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ABSTRACT OF THE DISSERTATION

Some rigidity results for coinduced actions and structural results for group
von Neumann algebras

by

Daniel Drimbe
Doctor of Philosophy in Mathematics
University of California, San Diego, 2018

Professor Adrian Ioana, Chair

The first result which we prove in this dissertation is a cocycle superrigidity theorem
for a large class of coinduced actions. In particular, if ¥ is an infinite index subgroup of a
countable group T', we consider a probability measure preserving (pmp) action ¥ ~ X and
let I' ~ X be the coinduced action. Assume either that I' has property (T) or that ¥ is
amenable and T" is a product of non-amenable groups. Using Popa’s deformation /rigidity
theory we prove I' ~ X is Uy;,-cocycle superrigid, that is any cocycle for this action to a
Ufin (e.g. countable) group V is cohomologous to a homomorphism from I' to V. This is

done in Chapter II.



We then study in Chapter III structural results of group von Neumann algebras
arising from certain lattices following the joint work [DHI16] with Daniel Hoff and Adrian
Ioana. We describe all tensor product decompositions of L(I") for icc countable groups
I' that are measure equivalent to a product of non-elementary hyperbolic groups. In
particular, we show that L(T") is prime, unless I is a product of infinite groups, in which
case we prove a unique prime factorization result for L(I'). As a corollary we obtain that
if I' is an icc irreducible lattice in a product of connected non-compact rank one simple
Lie groups with finite center, then the II; factor L(T") is prime. In particular, we deduce
that the II; factors associated to the arithmetic groups PSLy(Z[V/d]) and PSLy(Z[S1])
are prime, for any square-free integer d > 2 with d # 1 (mod 4) and any finite non-empty
set of primes S. This provides the first examples of prime II; factors arising from lattices
in higher rank semisimple Lie groups.

Finally, we prove in Chapter IV W*-superrigidity for a large class of coinduced
actions. We prove that if ¥ is an amenable almost-malnormal subgroup of an icc property
(T) countable group I', the coinduced action I' ~ X from an arbitrary pmp action 3 ~ X
is Wr-superrigid. More precisely, if A ~Y is another free ergodic pmp action such that
the crossed-product von Neumann algebras are isomorphic L®(X) x "~ L*(Y) x A, then
the actions are conjugate. We also prove a similar statement if I" is an icc non-amenable
group which is measure equivalent to a product of two infinite groups. In particular, we

obtain that any Bernoulli action of such a group I' is W*-superrigid.

X1



Chapter 1

Introduction

I.1 Background

A central theme in the theory of von Neumann algebras is the classification of L(I)
in terms of the group I' and of L>*(X) x I' in terms of the group action I' ~ (X, u). The
most interesting case is when I is infinite conjugacy class (icc) and, respectively, when
the action I' ~ (X, 1) is free, ergodic and probability measure preserving (pmp). These
conditions guarantee that the corresponding von Neumann algebras are I factors, i.e.
indecomposable infinite dimensional von Neumann algebras which admit a trace. Moreover,
Singer has proven in [Si55] that the isomorphism class of L*(X) xI" only depends on the
equivalence relation given by the orbits of I' ~ (X, ). This led to the study of group
actions up to orbit equivalence [Dy58] and we refer to [Sh04, Fu09, Gal0] for surveys about
recent activity in this new branch of ergodic theory.

The strong amenable/non-amenable dichotomy is crucial in the classification of 11y
factors. If the groups are amenable, the classification is complete. More precisely, the
greatly celebrated work of Alain Connes [Co76] shows that all icc amenable groups and

all the free ergodic pmp actions give rise to the same von Neuman algebra, known as the



hyperfinite II; factor. In contrast, the non-amenable case is much more challenging and it
has led to a challenging, but beautiful rigidity theory. Various aspects of the groups and
actions are remembered by their von Neumann algebras in the non-amenable case. One
of the major recent achievements has been the discovery of classes of groups and group
actions that can be entirely reconstructed from their von Neumann algebras. This progress
has been made possible by the success of the deformation/rigidity theory developed by

Sorin Popa (see [Po07, ValOa, Io12a, Io17] for surveys).

I.1.1 Organization

At the beginning of this thesis we establish the necessary preliminaries in Section
[.2, the motivation for this work in Section 1.3 and present the main results in Section 1.4.
We continue in Chapter II with presenting a cocycle superrigidity theorem for coinduced
actions, following [Dr15]. Chapter III follows the joint work [DHI16] with Daniel Hoff and
Adrian Ioana in which we describe all tensor product decompositions of von Neumann
algebras associated to groups that are measure equivalent to a product of non-elementary
hyperbolic groups. Finally, following [Dr17] we present W*-superrigidity for coinduced

actions.

1.2 Preliminaries

I.2.1 Von Neumann algebras

Let H be a separable complex Hilbert space. Denote by B(H) the x-algebra
of bounded linear operators on H, where for each T" ¢ B(H) we define T* € B(H) by
(T¢,n) = (&, T*n), for all £,ne H. We denote by 1€ B(H), the identity operator.

We endow B(H) with the following two different topologies. We say that a sequence

of operators T,, € B(H) converges to 7' € B(H) in the



e norm topology if |T,, - T|| = 0, as n — oo.
o weak operator topology (wot) if for all {,ne H, (T,&,n) = (T€,n), as n - co.

A von Neumann algebra M is a unital *-subalgebra of B(H) that is closed in the

weak operator topology. Given any subset S ¢ B(H) which is closed under the adjoint
s-operation, the commutant S’ is a von Neumann algebra.
An essential theorem in the theory of von Neumann algebras is von Neumann’s Bicommutant
Theorem which states that all von Neumann algebras arise in this way. More precisely, von
Neumann has proven that a unital *-subalgebra M c B(H) is a von Neumann algebra if
and only if M" = M.

In the following we provide some important examples of von Neumann algebras. In
particular we describe the construction of group and group measure space von Neumann

algebras due to Murray and von Neumann [MvN36, MvN43].

Example 1.2.1. Given a standard probability space (X, i), the abelian algebra L> (X, i) c
B(L2(X,p)) is a von Neumann algebra. Here L* (X, ) is represented on the Hilbert space

L2(X, p) by pointwise multiplication.

Example 1.2.2. Let ' be a countable group and denote by {0y, }rer the canonical orthonor-
mal basis of £2(I"). The left regular representation w : I' - U (¢2(I")) is given by uy(dp) = dgn,
for all g,h e I". The group von Neumann algebra L(I") is the closure of CI' =span {ugy} ger

in the weak operator topology.

Example 1.2.3. Let I' ~ (X, ) be a probability measure preserving (pmp) action of a
countable group I' on a standard probability space (X, it). Denote by (o,)4er the associated
action of I' on L*>(X), i.e. g4(a)(z)=a(g™t-z). Note that both I' and L*(X) can be

represented on the Hilbert space L2( X, u) ® ¢2(I") through the formulas:

ug(b® dp) = 04(b) ® dgp, and a(b® ) = ab ® oy,



forall g,h e, ae L>°(X) and be L2(X, ).
The group measure space von Neumann algebra L*(z) x ' is {ug,alg € T',a €

L>~(X)}", the von Neumann algebra generated by {ug,}ger and L>(X).

I[.2.2 Tracial von Neumann algebras

The study of tracial von Neumann algebras has attracted a lot of interest. A
von Neumann algebra M is called tracial if there exists a faithful normal positive linear
functional 7: M — C which satisfies 7(1) = 1 and 7(xy) = 7(yx), for all x,y € M. The map
T is called a trace for M.

Any tracial von Neumann algebra (M, 7) admits a canonical or standard repre-
sentation on a Hilbert space. Indeed, denote by L?(M) the Hilbert space obatined by
completing M with respect to the 2-norm: |z|y = 7(z*x)/2. Then the left multiplication

on M extends to an injective *-homomorphism 7 : M — B(L?*(M)).

Example 1.2.4. For any countable group I' and any pmp action I' ~ X on a standard

probabilty space (X, i), the von Neumann algebras L(T") and L>(X) x T are tracial.

A von Neumann algebra M is called of type I if it is tracial and infinite dimensional.

M is called a factor if it has trivial center, i.e. Z(M)=M'n M =C1.

Example 1.2.5. The following examples of II; factors are of high interest in the theory of

von Neumann algebras.
e L(I'), for any infinite conjugacy class (icc) countable group T'.

o [>(X,u)xT, for any free ergodic pmp action I" ~ (X, 1) of a countable group I" on

a standard probability space (X, u).



1.2.3 Amenable von Neumann algebras and relative amenability

A tracial von Neumann algebra (M, 1) is called amenable if there exists a positive
linear functional ¢ : B(L?(M)) — C such that ¢y, = 7 and ¢ is M-central, in the following
sense: @(zT) = p(Tx), for all x € M and T € B(L?(M)).

Amenability plays a big role in the theory of von Neumann algebras. To ilustrate
this, we mention the celebrated results of Connes [Co76] which show that M is amenable
if and only if M is hyperfinite, i.e. M can be written as the wot closure of an increasing
sequence of finite dimensional unital *-subalgebras.

In this thesis we make extensive use of the notion of relative amenability introduced
by Ozawa and Popa. Let p € M be a projection, and P c pMp, Q) c M be von Neumann
subalgebras. Following [OP07, Section 2.2] we say that P is amenable relative to Q) inside
M if there exists a positive linear functional ¢ : p(M, eq)p - C such that ¢y, =7 and ¢

is P-central.

1.2.4 Popa’s intertwining-by-bimodules

We next recall from [Po03, Theorem 2.1 and Corollary 2.3| the powerful intertwining-

by-bimodules technique of Popa.

Theorem 1.2.6 (Po03]). Let (M, ) be a tracial von Neumann algebra and P c pMp,Q c
qMq be von Neumann subalgebras. Let U c U(P) be a subgroup such that U" = P.

Then the following are equivalent:

o There exist projections pg € P,qy € Q, a *-homomorphism 0 : poPpy - qoQqo and a

non-zero partial isometry v € qoMpgy such that 0(x)v = vz, for all x € pyPpy.

o There is no sequence u, € U satisfying |Eq(z*u,y)l|l2 = 0, for all z,y € pMgq.



If one of these equivalent conditions holds true, then we write P <y; @, and say
that a corner of P embeds into QQ inside M. If Pp' <p Q) for any mon-zero projection

p' € P'npMp, then we write P <3, Q.

Convention. Whenever the ambient algebra (M, 1) is clear from the context, we
will write P < @) instead of P <3, Q). We will also say that P is amenable relative to Q)

instead of P is amenable relative to Q) inside M.

1.3 Classifiction of probability measure preserving ac-
tions and of von Neumann algebras

Question. A central problem in operator algebras is to understand how much
of the group I' and of the group action I' ~ X is "remembered” by their von Neumann
algebras L(I") and L*(X) x I, respectively.

The work of Connes [Co76] shows that amenable groups manifest a striking lack of
rigidity: algebraic properties of the group (e.g. torsion freeness) and properties of the action
(e.g. mixing) are lost once we pass to the von Neumann algebraic level. On the other hand,
the non-amenable case has led to a complex and interesting rigidity theory. A huge progress
has been made in this direction (see [Po07, ValOa, Iol12a, [017] for surveys), nevertheless
there are still some famous open problems which show how hard, but interesting is the
case when the groups are non-amenable.

Connes’ rigidity conjecture. [Co82] If T is an icc countable group with property
(T) (e.g. I'=SL,(Z) with n > 3) and A is a countable group such that L(I") ~ L(A), then
'~ A.

The Free Group Factor Problem. Is it true that if m and n are positive integers

such that L(F,,) ~ L(F,), then m =n?



The intense activity in the area has recently culminated with Popa and Vaes’

resolution of the group measure space version of the Free Group Factor Problem:

Theorem 1.3.1. /[PV11] If L=(X) xF,, ~ L>°(Y) xF,, where F,, ~X and F,, ~Y are

two free ergodic pmp actions of the free groups F,, and I, respectively, then m =n.

I.3.1 Classification of probability measure preserving actions

Two free ergodic pmp actions I' ~ (X, 1) and A ~ (Y, v) are called

e conjugate if there exists a measure space isomorphism # : X - Y and a group

isomorphism d: " - A such that 0(gz) = d(g)0(x), for all geT" and a.e. z € X.

e orbit equivalent (OE), if there exists a measure space isomorphism 6 : X - Y such

that 0(T'z) = A0(x), for a.e. x € X.

o W*-equivalent if the associated group measure space von Neumann algebras L*° (X ) xT’

and L>=(Y) x A are isomorphic.

Singer proved in [Sib5] that two actions I' ~ X and A ~Y are OE if and only if
there exists an isomorphism of the group measure space algebras L= (X )x I and L>(Y) x A
which preserves the so-called Cartan algebras L*(X) and L*(Y’). In particular, this gives

the following implications:

Conjugacy = OE = W~"-equivalency.

Rigidity appears whenever an implication in the previous diagram can be reversed for all
actions I' ~ (X, 1) and A ~ (Y, v) belonging to two classes of actions. The most extreme
form of rigidity happens when this can be achieved without assuming any restrictions

on the second class of actions. Therefore, an action I' ~ (X, ) is called OFE-superrigid



(respectively W*-superrigid) if whenever A ~ (Y,v) is a free ergodic pmp action OE

(respectively Wr-equivalent) to I' ~ X, then the two actions are conjugate.

1.4 The main results of the thesis and the content of

the chapters

I.4.1 Chapter II: Cocycle and orbit equivalence superrigidity for

coinduced actions

A general principle, going back to Zimmer [Zi84] and made precise by Popa [Po05],
asserts that:

Cocycle superrigidity = OE-superrigidity. (1.4.1)

Here we say that I' ~ X is cocycle superrigid, if every cocycle w:I'x X — A, where A is
an arbitrary countable group, is cohomologous to a group homomorphism. Behind the
principle (1.4.1) is the remark that any OE between two free ergodic pmp actions I" ~ X
and A ~Y gives rise to the so-called Zimmer cocycle w : I x X — A. Once this cocycle is

untwisted, one essentially obtains that the two actions are conjugate.

Remark I.4.1. This observation implies that the study of cocycles is an important approach

in the classification of pmp actions up to OE.

In his breakthrough work [Po05, Po06a], Popa used his deformation /rigidity theory
to prove a remarkable cocycle superrigidity theorem for Bernoulli actions of groups with
property (T) and of products of non-amenable groups. Popa discovered in [Po01, Po03]
that Bernoulli actions satisfy a remarkable deformation property, called malleability, i.e.
there exists a continuous family of I'-equivariant automorphisms of (X x X, u x p), which

connect the identity to the flip F': (z,y) - (y,x). Popa’s cocycle superrigidity theorem



holds actually for this more general class of malleable actions, which includes also Gaussian
actions (see[Po05] and [Fu06]).

Our first main result generalizes Popa’s cocycle superrigidity theorem to coinduced
actions. Since coinduced actions are not necessary malleable in the sense of Popa, we use a
different deformation introduced by Adrian Ioana in [Io06a] for Bernoulli actions with the
base any tracial von Neumann algebra. In our work, we adapt the deformation of [Io06a]
to the context of general coinduced actions.

First we recall that if ¥ c I' is a subgroup of a group I' and ¥ = (X, 1) is a pmp
action, then there is a canonical way to obtain another pmp action T' A (X, 110)7/= = (X, i),
called the coinduced action of oy. If ¥ is the trivial group, then o is precisely the Bernoulli

action I' ~ (X, 10)" (see Definition I1.1.1 for the precise definition).

Theorem 1.4.2 (see Theorem A). Let ¥ be an infinite index subgroup of a property (T)
countable group I'. Let X = Xy be a pmp action of ¥ on a non-trivial standard probability
space (Xo, po) and let T' ~ X be the coinduced action associated to oy. Then I' ~ X is

cocycle superrigid.

Kazhdan’s property (T) holds for a broad class of countable groups including higher
rank lattices, e.g. SL,(Z), with n >3 [Ka67]. Note that the conclusion of Theorem 1.4.2
allows to coinduce from an arbitrary action ¥ ~ Xj. In particular, any coinduced action
of SL3(Z) from an arbitrary infinite index subgroup is cocycle superrigid. In Theorem B
we have extended the class of groups for which the conclusion of Theorem 1.4.2 holds to

product groups.



I.4.2 Chapter III: Prime II; factors arising from lattices in higher

rank

The third chapter is the result of a collaboration with Daniel Hoff and Adrian Ioana
[DHI16]. The goal is to prove primeness results for certain irreducible lattices I" in higher
rank. We do this by describing all tensor product decompositions of L(T").

A 1II; factor M is called prime if it is not isomorphic to a tensor product of II;
factors. In [Po83], Popa proved that the free groups on uncountably many generators give
rise to prime II; factors. By using Dan Voiculescu’s free probability theory, Liming Ge
showed that the free group factors L(IF,,) are prime [Ge96]. Subsequently, other primeness
results were found, but a common feature of these results is that the groups I' for which
L(T") was proven to be prime, have "rank one” properties such as hyperbolicity .

In spite of the remarkable advances made in the study of II; factors in the last
15 years, little is known about the structure of II; factors associated to lattices in higher
rank semisimple Lie groups. We have provided the first examples of lattices in higher rank

semisimple Lie groups which give rise to prime II; factors. More precisely, we have proven:

Theorem 1.4.3 (see Theorem D). If I' is an icc irreducible lattice in a product G =
G1 x...x Gy, of n > 1 connected non-compact rank one simple real Lie groups with finite

center, then the IL, factor L(T') is prime.

As a corollary, we obtain that M = L(PSLy(Z[\/2])) is prime. As a particular case
of [CdSS15, Corollary CJ, one has that M is not isomorphic to L(Fy x Fy). Our result
considerably strengthens this fact by showing that L(PSLy(Z[v/2])) is not isomorphic to
L(Ty xT'y), for any non-trivial countable groups I'y, T's.

The following theorem is the main technical result of [DHI16] which in particular
proves Theorem 1.4.3. We completely classify all tensor product decompositions L(I") =

Py®P,. For doing this, we use a combination of techniques from Popa’s deformation/rigidity
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theory.

Theorem 1.4.4 (see Theorem F). Let I" be a countable icc group and denote M = L(T").

Assume that T' is measure equivalent to a product A = Ay x ... x A,, of n > 1 non-elementary

hyperbolic groups Ay, ..., \,. Suppose that M = Pi®P,, for some II; factors P, and P,.
Then there exist a decomposition I' =Ty x 'y, a partition S;u Sy ={1,....,n} and a

unitary w € M such that:
1. uPu* is stably isomorphic to L(I';), for any i€ {1,2}.
2. T'; is measure equivalent to X A;j for any ie{1,2}.
Jeoi

See Definition II1.1.6 for the definition of measure equivalence. We also mention that
another application of Theorem [.4.4 gives a prime factorization result for tensor products

of II; factors arising from irreducible lattices in products of rank one simple Lie groups.

1.4.3 Chapter I'V: W*-superrigidity for coinduced actions

Popa has proved in [Po03, Po04] a W*-rigidity result, in which one can deduce
conjugacy of two actions out of an isomorphism of their crossed product von Neumann
algebras. More precisely, he proved the following: let I' ~ X be a free ergodic pmp action
of an icc countable group I' with property (T) and let A ~Y := Y be a Bernoulli action
of a countable group A. Popa proves that if the two actions have their corresponding von
Neumann algebras isomorphic, then the actions are conjugate. After this, Ioana proved in
[Io10] that any Bernoulli action of an icc property (T) group is W*-superrigid.

In [Dr17] we provide a large class of W*-superrigid coinduced actions. Before
writing the result, we recall some notions. A subgroup ¥ of a countable group I is called
n-almost malnormal if for any gy, ga, ..., g, € T’ such that g;'g; ¢ 3 for all 4 # j, the subgroup
N7, 9;Xg; ! if finite. The subgroup ¥ is called almost malnormal if it is n-almost malnormal

for some n > 1.
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Theorem 1.4.5 (see Theorem H). Let I be an icc group which admits an infinite normal

subgroup Ty with relative property (T) and let 3 be an amenable almost malnormal subgroup

of I'. Let oy be a pmp action of 2 on a non-trivial standard probability space (Xo, po) and
r/x

denote by o the coinduced action of I' on X = X,'".

Then T''~ X is W*-superrigid.

Ioana, Popa and Vaes have proven W*-superrigidity for Bernoulli actions of product
groups in [IPV10]. In Theorem I we extend also the class of groups for which the conclusion
of Theorem 1.4.5 holds to product groups. We actually prove a more general statement
which provides in particular a larger class of groups for which any Bernoulli action is

Wr-superrigid. More precisely, we obtain:

Corollary 1.4.6 (see Corollary J). Let I' be an icc non-amenable group which is measure
equivalent to a product of two infinite groups. Let (Xo,po) be a non-trivial standard
probability space.

Then the Bernoulli action T' ~ X} is W*-superrigid.

In particular, we obtain that if I" is an icc lattice in a product G = G; x ...G,, of
n > 2 connected non-compact semisimple Lie groups, then any Bernoulli action of I' is
W+-superrigid. This follows using Armand Borel’s theorem which gives us that any G;

contains a lattice (see [Bo63] and [Ra72, Theorem 14.1]).
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Terminology

We fix notation regarding tracial von Neumann algebras and countable groups.
We denote by L?(M) the completion of a tracial von Neumann algebra (M, 1) with respect
to the norm ||y = \/7(2*x) and consider the standard representation M c B(L2(M)).
Unless stated otherwise, we will always assume that M is separable, i.e. L2(M) is a
separable Hilbert space. For a set S c B(L?(M)), we denote by S’ its commutant. If S is
closed under adjoint, then by von Neumann’s double commutant theorem, §” = (S’)" is
exactly the von Neumann algebra generated by S. We denote by U (M) the group of unitary
elements of M, by (M), ={x e M | |z| <1} the unit ball of M, and by Z(M) =M n M’
the center of M.

Let P c¢ M be a von Neumann subalgebra, which we will always assume to be unital.
We denote by ep : L2(M) — L?(P) the orthogonal projection onto L2(P), by Ep: M — P
the conditional expectation onto P, and by Ny (P) = {u € U(M) | uPu* = P} the
normalizer of P in M. The subalgebra P c M is called reqularif Ny (P)" = M. Jones’ basic
construction of the inclusion P c M is defined as the von Neumann subalgebra of B(L2(M))
generated by M and ep, and is denoted by (M, ep). If J: L2(M) - L*>(M) denotes the
involution given by J(z) = z*, for every x € M, then (M, ep) = (JPJ) nB(L?(M)).

Let S, T c T be two subsets. We denote by (S) the group generated by S, and by
Cs(T)={g€S|gh=hg, for all h e T} the centralizer of T in S.
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Chapter 11

Cocycle and orbit equivalence

superrigidity for coinduced actions

II.1 Introduction and statement of main results

I1.1.1 Introduction

The goal of this chapter is to prove a general cocycle superrigidity theorem for
coinduced actions (see Definition 11.1.1) and derive several consequences to orbit equivalence
and von Neumann algebras.

The classification of probability measure preserving (pmp) actions of countable
groups on standard probability spaces up to orbit equivalence has attracted a lot of interest
in the last two decades (see the surveys [Po07, Fu09, Gal0, ValOa, lo12a]).

If the groups are amenable, the classification up to orbit equivalence is done.
More precisely, Orstein and Weiss proved in [OWS80] (see also [Dy58, CFW81]) that all
the free ergodic pmp actions of countable amenable groups are orbit equivalent. In
contrast, the non-amenable case is much more challenging and complex. Remarkably,

several classes of actions which are rigid in the sense that one can deduce conjugacy from
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OE, have been discovered. The most extreme form of rigidity for orbit equivalence is
OE-superigidity. The first OE-superrigidity result was obtained by Furman in the late
1990s by building on Zimmer’s cocycle superrigidity [Zi84]. He showed that many actions
of higher rank lattices, including the action SL,(Z) ~ T", for n > 3 is OE-superrigid
[Fu98, Fu99]. After this, a number of striking OE-superrigidity results were obtained
[MS02, Po05, Po06a, Ki06, 1008, PV08, Ki09, PS09, Io14, TD14, CK15, GITD16].

In particular, in his breakthrough work [Po05, Po06a], Popa used his deforma-
tion/rigidity theory to prove a remarkable cocycle superrigidity theorem for Bernoulli
actions of groups with property (T) and of products of non-amenable groups. More
precisely, if I' ~ X is such an action, Popa obtained that every cocycle with values in
a countable (and more generally, in a Uy;,) group is cohomologous with a group homo-
morphism. By applying his cocycle superrigidity theorem to cocycles arising from orbit

equivalence, he proved that the action I' ~ X is OE-superrigid.

I1.1.2 Statement of the main results

Our main result provides a generalization of Popa’s cocycle superrigidity theorem
to coinduced actions. We first review some basic concepts starting with the construction of

coinduced actions (see e.g. [Io06b]).

Definition II1.1.1. Let I" be a countable group and let A be a subgroup. Let ¢ : I'/A - T

be a section. Define the cocycle ¢:T'x I'/A - ¥ by the formula

c(g,1) = ¢~ (gi)go(3),

for all ge " and i e T'/A.

Let A R (Xo, 1t9) be a pmp action, where (X, 110) is a non-trivial standard probability
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space. We define an action I' ~ Xg / A, called the coinduced action of oy, as follows:

0g((@i)ier/a) = (2])icr/a, where xj = c(g_l,i)_lmgai.

Note the following remarks:

e o is a pmp action of I on the standard probability space XOF /A

e if we consider the trivial action of A = {e} on X, then the coinduced action of I" on

X(l;/{e} = X} is the Bernoulli action.

Alternatively, it can be seen that the coinduced action T' ~ XUF /A can be identified
with the natural action of T on {f : T = Xo|f(gA\) = 00(N)(f(9)),Vge,VAe A}

We say that the inclusion I'y c I' of countable groups has the Kazhdan’s relative
property (T) if for every e > 0, there exist § >0 and F' c I finite such that if 7 : ' > U(K)
is a unitary representation and £ € K is a unit vector satisfying |7 (g)& —&|| < 6, for all
g € F, then there exists & € K such that |[£ —&| < e and 7(h)& = &, for all h e T'y. The
group I" has the property (T) if the inclusion I" c " has the relative property (T). To give
some examples, Z? c Z? x SLy(Z) has the relative property (T) and SL,(Z), n > 3, has
the property (T) [Ka67, Ma82].

An infinite subgroup H of I' is w-normal in ' if there exist an ordinal 5 and
intermediate subgroups H = Hyc Hy c---c Hg =I" such that for all 0 < o < 3, the group
Uar<at o is normal in H,. Denote by Uy, the class of Polish groups which arise as closed
subgroups of the unitary groups of II; factors. In particular, all countable discrete groups
and all compact Polish groups belong to Uy;,. These two notions are due to Popa [Po05].

For a Polish group GG, a measurable map w : I' x X — G is called a cocycle if it
satisfies the relation w(y17y2, z) = w(y,Y2x)w (Y9, x), for all v1,7, € I' and for almost every
x € X. Two cocycles w,w’: ' x X - G are cohomologous if there exists a measurable map

¢ X - G such that w'(v,x) = ¢(yx)w(vy,z)e(x), for all v € T' and for almost every
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x e X. An action I' ~ (X, p1) is called Uy, -cocycle superrigid if every cocycle with values
in a group from Uy, is cohomologous with a group homomorphism.

The following theorem is our first main result, which generalizes Popa’s cocycle
superrigidity theorem for Bernoulli actions of property (T) groups to coinduced actions

(see [Po05] and also [Fu06, Va06]).

Theorem A (Groups with relative property (T)). Let A be a subgroup of a countable group
['. Let H c T be a subgroup with relative property (T). Assume that there does not exist a
finite index subgroup Hy of H which is contained in a conjugate g~*Ag of A, for some g €T
Take V € Uy, Let oy be a pmp action of A on a standard probability space (Xo, jto)
and o the coinduced action of I' on X := XOF/A.
Then, any cocycle w: ' x X =V for the restriction of o to H is cohomologous to a
group homomorphism d: H - V.

Moreover, if H is w-normal in I', then w is cohomologous to a group homomorphism

d:T" =V and therefore I' ~ X is Uy, -cocycle superrigid.

In particular, Theorem A implies that if I' has property (T) (e.g. I' = SL,(Z),n > 3)
and A is an infinite index subgroup of I' (e.g. A is cyclic), then any coinduced action of T
from A is Uy;,-cocycle superrigid.

In [Po06a, Corollary 1.2], Popa proved a cocycle superrigidity theorem for the
Bernoulli action of product groups analogous with [Po05, Corollary 5.4]. The next theorem

generalizes this result to coinduced actions.

Theorem B (Product groups). Let I' be a countable group and A be an amenable subgroup.
Let H and H' be infinite commuting subgroups of I' such that H' is non-amenable. Assume
that there does not exist a finite index subgroup Hy of H which is contained in a conjugate
g *Ag of A, for some geT.

Take V € Upin. Let og be a pmp action of A on a standard probability space (Xo, o)

and o the coinduced action of I' on X := XOF/A.
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Then, any cocycle w:T'x X =V for the restriction of o to HH' is cohomologous to
a group homomorphism d: HH' - V.
Moreover, if H is w-normal in I', then w is cohomologous to a group homomorphism

d:T" =V and therefore I' ~ X is Uy, -cocycle superrigid.

The proof of Theorem B goes along the same lines as the proof of [Po06a, Theorem
4.1]. First, we untwist the cocycle on H using the rigidity gained from the non-amenability
of H' (instead of using property (T) as in Theorem A). Then, using weak mixing properties
of coinduced actions and the fact that H is normal in HH’, we are able to untwist the
cocycle on HH'.

We will prove in this paper a more general version of Theorems A and B dealing
with coinduced actions of I" on A/A that arise from actions of A on arbitrary tracial von
Neumann algebras A.

As an immediate consequence of Theorems A and B, we deduce the following

OE-superrigidity result for coinduced actions.

Corollary C (OE-superrigidity). Let I' be a countable subgroup with no non-trivial finite
normal subgroups and A a subgroup. Let H c I' be a w-normal subgroup. Assume that there
does not exist a finite index subgroup Hy of H which is contained in a conjugate g-*Ag of
A, for some g € I'. Assume either that H has the relative property (T) or that A is amenable
and there exists a non-amenable subgroup of I' which commutes with H.

Let og be a pmp action of A on a standard probability space (Xo, po) and o the coinduced
action of I' on X := XOF/A. If T A X is free, then it is OE-superrigid.

We need in Corollary C the freeness assumption of the coinduced action since the
proof uses Proposition I1.5.2. See Lemma I1.5.3 for a large class of coinduced actions that
are free. In particular, if ngrgAg™" = {e} and (Xo, po) is non-atomic, then I' ~ X is free.

Corrolary C proves for example that any coinduced action of SL3(Z) from a cyclic

subgroup is OE-superrigid. We contrast this with the remark that any coinduced action
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of Fy = Z * Z from one of the copies of Z is not OE-superrigid. Bowen proved a stronger
result which is OE-flexibility for coinduced actions [B10]. In particular, he proved that any

two coinduced actions of 5 from one of the copies of Z are OE.

I1.1.3 Applications to W*-superrigidity

For every measure preserving action I' ~ X of a countable group I' on a standard
probability space, we associate the group measure space von Neumann algebra L*°(X) x T’
[MVN36]. If the action I' ~ X is free, ergodic and pmp, then L>(X) = I is a II; factor
which contains L*°(X) as a Cartan subalgebra, i.e. a maximal abelian von Neumann algebra
whose normalizer generates L>(X) x T,

Two pmp actions I' ~ (X, ) and A ~ (Y,r) on two standard probability spaces
(X, ) and (Y, v) are said to be W*-equivalent if L= (X ) x T is isomorphic with L>(Y") x A.
It can be seen that orbit equivalence is stronger than W*-equivalence. Moreover, Singer
proved in [Si55] that two free ergodic pmp actions I' ~ (X, ) and A ~ (Y, v) are orbit
equivalent if and only if they are W*-equivalent via an isomorphism which identifies the
Cartan subalgebras L>(X) and L>(Y"). The action I' ~ (X, ) is W*-superrigid if whenever
A ~ (Y,v) is a free ergodic measure preserving action W*-equivalent with T' ~ (X, ),
then the two actions are conjugate. Therefore, W*-superrigidity for an action I' ~ X
integrates two different rigidity aspects, which are hard to obtain: OE-superrigidity and
uniqueness of group measure space Cartan subalgebras. The latter means that whenever
M = L*(X)xI'= L*(Y)»A, then the Cartan subalgebras L>°(X) and L*>(Y") are unitarily
conjugate in M.

A few years ago, the first example of virtually W*-superrigid actions (i.e. conjugacy is
obtained up to finite index subgroups) was found in [Pe09] building on results of [I008, OP08].
Soon after, Popa and Vaes discovered the first concrete families of W*-superrigid actions

[PV09] and loana proved that Bernoulli actions of icc property (T) groups are W*-superrigid
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[lo10]. Subsequently, several other classes of W*-superrigid actions have been found in
[FV10, CP10, HPV10, Io10, IPV10, ValOb, CS11, CSU11, PV11, PV12, Bol2b, CIK13,
CK15, GITD16]. By applying Theorems A and B we will deduce W*-superrigidity for a
large class of coinduced actions. To obtain these examples, we will use several results in the
literature which prove uniqueness of group measure space Cartan subalgebras for various

classes of groups.

