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Abstract
The Geometry of Splitting Loci
by
Feiyang Lin
Doctor of Philosophy in Mathematics
University of California, Berkeley
Professor David Eisenbud, Co-chair

Assistant Professor Hannah Kerner Larson, Co-chair

Splitting loci are certain degeneracy loci that arise from the data of a family of vector bundles
on P!. They can be viewed as closed substacks of the stack of vector bundles on P!, and
are closely related to the Brill-Noether theory of general k-gonal curves, as well as opposite
Schubert varieties in the affine Grassmannian for the general linear group. We construct a
modular resolution of singularities for splitting loci using a relative flag Quot construction,
and use this resolution to study their singularities. We identify the singular locus of X,
prove that tame splitting loci have rational singularities, and characterize exactly which
splitting loci are Gorenstein or Q-Gorenstein. The proof for rational singularities requires a
cohomology vanishing result for tautological bundles on certain Quot schemes Quot]’l;’fi (0N,
which we push further into a Borel-Weil-Bott type theorem.
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Chapter 1

Introduction

1.1 What are splitting loci?

Every vector bundle on P! splits as a direct sum of line bundles. This data can be packaged
into a splitting type, which is a tuple €= (eq,...,e,), where e; < --- < e, are integers. We
say that € has rank r and degree d = e; + --- + ¢,, and write O(€) to denote the vector
bundle O(e;) & --- & O(e,) on P!. Given a family of vector bundles on P!, which is a vector
bundle £ on B x P! for some base B, the points b € B can be decorated with the splitting
type of the restriction & = O(e,) (Figure 1.1).

Such a vector bundle £ is flat over B, and as such, the degree and rank of €, do not vary
as we range over all points b € B as long as B is connected. However, perhaps somewhat
surprisingly, the splitting type, which is a discrete invariant, could jump. There is a partial
order on the set of all splitting types of fixed rank and degree. We say that e’ < ¢ if
el +--+e. <e +---+eforall <k <r. Onecan show that e’ < ¢€if and only if there
exists a family £ over B = A! such that &, = &’ and &, = € for all b # 0. When &’ < €, we say
that &’ is more unbalanced, or more special, than €. Splitting loci X are closed subschemes

&

Ve )

By, N g,

Figure 1.1: The restriction of £ to different points of B
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of the base B whose points consist of those b € B where €, < €.

The closed subscheme structure on Yz is defined using Fitting ideals for R'7.£(m) where
7 : B x P! — B is the projection. Roughly speaking, it imposes the rank condition that
ht&(m) > h'O(€)(m) for all m € Z. This is explained in more detail in Section 2.2. Since
this closed subscheme structure is compatible with base change, in fact we have defined
universal splitting loci Xz as closed substacks of the stack of vector bundles on P'. We
denote by B, 4' the stack of vector bundles of rank 7 and degree d on P! over a field k. This
is a smooth algebraic stack, but it is in some ways quite a strange geometric object. Its
closed points are in bijection with the poset of splitting types, and the residual gerbe at the
closed point corresponding to the splitting type € is exactly ¥z = B(Aut(O(€))), which is
an open substack of ¥z The normal bundle of ¥z in B, , is the Aut(O(€))-representation
H'End(O(€)), which is also the space of first order deformations of the vector bundle O(€).
In particular, the codimension of Xz in B, 4 is exactly u(€) = h'End(O(€)). Note that this
computes the dimension of B, ; to be

dim Xz + codim Xz = —h°End(O(€)) + h'End(O(E)) = —x(End(O(E))) = —r.

As € gets more unbalanced, Aut(O(€)) grows in dimension, and Xz becomes stackier. More-
over, as splitting types can be arbitrarily unbalanced, this stack is not of finite type. See
Figure 1.2 for an illustration of Bs.

From the point of view of this stratification, the global geometry of 3z can seem myste-
rious. In fact, while B, 4 is smooth and each 3z is smooth, upon taking the closure, 3 can
acquire singularities. The study of how the strata {Zz : €’ < €} fit together into X is the
main subject of this thesis.

Analogies

This type of geometric structure, where there is an algebraic stack whose closed points
are given by elements of some poset, is actually a relatively common geometric situation in
disguise. In studying spaces with group actions, we often encounter meaningful stratifications
X = |er X; with the following properties:

1. the strata are orbits of some fixed subgroup;
2. there is a unique open stratum and each stratum is locally closed;

3. there is a natural poset indexing the closure order of the strata, i.e. X; C X; if and
only if + < j;
4. each stratum has homogeneous geometry, e.g. the geometry of X; at a point p only

depends on the stratum X; that p is contained in.

Then the closed strata X; often bear interesting geometry, and are the object of intense
study. We give two well-known examples of this situation.
The first is that of determinantal loci.

!The notation Bungy, (P') is perhaps more familiar. Our B, ,’s are connected components of
Bungp, (P!), and B, o = Bungy,, (P!).



CHAPTER 1. INTRODUCTION 3

ul2)

0

1

(2,141) -1,-1,2)

o) N
3,1 42) t-2,-1,%»

Figure 1.2: A cartoon of Bs

Example 1.1.1. Let m < n be positive integers, and let X,,,, = Mat,,«,(k) be the affine
space of m x n matrices over some field k. Then for each 0 < r < m, appropriately sized
minors cut out the variety D, of matrices of rank at most r. In this case, the partially ordered
set indexing the strata is the set of possible ranks, i.e. {0, 1, ..., m}, and the partial order
is the natural ordering of these integers.

Now consider instead the quotient X,,, = [Mat,,x, / GL,, x GL,], where GL,, x GL,,
acts on Mat,, x,, by precomposition and post-composition. We can think of X,,, ,, as the total
space of the vector bundle Hom(Euniv, Funiv) on B GL,, X B GL,,, where E iy, Funiv are the
universal vector bundles on B GL,, and B GL,,. From this perspective, it is clear that the
stack X,, , parametrizes groupoids of vector bundles &£, F of ranks n, m respectively, plus a
map & — F. To take isomorphism classes of k-points of this stack is the same as asking
for matrices up to invertible row and column operations. Therefore, mo(X(k)) is naturally
bijective to the set {0,1,...,m}. Each r € {0,1,...,m} corresponds to the isomorphism
class of the m x n matrix consisting of an r x r identity block and zeros elsewhere. In X, ,,
each locally closed stratum D, \ D,_; of matrices of rank exactly r is an orbit of GL,, x GL,,
and maps onto a stacky point of X, ,, under this quotient map.

Example 1.1.2. Let Fl, be the complete flag variety on a n-dimensional vector space.
Then the left action of B on Fl,, = GL,, /B stratifies Fl,, into B-orbits, which are also called
Schubert cells. The Bruhat decomposition for GL,, tells us that these orbits are indexed by
the symmetric group S,,, which is a poset under the Bruhat order.
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Instead of thinking about F1,, and its stratification by Schubert cells, we can instead con-
sider the fiber product },, = BB XL, BB = B\ GL,, /B, which is the stack parametrizing
a vector bundle of rank n, plus two complete flags of subbundles for this vector bundle. The
k-points mo(V,(k)) exactly correspond to the elements of S,,, because up to isomorphisms,
the data of two complete flags of an n-dimensional vector space is exactly the relative po-
sition of these flags. However, each point has lots of automorphisms, corresponding to the
subgroup of GL,, which preserves both flags. We see how these points fit together by consid-
ering the B-torsor over ), which frames one of the flags, which is precisely the flag variety
Fl, = GL, /B.

In both cases, if we start by considering the stack X,,, or J,, the stacky points corre-
sponding to the locally closed strata fit together in a mysterious way, and it is unclear how
to think about the closed strata. By considering the smooth cover which is the space of
matrices X,,, or the flag variety Fl,, we can see their geometry much more explicitly. The
smooth cover is like a magnifying lens! Moreover, in both of these examples, there is an
obvious choice of which magnifying lens to use, because the stack admits a description as a
global quotient stack. However, the stack of vector bundles on P! is not of finite type, and
therefore it cannot be the quotient of any scheme of finite type. (Although, in fact, it does
admit a description as a quotient of a scheme not of finite type, which is Kashiwara’s thick
affine Grassmannian.) Therefore, there are many choices of which magnifying lens to use to
see how the points Xz fit together in the stack B, 4, or 3z, and each has its advantages and
disadvantages.

Note that a morphism from a smooth scheme to a smooth algebraic stack is smooth if
and only if the map on k[e]-points is surjective at each k-point on the source. In practice, it is
often convenient to work with the following condition on a family (B, £), which is equivalent
to the induced map B — B, 4 being smooth.

Definition 1.1.3. Let (B, &) be a family of vector bundles on P! over B. Then we say that
(B, &) is a complete family if B is smooth and the Kodaira-Spencer map Ty B — Ext' (&, &)
is surjective for all b € B.

Different ways to see

I first learned about splitting loci in the context of Hurwitz-Brill-Noether theory [Lar2la;
LLV25]. In their work, there is a particular base B which has geometric significance, namely
the Picard scheme of a general k-gonal curve. Specifically, let f : C — P! be a general
degree k map from a genus ¢ curve C to P'. Then by pushing forward the universal Poincaré
line bundle, we obtain a family of rank k, degree d — g + 1 — k vector bundles on P! over
Picd(C’). By degenerating to a chain of elliptic curves covering a chain of PVs, [Lar2la]
proves that this pushforward over Pic?(C) is a complete family, inducing a smooth map
Pic!(C) — Bra_gi1-x As we fix k and d — g and let g go to infinity, the union of Pic?(C)
forms a smooth cover of By 4 g41-k, allowing us to see arbitrarily deep into the poset of
splitting types. To be able to say more about the splitting loci for this particular family of
vector bundles is the main motivation for me to study splitting loci in general.

There are also many other complete families which we can use to “see” the geometry of
3. First I want to mention two different ways that I don’t really use in my work. One way
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is due to Bolognesi-Vistoli [BV12, Section 4]. The idea there is that when a vector bundle
E on P! is globally generated, then there is a canonical short exact sequence

0— HY(E(-1)®0(-1) - H(E)® O = E — 0.

This sequence can be upgraded to a family, and is called the Strgmme sequence [Str87,
Proposition 1.1]. This then gives rise to a description of certain open substacks of B, as
a quotient of an open subspace of affine space. The affine space corresponds to all possible
maps of the form H*(E(—1)) ® O(—1) — H°(E) ® O, and the open is the locus of maps
which have locally free cokernel. This was the description used in [Lar23| to compute the
Chow ring of the stack B, 4. Another way is to use Quot schemes on P!, as in the standard
construction of the stack of vector bundles on any fixed curve [Wanl1].

In practice, I have heavily relied on a specific smooth cover of B, 4, which I call successive
extension space. For any €’ of rank r and degree d, there is a family of vector bundles on
P! over the affine space H'End(O(€")), which induces a smooth map to B, 4. This family of
vector bundles has several nice properties.

1. H'End(O(e")) surjects smoothly onto Ugser Xé;

2. The functor of points for H'End(O(e”)) has a modular description. If we let ¢’ =
(fit,..., f7%), and let Q; = O(f?), then a T-point of H'End(O(e")) is the data of
vector bundles K1, Ko, ..., K, on T x P!, the data of extensions

0= Ki = Kiz1 = p*Qip1 — 0,

plus an isomorphism X; = p*Q;, where p : T' x P! — P! 2;

3. This modular description allows us to think of H'End(O(e”)) as built from B, 4 via
the operations of taking open substacks, forming vector bundles, and forming GL;-
torsor. In particular, the splitting loci in H'End(O(e”)) are irreducible of the expected
codimension;

4. There is a torus G4 1 acting on H'End(O(e")), so that the splitting loci are invariant
under this action;

5. The splitting locus for €” is just the origin of this affine space, which is also the unique
torus fixed point.

These properties make the spaces H'End(O(€")) very nice to work with. The specifics of
this family of covers are laid out in Section 2.2. A cartoon of H'End(O(—2,2)) and the
splitting loci therein can be found in Figure 1.3.

Remark 1.1.4. In theory, the fact that there exists a family of affine spaces forming a
smooth cover of B, ; reduces the study of Xz to an algebraic question. However, in practice,
the ideals are difficult to write down and hard to work with. For example, it was a conjecture

When &’ has distinct parts, one can think of H1End(O(€")) as a fiber of the natural map Bunpg(P!) —
Bunr(P!) which takes the associated graded of a complete flag of vector bundles. This is denoted Bun%, in
geometric Langlands literature [NT25, Section 3.1], where w corresponds to the data of é”.
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Ext (912), 1)

Figure 1.3: H'End(O(—2,2)) = Ext'(O(2), O(—2))

of Eisenbud and Schreyer [ES08, Conjecture 5.1] that 3z equipped with the Fitting ideal
scheme structure is reduced. While this is known through Hurwitz-Brill-Noether theory
[LLV25], there is no algebraic proof of this fact that I am aware of. We discuss the generators
of the ideal for ¥z in these affine spaces in more detail in Section 4.3.

Remark 1.1.5. When ¢’ has rank 2, then H'End(O(€")) = Ext'(O(e}), O(¢€})). The ideals
defining splitting loci in H'End(O(e")) are generated by minors of Hankel matrices, which
are also called catalecticant matrices (studied in e.g. [Con98; Con+18]). The specific cor-
respondence is explained in Example 2.2.12. Geometrically, it is well-known that Hankel
determinantal ideals define the cone over secant varieties of rational normal curves, and
that the tangent cone to W) (C') when C' is a hyperelliptic curve can be described this way
[SY22, Appendix A]. Beyond algebraic results, recently D. Brogan showed that the (projec-
tive) secant varieties of rational normal curves are all rational homology manifolds [Bro26].
Moreover, in the same paper, in the case of € = (—1,1) and €’ = (—d, d), in which case the
splitting locus X(_; 1) is a hypersurface in the affine space Ext'(O(d), O(—d)), certain nearby
cycles and vanishing cycles were computed.

Lastly, I want to mention the affine Grassmannian Gr, which is an ind-scheme. The
k-points of the affine Grassmannian (for GL,) can be thought of as the data of a vector
bundle on P! plus a trivialization away from 0. As such, Gr admits a map to the stack
Ugez Bra, and the map is a GL,(k[t™!])-torsor. The GL,(k[t™!])-orbits in Gr, which are
opposite Schubert varieties, are precisely preimages of 3z under this map. While it is
perhaps unclear what we mean by Gorenstein or Cohen-Macaulay for an ind-scheme, these
notions make sense for algebraic stacks. In that sense, the connections between the quotient
GL,(k[t7'])\ Gr and Gr also make it possible to ask various geometric questions that would
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be otherwise standard, and indeed have been answered for the finite-dimensional Schubert
varieties in Gr (see references in [Zhul6, Theorem 2.1.21, Remark 2.1.22]). Moreover, up to
some work making precise identifications, results about the cohomology and K-theory classes
of opposite Schubert varieties transport to splitting loci in the stack of vector bundles on P*.
This connection is not be part of this thesis, but will hopefully be explained in forthcoming
work of the author and collaborators.

1.2 Results

In this thesis, we construct a modular resolution of singularities for ¥z, and use this resolution
to study the singularities of 3. Throughout, we work over an algebraically closed field of
characteristic zero. We expect that many of our results also work over any field of arbitrary
characteristic, and the precise field assumptions will be clarified in updated versions of the
papers based on this thesis.

Chapters 2, 3, 5 in the body of this thesis correspond to the papers [Lin25al, [Lin25b],
and [GLS25]. The last chapter is joint with with Ajay Gautam and Shubham Sinha. For the
rest of this section, I will explain the results of the four ensuing chapters and the relationships
between them.

At the beginning of my third year, I set out to construct a resolution of singularities for
splitting loci. One way of thinking about G7(C), the scheme of g)’s on a curve, is as the
result of applying the modular resolution of singularities for determinantal loci to Wj(C).
Then to figure out what the analogous object is for Hurwitz-Brill-Noether loci W¢(C), one
could ask what is a modular resolution of singularities for splitting loci.

There are many benefits to having such a resolution. In the case of determinantal vari-
eties, the following results were intricately connected to the resolution of singularities:

1. Porteous’s formula for the class of determinantal loci is computed using its resolution
of singularities, which in turn yields the class of W} (C) in Pic*(C).

2. Kempf’s proof that determinantal loci are normal, Cohen-Macaulay, and have ratio-
nal singularities [Wey03, Propositions 6.1.5(a)-(b) and 6.2.3(b), Proposition 6.15(b)].
Because of our very good understanding of the cohomology of tautological bundles on
the Grassmannian (the Borel-Weil-Bott theorem), one can pushforward a particular
complex on a Grassmann bundle by hand to recover the minimal free resolution of
determinantal ideals (Lascoux complexes).

3. An explicit understanding of the tangent spaces of G%(C) and Wj(C), yielding the
result that W75 (C) is singular along exactly W) (C) [Arb+84, Chapter IV Proposition
4.2].

4. Brill-Noether existence and connectedness results, due to Fulton-Lazarsfeld [FL81].

When 1 first started working on this, we already guessed that a relative hyper-Quot
construction was perhaps the answer, as relative Quot schemes were key to a universal
inductive formula for the classes of splitting loci [Lar21b]. My first result is that this guess
was correct.
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To describe the resolution, for r = (r1,...,7,),d = (di,...,dy), let us define the hyper-
Quot stack FQuot(B,. 4, Euniv; 1, d) — B, 4 to be the algebraic stack representing the following
functor:

A vector bundle £ of rank r and fiberwise degree d

and a flag of subsheaves £ < & «— -+ = &, =& on T x P!
such that &; is locally free of rank r» — r; and fiberwise

degree d — d;, and each quotient £/&; is flat over T'

/ ~

(T"— Speck) —

where two flags are equivalent if there are isomorphisms between the subsheaves forming a
commutative diagram with the equality morphism on &.

The generic splitting type of any rank and degree satisfies |e, —e;| < 1. Such a splitting
type is called balanced.

Definition 1.2.1. Let £ = O(€) be a vector bundle on P!, and let
ELCE,C---CE,1=F

be a sequence of subbundles such that for all 1 < i < m, each quotient sheaf E;,/F; is a
nonzero balanced vector bundle, and up to automorphisms of F;, the inclusion E; C E; 4 is
the unique injective map E; — E;,;. Such a flag is called an é-admissible flag.

Note that the Harder-Narasimhan flag of subbundles for O(¢€) is always e-admissible,
but in general it is possible to omit some subbundles in the Harder-Narasimhan flag while
keeping it e~admissible.

Theorem 1.2.2. Let E = O(¢€) be a vector bundleon P*, andlet By C B C -+ C By = F
be an e-admissible flag. Let r = (r1,...,7n),d = (di,...,d,,) be the ranks and degrees of
E/E;. Then FQuot(B, 4, Euniv; T, d) is a smooth and irreducible algebraic stack proper over
B, 4. It maps surjectively onto 3 and it is an isomorphism over the dense open .

This theorem tells us that the splitting types €’ < € can be cut out by requiring flags
of subsheaves with the same numerical data as an e~admissible flag. Relying heavily on this
resolution of singularities, we prove several different results about the singularties of ¥z. To
state these results, let us make some definitions.

Definition 1.2.3. e For 1 < s < r, the gap (s,s + 1) is a cut for the pair ¢’ < ¢ if
ef+--+e,=e +---+e;and eg < egqq. A cut is admissible if in addition, e < e, ;.

o For &’ < &, we say that €” lies in the smooth locus of €'if 3z is contained in the smooth
locus of Y.

o If there exists some 1 < k < r such that f = (e1,...,ex) and § = (egt1,...,6,) are
both balanced, then the splitting type € = (eq,...,e,) is called tame.

o We say that € is a block arithmetic progression of block size s and difference ¢ if it is a
shift of the tuple (0%,¢°, ..., ((m — 1)t)®) (¢* is a short hand for s copies of the number
t). As usual, if s = 1, we say that the tuple is an arithmetic progression. We say
that € is contiguous if € is a shift of a tuple of the form (...,0% 1% 29 3" ...) for some
positive integers a, b.
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« We say that a Cohen-Macaulay scheme X is N-Gorenstein if w$" is a line bundle, and
Gorenstein if wy is a line bundle. Being Gorenstein and N-Gorenstein are smooth-local
properties (see Section 3.2), so it makes sense to ask when an algebraic stack, such as
a splitting locus X, is Gorenstein or N-Gorenstein. We say that a Cohen-Macaulay
algebraic stack is Q-Gorenstein if it is N-Gorenstein for some N > 1.

Theorem 1.2.4. 1. Let & < €. Then €’ lies in the smooth locus of € if and only if there
exists a collection of admissible cuts for the pair such that each block of € between two
adjacent cuts is balanced.

2. Let € be a tame splitting type. Then Xz has rational singularities.

3. A splitting locus Xz is Gorenstein if and only if € is a block arithmetic progression of
difference 0,1 or 2, or if € is contiguous. X3z is Q-Gorenstein (but not Gorenstein) if
and only if it is an arithmetic progression of difference ¢t > 3. In this case, the smallest
N for which Xz is N-Gorenstein is ¢ if ¢ is odd, and ¢/2 if ¢ is even.

In Chapter 4, we describe explicitly the difference dim B — dim 73X for closed points
b € ¥z (B) and any ¢’ < €. We also give a geometric description of the universal normal
cone of Xz at €’ for certain pairs of € and é&’.

Let Quot];’fl (O%N) be the Quot scheme parametrizing quotients of OE‘?IN of rank r and
degree d 3. In the proof of the rational singularities result above, I needed a cohomology
vanishing statement for tautological bundles on Quot;’{i (O%N) | which is the first part of the
theorem below. This is analogous to how in Kempf’s proof that determinantal varieties
have at most rational singularities, the Borel-Weil-Bott theorem for tautological bundles on
Grassmannians is a critical ingredient. The study of the cohomology groups of tautological
bundles on Quot schemes is the subject of Chapter 5.

In more detail, let

0-+S—-0"W 590

be the tautological sequence on Quot@ld (O9N) x P!, and let 7 : Quot@ld (O9N) x Pt —
Quoti (O2N), p : Quoti (ON) x P! — P'. We will write L,, = Opi(m). Given a line
bundle L on P!, we denote LY = Rm,(Q ® p*L). When deg L > —1, by cohomology and
base change, LI¥ is a vector bundle. When deg L < —1, we think of L% as an object of the
derived category of Quotgild (O®N) | which one can show can be represented by a two-term
perfect complex. For A\ a non-increasing sequence of (possibly negative) integers and £ a
vector bundle on a scheme X, we denote by S*¢ the Schur functor applied to &€, which is
a vector bundle on X. Schur functors can be appropriately generalized to objects in the
derived category that can be represented as a two-term perfect complex.

Theorem 1.2.5. 1. Let A_q,..., )\ be partitions, at least one of which is non-empty,
then
H>P(Quoty (O%V), &, 8™ (Lil)Y) =0,

m=—1

3In this introduction, I shall state the results for Quot%’ld(O@N ), but all of them can be extended to

Quotr’d(V), where V is any vector bundle on P!, at the cost of d being sufficiently large, which is the version
in Chapter 5. I also restrict to Schur functors associated to partitions here, but our results are stated more
generally for Schur functors associated to nonincreasing sequences.
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where D = ¢ _ |\l

2. Similarly, let Ay_1,..., Ay be partitions, at least one of which is non-empty, then

‘
H>0 (Quot;’ld(O@N), ®
—d—

S*LI) = 0.

s 1

3. Let My, M, ..., M, be line bundles on P!. For any tuple of partitions A, Xa,..., A
satisfying |A1]| + | Ao + -+ 4+ [A\n| < (Nd+ N)/(N — 1), we have

HP <Quot;f(O@N),®sAsMgd}>z X s*iﬂl(oﬂ?lN@Ms)@ &R SMH(OFNeMs;),

s=1 deg Ms<0 deg Ms>0
where D = 304 1,,<0 |As|, and all other cohomology groups are zero.

The first two parts of the above theorem are of the same flavor, in that they show the
vanishing of certain cohomology groups, without any size constraints on the partitions in-
volved. Yet one has no control over the cohomology groups that are not shown to always
vanish. Subject to a size constraint on the partitions involved, the third part of the theorem
above pins down the cohomology groups exactly. This distinction can be viewed as a stabi-
lization behavior: for fixed \,, My, as we let d tend to infinity, the cohomology groups of the
corresponding tautological compelxes stabilize. As a corollary of the last part of the above
theorem, we confirm [MOS22, Conjecture 1.3.1, 1.3.2].
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Chapter 2

Resolving the singularities of splitting
loci

2.1 Introduction

A vector bundle on a scheme B x P! leads to a stratification of the base B according to how
the vector bundle splits when it is restricted to each fiber. The strata that arise are called
splitting loci. The aim of this paper is to produce a modular resolution of singularities for
these strata and use the resolution to study the singularities of splitting loci in the case of
the universal family.

Let B, 4 be the moduli stack of rank 7, degree d vector bundles on P'. The data of how
a vector bundle of rank r and degree d splits is captured by a splitting type € = (e, ..., ¢e.),
where ey < ey < .- < e, and > | ;e; = d. We define ¥ to be the locally closed substack
in B, 4 parametrizing families of vector bundles each with splitting type €, and define Xz as
the closure of ¥z in B, 4. For convenience, we write O(€) := O(e1) @ --- & O(e,).

Definition 2.1.1. A splitting type € = (ey, ..., e,) is balanced if |e, —e;| < 1, or equivalently
if h'End(O(€)) = 0. If there exists some 1 < k < r such that f = (e;,...,e;) and § =
(€xs1,---,€r) are both balanced, then we say that the splitting type € is tame.

For example, all rank two splitting types are tame. (1,2,5,6) is tame, but (0,2, 4) is not.
Recall that a scheme X has rational singularities if there exists a resolution of singularities
p: X — X such that R>Op*(’)§ = 0 and the natural map Ox — p,Ox is an isomorphism.
One checks that having rational singularities is a smooth-local property, in the sense of
[Stacks, Tag 0348]. So it makes sense to say that an algebraic stack has rational singularities.

Our main theorem is the following.

Theorem 2.1.2. Let k£ be an algebraically closed field of characteristic zero. Over Speck,
for tame splitting types €, Xz has rational singularities.

Combined with Hurwitz-Brill-Noether theory [Lar2la], [LLV25], our result implies the
following corollary.

Corollary 2.1.3. Let C be a general k-gonal curve. Then components of Wj(C') have
rational singularities.
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Proof. [Lar21a] proves that for a general degree k cover f : C'— P!, the morphism Picy(C') —
By.d—g+1—k induced by pushing forward line bundles along f is smooth. The same paper plus
the work of [Cop25] prove that the components of W] (C') correspond to the maximal splitting
types with at least r + 1 sections, which are tame. O

The construction of a modular resolution of singularities for 3z is essential to the proof of
Theorem 2.1.2. To describe the resolution, for r = (ry,...,7),d = (dy, ..., dy), let us define
the hyper-Quot stack FQuot(B,.4, EuniviT, d) — Bya to be the algebraic stack representing
the following functor:

A vector bundle £ of rank r and fiberwise degree d

and a flag of subsheaves £ < & < -+ <= &1 =& on T x P!
such that &; is locally free of rank r — r; and fiberwise

degree d — d;, and each quotient £/&; is flat over T'

(T" — Speck) —

[~

Theorem 2.1.4. Let £ = O(é) be a vector bundle on P!, and let
EFLCE,C---CE,1=F

be a sequence of subbundles such that for all 1 < i < m, each quotient sheaf E; ;/E; is a
nonzero balanced vector bundle, and up to automorphisms of Fj;, the inclusion E; C E;.; is
the unique injective map E; < FE;1. Let r = (ry,...,1y),d = (d1,...,d,) be the ranks and
degrees of E/E;. Then FQuot(B, 4, Eumiv; T, d) is a smooth and irreducible algebraic stack
proper over B, 4. It maps surjectively onto Xz and it is an isomorphism over the dense open
)P

Note that the Harder-Narasimhan flag of subbundles of O(€) always satisfies the condi-
tions of Theorem 2.1.4, but for any given €, there may be more than one choice (see Example
2.3.3).

Combined with Hurwitz-Brill-Noether theory, Theorem 2.1.4 recovers the classical Gieseker-
Petri theorem.

Corollary 2.1.5 (Gieseker-Petri). Let C' be a general curve of genus g. Then G%(C) is
smooth.

Proof. Let k be sufficiently large and let f : C' — P! be a general cover of degree k and
genus g. Then by Hurwitz-Brill-Noether theory, W1 (C) = Weémaxr(C'), where

gmax,r — ((_2)9—d+r7 (_]_)/c—g-‘,-d—Qr—l7 07"—1—1)’

and exponents mean repeated entry. Moreover, for any line bundle L € W} (C), we know

that f.L = O(€), where
= ((~2) 0, (1D, D)

and h°(L) > r + 1. So to give an (r + 1)-dimensional subspace V' C HY(C, L) is the same as
giving an inclusion O®+Y — f, L. Therefore, the relative Quot construction corresponding
to the one-step inclusion Q%0+ C O(€,.x.), when base-changed to Picy(C), is precisely
G%(C). Hence Theorem 2.1.4 implies that G(C) is smooth. O
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Tame splitting loci admit a resolution of singularities by a relative Quot construction, and
do not require a hyper-Quot construction, which is necessary in general. To show that the
higher derived pushforward of the structure sheaf vanishes (and thus Xz has rational singu-
larities), we embed this resolution inside a fiber bundle of Quot schemes Quot;{j (O®N) where
it is cut out by the section of a vector bundle. This reduces the vanishing of higher pushfor-
wards to a cohomology vanishing statement for certain tautological bundles on Quot;’{i (ON),
While this approach parallels the classical proof that determinantal varieties have rational
singularities, the lack of a Borel-Weil-Bott type statement for Quot schemes presents sub-
stantial challenges at this step. To access the desired cohomology vanishing statement, we
appeal to Stromme’s embedding of Quot schemes on P! into a product of Grassmannians
and further reduce the problem to a cohomology vanishing statement for certain tautological
vector bundles on a product of Grassmannians. The desired statement then follows from an
application of Borel-Weil-Bott and an involved combinatorial analysis.

Quot schemes on P! were first systematically studied by Stremme [Str87], where they
showed that Quot];’ld (O%N) is a nonsingular, irreducible, projective, rational variety. More
recently, motivated by analogies to the Hilbert scheme of points on a surface and compu-
tations of the quantum cohomology of the Grassmannian, there has been a lot of research
towards understanding the cohomology of tautological bundles on Quot schemes on curves,
such as [0S23], [MOS22], [MN24], [SZ24b]. However, most results in the literature focus on
punctual Quot schemes (the case where r = 0), whereas our result applies to Quot schemes
parametrizing higher rank quotients.

Here is the cohomology vanishing theorem we prove. Let d > 0 and N > r > 0. Let Q be
the universal quotient on Quotg (O®N) x P, and let p : Quotp(OFN) x P* — Quotyi (ON)
be the projection to the first factor. Then for m > —1, p,Q(m) is a vector bundle on
Quotli (O®N). Let £, = (p.Q(m))Y. Given a partition \, we write Sy to denote the Schur
functor associated to A\. When X = (1¥), S,\& = AFE; and when A = (k), S\& = Sym*€.

Theorem 2.1.6. Let m > —1 be an integer. Let A_1, A\g, A\, ..., A\, be partitions, at least
one of which is nonempty. Let D = |A_y| + - -+ + |A\;,]. Then

H>P(Quotpl (OPN), @ S\,&) = 0.

2.2 Splitting loci and vector bundles on P!

In this section, we review some facts about splitting loci that will be useful later.
Recall that B, 4 is defined by the following functor:

Vector bundle £ on T x P!,
(T — Speck) — ¢ such that & has rank r and
degree d for all t € T

When we have a scheme B equipped with a vector bundle £ on B x P! of rank 7 and fiberwise
degree d, this data gives rise to a morphism ¢g : B — B,.4. We write $z(€) C $z(€) C B for
the pullback of ¥z and X along ¢¢. In general, Yz(£) will no longer be the closure of $(&)
in B, but it still has a nice description in terms of the dominance order between splitting
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types. Given two splitting types €, ﬁ we say that ¢ > fif er+---+e > fi+---+ f; for
each 1 < 7 <r. Equivalently, € > fifej—|—~~~+e7. < fi+--+frforeachl1 <j<r.

This partial order, also called the dominance order, turns out to capture when Xz D> X P
in B, 4, as will be explained in Proposition 2.2.4. In terms of this partial order, we have
;g(g) = Uje ZAE). We write u(€) = htEnd(O(€)), which is the expected codimension of
Yz. Note also that given a fixed rank and degree, there is a unique balanced splitting type,
which is maximal with respect to dominance. When the degree is divisible by rank, the
unique balanced vector bundle of that rank and degree is called perfectly balanced. This
corresponds to a splitting type € = (eq,...,e,) where e; = e,. Given a vector bundle E on

P!, we will write u(E) = 9E for its slope.

