃗1) ⊆ O(e⃗ ′),

which are distinguished subbundles of O(e⃗ ′). Then the choice of a flag as above is equivalent
to m− 1 independent choices of subbundles of the form

O(gℓii ) ⊆ O(gi) ⊗ Vti
∼= coker(Mi−1 → Ni),

which is equivalent to a point of Gr(ℓi, Vti).

Let 0 → Si → Vti ⊗ Oρ−1(0) → Qi → 0 be the pullback to ρ−1(0) of the universal short
exact sequence on Gr(ℓi, Vti). Let F• ∈ ρ−1(0). Then recall from Proposition 4.4.9 that the
tangent map factors as

TF•Σ̃e⃗ → Ext1
−(O(e⃗ ′),O(e⃗ ′)) ↪→ ⊕m

i=1H
1End(O(gtii , b⃗i, g

ti−1
i−1 )) ↪→ H1End(O(e⃗ ′)),

where the second map is a direct sum of the maps

H1End(O(gℓii , b⃗i, g
ρi−1
i−1 )) → H1End(O(gtii , b⃗i, g

ti−1
i−1 ))

for 1 ≤ i ≤ m.
After choosing a compatible splitting of the domain and codomain above, we may break

this map down further as the direct sum of three maps:

Ext1(O(gρi−1
i−1 ),O(gℓii )) → Ext1(O(gti−1

i−1 ),O(gtii )),

Ext1(O(gρi−1
i−1 ),O(⃗bi)) → Ext1(O(gti−1

i−1 ),O(⃗bi)),

Ext1(O(⃗bi),O(gℓii )) → Ext1(O(⃗bi),O(gtii )).
Note that each of these maps can be described over all of ρ−1(0) as built from the tautological
inclusions and quotients.

Let di = ext1(O(gi−1),O(gi)), ei = ext1(O(gi−1),O(⃗bi)), fi = ext1(O(⃗bi),O(gi)). Let

Ri = (Si ⊗ Q∨
i−1)⊕di ⊕ (Q∨

i−1)⊕ei ⊕ S⊕fi
i ,

which is a vector bundle on ρ−1(0). Then there are natural maps φi : Tot(Ri) → Ti, where

Ti = Hom(Vti−1 , Vti)⊕di ⊕ (V ∨
ti−1

)⊕ei ⊕ V ⊕fi
ti

is an affine space over Spec k. For example, we have a natural map of vector bundles over
ρ−1(0): Hom(Qi−1,Si) → Hom(Vti−1 , Vti) ⊗ Oρ−1(0), which we can then compose with the
projection to the affine space Hom(Vti−1 , Vti).
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In fact, this is an example of a collapsing of a homogeneous bundle in the sense of
Kempf [Kem76, Theorem 0]. To apply their result, the group G is ∏GL(Vti), which acts
on W = ⊕m

i=1Ti, P is ∏Pi, so that G/P = ∏
i Gr(ℓi, Vti). V is the P -invariant subspace of

W which pulls back to ⊕m
i=1Ri along G/P → BP . Note that their G ×P V is Tot(⊕m

i=1Ri)
in our case. By the theorem of Kempf cited above, to complete the proof of Lemma 4.4.6,
it suffices to demonstrate that the map Tot(⊕m

i=1Ri) → ⊕m
i=1Ti is birational onto its image.

Since Tot(⊕m
i=1Ri) is irreducible, the image is irreducible as well. So it suffices to notice

that, first, the fiber over each point of ρ−1(0) maps isomorphically onto its image. Second,
for a general point of the image, the maps in Hom(Vti−1 , Vti) are all of maximal rank, i.e.
rank ρi−1ℓi, so that there is only one choice of a point in ρ−1(0), namely one must take the
point of Gr(ℓi−1, Vti−1) to be the kernel of some (equivalently any) map in a Hom(Vti−1 , Vti)
summand.

As the result of the discussion above and Lemma 4.4.6, we have the following theorem:

Theorem 4.5.2. Ne⃗,e⃗ ′ is the image of Tot(⊕m
i=1Ri) → ⊕m

i=1Ti.

In general, it is possible to write down determinantal equations for this image. Indeed,
a point of ⊕m

i=1Ti lies in the image of Tot(⊕m
i=1Ri) if and only if there exists a collection of

subspaces Wi ⊂ Vti , such that the fi vectors in Vti all lie in Wi, the ei functionals on Vti−1

all have Wi in their kernels, and the di maps Vti−1 → Vti all factor through Vti−1/Wi−1 and
map into Wi. We illustrate this in two simple examples.

Example 4.5.3. Let e⃗ ′ = (−2, 0, 0, 2), and let e⃗ = (−1,−1, 1, 1). Then ρ−1(0) ∼= P1. Let

0 → S → V → Q → 0

be the universal sequence on P1, where V = Vt1 is a 2-dimensional vector space. Then the
normal cone Ne⃗,e⃗ ′ is the image of Tot(S ⊕ Q∨) → V ⊕ V ∨. A point of the target is a pair
(v, f) where v ∈ V and f ∈ V ∨, which lie in the image of this map if and only if f(v) = 0.
So in this case, Ne⃗,e⃗ ′ is the cone over a smooth quadric in P3.

Example 4.5.4. Let e⃗ ′ = (−3,−1,−1, 1, 1, 3), e⃗ = (−2,−2, 0, 0, 2, 2). Then u(e⃗)−u(e⃗ ′) = 5,
so we expect the normal cone to be a 5-fold.

The fiber over 0 is ρ−1(0) ∼= P1 ×P1. Let V = Vt1 and let V ′ = Vt2 . Let the two universal
sequences be

0 → S1 → V → Q1 → 0,
0 → S2 → V ′ → Q2 → 0.

Then the tangent cone is the image of

S1 ⊕ S2 ⊗ Q∨
1 ⊕ Q∨

2 → V ⊕ Hom(V, V ′) ⊕ V ′∨.

If we let a point of the target be (v ∈ V, ψ : V → V ′, f : V ′ → k), then the image is cut out
by the equations rkψ ≤ 1, ψ(v) = 0, f ◦ ψ = 0. Over the open locus where rkψ = 1, this
image is the total space of the rank two vector bundle which is the direct sum of the kernel
and the dual of the quotient for the universal map V → V ′.
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Chapter 5

A Borel–Weil–Bott theorem for Quot
schemes on P1

5.1 Introduction
Let C be a smooth projective curve and V a vector bundle of rank n on C. Let Quotd(C, V, r)
denote the Quot scheme that parameterizes short exact sequences of sheaves

0 → S → V → Q → 0 with degQ = d, rankQ = r.

Consider the universal exact sequence over the product Quotd(C, V, r) × C,

0 → E → p∗V → F → 0 (5.1)

where p and π denote the projection maps to C and Quotd(C, V, r), respectively. Given
vector bundles K and M on C, the associated tautological complexes on Quotd(C, V, r) are
defined as the pushforwards

K{d} := Rπ∗(p∗K ⊗ E) , M [d] := Rπ∗(p∗M ⊗ F) .

When K{d} and M [d] are vector bundles, which occurs when the bundles K,M are sufficiently
positive, we call them tautological bundles.

The study of the Quot scheme Quotd(C, V, r) comes in two distinct flavors. When r = 0,
i.e. punctual Quot schemes, Quotd(C, V, 0) is a smooth projective variety of dimension
nd, and L[d] is a vector bundle of rank d for all line bundles L on C. In this case, the
geometry of the Quot scheme has close analogies with the Hilbert scheme of points on
surfaces, manifesting, for instance, in the cohomological behavior of tautological bundles. A
closed formula for the Euler characteristic of the exterior powers of L[d] was computed in
[OS23], and a description of their cohomology groups was conjectured. This conjecture was
proved in [MOS22] for C ∼= P1. For arbitrary genus, it was partially proved in [Kru24], and
fully resolved in [MN24] by studying the derived category of the Quot scheme.

When r > 0, many of the techniques available in the punctual case no longer apply,
and not much is known about the cohomology of tautological bundles, except for some Euler
characteristic calculations in [OS23; SZ24a; SZ24b]. In this article, we study the cohomology
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of tautological complexes on Quotd(P1, V, r) for any vector bundle V and any r. Our theorems
may be viewed as Borel–Weil–Bott–type results for Quot schemes on P1 in direct analogy
with the classical theorem for Grassmannians.

Cohomology of tautological bundles
We begin by fixing notation. For a partition λ = (λ1, . . . , λk), let |λ| denote the sum of its
parts, and let λ† be its conjugate partition. We write Sλ for the Schur functor associated to
λ; for example,

S(ℓ)V = Symℓ V and S(1)ℓ

V = ∧ℓV,

where (1)ℓ = (1, . . . , 1) with ℓ parts.
Let V be a vector bundle on P1 of rank n; fix r < n. By [PR03], there exists an integer

d0 = d0(V, r) such that for all d ⩾ d0, the Quot scheme

Quotd(P1, V, r) (abbreviated Quotd)

is irreducible and generically smooth of dimension nd+ rb+ r(n− r), where b = − deg V . In
the special case V = O⊕n

P1 , one may take d0 = 0 and Quotd(P1, V, r) is smooth and irreducible
for all d ⩾ 0. In the remainder of the introduction, we assume d ⩾ d0(V, r).

We now state our main result.

Theorem 5.1.1. Let K and M be vector bundles on P1, and let µ, λ be partitions satisfying

|µ| + |λ| < nd+ rb+ n

n− r
.

(i) If µ ̸= ∅, then

H i
(
Quotd(P1, V, r), SµK{d} ⊗ SλM [d]

)
= 0 for all i ⩾ 0.

(ii) If µ = ∅, there is a natural isomorphism of graded vector spaces

H•
(
Quotd(P1, V, r), SλM [d]

) ∼= SλH•(V ⊗M).

Remark 5.1.2. When M splits as a direct sum of nonnegative degree line bundles, the
complex M [d], and hence SλM [d], is a vector bundle. The isomorphism in part (ii) of Theo-
rem 5.1.1

H0(Quotd(P1, V, r),SλM [d]) ∼= SλH0(V ⊗M)
is induced geometrically, by considering the morphism

Rπ∗p
∗(V ⊗M) −→ M [d]

arising from the universal sequence (5.1), taking the associated morphism of the Schur functor
and then applying the global sections functor.

Theorem 5.1.1 greatly generalizes the results in [MOS22], even for punctual Quot schemes,
and in the positive-rank setting, proves [MOS22, Conjecture 1.3.1, 1.3.2] concerning the
exterior and symmetric powers of the tautological bundles. Specifically,



CHAPTER 5. A BOREL–WEIL–BOTT THEOREM FOR QUOT SCHEMES ON P1 78

Corollary 5.1.3. Let L be a line bundle on P1. For all k < (nd+ rb+ n)/(n− r), we have
the following isomorphisms of graded vector spaces

(i) H•
(
Quotd,∧kL[d]

) ∼= ∧kH•(V ⊗ L);

(ii) H•
(
Quotd, Symk L[d]

) ∼= SymkH•(V ⊗ L).

Remark 5.1.4. In Theorem 5.5.5, we prove a more general result analogous to Theo-
rem 5.1.1, for the tensor product of Schur functors applied to multiple vector bundles
K1, K2, . . . , Ks and M1,M2, . . . ,Mt. Note that while Theorem 5.5.5 is stated for line bun-
dles, it is easy to upgrade the theorem to allow vector bundles since every vector bundle
splits on P1. Below, we state the result in the case of trivial V , describing each cohomology
group explicitly.