We denote by C the class of all countable groups I' which satisfy one of the following

conditions:

1. [CP10] T =T; x 'y, where T is icc and admits an unbounded cocycle into a mixing
representation and a non-amenable icc subgroup with the relative property (T), for

ie{l,2};

2. [PV11, PV12] I'=T x 'y x ... x I';, is a finite product of non-elementary hyperbolic

groups with n > 2;
3. [lo12b] I' is a finite product of groups of the form I'y 5 I'y, each one of them satisfying:

o [[1:X]>2,[[2:X]2>3;

e there exist g1, ¢o, ..., gn € I such that n?,¢;Xg; ! is finite.

2

In addition, we assume than one of the factors I'? x50 I') of T' satisfies the

conditions: T'? has property (T) and X° is a normal subgroup of T.

If T € C satisfies condition (i), we say that I' € C;, whenever i € {1,2,3}. For T" e C,

we fix a subgroup A satisfying the following:
1. If I' e Cq, take A an amenable subgroup of I'y;

2. If T € Cy, take A an amenable subgroup of one of the factors which appears in I';
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3. If T € C3, take A an amenable subgroup of T'Y *5o I such that X0 does not have a
finite index subgroup which is contained in a conjugate of A (e.g. A can be taken to

be the commutant of X in I'Y).

Theorems A and B combined with [CP10, Corollary 5.3][PV12, Theorem 1.1][Io12b,

Theorem 1.1] give us the following W~-superrigidity result.

Corollary 11.1.2. Let I' € C a group with no non-trivial finite normal subgroups and A a
subgroup chosen as before. Let A ~ Xy be a pmp action on a standard probability space X

and let I' ~ X be the coinduced action of A ~ Xq. If I' ~ X is free, then it is W*-superrigid.

Example I1.1.3. If we take I' =T'; »y (X x A) € C3, Corollary 11.1.2 gives another proof of

W+-superrigidity for the coinduced action proved in [PV09, Example 6.9].

II.2 Preliminaries and cocycle rigidity

At the beginning of this section we review some basic tools of Popa concerning
cocycles and continue by introducing the free malleable deformation for Bernoulli actions.
The last point will be a cocycle rigidity result of Popa adapted to the context of the free

malleable deformations.

I1.2.1 Perturbation of cocycles, property (T) and extensions

Let o be a trace preserving action of I' on a tracial von Neumann algebra P. A
map w : I' - U(P) is called a cocycle if wy, = wyo,(wy), for all g,h € I'. Two cocycles
w,w' : T > U(P) are called cohomologous if there exists a unitary v € P such that

wyoy(v) =vwy, for all geT.

Lemma I1.2.1. ([Po05, Lemma 2.12]) Let w,w’ be cocycles for a trace preserving action

o of a group I on a tracial von Neumann algebra Q. The following statements are true:
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1. If there exists 0 > 0 such that |wy —w}|2 <6, for all g €', then there exists a partial

isometry v € Q such that ||v - 1]z < 46Y? and wyoy(v) = vw), for all g €T

2. If for any e > 0 there evists u € U(Q) such that |wyo,(u) —uw)|2 <€, for all g €T,

then w and w’ are cohomologous.

3. Ifw and w' are cohomologous and v € Q is a partial isometry satisfying wyo,(v) = vwy,
for all g €T, then there exists u e U(Q) such that uv*v =v and wyo,(u) = uw}, for

all g eT'.

Let o be a trace preserving action of a countable group I' on a tracial von Neumann
algebra (). Take w:T' - U(Q) a cocycle. Let 0 be a positive real number and a finite subset
F of I'. Denote Q,(6, F') = {w': ' = U(Q)|w’ is a cocycle such that |w, —w] |2 <0,Yg € F}.

Assuming this context, we have the following result:

Lemma I1.2.2. ([Po05, Lemma 4.2]) Let H c T be a subgroup with the relative property
(T). Then for every cocycle w:T - U(Q) and € >0, there exist § >0 and F a finite subset
of T such that for all w' € Q,,(6, F'), there exists v € QQ partial isometry satisfying |v—1| <€

and wjop(v) = vwy, for all he H.

Definition I1.2.3. Let I'" be a countable group and o be a trace preserving action on a
tracial von Neumann algebra (P, 7). The action o is weak mizing if for every € > 0 and

finite subset F' of P e C, there exists g € I' such that |7(y*o,(x)| <€, for all z,y € F.

Note that if P = L>*(X), for (X,u) a standard probability space, then the action

[' A P is weakly mixing if and only if the corresponding action I' ~ X is weakly mixing.

Proposition I1.2.4. ([Po05, Proposition 3.6/) Let o and o' be trace preserving actions of
a countable group I' on tracial von Neumann algebras P and N and let w be a cocycle for
oc®ac’. Let HcTl be an infinite normal subgroup and assume that o is weak mizing on H.

If wy, € N, for all he H, then wy € N, for all gel.
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11.2.2 Coinduced actions for tracial von Neumann algebras and

the free product deformation

The coinduced action for tracial von Neumann algebras is defined as in Section
I1.1.2. More precisely, let I be a countable group and let A be a subgroup. Let ¢ : I'/A - T

be a section. Define the cocycle ¢:T'x I'/A - A by the formula

c(g,x) = ¢ (gz)g9(x),

for all g eI and z € I'/A.
Let A = (A,70) be a trace preserving action, where (A,7) is a tracial von Neumann

algebra. We define an action T' ~ AT/A | called the coinduced action of ¢, as follows:

og((an)ner/a) = (ay ) nerya,

where a}, = ¢(g7!, h)tag-1p,.

Note that o is a trace preserving action of I on the tracial von Neumann algebra AT/A.

Remark I1.2.5. Let A = ( Xy, 1t0) be a pmp action, where (X, o) is a standard probability
space. We consider the associated action of A on L*(Xj, it9). On one hand, we obtain a
coinduced action T' A L (X, 1o)™/A. We also call o, the associate action of T' on XOF/A.

Note that o is precisely the usual coinduced action of I' obtained from the action of A on

Xop.

In [Io06a], Ioana introduced a malleable deformation for general Bernoulli actions,
where the base is any tracial von Neumann algebra. This is a variant of the malleable
deformation discovered by Popa [Po03] in the case of Bernoulli actions with abelian or
hyperfinite base. Here we adapt the deformation of [lo06a] to the context of general

coinduced actions.
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Let I' be a countable group and A be a subgroup. Let A be a tracial von Neumann
algebra and A /% A be a trace preserving action. Take I' ~ AT/A the corresponding coinduced
action. Let ¢’ be a trace preserving action of I' on another tracial von Neumann algebra
(N, 7).

Denote by A the tracial von Neumann algebra A L(Z), which is the free product of A
and L(Z). Take u € L(Z) the canonical generating Haar unitary. Let h = h* € L(Z) be
such that u = exp(ih) and set u; = exp(ith) for all t € R. Denote by P = AU/A and P = AU/A

the tensor product von Neumann algebras and define 6 : R — Aut(P) by

0¢(®ner/aan) = ®nerya Ad(uy)(an),

where ®per/aan € P is an elementary tensor.

We observe that #; extends naturally as an automorphism of P&N. Define also b€
Aut(P&N) by Biren = idpen and B(®pepu) = ®peru*, for all finite subsets F of T'/A.
Notice that the action o extends naturally to an action ¢ on P by letting 7,(®neptt) = Spepu,
for all finite subsets F' of I'/A. We denote by p the tensor product action o ® o’ of T on

P&N and by p the tensor product action & ® ¢’ of I' on P&N.

Remark I1.2.6. Notice that p commutes with the automorphims 3 and 6, for all £. Thus,
we can consider § and 6; as automorphisms of (P®&N) » I' and (P&N) x I, by extending

them in a natural way. Also note that 6; = 6_,8 and (5% = id.

I1.2.3 Finite union of translates of a subgroup and a fixed point

lemma

Lemma I1.2.7. Let H be a group and H; subgroups, for 1 <i <n. Suppose that there exist
finite subsets F; of H such that

Then there exists i € {1,2,....n} such that H; is a subgroup of finite index in H.
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Proof. We will proceed by induction over n. For n =1 it is clear. Let us suppose the
statement is true for n — 1 and prove it for n. We consider the case where H,, is a subgroup
of infinite index in H, otherwise we are done.

Let us write a partition of H via the infinite index subgroup H,:

H=F,H,u (U h.H,),

where h;lhi ¢ H,, for all i # j and h;'hy ¢ H,, for all k> 1 and hg € F,.

Then, u® h;H, c U ' F;H;. Since H can be written as finite union of translates of
u2 h;H,, we obtain that H can be also written as finite union of translates of u?z‘llﬂHi.
Thus,

H = Ul FUH,

with F/ some finite subsets of H. Now we can apply the induction hypothesis and conclude

that at least one of the H;’s is a subgroup of finite index in H for an i€ {1,2,....,n}. =

Remark I1.2.8. The following proposition is a consequence of [PV06, Lemma 2.4], but

we include a proof for the reader’s convenience.

Proposition 11.2.9. Let ' be a countable group and A a subgroup. Let H be another
subgroup of U'. Then there exists a finite set F' c T'[A such that gF n F + @, for all g € H if
and only if there exists a subgroup Hy of finite index of H such that Hy 1s contained in a

conjugate g1 Ag of A.

Proof. Let us suppose that there exists a finite set F' c I'/A such that gF' n F # &,
for all ge H. Let F'={f1, fs,... fu}. Then for all h € H, there exist i,j € {1,2,...,n} such
that A f;A = fiA. We obtain that H c u},_, fihf;".

Let H;; := {h € H|hf;A = f;A} and notice that H = Ui Hig. For i # 7, it Hyj # @,

take g;; € H;; an arbitrary element. Observe that H;; = g;;H;;. For i # j, if H;; = @, choose
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gij to be the neutral element. This allows us to write H in the form H = U}, g;;H;;,
which is sufficient for applying Lemma I11.6.5, where g;; is the neutral element for all
i€{l,2,...,n}.
Notice that H; = Hn f;A fi‘1 and at least one of these subgroups is of finite index in H
because of Lemma II1.6.5.

The converse is easy. This finishes the proof. ]

For the following lemma we use the notations from Section I1.2.2.

Lemma I1.2.10. Let H be a subgroup of I'. Assume that there does not exist a subgroup
Hy of finite index in H such that Hy is contained in a conjugate g-'Ag of A. Let wy, and
w!, be arbitrary elements in P&N, for all h e H, and define the map o : H - B(L*(P&N))
by () = y(wh) pn(x)wy, where v € {id,0;}. Let S be the | - |2-closed linear subspace of P
generated by v(P)P. Then

{€ € P&N|oy (&) =€,Vhe Hy c S® L*(N).

Proof. We begin the proof with a claim which will prove the lemma.

Claim. For any € >0 and &, € P&N with &, 7 L S®N, there exists h € H such that

(& cn(m)] < el€ll]nlla

To prove the claim, we can assume ||€]3 = |72 = 1. Let us take &,70 € P®N with | - |5

norm smaller than 1 and F' a finite subset of I'/A such that

H€_€0H2S€/27 gozzpi@)nia piGAFCP, niEN7 pilS7ViE{1>27'“7n}'

i=1
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and

In-noll2<e€/2, mo=) a®m, GgeATc P, myeN, ¢ 1S Vie{l1,2,...,n}.
=1

Proposition I1.2.9 allows us to take h € H, such that hF' n F' = @. By the triangle inequality

we have

(€, cn ()]

IN

(& = o, an(m)) + [{€os an (= 10))] + (S0, an(0))]
€/2 +¢€/2 + (o, an(no))-

IN

We will prove the claim if we show that

(€0, an(n0)) = (&0, 7 (wh ) o (110)wn) = 0. (IL.2.1)

By linearity and continuity (weak operator topology) we may suppose that wy, = ®pra; ®
n,wy, = @pa; ®n’ € PN are elementary tensors with F c ['/A a finite subset and
®praj, ®p ) € AU/A = Pn.n/ € N. By the above we may assume that & = py ® ng,no =
Go ® Mg € leé)N, po and ¢y orthogonal to S and ng, mg € V.

This scalar product in the formula (I1.2.1) will be proven to be 0 by computing it
more explicitly. First, notice that the elements from P which appear in the scalar product
belong toAFWRFUF’ - Denote by 7 the trace on P. Then, since F n hE = @, we have the

decomposition

(€0, v(w")pr(no)w) = 7(b1)7 (b2),

where by = ® prpraiy(a’;)po € AF and by € ARFUF')NF N
The first factor is 0 because pg is orthogonal to S. This proves the claim. 0

Now, we can finish the proof of the lemma. Take v € P®N such that aj,(v) = v, for

all h e H. Write v = vy +v; with vg e S® L?(N) and v; 1L S® L?(N). Since S® L?(N) is
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a-invariant, we get that vy and v, are a-invariant. The claim gives us that vy = 0, which

implies that v € S® N. This ends the lemma. ]

I1.2.4 Cocycle rigidity

The following proposition is the first part of [Po05, Proposition 3.2]. Before writing
the result, let us introduce some terminology.

Let I" be a countable group and let ¢ be a trace preserving action of I' on a tracial
von Neumann algebra ). We recall that a local cocycle for the action ¢ is a map w on
I' with values in the set of partial isometries of ) which satisfies wyo,(wp,) = wgp, for all
g,hel.

Let o' be a trace preserving action of I' on another tracial von Neumann algebra
N and denote by p the tensor product action o ® o’. For a cocycle w : I' > U(Q®N),
we denote by w! : T' > U(Q®Q®N) the image of w via the canonical isomorphism and
inclusion QAN ~ QR1®N c Q@A N. Similarly, we denote by w” the image of w via the

canonical isomorphism and inclusion Q®N ~ 1@Q®N c Q®Q®N.

Proposition I1.2.11. [Po05, Proposition 3.2] Let o be a weak mizing trace preserving
action of I' on a tracial von Neumann algebra Q) and o’ a trace preserving action of T’
on another tracial von Neumann algebra N. Let w: T - U(Q®N) be a cocycle for the
action p. Let b e L2(Q®QAN) be a non-zero element and p € P(QR1®N), a non-zero
projection such that pb=0b and w'o,(b)wi* = b, for all g €T, where 6 :=c® o ®0c’. Then,
there exist a partial isometry ve Q®N and a local cocycle w) e U(v*vNa)(v*v)) such that

vo* <p,vv e N and wy(og ® o)) (v) = vw), for all g €T

Remark I1.2.12. Let us explain why the first part of [Po05, Proposition 3.2] can be

written as above.

e In [Po05] the tracial von Neumann algebra (Q,7) is extended to a larger tracial
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von Neumann algebra (Q,%) satisfying the following properties: it exists a trace
preserving action & of I' on @ which extends ¢ and an automorphism a; of Q which
satisfies 5p* Qa1 (Q) = Q and 7(zon (y)) = 7(2)7(y), for all z,y € Q.

In particular, it can be chosen Q = Q®Q.

e Notice that b can be chosen in L2(Q®N) in [Po05, Proposition 3.2], not necessary in

Q&N since the proof uses only this information.

From now on until the end of the section, we assume the following context. Let A
be a subgroup of a countable group I'. Let oy be a trace preserving action of A on a tracial
von Neumann algebra A and o the coinduced action of I on P := A'/A. Let us consider a
trace preserving action ¢’ of I" on another tracial von Neumann algebra N.

Denote by p the tensor product action c®c’ of I' on PN, by p the tensor product
action & ® o’ of I' on P®N and by & the tensor product action 0 ® 0 ® ¢’ of I' on P& P&N.

Let w : I' - U(P®N) be a cocycle for p. Define the representations 7 : I' —
U(L*(P®P&N)) and v : ' - U(5p PO1(P) ® L*(N)), by my(b) = wlay(b)wi* and y4(c) =
wypge(c)b1(w,)*. Here we have denoted by 5p P6;(P) the | - |2-closed linear subspace
generated by {x6;(y)|x,y € P}.

Notice that L?(P®P®N) and sp PO (P) ® L?(N) may be viewed as left PQN
Hilbert modules with the actions (p®n)-(z® y®n') := pr ® y ® nn/ and, respectively,
(pon)-z0:(y) ®n':=pxb(y) ® nn’, for all p,x,y € P and n,n’ € N. The following lemma
makes Proposition I1.2.11 useful in our context in which we work with the free product

deformation. The proof is a straightforward verification.

Lemma I1.2.13. The map U : L2(P&P®N) — 5p PO,(P) ® L2(N) defined by U(p; ®
P2 ®n) = p101(p2) ® n, with pi,ps € P,n € N, is an isomorphism of Hilbert spaces which
intertwines the representations © and . Moreover, U intertwines the left PO N - module

structures of these Hilbert spaces.
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In order to apply Proposition 11.2.11, we need the weak mixing property for the

coinduced action.

Lemma I1.2.14. Let H be a subgroup of I' with the property that there is no finite index
subgroup Hy of H which is contained in a conjugate gAg=' of A. Then the coinduced action

o 18 weak mizing on H.

Ioana proved this result for coinduced actions on standard probability spaces in
[Io06b, Lemma 2.2], but the proof also works for tracial von Neumann algebras.
Using the same arguments as in the second part of the proof of [Po05, Proposition

3.2], we obtain the following result:

Theorem 11.2.15. Let I' be a countable group and A be a subgroup. Let H be a subgroup of
' with the property that there is no finite index subgroup Hy of H such that Hy is contained
in a conjugate gAg™ of A. Let w:T —U(PON) be a cocycle for the action p. If wy and

01(w) g are cohomologous, then wy is cohomologous to a cocycle with values in N.

Proof. We will use Proposition I1.2.11 and a maximality argument.

Denote by W the set of pairs (v,w’) with v € P®N partial isometry satisfying
v*ve N and w': ' = U(v*vNo'(v*v)) local cocycle for p such that vw] = wypy(v), for all
gel.

We endow W with the order: (vg,wy) < (v1,w]) iff vy = viv§ve, viVeW] (g) = W{(g),
for all g e I". W is an inductive set and let (vp,w() € W be a maximal element.

Claim. v is a unitary.

Proof of the claim. Note that the claim finishes the proof. Let us prove the claim
by contradiction. Suppose v, is not a unitary. Denote by v = vo0; (vg). Then vv* = vovg

and a direct computation gives us that wgp,(v) = v61(wy). Indeed, since py(w? ) = wy and
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pg(wi(g71)*) = wj(g), we have

Wypg(v) wypg(v0)Pg(01(v5)) = vowy(g) g (01(v5))
= 0ot (pg(vowy(971))*) = vob1(Pg(wy-1p4-1(v0))*)
= vt (v5pg(w;-1)) = vob1(viwy)

= vl (wy).

Since w and 6, (w) are cohomologous, by Lemma I1.2.1 we obtain the existence of a
partial isometry v’ € P®N such that w,p,(v') = v'0;(w,) and v'v’* = 1 -vv*, v = 1 —v*v.

Next, Lemma I1.2.10 implies that v’ € sp P, (P)®N, which allows us to use Lemma
I1.2.13. Since v’ is a fixed point for v, U~!(v') is a fixed point for 7. Now we can apply
Proposition I1.2.11 to obtain the existence of a partial isometry v; € P® N with the left
support majorized by {(U~1(v")) and right support in N which satisfies viw](g) = wyp,(v1)
for some local cocycle w] : I' > U(vyvi No'(v1v7)). Here we denote by [(U~1(v")) the left
support of U~(v").

Notice that [(U~1(v")) is majorized by v'v"* = 1 - vov$. Indeed, by Lemma I1.2.13,
U intertwines the P®N left module structure. Now, since v'v"* =1 -vv* =1 - vgvj € PON,
we have U~1(v") = U~ (v/v"™*v") = v/v"*U~1(v"), which proves the claim. O

Thus, in the finite von Neumann algebra P®N we have viv; ~ v10} < 1 - vouf ~
1 —vjvo. Since the first and the last projection lies in IV, we obtain that viv; <1 -vjv in
N (by working with the central trace).

Now, we conclude as in the proof of [Po05, Proposition 3.2]. By multiplying v; to
the right with a partial isometry in /N and conjugate w] appropriately, we may assume
vivy < 1-wjvg. But then, (vo + vy, w)+w)) € W and strictly majorizes (vo,w(), which

contradicts the maximality assumption. ]
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11.3 Proof of Theorem A

We will prove the following theorem, which is the general version of Theorem A
dealing with coinduced actions of I' on AT/A that arise from actions of A on arbritrary

tracial von Neumann algebras A.

Theorem I1.3.1 (Groups with relative property (T)). Let I' be a countable group and A
be a subgroup. Let H c T' be a subgroup with relative property (T). Assume that there does
not exist a subgroup Hy of finite index in H such that Hy is contained in a conjugate g~'Ag
of A.

Let oy be a trace preserving action of A on a tracial von Neumann algebra A and
o the coinduced action on P := AU/A. Let us consider another action o’ on a tracial von
Neumann algebra N. Denote by p the tensor product action c®c’ of I' on P®N.

Then, any cocycle w:T' = U(PQN) for the restriction of p to H is cohomologous
to a cocycle of the form w': H - U(N).
Moreover, if H is w-normal in ', then w is cohomologous to a cocycle of the form w': T —

U(N).

From now on, in this section we use the same notations as in Section 11.2.2. The
first step of the proof of Theorem II.3.1 is to prove that wyy and 6;(w)|z are cohomologous.
This is obtained by the following result which is [Po05, Lemma 4.6] adapted to the free

product deformation.

Proposition I1.3.2. [Po05, Lemma 4.6] Let A be a subgroup of T'. Let H c T be a subgroup
with relative property (T) such that there does not exist a subgroup Hy of finite index in H
which is contained in a conjugate g~*Ag of A.

Let og be a trace preserving action of A on a tracial von Neumann algebra A and o
the coinduced action on P = AY/A. Consider a trace preserving action o' on a tracial von

Neumann algebra N .
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Let w:TI' - P®N be a cocycle for the action p on PON. Then wyy and 6,(w) g are

cohomologous as cocycles for the action pjg on P&®N.

The proof of Proposition 11.3.2 is almost identical to that of [Po05, Lemma 4.6], but
we include it for completeness. At the end of the proof of [Po05, Lemma 4.6], it is used the
weak mixing property and therefore is obtained that a certain element belongs to a smaller
algebra. The difference is that in the proof of Proposition I1.3.2 is used Lemma I1.2.10 to
obtain the same result.

Proof.[Proof of Proposition 11.3.2] It is enough to prove that Ve > 0,3v € P&N

partial isometry such that |v*v— 1] < € and
wppn(v) = vl (wy),Yh e H.

Indeed, if this holds, take a unitary u € U(PéN) satisfying uv*v = v. By triangle

inequality, we get that
|lwnpn(u) = uby(wp)|2 < 2|u—v]e =21 —v*v|2 < 2¢,Vh e H.

Using now Lemma I1.2.1, we get that wyy and 6;(w)y are cohomologous.
We now prove the first statement of this proof in two steps.

Step 1. For all ¢ >0, there exist vy € P®N and n € N such that |viv, - 1|2 < € and
wypn(vo) = vobjon (wy), Vh e H. (I1.3.1)

This is just an application of Lemma I1.2.2. Indeed, the lemma gives us the existence of
a partial isometry vy € P®N and n € N, satisfying vy — 1|2 < €/2 such that formula I1.3.1

holds. Using the triangle inequality, we get that |vuive —1[2 <e.
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Step 2. Assume that there exist a partial isometry v € P®N and t € (0,1) satisfying

wrpn(v) = 00 (wy),Vh e H. (I1.3.2)

Then there exists a partial isometry v’ € P®N satisfying |v[, = |v’[, and

wppp (V") = V"0 (wy), Vh e H.

For proving Step 2, we will use the properties of the automorphism S. Since

B0, =0_3 and Pipen = idpgny We get that

wppn(B(0)) = B(v)0_(wy),Vh e H.
Define v = 6,(B(v)*v). We get

v*wy = O (v B(v)0-(wr))
= O(v'wnpn(B(v)))
= 0,(0:(wn)pn(v*B(v)))
= O (wn)pn(v"™),

which implies that
wppp(v") = V"0 (wy), Vh e H.

Let us prove now that |v]s = [v/]|]2. Since |v'[2 = |B(v)*v]2, it’s enough to prove

that f(vv*) = vv*. By taking the adjoint in I1.3.2, we obtain that

wppp (v )w; =vv*,Yh e H.

By Lemma I1.2.10, we obtain that vv* € PQN, so S(vv*) = vv*. This ends the proof. =
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The proof of Theorem I1.3.1 is now an easy consequence of Proposition I1.3.2 and
Theorem 11.2.15.
Proof or Theorem II1.3.1

By Proposition I1.3.2, there exists a unitary v € P®N such that

wppn(v) = v0 (wy),Vh e H.

Theorem 11.2.15 gives us the existence of a cocycle w’: H - U(N') cohomogous to w. More
precisely, we have

wy, = vwypp(u*), VheH,

for a unitary u e Y(PRN).

For the moreover part, notice that Lemma I1.2.14 implies that the coinduced action
is weak mixing on H. Thus, we can apply Proposition I1.2.4 and obtain that u*w,p,(u) € N,
for all g € I'. This allows us to define w’ on I'" and obtain that w is cohomologous to 3 a

cocycle with values in N on I'. ]

Remark I1.3.3. Let us see that Theorem I1.3.1 implies Theorem A. Denote P = L*°(X).
Since V belongs to Uy;,, we can consider a tracial von Neumann algebra N such that
V cU(N). We consider I" acts on P®N by the tensor product action o ®id, where the action
of I" on N is the trivial one. Define the cocycle w:T' > U(P®N), by wy(z) = w(g, g9 '),
for a.e. z € X. Theorem I1.3.1 allows us to untwist w to a homomorphism dy : I' - U(N).

We conclude by applying [Po05, Proposition 3.5] so we can untwist w to a homomorphism

d:I'=>V.
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11.4 Proof of Theorem B

In this section we prove Theorem I1.4.1, which is a more general version of Theorem
B dealing with coinduced actions of I' on A!/A that arise from actions of A on arbitrary
tracial von Neumann algebras A. The deduction of Theorem B from Theorem I1.4.1 is

obtained by using the same arguments as in Remark I1.3.3.

Theorem I1.4.1 (Product groups). Let I be a countable group and A be an amenable
subgroup. Let H and H' be infinite commuting subgroups of I' such that H' is non-amenable.
Assume that H does not have a subgroup Hy of finite index in H such that Hy is contained
in a conjugate g~ Ag of A.

Let oy be a trace preserving action of A on a tracial von Neumann algebra A and
o the coinduced action on P := AV/A. Let us consider another action o’ on a tracial von
Neumann algebra N. Denote by p the tensor product action c®c’ of I' on P@N.

Then, any cocycle w: T - U(P&N) for the restriction of p to HH' is cohomologous
to a cocycle of the form w': HH' - U(N).
Moreover, if H is w-normal in T", then w is cohomologous to a cocycle of the form w': " —

U(N).

We use the same notations as in Section I1.2.2. We still consider ¢ the coinduced
action on P, ¢’ a trace preserving action on a tracial von Neumann algebra N and the free
product deformation 6;.

The following result is known as Popa’s transversality lemma.

Lemma I1.4.2. ([Po06a, Lemma 2.1]) For every s € (0,1/2) and x € P®N, we have

[626(x) = z[[2 < 2[0s(x) = Epen (0s(2)) ]2

Lemma I1.4.3. Let I' be a countable group and A an amenable subgroup. Let F be a finite
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subset of I'/A. Denote Np = {g € U|gF = F'}, where I" acts on I'/A by left multiplication.

Then Nr is amenable.

Proof. The action of Ng on F', by left multiplication, is well defined. Denote by
Sk the group of bijections on the finite set F. We obtain a homomorphism ¢ : Np — Sp,
defined by ¢(g)f = gf, for all ge Np and fe F.

Notice that ker ¢, the kernel of ¢, is amenable. Indeed, if fA € F', then ker¢ c fAf~1.
Since A is amenable, ker ¢ is amenable. Note that ¢(Nr), the image of ¢, is amenable,
being a finite group.

Since ker ¢ and ¢(Ny) are amenable groups, we conclude that N is amenable. =

Theorem I1.4.4. Let T be a countable group and A an amenable subgroup. Let H and H' be
infinite commuting subgroups of T' such that H' is non-amenable. Denote M = (]SQ_DN) x H
and M = (P®N) x H.

Let w: H' - U(P®N) be a cocycle for p and define the representation 7 : H' - U(L*(M) &

L2(M)) by mg(x) = wypy(x)w;. Then m has spectral gap.

Remark II.4.5. In Theorem II.4.4 the action pg- is considered to be extended in a natural

way to (P®N) x H. This is possible since H and H’ commute.

Proof.[Proof of Theorem 11.4.4]

Let B = {1 = ng,m,..} ¢ A be an orthonormal basis of L?(A). Denote by u the
canonical Haar unitary of L(Z). Thus, we obtain an orthonormal basis for L2(A * L(Z))
given by

B = {u"n; w1, i > 1k € N} = {1 = 1,701, ..},

as in [Io06a, Proposition 2.3]. Also, we have that

N = {®erjami,|{ flis # 0} is finite}
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and

N = {® peryntii, [{ flis # 0} is finite}

are orthonormal bases for L2(P) and, respectively, for L2(P).
Let © = ® per/aTi; e N. Denote F, = {f ¢ T/A|7;, € BB} and K =5p{x e N|F, = F}.

Notice that K% 1 K%, whenever F # [ are finite subsets of I'/A. This implies that
L*(P)o L*(P)=35p N\ N = oK",

where the direct sum runs over all finite non empty subsets F' c IT'/A.
Thus,
L?*(P&N) e L*(P&N) = @K},

where the direct sum runs over all finite non empty subsets F'c I'/A and K}, = K% ® L2(N).

Finally, we get the decomposition
L*(M)e L*(M) = oKy,

where the direct sum runs over all finite non empty subsets F' c I'/A and Kp = Sp{Kj.up|h €
Claim 1. We can decompose L2(M) o L2(M) = @;;5p n(H' )M &M, where {& }icr

is a family of vectors from L2(P) and each & € Kp for some non empty finite set F' c I'/A.
Proof of the claim 1. Let S be the set of elementary tensors ®;.pn;, with F' finite

subset of I'/A such that each 7; is an element of A which starts and ends with a non-trivial

power of u. Then I' acts on S and choose T to be a set of representatives for this action.

Then, L2(M) e L*(M) = ®¢ersp m(H')MEM. O
Denote by Ay the left regular representation of H' on [2(H').

Claim 2. 7 < Ay, i.e. 7 is weakly contained in Ay.
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We suppose the claim holds and we prove it after the end of this theorem. For
finishing the proof, note that the non-amenability of H’ implies 1y ¢ Ags. Thus, 15 £,
which means that 7 has spectral gap on H. This proves the theorem. [ ]

We now prove Claim 2 from the proof of Theorem I1.4.4 using the same notations.
Lemma I1.4.6. 7 < \y-.

Proof. For every F' c I'/A, non empty finite subset, denote H}. = {h' € H'|h'F = F'},
where I" acts on I'/A by left multiplication. Since F'is finite and A is amenable, Lemma
IV.2.1 implies that H. is an amenable group.

Let us take a family of vectors {&; }ier as in the first claim of Theorem 11.4.4. Fix
i€ I and let F be a finite subset of T'/A such that & € Kp.

Note that

(mg(x),2) =0,V e Kp,g ¢ Hp. (I1.4.1)

Let us observe that we can decompose sp m(H')MEM = @y 5p n(H')n;; in
cyclic subspaces, with 7;; € Kp. Indeed, by taking a maximal family of vectors {n;;};es
with the property that sp m(H)n;; are mutually orthogonal, we get the decomposition
spr(Hp)ME&EM = @®jey 5Spw(Hp)n;;. Since & € Kp and Kp is a m(H},) invariant subspace,
we obtain that 7,; € Kp. Since H}, is a subgroup of H’, (II.4.1) implies that the decomposi-
tion sp m(H')ME&M = @jey 5p w(H')n;j also holds. Indeed, (I1.4.1) implies that sp w(H')n;;
is orthogonal on sp m(H')n;;, for all j,j" € J, with j # j’. This proves the claim.

Fix j € J. Define the cyclic representations 6 : H' - U(5p m(H')n;;) and 0 : H}. —
U(Sp m(H)ni;) as the restrictions of m, respectively of my, to the coresponding cyclic
subspaces.

Let

0= Indjfy 6+ H' > U(P(H'|H},) © 55 7(H})ni)
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be the induced representation of 0 defined by

0, (5, ® 1) = d50 ® [Or(c(g, )], (11.4.2)

for all ge H',x € H'/H}, and n € 5p w(H}.)n;j, where ¢: H' x H'|H}, - H}, is the canonical
cocycle defined as in section I1.1.2. Recall that ¢(g,x) = ¢~ (gz)g¢p(x), for all g€ H" and
xe H'|H}, with ¢ : H'|Hl, > H' an arbitrary fixed section. Moreover, ¢ can be chosen
such that ¢(H}.) = e, with e the neutral element of H’. This implies ¢(g, Hy) = g, for all
g€ Hy.

Claim. The induced representation 6 contains 6 as a subrepresentation.

Proof of the Claim. Define the positive definite function ¢ : H' — C by ¢(g) =<
9(g)nij,mij >, for g € H'. The formula (II.4.1) implies that ¢ is zero on H' \ H},, since
nij € Kp.

