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The Approach to Chemical Equilibrium in Thermal Models
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ABSTRACT

The experimentally measured (n , charged particle)/(n ,n) and
(p;n)/p,p') ratios for the emission of energetic nucleons are used tp
’estimate the time evolution of a system of secondary nucleons produced
in a direct interaction of a projectile or captured muon. The values
of thes ratios indicate that chemical equilibrium is not achieved among

the secondary nucleons in non-composite induced reactions, and this
restricts the time scale for the emission of energetic nucleons to be
=23

about 0.7 x 10 sec. It is shown that the reason why thermal

equilibrium can be reached so rapidly for a particular nucleon species

*Parmanent address



jv

is that the sum of the particle spectra produced in mu]tib]e direct
reactions 1ooks surprisingly thermal. The rate equations used to
estimate the reaction times fof muon and nucleon induced‘reactjons are
then. applied to heavy ion collisions, and it is éhown that chémica]

equilibrium can be reached more rapidly, as one would expect.



I. Introduction

1 have made an attempt to extend the thermal model

Recently, we
traditionally used in heavy ion physics,2 into the domain of proton
induced reactions. Of particular interest was the question of whether
the high energy tails of the (p,p') and(p,n) inclusive spectra could
be adequately described as arising from-a system in thermal equi-
librium. The difficulty in applying the thermal model to this region
is that the inferred temperatures are sufficiently large that only a
subset of the target nucleons can be involved. This is in contrast to
the emission of low energy ejectiles (of kinetic énergy less than 10
MeV) which show a temperature consistent with the kinetic energy of
the incident projectile being spread over most of the nuc]eus.3

In estimating the number of nucleons in the.hot source several
approaches were used. Having determined the temperature and source
rapidly from an analysis of the data, one can use conservationrof
energy and momentum to determine over how many nucleons the pro-
jectile's energy and momentum are spread. Both estimates give about
ten nucleons for the source size in a heavy nucleus such as tantalum
or lead. These ca]cd]ations probably overestimate the number of
nucleons in the source, in that the projectile may not have necessarily
lost all of its energy and momentum to the target. A different
approach would be to integrate thé emitted proton spectrum to get the
proton multiplicity, and then multiply by two to get the number Qf

nucleons (this assumes the (p,p') cross section is the same as the



(p,n), see below). This calculation gives about three nucleons in the
1100-1000MeV incident kinetic energy range, although the result is
energy dependent. This is an underestimate in that many of these hot
éystems may evolve further and cool down, their evaporative nUc]eohs
not contributing to the high energy tails.

Taken at. face value, then, these results disagree,'although a more
detailed ca]Cu]atfon will lessen and perhaps eliminate the dis-
agreement. What they do show is that the size of the source is small,
an average of the estimates being 6 nucleons. This is consistent with
a . geometrical estimate which calculates the impact parameter averaged
number of nucleons in a tube, with radius equal-to the-proton radius,
taken along a straight line trajectory through the target nucleus.
Although this number of nuc]edns is small, it is probably enough such
that final state interactions among them could take a momentum dis-
tribution for the nucleons in the interaction region which is not too
far from thermal, and thermalize it. The purpose of this paper will
be to investigate whether the nucleons can reach chemical, as well as
thermal equilibrium.

In heavy ion physics, subthreshold K production has been used to
estimate the degree to which chemical equi]fbrium is achieved.
Mekjian4 has shown that, although pions rapidly thermalize in high
energy heavy ion collisions, the estimated lifetime of the state of
hot nuclear matter is not sufficiently long to allow kaons to come into
chemical equilibrium. Proton induced reactions can use other ejectiles

to measure the extent of chemical equilibrium, for example the ratios



of cross sections in the (p,p')/(p,n) reactions® and (p,n*t)/(p,r )

6 Both of these ratios should be about unity for an N = Z

reactions.
target at chemical equilibrium. In fact, after correcting for the N/Z
fatio of the target, experimentally both are of the order 2, depending
on the target. These values are closer to what one would expect from
a model in which the ejectiles are produced in a direct interaction,
with only a small amount of multiple scattering present: enough to
bring the particles into thermal equilibrium, but not enough for
chemical equi]ibrium.7
Another piece of evidence regarding the approach to chemical
equilibrium comes from the measurement of neutron and charged particle

emission following u~ c-apture.8 In the direct interaction picture,

u~ capture takes place via the reaction

u *+ p »>n+ v, . (2)