Corollary 5.1.5. Let L1, L2, . . . , Lt be line bundles on P1. For any tuple of partitions
λ1, λ2, . . . , λt satisfying |λ1| + |λ2| + · · · + |λt| < (nd+ n)/(n− r), we have

HD

Quotd(P1,O⊕n
P1 , r),

t⊗
j=1

Sλj

L
[d]
j

 ∼=
⊗

degLj<0
S(λj)†

H1(L⊕n
j ) ⊗

⊗
degLj≥0

Sλj

H0(L⊕n
j ),

where D = ∑
degLj<0 |λj|, and all other cohomology groups are zero.

Fixing the partitions and line bundles on P1, we may view the corresponding tautological
bundles on Quotd for any d, and study the asymptotic behavior of their cohomology groups
as d becomes large. With this perspective, we can view Theorem 5.1.1 as a stabilization
result. In particular, as predicted in [MOS22],

Corollary 5.1.6. For line bundles L1, L2, . . . , Lt and partitions λ1, λ2, . . . , λt

∞∑
d=0

qdχ

Quotd(P1,O⊕n
P1 , r),

t⊗
j=1

Sλj

L
[d]
j


is given by a rational function with simple pole only possibly at q = 1.

The vanishing of higher cohomology in Corollary 5.1.5 for line bundles of nonnegative
degree can be established without any restriction on the sizes of the partitions, at the expense
of imposing degree constraints on the line bundles involved. The next result is analogous to
Theorem 2.1.6; see Theorem 5.5.7 for general V .

Theorem 5.1.7. Let L1, L2, . . . , Lt be line bundles on P1 of degrees at least d. For any
tuple of partitions λ1, λ2, . . . , λt, we have

H i

Quotd(P1,O⊕n
P1 , r),

t⊗
j=1

Sλj

L
[d]
j

 = 0 for all i ⩾ 1.
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The space of global sections in Theorem 5.1.7 does not, in general, follow the description
given in Corollary 5.1.5. The size constraint on the partition λ appearing in Theorem 5.1.1
is quite close to optimal; see [OS23, Theorem 12] and Example 5.5.8. Theorem 5.1.7 implies
that the dimension of the space of global sections is equal to the Euler characteristic. The
latter can be computed by other means, such as torus localization (see [OS23, Theorem 3]
and [SZ24b, Corollary 4.10] for exterior powers) or via wall-crossing to other moduli spaces
[HF23].

Extension groups
When the degree of a line bundle L is sufficiently large, our method also allows the computa-
tion of the global extension groups for Schur functors of the vector bundle L[d]. The answer
is expressed in terms of Ext-groups of Schur functors of the universal quotient bundle on a
Grassmannian (see Proposition 5.4.6). The Borel–Weil–Bott theorem for the Grassmannian
completely determines these Ext-groups and has the following implications.

Theorem 5.1.8. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L be a line bundle of degree at least d+ b. Then

(i) For any nontrivial partition ν with |ν| < (nd+ rb+ n)/r and ν1 < n− r,

H i
(
Quotd, (SνL[d])∨

)
= 0 for all i ⩾ 0. (5.2)

(ii) Let p1, p2, . . . , pt and k be nonnegative integers, and set |p| = p1 +p2 + · · ·+pt. Assume
k < (nd+ rb+ n)/(n− r), |p| ⩽ (nd+ rb+ n)/r, and t < n− r. Then

Exti
( p1∧

L[d] ⊗ · · · ⊗
pt∧
L[d],

k∧
L[d]

)
=

∧k−|p| L[d] i = 0, k ⩾ |p|;
0 otherwise.

A similar statement holds upon replacing all ∧ with Sym, and replacing the condition
t < n− r with |p| < n− r.

(iii) For any partition λ, with |λ| ⩽ d and λ1 < n− r,

Exti(SλL[d],SλL[d]) =
C i = 0;

0 i ⩾ 1.

(iv) More generally, the set {Sλ(L[d]) : |λ| ⩽ d, λ1 < n−r} forms an exceptional collection,
ordered by the sizes of the partitions.

Remark 5.1.9. Note that the exceptional collection above generates only a subcategory of
the derived category of coherent sheaves on Quotd. A full exceptional collection built from
Schur functors of universal quotients on Grassmannian was studied by Kapranov [Kap84].
For Quot schemes of rank-zero quotients, a full exceptional collection (and, in higher genus, a
semiorthogonal decomposition) of the derived category was obtained in [Tod22] and [MN24].
However, these methods do not directly extend to the case of higher-rank quotients.
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Part (ii) of Theorem 5.1.8 recovers the results on extension groups in [MOS22] for Quot
schemes of rank-zero quotients, and partially proves [MOS22, Conjecture 1.3.3] in the higher-
rank setting. Moreover, in Theorem 5.4.1, we establish a mixed version of Proposition 5.4.6
and Theorem 5.1.1 for two line bundles of consecutive degrees; this may be regarded as our
main technical result. We state a consequence for the duals of tautological bundles below.

Theorem 5.1.10. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let Lm−1 = OP1(m− 1) and Lm = OP1(m) on P1, with m ⩾ d+ b. For any pair of partitions
ν and µ satisfying

|ν| + |µ| ⩽ (nd+ rb+ n)/r and 0 < ν1 + µ1 < n− r,

all cohomology groups of the vector bundle
(
SνL[d]

m−1

)∨
⊗
(
SµL[d]

m

)∨
vanish.

Relation to quantum K-theory of Grassmannians
When V is the trivial vector bundle of rank n, the Quot scheme Quotd(P1, V, r) is a smooth
moduli space (see [Str87]) that compactifies the space of morphisms from P1 to the Grass-
mannian Gr(r, n) of degree d. This viewpoint was taken up by Bertram [Ber97] to study
the quantum cohomology ring of Gr(r, n), and later to prove the Vafa–Intriligator formula
[Ber94; MO07] for intersection numbers on Quotd(C, V, r), which counts the number of maps
from a fixed curve C of genus g to Gr(r, n) satisfying some incidence conditions.

Recently, [SZ24a; SZ24b] studied K-theoretic invariants on Quotd(P1, V, r) in the context
of the quantum K-ring of Gr(r, n) (cf. [BM11]). Fix a point x ∈ P1 and set

Ex := E|Quotd ×{x},

a rank n − r vector bundle on Quotd. By [SZ24a, Theorem 1.12], the Euler characteristics
of Schur functors of Ex compute K-theoretic Gromov–Witten invariants: For partitions
µ1, µ2, µ3 whose first parts are at most r,

χ

M0,3(Gr(r, n), d),
⊗
i⩽3

ev∗
pi

Sµi(B)
 = χ

Quotd(P1,O⊕n
P1 , r),

⊗
i⩽3

Sµi(Ex)
 (5.3)

Here B denotes the universal quotient bundle on Gr(r, n), and M0,3(Gr(r, n), d) is the moduli
space of 3-pointed genus-0 stable maps to Gr(r, n) of degree d with evpi

the evaluation map
at the i-th marking. In this paper, we prove the following consequence of Theorem 5.1.1.

Theorem 5.1.11. Let µ1, µ2, . . . µt be partitions satisfying 0 ̸= |µ1| + · · · + |µt| < (nd +
n)/(n− r), then

H i

Quotd(P1,O⊕n
P1 , r),

t⊗
j=1

Sµj Ex

 = 0 for all i ⩾ 0.

The Euler characteristics of Schur functors of Ex were computed in [SZ24b, Theorem 1.6
and 1.9]. The vanishing of Euler characteristics of these bundles was shown to provide
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enough relations to completely determine the quantum K-ring of Gr(r, n). Theorem 5.1.11
partially answers [SZ24b, Question 1.11] by upgrading a subset of the vanishing statements
for Euler characteristics to statements about individual cohomology groups. Using our re-
sults, one can already prove that the K-theoretic Gromov–Witten invariant in (5.3) vanishes
for all sufficiently large degrees d. We expect that our methods may in future shed light
on positivity phenomena in the quantum K-theory of the Grassmannian; see, for instance,
[BM11; Buc+22].

Analogy with Hilbert scheme of points on surfaces
Let V be a vector bundle on a smooth projective curve C. The punctual Quot scheme, de-
noted Quotd(C, V ) = Quotd(C, V, 0), parametrizes quotients of V supported at zero dimen-
sional scheme of length d. Punctual Quot schemes have been extensively studied; we mention
only a few relevant works here, including computations of cohomology groups [MN23], de-
scriptions of nef cones for divisors [GS21], positivity results for tautological bundles [Opr22],
and cohomology of tangent bundle [BGS24].

For a line bundle L on C, the description of the cohomology groups for the tautolog-
ical bundle L[d] and their exterior powers is explicitly given by the formula (see [MN24,
Theorem 3] for the statement involving extension groups)

H•(Quotd(C, V ),∧kL[d]) ∼= ∧kH•(V ⊗ L) ⊗ Symd−kH•(OC).

There is a parallel story for the Hilbert schemes X [d] of d points on a smooth projective
surface X. For a line bundle L on X, the tautological bundle L[d], defined similarly, has rank
d. Indeed, the cohomology groups are given by the formula [Sca09; Kru18]

H•(X [d],∧kL[d]) ∼= ∧kH•(L) ⊗ Symd−kH•(OX).

The proofs of the above statement in both cases rely on studying the bounded derived
categories of sheaves Db(X [d]) and Db(Quotd(C, V )).

The description of cohomology groups of the symmetric powers Symk L[d], and general
Schur functors, is not known to admit a simple formula, for both X [d] and Quotd(C, V ). In
special case, Euler characteristics [Arb21] and the space of global sections [Dan04; Sca15]
of the symmetric products of tautological bundles L[d] on X [d] admits a simple form. For
instance, let L be a positive degree line bundle on X = P2, then for all k < d+ 1,

H0
(
X [d], Symk L[d]

)
= SymkH0(L)

while all higher cohomology groups vanish. We predict that an anolgue of formulas in
Corollary 5.1.5 also hold for Hilbert scheme of points on X ∼= P2. We note here that
tautological bundles on the Quot schemes on surfaces have also been studied in [OP21;
Arb+21].

Proof strategy
For a fixed sufficiently large integer m, the Quot scheme on P1 admits an embedding into a
product of Grassmannians, constructed by Strømme [Str87],

ιm : Quotd ↪→ Gr(k1, N1) × Gr(k2, N2), (5.4)
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as the zero locus of a section of a vector bundle K, expressed in terms of the universal
bundles on the two Grassmannians. In the rank-zero setting, [MOS22] uses the Koszul
resolution of OQuotd

to reduce the study of the cohomology of exterior and symmetric powers
of L[d]

m to the cohomology of universal bundles on the product of Grassmannians, where the
Borel-Weil-Bott theorem applies.

We follow the approach of [MOS22] to study the case of arbitrary rank, but the combi-
natorial analysis of the vector bundles that show up in the Koszul resolution becomes rather
involved. To address this combinatorial proliferation, in Section 5.3 we provide a stream-
lined combinatorial criterion for detecting the non-vanishing of the cohomology of universal
bundles on a Grassmannian, which may be of independent interest. A second ingredient
is provided by Horn’s inequalities, which give criteria for the nonvanishing of the Little-
wood–Richardson coefficients appearing in our expansions. By applying these two sets of
criteria carefully, we show that all cohomology groups vanish for every term in the Koszul
resolution except the first. We then conclude by computing the cohomology of the first term
explicitly.

