
Lawrence Berkeley National Laboratory
Recent Work

Title
THE APPROACH TO CHEMICAL EQUILIBRIUM IN THERMAL MODELS

Permalink
https://escholarship.org/uc/item/37x9r1k3

Author
Boal, D.H.

Publication Date
1983-08-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/37x9r1k3
https://escholarship.org
http://www.cdlib.org/


LBL-16566 
Preprint ~~ 

Lawrence Berkeley Laboratory 
UNIVERSITY OF CALIFORNIA 

LAWRENCE 
BERKELEY LABOOJ!IT()RY 

DEC 13 1983 
LIBRARY AND 

DOCUMENTS SECTION 

Submitted to Physical Review C 

THE APPROACH TO CHEMICAL EQUILIBRIUM IN 
THERMAL MODELS 

D.H. Boal 
TWO-WEEK LOAN COPY 

T
. -h.- . a Library Circulating Copy k 

IS IS f wee S 
. h be borrowed or two - . 

wh1c may II 
For a personal retention copy, ca 

Tech. Info. Division, Ext. 6782. 

August 1983 

Prepared for the U.S. Department of Energy under Contract DE-AC03-76SF00098 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



• 

Submitted to Physical Review C LBL-16566 

The Approach to Chemical Equilibrium in Thermal Models 

by 

David H. Boal 

Nuclear Science Division 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, CA 94720 

and 

Physics Department 
Simon Fraser University 

Burnaby, B.C. Canada V5A 1S6 

August 1983 

This work was supprted by the Director, Office of Energy Research, 
Division of Nuclear Physics of the Office of High Energy and 

Nuclear Physics of the U.S. Department of Energy 
under Contract DE-AC03-76SF00098. 



iii 

The Approach to Chemical Equilibrium in Thermal Models 

David H. Baal 

Nuclear Science Division 
Lawrence Berkeley Laboratory 

University of California 
Berkeley, CA 94720 

and 

Physics Department* 
Simon Fraser University 

Burnaby, B.C. Canada V5A 1S6 

PACS Numbers: 25.40.-h, 24.50.+g, 24.60.-k, 25.30.Mr 

ABSTRACT 

The experimentally measured (~-, charged particle)/(~-,n) and 

(p,n)/p,p•) ratios for the emission of energetic nucleons are used to 

estimate the time evolution of a system of secondary nucleons produced 

in a direct interaction of a projectile or captured muon. The values 

of thes ratios indicate that chemical equilibrium is not achieved among 

the secondary nucleons in non-composite induced reactions, and this 

restricts the time scale for the emission of energetic nucleons to be 

-23 about 0.7 x 10 sec. It is shown that the reason why thermal 

equilibrium can be reached so rapidly for a particular nucleon species 

*Permanent address 
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is that the sum of the particle spectra produced in multiple direct 

reactions looks surprisingly thermal. The rate equations used to 

estimate the reaction times for muon and nucleon induced reactions are 

then. applied to heavy ion collisions, and it is shown that chemical 

equilibrium can be reached more rapidly, as one would expect. 
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I. Introduction 

Recently, we1 have made an attempt to extend the thermal model 

traditionally used in heavy ion physics, 2 into the domain of proton 

induced reactions. Of particular interest was the question of whether 

the high energy tails of the (p,p') and(p,~) inclusive spectra could 

be adequately described as arising from·a system in thermal equi-

librium. The difficulty in applying the thermal model to this region 

is that the inferred temperatures are sufficiently large that only a 

subset of the target nucleons can be involved. This is in contrast to 

the emission of low energy ejectiles (of kinetic energy less than 10 

MeV) which show a temperature ~onsistent with the kinetic energy of 

the incident projectile being spread over most of the nucleus. 3 

In estimating the number of nucleons in the hot source several 

approaches were used. Having determined the temperature and source 

rapidly from an analysis of the data, one can use conservation of 

energy and momentum to determine over how many nucleons the pro-

jectile's energy and momentum are spread. Both estimates give about 

ten nucleons for the source size in a heavy nucleus such as tantalum 

or lead. These calculations probably overestimate the number of 

nucleons in the source, in that the projectile may not have necessarily 

lost all of its energy and momentum to the target. A different 

approach would be to integrate the emitted proton spectrum to get the 

proton multiplicity, and then multiply by two to get the number of 

nucleons (this assumes the (p,p') cross section is the same as the 
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(p,n), see below). This calculation gives about three·nucleons in the 

100-lOOOMeV incident kinetic energy range, although the result is 

energy dependent. This is an underestimate in that many of these hot 

systems may evolve further and cool down, their evaporative nucleons 

not contributing to the high energy tails. 

