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Abstract 

Charged colloidal particles neutralized by a single counterion are increasingly important for many 

emerging technologies. Attention here is addressed specifically to hydrogen fuel cells and water 

electrolyzers whose catalyst layers are manufactured from perfluorinated sulfonic acid polymer 

(PFSA) suspended in aqueous/alcohol solutions. Partially dissolved PFSA aggregates, known 

collectively as ionomer, are stabilized by the electrostatic repulsion of overlapping diffuse double 

layers consisting only of protons dissociated from the suspended polymer. We denote such double 

layers containing no added electrolyte as “single ion”. Size-distribution predictions build upon 

interparticle interaction potential energies from the Derjaguin-Landau-Verwey-Overbeek (DLVO) 

formalism. However, when only a single counterion is present in solution, classical DLVO 

electrostatic potential energies no longer apply. Accordingly, here a new formulation is proposed 

to describe how single-counterion diffuse double layers interact in colloidal suspensions. Part II of 

this contribution uses the new single-ion interaction energies to predict aggregated size distributions 

and resulting solution pH of PFSA in mixtures of n-propanol and water.  

A single-counterion diffuse layer cannot reach an electrically neutral concentration far away 

from a charged particle. Consequently, nowhere in the dispersion is the solvent neutral, and the 

diffuse layer emanating from one particle always experiences the presence of other particles (or 

walls). Thus, in addition to an intervening interparticle repulsive force, a back-side osmotic force 
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is always present. With this new construction, we establish that single-ion repulsive pair-interaction 

energies are much larger than classical DLVO electrostatic potentials. The proposed single-ion 

electrostatic pair potential governs dramatic new dispersion behavior including dispersions that are 

stable at low volume fraction but unstable at high volume fraction and finite volume-fraction 

dispersions that are unstable with fine particles but stable with coarse particles. The proposed 

single-counterion electrostatic pair potential provides a general expression to predict colloidal 

behavior for any charged-particle dispersion in ionizing solvents with no-added-electrolyte.  

 

Introduction 

Proton-Exchange-Membrane Fuel Cells offer a promising replacement to traditional combustion 

engines that have deleterious emissions. The catalyst layers of these cells are currently produced 

via ink fabrication and deposition involving empirically formulated colloidal dispersions of 

perfluorinated sulfonic-acid polymer (PFSA) and other ionomers.1–4 Colloidal dispersions are 

commonly assumed to be stable when the total interparticle potential-energy maximum is more 

than a few 𝑘𝐵𝑇 units, where 𝑘𝐵  is Boltzmann’s constant and 𝑇 is absolute temperature.5–7 When the 

potential-energy maximum is less than this value or is everywhere negative, the dispersion is 

unstable and particles aggregate.5,6,8,9 Aggregation kinetics in a quiescent dispersion often follows 

perikinetic Smoluchowski kinetics that depend strongly on the pairwise interaction energies 

between particles.5,6,8,9. For electrostatically stabilized charged particle dispersions in electrolyte- 

supporting solvents, the pairwise interaction potential traditionally consists of a Hamaker attractive 

interaction and a repulsive electrostatic interaction (i.e., so-called DLVO theory).5–11 The 

electrostatic pair potential originates from overlap of diffuse double layers encompassing two 

charged interacting particles. When the opposing particles separate significantly beyond the Debye 

length, the intervening solution is electrically neutral. Added positive and negative electrolyte ions 

allow electroneutrality to extend to distances infinitely far away where the electrostatic potential 

reaches a reference constant, normally taken to be zero.5,7,9,12–16 

However, in dispersions where the particle charge arises from surface-ion 

dissociation/desorption and no electrolyte is added to the solvent, only released counterions 

neutralize the remnant surface charge. For fuel cells and water electrolyzers,8,17–24 surface charge 

of the PFSA aggregates arises from dissociation of sulfonic-acid side groups with pKAs near -6 in 
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water.17 Overall electroneutrality then demands that nowhere in the solution is there electrical 

neutrality. Suspended particles constantly feel the presence of other nearby particles. With no 

background electrolyte, the effective Debye length then depends on the presence of nearby particles, 

and, hence, strongly on the colloidal volume fraction. Modeling a diffuse double layer where only 

counterions are present requires more care as the counterions cannot migrate infinitely far away 

into a neutral solvent (or into a neutral pH = 7 aqueous solvent).7,13 Due to lack of far-field 

electroneutrality, a single-counterion diffuse layer cannot reach a uniform concentration far away 

from a charged particle, including a zero concentration. Rather, the diffuse layer encompassing one 

particle continually interacts with those emanating from other close-by charged particles (or walls). 