Hence, in the absence of multiple scattering, one would expect only
neutrons to be emitted, rather than protons. Experimenta]]y,9"13
the ratio of (u ,p)/(u ,n) for nucleons emitted with energies
greater than 15 MeV is observed to be about 1/2 for light targets such
as Al or Cu. (What is usually measured is the charged particle
spectrum rather than (u ,p). Since the alpha yield is generally

smaller than the proton yie]d,l3

we will equate the charged particle
spectrum with the proton spectrum.) Both the (u ,p) and (v~ ,n)

spectra as a function of ejectile energy look exponential with an



apparent temeprature of 7-10 MeV (with some deviations from this
range). Again, then, a picture emergies in which.there is a direct
interaction followed by a small amount of multiple scattering, but not
sufficient charge exchange to bring the. protons into chemical
equilibrium, |

This,paper will treat: the (u,p)/(u,n) and (p,n)/(p,p') ratios in
some detail; the pion production calculations invoive at least three
body phase‘épace and would make the paper overly long (they w111 be
treated in a later paper on both = and K production). Section II will
review muon capture and its description in terms of the thefma] model.
Ca]cu]atibns bf NN co]]ision.rates will bg_presented in the third
section, and the question of nucleon chemical equilibrium will be
addressed. The two ratios of interest mentioned>above_have on1y béen‘
measured at low temperature and density, different from what one would
expect for heavy ion ch]isions. In the fourth section, therefore,
these calculations are éxtended to heavy ion densfties, and it is shown
that chemical eqﬁi]ibriumvamong the nucleons is reached more rapidly.
Because these calculations indicate that the lifetime of the hot in-

3 . .
2 sec., in section V, we

teraction region is on the order of 1 x 10~
examine the question of whether there is even enough time for thermal-
ization. We will show that the initial momentum distribution of the
struck nucleons is not that far from a thermal distribution, so that

few subsequent collisions are required to thermalize it. Our con-

clusions are summarized in the last section.



II. Muon Capture

Neutron emission following u~ capture has beén studied for some
time.8 ‘What we wish to present here is a thermal model approach to
the energy spectrum of the emitted nucleon. The interesting physics
questions involved in calculating the absolute capture rate will not
be addressed here as they are well covered elsewhere.

In muon capture by a free proton, most of the energy released is
carried off by thé neutrino, as a consequence of momentum conservation.
The recoiling neutron will have a unique energy of 5 MéV. When the
capture takes place in a nucleus, an energy spectrum is observed for

the emitted neutrons.1’14‘16

At low neutron kinetic energy, the
spectrum falls steeply and is describable in terms of evaporation from
a source with a small temperature, on the order of anlMeV. AboVe a
neutron kinetic energy of about 5 MeV, the falloff is less steep,
corresponding to an apparent temeperature of 7-14 MeV (data with better
statistics tend to favor a lower temperature). In a thermal model,
the "hot" interaction region cannot be the entire nucleus, since there
is only about 100 MeV of energy available for thermalization to begin
with.

The reason that there is a spread in energy, of course, is that
residual nucleus can carry away momentum which the neutrino would
otherwise have to carry, without carrying off much energy. Imagine
that the muon is captured on a zero temperature Fermi gas of protons.

Then integrating over the momenta E of the capturing protons (kinematic

labels are shown in Fig. 1) would give an average kinetic energy to



the neutron produced in the reaction of about 25 MeV,‘assumiﬁg a
separation energy of 10 MeV. Identifying this energy with (3/2)T'wou1d
give a temeperature of 17 MeV, not far removed from the range of
temperatures indicated by experiménts. Hence, the produced neutron
would only have to share ifs energy with one other nuc]epn\to give an
average energy consistent with experiment.

The- Fermi gas approach will not, however, reproduce the energy
spectrum withouf multiple scattéring. It is easily calculated that
if the maximum momentum available in the nucleu is 270 MeV/c
(corresponding to a Fermi energy of 38 MeV) then the maximum neutron
energy will be 50 MeV. Such a sharp cut off is not observed experi-
mentally. In a calculation which uses an effective vertex function to
account for both a softer mOmentumvdistribution than the zero tempera-
ture Fermi gas, and multiple scattering, Singer, Mukhopadhyay and

17 are able to reproduce a temperature of 12 MeV easily. (For

Amado
other theoretical work on this problem, see Ref. 18-22.) Both of these
approaches, then, indicate that only a small amount of multiple
scattering is required to produce an apparently thermal spectrum with
a temperature of 7-10 Mev.