Closure order on splitting types

We collect several equivalent conditions describing when one splitting locus lies in the closure
of another.

Definition 2.2.1. Let €| f be two splitting types of the same rank and degree. Let the
Harder-Narasimhan flag of subbundles of O(€) be Ey C Ey C -+ C E,, C Ep1 = O(€),

—

and choose a splitting O(f) = Q1 P Q2 @ - - - & Q,,11, where each Q; is a perfectly balanced
vector bundle and p(Q;) < u(Qiy1). We say that O(f) admits a flag of subbundles of type
¢ if there exists a flag of subbundles £} C E) C --- C E), C E/ ., = O(f) such that

rk B! = rk F; and deg E! = deg F;. An extension of type f is a sequence of extensions
0= K; = Kit1 = Qiy1 — 0, where 1 < i < n, and K; = @;. We say that O(€) can be
realized as an extension of type f if there exists an extension of type f where K, ; = O(€).

Example 2.2.2. Let f = (—2,2). Then Q; = O(2), Qs = O(=2). For O(&) to be realizable
as an extension of type f means there exists a short exact sequence 0 — O(—2) — O(€) —
O(2) — 0. This occurs if and only if € = (0,0), (—1,1), (-2, 2).

Lemma 2.2.3. Let €] fbe two splitting types of the same rank and degree. Let & = (Bal, @),
where Bal is a balanced splitting type with largest summand m, and a; > m,. Then f < ¢&
if and only if there exists @’ < @ and an inclusion O(a’) — O(f).

Proof. Let i be the length of Bal, and let s = r — i be the length of a.
(=) Let @' = (degd — X5y firj, fivas firs,---, fr). Then since f < €, we see that
d' < dand ay =degd — Y%, fir; < fiyr. Since @} < fiy; for all j, there is an inclusion

—

(«=) Suppose that we have O(a’) < O(f). We claim that a}_; < f,_; forall 0 < j < s.
Suppose towards a contradiction that a;,j > fr—j. Then there are no nonzero homo-
morphisms O(a;_;,...,a;) to O(f1,..., fr—j). But then we must have O(a,_j,...,a;) —
O(fr—j+1s---, fr). Arank j+1 vector bundle cannot be a subsheaf of a rank j vector bundle,
so we get a contradiction.

Having proved the claim, it follows that for all 0 < j < s —1,

foj+~--+frZa’s, +"'+a;Zasfj—i_"'—i_as:erfj—i_"'"i_er,

J
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or equivalently Zle fi < Z§:1 ej for all £ > 4. It remains to show that f; +---+ fi <
e+ +egfor k <i. Let g= (f1,..., fi1,9:), where g; = deg Bal —(f; +---+ f;_1). Then
deg ¢ = deg Bal, and ¢; > f;. Since Bal is balanced, ¢ < Bal. So for k < 1,

fitFfo=qg+ - +g <Bal+---+Baly=e; +--- +e.

]

Proposition 2.2.4. Let E = O(é), F = O(f) be vector bundles on P of the same degree
and rank. Then the following are equivalent:

1. there exists a family of vector bundles on IP,lc[t] whose restriction to the fiber at 0 is
O(f) and away from 0 is O(é);

2. e D X5

3. W'O(&)(m) < hO(f)(m) for all m € Z;

4. 58 e >k fiforall1 <k<r ie &> f:
5. O( f) admits a flag of subbundles of type €;

6. O(e) is realizable as an extension of type f

Proof. We will prove (1) = (2) = (3) = (4) & (5) = (2), and delay the proof of (2) =
(6) = (1) to the next subsection.
(1) = (2): clear.
(2) = (3): this follows from upper-semicontinuity.
(3) = (4): Suppose for contradiction that there exists some k such that Y%, f; >
f 1€ Let k& be the maximal index for which this occurs. Then »3i_, . fi < >, €

but S0 fi = S sip€. This implies that fry1 < exyr. Now ROO(f)(—frry — 1) =
ferit o fo= (r=k) furr <ewpit-+e—(r—k) frpr < h°O(€)(— fry1—1). Equivalently,
BO(f)(—fer1 — 1) < BLO(@)(— frsr — 1), which contradicts (3).

(4) < (5): We proceed by induction on k. When k =1, @= f and both (4) and (5) are
trivial. Now suppose that (4) < (5) is true for all ranks less than k. Write € = (m,, ..., m,, @)
where a; > m,. Then Lemma 2.2.3 shows that ¢ > f if and only if there exists a subbundle
O(@') < O(f) with @ < @ By induction, @’ admits a flag of subbundles of type @ if
and only if @’ < @. Adjoining the inclusion O(ad’) — O( f) to this flag proves the desired
equivalence.

(5) = (2): The proof of this part depends on results in future sections. We show that there
exists an irreducible algebraic stack parametrizing families of vector bundles equipped with
flags of subbundles of type €, which maps properly to B, 4. The uniqueness of the Harder-
Narasimhan flag for O(€) shows that this is an isomorphism over ¥z and the irreducibility
of this stack shows that the image is exactly the closure X;. O]
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An explicit smooth cover of B, 4

In the literature, the algebraicity of the stack of vector bundles on a fixed projective scheme
is usually proven by taking open loci in increasingly large Quot schemes. In the case of
P!, there is a nice family of affine spaces which forms a smooth cover of B, 4. This smooth
cover will be used in Section 2.3 to prove irreducibility and smoothness of the resolution of
singularities we construct.

Let Ug be the affine space corresponding to the vector space H 1End(O( f)) After fixing

—

an isomorphism O(f) =2 Q1 ® Q2 ® -+ & Qur1, where each Q; is perfectly balaneed and
Q1) < p(@s) < -+ < p(Quyr), we may identify H'End(O(f)) = &Ly Extp (Q, $12Qs).

Lemma 2.2.5. Let A, B be vector bundles on P!, and let 0 - A — E — B — 0 be an
extension. Then h!E(m) < h'(A® B)(m) for all m € Z.

Proof. The long exact sequence in cohomology induced by
0— A(m) - E(m) — B(m) — 0
shows that h'E(m) < h*A(m) + h'*B(m) = h'(A @ B)(m). O

Combined with (2) < (3) < (4) from Proposition 2.2.4, this implies that

— -

Lemma 2.2.6. Let @, b be two splitting types of ranks s and r — s, let O(f) = O(&@) & O(b),

=

and let 0 — O(d) — O(€) — O(b) — 0 be an extension. Then € > f. O

Lemma 2.2.7. Let € be realizable as an extension of type f Then & > f In particular,

—

it O(f) = Q1 ® -+ ® Qi1 is a decomposition into perfectly balanced bundles such that

1(Q;) < (Qiz1), then e, < j1(Qpy1) and Ext' (O(€), Qmy1) = 0. If Q is perfectly balanced
with (1(Q) > p(Qms1), then dim Ext'(Q, O(€)) does not depend on é.

Proof. The implications are clear from the statement that & > f To prove this, we proceed
by induction on m. If m = 1, then this is Lemma 2.2.6. Let a = Q1 ® --- D Q,,. If € is
realizable as an extension of type f, then there exists an exact sequence

0— OM) — OE) = Qi1 — 0,

where (9(5) is realizable as an extension of type d. Lemma 2.2.6 implies that € > f ', where
O(f") = O(b) ® Q+1. By induction, b > @ and the largest summand of both are less than
1W(Qmi1). So f’ > f. Putting the inequalities together, we get € > f. n

Proposition 2.2.8. Let U be the functor defined as follows. Let T" be a k-scheme, and let
p: T xP' — P!, A morphism T — Uf is the data of vector bundles Ky, ICy, ..., ;a1 on
T x P!, the data of extensions

0= K = Kip1 = p" Qi1 — 0,

plus an isomorphism & = p*@Q);. Then there exist a sequences of stacks with maps Uig) —

U;}) — = U;in“), so that Uig) — U;}) is a GLx ,-torsor, U;f) — U?H) where ¢ > 1 is
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an open locus inside a vector bundle over UE;"-H), UE?) = P and U;fnﬂ) = Uz ng C B,a.
In particular, the map U P B, q is surjective onto U fZg. Moreover, U 7 is an algebraic
space.

Proof. First we explain the construction of U?). We start with USFmH) = Ugppde Let T

be a k-scheme with maps g) :T x P! - P and 7 : T x P! — T. By induction, we assume
that a morphism 7" — Uif is the data of extensions
0= K = Kizn = p"Qita — 0

where k < i < m, such that R'm,Hom (K, p*Qx) = 0 and K, splits as at worst f Then
we define

U;f_l) = mHom(Ky, p*Qr) \ (21 U Z5),

where Z; are defined as follows. Let K;_; be the kernel of the universal map K — p*Qp
on m,Hom (K, p*Qy) x PL. Then Z; = SuppR'm. Hom(Ki_1,p*Qr_1), and Z5 is the closed
locus where the map K1 — p*Qx_1 fails to be surjective.

Continue this process until we have constructed U}l). Then Ug?) is defined to be Isom(Ky, p*Q1)

over the open locus in U;}) where KC; is isomorphic to (1. This is open because () is per-
fectly balanced. The functor of points of Ug?) is that of U 2 with the extra conditions that

Rm,Hom(K;,p*@Q;) = 0 for all 2 < i < m+1 and K, splits as at worst f However, these
extra conditions are also automatically satisfied by points of U P due to Lemma 2.2.7. So

U;O) =U 2 Since U P B, q is flat and locally finitely presented, it is open. The modular

nature of the image of U P shows that the image must be a union of ¥z, where € > f due to
Lemma 2.2.7. We also know that its image contains ¥ 7 So U P B, q must be surjective
onto Ué’z fEé-.

To show that U is an algebraic space, by Theorem 2.2.5 of [Con07], it suffices to check
that the geometric points have no nontrivial automorphisms. Given an extension k — £/, a
k' -point of U Fis the data of vector bundles K; on P}, the data of extensions

0= K = Kiv1 — Qi1 @ k' — 0

for each 1 < i < m, and an isomorphism K; = Q)1 ®; k. The automorphism group of this
point is the product of the autormophism groups of each extension. So it suffices to show that
each extension has no automorphisms. Lemma 2.2.9 below shows that since Hompi/ (Qix1 Dk

K, K;) =0 for all 1 <i < m, the extensions have no nontrivial automorphisms. O

Lemma 2.2.9. Let X be a proper variety over k, with coherent sheaves A, B, and an
extension ’
E:0-ASEL B0

on X. Then there is a map Hom(B, A) — Hom(FE, E), by precomposing with ¢ and post-
composing with 7. There is also a map Aut({) — Hom(F, E) defined by identifying an
automorphism of the extension with ¢ : E — E, and sending it to ¢ — idg. Both maps are
injective and maps onto the same image. In particular, if Hom(B, A) = 0, then Aut(¢) is
trivial.
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Proof.
0 A—F-—5B 0
.
0 A——F-—5B 0

Since q¢ = ¢, we have ¢(¢ —idg) = 0. Since 0 — Hom(F, A) - Hom(E, E) — Hom(E, B)
is exact, we know that g¢ = ¢ if and only if ¢ — idg factors through ¢ : A — FE. Similarly,
¢i = 1 if and only if ¢ — idg also factors through ¢ : F — B. O

Let X be proper over Speck, and let A, B be locally free sheaves on X such that
Homx(B,A) = 0 and ExtX(B A) = 0fori > 2. Let p: X x Exty(B,A4) = X. We
claim that the T-points of Exty (B, A) is the set of extensions 0 — Ap — E — Bp — 0
on T x; X modulo isomorphisms of extensions. It suffices to show that a T-point of the
affine space Ext) (B, A) corresponds to an element of the vector space Exty, (Br, Ar). Un-
der these hypotheses, if pr : X0 = X X, T — X, then by base change, Extﬁ(T (Br, Ar) =
H*(T,Or) @ Exty (B, A). Now, if one has a map T — Ext} (B, A) = H' (X, A® BY), then
the map on global sections induces a map H'(X, A® BY)Y — HY(T, Or), or equivalently an
element of H(T, Or) ® Exty (B, A).

The identity map id : Ext} (B, A) — Exty (B, A) induces a universal extension 0 —
p*A = & = p*B — 0 on X x;, BExty (B, A). Chasing through the correspondence above
and using base change, we see that this extension is indeed universal in the sense that the
extension corresponding to a T-point is the pullback of this universal extension. Applying
this argument relatively and inductively gives us the following theorem.

Proposition 2.2.10. There is a natural isomorphism U P U 7

Proof. Let O(f) = Q1 & -+ ® Q41 where Q; is perfectly balanced and (Q;) < (Qis1)-
We realize U Fas the top of a tower of affine spaces

Up=Us,, > Usp_y == Upy,

and inductively show that
o there is an identification Up, = ®i_, Ext' (Qpi1, EB;?:le);

o Letp: U Fi X P! — P!. Then a T-point of U i ls the data of isomorphism classes of
extensions
0= Ky = K1 = 9" Qps1 — 0

on T x P! where k <1, K; = p*Q;.

Let U 1= Extp: (Q2, Q1), which satisfies the claim by the argument directly preceding this
proof. By induction, assume that the claim is true for U Fi Abusing notation, let

0—= Ky = Kip1 = 0" Qrg1 — 0

where 1 < k < i denote the isomorphism classes of extensions on U Fi % P! corresponding to
the identity map for U ..
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T x P! —— Uz, x P! —— P!

[ §

T 9 U

fi
Figure 2.1: Relevant maps for the proof of Proposition 2.2.10

Now we let Uz, be the total space of the vector bundle V = Rlm, Hom(p*Qiro, Kis1).
Note that by Lemma 2.2.7 and cohomology and base change, V is a vector bundle. A
T-point of Uiy 18 the data of a morphism ¢ : T" — Uy, and a global section of ¢*V =

R'7.q* Hom(p Qir2,Kit1). (The relevant maps are labelled in Figure 2.1.) Since
RHom(q"p* Qiv2, ¢ Kiv1) = Hom(T P Qisa, ¢ Kita),
and R, Hom(q*p*Q;y2, " Kiy1) is only nonzero for R'7,, we have that
HT,q"V) = H(T, R' %, Hom(T p* Qiva, T Kit1)) = Exty, o1 (TP Qivz, T Kis1)-
In particular, a section of ¢*V is indeed an isomorphism class of an extension
0= Kiy1 = Kiya = ¢p*Qiy2 — 0

on T'xP'. Combined with the interpretation of a T-point of Uz, this proves that the functor
of points of Uz Fir1 18 as claimed by the inductive hypothesis.
Moreover, since U Fiisin fact affine space, V is trivial and may be noncanonically identi-

fied with the fiber at the point of U, ; that corresponds to the split extensions, where the fiber
is Ext'(Qip2, ® ZH 1Q:). Hence U, is isomorphic to the affine space Ot Ext'(Qpay, gley)'

Since U Fis an algebraic space, the functor of points for U Flisin fact valued in sets, i.e.
UHT') = mo(UHT)). Comparing the functor of points for Urand Uy = Uy, , we see that Uz
and U 7 represent exactly the same sheaf. Therefore there is an isomorphism U P U .
Proof of (2) = (6) = (1) of Proposition 2.2.4. (6) = (1): Recall that Uy is just an affine
space with X7 = {0}. (6) says that there is a point in Uf corresponding to the extension
of type f realizing €. By considering a line connecting this point to 0, we find the desired
family in (1).

(2) = (6): This follows from Proposition 2.2.8 and the discussion about the image of
Us. O

Fitting support scheme structure

We review in this subsection the Fitting support scheme structure on splitting loci, which is
known to be reduced.
Let F be a finitely presented coherent sheaf on a locally Noetherian scheme X, and let

513)50%?%0
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be one such presentation, where &y, & are locally free of rank n,m. Then Fitt,(F) C Oy is
the ideal sheaf generated by the (n—4)-minors of ®. The Fitting ideal Fitt;(F) is independent
of the choice of presentation (e.g. Corollary 20.4 of [Eis95]).

The Fitting support scheme strucutre on Xz is given by the ideal sheaf 3, ¢ Fitt; (R'm.E(m)),
where i,, = h'O(€)(m) — 1 and m : B x P! — B is the projection. This is the most common
scheme structure used in the literature. Condition (3) of Proposition 2.2.4 shows that this
ideal cuts out the right closed points. The following result shows that the Fitting support
scheme structure agrees with the reduced closed subscheme structure.

Theorem 2.2.11 ([LLV25]). The Fitting support scheme structure on splitting loci is normal
and Cohen-Macaulay, and in particular reduced.

The Fitting support scheme structure is more amenable to computations. By working
out a two-term complex of free modules representing the direct image Rm.E(m), Corollary
5.4 of [ES08] writes down explicit equations for splitting loci inside Uz,, where €; = (0", d).
Notably, in the rank 2 case, splitting loci are the affine cones over secant varieties of the
rational normal curve.

Example 2.2.12 (Rank 2 splitting loci, [ES08]). Let d > 1 be a positive integer. Let
Spec A be the affine space corresponding to the vector space Extp, (O(d), ©), with coordinates
o, ...,aq4_2. Let & be the universal vector bundle on P%. Then for 1 < k < d — 1, the
following complex represents Rm.E(—k — 1):

Bg g—
0 — Ak 208 Ak 0,

where By 4y, is the k x (d — k) Hankel matrix

Qo ay -+ Ad—k—1
a Qg -+ Ad—k
Bk,d—k =
Qrp—1 QA - Qq—2

Let g +1 < e < d, so that (d — e,e) is an unbalanced splitting type that appears in
Ext'(O(d), O) and is not (0,d). Then one can check using the Fitting support definition
that the ideal ]fufe } is precisely the ideal of maximal minors Iy—ci1(Bg—es1,-1). It is well-

known that the latter is the homogeneous ideal of Sec’ *'(Cy_s), the (d — e — 1)-th secant
variety of the rational normal curve of degree d — 2 in P*? (e.g. [Con+18]). In particular,
whend—e =1 Iy =~ = I5(Byg ) and Y141y C Ext'(O(d), ) is the cone over the

rational normal curve of degree d — 2. The case of X3 C Ext'(O(4),0), along with the
resolution of singularities we construct, is illustrated in Figure 2.2.
2.3 A resolution of singularities of X;

We describe the construction of a resolution of singularities for Xz This was initially inspired
by the use of Quot schemes to compute the classes of splitting loci in [Lar21b].
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Figure 2.2: The splitting locus ¥, 3) in Ext'(O(4), 0) = A® and its resolution by the relative
Quot scheme parametrizing O(3)-subsheaves

As explained in the introduction, for any given €, there may be multiple choices of
resolutions. Specifically they are indexed by certain e~admissible sets I C [m], where m is
the number of subbundles in the Harder-Narasimhan flag of O(é).

Definition 2.3.1. Let B an algebraic stack over k, and let £ be a vector bundle of rank
ron BxpPl Letr= (ry,...,rn), d=(di,...,dy), where r > 1y > 1y > -+ > 1, >0,
d; € Z. We define FQuot(B, £;r,d) — B to be the functor

A morphism T L. B over k, and a flag of quotients
(I' — Speck) = { f*€ - Q) — Qy —» - — Q,, on T x P', such that Q; is ¢/ ~,
flat over T', and fiberwise of rank r; and degree d;

where we say that two flags are equivalent if there are isomorphisms Q; — Q) making the
following diagram commute:

[f& —— O Qs (O
I |
ff& —— Q) Q, Q.

The abbreviation FQuot stands for flag Quot, also called hyper-Quot. The map FQuot —
B is representable by schemes due to the theory of Quot schemes. So if B is an algebraic
stack, then for any choice of r,d, FQuot(B, &;r,d) is an algebraic stack. When m = 1 and
r = (r1),d = (dy), this is the usual relative Quot, which we denote by Quot™ ™ (B, &), or
Quot™ (&) if the base is clear.

Applying this definition to the pair B, 4 and the universal vector bundle &,y on B, 4 X P!,
we get FQuot(B,. 4, Euniv; 1, d) — B,.q, which is the algebraic stack defined by the functor

A flag of quotients & — Q; — Qy —» --- — Q,, on T x P!, flat over T,
(T — Speck) — § such that & is a vector bundle of fiberwise rank r and degree d,
and Q; is a coherent sheaf fiberwise of rank r; and degree d;

A flag of subsheaves & — & < -+ — Eppr =& on T x P, flat over T,
such that £ is a vector bundle of fiberwise rank r and degree d,
and &; is locally free of rank r — r; and fiberwise degree d — d;

112
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Here, the equivalence relation on flags of subsheaves is induced by the one on flags of quotients
and the correspondence between flags of quotients and subsheaves. Let € be an arbitrary
splitting type of rank r and degree d. Let the Harder-Narasimhan filtration of O(€) be

EiCEy,C---CEp=0(e),
and let a corresponding flag of quotients be
Oe) » Q1 —» Qa — -+ — Q.
Let d; yn = deg Q;, riun =tk Q;, and let ryy = (11N, - - -, "maN), duny = (diaN, - - - Qi EN) -

Definition 2.3.2. Given a splitting type €and I = {iy, ..., i} C [m], let r; uxy = (73, 1N, - - -, T3 HN)
and let d; yx = (di, 1N, - - -, diy un). Let By =0, E; O(€). We say that I is é-admissible
if for all 1 <j <k, E;;/E;,_, is balanced.

k+1 =

—1

Example 2.3.3. 1. [ = () is e;admissible if O(€) is balanced.

2. If the distinct entries of € are all at least 2 apart, then the only e-admissible index set

is I = [m].
3. Consider € = (—2,—2,—1,—1,0,0). Then rgyy = (4,2),dyny = (—6,—4), and the HN

flag of subsheaves is
E; =0(0,0) = Ey = O(—1,-1,0,0) = O(e).
The empty set is not e~admissible, but {1}, {2}, {1,2} are all e~admissible.

Recall the definition of tame splitting types from the introduction. It’s clear that € is
tame if and only if there exists I which is e-admissible and || < 1.

Definition 2.3.4. We define

Eal = FQuot (Br,d7 Euniv; T'1HN> QI,HN) )

and _
ZJé’,HN - FQUOt<Br,d7 guniv; THN, dHN)

Theorem 2.3.5. Let € be a splitting type of rank r and degree d, and let I be e-admissible.
Then X5 7 is a smooth and irreducible algebraic stack, proper over B, ,. The natural map
Eg 1 — B,.4 is surjective onto Xz, and is an isomorphism over X In particular, dim Zg ;=

2 — u(@).

The stack ig, 1 is proper over B, ; because relative Quot constructions are proper over
the base. Let I be e-admissible. We say that O( f) admits a flag of subbundles of type (€, 1)
if there exists £; C --- C E; C O(f) such that rk Ei =r—ry, and deg Bj = d —d;;. We
add one more equivalent condition to the list in Proposition 2.2.4.

Proposition 2.3.6. Let I be é~admissible. Then fg ¢ if and only if (’)(f) admits a flag
of subbundles of type (€, I). (We call this condition (5’).) Moreover, O(€) admits a unique
flag of subbundles of type (€, 1).
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Proof. The same argument for (4) < (5) in the proof of Proposition 2.2.4 applies here
verbatim to show that (4) < (5'), since Lemma 2.2.3 only requires that the first part of € is
balanced.

Let € = (@, I;), where tkd = s and a, < b;. Then up to automorphisms of (’)(5), we

-

claim that there is a unique injection O(b) — O(¢€). This is because after fixing a splitting

—, -

O(€) = O(a) & O(b), it’s clear that every nonzero homomorphism O(b) — O(€) factors
through O(b). So the space of injections from O(b) to O(€) is an Aut((?(l;))—torsor. Now
iteratively applying this claim shows that a flag of subbundles of type (€, 1) of O(€) is
unique. ]

Assuming irreducibility of Xz 7, we have (2) < (5) < (5') from Proposition 2.2.4. This
implies that the natural map ig, 1 — B4 is surjective onto Xz The uniqueness statement
from Proposition 2.3.6 shows that this map is an isomorphism over 3z Thus to prove

Theorem 2.3.5, it remains to show irreducibility and smoothness.

Irreducibility

We prove irreducibility for any hyper-Quot construction on (B,.4, Euniv). The main idea is if
7/ C X is a union of irreducible strata, such that only one stratum has codimension equal to
the expected codimension of Z in X, then Z must be irreducible of the expected codimension
and that particular stratum is dense in Z.

Definition 2.3.7. Let B be an irreducible scheme with a map ¢¢ : B — B, 4, corresponding
to £ on B x P'. We say that the pair (B, £) is good, or the map ¢¢ is good, if each splitting
locus ¥z(B) is irreducible of codimension u(€).

Remark 2.3.8. Note that ¢¢ may not be good even if it is smooth. Smoothness guarantees
that the codimension of ¥z is as expected, but ¥z may become reducible after base change
along a smooth map. However, note that the smooth covers U P B, q from Section 2.2 are
good. Indeed, the description of U 7in Proposition 2.2.8 implies that the preimage of Xz is
irreducible. Note that since the codimension of ¥z is at most u(€), when ¢g is good, the
closure of ¥z is ;.

Let B be a scheme of finite type with a gopod map ¢¢ : B — B, 4. Let 0 < s <randd € Z.
For this section, we are mostly thinking about Quot as parametrizing families of subsheaves
with flat quotients. So it will be convenient to write Ss (B, €) to denote Quot’~*4~% (B, &).
When the base is clear, we abbreviate them as S, 4 (€) and Quot”*4~%(€). Since B is finite
type, there exists ¢ € Z, m € Z such that £Y(c) and E(m) are relatively globally generated,;
equivalently, R'7,.£V(c—1) = 0 and R'm,E(m—1) = 0. For ease of notation, let F = 7,£"(c)
and let G = m,.&V(c—1). Let F' = m.E(m), G = m.E(m — 1). Note that these are all vector
bundles by cohomology and base change. The short exact sequence of Strgmme (Proposition
1.1 [Str87]), applied to £Y(c) and E(m), after possibly dualizing and twisting, gives us

0—=&—=n1"F(c) = 7m"Glc+1) =0, (2.1)

and
0= G (-m—1) = 7" F(—m) > & —0. (2.2)
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Ssar(E) —— Ssa(m*F(c)) Quotr’s’d’d/(ﬁ) SN Quot“s’dfdl(ﬂ*]:’(—m))

Figure 2.3: Two embeddings of a relative Quot scheme into a fiber bundle of Quot schemes

Ss,d’(g) x Pt —— Ss7d/(7T*JT'-(C)) x P! i) B x P!

| I |

Ssa () ——— Sga(7*F(c)) T . B

Quot™ 4= (£) x P! —— Quot" > (7* F'(—m)) x P! —— B x P!

| | I I

Quotr—s,d—d’ (5) J Quotr—s,d—d’ (W*f/(—m)) Y B

Figure 2.4: The relative Quot scheme and relavant maps. We abuse notation and use the
same symbols for the two scenarios.

Using (2.1), by postcomposing, we can think of subsheaves of £ with flat quotients as sub-
sheaves of 7* F(c) with flat quotients. Similarly, using (2.2), we can think of quotients of £
as quotients of 7*F'(—m) by precomposing. This gives rise to two different embeddings, as
in Figure 2.3. For the discussion of irreducibility, we will only need the embedding . We
label the relevant maps in Figure 2.4.

A subsheaf of 7*F(c) is a subsheaf of £ if and only if its image in 7*G(c + 1) is
zero. So the image of the embedding ¢ in Figure 2.3 is closed, and is the zero locus of
the section of the vector bundle f,Hom(S,7*7*G(c + 1)) corresponding to the composite
S — *1*F(c) = ¥*7*G(c+1), where § is the universal subsheaf on S 4 (7*F(c)) x P1. Du-
ally, the image of the closed embedding 7 in Figure 2.3 is the zero locus of the section of the
vector bundle f,Hom(7*7*G'(—m—1), Q), corresponding to the composite ¥*7*G’'(—m—1) —
Fm* F'(—m) — Q, where Q is the universal quotient on Quot™**~% (7*F'(—m)) x P!. Our
calculations below will show, among other things, that these sections cut out Ss (&) and
Quot’~*"4=%(£) as local complete intersections in their embeddings.

Lemma 2.3.9. Given @,r,d, there is a unique splitting type €, = é,(r,d,d) admitting a
O(a)-subsheaf which can be written as (Bal, @), where Bal is balanced, and @ = (a_, a..).
This splitting type €, is maximal among all € of rank r and degree d such that O(€) has a



CHAPTER 2. RESOLVING THE SINGULARITIES OF SPLITTING LOCI 25

O(a)-subsheaf. Moreover, if @’ < @, then é,(r,d,d’) < é,(r,d, @).

Remark 2.3.10. For instance, if @ = (0,0), and (r,d) = (4,—1), then €, = (—1,0,0,0).
Notice that in this case, we can take @, to be length 0,1 or 2. The claim of the lemma is
that €, is unique, but the decomposition into two parts may not be.

Proof of Lemma 2.5.9. Let Ay = ?;& as—;. To form such an €, amounts to choosing the
length k of @, , and letting the first part be the balanced splitting type of the correct degree.
The choice of a particular length would not work if the vector obtained is not a weakly
increasing sequence, i.e. if [%1 > as_pr1- It also would not work if the vector obtained,
as a splitting type, corresponds to a vector bundle that does not admit a O(a)-subsheaf.
Recall that by Lemma 2.2.3, O(¢é,) admits an O(d)-subsheaf if and only if as_; < e;,_; for
all 0 < j < s.

There are two ways the lemma may be false. One is that no @, works. We claim that
in this case % > as_pyq for all 1 < k < s, so that it suffices to choose k£ = 0. Indeed, k = s

doesn’t work if and only if [%ﬂﬂ > a1, which implies that % > a;. Now since
d—As_l d—As+a1
| = || > a1,
r—s+1 r—s+1

d*Asfl
r—s+1

k = s—1 doesn’t work if and only if [ W > ay. The desired claim follows from induction
like so.

Another way that this claim could fail is that there are two valid choices of k. Suppose
that k; > ko both work, giving splitting types €, and €7. Since ky > ko, e} . 1, < ey, But
in order for €7 to admit an O(d)-subsheaf, we must have e}, ;. > a5, = €y,—k,. Therefore
Chr_ky = Cbr—ky, Which means that & must have been balanced up to the index r — &y to
begin with. So in fact €, = €.

For the next claim, write &, = (Bal, @, ), and let k = len(dy). (As explained in the remark
above, there may be multiple ways of breaking é, = (ep1, . .., €,) up into two parts, but just
choose one way.) Let & be some splitting type of rank r and degree d such that O(€) has a
O(d)-subsheaf. Then since a,—; < e,_; for 0 < j < k, we have for all 1 <1 <k,

i—1 i—1 i—1
Do =D A <Y e
=0 7=0 j=0

Since the first part of €, is balanced with deg Bal > Z;;]f e;-, we must have for 1 <7 <r—k,

% %
doebi =D €
j=1 j=1

Together these inequalities show that e, > €.

The second comparison follows along similar lines. Write €}, = é,(r,d,a’) = (Bal',d’,)
and let k" = len(a’ ). We divide into two cases: k > k' and k < k’. First suppose k > k'.
For 1 <1 <k, we have

i—1

i—1 i—1 i-1
Db =Y ey <> al <D e (2.3)
=0 =0 '

Jj=0 Jj=0
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It remains to compare Bal and the first » — k entries of Bal’. Both are balanced, with
deg Bal > degBal'|; ., x. Sofor1<i<r—k,

i i
doen; = e
=1 =1

-----

Therefore €,(r,d,d’) < &(r,d,d).
Now suppose k < k'. For 1 < i < k, Equation 2.3 still holds, with the last inequality
being in fact an equality in this case. Suppose that for some k < i < K/,

i1 r—1 i-1 i—1
Z €br—j = |dt| + Z Cbr—j > Z Chrj = Za,r—j' (2.4)
=0 j=k =0 =0

Since the inequality comparing the partial sums from the back changed as we went from
summing the last k terms to summing the last ¢ terms, it must be true that

d— |6+| / / d— ’d”
— _ +
Cbr—k = ’7 r—k > ar—i—H Z eb,r—k’ - r— k! '

In particular, e, ; > eg,j for all 1 < 5 <r —i. However, that’s impossible because together
with Equation 2.4, this implies that d = |é}| > |€}| = d. This shows that for 1 <i < ¥/,

i—1 7
Z ebﬂ‘*j S
J=0 J

1
/
€prj-
0

Now since the first » — k" entries of ¢, and €}, are balanced with that of ¢, having degree no
less than that of €}, we can conclude that ¢, > €. O

Lemma 2.3.11. Let (@, ¢€) be such that O(€) admits a O(a)-subsheaf. Then
u(@) — ext'(0(@), O(&)) > 0,

with equality if and only if €= €y(r, d, @).

