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)DFWRU�DQDO\VHV�IRU�QRQ�QRUPDO�YDULDEOHVE\�ILWWLQJ�FKDUDFWHULVWLF�IXQFWLRQV
.HHV�YDQ�0RQWIRUW)UHH�8QLYHUVLW\�$PVWHUGDP'HSDUWPHQW�RI�(FRQRPHWULFV'H�%RHOHODDQ����������+9�$PVWHUGDP7KH�1HWKHUODQGVHPDLO��NYPRQWIRUW#IHZHE�YX�QO

DQG
-DQ�GH�/HHXZ8QLYHUVLW\�RI�&DOLIRUQLD�DW�/RV�$QJHOHV'HSDUWPHQW�RI�6WDWLVWLFV/RV�$QJHOHV86$(PDLO��GHOHHXZ#VWDW�XFOD�HGX

$EVWUDFW�
7KLV�SDSHU�GHDOV�ZLWK�D�IDFWRU�DQDO\VLV�PRGHO��8VXDOO\�RQH�DVVXPHV�WKDW� WKH�PRGHO�KDV�QRU�PDOO\� GLVWULEXWHG� YDULDEOHV�� ,I� WKHVH� YDULDEOHV� DUH� QRW� QRUPDOO\� GLVWULEXWHG�� WKH� ZHOO�NQRZQHVWLPDWRUV�XVLQJ�RQO\�YDULDQFHV�DQG�FRYDULDQFHV�RI�WKH�REVHUYHG�YDULDEOHV�PD\�OHDG�WR�ELDVHGHVWLPDWHV� RI� WKH� IDFWRU� ORDGLQJV�� 7KLV� SDSHU� XVHV� FKDUDFWHULVWLF� IXQFWLRQV� WR� GHULYH� DQ� DS�SUR[LPDWHO\� FRQVLVWHQW�%*/6�HVWLPDWRU�RI� WKH� IDFWRU� ORDGLQJV� LQ� D�PRGHO�ZLWK� ERWK� QRUPDODQG�QRQ�QRUPDO�YDULDEOHV�$Q�H[DPSOH�ZLWK�JHQHUDWHG�GDWD�DQG�DQ�HPSLULFDO�H[DPSOH�ZLOO�HYDOXDWH�WKH�HVWLPDWRU�� �)XU�WKHUPRUH��WKH�HVWLPDWRU�ZLOO�EH�FRPSDUHG�WR�ZHOO�NQRZQ�HVWLPDWRUV�XVLQJ�RQO\�VHFRQG�RUGHUPRPHQWV��FRQVLVWHQW�HVWLPDWRUV�XVLQJ� WKLUG�RUGHU�PRPHQWV�DQG� HVWLPDWRUV�XVLQJ� WUDQVIRUPD�WLRQV�WR�JHW�QRUPDO�YDULDEOHV�,W�WXUQV�RXW�WKDW�RXU�PHWKRG�JLYHV�JRRG�HVWLPDWHV�RI�WKH�XQNQRZQ�PRGHO�SDUDPHWHUV�IRU�VDP�SOH� VL]HV� ODUJHU� WKDQ� ����2XU� HVWLPDWLRQ�PHWKRG� DOVR� DYRLGV� WKH� GLVDGYDQWDJH� RI� WKH� DERYHPHQWLRQHG�HVWLPDWLRQ�PHWKRGV�
.H\�ZRUGV� IDFWRU�DQDO\VLV��QRQ�QRUPDO�YDULDEOHV��FKDUDFWHULVWLF�IXQFWLRQV��%*/6�HVWLPDWHV-(/� &����&����&��

mailto:deleeuw@stat.ucla.edu
mailto:kvmontfort@feweb.vu.nl


�

,QWURGXFWLRQ
:H�FRQVLGHU�WKH�IDFWRU�DQDO\VLV�PRGHO
\  �$I���0 ���
LQ�ZKLFK�\ �WKH�REVHUYHG�YDULDEOHV���I �WKH�IDFWRUV��DQG�0 �WKH�UHVLGXDOV��DUH�YHFWRUV�RI�FHQWHUHGUDQGRP�YDULDEOHV�DQG�$�LV�D�PDWUL[�RI�FRQVWDQWV��WKH�IDFWRU� ORDGLQJV��ZKLFK�KDYH�WR�EH�HVWL�PDWHG��\� ��\� ��«���\Q�7 DQG�0  ��0� ��«���0Q�7�DUH��Q�[����FROXPQ�YHFWRUV�I� ��I� ��«���IS�7 LV�D��S�[����FROXPQ�YHFWRU�DQG�$�LV�D��Q�[�S��PDWUL[��7KH�UHVLGXDOV�0���«��0QDUH�LQGHSHQGHQW�RI�HDFK�RWKHU��DQG�LQGHSHQGHQW�RI�WKH�IDFWRUV�I� ��«���IS�8VXDOO\�LQ�IDFWRU�DQDO\VLV�PRGHOV�RQH�DVVXPHV�WKDW� \��I DQG�0 DUH�PXOWLYDULDWH�QRUPDOO\�GLV�WULEXWHG� DQG� KDYH� H[SHFWDWLRQ� ]HUR�� ,Q� WKDW� FDVH�ZH� KDYH� IRU� WKH� ILUVW� DQG� WKH� VHFRQG� RUGHUPRPHQWV�RI�WKH�PRGHO�YDULDEOHV
(�\  ������(�I  ������(�0  �� ��D�
&� �$�:�$7���8��������������������������������������������������������������������������������� ��E�
LQ�ZKLFK�&��:�DQG�8�DUH�WKH�FRYDULDQFH�PDWULFHV�RI�\ ��I DQG�0��,I�WKH�IDFWRUV�DUH�LQGHSHQGHQWRI�HDFK�RWKHU��WKHQ�WKH�PDWUL[�:�LV�HTXDO�WR�WKH�XQLW\�PDWUL[� ,S��7KH�PDWUL[�8�LV�GLDJRQDO�DQGXQLTXHO\� GHWHUPLQHG� E\� ��E�� �VHH�$QGHUVRQ� DQG� 5XELQ� ��������� 8QOHVV� UHVWULFWLRQV� DUH� LP�SRVHG�RQ�WKH�SDUDPHWHUV�LQ�$�DQG�:��LI�WKHUH�LV�RQH�VHW�RI�SDUDPHWHUV�WKDW�VDWLVILHV�HTXDWLRQ��E��� WKHUH� ZLOO� EH� DQ� LQILQLWH� QXPEHU� RI� VXFK� VHWV� �VHH� /HZLV�%HFN� �������� DQG� .ULMQHQ�'LMNVWUD�DQG�*LOO����������6R��WKH�PDWULFHV�$�DQG�:�DUH�QRW�LGHQWLILDEOH�
8VXDOO\� WKH�PDWUL[�$�ZLOO� EH� HVWLPDWHG� E\� ILWWLQJ� WKH� VHFRQG� RUGHU�PRPHQWV� RI� H[SUHVVLRQ��E���'RLQJ� WKLV��RQH� LPSOLFLWO\� DVVXPHV� WKDW� \ LV� QRUPDOO\�GLVWULEXWHG�� ,I� \ LV� QRW� QRUPDOO\GLVWULEXWHG� WKH� VROXWLRQ� VSDFH� IRU� $� LV� VPDOOHU� DQG� WKH� HVWLPDWHV� PD\� EH� ELDVHG�� )RU� QRQ�QRUPDO�GDWD��0RRLMDDUW��������HYHQ�VKRZV�WKDW�XQGHU�VRPH�DGGLWLRQDO�FRQGLWLRQV�WKH�VROXWLRQVSDFH�IRU�WKH�PDWUL[�$�VKULQNV�WR�D�VLQJOH�SRLQW�)RU�HVWLPDWLQJ�$�LQ�WKH�FRUUHFW�VROXWLRQ�VSDFH��DPRQJ�RWKHUV��ZH�FDQ�XVH�$V\PSWRWLF�'LVWU L�EXWLRQ�)UHH��$')��PHWKRGV��ZKLFK�ILW�KLJKHU�RUGHU�PRPHQWV�RU�XVH�KLJKHU�RUGHU�PRPHQWV�LQWKH�ZHLJKW�PDWUL[��VHH�%HQWOHU���������%URZQH���������0RRLMDDUW���������DQG�<XDQ��0DUVKDOO
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DQG�%HQWOHU� ���������7KH� GLVDGYDQWDJH� RI� WKLV� DSSURDFK� LV� WKH� QHHG� RI� D� YHU\� ODUJH� VDPSOHVL]H��)XUWKHUPRUH��WKH�QHFHVVDU\�FRQGLWLRQV�DUH�QRW�DOZD\V�IXOILOOHG�:H� DOVR� FDQ� WUDQVIRUP� QRQ�QRUPDOO\� GLVWULEXWHG� YDULDEOHV� WR� QRUPDOO\� GLVWULEXWHG� YDULDEOHV�VHH�0XWKHQ����������7KLV�DSSURDFK�JLYHV� IDFWRU� ORDGLQJV� IRU� WKH� WUDQVIRUPHG�QRUPDOO\�GLV�WULEXWHG�YDULDEOHV� LQVWHDG�RI� IDFWRU� ORDGLQJV� IRU� WKH�REVHUYHG�QRQ�QRUPDOO\� GLVWULEXWHG� YDU L�DEOHV��ZKLFK�PD\�UHQGHU�WKH�LQWHUSUHWDWLRQ�RI�WKH�IDFWRU�ORDGLQJV�D�YHU\�GLIILFXOW�WDVN��0RUHR�YHU��LW�LV�QRW�DOZD\V�SRVVLEOH�WR�WUDQVIRUP�DQ�DUELWUDU\�GLVWULEXWLRQ�IXQFWLRQ�WR�D�QRUPDO�GLVWU L�EXWLRQ�IXQFWLRQ�,FKLNDZD�DQG�.RQLVKL��������LQYHVWLJDWHG�WKH�SHUIRUPDQFH�RI�WKH�ERRWVWUDS�PHWKRG�LQ� QRUPDOPD[LPXP�OLNHOLKRRG�IDFWRU�DQDO\VLV�ZKHQ�WKH�QRUPDO�GLVWULEXWLRQ�DVVXPSWLRQ�LV�QRW�VDWLVILHG�6WDWLVWLFDO� LQIHUHQFH�EDVHG�RQ�UHVDPSOLQJ�FDQ�VWLOO�EH�YDOLG�IRU�QRQQRUPDO�GDWD��+RZHYHU��DVFRQFOXGHG�E\� WKH� DXWKRUV��EHFDXVH�RI� LOO� FRQGLWLRQV� DQG� LPSURSHU� VROXWLRQV�� ERRWVWUDS� LQIH U�HQFH�VKRXOG�EH�XVHG�ZLWK�FDXWLRQ�
,Q�IDFW��WKH�DSSURDFKHV�RI�WKH�DERYH�WZR�SDUDJUDSKV�GR�QRW�GHFUHDVH�WKH�VROXWLRQ�VSDFH�IRU�WKHIDFWRU�ORDGLQJ�PDWUL[�$�DQG�VWLOO�DOORZ�ELDVHG�HVWLPDWRUV��$QRWKHU�SRVVLELOLW\�WR�GHDO�ZLWK�WKHHVWLPDWLRQ�RI�QRQQRUPDO�IDFWRU�DQDO\VLV�LV�WKH�ILWWLQJ�RI�WKH�GLVWULEXWLRQ�IXQFWLRQV�RU�WKH�FKD U�DFWHULVWLF�IXQFWLRQV��&KDUDFWHULVWLF�IXQFWLRQV�DUH�PRUH�DSSURSULDWH� WKDQ�GLVWULEXWLRQ�IXQFWLRQVEHFDXVH�WKH\�FDQ�EH�HVWLPDWHG�E\�VPDOOHU�VDPSOH�VL]HV��VHH�IRU�LQVWDQFH��'H�/HHXZ�DQG�9DQ5LMFNHYRUVHO� �������� )XUWKHUPRUH� HYHU\� UDQGRP� YDULDEOH� KDV� D� FRUUHVSRQGLQJ� FKDUDFWHULVWLFIXQFWLRQ��HYHQ�LI�WKH�KLJKHU�RUGHU�PRPHQWV�GR�QRW�H[LVW��)RU�LQVWDQFH��WKH�&DXFK\�GLVWULEXWLRQKDV�QR�ILUVW��VHFRQG�DQG�KLJKHU�RUGHU�PRPHQWV��ZKLOH�WKH�FKDUDFWHULVWLF�IXQFWLRQ�H[LVWV�7KH� FKDUDFWHULVWLF� IXQFWLRQ� RI� D� YDULDEOH� LV� D� WUDQVIRUPDWLRQ� RI� WKH� FRUUHVSRQGLQJ� GHQVLW\IXQFWLRQ��$�FKDUDFWHULVWLF�IXQFWLRQ�XQLTXHO\�GHWHUPLQHV�WKH�GLVWULEXWLRQ�RI�D�UDQGRP�YDULDEOH�,I�ZH�XVH�RQO\�PHDQV�DQG�FRYDULDQFHV�RI�YDULDEOHV�ZH�RQO\�GHDO�ZLWK�D�OLPLWHG�DPRXQW�RI�L Q�IRUPDWLRQ� DERXW� WKH� FKDUDFWHULVWLF� IXQFWLRQV� DURXQG� WKH� SRLQW� W�  � ���7KH�PHDQ� RI� D� UDQGRPYDULDEOH�LV�WKH�ILUVW�RUGHU�GHULYDWLYH�RI�WKH�FRUUHVSRQGLQJ�FKDUDFWHULVWLF�IXQFWLRQ�LQ�WKH�SRLQW�W ����PXOWLSOLHG�E\�L��7KH�VHFRQG�RUGHU�PRPHQW�RI�D�UDQGRP�YDULDEOH�LV�WKH�VHFRQG�RUGHU�GH�ULYDWLYH�RI�WKH�FKDUDFWHULVWLF�IXQFWLRQ�LQ�WKH�SRLQW�W� ����PXOWLSOLHG�E\����
,Q�WKLV�SDSHU�ZH�ZLOO�GHDO�ZLWK�WKH�HVWLPDWLRQ�RI�D�IDFWRU�DQDO\VLV�PRGHO�IRU�REVHUYHG�YDULDEOHVZKLFK�FDQ�EH�HLWKHU�QRUPDO�RU�QRQ�QRUPDO�GLVWULEXWHG��7KHUHIRUH�ZH�XVH�FKDUDFWHULVWLF�IXQF�WLRQV�� ,Q� VHFWLRQ�RQH�ZH�GLVFXVV� WKH�GHULYDWLRQ�RI� DQ� DSSUR[LPDWHO\�%HVW�*HQHUDOL]HG�/HDVW6TXDUHV��%*/6��HVWLPDWRU��)XUWKHUPRUH�LQ�VHFWLRQ���ZH�GHDO�ZLWK�WKH�DSSUR[LPDWLRQ�RI�FKDU�
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DFWHULVWLF�IXQFWLRQV�E\�%�VSOLQHV��ZKLFK�ZH�QHHG�IRU�RXU�HVWLPDWLRQ�PHWKRG��,Q�VHFWLRQ���ZHGLVFXVV�VRPH�DV\PSWRWLF�SURSHUWLHV�RI�RXU�HVWLPDWRU��)LQDOO\�LQ�VHFWLRQV���DQG���ZH�GLVFXVV�DQH[DPSOH�ZLWK�JHQHUDWHG�GDWD� DQG� DQ� HPSLULFDO� H[DPSOH��2XU� HVWLPDWRU�ZLOO� EH� FRPSDUHG� WRRWKHU�ZHOO�NQRZQ�HVWLPDWLRQ�PHWKRGV�
���(VWLPDWLRQ�DOJRULWKP
,Q�WKLV�VHFWLRQ�ZH�GHULYH�HVWLPDWRUV�RI�WKH�IDFWRU�ORDGLQJ�PDWUL[�ZLWK�WKH�KHOS�RI�WKH�UHODWLRQVIRU�WKH�ILUVW�DQG�VHFRQG�RUGHU�PRPHQWV��DQG�DGGLWLRQDO�FKDUDFWHULVWLF�IXQFWLRQ�UHODWLRQV��5HOD�WLRQ�����LV�YDOLG�IRU�HYHU\�GLVWULEXWLRQ�RI�WKH�REVHUYHG�YDULDEOHV��7KH�IROORZLQJ�DGGLWLRQDO�UH�ODWLRQ�EHWZHHQ� WKH� ORJDULWKPV�RI� WKH�FKDUDFWHULVWLF� IXQFWLRQV�RI� WKH� UDQGRP�PRGHO�YDULDEOHVDOVR�KROGV�
OQ�F�W� �«��WQ�� ��OQ�J �¦ Q�L $L��WL �««��¦ Q�L $LS WL ����� ¦ Q�L OQ�KL���WL���������������������������������������
ZKHUH�F�W� �«��WQ���LV�WKH�FKDUDFWHULVWLF�IXQFWLRQ�RI�YHFWRU�\ LQ�WKH�SRLQW��W� �«��WQ���J�W��«��WS�WKH�FKDUDFWHULVWLF�IXQFWLRQ�RI�YHFWRU� I LQ� WKH�SRLQW� �W��«�WS���DQG�KL�W�� WKH�FKDUDFWHULVWLF� IXQF�WLRQV�RI�0L LQ�WKH�SRLQW�W��,I�WKH�IDFWRU�ORDGLQJ�PDWUL[�$�LV�LGHQWLILHG�E\�WKH�IDFWRU�PRGHO�����WKDQ�WKLV�PDWUL[�LV�DOVR�LGHQWLILHG�E\�UHODWLRQ�����
,Q�RUWKRJRQDO�IDFWRU�DQDO\VLV��ZKHUH�WKH�IDFWRUV�DUH�LQGHSHQGHQW�RI�HDFK�RWKHU��WKH�H[SUHVVLRQIRU�WKH�ORJDULWKP�RI�WKH�FKDUDFWHULVWLF�IXQFWLRQ�RI�YHFWRU�I UHGXFHV�WR�WKH�VXP�RI�WKH�ORJDULWKPVRI�WKH�FKDUDFWHULVWLF�IXQFWLRQV�RI�WKH�VHSDUDWH�IDFWRUV�I� XS�WR�IS�

OQ�J �¦ Q�L $L��WL �««��¦ Q�L $LS WL ��� � ¦ S�M OQ�JM �¦ Q�L $LM WL �
7R�REWDLQ��VLPSOHU�H[SUHVVLRQV�ZH�ZLOO�ZRUN�ZLWK�WKH�DERYH�GHFRPSRVLWLRQ�RI�WKH�ORJDULWKPRI� WKH�FKDUDFWHULVWLF� IXQFWLRQ�RI� I�� 1HYHUWKHOHVV�� WKH� UHVXOWV� FDQ�EH� JHQHUDOLVHG� WR� WKH�PRUHJHQHUDO�FDVH�LQ�ZKLFK�WKH�IDFWRUV�DUH�QRW�QHFHVVDULO\�LQGHSHQGHQW�
:LWK�WKH�KHOS�RI�UHODWLRQ�����ZH�FDQ�GHILQH�WKH�IROORZLQJ�%HVW�*HQHUDO�/HDVW�6TXDUHV��%*/6�IXQFWLRQ�<<��ZKLFK�ILWV�WKH�FKDUDFWHULVWLF�IXQFWLRQ�RI�WKH�YHFWRU�\�
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��ZLWK�= D�FROXPQ�YHFWRU��=L HTXDO�WR�WKH�ORJDULWKP�RI�WKH�HPSLULFDO�FKDUDFWHULVWLF�IXQFWLRQ�FRUUHVSRQGLQJ�WR�WKHOHIW�KDQG�VLGH�RI�����PLQXV�WKH�ULJKW�KDQG�VLGH�RI������IRU�DQ�DUELWUDU\�IL[HG�YDOXH�RI�WL  �W��L� �«��WQ�L� �DQG�9 WKH�DV\PSWRWLF�GLVSHUVLRQ�PDWUL[�RI�WKH�YHFWRU�=�7KH�DERYH� IXQFWLRQ� ���� FRQWDLQV� WKH�XQNQRZQ� IDFWRU� ORDGLQJV�DQG� WKH� ORJDULWKPV�RI� WKH�XQ�NQRZQ�FKDUDFWHULVWLF�IXQFWLRQV�RI�WKH�FRPPRQ�IDFWRUV�DQG�UHVLGXDOV��7KH�IRUP�RI�WKHVH�FKD U�DFWHULVWLF�IXQFWLRQV�LV�UHVWULFWHG�E\�WKH�ILUVW�DQG�VHFRQG�RUGHU�PRPHQW�HTXDWLRQV�LQ�����
:H�ZLOO�DSSUR[LPDWH�WKH�ORJDULWKPV�RI�WKH�FKDUDFWHULVWLF�IXQFWLRQV�RI�WKH�FRPPRQ�IDFWRUV�DQGWKH� UHVLGXDOV� � LQ� H[SUHVVLRQ� ���� E\�%�VSOLQHV�� 6SOLQH� IXQFWLRQV� KDYH� IRXQG� JUHDW� XVH� DV� DS�SUR[LPDWLQJ�IXQFWLRQV��2UGLQDU\�SRO\QRPLDOV�DUH�LQDGHTXDWH�LQ�PDQ\�VLWXDWLRQV��:ROG�������PHQWLRQHG�WKDW�LQ�PDQ\�VLWXDWLRQV�WKH�EHKDYLRXU�RI�D�IXQFWLRQ�LQ�RQH�UHJLRQ�PLJKW�EH�WRWDOO\XQFRUUHODWHG� WR� WKH�EHKDYLRXU� LQ� DQRWKHU� UHJLRQ��3RO\QRPLDOV� DORQJ�ZLWK�PRVW� RWKHU�PDWKH�PDWLFDO� IXQFWLRQV�KDYH� WKH�SURSHUW\�� WKDW� WKHLU� EHKDYLRXU� LQ� D� VPDOO� UHJLRQ� GHWHUPLQHV� WKHLUEHKDYLRXU�HYHU\ZKHUH��6SOLQHV�GR�QRW�VXIIHU�IURP�WKLV�KDQGLFDS�VLQFH�WKH\�DUH�GHILQHG�SLHFH�ZLVH��)XUWKHUPRUH�'H�/HHXZ�DQG�9DQ�5LMFNHYRUVHO��������QRWH�WKDW�WKH�XVH�RI�%�VSOLQHV�WDNHVDZD\� WKH� GLVDGYDQWDJH� RI� WKH� FUXGHQHVV� RU� GLVFRQWLQXLW\� RI� WKH� VWHS� IXQFWLRQV� DW� WKH� EUHDN�SRLQWV��ZKLOH�PDLQWDLQLQJ�WKH�DGYDQWDJH�RI�QRW�DSSUR[LPDWLQJ�VWULFWO\�OLQHDU�IXQFWLRQV�RQO\�
7KH� ORJDULWKPV� RI� WKH� FKDUDFWHULVWLF� IXQFWLRQV� RI� WKH� IDFWRUV� DQG� WKH� UHVLGXDOV� DUH�PXOWLSOH�YDOXHG�IXQFWLRQV��7KH�VLQJOH�YDOXHG�LQWHUSUHWDWLRQ�RI�WKHP�LV�WUXH�IRU�WKH�UHDO�SDUW�EXW�IRU�WKHLPDJLQDU\�SDUW�ZH�KDYH�HTXDOLW\�PRGXOR��S��7KXV�IRU�LQVWDQFH�ZH�KDYH,P�OQ�JL�W�� �,P�OQ�JL�W�����S.�ZLWK�.�DQ�DUELWUDU\�LQWHJHU��7KLV�LV�D�ELW�LQFRQYHQLHQW�WR�ZRUNZLWK�QXPHULFDOO\��7KHUHIRUH�ZH�RQO\�ZRUN�ZLWK�WKH�UHDO�SDUWV�RI�WKH�ORJDULWKPV�RI�WKH�FKDUDF�WHULVWLF�IXQFWLRQV�RI�WKH�IDFWRUV�DQG�WKH�UHVLGXDOV��)RU�LQVWDQFH�
5H�>�OQ�JL�W��@�� ��OQ�^���5H�JL�W����������,P�JL�W������`���� ��L� ���«�S��
)XUWKHUPRUH�ZH� �PHQWLRQ� WKDW� IRU� DOO�ZHOO�NQRZQ�GLVWULEXWLRQ� IXQFWLRQV� WKH� UHDO� SDUW� RI� WKHORJDULWKP�RI� WKH� FRUUHVSRQGLQJ� FKDUDFWHULVWLF� IXQFWLRQV� LV� V\PPHWULF� DURXQG� WKH� SRLQW� ]HUR�
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VWULFWO\�LQFUHDVLQJ�IRU��W�����DQG��VWULFWO\�GHFUHDVLQJ�IRU�W�!����7KLV�SDSHU�RQO\�GHDOV�ZLWK�WKHSDUW�W�!���RI�5H�>�OQ�JL����@���L� ���«S���ZKLFK�KDV�D�VLPSOH�PRQRWRQH�GHFUHDVLQJ�IRUP�
,Q�WKLV�SDSHU�ZH�ZLOO�REWDLQ�%*/6�HVWLPDWHV�RI�WKH�HOHPHQWV�RI�WKH�IDFWRU�ORDGLQJ�PDWUL[�$�E\PLQLPL]LQJ� WKH�%*/6�IXQFWLRQ� ���� XQGHU� WKH� UHVWULFWLRQV� RI� UHODWLRQ� ���� :H�ZLOO�PLQLPL]HIXQFWLRQ� ���� E\�PLQLPL]LQJ� LW� RYHU� WKH� XQNQRZQ� VSOLQH� SDUDPHWHUV� DQG� WKH� XQNQRZQ� IDFWRUORDGLQJV�DOWHUQDWLQJO\��$W�RQH�WLPH�ZH�IL[�WKH�VHW�RI�WKH�VSOLQH�FRHIILFLHQWV�DQG�PLQLPL]H�RYHUWKH�PRGHO� SDUDPHWHUV�� WKH� RWKHU� WLPH�ZH� IL[� WKH�PRGHO� SDUDPHWHUV� DQG� PLQLPL]H� RYHU� WKHVSOLQH�FRHIILFLHQWV�ZLWK�WKH�UHVWULFWLRQV�RI�UHODWLRQ������:H�FRQWLQXH�WR�GR�VR�XQWLO�QR�IXUWKHULPSURYHPHQW� LV� PDGH�� 7KLV� SULQFLSOH� KDV� ZRUNHG� YHU\� ZHOO� LQ� PDQ\� UHODWHG� GDWD� DQDO\VLVFRQWH[WV� �VHH� IRU� LQVWDQFH�� <RXQJ� �������� :ROG� ������� ������ DQG� :LQVEHUJ� DQG� 5DPVD\��������
���%�VSOLQH�DSSUR[LPDWLRQ
:H�XVH�%�VSOLQHV�RI�WKH�RUGHU����VXEGLYLGH�WKH�DUELWUDU\�LQWHUYDO�>���@�LQWR��N����VXELQWHUYDOVDQG�FKRRVH�NQRWM  �M�
������M� ����«�N���$SSUR[LPDWLQJ�WKH�ORJDULWKPV�RI�WKH�FKDUDFWHULVWLFIXQFWLRQV�RI�WKH�IDFWRUV�DQG�WKH�UHVLGXDOV�E\�%�VSOLQHV�ZH�JHW�WKH�IROORZLQJ�H[SUHVVLRQV�
5H�>�OQ�JL�W��@�| ¦� N �M DL�M %M�W�����������������W����L� ���«�S�� ��D�
5H�>�OQ�KL�W��@�| ¦� N �M DS�L�M %M�W���������������W����L� ���«�Q�������������������������������������������� ��E�
ZLWK�DL�M WKH�VSOLQH�FRHIILFLHQWV�DQG�%±������«��%N����D�EDVLV�IRU�WKH�LQWHUYDO�>���@��)RU�LQVWDQFH
%M�W�� ��NQRWM�� ��NQRWM ��¦� �M