Before proceeding to a discussion of reaction rates, we should

"check that the normalization of the thermal model is consistent with

the data. The data have been parametrized as

[ = Ny e(-TyE) | (2)

q



where Tq is the kinetic energy of the observed neutron and N is the
number of neutrons per capture. The parameter E0 is closely related
to the temperature, which enters into a Maxwell-Boltzmann distribution

(assumed here) as:

dN 4x
— = ——T——— Ngm exp(-T_/T) (3)
qu (2nmnT)3/2, n' n q

.Here, Nn is the'total number of neutrons emitted. For the charged

particle experiments, E0 is typically in the range of 8 MeV,
corresponding to a temperature of 7.3 MeV.

As a test, then, we will evaluate Eq. (3) for T = 7 MeV and Nn =2,
which is what we expect for the final state after thermalization.
Since it is'estimated8 that about half of the captured neutrons go
through giant resonance absorption, rather than the direct mechanism
assumed here, then the result from Eq. (3) will be divided by 2 in

14 for (u ,n)

order to compare with Aata quoted per Capture. Data
on a sulphur target are shown on Fig. 2.

The theoretical curve represents an uppér bound on the data in that
not all of the hot zones produced in the direct reaction will emit a
neutron in the time frame covered by the 17-7 MeV temperature range.
Many of these systems will evolve through to the low temperature regime
of classical evaporation phenomena. Indeed, the number of nucleons in

the evaporative region is at least double what one would expect by

extrapolating the high energy tail. One cannot cleanly interpret this



as the number of systems which go on to complete equilibration, but it
indicates that a further reduction by two might be expected to make.

the bound in Fig. 2 into an absolutely norma]i;ed prediction. In any
event, the data are not inconsistent with a thermal model description.

Of course, this may not be the only description.17'22
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III.' Reaction Rates

We have shown above that in the direct muon capture reaction, only
a very few collisions are required to lower the initial neutron dis-
tribution, with an apparent temperature of 17 MeV, to the experi-
menta1]y observed distribution with an apparent température of 7 MeV.
We now wish to use the (u,p)/(u,n) ratio to estimate the time-scale
involved in thermalization, and see if this is consistent with only a
few collisions occurring. To proceed, we need to know the reaction
rates for these processes.

The reaction rate for a particle, which we will label A, to react
with a gas of particles B, with number density, ngs is given by

2
\pg = Mg d4n <2:T>3/2.f v3c(V)e_ <£%TP> dv - (4)

where u is the reduced mass of the AB pair and v is their relative
velocity. We have assumed that the temperature is sufficiently low
that one can use non-relativistic kinematics, but sufficiently large

that the nucleons have a Maxwe]]-Bo]tzmann energy distribution.
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To perform the integration, the cross section as a function of
energy must be known. Both the pp (which we will assume is the same

as the nn) and pn cross sections have the form23

c = Oolp?ab (5).

in the 20-160 MeV incident proton kinetic energy range. - Since the
exponent § has a value of 2.2 for Both of these reactions, we will take

the liberty of fitting these cross sections to the form
a(v) = oO/V? (6)

for the sake of obtaining an easily manipulated expression. With this

0
pn
simple form:

fit, o® = 16.7 mb and ¢° = 5.1 mb. Then B has the particularly

PP

Ao = (23)1/2 ngo® | (7)

Since the charge exchange cross section is about half the total pn

cross section then

A(n > n) = \/E; (n > n)(%)

and (8)
1/2

1/2

Nojo

T

An>p) = [2 5 °nsp) (3)
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2 2

and p is taken to

where co(n >n) =1.35 fm" and co(n > p) = 0.84 fm

be normal nuclear matter density, 0.17 fm"3.

Defining Xe] as the n » n rate and Acx as the n » p rate, one
can see from Fig. 3 that the time taken to reach thermal equilibrium
must be fairly short, 1 x 10723 sec.

In other words, the initial neutron has spread its energy over one
other neutron aﬁd 1 proton in this time period. Indirect experimental
evidence supprting this comes from the (u,pxn) activation experi-
ments.24 Here, one finds that the number of neutrons, x, accompany-
ing an ejected proton is of the ratio 1:6:4:4 for x = 0,1,2,3. (The
comparision is not exact because the experiment integrates over
evaporative protons as well as the high energy tails, although
evaporative proton emission is suppréssed with'respect to neutron
emission because of Coulomb effects.)