Our methods compute the cohomology of all Schur functors (subject to the relevant size
constraints) of the tautological bundles associated to consecutive-degree line bundles, L[d]

m

and L
[d]
m−1 (new even in the rank-zero case). This is especially advantageous because Schur

functors of any tautological complex M [d] can be expressed in terms of the Schur functors of
the tautological bundles L[d]

m−1 and L[d]
m in the derived category of sheaves on Quotd. We then

leverage the explicit results about SαL[d]
m−1 ⊗ SβL[d]

m to obtain results for the Schur complexes
SλM [d], as well as their tensor products.
Assumptions on characteristic. Our results are valid for all algebraically closed fields of
characteristic zero. For ease of notation, we use C throughout. The main dependence on the
characteristic comes from the use of the Borel-Weil-Bott theorem for Grassmannians. The
fact that Schur functors of complexes respect quasi-isomorphisms, and therefore are well-
defined on objects in the derived category, also depends on the characteristic zero assumption.

5.2 Combinatorial preliminaries

Notations
A partition λ = (λ1, λ2, . . . , λk) is a non-increasing sequence of non-negative integers. The
size of the partition is defined as |λ| := λ1 + λ2 + · · · + λk. We can represent λ graphically
by its Young diagram, which contains k rows of boxes with λi boxes in the ith row. For
example, the Young diagram of the partition λ = (5, 4, 2, 1), which has size |λ| = 12, is
shown below:

λ = λ† =

The conjugate partition λ† is obtained by transposing the Young diagram of λ. In the above
example, λ† = (4, 3, 2, 2, 1).
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The Durfee square of a partition λ is the largest square contained in the Young diagram
of λ, and the side length of the Durfee square is called the rank of the partition. In the
above example, λ has rank two.

Schur functors
Let W ∼= Ck be a complex vector space. For any partition λ = (λ1, λ2, . . . , λk), we de-
note by Sλ(W ) the Schur functor, which corresponds to the irreducible polynomial GL(W )-
representation with highest weight λ. The character of the representation Sλ(W ) is the Schur
polynomial sλ(x1, x2, . . . , xk), and its dimension is given by the hook-content formula:

dim Sλ(W ) = sλ(1, 1, . . . , 1︸ ︷︷ ︸
k

) =
∏
c∈λ

k + cont(c)
hook(c) (5.5)

where for each cell c = (i, j) in λ is in the ith row and jth column, cont(c) = j − i and
hook(c) = 1 + (λi − j) + (λ†

j − i) is the hook length of c.
Every polynomial GL(W )-representation can be expressed uniquely as a direct sum of

Schur functors. Given two partitions λ and µ, one can decompose the tensor product as

Sλ(W ) ⊗ Sµ(W ) =
⊕
γ

Sγ(W )⊕cγ
λ,µ , (5.6)

where the multiplicities cγλ,µ are the Littlewood–Richardson coefficients. The Littlewood–Richardson
rule provides a combinatorial description of these coefficients in terms of counting Lit-
tlewood–Richardson tableaux. In the next subsection, we list the properties of Little-
wood–Richardson coefficients that we shall need in this article.

Let V be another complex vector space. Schur functors naturally appear in the context
of Cauchy’s formula: for any non-negative integer t, there is an isomorphism of vector spaces∧t(V ⊗W ) ∼=

⊕
|µ|=t

Sµ(V ) ⊗ Sµ†(W ), (5.7)

where the direct sum runs over all partitions µ of size t.
We will also require the following decomposition formula for the Schur functor of the

direct sum of two vector spaces

Sγ(V ⊕W ) ∼=
⊕
α,β

(
Sα(V ) ⊗ Sβ(W )

)⊕cγ
α,β . (5.8)

Here the direct sum is taken over all partitions α and β such that |α| + |β| = |γ|.

Schur functors associated to highest weights
Irreducible rational representations of GL(W ) are indexed by highest weights

η = (η1, η2, . . . , ηk),
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which are non-increasing sequences of integers η1 ⩾ η2 ⩾ · · · ⩾ ηk. Note that each ηi is
allowed to be negative. For any highest weight η, we denote the corresponding irreducible
GL(W )-representation by Sη(W ). For any m ⩾ −ηk, we can express Sη(W ) in terms of the
usual Schur functor using the following isomorphism of GL(W )-representations

SηW ∼= det(W )−m ⊗ Sη+(m)k

W,

where det(W ) is the determinant representation and η+(m)k = (η1 +m, η2 +m, . . . , ηk +m)
is a partition. For any highest weight η, the dual of the corrresponding representation is
given by Sη(W )∨ = S−η(W ), where

−η = (−ηk,−ηk−1, . . . ,−η1).

The tensor product of two rational representations with highest weights η and ρ can also be
described using the Littlewood-Richardson rule

SηW ⊗ SρW =
⊕
χ

(SχW )⊕cχ
η,ρ , (5.9)

where χ runs over all the highest weights with |χ| = |η| + |ρ|, and the multiplicity is given
using the identity

cχη,ρ = c
χ+(m+k)r

η+(m)r,ρ+(k)r , (5.10)

where m and k are any two integers, such that η + (m)r, ρ + (k)r and χ + (m + k)r are
partitions.

Given a highest weight η = (η1, η2, . . . , ηk), it is sometimes useful to partition it into
two parts, where one consists of nonnegative integers and one consists of nonpositive ones.
For this, we use the notation η = (γ,−δ), where γ, δ are partitions. Note that due to the
presence of zeros, there isn’t necessarily a unique way to write η in this form.

Remark 5.2.1. Schur functors Sη can be defined in the generality of vector bundles on a
scheme. The identities in the above discussion, such as (5.6), (5.7), and (5.8), all generalize
verbatim. This is explained in e.g. [Wey03, Chapter 2]. Schur functors associated to a
partition can be generalized even further to perfect complexes, and it is well-defined up to
quasi-isomorphisms. We explain the case of length two perfect complexes in Section 5.5.

Horn’s inequalities
There is a vast literature on the study of Littlewood–Richarson coefficients. In particular, a
lot of it has been devoted to answering the following fundamental question:

What are the conditions on the partitions α, β and γ such that cγα,β ̸= 0?

Knutson and Tao in their proof of the saturation conjecture [KT99] showed that cγα,β ̸= 0
if and only if α, β, and γ are the eigenvalues of Hermitian matrices A, B, and C with
C = A+B, respectively. We assume that the rank N of the matrices to be greater than the
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number of parts in each of the partitions α, β, and γ. Then using the identity for traces,
trA+ trB = trC, we get

N∑
i=1

αi +
N∑
i=1

βi =
N∑
i=1

γi. (5.11)

In general, given A and B be N × N Hermitian matrices, define C = A + B. Let
α = (α1 ⩾ · · · ⩾ αN), β = (β1 ⩾ · · · ⩾ βN) and γ = (γ1 ⩾ · · · ⩾ γN) denote the eigenvalues
of the matrices A, B and C written in non-increasing order.

Let I = (i1 ⩽ · · · ⩽ is) and J = (j1 ⩽ · · · ⩽ js) be increasing sequence at most N
positive integers such that is + js ⩽ N + s. Then we have∑

i∈I
αi +

∑
j∈J

βj ⩾
∑
k∈K

γk (5.12)

where K = (k1 ⩽ · · · ⩽ ks) with kp = ip + jp − p for 1 ⩽ p ⩽ s; see [Ful00] for a detailed
exposition.

In the following proposition, we enumerate various properties of Littlewood–Richardson
coefficients that will be used later in the proofs.

Proposition 5.2.2. Consider three partitions α, β, and γ such that cγα,β ̸= 0. Then the
following hold:

1. (Size constraint)
|α| + |β| = |γ|;

2. (Symmetry)
cγα,β = cγ

†

α†,β† ;

3. (Weyl inequality) For any positive integers i and j, we have

αi + βj ⩾ γi+j−1; (5.13)

4. (Dominance inequality I) We have γ ⩽ α+ β, that is, for all s,
s∑
i=1

γi ⩽
s∑
i=1

αi +
s∑
i=1

βi; (5.14)

5. (Dominance inequality II) We have α ∪ β ⩽ γ, that is, for all t,

t∑
i=1

αi +
t∑
i=1

βi ⩽
2t∑
i=1

γi.

Note that part (iii) and (iv) also holds when α, β and γ are highest weights.



CHAPTER 5. A BOREL–WEIL–BOTT THEOREM FOR QUOT SCHEMES ON P1 86

Proof. Statements (i) and (ii) are standard facts about Littlewood–Richardson coefficients.
Statements (iii) and (iv) both follow from (5.12). Specifically, statement (iii) can be obtained
by letting I = {i}, J = {j}. Statement (iv) can be obtained by letting I = J = {1, . . . , s}.
We now explain the proof of (v). Taking rank of matrices, N , to be sufficiently large, the
inequality in (5.12) implies

t+s∑
p=t+1

αp +
t+s∑

p=t+1
βp ⩾

2t+s∑
p=2t+1

γp

for any 2s + t ⩽ N + t. Now take s larger than the number of parts in α, β, and γ. Then
(v) follows by subtracting the above inequality from the equality in (i).

5.3 Indices of partitions
In this section, we focus on certain cases of the Borel-Weil-Bott theorem, and pictorially
describe the combinatorial conditions on the partitions involved when a tautological bundle
has a nontrivial cohomology group. The notions of the t-index and the (t; η)-index introduced
in this section will be key ingredients in our proofs later.

Borel-Weil-Bott
Let Gr(k,N) denote the Grassmannian of k-dimensional subspaces of the vector space CN .
Consider the universal exact sequence over Gr(k,N):

0 → A → O⊕N
Gr(k,N) → B → 0,

where A is the universal subbundle of rank k and B is the universal quotient bundle of
rank N − k. The sheaf cohomology of Schur functors applied to A and B is described by
the Borel–Weil–Bott theorem [Bot57]. We state below the version presented in [Wey03,
Corollary 4.1.9].

Theorem 5.3.1 (Borel-Weil-Bott). For any two non-increasing sequences of integers

ρ = (ρ1, . . . , ρk) and χ = (χ1, . . . , χN−k),

the vector bundle SρA∨ ⊗ SχB∨ on Gr(k,N) has at most one non-vanishing cohomology
group. Let

ω := (ρ, χ) + (N − 1, N − 2, . . . , 0)
be the component-wise sum. If ω contains a repetition, then all cohomology groups of
Sρ(A∨) ⊗ Sχ(B∨) vanish. Otherwise, let σ be the permutation that sorts ω into a strictly
decreasing sequence, and

γ := σ ◦ ω − (N − 1, N − 2, . . . , 0),

be a non-increasing sequence, then

HD (Gr(k,N), SρA∨ ⊗ SχB∨) = Sγ(CN)∨

where the cohomological degree D = ℓ(σ) is the length of the permutation σ, and all other
cohomology groups are zero.



CHAPTER 5. A BOREL–WEIL–BOTT THEOREM FOR QUOT SCHEMES ON P1 87

Remark 5.3.2. When we consider Schur functors of the quotient bundle independently,
Theorem 5.3.1 implies that for any partition λ, the morphism induced from the tautological
sequence

SλO⊕N
Gr(k,N) → SλB

gives an isomporhism on the space of global sections

H0
(
Gr(k,N), SλB

) ∼= Sλ(CN).

Similar statement holds for SλA∨.

t-Index
The notion of the t-index of a partition ν was introduced in [MOS22] to systematically study
the conditions which determine when all the cohomology groups of SνB∨ vanish. Here we
recall, and later generalize this notion which plays a crucial role in the sections that follow.

Definition 5.3.3. Fix a positive integer t. We say that a non-increasing sequence of integers
χ = (χ1, χ2, . . . , χm) has a well-defined t-index if there exists a nonnegative integer j such
that

χj ⩾ j + t and χj+1 ⩽ j.

In this case, the t-index of χ is j. Note that the t-index of χ is 0 (resp. m) if χ1 ⩽ 0 (resp.
χm ⩾ m+ t).