Taken at.face value, then, these results disagree, although a more 

detailed calculation will lessen and perhaps eliminate the dis

agreement. What they do show is that the size of the source is small, 

an average of the estimates being 6 nucleons. This is consistent with 

a geometrical estimate which calculates the impact parameter averageq 

number of nucleons in a tube, with radius equal-to the-proton radius, 

taken along a straight line trajectory through the target nucleus. 

Although this number of nucleons is small, it is probably enough such 

that final state interactions among them could take a momentum dis

tribution for the nucleons in the interaction- region which is not too 

far from thermal, and thermalize it. The purpose of this paper will 

be to investigate whether the nucleons can reach chemical, as well as 

thermal equilibrium. 

In heavy ion physics, subthreshold K production has been used to 

estimate the degree to which chemical equilibrium is achieved. 

Mekjian4 has shown that, although pions rapidly thermalize in high 

energy heavy ion collisions, the estimated lifetime of the state of 

hot nuclear matter is not sufficiently long to allow kaons to come into 

chemical equilibrium. Proton induced reactions can use other ejectiles 

to measure the extent of chemical equilibrium, for example the ratios 

\oi 
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of cross sections in the (p,p•)f(p,n) reactions~ and (p,n+)/(p,n-) 

reactions. 6 Both of these ratios should be about unity for an N = Z 

target at chemical equilibrium. In fact, after correcting for the N/Z 

ratio of the target, experimentally both are of the order 2, depending 

on the target. These values are closer to what one would expect from 

a model in which the ejectiles are produced in a direct interaction, 

with only a small amount of multiple scattering present: enough to 

bring the particles into thermal equilibrium, but not enough for 

chemical equilibrium. 7 

Another piece of evidence regarding the approach to chemical 

equilibrium comes from the measurement of neutron and charged particle 

emission following ~- capture. 8 In the direct interaction picture, 

~ capture t~kes place via the reaction 

~ + p ~ n + v 
~ 

(2) 

Hence, in the absence of multiple scattering, one ·would expect only 

neutrons to be emitted, rather than protons. Experimentally, 9- 13 

the ratio of (~-,p)/(~-,n) for nucleons emitted with energies 

greater than 15 MeV is observed to be about 1/2 for light targets such 

as Al or Cu. (What is usually measured is the charged particle 

spectrum rather than (~-,p). Since the alpha yield is generally 

smaller than the proton yield, 13 we will equate the charged particle 

spectrum with the proton spectrum.) Both the (~-,p} and (~-,n) 

spectra as a function of ejectile energy look exponential with an 
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appar~nt temeprature of 7-10 MeV (with some deviations from this 

range). Again, then, a picture emergies in which there is a direct 

irteraction followed by a small amount of multiple scattering, but not 

sufficient charge exchange to bring the protons into chemical 

equilibrium. 

This paper will treat the (p,p)/(p,n) and (p,n)/(p,p•) ratios in 

some detail; the pion production calculations involve at least thr~e 

body phase space and waul~ make the paper overly long (they will be 

treated in a later paper on both w and K production). Section II will 

review muon capture and its description in terms of the thermal model. 

Calculations of NN collision.rates ~ill be presented in the third 

section, and the question of nucleon chemical equilibrium will be 

addressed. The two ratios of interest mentioned above have only been · 

measured at low temperature and density, different from what one would 

expect for heavy ion coTlistons. In the fourth section, therefore, 

these calculations are extended to heavy ion densities, and it is shown 

that chemical equilibrium among the nucleons is reached more rapidly. 