MX ^� �� z 
�M

XY�MY �NQRWY ±�NQRWX���`�W�NQRW X ��� ���VHH�3RZHOO��������SDJH
�����,I�WKH�IDFWRUV�DUH�FRUUHODWHG��ZH�FDQ�XVH�PXOWLYDULDWH�%�VSOLQHV�LQVWHDG�RI�XQLYDULDWH�%�VSOLQHV�
/HW� %� ����EH�WKH�ILUVW�RUGHU�GHULYDWLYH�DQG� %�� ����WKH�VHFRQG�GHULYDWLYH�RI�WKH�IXQFWLRQ�%����LQWKH�SRLQW�W� ����)URP�WKH�SURSHUWLHV�JL���� ���DQG�KL���� ����DQG�WKH�DVVXPSWLRQV�(�IL  ���DQG(�HL  ����LW�IROORZV�WKDW�IRU�HYHU\�L� ��«�Q���S



�

¦� N �M DL�M %M���� ����DQG�¦� N �M DL�M %� M���� ���
)XUWKHUPRUH�IURP�WKH�DVVXPSWLRQ�(�IL��  ����DQG�(�0L�  �8L LW�IROORZV�WKDW
¦� N �M DL�M %�� M���� ����IRU�HYHU\�L� ���«�S
DQG�¦� N �M DS�L�M %�� M���� ��8L IRU�HYHU\�L� ���«�Q�
6LQFH�%M���� ���� %� M���� ���DQG� %�� M���� ����IRU�HYHU\�M�!����ZH�JHW�WKH�UHVXOWV
DL��� %��������DL��� %��������DL��� %������� ��������� �ZLWK�L ��«�S�Q� ���
DL��� �%�� ������DL��� %� ��������DL��� %� ������� ���������������������������ZLWK�L ��«�S�Q� ���
DL��� %�� ��������DL��� %�� ��������DL��� %�� ������� ����� �ZLWK�L ��«�S� ��D�
DL��� %�� ��������DL��� %�� ��������DL��� %�� ������� ���8L �ZLWK�L S���«�S�Q� ��E�
5HODWLRQV����������DQG������ZKLFK�IROORZ�IURP�UHODWLRQ������GHWHUPLQH�WKH�VSOLQH�FRHIILFLHQWV�DL��
�������DL�������DQG�DL��������IRU�L� ���«�S�Q�XQLTXHO\�
)XUWKHUPRUH�ZH�DVVXPH�WKDW�IRU�HYHU\�L� ���«�Q���S��DL�� !�DL�� !�«!�DL�� �FRQGLWLRQ������)URP�WKH�UHVXOWV�RI�'H�%RRU��������SDJH�������������DQG������LW�IROORZV�WKDW�WKLV�LV�D�VXIIL�FLHQW�FRQGLWLRQ�IRU�WKH�FRUUHVSRQGLQJ�IXQFWLRQV�5H�>�OQ�JM����@�DQG�5H�>�OQ�KL����@�M� ���«�S��L� ���«�Q��WR�EHFRPH�PRQRWRQH�VWULFWO\�GHFUHDVLQJ�RQ�WKH�LQWHUYDO�>���@��)RU�RUGHU
N���RI�WKH�VSOLQHV�LW�HYHQ�LV�D�QHFHVVDU\�FRQGLWLRQ��,I�ZH�GHILQH�DL�M { ¦� GM

�] ]�L ��WKHQ�ZH�FDQ
UHIRUPXODWH�H[SUHVVLRQ���D��DQG���E��LQ�WKH�IROORZLQJ�ZD\�
5H�>�OQ�JL�W��@�|¦� N �M >¦� GM

�] ]�L @�%M�W�������������L� ���«�S���������������������������������������������������������D�



�

5H�>�OQ�KL�W��@�|¦� N �M >¦� �GM
�] ]�LS @�%M�W����������L� ���«�Q���������������������������������������������������������E�

ZLWK�GL����«��GL�� ����DQG��GL��� ��GL��� ��GL��� IL[HG�IURP�UHODWLRQ����������DQG�����
6XEVWLWXWLQJ�H[SUHVVLRQ������LQWR�HTXDWLRQ�����ZH�JHW�
5H�>�OQ�F�W� �«��WQ��@�| ¦ S�L ^�¦� N �M >¦� GM