Denote 7] := .y, ® nij € *(H'[Hy) @ sp w(Hp)nij. A direct computation gives us that

<0(9)7, 71 >=< 0(c(g, eHyp) iz, mij) >=< 0(9)mij,ni;) >= ¢(9),

for all g € Hy.. For g ¢ H}., the formula (I1.4.2) gives us that< 0(q)i, 7 >= 0.

Thus, we have obtained that

<0(g)7, 7 >=¢(g)

for all g e H'. Since 6 is a cyclic representation, we get that € is contained in 6. This ends
the claim. O

Now, we can finish the proof of the lemma. Since H} is amenable, we have
Ly, < Amy, (see [BHVOS, Theorem G.3.2], for example). By Fell absorbing principle, we
get that O < Ay . [BHVO08, Theorem F.3.5] gives us continuity of weak containment with

respect to induction. This implies that 6 = IndH;H p < IndH; Amy, = Ay Since 6 is contained
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in 0, we get that 0 < A\

Denote by 6; : H — U(sp n(H')MEM) the restriction of 7 to the subspace
spr(H")MEM. The decomposition sp m(H')MEM = &sp m(H')n;; gives us that 0; < Mg

The decomposition given by the first claim implies that 7 = @;.;0;. Thus, m < Ay,
which ends the proof of the lemma. ]

Proof of Theorem II1.4.1

Define the representation 7 : ' - U(L*((P&N) x H) © L2((P&N) » H)) by 7,(z) =
wypy(r)w; and denote M = (P&N)x H and M = (P&N) x H as in the previous theorem.

Theorem I1.4.4 implies that 7w has spectral gap on H’. Thus, for all € > 0, there exist
6 >0 and F’ c H' finite, such that if u € (M) satisfies |7, (u) - us < 8, VA' € F’, then
[u=En(u)]2<e

Let us proceed now as in [[Po0O6a], Theorem 4.1]. Denote @, := wyuy, g € I'. Since the
map s — 0,(uys) is continuous in | - |5, for all A’ € F’| it follows that for small enough s, we

get that

10-s/2(tinr) = tne]l2 < /2,

for all A’ € F'. Because H and H' commute, 4, and @, commute for all b’ € F" and g € H.

Thus, we get that
100s2(tig), e ]2 = l1tig, O-sp2 () |2 < 2002 (tinr) =t <6,

for all h" € F" and g € H.

Notice that 7 (x) = ugruy, for all g€ I'. A direct computation gives us that

|7 (Osy2(g)) = Osj2(tig) 2 = |[0s2(y), U]l < 6,
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for all ' € F” and g € H, which implies that

105/2(ttg) = Enr(0s2(tig)) |2 < €.

Using Lemma 11.4.2, we get that |0s(a,) — 4,2 < 2, for all g € H. The set K :=
co”{uy0s(uy)*|g € H} is convex weakly compact, and for all £ € K and ¢g € H, we have
uyE0s(ug)* € K. Thus, if we denote by &y € K the unique element of minimal norm ||z, then

we get that u,€005(a,)* = &, for all g € H. This is equivalent to

wgﬁg(fo) = &o0s (wg)a

for all g € H. Taking v e P®N, to be the partial isometry of &, we get that

wypg(v) = v05(wy),

for all ge H.
Since

|tg0s(tg)" — 1|2 = [y — Os(y) |2 < 2,

we get that | — 1] < 2¢, which implies that |v — 1|y < 4(2¢)'/2. This proves Step 1 of the
proof of Proposition I1.3.2. In combination with Step 2 from the proof of Proposition I1.3.2,
the conclusion follows as in the proof of the same proposition. Meaning, we obtain that
wyy and 6, (w) g are cohomologous.

As in the proof of Theorem II.3.1, we use Theorem I1.2.15 to deduce the existence

of a unitary u €e U(P®N) and of a cocycle w’: H - U(N) such that

wy, = uwypp(u*), VheH.
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We have H <« HH', because H and H' commute. Since the restriction of p to H is
weakly mixing, by using Proposition I1.2.4 we obtain a cocycle w’ with values in N which
is cohomologous to w on HH'.

For the moreover part, we apply again Proposition I1.2.4 as in the proof of Theorem

11.3.1. ]

II.5 Applications to W*-superrigidity

We record the results [CP10, Corollary 5.3], [PV12, Theorem 1.1], [Io12b, Theorem
1.1] in the following theorem, which give uniqueness of group measure space Cartan

subalgebras for groups in C.

Theorem I1.5.1. Let ' € C and let I' ~ X be a free ergodic pmp action on a standard
probability space X. Suppose there exists A ~Y a free ergodic pmp action on a standard
probability space Y such that M = L=(X) xT'= L>*(Y) x A. Then there exists a unitary
we M such that uL>*(X)u* = L>=(Y).

The following result is a particular case of [Po05, Theorem 5.6] (see also [Fu06,

Theorem 1.8]).

Proposition I1.5.2. [Po05, Theorem 5.6] Let I' be a countable group with no non-trivial
finite normal subgroups. Let I' ~ (X, u) be a free pmp action, where (X, ) is a standard

probability space. IfI' ~ (X, ) is Upin-cocycle superrigid, then I' ~ (X, ) is OE-superrigid.

In [Io06b, Lemma 2.1] it is proved that if we coinduce from free actions, we obtain
free actions. The following lemma gives another sufficient condition for obtaining free

coinduced actions. We include a proof for the reader’s convenience.

Lemma I1.5.3. [l006b, Lemma 2.1] Let " be a countable group and A a subgroup of infinite

indez. Let A = (Xo, o) be a pmp action on the standard probability space (Xo, po) which
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has no atoms and let T ~ (X, ) := (Xo, j10) /™ be the coinduced action. Suppose Ngerghg™
is finite and NgergAg—tn Fiz(A ~ Xo) = {e}, where Fix(A ~ Xy) consists of those elements

g €N\ for which {xg € Xo|gzo =20} has measure 1. Then T" ~ X 1is free.

Proof. Define A, = {(xp)ner/a € X|og((xn)n) = (zp)n} for g € I'. Recall that
g / g
og((zn)n) = (z},)n, where z} = =1 (gh)gp(h)xs1), and ¢ : I'/A - T is a section.

If go ¢ NgergAg!, there exists g; € I' such that gy'gi1A # g1 A. Then

Agy = {(zn)n € Xl|n = ¢(goh) " god(h)xgo1y, Yh e T/A}
c {(wp)neX|rga= qf)(gogﬂ\)‘190425(91/\)9095191,\}

has measure 0 since X, is non-atomic.
Now, if gy € ¥ = ngergAg™ ~ {e}, we have g7lgog € ¥~ {e}, for all g € I". The
hypothesis implies that C) := {xg € Xo|Azg = 20} has measure less than 1, for all A € X\ {e}.

Then,
Age = {(@n)nerjalen = o(h) " god(h)an, Yh e T/A}

= Tnerya Comytgon(n)
has measure 0. Indeed, since X is finite, there exists g; € X \ {e} such that {h e
I'/A|p(h) tgop(h) = g1} is an infinite set. This implies A,, has measure 0 since 10(Cy, ) < 1.
m
The following result proves cocycle superrigidity for coinduced actions of groups

from C.

Theorem I1.5.4. Let I' € C and A a subgroup defined as in Corollary 11.1.2. Let A ~ X
be a pmp action on a standard probability space Xo and let I' ~ X be the coinduced action

from A ~Xo. Then I' ~ X is Uy,-cocycle superrigid.

Proof. We apply Theorems A and B and let us use the notations from these

theorems.
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For I € C;, we want to apply Theorem B. If we take H' = I'; and H = T'y, the
conditions of Theorem B are satisfied, so we obtain the claim.

If I' e Cy, consider ' =T'; x 'y x ... x I'),, with all the I';’s non-elementary hyperbolic
groups. Without loss of generality suppose that A c I';. We apply again Theorem B. By
taking H' =T'; and H =T's x... xI',, we notice that the conditions of this theorem are again
satisfied.

Let " € C3. Since X0 is contained in I'{, the hypothesis implies that I'Y does not
have finite index subgroups which are contained in a conjugate of A. We want to apply
Theorem A for H =T9.

Take V e Uy, and w:I'x X -V a cocycle for I' ~ X. Theorem A implies that there exist
¢ : X =V such that ¢(gz)'w(g,z)p(z) is independent of z on I'Y. Since X0 is normal
in I'Y and contained in I'Y, Lemma I1.2.14 combined with Proposition I1.2.4 implies that
d(gx)tw(g, z)p(x) is independent of z on T'Y. This proves that w is cohomologous to a
group homomorphism on I'{ *xo I'.

Now, since I'? #50 I') is normal in ', we apply again Lemma I1.2.14 and Proposition 11.2.4
to obtain that ¢(gx)tw(g,z)d(x) is independent of z on I". This ends the proof. m

Proof of the Corollary I1.1.2. Combining Proposition I1.5.2 with Theorem I1.5.4, we
obtain that I' ~ X is OE-superrigid. Lemma I1.2.14 proves that ' ~ X is ergodic and we

conclude using Theorem II.5.1. ]
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Chapter 111

Prime II; factors arising from lattices

in higher rank

by

Daniel Drimbe!, Daniel Hoff?> and Adrian Ioana3

III.1 Introduction

I1I.1.1 Background and statement of results

An important theme in operator algebras is the study of tensor product decompo-
sitions of II; factors. A II; factor M is called prime if it is not isomorphic to a tensor
product of Iy factors. In [Po83], Popa proved that the free groups on uncountably many
generators give rise to prime II; factors. By using Voiculescu’s free probability theory,

Ge showed that the free group factors L(F,), 2 <n < oo, are also prime, thus providing
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the first examples of separable prime II; factors [Ge96]. Ozawa then used subtle C*-
algebraic methods to prove that for any icc hyperbolic group I', the II; factor L(I") is
solid, that is, the relative commutant of any diffuse subalgebra is amenable [0z03]. Since
solid non-amenable I1; factors are clearly prime, this recovers the primeness of L([F,). By
developing a new technique based on closable derivations, Peterson proved that L(I") is
prime, for any non-amenable icc group I' that admits an unbounded 1-cocycle into its left
regular representation [Pe06]. Popa then used his powerful deformation/rigidity theory
to give a new proof of solidity of L(F,) [Po06¢c|]. For additional primeness results, see
(0204, Po06a, CI08, CHO8, ValOb, Bol2a, HV12, DI12, CKP14, Hol5].

A common feature of these results is that the groups I' for which L(I') was proven
to be prime have “rank one” properties, such as hyperbolicity or the existence of certain
unbounded (quasi) 1-cocycles. On the other hand, the primeness question for the “higher
rank” arithmetic groups PSL,(Z), n > 3, is notoriously hard and remains open. Moreover,
in spite of the remarkable advances made in the study of II; factors in the last 15 years
(see the surveys [Po07, ValOa, Io12a]), little is known about the structure of II; factors
associated to lattices in higher rank semisimple Lie groups. In fact, while II; factors arising
from lattices in connected rank one simple Lie groups have already been shown to be prime
in [0z03], not a single example of a lattice, whose II; factor is prime, in either a higher
rank simple or semisimple Lie group is known.

Our first main result provides the first examples of lattices in higher rank semisimple

Lie groups which give rise to prime II; factors. More precisely, we prove:

Theorem D. If T is an icc irreducible lattice in a product G = Gy x ... x G, of n > 1
connected non-compact rank one simple real Lie groups with finite center, then the II; factor
L(T) is prime.

More generally, if T' € £ is an icc group, then the IL, factor L(T") is prime.

Before stating a consequence of Theorem D, we will first explain the terminology
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used, give several examples of groups to which Theorem D applies, and compare it with a

result in the literature.

Definition II1.1.1. We denote by £ the family of countable groups I which can be realized
as an irreducible lattice in a product G' = G x ... x GG, of n > 1 locally compact second
countable groups such that (i) G; admits a lattice that is a non-elementary hyperbolic
group, for every 1< j <n, (ii) G; does not admit an open normal compact subgroup, for
some 1 < j<n,and (iii) I" does not contain a non-trivial element which commutes with an
open subgroup of G.

A subgroup I' < G is called a lattice if it is discrete and the homogeneous space
G/T" carries a G-invariant Borel probability measure. A lattice I' < G in a product group

G = Gy x...xG, is called irreducible if its projection onto :Gl is dense, for every 1 < j < n.
i#j

Remark IIT.1.2. Assume that G; is a connected non-compact simple Lie group (or
algebraic group), for every 1 < j <m. Then condition (ii) of Definition III.1.2 is satisfied.
Since any element of G, 1 < j <n, which commutes with an open subgroup is necessarily
central, condition (iii) is satisfied by any icc lattice I' < G. Here, we point out that if
G, ..., Gy, are of rank one then condition (i) is also satisfied, and provide several examples

of countable groups belonging to £.

1. If G is a connected non-compact rank one simple real Lie group with finite center,
then any co-compact lattice A < G is non-elementary hyperbolic. This in particular
applies to G = SLy(R). Moreover, in this case, SLy(Z) and the free group Fy arise as

lattices of G.

2. Let G be a rank one simple algebraic group over a locally compact non-archimedean
field. Then any such group admits a lattice A < G which is a finitely generated free

group (see [BK90, Corollaries 4.8 and 4.14] and [Lu91, Theorem 2.1]). In particular,
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this applies to G = SLy(Q)), where Q,, denotes the field of p-adic numbers for a prime

p.

3. Let d > 2 be a square-free integer and S be a finite non-empty set of primes. Denote
by O, the ring Z[%ﬁ], if d=1 (mod 4), and the ring Z[v/d], otherwise. Denote
by Z[S~!] the ring of rational numbers whose denominators have all prime factors
from S. Then SLy(O4) and SLo(Z[S!]) can be realized as irreducible lattices in
SLy(R) x SLy(R) and SLy(R) x (TT,cs SL2(Qy)), respectively. Since the same holds if
SLy is replaced with PSLy, it follows that PSLy(O,4) and PSLy(Z[S1]) belong to L.

Remark II1.1.3. Let G = G; x ... x G,, be as in the first part of Theorem D and I' < G
be an irreducible, but not necessarily icc, lattice. Then the center Z(T") of " is contained
in Z(G) and T'/Z(T") is icc. Thus, I'/Z(T") is an irreducible icc lattice in G/Z(G). By
Remark I11.1.2(1) it follows that I'/Z(T") € £ and Theorem D implies that the II; factor
L(T'/Z(T)) is prime.

Remark II1.1.4. Let G = G; x ... x G,, be as in the first part of Theorem D. Popa and
Vaes proved that any lattice I' < G is Cartan-rigid: any II; factor L*°(X) »x I' arising from
a free ergodic pmp action of I' has a unique Cartan subalgebra up to unitary conjugacy
(see [PV12, Theorem 1.3]). Moreover, their proof shows that L(I') does not have a Cartan
subalgebra (see [PV12, Section 5]). Both the approach of [PV12] and our proof of Theorem
D use the fact that the lattices in G are measure equivalent to a product of non-elementary
hyperbolic groups. However, unlike the results from [PV12], the conclusion of Theorem
D does not hold for arbitrary lattices I' < G, as it obviously fails for product lattices
['=T x...xT,, whenever n > 2 and I'; < GG; is a lattice for all 1 <7 <n. To prove Theorem
D we will perform a detailed analysis which shows that if I' < GG is any icc lattice such that

L(T") is not prime, then I' is a product group and thus cannot be an irreducible lattice.

The following corollary in an immediate consequence of Theorem D.
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Corollary E. Let d > 2 be a square-free integer and S be a finite non-empty set of primes.

Then L(PSLy(Oy4)) and L(PSLy(Z[S™])) are prime II; factors.

Remark III.1.5. [CdSS15, Corollary] implies that L(PSLy(Z[\/2])) is not isomorphic
to L(T'y x T'y), for any non-amenable groups I'y and T’y in Ozawa’s class S [0z04, BOO0S].
Corollary E strengthens this fact by showing that L(PSLy(Z[v/2])) is prime and hence not

isomorphic to L(I'y x I'y), for any non-trivial countable groups I'; and I's.

Theorem D will be deduced from a general result which describes all tensor product
decompositions of II; factors associated to groups that are measure equivalent to products of
hyperbolic groups. Before stating this result, let us recall the notion of measure equivalence

due to Gromov [Gr91], and the construction of amplifications of 1I; factors.

Definition II1.1.6. Two countable groups I' and A are called measure equivalent if
there exist commuting free measure preserving actions of I' and A on a standard measure
space (€2,m), such that the actions of I" and A each admit a finite measure fundamental

domain.

Natural examples of measure equivalent groups are provided by pairs of lattices I', A
in an unimodular locally compact second countable group G. Indeed, endowing G with a
Haar measure m and the left and right translation actions of I' and A shows that I" and A
are measure equivalent.

If M is a II; factor and ¢ > 0, then the amplification M?! is defined as the
isomorphism class of p(M®B(¢?(N))p, where p e M®B(¢?(N)) is a projection satisfying
(t®Tr)(p) =t. Here, 7 and Tr denote the canonical traces of M and B(¢2(N)), respectively.
Finally, recall that if M = P,®P,, for some II; factors P, and P;, then for every ¢t >0 we
have a natural identification M = P!&P,/".

The following theorem is the main technical result of this paper:

51



Theorem F. Let T be a countable icc group and denote M = L(T'). Assume that T is
measure equivalent to a product A=Ay x ... x A,, of n > 1 non-elementary hyperbolic groups
A1, ..., \,. Suppose that M = P,®P,, for some I, factors P, and P;.

Then there exist a decomposition I' = 'y x 'y, a partition S;u Sy = {1,...,n}, a

decomposition M = Pf@Pg/t, for some t >0, and a unitary we M such that
1. Pt=uL(Ty)u* and Py'" = uL(Ts)u*.

2. I'1 1s measure equivalent to X A; and I'y is measure equivalent to X A;.
Jeo1 J€o2

In order to put Theorem F in a better perspective, we first emphasize a new rigidity
phenomenon that Theorem F leads to, and then discuss several applications of it.

Connes’ classification of injective factors implies that no algebraic information
regarding an icc amenable group I' can be recovered from L(I') [Co76]. In sharp contrast,
Theorem F implies that for a natural and wide class of groups I', any tensor product
decomposition of L(I') must arise from a direct product decomposition of I". This adds
to the few known instances where algebraic properties of the von Neumann algebra L(I")
can be promoted to algebraic properties of the group I'. We highlight here two recent
developments in this direction: Ioana, Popa and Vaes’ discovery of the first classes of
“Wr-superrigid” groups [IPV10] (see Berbec and Vaes [BV12] for the only other known
examples), and Chifan, de Santiago and Sinclair’s “product rigidity” theorem [CdSS15].

There are three main applications of Theorem F. First, we use Theorem F to deduce
Theorem D. To briefly indicate how this works, let I" € £ be an icc group. Then I' can be
realized as an irreducible lattice in a locally compact group G = G x ... x G,, which also
admits a product of non-elementary hyperbolic groups as a lattice. Assuming that L(I") is
not prime, we apply Theorem F to conclude that I' decomposes as a product of infinite
groups. In the case Gy,..., G, are non-compact simple Lie groups with finite center, such

a decomposition can be ruled out by appealing to Margulis’ normal subgroup theorem (see
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[Zi84, Theorem 8.1.1]). In the general case, we will show that such product decompositions
do not exist by using a stronger version of Theorem F (see Theorem II1.7.1).

Secondly, Theorem F allows us to prove a unique prime factorization result for
tensor products of II; factors arising from irreducible lattices in products of rank one simple

Lie groups.

Corollary G. Let I' be a countable icc group which is measure equivalent to a product of
n > 1 non-elementary hyperbolic groups. Denote M = L(T").

Then there exists a unique (up to permutation of factors) decomposition I' = T'y x ... x
[y, for some 1 <k <n, such that L(T';) is a prime II; factor, for every 1 <i < k. Moreover,

the following hold:

1. If M = P,®P, for some 11 factors Py, Py, then there exist a partition [uly = {1,.... k}
and a decomposition M = Pf@le/t, for some t > 0, such that P} = ®;c, L(I';) and

p21/t = ®ier, L(T;), modulo unitary conjugacy in M.

2. If M = P®...®QP,,, for some m >k and I, factors Py,..., Py, then m =k and there
exists a decomposition M = PP@..@P,?“ for some tq,...,ty >0 with tity...tp =1 such
that after permutation of indices and unitary conjugacy we have L(T;) = Piti, for all

1<i<k.

3. In (2), the assumption m >k can be omitted if each P; is assumed to be prime.

Corollary G in particular applies if I' =Ty x ... x Iy, where I'; € £,1 <7 < k, are icc
groups.

The first unique prime factorization results for II; factors were obtained by Ozawa
and Popa in their pioneering work [OP03]. More precisely, [OP03] established conclusions
(1)-(3) of Corollary G for M = L(I'1)®...® L(I'y) whenever I';, 1 <i < k, are icc non-amenable

groups which are either hyperbolic or discrete subgroups (in particular, lattices) of connected
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simple Lie groups of rank one. In the meantime, several other unique prime factorization
results have been obtained in [Pe06, CS11, SW11, Is14, CKP14, HI15, Hol5, Is16]. Corollary
G is the first unique prime factorization result that applies to II; factors coming from
irreducible lattices in certain higher rank semisimple Lie groups. It implies in particular
that if I' is any irreducible lattice in a product of n > 1 connected non-compact rank one

simple Lie groups with finite center and I'g = I'/Z(T"), then the II; factors

L(T)® = L(Ty)®...8L(Ty), k=1,

k times

are pairwise non-isomorphic. This generalizes the case n = 1 obtained in [CHS88], for
lattices in the simplectic groups Sp(m, 1), and in [OP03], for lattices in arbitrary connected
non-compact rank one simple Lie groups with finite center.

Our last application of Theorem F relates to prime factorization for measure
equivalence. In [MS02], Monod and Shalom proved a series of striking rigidity results for
orbit and measure equivalence. In particular, they also studied groups I' which are measure
equivalent to a product A = Ay x...xA,, of non-elementary hyperbolic groups (more generally,
of groups in the class Cyeg). In this context, they proved a prime factorization result: if
I'=T1 x...xT,, is itself a product group and all the groups involved are torsion-free, then
m <n, and if m = n then, after permutation of the indices, I'; is measure equivalent to A;,
for 1 <i<n (see [MS02, Theorem 1.16] and [Sa09, Theorem 3]). Theorem F recovers and
strengthens this result in the case I' is icc and A; are hyperbolic. More precisely, it implies
that if instead of assuming that I' is a product of m infinite groups, one merely requires
that L(I") is a tensor product of m II; factors, then m < n, and if m = n, then there exists

a unique product decomposition I' =T'; x ... x I',,, such that the above conclusion holds.
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II1.1.2 Comments on the proof of Theorem F

Since all of our main results are deduced from Theorem F, we outline briefly and
informally its method of proof. Let I'" be an icc group which is measure equivalent to
a product A = Ay x ... x A, of non-elementary hyperbolic groups. By [Fu98], I' and A
must have stably orbit equivalent actions. To simplify notation, assume that I' and A
admit in fact orbit equivalent actions, i.e. there exist free ergodic pmp actions of I'
and A on a probability space (X, 1) whose orbits are equal, almost everywhere. Denote
M=L>(X)xT'=L>(X)xA.

Our goal is to classify all tensor product decompositions L(I') = P,®P,. To achieve
this goal, we use a combination of techniques from Popa’s deformation /rigidity theory.

First, we use repeatedly the relative strong solidity property of hyperbolic groups
(see Section II1.2.4) established in the breakthrough work [PV11, PV12], to conclude the
existence of a partition S;u Sy ={1,...,n} such that letting Ag, = jexsiAj for i € {1,2}, we

have
P <L®(X)xAg, and Py<L®(X)xAg,, (II1.1.1)

where P < () denotes that a corner of P embeds into () inside the ambient algebra, in the
sense of Popa [Po03]. For simplicity below, we will write P ~ @ to indicate that Pp’ < Q
and ¢’ < P, for all non-zero projections p’ and ¢’ in the relative commutants of P and Q).

To see the importance of (III.1.1), note that for each i, we have P, ¢ L(I") c
L>(X)xT, and in this sense P; is “far away” from L°°(X). This remains true after passing
through the intertwining in (I11.1.1), and hence one thinks of the image of P; as being not
far from L(Ag,) in L*(X) »x Ag,. The critical consequence of (II1.1.1) is then that it allows
one to show that each P; inherits a weaker form of the relative strong solidity present in
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In particular, if we follow [PV09] and consider the comultiplication *-homomorphism
A: M - M®L(L') given by A(auy) = auy ® u,, for all a € L*(X),g € I, it allows us to

conclude that

A(L®(X)n Ag,) < M&P;, and A(L®(X)xAg,) < MBP;. (I11.1.2)

This is achieved in the first part of Section 5. The conclusion (III.1.2) enables us to
then make crucial use of an ultrapower technique from [Io11] (see Section 4) in combination

with the transfer of rigidity principle from [PV09] to find subgroups 3,3, < I' such that

L®(X) %Sy~ Lo(X) % Ag,, and L¥(X) xSy~ L®(X) x Ag,; (I11.1.3)

P ~L(%), and Py~ L(%). (I11.1.4)

This is achieved in the second part of Section 5.

We then use (ITI.1.3) to deduce that X; is measure equivalent to Ag,, for all i € {1,2}
(see Section 3).

Finally, inspired by results in [CdSS15], we show that (III.1.4) implies that, after
replacing ¥; with a commensurable subgroup I'; < T" we have T' = 'y x 'y with P; = L(T;) for
all i € {1,2}, modulo unitary conjugacy and amplification (see Section 6). This altogether

proves Theorem F.

II1.1.3 Organization of the paper

Besides the introduction and a section of preliminaries, this paper has five other
sections: Sections 3-6 are devoted to the different ingredients of the proof of Theorem F,
as explained above. In Section 7, we finalize the proof of Theorem F and derive the rest of

our main results.
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II11.2 Preliminaries

I11.2.1 Equivalence relations

In this subsection we follow the work of Feldman and Moore [FM77] and fix some
notations regarding countable equivalence relations. Let (X, ) be a standard probability
space. A countable pmp equivalence relation R on (X, ) is an equivalence relation that

satisfies the following:

e [z]r, the R-equivalence class of x, is countable or finite, for almost everywhere (a.e.)

relX,
e R is a Borel subset of (X x X, ux u),

e any Borel automorphism 6 of X satisfying (0(x),z) € R, for a.e. x € X, preserves the

measure Wu.

For a pmp action I' ~ (X, i) of a countable group I' on a standard probability
space (X, pu), we denote by R(I' ~ X) = {(z,y) ¢e X x X|I'-x = T'- y} the associated
orbit equivalence relation. For a countable pmp equivalence relation R on (X, u) and a
measurable subset Y c X, we denote by R|y = Rn (Y xY') the restriction of R to Y. For
every x € X, [x]r denotes its equivalence class. We denote by [[R]] the set of partially
defined measurable isomorphisms 6 : Y = dom(6) - Z = ran(f) between measurable subsets
Y, Z ¢ X which satisfy (6(z),x) € R, for almost every z € Y. The group of measurable
isomorphisms 6 : X - X which satisfy (6(x),x) € R, for almost every z € X, is called the
full group of R and denoted by [R].

Finally, two pmp actions I' ~ (X, u) and A ~ (Y, v) are called stably orbit equivalent
(SOE) if there exist non-negligible measurable subsets Xy c X and Y, c Y, and a measure

preserving isomorphism 6 : (Xg, u(Xo) tulx,) = (Yo, v(Yo) vy, ) such that (0 x 0)(R([ ~
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X)|x,) = R(A ~Y)|y,. If this holds for Xy = X and Y, =Y, the actions are called orbit

equivalent (OF).

II1.2.2 Intertwining-by-bimodules

We continue with two remarks and two lemmas, in which we collect several elementary

facts concerning Popa’s intertwining-by-bimodules technique (Theorem 1.2.6).

Remark IIL.2.1. In the context of Theorem 1.2.6, let (M,7) be a tracial von Neumann
algebra such that M ¢ M and v = 7. If P <) Q, then clearly P <;; Q. But the following
fact, which we will use throughout the paper, also holds: if P <3, @, then P <% Q. To see
this, assume that P <3, Q) and let p’ € P'n M be a non-zero projection. Let p” € P'n M be
the support projection of Ey/(p’). Since Pp” <y @, we can find projections p € P, q € Q,
a *-homomorphism 6 : pPpp"” — qQ)q, and a non-zero partial isometry v € ¢Mpp” such
that 6(z)v = vz, for all 2 € pPpp"”. Let 0 : pPpp’ — qQq be the *-homomorphism given by
0(xp’) = O(xp™), for all x € pPp, and put & = vp’. Then 6 is well-defined and 0(y) = vy, for

all y e pPpp’. Since 0 # 0, we get that Pp’ <;; Q.

Remark II1.2.2. Let P and ); c M;, 1 <7 <m, be tracial von Neumann algebras. Let
U cU(P) a subgroup such that U = P, and 7; : P - M;, 1 <1 < m, be trace preserving
*-homomorphisms. Assume that there exist § > 0 and a;,b; € M;, 1 < i < m, such that
> | B, (aimi(u)b;)||3 > 6, for all u € U. Then m;(P) <p, Qi for some 1 < i <m. Indeed,
the above inequality implies that a corner of the von Neumann algebra generated by
{@ m(u)|ueld} embeds into &, Q; inside @, M;, which implies the desired conclusion

(see [IPPO5, proof of Theorem 4.3] for details).

Lemma I11.2.3. Let (M, 1) be a tracial von Neumann algebra and P c pMp,@Q c ¢gMq, R c

rMr be von Neumann subalgebras. Then the following hold:

1. [Va08] Assume that P <y Q and Q <5; R. Then P <j; R.
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2. Assume that Pz <y Q, for any non-zero projection z € Nppyp(P) npMp c Z(P'n
pMp). Then P <5, Q.

3. Assume that P <y Q. Then there is a non-zero projection z € Npp,(P) 0 pMp such
that Pz <3, Q.

4. Assume that P <y Q. Then there is a non-zero projection z € Ny (Q)' ngMq such

that P <y Qq', for every non-zero projection ¢' € Q' n M with ¢' < z.

Proof. (1) This part is precisely [Va08, Lemma 3.7].

(2) & (3) Using Zorn’s lemma and a maximality argument, we can find a projection
z € P'npMp such that Pz <3, Q and P(p - z) #u Q. We claim that z € Ny, (P) npMp.
This claim clearly implies both (2) and (3).

Let us first show that z € Z(P'npMp). Otherwise, we can find non-zero equivalent
projections py,ps € P’ npMp satisfying p; < z,p2 < p—-z. Let u e U(P' npMp) such that
up1u* = pg. Then uPpiu* = Ppsy, which contradicts that Pp; <3 @), while Ppy 43, Q. This
shows that indeed z € Z(P' npMp). Now, if u € Ny, (P), then uzu* € Z(P' npMp) and
Puzu* = uPzu* <3, . The maximality property of z forces uzu* < z, hence uzu* = z. This
proves the claim.

(4) Let pg € P, qo € Q be projections, 0 : poPpy — qoQqo a *-homomorphism, and v €
qoMpy a non-zero partial isometry such that 0(z)v = vz, for all x € pgPpy. Let 7€ Q'ngMq
be the support projection of Egngng(vv*). Let 1’ € Q' ngMq be a non-zero projection
with 7" <r. Let ¢ : poPpo = qor’(Qr")qor’ be given by ¢(x) = 0(z)r" and w = r'v € gor' M py.
Then (z)w = wez, for all x € pyPpy. Since Eqngng(wv*) = ' Egingng(vo*) # 0, we get that
w # 0, hence P <y Qr'.

Let 2’ € Z(Q' ' ngMgq) be the central support of r, and put z = Vien,,,, (@ uz'u* €
Nong(Q) ngMq. 1f ¢ € Q' ngMgq is a non-zero projection with ¢’ < z, we can find

u € Nyag(Q) such that ¢'uz'u* # 0. This implies the existence of non-zero equivalent
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projections ¢",r" € Q' ngMgq such that ¢" < ¢’ and " < wuru*. As u*r'u <r, we get that
P <y Qurr'u = u*(Qr')u, hence P <y, Qr'. This implies that P <3; QQ¢" and since ¢” < ¢,

we derive that P <,; (Q¢’. This finishes the proof. [ ]
Lemma II1.2.4. Let A <T be a countable groups.
1. If L(T') <gry L(A), then A has finite index in T

2. If A has finite indez in I', then L(I") <L) L(A).

Proof. (1) Assume that L(I") <5y L(A). This implies that the L(I')-L(I")-bimodule
L2((L(I"), er(ny)) contains a non-zero L(I")-central vector (see [Po03, Theorem 2.1]). There-
fore, the unitary representation 7 : I' - U (L*({L(I"), er(a)))) given by 7(g)(§) = ug€u;, has
a non-zero invariant vector. As 7 is isomorphic to a subrepresentation of the representation
[~ @prl?(T'/kAEY), we deduce that ¢2(I'/kAk~!) contains a non-zero [-invariant vector,
for some k € I'. This implies that kKAk~! and hence A has finite index in I.

(2) Assume that [[': A] < co. Let g1, ..., gm € I' such that I' is the disjoint union of
{g:A}™,. Fix any non-zero projection p € L(I')'n L(T") = Z(L(T")). Then 0 < ||p||3 = |up|3 =
ity [ Eray(ug,up)ll3, for every u e U(L(T")). This shows that L(I')p <gry L(A), and the

conclusion follows. ]

II1.2.3 Relative amenability

We continue with two lemmas containing several elementary facts regarding relative

amenability.