As single counterions migrate away from the charged surface the entire volume of the dispersion 

medium is occupied by non-neutral diffuse double layers. 

Some previous effort has focused on electrostatic interaction energies with single-

counterion diffuse layers.5 Cowley derived the single-ion concentration profile between two 

phospholipid layers to obtain the force between the layers.13 Engstrom and Wennerstrom utilized 

no-added electrolyte theory to analyze lyotropic liquid crystals. Using an assumed double-layer 

length, the fraction of adsorbed and free counterions in solution was obtained.25 Eventually, the no-

added electrolyte case garnered interest as a theoretical consideration of itself.7,16 There are 

important examples, however, of single-counterion colloid dispersions. These works on single-

counterion diffuse-layer overlap impose a zero-ion concentration everywhere except in the 

intervening space between the particles. Consequently, these works do not establish electrostatic 

pair potentials appropriate to colloidal suspensions. 

Equal-size particle-particle interactions for single counterions are inherent in Wigner-Seitz 

cells, where the solvent is partitioned around each particle, but these largely consider static spatially 

organized particles. Alexander et. al obtained integral expressions for solving the potential 

distributions for charge-neutralized Wigner-Seitz cells using the linearized Poisson-Boltzmann 

equation.26 Bocquet et. al and Ryoo et. al both numerically solve the nonlinear equation for 

spherical cells, using constant potential boundary conditions as a proxy for constant charge.27,28 

Sengupta and Papadopoulos consider the role of particle volume fraction in van der Waal forces.29 

Unfortunately, none of these works establish single-ion electrostatic interaction potentials as a 
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function of separation distance for a pair of mobile or colliding particles in a fixed volume-fraction 

suspension.  

Wigner-Seitz cells also permit calculation of electrostatic interactions in periodic colloid 

crystals where the intervening spacing between the particles is non-neutral everywhere.30–35 It is 

important to realize, however, that calculations undergirding colloidal crystals utilize classical 

added-electrolyte theory. As the lattice spacing of the crystal increases asymptotically and the 

suspension volume fraction diminishes towards zero, the intervening liquid becomes electrically 

neutral with a well-defined bulk Debye length. This case contrasts with single-ion diffuse double 

layers where very dilute suspensions asymptotically reach zero ionic strength in the intervening 

liquid with no well-defined bulk Debye length. Single-ion double layer systems are more 

complicated than colloidal crystals, as outlined below. In classical added-electrolyte suspensions, 

surface dissociation of single counterions commonly is present but minimally contributes compared 

to the added electrolyte and is traditionally neglected.5,7,9  

With no added electrolyte, the effective Debye length depends on the presence of nearby 

particles even for a dilute dispersion making the interaction pair potential a function of suspension 

volume fraction. Our work here in Part I thus deviates substantially from prior efforts7,13–16,31–34 by 

considering the effect of the diffuse double layers emanating from surrounding particles on the pair 

interaction energy. Nearby diffuse double layers provide a background osmotic force on the 

interacting particle pair.  Lack of this backside-electrolyte osmotic pressure  leads to unrealistically 

large electrostatic repulsion, as in the previous efforts above. Because single-ion diffuse layers 

continually interact with other particles in the dispersion, we relieve the zero-background ion-

concentration approximation. A new closed-form relation is presented for the repulsive electrostatic 

interaction energy in dispersions with no-added electrolyte. As opposed to classical double-layer 

theory with an indifferent electrolyte present, the no-added electrolyte interaction pair potential is 

multibody in that it depends on the volume fraction of the suspended particles. In the next section, 

overlapping single-counterion diffuse layers are analyzed and extended to predict electrostatic pair-

interaction forces. Finally, we compare to classical theories and explain observed significant 

deviations.  