�] ]�L @�%M�W�$��L��«��WQ$Q�L ��`
��¦ Q�L ^¦� N �M >¦� �GM

�] ]�LS @�%M�WL��`��������������������������� ����
ZLWK�W� �«��WQ � >���@�
7KH�OHIW��DQG�ULJKW�KDQG�VLGHV�RI������DUH�IXQFWLRQV�RI���W� �«��WQ���)RU�HYHU\�GLIIHUHQW�YDOXH�RIFRPELQDWLRQ��W� �«��WQ���UHODWLRQ�������JHQHUDWHV�D�GLIIHUHQW�HTXDWLRQ��7KH�XQNQRZQ� VSOLQH�FR�HIILFLHQWV�DUH�GHWHUPLQDWHG�XQLTXHO\�ZLWK�RQO\�D�ILQLWH�QXPEHU�RI�WKHVH�DSSUR[LPDWH�HTXDWLRQVIURP�H[SUHVVLRQ��������VHH�:LQVEHUJ�DQG�5DQVD\����������:H�RQO\�XVH�D�ILQLWH�QXPEHU�RI�YDO�XHV�IRU�WKH�FRPELQDWLRQ���W� �«��WQ���WR�GHWHUPLQH�WKH�XQNQRZQV�IDFWRU�ORDGLQJV�DQG�VSOLQH�FR�HIILFLHQWV� LQ� � ������1DWXUDOO\� WKH�QXPEHU�RI� HTXDWLRQV� KDV� WR� EH� JUHDWHU� WKDQ� WKH� QXPEHU� RINQRWV�DQG�WKH�QXPEHU�RI�XQNQRZQ�PRGHO�SDUDPHWHUV�
1RZ�ZH�FDQ�VXPPDUL]H�WKH�HVWLPDWLRQ�SURFHGXUH�DV�IROORZV�6WHS����,QLWLDO�VWHS�8VLQJ� WKH� VDPSOH� FRYDULDQFH�PDWUL[� RI� \ ZH� FDQ� HVWLPDWH� WKH� FRYDULDQFH� PDWUL[� 8� RI� WKHXQLTXH�UHVLGXDOV�H DQG�WKH�ILUVW�WKUHH�VSOLQH�FRHIILFLHQWV�IRU�WKH�ORJDULWKPV�RI�WKH�FKDUDFWHULVWLFIXQFWLRQV� RI� WKH� VHSDUDWH� IDFWRUV� DQG� UHVLGXDOV�� 7KLV� HVWLPDWLRQ� FDQ� EH� GRQH� E\� D� FODVVLFDOIDFWRU�DQDO\VLV�HVWLPDWLRQ�SURFHGXUH��ZKLFK�XVHV�ILUVW�DQG�VHFRQG�RUGHU�PRPHQWV�RQO\�6WHS���0LQLPL]LQJ�RYHU�XQNQRZQ�VSOLQH�FRHIILFLHQWV�0LQLPL]LQJ� WKH� */6�IXQFWLRQ� ����� LQWR� ZKLFK� H[SUHVVLRQ� ����� LV� VXEVWLWXWHG�� RYHU� WKH� XQ�NQRZQ�VSOLQH�FRHIILFLHQWV�IRU�IL[HG�PRGHOSDUDPHWHUV�LV�D�TXDGUDWLF�RSWLPL]DWLRQ�SUREOHP�ZLWKWKH�OLQHDU�LQHTXDOLW\�FRQVWUDLQWV��%HFDXVH�RI�WKH�PRQRWRQLFLW\�FRQVWUDLQWV�ILQGLQJ�WKH�RSWLPDO
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XQNQRZQ�VSOLQH�FRHIILFLHQWV�LV�D�FRQYH[�SURJUDPPLQJ�SUREOHP��ZKLFK�FDQ�EH�VROYHG�E\�XVLQJWKH�UDSLG�PDQLIROG�VXERSWLPL]DWLRQ�PHWKRG�E\�=DQJZLOO��������VHFWLRQ������6WHS����0LQLPL]LQJ�RYHU�XQNQRZQ�PRGHO�SDUDPHWHUV�2Q� WKH� RWKHU� KDQG�PLQLPL]LQJ�*/6�IXQFWLRQ� ���� RYHU� WKH�PRGHO� SDUDPHWHUV� LV� D� QRQOLQHDURSWLPL]DWLRQ�SUREOHP��:H�XVH�WKH�1HZWRQ�5DSKVRQ�PHWKRG��VHH�DOVR�=DQJZLOO���������6WHS����6WHSV���DQG���FDQ�EH�UHSHDWHG�XQWLO�FRQYHUJH�LV�JXDUDQWHHG�
���$V\PSWRWLF�SURSHUWLHV
8QWLO�QRZ�ZH�GHDOW�ZLWK�D�IL[HG�DUELWUDU\�QXPEHU�RI�NQRWV�RQ�WKH�LQWHUYDO�>���@��,Q�WKLV�VHFWLRQWKH�QXPEHU�RI�NQRWV�RI�RXU�DSSUR[LPDWLRQ�VSOLQHV�LV�QRW�IL[HG��:H�GHULYH�WKH�QXPEHU�RI�NQRWVNVO DV�D�VWULFWO\��LQFUHDVLQJ�IXQFWLRQ�RI�WKH�VDPSOH�VL]H�VO�
/HW�WKH�IXQFWLRQV�OQ�J�����«��OQ�JS������OQ�K�����«��OQ�KQ����EH���WLPHV�FRQWLQXRXV�GLIIHUHQWLDEOHRQ�WKH�LQWHUYDO�>���@�DQG�EH�DSSUR[LPDWHG�E\�VSOLQH�IXQFWLRQV�RI�RUGHU�WKUHH��8QGHU�WKHVH�FRQ�GLWLRQV��ZH�FDQ�XVH�WKH�UHVXOWV�RI� 3RZHOO��������FKDSWHU����� WR�GHWHUPLQH� WKH�DSSUR[LPDWLRQHUURU�IRU�WKH�%�VSOLQH�DSSUR[LPDWLRQV�RI� WKH� ORJDULWKPV�RI� WKH�FKDUDFWHULVWLF�IXQFWLRQV�RI� WKHIDFWRUV�DQG� WKH� UHVLGXDOV�� ,W� LV�QRW�XVHIXO� WR�PDNH� WKH�DSSUR[LPDWLRQ�HUURUV� VPDOOHU� WKDQ� WKHYDULDQFHV�RI�WKH�ORJDULWKPV�RI�WKH�HPSLULFDO�FKDUDFWHULVWLF�IXQFWLRQ�RI� \ LQ�GLIIHUHQW�SRLQWV�W  �W� �«��WQ�����W� �«��WQ �>���@���1RZ�IRU�D�IL[HG�VDPSOH�VL]H�VO�ZH�GHILQH�WKH�QXPEHU�RI�NQRWV�NVOLQ�WKH�IROORZLQJ�ZD\�NVO LV�WKH�ODUJHVW�LQWHJHU�IRU�ZKLFK�WKH�IROORZLQJ�FRQVWUDLQWV�DUH�VDWLVILHG����>PD[�W�� >���@ �w� OQ�JM�W���w W� �@�G� t>PD[�W���«��WQ �>���@ �YDU�OQ� FÖ �W� �«��WQ��@��������M� ���«�S����������������������������������D�DQG����>PD[�W�� >���@ �w� OQ�KM�W���w W� �@�G�� t>PD[ W���«��WQ �>���@ �YDU�OQ� FÖ �W� �«��WQ��@��������M� ���«�Q����������������������������������E�ZLWK�G�WKH�PD[LPDO�GLVWDQFH�EHWZHHQ�WZR�NQRWV�
7KH�OHI��KDQG�VLGHV�RI����D��DQG����E��UHSUHVHQW�WKH�VSOLQH�DSSUR[LPDWLRQ�XSSHU�ERXQGV�IRU