Lemma I11.2.5. Let (M,7) be a tracial von Neumann algebra, and P c pMp,Q c M be

von Neumann subalgebras. Then the following hold:

1. Assume that P is amenable relative to (). Then Pp' is amenable relative to @), for

every projection p’ € P'npMp.
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2. Assume that poPpop’ is amenable relative to @), for some projections py € P, p' €
P'npMp. Let z be the smallest projection belonging to Noyn,(P) npMp such that

pop’ < z. Then Pz is amenable relative to ().

3. Assume that P <3, Q). Then P is amenable relative to Q).

Proof. (1) Let ¢ : p(M,eq)p - C be a P-central positive linear functional such that
@pmp = 7. Then the restriction of ¢ to p'(M,eq)p’ witnesses that Pp’ is amenable relative
to Q.

(2) Let p"” € Z(P' npMp) be the smallest projection such that pop’ < p”. By [lo12b,
Remark 2.2], Pp” is amenable relative to (). Since z = Vyenr,, (pyup”u*, we can find
pn € Z(P' npMp)p"” and u, € Ny, (P) such that z =Y, u,pyu. Since Pz c @, u, Pp,u;,
and Pp, is amenable relative to @ for every n by part (1), it follows that Pz is amenable
relative to Q).

(3) If P is not amenable relative to ), then there is a non-zero projection z €
Z(P'npMp) such that Pz’ is not amenable relative to ), for any non-zero projection z’ €
Z(P'npMp)z. Since Pz <y @, we can find projections pg € P, gy € @, a *-homomorphism
0 : poPpoz = qoQqo, and a non-zero partial isometry v € goM poz such that 6(x)v = vz, for all
x € poPpoz. Then v*v = pop’, for a projection p’ € (P'npMp)z, and vv* € 8(poPpoz) NgoQqo-
Since 0(poPpoz) c qoQqo, by part (1), (poPpo)vv* is amenable relative to ). Since
0(poPpo)vv* is unitarily conjugate to pgPpop’, the latter algebra is also amenable relative
to Q. By part (2), we can find a projection 2z’ € Z(P'npMp) such that pop’ < 2’ and Pz’ is

amenable relative to (). This contradicts the definition of z. ]

Lemma I11.2.6. Let (M, T) be a tracial von Neumann algebra and Q) ¢ M a von Neumann

subalgebra. Let (P;)i; € pMp be an increasing net of von Neumann subalgebras, and denote
P = (Uielf)i)l”

If P; is amenable relative to (), for every i € I, then P is amenable relative to Q).
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Proof. Let lim; denote a state on ¢=°(7) which extends the usual limit. For every
iel, let ¢;: p(M,eq)p - C be a P-central positive linear functional such that Pijprap = T-
We define ¢ : p(M, eq)p - C by letting ¢(T") = lim; ¢;(T'), for every T € p(M, eq)p.

Then ¢ is a positive linear functional and ¢,z = 7. Moreover, ¢ is P;-central, for
every i € I. To see this, let x € P;, for some i € I, and T € p(M,eq)p. If j € I satisfies j > 1,
then P, ¢ P; and thus z € P;. Hence, we have ¢;(zT") = p;(T'z), for every j > i, which
implies that (27T = p(T'z).

Let A c P be the set of all x € P such that p(2T") = o(T'z), for every T € p(M, eq)p.

By the above, A contains u;.;; ;. On the other hand, the Cauchy-Schwarz inequality implies

that |p(2T)| < /(a7 2)p(TT*) < |x|o|T| and similarly that [o(T2)| < |z]s|T], for all
xepMp and T € p(M,eq)p. This implies that A is closed in ||.|2. Hence, A = P and thus
@ is P-central. ]

We next record the following useful result:

Lemma II1.2.7. Let (M,7) be a tracial von Neumann algebra and Q1,Qs ¢ M wvon
Neumann subalgebras which form a commuting square, i.e. Eg, o Eg, = Eg, o Eg,. Assume
that Q1 is reqular in M. Let P c pMp be a von Neumann subalgebra. Then the following
hold:

1. [PV11] If P is amenable relative to Q1 and Qo, then P is amenable relative to Q1N Qs.
2. If P <5, Q1 and P <5, QQ, then P <5, Q1 N Q.

Proof. Part (1) is precisely [PV11, Proposition 2.7]. Part (2) follows easily by
adapting the proof of [PV11, Proposition 2.7]. For completeness we include a proof, using
the notation therein.

Assume that P <, @1 and P <3, Q2. Let p’ € P’ npMp be a non-zero projection.
We will prove the conclusion of part (2) by showing that Pp’ <y, Q1 n Q. To this end, for

ie{1,2}, we let Tr; : (M, eq,) - C be the canonical semifinite trace given by Tr;(zeq,y) =
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T(zy), for all x,y e M. Let T;: L*((M,eq,)) - LY(M) given by 7(7;(T)x) = Tr;(Tx), for
all T e L*((M,eq,)) and z € M.

Since P <5, Q1, we get that Pp’ <y Q1. By [Po03, Theorem 2.1] we can find a
non-zero projection ey € (Pp’)' np/(M,eq,)p’ such that Tri(e;) < co. Let p” € M be the
support projection of Ti(e1). Then p” e (Pp') np'Mp' = p'(P' npMp)p'. Since P <5, @2,
we get that Pp” <p Q2. By [Po03, Theorem 2.1] we can find a non-zero projection
ez € (Pp") np"(M, eq,)p” with Try(es) < oco.

Next, consider the M-M-bimodule # = L?({M,eq,)) ®um L*({M,eq,)) and put
§€=e1®p ey € H. Then x€ = &x, for all x € Pp”. Moreover, since p”e; = es # 0 and p” is the
support projection of Ti(e;) we have Ti(e1)?ey # 0. Since |€]|2 = (e1 ®as 2,61 ®r €2) =
(Ti(er)ea, ea) = | Ti(er)Y?es|?, we deduce that € # 0.

Now, by the last part of the proof of [PV11, Proposition 2.7], the M-M-bimodule
H is contained in a multiple of y L2((M,eq))m, where Q = Q1 N Q2. Since 0 # & = p"&Ep”,
we derive the existence of a non-zero vector n € p”L?2({M,eq))p” such that xn = nz, for
all x € Pp”. Then ¢ = n*n e L'((M,eq)). satisfies 0 # ¢ = p"(p” and z( = (z, for all
x € Pp"”. Let t > 0 such that the spectral projection f = 1j;.)(¢) is non-zero. Then
f e (Pp") np"(M,eq)p"” and since tf < ¢, we get that Tr(f) < Tr({)/t < oo, where
Tr : (M,eq) - C denotes the canonical semifinite trace. By [Po03, Theorem 2.1] we
conclude that Pp" <j; @@ and hence that Pp’ <); @), as desired. [

For the last result of this subsection, assume the following context: let T' ~ (X, u),
A ~ (Y,v) be stably orbit equivalent free ergodic pmp actions. Thus, there exists ¢ > 1
such that we can view X as a subset of Y x Z/{Z satisfying R(I' ~ X) = R(A x Z/l{Z ~
Y x Z[{Z)|x, where Z[lZ acts on itself by addition. Hence, L*(X) xT' = pMp, where
M = Lo(Y x ZJUZ) x (A x ZJlZ) and p = 1x. If B = L>(Y) ® M,(C), then we identify
M = B x A, where A acts trivially on M,(C).

Lemma I11.2.8. Let X be a subgroup of A such that L(I") is amenable relative to B x ¥
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iside M.

Then Y. is co-amenable in A, i.e. (=°(A/X) admits a left A-invariant state.

Proof. Assume first that (v x ¢)(X) > 1, where ¢ denotes the counting measure
on Z/lZ. Then by using the ergodicity of the actions, we may assume that the inclusion
X c Y xZJVZ satisfies Y ¢ X, where Y denotes its copy Y x {0} ¢ Y x Z/¢Z. Thus, we
have ¢ = 1y <p = 1x and ¢Bq = L*(Y). Put A = L*(X) and note that A xI' = pMp
and L*®(Y) x A = g(A xT")q. We also denote by {uy}ger ¢ AxT" and {vp}pea ¢ B x A the
canonical unitaries implementing the actions of I' and A on A and B, respectively. We
end this paragraph by observing that {v,q}nea € L®°(Y) x A are precisely the canonical
unitaries which implement the action of A on L*=(Y").

Next, since L(I") is amenable relative to B x X inside M, there exists a positive
linear functional ¢ : p(M, epyx)p - C which is L(I')-central and satisfies pjprrp = 7.

Let D c ¢(M,epux)q be the von Neumann algebra generated by {vagepxs; qU; Jhe-
If h e ANX, then ep.svngepyws = Epxs(vn)gepys = 0. On the other hand, if h € 3, then
vpq € BxY, thus vpgepas = eguxvpg. Let S c A be a complete set of representatives for A/3.
The above observations imply that the formula 7(f) = Yy f(h2)vnq epus qu; defines a
*-isomorphism 7 : £>°(A/¥) - D. Moreover, we have 7(k - f) = viqm(f)qu;, for every ke A
and f e (~(A/X).

Now, we claim that p(vqT'quy) = ¢(T), for all k € A and T € D. Since vq €
Nyanryq(Ag), we can find mutually orthogonal projections a, € Ag, g € T, such that
VkQ = X ger Ugly and Y, ag = ¢, where both series converge in ||.|2. Note that Ag=L>(Y)
commutes with D, hence a, commutes with D, for every g € I'. Moreover, a,qu; = aguy, for
every g € I'. Also, the Cauchy-Schwarz inequality implies that |p(2V))|, | (V)| < ||lz|2| V],

for every x € pMp and V € p(M, ep.x)p. By combining these facts with the fact that ¢ is
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L(T")-central we obtain that

e(oegT'quy) = Yger p(ugagT'quy)
Y ger P(ugTagquy)
Yger p(ugTaguy)
Dgel ¥ (Tag)
o(T).

It is now clear that the positive linear functional ¢ o7 : ¢*°(A/X) - C is A-left
invariant, which implies that ¥ is co-amenable in A. This finishes the proof in the case
(vxe)(X)>1.

In general, let 7 > 1 such that r(vxc)(X) > 1, and put X; = X xZ/rZ, 'y =T xZ/rZ.
Then X ¢ Y xZ[lZxZ[rZ and if we consider a bijection Z/{ZxZ[rZ = Z]rZ, we have that
R(T1 ~X1)=R(AXZ/lrZ ~Y xZ|lrZ)|x,. Denote My = L>(Y x Z/trZ) x (A x Z](rZ),
By = L=(Y) x M,,.(C), and identify M; = By x A. Since the inclusion By x ¥ ¢ M;
is naturally identified to the inclusion (B »x X) ® M,.(C) ¢ M ® M,(C), we get that
L>(Z[rZ) « Ty = L(I") ® M,.(C) is amenable relative to By x ¥ inside M;. Thus, L(I'y) is
amenable relative to By x ¥ inside M. Since (v x ¢)(X1) > 1, we can apply the above and

derive that X is co-amenable in A. ]

I11.2.4 Relatively strongly solid groups

In his breakthrough work [0z03], Ozawa proved that II; factors arising from non-
elementary hyperbolic groups I' (e.g. T' =TF,,2 <n < oo) are solid: if P;, P, c L(I") are
commuting von Neumann subalgebras, then either P; is not diffuse or P, is amenable.
In the last ten years, this result has been generalized and strengthened in many ways.
Remarkably, Ozawa and Popa proved that if I' = F,,,2 <n < oo, then L(I") strongly solid:

the normalizer N7ry(P)” is amenable, for any diffuse amenable von Neumann subalgebra
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P c L(T"). Chifan and Sinclair extended this to cover all non-elementary hyperbolic groups
I' [CS11).

Most recently, a breakthrough was made by Popa and Vaes who proved that non-
abelian free groups and, more generally, non-elementary hyperbolic groups I' are relatively
strong solid [PV11, PV12]. Following [CIK13, Definition 2.7], we say that a countable
non-amenable group I' is relatively strongly solid and write I' € C,s if for any trace preserving
action I' ~ @) on a tracial von Neumann algebra (@, 7) the following holds: if M =Q =T
and P c pMp is any von Neumann subalgebra which is amenable relative to (), then
either P <, @ or the normalizer Ny, (P)" is amenable relative to ). Note that C.s more
generally contains all weakly amenable groups that either admit a proper 1-cocycle into
an orthogonal representation weakly contained in the left regular representation [PV11,
Theorem 1.6], or are bi-exact [PV12, Theorem 1.4].

We will use repeatedly the following consequence of belonging to C (see [KV15,

Lemma 5.2]).

Lemma I11.2.9 (KV15]). Let T' be a group in Cps, and M = Q =T, where ' ~Q is a trace
preserving action on a tracial von Neumann algebra. Let Py, P, ¢ M be commuting von
Neumann subalgebras.

Then either Py <y QQ or Py is amenable relative to Q).

II1.3 From intertwining to measure equivalence

The main goal of this section is to establish the following proposition, which provides

the tool used to deduce the measure equivalence in part (2) of Theorem F:

Proposition I11.3.1. Let R be a countable pmp equivalence relation on (X, ), andY,Z c
X be positive measure subsets. Suppose that Rly = R(I'1 xTs ~Y) and R|z > R(A ~ 2Z)

for free measure preserving actions of countable groups I'y, 'y, and A. Assume that
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(i) L=(Y)» Ty <y L=(Z) x A, and

(ii) L*(Z) % A <5y (V) Ty

Then T'y and A are measure equivalent.

Throughout this section, all subsets of probability spaces that we consider are
assumed measurable.

In order to prove Proposition II1.3.1, we first establish a series of lemmas in
subsections I11.3.1-111.3.4. The proof of Proposition I11.3.1 is then given in Subsection
I11.3.5.

I11.3.1 Essentially finite index subequivalence relations

Consider an inclusion of countable pmp equivalence relations 7 < R on (X, u).

Decompose X = | ne(1,2,...x0} X~, Where the Xy are the R-invariant sets defined by

.....

Xy ={x e X |[x]g is the union of N T-classes} for N =1,2 ... R,. (IIL1.3.1)

If u(Xo) =0, we say that the inclusion 7 <R has essentially finite index. If in fact
there exists k > 1 such that pu(Xy) =0 for all N >k, the inclusion is said to have bounded
indez.

We will use the following basic fact, whose proof we include for the sake of com-

pleteness.

Lemma II1.3.2. Let S,T <R be inclusions of pmp countable equivalence relations and
suppose that S <R has essentially finite (respectively, bounded) index.

Then SnT <T has essentially finite (respectively, bounded) indez.

Proof. Note that if Cs is an S-class and C7 is a T-class, then Cs n Cr is either

empty or equal to the (§n7T)-class of any of its elements. Hence for x € X, if C, denotes
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the set of S-classes in [z]g, we have that

[2]7 = [z]7 n[z]r = |] ([z]7nC)

CeCy

is the union of at most |C,| (SN T)-classes. If S <R is essentially finite (resp. bounded)
index, then |C,| < oo (resp. there is k > 1 such that |C,| < k) for a.e. = € X, and hence

SnT <T has essentially finite (resp. bounded) index. m

The product structure I'y x I'y assumed in Proposition II1.3.1 will be exploited via

the following lemma:

Lemma I11.3.3. Let R = R(I'y x 'y ~ X)) for a pmp action of the product of countable
groups ',y on (X, ). Let T =R(I'1 ~X), Y c X a positive measure subset, To < Ty
a subequivalence relation, and 6 € [[R]] with Y = dom(#) such that (0 x 0)(To) < Tlocy)-
Assume that To < Ty has essentially finite (respectively, bounded) indez.

Then there is a sequence of To-invariant positive measure Y, ¢ Y with Y =U;>, Y,
such that (0 x0)(Toly,) < Tlocv,,) has essentially finite (respectively, bounded) index for each

n>1.

Proof. Enumerate I's = {s,,}>2, and let

Y, = {x € Y | there exists hi(z) € I'; such that 6(x) = hy(x)s,x}

Then Y = U2, Y,, and each Y, is Tp-invariant, for if = € Y, and (x,z') € 7o, then
(0(z),0(x")) €T, so there is ky € I'; such that 0(z") = k10(z) = k1hi(z)s,x.
Now for any z,z’ € Y, such that (0(z),0(z")) € T, there is k; € I'; such that

0(z") = k10(x) = k1hi(z)s,x, and on the other hand, 6(z") = hy(x')s,z’ and so we conclude
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that «' = hy(2')"Yk1hy(x)x, giving (z,2’) € T. Thus we have
Toly,, < (07" < 07)(Tlovy) < Ty,

and since Toly, < Ty, has bounded index, so too does Toly, < (671 x 071)(Tlo(y,.)) and its

image under 6, as desired. ]

I11.3.2 Realizing subequivalence relations as restrictions

We recall in this section a useful construction appearing in [IKT08]. Consider
as above an inclusion of countable pmp equivalence relations § < R on (X, ) and the

decomposition X = [Iyef1,2,.. 50} Xn defined by (II1.3.1). For each N, let {Ca(mN)}(ngN be a

sequence of choice functions, i.e. a sequence of Borel functions C,(LN) : Xy = Xy such that
for each z € Xy the sequence {CﬁN)(x)}f:f:‘Ol contains exactly one element of each S-class

contained in [z]r. We take CéN) =1Idx.

Each (z,y) € R|x, gives rise to a permutation 7y (z,y) € Sy defined by
m=my(z.y)(n) < (O (2),C" (1)) €8,

and the map 7y : R|x, — Sn is called the index cocycle associated to these choice functions
(see [FSZ9]).

Let

(X, )= || (Xyx{0,....N-1}, p®c) (111.3.2)

NG{LQ ,,,,, No}

where ¢ denotes the counting measure. In the case of an essentially finite index inclusion

S <R, we may instead endow the space X with an R-invariant probability measure it by
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normalizing the counting measure:

X = L (XNx{o,...,N_u,u@i) (I11.3.3)
NE{LQ ..... N()} N

We define a measurable equivalence relation R on X by
((z,n),(y,m)) €R < (x,y) € R and n = ny(z,y)(m), (II1.3.4)

for #,y € Xy, n,me{0,...,N -1}. For 2,y € Xy we have ((z,0),(y,0)) € R if and only if
(z,y) € R and 7wy (x,y)(0) =0 which occurs exactly when (z,y) = (CSN)(x),CéN)(y)) €S.
Thus

S = R|xx(0) (T11.3.5)

Now let p: X - X be the projection map p(z,n) = . Any element ¢ € [[R]] gives
rise to ¢ € [[R]] defined by

¢:p!(domg) - p~ (ran ¢)
(z,n) ~ (¢(z),7n(Pp(x),2)(n)) for xeXy,ne{0,....,N-1},  (IIL.3.6)
such that ¢i) = oo for ¢,¢ € [[R]]. In particular, if R = R(I' ~ X) is given by the free
pmp action of a countable group I', then R is given by the free measure preserving action

[' ~ X defined by

g-(z,n) = (gz,mn(gx,2)(n)) for xeXn,ne{0,...,N-1}. (I11.3.7)
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II1.3.3 A stable orbit equivalence-type characterization of mea-

sure equivalence

The main purpose of this subsection is to prove Lemma II1.3.6, which allows one to
deduce that countable groups I' and A admit SOE free pmp actions (and hence are ME)
from a seemingly weaker condition. We begin with the following general ergodic-theoretic

lemma, whose proof we include for the sake of completeness.

Lemma II1.3.4. Let R be a countable pmp equivalence relation on (X, pu) and Ec X a
positive measure subset.
Then there exist a positive measure subset Eyc E and ¢g =idg,, ¢1,...,0r € [[R]],

such that
1. dom(¢;) = Eq fori=0,...,k,
2. ran(¢;) nran(¢;) =@ fori#j, and
3. Y =UF ran(¢;) is R-invariant.

Proof. Let Z be the set of R-ergodic invariant probability measures on X, and let
7m: X — Z denote the ergodic decomposition of p with respect to R (see [KM04, Theorem
18.5]). Thus, if we denote v = m,p, then p= [, m dv(m). Consider the natural embedding
L*(Z)> f— fome L?(X) and denote by e: L?2(X) - L?(Z) the orthogonal projection,
noting that for f e L2(X), we have that e(f) is given by e(f)(z) = [y f(y)d(7(z))(y) for
almost every x € X.

Since u(E) = [, m(E) dv is positive, the set Z; = {m € Z|m(E) > 0} has positive
measure. Since each m € Z; is R-ergodic, there is a positive measure subset Z, c Z; such
that either (X, m) is non-atomic for all m € Z, or such that there is an integer k£ > 0
with m supported on k£ + 1 atoms each of measure ﬁ for all m € Zy. In any case, we

can find an integer k > 0 and a measurable subset Ey ¢ Enn'(Z) with m(Ep) = =5
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for all m € Zy. Moreover, we can then find measurable subsets F1, ..., By c 771(Zy) with
7 1(Zo) = EyUE U ..U B, such that E;nEj =@ for all 0< i < j <k, and m(E;) = 5 for
all 0 <2<k and m € Z,.

Since m~1(Zy) is R-invariant, in order to get the conclusion, it suffices to prove the
following claim:

Claim. Let A, B c X be measurable sets satisfying m(A) = m(B), for almost every
m € Z. Then there is 0 € [[R]] such that dom(6) = A and ran(f) = B.

To this end, let {A;};e; and {B;};e; be maximal families of disjoint non-negligible
measurable subsets of A and B such that for every j € J we can find ; € [[R]] with
dom(6;) = A; and ran(0;) = B;. Since Y., u(A;) < p(A) < 1, we deduce that J is
countable. In particular, the sets A" = u;c;A;, B’ = Uje;B;, A" = ANA’, and B" =B\ B’
are measurable.

Our goal is to show that u(A”) = u(B") = 0. Granting this, 6 € [[R]] given by
6(x) =0;(x) for all z € Aj and j € J satisfies #(A’) = B’, and since p(ANA") = u(BNB’) =0,
the claim follows.

Assume by contradiction that u(A”) = u(B") > 0. For any m € Z and j € J, since
m is R-invariant and B; = 0;(A;), we have m(B;) = m(A;). Together with the assumption
made on A and B, this implies that m(A”) = m(B"), for almost every m € Z.

Let us show that there is p € [R] such that p(p(A”) n B”) > 0. Otherwise, we
would have that [, 1470 p dp =0, for all p € [R]. Thus, if £ ¢ L2(X, ) denotes the
|.[2-closure of the convex hull of {14 0 p|p € [R]}, then [, f du =0, for every f e . If
f € K denotes the element of minimal |.||2, then f is R-invariant, hence f = e(f). Moreover,
since e(1av o p) = e(Lan), for all p € [R], we conclude that f =e(14») > 0. This and the
condition [, f dp = 0 imply that w(z)(A”) = f(z) =0, for almost every x € B”. Thus,
w(x)(B") =0, for almost every = € B”, contradicting our assumption that u(B") > 0.

Finally, let A = A” 0 p=Y(B"),B = p(A") n B”, and 6 € [[R]] be the restriction of
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pto A. Since u(A) = u(B) >0, §(A) = B, and An A’ = Bn B’ = @, this contradicts the

maximality of the families {A;};e; and {B;};cs, and finishes the proof of the claim. m

Lemma I11.3.5. Let R = R(I' ~ X)) for a free pmp action of a countable group T and let
E c X be a positive measure subset.
Then there exists a positive measure subset Ey c E with the following property: for

any essentially finite index subequivalence relation T < R|g, there is a free pmp action

I' ~ (X,1) such that T = R(T ~ X)|EO for some measurable subset Ey c X.

Proof. Let Egc E, Y c X and ¢y, ..., ¢ € [[R]] be as in the conclusion of Lemma
I11.3.4. Let S = R(I"' ~ X)|y and note that since Y is I'-invariant we have S = R(I' ~Y)
with I' acting freely. Define a subequivalence relation Sy <8 by Sy = LUN_o(¢; x ¢;)(T).

Then for x €Y,

k

(e)s = | Jla]s 0 6, (Ey) = u o,([«]s 1 Eo)

j=0

and as [x]s N Ey is the union of finitely many 7 -classes, we see that [z]s is the union of
finitely many Sp-classes. Thus, Sy < S is an essentially finite index inclusion. Let I' ~ (X )
be the free pmp action arising from this inclusion as in (I11.3.3) and (II1.3.7). Then by
(I11.3.5) we have Sy = R(I' ~ X)|y«fo; and 5o T = Solg, 2 R(I' ~ X)|gyx(0y as desired. m

Lemma I11.3.6. Let I' ~ (X, ) and A ~ (Y,v) be free pmp actions of countable groups.
Suppose there are positive measure subsets E c X, F' c'Y and essentially finite index
subequivalence relations T < R(I' ~ X)|g and S <R(A ~Y)|p with T = S.

Then I' and A admit SOE free pmp actions (and hence are measure equivalent).

Proof. Applying Lemma I11.3.5 we find a free pmp action I' ~ (X, i) and positive
measure subsets Ey c F, Ey c X such that T|g, 2 R(I’ ~ X)|EO. Let U : Ey - F, denote

the measure space isomorphism implementing this identification.
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Since T 2 S, let 6 : E > F be a measure space isomorphism such that (6 x0)(T) = S.
Let Fy = 0(Eyp) and again apply Lemma I11.3.5 to find a positive measure subset F; c Fj
and a free pmp action A ~ (Y, ) such that S|y, = R(A ~ §~/)|F1 for some measurable
FicY.

Letting Fy = 0-1(F,) and E; = U~1(E) we see that

giving the desired stable orbit equivalence. ]

I11.3.4 Intertwining subequivalence relations

We will need the techniques of [Io11] which give the analogue of Popa’s intertwining
in the setting of countable pmp equivalence relations. Consider an inclusion of countable
pmp equivalence relations S <R on (X, ) such that each R-class contains infinitely many
S-classes. For a positive measure subset £ ¢ X, the formula (II1.3.6) gives rise to a unitary

representation p: [R|g] > U(L?(E x Zsp)) defined by

[p(0)E](x,n) = £(07 (w,n)) for &e L*(E x Zs).

For £ € L2(FE x Zs), denote S(§) = {z € E | sup, [{(x,7)| # 0}. For further reference, we
note that if £ is p([7])-invariant, for some subequivalence relation 7 < R|g, then S(§) is
T -invariant.

Following [IKTO08] we define a function ¢s : [[R]] = [0, 1] by

ps(0) = u({z e dom(0) | (6(x), x) € §}).

The following result established in [Io11] shows the connection between pg, Popa’s
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intertwining, and intertwining of subequivalence relations:

Lemma II1.3.7 (Ioll, Lemmas 1.7 and 1.8]). Let E c X be a positive measure subset and

T <R|g a subequivalence relation. Then the following are equivalent:
1. L(T) <pwy L(S).
2. There is no sequence {60,}°2, ¢ [T] such that s(¢0,¢") - 0 for all 1,9’ € [R].

3. There is a non-zero p([T])-invariant vector n € L>(E x Zsq). Moreover, in this case,
there is a subequivalence relation Ty < T such that for any positive measure subset
Ey c S(n) there is a positive measure subset Y c Ey and 0 € [[R]], 0 : Y - Z,

satisfying
(a) Toly < Tly has bounded index, and

(b) (0x0)(Toly) <S|z.

In order to exploit strong intertwining L(7T) <L(R) L(S), we will use the following

lemma:

Lemma IT1.3.8. Let T <R be a subequivalence relation such that for all T -invariant subsets
E c X of positive measure there is no sequence {0,}°, c [T|g] such that ¢s(0,9") - 0

for all Y, ¢ € [R].
Then there is a non-zero p([T])-invariant vector n € L>(X xZso) such that 1(S(n)) =

Proof. Let F be the set of families {1, }ie; ¢ L?(X x Zsg) of p([T])-invariant vectors

which satisfy S(7;) n.S(n;) =@, for all i # j, and |n;[2 =/1(S(n;)) >0, for all i. By Zorn’s
lemma, we can find a family {7;};; € F that is maximal with respect to inclusion.
We claim that Y, x#(S(n;)) = 1. Indeed, otherwise E = X \ (Ui S(n;)) would

be a T-invariant set of positive measure. By applying Lemma I11.3.7 (2) = (3) we find
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a non-zero p(7T)-invariant vector & € L?(X x Zsg) with S(§) ¢ E. But then the family

Vu(S(€))
{midier v ¥,

thus proves the claim.

¢} also belongs to F, which contradicts the maximality of {n;};;, and

It is now clear n = Y,i;m € L2(X x Zs) is a p([T])-invariant unit vector with
u(S(n)) = 1. .
We can now prove the intertwining lemma to be used in the proof of Proposition
I11.3.1. A countable pmp equivalence relation 7 on (Y,v) is called aperiodic if [y]r is

infinite for almost every y e Y.

Lemma IT1.3.9. Let R be a countable pmp equivalence relation on (X, ), Y, Z c X subsets
of positive measure, and T < Rly, S < R|z subequivalence relations with T aperiodic.

If L(T) <r(r) L(S), then there is a subequivalence relation To < T, subsets of positive
measure Yy cY, Zyc Z, and 0 € [[R]], 0:Y1 — Z;, such that

1. Toly, £ Tly, has bounded index, and
2. (9 x 9)(76|Y1) < S|Z1'

If we assume moreover that L(T) <L(R) L(S), then for any positive measure Yo c Y,

the subset Y, above can be taken with Y, c Y.

Proof. Let 8" = Su{(z,z) |z € X \ Z} and note that L(T) <yr) L(S) implies
L(T) <rr) L(S"). Then by Lemma II1.3.7, we can find 7y < T, positive measure subsets
YicY, ZycX and 0 € [[R]], 0:Y1 — Z;, such that conclusions (1) and (2) hold. Since T
is aperiodic, conclusion (1) forces the 7ply,-class of almost every x € ¥ to be infinite, and
so conclusion (2) forces u(Z; nZ) = u(Z;), and so we may indeed take 7, c Z.

The moreover conclusion follows because Lemma II1.3.8 allows us to apply the

moreover assertion of Lemma II1.3.7 with Fy a positive measure subset of Yj. [
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II1.3.5 Proof of Proposition II1.3.1

Let T =R(I't ~Y) and § = R(A ~ Z). By assumption (i) and Lemma III1.3.9,
there is a subequivalence relation 7y < 7T, positive measure subsets Y; c Y, Z; ¢ Z, and
0 e[[R]], 0:Y1 — Zy, such that Toly, < Tly, has bounded index and (6 x 8)(Toly,) < S|z,

Similarly, by assumption (i) and Lemma II1.3.9, there is a subequivalence relation
So < 8, positive measure subsets Z, ¢ Z, Y, c Y, and ¢ € [[R]], ¢ : Zo > Y3, such that
Solz, < S|z, has bounded index and (¢ x ¢)(Sol|z,) < Tly,. Moreover, by Lemma I11.3.9 we
can take Zy c 71, since (ii) assumes strong intertwining.

Define Y, c Yy by YJ = 6071(Zy) and let ¢ = ¢ o6 : Y] - Ys. Since Sy|z, < S|z, has
bounded index and (6 x 0)(Toly;) < S|z,, Lemma II1.3.2 gives that

Solz, 0 (0% 0)(Tolvz) < (0% 0)(Tolyy)
has bounded index. Letting
Too = (07" x 07)(Solz, 0 (6% 0)(Talyz)) = (07" x 07)(Solz.) n Toly (I1.3.8)

we see that Too < Toly; has bounded index and therefore so to does Too < Tly;. Moreover,

(6 x0)(Too) < Solz, and so

(¥ x ) (Too) < Tlys- (I11.3.9)

As Y], Y, c Y, we may regard ¢ in [[R]y]] = [[R(I'1 xI's ~Y")]] and apply Lemma III1.3.3 to
find positive measure Yy c Y] such that for Y3 = ¢ (YY), the inclusion (II1.3.9) has bounded

index when restricted to Y3, i.e. (¢ x4)(Tooly;) < Tly; has bounded index. Let Z3 = 0(Y3).
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Then because

(w x w)(%O|Y3’) < (¢ X ¢)(80|Z3) < T|Y3>

we conclude that (¢ x ¢)(Solz,) < Tly, has bounded index.
Thus, So|z, is a subequivalence relation of S|z, = R(A ~ Z)|z, with bounded index
whose isomorphic image (¢ x ¢)(So|z,) has bounded index in Ty, = R(I't ~Y)|y,. An

application of Lemma III.3.6 finishes the proof. ]

II1.4 Transfer of commutation from subalgebras to
subgroups

In this section we prove the following result which will be crucial in the proof
of Theorem F. This result is an immediate consequence of the “ultrapower technique”
developed in [lol1], being essentially contained in the proof of [Iol1, Theorem 3.1] (see
also [CdSS15, Theorem 3.3] and [KV15, Lemma 5.6]). Nevertheless, for completeness, we

include a detailed proof.

Theorem I11.4.1 (lol1]). Let M be a II; factor and p € M a projection such that pMp =
AxT, where I' ~ A is a trace preserving action on a tracial von Neumann algebra. Let
A: M - M®L(I') be a *-homomorphism which satisfies A(a) =a® 1 and A(uy) = u, ® ug,
for allae A and geT'. Assume that P c L(I") and Q c ¢gMq are von Neumann subalgebras
such that A(Q) <y MOP.

Then there exists a decreasing sequence of subgroups §, < T such that

1. Q <y AxQy, forallk>1, and

2. P'n L(F) <L(T) L(uklep(Qk)).
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Throughout this section, we assume the setting of Theorem II1.4.1. Since M is a
IT; factor, after replacing () with a unitary conjugate of one its corners, we may clearly
assume that g < p.