Remark 5.3.4. Note that every integer partition λ has a well-defined 0-index, which equals
the rank of the partition. If λ has a well-defined t-index j, then j must also be the 0-index
(i.e., the rank) of λ. Furthermore, if j is the 0-index of λ, then λ has a well-defined t-index
if and only if t ⩽ λj − j.

Example 5.3.5. Fix t = 3. Consider the integer partitions λ = (6, 5, 2, 1) and µ = (7, 4, 2, 2).
The Durfee square of both partitions λ and µ has side length 2. We observe that λ has a
well-defined t-index, whereas µ does not.

λ = µ =

Lemma 5.3.6. Let χ = (χ1, . . . , χN−k) be a non-decreasing sequence of integers. The vector
bundle Sχ(B∨) on Gr(k,N) has a nontrivial cohomology group

HD
(

Gr(k,N),Sχ(B∨)
)

̸= 0 (5.15)

if and only if χ has a well-defined k-index j, and the cohomological degree is D = kj.
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Proof. It is a straightforward application of Theorem 5.3.1. Indeed, (5.15) is satisfied if and
only if

ω = (0, . . . , 0, χ1, . . . , χN−k) + (N − 1, . . . , N − k, N − k − 1, . . . , 0)
= (fk, . . . , f1, g1, . . . , gN−k)

has no repetitions, and D is the length of the permutation that sorts ω. Observe that
fk > · · · > f1 are consecutive integers, and thus we may choose j such that

g1 > · · · > gj > fk > · · · > f1 > gj+1 > · · · > gN−k.

Hence the cohomological degree is D = kj. The required conditions χj ⩾ j+k and χj+1 ⩽ j
follow from the inequalities gj > fk and gj+1 < f1, respectively.

(t; η)-Index
To pictorially describe the conditions for the vanishing of cohomology groups of the vector
bundle Sµ(A) ⊗ Sη(B), we introduce the following generalization of the notion of index.

Definition 5.3.7. Fix a positive integer t and a tuple of non-increasing integers η =
(η1, . . . , ηr). Write η = (γ,−δ), where γ and δ are partitions describing the nonnegative
and negative entries of η. We say that a partition µ has a well-defined (t; η)-index if there
exists a non-negative integer i such that

µi+1−s ⩾ i+ t− γ†
s and µi+s ⩽ i+ δ†

s for all s ⩾ 1.

We call such an integer i the (t; η)-index of µ.

Example 5.3.8. Fix t = 3 and η = (1,−1,−1). Consider the partition ν = (6, 4, 3, 1), and
observe that ν also has a well-defined (t; η)-index, equal to 2. We have δ = (1, 1) and γ = (1)
in blue and red, respectively.

ν =
δ2δ1

γ1

However, ν itself does not have a well-defined t-index. This example also illustrates that the
(t; η)-index of a partition is not necessarily equal to the rank of the partition.

Lemma 5.3.9. Let µ = (µ1, . . . , µk) be a partition and η = (η1, η2, . . . , ηN−k) be tuple of
non-increasing integers. Write η = (γ,−δ) for partitions γ and δ. Suppose that the vector
bundle Sµ(A) ⊗ Sη(B) on Gr(k,N) has a (unique) nonzero cohomology group, namely

HD(Gr(k,N),Sµ(A) ⊗ Sη(B)) ̸= 0.

Then the following hold.
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(i) The partition µ has a well-defined (N − k; η)-index, i.e., there exists a natural number
i such that

µi+1−s ⩾ i+N − k − γ†
s and µi+s ⩽ i+ δ†

s for all s ⩾ 1. (5.16)

(ii) The cohomological degree satisfies the bound

D ⩽ |δ| + (µ1 + µ2 + · · · + µi) − i2.

Proof. Let η = (γ1, . . . , γq,−δp, . . . ,−δ1) be a tuple of non-increasing integers, where γ and
δ are partitions with at most q and p parts respectively, and p + q = N − k. We will show
that µ has a well-defined (N − k; η)-index i given by the condition

µi ⩾ i+ p and µi+1 < i+ p. (5.17)

Note that SµA ∼= S−µA∨ and SηB ∼= S−η(B∨), where −η = (δ,−γ). Theorem 5.3.1 implies
that the vector

ω = (−µk, . . . ,−µ1, δ1, . . . , δp,−γq, . . . ,−γ1) + (N − 1, . . . , 1, 0)

has no repetition, and that D is the length of the permutation that sorts ω. We split the
analysis into two parts, first looking at the entries of ω that are strictly less than q, and then
at those that are at least q.

µ =
γ1γ2· · ·γqδp

· · ·
δ2δ1

i+ p

i

By the definition of i in (5.17), the entries strictly less than q in ω consist of

p+ q + (i− 1) − µi, . . . , p+ q − µ1 and q − 1 − γq, . . . , −γ1.

Subtracting q − 1 from each of the entries above and negating, we may assume that there
are no repetitions among the following i+ q nonnegative integers

αi, αi−1 + 1, . . . , α1 + i− 1 and γq, γq−1 + 1, . . . , γ1 + q − 1,

where α = (µ1 − p− i, . . . , µi − p− i). Lemma 5.3.10 implies that αi−s ⩾ q− γ†
s for all s ⩾ 0,

which proves the first set of inequalities in (5.16). Moreover, the length of the permutation
that sorts the entries above (in the stated order) is at most |α|, hence the contribution to the
length of the permutation that sorts ω is at most ip+ |α| (extra ip for moving the i entries
containing µ1, . . . , µi to the right of entries containing δ1, . . . , δp in ω).
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Now we consider the entries of ω that are at least q, namely
δp, δp−1 + 1, . . . , δ1 + p− 1 and βk−1, βk−2 + 1, . . . , β1 + (k − i) − 1,

where β = (i + p − µk, . . . , i + p − µi+1). Lemma 5.3.10 implies βi−s ⩾ p − δs, proving the
second set of inequalities in (5.16). Furthermore, the length of the permutation that sorts
the entries above contributes at most |δ| to the length of the permutation that sorts ω. Hence
D ⩽ |δ| + ip+ |α| = |δ| + (µ1 + · · · + µi) − i2.

The following result is elementary; due to the lack of a reference, we provide a short
proof for completeness. We use the abacus notation for partitions (also called beta-sets in
the literature cf. [JK81]). We adapt the proof from [Mac95, (1.7)] to our setting.

Lemma 5.3.10. Let α = (α1, α2, . . . , αi) and λ = (λ1, λ2, . . . , λq) be partitions with at most
i and q parts respectively. If the string of natural numbers

ω = (αi, αi−1 + 1, . . . , α1 + i− 1, λq, λq−1 + 1, . . . , λ1 + q − 1)
has no repitition, then the permutation σ that sorts ω has length ℓ(σ) ⩽ |α|, and

αi−s ⩾ q − λ†
s for all 0 ⩽ s < i.

Proof. We define a sequence u = (u0, u1, u2, . . . ) of 0’s and 1’s, by

um =
1 if m ∈ {αi, . . . , α1 + i− 1}

0 otherwise.

Similarly define v = (v0, v1, v2, . . . ) ∈ {0, 1}N with 1’s placed exactly at the positions
(λq, . . . , λ1 + q − 1). Note that ω has no repetition if and only if u + v ∈ {0, 1}N. The
length of permutation, by definition, equals

ℓ(σ) = #{(m,n) ∈ N2 : n < m, vn = 1, um = 1}
⩽ #{(m,n) ∈ N2 : n < m, un = 0, um = 1} = |α|.

Let v̂ be the sequence obtained by flipping 1’s and 0’s in v. To observe the inequalities,
we will draw the lattice path diagrams for u and v̂, such that 0’s denote increment in the
y-coordinate by one, and 1’s denote right step by increasing x-coordinate by one. The
condition u+ v ∈ {0, 1}N implies that for any m ⩾ 0,

number of 0’s in (u0, . . . , um) ⩾ number of 0’s in (v̂0, . . . , v̂m),
and hence the lattice path of v̂ lies always below that of u.

0 1 2 3 · · · s · · · i− 1 i
0

1

2

3

...

...

q − 1

q

αi−s

λ†
s
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By construction, the lattice path of u (denoted in blue color) carves out α over x-axis, with
αi−s be the y-coordinate for the s-th right step. Similarly, the lattice path of v̂ (colored
in red) carves out λ over y-axis. The inequality follows easily by considering the rectangle
[s, s+ 1] × [0, q] in the i× q grid as showing in the sketch.

5.4 Two line bundles of consecutive degrees
Our main goal in this section is to study the cohomology groups of tensor products of Schur
functors applied to the tautological vector bundles L[d]

m−1 and L[d]
m on Quotd(P1, V, r), for line

bundles
Lm−1 := OP1(m− 1) and Lm := OP1(m)

when m is sufficiently large. We will prove slightly more general statement than what is
stated in the introduction for Schur functors corresponding to highest weights (see Sec-
tion 5.2) instead of partitions. The statement is of independent interest, and we state it
below.

Let us first recall the notations. We consider Quot scheme Quotd(P1, V, r), Quotd for
short, for the vector bundle V on P1, which splits as

V ∼= O(−b1) ⊕ O(−b2) ⊕ · · · ⊕ O(−bn)

where 0 = b1 ⩽ b2 ⩽ · · · ⩽ bn, and thus the sum b = ∑n
i=1 bi is a nonnegative number.

Furthermore, we will assume that d ⩾ d0(V, r) such that Quotd is an irreducible variety of
dimension nd+ rb+ r(n− r) for the rest of this article.

Theorem 5.4.1. Let η = (γ,−δ) and ρ = (λ,−ν) be non-increasing sequences of lengths
rankL[d]

m−1 and rankL[d]
m respectively. Suppose γ, λ, ν, δ are partitions satisfying

(n− r)(|λ| + |γ|) + r(|ν| + |δ|) < nd+ rb+ n; ν1 + δ1 < n− r.

(i) If either |δ| ̸= 0 or |ν| ̸= 0, and m ⩾ b+ d, then

H i
(
Quotd,SηL[d]

m−1 ⊗ SρL[d]
m

)
= 0 for all i ⩾ 0.

(ii) If δ = ν = ∅, then, for m sufficiently large,

H0
(
Quotd,SγL[d]

m−1 ⊗ SλL[d]
m

) ∼= SγH0(V ⊗ Lm−1) ⊗ SλH0(V ⊗ Lm) (5.18)

and all higher cohomology groups vanish.

The condition for m to be sufficiently large in part(ii) of Theorem 5.4.1 will be removed
in the next section. The proof of Theorem 5.4.1 is quite involved, its components will be split
in several subsections below. Using the same method, we will also obtain a bound on the
cohomological degree of SηL[d]

m−1 ⊗ SρL[d]
m in Proposition 5.4.7 that holds with no restrictions

on ν and ρ.
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Remark 5.4.2. The condition b1 = 0 is not an extra assumption, since there is an isomor-
phism

Quotd(P1, V, r) ∼= Quot d+rb1

(
P1, V (b1), r

)
,

which takes L[d]
m to L[d+rb1]

m−b1 on the right, which reduces the analysis to our cases.

Remark 5.4.3. The special case when η and ρ are trivial in Theorem 5.4.1 implies that

H0(Quotd,OQuotd
) = C,

while all higher cohomology groups vanish. This is consistent with the fact that Quotd(P1,O⊕n
P1 , r)

is a rational variety [Str87].