Proof. Write €= (ey,...,e,) and @ = (ay,...,as). We can write
u(€) — ext(O(a@), 0(€)) = ext (Oley, ..., e,_s), O(&)) + Sz:j(hl(O(a ® O(e,—;)") — h'(0(@) @ O(a,—;)"))
=uler,. .- ers) + i(hl(o(éﬁ ® O(er—i)") = h'(O(8) ® O(as-i)")).

Since O(€) has a O(a)-subsheaf, we must have that a;_; < e,_; for 0 < i < s, so each

difference in the sum above is nonnegative. It is equal to zero if and only if u(eq, ..., e,_5) =0,
and

RUO@) ® Ole,_)") = K (O(&) @ Ola,)")
for all 0 <7 < s. The latter condition says that whenever there exists 1 < 5 < r such that
er—; —€; > 2, then a,_; = e,_;. In other words, € achieves equality if and only if € can be
written as (Bal, @, ), where Bal is balanced, and @ = (a_, d). ]
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Definition 2.3.12. Let S be the universal subsheaf on S; #(B,E) xP'. Let o : Ss #(B,E) —
B. Define Xz = X3(S) N o 'X4E). Define Subsheaves(d, €) = U(d, €)/ Aut(O(a)), where
U(d,€) C Hom(O(a),O(€)) is the open locus of injective maps, and Aut(O(d)) acts on Uz
by precomposition.

Lemma 2.3.13. The map Xzz — Xz(&) is flat with fibers isomorphic to Subsheaves(d, €).

Proof. By taking a base change along a principal Aut(O(€))-bundle, which is a faithfully
flat morphism, we may without loss of generality assume that & = ¢*O(€), where g :
Yo(E) x P! — P! Then we claim that X;z = Y4(€) x Subsheaves(@, €). By functorial-
ity of Quot, Ss 4(B,g*0(€)) = Xz(E) x Ssa(Speck, O(€)). We can then take the splitting
locus 3z(S) on both sides. So it remains to show that over a point, the splitting locus
Y:(S) C Ss.a(Speck, O(€)) is isomorphic to Subsheaves(d, €). The only difference between
the functors they represent is that a priori, Subsheaves(d, €) does not require flatness for the
family of quotients. So it remains to show that if

0—>8—4¢"0@E)—-Q—0

is the universal short exact sequence on Hom(O(a), O(€)) x P!, then Q is flat over exactly
U(d,€). To see this, we use the local criterion for flatness (Theorem 6.8 [Eis95]), which
says that Q is flat at a closed point ¢ € Hom(O(a),O(€)) if and only if Torl(OI%, Q) =0.

Tensoring the short exact sequence above with O]Pné , we see that since
Tor'(Osy 9 0(@) = 0

for all ¢, Torl(O]Pi, Q) = 0 if and only if the map ¢ : O(d) — O(€) is injective. O

Remark 2.3.14. The same argument of taking a faithfully flat base change along a frame
bundle shows that S (7*F(c)) — B is flat with fibers isomorphic to the absolute Quot
scheme S 4(F), where E = Op1(c)®™%7.

The argument below follows the ideas of Lemma 6.1 of [Lar21b].

Proposition 2.3.15. Suppose that ¢¢ : B — B, 4 is good. For each @, let €, = é&,(r, d, @). Let
¢ be such that £Y(c) is globally generated and take the embedding of S; #(£) < Ss.a (7" F(c)),
defined above. Then codim(Xzz C Ssa (7" F(c))) = u(a@) + rk(f,Hom(S,¥*7m*G(c + 1))).

For all other tuples (@', €”) where @’ < @ and O(€”) admits a O(a’)-subsheaf, we have €’ < ¢,
and codim(Xz: z» C S5 0 (7*F(c))) > u(@) + rk(fi Hom(S,7*7*G(c + 1))).

Proof. Let a, & be such that O(€) has an O(d)-subsheaf. In particular a5 < e, < c¢. Let
v :Ssa(m*F(c)) - B. By Lemma 2.3.13,

codim(Xzz C Ss 0 (7" F(c))) = u(€) + fiberdim(y) — dim(Subsheaves(O(a), O(€)))
Now, by restricting the exact sequence

0—=&—n1"F(c)—>7"Gc+1)—0
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to some p € ¥x(E), we get that O(€) is a kernel like so:
0— OE) = O0(c)®™ 7 = O(c+1)P™9 = 0. (2.5)

Since fiberdim(y) = dim S 4 (O(c)®™7), and the subsheaf generically splits as the balanced
bundle O(d,), we can write

fiberdim(vy) = h"Hom(O(ay), O(c)*™7) — h°End(O(a@y)).

Since ¢ > ag,

ROHom(O(d@y), O(c)®™ ) = h®Hom (O(a), O(c)®™7).
Similarly,
dim(Subsheaves(O(a), O(€))) = h"Hom(O(a), O(€)) — h°End(O(a)).

Note that End(O(d)) and End(O(d,)) have the same rank and degree, and therefore the
same Euler characteristic. Therefore,

K (End(0(a))) — h°(End(O(ay))) = h'(End(O(a))) — K (End(O(G))) = u(a).

Moreover, we obtain a long exact sequence in Ext groups by applying Hom(O(a), —) to
Equation 2.5. Again since ¢ > as, ext!(O(@), O(c)®™F) = 0. So we get that

hOHom(0(a@), O(c)®™ ) — h"Hom(0(a), O(€)) = hOHom(O(a@), O(c + 1)*™9) — ext! (O(a@), O(&))
=1k f,Hom(S,7* 7*G(c + 1)) — ext'(O(a), O(&)).

Combining everything, we get that
codim(Xzz C Sy (7 F(c))) = u(@) + rk fHom(S,7*7*G(c + 1)) + u(€) — ext' (O(a), O(€)).

By Lemma 2.3.11, for a fixed d, if (d’,€”) is such that @’ < @, and €’ admits a O(a’)-
subsheaf, then

codim(Xz o C Ss.ar(B,€)) > u(@') + rk fLHom(S, 7 7*G(c + 1))

> (@) + 1k fuHom(S, 7 7"G(c + 1))
with equality if and only if @’ = @ and €’ = é,(r,d,d). By Lemma 2.3.9, ¢’ < ey(r,d,d’) <
5};(7’, d, 5) ]

Proposition 2.3.16. Let B be an irreducible scheme of finite type with a good map ¢¢ :
B — B,4. Then S;4(&) is irreducible and the induced map ¢g : S5 #(E) — Bsa is good.
The image of X3(8S) in B is exactly Xz, where €, = é&,(r, d, @).

Proof. Recall that S 4(&) is the vanishing locus of a section of the vector bundle
fHom(S, 7' 7" G(c+ 1)),

and that ¥4(S) is a splitting locus. Therefore the lower bound on codimension given in the
previous proposition is also an upper bound on the codimension of a component of ¥.3(S) in
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Ss.a(m*F(c)). Since ¢g is good, Lz(E) is irreducible, which implies that X3z is irreducible.
Thus Proposition 2.3.15 implies that 33(8) is irreducible of codimension u(@) in S, #(€) and
Xz, is dense in ¥;(S). Specializing to the case where @ is balanced proves that S, #(€) is
irreducible.

By Proposition 2.3.15, the image of ¥(S) in B is closed, contained in Y, and contains
Y. By the assumption that ¢¢ is good, the closure of ¥ is exactly Xgz. So the image of
Ya(S) must be exactly g, O

Proposition 2.3.17. When ¢¢ : B — B, 4 is good, the embeddings of Figure 2.3 defined
earlier have codimension equal to kR, where R = f.Hom(S,7*1*G(c + 1)) in the first
case, and R = f,Hom(¥*n*G'(—m — 1), Q) in the second case. In particular, S;4(€) =
Quot™*4~% (&) sits as a local complete intersection under these two embeddings.

Proof. The proposition for the first case follows from the stratification of Ss (B, &) into
irreducible strata Xz and our computation in Proposition 2.3.15, which says that the strata
always have codimension at least tk R, and is equal to rk R if and only if @ is balanced and
€= éy(r,d,a).

To see that the second embedding also has the expected codimension rk R, now it suffices
to compute the difference in dimension between X, s and Quot’*4~% (7* F/(—m)), where @,
is balanced and &, = &(r, d, @,). Let us choose a k-point v € Xz, 5, € Quot™ %~ (7* F/(—m)).
Then o viewed as a point of Quot™™**~ (7* F/(—m)) corresponds to an exact sequence

05— FEF—Q—0,

on P}, where E = O(—m)®, N = h°0O(&,)(m), and Q is a coherent sheaf of rank r — s,

degree d — d'. Viewed as a point of Xz, ¢, it corresponds to an exact sequence

0— O(ay) — O(é&,) - Q — 0.

Let K = O(—m — 1)®M where M = h°O(&,)(m — 1). Then these two exact sequences fit in
a diagram as in Figure 2.5.

By deformation theory, the fiber dimension of the map ~ : Quot” >4 ¢ (z* F/(—m)) — B
is x(Hom(S,Q)). But

X(Hom(S,Q)) = x(Hom(K, Q) + x(Hom(O(a,), Q))
= dim Hom(K, Q) + x(Hom(O(a,), O(&))) — x(End(O(ay)))
= dim Hom(K, Q) + dim Hom(O(a@,), O(&,)) — ext’(O(a,), O(&)) — h°End(O(ay))
= dim Hom(K, Q) — u(&) + dim Hom(O(a,), O(&y)) — h°End(O(ay)),

where the last equality is due to Lemma 2.3.11. It follows now that

rk R = dim Hom(K, Q)
= fiberdim(7) + u(é&) — (dim Hom(O(a,), O(&,)) — h°End(O(ay)))
= codim(Xg, s C Quot™ > (7" F'(—m))).
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0 0
K K
0 S E Q 0
0 —— O(d) —— O(&) CHQ 0
0 0

Figure 2.5: Relationship between the two exact sequences that correspond to the same point
o € X;ihgb

Remark 2.3.18. Note that both Proposition 2.3.16 and Proposition 2.3.17 work for arbi-
trary numerical specifications s, d’, r,d. In particular they hold when the map Ss 4 (E) — B
is not birational onto its image, though this is stronger than what we will need.

Theorem 2.3.19. Let B be an irreducible scheme of finite type with a good map ¢¢ : B —
B4 Let r = (ry,...,10),d = (di,...,d;) be such that r >r; > --- > 1, > 0 and r;,d; € Z.
Then FQuot(B, &;r,d) is irreducible. In particular, FQuot(B, 4, Euniv; 7, d) is irreducible.

Proof. We can build FQuot(B, &;r, d) as a tower of relative Quot schemes. Let Sy be the uni-
versal subbundle of £ of rank r—ry, degree d—ds on Q == FQuot(B, &; (o, ..., 1), (da, ..., ds)),
then FQuot(B,&;r,d) can also be viewed as S,_,, 4—a,(Q,S2). Repeated applications of
Proposition 2.3.16 along this tower shows that FQuot(B, &;r, d) is irreducible.

Let Z be a component of FQuot(B,.4, Eunivi T, d). Then the restriction of £ to Z must
generically split as some €. Thus, if FQuot(B, 4, Euniv; 7, d) has two components where &£
generically splits as € and €”, then we will detect them when we base change to U 7 where

fg € and fﬁ e’. But Up— B, q is good, so our argument above shows that the base change
of FQuot(B, 4, Euniv; 1, d) to U s irreducible for all f O

Smoothness

Now we will prove smoothness of ig, ; when [ is e-admissible. The key ingredient is an exact
sequence that allows us to count the dimension of the tangent space.

Proof of smoothness claim in Theorem 2.3.5. Recall from Section 2.2 and specifically Propo-
sition 2.2.8 that there is an explicit smooth atlas {Uz} = {H'End(O(€"))} of B, 4, indexed
by all possible splitting types of rank r and degree d, which satisfies the following properties:

e dim Ug/ = u(5/>;
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e Y& (Ug) is a single point, which we call {0} (as it is 0 in an affine space);

o the map Uz — B, 4 is good, in particular

User = Urger := Xz xp,, Usr = FQuot(Uer, Eur, ;7 s dp ain)
is irreducible;
o Uz maps surjectively onto U Foar by F

Using this smooth atlas, to prove that f]g, 1 is smooth, it suffices to prove one of the following
two equivalent claims for all é¢”:

1. the restriction of ia[ to Uf>€, EJ; is smooth;

2. the scheme

Uger = Urger i= Xa1 xp,, Usr = FQuot(Usr, Eu, ;71 any A pn)
is smooth.

The proof will proceed by induction on the dominance order for €. Since ia 1 surjects
onto 3z, when €’ > €, the restriction of Xz; to U Feer D is empty. )

Now assume that both (1) and (2) are true for all €’ > ¢&’. Let m : Uzg» — Ugz. Then
since (1) is true for all &” > €', Uger is smooth away from 7~'({0}). By Theorem 2.3.19,
Uz is irreducible, so

dim Uz = dim Uz \ 771 ({0}) = dim Xz ; — dim B, ¢4 + dim Uz = u(&’) — u(é).
Let [o] be a point in 7~ ({0}), corresponding to a flag a : By < Ey = --- — E < O(&").
To show that Uz ¢ is everywhere smooth, it suffices to check that for all such [a] € 77({0}),
the dimension of the tangent space is

dim T Uzer = u(€') — u(e).

Because the tangent space of 0 € Uz is just H'End(O(e")), the space of first-order
deformations of O(€”), the tangent space of Uzz at [a] has a modular interpretation:

T .7 { A flag of subsheaves & «— & < -+ — &y = & on IP’}C[E]/(EQ) specializing to « } /
Ueer = ~

over P}, such that each quotient £/&; is flat over k[e]/(¢?)
We claim that this tangent space fits inside an exact sequence
0 — @ End(E;) — %, Hom(E;, Eiy1) — TiqUser — @M H' ERd(E;) — @F Ext'(E;, Ei1) — 0.

We will describe each of the maps and argue exactness going from right to left.
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1. To specify the last map is the same as specifying maps ¢; ; = H*'End(E;) — Ext! (E;, Ejt1)
forall 1 <i<k+1,1<j <k Weset¢,;tobezeroifi# jandi# j+ 1 Note
that Ext'(E;, Ejy1) = H'Hom(E;, E;+1). The map ¢,, is induced by the map of
bundles End(E;) — Hom(E;, E;11) by postcomposing with the inclusion E; — FE; 4
in the flag. The map ¢;,;_; is the negation of the map induced by the map of bun-
dles End(E;) — Hom(E;_1, E;), which is defined by precomposing with the inclusion
E,_ 1 — FE; Leti < k. Then

0— Hom(EiH/Ei, Ei—i—l) — 5nd(Ez+1) — Hom(Ei, Ei—i—l) — 0

is exact, because F;,; is a vector bundle. Since we are on a curve, the induced map
H'¢nd(Ei 1) — H'Hom(E;, Eiy1) = Ext'(E;, E;y1) is surjective. This implies that
the last map is surjective.

2. The kernel of the last map corresponds to those deformations of F1, ..., E; that can
be lifted to a deformation of the flag. To prove this, it suffices to prove it for a single
map, namely if E < F, then the kernel of H'€nd(E) @ H'End(F) — Ext'(E, F)
corresponds to those pairs of first-order deformations of E and F' that can be lifted
to a deformation of £ < F'. This is the content of Lemma 2.3.20 below. The map
Ty ﬁg’é‘f — @M H'End(E;) is the map that forgets the deformations of the inclusions,
and only remembers the deformations of each bundle. It clearly maps onto the kernel

of the last map, given our interpretation of the kernel.

3. The kernel of the third map corresponds to those deformations of the flag that do not
deform the vector bundles. In other words, there is a map

T[a] H Subsheaves(Ei, Ei+1) — T[a} (75751,

i=1

and the kernel of the third map is precisely the image of this map. In particular

we can think about each Subsheaves(FE;, ;1) individually. The tangent space of
Subsheaves(E;, E;11) at ¢ : E; < Ejyq is the cokernel of HEnd(E;) — HY(Hom(E;, Eiy 1)),
induced by post-composing with ¢.

4. The first map is the direct sum of the maps End(F;) — Hom(F;, E;1), which are
all injective, as they are induced from the injective maps of sheaves End(E;) —
"Hom(Ei, Ei+1)-
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Using this exact sequence, we can compute dim T}, Uz

m m

dim Tjo Uer = 1 (End(O(€")) = - x(End(E)) + X_ x(Hom(E}, El,.,))

i=1 i=1

= u(e") + ix(%om(Eé, Ei,/E;))

=1

=u(e’) + f: xX(Hom(E;, Eiy1/E;))

= u(e’) — i Y (Hom(E;, B/ E))

i=1

= @) — u(@),
[

Lemma 2.3.20. Let A be an Artinian local ring with residue field %, and let I be a square-
zero ideal in A. Given a map of vector bundles ¢ : E — F on X x Spec A/I, the deformations
of E, F to Spec A that can be extended to a deformation of ¢ is characterized by the kernel of
a map Extﬁ(O(Eo, Ey@iI)® Extﬁ(O(Fo, Fy®iI) — Exty, (Eo, Fy ®; I), which is the difference
of the natural maps Extly (Eo, Ey @ I) — Extl, (Eo, Fo ®x I) and Ext (Fo, Fo @k 1) —
Exty, (Eo, Fo ®y, I) induced by ¢.

Proof. Corresponding to deformations E,F of E, F over Spec A, we have two extensions

0> Ey@sl - E—E—0,
0—>F0®kl—>]5—>F—>0.

To deform the map ¢ : E — F into a map of ¢ : E — F is the same as writing down a
map of these two short exact sequences such that the maps on the kernel and quotient are
induced by ¢. This is possible if and only if the pushout of the first sequence by the map
G0 R 1 : By ®p I — Fy® I agrees with the pullback of the second sequence by the map
¢ : ' — F. This is if and only if the difference of their classes in Ext&A/I(E, Fo®pl) =

Extly, (Eo, Fy ®; I) is zero. O

Remark 2.3.21. One can define Harder-Narasimhan strata (HN strata) inside the stack of
vector bundles on a fixed curve C' as those vector bundles with a fixed Harder-Narasimhan
polygon. These HN strata are generalizations of 3z to higher genus. One can also define
an analogue of 3z as the stratum of vector bundles whose HN polygon is a specialization
of some fixed polygon. In the literature, the standard way to show that the locally closed
HN strata are smooth is via hyper-Quot constructions, similar to ié,HN- Proposition 15.4.2
of [Pot97] gives a general criterion for smoothness for such hyper-Quot constructions, and
Corollary 15.4.3 uses this criterion to prove smoothness of HN strata for complete families of
vector bundles. The main difference between the case of higher genus curves and P! is that
we no longer know if the hyper-Quot construction is irreducible, though it must contain one
component which is a resolution of singularities for Harder-Narasimhan strata.
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Fibers of the resolution

To get a better sense of the resolutions ié', 1, we give some examples of the fiber of iaHN
over a point p € Xz when ¢’ < € These examples show that the fibers can be reducible
with components of different dimensions.

Example 2.3.22. Let € = (—2,0,2), and let &’ = (—3,0,3). We can stratify the fiber by
how each bundle in a flag splits, and there are two possibilities:

a=[0(2) = 0(0,2) = O(-3,0,3)],

B=1[0(2) = O(-1,3) = O(-3,0,3)].

Let X,, Xz denote the collection of flags with such splitting types. Xz = P! x P! is closed.
X, really is only the data of the second inclusion, which can be identified with quotients
0(0,3) — k(p) which do not factor through the projection to O@. This is isomorphic to
P(O(0,3)) over P! minus the directrix. The closure X, can be identified with P(O(0, 3)),
and is glued to Xz = P! x P! along the directrix of the former and the diagonal of the latter.

Example 2.3.23. Let €= (—1,0,1) and &’ = (=2, —1,3). In this case, we may have
a=[0(1) = O0(-1,2) = O(-2,—1,3)],
p=[0(1) = O(-2,3) = O(-2,—1,3)].

The dimensions are dim X, = 3, dim Xg = 4. The stratum Xj is closed and isomorphic
to P? x P?2. X, is isomorphic to P! x V, where V is isomorphic to P(O(—1,3)) minus the
directrix. The intersection X, N Xz can be identified with those flags of type

ldl

where L, Q) are forms of degrees 1 and 2, and L divides (). Since L and () are defined up to
scaling, this intersection is isomorphic to P! x P!

o~ o

0
0
1

O(1) O(-2,3) % 0(~2,-1,3)

2.4 Rational singularities

In this section, we will use the resolution of singularities constructed in the previous section
to show that tame splitting loci have rational singularities. Throughout this section, we will
assume that we are working over an algebraically closed field of characteristic zero.

We will need to repeatedly apply Littlewood-Richardson rules and we also make heavy
use of the Borel-Weil-Bott theorem. For more details on Littlewood-Richardson rules, we
refer the reader to Section 2.3 of [Wey03], and Theorem 1.4 of [Kou91]. For details on Borel-
Weil-Bott, the reader may refer to Corollary 4.1.9 of [Wey03]. Given partitions u, a, 3, we
will use 5 to denote the Littlewood-Richardson coefficient, which, among other things, is
the multlphmty of S,V ® SgW in the decomposition of S (V eWw).
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Yo —— F = Quot™ ! (7*7.E) L pxp

} | lv b

J B B x P!

o
3

Figure 2.6: Embedding of S into F

Let € be a tame splitting type. Then 3, admits a resolution of singularities by 25 I
where |I| = 1. Let ¥z = 3z, = Quot™ dl(Brd,é’umv)

Having rational singularities is a smooth local property, so we may assume that we are
working with a smooth scheme B of finite type, equipped with a smooth map B — B, 4 corre-
sponding to a vector bundle £ on B xP!. The reader may refer to Figure 2.6 for our labelling
of the relevant maps. We denote the pullback of £z to B by Yo Up to twisting, we may as-
sume that the vector bundle £ on B x P! is fiberwise globally generated. By Theorem 2.2.11,
¢ is normal, so the natural map Oz, = ps Oig is an isomorphism. To show that 3z has ra-

tional singularities, it remains to show that Rip*qu = 0 for 2 > 0. Recall from Proposition

2.3.17 that X admits an embedding into F' = Quot™% (7*m,&), and it is cut out as a local
complete intersection by a section of the vector bundle R = f,Hom(y*7*(m.E(—1))(—1), Q).
The proposition below shows that in this situation, it suffices to prove the vanishing of
certain higher pushforwards of the wedge powers of R".

Proposition 2.4.1. Suppose that we have the following commutative diagram of schemes,
where ¢ and j are closed immersions, and ¢ is a local complete intersection cut out by a
section of the vector bundle R on F. Suppose that B>y, A* RY = 0 for ¢ > 0. Then
R~ Op*OZ =0.

Proof. The condition tells us that the Koszul complex A*RY — 4,07 is a resolution of 1,0
by locally free Op-modules. Let K; = ker(A"™'RY — AT"2RY), so that for i > 1,

0— Kiyg — ARY = K; — 0,

and
O—>IC1—>(9F—>2'*(9§—>0.

We claim that R>'v,K; = 0. Let M =1k R. By assumption R>M~, Ky = RPMy, AMRY =
0. Assume that R>**1~, k.1 = 0. Then the first short exact sequence, combined with the
fact that R”>%y, A RY = 0, shows that R”'v,K; = 0. The claim follows by induction.

Then using the second exact sequence, we see that R7°7,(i,Oz) = 0. The diagram is

commutative and pushforwards by closed immersions are exact, so Rk'y*(i*(’)g) = 5. RF p+O
for all k > 0. Hence j,R*°p, 05 = 0, which implies that R*°p,0; = 0. O
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The same idea in the previous proof also proves the following proposition, which we will
need later.

Proposition 2.4.2. Let V, — F be a finite exact sequence of coherent sheaves on a proper
scheme X. Let k be a nonnegative integer. If for all i« > 0, H=""*(XV;) = 0, then
H=*(X,F)=0. m

The map ¢ : F — B is flat with fibers all isomorphic to Quoty (O®N), where N = h°O(€),
€ is any splitting type showing up in B. By the theorem below and cohomology and base
change, we know that R>%y,0r = 0. So the condition of Proposition 2.4.1 is satisfied when
1 =0.

Theorem 2.4.3. ([Str87], Theorem 2.1) Q = Quotr’d((’)g?l]v ) is an irreducible, nonsingular,
rational projective variety. In particular, H>°(Q, Og) = 0.

Therefore, to show the Xz has rational singularities, by Proposition 2.4.1, it remains to
show that 7"y, A" RY = 0 for all n > 0, where

R = fHom (V7" (mE(—1))(—1), Q)
= (v'mE(-1)V ® £.9(1).

In characteristic 0, Cauchy’s formula says that if £, F are vector bundles, then

n

AE®F) 2 @ynSué @ S,F,

where ! is the conjugate partition of i, and p ranges over all partitions of n. Using this
identity, we have

n

ARY = A ((me(-1) ® (£.0(1)")
DS (7mE(-1) © S,((£.Q(1))

pukn

=P+ S, (mE(-1)) @ S, ((£.Q(1)).

pukn

So by the projection formula,

R ARY = @ S (mE(—1) ® R7.(S,((/.Q(1)").

pukn

Therefore, to prove Theorem 2.1.2; it suffices to show that when k > n = |u|, the
higher pushforwards R~,(S,((f.Q(1))")) are zero. Since v is flat with fibers all isomorphic
to Quotﬁ;’{i (OPN)| by cohomology and base change, it suffices to show vanishing for the
cohomology of corresponding bundles on Quot;,’ld (O%N),

Let d > 0and N > r > 0. Let Q be the universal quotient on Quot];’fl(O@N) x P,
and let p : Quot;’ld (O%N) x Pt — Quotgld (O®N) be the projection to the first factor. Recall
from the introduction that on Quot}f,?{j (OPN) for all m > —1, we define tautological bundles

Em = (pQ(m))V.
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Theorem 2.4.4. Let A be any nonempty partition. Then H>‘)‘|(Quot£;fi((9@N), S\é1) =0.

By our previous discussion, Theorem 2.4.4 implies Theorem 2.1.2. It follows from the
more general statement below.

Theorem 2.4.5 (Restatement of Theorem 1.2.5). Let m > —1 be an integer. Let A_1, A\, Ay, . ..

be partitions, at least one of which is nonempty. Let D = |[A_;| + -+ + |Ap|. Then
H>P(Quotpi (O®N), @™ |8,,&) = 0.

We will prove Theorem 1.2.5 above by induction on the number of factors in the tensor
product. For the base case, we will need the following proposition.

Proposition 2.4.6. Let D > 0 be a positive integer. Then for sufficiently large m, for any
two partitions a, § such that |a| + |3| = D,

H>P(Quot™{(OF), St © SsEn) = 0.

Proof of Theorem 1.2.5 assuming Proposition 2.4.6. On Quot]’;fi((’)@]v) x P!, for any n € Z,
we have an exact sequence

0—O0m)— O0n+1)%" = 0O0m+2)—0,

by pulling back the same sequence from P!. Tensoring this sequence with Q, since O(n + 2)
is locally free, the sequence remains exact:

0—Qn)— Qn+1) = 9n+2) —0.

For n > —1, R'p,Q(n) = 0, so the sequence remains exact after taking p,, and each term is
a vector bundle on Quot; (O®N);

0— p,9(n) = p.Qn+ 1) = p.Q(n +2) — 0.

Dualizing, we have

0 — Enso REEN EP =&, —0. (2.6)
We will prove Theorem 1.2.5 for a fixed D > 0 by induction on the index i of the smallest
nonempty partition )\;. Without loss of generality, we may take m to be sufficiently large.
So Proposition 2.4.6 takes care of the base cases ¢ = m and ¢ = m — 1. Now suppose
that Theorem 1.2.5 is true when the smallest nonempty partition is Ax. There is a complex
(Sx,_, Pr)e formed on the map &y : Eq — 5,?2, called the Schur complex, whose t-th term

1S

(Sxe i @) =@ SatErt1 ® 555;?2.

laf=t,c)"5 1 #0
Corollary V.1.15 of [ABWS82] tells us that when the cokernel of @y, is locally free, this complex
is a resolution of the Schur functor of the cokernel, which is the vector bundle Sy, &1 in
our case.

Tensoring this resolution with ®",S,,&; and applying Littlewood-Richardson rules, we
find that the vector bundle ®", ;S),&; has a resolution whose ¢-th term is the direct sum
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of bundles of the form ®{; ,S)& ® Sy Ek1 ® Sy &, where [N | = [Apya| + ¢, and
IN.| = [Ak| + |[Ak—1]| — . In particular, the sum of the sizes of the partitions involved is D for
all bundles that show up in the resolution. The inductive hypothesis applies to show that

all terms in the resolution have no cohomology in degree greater than D, which implies that
H>P(®m, 18,,&)=0. O

Proof of Proposition 2.4.6

For every integer m > d — 1, we have a short exact sequence

0 = p.S(m) = p.O(M)*N = p.Q(m) = 0

of vector bundles on Quoty (O®N), inducing a map g,, : Quotpi (O¥N) — G,,, where G, =

Gr(rk p.S(m), N(m +1)). Strgmme proves that for m > d, the map ¢ = t;,—1 = (gm—1, gm) :
Quot%?ld((’)@N) — Gp_1 X Gy, is a closed embedding (Theorem 4.1, [Str87]). Let

0— A — O™ — B —0 (2.7)

1

0— Ay — OV By 0 (2.8)

be the universal sequences on G,, ; and G,,, and let W = H°(P' O(1)). For i = 1,2,
let k; = tkA;,ny = Nm,ny = N(m + 1), so that G,,,_1 X G,,, = Gr(ky,n1) x Gr(ks, ng).
Stremme also proves that Quotgld (ON) is the zero locus of a global section of the vector
bundle AY X (B, @ W) = AY K (By @ Bs), whose rank is equal to the codimension of
Quotli (O%N) in G, 1 X G, exhibiting it as a local complete intersection (Theorem 4.1,
[Str87]).

As a result, L*OQuotﬂz,ld(O@N) admits a Koszul resolution as a Og,, ,x¢,,-module:

A (AR (By @ By)Y) — 1 Oquotriioemy:

By definition of ¢,,,—1 and g,,, we know that ¢*(S,ByXSsBy) = S0Em-1®8SsE,,. So tensoring
the Koszul resolution with S,B) X SgBy, we get a resolution of 1, (SaEm-1 @ S&pn):

A°® (./41 X (BQ @ 82)\/) X (SOZB}/ X SﬂB;/) — L*(Sagm—l & Sggm)

For a given D = |a| + |f], we will choose m to be sufficiently large so that D < ny — ky. In
particular, any partition o with || < D must have a,,, = 0. Let p = (u1,..., ), 0 =
(a1, ..., 0, —k, ) and (B be partitions. Let

Vias = (SpAr @ SaBY) B (S,1(B; © By) ® SpBy).
By Cauchy’s formula,
AN (AR (B, @ By)Y) @ (SoBY BSpBy) = DurkVia,8-

By Proposition 2.4.2; the following result implies Proposition 2.4.6.
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Proposition 2.4.7. For all partitions «, 8 with |a] 4+ |5 > 0 and a,,—, = 0, and any
partition g,
H By — ),

We will first deal with the case where p # ), which is harder. Suppose that there exist

.- ’ . T v/ v
partitions 1, y2, V', v = (Y1, ..., Uny_k,) such that h nCo oCr g 7 0. In other words,

Wiaw = (S,4; @ S.BY) 'S, BY

arises as a summand of V), , g. By Borel-Weil-Bott and Kiinneth, if W, ,, has cohomology,
the vector bundles S,A4; ® S, B and S,B; must both have cohomology in some unique
degrees Dy, Dy. Then W, ,, has cohomology in degree D = D; + D,. When this happens,
Borel-Weil-Bott imposes some combinatorial conditions on the partitions involved. We would
like to show that D < |u| + |a| +|5].

Before proceeding further with the proof, note the following example which shows that
this bound is sharp in general.

Example 2.4.8. The Quot scheme Quot™*(O%?) admits an embedding ¢, : Quot™*(O%?) —
Gr(3,9) x Gr(5,12). We can take pp = (7,2), = (1), 8 = (2). Then H*(V,.0.5) # 0. Indeed,
on the first factor, cohomology degree equals 7. On the second factor, nonzero cohomology
arises from the partition v = (6,1°), which has cohomology in degree 5. It comes from
combining v/ = (4,1°) and 3 = (2) using the Littlewood-Richardson rule. The possible pairs
V1,72 such that C'L«/LIWQC};;WQ 7& 0 include (’71 = (2)7 Y2 = (27 15))’ (71 = (2? 1)a Y2 = (Za 14))7 (71 =
(2,1,1),79 = (2,1%)), as well as the three tuples obtained from the above by switching 7,
and v,. For all six pairs, ng,w%;,ncz/,ﬁ =1.