In preparation for the proof of Theorem I11.4.1, let us introduce some notation. We
denote by G the family of all subgroups X < I' such that @ #3; A x 3. We may assume
that G is non-empty. Indeed, if G = &, then @ <3; A, and thus the conclusion holds with
Qr ={e}, for every k> 1.

We say that a set S c I' is small relative to G if S c U b;3;c;, for some b;, ¢; € I' and
Y; € G. We denote by I the family of subsets of I" that are small relative to G. We order 1
by inclusion and consider a cofinal ultrafilter V on I. Thus, {S’ € I|S’ 5 S} belongs to V,

for every S e I.

Lemma I11.4.2. We can find a finite set F ¢ L(I") and 6 > 0 such that the follow-

ing holds: for any S c I' which is small relative to G, there exists g € I' N S such that

S ser | Ep(augB) |3 > 6.

Proof. The proof uses the “transfer of rigidity” principle from [PV09] (see the proof
of [PV09, Lemma 3.2]). Since A(Q) <ygra) M®P, we can find F ¢ (L(I")), finite and

k > 0 such that

Y |Ewsr((1®@a)A(u)(1® B))[35 >k, for every uclU(Q). (I11.4.1)
a,BeF
Put § = W. Let S c I" be small relative to G. Thus, S c U’,b;%,¢;, for some b;,c; € I’
2

and 3; € G. For g €T, we denote ¢(g) = ¥, ser | Ep(auyf)|3. Since F c (L(T"))1, we have

that p(g) < |F|?, for every g e I'. Our goal is to show the existence of g € '\ S such that

p(g) 20.
Since @ ¥y Ax Y, for every i € {1,...,m}, by Remark I11.2.2 we can find u € U(Q)
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such that

2<L
27 om|F?’

| B psess, (u, us, for every 1 <i<m. (I11.4.2)

Since u € Q c ¢gMq c (A xT")q, we can write u = 3 aguy, where a, € A. By using I we

get that

m

K

Y@ lagls < [FP Y llagls < [FPP Y | Eaws, (uguu,) |3 < 5
ges gesS i=1

(I11.4.3)

On the other hand, since A(u) = ¥ er gty ® ug, equation H rewrites as ¥, ¢(g) |ag]3 > 5.
In combination with J this gives that ¥ . s ©(9)[ag[3 > 5. Since ¥ er. s [agl3 < |u]3 = [¢l3.
it follows that we can find g € I' \ S such that ¢(g) >, as claimed. |

Proof of Theorem II1.4.1. Denote N = L(I'). By Lemma II1.4.2, for every S € I
we can find gg € '\ S such that ¥, gep [Ep(aug,8)[3 2 0. We put g = (gs)ser € IV and
consider the canonical inclusions I'c TV c U(NV). We define ¥ =T nglg~! and claim that
P'n N <y L(%).

Assume by contradiction that this is false. By Theorem 1.2.6, we can find a sequence
u, € U(P'NN) such that | Eps)(zu,y)|2 = 0, for every x,y € N. We denote by K c L2(NV)
the closed linear span of Nu,N, and by e the orthogonal projection from L?(NV) onto K.

Let us show that (u,&u’,n) - 0, for every &, n € K. To prove this, it suffices to show
that (upaugyus, v'ugy’) - 0, for every x,y € N. But this is clear since | Ers)(z"*upx)|2 = 0

and

(unwugyuy, 2'ugy’) =7 (ug (" un)ug (yuny™)) = 7(En (ug (2" un)ug)yuny™)

=T(EN(u; Eresy (@™ unx)ug)yuny™).

Next, since ¥ ger [Epv(auyB)[3 = ggl)(za,ﬁeF | Ep(augsB)|3) > 6, we can find

o, B € F such that Epv(auyf) # 0. Thus, |Epv(auyf) —augSls < |ougBs. Since au,f € K,

80



we get that ||e(Epv(auyf)) — auyf|2 < ||auyf|2. This implies that & = e(Epv(auyf)) € K
is non-zero. On the other hand, as e is N-N-bimodular and u, € P'n N, we get that
upul = e(u, Epv(augf)uy) = € and therefore (u,&uy, &) = €[5 > 0, for every n. This
contradicts the previous paragraph and thus proves the claim.

Now, enumerate ¥ = {0,};51. If 0 € I', then o belongs to ¥ if and only if o
commutes with {gsgs/|S,S” € T'}, for some T € V. In particular, for every j > 1, we can find
Tj € V such that o; commutes with {gsgg/'|S, S’ € Tj}. For k> 1, define Wj, = 0 T; and
U = (9595 ]S, 5" € Wy). Then Wy €V and €, 2 Qpq. Since o7, ..., 05 € Cp(Qy), we deduce
that 3 = U1 Cr(24).

To finish the proof, it suffices to show that if W € V, then Q = (gsg5/|S,S" € W)
does not belong to G. Indeed, this implies that € ¢ G and hence that @ <y, A x €, for
every k > 1. Assume by contradiction that Q2 e G. Fix S’ ¢ W. Then gg € Q2gg/, for every
S eW. Since Q2 € G, the set (2gs c I' is small relative to G. Since V is cofinal and W eV,
we get that W n {S” € I|S" 5> Qgg } belongs to V, and hence is non-empty. Let S” ¢ W
such that S” o Qgs,. But then we get that gs € S”, for every S e W. Taking S =S, this

contradicts the fact that gg» e I' N 5. ]

II1.5 Groups measure equivalent to products of hy-
perbolic groups
and tensor decompositions

The proof of Theorem F is divided between this and the next section. Before stating

the main result of this section, we need to introduce some notation.

Notation IIL.5.1. Let I' be an icc group which is measure equivalent to a product

A=A; x...xA, of n>1 groups belonging to C,ss. By [Fu98, Lemma 3.2], I" and A admit
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stably orbit equivalent free ergodic pmp actions. We may thus find a free ergodic pmp
action A ~ (Y,r) and ¢ > 1, such that the following holds: consider the product action
AxZIZ ~ (Y x Z|lZ,v x ¢), where Z[l{Z acts on itself by addition and ¢ denotes the
counting measure on Z/¢Z. Then there is a non-negligible measurable set X c Y x Z/{Z

and a free ergodic measure preserving action I' ~ X such that
R(C ~X)=R(AxZINZ ~Y xZIZ)|x.

We put A = L>(X),M = L>(Y x Z/{Z) x (A x Z|{Z), p = 1x, and note that
AxT'=pMp. We identify L>(Z/lZ) x Z|lZ = M,(C), and use this identification to write
M = BxA, where B = L*(Y)®M,(C) and A acts trivially on M,(C). We let {u,}ger ¢ AxT
and {vp, }rea ©€ B x A denote the canonical unitaries implementing the actions of T' and A
on A and B, respectively.

For a set T'c {1,2,...,n}, we denote Ar szTA]- and let T={1,2,...,n}\T.

We define a *-homomorphism A : M — M®L(T") as follows [PV09]. Let k> 7(p)~!
be an integer, where 7 denotes the trace of M. Let A : My (pMp) - M, (pMp)®L(T') be
the *-homomorphism given by A(a) =a® 1 and A(u,) = u, ® u,, for all a € M(A) and
gel. Let g e My(A) be a projection satisfying (Tr® 7)(¢) = 1 and e1; ® p < g, where Tr
is the non-normalized trace of M. We fix an identification « : M — gM(pMp)q which
satisfies a(x) = ey ® z, for all € pMp. Since A(q) = ¢®1, we have that A(¢My(pMp)q) c
qM,(pMp)g® L(T").

Finally, we put A = (a"!®id) o Aoa: M - M®L(T). Then one checks that

A(a)=a®1 and A(uy) = u, ® uy, for every ae A and gel.

For further reference, we also record two facts. Firstly, if I" is icc, then A(M)" n

M®L(T') = C. Indeed, if I is icc, it is easy to see that A(M(pMp)) nM,(pMp)&L(T) = C,
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which gives the fact. The second fact goes back to [IPV10, Proposition 7.2.4]. In the more

general context needed below, it is due to [KV15, Proposition 2.4]).

Lemma II1.5.2 (KV15]). If N ¢ M has no amenable direct summand, then A(N)p' is
non-amenable relative to M®C inside MRL(T") for any non-zero projection p' € A(N)'n

MQL(T).
The following is the main result of this section:

Theorem I11.5.3. Assume that L(T") = P,® P, where Py, Py c L(T") are II; factors.
Then there are subgroups X1, %9 < T' and a partition S;u Sy ={1,...,n} such that for
all i € {1,2},

1. Py <q iy L(35), L(3) <3ry B

2. AxX; <3, BxAg, BxAg, <3, AxY;, and
3. ¥, is measure equivalent to Ag,.

The rest of the section is devoted to the proof of Theorem III.5.3. We assume
throughout the notation from III.5.1 and that L(I') = P,®Px.

I11.5.1 Outline of proof of Theorem II1.5.3

The proof of Theorem II1.5.3 is divided between five steps, which we now briefly
outline in order to facilitate reading.

Step 1. There is a partition Ty uTy = {1,...,n} such that P; <5, B x Ar,, for all
i €{1,2}. This conclusion will be obtained in Proposition III.5.5 by using that A; € Cys, for

all 1<j<n.

Step 2. There is a partition S uSy = {1,...,n} such that A(BxAg,) <yermr) M®F;,

for all i € {1,2}. This conclusion will be obtained in Proposition I11.5.7 by using that
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Aj € Cis, for all j, and the embeddings ¢; : P, = M,,,(B x Ar,) (for some m; > 1) provided

by Step 1.

Step 3. There is a decreasing sequence of subgroups , <T" such that B x Ag, <
AxQy, for all k>1, and Py <pry L(Up1Cr(€Q2)). This is an immediate consequence of

Step 2 and Theorem II1.4.1; see Lemma III.5.8.

Step 4. There is a subgroup ¥, <T" such that BxAg, <3, Ax¥1, AxYy <3, BxAg,,
P, <SL(F) L(X%1), and L(%;) <SL(F) P,. Specifically, Lemma II1.5.10 will show that >; =
works, for k large. A key part is showing that L(€) <y Py, for large k; see Lemma
I11.5.9. This uses again that A; € C,s for all j and the embeddings ¢; : P, - M,,,, (B x Ar,)

for i € {1,2}. Similarly, there is a subgroup 3o < T' with analogous properties.

Step 5. X, is measure equivalent to Ag,, for every i € {1,2}. This will follow readily

by combining the result of Step 4 with Proposition II1.3.1.

Remark II1.5.4. Since Steps 1-3 suffice in order to deduce Corollary E, we include its

proof right after Step 3.

II1.5.2 Step 1

Proposition II1.5.5. There is a partition Ty u T, = {1,...,n} such that P, <5, B x A,
for all i € {1,2}. Moreover, if P; is amenable relative to B x Ay, for some i € {1,2} and

Tc{l,..,n}, then T >T;.

Proof. For t € {1,...,n}, denote by t the set {1,...,n} ~ {t}. For i € {1,2}, let
T; c{1,...,n} be a minimal set with respect to inclusion such that P; is amenable relative

to BXATZ..

77777

4In fact, since each P; is type II; and B is type I, after the proposition is proved, the conclusion that
P; <5; Bx A, for all 4 € {1,2} will imply that 77 and T are nonempty.
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any t € T7. Since A; € Cs5, Lemma II1.2.9 implies that P, is amenable relative to B x A; or
Py <pr BxA;. Using Lemma I11.2.7(1) and the minimality of 77, it follows that Ps <y BxA;.
Since T' is icc and the action I' ~ X is ergodic, we have that (N,np(P)) npMp c
L(I') npMp = Cp. Lemma II1.2.3(3) implies that P, <5, B x A;. Since this holds for all
of Ty and Lemma I11.2.5(3), we get that 73 nTy = @. In a similar way we obtain that
Py <3, BxAg -

The remaining part of the proof is to prove that T} uT; = {1,...,n}. We claim
that L(I') is not amenable relative to B » Ar inside M, for any proper set T' ¢ {1,...,n}.
Otherwise, Lemma I11.2.8 would imply that Ar < A is co-amenable, for some T ¢ {1,...,n}.

This would further give that Ay ,j 7 is amenable, which contradicts the fact that A; is

non-amenable, for every 1< j <n.

Next, fixing any 4 € {1,2}, we claim that P, <j, B x Ag,. This is immediate if
T; ={1,...,n}; otherwise consider any ¢ ¢ T;. Then P; is amenable relative to B x A; and
since A; € C,s5, we must have either P, <y; B x A; or Ny, (P;)" amenable relative to B x A;.
Since L(I') ¢ Ny (P;)"”, the previous paragraph implies that P, <y B x A;, for all ¢ ¢ T;.
As above, we get that P, <5, B x A;, for all ¢ ¢ T;. Lemma II1.2.7(2) implies now that
P; <5, B x Ar,, as claimed.

Thus, in particular P, <5, B » Aqurp,, for all i € {1,2}. Applying [BV12, Lemma
2.3] implies that L(I') <ps B » Aqyup,. As above, Lemma I11.2.3(3) implies that L(I") <3,
Bx At ur,. Applying [BV12, Lemma 2.3] once again gives that AxT" <y, Bx Ap . If there
exists t € {1,...,n} N\ (T} UTy), then we would get that L(A;) <y B x A;, which contradicts

that A; is infinite. Thus, Ty U Ty = {1,...,n}. The moreover assertion follows from the

minimality of T} and T3 using again Lemma I11.2.7(1). ]
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II1.5.3 Step 2

Towards the second step of the proof of Theorem II1.5.3, we now prove that the
each intertwining F; <3, B » Ag, from Proposition I11.5.5 allows us to deduce that F; itself

has a weaker form of relative solidity present in B x Ag,. More precisely:

Lemma II1.5.6. Let P = P, and k = |T;| for some i € {1,2}. Then for any tracial von
Neumann algebra My, any projection q € M = Mo®P, and any commuting subalgebras

Qo,...,QrcC qu we have either
S
1. QO <M Mo, or

2. Q;q’ is amenable relative to My inside M, for some j € {1,...,k} and some non-zero

projection q' € QN gMgq.

Proof. Assume that @);¢’ is not amenable relative to M, inside M for any j €
{1,...,k} and non-zero projection ¢’ € Qin qMgq. We first note that in order to prove the
lemma, it suffices to show the conclusion @y <;; My. Indeed, if this is known, then for any
z€ Nqu(Qo)’ ngMq c (U;?:o Q;) N gMgq, applying the result to the commuting subalgebras
{sz}é‘?:o c zMz (noting that (;q" is not amenable relative to My, for all j € {1,...,k} and
any non-zero projection ¢’ € (sz)’nzMz), we conclude that QQyz <;; My and so by Lemma
I11.2.3(2), Qo <3, Mo as desired.

For an integer m > 1, let e11 € M,,,(C) denote the matrix unit corresponding the (1, 1)
entry and view M as a non-unital subalgebra of M., (M) via the embedding = —» z®e;;. By
Proposition I11.5.5 we have that P <, B x Ay for some T'c {1,...,n} with |T'| = k. Hence
we have for some m > 1 a not necessarily unital *~-homomorphism ¢ : P - M,, (B »x Ar) and
a non-zero partial isometry v € ML, (M )p such that ¢(x)v = vz, for every x € P. We define
e=p(p), B=M,,(B), and M =M,,(BxAr) c M,,,(M) and write canonically M = B x Ap.

Moreover, we may assume that Ex(vv*) > ce, for some ¢ > 0.
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Replacing ¢ by id®y we extend to ¢ : Mo® P — My@M,,,(M). Note that o(My®P) c
Mo®M and that ¢(z)v = vz, for every z € Mo®P. Let f = ¢(q) and Q = (U, 0(Q;))" c
f(Mo@M)f.

Claim 1. To prove that Qg <;; Mo, it is enough to show that (@) <M My®B.

Proof of Claim 1. Assume by contradiction that ¢(Qo) <M My®B and Qg #5; Mo.
Since Qo <ueam,, () ©(Qo), Lemma I11.2.3(1) implies that Qo < zm,, vy Mo®B. From
this we get that Qo <y gpnmp Mo®A. On the other hand, since Qy #;; Mo, by Theorem
1.2.6 we can find a sequence u, € U(Qy) satisfying |Eng (zuny)|2 — 0, for all z,y € M.
Let us show that |Eyza(zuny)|2 = 0, for all ,y € My®@pMp. This assertion will give a
contradiction, and thus prove the claim.

To prove the assertion, recalling that pMp = A x T, it suffices to treat the case z =1
and y € L(I'). But then since u, € Qo and Qo c M c My®L(T") we get that u,y € My®L(L)
and thus Eyga(uny) = Evy(uny) = Evy(un By (y)). As | Ery (un B (y))]l2 = 0, the claim

is proven. O

Claim 2. ¢(Q;)¢’ is not amenable relative to My®B inside My®M for any j €
{1,...,k} and any non-zero projection ¢’ € p(Q;)" N f(Me®M)f.

Proof of Claim 2. Suppose the claim is false. Since B is amenable, by [OP07, Propo-
sition 2.4(3)], we would conclude that there is j € {1,...,k} such that ©(Q);)¢' is amenable
relative to M inside My®M for some non-zero projection ¢’ € (Q;)' N f(My®M) f. Thus,
by Lemma II1.2.5(2), there is a projection z € Z(¢(Q;) N f(Mo®M,,(M))f) such that
¢’ <z and p(Q;)z is amenable relative to M inside My®M.,,,(M). Since Ey;ga(vo*) > ce,
we get that v*q'v # 0. Hence we deduce that 2’ = v*2v € Q n qg(Mo®M)q is a non-zero
projection such that );2’ is amenable relative to My inside My®M,, (M), and hence inside
Mo®pMp.

Thus, we can find a );2'-central positive linear functional ¢ : 2/(My®pMp, en, )2’ —
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C such that Yp..aysprip)- = 7- The formula W(T') = (2'T2") defines a Q;-central positive
linear functional W : (My®pMp,en,) = C such that ¥(x) = 7(x2’), for any x € My®@pMp.
Note that L?(pMp) = L?(P) ® (2, as left P-modules. Thus, we can find a uni-
tary operator U : L?(pMp) — L?*(P) ® ¢? such that U(z&) = zU(§), for any = € P
and § € L2(pMp). Let V = idpe) ® U @ L2 (Mo®pMp) - L*(Mo®P) ® (2 and 6 :
B(L?(My®P)) —» B(L?(My®pMp)) be the *-homomorphism given by 0(T") = V*(T'®id,2)V.
Then O((Mo®P, ep,)) ¢ (Mo®pMp,en,) and 0(z) = x, for every € My®P. Thus, if
T : (My®P,en,) - C is given by U(T) = W(4(T)), then ¥ is Q;-central and satisfies
U(z) = 7(x2"), for every & € My®P. If we let 2" € Qnq(Mo®P)q be the support projection
of Ey,sp(2'), then [OP07, Theorem 2.1] implies that ();2” is amenable relative to M,
inside M = My®P, which is a contradiction. 0
For j € {1,...,k} and S c T, let ¢;¢ be the maximal projection in Z(Q'n
f(Mo®M)f) such that ¢(Q);)gj.s is amenable relative to My®(B x Ag). Noting that

S’ c S implies ¢j ¢ < g;.5, set

Zs= 05— \V as, (I11.5.1)
S’eS

so that zj¢z; s = 0 whenever S # S’ by Lemma II1.2.7(1). Since g;r = f it follows that
if we let F; = {S c Tlz;s # 0}, then Y g5 z;s = f with the summands being mutually

orthogonal.
Claim 3. If j # j' and S € F;, S’ € Fjy with z; ¢z, # 0, then Sn S’ = @.

Proof of Claim 3. For any ¢ € S and any nonzero projection z < z; g, z € Z(Q'n
f(Mo®M) f), we must have ¢(Q;)z non-amenable relative to My®(Bx Ap.(¢y). Otherwise,
using Lemma I11.2.7(1) would give ¢(Q);)z is amenable relative to My®(BxAg. ) implying
2 < qj.svqey < 1-2; 5 (this last inequality coming from equation (II1.5.1)). Thus, decomposing

Moy®M = (My®(B » Arqsy)) x Ay and using that Ay € Cge and Lemma I11.2.9 we conclude
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that

(@))% <neam Mo®(B % Ar (ey).

Since

N, s(oam)z; s (P(Q41)zj,5) N 2js(Mo®M)zjs € Z((Q21.5) N 2j.5(Mo®M)2j.5),

it follows by Lemma II1.2.3(2) that ¢(Q;)z;s < EM Mo®(B » A (ey). Applying Lemma
I11.2.7(2) to intersect over £ € S, we find that ©(Q;)zjs <}, 50 Mo®(B % Ar.s). Lemma
I11.2.5(3) then implies that ¢(Q;)z;s is amenable relative to My®(B x Ap.s). Hence

zj,s < qjiras, and so

0< 25255 < 2jt5'Qjirs < Zits'Qys'n(s)

which forces S’n (TN S) =S’ (that is, Sn.S" = @), since otherwise ¢j: sin(r.s)y < 1 - zj9 by
equation (IIL.5.1). O

Claim 4. For each ¢ € T' we have \/{z;s|l € S,1<j<k,SeF;}=f.

Proof of Claim 4. To prove the claim it suffices to show that for any non-zero
projection ¢’ € Z(Q' n f(Mo®M)f), we have U{S € F;|1 < j < k,z;5¢ # 0} =T. Indeed,
assuming this condition, let ¢ € T" and put f’ = V{z;s|¢ € S,1 < j <k, S € F;}. Then
q' = f — f' satisfies z; ¢’ =0, for every 1 <j <k and S € F; such that £ € S. The assumed
condition forces ¢’ = 0 and hence f’ = f.

For each 1< j <k, using the fact that Y.g.r 2;5 = f, pick (recursively) some S € F;

such that z;s,¢" # 0 and z;5,2j5, # 0 for all j <j. Then using Claim 3 we have

k
W{SeF|l<j<k, zsq 0} > Z |51

j=1
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By Claim 2 we have |S| >0 for all S'e F;, je{1,...,k}, so each of the k = |T'| terms in the

above sum is positive. Thus |U{S € F;|1 < j <k, z;5¢ # 0} =|T| and the claim follows.5 O

Claim 5. ¢p(Qo) < Mo®(B x Ap.ey) for each L€ T.

s
Moe®M

Proof of Claim 5. Fix £ € T. By Lemma II1.2.3(2) it is enough to show that

©(Q0)z <pyam Mo®(B x A yey)

for any = € Nansans (9(Q0))' 0 JMBM)S © Z(Q' n f(MBM)J). Fix any such =
and note that by Claim 4 we can find j € {1,...,k} and S € F; such that ¢ € S and
2z;5 # 0. It follows that ¢(Q);)z is not amenable relative to My®(B x Ap.(ey), otherwise
Lemma I11.2.7(1) would give ¢(Q,)zz;,s amenable relative to My®(B x Ag.(¢y) implying
22,5 < qjs ey < 1 - 2;5 (this last inequality coming from equation (II1.5.1)). Decomposing
Moy®M = (My®(B »x Arsy)) x Ay and using that Ay € Cge and Lemma I11.2.9 we conclude
that ©(Qo)2z <ayem Mo®(B x Aryey), as desired. O

Note that the subalgebras {Mo®(B x Ar.(s}) }eer pairwise form commuting squares,
are each regular in My®M, and have Ngp Mo®(B » Apqsy) = My®B. Hence Claim 5
together with Lemma II1.2.7(2) implies that ¢(Qo) <}, 5, Mo®B. By Claim 1, this
concludes the proof of the lemma. ]
Proposition II1.5.7. There is a partition SyuSs = {1,...,n} such that A(BxAg,) <ygrr)
MQP;, for all i€{1,2}.

Proof. Set M = M®L(T') = M®P,®P,, for T c {1,...,n} let Q7 = A(L(Ar)), and
define Q = (Uj-; Q;)” = A(L(A)). Forie{1,2}, let i denote the element in {1,2} ~ {i}.

Claim 1. There are ¢ € {1,2}, S; c {1,...,n} with |S;| = |T;|, and a non-zero
projection ¢ € Z(Q' n M) such that Q)¢ is not amenable relative to M®F for all j € S,

and any non-zero projection ¢’ € Z((Qq)" nqMgq).

°This type of reasoning also implies that |S|=1 for any S € F;,j € {1,...,k}, but we will not need this.
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Proof of Claim 1. For je{l,...,n}, i € {1,2}, let g;, be the maximal projection
in Z(Q' n M) such that (0jq;; is amenable relative to M®F; inside M. Then Q;q is
non-amenable relative to M®P: for all projections ¢’ € Z(Q'n M) with ¢’ <1 - ji, SO it
suffices to find S; c {1,...,n} with |S;| > |T;| and Ajes,(1-¢;;) # 0. Note that for each j we
have Q;q;1¢;2 = A(L(A;))g;1¢;2 amenable relative to M by Lemma II1.2.7(1) and hence
Lemma III1.5.2 forces ¢;,1g;2 = 0.

Let Sy c {1,...,n} be a maximal subset satisfying ¢ = Ajes,(1 - ¢j1) # 0. If
|S1| > |T3| the claim holds with 4 = 1 and we are done. Otherwise, Sy = S will have
|S3| > |T5| and by the maximality of Sy, for any j € Sy we have ¢; < ¢j1 <1-gj2 and hence

Njes, (1 = qj2) > q1 # 0 so that the claim holds with i = 2. O

For ease of notation, we assume without loss of generality that Claim 1 holds for
i=1. Set Sy =5,.

Claim 2. A(L(Ag,)) = Qs, <j; M®P; for all i € {1,2}.

Proof of Claim 2. We apply Lemma II1.5.6 with My = M®P, to the commuting
subalgebras Qs,q, {Q;q}jes, C gMgq. Alternative (2) of Lemma II1.5.6 cannot hold, for if
there were j € S and a non-zero projection ¢’ € (qu)’qu q with @Q);¢’ amenable relative to
M®P,, Lemma I11.2.5(2) would give a projection ¢" € qu(qu)’mq]\Z/q c Z((Qq)' ngMq)
with ¢’ < ¢ (so ¢ # 0) and );¢” amenable relative to M®P,, contradicting Claim 1. Thus
Lemma II1.5.6 gives that Qg,q <5 M®P,. This implies that Qg, <;; M®P,, and that Qg,q
is amenable relative to M®P, by Lemma II1.2.5(3).

Hence for all j € Sy we have ();¢ amenable relative to M®PF,. It follows that
Q;q" is not amenable relative to M®PF, for any j € S, and non-zero projection ¢’ €
Z((Qq)' ngMgq). Otherwise, Lemma II1.2.7(1) would give Q,¢' = A(L(A;)) amenable
relative to M, contradicting Lemma II1.5.2. We then apply Lemma I11.5.6 with My = M®P,

to the commuting subalgebras Qg, ¢, {Q;q}jes, € gMg, and as before we conclude that
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Qs,q < M ®P,; and hence Qg, <5 M®P;, establishing Claim 2. ]

We now finish the proof of the proposition. For any i € {1,2}, since U(A(B x
Ag,)) is generated by {A(bu) : b e U(B),u € U(L(As,))} if we did not have A(B x
Ag,) <y M®P; there would be sequences {b,} ¢ U(B),{u,} ¢ U(L(Ag,)) such that
| Exrgp, (2A(bpun)y)|2 — 0 for all 2,y € M. But then for any z,y € P, using the
fact that A(B) c M®P; we would have

| Evsr, (xA(un)y) |2 = | Abn) Evgr, (2A(un)y) |2 = | Errgp, (2A(0ntn)y) |2 = 0.

Since M = M®P,®P: it would further follow that | Eygp (vA(u,)y)|2 — 0 for all 2,y € M,

which would contradict Claim 2. Hence we must have A(B x Ag,) <;; M®P; as desired. m

111.5.4 Step 3

Next, by combining Step 2 and Theorem II1.4.1, we obtain:
Lemma II1.5.8. We can find a decreasing sequence of subgroups 0 <T' such that
o BxAg <y AxQy, forall k>1, and
o Py <pr) L(Ups1C0r(§0)).

Proof. By Proposition II1.5.7 we have that A(B » Ag,) <ygray M®P,. Since

Py c P/ n L(I"), the conclusion follows from Theorem II1.4.1. |

I11.5.5 Proof of Corollary E

Let I' = PSLy(R), where either R = Oy, for a square-free integer d > 2, or R = Z[S!],
for a non-empty set of primes S. Then the centralizer Cr(g) of any non-trivial element

g € T\ {e} is solvable, hence amenable. This follows from the following fact which can be
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derived by using for instance the Jordan normal form of matrices: if A € SLy(R) ~ {1},
then the group {B € SLy(R)|AB = £+BA} is solvable. In particular, we deduce that I is icc
and does not contain two commuting non-amenable subgroups.

Assume by contradiction that L(I') is not prime and write L(I') = P,®P,. Since I'
is non-amenable, we may assume without loss of generality that P is non-amenable. Since
I' e £L by Remark III.1.2, I" is measure equivalent to a product A = Ay x...x A, of n > 1
non-elementary hyperbolic groups (where n =2, if R =0y, and n =S|+ 1, if R =Z[S™1]).
Since non-elementary hyperbolic groups are in class Css by [PV12], we are in the setting of
IT1.5.1. Thus, we may find a decreasing sequence of subgroups €2, < I' satisfying Lemma
II1.5.8. Since A; is non-amenable, for every 1 <7 <n, and P, is non-amenable, it follows that
for large enough k& we have that both Q4 and Cp(€2;) are non-amenable. This contradicts

the previous paragraph. [

111.5.6 Step 4

This step is divided between two lemmas. We start with the following:

Lemma II1.5.9. Let ;. be the decreasing sequence of subgroups of I' provided by Lemma
I11.5.8.

Then for any large enough k> 1 we have that L(%) <p .y Pi.

Proof. Let i € {1,2}. By Proposition II1.5.5, P; <)y B x Ar,. We can thus find
a not necessarily unital *-homomorphism ¢; : P, - M,,, (M) and a non-zero partial
isometry v; € M,,, 1(M)p such that ¢;(z)v; = v;x, for every z € P, and p(P;) c M;, where
M; =M,,, (B = Ar,), for some m; > 1. Here, we view P, c M as non-unital subalgebras
of M,,,(M) via the embedding =z — z ® e1;, where e;; € M, (C) is the matrix unit
corresponding the (1,1) entry. Moreover, we may assume that Eaq, (v;v)) > ¢;;(1), for

some ¢; > 0. We define B; = M,,,.(B) and write canonically M; = B; x Ar,.
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We claim that ¢;(F;)p’ is not amenable relative to B; x Ar,.(;y inside M,,, (M), for
any j € T; and any non-zero projection p’ € ¢;(P;)" n ¢;(1)M,,,(M)p;(1) with p’ < vv?.
Otherwise, it would follow that Pjv;p'v; is amenable relative to B; x Ag,.;y inside ML, (M).
Note that v}p'v; is a non-zero projection in P/ n(p® ey )M,,, (M )(p®e11) = P/ npMp. But,
recalling that pMp = AxT, PL@P, = L(T'), T is icc, and the action T' ~ A is ergodic, we
get that Ny (BP)' npMpc L(T)' n AxT' = Cp. Thus, by Lemma I11.2.5(2), we would get
that P; amenable relative to B; x A, (;, inside M,,,,(M). This contradicts the moreover
assertion of Proposition I11.5.5.

Next, we define ¢ = 1 ® o : L(I') = P,® Py > M,,,, (M )®M,,,,(M). Then p(L(T")) c
M, where M = M1®@M,. We let v = v; ® v5 and note that ¢(z)v = vz, for every x € L(T').
We denote e = (1) e M and B = B;®B;. Then M = B x A, where we consider the product
action of A = A, x Ap, on B. The rest of the proof is split between three claims.

Claim 1. If a von Neumann subalgebra @ c L(T") satisfies ¢(Q) <ap B x Ag,, then
Q <L(I) P

Proof of Claim 1. Assuming that @ .y Pr, we will prove that ¢(Q) #a B x Ar,.
By applying Theorem 1.2.6, we can find a sequence u,, € U(Q) such that |Ep, (u,a)|2 = 0,
for all a € L(T).

For every i € {1,2}, let ¢, : M — M,,,, (M) be the embedding given by ¢;(z) = x®ey;.
Let ¢ =91 @ ¢y : L(I") = PP, - M,,, (M )®M,,,, (M ). We claim that

| Bu,,. vy (a8 (u)B) [ = 0, for all a,b € M, (M)BM,, (M), (IIL.5.2)

By using that By = M,,,(B) and the position of A ¢ B, we find «y,...,ap, 51, ...,0p €
M, (M) such that Eg,(z) = S5 caBy,a)(aizBy)Bs, for every x € M,,,(M). This
allows us to reduce IIL5.2 to showing that |Ey,, (anysy,(a)(at(un)b)|2 — 0, for all

a,b € My, (M)®2(p) M, (M)the(p). Since to(p)Mom, (M )1h2(p) = 2(pMp) = (A% T)
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and By, (a)@ys(a) 18 M, (M)®Y(A)-bimodular, it is enough to treat the case when

a=1®1y(§), b=1®1Ys((), for some &, € L(T").
In this case we have ay)(u,)b = (1 ® ¥2)((1® &)u,(1®()) € Pi@io(L(T')). Since

Ey,ay(2(2)) = 7(2)h2(p), for every x € P, we get that Eyg, (aysy,(a)((¢1 ® ¥2)(2)) =
(Y1 ® T)(x)ho(p), for all x € L(T). Also, note that (1 ® 7)(z) = (V1 ® 7)(1® Ep,)(Ep, ®
1)(z) = ((1®7T) 0 Epgp,)(x), for every z € PL®L(I"), and that (1®&)u,(1®() e PLRL(I").