Strømme embedding
There is an embedding of the Quot scheme into a product of two Grassmannians (see [Str87]
for details):

ι : Quotd(P1, V, r) ↪→ Gr(k1, N1) × Gr(k2, N2). (5.19)
The explicit values of k1, k2, N1, and N2 depend on the choice of an integer m ⩾ b + d, and
are given as follows:

N1 = H0(V (m− 1)) = nm− b, N2 = H0(V (m)) = n(m+ 1) − b,

r1 = rank(L[d]
m−1) = rm+ d, r2 = rank(L[d]

m ) = r(m+ 1) + d, (5.20)
k1 = rank(L{d}

m−1) = (n− r)m− b− d, k2 = rank(L{d}
m ) = (n− r)(m+ 1) − b− d.

We give a short overview of the construction. Let us recall the universal exact sequence

0 → E → p∗V → F → 0,

on Quotd(P1, V, r) × P1 where π and p are projections to Quotd(P1, V, r) and P1 respectively.
Twisting the above short exact sequence by p∗Lm and pushing forward, we get an exact
sequence of vector bundles (since m ⩾ b+ d)

0 → π∗(E(m)) → H0(V (m)) ⊗ OQuotd
→ π∗(F(m)) → 0. (5.21)

This gives us a morphism from ιm : Quotd(P1, V, r) → Gr(k2, N2). Similarly, twisting by
p∗Lm−1 yields an analogous sequence of vector bundles as in (5.21) and hence a morphism
ιm−1 : Quotd(P1, V, r) → Gr(k1, N1). The Strømme embedding in (5.19) is defined as ι :=
(ιm−1, ιm).

We have universal short exact sequences

0 → Ai → Wi → Bi → 0 (5.22)

on each Gr(ki, Ni) for i = 1, 2 where

W1 := H0(V (m− 1)) ⊗ OGr(k1,N1) and W2 = H0(V (m)) ⊗ OGr(k2,N2).
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By a slight abuse of notation, we use the same notation for the pullbacks of these bundles
to the product Gr(k1, N2) × Gr(k2, N2) along the projection maps.

Consider the section OP1 → OP1(1) ⊠ OP1(1) defining the diagonal ∆ ⊂ P1 × P1. Taking
the tensor product with the pullback of V (m− 1) along the first factor of P1 and passing to
cohomology, we get an inclusion map

W1 → W2 ⊗H0(OP1(1)).

Consider the following diagram on Gr(k1, N1) × Gr(k2, N2),

0 A1 W1 B1 0

0 A2 ⊗H0(OP1(1)) W2 ⊗H0(OP1(1)) B2 ⊗H0(OP1(1)) 0.

The composition

A1 → W1 → W2 ⊗H0(OP1(1)) → B2 ⊗H0(OP1(1))

gives us a section s of the vector bundle

K := A∨
1 ⊗ B2 ⊗H0(OP1(1)).

Following the proof of [Str87, Thm. 4.1] with minor modifications, one shows that ι is a
closed embedding. Moreover, the image ι(Quotd) is precisely the zero locus of the section s
defined above. We note here that

L
[d]
m−1

∼= ι∗(B1) and L[d]
m

∼= ι∗(B2).

Similarly, we have
L

{d}
m−1

∼= ι∗(A1) and L
{d}
m−1

∼= ι∗(A2).

Proof of Theorem 5.4.1
Let ι : Quotd(P1, V, r) → Gr(k1, N1) × Gr(k2, N2) be the Strømme embedding associated to
the positive integer m, as in Section 5.4. As discussed in the previous section, ι(Quotd) is the
vanishing locus of a regular section s of the vector bundle K. The assumption d ⩾ d0(V, r)
implies that Quotd is a local complete intersection of expected dimension

dim(Gr(k1, N1) × Gr(k2, N2)) − rank K = nd+ rb+ r(n− r).

We thus have the Koszul resolution

· · · ∧2 K∨ K∨ OGr(k1,N1)×Gr(k2,N2) ι∗OQuotd
0. (5.23)
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We can apply formulas (5.7) and (5.8) to decompose ∧t K∨ as
t∧

K∨ =
t∧

(A1 ⊠ (B∨
2 ⊕ B∨

2 )
=
⊕
|µ|=t

SµA1 ⊠ Sµ†(B∨
2 ⊕ B∨

2 )

=
⊕
|µ|=t

SµA1 ⊠

⊕
α,β,σ

(SσB∨
2 )⊕cµ†

α,β
·cσ

α,β

 .
This shows that the direct summands of ∧t K∨ are of the form

SµA1 ⊠ SσB∨
2 with |µ| = t and there exist α, β such that cµ

†

α,β · cσα,β ̸= 0.

Proof of Theorem 5.4.1. The tautological bundles in consideration can be expressed as a
pullback via (5.19)

SηL[d]
m−1 = ι∗SηB1 and SρL[d]

m = ι∗SρB2.

Tensoring the Koszul resolution in (5.23) with SηB1 ⊠ SρB2, we obtain

· · · V2 V1 V0 ι∗
(
SηL[d]

m−1 ⊗ SρL[d]
m

)
0.ϕ (5.24)

where Vt := (SηB1 ⊠ SρB2) ⊗ ∧t K∨.
We will show below in Lemma 5.4.4 that for all t ⩾ 1, all cohomology groups of Vt vanish

(with the given conditions on m and the partitions involved). This implies that ϕ induces
natural isomorphisms of cohomology groups

H i(Gr(k1, N1) × Gr(k2, N2), SηB1 ⊠ SρB2) ∼= H i
(
Quotd, SηL[d]

m−1 ⊗ SρL[d]
m

)
for all i ⩾ 0.

When η = γ and ρ = λ are partitions, Borel–Weil–Bott theorem (see Remark 5.3.2)
tells us that the cohomology groups of SγB1 and SλB2 are nonzero only in degree 0, where
they are naturally isomorphic to SγH0(V ⊗Lm−1) and SλH0(V ⊗Lm), respectively. Hence,
proving part (ii).

If δ (resp. ν) is nontrivial, then by the Borel–Weil–Bott theorem (Theorem 5.3.1), all
cohomology groups of SηB1 (resp. SρB2) vanish whenever

δ1 ⩽ k1 (resp. ν1 ⩽ k2).

Using the assumptions m ⩾ d+ b and δ1 + ν1 < n− r, we have

δ1 ⩽ n− r − 1 ⩽ (n− r − 1)(b+ d) ⩽ (n− r)m− (b+ d) = k1,

and similarly ν1 ⩽ k2. Note that d + b ⩾ 0 (considering the degree of the subsheaf S ⊂
V ⊂ O⊕n

P1 ). The extremal case d + b = 0 implies S is trivial, and thus b = d = 0, which
corresponds to the case when Quotd is the Grassmannian; there the claim follows directly
from Borel–Weil–Bott.
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Technical vanishing lemma
Lemma 5.4.4. For all t ⩾ 1, all cohomology groups of Vt in (5.24) vanish, if

(a) either δ or ν is a non-empty partition; or

(b) δ = ν = ∅ and m is sufficiently large.

Proof. Following the discussion in Section 5.4, ∧t K∨ splits as a direct sum

t∧
K∨ =

⊕
|µ|=t

(
SµA1 ⊠ Sσ(B∨

2 )⊕cµ†
α,β

·cσ
α,β

)

where µ runs over all partitions of size t and α, β and σ runs over partitions. We see that
Vt has direct summands of the form

(SµA1 ⊗ SηB1) ⊠ (SχB∨
2 ) .

In order for such a summand to exist and have a nonzero cohomology group, the following
conditions must hold simultaneously:

• The Littlewood-Richardson coefficients are non-zero, i.e.,

cµ
†

α,β · cσα,β · cχσ,−ρ ̸= 0.

Here cχσ,−ρ is the generalized Littlewood-Richardson coefficient (5.9) for GLr2(C)-representations
and −ρ = (ν,−λ).

• Not all cohomology groups of SµA1⊗SηB1 vanish over Gr(k1, N1). Lemma 5.3.9 implies
that we have a well-defined

i := (r1; η)-index of µ.
Recall η = (γ,−δ) and note that γ†

1 + δ†
1 ⩽ r1. The index i satisfies the following

µi+1−s ⩾ i+ r1 − γ†
s and µi+s ⩽ i+ δ†

s for all s ⩾ 1.

This is illustrated in Figure 5.1.

• Not all cohomology groups of SχB∨
2 vanish over Gr(k2, N2). In such a case, Lemma 5.3.6

implies that we have a well-defined

j := k2-index of χ.

The first inequality in Lemma 5.3.6 implies that first j entries χ1, . . . χj ⩾ k2 + j. The
second inequality in Lemma 5.3.6 and rank of B2 implies χj+1, . . . , χr2 ⩽ j. This is
illustrated in Figure 5.2.
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µ

γ1γ2· · ·γqδp
· · ·

δ2δ1

i r1

k1

Figure 5.1: A schematic diagram for the shape of the partition µ, whose (r1, η)-index equals
i. The first i parts of µ must lie to the right of bold red outline by γ and the last k1 − i parts
of µ lie left of blue line defined by δ.

χ

j k2

r2

Figure 5.2: A schematic diagram for the shape of χ when it is a partition: The k2-index
equals j. The first j entries of χ must lie to the right of bold red line and the last r2 − j
entries lie left of blue line.
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We will apply the properties of Littlewood–Richardson coefficients, listed in Proposition 5.2.2,
to arrive at a contradiction on the existence of the indices j and i, which would then show
that the conditions above cannot simultaneously be satisfied, whence all the cohomology
groups of Vt must be zero. We divide this into four exhaustive cases:

Case 1: Suppose j > i. By Weyl’s inequality (5.13), the condition cσα,β ̸= 0 implies

αj + β1 ⩾ σj.

Similarly, from cχσ,−ρ ̸= 0 we obtain (recall −ρ = (ν,−λ))

σj + ν1 ⩾ χj ⩾ j + k2.

Note that β1 ⩽ µ†
1 ⩽ k1 (since cµα†,β† ̸= 0) and k2 −k1 = n−r. Combining the two inequalities

above yields,
αj ⩾ σj − β1 ⩾ j + k2 − ν1 − k1 ⩾ j + n− r − ν1.

Hence the conjugate of α satisfy

j ⩽ α†
j+(n−r−ν1). (5.25)

Using cµα†,β† ̸= 0 and the assumption j > i, we have

α†
j+(n−r−ν1) ⩽ µj+(n−r−ν1) ⩽ µi+(n−r−ν1) ⩽ i+ δ†

(n−r−ν1) (5.26)

The assumption δ1 + ν1 ⩽ n− r − 1 implies that δ†
(n−r−ν1) = 0. Hence we obtain j ⩽ i from

(5.25) and (5.26), which is a contradiction.