Due to a lack of understanding of the map on cohomology induced by the Koszul reso-
lution, we are unable to check whether this nonvanishing group implies that H?(Quot, & ®

Sym253) 7é 0.

Now let us delve into the combinatorics further. The vector bundle S, 55 has cohomology
if and only if the following tuple obtained by pointwise addition

(0%2,0) + (ng — 1,my — 2,...,1,0)

has no repeated entries. Borel-Weil-Bott says that if this tuple has no repetitions, then S, B85
has cohomology in degree equal to the length of the permutation that sorts this vector in
descending order, and no cohomology in other degrees. Since |u| > 0, |v| = |u| + |5] > 0.
So the condition that the vector has no repetition is equivalent to the existence of some
1 < j < ng — kg such that v; > ko + j and v;; < j. When such j exists, it is unique and
S,BJ has cohomology in degree Dy = jks.

The cohomology of the first vector bundle S,A; ® S,BY is a bit more complicated to
describe. Define

fi=n1—ki+i—1— p,,
gj:nl—kl—j—l-ozj.
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Let —p = (—ptgy, - - -, —H2, —1). Then Borel-Weil-Bott says that S,.4; ® S,BY has coho-
mology if and only if the vector

(_ILL7O{) + (nl - lanl _29"'71a0) = (fk17fk1—17"'7f17.gl7927"'7gn1—k1)

does not have repeated entries. In this case, S,A; ® S,B; has cohomology in degree equal
to the length of the permutation that sorts this vector in strictly descending order.

Define indices 0 < iy < 19 < -+ <ip, g, < ki, where 4, is the largest index such that
fiv < Gny—tky—e+1 for each 1 < ¢ < n; — k;. When there doesn’t exist such an index, we
set iy = 0. In terms of i1, ..., 4y, —k, the unique degree in which S,.4; ® S,B; has nonzero

cohomology is
n1—k1

Di= > (ig—ig1)(m — by — 4 1),
=1

where we let g = 0. For 1 < /¢ < ny — ky, the inequality fi;, < gn,—k,—¢41 Is equivalent to
pi, — (ny — k1 — 0+ 1) > dp — Qpy—ky—041- (2.9)
Setting ¢ = 1, we note that (2.9) says that
Wiy >Ny — k1 + i1 — Qpy g, = g — k1 + 41 (2.10)
When ¢y < ip41, we also have fi;, 11 > ¢pn,—k,—¢+1, Which is equivalent to
b — Oy ey —041 > fhig11 — (g — k1 — £+ 1). (2.11)
Replacing ¢ with £+ 1 in (2.9), we find
Mige, — (N1 — k1 =€) > g1 — Qg
Combined with (2.11), we obtain
G0 = Qpy—r—041 = igs1 — (1 — k1 =€) 2> priy, — (N1 — ky =€) > dpp1 — Qny—py—0-
So for 1 < ¢ < ny — ki, whenever iy < ip,1,
Oy —ky— — Olpy—ky—04+1 = o1 — L. (2.12)

If iy = 441, then this inequality follows from « being a partition. So we’ve shown that (2.12)
holds unconditionally for 1 < ¢ < ny — ky.
To summarize,

Proposition 2.4.9. If H*(W, .,) # 0, then there exist 1 < j <ngy —ky, and 0 =4y <y <
oo <y, < Ky such that the conditions (2.10) and (2.12) are satisfied, and the unique
degree in which the cohomology of W, ., is nonzero is D = jky + Z?;Ikl (tg—ip—1)(n1 — k1 —
¢+ 1). Moreover,

D S il(nl — k’l) +j]€2 + |Oé|
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Proof. We've already proven the proposition except for the last inequality. Recall that m
was chosen so that a,,_r, = 0. Now using Equation (2.12),

ni1—k1

—sz+2 i — 1) (m —ky — L+ 1)

n1—ky

< ko4 ir(ny — k1) + Y (Qny—ky—er1 — Ony—iy—ta2) (1 — ky — £+ 1)
(=2

= jl{?Q + il(nl — k?l) + ‘Oé| — Olpy—ky (n1 — ]{71)
= ]kQ + il(nl — ]ﬁ) + ‘Oé’

]

Proposition 2.4.10. Suppose that after applying the Littlewood-Richardson decomposi-
tions, V, o 5 contains W, o, as a summand, i.e. there exist partitions 71,72, 7/, v such that
cﬁj 7 c,l;; 1 C g 7 0. Suppose W, 4, has cohomology with associated indices j, i, given by the
previous proposition. Then

| + o) + 18] > jka + i1(ny — k1) + (in — 5)° + |al.

Proof. Write a+ f3 for the partition with (a+ 3); = a; + f;, and write aU 8 for the partition
obtained by stacking the Young diagrams of o and [ and sorting the rows according to
length. As explained in Proposition 3.2.1 of [MOS22], Littlewood-Richardson rules imply
that v/ is dominated by a + 3, and u! is dominated by o U 3. Therefore

it ot B+ B >V 4
But since v; > ky + j, we also have that
vt v >t v — |8 > (ke + 5) — |8
Recall also from (2.10) that p;, > ny — ky +145. So

2j
|| > ZM,L +i(ny — by + 4y — 25)
k=1
> (ke 4+ 5) — |B| +i1(ng — ky + iy — 29)
> jho 4+ ix(ny + k1) + (i — 5)* — |6].
Adding |a| + | 3| to both sides yields the desired claim. O

Now Proposition 2.4.10 and Proposition 2.4.9 together show that |u| + |a| + |5]| > D,
which proves Proposition 2.4.7 when p # (). It remains to prove Proposition 2.4.7 when
p = 0. In this case, Vy s = SaBBy W SsBy. The same analysis of S, By in the previous case
applies. If a, 8 are both non-empty, the bundle V), 5 has cohomology if and only if there
exist 1 <@ < ny—ky, 1 <j < ng— kg, such that oy > ky + 14, a1 < 4, B > ke + 7,
Bj < j. If this is the case, then Vp, s has cohomology in degree D = ik; + jko. Now
la| + |B| = i(k1 + i) + j(ka + j) > D. The argument in the case where only one of «, [ is
nonempty is completely analogous. This concludes the proof of Proposition 2.4.7 and the
proof of Theorem 2.1.2.



42

Chapter 3

When are splitting loci Gorenstein?

3.1 Introduction

Let B, 4 be the stack of rank r, degree d vector bundles on P'. For every tuple of integers
€= (e1,...,e)withe; <eg <---<e,ande;+---+e, = d, there is a locally closed substack
3; C B, 4 parametrizing families of vector bundles on P! that fiberwise are isomorphic to
O(€). The closure of Xz is a closed substack Xz C B, q, the splitting locus associated to €,
parametrizing vector bundles on P! that split as O(€) = O(e;)®- - -®O(e,) or a specialization
of O(€). While X is smooth, the closure Xz can be singular. In this paper, we completely
characterize when splitting loci ¥z are Gorenstein or Q-Gorenstein. Our universal statement
extends to splitting loci in every scheme that maps smoothly to B, , (i.e. if the Kodaira-
Spencer map is surjective at every point). For example, our results exhibit the corresponding
Hurwitz-Brill-Noether loci as having at most Gorenstein or Q-Gorenstein singularities (see
[Lar21a] for more details). In previous work on the singularities of splitting loci, it has been
shown that splitting loci are normal and Cohen-Macaulay [LLV25], and that certain tame
splitting loci have rational singularities (Theorem 2.1.2).

We say that € is a block arithmetic progression of block size s and difference t if it is a
shift of the tuple (0°,¢°, ..., ((m —1)t)®) (¢° is a short hand for s copies of the number ¢). As
usual, if s = 1, we say that the tuple is an arithmetic progression. We say that €'is contiguous
if € is a shift of a tuple of the form (..., 0% 1% 2% 3% ...) for some positive integers a, b.

Example 3.1.1. 1. €=(-1,0,0,0,1) and €= (0,1,1,1,2,3,3,3) are contiguous.

2. ¢=(-3,-3,0,0,3,3) is a block arithmetic progression of block size 2 and difference
3.

We say that a Cohen-Macaulay scheme X is N-Gorenstein if w$" is a line bundle. Being
Gorenstein and N-Gorenstein are smooth-local properties (see Section 3.2), so it makes sense
to ask when an algebraic stack, such as a splitting locus X3, is Gorenstein or N-Gorenstein.
We say that an algebraic stack is Q-Gorenstein if it is N-Gorenstein for some N > 1.

Our main theorem is the following.

Theorem 3.1.2. A splitting locus Xz is Gorenstein if and only if € is a block arithmetic pro-
gression of difference 0, 1 or 2, or if € is contiguous. Xz is Q-Gorenstein (but not Gorenstein)
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if and only if it is an arithmetic progression of difference ¢ > 3. In this case, the smallest N
for which Xz is N-Gorenstein is ¢ if ¢ is odd, and ¢/2 if ¢ is even.

To prove Theorem 3.1.2, we first exhibit a basis

a, . al? ey
for A*(2) in Proposition 3.3.2. The a\"’s lift generators for A'(5z). Setting &= (f*, ..., f5),

let €% be defined by replacing ff in & with (f; — 1, £ 2, f; + 1). Then the bg)’s are given
by

by

_ {[Z€(i>] iftfii+1<fi<fiz1—1lands; >2,

0 otherwise.

Note that X, is of codimension 1 in ¥z (When we say basis, we mean to include only those

nonzero bg)’s.) In terms of these universal classes, we prove an adjunction-type formula for
the class of the canonical module for splitting loci.

Theorem 3.1.3 (Theorem 3.3.8). Let X be a scheme, and let £ be a rank r, fiberwise degree
d vector bundle on X x P! inducing a smooth map X — B, 4 (so that X is necessarily
smooth). Let € = (fi*,..., f/*), where f; < --- < f;, and let $z(X) denote the splitting
locus corresponding to € in X. Write 0; = >,.; 8; — >_j~; 5;. Then

ws )] = xls, ool + > ((degé—rfi+6)at” + (r — si)b5” ),

1<i<t

where the agi), bg) classes denote the pullbacks of the universal classes on Xz to z(X).

Next, we consider a specific family of smooth covers of the stack B, 4 of rank r, degree
d vector bundles on P!, namely the affine spaces H'End(O(€")) where ¢’ = ((—M)"!, D),
and D is large enough so that & < & Let Xz denote the splitting locus corresponding to
the splitting type € inside H'End(O(e”)). As worked out in Section 2.2, for splitting types
¢ = ((—=M)™1, D), the affine space H*'End(O(e")) is a principal GL,_;-bundle over an open
substack of a vector bundle over B, 4. Using this interpretation of H'End(O(e")), we prove
the following:

Theorem 3.1.4. Let ¢’ = ((=M)""', D) and let & = (fi",..., f}"), where fi < --- < fi,
such that €’ < € Then the class group of the splitting locus ¥z C H'End(O(e”)) fits in the
following right exact sequence:

7} — AN(Ze) — AN (Ss) — 0, (3.1)
where the first map is given by sending the two basis elements to

Z . .
o =Y (< (fi+ M)al? +0))
i=1
E . .
ar =3 ((fi+ M+ 1)al” —0f).

=1
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With some computation, the previous two theorems together tell us exactly when the
class of the canonical module in H'End(O(e")) is trivial or N-torsion. This turns out to be
enough. The affine spaces H1End(O(€")) in general admit an action by G¥ !, where k is the
number of perfectly balanced blocks in €”, which makes the ideal for splitting loci therein
ZF1-graded (Section 3.2). When é&” has the special shape of ((—M)""1, D), H'End(O("))
admits a natural G,,-action which makes the canonical module for ¥z standard-graded. As
such, w%v is a line bundle if and only if we have N|wg | = 0 as a class in A’ (X¢) (Proposition

3.2.6).

Remark 3.1.5. 1. Note that the image of the first map in (3.1) is generated by the
classes a; + ay = 0, a\” and as — (M 4+ 1)(o1 + ag) = zle(j;aﬁ“ - bg)), and in
particular does not depend on M. One can check that these are precisely the classes
that arise from restricting classes in A'(B,.4). A priori, these classes must pull back to
zero on Yz, since we can also factor the pullback through the affine space H'EndO(e”),
which has trivial class group. Our computation tells us that these are the only classes
that become zero.

2. When ¢ is rank 2, the ideals for splitting loci in H'EndO(é") are precisely Hankel
determinantal ideals, as explained in [ES08, Corollary 5.4]. Thus our results recover
the computation in [Con+18] for the class groups of Hankel determinantal rings and
the classes of the canonical modules therein. Our previous remark gives an explanation
for why the class group of Hankel determinantal rings only depends on the difference
between the number of rows and columns of the Hankel matrix.

3. Our investigation is partly inspired by the results in the case of determinantal varieties,
warranting a brief comparison here. Over a field, the class group of the determinantal
variety of m-by-n matrices of rank at most » > 0 is Z. It is freely generated by the
class of one of two distinguished prime ideals P, @, satisfying [P] = —[Q], and the
class of the canonical module is m[P] + n[Q)]. In particular, the determinantal variety
is Gorenstein (equivalently Q-Gorenstein) precisely when the matrices are square, i.e.
m = n [BV88, Theorem 8.8|.

4. Our work inches us one step closer to the question of whether ¥z has rational singu-
larities when € = (—2,0,2), which is the first non-tame case. Since € = (—2,0,2) is
Gorenstein, it now suffices to check that Xz is log terminal. This seems out of reach
to us, since our intersection-theoretic techniques are agnostic of any behavior in codi-
mension 2 and beyond, which one would need a better handle of in order to compute
the discrepancies.

3.2 Preliminaries

We refer the reader to [Lar21b] and Section 2.2 for background on splitting loci.
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A Torus Action On H'End(O(€))

Let €= (f{,..., f;%). Let €= (f{,..., f;%). We shall explain that there is a natural G, 1-
action on H'End(O(€)) under which splitting loci are invariant. In particular, the ideals for
splitting loci in H'End(O(€)) are naturally Z*~!-multigraded.

As explained in Subsection 2.2, a T-point of the affine space H'End(O(€)) is the data
of vector bundles Ky, ..., K, on T x P!, plus the data of an isomorphism K; = O(f{)|7xp:,
plus the data of extensions

0— Kisy 25 K 25 O(f5) = 0

for each 2 < ¢ < ¢. Note that we will often write O(f;) to denote the pullback of this
bundle along the second projection from P! to 7' x P!. In terms of these extensions, the
action is easy to describe. An element (o, ..., ;1) € G 1 acts on such a collection of data
by keeping the vector bundles the same, but scaling the extensions to:

0— K B K 225 o(f5) — 0,

where 3; = ajay - - - ;1. After fixing an isomorphism of O(€) & ®°_, O(f;*), we can identify
H'End(O(€)) = ®1<jcice Bxt' (O(f), O(f;7)). We will now work out what the action is in
these coordinates by considering the action on a k-point.

Proposition 3.2.1. The isomorphism H'End(O(€)) = @®1<jci<e Ext'(O(f), O(f}7)) is a
decomposition of H1End(O(€)) into weight spaces of the action of G4 L. For 1 < j < i </,
if v;; € Extl(O(fisi),O(f;j)), and o = (aq,...,ap1) € G771, then a - v;; = Bj_lﬂivij =
QjO4 - - QU

Proof. Let Ki,..., K, be the bundles involved in the data of a k-point of H'End(O(€)),
corresponding to the point (v;;)1<j<i<e € Br<jci<e Ext' (O(f), O(f;’)). We will show that
a=(ay,...,ap1) € GE 1 acts by v;; — Bflﬁivij.

To prove this, we proceed by induction. Suppose that we have shown that a - vy; =
B; ' Byrvy; whenever i < i. By definition, a acts on Ext'(O(f;"), Ki_1) by scaling the
extensions with weight §; for all i > 2. The identification of Ext'(O(f), K; 1) with
Di1<j<i Ext' (O(f), O(f;”)) can be made step by step. Suppose we have identified

Ext'(O(f), Ki1) 2 Ext (O(f{"), Ki-1) @ @i<j<i Ext' (O(£), O(f7)),

where t > 3. Then in order to identify Ext'(O(f), K,_1) with Ext'(O(f), O(f'7")) @
Ext'(O(f7), K;_2), we choose a (non-canonical) splittings of the following exact sequence:

0 — Ext'(O(f7), K,_s) — Ext (O(f7), K,—1) — Ext*(O(f5), O(f7")) — 0, (3.2)

Suppose by induction that « acts on Ext'(O(f), K;_1) by scaling by ;, and that we have
also shown the desired claim that « - v;; = (; L Bivi; whenever j > t. The base case when
t = 4 is certainly true. We will show that a acts on Ext'(O(f{), K,_5) by B; as well, and

that a - ;1 = 8,1 Bivis1.
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Let us first consider the second map in (3.2) above. The map is given by taking the

pushout along the given map K,_; &% O(f7}):
0 — K;_ 1%5 Li —— O(ff

b b

0 —— O(f) —2= B 1y —— O(ff) —— 0

) ——0

Since « acts on the first extension by sending ¢ to ;g by our inductive hypothesis, the
prescribed action on the original extensions would act on Ext'(O(f7), O(f"7")) by scaling
by B;4;, as explained by the following diagram.

O—>Kt14>Ftlzﬂ>O(f)*>0

lﬂt—lgtfl J{Bt 19 H

St—1 ﬂtlﬂl
0%(9(;1)%&“40 ) —— 0

We can also compute the restriction of the action to Ext'(O(f{), K;_»), by interpreting
the first map in (3.2). It is again given by taking a pushout along the map g, 1 : K;_o — K;_1.
So the action of o on Ext'(O(f{%), K, 1) with weight 5; restricts as the following diagram
shows:

OéKtQLFtZzLO(f)%O

N
f

04>Kt1*>Ft12*>0 Sl)%o

Thus (ay, ..., 00 1) € G5 acts on Ext' (O(f), K,_5) also by scaling by ;. O

Since the action above arises from scaling extension classes, it does not change the iso-
morphism class of the bundles K,..., K,. In particular, splitting loci corresponding to the
isomorphism class of K, are invariant under this action.

Example 3.2.2. Let € = (—2,0,2). Then we can write the coordinate ring of H'End(O(€))
as kla,b, ¢y, o, c3], where a,b are coordinates corresponding to the pairs (—2,0) and (0, 2)
respectively, and ¢, ¢y, c5 are coordinates of Ext'(O(2),0(—2)). Then there is a natural
G2 -action on this ring, giving rise to a Z*-grading. Namely, dega = (1,0),degb = (0,1) and
degc; = (1,1). All splitting loci inside H'End(O(€)) are homogeneous with respect to this
grading.

Example 3.2.3. Of the most importance to us is the easiest case where € = (f7*, f5?). In this
case, H'End(O(&)) = Ext' (O(f3?), O(f:")) admits a G,,-action that Corresponds to scaling
the extension class. The corresponding Z-grading on the polynomial ring with s;so(fo—f1—1)
variables is the standard grading, and ideals for splitting loci are homogeneous with respect
to this grading.
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Gorenstein and N-Gorenstein Algebraic Stacks

Let us check that both being Gorenstein and being N-Gorenstein are smooth-local properties
for locally Noetherian, Cohen-Macaulay schemes.

Lemma 3.2.4. Let X be a locally Noetherian Cohen-Macaulay scheme with a smooth
cover by schemes U, indexed by a € I. Then X is (N-)Gorenstein if and only if U, is
(N-)Gorenstein for every a.

Proof. Since a scheme is Gorenstein if and only if every local ring is Gorenstein, and since
being locally Noetherian and Cohen-Macaulay are both smooth-local properties, we can
reduce to the following claim: let A, B be Noetherian, Cohen-Macaulay local rings and let
f: A — B be a smooth and local homomorphism. Then A is (N-)Gorenstein if and only if
B is (N-)Gorenstein.

Since f is smooth, there exists a relative dualizing module w; which is a rank one pro-
jective B-module. Since B is local, in fact wy = B. By [Stacks, Lemma 0E30], wp =
wf ®p (B ®4wa) (the derived tensor product is just the regular tensor product because wy
is projective, and the derived pullback of wy to Spec B is just the regular pullback because
f is smooth and in particular flat). So in fact wp = wa ®4 B, and w%N = w%N ® 4 B. Since
f A — B is smooth and in particular faithfully flat, given a finitely generated A-module
M, M ®4 B is free ifft M ® 4 B is projective ifft M ® 4 B is flat iff M is flat iff M is projective
iff M is free. Therefore w§™ =2 A if and only if w3 = B.

Alternatively just for the Gorenstein claim, one could use [Stacks, Lemma 0BJL] (B/mp
is Gorenstein because it’s the fiber of a smooth morphism, so in particular should be regular).

O

Thus as with all smooth-local properties, if X is a locally Noetherian, Cohen-Macaulay
algebraic stack, it makes sense to talk about whether X is Gorenstein or N-Gorenstein. We
say that X is Q-Gorenstein if there exists N > 1 such that X is N-Gorenstein.

Reduction to a class calculation

In this subsection, we explain how to reduce the question of whether splitting loci are Goren-
stein or Q-Gorenstein to a class calculation.

Proposition 3.2.5. Let S be a Z-graded Noetherian ring with Sy = k. Let M be a graded
finitely generated S-module. Then M is locally free if and only if it is a free S-module.

Proof. We shall show the forward direction. Suppose that M is a graded, finitely generated,
locally free S-module. In particular, M is projective. By the graded Nakayama’s lemma,
there exists a graded surjection from a graded free S-module which is an isomorphism after
tensoring with k. Let the kernel be K, so that we have a short exact sequence

0= K—®S(—d;)) » M —0

Then the fact that M is projective implies that tensoring with & is exact, which implies that
K ®g k = 0. But by the graded Nakayama’s lemma, this implies that K = 0. In particular,
M is free. O
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Recall that on an integral and normal scheme, the Weil class group can also be viewed
as the group of rank 1 reflexive sheaves (for details see e.g. [Sch]). As such, given a rank 1
reflexive sheaf M on an integral and normal scheme X, we use [M]| € A'(X) to denote the
corresponding class. Recall from the introduction that ¥z denotes the splitting locus inside
H'End(O(€")), where & = ((—=M)"~', D) and &’ > €. We will write wyg_ for the canonical

module of ;.

Proposition 3.2.6. w N'is locally free if and only if Nws Je Al (3¢) is zero.

Proof. The canonical module wg_is a rank 1 reflexive sheaf (e.g. [BH98, Theorem 3.3.10(d),
Proposition 3.3.13]). Therefore N|ws | is zero if and only if w®N is the structure sheaf. But

since w%’ is graded, by the previous proposition, it is the structure sheaf if and only if it is
locally free. m

3.3 Some class calculations

Codimension One Chow Group of X;

Let €= (f*,..., f), where fi < -+ < f;. Let r = Xt s, =1k €, and let d = X0, s,f; =
dege. Recall from the proof of [LLV25, Proposition 9.1] that if €” is such that u(€”)—u(é) = 1,
then there exists 1 < ¢ < ¢ such that f;_; +1 < f; < fiz1 — 1 (as far as i has neighbors),
s; > 2, and &” arises from replacing £ in & with (f; — 1, 772, f; +1). We denote by € the
codimension one splitting type €’ obtained by unbalancing f;* when it exists. Let Zz be the
union of splitting loci ¥z and all 3z where u(€”’) — u(€) = 1.

Let X be the algebraic stack whose functor is given by

A vector bundle £ of rank r and fiberwise degree d and a flag of
(T — Speck) — ¢ quotients &€ = Qy — Q1 — Qg — -+ — Qy 3 on T x P!, such that Q; is 3/ ~,
flat over T, and fiberwise of rank Z ! s; and degree Z 18t

where two flags of quotients € = Qy —» Q; — Qs — -+ — Qp 1, &€ = Qg — Q] —»
Q, — -+ — Q) | are equivalent if there are isomorphisms Q; — Q! which together with
the identity morphism on Qg form a commutative diagram. By Theorem 2.3.5, 3z is a
resolution of singularities for ¥z Moreover, for each €@, the only possible such flags are
coarsenings of the Harder-Narasimhan flag for O(¢("), so the natural map >: — Xz is not
only an isomorphism over Xz, but also an isomorphism over Zg. As such, on Zz x P!, there
is a natural flag of quotients for the universal bundle

5:Qo—»Q1—»Q2—»"‘_”Q371>

where each Q; is in fact a vector bundle. For 1 < i < ¢, let Ny_; 11 = ker(Q;_1 — Q;), and
let N7 = Q1. The sheaves N; are vector bundles on Zz x P!, which split as O(f;") over
Ze\ o, and split as O(f; — 1, f772, fi + 1) over T, if it exists.

Let z be the hyperplane class on Zz x P!, corresponding to O(1). For all k > 1, there
exist classes a\” € A¥(Zz), b\ € A¥~1(Zz) such that

aWNi(= 1) = mal” + 70"z
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If €% does not exist, then
Ni(=fi) = 7" m(Ni(= i), (3.3)
and in particular b,(;) =0 forall k> 1. If €® exists, then away from 3., we have (3.3)

again, which shows that up to classes in the image of A*(X;u)), b = (0. Note also that b3 ®
is the degree of N;(—f;) on fibers, which is zero.

Lemma 3.3.1. For all M € Z,
c(RmNi(=fi + M)) = er(mNi(= i) + M?T*(Cl(M)-Z)
= (M +1)al?) — b
Proof. Twisting changes the Chern classes as follows:
cNi(—fi+ M) == al) + Ms;z,
N (—f; + M) = a8’ + 762 + (s; — 1) Mr*al 2.

Recall that the relative Todd class of a trivial P'-bundle is 1 + 2. So by Grothendieck-
Riemann-Roch,

/(BN fi+ M) = 7 (SN (= + M) = 26s(Ni(— i + M) + ex (M=, + M) =)
=, (;(QMW*@S“.Z — 2 2 — 2M (s, — V)rtal” 2) + W*agﬂ.z)
= (M +1al” — .
O

Proposition 3.3.2. Whenever the codimension one splitting type et ex1sts [Xo0] = b(i) €

AY(Zz). In particular, A'(3;) has a basis given by ag ). ag and those 62 s for which ¢
exists.

Proof. By Lemma 3.3.1,

ey (mN(— i) = ot — b,
e (mNi(—f; + 1)) = 241 — b,

Moreover, as explained in the proof of [LLV25, Proposition 9.1], ¥, is Cartier in Zz and
cut out by a section of A%, (N;(—f;) @ H(P', O(1)))V @ /\Z‘Siﬂ*]\fi(—fi +1). In particular,

(Zew] = a(mNi(=fi + 1)) = 2e1(mNi(=f;) =

as desired.
By Lemma 3.1 of [CL24], we know that A'(X;) is freely generated by ¢ (mNi(—f))|s.

By excision, it follows that A'(Xz) is generated by lifts of ¢1(m.Ni(—f;))|s. from Xz to Xz

and the classes of these codimension one strata The ag) classes certainly lift ¢; (mN;(—fi)),

and we just saw that when € exists, then b2 is exactly the class of that stratum. Thus it
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o

lGL,«_ 1-bundle

UY <o V =, Hom(E,O(D))

e

lvector bundle

2
é/) = Ué‘//zé‘/ Eé’// —o— B'I’,d

Figure 3.1: Building Ext'(O(D), O(—M)® 1) from B, 4

remains to show that there are no relations between the bgi)’s. Consider the map B, o — pE
induced by the vector bundle N'(f;) & ®;.40(f;”), where N is the universal vector bundle
on By, o x P1. Under this map, the classes agj ), bgj ) all pull back to zero for 5 # i, and agi), bgi)
pull back to the classes ay, a} as defined in [Lar23], which are free generators of the (rational)
Picard group of B, o. In particular, if there were any relation Z?Zl(cjbéj) + djagj)) =0 in
A'(X5), then it must be the case that ¢;ab + d;a; = 0 in the rational Chow ring of B, ¢ for
all 1 <14 </, but that implies that ¢; = d; = 0. So in fact there cannot be any relations and
the agi) and bg)’s form a basis. O

Proof of Theorem 3.1.4

Let e’ = ((—M)™!, D), such that D — (r — 1)M = d, and D is large enough so that e’ < €.
Let £ be the universal bundle on B, 4 x P'. We will also use £ to denote the pullback of
the universal bundle on B, ; x P! to various spaces U x P! when there is an obvious map
U — B,4. When there is an obvious map U — 3z, we also omit the pullback from our
notation, writing agi), béi) to denote the pullbacks of the universal classes on Xz We will
write Uy = H'End(O(€")) = Ext'(O(D), O(—~M)® ). Let us recall from Section 2.2 how
to construct the affine space Uz from B, 4:

1. First we restrict to the open Ué(.?) in B, 4 where & splits as €’ > €’

2. Over this open, we form the pushforward V = m,Hom(E,O(D)), which is a vector
bundle.

3. We excise the locus where the corresponding map ¢ : O(e”) — O(D) is not surjective,
ar%d) the locus where the kernel is not perfectly balanced, and obtain an open locus
Uty

4. On Ué,l) x P!, there is a universal surjection & — O(D) so that fiberwise the kernel

is perfectly balanced. Let K = ker(€ — O(D)). The last step now is to form the

principal GL,_;-bundle Uz = éf)) = Isom(O(—M)""!, K) which frames K.
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After base change from U, 69) to Xo = U, F<z> p, we note that this construction is also a
recipe for building ¥¢ from .

Luckily, this construction is pretty amenable to tracking how A!(Xz) compares to A'(Z;).
Forming a vector bundle does not affect Chow, and as far as A® is concerned, forming a G'L-
bundle amounts to setting c¢; of the corresponding vector bundle to zero. We have also excised
two closed loci in this process, and we must take note of whether they contain codimension
one components, and if so, we must remember to excise them in the class group computation.
The rest of this subsection will follow this recipe to prove Theorem 3.1.4.

Let Zys denote the closed locus in V' = m,Hom(E,O(D)) of those maps O(f) — O(D)
which are not surjective. We label the relevant maps as follows:

V x P 2 3 x P!

L

Y

Lemma 3.3.3. The closed locus Z, is irreducible of codimension r — 1. In particular, Z
is of codimension 1 if and only if » = 2. In that case,

—(fi + M) = (fo+ M)AD i E= (fi, fo), 1 < fo;

[Zs] = m.ca(Hom(E,O(D))) = {_(f+ M)ay + by if €= (f, f).

Note that in the latter case, since m = 1, we use a1, by as a shorthand for agl), bgl).
Proof. Let Z' be the locus of points in V' x P! where the universal map & — O(D) is zero.
By our choice of D, the evaluation map

ev: 'V =r'm.Hom(E,O(D)) — Hom(E,O(D))

is surjective, and Z’ is in fact the total space of the vector bundle W = ker(ev) on 3 x P!,
In particular Z’ must be irreducible of codimension r = rk Hom(E, O(D)) in V x P'. A map
O( f) — O(D) is not surjective if it is zero at some point of P'. Therefore, the nonsurjective
locus Z,s C V is the image of Z' in V. Since a generic nonsurjective map O( ﬁ — O(D)
drops rank at exactly one point, [Z,s]| = m.c,.(Hom(E, O(D))). As this class has codimension
r — 1, it has codimension 1 if and only if r = 2.

Now suppose that ¢ = (f1, f2) where f; < fo. Then Zz = 3z and we have the short exact
sequence over Zg

0—=MNy, = E— N, — 0.
Note that in this case, D = f; + fo + M. By Lemma 3.3.1,

wea(Hom(€,0(D))) = w (/WY (f1)) + (D = f)2)(er (N3 (f2)) + (D — f2)2))
=7 (=m*a) + (fo + M)z)(—*a + (f1 + M)2))
= —(f1+ M)ay” = (fo + M)a?.
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Lastly, suppose that € = (f, f). Then m =1, & =N;, M = D — 2f, and we get

ea(Hom(€.0(D))) = 7. (ex( (1)) + er(E“(1)(D - 1)2)
=7, ((m"ag + 7*b1.2) — 7a1.(f + M)z))
—(f—I—M)a1+b1.
[

Let Zypa denote the closed locus in m,Hom(E,O(D)) \ Zys of those surjective maps
( ) — O(D) whose kernel is not isomorphic to O(—M)®" =1 Note that Zyp, is empty if
=2.

Lemma 3.3.4. Suppose that r > 3. Then Z,. is of pure codimension 1 and

Z . .
[Zuat] = D_((—fi = M)a” + b)) € ALV \ Zy),
i=1
Proof. Since we are always working with a finite type stack, there exists S sufficiently large
such that KC(S) is globally generated. The Strgmme sequence [Str87, Proposition 1.1] tells
us that
0— 7" (mJC(S —1))(—1) = 7*mL(S) = K(S) =0
Twisting this down by O(—S + M — 1) and pushing forward, we see that
(S —1)@ H'Op (=S + M —2) = 1 K(S) @ H' Op1 (=S + M —1) = R'7 (M —1) — 0

is exact. The locus where K is not perfectly balanced is precisely the support of R, (M —
1).