Because these calculations indicate that the lifetime of the hot in

teraction region is on the order of 1 x 1o-23 sec., in section V, we 

examine the question of whether there is even enough time for thermal

ization. We will show that the initial momentum distribution of the 

struck nucleons is not that far from a thermal distribution, so that 

few subsequent collisions are required to thermalize it. Our con

clusions are summarized in the last section. 
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II. Muon Capture 

Neutron emission following ~ capture has been studied for some 

time. 8 What we wish to present here is a thermal model approach to 

the energy spectrum of the emitted nucleon. The interesting physics 

questions involved in calculating the absolute capture rate will not 

be addressed here as they are well covered elsewhere. 

In muon capture by a free proton, most of the energy released is 

carried off by the neutrino, as a consequence of momentum conservation. 

The recoiling neutron will have a unique energy of 5 MeV. When the 

capture takes place in a nucleus, an energy spectrum is observed for 

the emitted neutrons. 1,14- 16 At low neutron kinetic energy, the 

spectrum falls steeply and is describable in terms of evaporation from 

a source with a small temperature, on the order of an MeV. Above a 

neutron kinetic energy of about 5 MeV, the falloff is less steep, 

corresponding to an apparent temeperature of 7-14 MeV (data with better 

statistics tend to favor a lower temperature). In a thermal model, 

the ••hot" interaction region cannot be the entire nucleus, since there 

is only about 100 MeV of energy available for thermalization to begin 

with. 

The reason that there is a spread in energy, of course, is that 

residual nucleus can carry away momentum which the neutrino would 

otherwise have to carry, without carrying off much energy. Imagine 

that the muon is captured on a zero temperature Fermi gas of protons. 
+ 

Then integrating over the momenta k of the capturing protons (kinematic 

labels are shown in Fig. 1) would give an average kinetic energy to 
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the neutron produced in the reaction of about 25 MeV, assuming a 

separation energy of 10 MeV. Identifying this energy with (3/2)T would 

give a temeperature of 17 MeV, not far removed from the range of 

temperatures indicated by experiments. Hence, the produced neutron 

would only have to share its energy with one other nucleon to give an 

average energy consistent with experiment. 

The Fermi gas approach will not, however, reproduce the energy 

spectrum without multiple scattering. It is easily calculated that 

if the maximum momentum available in the nucleu is 270 MeV/c 

(corresponding to a Fermi energy of 38 MeV) then the maximum neutron 

energy will be 50 MeV. Such a sharp cut_off is not observed experi-

mentally. In a calculation which uses an effective vertex function to 

account for both a softer momentum distrib~tion than the zero tempera-

ture Fermi gas, and multiple scattering, Singer, Mukhopadhyay and 

Amado17 are able to reproduce a temperature of 12 MeV easily. (For 

other theoreti~al work on this problem, see Ref. 18-22.) Both of these 

approaches, then, indicate that only a small amount of multiple 

scattering is required to produce an apparently thermal spectrum with 

a temperature of 7-10 MeV. 

Before proceeding to a discussion of reaction rates, .we should 

check that the normalization of the thermal model is consistent with 

the data. The data have been parametrized as 

(2) 
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where Tq is the kinetic energy of the observed neutron and N is the 

number of neutrons per capture. The p~rameter E
0 

is closely related 

to the temperature, which enters into a Maxwell-Boltzmann distribution 

(assumed here) as: 

dN 
dTq 

4~ 

Here, Nn is the total number of neutrons emitted. 

particle experiments, E
0 

is typically in the range 

corresponding to a temperature of 7.3 MeV • 
. 

As a test, then, we will evaluate Eq. (3) for 

(3) 

For the charged 

of 8 MeV, 

T = 7 MeV and Nn 

which is what we expect for the final state after thermalization. 

Since it is estimated8 that about half of the captured neutrons go 

= 

through giant resonance absorption, rather than the direct mechanism 

assumed here, then the result from Eq. (3) will be divided by 2 in 

order to compare with data quoted per capture. Data14 for (~-,n) 

on a sulphur target are shown on Fig. 2. 

2, 

The theoretical curve represents an upper bound on the data in that 

not all of the hot zones produced in the direct reaction will emit a 

neutron in the time frame covered by the 17-7 MeV temperature range. 