By combining these fact we get that

B, vy (@b (un)b) = (1 @ 7) (1 ® un (1 ® ())h2(p)
= ((1®7) 0 Epgp,)(1®&un(1©¢))a(p)
= wl(EP1 (unEPz(Cf)))¢2(p)v

where in order to get that the last equality we used the fact that for all a € Py, 3 € P, we

have

(1e7)(Ep®Lp)((1e&)(ae B)(18¢)) = Ep (a)T(5¢E)
= EPI (a)T(ﬁEPQ(CS))
= Ep, ((a® B)Ep,(¢))-

Since | Ep, (u,Ep,(C€))|2 = 0, equation I11.5.2 follows.

Let ¢ = c1cy > 0. Since Ep(vv*) > cp(l) = ce, if w = v*Ep(vo*)~!, then p(x) =
Epm(vzw), for any x € L(T'). Let a,be M. Since Bx Ar, ¢ M, we have Epun,, (ap(u,)b) =
BBy, (avu,wb). Using that B x Ap, = M1®B, c M,,, (M )®B, in combination with I11.5.2,
the claim follows. ]

To finish the proof, it suffices to show that Claim 1 applies to Q) = L(Q), for k large

enough. This will be achieved by combining Claims 2 and 3 below. We fix j € T, and denote
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T=A{1,...,n}~{j}. For k>1, we put N = o(L(Cr(€))), and let f, € Z(N, neMe) be
the maximal projection such that N fi is amenable relative to B x Ar inside M.

Claim 2. p(L(%))(e - fi) <5y Bx Ar, for any k> 1.

Proof of Claim 2. Since ¢(L(§)) ¢ NyneMe, by parts (1) and (2) of Lemma II11.2.3,
it suffices to show that (V) neMe)z <p¢ BxAr, whenever z € Z((N/neMe)' neMe)(e-f) is
a non-zero projection. Since Z((N/neMe)'neMe) c Z(N]neMe), we get z € Z(N,neMe).
Since z < e — fi, the maximality of f; implies that Nz is not amenable relative to B x Ar.
Since (N} neMe)z and Nz commute, and we can decompose M = (B x Ar) x A;, where
A;j € Crss, Lemma I11.2.9 implies that (N, neMe)z <p¢ B x Ap. This proves the claim. O

Next, put N = o(L(Up1Cr(€%))). Since Po <1y L(Up1Cr(€2)) by Proposition
I11.5.8, and P, is regular in L(I'), Lemma II1.2.3(3) implies that P, <L) L(Ug1Cr(2%)).

Thus p(P,) <* N, hence o(P,) <3, N, so in particular

e(L(I)) my (M)@Mimy (M)

o(Py)vv* My (M)@Mpy (M) N.

Using Lemma I11.2.3(4) we find a non-zero projection e’ € Z(N'ne(M,,, (M)®M,,,(M))e)

such that
o(Py)vv” My (M)&Mpny (M) Nf
, for any non-zero projection f € N’ ne(M,,, (M)®M,,,(M))e with f <e’.
We continue with the following:
Claim 3. 7(fxe’) = 0, as k - oo.
Proof of Claim 3. Assume that the claim is false. Since Ny ¢ Ni,1, we have f..1 < fz,
for any k> 1. If f = Ay fx, then f € Z(N'neMe). Since f < fi, we get that Ny f is amenable

relative to Bx A inside M, for all £ > 1. By Lemma I11.2.6 we get that N f = (Ups1 Ni.f)" is

amenable relative to B x A inside M. Lemma I11.2.5(1) then gives that N fe’ is amenable
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relative to B x Ap inside M.
Since 7(fe’) = liinf(fke’) and the claim is assumed false, fe’ # 0. Since fe' < e

belongs to N’ ne(M,,, (M)®M,,,(M))e, the discussion before the claim gives

P(Po)vv™ <u,, (M)EM,, (1) N fe'.
By Lemma II1.2.3(2) there is a non-zero projection
P e Z((p(Po)vv") nvv™ (M, (M)@Mp, (M))vv™)

with o(P)p’ <fwm1(M)§Mm2(M) Nfe'. Lemma II1.2.5(3) further gives that ¢(P)p’ is
amenable relative to N fe’ inside M,,,, (M)®M,,,,(M). Since @(P2)vv* = v107 ® po(Py)v9vs
and M is a factor, we get that p’ = vjv] ® p”, for some projection p” € wo(P)" N
02 ()M, (M)po(1) with p” < vovy. It follows that ¢o(P)p” is amenable relative to
N fe' inside M, (M)®M,,, (M).

By combining the conclusions of the last two paragraphs with [OP07, Proposi-
tion 2.4(3)], we deduce that o(P)p"” c M,,,(M) is amenable relative to B x Ay inside
M, (M)®M,,,,(M). Since B x Ar and M,,,(M) are in a commuting square position
and regular, by Lemma II1.2.7(2), ¢o(P,)p” is amenable relative to their intersection,
By x Aq,< g5y, inside M, (M)@M,,, (M). As py(P5)p” and By x Ap,.(;; are subalgebras of
M., (M), it follows that ¢o(P5)p” is amenable relative to Ba x A, g,y inside M, (M).

This contradicts the second paragraph of the proof of the lemma. O
Next, by combining claims 2 and 3, for every j € Ty, we can find projections

.....

7(fr €)= 0, as k - oo.
For k > 1, let 1, = Vjer, fr;- Then r, € Z(N] neMe) and since 7(rie’) <

Y jer, T(frje’), we get that 7(rie’) - 0, as k — co. In particular, since 0 # €’ < e, we get that
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77777

for every j € Ty, and the algebras Bx A n1.q51, with j € T, are in a commuting square posi-

tion and regular in M, Lemma I11.2.7(2) implies that o(L(2))(e—7%) <5y BxAp, ny 1, =
B x A, for any k > 1.
Thus, if & is large enough then ¢(L(€%)) <am B » Aqy, hence L(€) <y Pi, by

Claim 1. ]

We are now ready to complete the proof of Step 4.
Lemma I11.5.10. For every i€ {1,2} we can find a subgroup 3; < T such that
1. BxAg, <5, Ax Y.
2. AxYE; <5, BxAg,.

9. P <5 L(%).

L(T)

Proof. Assume for simplicity ¢ = 1. By Lemma II[.5.8 we can find a decreasing
sequence of subgroups €2 < I' such that B x Ag, <y Ax €y, for all k > 1, and P <p1)
L(Ug21Cr(§%)). By Lemma II1.5.9, for any k > 1 large enough ¥, := §, satisfies L(X1) <gr)
Py in addition to B x Ag, <)y A x 3y, Since B x Ag, is regular in the II; factor M, by
Lemma I11.2.3(3) we get that B x Ag, <5, A » X;. This proves (1).

By Lemma II1.2.3(3), we can find a non-zero projection e € L(3;)" n L(I') with
L(%y)e <‘Z(F) P;. By Proposition I11.5.5 we have that P; <3, B x Aq,. By combining these
facts with Lemma I11.2.3(1) we derive that L(X;)e <5, B » Ag,. Our next goal is to upgrade

this to the following conclusion:
Claim 1. Ax¥; <3, BxArp.

Proof of Claim 1. For F c A, let Kp ¢ L?(M) be the closed linear span of

{(B x A )vylg € F'}. We denote by Pr be the orthogonal projection onto K. The proof
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relies on the following fact: let R c rMr be a von Neumann subalgebra and U c U(R) a
subgroup with #” = R. Then R <3, B x Ap, iff for any € > 0, there is F' c A finite such that
lu = Pr(u)l||2 < e, for all uweld. This fact follows from [ValOb, Lemma 2.5] by using that
Ap, <A is a normal subgroup.

Let € > 0. Since A c pMp is maximal abelian and e € L(I"), we have Esnpnp(€) =

Eae) = :Egp On the other hand, E4npnp(e) belongs to the closed convex hull of
{vev*|v € U(A)} (being precisely its element of minimal |.|5). We can therefore find

V1 ey Up, W1, .y wp € U(A) such that [[p - 2, veewq|s < 5. Since L(X1)e <5, B x A, by

13
5.
using the above fact, we can find F' c A finite such that |uge - Pp(uge)|2 < 55, for any
g € 21.

By combining the last two inequalities, for every a e U(A) and g € X1 we have

D D

laug = 3 alugvaug) Pr(uge)wallz < [p = 3 vaewallz + D Juge = Pr(uge) |2 < &
d=1 d=1

Since K is an A-A-bimodule, we derive that Y1, a(ugvgu) Prp(uge)wq € Kp. Hence,
we have |au, — Pr(auy)||2 < €, for every a e U(A) and g € ¥;. Since ¢ > 0 is arbitrary and
the group U = {augyla e U(A), g € £} generates A x ¥, the above fact gives the claim. O

By combining the claim with B x Ag, <)y A x X, and with Lemma II1.2.3(1) we
conclude that B x Ag, <y B x Ap,. This readily implies that S; c T;. By symmetry, we
also get that Sy c T,. Since {S,S2} and {T3,T5} are partitions of {1,...,n} we must have
that S; =T and Sy = T. Thus, Claim 2 reads A x ¥, <5, B x Ag,, which proves (2).

We are left with proving (3) and (4), which is done in the following two claims.

Claim 2. P < L(%).

Proof of Claim 2. Since P; is regular in L(I") and L(T") is a II; factor, by Lemma
I11.2.3(3) it suffices to show that P, <gy L(31). By Proposition I11.5.5, Py <y B x Ag, =
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B x Ag,. By combining this with (1) and Lemma II1.2.3(1), it follows that P, <53y A x 3.
Assume by contradiction that P, £y L(31). By Theorem 1.2.6 we can find u,, €
U(Py) such that | Er(s,)(au,b)|2 = 0, for every a,b e L(I'). We claim that | E.x, (aunb)|2 -
0, for every a,b e pMp = AxI'. Since F a,yx, is A-A-bimodular, it suffices to verify this for ev-
ery a,be L(I"). But, since au,b € L(I"), we have that | Eaus, (at,b) |2 = |ELs,)(aunb)|2 = 0.

Since the claim implies that P; ¢); A x X1, we get the desired contradiction. |

Claim 3. L(%) <j ) Pr.

Proof of Claim 3. By Proposition II1.5.7 we have A(B % As, ) <ygrory M®P;. Since
[ is icc, we get that A(M)' n M®L(I") = C1. Therefore, by applying Lemma I11.2.3(3)
we conclude that A(B % Ag,) <3 M®P;. On the other hand, since L(3;) c¢ A x ¥,

MBL(T)
Claim 1 implies that L(X;) <5, B x Ag,, and therefore A(L(X;) A(BxAg,). By

) <MsL(T)
combining these facts with Lemma I11.2.3(1), we derive that A(L(%;)) <MELI) M®P;.

Let p’ € L(X1)" n L(I") be a non-zero projection. Assuming that L(3)p" ¢.) P,
we will reach a contradiction, which will prove the claim. By Theorem 1.2.6 we can find
a sequence g, € X such that |Ep (aug,p'd)|2 — 0, for every a,b e L(I'). We claim that
| Evsp, (aA(ug, ) (1@ p')b)|2 = 0, for every a,be M®L(I"). Since A(uy,) e U(A(L(X1)))
and 1®p’ € A(L(X1)) n M®L(I") is non-zero projection (recall that A(uy) = u, ® ug, for
all g eT'), we get that A(L(%1))(1®p') fmsrry M®P;, which contradicts the conclusion
of the previous paragraph. Thus, it remains to prove the claim.

Since Eygp, is M ® 1-M ® 1-bimodular, we may assume that a,be 1® L(I'). But

in this case we have | Eygp (aA(ug,)(1®p")b)|2 = | Ep, (au,,p'd)||2 = 0, which finishes the

proof. ]
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I11.5.7 Step 5: completion of the proof of Theorem III.5.3

Let i € {1,2}. By Lemma II1.5.10 we have that B x Ag, <5, Ax %, and A= ¥, <3,
B x Ag,. Recalling that A = L*(X) and B x Ag, = (L=(Y) x Ag,) ® My(C), we get that
L= (Y ) xAg, <pr L®(X)»E; and also that L= (X)x3; <5, L=(Y)xAg,. Since A = Ag, xAg,,
Proposition II1.3.1 and implies that 3; is measure equivalent to Ag,. Together with Lemma

I11.5.10, this finishes the proof of Theorem III.5.3. [

II1.6 From tensor decompositions to product decom-
positions

The goal of this section is prove the following result that we will need in the
proof of Theorem F. We say that two subgroups 3,2 of a countable group I' are called

commensurable if we have that [ :3Xn Q] < oo and [2: XN Q] < co.

Theorem II1.6.1. Let I" be a countable icc group, denote M = L(T"), and assume that
M = P/®P,. For every i€ {1,2}, let ¥; <T be a subgroup such that P; <5, L(%;) and
L(%;) <5, B

Then we can find a decomposition I' =1y x I's, a decomposition M = Pf@P;/S, for

some s >0, and a unitary u e U(M) such that
o 'y is commensurable to kX1k™1, for some k € ', T’y is commensurable to s,
o Pf=ul(l'y)u* and le/s =ul(Ty)u*.

The proof of Theorem II1.6.1 relies on several results. Before continuing, we introduce
some terminology. Let I' be a countable group and X < ' be a subgroup. Following [CdSS15],

we denote by Ox(g) = {hgh~!|h € X} the orbit of g € I" under the conjugation action of 3.

Note that Oz(glgg) c Oz(gl)OZ(gg), thus |Oz(g1g2)| < |02(91)||OZ(92)|7 for all g1,99 € I.
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Therefore, the set A ={geI' | Ox(g) is finite} is a subgroup of I'. Moreover, we note that
L(X)' nL(T) c L(A).

II1.6.1 From commuting subalgebras to almost commuting sub-
groups

The first step towards proving Theorem III.6.1 is to show the existence of conjugates
of finite index subgroups of 3,3, that “almost” commute, in the sense that they have

finite commutator.

Theorem II1.6.2. Let I' be a countable group and 31,5 <T' be two subgroups. Assume
that we have L(¥1) <y L(32) n L(T).

Then we can find finite index subgroups 2y < kX1k™' and Qy < 35, for some
k €T, such that the group [Qq,9Q2] generated by all commutators [g,h] = g~*h~tgh with
g€y, h ey, is finite and satisfies [, Q] ¢ Cr(21) N Cr(s).

Remark ITI.6.3. We do not know whether the following more natural, stronger conclusion
holds: there exist finite index commuting subgroups € < k¥1k~1 and 5, < 35, for some
k e I'. Note, however, that Lemma I11.6.4 below implies that this is the case if ¥; is finitely

generated.

The proof of Theorem I11.6.2 relies on the following lemma inspired by [CdSS15,
Claims 4.9-4.11].

Lemma II1.6.4. Assume the setting of Theorem II1.6.2. Let A ={geI'| Ox,(g) is finite}.
Then we can find a finite index subgroup 2y < X1 and k € I such that kQ k™' c A
and L(lek_l) <L(A) L(Zg)’ N L(P)

Proof. Since L(341) <y L(32)' n L(I"), by Theorem 1.2.6 we can find k1, ..., ky,
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l1,...,l, €' and a constant ¢ > 0 such that

Y N ELssynrr) (unugu, )3 >, for every g e 4. (I11.6.1)

i=1

If g e, then Er(s,ynrnmr)(ug) is equal to m 2heOs, (g) Uhs if g€ A, and to 0, otherwise.
Thus, we have |Er,ynnmr)(ug)|3 = |022+9)|’ where we make the convention that L= = 0.

Let ¢ =% and define S = {g € I'| |Ox,(g)| < ¢}. By using II11.6.1 we get that for any
g € ¥, there is ¢ € {1,...,n} such that |Ox,(k;gl;)| < c. Hence, we have ¥y c u? k7SIt
For i e {1,...,n}, let a; € 3y nk; 1S if ¥y nk;1SI7! is non-empty, and let a; = e, otherwise.

Since S c A, we get that Xy c U, (k;*Ak;)a;. This implies that at least one of the
groups ¥; N k;'Ak;, with 1 < ¢ < n, has finite index in ;. After renumbering, we find
m e {1,...,n} such that the index [Z; : 31 nk;'Ak;] is finite, for all 1 <i < m, and infinite,
forallm+1<i<n.

Define 2 = n, (X, nk;'Ak;). Then ©; has finite index in Xy, and Q; = U, (2, n
k;1SEY). For 1 <i<mn,let by € Qy nk 1S if € nk;1SI7! is non-empty, and b; = e,
otherwise. If ¢ < m, then since b; € ; c k7'Ak;, we get k;bik;! € A, or equivalently

|Os, (kibik;1)| < 0o. Let 0 < d <1 be a constant such that d < for every

1<i<m.

Next, fix g € Q1. Then g € Qy nk;1SI71, for some 1<i<n. Thus, gb;! € k;71SS™1k;
and hence gb;! € Q; nk;1Ak;. Moreover, since k;gb;'k;! € SS—1, we get that k;gb; 'k e A
and that |Os, (k;gb;'k;')| < ¢ Now, if i <m, then |Os, (kigk;')| < |Os, (kibiki1)| < 1,

hence HEL(ZQ)IOL(F)(ukigk;1)||§ > d. Altogether, since d < 1, we conclude that

> ||EL(22)IOL(F)(ukigk;1)||§ + > | (e mkot Ak, (ugtty,) 5>d, forevery geQy. (IIL6.2)
i=1

i=m+1

Since k;Qik;' ¢ A and b; € Q, Remark II1.2.2 implies that either L(k;Qk;') <pa)

L(%,)'nL(T), for some 1 <4 < m, or that L() <,y L(Q1nk;TAK;), for some m+1 <i < n.
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The latter is however impossible by Lemma I11.2.4(1) since the inclusion €; < ¥y has finite
index and thus the inclusion Q; N k71 Ak; < € has infinite index, for every m+1<i<n.
This proves the lemma. [ ]

Proof of Theorem II1.6.2. Let A = {g eI | Ox,(g) is finite}. By Lemma II1.6.4,
we can find a finite index subgroup Q; < kX1k~1, for some k € I', such that €; ¢ A and
L(Q) <pay L(32)" n L(I"). We continue with the following claim. If A c pL(I')p and
B c L(T") are von Neumann subalgebras, then we write A c. B if |a — Eg(a)|s < ¢, for
every a € A with |al < 1.

Claim. There exists a non-zero projection z € L(£2;)"' n L(A) with the following
property: for every € >0 we can find a finite index subgroup {25 < 35 such that L(£)z c.
L(Q) n L(T).

Proof of the claim. By Theorem 1.2.6 we can find projections p € L(€;),q €
L(35)" n L(T"), a non-zero partial isometry v € gL(A)p, and a *-homomorphism 6 :
pL(1)p = q(L(X2) n L(T"))q such that vz = 0(x)v, for every = € pL(€;)p. Since v*v €
(pL(Q1)p) npL(A)p, we can find a projection p’ € L(€;)" n L(A) such that v*v = pp’. Let
p" e Z(L(£)) be the central support of p.

We will prove that z = p”p’ satisfies the claim. To this end, fix £ >0 and = € L(€;)
with |z| < 1. Let v; € L(€2;) be partial isometries such that p” = ¥,5, v;v; and v}v; < p, for

every i > 1. Let n>1 such that |p” - ¥iL, viv} |2 < §. Then

(I11.6.3)

DN ™

n n
[xp"p - Z v 2P’ |2 < [lap” - Z VU w7 || <
i,j=1 =1

On the other hand, using that v; and p’ commute, for every j, that vfzv; € pL(€)p, for

every 1,7, and that yp’ = v*0(y)v, for every y € pL(£1)p, we derive that

n n n
Y, vivfzvuip’ = Y vwzvp'vy = Y vw*0(vi zv;)vus.
inj=1 ig=1 inj=1
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Now, if g € A, then Oy, (g) is finite, hence g commutes with a finite index subgroup of ¥.
Therefore, any finite subset of A commutes with some finite index subgroup of 5. This
implies that for every y € L(A) and 6 > 0, we can find a finite index subgroup 25 < ¥ such
that [ly — Erq,ynra) (¥)]2 < 9.

Thus, there is a finite index subgroup Qs < X5 such that |v,v* = Epq,ynrna) (viv*) |2 <

1.2, for all 1 <4 <n. Using these inequalities and the last displayed formula, it follows that

(I11.6.4)

DN ™

I Z V] LUV~ Z Er@.ynra)(viv*)0(vi zv;) Ep,yana) (v;07) |2 <
ig=1 ig=1

Since ¥'io1 Eraynna)(viv*)0(v;zv;) Era,ynnay(vjv*)* belongs to L(2)" n L(A), by
combining I11.6.3 and II1.6.4 we deduce that |zp”p’ — Erq,)ynra)(xpp’)|2 < €. Since
x € L(Q) with |z| <1 is arbitrary, the claim follows. m

Now, write 2z = 3 e Cqtg, Where ¢; € C. Let v = maxgen |cg| and put F' = {g € A| |¢| =
a}. Then F is a finite set, and there is € > 0 such that if k € ' satisfies |ugz — 2|2 < &, then
kF = F. Indeed, one can check that ¢ = a - 3, where § = maxgea.r |c,|, works.

The claim gives a finite index subgroup Qs < ¥y such that L($)z c= L(€22)" n L(T').
As z € L(A), after replacing €2y with a finite index subgroup, we may assume that
|12 = Era,ynra)(2)]lz < 5. Let g € Qy and h € Qy. Since [ugz — Era,ynra)(ug2)2 < 5,
we get that |ugz —up(ug2)uslle < 5. Since ||z = Epa,ynnna)(2)]2 < §, we also have that
|zuy —uj 2|2 < §. Altogether, we deduce that |ugz—upugu; 2|2 <€, hence |z—ug-1pgp-12]2 < €.
By the previous paragraph, this implies that g-thgh™'F = F', for every g € 2, and h € Q5.

Therefore, [€1,$5] is finite and contained in the group (F') generated by F. Since
z € L(2)' nL(A) and F c A, after replacing €,y with finite index subgroups, we
may assume that they commute with F. Thus, [4,$5] is finite and [,8] c (F) c

Cr(©1) nCr(Q2). This finishes the proof. u
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II1.6.2 Finite index commensurator

The next step towards proving Theorem II1.6.1 is to show that X; is commensurated

by a finite index subgroup of T', for every i € {1,2}.

Lemma II1.6.5. Let I' be a countable icc group, denote M = L(I'), and assume that
M = Pi®P,. Let ¥ < T be a subgroup such that Py <5, L(X) and L(X) <5, P,. Let Ty <T
be the subgroup of g € I' such that ¥ and gXg=' are commensurable.

Then [T :Ty] < oo.

Proof. The proof is inspired by [CdSS15, Claims 4.5 and 4.6]. Let A = {g €
['| Ox(g) is finite}. Then A c T'g, hence XA c I'y. Indeed, if k € A, then k& commutes
with a finite index subgroup of ¥, hence k € I'g. Since L(X)' n M c L(A), we have
LX) v (L(X)Y nM) c L(XA) c L(T'y). Lemma I11.2.4(1) implies that in order to reach the

conclusion it is sufficient to prove that

M < L(Z) v (L(S) n M). (111.6.5)

Towards proving I11.6.5, we denote Q1 = L(X). Then the hypothesis gives that Py <® @,
and @)y <® P;. By Lemma II1.2.3(4), there is a non-zero projection z € Z(Q} n M) such that
P, < Q¢ for every non-zero projection ¢’ € (Q} n M)z. We claim that (Q]n M)z <® Ps.
By Lemma II1.2.3(2), it suffices to show that (Q} n M)z'z < P,, for any projection
2zl e Z((Qyn M) n M) such that 2’z # 0. But 2’z € (Q) n M)z, and thus by the above
Py < @Q12'z. By [Va08, Lemma 3.5] we derive that (Q} nM)z'z < Py = P/ n M, which proves
our claim.

Next, we denote Q3 = Q7 n M. Then z € Z(Q2) is a non-zero projection such that
@2z <® Py and Py < Q1¢', for every non-zero projection ¢’ € ()2z. Since we also have that

Q12 <* Py, we get that Z(Q1)z = Q12N Qqz satisfies Z(Q1)z <® P, and Z(Q1)z <* P». By
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Lemma I11.2.7(2) we deduce that Z(Q)z <® P, n P, = C1, hence Z(Q1)z is completely
atomic.

Further, since Q12 < Py, by [Va08, Lemma 3.5] we get that P» = P/ n M < (QQ3z. By
arguing as in the second paragraph, we can find a non-zero projection 2z’ € Z((Q22)'nzMz) =
Z(Q4 n M)z such that (Qyn M)z' <® P;. Since Z(Q, n M) c Z(Q3), we have that
2 € Z(Q2)z. Since @2z’ <* Py, by arguing as in the previous paragraph, we get that
Z((Q)2)z" is completely atomic.

Thus, 2’ € Z(Q2) is a non-zero projection such that Z(Q1)z' and Z(Qs)z" are
completely atomic. By shrinking 2z’ we may assume that in fact Z(Q3)z’ = Cz’. Since
Z((Q)1)7" is completely atomic we can find a non-zero projection f € Z(Q1)z’ such that
Z(Q1)f = Cf. But then also Z(Q2)f = Cf. Therefore, f € Qs = Q} n M is a projection
such that both @ f and fQof = (Q1f)' n fMf are II; factors. Since Q f < P, by [OP03,
Proposition 12|, we can find a decomposition fM f = Pf1§P2t2, for some t,ty > 0 satisfying
tity = 7(f), and a unitary u e fM f such that u@, fu* c P/*.

Since f € Q2 is a non-zero projection, we have that P, < Q,f, hence P/* <y
uQ; fu*. We claim that P! <pi1 uQ; fu*. Otherwise we can find a sequence u,, € U(P}*)
such that || Eyqg, fu- (au,b)|2 = 0, for every a,b e P!*. We will show that | Euqy fur (@ounbo)|l2
— 0, for every ag,by € fMf, contradicting the fact that P}* <fvp uQq fur. Since fMf =
Pf‘@Pth, we may assume that ag = a1 ® as and by = by ® by, for ay,as € Pfl and by, by € PQtZ.
Using that uQ; fu* ¢ Py, we get that |Eug, fur (aotnbo) |2 = | Bug, fur (a1tnby ® ashs) |2 =
| Eug, fur (a1unby) 2|7 (azbe)| = 0. This altogether proves that Py <ph u@Qq fu*.

This implies that fM f = P'®Py? <garp u@Qy fu*®Py2. Since Py? ¢ (uQq fu*)' nfMF,
we get that fMf <y Qrf v((Qif) nfMf)=f(Q1v(QynM))f, which proves I11.6.5

and the lemma. ]
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I111.6.3 Proof of Theorem II1.6.1

The proof Theorem II1.6.1 has two main parts.

In the first part of the proof, we construct two commuting icc subgroups €2, < T°
which are conjugates of finite index subgroups of 3,35, and satisfy [I" : Q1] < o0
(compare with [CdSS15, Theorem 4.3]).

Since L(X3) < P», [Va08, Lemma 3.5] implies that P, < L(X3)" n M. Since P is
regular in M and M is a II; factor, Lemma I11.2.3(3) implies that Py < L(35)"n M. Since
L(%) < Py, by combining this with Lemma I11.2.3(1) we deduce that L(3;) < L(X2)' n M.

By applying Theorem II1.6.2, we find finite index subgroups Q2 < kX k71, Qy < Xy,
for some k € T', such that [€;,Q5] is finite and contained in Cr(21) nCr(€s). If i€ {1,2},
then Lemma II1.2.4(2) implies that L(€;) <® L(X;) and L(X%;) <® L(€;). Since L(%;) <* P
and P; <* L(X;), we conclude that L(£2;) <® P; and P; <® L(€);).

By applying Lemma I11.6.5 to ©; we deduce that [ : T'g] < oo, where T’y < T' is
the subgroup of g € I such that ©; and ¢g€;¢7! are commensurable. Since [I": T'y] < oo
and I is icc, it follows that Or,(g) is infinite, for every g € I' \x {e}. From this we deduce
that L(T'g)’ n M = C1. Using that P, < L(€;) and P; < L(), we find non-zero elements

UV, U1y eeey Uy, W, WY, ..., Wy, € M such that

m

(P gvi(L(Ql))l and w(P)1 ¢ S (L(2)) 1w (I11.6.6)

i=1

We claim that we can find g € I'g such that vu,w # 0. Indeed, otherwise we would get that
usv*vugww* =0, for every g € I'p. Thus, if K denotes the |.|-closure of the convex hull of
{urvrvuglg € o}, then Eww* =0, for all £ € K. Let n € K be the unique element of minimal
|.]l2. Since the map K 3§ = uj&uy € K preserves |. |2, we get that ujnuy, =1, for all h eI,
Thus, n € L(I'g)’ n M = C1 and since 7(n) = 7(v*v), we deduce that n = 7(v*v)1. But this

implies that 0 = nww* = 7(v*v)ww*, contradicting that both v and w are non-zero. This
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proves the claim.

Next, since [Q; : Q1ngQ1g7!] < oo, we can find gy, ..., gn € I such that Q,g c U} g,
and thus (L())1ug © X7 ug,(L(€21))1. By combining this inclusion with equation I11.6.6
we get that

(P)s(vugw)(Py): ii g, (L)1 (L(2) )1 (I11.6.7)

Thus, if we denote by 2 < IT" the subgroup generated by €2; and €25, then II1.6.7 implies that

U(P) (vugw) U(Pr) © Tzn: Zn:v g, (L(§2))1w;. (I11.6.8)

i=1j=1

Let us show that [I': Q] < co. Otherwise, if [I": 2] = oo, Lemma II1.2.4(1) implies that
M « L(2). Since the group of unitaries {u; ® uguy e U(Py),us € U(Pz)} generates M, by
Theorem 1.2.6 we can find a sequence u, = Uy 1 ® Uy 2, With w, 1 € U(Py) and u, 2 € U(P2),
such that | Erq)(au,b)|2 = 0, for every a,be M. We claim that |ELq)(au,1bun,2c) |2 = 0,
for every a,b,c € M. Since this claim contradicts equation I11.6.8, we conclude that the
assumption [[": ] = oo is false. To prove this claim, we may assume that a = a; ® as,b =
by ® by, c = ¢1 ® ¢, where a;,by,¢; € Py and ag, by, co € Po. But in this case au,1bu, oc =
a1, 10101 ® Agbotiy 2co = (a1 ® agby)u,(bicy ® ¢2), and therefore |Ep(q)(atn,1buy2c)|2 = 0
by the above.

Since T' is icc and [T": Q] < oo, we get that Q is icc. On the other hand, [, 5] is
a finite central subgroup of 2. Thus, we must have [Q,{:] = {e}, or, in other words,
and €2, commute. Moreover, since I' is icc, it follows that both €2; and €25 are icc.

In the second part of the proof, we derive the conclusion by repeating almost
verbatim part of the proof of [CdSS15, Theorem 4.14]. Nevertheless, we include details for
the reader’s convenience.

Since L(£2) is a II; factor and L(€2) < Py, by applying [OP03, Proposition 12], we

can find a decomposition M = P{’@PQ1 / t, for some t > 0, and a non-zero partial isometry
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v € M such that vv* e P;/t,v*v € L(Q) ' n M, and
vL(Q)v* ¢ Plov*. (I11.6.9)

Next, let Hy c T be the subgroup of g € T' for which Og,(g) is finite. Then Hy > Q5 and
since €y is icc, we get that Hy n €20y = Q. Using that [I': Q03] < oo, we deduce that
[Hy: Q2] < 0o. Let g1, ..., g, € Hy such that Hy = U ,Qsg;. Since Cq,(g;) < € is a finite
index subgroup, for every i € {1,...,n}, we derive that H; := Cq,(Hs) = n™,Cq,(g:) is a
finite index subgroup of €. Since [ : H1€Q5] < [Qy : H1] < 00 and H,Qy ¢ Hy Hs, we get
that [T': HiHy] < oo. In particular, it follows that the commuting subgroups Hy, Hy < T
are icc.

Since H; c §2;, by equation IT1.6.9 we get that vL(H;)v* c Plvv*. Since L(§2;)'nM c
L(H,), we also get that v*v € L(Hs). Note that L(Hs) is a II; factor and L(H,) c
L(H;)'n M. By combining these facts and proceeding as in the last paragraph of the proof
of [OP03, Proposition 12] (see also the proof of [CdSS15, Theorem 4.14]), we find a unitary
u € M such that

uL(H;)u* c PL. (111.6.10)

Let 'y < T' be the subgroup of g € I' for which Og,(g) is finite. By repeating the
argument from above it follows that ['s is icc, [y : Ha] < 0o, [Hy : Cy, (I'2)] < o0, and

[[: Cy, (T'9)y] < 00. Since L(H;)' n M c L(T'y), equation II1.6.10 implies that
uL(Ty)u* > Py (I11.6.11)

Since L(T'y) is a II; factor, by using I11.6.11 and applying [Ge95, Theorem A}, we find a
factor A c P} such that uL(I'y)u* = A@P;/t. Since [['y : Hy] < o0 and [Hy : 23] < 00, we

have that [T’y : Q] < 0o. In particular, we conclude that Iy and X5 are commensurable.
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Using that L(€s) < P, we get that L(I'y) < P, hence A < P,. In combination with A c P},
this implies that A is not diffuse. Since A is a factor, it must be finite dimensional, hence
A =M, (C), for some k > 1. Denoting s = t/k, we obtain a decomposition M = Pf@P;/S
such that

uL(Ty)u* = Py*. (111.6.12)

Finally, let I'; < T" be the subgroup of g € I' for which Or,(g) is finite. Then Cy, (I's) c 'y,
and since I'y is icc we have that I'y nCy, (T'y)T's € Cy, (I'y). Using that [T': Cp, (I'2)T2] < oo,
we get that [I'; : Oy, (I'2)] < 0. In combination with [kXk71: Q] < 0o, [ : Hy] < 0o and
[Hy : Cy,(T'2)] < oo, this implies that I'; and kX;k~! are commensurable.