Theory 
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Upon immersion of dry ion-exchange colloidal particles, soluble counterions dissociate/desorb 

from surface exchange sites into solution and neutralize the remnant surface charge. For example, 

in the case of anionic-exchange particles, exchangeable cations release into solution. Figure 1A 

illustrates the case of anionic ionogenic particles in water with only cations dissociating into 

solution to provide overall neutrality for each particle in the suspension. In classical diffuse double-

layer theory, however, electrolyte is added to the polar liquid; particle-desorbed ions are 

traditionally neglected in comparison to the background electrolyte. Figure 1B illustrates this case. 

With added electrolyte, each particle is neutralized by a diffuse double layer that achieves neutrality 

when extended beyond several Debye lengths. Not so in Figure 1A for a single-counterion double 

layer. When there is no or very dilute added electrolyte, the solution ion cloud is no longer 

electrically neutral far from the particle. 

                          A                                                                              B 

Figure 1: Schematic of anionic spherical colloidal particles of radii 𝑎1 and 𝑎2 in a liquid dispersion 

characterized by an average separation distance of ℎ. A. Anionic particles are neutralized by a single 

cation. The extent of the neutralizing diffuse double layer is denoted by 𝐿.  B. Anionic particles are 

neutralized by an electrolyte with both anions and cations that reach electroneutrality far from the 

particles.  

 

To address the general single-counterion problem, we consider a colloidal dispersion of 

unequal-size spheres with cation-exchange sites and immersed in a polar solvent with no added 

electrolyte (the case of anion-exchange sites follows by direct analogy). Following others,7,13–16,25 

the Poisson-Boltzmann equilibrium relation provides an exact solution for zero-added-electrolyte 
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diffuse double layers for flat plates. We then utilize the Derjaguin approximation7,13,16,36 to extend 

the flat-plate pairwise electrostatic interaction to interacting spheres.  

Consider first a single, isolated flat plate in the presence of an added indifferent electrolyte, 

which applies in determining the backside repulsion of each particle. The classical Poisson-

Boltzmann equation is solved subject to two boundary conditions:  

Φ(𝑥 → ∞) = 0 (1) 

and Gauss’s law, 

Φ′(x = 0) = −
𝑞

𝜖
  (2)  

where x is the distance from the charged surface,  𝑞 is the surface charge density, 𝜖 is the solution 

dielectric permeability, and Φ is the electrostatic potential. Implicit in the mathematical solution is 

the idea that if Φ → 0 monotonically as 𝑥 → ∞, then all derivatives of Φ similarly approach zero 

as 𝑥 → ∞.  

For ionogenic particles submerged in an electrolyte-free solvent, the counterions released 

from the surface cannot be ignored. When only a single counterion surrounds the charged surface, 

the Poisson-Boltzmann equation is  

d2Φ

𝑑𝑥2
= −

𝑧𝑒𝐶∞

𝜖
exp (−

𝑧𝑒Φ

𝑘𝐵𝑇
) (3) 

where 𝑒 is the charge of an electron, 𝑅 is the ideal gas constant, 𝑇 is absolute temperature, and 𝑧 

and 𝐶∞ are the charge number and number concentration of counterions far from the surface, 

respectively, which must be non-zero for a solution-charge distribution to exist. At a very large 

distance, the electrostatic potential and all of its derivatives are zero everywhere, while the right 

side of Equation 3 approaches a non-zero constant. Equation 1, therefore, is not an applicable 

boundary condition. Accordingly, counterions dissociating/desorbing from the particle surface 

must be located within a finite distance away from the surface, 𝐿, i.e., the extent of the spatial charge 

distribution in solution. Figure 1A depicts schematically the meaning of overlap distance, L.  When 

the solvent is water, dissociation demands an electrically neutral region as the pH approaches 7 far 

from a particle.  However, we demonstrate later in Results and Discussion that this rarely occurs 

for realistic suspension volume fractions. pH equilibrium is thus ignored in further analysis. 
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To address single-counterion particle neutralization in Figure 1A, we take the characteristic 

double-layer overlap distance, 𝐿, as a reference. Poisson-Boltzmann theory for a single counterion 