Many of these systems will evolve through to the low temperature regime 

of classical evaporation phenomena. Indeed, the number of nucleons in 

the evaporative region is at least double what one would expect by 

extrapolating the high energy tail. One cannot cleanly interpret this 
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as the number of systems which go on to complete equilibration, but it 

indicates that a further reduction by two might be expected to make. 

the bound in Fig. 2 into an absolutely normalized prediction. In any 

event, the data are not inconsistent with a thermal model description. 

b th 1 d . . 17- 22 "'' 
Of course, this may not e e on y escr1pt1on. 
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III. Reaction Rates 

We have shown above that in the direct muon capture reaction, only 

a very few collisions are required to lower the initial neutron dis-

tribution, with an apparent temperature of 17 MeV, to the experi-

mentally observed distribution with an apparent temperature of 7 MeV. 

We now wish to use the (JJ,p)/(JJ,n) ratio to estimate the time-scale 

involved in thermalization, and see if this is consistent with only a 

few collisions occurring. To proaeed, we need to know the reaction 

rates for these processes. 

The reaction rate for a particle, which we will label A, to react 

with a gas of particles B, with number density, n8, is given by 

. jJ 3 I 2 3 . - (]J ~~ J 
AAB = n8 41T (21rT) J v cr(v)e dv (4) 

where JJ is the reduced mass of the AB pair and v is their relative 

velocity. We have assumed that the temperature is sufficiently low 

that one can use non-relativistic kinematics, but sufficiently large 

that the nucleons have a Maxwell-Boltzmann energy distribution. 
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To perform the integration, the cross section as a function of 

energy must be known. Both the pp (which we will assume is the same 

as the nn) and pn cross sections have the form23 

0 0 
cr = cr I p 1 ab ( 5) 

in the 20-160 MeV incident proton kinetic energy range. Since the 

exponent o has a value of 2.2 for both of these reactions, we will take 

the liberty of fitting these cross sections to the form 

cr(v) 0 2 = cr /v (6) 

for the sake of obtaining an easily manipulated expression. With this 

fit, crgn ~ 16.7 mb and cr~p = 5.1 mb. Then lAB has the particularly 

simple form: 

(7) 

Since the charge exchange cross section is about half the total pn 

cross section then · 

f2 1/2 
1(n ~ n) = J~ I cr0(n ~ n)(¥) 

and (8) 

l(n ~ p) =Jf I cro(n ~ p) (r) 1/2 
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where cr
0 (n ~ n) = 1.35 fm2 and cr

0 (n ~ p) = 0.84 fm2 and p is taken to 

be normal nuclear matter density, 0.17 fm-3• 

Defining Ael as the n ~ n rate and Acx as the n ~ p rate, one 

can see from Fig. 3 that the time taken to reach thermal equilibrium 

must be fairly short, 1 x 1o-23 sec. 

In other words, the initial neutron has spread its energy over one 

other neutron and 1 proton in this time period. Indirect experimental 

evidence supprting this comes from the (~,pxn) activation experi

ments.24 Here, one finds that the number of neutrons, x, accompany-

ing an ejected proton is of the ratio 1:6:4:4 for x = 0,1,2,3. (The 

comparision is not exact because the experiment integrates over 

evaporative protons as well as the high energy tails, although 

evaporative proton emission is suppressed with respect to neutron 

emission because of Coulomb effects.) 

To obtain a better estimate of the time scale, we use the time 

evolution of the proton to neutron ratio. First, we discuss proton 

induced reactions. In a direct knockout model in which the incident 

proton scatters off an off-shell proton or neutron to produce the 

observed nucleon (sometimes by charge exchange), one finds 25 that 

two high energy protons are ejected for every high energy neutron. This 

is then the starting abundance before thermalization. Clearly, since 

the observed5 (p,n)/(p,p•) ratio is very similar to the starting 

ratio for a wide variety of targets, there is very little time for 

multiple scattering. Hence, the lifetime of the high temperature state 

must be very short, just enough for one or two collisions. Beyond 



this time, it is likely that either the nucleons escape or they undergo 

yet another set of collisions which drops the temperature signifi-

cantly. Similarly, for a variety of targets the energy spectra of the 

(p,p) data9 are about 0.6 times the size of the (p,n) data14 for 

similar energies and targets. We will use the muon data rather than 

the (p,n) data to estimate the lifetime since the calculation is 

cleaner. 