��

OQ�J�����«��OQ�JS������OQ�K�����«��OQ�KQ�����7KH�ULJKW�KDQG�VLGHV�RI�WKH�DERYH�FRQVWUDLQWV�UHSUHVHQWWKH�PD[LPXP�RI�WKH�YDULDQFHV�RI�WKH�ORJDULWKPV�RI�WKH�HPSLULFDO�FKDUDFWHULVWLF�IXQFWLRQ�RI� \ LQVHYHUDO�SRLQWV�W  ��W� �«��WQ��
8VLQJ� ���D���E�� DQG� DQ� XQLIRUP�NQRW� SODFHPHQW�ZH� FDQ� HDVLO\� VHH� WKDW� NVO LV� DQ� LQFUHDVLQJIXQFWLRQ�RI�VO��,I�VO�o f WKHQ�NVO o f�� )RU�VO�o f WKH�ORJDULWKPV�RI�WKH�FKDUDFWHULVWLF�IXQF�WLRQV�RI� WKH�IDFWRUV�DQG�WKH� UHVLGXDOV�ZLOO�EH�DSSUR[LPDWHG�H[DFWO\�� ,Q� WKDW�FDVH�)HXHUYHUJHUDQG�0F'XQQRXJK��������SURYH�WKH�%*/6�HVWLPDWHV� IURP�����FRQYHUJH�DOPRVW�VXUHO\� WR� WKHWUXH� YDOXHV� RI� WKH� XQNQRZQ�SDUDPHWHUV�� )XUWKHUPRUH� WKH� HVWLPDWRUV� DUH� DV\PSWRWLFDOO\� QR U�PDOO\�GLVWULEXWHG�ZLWK�DV\PSWRWLF�YDULDQFH� =� 9��=� � =� LV�WKH�GHULYDWLYH�IURP�= ZLWK�UHVSHFWWR�WKH�XQNQRZQ�SDUDPHWHUV���)HXHUYHUJHU�DQG�0F'XQQRXJK��������DOVR�VKRZ�WKDW�E\�XVLQJ�DVXIILFLHQWO\�H[WHQVLYH�JULG�^�WL  ��W��L� �«��WQ�L� ����L� ���«��GLPHQVLRQ�=`�WKH�DV\PSWRWLF�YDUL�DQFHV�RI�RXU�%*/6��HVWLPDWRUV�FDQ�EH�PDGH�DUELWUDULO\�FORVH� WR� WKH� &UDPHU�5DR�ERXQG��6R�RXU�SURFHGXUH�FDQ�DWWDLQ�DUELWUDULO\�KLJK�DV\PSWRWLF�HIILFLHQF\�
,I� WKH�PRGHO� LV� FRUUHFW� WKH� RSWLPL]DWLRQ� IXQFWLRQ�<�LV� DV\PSWRWLFDOO\� FKL�VTXDUH� GLVWULEXWHGZLWK�GHJUHHV�RI�IUHHGRP�HTXDO� WR�WKH�QXPEHU�RI�FRPSRQHQWV�RI�WKH�YHFWRU�= PLQXV�WKH�QXP�EHU�RI�LQGHSHQGHQW�SDUDPHWHUV��7KH�QXPEHU�RI�FRPSRQHQWV�RI�= FRUUHVSRQGV�WR�WKH�QXPEHU�RIGLIIHUHQW� YDOXHV� IRU� WKH� FRPELQDWLRQ� �W���«�� WQ��� 7KH� QXPEHU� RI� LQGHSHQGHQW� SDUDPHWHUV� LVHTXDO�WR�WKH�VXP�RI�WKH�XQNQRZQ�IDFWRU�ORDGLQJV�DQG�WKH�XQNQRZQ�VSOLQH�FRHIILFLHQWV�
)LQDOO\�ZH�UHPDUN�WKDW�WKH�GLPHQVLRQ�RI�= LQ�H[SUHVVLRQ������ZKLFK�LV�HTXDO�WR�WKH�QXPEHU�RIGLIIHUHQW�YDOXHV�IRU�WKH�FRPELQDWLRQV� �W� �«��WQ���GHSHQGV�RQ�WKH�QXPEHU�RI�VSOLQH�NQRWV��7KHGLPHQVLRQ�RI�= KDV�WR�EH�ODUJHU�WKDQ�WKH�QXPEHU�RI�NQRWV� NVO RQ�WKH�LQWHUYDO�>���@��,I�VO�o fDQG�NVO of���WKHQ�GLPHQVLRQ�=of�
���0RQWH�&DUOR�VLPXODWLRQ
,Q�WKLV�H[DPSOH�ZH�GLVFXVV��E\�PHDQV�RI�VRPH�JHQHUDWHG�GDWD��RXU�HVWLPDWLRQ�PHWKRG��%HVLGHVRXU�PHWKRG�ZH�DOVR� DSSO\� VRPH�ZHOO�NQRZQ� URWDWLRQ�PHWKRGV� IRU� IDFWRU� ORDGLQJV� HVWLPDWHVOLNH�4XDUWLPD[�DQG�9DULPD[��ZKLFK�RQO\�XVH�ILUVW�DQG�VHFRQG�RUGHU�PRPHQWV��7KHVH�HVWLPD�WLRQ�PHWKRGV�ZLOO� EH� UXQ�ZLWK� WKH�KHOS�RI� VWDQGDUG�6366�VRIWZDUH� �YHUVLRQ��������:H� VKDOO



��

JHQHUDWH�VRPH�PRGHOV�LQ�ZKLFK�WKH�IDFWRU� ORDGLQJV�DUH�LGHQWLILHG�DQG�ZH�ZLOO�FKHFN�ZKHWKHUWKH�FRUUHFW�IDFWRU�ORDGLQJV�ZLOO�EH�HVWLPDWHG��%HFDXVH�VDPSOH�VL]H�PD\�SOD\�DQ�LPSRUWDQW�UROHZLWK�UHVSHFW�WR�WKH�DFFXUDF\�RI�WKH�HVWLPDWRUV��ERWK�VL]HV�RI����DQG�����DUH�XVHG�
6FRUHV�RQ�I���I���H���H���H���H� DQG�H� DUH�GUDZQ�LQGHSHQGHQWO\�IURP�D�FKL�VTXDUHG�GLVWULEXWLRQZLWK�RQH�DQG�WZR�GHJUHHV�RI� IUHHGRP�IRU� WKH�FRPPRQ�IDFWRUV� I� DQG�I� DQG�IURP�D�VWDQGDUGQRUPDO�GLVWULEXWLRQ�IRU�WKH�XQLTXH�UHVLGXDOV�H���H���H���H� DQG�H���1H[W�WKH�FRPPRQ�IDFWRUV�DUHQRUPDOLVHG��H[SHFWDWLRQ���DQG�VWDQGDUG�GHYLDWLRQ����DQG�WKH�UHVLGXDOV�DUH�PXOWLSOLHG�E\�DUE L�WUDU\�UDQGRP�QXPEHUV�EHWZHHQ���DQG����7KH�IDFWRU� ORDGLQJV�DUH�DOVR�FKRVHQ�UDQGRPO\�LQ�WKHLQWHUYDO�>���@��8VLQJ�WKH�VFRUHV�IRU�WKH�FRPPRQ�IDFWRUV��WKH�VFRUHV�IRU�WKH�XQLTXH�UHVLGXDOV�DQGWKH�YDOXHV�IRU�WKH�IDFWRU�ORDGLQJV�ZH�FDOFXODWH�WKH�VFRUHV�IRU�WKH�REVHUYHG�YDULDEOHV�\���\���\��\� DQG� \���7KLV� VLPXODWLRQ�ZLOO� EH� UHSHDWHG� ��� DQG� ���� WLPHV�ZLWK� WKH� VDPH� IDFWRU� ORDGLQJPDWUL[��DQG�ZLOO�OHDG�WR����DQG�����REVHUYDWLRQV�IRU�\��XS�WR�\���)URP�WKHVH�\���\���\���\� DQG\��VFRUHV�WKH�HVWLPDWHV�RI�WKH�LQLWLDO�IDFWRU�ORDGLQJV�DUH�REWDLQHG��0RRLMDDUW��������SURYHV�WKDWWKLV�PRGHO�LV�LGHQWLILHG�ZLWK�KLJKHU�RUGHU�PRPHQWV��1RZ�ZH��DSSO\�WKH�4XDUWLPD[�DQG�9DUL�PD[�PHWKRG��DQG�RXU�FKDUDFWHULVWLF� IXQFWLRQ�PHWKRG� WR�REWDLQ�HVWLPDWHV� IRU� WKH� IDFWRU� ORDG�LQJV��7KHUHIRUH��WKH�HPSLULFDO�FKDUDFWHULVWLF�IXQFWLRQ�RI� \ LV�FRPSXWHG�LQ�DUELWUDU\�YDOXHV�IRUWKH�FRPELQDWLRQ��W��W��W��W��W����ZLWK�HDFK�YDOXH�IRU�W�EHWZHHQ���DQG������7KH�QXPEHU�RI�UHSOLFD�WLRQV�LQ�WKLV�VWXG\�LV�HTXDO�WR������
2XU� HVWLPDWLRQ� SURFHGXUH� LV� SURJUDPPHG� ZLWK� WKH� SURJUDPPLQJ� ODQJXDJH�0$7/$%�� 7KHQXPEHU� RI� LQWHUQDO� NQRWV� RQ� WKH� LQWHUYDO� >���@� IRU� WKH�%�VSOLQHV� DSSUR[LPDWLRQ�ZLOO� EH� WZR�XQLIRUP�NQRW�SODFHPHQW���7KH�VWDUWLQJ�YDOXHV�RI�WKH�IDFWRU� ORDGLQJV�IRU�RXU�LWHUDWLYH�HVWLPD�WLRQ� SURFHGXUH� DUH� REWDLQHG� E\� WKH� 9DULPD[� HVWLPDWHV�� ,Q� WKLV� H[DPSOH� ZH� FKRRVH� WKH� DS�SUR[LPDWLRQ� LQWHUYDO� >���@�� ,I� WKH�DUJXPHQWV�RI� WKH� ORJDULWKPV�RI� WKH�FKDUDFWHULVWLF� IXQFWLRQVDUH� JRLQJ� EH\RQG� WKH� DSSUR[LPDWLRQ� LQWHUYDO� >���@�� RXU�PHWKRG� KDV� VRPH� FRPSOLFDWLRQV�� ,QWKDW�VLWXDWLRQ�ZH�GURS�RXW� WKH� W¶V�RI�ZKLFK� WKH� FRUUHVSRQGLQJ� DUJXPHQWV�DUH�RXWVLGH� WKH�DS�SUR[LPDWLRQ�LQWHUYDO��+RZHYHU��XVLQJ�WKLV�FRUUHFWLRQ�PHWKRG�ZH�DUH�FKDQJLQJ�WKH�RSWLPLVDWLRQIXQFWLRQ�
)RU�VDPSOH�VL]H����DQG�����WKH�HVWLPDWLRQ�UHVXOWV�RI�RXU�PHWKRG�DUH�DFFHSWDEOH��VHH�7DEOH����7KH�HVWLPDWHV�RI�WKH�IDFWRU� ORDGLQJV�DUH�LQ�WKH�QHLJKERXUKRRG�RI�WKH�WUXH�IDFWRU� ORDGLQJ�YDO�XHV��7KH�DYHUDJH�GLIIHUHQFHV�EHWZHHQ�WKH�WUXH�SDUDPHWHU�YDOXHV�DQG�WKH�HVWLPDWHV�DUH�ZLWKLQWKH� UDQJHV� >�����������@�DQG� >�����������@��$OO� WKH� VWDQGDUG�GHYLDWLRQV�RI� WKH� HVWLPDWHV� DUH