Case 2: Suppose j < i ⩽ 2j. Applying dominance inequalities in Proposition 5.2.2 for

σ ⩽ α + β and α ∪ β ⩽ µ†,

arising from cσα,β and cµ
†

α,β, respectively, we obtain:

σ1 + · · · + σj ⩽ α1 + · · · + αj + β1 + · · · + βj

⩽ µ†
1 + · · · + µ†

2j

⩽ ik1 + (2j − i)i+ |δ|. (5.27)

The last inequality is evident by analyzing the shape of µ in Figure 5.1. Similarly, using the
dominance inequalities for

µ ⩽ α† + β† and α† ∪ β† ⩽ σ†,

and analyzing Figure 5.1 we obtain:

i(r1 + i) − |γ| ⩽ µ1 + · · · + µi

⩽ α†
1 + · · · + α†

i + β†
1 + · · · + β†

i

⩽ σ†
1 + · · · + σ†

2i (5.28)
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The non-vanishing of generalized Littlewood-Richardson coefficient cχσ,−ρ ̸= 0 implies the
following two identities:

σ1 + · · · + σj ⩾ χ1 + · · · + χj − |ν| (5.29)
σ†

1 + · · · + σ†
2i ⩽ χ†

1 + · · · + χ†
2i + |λ| (5.30)

The first inequality (5.29) simply follows from the dominance inequality (5.14), while the
second inequality (5.30) requires an argument, that we provide in Lemma 5.4.5. For the
tuple χ, we define χ†

s for the number of entries in χ that are at least s.
Combining the inequalities (5.27) and (5.29), and analyzing the shape of χ in Figure 5.2,

we obtain

j(k2 + j) − |ν| ⩽ χ1 + · · · + χj − |ν| ⩽ ik1 + (2j − i)i+ |δ|. (5.31)

Similarly, by combining (5.28) and (5.30) and analyzing Figure 5.2, we have

i(r1 + i) − |γ| ⩽ χ†
1 + · · · + χ†

2i + |λ| ⩽ jr2 + (2i− j)j + |λ| (5.32)

These two inequalities (5.31) and (5.32) can be rearranged into the following useful form:

j(k2 − k1) ⩽ (i− j)k1 − (i− j)2 + |δ| + |ν|, (5.33)
j(r2 − r1) ⩾ (i− j)r1 + (i− j)2 − |γ| − |λ|. (5.34)

Recall that k2 − k1 = n − r and r2 − r1 = r. Multiplying the first inequality by r and the
second by n− r, we get:

r(|δ| + |ν|) + (n− r)(|γ| + |λ|) ⩾ (i− j) ((n− r)r1 − rk1) + n(i− j)2

= (nd+ rb)(i− j) + n(i− j)2

⩾ nd+ rb+ n,

where we used the inequality i− j ⩾ 1 in the final step. This contradicts the hypothesis of
the lemma.

Case 3: Suppose 2j < i. In the previous case, the assumption i ⩽ 2j was used only
in (5.31), so using our new assumption 2j < i, we can replace (5.31) by

j(k2 + j) − |ν| ⩽ ik1, (5.35)

while (5.32) stays the same. We can rewrite (5.34) and (5.35) as

j(n− r) = j(k2 − k1) ⩽ (i− j)k1 − j2 + |ν|, (5.36)
jr = j(r2 − r1) ⩾ (i− j)r1 + (i− j)2 − |γ| − |λ|. (5.37)

Multiplying (5.36) and (5.37) by r and n− r respectively, we obtain

r|ν| + (n− r)(|γ| + |λ|) ≥ (i− j)((n− r)r1 − rk1) + rj2 + (i− j)2(n− r)
> (nd+ rb)(i− j) + rj2 + (n− r)(i− j)2 (5.38)
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When j = 0, we have χ1 ⩽ 0. By Littewood-Richardson rule, we have ν1 ⩽ χ1, so |ν| = 0.
Let us assume j > 0 or |δ| > 0, i.e. the hypothesis of part (a). Then using (5.38), we obtain
the inequality

r(|δ| + |ν|) + (n− r)(|γ| + |λ|) ≥ nd+ rb+ n,

which is a contradiction.
So let us suppose that j = 0 and |δ| = 0, i.e. the hypothesis of part (b). Using j = 0,

(5.37) gives us |λ| + |γ| ⩾ ir1 + i2 ⩾ r1 = rm+ d, so we get a contradiction for m sufficiently
large.

Case 4: Suppose i = j. Since |µ| = t ⩾ 1, i ̸= 0. We can slightly modify the inequal-
ity (5.31) as follows:

j(k2 + j − ν1) ≤ σ1 + · · · + σj

≤ µ†
1 + · · · + µ†

2j

⩽ ik1 + i(2j − i+ δ1).

But since i = j, we get ν1 + δ1 ≥ n− r + i ⩾ n− r, which is a contradiction.

Lemma 5.4.5. Suppose the generalized Littlewood–Richardson coefficient cχσ,(ν.−λ) ̸= 0, for
GLr2(C) representations, where σ is a partition. Then for any positive integer s,

σ†
1 + · · · + σ†

s − |λ| ⩽ χ†
1 + · · · + χ†

s,

Proof. Let χ = (χ1, . . . , χr2) = (ω,−θ), and note that χ†
j = ω†

j for all j > 0. The size
constraint implies the equality

|σ| + |ν| − |λ| = |ω| − |θ|. (5.39)

It suffices to prove the inequality

σ†
s+1 + · · · + σ†

M + |ν| ⩾ χ†
s+1 + · · · + χ†

M ⩾ χ†
s+1 + · · · + χ†

M − |θ|,

and the the result follows after subtracting it from equation (5.39).
Fix an integer ℓ ⩾ max{θ1, λ1}, then we have the classical Littlewood-Richardson coef-

ficient cϕσ,τ , where τ = (ν,−λ) + (ℓ)r2 and ϕ = χ + (ℓ)r2 are partitions. Apply the Horn’s
inequality (5.12) coming from cϕ

†

σ†,τ† ̸= 0, we obtain

σ†
s+1 + · · · + σ†

M + τ †
ℓ+1 + · · · + τ †

ℓ+M ⩾ ϕ†
ℓ+s+1 + · · · + ϕ†

ℓ+M

Note that τ †
ℓ+j = ν†

j and ϕ†
ℓ+s+j = χ†

s+j for all j > 0. Hence we finish the proof by letting M
large enough.

Extension groups
We will now specialize Theorem 5.4.1 to calculate the extension groups and prove all the
conclusions in Theorem 5.1.8. Note that the cohomology groups of Schur functors of two
dual tautological bundles in Theorem 5.1.10 immediately follow from Theorem 5.4.1.
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Proposition 5.4.6. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L be a line bundle with degree at least d + b. Let ν and λ be two partitions such that
r|ν| + (n− r)|λ| < nd+ rb+ n and ν1 < n− r. Then

Exti
(
SνL[d],SλL[d]

)
=
Hom

(
SνB,SλB

)
i = 0

0 i ⩾ 1.
(5.40)

where B is the universal quotient bundle on the Grassmannian Gr(k,N), where N =
dimH0(V ⊗ L) and k = N − rankL[d].

Proof. We follow the notation in the proof of Theorem 5.4.1. We may express

Sν(L[d])∨ ⊗ SλL[d] =
⊕
η

(
Sη(L[d])∨

)⊕cη
ν,−λ ,

where η = (η1, η2, . . . , ηN1−k1) = (γ,−δ) runs over tuples of non-increasing integers, and cην,−λ
are the modified Littlewood–Richardson coefficients (5.10). Horn’s inequalities imply that

ηj ⩽ νj + (−λ)1 ⩽ νj for all j ⩾ 1,

hence |γ| ⩽ |ν| and η1 ⩽ ν1 < n− r. Similarly, we obtain |δ| ⩽ |λ|, and thus Theorem 5.4.1
implies that all higher cohomology groups vanish and the zeroth cohomology group is ex-
pressed in terms of the cohomology groups of B1 as stated.

Proof of Theorem 5.1.8. Proposition 5.4.6 immediately implies part (i), and a straightfor-
ward application of the Borel–Weil–Bott theorem yields part (ii). The statement about the
exceptional collection follows by noting that λ1 < n − r and m ⩾ b + d imply λ1 ⩽ k1, and
by invoking [Kap84] to observe that

{SλB1 : |λ| ⩽ d, λ1 < n− r}

is contained in a full exceptional collection for Gr(k1, N1).

Cohomological degree of the tautological bundles
In Section 5.4, we showed that, except for the space of global sections of SηL[d]

m−1 ⊗ SρL[d]
m ,

all cohomology groups vanish, and we explicitly computed H0 under size constraints on η
and ρ. Here we remove the constraints on η and ρ and establish the vanishing of the higher
cohomology groups, strengthening Theorem 2.1.6.

Proposition 5.4.7. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let η = (γ,−δ), ρ = (λ,−ν). Then for all m ≥ d+ b,

HD(Quotd,SηL[d]
m−1 ⊗ SρL[d]

m ) = 0 for all D > |δ| + |ν|.

In particular, when η = γ and ρ = λ are partitions,

HD(Quotd,SγL[d]
m−1 ⊗ SλL[d]

m ) = 0 for all D > 0.
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Proof. First, recall the Koszul resolution (5.24), and note that it suffices to show

HD
(

Gr(k1, n1) × Gr(k2, n2),Vt
)

= 0 for all t ⩾ 0, and D > t+ |δ| + |ν|.

Indeed, assume there exist partitions µ, α, β, σ, χ such that

HD
(

Gr(k1, n1) × Gr(k2, n2),
(
SµA1 ⊗ SηB1

)
⊠
(
SχB∨

2

))
̸= 0,

with cµ
†

α,β ·cσα,β ·cχσ,−ρ ̸= 0. Recall the indices i and j from the proof of Lemma 5.4.4. Analyzing
the non-vanishing of the cohomology groups and the Littlewood–Richardson coefficients, in
particular, the inequalities (5.27), (5.29), and (5.31), implies

j(k2 + j) − |ν| ⩽ µ†
1 + · · · + µ†

2j.

By Lemma 5.3.9(ii) the cohomological degree satisfies

D ⩽ k2j + |δ| + (µ1 + · · · + µi) − i2 = k2j + |δ| + ip+
∑

s⩾i+p+1
µ†
s,

where k2j is the cohomological degree contributed by SχB∨
2 . Adding the two inequalities

above yields

|δ| + |ν| + |µ| ⩾ D +


j2 − ip+

i+p∑
s=2j+1

µ†
s, if 2j ⩽ i+ p,

j2 − ip, if 2j > i+ p.

In both cases on the right, the expression is nonnegative, which is precisely what we need.
Indeed, if 2j > i+ p, then j2 − ip ⩾ (i+ p)2/4 − ip ⩾ 0, and if 2j ⩽ i+ p, then

j2 − ip+
i+p∑

s=2j+1
µ†
s ⩾ j2 − ip+ i(i+ p− 2j) = (i− j)2 ⩾ 0.

5.5 Multiple line bundles and vector bundles
In the previous section, we calculated the cohomology groups of SηL[d]

m−1 ⊗ SρL[d]
m for suf-

ficiently positive m. We required m to be large enough so that these tautological bundles
are pulled back along a Strømme embedding. In order to access those degrees inaccessible
through a Strømme embedding, we work with Schur complexes, introduced in Subsection
5.5 below. This will allow us to bootstrap Theorem 5.4.1 to prove Theorem 5.1.1 in full
generality.
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Schur functor of perfect complexes
For a partition λ of n, let πλ be the irreducible representation of Sn corresponding to λ.
Then Schur functors can be defined for a perfect complex A of arbitrary length as Sλ(A) =
(πλ ⊗ A⊗n)Sn (see for instance Page 302 between Theorems 9.11.4 and 9.11.5 in [Eti+17]).
From this definition, it is also clear that in characteristic zero, Schur functors respect quasi-
isomorphisms: taking tensor products respect quasi-isomorphisms, and taking Sn invariants
is exact in characteristic zero.

When we write SλM [d] for M [d] is an object in the derived category of the Quot scheme,
we mean to represent M [d] first as a perfect complex and take the Schur functor. In our
case, we can actually always represent M [d] and M{d} as a map of vector bundles. Below we
recall definitions and basic properties of Schur functors associated to a partition and a map
of vector bundles. The construction in this case is called Schur complexes in the literature.
See [Wey03, Chapter 2] for details.

Let X be a locally Noetherian scheme and let

Φ : E1 → E2

be a map of vector bundles on X.