We will use lex to study the time evolution of a couple set of 

charge exchange rate equations: 

= 

(9) 

= 

. 1 (10-23 )-1 As before, the n's are number densities. Choos1ng lex = x sec 

in the 10-20 MeV temperature range, the proton to neutron ratio of a 

system which is initially energetic neutrons, is shown in Fig. 4. One 
·-23 can see that it takes about 0.7 x 10 sec for the p/n ratio to 

evolve to the 0~6 observed in muon capture. 

Futher, it is clear that this conclusion will be true at somewhat 

higher temepratures than those appropriate to the experiments completed 

thus far. Because the cross sections decrease with lab momentum, the 

rate also decreases like r1' 2• Hence, at temperatures of 50 to 

6G MeV, for example, the·high temperature states should be si~ilarly 
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short lived. As the temperature is raised beyond this, pion production 

(which has been omitted here) will become important and the particle 

number density will increase. This, in turn, will increase the 

reaction rate and bring the nucleon distributions closer to what one 

would expect in chemical equilibrium. 
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IV. Heavy Ion Reactions 

The tests given above for nucleon chemical equilibrium are more 

difficult to perform in heavy ion reactions because both the pro

jectile and the target generally have N ~ Z, arid one would therefore 

expect the neutron and proton yields to be similar (after correcting 

for N/Z effects in the target and projectile nuclei, as well as decay 

products). However, we can extend the calcuations presented in 

Section III into the heavy ion domain to see if nucleon chemical 

equilibrium can be more rapidly achieved than in proton reactions. 

At the same incident kinetic energy per nucleon, r~actions in-

volving a heavy ion will generally have a higher temperature than ones 

with a proton. This can easily be visualized in the ••rows on rows" 

approach which would show that there will be more projectile nucleons 

incident per target nucleon than what one would find in a proton in-

duced reaction. To evaluate the reaction rate at the same kinetic 

energy per incident nucleon, we need to know the temperature as a 

function of incident energy. The temperatures found in a thermal model 

analysis of the (p,p•) reaction on heavy targets were found to depend 

on incident kinetic energy, Ki in the following way 

T = 1.9 K~· 46 MeV 
1 

(10) 
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where Ki is in MeV. For heavy ion reactions in the 100-800 AMeV 

region, the functional form 

T = 2.1 K~· 52 MeV 
1 

( 11) 

fits the data26 reasonably well in the energy range of interest. 

Here, Ki refers to the incident kinetic energy per nucleon. 

Using these temperatures, and assuming that the nucleon density in 

the interaction region of a heavy ion collision is double that of a 

proton induced reaction, the rates shown in Fig. 5 can be calculated. 

We have plotted the charge exchange rates for both proton induced and 

heavy ion induced reactions at the same Ki. As one would expect, 

the heavy ion reactions will come into both thermal and chemical 

equilibrium faster than proton induced reactions. 
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V. Rapid Thermalization 

In the above analysis, we have demonstarted that the time scale 

involved in energetic nucleon emission is very short, and that the 

nucleons may not reach chemical equilibrium. How is it, then, that 

the individual proton or neutron spectra look so nearly thermal? The 

answer is that the knockout process itself gives a spectrum which is 

not too different from a thermal shape. 

For example, in the direct knockout picture, 27- 29 the incident 
-+ 

proton strikes a target nucleon with momentum k to produce the observed 

nucleon. Since the single particle momentum ~istribution is usually a 

rapidly falling function of k, then the magnitude of the cross section 

will depend significantly on the minimum value of k(kmin) which is 

required to produce the observed particle. In a very crude ~pproxi

mation, then, values of q (the observed nucleon momentum) which have 

the same kmin~ should have similar cross sections. Shown in Fig. 6 

is a plot of selected values of kmin for an incident proton of 

kinetic energy 500 MeV on a mass 100 target. Only one of the target 
• -+ nucleons is put on mass shell (w1th momentum q) the rest of the nucleus 

-+ 
recoiling coherently with overall momentum k. Rather than plot con-

tours of constant kmin against q1 and q" (the perpendicular and 

parallel components of q with respect to the beam, respectively), the 

contours are plotted against q1 /m andy= 1/2 ln [(E + q11 )/(E- q")]. 