In the resolution above of R'7 (M — 1) by a map of vector bundles, the two vector
bundles involved both have rank (r—1)(S—M)(S—M+1). So the support of R'm JC(M—1) is
cut out by the section of a line bundle. Since it is possible for IC to split as perfectly balanced,
this section cannot be zero, and since we are working with an integral stack, this shows that
Zupal 1 of pure codimension one. The class of Zy, is just (S — M)y (m /(S)) — (S — M +
Dey(mC(S —1)).

Now, recall that on (V' \ Z,) x P!,

0—-K—&—0O(D)—0,

and as such we have ¢ (m.K(S)) = ¢1(mE(9)) and ¢;(m /(S — 1)) = 1 (m.E(S — 1)). By
Lemma 3.3.1,

[Zubal] = (S — M)Cl(ﬂ'*lC(S)) - (S - M+ 1)01(7T*IC(S — 1))
=(S—M)ey(mE(S)) — (S — M + 1)y (mE(S — 1))

I
M-

s
Il
—

((§ = M)er(mNi(S)) = (S = M + D)er(mNi(S = 1))

I
M-

@
Il
i

((S=M)((fi + S +1al” = b§) = (S = M+ 1)((fi + S)ai” = b))

(—fi = M)ay” + ).

I
M-

@
I
—_
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Lemma 3.3.5. 7, is irreducible.

Proof. We have already shown that Z,, is of pure codimension 1. We can stratify V \
Zys by the splitting type @ of K and the splitting type f of £. Each of these strata is
isomorphic to [Uy 7/ Aut(O(a)) x Aut(O(f))], where U; 7 C Hom(O(a), O(f)) is the locus
of maps with locally free cokernel. Note that each stratum is irreducible. Note also that
7, Hom(O(€™), O(D)) is irreducible of codimension 1 in V, and over this space the kernel
is generically balanced. So when @ is not balanced and f = ¢ for some i, the stratum
associated to @ and f must be of codimension at least 2 in V. In particular, it suffices
to restrict our attention to the case where f = €, and check that the only unbalanced a
such that [Uzz/ Aut(O(@)) x Aut(O(€))] achieves codimension 1 in V' \ Zysis d = (=M —
1,—M,....,—M,—M+1).

Note that in order for (=M,...,—M,D) < (ey,...,e.), we must have that D > e, +

"5(ei —e1). Soif Uzz # 0, then degd@ < (r — 1)e;. In the special case where € itself is

(fi*, f2), we must have that D > f,. So if Uz # () in this case, then degd < (r — 1)e;.

We have

dim[Uy z/ Aut(O(a@)) x Aut(O(€))] = hom(O(a), O(€)) — h°End(O(a@)) — h°End(O(€)),
and the dimension of V'\ Z is precisely
X(Hom(O(a), 0(8))) — x(End(O(a))) — h°End(O(¢)).

So the codimension of [Uzz/ Aut(O(a))] is u(@) — h'Hom(O(a), O(€)).

As explained by Hong and Larson in [Hon23, Theorem A.1.1], in order for there to exist
an injective map O(a) — O(€) with locally free cokernel, we could have the following two
scenarios:

1. a;<ejforl1<i<r—1;or
2. there exists some 1 < m < r such that a; = e, for k > m, and a; < ¢ for k < m.
In the first case,
r—1i-1
u(@) — h'Hom(0(a@), 0(€)) = 3 3~ (h'Hom(O(a;), O(ay)) — B Hom(O(a), O(e;)))
i=1j=1
where each term

0ij = h'Hom(O(a,), O(a;)) — h*Hom(O(ay), O(ey))

is nonnegative because a; < e;. If all §;; < 1 and ¢;; = 1 exactly once, then whenever
a; > a; + 3, we have e; —a; <1 and e; = a; + 1 exactly once. Moreover, when e; = a; + 1,
there can be at most one ¢ with a;, —a; > 2.

Now suppose that a,_; — a; > 3. Then we must have that e; —a; < 1. We cannot have
a; = ey, because then degd > (r — 1)e; + 3 would be too large. If a; = e; — 1, as we said
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before then it must be the case that a; — a; < 1 for ¢+ < r — 1. But then a,_; — aq; > 2 for
1 < i <r—1, which implies that e; = a; for 1 < i < r —1 (we've used up our one chance to
have e; = a; + 1). This is now again impossible because degad is now too large.

Now suppose that a,_; —a; = 2. Then again because degd < (r — 1)e;, we need that
e1 —ap > 1. But this implies that a; —a; < 1 for 1 < i < r — 1. Thus up to a shift, a@
is of the form ((—1)*,0% 1), where k > 0,5 > 0, k+s =r — 1, and e; > 0. In particular,
h*Hom(O(a), O(€)) = 0. So u(@) = 1, which implies that £ = 1 and up to a shift, we have
a = (—1,0"72,1), which is the expected splitting type.

Lastly, we will show that in the second case, the stratum [Uzz/ Aut(O(d)) x Aut(O(€))]
cannot be of codimension 1. Let us write € = (€_,€.),d = (d_, €} ), where €, = (€11, €mi2, -, 6r) =
(@, ... ,a,—1). Note that €_ has length m whereas @_ has length m — 1.

u(@) — h'Hom(0O(a@), O(€))
= (u(@-) — h'Hom(0(a_), 0(¢-)) + (ext'(O(¢}), O(d-)) — ext' (O(€4), O(¢.)))

The first part is nonnegative for the same reason as in the first case. The second part can
be computed directly as follows:

ext' (O(€}), 0(a-)) — ext'(O(€;), O(€-))
= — x(Hom(O(&}),0(a-))) + x(Hom(O(e,), O(e-)))
= —((r—=m)(m—1)4+(r—m)degd_ — (m —1)deg(€y)) + ((r —m)m + (r —m)degé_ — mdeg(€,))
— (7" — m)(l + D) — degé}.
But since 1+ D > e,, the quantity (r —m)(1+ D) — deg € must be positive and it equals 1

if and only if m = r—1 and e, = D. But this is only possible if —M =e; =ey =--- =¢,_1,
which just means that €’ = €, which is a contradiction. m

If we let o = 3¢, (—(fz + M)agi) + bg)), then we see that
(Zns)  ifr =2,
o] =
[Zubal] lf T 2 3

As a result of the previous lemmas, a; is the only class that gets excised prior to the last
step of framing the kernel bundle.
Next, by framing the universal kernel K, we introduce another relation ay in Al

Lemma 3.3.6. We have that
Z — ANUSY — ANUDY — 0,

where the first map sends 1 to

0y = i (m(K(M))) = 3 ((fi + M + Daf” —85)) .

=1
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Proof. Recall that forming Isom(IC, O(—M)®" 1)) is the same as first taking 7, Hom(/C, O(—
and then taking the open corresponding to isomorphisms. At this stage of the construction,
K is fiberwise isomorphic to O(—M)®C=Y so K = 7*(m.(M))(—=M). The closed locus
which one excises is cut out by the determinant, which can be understood as a section of
ATTICY @ ATTEO(= MDD = 1 AT (m, (M) Y, so the locus in 7, Hom(KC, O(—M)®(—1)
corresponding to maps which are not isomorphisms has class —¢; (m,/(M)). As in our com-
putation for [Z,pa], we find that

=1
Z . .
=3 ((fi+ M +1)a” =) .

The Class of the Canonical Module

We give a compact description of the normal bundle for the smooth closed substack Zz in
B 4= Bra\Uj_ juz0 2 using filtered Ext and relative analogs. We refer to [I1I71, Section
V.2.2.2] for more details on the functors R Homy(—, —), RHomy(—, —).

Proposition 3.3.7. The normal bundle of Z; in By ; = B4\ Uj_; o0 X is R'mEnd (£),
which is filtered with associated graded isomorphic to ;<< R'm Hom(N;, Nj). In par-
ticular, for all smooth maps U — By, there is an exact sequence

0= Tzoxp v — To — R'mEnd (E) = 0,
r,d
where 7_) denotes the tangent bundle of the specified space.

Proof. Let p : £z — 3z be the resolution of singularities recalled at the beginning of Section
3.3. Thus, the first map in

0—>7‘Z€—>7Iggd

— 0
r,d

can be naturally identified with the natural map 75— p*Tpe , restricted to p YZs Let
us consider this situation after the base change along a srnooth map B — B, 4, where B
is a scheme. Let € be the vector bundle on B x P! inducing the map B — B, 4, and let
Zz C U C B be the base change of the stacks Zz C By ; C B, 4. We would like to show that
the normal bundle of Zz in U is R'm,End, &, where Endy(E) is taken with respect to the
filtration on € induced by 3.

Recall that the Kodaira-Spencer map Tz — R'm,End(E) exists globally. Since B — B, 4
is smooth, this map is surjective. Moreover, the natural surjection End(E) — End,(€)
induces a surjection R'm.End(E) — R'm.End,(E). The composition of these two surjections
gives rise to a surjective map Tp — R'm.End, €. We claim that the composition

0— Tz, — Tolz. = R'm.End € — 0 (3.4)

‘]\4)69&71))7
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is exact in the middle.

This follows from Proposition 1.5 in [DL85]. The content of their proposition is the
following. Suppose that £ is a vector bundle on B x X where X is a curve and the Kodaira-
Spencer map T, B — Ext} (&, &) is surjective for all b € B. Then whenever we form a flag
Quot construction associated to such &, then there is in general an exact sequence

0 — Ext% (&, &) — T FQuot(£) — T,B =5 Extl (&, &) — 0, (3.5)

where t € FQuot(€) is a point mapping to b € B, corresponding to the data of a filtration
on &. The Exti(é’b, &y)’s in the sequence are taken with respect to the filtration given by ¢,
and w, is the composition of the Kodaira-Spencer map T, B — Ext'(&,, &) and the natural
map Eth(gb, gb) — EXt}'_(gb, gb)

Applied to our situation, we can take the flag Quot construction which corresponds to
base-changing 3z to B, which is an isomorphism over Zz. We know that we must have
Exti(é'b, &) = 0 for all b € Zz since f)g — Xz is an isomorphism over Zg. This fact can be
seen independently by using a spectral sequence to compute Ext‘i. The associated graded
pieces arising from the filtration on £ are just the A;’s, which are vector bundles. This
implies that over Zz, RHom(E,€) = Hom(&E,€). Since RHom, = RI' o RHom ([11I71]
V.2.2.10), this shows that (R'm.End,E)y, = H (P, End (&, &)) = Ext! (&, &). Thus the
exactness of (3.5) shows that the base change of (3.4) to any closed point b € B is exact in
the middle.

Lastly, since End (£) is filtered with associated graded isomorphic to @1 <;<i</Hom(N;, Nj),
and since m, Hom(N;, N;) = 0 for all 1 < j < i < ¢, the conormal bundle R'm.End. (£) is
filtered with associated graded isomorphic to ®1<j<i</R'mHom(N;, N;), as claimed. O

Even though X5 is not smooth in general, if we only care about the class of the canonical
module, we may excise codimension > 2 closed strata and work over a smooth open, where
we have an explicit understanding of the normal bundle as given by the proposition above.

Theorem 3.3.8. Let X be a scheme, and let £ be a rank r, fiberwise degree d vector
bundle on X x P! inducing a smooth map X — B, 4 (so that X is necessarily smooth).
Let € = (fi%,...,f;"), where f; < .-+ < f;, and let ¥z(X) denote the splitting locus
corresponding to € in X. Write 6; = >>;;5; — 305, 5;. Then

[Wig(X)] = [WX|§5(X)] + Z ((degé— rfi+ 5¢)a§i) +(r— Si)bg)) :

1<i<e

Proof. Let X° = X \ U (i)Ef and let Z; = Z; Xpo, X°. Using Proposition 3.3.7, we

f<é f#e
find that
lws,] = [wz.]
= —C (7-Z€)
= —c1(Txolz.) + & (NzchO)

slt > a®mHom(N;,N))).

1<j<i<e

= [WX
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We claim that when 1 < 5 < i </,
er(R'mHom(NG, ) = (fi = f; = D(siaf” — s;ai”) + sib§” + 5,05,

which would yield the desired result.

First, we can consider the class of this vector bundle after we excise Yzu. Then N; is
perfectly balanced, and we have N; = 7*M;(f;), where we define M; = m . N;(—f;).
Now,

R'm,Hom(N;, N;) = R Hom(m* M,(f), Nj)
= M} @ R'm.N;(—f).

By Lemma 3.3.1, we have ¢ (R'mN;(—fi)) = —(f; — fi + Dal? + 6, and ¢;(MY) = —al?.
So if we excise Xz, then we see that modulo bgL),

aR'mHom(Ni, NG) = siel(RU NG (—£:)) + s;(fi = fi — 1)01(/\4\-/)
= —si(fy = fi+ Dat = s;(fi = f; = Dt + 505
= (fi = f; = Vs’ = sja”) + 505
Similarly, if we excise ¥z¢), then

R'm.Hom(N;, Nj) = M; @ Rim (N (f;)) = M; @ m(Ni(—f; — 2))".

Again by Lemma 3.3.1, ¢1(M;) = af and ¢ (m, (Ni(—f; — 2)Y) = —(f; — f; — D)a’? + 7.
So modulo b5,

R mHom(NLNG) = (fi = fi = D(siat” = sjat”) + 5,05,

Since béi) and bg ) are part of a free basis, the two calculations above together shows the
desired formula. |

Proof of Theorem 3.1.2
By Theorem 3.3.8, the class of the canonical module for ¥z C H'End(O(e”)) is

[wig] = Z ((degé’— rfi + 5i)a§i) +(r— Si)bg)) '

1<i<e

Recall also that the two classes that generate the kernel of A}(Xz) — A(X;) are

l

o = Z( (fz‘*’M)alZ) b(l)

ap = é((fz—i‘M—Fl) =)

=1
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For convenience, given two vectors p, ¢ both of length ¢, we use the notation (p'| ¢) to denote
the element Zle(piagz) + qibg)). The subgroup generated by aq, as is free of rank 2, which

we think of in terms of the following basis:
e o
(1210) =>"ay”,
i=1

( . .
(F1 =15 = > (fial” = b} .

i=1

We can rewrite the formula for [wg | from Theorem 3.3.8 in terms of this basis:
[ws,] = degé(1a | 0) = r(f | —1p) + (5| =5),

where 0 = (6y,...,8,) and §= (s1,...,5,). So [ws_] is zero or N-torsion if and only if (0| —3)
is zero or N-torsion. We now explain exactly when the canonical class is trivial or torsion.

Let g = (51, . ,5(). Let A(g) = ((52 — (51, . ,5( — (Sg_l) = (81 + S9,...,80—1 + Sg), and
similarly let A(f) = (fo—f1,..., fo— fo—1). Let €@ ... &%) be those splitting types which
are codimension one in X;.

First suppose there is at least one such codimension one splitting type. Then by observing
the generators, we see that if N (6 | —5) € span(ay, o) for some N > 1, then we must have
that s;, = s;, = -+ = s;, = s for some s > 2, and there exist some A, B such that

(N&'| =Nslp) = (N§ | =N&) = A(1z | 0) + B(f | —13),
But then we are forced to take B = Ns. Looking only at the d part of the basis, we see that

N§ = A-1;+ Nsf.

— — -

Equivalently, NA(3) = NsA(f). But if this is true, then we also have that A(8) = sA(f).

Let i € {iy,...,ix} so that s; = s. Then since s;_1 + s; = A(g)i,l is divisible by s, s;_4
must also be divisble by s. Similarly, since s; + s;41 = A((f)Z is divisible by s, s;;1 must be
divisible by s. Hence we can write s; = k;s for each 1 < ¢ < ¢, where k; > 0. The condition
tells us that fii1 — fi = A(f)Z = %A(g), = k; + ki1 > 2. Moreover, s; = k;s > s > 2. So
actually every 1 < ¢ < ¢ contributes a codimension 1 class. It follows that s; = s for all
1<i¢</{ and fi.1 — fi=2forall 1 <i < /¢. In sum, we have shown that if there exists
a codimension one splitting type € and Xz is N-Gorenstein, then € is a block arithmetic
progression of difference 2 and X is actually Gorenstein.

Now suppose that there are no codimension 1 splitting loci in 3z In this case, 3¢ is

N-Gorenstein if and only if NA(S) = BA(f) for some B > 1. For each 1 < i </, there are
two possibilities:
1. fim=fi+1lor fi_1 = fi—1, and s; can be anything;

2. fiz fimn+2and f; < fiy1 —2,and s; = 1.
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When only the first possibility occurs, we claim that in fact for every 1 <i < ¢, f;11 =
fi + 1. This is trivial if £ < 3, so let us assume that ¢ > 4. Suppose towards the contrary
that f;o1 — f; > 2 for some ¢, which can only happen for 2 < ¢ < ¢ — 2. Then we must

— —

have f;_1 = fi — 1 and fi.2 = fix1 + 1. So the relevant entries of A(f) and A(d) are

=

(...l fiyn — fi,1,...) and (..., 81 + S, Si + Sit1, Sit1 + Sit2,...). Since A(JF) and A(0)
are proportional, we must have

Si—1 + 8i = Sit1 T Siy2
S + i1 = (fir1 — fi)(si1 + 54).

In particular,
2(8i + 8iv1) = (firr — fi)(8im1 + 8i + Sip1 + Sig2),

—

which is impossible. Thus we conclude that A(f) = (1,1,...,1), and there exist N, B such

- — - —

that NA(6) = BA(f) if and only if there exists B > 1 such that A(6) = BA(f). The latter
condition is saying that s;_; +s; = s; + 5,41 for all 1 < ¢ < ¢. This is exactly the case
where € is contiguous. In sum, if a splitting type € is N-Gorenstein, does not dominate any
splitting type of codimension 1, and only possibility (1) occurs, then 3z is contiguous and
it is Gorenstein.

If only the second possibility occurs, we have A(g) =(2,2,...,2). So in this case if 3z
is N-Gorenstein for any N > 1, then € is an arithmetic progression. If ¢ is an arithmetic
progression with difference ¢, then ¥z is Gorenstein if and only if t = 0,1,2. When ¢ > 2, if
t = 2t', then the smallest NV such that ¥z is N-Gorenstein is N = ¢'. If ¢ is odd, then the
smallest N such that Xz is N-Gorenstein is ¢.

Lastly, we claim that the two possibilities cannot both occur for an N-Gorenstein splitting
type € with no codimension 1 strata. It suffices to show that it is not possible to have 7, j
such that |i — j| = 1, (1) occurs at ¢ and (2) occurs at j. We make the argument for

j =1 — 1, as the other case is entirely analogous. In this case, €= (..., fi_1, fi, firt',--.),

— —

where fi+1 = fl + 1. But then A(f%,l = fl — fifl > 1 = A(f)z This 1mphes that

=

1+s; = A(g)i—l > A(6); = s; + si11, which is not possible.
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Chapter 4

The Singular Locus

4.1 Statement of Results

In this chapter, we will prove a characterization of the singular locus of 3z and compute
the codimension of the tangent space of Xz at each Xz . First we explain what these words
mean for algebraic stacks.

Definition 4.1.1. Let X be an algebraic stack locally of finite type over a field, with U — X
a smooth cover by a scheme. Let R = U Xxx U. Since U is locally of finite type over a
field, the regular locus is open [Stacks, Lemma 07R5]. We define Reg(U) to be the regular
locus of U, and Sing(U) to be the complement of Reg(U) with the reduced closed subscheme
structure. Since pry, pr, : R — U are smooth, pry *(Sing(U)) = pry ' (Sing(U)) = Sing(R). In
particular, Sing(U) is an R-invariant closed subscheme of U, and defines a closed substack of
X by [Stacks, Lemma 0505, Definition 044F]. Similarly, if (4, m) — (B,n) is a smooth local
homomorphism of Noetherian local rings, then A is regular if and only if B is regular. This
shows that Reg(U) is also an R-invariant open subscheme of U, defining an open substack
Reg(X) C X.

Using the same algebraic fact above, one can show that this definition of Reg(X) and
Sing(X) is independent of the choice of U. Since reducedness is a smooth-local property,
Sing(X) is by construction reduced.

Recall that a lower set of a partially ordered set is one which is closed under taking <.

Lemma 4.1.2. Reduced closed substacks of 3z are all of the form Jz¢; 3z for a lower set
I of the poset of splitting types so that €’ € I implies ¢’ < €.

Proof. By [Stacks, Lemma 0509], reduced closed substacks of an algebraic stack X are in
one-to-one correspondence with closed subsets of |X]. In the case of X = X5, |X4] is the
poset {€’ : & < ¢}. It follows from the definition of the topology on |X| [Stacks, 04XG,
04XL] and the properties of the complete families H'End(O(e”)) that the closed subsets of
|3| are exactly the lower sets I C |3;|. The unique reduced closed substack Z of Xz such
that |Z| = I is precisely Ug¢; Xz with the reduced closed substack structure. O]

In particular, in the universal setting, the singular locus of X5 is a union of Xz’s, which
warrants the following definition.
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Definition 4.1.3. We say that ¢’ is in the singular locus of €, denoted €’ € Sing(€) if Xz is
contained in the singular locus of Xz, and similarly we write ¢’ € Reg(¢€) if Xz is contained
in the regular locus of Xg.

Remark 4.1.4. A different, but also natural, closed substack structure on Sing(3z) would
be to use the Fitting ideal scheme structure on the sheaf of differentials, such as explained in
[Stacks, Section 0C3H]. These two scheme structures differ in general, as can already be seen
in the case of determinantal varieties. In this chapter, we choose to focus on the reduced
closed substack structure.

Next we explain what we mean by the codimension of the tangent space of Xz at Xz.

Lemma 4.1.5. Let (B,€) be a complete family, and let b € ¥z (B) be any closed point.

Then the quantity dim B — dim 7,>#(B) only depends on € and ¢&”.

Proof. In the case where B = H'End(O(e")), Xz (B) is just the closed point at the origin,
and we can compute the quantity dim B — dim T;,3z(B) = u(¢’) — dim Ty X,

We note that by the exact sequence of sheaves of differentials associated to a smooth
morphism, if f: (R,m) — (S, n) is a smooth local homomorphism of Noetherian local rings,
then dimg/, n/n* — dimp/m m/m? = dim S — dim R. Now consider the fiber product

F =B xg ,H'End(O(€")) —— H'End(O(e"))

| |

B Br,d

Note that all spaces and morphisms in this diagram are smooth. Let b € B be any closed
point in ¥z (B). Since H'End(O(€")) — B4 surjects onto Urser £ upon base change,
F surjects onto Up,z X f(B) as well. So we can always choose some closed point I/ € F
mapping to b € Yz(B). Under the map F — H'End(O(e")), V' € F necessarily maps to
0 € H'End(O(e€")). Now the algebraic argument above shows that

dim B — dim T, X#(B) = dim F' — dim Ty Xx(F) = u(€’') — dim Ty e
as desired. ]

Definition 4.1.6. Let T'(¢,¢") be the quantity dim B — dim 7;,>z(B), whenever (B, €) is a
complete family and b € ¥z(B) is any closed point.

Note that T'(€,€") < u(€), and achieves equality if and only if &’ € Reg(€). For the rest
of this section, we shall state our results characterizing Sing(¢) and 7T'(€,e’) for arbitrary
¢ <eé.

Definition 4.1.7. For 1 < s < r, the gap (s,s+1) is a cut for the pair ¢’ < €'if e} +---+¢€,, =

e1 + - +esand e; < egq1. A cut is admissible if in addition, we have e < e, ;. We also
view the positions (0,1) and (r,r + 1) as admissible cuts.

Theorem 4.1.8. Let ¢’ < é. Then €’ € Reg(€) if and only if there exist admissible cuts for
the pair such that each block of € between two adjacent cuts is balanced.
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In other words, €’ lies in the regular locus of € if and only if € can be obtained by cutting
¢’ into blocks such that e < e}, at each gap, and balancing each block of the partition. A
special case of this theorem was obtained in [Cop25, Proposition 7].

Definition 4.1.9. Let ¢’ < € Then we say that the pair (¢’,€) is nice if there exists a
collection of inadmissible cuts for the pair so that € is balanced between two adjacent cuts.

~ Nice pairs (€,¢e") are an important base case where our understanding of the geometry of
3.z along Xz is quite explicit. The following description of T'(€)€”) may be viewed as a flow
chart for computing 7'(¢€, €”). One of the exit states for this flow chart is the case of a nice
pair (€,¢").

Theorem 4.1.10. If (€} ¢”) share a nontrivial admissible cut, then we can partition (€, ¢é”)
simultaneously according to the cut, so that €= (¢}, ¢,), and €’ = (¢, ¢,). Then

T(€,8") = T(&, &) + TG, &) + ext! (&), &)

If (€, €") do not share any nontrivial cuts, then T'(¢,e’) = 0.

If (¢, €”) share only inadmissible cuts, then we can write € = (G, ...,¢1), €’ = (¢l,,...,¢1),

¢
where the blocks witness all the inadmissible cuts for the pair (e, ée"). Then if f = (5m, by),
where b; is the result of balancing &, then T(¢,&") = T(f, &").

If (€,€") is a nice pair, then using the inadmissible cuts exhibiting (€, €”) as a nice pair,

we can write € = (G, Cp—1,- .., C1), and

s/ — —
e =(c,,...,C1)
o 7 Pm—1 Pm—2 lin—2 P2 lo 7 P1 01 7
- (bmu(]m 1 7gm 17bm L9m—239m—25---,92" 5,92 7b27.(]1 » J1 7b1)'

where the change in color signifies a cut in between. Note that each cl is balanced, g; € Z,
pi, L > 0, and len(¢;) = len(&)) = len(by) + ¢4, len(é) = len(¢y) = len(by) + £o + p1, etc. Let
T(,&) = u(e’) — Y h'End(O(g}', bi, g;7'))

i=1
To see that Theorem 4.1.10 implies Theorem 4.1.8, it suffices to check that in the case
of nice pairs, T'(€,€") < u(€). This is actually a somewhat nontrivial computation, which
we do at the end of Section 4.4. In Remark 4.4.8, we explain how to adapt our proof of
Theorem 4.1.10 to obtain Theorem 4.1.8 in all characteristics.
We give a few small examples of our theorems above.

Example 4.1.11. 1. If €,€" are of rank 2 and € is not balanced, then €’ < € is always in
the singular locus for € and T'(e”,€) = 0.

2. The splitting type ¢’ = (—2,0,0,2) is in the singular locus of &€= (—1,—1,1,1). Note
that (€, €’) is a nice pair, and using Theorem 4.1.10, we compute that T'(€,e’) =
7—4 = 3. On the other hand, the codimension of Xz is u(€) = 4. So the tangent space
dimension of Xz at €’ is one larger than the dimension of Xz.
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3. The splitting type ¢’ = (—1,—1,0,0, 0, 2) is in the regular locus of € = (—1,—1,0,0,1,1).
One would take the cut (2,3) to satisfy the conditions of Theorem 4.1.8. Since €’ is
in the regular locus of €, we have T'(€,¢e") = u(€) = 4. We can also compute the same
number using the algorithm of Theorem 4.1.10. Since ¢, ¢; are both balanced, we have
that T'(€,¢") = ext!(c),c)) = 4.

Lastly, in Section 4.5, we give a description of the normal cone of Xz in fe?? when (€, ")
2—’/

is a nice pair. To be more precise about what we mean, let B=; = U Foer b)) 7 be the open

T,
substack of B, 4 which Uz surjects onto. For any € > é&’, denote f?gl =3:N Bffl.

Since Bff;/ and Xz are both smooth, it makes sense to talk about the normal bundle
of ¥z in Brzjl. Let Nz be the normal bundle of ¥z in Brzjl. We abuse notation and
also use Nz to denote the total space of this normal bundle. Now let Ngg denote the

normal cone associated to the closed embedding ¥z C f?e,. As in the case of schemes,
Ng e admits a natural closed embedding into Ng/. In Proposition 4.2.2, we show that Ng»
is the Aut(O(é”))-representation H'End(O(e”)), where Aut(O(e”)) acts on End(O(e")) by
conjugation, inducing an action on this cohomology group. In Section 4.5, we describe the
normal cone Nzz as a closed substack of Ng» = [H'End(O(€”))/ Aut(O(€”))] by describing
the closed subscheme of H'E€nd(O(e”)) which descends to Nz

4.2 Successive extension spaces, revisited

We clarify the isomorphism ¥z = B Aut(O(¢)) and compute the normal bundle for ¥z —
Brzj. Let Nzz be the normal cone for the closed embedding {0} — Xz in H'End(O(€")).
We shall also illucidate the relationship between Ngg and Nggr.

Proposition 4.2.1. Let X be the locally closed substack of Xz C B, 4, defined by Fitting
ideal conditions. In other words, let 3z be the algebraic stack representing the following
functor:

A vector bundle £ of rank r and fiberwise degree d
(T — Speck) — ¢ on T x P! such that R'7.E(m) is a vector bundle of 3,
rank h'O(€)(m) for all m € Z

where 7 : T' X P! — T. Then 3; = B Aut(O(¢€)).

Proof. We can think of the functor of points for B Aut(O(€)) as

A vector bundle £ of rank r and fiberwise degree d
(T — Speck) — ¢ on T x P! such that there exists an étale cover {U;} of T,
so that &y, = O(€)y,

k3

The argument in [Lar21b, Lemma 4.3] for T' = Spec k[¢] generalizes verbatim to arbitrary T
to show that these two functors are equivalent. O

Note that in fact this argument shows that £ can be Zariski-locally trivialized.
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Proposition 4.2.2. The normal bundle N¢ of ¥; in Brzj is the Aut(O(€))-representation
H'End(O(€)), where Aut(O(€)) acts via conjugation on End(O(€)), inducing an action on
H'énd(O(€)).

Proof. Suppose that T" — ij is smooth and surjective. First note that by Proposition 3.3.7,
the normal bundle for ¥z = 3z in T is R'm,End(E), where € is the family of vector bundles
on Yz x P! inducing the composite X — T — Bfg. By descent, this description of the
normal bundle is also true in the universal setting, i.e., on Xz the normal bundle Nz can be
written as R'm,.End(Eumiv). When pulled back from Xz to Spec k, the universal Aut(O(€))-
torsor over Xz, this vector bundle becomes the vector space H'End(O(€)) by cohomology
and base change. It remains to check that the action of Aut(O(€)) on H'End(O(€)) which
makes it descend to R'm,End(Euniyv) is precisely the one claimed above.

To show this, let us consider an arbitrary T-point of BTZj again. Let o € Aut(O(€)), let
q:Yex Pt - Pl oms: Yo x Pl — 3 and let P = Isom(&, ¢*O(€)). We will often write
O(€)s to denote the pullback of O(¢) from P! to S x P, and if f : X — Y, then we will use
f: X xP' > Y xPL

P—" P —2 - Speck

Then a induces an automorphism 7, : P — P by post-composition. On P x P!, we have a
universal identification p : h*€ — O(€)p, so that when pulled back along 7,, this becomes
Yo' hE L O@)p 5 O(E)p. As such,the following diagram commutes:

WE ——— FhE

MIT l};{;*u

O@)p —2 O@)p

The isomorphism h*R'7z,End(E) = v:h* R'nz,End(E) can be identified as an automorphism
of R'rp,End(O(€)p). The latter is induced by the automorphism «, which acts by conju-
gation on End(O(€)p), as desired. O

We are interested in the normal cone Ngg as defined in Section 4.1, which is a closed
substack of Nz = [H'End(O(e”))/ Aut(O(e”))]. Since the map from Uz — Brzjl is smooth
and surjective, the normal bundle for Spec k — Ug is the base change of the normal bundle
Nz . Similarly, the normal cone for 3z C Ee?g/ admits a smooth surjection from the normal
cone Nzz of {0} in Xz C Uz. The following diagram illustrates this. Every square is a fiber
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product.
Uz +—— Speck +—— H'€nd(O(e€")) +—— Nzg

! J J

>e
rd e Nz Nee

In Section 4.5, we describe Nzz when (€, €”) is a nice pair. This description then descends
to a description of Ngg as a closed substack of Nev.

4.3 Section Matrices

Lemma 4.3.1. Every class £ € H'End(O(€)) can be uniquely identified as an r x r strictly
upper triangular matrix 7" = (7T};) with entries in k[t*!], where T}; = Z?:_eil L1 @t if

1<i<j<r.
Proof. Consider the Cech complex computing H’End(O(€)), namely
0 — Mat, (k[t]) © Mat,(k[t™']) — Mat,(k[t*']) — 0,

where ¢ is the local coordinate at [0 : 1] € P!. Let AL and A} denote the affine charts
P!\ {0} and P!\ {oco} respectively. Recall that the transition function for Op:i(r) from Al
to A} is given by multiplication by ¢". Therefore let

et
tes

ter

be the transition function from Al to A} for O(€). Then in terms of , the map in the Cech
complex above is given by
(@, V) = & — ala '

Examining this map, we find that only the strictly upper triangular entries do not all lie in
the image. Moreover, for i < j, the (i, j)-th of any element of the cokernel can be uniquely
represented by a linear combination of the monomials t¢+t ... ¢4~ O

Suppose that € = (e1,...,e.) = (fi',..., f;*). After choosing an isomorphism O(¢) =
O(e1) ®---® O(e,), where e; < --- < ¢,, we can identify

H'€nd(0O(€)) = DPr<icj<r Eth(O(ej)7 Ofei)).