Using I11.6.12, we get that P§ = u(L(I'y)' n M)u* c uL(I';)u*. By applying [Ge95,
Theorem A] again, we find a von Neumann subalgebra B c P21 /* such that ul(T'y)u* = Pf®B.
Since Ty is icc, we get that B = uL(Ty)u* nuL(Ty)u* = uL(T'; nTy)u* = C1. Therefore, we
have that

uL(T'y)u* = P:. (111.6.13)

It is now clear that I11.6.12 and II1.6.13 imply that I' = I'; x I'y, which finishes the proof. m

II1.7 Proofs of main results

In this section we prove Theorems D and F, and Corollary G.

I11.7.1 A strengthening of Theorem F

We establish the following strengthening of Theorem F. This result will also be used

to derive Theorem D.

Theorem II1.7.1. Let I' be a countable icc group and assume that I is measure equivalent

to a product A = Ay x ... x A, of n>1 groups Ay, ..., A, which belong to C,s;. Assume the
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notation from II1.5.1. Suppose that L(I') = Pi®P», for some I, factors Py and P;.
Then there exist a decomposition T' = T'y x I's, a partition Sy 1Sy = {1,....,n}, a

decomposition L(T") = Pf@P;/t, for some t >0, and a unitary u e L(T") such that
1. Pl =uL(T'y)u* and P21/t =ul(Ty)u*,
2. AxT; <5, BxAg,, BxAg, <5, AxT; for everyie{1,2}, and
3. T is measure equivalent to Ag,, for everyie{1,2}.

Proof. By applying Theorem II1.5.3 we find subgroups >, %, < I" and a partition

S1uSy ={1,...,n} such that the following conditions hold for all i € {1,2}:

(a) B <qpy LX), L(%)

L() P,

<L)

(b) AxX; <5, BxAg,BxAg, <5, Ax¥;, and
(c) 3; is measure equivalent to Ag,.

Further, by using (a), Theorem II1.6.1 provides decompositions I' = I'y x I'y and L(I") =
Pf@P;/S, for some s >0, and a unitary u € L(I') such that I'; is commensurable to kX;k7!,
for some k € T, T'y is commensurable to ¥, and condition (1) is satisfied. It is clear that (b)
implies (2). Finally, since commensurable groups are measure equivalent, we deduce that
I'; is measure equivalent to X; hence to Ag,, for all 7 € {1,2}. This shows that condition (3)

also holds and finishes the proof. ]

I111.7.2 Proof of Theorem F

Since non-elementary hyperbolic groups belong to C.ss by [PV12], Theorem F follows
from Theorem II1.7.1. ]
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I111.7.3 Proof of Theorem D

By Remark II1.1.2(1), any irreducible lattice in a product of connected non-compact
rank one simple Lie groups with finite center belongs to £. Thus, it suffices to prove the
second assertion of Theorem D.

Let " € £ be an icc group and assume by contradiction that the II; factor L(I") is
not prime. Then I' is an irreducible lattice in a product G = Gy x ... x GG, of n > 1 locally
compact groups, each admitting a non-elementary hyperbolic lattice A; < G}, and not all
admitting an open normal compact subgroup. Moreover, I' does not contain a non-trivial
element which commutes with an open subgroup of G. Denote A = A; x ... x A,,. Then
A < G is also a lattice, and hence I' and A are measure equivalent. Since non-elementary
hyperbolic groups belong to C. by [PV12], we deduce that T" satisfies the hypothesis of
Theorem II1.7.1.

To get a contradiction we will apply Theorem III.7.1. We begin by defining a
concrete stable orbit equivalence between certain actions of I' and A. Let m be a fixed
Haar measure of G, consider the left-right translation action I' x A ~ (G, m) given by
(g,h)-x=gxh™', and put R = R(I' x A ~G).

Let X = G/A and Y = I'\G, endowed with left and right translation actions of
G, and the unique G-invariant probability measures my and my. Let p: X - G and
q:Y — G be Borel maps such that p(x) € zA and q(y) €Ty, for all z e X,y e Y. Let £>1
such that £ m(q(Y)) > m(p(X)). Let {X,}1<j<x be a measurable partition of X such that
m(p(X;)) <m(q(Y)), for every 1 < j < /. Since R is ergodic, we can find {6}« ¢ [R]
such that 6;(p(X;)) c q(Y), for every 1 <j</{. Let o;: G - T, 3;: G - A be Borel maps
such that 6,(z) = a;(x)xB;(z), for almost every x € G.

We define v: X - Y x Z/{Z by letting

u(z) = (T0;(p(z)),7+{Z), if x € X;, for some 1< j <.
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We view X as a subset of Y x Z/{Z by identifying it with ¢(X). Fix z1,20 € X
and let 1 < jy,jo < ¢ such that 21 € Xj,, 29 € Xj,. Then x; € Iy iff p(z1) € I'p(z2)A iff
0, (p(z1)) €0, (p(z2))A iff T, (p(21)) € (T'0;,(p(x2)))A. Thus, if Z/lZ acts on itself by
addition, then

R(C ~X)=R(A X ZJ0Z ~Y x ZJ(Z)|x.

Since I' does not contain a non-trivial element which commutes with an open
subgroup of G, it is easy to see that the actions I' ~ (X, ux) and A ~ (Y, uy) are free.

We are therefore in the situation from II1.5.1, so we may assume the notation
introduced therein: A= L>(X),B = L*(Y) @ M,(C), M = L>(Y x Z[{Z) x (A x Z{Z) =
BxA. We denote by {uy}ger ¢ AxT and {vp }rea € M the canonical unitaries. Additionally,
we let Ag = X;es\;, Gg = 466G, and mg : G = G g denote the canonical projection, for every
subset S c{1,...,n}.

Since L(T") is not prime, Theorem II1.7.1 implies that we can find a decomposition
I' =Ty xI'y, with I'; and I'; icc, and a partition S1uS; = {1,...,n} such that AxI'; <5, BxAg,,
for all i € {1,2}. The rest of the proof relies on the following:

Claim. The subgroups m c Gg, and m c Gg, are compact.

Proof of the claim. By symmetry, it suffices to prove the first assertion. Assume by
contradiction that m is not compact. Then we can find a sequence g,, € I'y such that

s, (gn) = 00, as n — oo, in Gg,. We claim that

| EBansg, (tg,vi)|l2 = 0, for every k € Ag,. (IIL.7.1)

Since EBNASQ is B x Ag,-bimodular and M is generated by B x Ag, together
with the unitaries {v; | k¥ € Ag,} that normalize it, claim III.7.1 readily implies that
| Eaasg, (aug,b)[2 = 0, for every a,b e M, which contradicts that A xI'y <)y B x Ag,.

For 1 < j </, let e; € L>(X) denote the characteristic function of X;. Since
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Yi<j<e €j = 1x, claim II1.7.1 reduces to proving
| EBxas, (€4,tg,€5,0% ) [2 = 0, for every k € Ag, and 1 < jy,ja < L. (I11.7.2)

To prove II1.7.2, fix k € Ag, and 1 < j1,jo2 <. For g € I, the Fourier expansion of
€jug€j, iIn M = B x A is given by ej,ugej, = Ypeaszyiz Lwex; ngx;,lg-te=h-12yVn- 1f 2 € Xj 0
9Xj,, then o(z) = (Tg~'p(2)B;, (p(x)), j1+(Z) and «(g~'x) = (Tp(g~'2) B, (p(g7'2)), jo+{Z).

Thus, denoting
w(z) =85, (p(x)) ' p(x) " gp(g™'2) B (p(g7' 7)) € A,
and recalling that the action A ~ (Y, uy) is free, we get that

€5, Ug€jp = hz% Lizex;, ngX;, lw(a)=h} V(h,ji—ja+0Z)- (II1.7.3)

From this it follows that
| Eguns, (€5, uqe5,v0) |5 < mx ({x € X|w(x) € Ag,k}), for every g eT. (II1.7.4)

Now, let € > 0. Then we can find a compact set C' c Gg, such that we have
o pux({z e X|ms,(p(x)) ¢ C} <5, and

o ux({r e Xlms, (Bij(p(x)) ¢ C} < 5, for j e {j1,J2}

If x e X satisfies w(x) € Ag,k, then 7g, (w(x)) = k. By using the definition of w(zx),
the fact that the action of I' on X is measure preserving, and the last two inequalities one

obtains that

px({r e Xlw(x) e Ag,k}) <e+pux({ze X|ke(C) g (9)C?}). (IIL.7.5)
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By combining I11.7.4 and III.7.5 we derive that

| Ens, (ejuges,vi) |5 < € + px ({x € Xk € (C71)*ms,(9)C?}), for every g e T

Since g, (gn) = o0, we have that k ¢ (C~1)2mg, (g, )C?, for large enough n. Therefore,
the last inequality implies that limsup,, .. [Epxas, (€jug,€5v;)[3 < €. Since & > 0 is
arbitrary, this proves II1.7.2 and thus the claim. O

To finish the proof, let i € {1,2}. Since I'; is infinite and A x T'; <5, B x Ag,, we
get that Ag, is infinite, hence S; is nonempty. Thus, S; is a proper subset of {1,...,n}.
Therefore, since I' is an irreducible lattice in G, we derive that 7g, (I') < Gg, is dense. In
combination with the claim, this implies that K = m and Ky = m are normal
compact subgroups of Gg, and Gg,, respectively. Thus, K = K; x K3 is a normal compact
subgroup of G' = Gg, x Gg,.

Let p; : Gg, » Gg,|K;, for i € {1,2}, and p = (p1,p2) : G > G/K be the canonical
projections. If g; € I'y and gy € 'y, then pi(7ms,(g2)) = id and pa(7s,(g1)) = id. Thus,
we derive that p(g192) = (p1(7s, (9192)), p2(7s,(9192))) = (p1(7s,(91)), p2(7s,(g2))), which

implies that

p(T) = p1(7s,(T'1)) x p2(7s,(T2)). (I11.7.6)

If 7 € {1,2}, then 7g,(I") < G, is dense, hence p;(7g,(I")) = pi(7s,(I';)) is dense in
Gg,/K;. In combination with II1.7.6, we conclude that p(I') < G/K is dense. On the other
hand, since I < G is discrete and K < G is compact, we get that p(I') < G/K is discrete
hence closed. Altogether, we deduce that p(I') = G/K and thus K < G is an open normal
compact subgroup. This implies that 7, (K) < G; is an open normal compact subgroup,

for every 1< j <n, a contradiction. ]
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I1I1.7.4 Proof of Corollary G

Let £ > 1 be the largest integer for which there are a decomposition I' ="y x ... x I',
and a partition Ty u...uTy, = {1, ...,n} such that T} is non-empty and T'; is measure equivalent
to jeXTAj’ for all 1 <i < k. Theorem F implies that L(T;) is a prime II; factor, for all
1 <4< k. This proves the existence of a decomposition with the desired property.

In order to prove the uniqueness of the decomposition, we establish the following
fact: if I' = X1 x Xy, then there is a partition I; u Iy = {1,...,k} such that ¥; = ieth‘i and

Yo = Z}E>}2I’z~. To see this, for 1 <i <k, let m; : I' > I'; be the canonical projection. Then I';
is generated by the commuting subgroups m;(¥;) and m;(Xs). Since I'; has trivial center,
we have that m;(3;) nm;(32) = {e}, which implies that I'; = m;(3;) x m;(22). Since L(I;)
is prime, we deduce that either m;(3;) = {e} or m;(2X2) = {e}. Since this holds for every
1 <i <k, the fact follows.

Now, if I' = ¥ x ... x ¥; is another decomposition such that L(X;) is a prime I
factor, for every 1< j <[, then the fact implies that [ = k and that, after a permutation of
indices, we have ¥; =T';, for every 1 <i <k.

(1) Assume that M = Py®P;, for some II; factors P, and P,. By applying Theorem
F we find a decomposition I' = ¥; x X5, a decomposition M = Pf@P; / ' for some t >0, and a
unitary u € M, such that P! = uL(%;)u* and PQI/t = uL(35)u*. The above fact now clearly
implies the conclusion.

(2) & (3) Assume that M = P,®...®PF,,, where P, ..., P, are II; factors. Then by
induction, part (1) implies that m < k and there are a partition I; u---ul,, ={1,...,k}, a
decomposition M = P'®...®Py", for some t,...,t, >0 with ¢;...t,, = 1, and a unitary
u € M such that P;j = u(®;er, L(I';) )ur, for every 1< j <m.

If m >k, then we get that m = k. Since I; is nonempty, it follows that /; consists of
one element, for every 1< j <m. This implies part (2). If P; is prime, for every 1 <j <m,

then again it follows that I, consists of one element, for every 1 < j <m. This implies part
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(3). n
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Chapter 1V

W*-superrigidity for coinduced

actions

IV.1 Introduction and statement of the main results

IV.1.1 Introduction.

To every measure preserving action I' ~ (X, ) of a countable group I' on a standard
probability space (X, ), one associates the group measure space von Neumann algebra
Lo (X) =TI [MvN36]. If the action I' ~ X is free, ergodic and probability measure preserving
(pmp), then L>(X) = I is a II; factor which contains L*(X) as a Cartan subalgebra, i.e.
a maximal abelian von Neumann algebra whose normalizer generates L= (X ) xI". The
classification of group measure space II; factors L=°(X) x I" is a central problem in the
theory of von Neumann algebras.

If the groups are amenable, the classification up to W*-equivalency has been
completed in the 1970s. More precisely, the celebrated theorem of Connes [Co76] asserts

that all II; factors arising from free ergodic pmp actions of countable amenable groups are

119



isomorphic to the hyperfinite II; factor. In contrast, the non-amenable case is much more
challenging and it has led to a beautiful rigidity theory in the sense that one can deduce
conjugacy from W*-equivalence. A major breakthrough in the classification of II; factors
was made by Popa between 2001-2004 through the invention of deformation/rigidity theory
(see [Po07, ValOa, Io12a] for surveys). In particular, he obtained the following W*-rigidity
result: let I' ~ X be a free ergodic pmp action of an infinite conjugacy class (icc) countable
group I" which has an infinite normal subgroup with the relative property (T) and let
A ~Y =Y be a Bernoulli action of a countable group A. Popa proved that if the two
actions are W*-equivalent, then the actions are conjugate [Po03, Po04], i.e. there exist
a group isomoprhism d : I' - A and a measure space isomorphism 6 : X — Y such that
0(gz) =d(g)f(x) for all g € T" and almost everywhere (a.e.) x € X.

The most extreme form of rigidity for an action I' ~ (X, ) is Wr-superrigidity,
i.e. whenever A ~ (Y,v) is a free ergodic pmp action W*-equivalent to I' ~ (X, 1), then
the two actions are conjugate. A few years ago, Peterson was able to show the existence
of virtually W~-superrigid actions [Pe09]. Soon after, Popa and Vaes discovered the first
concrete families of W*-superrigid actions [PV09]. Ioana then proved in [Io10] a general
W+-superrigidity result for Bernoulli actions.

Theorem (Ioana, [Io10]). If I' is an icc property (T) group and (Xy, i) is a non-
trivial standard probability space, then the Bernoulli action T" ~ (X, uo)'' is W*-superrigid.

The main ingredient of his proof was the discovery of a beautiful dichotomy result
for abelian subalgebras of II; factors coming from Bernoulli actions.

Using a similar method, Ioana, Popa and Vaes were able to prove later that any
Bernoulli action of an icc non-amenable group which is a product of two infinite groups is
also W-superrigid [IPV10]. A few years ago Boutonnet extended these results to Gaussian
actions in [Bol2b|. Several other classes of W*-superrigid actions have been found in

[FV10, CP10, HPV10, ValOb, CS11, CSU11, PV11, PV12, CIK13, CK15, Dr15, GITD16].
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IV.1.2 Statement of the main results.

Our first theorem is a generalization of loana’s W*-superrigidity result [Io10, Theo-
rem A] to coinduced actions. Before stating the theorem, we explain first the terminology
that we use.

Recall that an inclusion I’y c T" of countable groups has the relative property (T) if
for every e > 0, there exist 6 >0 and a finite subset F' c I" such that if 7: ' > U(K) is a
unitary representation and £ € K is a unit vector satisfying |7(g)¢ - &| <6, for all g e F,
then there exists £, € K such that | - &l < € and w(h)&y = &, for all h € T'y. The group
" has the property (T) if the inclusion I" c I" has the relative property (T). To give some
examples, note that Z2 c Z? x SLy(Z) has the relative property (T) and SL,(Z), n > 3,
has the property (T) [Ka67, Ma82].

We say that a subgroup ¥ of a countable group I' is called n-almost malnormal if
for any g1, 92, ..., gn € I' such that g;'g; ¢ ¥ for all i # j, the group NI, ¢;Xg; ! if finite. The

subgroup X is called almost malnormal if it is n-almost malnormal for some n > 1. Finally,

see Definition II.1.1 for recalling the definition of coinduced actions.

Theorem H. Let I' be an icc group which admits an infinite normal subgroup I'y with
relative property (T) and let 3 be an amenable almost malnormal subgroup of T'. Let o be
a pmp action of ¥ on a non-trivial standard probability space (Xo, j10) and denote by o the

coinduced action of I' on X := Xg/z' Then T '~ X is W*-superrigid.

Example IV.1.1. In particular, Theorem H can be applied for I' = SL3(Z) and X = (A),
0 1 1
where A =|[-1 0 0] [PV06, Section 7]. See [PV06] for more concrete examples of

0 -1 0
amenable almost malnormal subgroups of PSL,(Z), n > 3. See also [RS10, Theorem 1.1},

a result which proves the existence of amenable almost malnormal subgroups of torsion-free

uniform lattices in connected semisimple real algebraic groups with no compact factors.
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We now generalize loana-Popa-Vaes’ result [IPV10, Theorem 10.1] to coinduced
actions. First, recall that two countable groups I' and A are called measure equivalent in
sense of Gromov if there exist two commuting free measure preserving actions of I' and A
on a standard measure space (£2,m), such that the actions of I" and A each admit a finite
measure fundamental domain [Gr91]. Natural examples of measure equivalent groups are

provided by pairs of lattices I'; A in an unimodular locally compact second countable group.

Theorem I. Let I" be an icc non-amenable group which is measure equivalent to a product

of two infinite groups. Let 3 be an amenable almost malnormal subgroup and let og be a

pmp action of X on a non-trivial standard probability space (Xo, po) and denote by o the
r/s

coinduced action of I' on X = X;'™.

Then T A X is W*-superrigid.

See Theorem IV.6.3 for a more general statement in which it is assumed instead
that ' is measure equivalent to a group Ay whose group von Neumann algebra L(Ag) is
not prime. Note that Theorems H and I provide a complementary class of W*-superrigid

coinduced actions from the one found in [Dr15, Corollary 1.4].

Example I'V.1.2. A more general statement of Theorem I can be appplied for ¥ c I' = A3

with A non-amenable and ¥ amenable (see Remark IV.6.4).

The following remark shows that if 3 is not almost malnormal, the action I' ~ X
is not necessary W*-superrigid. To put this in context, we recall first the notion of OE-
superrigidity and Singer’s result [Si55]. Two actions I' ~ X and A ~Y are orbit equivalent
(OE) if there exists a measure space isomorphism 6 : X — Y such that 0(I'xz) = Af(x), for
a.e. v € X. A pmp action I' ~ X is OFE-superrigid if whenever A ~Y is a free ergodic pmp
action which is OE to I' ~ X, then the two actions are conjugate.

Singer proved in [Si55] that two free ergodic pmp actions I' ~ X and A ~Y are OE

if and only if there exists an isomoprhism of the group measure space algebras L= (X ) xT'
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and L*(Y) x A which preserves the Cartan algebras L>°(X) and L*(Y’). In particular,

W+-superrigidity implies OE-superrigidity.

Remark IV.1.3. If ¥ is not almost malnormal, the action I' ~ X may fail to be W*-
superrigid. Indeed, suppose I' is an icc group which splits as a direct product I' = ¥ x A,
with ¥ amenable and A a non-amenable group. Connes and Jones have found in [CJ82] a
class of groups ¥ and a class of free ergodic pmp actions ¥ ~ X, for which the coinduced
action I' ~ X of o is not W*-superrigid. Precisely, they have proven that M := L>°(X) =T
is McDuff, i.e. M ~ M®R, where R is the hyperfinite II; factor. However, [Dr15, Corollary

1.3] implies that T' ~ X is OE-superrigid.

Note that Theorem I extends the class of groups whose Bernoulli actions are

W+-superrigid. Therefore we record the following result.

Corollary J. Let ' be an icc non-amenable group which is measure equivalent to a product
of two infinite groups. Let (Xo, po) be a non-trivial standard probability space. Then the

Bernoulli action T' ~ X} is W*-superrigid.

We recall the well known theorem due to Borel which asserts that every connected
non-compact semisimple Lie group contains a lattice (see [Bo63] and [Ra72, Theorem 14.1]).

Using this, we obtain an immediate consequence of Corollary J.

Corollary K. Let I' be an icc lattice in a product G = Gy x --- x G, of n > 2 connected
non-compact semisimple Lie groups and let (Xo, po) be a non-trivial standard probability

space. Then the Bernoulli action I' ~ X[ is W*-superrigid.

Note that a combination of Popa’s cocycle superrigidity theorem for product groups
[Po06a] and the results on uniqueness of Cartan subalgebras from [PV12] already proves

Corollary K, but only in the case when each factor Gy, ..., G, is of rank one.
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IV.1.3 Comments on the proof of Theorem I

For obtaining the proofs of Theorem H and Theorem I, we adapt the proofs used by
lIoana [I010] and loana-Popa-Vaes [IPV10] to the context of coinduced actions. We outline
briefly and informally the proof of Theorem I since it has as a consequence Corollary J.

To this end, let T" be an icc group and let ¥ be an almost malnormal subgroup.
Assume I is measure equivalent to a product Ag = A; x Ay of two countable groups. By
[Fu9g|, I' and Ay must have stably orbit equivalent actions. To simplify notation, assume
there exist free ergodic pmp actions of I' and Ay on a probability space (Yo, 1) whose orbits
are equal, almost everywhere. Thus, L*®(Yy) x T = L*(Yy) x Ay.

Suppose ¥ ~ X, is a pmp action on a non-trivial standard probability space and let
P AX:= XOF ® be the corresponding coinduced action. Our goal is to show that I' ~ X is

W+-superrigid. Assume that A ~Y is an arbitrary free ergodic pmp action such that
M:=L2(X)xT'=L*(Y)xA.

First, we reduce the problem to showing that the Cartan subalgebras L>(X)
and L*(Y') are unitarily conjugated. We do this by proving in Section IV.4 a cocycle
superrigidity theorem for I' ~ X. Combined with [Po05, Theorem 5.6], we obtain that
[' ~ X is OE-superrigid. Therefore, by a result of Singer [Si55] it is enough to show that
L*>(Y') is unitarily cojugate to L>(X) in M. We note that this is actually equivalent to
L>(Y) <pr L*°(X), by [Po06b, Theorem A.1]. See Section 1.2.4 for the definition of Popa’s
intertwining symbol 7 <”.

As is [To10], we make use of the decomposition M = L= (Y") x A via the comultiplica-
tion A : M — M®M defined by A(bvy) =bvy® A, for all be L>(Y) and X € A, introduced

in [PV09]. Here we denote by {vy}xea the canonical unitaries implementing the action of A
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on L=(Y'). The next step is to prove that there exists a unitary v € M®M such that
uA(L(T))u* ¢ L(T)®L(T). (IV.1.1)

This is obtained in two steps. A main technical contribution of our paper is to use the
rigidity of I' inherited from the product structure of Ay through measure equivalence. We
do this in Section IV.4 by introducing an ”amplified” version of the comultiplication map
A which is defined on the larger von Neumann algebra (L= (Yy)®L>® (X)) xI'. Combined
with the spectral gap rigidity theorem for coinduced actions (Theorem IV.3.1) proved in
Section IV.3, we obtain the conclusion (IV.1.1).

In Section IV.5, following loana’s idea [I010], we obtain a dichotomy theorem for
certain abelian algebras. The result is a straightforward adaptation of [IPV10, Theorem

5.1] to coinduced actions and has two consequences. First, we obtain
A(L=(X)) n(MeM) < L=(X)Q®L*(X).

Second, it implies a weaker version of Popa’s conjugacy criterion adapted to coinduced

actions. This will altogether prove Theorem I.

IV.2 Preliminaries

IV.2.1 Bimodules and weak containment.

Let M, N be tracial von Neumann algebras. An M-N-bimodule y;Hy is a Hilbert
space H equipped with two commuting normal unital *-homomorphisms M — B(H) and
Neop - B(H). An M — N-bimodule nHy is weakly contained in a M-N-bimodule /Ky

and we write 3y H Ck m/C if for any e > 0, finite subsets F'c M,G c¢ N and £ € H, there

wea.
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exist 1y, ...,n, € K such that

n

(z&y, &) - mey ni)| <€, forall zeFyed.

=1

Given two bimodules p,H y and yKp, one can define the Connes tensor product H® x K which
is an M-P bimodule (see [Co94, V.Appendix B)). If y/Hx < MICN, then yyHeox Lp c

mK ®n Lp, for any N-P bimodule L.

IV.2.2 Relative amenability

Let (M,7) be a tracial von Neumann algebra. Let p € M be a projection and
P c pMp,Q c M be von Neumann subalgebras. By [OP07, Section 2.2], P is amenable
relative to @ inside M if and only if p,L?(Mp)p is weakly contained in ,,L?({M,eq)p)p-

A von Neumann subalgebra P c pMp is strongly non-amenable relative to @) if for
all non-zero projections p; € P' n pMp, the von Neumann algebra p; P is non-amenable
relative to Q).

For B c M a von Neumann subalgebra, we have L2(M) ®p L2(M) = L*((M,eg))
as M-M-bimodules. Note that B is amenable if and only if yLo(M) ®p L2(M )y c
mL2(M)® L2(M)y

Recall that a countable group I' is amenable if and only if every unitary representation
of I' is weakly contained in the left regular representation ([BHVO08, Theorem G.3.2]). The

next lemma is the analogous statement for amenable von Neumann algebras. The result is

likely well-known, but for a lack of reference, we include a proof.

Lemma IV.2.1. Let A be a tracial von Neumann algebra. Then A is amenable if and

only if every A-A-bimodule K is weakly contained in the coarse bimodule L?(A) ® L?(A).

Proof. Suppose A is amenable and let K be an A-A-bimodule. Then the trivial

bimodule 4L%(A),4 is weakly contained in the coarse bimodule 4L2(A) ® L?(A)4. Since
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L2(A) ® 4 K identifies with IC as A-A bimodules, we obtain that

A’CA Ck ALQ(A) ® ]CA. (IV21)

Now, since any right module of A is contained in @y L?(A) as a right A-submodule,

we have that

(C’CA Ck(CL2(A)A- (IVQQ)

Thus, (IV.2.1) and (IV.2.2) implies that 4KC4 is weakly contained in the coarse
A-A-bimodule. The converse is clear by taking IC = L2(A), the trivial A-A-bimodule. =
We end this subsection by recording an immediate corollary of [DHI16, Lemma 2.6].

We provide a proof for the reader’s convenience.

Lemma IV.2.2. [DHI16, Lemma 2.6] Let P and Q) be two von Neumann subalgebras of a
tracial von Neumann algebra (M, 7). If P is non-amenable relative to Q, then there exists

a non-zero projection z € Nyy(P) n M such that Pz is strongly non-amenable relative to Q.

Proof. Using Zorn’s lemma and a maximality argument, we can find a projection
z € P'n M such that Pz is strongly non-amenable relative to @ and P(1 - z) is amenable
relative to ). Using [DHI16, Lemma 2.6] there exists z; € Ny (P) n M such that 1 -2 < 2
and Pz; is amenable relative to (). Therefore, P(z; — (1 - z)) is amenable relative to @,

which implies that 1 -z =2, € Ny (P) ' n M.
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IV.3 Intertwining of rigid algebras

IV.3.1 The free product deformation for coinduced actions

We recall now the free product deformation introduced by loana [Io06a] for general
Bernoulli actions defined in Section I1.2.2.

Coinduced actions for tracial von Neumann algebras are defined in Section I1.2.2.
Let T be a countable group and let ¥ be a subgroup. Let ¥ (Ap, 7o) be a trace preserving
action, where (Ag, ) is a tracial von Neumann algebra. Let T' ~ Ag/ > be the coinduced
action of 0.

Consider the free product Ay * L(Z) with respect to the natural traces. Extend
canonically oy to an action on Ay * L(Z). Denote by M = (Ay * L(Z))/® x, T' the
corresponding crossed product of the coinduced action I' A (Ag * L(Z))T/® of oy.

Take w € L(Z) the canonical generating Haar unitary. Let h = h* € L(Z) be such
that u = exp(ih) and set u; = exp(ith) for all ¢t € R. Define the deformation («;)r by

automorphisms of M by
ai(ug) =ug and ay(®peryman) = Operyss Ad(uy)(an),

for all g eI, t € R and ®perysan € (Ao * L(Z))'/* an elementary tensor.

IV.3.2 Spectral gap rigidity for coinduced actions

Theorem IV.3.1. Let I' be an icc countable group and let 22 be an almost malnormal
subgroup. Let ag be a pmp action of X on a non-trivial standard probability space (Xo, o).
Denote by M = L>°(X) =T the crossed-product von Neumann algebra of the coinduced action
I A (Xo, 1)'2 associated to ¥ = (Xo, ). Let N be an arbitrary tracial von Neumann
algebra and suppose Q c p(M&N )p is a von Neumann subalgebra such that Q' np(M&N )p

15 strongly non-amenable relative to 1@ N.
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Then,

sup [[(cw ® id)(b) — b2 converges to 0 ast— 0.
beld (Q)

Theorem IV.3.1 and its proof are similar with other results from the literature
[Po06a, Lemma 5.1], [[PV10, Corollary 4.3] and especially with [BV12, Theorem 3.1]
(where the generalized Bernoulli action might have non amenable stabilizers) and with
[KV15, Theorem 2.6] (which is another version of this result for coinduced actions).

Proof of Theorem IV.3.1.

Put M := M®N and M := M®&N. The proof of this theorem goes along the same
lines as the proof of [BV12, Theorem 3.1]. Therefore, instead of working with the bimodule
MmLE(M e M),,, we use the following M-M-submodule

Fcl/E with k<|F|<oo,neN and gel’
K :=8p (®icrai)uy ®n a; € Ao+ L(Z) for all i e F

a; € (Ag» L(Z)) © Ay for at least k elements i € F

Claim 1. The M-M-bimodule K is weakly contained in the bimodule L?(M) ®1gy
L2(M).
Proof of Claim 1. Let A c Ay e Cl be an orthonormal basis of L?(Agy) e C1

and denote by u the canonical Haar unitary of L(Z). Define the orthonormal set A c

L2(Ag » L(Z)) © L?(Ap) by
A= {u™aiu™ay .. u™ag_u™ k> 1,n; € Z~ {0}, a; € A for all 5}

This gives us the following orthogonal decomposition of L2(Ag * L(Z)) into Ag-Ag submod-
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ules:

LQ(A() * L(Z)) = LQ(A()) @ @ AgaAy. (IV31)
aeA

If we denote
C = {(®ierc;) ® 1|F finite , k <|F| < 00, ¢; € A, for all i € F},

then the decomposition (IV.3.1) implies that the bimodule I can be written as the linear
span K =5p . McM. To finish the proof of this claim, note that it is enough to consider
an element ¢ € C and prove that the M-M-bimodule sp McM is weakly contained in the
coarse bimodule L2(M) ® L2(M).

Let ¢ = (®erc;) ® 1 € C. We denote by T'g := {g € T'|gf = f, for all f € F}, the
stabilizer of F for the action I' ~I'/¥ and by I'; := {g € I'|¢g- F = F}, the normalizer of F
for the same action. Since ¥ is k-almost malnormal and I’y is a finite index subgroup of I'y,
we obtain that I'; is a finite group.

Denote P = AxT';. Since P is amenable, Lemma IV.2.1 implies that the P-P-bimodule
SpMcM is weakly contained in the coarse bimodule L?(P) ® L?(P). Thus, for each

e>0,F cI'y and F c A finite subsets, there exist 11,72, ...,1, € L?(P) ® L?(P) such that

n

[(auge(bup)*, c) — Z;(augm(buh)*,mﬂ <€, (IV.3.2)

1=

for all g,h € F and a,be F.