To obtain a better estimate of the time scale, we use the time
evolution of thé proton to neutron ratio. First, we discuss proton
induced reactions. In a direct knockout model in which the incident
proton scatters off an off-shell proton or neutron to produce the

25 that

observed nucleon (sometimes by charge exchange), one finds
~ two high energy protons are ejected for every high energy neutron. This
is then the starting abundance before thermalization. Clearly, since
the obser‘ved5 (p,n)/{p,p') ratio is very similar to the starting

ratio for a wide variety of targets, there is very 1itt1ettime for

multiple scattering. Hence, the lifetime of the high temperature state

must be very short, just enough for one or two collisions. Beyond
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this time, it is likely that either the nucleons escape or they undergo
yet another set of collisions which drops the température signifi-
cantly. Similarly, for a variety of targets the energy spectra of the

9 are about 0.6 times the size of the (u,n) datal4 for

(u,p) data |
similar energies and targets. We wii]-use fhe muon data rather than
the (p,n) data to estimate the 1ifétimé éince the calculation is’
c]eanef. | |

We will use Acx.to study the time evolution of a couple set of -

charge exchange rate equations:

dn_(t
22( ) = (-nn(t) + np(t)) Nex
(9)
dn_(t
25( D= (8] - n(0) ag,

-23 -1
sec)

As before, the n's are number densities. Choosing Aex = 1 x (10
in the 10-20 MeV temperature range, the proton to neutron ratio of a
system which is initially energetic neutrons, is shown in Fig. 4. One

23‘sec for the p/n ratio to

can see that it takes about 0.7 x 107
evolve to the 0.6 observed in muon capture.

Futher, it is clear that this conclusion will be true at somewhat
higher temepratures than those appropriate to the experiments completed
thus far. Because the cross sections decrease with lab momentum, the

1/2

rate also decreases like T Hence, at temperatures of 50 to

60 MeV, for example, the-high temperature states should be similarly
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short 1ived. As the temperature is raised beyond this, pion production
(which has been omitted here) will become important and the particle
number density will increase. This, in turn, will increase the
reaction rate and bring the nucleon distributions closer to what one

would expect in chemical equilibrium.
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IV. Heavy Ion Reactions

The tests given above for nucleon chemical equilibrium are more
difficult to perform in heavy ion reactions bécause both the pro-
jectile and the target generally have N = Z, and one would therefore
expect the neutron and proton yields to be similar (éfter correcting
for N/Z effects in the target and projectile nuclei, as well as decay
prdducts). However, we can extend the calcuations presented in
Section IIl into the heavy ion domain to see if nucleon chemical
equilibrium can be more rapidly achieved than in proton reactions.

At the same ihcident kinetic energy per nuc]edn, reactions in-
‘volving a heavy ion will generally have a higher tgmperature than ones
with a proton. This can easily be visualized in the "rows on rows"
approach which Wou]d show that there will be mqré projectile nucleons
incident per target nucleon than what oﬁe would find in a proton in-
duced reaction, To evaluate the reaction rate at the same kinetic
energy per incident nucleon, We need to know the temperature as a
function of incident energy. The temperatures found in a‘thermal mode]
analysis of the (p,p') reaction on heavy targets were found to depend

on incident kinetic energy, Ki in the following way
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where Ki is in MeV. For heavy ion reactions in the 100-800 AMeV

region, the functional form

T =2.1 K?'52 MeV ' (11)

fits the data26 reasonably well in the energy range of interest.
Here, Ki refers to the incident kinetic'enérgy per nucleon.
Using these temperatures, and assuming that the nucleon density in'
the interaction region of a heavy ion collision is double that of a
proton induced reaction, the rates shown in Fig. 5 can be calculated.
We have plotted the charge exchange rates for both proton induced and
heavy jon induced reactions at the same Ki' As one would exbect,
the heavy ion reactions will come_intd both thermal and chemical

equilibrium faster than proton induced reactions.
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V. Rapid Thermalization

In the above analysis, we have demonstarted that the time scale
involved in energetic nucleon emission is very short, and that the
nucleons may not reach chemical equilibrium. How is it, then, that
the individual proton or neutron spectra look so nearly thermé]? The
answer is that the knockout process itself gives a spectrum which is
not too different from a thermal shape. |