Non-relativistically, these quantities reduce to the perpendicular and 

parallel components of the velocity, respectively. 
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If the source of the ejectiles were truly thermal, then contours 

of constant Lorentz invariant cross section would be semicircular (in 

the non-relativistic limit) with a common origin at the velocity of 

the source. One can see that the contours in Fig. 6 are suprisingly 

semicircular. Now, what in fact contributes to a given inclusive 

spectrum from a heavy target is of the order 3 scatterings of the 

projectile. That is, the initial state before thermalization begins 

will be a sum of the secondary nucleons produced in roughly three 

direct interaction scatterings of the incident nucleon. For the sake 

of calculation, it will be assumed that an incident proton loses 1/3 

of its energy per collision. We then sum the contributions, each of 

which is taken to be of the form exp(-kmin/k
0

) (see Refs. 27-29). 

The parameter k
0 

is assigned a value of 100 MeV/c. Because the 

maximum value of y for each collision will decrease with the incident 

energy, the apparent centers of the circles will also be shifted to 

smaller y. Inclusion of the NN scattering amplitude which has its 

maximum at small momentum transfer, would further accentuate this 

trend. 

Hence, we can see that at the beginning of the thermalization stage 

the spectra of struck nucleons will already look somewhat thermal, with 

a source velocity of less than 0.4c (vs. a thermal model analysis 

result of 0.2c). Clearly, it will not take much multiple scattering 

of the ejected nucleons to produce an approximately thermal spectrum. 
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VI. Summary 

We have used the experimentally measured ( p- ,p) I ( p- ,n) and 

(p,n)/(p,p•) ratios to obtain a limit on the time before freeze out of 

the target nucleons involved in pre-equilibrium nucleon emission. In 

the muon case, we estimated that the neutrons produced in the capture 

process have an initial average kinetic energy of about 25 MeV arising 

from the Fermi motion of the capturing protons. In cooling to the 

temperature of 7-10 MeV measured experimentally, the energy of the 

initial neutron need be spread over only one other nucleon, which 

occurs in too short a time to bring the target protons into chemical 

equilibrium. The obser.ved p/n ratio for muon captive allows one to 

estimate the thermalization time as 0.7 x 10-23 sec. This estimate 

is subject to uncertainty. in the charge exchange rate, whose cal

culation assumed Maxwell-Boltzmann statistics and neglected the effects 

of Pauli blocking. Th~ lower the temperature of the system, the more 

important these effects will become. This situation is contrasted to 

reactions involving heavy ions, where the rates for achieving chemical 

equilibrium are about double those for proton reactions at the same 

incident energy per nucleon. The energy spectrum of nucleons produced 

in the initial interactions of the projectile was shown to be sur

prisingly thermal in shape, so it is understandable that these nucleons 

can come into thermal equilbrium after only a very few subsequent 

scatterings. 

.. 
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Figure Captions 

Fig. 1. Kinematic labels for muon capture in a nucleus. 

Fig. 2. A comparison of the thermal spectrum expected for a group of 

2 neutrons and a temperature of 7 MeV. The data are from 

(~-,n) on a sulphur target, from Ref. 14. 

Fig. 3. Estimated reaction rates for n ~ n (pp and pn elastic 

scattering) and n ~ p (pn charge exchange) reactions: 

Fig. 4. Estimmted time evolution of proton to neutron ratio for 

Acx = (10-23 sec)-1• 

Fig. 5. Comparison of charge exchange rate for proton and heavy ion 

Fig. 6. 

induced reactions. 

Contours of constant k . (label on curves in MeV/c) for an m1n 
incident proton of kinetic energy equal to 500 MeV on a mass 

100 target. 

Fig. 7. Contribution of three coll1sions in a knockout model to L exp 

(-kmin/k
0

) assuming an incident proton with 500 MeV in 

energy loses one third of its energy per collision. 
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