Definition 5.5.1. Let λ be a partition. We write Sλ(Φ)• for the Schur complex of length
|λ|, so that

Sλ(Φ)q =
⊕

ν⊆λ,|ν|=q
Sλ/νE1 ⊗ Sν†

E2. (5.41)

is placed in q-th degree. The beginning of Sλ(Φ)• looks like

SλE1 → Sλ/(1)E1 ⊗ E2 → Sλ/(2)E1 ⊗ ∧2E2 ⊕ Sλ/(12)E1 ⊗ Sym2 E2 → · · ·

Sometimes it is useful to index homologically as well. We write Sλ(Φ)• for the Schur complex
of length |λ| associated to the map Φ, so that

Sλ(Φ)q =
⊕

ν⊆λ,|ν|=q
Sν†

E1 ⊗ Sλ/νE2. (5.42)

is placed in (−q)-th degree. The beginning of Sλ(Φ)• looks like

· · · → Sym2 E1 ⊗ Sλ/(12)E2 ⊕ ∧2E1 ⊗ Sλ/(2)E2 → E1 ⊗ Sλ/(1)E2 → SλE2.

Note that Sλ(Φ)• = Sλ†(Φ)•[ℓ], where ℓ = |λ|.

Proposition 5.5.2. If we have a short exact sequence

0 → E1
Ψ−→ E2

Φ−→ E3 → 0, (5.43)

where each Ei is a vector bundle, then Sλ(Ψ)• → SλE3 → 0 is exact, and 0 → SλE1 →
Sλ(Φ)• is exact.
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Proof. Since E3 is locally free, the short exact sequence (5.43) is locally split. Acyclicity can
be checked locally, so [ABW82, Corollary V.1.15] implies that (SλΨ)• is acyclic. The same
result also shows that the cokernel locally agrees with SλE3, and the functoriality of Schur
complexes shows that the isomorphisms must glue, so, globally, the cokernel is also exactly
SλE3.

The first statement applied to the dual of (5.43) shows that the complex Sλ(Φ∨ : E∨
3 →

E∨
2 ) → SλE∨

1 → 0 is exact. Dualizing this complex shows the second statement.

Remark 5.5.3. In the theorem statements, such as Theorem 5.1.1, we sometimes write
SλH•(V ⊗M), where V,M are vector bundles on P1. The definition of the Schur functor is
rather trivial in this case, but requires caution. For instance, SλH•(O(−k)), where k > 1,
is the vector space Sλ†

H1(O(−k)), concentrated in degree |λ|.

Vanishing results for two insertions
In Theorem 5.4.1, we computed the cohomology groups of Schur functors of L[d]

m−1 and L[d]
m .

We shall now use the properties of Schur complex to conclude results about vector bundles
L

{d}
m−1 and L{d}

m and their Schur functors.

Lemma 5.5.4. Let Lm−1 and Lm line bundles with m sufficiently large. Let µ, ν, γ, λ be
partitions satisfying

|µ| + |ν| + |γ| + |λ| < (nd+ rb+ n)/(n− r).

Then all cohomology groups of the vector bundles

SµL{d}
m−1 ⊗ SνL{d}

m ⊗ SγL[d]
m−1 ⊗ SλL[d]

m

vanish unless µ = ν = ∅.

Proof. Let m be sufficiently large such that part (ii) of Theorem 5.4.1 holds. Now consider
the exact sequence of vector bundles

0 L{d}
m Wm L[d]

m 0Φm

where Wm := π∗(p∗(V ⊗ Lm)).
We will first prove the case µ = ∅ and ν ̸= ∅. Applying the Schur functor Sν to the

above, then tensoring with the vector bundles F := SγL[d]
m−1 ⊗ SλL[d]

m we obtain a complex

0 F ⊗ SνL{d}
m F ⊗ Sν(Φm)•

which is exact by applying Proposition 5.5.2. Therefore, the cohomology groups of the vector
bundle F ⊗ SνL{d}

m equals the hypercohomology groups of the complex F ⊗ Sν(Φm)•. Now
consider the hypercohomolgy spectral sequence

Ep,q
1 ⇒ Hp+q(Quotd, F ⊗ Sν(Φm)•) (5.44)
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whose first page is given by

Ep,q
1 := Hq (Quotd, F ⊗ Sν(Φm)p) .

By the definition of Schur complex, we note that F ⊗ Sν(Φm)p splits as a direct sum with
summands of the form F⊗SαWm⊗SβL[d]

m , such that |α|+|β| = |ν| and |β| = p. Note that Wm

is a trivial bundle. Applying Littlewood-Richardson rule, we further split F ⊗SαWm⊗SβL[d]
m

into direct sum, with summands of form

SγL[d]
m−1 ⊗ SηL[d]

m (5.45)

where
|γ| + |η| = |γ| + |λ| + |β| ⩽ |γ| + |λ| + |ν| < (nd+ rb+ n)/(n− r).

Theorem 5.4.1 implies that q-th cohomology groups of each of these summand vanish for all
q ⩾ 1. Therefore, Hq(Quotd, F ⊗ SαWm ⊗ SβL[d]

m ) = 0, and thus Ep,q
1 = 0 for all q ⩾ 1. We

will now show that the first row corresponding to q = 0

0 → E0,0
1 → E1,0

1 → · · · → E
|ν|,0
1 → 0 (5.46)

in page one is exact. Consider the diagram

Wm Wm

Wm L[d]
m

id

Φm

and the induced morphisms of complexes

F̃ ⊗ Sν(id)• F ⊗ Sν(id)• F ⊗ Sν(Φm)•.

where F̃ = SγWm−1 ⊗ SλWm. Theorem 5.4.1 implies that the induced morphism for each
summand (5.45) in the p-th degree

SγWm−1 ⊗ SηWm → SγL[d]
m−1 ⊗ SηL[d]

m

induces isomorphisms for the space of global sections, and hence induces isomorphisms

H0(Quotd, F̃ ⊗ Sν(id)p) ∼= H0(Quotd, F ⊗ Sν(Φm)p) = Ep,0
1 .

Note that the complex of trivial bundles F̃ ⊗ Sν(id)• (equivalently of their space of global
sections) is exact by Proposition 5.5.2, and hence (5.46) is exact. Therefore the spectral
sequence (5.44) degenetates in page two with all the terms zero, so we conclude that

HD(Quotd,SνL{d}
m ⊗ SγL[d]

m−1 ⊗ SλL[d]
m ) ∼= HD(Quotd, F ⊗ Sν(Φm)•) = 0

for all D ⩾ 0. The same proof works when ν = ∅ and µ ̸= ∅, and it gives us

HD(Quotd,SµL{d}
m−1 ⊗ SγL[d]

m−1 ⊗ SλL[d]
m ) = 0 for all D ⩾ 0. (5.47)
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When both µ and ν are non-trivial, we again consider the exact sequence,

0 F ⊗ SνL{d}
m F ⊗ Sν(Φm)•

where F := SµL{d}
m−1 ⊗SγL[d]

m−1 ⊗SλL[d]
m . Running the same argument as above, we note that,

for each p, the bundle F ⊗ Sν(Φm)p splits as a direct sum with summands of the form

SµL{d}
m−1 ⊗ SγL[d]

m−1 ⊗ SηL[d]
m

for partitions η with |η| ⩽ |λ| + |ν|. Since µ is nontrivial, all cohomology of the above
summands vanish by (5.47), and hence

Hq(Quotd, F ⊗ Sν(Φm)p) = 0

for all p and q. This implies that each object in the first page of the corresponding hyperco-
homology spectral sequence is zero, and thus HD(Quotd, F ⊗ SνL{d}

m ) = 0 for all D ⩾ 0.

We now prove Theorem 5.1.11 about the vanishing of the cohomology of Sx, restriction
of the universal subsheaf S to Quotd ×{x}, using Lemma 5.5.4.

Proof of Theorem 5.1.11. Let Lm = O(m) and Lm−1 = O(m − 1) for the same choice of m
as in part (ii) of Theorem 5.4.1 and Lemma 5.5.4. For a point x ∈ P1, the short exact
sequence

0 → Lm−1 → Lm → Ox → 0
induces the short exact sequence involving tautological bundles

0 L
{d}
m−1 L{d}

m Ex 0.Ψ

on Quotd. Proposition 5.5.2 provides a resolution

Sλ(Ψ)• SλEx 0

for a partition λ. When 0 ̸= |λ| < (nd+rb+n)/(n−r), Lemma 5.5.4 applies to each term in
the resolution, and hence proving that all cohomology groups of SλEx vanish. The statement
involving multiple partitions is a simple consequence of Littlewood-Richardson rule.

Proof of Theorem 5.1.1
As noted in Remark 5.1.4, every vector bundle on P1 splits as a direct sum of line bundles,
so Theorem 5.1.1 follows from the following statement concerning multiple line bundles.

Theorem 5.5.5. Let K1, K2, . . . Ks and M1,M2, . . . ,Mt be line bundles on P1. For any
tuples of partitions µ1, µ2, . . . , µs and λ1, λ2, . . . , λt satisfying

|µ1| + · · · + |µs| + |λ1| + · · · + |λt| < (nd+ rb+ n)/(n− r),
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(a) If µi is a nontrivial partition for some 1 ⩽ i ⩽ s, then

H•

Quotd,
s⊗
i=1

Sµi

K
{d}
i ⊗

t⊗
j=1

Sλj

M
[d]
j

 = 0.

(b) If µ1 = · · · = µs = ∅, then

H•

Quotd,
t⊗

j=1
Sλj

M
[d]
j

 ∼=
t⊗

j=1
Sλj

H•(V ⊗Mj).

Remark 5.5.6. The universal quotient p∗V → Q induces natural maps H•(V ⊗ Mj) →
H•(M [d]

j ) for each j. The proof below will additionally show that the isomorphism in part
(b) is given by taking Schur functors and tensoring these natural maps.

Proof of Theorem 5.5.5. Fix sufficiently large integer m such that Theorem 5.4.1(ii) and
Lemma 5.5.4 hold for Schur functors of consecutive line bundles Lm−1 = O(m − 1) and
Lm = O(m). The key idea here is to represent each K

{d}
i and M

[d]
j as two-term complexes

involving only L[d]
m−1 and L[d]

m , so that we may analyze Schur functors of the latter instead.
Note that R1π∗(F ⊗ p∗Lm−1) = 0, where π and p are the projections maps (5.1) for

Quotd ×P1. The diagonal sequence for P1 gives an exact sequence [Str87, Proposition 1.1]

0 π∗L
[d]
m−1 ⊗ p∗O(−1) π∗L[d]

m F ⊗ p∗Lm 0

on Quotd ×P1. For any line bundle M , twist the above sequence by p∗(M ⊗ L∨
m), and push

forward via π to obtain an exact triangle

L
[d]
m−1 ⊗Rπ∗p

∗(M ⊗ L∨
m−1) L[d]

m ⊗Rπ∗p
∗(M ⊗ L∨

m)) M [d]ΦM +1 (5.48)

in the derived category of coherent sheaves on Quotd. Explicitly, Rπ∗p
∗(M⊗L∨

m) = H•(M⊗
L∨
m) ⊗ OQuotd

is a trivial vector bundle supported in degree 0 or 1; the complex is identically
zero if degM ⊗ L∨

m = −1. This exhibits M [d] as quasi-isomorphic to a two-term complex of
vector bundles, denoted ΦM , which is

ΦM =
L

[d]
m−1 ⊗H0(M ⊗ L∨

m−1) → L[d]
m ⊗H0(M ⊗ L∨

m) if deg(M ⊗ L∨
m) ≥ 0,

L
[d]
m−1 ⊗H1(M ⊗ L∨

m−1) → L[d]
m ⊗H1(M ⊗ L∨

m) if deg(M ⊗ L∨
m) ≤ −1,

where the first complex (ΦM)• is viewed as concentrated in degrees [−1, 0], and the second
(ΦM)• is concentrated in degrees [0, 1]. Similarly, replacing F by E in the above argument,
we obtain the exact triangle

L
{d}
m−1 ⊗Rπ∗p

∗(K ⊗ L∨
m−1) L{d}

m ⊗Rπ∗p
∗(K ⊗ L∨

m)) K{d}ΨK +1 (5.49)

for any line bundle K.
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Thus, our problem is reduced to computing the hypercohomology groups of the complex

G• :=
s⊗
i=1

Sµi(ΨKi
)• ⊗

t⊗
j=1

Sλj (ΦMj
)•.