27-29 the incident

For example, in the direct knockout picture,
proton strikes a target nucleon with momentum E to produce‘the observed
nucleon. Since the single particle momentum distribution is usually a
.rapidly falling function of k, then the magnitude of the cross section

will depend significantly on the minimum value of k(k_._) which is'

min
required to produce the observed partié]e. In a very crude approxi-
mation, then, values of E (the observed nucleon momentum) which have
the.same.khih, should have similar cross sections. Shown in Fig. 6

is a plot of selected values of k for an incident proton of

min
kinetic energy 500 MeV on a mass 100 target. Only one of the target
nucleons is put on mass shell (with momentum 3) the rest of the nucleus
recoiling coherently with overall momentum E. Rather than plot con-

tours of constant k against q, and q“'(the perpendicular and

min
parallel components of q with respect to the beam, respectively), the
contours are plotted against q,/m and y = 1/2 In [(E + q")/(E - q”)].
“ Non-relativistically, these quantities reduce to the perpendicular and

parallel components of the velocity, respectively.
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If the source of the ejecti]esAwere truly thermal, then contours
of constant Lorentz invariant cross section would be semicircular (in
the non-relativistic 1imit) with a common origin at the velocity of
the source. One can see that the contdurs in Fig. 6 are suﬁrising]y
semicircular. Now, what in fact contributes to a given inclusive
spectrum from a heavy target is of the order 3 scatterings of the
projectile. That is, the initial state before thermalization begins
will be a sum of the secondary nucleons produced in roughly three
direct interaction scatterings of the incident nucleon. For the sake
of calculation, it will be assumed that an incident proton loses 1/3
_of its energy per collision. We then sum the contributions, each of

which is taken to'be of the form exp(-k . [k ) (see Refs. 27-29).

min’ ~o
The parameter k0 is assigned a value of 100 MeV/c. Because the
maximum value of y for each collision will decrease with the incident
energy, the apparent centers of the circles will also be shifted to
smaller y. Inclusion of the NN scattering amplitude which has its
maximum at small momentum transfer, would further accentuate this
trend.

Hence, we can see that at the beginning of the thermalization stage
the spectra of struck nucleons will already look somewhat thermal, with
a source velocity of less than 0.4c (vs. a thermal model analysis

result of 0.2c). Clearly, it will not take much multiple scattering

of the ejected nucleons to produce an approximately thermal spectrum.
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VI. Summary

We have used the experimentally measured (u ,p)/(n ,n) and .
(pyn)/(p,p") ratios to obtain a limit on the time before freeze out of
the target nucleons involved in pre-equilibrium nucleon emission. In
the muon- case, we estimated that the neutrons produced in thé capture
process have an initial avefage_kihetic energy of about 25 MeV arising
from the Fermi motion of the’capturing protons. In cooling to the’
temperature of 7-10 MeV. measured experimentally, the energy of the
initial neutron need be spread over only one other nuc]eoh, which
occurs in too short a time to bring the target protons into chemical
equi]ibrium.. The observed p/n ratio for muon captive allows one to
estimate the thermalization time as 0.7 x 10'23 sec. This estimate
is subject to uncértaintyiin the-charge exchénge rate, Whose cal-
cu]ation assumed Maxwell-Boltzmann statistics and neglected the effects
of Pauli blocking. The lower the temperature of the system, the more
important these effects will become. This situation is contrasfed to
reactions involving heavy ions, where the rates for achieving chemical
edui]ibrium are about double those for proton reactions at the same
incident energy per nucleon. The energy spectrum of nucleons produced
in the initial interactions of the projectile was shown to be sur-
prisingly thermal in shape, so jt is understandable that these nucleons
can come into thermal equilbrium after only a very few subsequent

scatterings.
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Figure Captions

Fig. 1.

Fig. 2.

Fig. 3.

Fig. 4.

Fig. 5.

Fig. 6.

Fig. 7.

Kinematic labels for muon capture in é nucleus.

A comparison of the thermal spectrum expected for a group of
2 neutrons and a temperature of 7 MeV. The data are from
(u,n) on a sulphur target, from Ref. 14.

Estimated reaction rates for n > n (pp and pn elastic
scattering) and n > p (pn charge exchange) reactions.
Estimmted time evolution of proton to neutron ratio for

Aoy = (10'23 sec)"l.

Comparison of charge exchange rate for proton and heavy ion
induced reactions.

Contours of constant k (1abel on curves in MeV/c) for an

min
1ncidenf proton of kinetic energy equal to 500 MeV on a mass
100 target.

Contribution of three co]]isioﬁs in a knockout model to I exp
(—kmin/ko) assuming an incident proton with 500 MeV in

energy loses one third of its energy per collision.
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