��

VPDOOHU�WKDQ��������:H�UHSHDWHG�WKH�0RQWH�&DUOR�VWXG\�ZLWK�WKH�QXPEHU�RI�NQRWV�RQ�WKH�LQWHU�YDO�>���@�VHW�HTXDO�WR�IRXU�LQVWHDG�RI�WZR��7KLV�GLG�QRW�FKDQJH�WKH�HVWLPDWLRQ�UHVXOWV�DSSUHFLD�EO\�:LWKRXW�NQRZLQJ�WKH�SRSXODWLRQ�IDFWRU�ORDGLQJ�PDWUL[�ZH�DUH�QRW�DEOH�WR�FRQVWUXFW�D�URWDWLRQPHWKRG��ZKLFK�OHDGV�WR�HVWLPDWHV�FORVH�WR�WKH�FKDUDFWHULVWLF�IXQFWLRQV�HVWLPDWHV��7KH�HVWLPD�WLRQ�UHVXOWV�RI� WKH�4XDUWLPD[�DQG�9DULPD[�PHWKRG�GR�QRW�GLIIHU� WKDW�PXFK� IURP�HDFK�RWKHU�VHH�7DEOH�����7KHLU�ELDV� LV�DERXW������ODUJHU� WKDQ�WKH�ELDV�RI�RXU�HVWLPDWLRQ�PHWKRG��2Q�DQDYHUDJH�WKH�IDFWRU� ORDGLQJV�FDQ�GLIIHU������IURP�WKH�WUXH�YDOXHV��)RU�VDPSOH�VL]H����DQG����WKH�GLIIHUHQFHV�DUH�QHDUO\�WKH�VDPH��7KHVH�UHVXOWV�LQGLFDWH�WKDW�WKH�FODVVLFDO�HVWLPDWLRQ�PHWK�RGV�JLYH� HVWLPDWHV� WKDW� DUH�QRW� DOORZHG��7KLV� LV�� EHFDXVH� WKH\�GR� QRW� XVH�PRUH� LQIRUPDWLRQWKDQ�RQO\�ILUVW�DQG�VHFRQG�RUGHU�PRPHQWV�
���(PSLULFDO�H[DPSOH
8VLQJ�WKH�IDFWRU�DQDO\VLV�PHWKRG�LQWURGXFHG�LQ�WKLV�SDSHU�ZH�HVWLPDWH�WKH�IDFWRU� ORDGLQJV�LQ�DQHPSLULFDO�H[DPSOH��7KH�VWDUWLQJ�YDOXHV�IRU�WKH�IDFWRU�ORDGLQJ�HVWLPDWHV�DUH�HTXDO�WR�WKH� 9DUL�PD[�HVWLPDWHV��2QFH�DJDLQ��ZH�XVH�WKH�DSSUR[LPDWLRQ�LQWHUYDO�>���@�DQG�WZR�LQWHUQDO�NQRWV�RQWKLV�LQWHUYDO�IRU�WKH�DSSUR[LPDWLRQ�VSOLQHV�
7KH� GDWD� DQDO\VHG� KHUH�ZHUH� FROOHFWHG� E\�7KH�(FRQRPLF� 6RFLDO� ,QVWLWXWH� �(6,�� RI� WKH� )UHH8QLYHUVLW\� LQ�$PVWHUGDP�PHDVXULQJ�ILYH�FKDUDFWHULVWLFV�RI�����HQWUHSUHQHXUV� LQ� WKH� ILHOG�RIVPDOO�DQG�PHGLXP�VL]HG�HQWHUSULVHV�VHFWRU��VHH�7DEOH�����7KH�VFRUHV�RQ�WKH�FKDUDFWHULVWLFV�DUHIURP���� �QRW�LPSRUWDQW��WR����� YHU\�LPSRUWDQW���$�.ROPRJRURY�WHVW�VKRZV�WKDW�DOO�WKH�ILYHYDULDEOHV�FDQQRW�EH�DVVXPHG�WR�FRPH�IURP�D�QRUPDO�GLVWULEXWLRQ��VLJQLILFDQFH�OHYHO��������$OOWKH�YDULDEOHV�ZHUH�QHJDWLYHO\�VNHZHG�
:H� GHDO� ZLWK� D� IDFWRU� PRGHO�� ZKLFK� FRQWDLQV� WZR� RUWKRJRQDO� FRPPRQ� IDFWRUV�� 7KH� IDFWRUPRGHO� LV� ILWWHG� RQO\�� WR� VKRZ� WKDW� WKLV� FDQ� EH� GRQH�� 7KH� IDFWRU� ORDGLQJV�� HVWLPDWHG� E\� WKHPHWKRG�RI�WKLV�SDSHU��DUH�SUHVHQWHG�LQ�7DEOH����7KH�FRUUHVSRQGLQJ�VWDQGDUG�GHYLDWLRQV�RI�WKHIDFWRU�ORDGLQJ�HVWLPDWRUV��FRPSXWHG�ZLWK�WKH�ERRWVWUDS�PHWKRG��DUH�GUDZQ�EHWZHHQ�EUDFNHWV�
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,I� WKH�PRGHO� LV�FRUUHFW�� WKH�PLQLPL]LQJ�IXQFWLRQ� LQ� ���� LV�DV\PSWRWLFDOO\�FKL�VTXDUHG�GLVWULE�XWHG�ZLWK�GHJUHHV�RI�IUHHGRP�HTXDO�WR�WKH�QXPEHU�RI�HOHPHQWV�LQ�WKH�YHFWRU�=�PLQXV�WKH�QXP�EHU�RI�LQGHSHQGHQW�XQNQRZQ�SDUDPHWHUV��7KH�QXPEHU�RI�HOHPHQWV�RI�= FRUUHVSRQGV�ZLWK�WKHQXPEHU�RI�GLIIHUHQW�YDOXHV�IRU�WKH�FRPELQDWLRQ��W��W��W��W��W����7KH�QXPEHU�RI�LQGHSHQGHQW�XQ�NQRZQ�SDUDPHWHUV� LV� HTXDO� WR� WKH� VXP�RI� WKH� XQNQRZQ� IDFWRU� ORDGLQJV� � ����� WKH� XQNQRZQVSOLQH�FRHIILFLHQWV�FRUUHVSRQGLQJ�ZLWK�WKH�FRPPRQ�IDFWRUV�DQG�WKH�UHVLGXDOV�� �����6R��LQ�WKLVFDVH� WKH� RSWLPL]DWLRQ� IXQFWLRQ� LV� FKL�VTXDUHG� GLVWULEXWHG�ZLWK� ��� ±� ��� ±� ���  � �� GHJUHHV� RIIUHHGRP��7KH�YDOXH� IRU� WKH� FKL�VTXDUHG� PLQLPL]LQJ� IXQFWLRQ� LV� �����7KH�SUREDELOLW\� OHYHO� LVDERXW������DQG�ZH�FDQQRW�UHMHFW�WKH�PRGHO�RQ�WKH�EDVLV�RI�WKH�GDWD�
7KH�HVWLPDWHG� IDFWRU� ORDGLQJ�PDWUL[� LV� DOVR�XVHG� WR�REWDLQ� IDFWRU� VFRUHV� IRU�HDFK�RI� WKH����UHVSRQGHQWV�� )URP� WKHVH� IDFWRU� VFRUHV� LW� IROORZV� WKDW� ERWK� FRPPRQ� IDFWRUV� DUH� QHJDWLYHVNHZHG��7KH�.ROPRJRURY�WHVW�LQGLFDWHV�WKDW�WKH�FRPPRQ�IDFWRUV�GR�QRW�FRPH�IURP�D�QRUPDOGLVWULEXWLRQ��VLJQLILFDQFH�OHYHO�������
7DEOH��� VKRZV�� WKDW� WKH� ILUVW� FRPPRQ� IDFWRU� FRUUHVSRQGV�ZLWK� WKH�REVHUYHG�YDULDEOHV� UHSUH�VHQWLQJ�VRPH�LQWHUQDO�RULHQWHG�FKDUDFWHULVWLFV�RI�WKH�HQWUHSUHQHXUV��7KH�VHFRQG�FRPPRQ�IDFWRULV�RQO\�VWURQJO\�FRUUHODWHG�ZLWK�WKH�H[WHUQDOO\�RULHQWHG�YDULDEOH��L�H��� WKH�DWWLWXGH�WRZDUGV�FOL�HQWV�



��

7DEOH����0RQWH�&DUOR�UHVXOWV�IRU�FKDUDFWHULVWLF�IXQFWLRQ�PHWKRG��4XDUWLPD[�PHWKRG�DQG9DULPD[ PHWKRG�
(VWLPDWHV� FKDU�DFWHULVWLF� IXQF�WLRQ�PHWKRG
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7DEOH��� )LYH�FKDUDFWHULVWLFV�RI�HQWUHSUHQHXUV�LQ�WKH�VPDOO�DQG�PHGLXP�VL]HGHQWHUSULVHV�VHFWRU
9$5,$%/(����&RPPLWPHQW�DQG�GHWHUPLQDWLRQ9$5,$%/(����3HUVLVWHQFH�LQ�SUREOHP�VROYLQJ9$5,$%/(����&UHDWLYLW\9$5,$%/(����7HDP�VSLULW�DQG�PRWLYDWLRQDO�FDSDFLWLHV�9$5,$%/(����&OLHQW�RULHQWDWLRQ

7DEOH��� 7KH�HVWLPDWHV�RI�WKH�IDFWRU�ORDGLQJV�IRU�WKH�(6,�GDWD�FRUUHVSRQGLQJ�VWDQGDUG�GHYLDWLRQ�EHWZHHQ�EUDFNHWV�
)DFWRUORDGLQJV (VWLPDWHV )DFWRUORDGLQJV (VWLPDWHV
$�� ������������ $�� �������������$�� ������������ $�� �������������$�� ������������ $�� �������������$�� ������������ $�� ������������$�� ������������ $�� ������������([SODLQHGYDULDQFH ������ ([SODLQHGYDULDQFH �����
'I �F�  ���
5HIHUHQFHV�
$QGHUVRQ��7�:��DQG�5XELQ +����������6WDWLVWLFDO�LQIHUHQFH�LQ�IDFWRU�DQDO\VLV��3URFHHGLQJV�RIWKH�WKLUG�%HUNHOH\�V\PSRVLXP�RQ�PDWKHPDWLFDO�VWDWLVWLFV�DQG�SUREDELOLW\�������������%HQWOHU��3�0����������6LPXOWDQHRXV�HTXDWLRQ�V\VWHPV�DV�PRPHQWV�VWUXFWXUH�PRGHOV�:LWK�DQ�LQWURGXFWLRQ�WR�ODWHQW�YDULDEOH�PRGHOV��-RXUQDO�RI�(FRQRPHWULFV������������'H�%RRU��&����������$�SUDFWLFDO�JXLGH�WR�VSOLQHV��%HUOLQ��6SULQJHU�%URZQH��0�:����������$V\PSWRWLF�GLVWULEXWLRQ�IUHH�PHWKRGV�IRU�WKH�DQDO\VLV�RI�FRYDULDQFHVWUXFWXUHV��%ULWLVK�-RXUQDO�RI�0DWKHPDWLFDO�DQG�6WDWLVWLFDO�3V\FKRORJ\������������'H�/HHXZ��-��DQG�-��9DQ�5LMFNHYRUVHO���������1RQ�OLQHDU�SULQFLSDO�FRPSRQHQW�DQDO\VLV�ZLWK%�VSOLQHV��5HVHDUFK�1RWH�55��������(UDVPXV�8QLYHUVLW\�5RWWHUGDP�
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)HXHUYHUJHU��$��DQG�3�0F'XQQRXJK ��������2Q�WKH�(IILFLHQF\�RI�(PSLULFDO�&KDUDFWHULVWLF)XQFWLRQ�3URFHGXUHV��-RXUQDO�RI�WKH�5R\DO�6WDWLVWLFDO�6RFLHW\�%���������������,FKLNDZD��0��DQG�.RQLVKL ��������$SSOLFDWLRQ�RI�WKH�ERRWVWUDS�PHWKRGV�LQ�IDFWRU�DQDO\VLV�3V\FKRPHWULND������������.ULMQHQ��:�3���'LMNVWUD��7�.��DQG�5�'��*LOO���������&RQGLWLRQV�IRU�IDFWRU��LQ�GHWHUPLQDQF\�LQIDFWRU�DQDO\VLV��3V\FKRPHWULND�����������������/HZLV�%HFN��6�/� ��������)DFWRU�$QDO\VLV�DQG�5HODWHG�7HFKQLTXHV��6DJH�3XEOLFDWLRQ��/RQGRQ�0HXOPDQ��-�-����������$�GLVWDQFH�DSSURDFK�WR�QRQOLQHDU�PXOWLYDULDWH�DQDO\VLV��/HLGHQ��'6:23UHVV�0RRLMDDUW��$����������)DFWRU�DQDO\VLV�IRU�QRQ�QRUPDO�YDULDEOHV��3V\FKRPHWULND��������������0XWKHQ��%����������$�JHQHUDO�VWUXFWXUDO�HTXDWLRQ�PRGHO�ZLWK�GLFKRWRPRXV��RUGHUHG��FDWHJRUL�FDO��DQG�FRQWLQXRXV�ODWHQW�YDULDEOH�LQGLFDWRUV��3V\FKRPHWULND�����������������3RZHOO��0����������$SSUR[LPDWH�WKHRU\�DQG�PHWKRGV��&DPEULGJH��&DPEULGJH�8QLYHUVLW\3UHVV�5DOVWRQ��$��DQG�3��5DELQRZLW] ��������$�ILUVW�FRXUVH�LQ�QXPHULFDO�DQDO\VLV��0F*UDZ�+LOO�,Q�WHUQDWLRQDO�(GLWLRQV�6FKZHWOLFN��+����������1XPHULVFKH�/|VXQJ�QLFKWOLQHDUHU�*OHLFKXQJHQ��%HUOLQ��9(%�'HXW�VFKHU�9HUODJ�GHU�:LVVHQVFKDIW�9DQ�5LMFNHYRRUVHO��-����������7KH�DSSOLFDWLRQ�RI�IX]]\�FRGLQJ�DQG�KRUVHKRHV�LQ�PXOWLSOH�FRU�UHVSRQGHQFH�DQDO\VLV��'6:2�3UHVV��/HLGHQ�:LQVEHUJ��6��DQG�-�2� 5DPVD\ ��������0RQRWRQLF�WUDQVIRUPDWLRQV�WR�DGGLWLYLW\ XVLQJ�VSOLQHV�%LRPHWULND�����������������:ROG��6����������6SOLQH�IXQFWLRQV�LQ�GDWD�DQDO\VLV��7HFKQRPHWULFV��YRO������QR����������:ROG��+����������6RIW�PRGHOOLQJ��WKH�EDVLF�GHVLJQ�DQG�VRPH�H[WHQVLRQV��,Q�.�*� -¡UHVNRJ DQG+��:ROG �HGV����6\VWHPV�XQGHU�LQGLUHNW REVHUYDWLRQ��&DXVDOLW\��VWUXFWXUH��SUHGLFWLRQ��$P�VWHUGDP��1RUWK�+ROODQG�3XEOLVKLQJ�&R�<XDQ��.��+���0DUVKDOO��/�/��DQG�3�0��%HQWOHU���������$Q�XQLILHG�DSSURDFK�IRU�H[SORUDWRU\IDFWRU�DQDO\VLV�ZLWK�PLVVLQJ�GDWD��QRQQRUPDO�GDWD��DQG�LQ�WKH�SUHVHQFH��RI�RXWOLHUV��3V\�FKRPHWULND�������������<RXQJ��)�:� ��������4XDQWLWDWLYH�DQDO\VLV�RI�TXDOLWDWLYH�GDWD��3VFK\FKRPHWULND��������������=DQJZLOO��:�,����������1RQOLQHDU SURJUDPPLQJ��$�XQLILHG�DSSURDFK��(QJOHZRRG�&OLIIV��3UHQ�WLFH +DOO�
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	Step 3: Minimizing over unknown model parameters.
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