Note that we write Sµi(ΨKi
)•, Sλj (ΦMj

)• instead of Sµi(ΨKi
)•, Sλj (ΦMj

)• for all i, j for ease
of presentation, but apply the corresponding construction in Definition 5.5.1 depending on
whether ΨKi

, ΦMj
are concentrated in degrees [0, 1] or [−1, 0]. Now the degree q term Gq in

the complex G• splits as direct sum of vector bundles of the form

SαL{d}
m−1 ⊗ SβL{d}

m ⊗ SγL[d]
m−1 ⊗ SδL[d]

m

for some partitions α, β, γ, δ satisfying

|α| + |β| = |µ1| + · · · + |µs| and |γ| + |δ| = |λ1| + · · · + |λt|.

If µi is nontrivial for some i, then either α or β is nontrivial, and thus, all its cohomology
groups vanish by Lemma 5.5.4. Therefore, the first page of the hypercohomology spectral
sequence for G• is identically zero, so we get HD(Quotd, G•) = 0 for all D ⩾ 0. This
concludes the proof of part (a).

To prove part (b), we will use the exact triangle

M
{d}
j Rπ∗(p∗(V ⊗Mj)) M

[d]
j

ΘMj +1 (5.50)

where Rπ∗(p∗(V ⊗Mj)) ∼= H•(V ⊗Mj) ⊗ OQuotd
. Let us first observe that, when degMj ⩾

d+ b, it is a vector bundle supported in degree zero, and whenever degMj < 0, the complex
M

{d}
j is vector bundle R1π∗(p∗Mj ⊗ S) supported in degree one.
When degMj ⩾ d+ b, we apply Proposition 5.5.2 to see that Sλj

M
[d]
j is quasi-isomorphic

to Sλj (ΘMj
)•, supported in degrees [−|λj|, 0], with (−q)-th term given by

Sλj (ΘMj
)q =

⊕
α⊂λj ,|α|=s

Sα†
M

{d}
j ⊗ Sλj/α

(
H0(V ⊗Mj) ⊗ OQuotd

)

On the other hand, when degMj < 0, we see that Sλj
M

[d]
j is quasi-isomorphic to Sλj (ΘMj

)•,
supported in degrees [0, |λj|], with q-th term given by

Sλj (ΘMj
)q =

⊕
α⊂λj ,|α|=s

Sλj/α(M{d}
j [1]) ⊗ Sα† (

H1(V ⊗Mj) ⊗ OQuotd

)
,

where M{d}
j [1] = R1π∗(p∗Mj ⊗ S). Now consider the complex

E• =
t⊗

j=1
Sλj (ΘMj

)•,

where we use cohomology notation for ease of presentation again. Observe that all cohomol-
ogy groups of each summand of each term Eq vanish by part(a), except for the D-th term,
with D = ∑

degMj<0 |λj|, which contains the summand⊗
degMj<0

S(λj)† (
H1(V ⊗Mj) ⊗ OQuotd

)
⊗

⊗
degMj≥0

Sλj
(
H0(V ⊗Mj) ⊗ OQuotd

)
. (5.51)
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Therefore, the hypercohomology spectral sequence degenerates on page two, and gives us

HD(Quotd, E•) =
⊗

degMj<0
S(λj)†

H1(V ⊗Mj) ⊗
⊗

degMj≥0
Sλj

H0(V ⊗Mj).

for D = ∑
degMj<0 |λj|, while all other cohomology groups vanish. Note that in computing

HD from (5.51), we use the fact that OQuotd
has no higher cohomology groups, which is a

corollary of Theorem 5.4.1, as explained in Remark 5.4.3.
Now assume 0 ⩽ degMj ⩽ d+ b− 1 ⩽ m− 1. In this case M{d}

j is supported in degrees
[0, 1], and is quasi-isomorphic to (ΨMj

)• using the triangle (5.49). The latter complex is
supported in degrees [0, 1] and is given by

L
{d}
m−1 ⊗H1(Mj ⊗ L∨

m−1) L{d}
m ⊗H1(Mj ⊗ L∨

m)).
ΨMj

Thus, using the triangle (5.50), we get a quasi-isomorphism of M [d]
j with the complex of

vector bundle concentrated in degrees [−1, 0] given by

L
{d}
m−1 ⊗H1(Mj ⊗ L∨

m−1) L{d}
m ⊗H1(Mj ⊗ L∨

m)) ⊕H0(V ⊗Mj) ⊗ OQuotd
,

and argue similarly.

Vanishing without size constraints
We now turn to the setting when there is no restrictions on the sizes of partitions. We will
extend the result for two consecutive line bundles in Proposition 5.4.7 to showing vanishing
of higher cohomology groups for multiple line bundle.

Theorem 5.5.7. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let M1,M2, . . . ,Mt be line bundles on P1 of degrees at least d+b. For any tuple of partitions
λ1, λ2, . . . , λt, we have

H i

Quotd(P1, V, r),
t⊗

j=1
Sλj

M
[d]
j

 = 0 for all i ⩾ 1.

Proof. Let m = d+b, and thus Proposition 5.4.7 applies whenever two consective line bundles
are involved. Let M1,M2, . . . ,Mt be line bundles with degrees at least m, and consider the
short exact sequences (5.48) of vector bundles ,

0 L
[d]
m−1 ⊗H0(Mj ⊗ L∨

m−1) L[d]
m ⊗H0(Mj ⊗ L∨

m)) M
[d]
j 0

ΦMj

for each 1 ⩽ j ⩽ t. For any partitions λ1, λ2, . . . , λt, we consider the complex of vector
bundles

G• =
t⊗

j=1
Sλj (ΦMj

)•
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Note that the complex is supported in degrees [−ℓ, 0] where ℓ = (|λ1| + · · · + |λt|). Proposi-
tion 5.5.2 implies that the complex

0 → G−ℓ → G−ℓ+1 → · · · → G0 →
t⊗

j=1
Sλj

Mj

is exact. The (−q)-th term G−q splits as a direct sum with each summand of the form

SγL[d]
m−1 ⊗ SδL[d]

m ,

which by Proposition 5.4.7 can only have zeroth cohomology. In particular, H i(Quotd, G−q) =
0 for all 0 ⩽ q ⩽ ℓ and i ⩾ 1, so we conclude that

H i

Quotd,
t⊗

j=1
Sλj

Mj

 = 0 for all i ⩾ 1.

We now provide some concrete examples explaining why the size constraint is necessary
in the statement of Theorem 5.1.1, even though all higher cohomology groups vanish for
positive enough line bundles.

Example 5.5.8. Let V = O⊕2
P1 , r = 1 and d = 2. For the line bundle L4 = OP1(4), the

natural map
∧6H0(V ⊗ L4) → H0(Quotd,∧6L

[2]
4 )

is not an isomorphism. This shows that the bound |λ| < (dn + n)/(n − r) is sharp in
Theorem 5.1.5.

Our computation uses the Stømme embedding of ι : Quotd ↪→ Gr(3, 10) × Gr(4, 12),
corresponding to the twists m = 4, 5. We have ∧6L

[2]
4 = ι∗S(16)B1, which yields a res-

olution of ι∗ ∧6 L
[2]
4 as in (5.24). This then gives rise to a spectral sequence Hk(Vt) ⇒

Hk−t(Quotd,∧6L
[2]
4 ). By using the computer to run an exhaustive search, we find that there

are exactly two nonzero terms on the initial page of the spectral sequence: in addition to
the term H0(V0) = ∧6H0(V ⊗L4), which has dimension dimH0(V0) = 210, the cohomology
group H23(V24) is also nonzero.

Specifically, let W1 = H0(V ⊗L4),W2 = H0(V ⊗L5), and let µ = (10, 10, 4), σ = (6, 6, 26).
Then the multiplicity ∑

α,β

cµ
†

α,βc
σ
α,β = 28

is nonzero, and

H23(Gr(3, 10) × Gr(4, 12),V24) = H23((SµA1 ⊗ S(16)B1) ⊠ SσB∨
2 )⊕28

= (S(310)W1 ⊗ S((2)12)W∨
2 )⊕28

∼=
(
(detW1)⊗3 ⊗ (detW∨

2 )⊗2
)⊕28

.
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One possible choice of α, β would be

α = (3, 3),
β = (3, 3, 26),

for which the multiplicity is cµ
†

α,βc
σ
α,β = 1.

Since there are only two nonzero terms on the initial page and ∧6L
[2]
4 cannot have co-

homology in a negative degree, the induced map H23(V24) → H0(V0) must be injective. In
fact, there is a short exact sequence

0 →
(
(detW1)⊗3 ⊗ (detW∨

2 )⊗2
)⊕28

→ ∧6W1 → H0(Quotd,∧6L
[2]
4 ) → 0.

Example 5.5.9. Let V = O⊕3
P1 , r = 1, d = 3. Then

H2(Quotd, Sym2(L[d]
2 )∨) = H2(Quotd,S(2)(L[d]

2 )∨) ̸= 0.

Note that the partition ν = (2) satisfies the constraint that |ν| < (nd+ n)/r = 12, but fails
the condition of part (i) of Theorem 5.1.8 because ν1 = n− r is too large. This example also
shows that the same theorem cannot be upgraded to the statement that for |ν| < (nd+n)/r,

H≥ν1−(n−r−1)(Quotd(P1, V, r), (SνL[d]
m )∨) = 0.

To see the non-vanishing of H2, we consider the Strømme embedding ι : Quotd ↪→ Gr(3, 9)×
Gr(5, 12), corresponding to the twists m = 2, 3. Then we run an exhaustive search of all
vector bundles

Vµ = SµA1 ⊗ Sym2 B∨
1 ⊠ Sµ†(B∨

2 ⊕ B∨
2 )

on Gr(3, 9) × Gr(5, 12), where |µ| ≤ codim(Quotd(P1, V, r) ⊆ Gr(3, 9) × Gr(5, 12)) = 42. Let
µ1 = (8, 2, 2) and µ2 = (7, 2, 2), and let W1 = H0(V ⊗ L2), W2 = H0(V ⊗ L3). We find that
the only vector bundles with nonzero cohomology groups arise from these two partitions:

H13(Vµ1) = S((−1)8,−2)(W∨
1 ) ⊗ S(112)(W∨

2 )⊕7 = (W1 ⊗ detW1 ⊗ detW∨
2 )⊕7,

H13(Vµ2) = S((−1)9)(W∨
1 ) ⊗ S(111)(W∨

2 )⊕6 = (detW1 ⊗ ∧11W∨
2 )⊕6.

The spectral sequence computing the cohomology of Sym2(L[d]
2 )∨ in this case reduces to an

exact sequence

0 → H1(Sym2(L[d]
2 )∨) → (W1⊗detW1⊗detW∨

2 )⊕7 → (detW1⊗∧11W∨
2 )⊕6 → H2(Sym2(L[d]

2 )∨) → 0.

While we don’t know how to describe this middle map explicitly, the cokernelH2(Sym2(L[d]
2 )∨)

must be nonzero for dimension reasons.
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