Then each Ext'(O(e;), O(e;)) = H*Hom(O(e;), O(e;)) precisely corresponds to the (i, j)-th
entry of the strictly upper triangular matrix of Lemma 4.3.1. This description of classes in
H'End(O(€)) gives rise to a distinguished basis for this vector space, which gives us linear
coordinates for this affine space. Let H'End(O(€)) = Spec A, where

A=Fkla;js:1<i<j<re <s<e.
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Then there is a universal element of H*'End(O(€)) over this affine space, namely T = (T;;),
where T;; is only nonzero if ¢ < j, in which case

e;j—1

S
Ty= Y apst

s=e;+1

As explained in Section 3.2, the polynomial ring A is naturally Z‘ '-graded. If we let
§; € Z'~1 denote the vector which is 1 in the i-th entry and zero elsewhere, then the degree
of a; s is
deg Qi js = 0; + (51...1 + -+ 5j_1 € Ze_l.

Proposition 4.3.2. The universal bundle on H'End(O(€)) x P! is the one whose transition
function from H'End(O(€)) x Al to H'End(O(€)) x A} is given by o + T.

Proof. In general, if F, G are vector bundles on a scheme X, then the isomorphism H'Hom/(F,G) —
Ext'(F,G) can be described as follows. Take a collection of opens {U;} together with trivi-
alization Fy, = O, Gy, = Oy, Let Py, Q;; be the transition functions for G and F respec-
tively, and let M;; € Hom(Fy,,, Gy,,) represent a chosen class in H'Hom(F,G). Then the
corresponding class in Ext'(F, G) is given by the vector bundle € whose transition function
from U; to Uj is

v o

0 Qi)

Note that £ admits an inclusion from G and a quotient to F, forming an extension.

Now the desired claim follows from iterating this argument. For the base case where
¢ = 2, the vector bundle on Ext'(O(fs?), O(f;')) x P! arising from the universal extension
can be described using a transition function precisely in this manner. For the inductive step,
we consider the extension

0—>’Cg_1—>’Cg—>O( ;e)_>0

In Proposition 2.2.10, we argued that R'm,Hom(O(f;*), K1) is a vector bundle over the
affine space H'End(O(f;Y,..., f,7")). But as the latter is just affine space, this vec-
tor bundle must be trivial, and can be identified non-canonically with the fiber over 0 €
HENd(O(f7, ..., f,7")). This non-canonical identification precisely corresponds to filling
the top right block of the transition function for Iy with the same entries as in the case of

Kei 2O 9. O

Let £ be the universal vector bundle on H*'End(O(e”))xP'. We say that ¢ is a critical twist
for ¢’ if R'w.E(—F) is not a vector bundle, where 7 : H'End(O(e")) x P! — H'End(O(e")).
Let i be the largest index such that e; < ¢. Then there is a distinguished short exact sequence

0K —&—Q,—0,

where K, is the subbundle glued using the top left ¢ x ¢ block of the transition function for
&, and Qy is the quotient bundle glued using the bottom right (r — i) x (r — i) block. Note
that by construction, m,Qy(—¢) and R, KC;(—¢) are vector bundles of rank h°O(e”)(—¢) and
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h*O(e")(—{) respectively, and the long exact sequence for derived pushforward gives rise to
a resolution of R'7,.E(—/) by a map of vector bundles:

7. Qu(—0) = R'7JCo(—1) — R'm.E(—L) — 0.
After identifying m, Qu(—f) = A®" | R'm K, (—) = A®"" where hi = h'Q(&")(—(), the map

of vector bundles is simply a matrix with entries in A. [New97] calls these matrices section
matrices, and their Lemma 4.1.2 describes these section matrices in an inductive manner,
from which we extract the following proposition, which is a key ingredient of our proof.

We say that a homogeneous element f € A with respect to the Z‘~!-grading is curvilinear
if at least one of the terms of f is linear in the usual sense.

Proposition 4.3.3 ([New97, Lemma 4.1.2]). When ¢ is a critical twist, the A-module
R'7,E(—{) admits a resolution of the form

Ao Moy qoht _ Rlr £(—0) — 0,
where h' = h'O(e”)(—{), and M, is a matrix whose entries are all curvilinear forms in A. [

Remark 4.3.4. In fact, though we don’t need this result here, it is not so hard to read off
the linear part of the matrix M, from New’s lemma.

4.4 Proof of Theorem 4.1.8 and Theorem 4.1.10

We will proceed by analyzing the tangent space to Xz at the origin of H'End(O(e")).

Lemma 4.4.1. There is a natural surjection from the set of critical twists £ where h'O(e”)(—£) =
h*O(€)(—¢) to the set of cuts for (€,¢").

Proof. Suppose that ¢ is a critical twist such that h'O(e”)(—¢) = h'O(€)(—¢). We can write
¢ =(€e,....€e,, € 1,...,e.), where e/, < <el . There also exists a unique s such that
es <l <egy.

First note that it must be the case that s < m. Indeed, if s > m, on one hand by
dominance, es;1+---+e, < e, +---+el, but on the other hand it’s supposed to contribute
the same amount of h" as €], ,,,...,€e,, e, ... e after twisted down by ¢, which is not
possible.

Next we claim that ey +---+e, = €., +---+e.. We have < by dominance. (For this
computation, assume that £ = 0, so e;41 > 0 > e, and €],,; > 0 > e,,.) But at the same

time,
s oo € = W) = (=) = WO(E) = (r = m) = ey -+ e + (m = 5).
Since €], < 0, we also have
!/ / / /
e+t <e o te—(m—s) =€+ +e.

So in fact, if m > s, then e}, =¢ —1forall s+ 1 <k <m.
To see that this map is surjective, given a cut, then one critical twist that would satisfy
htO(E")(—0) = h'O(e)(—0) is L = e, 4 + 1. O
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First, suppose that there exists an admissible cut (s,s + 1) for (€,¢é”).

do induction. Let b = (l;l, 52) be the splitting type obtained by balancing (eq, ..., es) and
(€s41,---,€) respectively. Then the splitting locus X in H'End(O(€")) is the product

Then we can

Hléfnd((’)((el, €)X HEnd(O(e 4, ... €.)) (e.g. because Y is an irreducible smooth
subvariety of codimension equal to the codimension of this product). Moreover, Yz is pre-
cisely the product of the splitting loci for (ey, ..., es) and (541, .. ., €,.) in these two extension

spaces. This shows the first part of Theorem 4.1.10.
From now on we assume that there are no admissible cuts for (€, é”).

Proposition 4.4.2. If there are no nontrivial cuts for (€, €"), then T'(€,e") = 0.

Proof. As explained in Lemma 4.4.1, if there are no cuts, then there is no critical twist where
hr*O(E")(—F) = h*O(€)(—L). The latter is precisely when the rank condition requires us to
take 1 x 1 minors of the section matrix M, to cut out Xz So if there are no cuts, then all the
rank conditions are either trivial, or would require us to take minors of size 2 or more of the
section matrices. In particular, either € is balanced, or the ideal cutting out € is contained
in m?, where m is the maximal ideal for the multigraded polynomial ring whose spectrum is

H'End(O(E")). 0

Next, let us suppose that there are nontrivial cuts for (€, €”). Then € cannot be balanced.
By assumption, none of the cuts is admissible. We shall compute T'(€, €”) in this case, and
prove that €’ is always in the singular locus of .

After applying all the cuts for the pair, we can write € = (&, Gn_1,...,¢), and

—

—/ Pm—1 'm. 1 7 Pm—2

e = (bm?gnz 199m—15>9%m—1, 9m—2 7gm 27"'792 ag227b2 (11 791 7b1)
where g; € Z, len(@,) = len(by) + £1, len(é) = len(by) + € + py, ete. We have used colors
to highlight the location of the cuts. (If it helps, the letters ¢, p are chosen to signify left

and right.) We will also use & = (g%, b;, g7'7'), where py = £, = 0. We also know that

deg(c;) = lig; + deg(b ) + pic1Gi—1, pi.li > 0, and G jast < Ci—1,1. The reason we index in
reverse is because when we take the corresponding flag for O(€’), we have

F,:O(c) CO(é,c) C--- CO(e),
so that
gr, F. = Ei/Eifl = O(E;)

First, we claim that we may reduce to the case where ¢; is balanced for all i. For the
moment, let us write f = (bal(E,), ..., bal(Z))). Let p : Ny if C H'€nd(O(e")) be the
resolution of singularities parametrizing flags of numerical type specified by the blocks in
f=(bal(Gy),...,bal(¢)). On g X P!, we have a universal flag of subbundles

Fe:SiCSHC---CS, =€
Every splitting type present in H*'End(O(e")) is at least €’. As such, each gr; Fo = S;/S;_1

is a vector bundle of rank rk ¢; and fiberwise degree deg ¢;.
In fact more is true:
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Lemma 4.4.3. Let z = F, € f]f be a flag, where F, is the flag Sy C S, C --- C 5,, = &,.
Then

EXti_(gx, gz) = @ Eth(Si/Si—h Sj/Sj—l)a

1<i<j<m

EXti(gx, gw) = @ Eth(Si/Si_l, Si/Si—l)a

1<i<m
and the sequence

0 — Ext! (&, &) — Ext (&, &) — Ext! (&,,&,) — 0. (4.1)
is exact. Note that all filtered Ext’s are taken with respect to the flag Fj.

Proof. There are spectral sequences computing Extic(é'p,é'p). In general, given a coherent
sheaf £ with a filtration, let

B = @i Ext"(gr; £, gr;,_, &) p>0
0 otherwise ’
then the spectral sequence whose Ej-page is given by these terms computes Ext?™(£, £) in
degree p + ¢. Similarly, if we let

g — {@i Bxt(gr, .1, €) p<O
0 otherwise
then the spectral sequence whose Fi-page is given by these terms computes Ext’fq(ﬁ ,€) in
degree p + ¢ [Pot97, Section 15.3].

Let us now specialize these spectral sequences to our situation. Since every splitting type
present in H'End(O(e")) is at least €’, gr, := gr, Fy = S;/S;_1 is a vector bundle of rank
rk & and degree deg . For both spectral sequences, since we are working over P!, there are
only nonzero terms when p4+q¢=0or p+¢q = 1.

For Ext% (&;,&,), the only nonzero terms are E;PP™! where p < 0 and E; "' So the
spectral sequence abuts on the Ei-page, showing that

Eth_ (gam gac) =D Hom(gri7 gri—l—l)?

and
EXti(gx; 5x) = DPi<i<j<m Eth(ng grj)'

Note that only when p(z) = 0, Ext (€,, ;) can be nonzero.
Similarly, for Ext® (&,,&,), the only nonzero terms are E” and E'. As such, this
spectral sequence also abuts on the E\-page, showing that

Ext! (&,,&,) = @; Ext!(gr;, gr;),

EXt(i (gx, gx) = @1§j§i§m Hom(grj, gI'Z)
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Figure 4.1: Ej-page of the spectral sequences for Ext3 (€,, E,); dots denote nonzero terms

The spectral sequences are illustrated in Figure 4.1.

Using these descriptions of Extl (&, &), we see that Ext'(&,, £,) can be naturally written
as a direct sum of Ext’ (£,,&,) and Ext! (€,,&,), so that the natural maps in the sequence
(4.1) are simply the inclusion of and projection onto a summand, making the sequence
evidently exact. O]

Lemma 4.4.4. When p(p) = 0 € H'End(O(€")), the image of the tangent map is p. (T, 7) =
Ext! (O(e"), O(e")).

Proof. As explained in Proposition 3.3.7, there is a right exact sequence
T,5 7 Ext'(O(e"), 0(e")) — Ext} (O(e"), O(e")) — 0,

where the second map is the natural map from Ext' to Extfr. We proved in the previous

=/

lemma that the kernel of this map, which is the image of T,,% 7> Is precisely Ext! (O(e"), O(e")).
[l

Lemma 4.4.5. The map ) P By &, deg e; induced by the bundle gr; Fo = S;/S;_; is smooth.

Proof. Since if is smooth, it suffices to show that at each p = F, € if, Tpif surjects

onto Ext'(gr; Fy, gr; F,). This follows from the previous lemma, where we showed that the
tangent space surjects onto Ext' (€,,&,) = @7, Ext'(gr; Fu, gr; F.). O

Lemma 4.4.6. In the case of a nice pair (f,é”), let p : if — if C H'€nd(O(e")). Let

E = p~1(0), and let NE,ff’

embeddings E «— % 7and {0} — ) 7 respectively. Then the induced map p’: N S, — To,if

T, s, denote the normal cone and tangent cone for the closed

is surjective and a rational resolution.

Proof. Let V be the image of p'. Note that in this case, F is a smooth subvariety, and so the
normal cone is the total space of the normal bundle for £ — ¥ 7 By [Kem?73, Proposition
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1], it suffices to show that N 5. — V is a rational resolution, i.e. a proper birational

map exhibiting V' as having rational singularities, and in particular normal. This follows
from our explicit description in Section 4.5, which says that the map p’ is a collapsing of
homogeneous bundles, and a theorem of Kempf [Kem76, Theorem 0], which says that such
maps are rational resolutions. O

Lemma 4.4.7. T(¢,&") = T(f,é").

Proof. Let us work in the setting of B = H'End(O(€")), so that it is equivalent to show that
dim TpXe = dim TOE Since ¥ C ¥~ 7> we certainly have dim TyXz < dim TOE =~ It suffices to
show the other 1nequahty

We have a factorization

S B 528 B = H'End(O(E)),

so that the image (X;) C ¥ 7 contains p~1(0), and it is precisely the intersection of
the splitting loci ¢ (S;/S;_1). Since there are no cuts for & > &%, by Proposition 4.4.2,
T,5:(S8:/Si—1) = Tpif for each i and all p € p~1(0). So T,%e = T, 7, T (Si/Si—1) = Tpif
for all p € p~1(0). In particular,

Ty5% 2 span{p. T,¥(Ee) : p € p~*(0)} = span{p. T, : p € p 1 (0)} = Ty,

where the last equality uses Lemma 4.4.6. We conclude that dimTpXe > dim TpX 7 as
desired. O

Remark 4.4.8. Without using Kempf’s theorem, i.e. without assuming characteristic zero,
we only know that dim7TpXe > dimspan{p.T, X7 : p € p~'(0)}. The argument below will
show that B B B

dimspan{p,T,X7: p € p~1(0)} > dim Y5> dim X,

which also completes the proof of Theorem 4.1.8.

So from now on we assume that (€,€”) is a nice pair, i.e. each ¢; is balanced.

Proposition 4.4.9. Let t; = p; + ¢;, with tg = b1 = 0. Then the tangent space of
s C H'End(O(&")) at & is equal to @7, H'End O(g!*,b;, g 7).

Proof. Over the special fiber p~1(0), the degree constraints makes it so that S;/S;_1 always
splits as &@. Therefore, to choose the subbundle F; C F,; is the same as choosing O(g.*) C
O(g!"), which is parametrized by the Gr(¢;,;). Therefore in fact the special fiber p~'(0) &
725! Gr(4;,t;). For a fixed flag p = F, € p~1(0), Lemma 4.4.4 shows that

po(T,5e) = Ext(§,,€,) = &L H'End O(g7", by, g/3).

As we range over all p € p~(0), the span of all p,(T,5;) is exactly &, H'End O (g, b, g ).
Lastly, by Lemma 4.4.6, the span is in fact all of Tgig O
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At this point, we have proven Theorem 4.1.10. To complete the proof of Theorem 4.1.8,
it remains to show that when (€, €”) is a nice pair, we have the inequality

u(e) > T(e e").

—

In the following computation, we will write ext’, (O(€), O(€)) to denote the dimension of
filtered Exts taking with respect to the unique filtration corresponding to the inadmissible
cuts for (€,¢"). We will also write ext’_(O(e”), O(€")) to denote the dimension of filtered Exts
taking with respect to any filtration in p~1(0). Note that the dimensions do not depend on
the choice of a point in p~1(0).

Let D = @™, H'End O(g!, b;, ¢"'). Then

= ext}(0(€), 0(€)) — [extL(O(&), O(&)) + ext! (O("), O(&")] + D
= [ext} (O(¢"), 0(&")) — ext?,(O(&"), O(¢")] — ext! (O(&"), O(¢")) — ext’ (O(¢"), O(&)) + D
— D —ext' (O(&), 0(&")) — ext) (O(e"), O(&")).

In other words, it suffices to show that
o H'End O(g)', bi, g;=)') — @2 H'End O(gf*, bi, g/7") > ext(O(&), O(&")).
The right hand side can be simplified further:

extd (0(E),0@) = > hom(O(g, by, g071), 097, by, g77))

1<i<j<m
m—1

= Z lip;.
i=1

Recall that
( 'H—l? _)z) (g7+11 bl-‘rl gz 791 7blﬂg )
Now for all 1 <1¢ < m, define

; liv1 77 7 i— i
Fyivr = ext! (g, (g5 bir)) + ext (b, 9071), 97°) — pils-

Then our computation above shows that
u(e) —T'(e Z Fiin

Let us assume that g; = 0, which we can achieve up to a shift, so that

(5;+17 _’\z) (gzz:ll bl+l 07 O b’L7g )

Let d = —(deg gz‘+1 +£i+1gi+l)7 e = deg gi—f-pi_lgi_l. Let r; = rk gi+pi—17 Tit1 = rk gi+1 +€i+1'
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Lemma 4.4.10. F;,;.; > 0, with equality if and only if up to a shift, either
1. (Git1,6) = ((=1)r1tri 0% 17), and (¢}, ;) results from unbalancing (—1)"+7°i, or
2. (Cip1,G) = ((=1)m+r, 000, 174 (&%, &) results from unbalancing 17+,

Proof. Note that by construction, d > r;1; and e > r;. Then

Fiin = —Lix(O(gis bisr)) — pix(— (i, g2710)) — pils
= —li(—d+rig1) — pi(—e+ 1) — pil;
= li(d — rip1 — pi) + pile — 1)
= Ez(d — 7’1’-‘,—1) -+ pi(e — T — f,])

If e > r; +¢; and d > r;41 + p;, then this difference is strictly positive and X is singular at
é’.

Now suppose that r; < e < r; + ¢;, in which case ¢; = (0,...,0,1¢). Then in fact since
Cit1last < Ci1 = 0, we must have that d > r;41 + p;. If d > r;41 + p;, then again Fj ;1 > 0.
But if d = ri41 + pi, we have G = ((—1)"*%71) and F; ;11 = pi(e —r;), which is zero if and
only if e = r;. This is the case where (Ciy1,¢) = ((—=1)"#+1F7i 0% 17), and &’ results from
unbalancing (—1)"1%.

Similarly, if we consider the possibility where ;.1 < d < ;41 + p;, we will find that €” is
in the regular locus only if e =7; + ¢; and d = ;1. O

However, the special cases of the lemma above cannot in fact occur. Indeed, in the
special cases detailed by the lemma, there is an admissible cut that is not accounted for.
For example, in case (1), the gap between 0% and 17 is an admissible cut. Therefore, we
actually always have F;;.; > 0. This concludes the proof of Theorem 4.1.8.

4.5 Normal Cone Description

When (€, €’) is a nice pair, we shall give a description of Ngg, which is the normal cone
of {0} in ¥z for the family over H'End(O(e")). As explained in Section 4.2, the universal
normal cone Nz is the quotient of Nzz by the action of Aut(O(€”)).

Let €, €’ be a nice pair, and inherit the notation from the statement of Theorem 4.1.10:

&=, ... &)

—

_ Pm—1 b1 T Pm—2 ln—2 P2 0o 7 P1 01 7
= (bma Im—1 s 9Im—1 7bm—17 I9m—2+19m—25---292", 92, va 91 5,91 7b1)'

For 1 <¢<m —1, let V}, denote a t;-dimensional vector space.

Lemma 4.5.1. Let p : Sz — S C H'End(O(€")) be the resolution of singularities defined
using the e~admissible flag corresponding to the inadmissible cuts of (€, é”), exhibiting them
as a nice pair. Then p~(0) = [17" Gr(4;, V4,).



CHAPTER 4. THE SINGULAR LOCUS 74

Proof. p~1(0) is the hyper-Quot scheme parametrizing flags
O(ch) € O(cy,¢h) C--- S O(E).

For 1 <i<m, let
Mi = O(bhgfi_lagfi_lv s 7gf1a bl) g O<€,)7

and for 1 < j7<m—1, let
N:. =0 pi 4 01 g Co—»/
J (gjvgj7"'7gla 1)_ (6),

which are distinguished subbundles of O(€”). Then the choice of a flag as above is equivalent
to m — 1 independent choices of subbundles of the form

O(gi') € O(g;) ® V;, = coker(M;_y — N;),
which is equivalent to a point of Gr(¢;, V4,). O

Let 0 = S — Vi, ® Op-1(0) = Q; — 0 be the pullback to p~'(0) of the universal short
exact sequence on Gr(¢;, V;,). Let F, € p~*(0). Then recall from Proposition 4.4.9 that the
tangent map factors as

1.5 — Ext (O(&), O(&) = &, H'End(O(g!", b, g5)) — H'End(O(E")),
where the second map is a direct sum of the maps

for 1 <3 <m.
After choosing a compatible splitting of the domain and codomain above, we may break
this map down further as the direct sum of three maps:

Ext'(O(g0'7"), O(g")) — Ext'(O(gi), O(gi)),
Ext!(O(g77"), O(b;)) — Ext'(O(g:7), O(by)),
Ext'(O(b;), O(g*)) — Ext'(O(b;), O(g)).

Note that each of these maps can be described over all of p~*(0) as built from the tautological
inclusions and quotients.

Let d; = ext}(O(gi_1), O(g:)), € = ext (O(gi1), Ob;)), f; = ext*(O(B;), O(g;)). Let
Ri=(8© Q)" @ Q)™ &8,
which is a vector bundle on p~*(0). Then there are natural maps ; : Tot(R;) — T;, where
T; = Hom(V,,_,, Vi)™ & (V)" & Vi

is an affine space over Spec k. For example, we have a natural map of vector bundles over
p~1(0): Hom(Q;—1,S;) — Hom(V;,_,,V;,) ® O,-1(p), which we can then compose with the
projection to the affine space Hom(V;, |, V;.).
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In fact, this is an example of a collapsing of a homogeneous bundle in the sense of
Kempf [Kem76, Theorem 0]. To apply their result, the group G is [T GL(V;,), which acts
on W =@ T;, Pis[]FP, sothat G/P = []; Gr({;,V;,). V is the P-invariant subspace of
W which pulls back to &7, R; along G/P — BP. Note that their G x” V is Tot(®&",R;)
in our case. By the theorem of Kempf cited above, to complete the proof of Lemma 4.4.6,
it suffices to demonstrate that the map Tot(®!",R;) — @, T; is birational onto its image.
Since Tot(®",R;) is irreducible, the image is irreducible as well. So it suffices to notice
that, first, the fiber over each point of p~1(0) maps isomorphically onto its image. Second,
for a general point of the image, the maps in Hom(V;, ,,V;,) are all of maximal rank, i.e.
rank p;_1/;, so that there is only one choice of a point in p~1(0), namely one must take the
point of Gr(¢;_1,V;,_,) to be the kernel of some (equivalently any) map in a Hom(V;, |, V)
summand.

As the result of the discussion above and Lemma 4.4.6, we have the following theorem:

Theorem 4.5.2. Nz is the image of Tot(®!" | R;) — @, T. O

In general, it is possible to write down determinantal equations for this image. Indeed,
a point of @, T; lies in the image of Tot(",R;) if and only if there exists a collection of
subspaces W; C V,,, such that the f; vectors in V;, all lie in W;, the e; functionals on V,, |
all have W; in their kernels, and the d; maps V;, , — V;, all factor through V;, ,/W;_; and
map into W;. We illustrate this in two simple examples.

Example 4.5.3. Let ¢’ = (—2,0,0,2), and let €= (—1,—1,1,1). Then p~'(0) = P'. Let
0—-8—=V->0-=0

be the universal sequence on P!, where V' = V}, is a 2-dimensional vector space. Then the
normal cone Ngzz is the image of Tot(S & QY) — V @& VY. A point of the target is a pair
(v, f) where v € V and f € VY, which lie in the image of this map if and only if f(v) = 0.
So in this case, Ngg is the cone over a smooth quadric in P3.

Example 4.5.4. Let & = (—3,—1,-1,1,1,3), & = (=2, —2,0,0,2,2). Then u(é)—u(&') = 5,
so we expect the normal cone to be a 5-fold.
The fiber over 0is p~1(0) X P! x PL. Let V =V,, and let V' = V,,. Let the two universal
sequences be
08 —=>V—>0,—0,

0=-8S =V =09y —0.

Then the tangent cone is the image of
S90S 9] ®9) -V &Hom(V,V)a V",

If we let a point of the target be (v € V¢ : V — V' f: V' — k), then the image is cut out
by the equations rk) < 1, ¢)(v) = 0, f o1 = 0. Over the open locus where rk = 1, this
image is the total space of the rank two vector bundle which is the direct sum of the kernel
and the dual of the quotient for the universal map V — V.



76

Chapter 5

A Borel-Weil-Bott theorem for Quot
schemes on P!

5.1 Introduction

Let C' be a smooth projective curve and V' a vector bundle of rank n on C. Let Quoty(C,V,r)
denote the Quot scheme that parameterizes short exact sequences of sheaves

0—>S—>V-—>0—0 with degQ =d, rank@Q =r.
Consider the universal exact sequence over the product Quoty(C,V,r) x C,
0=&—=pV-=>F—=0 (5.1)

where p and 7 denote the projection maps to C' and Quoty(C,V,r), respectively. Given
vector bundles K and M on C, the associated tautological complexes on Quot,(C,V,r) are
defined as the pushforwards

K4 = Rr,(p)K®&), M9 :=Rr,(p"M e F).

When K14 and M are vector bundles, which occurs when the bundles K, M are sufficiently
positive, we call them tautological bundles.

The study of the Quot scheme Quot,(C, V,r) comes in two distinct flavors. When r = 0,
i.e. punctual Quot schemes, Quoty(C,V,0) is a smooth projective variety of dimension
nd, and L is a vector bundle of rank d for all line bundles L on C. In this case, the
geometry of the Quot scheme has close analogies with the Hilbert scheme of points on
surfaces, manifesting, for instance, in the cohomological behavior of tautological bundles. A
closed formula for the Euler characteristic of the exterior powers of L% was computed in
[0S23], and a description of their cohomology groups was conjectured. This conjecture was
proved in [MOS22] for C = P!. For arbitrary genus, it was partially proved in [Kru24], and
fully resolved in [MN24] by studying the derived category of the Quot scheme.

When r > 0, many of the techniques available in the punctual case no longer apply,
and not much is known about the cohomology of tautological bundles, except for some Euler
characteristic calculations in [OS23; S7Z24a; SZ24b]. In this article, we study the cohomology
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of tautological complexes on Quoty(P!, V, 7) for any vector bundle V' and any r. Our theorems
may be viewed as Borel-Weil-Bott-type results for Quot schemes on P! in direct analogy
with the classical theorem for Grassmannians.

Cohomology of tautological bundles

We begin by fixing notation. For a partition A = (Aq,..., ), let |A| denote the sum of its
parts, and let AT be its conjugate partition. We write S* for the Schur functor associated to
A; for example,
SOV = Sym‘V and SOy = AV,
where (1)¢ = (1,...,1) with £ parts.
Let V be a vector bundle on P! of rank n; fix r < n. By [PR03], there exists an integer
do = do(V, r) such that for all d > dy, the Quot scheme

Quoty(P', V,7) (abbreviated Quoty)

is irreducible and generically smooth of dimension nd +rb+r(n —r), where b = —deg V. In
the special case V = Og", one may take dy = 0 and Quoty(P*, V, r) is smooth and irreducible
for all d > 0. In the remainder of the introduction, we assume d > do(V, ).

We now state our main result.

Theorem 5.1.1. Let K and M be vector bundles on P!, and let y, A be partitions satisfying

nd+1rb+n

ul+ ) < 2T
(i) If pu # 0, then

Hi(Quotd(Pl, V,r), S*Ki @ SAMM) =0 foralli>D0.

(i) If p =, there is a natural isomorphism of graded vector spaces
H*(Quotg(P', V,r), S*M ) = S*H*(V © M).

Remark 5.1.2. When M splits as a direct sum of nonnegative degree line bundles, the
complex M4, and hence S*M¥ | is a vector bundle. The isomorphism in part (ii) of Theo-
rem 5.1.1

H°(Quoty (P, V,r), S* M) = S*HO(V @ M)

is induced geometrically, by considering the morphism
Rrp* (V@ M) — M

arising from the universal sequence (5.1), taking the associated morphism of the Schur functor
and then applying the global sections functor.

Theorem 5.1.1 greatly generalizes the results in [MOS22], even for punctual Quot schemes,
and in the positive-rank setting, proves [MOS22, Conjecture 1.3.1, 1.3.2] concerning the
exterior and symmetric powers of the tautological bundles. Specifically,
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Corollary 5.1.3. Let L be a line bundle on P!. For all k¥ < (nd +rb+n)/(n—r), we have
the following isomorphisms of graded vector spaces

(i) H*(Quoty, A*LI) = \FH(V @ L);

(ii) H*(Quoty, Sym* L)) = Sym" H*(V @ L).

Remark 5.1.4. In Theorem 5.5.5, we prove a more general result analogous to Theo-
rem 5.1.1, for the tensor product of Schur functors applied to multiple vector bundles
K, Ky,...,K, and My, Ms, ..., M;. Note that while Theorem 5.5.5 is stated for line bun-
dles, it is easy to upgrade the theorem to allow vector bundles since every vector bundle
splits on P!. Below, we state the result in the case of trivial V, describing each cohomology
group explicitly.

Corollary 5.1.5. Let Ly, Lo, ..., L; be line bundles on P!. For any tuple of partitions
AU satisfying [ A 4+ (A2 4+ - + [N < (nd +n)/(n —r), we have

t _ j
P (Quotd(IP’l OIP17 )7®S>“7L£.d]> o ® S()\J L@n) ® ® S)‘]HO(L;QH),

7=1 deg L ;<0 deg L;>0
where D = 3 4eq 1, <0 |A7], and all other cohomology groups are zero.

Fixing the partitions and line bundles on P!, we may view the corresponding tautological
bundles on Quot, for any d, and study the asymptotic behavior of their cohomology groups
as d becomes large. With this perspective, we can view Theorem 5.1.1 as a stabilization
result. In particular, as predicted in [MOS22],

Corollary 5.1.6. For line bundles L, Lo, ..., L; and partitions \', A2, ... X\
Zq x | Quoty(P* , O, 1 ®S’\JL[d]
d=0

is given by a rational function with simple pole only possibly at ¢ = 1.

The vanishing of higher cohomology in Corollary 5.1.5 for line bundles of nonnegative
degree can be established without any restriction on the sizes of the partitions, at the expense
of imposing degree constraints on the line bundles involved. The next result is analogous to
Theorem 2.1.6; see Theorem 5.5.7 for general V.

Theorem 5.1.7. Let Ly, Lo, ..., L; be line bundles on P! of degrees at least d. For any
tuple of partitions A\, \2,..., A, we have

(Quotd (P! OIP’l , ®S)‘J ) =0 foralli>1
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The space of global sections in Theorem 5.1.7 does not, in general, follow the description
given in Corollary 5.1.5. The size constraint on the partition A appearing in Theorem 5.1.1
is quite close to optimal; see [O0S23, Theorem 12] and Example 5.5.8. Theorem 5.1.7 implies
that the dimension of the space of global sections is equal to the Euler characteristic. The
latter can be computed by other means, such as torus localization (see [0S23, Theorem 3]

and [SZ24b, Corollary 4.10] for exterior powers) or via wall-crossing to other moduli spaces
[HF23].

Extension groups

When the degree of a line bundle L is sufficiently large, our method also allows the computa-
tion of the global extension groups for Schur functors of the vector bundle L. The answer
is expressed in terms of Ext-groups of Schur functors of the universal quotient bundle on a
Grassmannian (see Proposition 5.4.6). The Borel-Weil-Bott theorem for the Grassmannian
completely determines these Ext-groups and has the following implications.