Using the canonical inclusion L2(P) c L2(M), we obtain that (au,mn;(bup)*,n;)=0,
for all (g,h) € (' xI')\(I'; xI'y) and a,b € A. Note that also (au,c(bup)*,c) = 0, for all
(g,h) e (' xT) N (I'y xT'y) and a,b € A. Using these observations together with (IV.3.2),
we obtain that the M-M-bimodule sp McM is weakly contained in the coarse bimodule
L2(M) ® L?(M). This finishes the proof of the claim. O
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Denote by Pg the orthogonal projection of L2(M) onto the closed subspace K.
Claim 2. supyq (gl Pc((a:®id)(b)) ]2 converges to 0 as t - 0.

Proof of Claim 2. Suppose the claim is false. Then there exist d > 0, a sequence
of positive numbers ¢, - 0, as n - oo, and a sequence of unitaries b, € U(Q) such that
| Pic((cw, ®1id) (b)) ||l2 > 6, for all n > 1.

Define &, = Pc((ay, ®1d)(b,)). For all z € Q' npMp, we have |[§,2 — x&,| - 0, as n - oo.
Note also that liminf,, .« [&,]2 > 9 and |2&, ]2 < |22, for all 2 € M. Then, [Hol5, Lemma
2.3] implies that there exists a projection ¢ € Z(Q' npMp) such that the M-(Q' npMp)q
bimodule L?(Mygq) is weakly contained in K. Claim 1 implies now that the M-(Q'npMp)q
bimodule L?(Mgq) is weakly contained in the bimodule L?(M) ®gy L?(M). This implies
that (Q'npMp)q is amenable relative to 1® N inside M, which contradicts the hypothesis.
This proves the claim. O

In order to finish the proof of the theorem we need a variant of Popa’s transver-
sality property. In the proof of [BV12, Theorem 3.1] it is proven the following fact for
generalized Bernoulli actions: if supyq g | P ((:®1d)(b))[2 converges to 0 as t - 0, then
SUDpey(q) | (o ® id) (D) — bfl2 converges to 0 as t - 0. With the same proof we obtain the
same result for coinduced actions. Claim 2 completes now the proof of the theorem. =

For () ¢ M a von Neumann subalgebra, we define QN ,,(Q) c M to be the set of
all elements x € M for which there exist xy,..., T, Y1, ...,y satisfying zQ c Y1, Qx; and
Qr c ¥, y;Q. The weak closure of QN (Q) is called the quasi-normalizer of Q) inside M
and note that it is a von Neumann subalgebra of M which contains both ) and Q' n M.

The proof of [IPV10, Theorem 4.2] carries over verbatim and gives us the following

result.

Theorem IV.3.2. Let I' be an icc countable group and let 3 be an almost malnormal
subgroup. Let og be a pmp action of X3 on a non-trivial standard probability space (Xo, o).

Denote by M = L>°(X) =T the crossed-product von Neumann algebra of the coinduced action
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I' A (Xo, )% associated to ¥ 7 (Xo, ). Let N be a II; factor and suppose Q ¢ p(M®N)p
is a von Neumann subalgebra. Denote by P the quasi-normalizer of Q in p(M®N)p.

If there exist 0 <t <1 and § >0 such that

7(b* (o ® 1d) (b)) > 6, for allbeU(Q),

then one of the following statements is true:
e J<1®N,
e P<(AxXY)®N,

e there exists a unitary u € M®N such that uPu* c L(I")®N.

IV.3.3 Controlling intertwiners and relative commutants

In the Appendix of his PhD thesis [Bol4], Boutonnet has presented a unified
approach to the notion of mixing for von Neumann algebras. As a consequence, we obtain
results which give us good control over intertwiners between certain subalgebras of von

Neumann algebras arising from coinduced actions.

Definition IV.3.3. Let Ac N c¢c M be an inclusion of finite von Neumann algebras. We
say that the inclusion N c M is mizing relative to A if for any sequence of unitaries

{zn} cU(N) with |Ea(yznz)|2 — 0 for all y,z € N, we have

|En(mix,ma)|a — 0 for all mq,mse M © N.

Proposition 1V.3.4. [Bol/, Appendiz A] Let Ac N c M be an inclusion of finite von
Neumann algebras such that N ¢ M s mizing relative to A. Let QQ c pMp be a subalgebra

such that Q £y A. Denote by P the quasi-normalizer of QQ in pMp.
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1. If Qc N, then Pc N.

2. If Q@ < N, then there exists a non-zero partial isometry v € pM such that vv* € P and
v*Pvc N.

3. If N is a factor and if Q <5, N, then there exists a unitary w € U(M) such that

uPu* c N.

Lemma IV.3.5. Let & be a subgroup of a countable group T. Let ¥ R Ay be a tracial
action on a non-trivial von Neumann algebra Ag and let T ~ A := AE/E be the coinduced
action of og. Let I' ~ C be another tracial action. Then C xI' c (C®A) xI' is mizing

relative to C x Y.

Proof. Denote M := (C®A) xI" and [ :=T'/¥. Let {z,} cU(C xT") be a sequence
of unitaries such that |Ecws(yz,2)|2 = 0, for all y,ze€ CxT'. Let a,be Mo (CxT"). We
have to show that |Ecwr(az,b)|2 = 0. Since Egy,r is C x I'-bimodular, we can assume
a,b e A. Moreover, we can suppose that there exist a finite subset J c I and jj € J such
that a,b = ®;csb; € AJ with bj, € Age C. If jo = g2 and J = {¢:1%,...,9,X} note that

Yo:={geTgjo e J} = Ul 9:8g;". Now, since ax,b =Y or aLo(znu))o,(b)uy, we have

| Ecr(azab)l3 = 3, Ir(aog(0) | Ec(znug) |5 < lal31b]5 3 | Eos (ug,znig, ) 13,
i=1

geXo

which goes to zero because of the assumption. This proves the lemma. [

Proposition 1V.3.4 together with Lemma IV.3.5 give the following result.

Corollary IV.3.6. Let X be a subgroup of a countable group I'. Let ¥~ Ay be a tracial
action on a non-trivial tracial von Neumann algebra Ay and let T ~ A := AE/E be the
coinduced action of oy. Let I' ~ C be another tracial action and let N be an arbitrary
factor. Define M := (C®A) xT". Suppose QQ c p(M®N)p is a von Neumann subalgebra
such that Q « (C x X)®N. Denote by P the quasi-normalizer of Q inside p(M&N)p.
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1. If Qcp((CxT)®N)p, then P cp((C xT')®N)p.

2. If Q < (C'xT")®N, then there exists a non-zero partial isometry v € p(M&N) such
that vv* € P and v*Pvc (C'xT)®N.

3. If Q <gy (CxI)®N, then there exists a unitary u e U(MBN) such that uPu* c
(CxT)®N.

The proof of the following proposition is similar to [Bol2a, Corollary 3.7] and we

leave it to the reader.

Proposition IV.3.7. Let I' ~C be a tracial action and denote My=C xT. Let X be an
almost malnormal subgroup of T'. Suppose Q) c pMyp is a von Neumann subalgebra such
that Q) < C'x ¥ and Q) « C. Denote by P the quasi-normalizer of Q) inside pMyp.

Then P < (C x X.

IV.4 Rigidity coming from measure equivalence

In this section we establish some results needed in the proof of Theorem I. Throughout

the section, we will work with coinduced actions satisfying the following:

Assumption IV.4.1. Let X be a subgroup of a countable icc group I'. Let oy be a pmp

action of ¥ on a non-trivial standard probability space (Xo, o) and denote by o the

coinduced action of I" on X := XOF /2 Suppose:

e ['is a non-amenable icc group which is measure equivalent to a group Ag for which

the group von Neumann algebra L(A) is not prime.
e X is almost malnormal.

Note that since ¥ is almost malnormal in I', we have that [I": ¥] = co. Before stating

the results of this section, we need to introduce some notation.
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Notation IV.4.2. The group von Neumann algebra L(Ag) is not prime, therefore there
exist von Neumann algebras R; and Rs, both not of type I, such that L(Ag) = R1®Rs.
Since L(Ap) is diffuse and non-amenable, there exists zg € Z(L(Ag)) such that Rz, and
Rsz are diffuse and L(Ag)z is non-amenable.

The group T is measure equivalent to Ag. By [Fu98, Lemma 3.2, ' and Ay admit
stably orbit equivalent free ergodic pmp actions. Thus, we may find a free ergodic pmp
action I' ~ (Zy,v) and ¢ > 1, such that the following holds: consider the product action
U x ZZ ~ (Zy x Z|Z,v x ¢), where Z[{Z acts on itself by addition and ¢ denotes the
counting measure on Z/¢Z. Then there exist a non-negligible measurable set Y, ¢ Zy x Z/{Z

and a free ergodic measure preserving action Ay ~ Y; such that

R(Ag ~ Yy) = R(D x ZJUZ ~ Zy x TJCZ) 0 (Yo x Yy).

We put Cy = L>(Yy), My = L>(Zy x ZJ{Z) x (I x Z|{Z), p = ly,, and note that
Co» Ao = pMop. We identify L (Z[(Z)»Z]lZ = M,(C), and use this identification to write
My =CxT, where C' = L*(Zy) ® M,(C) and I' acts trivially on M,(C).

Denote A = L*°(X) and let {u,}gr ¢ (C®A) x ' denote the canonical unitaries

implementing the diagonal action of I' on C'®A.

Remark IV.4.3. Throughout this section we will use many times the following easy
observation (see [Va08, Lemma 3.4]). Let P c pMp and @ c ¢M¢q be von Neumann

subalgebras of a tracial von Neumann algebra (M, 7). Then:
o if poPpg < @ for a non-zero projection py € P, then P < Q).
o if Pp’ <@ for a non-zero projection p’ € P’ npMp, then P < Q.

Lemma IV.4.4. Let w : I' > U(AQN) be a cocycle for the action o®id, where N is
Iy factor. Define the x-homomorphism d : C xI' » (AxT)@N®(C xI') by d(cu,) =
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Wylg ® cugy,g €1',ce C. Let QQ c pMop be a subalgebra and let Xy c I' be a subgroup. The
following hold:

1. IfQ«C | then d(Q) + 1@ N®(C «T).
2. If [I': Xg] = oo, then d(L(Ao)) ¥ (AxEo)@N®(C xT).

3. If Q is non-amenable, then d(Q) is non-amenable relative to 1 ® N&(C = I).
Proof. Denote M = (AxT)®@N®M, and N =1 N®M,.
(1) Let {uy}ns1 cU(Q) be a sequence of unitaries such that | Ec(unuy)|2 - 0, for all g € T
We claim that

| Erenenm, (xd(un)y) |2 = 0, for all x,y e M.

Since Ejr is N-bimodular, by Kaplansky’s density theorem we may assume = = au, ® 1 ® 1,

y=bup,®1®1 for some a,be A and g,h e'. Then for all n > 1, we have

zd(un)y = Y aoy(wi)ogr(b)uge, ® Ec(u,uj)uy.
kel’

Therefore, | Ex(xd(un)y) |2 < |al[b]| Ec(unuy-)-1)]2 = 0.

(2) Assume d(L(Ag)) < (A x X9)®N®M,. Since d(Cp) c 1 ® 1 ® Cy, we obtain
d(Cy x Ng) < (AxXo)®N®M,. Therefore d(L(I")) < (A x X)®N&®M,, which implies
L(T") < L(Xp). Indeed, suppose by contrary that L(I') ¥ L(3). Then there exists a
sequence uy, € U(L(T")) such that | Ep ) (zv,y)|2 = 0, for all z,y € L(I'). We would like

to prove that

| Eassoyonans, (2d(wa)y) 2 > 0, (IV.4.1)

for all x,y € (A xI')® N®M,. For proving (IV.4.1), it is enough to consider z =u, ® 1 ® 1

and y =u, ® 1 ® 1, with g, h € I'. In this case one can check that

| Eassoyenen, (2d(un)y) |2 = | Eriso) (ugtnun) |2,
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which goes to 0. Therefore (IV.4.1) is proven and we obtain that d(L(I")) « (AxXq)®N® My,
contradiction.

Thus L(I') < L(Xy), which implies that ¥, has finite index in I" by [DHI16, Lemma
2.5).

(3) Suppose by contrary that d(Q) is amenable relative to N'. Then there exists
a positive linear functional ¢ : d(p)(M,en)d(p) - C such that @japyrmap) = 7 and ¢ is

d(Q)-central. Define now ¢ : p(My, ec)p — C by

90(; miecn;) = ¢(; d(m;)end(n;)),

where N > 1, my,n; € My,i € {1,...,N}. Note that ¢ is a well defined positive lin-
ear functional. Indeed, suppose Zf\il mgecn; = 0, with m;,n; € My, for all 1 < i < N.
This implies Y, d(m;)7(n;) = 0. Since Ex(d(m)) = 7(m), for all m € M,, we obtain
YN d(m;)Ex(d(n;)) = 0, which implies YV, d(m;)ead(n;) = 0. Therefore, ¢ is a positive
linear functional which is @-central and @j,pr,, = 7. We obtain () is amenable, contradiction.
]

Denote by Uy, the class of Polish groups which arise as closed subgroups of the
unitary groups of II; factors [Po05]. In particular, all countable discrete groups and all

compact Polish groups belong to Uy;,.

Theorem IV.4.5. (Cocycle superrigidity.) Let I' ~ X be as in Assumption IV.4.1. Then
any cocycle w: T'x X — A valued in a group A € Uy, untwists, i.e. there exists a measurable
map ¢ : X = A and a group homomorphism d:T' - A such that w(g,z) = p(gz)d(g)p(x)!
forall gel’ and a.e. x € X.

This result was proven in [PS09] for Bernoulli actions using deformations obtained
from closable derivations. In our case, we will provide a direct proof for Theorem 1V.4.5

which uses only the free product deformation ay
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Proof. Define A := L>=(X) and let N be a II; factor such that A ¢ U(N). We
associate to w: I' x X - U(N) the cocycle w:I' > U(A®N), given by wy(z) = w(g, g 'z).
Define @ = {wyu,}}.r-

Claim. We have

sup |[(cy ®id)(b) - b[2 converges to 0 as ¢ — 0.
beld (Q)

Proof of the Claim. As in Lemma IV.4.4 we define the *-homomorphism d: C'xI" —
(AxT)®N®(C = T') by d(cuy) = wyu, ® cug,g € I',c € C. Denote M = (AxT')@N®M,.
Without loss of generality assume that R;zy is non-amenable. Lemma IV.4.4 implies that
d(Ryzp) is non-amenable relative to 1 ® N®(C xI'). By Lemma IV.2.2 there exists a
non-zero projection z € Nyc.o)md(z0)d(R120)" 0 d(29)Md(z) such that d(Ry)z is strongly

non-amenable relative to 1 ® N®(C = I'). Using Theorem IV.3.1 we obtain that

sup | (ay ®id®id)(b) - b2 converges to 0 as t — 0.
belt (d(R2)=)

and therefore by Theorem IV.3.2 we obtain that one of the following hold:
1. d(Ry)z<1®@ N®(C xT),
2. d(L(Ag))z< (AxX)®N@(C xT),
3. d(L(Ap))z< L(T)®N&(C xT).

Note that (1) and (2) are not possible by Lemma IV.4.4 since Ryz is diffuse and [I": 2] = co.
Therefore (3) is true.

Now, together with the remark that d(C) c 1® 1 ® C' we obtain that d(C xT') <
L(T)®N®(C xT'). One can check directly this fact or use [BV12, Lemma 2.3]. Proceeding

in the same way, we obtain actually d(C' xI') <5, L(I')® N®(C % I'). Lemma IV .4.4 implies
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that d(C' xT") ¢ L(X)®N®(C = T'), so by Corollary IV.3.6 we obtain

sup |(a; ®1d)(b) - b|2 converges to 0 as t — 0.
beld(Q)

|
Using a result which goes back to Popa [Po05], the claim implies that the cocycle w
untwists (see [Dr15, Theorem 2.15], the proof of [Drl5, Proposition 3.2] and [Dr15, Remark

3.3]). |

Theorem IV.4.6. Let I' ~ X be as in Assumption IV.4.1 and supppose that ¥ is amenable.
Let A ~ B be a tracial action on a non-trivial abelian von Neumann algebra B such that
AxT =BxA. Denote by A: Bx A — (BxA)®L(A) the comultiplication A(bvy) = bvy ® vy
for allbe B and X € A (we let {vy}rean € Bx A denote the canonical unitaries implementing
the action of A on B).

Then there ezists a unitary u e U((AxT)®(AxT)) such that

uA(L(T))u* c L(T xT).

Define M := (C®A) »I" and 6 : M - M&M®&M by 0(cau,) = cu, ® A(au,), for all
ceC,aeAand gel. In the following lemma we record some properties of the unital

+-homomorphism 6 which are similar to the ones of [[010, Lemma 10.2].
Lemma IV.4.7. Let Q c gMq. The following hold:

1. If Q is diffuse, then 0(Q) + M®1®M.

2. If Q £ B, then 0(Q) + M®M ® 1.

3. If Q has no amenable direct summand, then 6(Q) is strongly non-amenable relative

to MM ®1 and M1 M.
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We continue now with the proof of Theorem IV.4.6 and we will give the proof of
Lemma IV.4.7 at the end of this section.

Proof of Theorem IV.4.6. Without loss of generality we can assume that Rz, is
non-amenable. Take z € Z(R;z) such that R;z has no amenable direct summand.

Claim 1. We have supyqar(ry) [(id ® a;)(b) - bf|2 converges to 0 as ¢ — 0.

Proof of Claim 1. Note that ( Ryz) is strongly non-amenable relative to MeM ® 1

by Lemma IV.4.7. Therefore by Theorem IV.3.1, we obtain

sup  [(id®id ® ay)(b) — b|2 converges to 0 as t - 0. (IV.4.2)
beld (0(R2z))

Using Theorem 1V.3.2 we obtain that one of the following three conditions holds:
1. 0(Rez) < MM ® 1,
2. 0(L(Ap)z) < MAM&(AxY),
3. there exists a unitary u € M such that uf(L(Ag)z)u* c Me@M&L(T).

If (1) holds, Lemma IV.4.7 implies Ryz <)y B. By applying [Va08, Lemma 3.5],

we obtain B <)y zMzn (Ryz)’. Note that if Rsz <3y C' x 3, Proposition 1V.3.7 implies
that L(Ao) < C x X. Using [BV12, Lemma 2.3] we deduce that C'xI' < C'x ¥. This is a
contradiction since [I': X] = oo.
Therefore Ryz 43y C x 3 and Corollary IV.3.6 implies that zMz n (Ryz)’ ¢ C'x T, so
B <j; CxT'. On the other hand, since B ¢ AxT', we obtain B <4.r L(T"). Proposition IV.3.7
implies that B «a.r L(X). Finally, using Corollary IV.3.6 we obtain that A x ' <4.r L(T),
which is a contradiction.

Now, if (2) holds, we obtain O(L(Ag)) < M®M®(A x X). Together with (C') c
C®1®1, we obtain (My) < M®M®(A x ¥). Since X is amenable, it implies that 6(My)
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is not strongly non-amenable relative to MM ® 1. Now, M, is a factor, so Lemma 1V .4.7
gives that M, is amenable, which is a contradiction.

Thus, (3) holds. Since 0(Cy) c Cy ® 1 ® 1, we obtain

(M) < M&MBL(T)

With the same computation, we obtain 6(My) <3161 MOMSL(T).

Lemma IV.4.7 implies that 6(My) « M®M®L(X) since ¥ is amenable and M, is a
factor. By Corollary IV.3.6 we obtain that supyq,a(z(ry) [(id®a;)(b)-b[2 converges to 0 as ¢ —
0. O

Claim 2. We have supyqa(rry)) |(c: ®id)(b) = b]2 converges to 0 as ¢ — 0.

Proof of Claim 2. As in Claim 1, by applying Lemma IV.4.7, Theorem 1V.3.1 and

Theorem IV.3.2 we obtain that one of the following conditions hold:
1. 0(Ryz) < M®1®M,
2. O(L(Ng)z) < M&(AxX)eM,
3. there exists a unitary u € M such that uf(L(Ag)z)u* c MRL(I")®M.

Note that by Lemma IV.4.7, (1) is not possible since Ryz is diffuse. As before, (2)
is not possible, which implies (3) holds true and by reasoning as before we obtain the claim.
O

Notice that A(L(T")) is a factor since I' is icc. Using Claim 1 and 2 and by applying
twice Theorem IV.3.2 and [IPV10, Lemma 10.2] we obtain the conclusion. |

Proof of Lemma 1V.4.7. The proofs of (1) and (2) are similar to the proof of
Lemma IV.4.4.1 (see also the proof of [IPV10, Lemma 10.2]). For proving (3), denote
M= MM&(AxT) and ¢ : M -~ M®M, by ¢(cau,) = cu, ® au, for all ce C,a e A and

gel.
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Claim 1. We have MLQ(M) RMeMel L2(M)9(M) CkMLQ(M)®L2(A>4F)¢(M)L4.
(here we consider that ¢(M) c M®M acts to the right on L2(M)®L2(M)® L*>(M)® L?(M)

on the first and fourth positions.)

Proof of the Claim 1. Note that we have the identification
MLP(M) @ maner L (M)oary 2ay o L(MOME(AxT)®(A%T))o(ar)15.4
as M-M-bimodules. Therefore, it is enough to show that
mener L2 (MOM®(A x I'))ocan o meme1 L (M@M®(A x F))w(M)1,3~

Let B be an orthonormal basis for L?(B) and note that we have the following

orthogonal decomposition into (M &M )-M-bimodules:
L*(M®@M®(AxT)) = %%(M@M 1) (1®1®b)d(M)
First, notice that for a fixed b € B we have
Sp(MeM e 1)(1®1®b)0(M) sy, , L2 (M) ® L*(M) ®p L2 (A T)y ),
as (M®&M)-M-bimodules. Indeed, let mq,my, ms € M and let us prove that

((m1@me®1)(181®b)0(m3), 1910b) = ((m1@me®1)(1el®pl)y(ms),lelezl) (IV.4.3)

We may assume mg = cau, for some c € C,a € A and g e I'. Write aug = Yjcp bivy € B x A,

with b, € B for all [ € A. Therefore, the LHS of (IV.4.3) equals to

T((m1 ® ma ® b*b)0(m3)) = T(mycuy ® ((Ma ® b*b)A(auy))) = 7(mycuy)T(mabe).
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On the other hand, the RHS of (IV.4.3) equals to
7((m1 ® Eg(mz))(ms)) = T(mycuy ® Eg(ms)au,) = T7(mycug)T(mob.),

which proves (IV.4.3).

Now since B is amenable, we obtain that
(MQ—DM)MLQ(M) ® L*(M) ®p L*(A x F)MM)L3
is weakly contained in
(e, L* (M) ® L*(M) ® L*(A x F)w(M)l’g.

This finishes the proof of the claim. O
Claim 2. We have ML2(M) ® .[/2(]\4)#,(]\4)1’4 Ck ML2(M) ® Lz(M)M

Proof of the Claim 2. First, note that it is enough to prove

wL2(M) ® L2(M) ¢ wL2(M)® L2(M),.

Y(M) weak

Let C be an orthonormal basis for L2(C') and note that we have the following orthogonal

decomposition into M-M-bimodules:

L*(M)® L*(M) = G%@M(l ®c)d(M).

Note that SpM (1®c¢)d(M) =2 L2(M) ®c L?>(M) as M-M-bimodules. Indeed, let us take

mi = C1a1Ug, , Mg = C2G2,,, and note that

(ml(l ® C)¢(m2)> I® C) = (ClaluglcQUQQ ® Casllg,, 1 ® C) = 591,6592,67—(6102)7_(&1)T(a2)
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and

(miecma, ec) = T(Ec(c1a1ug, )eaaoty,) = dg, 0g, T(c162)T(a1)T(a2).

This implies that SpM (1® ¢) (M) = L2(M) ®¢ L?>(M) as M-M-bimodules. Since C' is
amenable, the claim is proven. 0
Now, assume that 6(Q) is not strongly non-amenable relative to M®M ® 1. Then

there exists a non-zero projection p € (Q)" N 6(q)M6(q) such that

ML (MD)yy c MmLA(M) ®mamer L2(M)oq)-

Using Claim 1 and 2, we obtain now that xL*(Mp)y ) c mL2(M) ® L2(Q)g-

Take z € @ such that 6(z) is the support projection of Ey)(p). Note that z
is a non-zero central projection in () and that # embeds the trivial (z-Qz-bimodule
into g(s) L*(0(Q2))gq.)- Therefore, o.L*(Qz)q- C 0(0)L*(M) ® L*(Qz)q.. Finally,
we obtain ¢,L2%(Qz)q- c 0:L*(Qz) ® L*(Qz)g., which means that )z is amenable,
contradiction.

In a similar way, one can prove that (@) is strongly non-amenable relative to

Me®l®M. This ends the proof. ]

IV.5 Intertwining of abelian subalgebras

Throughout this section we will use the following notation. Let I' be a countable
group. Let ¥ be an almost malnormal subgroup and let oy be a tracial action of ¥ on a
non-trivial abelian von Neumann algebra Ay. Denote by ¢ the coinduced action of I' on
A= Ag/z‘ Finally, denote M = AxT.

The next result is a localization theorem for coinduced actions which goes back

to[Io10, Theorem 6.1]. The form presented in this paper is very similar to [IPV10, Theorem
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5.1], but written with coinduced actions instead of generalized Bernoulli ones.

Theorem IV.5.1. Assume that D c M®M is an abelian von Neumann subalgebra which
is normalized by a group of unitaries (y(s))sea that belong to L(I')®L(T"). Denote by P

the quasi-normalizer of D inside M@M. We make the following assumptions:

I. D¢M®1land D «1® M,

2. P+ M®(AxY) and P+ (AxX)®M,

3. P+ M®L(T) and P + L(I')®&M,

4. vy(N)" « L(T)®L(X) and v(A)" « L(X)RL(T).

Define C := D'n (M®M). Then for every non-zero projection q € Z(C') we have
Cq< A®A.

The proof is identically with the one of [I[PV10, Theorem 5.1], since essentially the
same computations still hold once we replace generalized Bernoulli actions by coinduced
ones.

Next, we obtain a similar statement if one considers an abelian von Neumann algebra

in M and not in M®M.

Theorem IV.5.2. Assume that D c M is an abelian von Neumann subalgebra which
is normalized by a group of unitaries (v(s))sea that belong to L(I'). Denote by P the

quasi-normalizer of D inside M. We make the following assumptions:
1. D is diffuse,
2. P+ AxY,

3. P+ L(T),
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4 AN £ L(Z),
Define C := D'n M. Then for every non-zero projection q € Z(C') we have Cq < A.

As noticed in [Io10], we obtain as a corollary a weaker version of Popa’s conjugacy

criterion adapted in this case to coinduced actions.

Theorem IV.5.3. Suppose I' is icc and ¥ is amenable. Let A ~ B be another tracial
action of a countable group A on a non-trivial abelian von Neumann algebra B such that
M=AxT'=BxA and L(A) c L(T).

Then B < A.

Proof. The proof is a direct application of Theorem IV.5.2. Note that the quasi-
normalizer of the abelian algebra B is M. Now, notice that if M < A x ¥, by [DHI16,
Lemma 2.5.1] we obtain that [I": ] < co. This is not possible since 3 is almost malnormal

in I'. Also L(A) ¢ L(X) since X is amenable and therefore we obtain B < A. n

IV.6 Proof of the main results

In [TIo10], Toana has proven that any Bernoulli action of an arbitrary icc property (T)
group is W*-superrigid. The strategy of his proof was successfully applied also in [IPV10]
and [Bol2b].

IV.6.1 A general method for obtaining W*-superrigidity.

Using Ioana’s proof, we identify a couple of steps for proving that a certain free
ergodic pmp action I' ~ X is W*- superrigid (see also the introduction of [Bo12b]). Consider
an arbitrary free ergodic pmp action A ~Y such that M := AxT"' = BxA, where A = L>*(X)
and B = L*(Y"). Define the comultiplication A : M - M®L(A) by A(bvy) = bvy ® vy, for
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all be B, X € A, where we denote by vy, A € A, the canonical unitaries corresponding to the
action of A.

Step 1. One has to show that I' ~ X is OE superrigid. From now on, using Singer’s
result [Sib5], it is enough to assume that B is not unitarily conjugated to A in M, which is
equivalent to B 4y A [Po06b, Theorem A.1].

Step 2. One can also assume that there exists a non-zero projection sg € L(A)' n M
such that L(A)so ¢ L(T).

Step 3. One shows that there exists a unitary u e U(M®M ) such that

uA(L(T))u* c L(T xT).

Step 4. Next, one proves that the algebra C':= A(A)' n (M®M) satisfies

Cq <menm A®A for all g e Z(CO).

Step 5. Using the previous steps together with a generalization of [Po04, Theorem
5.2], one essentially obtains that there exist a unitary v € U(M®M), a group homomorphism
§:T' > I'xI" and a character w:I" - C such that vCv* = A®A and vA(uy)v* = w(g)us(y),
for all g € I (the precise statement is the Step 3 of the proof [IPV10, Theorem 10.1]).

Step 6. Using Step 5, one proves that for every sequence (x,), in M for which
the Fourier coefficient (w.r.t. the decomposition M = A xI") converges to 0 pointwise in
|- |2, then the Fourrier coefficient of A(x,,) (w.r.t. the decomposition M@M = (M®A) xT")
also converges to 0 pointwise in || - |2. This shows B < A and Step 1 implies that I' ~ X is

W+-superrigid.
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IV.6.2 Proof of Theorem H
We record first the following observation.

Remark IV.6.1. Since ¥ is almost malnormal in T', using [Dr15, Lemma 5.3], the action

I' ~ X is free (see also [[o06b, Lemma 2.1}).

Proof of Theorem H. Assume that A ~ (Y,v) is an arbitrary free ergodic pmp action
such that

M:=L*(X)xI'=L*(Y)xA.

We put A=L>(X),B=L*(Y). Define A: M - MM by A(bv,) = bvs ® v, for all be B
and s € A, where we denote by v,, s € A, the canonical unitaries corresponding to the action
of A.

Since the action I' ~ X is OE superrigid (using [Drl5, Theorem A] and [Po05,
Theorem 5.6]), Step 1 is completed. To prove Step (2), suppose L(A)g < L(T") for all
g€ L(A)' n M. Since ¥ is amenable, L(A) ¢ L(X), so by Corollary 1V.3.6, there exists a
unitary u € U(M) such that uL(A)u* c L(T"). Based on Step 1, Theorem IV.5.3 proves that
[' ~ X is W*-superrigid. This completes Step 2. Therefore, we take a non-zero projection
go € L(A)'n M such that L(A)gy ¢ L(I"). Step (3) is obtained by combining Theorem IV.3.2
and [IPV10, Lemma 10.2.5].

Proof of Step (4). Note that Theorem IV.5.1 proves this step by considering the
abelian subalgebra Dy := A(A)(1® qp). For showing this, denote Cy = D) n (M®qyMqy),
C =A(A)' n(M®M) and note that Cy = C(1® qp). Since L(A)qo « L(T'), [T0o10, Lemma
9.2.4] implies that A(M)(1® qo) ¥ M®L(T"). Using [IPV10, Lemma 10.2], we see that all
the conditions of Theorem IV.5.1 are satisfied. Therefore, we obtain that Cpqg < A® A, for
all g e Z(Cy) = Z(C)(1® qp). O

Proof of Step (5). For proving Step (3) of the proof of [[PV10, Theorem 10.1], one

only needs to show:
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e If H is a subgroup of I'xI" such that H acts non-ergodically on A®A, then A(L(T"))
(A®A) x H.

Suppose by contrary that A(L(T")) ¢« (A®A) x H. It is easy to prove that there exists
a finite set T' c ' such that H c (UprtX) xI' or H c T x (UgertY). This implies that
A(L(T)) < (AxX)®M or A(L(T")) < M®(AxX). By applying [IPV10, Lemma 10.2.5], we
obtain a contradiction. O

Step (6) works in general once the other steps are proven. This finishes the proof of

the theorem. n

IV.6.3 Proof of Theorem 1

In this subsection we will prove a more general statement of Theorem I.

Assumption IV.6.2. Let ¥ be a subgroup of a countable icc group I'. Let oy be a pmp
action of ¥ on a non-trivial standard probability space (Xo, o) and denote by o the

coinduced action of I" on X := XOF/Z. Suppose:

e [' is a non-amenable icc group which is measure equivalent to a group Ay for which

the group von Neumann algebra L(A) is not prime.
e Y is amenable and almost malnormal.

Theorem IV.6.3. Let I' ~ X be as in Assumption IV.6.2. Then I' ~ X is W*-superrigid.

Proof. The proof of this theorem goes along the same lines as the proof of Theorem
H. We point out only the differences. The action I' ~ X is OE superrigid using Theorem
IV.4.5 and [Po05, Theorem 5.6]. Step (3) follows by Theorem IV.4.6. All the other steps

follow as in the proof of Theorem H, which finishes the proof. ]

149



Remark IV.6.4. A careful handling of Thorem 1V.4.6 shows that Assumption IV.6.2 can
be improved by supposing the weaker assumption that L(Ag) contains a commuting pair of
diffuse subalgebras P, and P, such that P, is non-amenable and Ny (P1 Vv P2)” = L(Ag)
(see also Step 1 of the proof of [IPV10, Theorem 8.2]).

Corollary IV.6.5. Let I' be an icc non-amenable group which is measure equivalent to
a group No for which L(Ag) is not prime. Then the Bernoulli action T ~ (X, )b is

W -superrigid, where (X, ) is a non-trivial standard probability space.
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