Theorem 5.1.8. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L be a line bundle of degree at least d + b. Then

(i) For any nontrivial partition v with |v| < (nd+rb+n)/r and v; <n —r,

H' (Quoty, (8"L")Y) =0 forall i > 0. (5.2)

(ii) Let p1,p2,...,p; and k be nonnegative integers, and set |p| = p1 +pa+-- -+ p;. Assume
k<nd+rb+n)/(n—r), |p| < (nd+rb+n)/r,and t <n —r. Then

/D1 Dt k kE—Ip| L = 0. k> .

Ext’ (/\L[d] ®~--®/\L[d],/\L[dl> _ {/\ 1=0, k> pl

0 otherwise.

A similar statement holds upon replacing all A with Sym, and replacing the condition
t<n—rwith |p| <n—r.

(iii) For any partition A, with |A\| < d and A\; <n —r,

Ext'(S*L[ sA Ly = {

(iv) More generally, the set {S (L) : |\| < d, \; < n—r} forms an exceptional collection,
ordered by the sizes of the partitions.

Remark 5.1.9. Note that the exceptional collection above generates only a subcategory of
the derived category of coherent sheaves on Quot,;. A full exceptional collection built from
Schur functors of universal quotients on Grassmannian was studied by Kapranov [Kap84].
For Quot schemes of rank-zero quotients, a full exceptional collection (and, in higher genus, a
semiorthogonal decomposition) of the derived category was obtained in [Tod22] and [MN24].
However, these methods do not directly extend to the case of higher-rank quotients.
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Part (ii) of Theorem 5.1.8 recovers the results on extension groups in [MOS22] for Quot
schemes of rank-zero quotients, and partially proves [MOS22, Conjecture 1.3.3] in the higher-
rank setting. Moreover, in Theorem 5.4.1, we establish a mixed version of Proposition 5.4.6
and Theorem 5.1.1 for two line bundles of consecutive degrees; this may be regarded as our
main technical result. We state a consequence for the duals of tautological bundles below.

Theorem 5.1.10. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L,_1 = Opi(m—1) and L,, = Op1(m) on P!, with m > d+b. For any pair of partitions
v and p satisfying

v+ pul < (nd+rb+n)/r and 0<vy+pup <n-—r,

all cohomology groups of the vector bundle (S”L%_l)v ® (S“L%‘ﬂ)v vanish.

Relation to quantum K-theory of Grassmannians

When V is the trivial vector bundle of rank n, the Quot scheme Quot, (P!, V,7) is a smooth
moduli space (see [Str87]) that compactifies the space of morphisms from P! to the Grass-
mannian Gr(r,n) of degree d. This viewpoint was taken up by Bertram [Ber97] to study
the quantum cohomology ring of Gr(r,n), and later to prove the Vafa—Intriligator formula
[Ber94; MOO7] for intersection numbers on Quoty(C, V, r), which counts the number of maps
from a fixed curve C' of genus g to Gr(r,n) satisfying some incidence conditions.

Recently, [SZ24a; SZ24D] studied K-theoretic invariants on Quoty(P!, V,r) in the context
of the quantum K-ring of Gr(r,n) (cf. [BM11]). Fix a point # € P! and set

533 = 5’Quotd x{z}>

a rank n — r vector bundle on Quot,. By [SZ24a, Theorem 1.12], the Euler characteristics
of Schur functors of &£, compute K-theoretic Gromov—Witten invariants: For partitions
ut, p?, p® whose first parts are at most r,

1<3 1<3

<M03 (Gr(r,n),d), @ ev:, S*( ) =¥ (Quotd(IP’1 O, r ),®S“i(é’z)) (5.3)

Here B denotes the universal quotient bundle on Gr(r, n), and Mg 3(Gr(r, n), d) is the moduli
space of 3-pointed genus-0 stable maps to Gr(r,n) of degree d with ev,, the evaluation map
at the i-th marking. In this paper, we prove the following consequence of Theorem 5.1.1.

Theorem 5.1.11. Let p', p?, ... ut be partitions satisfying 0 # |[u!| + -+ + |pf| < (nd +
n)/(n —r), then

(Quotd Pl O]Pl , (§§S"J ) =0 for alli > 0.

The Euler characteristics of Schur functors of &, were computed in [SZ24b, Theorem 1.6
and 1.9]. The vanishing of Euler characteristics of these bundles was shown to provide
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enough relations to completely determine the quantum K-ring of Gr(r,n). Theorem 5.1.11
partially answers [SZ24b, Question 1.11] by upgrading a subset of the vanishing statements
for Euler characteristics to statements about individual cohomology groups. Using our re-
sults, one can already prove that the K-theoretic Gromov—Witten invariant in (5.3) vanishes
for all sufficiently large degrees d. We expect that our methods may in future shed light
on positivity phenomena in the quantum K-theory of the Grassmannian; see, for instance,
[BM11; Buc+22].

Analogy with Hilbert scheme of points on surfaces

Let V be a vector bundle on a smooth projective curve C'. The punctual Quot scheme, de-
noted Quoty(C, V) = Quoty(C,V,0), parametrizes quotients of V' supported at zero dimen-
sional scheme of length d. Punctual Quot schemes have been extensively studied; we mention
only a few relevant works here, including computations of cohomology groups [MN23], de-
scriptions of nef cones for divisors [GS21], positivity results for tautological bundles [Opr22],
and cohomology of tangent bundle [BGS24].

For a line bundle L on C, the description of the cohomology groups for the tautolog-
ical bundle L9 and their exterior powers is explicitly given by the formula (see [MN24,
Theorem 3] for the statement involving extension groups)

H*(Quoty(C, V), ALy =2 \FH*(V @ L) @ Sym®™* H*(O¢).

There is a parallel story for the Hilbert schemes X4 of d points on a smooth projective
surface X. For a line bundle L on X, the tautological bundle L%, defined similarly, has rank
d. Indeed, the cohomology groups are given by the formula [Sca09; Krul§]

He (X ARLIY = AF(L) @ Sym® ™ H*(Oy).

The proofs of the above statement in both cases rely on studying the bounded derived
categories of sheaves D?(X4) and Db(Quot,(C,V)).

The description of cohomology groups of the symmetric powers Sym® L4 and general
Schur functors, is not known to admit a simple formula, for both X4 and Quot,(C,V). In
special case, Euler characteristics [Arb21] and the space of global sections [Dan04; Scalbj]
of the symmetric products of tautological bundles L% on X4 admits a simple form. For
instance, let L be a positive degree line bundle on X = P2, then for all k£ < d + 1,

HO (X, $ym* L) = Sym* H(L)

while all higher cohomology groups vanish. We predict that an anolgue of formulas in
Corollary 5.1.5 also hold for Hilbert scheme of points on X = P2. We note here that

tautological bundles on the Quot schemes on surfaces have also been studied in [OP21;
Arb+21].

Proof strategy

For a fixed sufficiently large integer m, the Quot scheme on P! admits an embedding into a
product of Grassmannians, constructed by Strgmme [Str87],

tm + Quoty — Gr(ky, Ny) x Gr(kz, Ny), (5.4)
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as the zero locus of a section of a vector bundle K, expressed in terms of the universal
bundles on the two Grassmannians. In the rank-zero setting, [MOS22] uses the Koszul
resolution of Oquet, to reduce the study of the cohomology of exterior and symmetric powers
of L9 to the cohomology of universal bundles on the product of Grassmannians, where the
Borel-Weil-Bott theorem applies.

We follow the approach of [MOS22] to study the case of arbitrary rank, but the combi-
natorial analysis of the vector bundles that show up in the Koszul resolution becomes rather
involved. To address this combinatorial proliferation, in Section 5.3 we provide a stream-
lined combinatorial criterion for detecting the non-vanishing of the cohomology of universal
bundles on a Grassmannian, which may be of independent interest. A second ingredient
is provided by Horn’s inequalities, which give criteria for the nonvanishing of the Little-
wood—Richardson coefficients appearing in our expansions. By applying these two sets of
criteria carefully, we show that all cohomology groups vanish for every term in the Koszul
resolution except the first. We then conclude by computing the cohomology of the first term
explicitly.

Our methods compute the cohomology of all Schur functors (subject to the relevant size
constraints) of the tautological bundles associated to consecutive-degree line bundles, Ll
and L[TZ],l (new even in the rank-zero case). This is especially advantageous because Schur
functors of any tautological complex M4 can be expressed in terms of the Schur functors of
the tautological bundles L%]_l and L% in the derived category of sheaves on Quot,. We then

leverage the explicit results about S“Lgfﬁ,l ® SP Ll to obtain results for the Schur complexes
S*M | as well as their tensor products.

Assumptions on characteristic. Our results are valid for all algebraically closed fields of
characteristic zero. For ease of notation, we use C throughout. The main dependence on the
characteristic comes from the use of the Borel-Weil-Bott theorem for Grassmannians. The
fact that Schur functors of complexes respect quasi-isomorphisms, and therefore are well-
defined on objects in the derived category, also depends on the characteristic zero assumption.

5.2 Combinatorial preliminaries

Notations

A partition A = (A1, Ag, ..., Ax) is a non-increasing sequence of non-negative integers. The
size of the partition is defined as || := A\; + Ay + - - - + Ap. We can represent A graphically
by its Young diagram, which contains k rows of boxes with \; boxes in the ith row. For
example, the Young diagram of the partition A = (5,4,2,1), which has size || = 12, is
shown below:

| |

A= AF =

The conjugate partition A is obtained by transposing the Young diagram of A. In the above
example, A\ = (4,3,2,2,1).
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The Durfee square of a partition A is the largest square contained in the Young diagram
of A, and the side length of the Durfee square is called the rank of the partition. In the
above example, A has rank two.

Schur functors

Let W = CF be a complex vector space. For any partition A = (Ay, Aa,..., \x), we de-
note by S*(W) the Schur functor, which corresponds to the irreducible polynomial GL(W)-
representation with highest weight A\. The character of the representation S*(W) is the Schur

polynomial sy(z1,xs,...,2), and its dimension is given by the hook-content formula:
, k + cont(c)
dim S*(W) = s, (1,1,...,1) = [ ————= 5.5
1mm ( ) 5)\( ) 4y ) ) g\ hOOk(C) ( )

k

where for each cell ¢ = (i,7) in A is in the ith row and jth column, cont(c) = j — i and
hook(c) =14 (N — j) + ()\; — 1) is the hook length of c.

Every polynomial GL(W)-representation can be expressed uniquely as a direct sum of
Schur functors. Given two partitions A and u, one can decompose the tensor product as

SNW) @ SHW QBS7 W), (5.6)

where the multiplicities c}j ., are the Littlewood-Richardson coefficients. The Littlewood-Richardson
rule provides a combinatorial description of these coefficients in terms of counting Lit-
tlewood—Richardson tableaux. In the next subsection, we list the properties of Little-
wood—Richardson coefficients that we shall need in this article.

Let V' be another complex vector space. Schur functors naturally appear in the context
of Cauchy’s formula: for any non-negative integer ¢, there is an isomorphism of vector spaces

NV ew) =@ s (V)e s (W), (5.7)

lul=t

where the direct sum runs over all partitions p of size t.
We will also require the following decomposition formula for the Schur functor of the
direct sum of two vector spaces

SV e W) =@ (s" (V)0 s (W) (5.8)
a,B

Here the direct sum is taken over all partitions o and 8 such that |a| 4+ |3] = ||

Schur functors associated to highest weights

Irreducible rational representations of GL(W) are indexed by highest weights

n= (771,7727---,77k),
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which are non-increasing sequences of integers n; > 12 > --- > n,. Note that each ; is
allowed to be negative. For any highest weight 1, we denote the corresponding irreducible
GL(W)-representation by S”(W). For any m > —ny, we can express S"(IV) in terms of the
usual Schur functor using the following isomorphism of GL(W)-representations

S"W 2 det(W) ™™ @ ST,

where det(W) is the determinant representation and n+ (m)* = (g, +m, o +m, ..., nx+m)
is a partition. For any highest weight 7, the dual of the corrresponding representation is
given by S"(W)Y = S™"(W), where

-n = (_nkh —Mk—15---, _771)

The tensor product of two rational representations with highest weights n and p can also be
described using the Littlewood-Richardson rule

S"W @ SPW = R (SXW) e, (5.9)
X

where x runs over all the highest weights with |x| = |n| + |p|, and the multiplicity is given
using the identity
_ xt(m+k)"

Chp = Cnt(m)r o+ (k) (5.10)
where m and k are any two integers, such that n + (m)",p + (k)" and x + (m + k)" are
partitions.

Given a highest weight n = (11,72, ...,7x), it is sometimes useful to partition it into
two parts, where one consists of nonnegative integers and one consists of nonpositive ones.
For this, we use the notation n = (v, —¢), where 7,9 are partitions. Note that due to the
presence of zeros, there isn’t necessarily a unique way to write 7 in this form.

Remark 5.2.1. Schur functors S”7 can be defined in the generality of vector bundles on a
scheme. The identities in the above discussion, such as (5.6), (5.7), and (5.8), all generalize
verbatim. This is explained in e.g. [Wey03, Chapter 2]. Schur functors associated to a
partition can be generalized even further to perfect complexes, and it is well-defined up to
quasi-isomorphisms. We explain the case of length two perfect complexes in Section 5.5.

Horn’s inequalities

There is a vast literature on the study of Littlewood—Richarson coefficients. In particular, a
lot of it has been devoted to answering the following fundamental question:

What are the conditions on the partitions «, § and v such that CZC, 5 # 07

Knutson and Tao in their proof of the saturation conjecture [KKT99] showed that c, 5 # 0
if and only if «, [, and ~ are the eigenvalues of Hermitian matrices A, B, and C' with
C = A+ B, respectively. We assume that the rank IV of the matrices to be greater than the
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number of parts in each of the partitions «, 3, and . Then using the identity for traces,
trA+tr B =trC, we get

N N N
D+ Bi=) (5.11)
i=1 i=1 i=1

In general, given A and B be N x N Hermitian matrices, define C = A + B. Let
a=(=--2ayn), = =--2=20y)and y= (1 = -+ = 7n) denote the eigenvalues
of the matrices A, B and C written in non-increasing order.

Let I = (i3 < --- < idg)and J = (j1 < --- < J5) be increasing sequence at most N
positive integers such that s + j; < N + s. Then we have

daitd Bz m (5.12)

iel jeJ keK

where K = (ky < -+ < k) with k, =4, + j, — p for 1 < p < s; see [Ful00] for a detailed
exposition.

In the following proposition, we enumerate various properties of Littlewood—Richardson
coefficients that will be used later in the proofs.

Proposition 5.2.2. Consider three partitions «, 3, and v such that CZz,B # 0. Then the
following hold:

1. (Size constraint)
ol + 18] = 1yl;

2. (Symmetry)
!
Cg,ﬂ = ztgﬂ

3. (Weyl inequality) For any positive integers i and j, we have
a; + B 2 Yirj-1; (5.13)

4. (Dominance inequality I) We have v < « + 3, that is, for all s,
S S S
D<) i+ B (5.14)
i=1 i=1 i=1

5. (Dominance inequality IT) We have o U § < v, that is, for all ¢,
t

t 2t
Dot Bi <D
i=1

i=1 i=1

Note that part (iii) and (iv) also holds when «, 5 and v are highest weights.
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Proof. Statements (i) and (ii) are standard facts about Littlewood-Richardson coefficients.
Statements (iii) and (iv) both follow from (5.12). Specifically, statement (iii) can be obtained
by letting I = {i},J = {j}. Statement (iv) can be obtained by letting [ = J = {1,...,s}.
We now explain the proof of (v). Taking rank of matrices, N, to be sufficiently large, the
inequality in (5.12) implies

t+s t+s 2t+s
Dot Y Bz X w
p=t+1 p=t+1 p=2t+1

for any 2s +t < N +t. Now take s larger than the number of parts in a, 3, and 7. Then
(v) follows by subtracting the above inequality from the equality in (i). O

5.3 Indices of partitions

In this section, we focus on certain cases of the Borel-Weil-Bott theorem, and pictorially
describe the combinatorial conditions on the partitions involved when a tautological bundle
has a nontrivial cohomology group. The notions of the ¢-index and the (¢; n)-index introduced
in this section will be key ingredients in our proofs later.

Borel-Weil-Bott

Let Gr(k, N) denote the Grassmannian of k-dimensional subspaces of the vector space CV.
Consider the universal exact sequence over Gr(k, N):

0—A— O = B—0,

where A is the universal subbundle of rank k& and B is the universal quotient bundle of
rank N — k. The sheaf cohomology of Schur functors applied to A and B is described by
the Borel-Weil-Bott theorem [Bot57]. We state below the version presented in [Wey03,
Corollary 4.1.9].

Theorem 5.3.1 (Borel-Weil-Bott). For any two non-increasing sequences of integers

p=(p1;--,pr) and x=(x1,---sXN-k),

the vector bundle S*AY @ SXBY on Gr(k, N) has at most one non-vanishing cohomology
group. Let
w:=_(p,x)+(N—=1,N—2,...,0)

be the component-wise sum. If w contains a repetition, then all cohomology groups of
SP(AY) @ SX(BY) vanish. Otherwise, let o be the permutation that sorts w into a strictly
decreasing sequence, and

vi=cow—(N—-1,N—-2,...,0),
be a non-increasing sequence, then
HP (Gr(k,N), S*AY @ S¥BY) = S7(CN)V

where the cohomological degree D = ¢(0) is the length of the permutation o, and all other
cohomology groups are zero.
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Remark 5.3.2. When we consider Schur functors of the quotient bundle independently,
Theorem 5.3.1 implies that for any partition A, the morphism induced from the tautological
sequence

S*O& en) — S'B
gives an isomporhism on the space of global sections

H® (Gr(k, N), $*B) = 8*(CV).

Similar statement holds for S*AY.

t-Index

The notion of the t-index of a partition v was introduced in [MOS22] to systematically study
the conditions which determine when all the cohomology groups of S*BY vanish. Here we
recall, and later generalize this notion which plays a crucial role in the sections that follow.

Definition 5.3.3. Fix a positive integer t. We say that a non-increasing sequence of integers
X = (X1, X2, - -, Xm) has a well-defined t-index if there exists a nonnegative integer j such
that

X; =J+t and xj41 < 7.

In this case, the t-index of x is j. Note that the t-index of x is 0 (resp. m) if x; < 0 (resp.
Xm = m+1).

Remark 5.3.4. Note that every integer partition A has a well-defined 0-index, which equals
the rank of the partition. If A has a well-defined ¢-index j, then j must also be the 0-index
(i.e., the rank) of A\. Furthermore, if j is the 0-index of A, then \ has a well-defined ¢-index
if and only if ¢ < A; — J.

Example 5.3.5. Fix t = 3. Consider the integer partitions A = (6,5,2,1) and p = (7,4, 2,2).
The Durfee square of both partitions A and u has side length 2. We observe that A has a
well-defined t-index, whereas 1 does not.

| 1]
A= p=

Lemma 5.3.6. Let x = (x1,..., Xn—k) be a non-decreasing sequence of integers. The vector
bundle SX(BY) on Gr(k, N) has a nontrivial cohomology group

HP( Gr(k,N),8X(B")) #0 (5.15)

if and only if x has a well-defined k-index j, and the cohomological degree is D = kj.
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Proof. Tt is a straightforward application of Theorem 5.3.1. Indeed, (5.15) is satisfied if and
only if
w=(0,...,0,x1,--,xv-x) +F (N=1,..., N—k, N—k—1,...,0)
= (fk7"'7f17 gla"'agN—k)

has no repetitions, and D is the length of the permutation that sorts w. Observe that
fx > -+ > f1 are consecutive integers, and thus we may choose j such that

91>"'>gj>fk:>"'>f1>gj+1>"'>gN_k'

Hence the cohomological degree is D = kj. The required conditions x; > j+k and xj41 < J
follow from the inequalities g; > f; and g;41 < fi, respectively.
O

(t;7)-Index

To pictorially describe the conditions for the vanishing of cohomology groups of the vector
bundle S#(A) ® S"(B), we introduce the following generalization of the notion of index.

Definition 5.3.7. Fix a positive integer ¢ and a tuple of non-increasing integers n =
(M1, ...,m). Write n = (v, —4), where 7y and § are partitions describing the nonnegative
and negative entries of 7. We say that a partition p has a well-defined (¢; n)-index if there
exists a non-negative integer ¢ such that

fiv1—s =1+ 1 — ”y;r and s <1+ 51 for all s > 1.
We call such an integer i the (¢;7)-index of p.

Example 5.3.8. Fix t =3 and n = (1, —1,—1). Consider the partition v = (6,4, 3, 1), and
observe that v also has a well-defined (¢; 7)-index, equal to 2. We have 6 = (1,1) and v = (1)
in blue and red, respectively.

71

41 62

However, v itself does not have a well-defined t-index. This example also illustrates that the
(t; m)-index of a partition is not necessarily equal to the rank of the partition.

Lemma 5.3.9. Let p = (p1, ..., 1) be a partition and n = (91,72, ...,My_x) be tuple of
non-increasing integers. Write n = (, —9) for partitions v and §. Suppose that the vector
bundle S#(A) ® S"(B) on Gr(k, N) has a (unique) nonzero cohomology group, namely

HP(Gr(k,N),S"(A) @ S"(B)) # 0.

Then the following hold.
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(i) The partition p has a well-defined (N — k;n)-index, i.e., there exists a natural number
¢ such that

fivi—s =i+ N —k—~ and s <i+6 foralls>1. (5.16)

(ii) The cohomological degree satisfies the bound
D < |0] + (1 + po + -+ - + i) — 3%,

Proof. Let n = (71,...,%, —0p, ..., —061) be a tuple of non-increasing integers, where v and
0 are partitions with at most ¢ and p parts respectively, and p+ ¢ = N — k. We will show
that p has a well-defined (N — k;n)-index i given by the condition

Wi =i+p and  pq <i+p. (5.17)

Note that S#A = S™#AY and S"B = S™(BY), where —n = (§, —7). Theorem 5.3.1 implies
that the vector

w:(_ﬂ/kza'--7_,u17517'--75107_’)/(17""_71)+<N_17"'7170)

has no repetition, and that D is the length of the permutation that sorts w. We split the
analysis into two parts, first looking at the entries of w that are strictly less than ¢, and then
at those that are at least q.

1+ p

51 82

By the definition of ¢ in (5.17), the entries strictly less than ¢ in w consist of

prq+(i—1)—p ..., ptqg—pm and ¢g—1—7, ..., —m.

Subtracting ¢ — 1 from each of the entries above and negating, we may assume that there
are no repetitions among the following ¢ 4+ ¢ nonnegative integers

aj,0-1+1, ..., ap+i—1 and vy, v-1+1, ..., ntg—1,

where o = (i —p—14,...,1; —p—1i). Lemma 5.3.10 implies that a;_, > g —~] for all s > 0,
which proves the first set of inequalities in (5.16). Moreover, the length of the permutation
that sorts the entries above (in the stated order) is at most ||, hence the contribution to the
length of the permutation that sorts w is at most ip + |a| (extra ip for moving the i entries
containing py, ..., i; to the right of entries containing i, ...,d, in w).
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Now we consider the entries of w that are at least ¢, namely
5p75p—1+17"'751+p_1 and /Bk—lvﬁk—2+1a"'761+(k_i)_17

where 5 = (i +p — g, ...,i +p — piy1). Lemma 5.3.10 implies B;_s = p — Js, proving the
second set of inequalities in (5.16). Furthermore, the length of the permutation that sorts
the entries above contributes at most |0| to the length of the permutation that sorts w. Hence
D < |0 +ip+laf = [6] + (1 + -+ py) — 1%

O

The following result is elementary; due to the lack of a reference, we provide a short
proof for completeness. We use the abacus notation for partitions (also called beta-sets in
the literature cf. [JK81]). We adapt the proof from [Mac95, (1.7)] to our setting.

Lemma 5.3.10. Let o = (a1, 9, ..., ;) and A = (A1, Ag, ..., A;) be partitions with at most
1 and ¢ parts respectively. If the string of natural numbers

w= (a1 +1,... ;o0 +i—1, A1+ 1., +¢—1)
has no repitition, then the permutation ¢ that sorts w has length ¢(0) < |a|, and
ai,s2q—)\i for all 0 < s <.
Proof. We define a sequence u = (ug, u1, usg, ...) of 0’s and 1’s, by
w {1 itme{ag,...,a; +i—1}
"™ 10 otherwise.
Similarly define v = (vg,v1,v2,...) € {0,1}Y with 1’s placed exactly at the positions

(Agy---sA1 +¢—1). Note that w has no repetition if and only if u +v € {0,1}. The
length of permutation, by definition, equals

(o) =#{(m,n) eN*:n<m, v,=1, u, =1}
<#{(m,n) eN*:n<m, u, =0, u, =1} = |al.
Let ¥ be the sequence obtained by flipping 1’s and 0’s in v. To observe the inequalities,
we will draw the lattice path diagrams for v and v, such that 0’s denote increment in the

y-coordinate by one, and 1’s denote right step by increasing z-coordinate by one. The
condition u + v € {0, 1} implies that for any m > 0,

o~

number of 0’s in (uy, ..., u,) > number of 0’s in (Ty, ..., 0m),
and hence the lattice path of v lies always below that of w.

J——)

q
q—1 Al

e 7mp

i—14
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By construction, the lattice path of u (denoted in blue color) carves out « over z-axis, with
a;_s be the y-coordinate for the s-th right step. Similarly, the lattice path of ¥ (colored
in red) carves out A over y-axis. The inequality follows easily by considering the rectangle
[s,s 4+ 1] x [0, q] in the i x ¢ grid as showing in the sketch.

O

5.4 'Two line bundles of consecutive degrees

Our main goal in this section is to study the cohomology groups of tensor products of Schur
functors applied to the tautological vector bundles L%]_l and L9 on Quoty(P', V,r), for line
bundles

Ly :=0p(m—1) and L, := Op:(m)

when m is sufficiently large. We will prove slightly more general statement than what is
stated in the introduction for Schur functors corresponding to highest weights (see Sec-
tion 5.2) instead of partitions. The statement is of independent interest, and we state it
below.

Let us first recall the notations. We consider Quot scheme Quoty(P!,V,7), Quoty for
short, for the vector bundle V on P!, which splits as

V2O(=b)®O(~by) & & O(=by,)

where 0 = b; < by < -+ < by, and thus the sum b = 77" | b; is a nonnegative number.
Furthermore, we will assume that d > do(V,r) such that Quot, is an irreducible variety of
dimension nd + rb + r(n — r) for the rest of this article.

Theorem 5.4.1. Let n = (v, —9) and p = (A, —v) be non-increasing sequences of lengths
rank L%],l and rank L% respectively. Suppose 7, A, v, § are partitions satisfying

(n—7r)(A\ + 7)) + (v +19]) < nd + rb+ n; vi+0 <n-—r.
(i) If either |d] # 0 or |v| # 0, and m > b+ d, then
H' (Quoty, S"Liy_, @ S’ LI ) =0 forall i > 0.
(ii) If § = v = 0, then, for m sufficiently large,
H° (Quot,, S'LY | @ S*IW) = STHO(V @ Lyy1) ® SSH(V @ Ly,) (5.18)
and all higher cohomology groups vanish.

The condition for m to be sufficiently large in part(ii) of Theorem 5.4.1 will be removed
in the next section. The proof of Theorem 5.4.1 is quite involved, its components will be split
in several subsections below. Using the same method, we will also obtain a bound on the
cohomological degree of S"L,[f,il]_1 ® SPLI in Proposition 5.4.7 that holds with no restrictions
on v and p.
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Remark 5.4.2. The condition b; = 0 is not an extra assumption, since there is an isomor-
phism
QUOtd(Pla ‘/7 7“) = QUOt d+rby (]P)la V(bl)7 T)>

which takes L to Ln‘?jf;ﬂ on the right, which reduces the analysis to our cases.

Remark 5.4.3. The special case when 7 and p are trivial in Theorem 5.4.1 implies that
HO(QUOtd7 OQuotd) = C»

while all higher cohomology groups vanish. This is consistent with the fact that Quot, (P!, O, 7)
is a rational variety [Str87].

Stromme embedding

There is an embedding of the Quot scheme into a product of two Grassmannians (see [Str87]
for details):
¢ : Quoty(P', V,7) — Gr(ki, Ny) x Gr(kg, Ny). (5.19)

The explicit values of ki, ko, N1, and Ny depend on the choice of an integer m > b + d, and
are given as follows:

Ny =H'(V(m—1)) =nm —b, Ny = H(V(m)) =n(m +1) — b,
ry = rank(LY ) = rm + d, ry = rank (L) = r(m + 1) + d, (5.20)
ki = rank(L L D=mn—-rym—-b—d,  ky=rank(Li®)=mn—-r)(m+1)—b—d.

We give a short overview of the construction. Let us recall the universal exact sequence
0=&—=pV-=F—=0,

on Quoty (P, V,7) x P! where 7 and p are projections to Quoty (P!, V,r) and P! respectively.
Twisting the above short exact sequence by p*L,, and pushing forward, we get an exact
sequence of vector bundles (since m > b+ d)

0 — 1 (E(m)) — H(V(m)) ® Oquer, — m(F(m)) — 0. (5.21)

This gives us a morphism from ¢,,: Quoty(P',V,r) — Gr(ky, N3). Similarly, twisting by
p*L,—1 yields an analogous sequence of vector bundles as in (5.21) and hence a morphism
tm—1: Quoty(PY,V,7r) — Gr(ky, N;). The Strgmme embedding in (5.19) is defined as ¢ :=

(l/m—la Lm)-
We have universal short exact sequences

0— A —-W,— B, —0 (5.22)
on each Gr(k;, N;) for i = 1,2 where

W1 = HO(V(m — 1)) ® OGr(k’l,Nl) and WQ = HO(V(TI’L)) ® OGr(kg,N2)~
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By a slight abuse of notation, we use the same notation for the pullbacks of these bundles
to the product Gr(ky, Na) x Gr(ko, Ny) along the projection maps.

Consider the section Op1 — Op1 (1) K Opi (1) defining the diagonal A C P! x P!. Taking
the tensor product with the pullback of V(m — 1) along the first factor of P! and passing to
cohomology, we get an inclusion map

W1 — W2 X H0<O]P>1(1>>
Consider the following diagram on Gr(ky, N1) x Gr(ka, N2),

O Al Wl Bl O

l

0 —— Ay ® H'(Op1 (1)) —— Wo @ HY(Op1(1)) —— By ® H(Op1 (1)) —— 0.

The composition
Al = Wy — Wy ® H(Opi (1)) — By @ H(Op1 (1))
gives us a section s of the vector bundle
K:=A) @By ® H(Op(1)).

Following the proof of [Str87, Thm. 4.1] with minor modifications, one shows that ¢ is a
closed embedding. Moreover, the image ¢(Quot,) is precisely the zero locus of the section s
defined above. We note here that

L%Ll >~ *(By) and L4 2= ,(B,).

Similarly, we have
L;{g}l =" (A)  and L;{ﬁl = 1 (As).

Proof of Theorem 5.4.1

Let ¢ : Quoty(P', V,r) — Gr(ky, N1) x Gr(kz, N2) be the Strgmme embedding associated to
the positive integer m, as in Section 5.4. As discussed in the previous section, ((Quoty) is the
vanishing locus of a regular section s of the vector bundle K. The assumption d > do(V, )
implies that Quot, is a local complete intersection of expected dimension

dim(Gr(ky, Nv) x Gr(ka, No)) —rank K = nd +rb+r(n —r).

We thus have the Koszul resolution

- —— N*KY KY OGr(ky N1)xGr(ka,N2) — +:O0Quot, — 0. (5.23)
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We can apply formulas (5.7) and (5.8) to decompose A’ K" as

t t

AKY = N(A R (By & By)
— P " A KRS (BY @ BY)

|ul=t
.UfT o
— @ St A, K (@ (SUB;/>®CQ,5‘CQ,B) .
||=t B0

This shows that the direct summands of A KV are of the form
S*A; K S?B)  with |u| =t and there exist «, 8 such that c’o‘jﬁ o5 # 0.

Proof of Theorem 5.4.1. The tautological bundles in consideration can be expressed as a
pullback via (5.19)
S = *8"B, and SPLY = *SPB,.

Tensoring the Koszul resolution in (5.23) with S"B; X S”B,, we obtain

¢

Vs Vi Vo v (STLEL @ SPLd) —— 0. (5.24)
where V; := (S"B; K S?B,y) @ N'KY.

We will show below in Lemma 5.4.4 that for all ¢ > 1, all cohomology groups of V; vanish
(with the given conditions on m and the partitions involved). This implies that ¢ induces
natural isomorphisms of cohomology groups

HY(Gr(ky, Ny) x Gr(k, No), "By K S°B,) = H'(Quot,, S"Li_ @ S*LL)

for all 7 > 0.

When n = ~ and p = X are partitions, Borel-Weil-Bott theorem (see Remark 5.3.2)
tells us that the cohomology groups of SYB; and S*B, are nonzero only in degree 0, where
they are naturally isomorphic to STHY(V ® L,,_1) and S*H®(V ® L,,), respectively. Hence,
proving part (ii).

If 6 (resp. v) is nontrivial, then by the Borel-Weil-Bott theorem (Theorem 5.3.1), all
cohomology groups of S"3; (resp. S”Bs) vanish whenever

0 < ky (resp. 11 < ko).
Using the assumptions m > d + b and 6, + v; < n — r, we have
h<n—r—1<(n—r—=0)0b+d <(n—rm—(b+d) =k,

and similarly 4 < ko. Note that d + b > 0 (considering the degree of the subsheaf S C
V C Of"). The extremal case d + b = 0 implies S is trivial, and thus b = d = 0, which
corresponds to the case when Quot, is the Grassmannian; there the claim follows directly
from Borel-Weil-Bott.

m
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Technical vanishing lemma

Lemma 5.4.4. For all ¢t > 1, all cohomology groups of V; in (5.24) vanish, if
(a) either § or v is a non-empty partition; or
(b) 6 = v =0 and m is sufficiently large.
Proof. Following the discussion in Section 5.4, A’ KV splits as a direct sum
AKY = @ (54 SU(B;)@CZ?'CZ,B)
lpl=t

where p runs over all partitions of size t and «, f and o runs over partitions. We see that
V; has direct summands of the form

(S" A, ® S"B,) K (S*BY).

In order for such a summand to exist and have a nonzero cohomology group, the following
conditions must hold simultaneously:

o The Littlewood-Richardson coefficients are non-zero, i.e.,

;
pto o X
Cop” Cop Co—p # 0.

Here ¢ _, is the generalized Littlewood-Richardson coefficient (5.9) for GL,,(C)-representations

and —p = (v, —A).

 Not all cohomology groups of S#.A; ®S"B; vanish over Gr(k;, N7). Lemma 5.3.9 implies
that we have a well-defined
i := (r1;n)-index of p.

Recall n = (v, —d) and note that ﬂ + 51 < r1. The index i satisfies the following
Piv1—s =1+ 11 — v;r and  ps <+ 51 for all s > 1.
This is illustrated in Figure 5.1.

 Not all cohomology groups of SX3 vanish over Gr(kz, N3). In such a case, Lemma 5.3.6
implies that we have a well-defined

J := ko-index of x.

The first inequality in Lemma 5.3.6 implies that first j entries x1,...x; = k2 +j. The
second inequality in Lemma 5.3.6 and rank of By implies x;t1,...,Xr, < j. This is
illustrated in Figure 5.2.
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kl ) j :..:. dpYa e 2m
01 62

Figure 5.1: A schematic diagram for the shape of the partition p, whose (71, n)-index equals
1. The first ¢ parts of ;1 must lie to the right of bold red outline by v and the last k; — i parts
of u lie left of blue line defined by 9.

ks

> .

9 <

Figure 5.2: A schematic diagram for the shape of xy when it is a partition: The ko-index
equals j. The first j entries of xy must lie to the right of bold red line and the last ro — j
entries lie left of blue line.
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We will apply the properties of Littlewood—Richardson coefficients, listed in Proposition 5.2.2,
to arrive at a contradiction on the existence of the indices j and i, which would then show
that the conditions above cannot simultaneously be satisfied, whence all the cohomology
groups of V; must be zero. We divide this into four exhaustive cases:

Case 1: Suppose j > i. By Weyl’s inequality (5.13), the condition ¢, 5 # 0 implies
aj + B = o
Similarly, from ¢ _, # 0 we obtain (recall —p = (v, —X))
ojt+v = x5 =+ ke

Note that §; < ,u} < Ky (since cg t gt # 0) and ky — k1 = n—r. Combining the two inequalities
above yields,
ajzoj—bhzjth-n-khzjt+tn-—r—u.

Hence the conjugate of « satisfy

: t
j < aj-i—(n—?“—ljl)‘ (525)

Using ! st # 0 and the assumption j > i, we have

Oé;-‘r(n—T—lll) < Kjt-(n—r—v1) < Hit-(n—r—v1) <+ 5Tn r—u1) (526)

The assumption §; + 14 < n —r — 1 implies that 5

y = 0. Hence we obtain j < ¢ from
(5.25) and (5.26), which is a contradiction.

n?"l/

Case 2: Suppose j < i < 2j5. Applying dominance inequalities in Proposition 5.2.2 for
c<a+p and aUB <yl
arising from cf 5 and cgfﬂ, respectively, we obtain:

o+t o; <o+ o+ 4B
<pd o+
ik, + (25 —d)i+ 9] (5.27)

The last inequality is evident by analyzing the shape of y in Figure 5.1. Similarly, using the
dominance inequalities for

p<al+p7 and ofUBT <ol

and analyzing Figure 5.1 we obtain:

ifri+i) = <m+- 4
<aj+--+al+ 8+ + 4]
<ol 4+ +al; (5.28)
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The non-vanishing of generalized Littlewood-Richardson coefficient cy_, # 0 implies the
following two identities:

o1t o zxit+x— Y (5.29)
o+ +ol <l 4+ xd + 1A (5.30)

The first inequality (5.29) simply follows from the dominance inequality (5.14), while the
second inequality (5.30) requires an argument, that we provide in Lemma 5.4.5. For the
tuple x, we define xI for the number of entries in y that are at least s.

Combining the inequalities (5.27) and (5.29), and analyzing the shape of x in Figure 5.2,
we obtain

Jlhe +7) = vl < xa+ -+ x5 — v ik + (27 — )i+ 1] (5.31)
Similarly, by combining (5.28) and (5.30) and analyzing Figure 5.2, we have

i(re+3) = Y <X+ o+ AL+ (20— )5 + (A (5.32)
These two inequalities (5.31) and (5.32) can be rearranged into the following useful form:

Gk = k) < (i = j)ky — (i = 5)* + [6] + v, (5.33)
Jlra =m) = (i = j)ri + (i = 5)* = [ = AL (5.34)

Recall that ks — k1 = n —r and r9 — r; = r. Multiplying the first inequality by r and the
second by n — r, we get:

r(16] + W) + (n =) (7] + IAD) = (6 = 5) ((n = r)ry = rky) + n(i — j)?
= (nd+7b)(i — j) +n(i — j)*
> nd+rb+n,

where we used the inequality ¢ — j > 1 in the final step. This contradicts the hypothesis of
the lemma.

Case 3: Suppose 27 < 7. In the previous case, the assumption ¢ < 27 was used only
in (5.31), so using our new assumption 2j < ¢, we can replace (5.31) by

while (5.32) stays the same. We can rewrite (5.34) and (5.35) as

jn—r)=jlka — k1) < (i — j)ks — 5° + |V, (5.36)
gr=grs —r1) = (i = j)ri + (i = §)° =[] = Al (5.37)
Multiplying (5.36) and (5.37) by r and n — r respectively, we obtain

v+ (n =) (W] + D) = (=) ((n = 1) = rk) + 75 + (i = §)*(n =)
> (nd +1b)(i — ) + 1+ (n —1)(i — j)? (5.38)
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When j = 0, we have x; < 0. By Littewood-Richardson rule, we have v; < x1, so |v| = 0.
Let us assume j > 0 or |§] > 0, i.e. the hypothesis of part (a). Then using (5.38), we obtain
the inequality

r(|6] + |v|) + (n — r)(|7] + |A]) = nd + rb + n,

which is a contradiction.

So let us suppose that j = 0 and |§] = 0, i.e. the hypothesis of part (b). Using j = 0,
(5.37) gives us ||+ |y| = ir1 +4% = r1 = rm+d, so we get a contradiction for m sufficiently
large.

Case 4: Suppose i = j. Since |u| =t > 1, i # 0. We can slightly modify the inequal-
ity (5.31) as follows:

j(k2+j—V1)§01+"-—|-0j
<+ 4 pd
< ik +i(2) — i+ 61).

But since ¢ = j, we get 14y + 61 > n —r +i > n — r, which is a contradiction. O]

Lemma 5.4.5. Suppose the generalized Littlewood—Richardson coefficient cé(,/._ N # 0, for
GL,,(C) representations, where o is a partition. Then for any positive integer s,

of +--- ol =A< x4+

Proof. Let x = (x1,.--,Xr) = (w,—0), and note that X; = w;[ for all 7 > 0. The size
constraint implies the equality

o]+ ] = [A] = |w] = 0]. (5.39)
It suffices to prove the inequality
olp+ ot + e+ = 10

and the the result follows after subtracting it from equation (5.39).
Fix an integer ¢ > max{6;, A\; }, then we have the classical Littlewood-Richardson coef-
ficient ¢?_, where 7 = (v, —\) + ({) and ¢ = y + (£)"* are partitions. Apply the Horn’s

o,T?

inequality (5.12) coming from cﬂ .+ 7 0, we obtain
ol + ool T A T 2 Ol o B
s+1 M T T +M Z Prist 0+M
Note that rjﬂ. = 1/]T and ¢Z+s+j = X£+j for all j > 0. Hence we finish the proof by letting M
large enough. O]

Extension groups

We will now specialize Theorem 5.4.1 to calculate the extension groups and prove all the
conclusions in Theorem 5.1.8. Note that the cohomology groups of Schur functors of two
dual tautological bundles in Theorem 5.1.10 immediately follow from Theorem 5.4.1.
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Proposition 5.4.6. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let L be a line bundle with degree at least d + b. Let v and A be two partitions such that
rlv|+ (n —r)|Al <nd+rb+n and vy <n —r. Then

Hom (S"B,$*B) i=0

Ext’ (8”L1, $ L) = _ (5.40)
0 1>1

where B is the universal quotient bundle on the Grassmannian Gr(k, N), where N =
dim H(V ® L) and k = N — rank L[,

Proof. We follow the notation in the proof of Theorem 5.4.1. We may express

S (L) @ $' L = @) ($7(L11)") 7,
n

where n = (11,72, .., N, &, ) = (7, —0) runs over tuples of non-increasing integers, and ¢,
are the modified Littlewood—Richardson coefficients (5.10). Horn’s inequalities imply that

nj <vi+ (=) <vy; forallj>1,

hence |y| < |v| and 71 < v < n —r. Similarly, we obtain |0] < |A|, and thus Theorem 5.4.1
implies that all higher cohomology groups vanish and the zeroth cohomology group is ex-
pressed in terms of the cohomology groups of B; as stated. O

Proof of Theorem 5.1.8. Proposition 5.4.6 immediately implies part (i), and a straightfor-
ward application of the Borel-Weil-Bott theorem yields part (ii). The statement about the
exceptional collection follows by noting that Ay <n —r and m > b+ d imply \; < k;, and
by invoking [Kap84] to observe that

{S*B, : |\ <d, A <n—71}

is contained in a full exceptional collection for Gr(ky, Ny). O

Cohomological degree of the tautological bundles

In Section 5.4, we showed that, except for the space of global sections of S’%kﬂ,1 ® SPLM,
all cohomology groups vanish, and we explicitly computed H® under size constraints on 7
and p. Here we remove the constraints on 7 and p and establish the vanishing of the higher
cohomology groups, strengthening Theorem 2.1.6.

Proposition 5.4.7. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let n = (v, —0), p = (A\,—v). Then for all m > d + b,

HP(Quoty, S"LI | © SPLIY =0 for all D > |6] + |v].

In particular, when n = v and p = A are partitions,

HP(Quoty, STLIY | @ S*LIWY =0 for all D > 0.
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Proof. First, recall the Koszul resolution (5.24), and note that it suffices to show
HP(Gr(ky,m) x Gr(ky,m2),V,) =0 forallt >0, and D >t + |0] + |v].

Indeed, assume there exist partitions u, a, 3, o, x such that

HD< Gr(k1,n1) x Gr(kz,n2), (SMAl ® SnBl) o (SXB;/)) 70,

with cgjﬁ-cg“ 5 Co—p 7 0. Recall the indices i and j from the proof of Lemma 5.4.4. Analyzing
the non-vanishing of the cohomology groups and the Littlewood—Richardson coefficients, in
particular, the inequalities (5.27), (5.29), and (5.31), implies

Jlka ) =] < pd oo 4 pdy
By Lemma 5.3.9(ii) the cohomological degree satisfies

D <hoj 0]+ (1 4+ ) = = ko + 0] +ip+ Y pl,
s2i+p+1

where koj is the cohomological degree contributed by SXBy. Adding the two inequalities
above yields

i+p

.2 . T . . .

77 —ip+ pl, it 25 <i+p,
6] + v + |u| = D+ ngjﬂ -

3% —ip, if 2 > 1+ p.

In both cases on the right, the expression is nonnegative, which is precisely what we need.
Indeed, if 2j > i + p, then j2 —ip > (i +p)?/4 —ip > 0, and if 25 < i+ p, then

i+p
P —ip+ S ol = PF—ip+i(i+p—2j)=(i—j)?* > 0.
s=2j+1

5.5 Multiple line bundles and vector bundles

In the previous section, we calculated the cohomology groups of S”LE?_1 ® SPLI for suf-
ficiently positive m. We required m to be large enough so that these tautological bundles
are pulled back along a Strgmme embedding. In order to access those degrees inaccessible
through a Strgmme embedding, we work with Schur complexes, introduced in Subsection
5.5 below. This will allow us to bootstrap Theorem 5.4.1 to prove Theorem 5.1.1 in full
generality.
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Schur functor of perfect complexes

For a partition A\ of n, let m, be the irreducible representation of S, corresponding to .
Then Schur functors can be defined for a perfect complex A of arbitrary length as S*(A4) =
(my ® A®™)5» (see for instance Page 302 between Theorems 9.11.4 and 9.11.5 in [Eti+17]).
From this definition, it is also clear that in characteristic zero, Schur functors respect quasi-
isomorphisms: taking tensor products respect quasi-isomorphisms, and taking 5, invariants
is exact in characteristic zero.

When we write S*M 4 for M is an object in the derived category of the Quot scheme,
we mean to represent M@ first as a perfect complex and take the Schur functor. In our
case, we can actually always represent M!¥ and M{? as a map of vector bundles. Below we
recall definitions and basic properties of Schur functors associated to a partition and a map
of vector bundles. The construction in this case is called Schur complexes in the literature.
See [Wey03, Chapter 2| for details.

Let X be a locally Noetherian scheme and let

D : E1 — E2
be a map of vector bundles on X.

Definition 5.5.1. Let A be a partition. We write S*(®)* for the Schur complex of length
|A|, so that

'@ = @ SV'E ©S"E,. (5.41)

vCAlv|=¢

is placed in g-th degree. The beginning of S*(®)® looks like
S)\El — S/\/(l)El X E2 — S)\/(Q)El ® /\2E2 ) S)\/(12)E1 X Sym2 E2 — e

Sometimes it is useful to index homologically as well. We write S*(®), for the Schur complex
of length |\| associated to the map ®, so that

SN®),= B S"E, @SVE, (5.42)

veX|vl=q
is placed in (—q)-th degree. The beginning of S*(®), looks like
= Sym? By @ SN B, ¢ A2E, @ SN E, —» B, @ SNVE, - S E,.
Note that S*(®), = S (®)*[¢], where £ = |A|.
Proposition 5.5.2. If we have a short exact sequence
0= E 5 By 2 By — 0, (5.43)

where each F; is a vector bundle, then S*(¥), — S*E3 — 0 is exact, and 0 — S*E; —
SA(®)* is exact.



CHAPTER 5. A BOREL-WEIL-BOTT THEOREM FOR QUOT SCHEMES ON P* 103

Proof. Since Ej is locally free, the short exact sequence (5.43) is locally split. Acyclicity can
be checked locally, so [ABWS2, Corollary V.1.15] implies that (S*¥), is acyclic. The same
result also shows that the cokernel locally agrees with S*E5, and the functoriality of Schur
complexes shows that the isomorphisms must glue, so, globally, the cokernel is also exactly
SAEg.

The first statement applied to the dual of (5.43) shows that the complex S*(®V : EY —
Ey) — S*EY — 0 is exact. Dualizing this complex shows the second statement. O

Remark 5.5.3. In the theorem statements, such as Theorem 5.1.1, we sometimes write
S H*(V ® M), where V, M are vector bundles on P'. The definition of the Schur functor is
rather trivial in this case, but requires caution. For instance, S*H*(O(—k)), where k > 1,
is the vector space S H'(O(—k)), concentrated in degree |)|.

Vanishing results for two insertions

In Theorem 5.4.1, we computed the cohomology groups of Schur functors of L%]_l and L%
We shall now use the properties of Schur complex to conclude results about vector bundles
L,{jil and Li% and their Schur functors.

Lemma 5.5.4. Let L,,_; and L,, line bundles with m sufficiently large. Let u,v,v, A be
partitions satisfying

il + v+ |y + [N < (nd+rb+n)/(n—r).
Then all cohomology groups of the vector bundles
'Ll @S L @ STLY | @ S
vanish unless . = v = ().

Proof. Let m be sufficiently large such that part (ii) of Theorem 5.4.1 holds. Now consider
the exact sequence of vector bundles

Pm

Ll 0

0 —— LI —— W, o

where W, := m.(p*(V ® L,)).
We WIH first prove the case u = () and v ;é Q) Apﬁ)lymg the Schur functor S” to the
above, then tensoring with the vector bundles I := S?L; ; ® S*LI% we obtain a complex

0 —— FRS'LIH —— F®S(d,,)
which is exact by applying Proposition 5.5.2. Therefore, the cohomology groups of the vector

bundle F ® S*Li% equals the hypercohomology groups of the complex F @ S*(®,,)*. Now
consider the hypercohomolgy spectral sequence

EPY = HP(Quoty, F ® S(®,,)*) (5.44)
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whose first page is given by
EY?:= H?(Quoty, F @ S”(®,,)?) .

By the definition of Schur complex, we note that F' @ S”(®,,)? splits as a direct sum with
summands of the form F@S*W,,®S° LI such that |a|+|3| = |v| and |3| = p. Note that W,
is a trivial bundle. Applying Littlewood-Richardson rule, we further split F'® S*W,,, ®S? Ll
into direct sum, with summands of form

STLY | @ S1L (5.45)

where
v+l =+ A+ 1Bl < Y[+ A+ [v] < (nd +7rb+n)/(n — 7).

Theorem 5.4.1 implies that ¢g-th cohomology groups of each of these summand vanish for all
q > 1. Therefore, H?(Quoty, F' ® S*W,, ® S?L4) = 0, and thus E}? = 0 for all ¢ > 1. We
will now show that the first row corresponding to ¢ =0

0B 5B 5. 5 B S0 (5.46)
in page one is exact. Consider the diagram

Wm 24(1’ Wm

[

W, —2m Ll
and the induced morphisms of complexes
F®8"(id)* —— F ®8"(id)* —— F ® S8"(®,,)°".

where I = SW,,_; ® S*W,,. Theorem 5.4.1 implies that the induced morphism for each
summand (5.45) in the p-th degree

SWp, 1 ® S"W,, = STLIY | @ s1Ll
induces isomorphisms for the space of global sections, and hence induces isomorphisms
H°(Quoty, F ® S”(id)?) = H°(Quoty, F @ S¥(®,,)P) = EP°.

Note that the complex of trivial bundles F ® 8”(id)* (equivalently of their space of global
sections) is exact by Proposition 5.5.2, and hence (5.46) is exact. Therefore the spectral
sequence (5.44) degenetates in page two with all the terms zero, so we conclude that

HP(Quot,, S"Li% @ STLI | © S'LIW) =~ HP(Quoty, F ® S¥(®,,)*) = 0
for all D > 0. The same proof works when v = () and p # (), and it gives us

HP(Quoty, S*LIM @ STLY | @ S*LIW) =0 for all D > 0. (5.47)
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When both p and v are non-trivial, we again consider the exact sequence,
0 —— FS'LI4 —— F®S"(d,,)

where F':= S“L,{;ﬁl ® S'YL%]_l ®S*Ll4. Running the same argument as above, we note that,
for each p, the bundle F' ® S”(®,,)P splits as a direct sum with summands of the form

sLif @ Ll @ sl

m—1

for partitions n with || < |A| 4+ |v|. Since u is nontrivial, all cohomology of the above
summands vanish by (5.47), and hence

H(Quoty, F ® S”(®,,)) =0

for all p and ¢. This implies that each object in the first page of the corresponding hyperco-
homology spectral sequence is zero, and thus H”(Quoty, F ® SYL{#) =0 for all D > 0. O

We now prove Theorem 5.1.11 about the vanishing of the cohomology of S,, restriction
of the universal subsheaf S to Quoty x{z}, using Lemma 5.5.4.

Proof of Theorem 5.1.11. Let L,, = O(m) and L,,—; = O(m — 1) for the same choice of m
as in part (ii) of Theorem 5.4.1 and Lemma 5.5.4. For a point x € P!, the short exact
sequence

0—Lp,-1—L,—>0,—0

induces the short exact sequence involving tautological bundles

0 —— LW, ¥, g &, 0.

on Quoty. Proposition 5.5.2 provides a resolution
SANU)y —— SN, —— 0

for a partition \. When 0 # |\| < (nd+rb+n)/(n—r), Lemma 5.5.4 applies to each term in
the resolution, and hence proving that all cohomology groups of S*E, vanish. The statement
involving multiple partitions is a simple consequence of Littlewood-Richardson rule. ]

Proof of Theorem 5.1.1

As noted in Remark 5.1.4, every vector bundle on P! splits as a direct sum of line bundles,
so Theorem 5.1.1 follows from the following statement concerning multiple line bundles.

Theorem 5.5.5. Let K, Ky,... K, and My, M>, ..., M, be line bundles on P!. For any
tuples of partitions u', p2, ..., p° and A, A2, ..., N\ satisfying

) - DM N < (nd Frb )/ (n— ),
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(a) If y is a nontrivial partition for some 1 <4 < s, then

s ) t )
H* (Quotd, Qs K o @ s M}d]) —0.

i=1 j=1

(b) If ut = -+~ = p* =0, then

t . t .

H* (Quotd, R s M}dl> ~ QSYH(V @ M;).

j=1 j=1

Remark 5.5.6. The universal quotient p*V — Q induces natural maps H*(V ® M;) —

H '(M][d]) for each j. The proof below will additionally show that the isomorphism in part
(b) is given by taking Schur functors and tensoring these natural maps.

Proof of Theorem 5.5.5. Fix sufficiently large integer m such that Theorem 5.4.1(ii) and
Lemma 5.5.4 hold for Schur functors of consecutive line bundles L,,—; = O(m — 1) and

L., = O(m). The key idea here is to represent each Ki{d} and Mj[d] as two-term complexes

involving only L%Ll and L9 so that we may analyze Schur functors of the latter instead.
Note that R'm.(F ® p*L,,_1) = 0, where 7 and p are the projections maps (5.1) for
Quoty xP!. The diagonal sequence for P! gives an exact sequence [Str87, Proposition 1.1]

0— o @po(-1) — Lld — Fep*L, — 0
on Quoty xP!. For any line bundle M, twist the above sequence by p*(M ® L)), and push

forward via 7 to obtain an exact triangle

LY @ Rrp(MaLY, ) -2 [ Rrp (M ®LY.)) Ml ! (5.48)

in the derived category of coherent sheaves on Quoty. Explicitly, Rm.p*(M & L)) = H* (M ®
L) @ Oquot, is a trivial vector bundle supported in degree 0 or 1; the complex is identically
zero if deg M ® LY, = —1. This exhibits M [ as quasi-isomorphic to a two-term complex of
vector bundles, denoted ®,;, which is

o M @HMeLY, )= LdgH(M®LY) if deg(M ® L) >0,
MV o H (M LY, )= LM H(M®LY) if deg(M ®LY) < —1,

where the first complex (®). is viewed as concentrated in degrees [—1, 0], and the second
(®pr)® is concentrated in degrees [0,1]. Similarly, replacing F by £ in the above argument,
we obtain the exact triangle

L' @Rrpt (K@ LY, |) —% L3 @ Rrp*(K @ LY,)) Kiap (5.49)

for any line bundle K.
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Thus, our problem is reduced to computing the hypercohomology groups of the complex

s , t .
G* =R S" (V) @ QS (Par,)°.
i=1 j=1
Note that we write S¥ (U,)°, S’\j(éDMj)' instead of S*' (U ), S)‘j(CDMj). for all i, j for ease
of presentation, but apply the corresponding construction in Definition 5.5.1 depending on
whether W, @y, are concentrated in degrees [0, 1] or [~1,0]. Now the degree ¢ term G in
the complex G* splits as direct sum of vector bundles of the form

s*L @S LM @ STLY | @S LY
for some partitions «, 3,7, 0 satisfying
o + 18l = |u'[+ -+ |p*| and |y + 0] = N[+ + V],

If ;¢ is nontrivial for some 7, then either a or 3 is nontrivial, and thus, all its cohomology
groups vanish by Lemma 5.5.4. Therefore, the first page of the hypercohomology spectral
sequence for G* is identically zero, so we get H”(Quoty, G*) = 0 for all D > 0. This
concludes the proof of part (a).

To prove part (b), we will use the exact triangle

On .
MY 5 R (pf(V © M) —— MY L (5.50)

where R, (p*(V @ M;)) = H*(V @ M;) @ Oquot,- Let us first observe that, when deg M; >
d+ b, it is a vector bundle supported in degree zero, and whenever deg M; < 0, the complex

M Jf{d} is vector bundle R'm,(p*M; ® S) supported in degree one.

When deg M; > d+b, we apply Proposition 5.5.2 to see that SV Mj[d] is quasi-isomorphic
to SV (©11,)e, supported in degrees [—| M|, 0], with (—¢)-th term given by

S)\j <@Mj)q _ @ SaTMj{d} ® S)\j/a (HO(V ® Mj) ® OQuotd)
aCM,|a|=s
On the other hand, when deg M; < 0, we see that SV M][d] is quasi-isomorphic to SV(@ M),
supported in degrees [0, |\ |], with ¢-th term given by
s¥(Ou) = @ SV s (HY(V @ M,;)® Oqu,)
aCM ,|al=s

where Mj{d}[l] = R'm.(p*M; ® S). Now consider the complex

t
E* =) SY(Ou,)",
j=1
where we use cohomology notation for ease of presentation again. Observe that all cohomol-
ogy groups of each summand of each term E? vanish by part(a), except for the D-th term,
with D = 3 geg ar,<0 | V], which contains the summand

® S (H'(V @ M) @ Oquer,) @ @ SV (H(V @ M) @ Oquer,) . (551)

deg M; <0 deg M; >0
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Therefore, the hypercohomology spectral sequence degenerates on page two, and gives us

HPQuot, B = & SM'H'(VeM)e & SYH(VeM,).

deg M;<0 deg M;>0

for D = Y aeg n1,<0 |A7|, while all other cohomology groups vanish. Note that in computing
HP from (5.51), we use the fact that Oque, has no higher cohomology groups, which is a
corollary of Theorem 5.4.1, as explained in Remark 5.4.3.

Now assume 0 < deg M; < d+b—1<m— 1. In this case M]{d} is supported in degrees
[0,1], and is quasi-isomorphic to (Wy;)® using the triangle (5.49). The latter complex is
supported in degrees [0, 1] and is given by

War.
L9 @ HY(M; @ LY, ) —2s LI @ HY(M; ® LY.)).

Thus, using the triangle (5.50), we get a quasi-isomorphism of Mj[d] with the complex of
vector bundle concentrated in degrees [—1,0] given by

L o H\ (M@ LY, ) —— LI @ H\(M; ® L)) ® H'(V @ M;) ® Oquet,,

and argue similarly. O]

Vanishing without size constraints

We now turn to the setting when there is no restrictions on the sizes of partitions. We will
extend the result for two consecutive line bundles in Proposition 5.4.7 to showing vanishing
of higher cohomology groups for multiple line bundle.

Theorem 5.5.7. Assume V splits as a direct sum of line bundles of nonpositive degrees.
Let M, Ms, ..., M, be line bundles on P! of degrees at least d+b. For any tuple of partitions
AL A2 we have

t

(Quotd]P’ V,r) ® ):0 for all « > 1.

Proof. Let m = d+b, and thus Proposition 5.4.7 applies whenever two consective line bundles
are involved. Let M;, M, ..., M; be line bundles with degrees at least m, and consider the
short exact sequences (5.48) of vector bundles ,

38
0 —— Ll @ H(M; ® Ly, ) —> LI @ H(M; @ LY,)) M) 0

for each 1 < j < t. For any partitions A, A%, ..., A\, we consider the complex of vector

bundles

G* = (é) SN (@1, )e

j=1
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Note that the complex is supported in degrees [—¢,0] where £ = (|]A'| + -+ - + |\!]). Proposi-
tion 5.5.2 implies that the complex

to
0G =G M 5 =5 Gy — RSV M,

j=1
is exact. The (—g)-th term G~9 splits as a direct sum with each summand of the form
S Ly @ SLL,

which by Proposition 5.4.7 can only have zeroth cohomology. In particular, H*(Quoty, G™9) =
0 for all 0 < g < /{and > 1, so we conclude that

j=1

t
H (Quotd,®S>‘]]\/[j) =0 for all 7 > 1.

]

We now provide some concrete examples explaining why the size constraint is necessary
in the statement of Theorem 5.1.1, even though all higher cohomology groups vanish for
positive enough line bundles.

Example 5.5.8. Let V = Og?, r = 1 and d = 2. For the line bundle L, = Opi(4), the
natural map
N HO(V @ Ly) — H°(Quoty, ASLP)

is not an isomorphism. This shows that the bound |\ < (dn + n)/(n — r) is sharp in
Theorem 5.1.5.

Our computation uses the Stgmme embedding of ¢ : Quoty — Gr(3,10) x Gr(4,12),
corresponding to the twists m = 4,5. We have /\GLEE] = *SUYB,, which yields a res-
olution of 1, A® LI as in (5.24). This then gives rise to a spectral sequence H*(V;) =

H*!(Quoty, /\GLE}). By using the computer to run an exhaustive search, we find that there
are exactly two nonzero terms on the initial page of the spectral sequence: in addition to
the term H°(V,) = ASH(V @ Ly4), which has dimension dim H°(Vy) = 210, the cohomology
group H?3(Vyy) is also nonzero.

Specifically, let W, = HO(V®Ly), Wy = H*(V®Ls), and let u = (10, 10,4),0 = (6,6, 2°).
Then the multiplicity

;
pt o
> Chplos =28
a’ﬁ
is nonzero, and

H?(Gr(3,10) x Gr(4,12), Vay) = H®((S* A, @ ST)B,) K S7BY )&%
= (8(310)1/[/1 ® S((2)12)W2\/)EB28
=~ ((det W)™ ® (det Wy)2) ™.
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One possible choice of a, § would be

a=(3,3),
B = (373726>7

for which the multiplicity is CZT,BCZ, 5= 1

Since there are only two nonzero terms on the initial page and /\GLLQ] cannot have co-

homology in a negative degree, the induced map H?3(Vay) — H°(V,) must be injective. In
fact, there is a short exact sequence

0 ((det W)™ ® (det 1)) = AW, — H(Quoty, L) — 0.
Example 5.5.9. Let V = O r = 1,d = 3. Then
H2(Quot,, Sym?(LE)Y) = H*(Quot,, @ (LLY) # 0.

Note that the partition v = (2) satisfies the constraint that |v| < (nd 4+ n)/r = 12, but fails
the condition of part (i) of Theorem 5.1.8 because vy, = n —r is too large. This example also
shows that the same theorem cannot be upgraded to the statement that for |v| < (nd+n)/r,

Hz === (Quot (P, V, ), (SY LYY = 0.

To see the non-vanishing of H?, we consider the Stromme embedding ¢ : Quoty — Gr(3,9) X
Gr(5,12), corresponding to the twists m = 2,3. Then we run an exhaustive search of all
vector bundles

V¢ = S*A; ® Sym® B) K S* (BY @ BY)
on Gr(3,9) x Gr(5,12), where |u| < codim(Quot,y (P, V,r) C Gr(3,9) x Gr(5,12)) = 42. Let
w1 = (8,2,2) and py = (7,2,2), and let W) = HO(V ® Ly), Wo = H°(V ® L3). We find that
the only vector bundles with nonzero cohomology groups arise from these two partitions:

Hl?’(V‘“)
ng(V“?)

= SEHW) @ ST (WY)PT = (Wh @ det Wh @ det W)™,

= SEDIY) @ ST ()P = (det Wy @ AT,

The spectral sequence computing the cohomology of Sym? LYY in this case reduces to an
b q puting gy of Sym* (L3

exact sequence

0 = H'(Sym?(LE")Y) = (Wi@det Wi@det Wy )®7 — (det Wi @AM WY)®0 — H2(Sym?(LE)Y) — 0.

While we don’t know how to describe this middle map explicitly, the cokernel H? (Sme(L[Qd] )

must be nonzero for dimension reasons.
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