then reads 

d2Φ

𝑑𝑥2
= −

𝑧𝑒𝐶𝐿

𝜖
exp (−

𝑧𝑒Φ

𝑘𝐵𝑇
) (4) 

with boundary conditions 

Φ(𝐿) = 0 (5) 

and                                             

 Φ′(0) = −
𝑞

𝜖
 (6) 

where 𝐶𝐿  denotes the molecular concentration of counterions at 𝐿.  At this juncture, 𝐿 is 

unspecified. Electroneutrality constrains the derivative of Φ at 𝑥 = 𝐿, as 

𝑞 = −𝑧𝑒 ∫ 𝐶(𝑥)
𝐿

0

𝑑𝑥 = 𝜖 ∫
𝑑2Φ

𝑑𝑥2

𝐿

0

𝑑𝑥 = −𝜖 [
𝑑Φ

𝑑𝑥
|

𝑥=0
−

𝑑Φ

𝑑𝑥
|

𝑥=𝐿
] (7) 

For finite L and from Equation 6, this result implies that Φ′(𝐿) = 0 in addition to Φ(𝐿) = 0. 

Equations 4-6 are then solved to yield7,13–16,25,37–39 

Φ =
𝑘𝐵𝑇

𝑧𝑒
ln (cos2 (

𝑥 − 𝐿

𝜆𝐿√2
)) (8) 

with a surface charge density of 

𝑞 = −sign(𝑧)√2𝜖𝑅𝑇𝐶𝐿 tan (
𝐿

𝜆𝐿√2
) (9) 

and an effective Debye length of  

λL
2 =

𝜖𝑘𝐵𝑇

𝑧2𝑒2𝐶𝐿 
 (10) 

Although defined analogously to the traditional Debye length,  𝐶𝐿 appearing in Equation 10 is that 

corresponding to the overlap concentration and not that of a bulk electrically neutral solution. Given 

the surface charge density, 𝑞, and the characteristic double-layer dimension, L, discussed below, 

Equation 9 is solved numerically to specify 𝐶𝐿. For L approaching infinity, 𝐶𝐿 approaches zero and 

the Debye length approaches infinity meaning that the double layer extends very far from the 
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surface. Later, we wish an expression for the average counterion concentration, ⟨𝐶⟩, in the single-

ion double layer, which is determined from Equations 7 and 9, 

⟨𝐶⟩ = −
𝑞

𝑧𝑒𝐿
=

√2𝜖𝑘𝐵𝑇𝐶𝐿

|𝑧|𝑒𝐿
tan (𝐿√

𝑧2𝑒2𝐶𝐿

2𝜖𝑅𝑇
) = 𝐶𝐿 (

𝜆𝐿√2

𝐿
) tan (

𝐿

𝜆𝐿 √2
) (11) 

One immediate consequence of Equation 11 is that for a fixed surface charge density, the product 

𝐿√𝐶𝐿 approaches a constant as 𝐿 grows large. Indeed, because the argument for the tangent function 

is bounded, for large 𝐿 one obtains  

𝐿√
𝑧2𝑒2𝐶𝐿

2𝜖𝑘𝐵𝑇
=

𝐿

𝜆𝐿 √2
=

𝜋

2
, 𝐿 → ∞ (12) 

Thus, for an infinite extent of the double layer, the counterion concentration approaches zero 

asymptotically, but the product 𝐿√𝐶𝐿 remains constant.  

To proceed, we formulate the repulsive electrostatic potential energy between two 

interacting charged flat plates separated by a distance ℎ with molecular single-ion concentration 𝐶𝑚 

at the midplane. The Poisson-Boltzmann relation for the single counterion distribution between two 

flat plates becomes  

d2Φ

𝑑𝑥2
= −

𝑧𝑒𝐶𝑚

𝜖
exp (−

𝑧𝑒(Φ − Φm)

𝑘𝐵𝑇
) (13) 

where the origin of x is at the midplane of potential, Φ𝑚, between the plates. Boundary conditions 

for Equation 13 are symmetry at the midplane, Φ′(0) = 0 , and Gauss’ law at the surface of either 

plate:  Φ′ (−
ℎ

2
) = −

𝑞

𝜖
 . With these boundary conditions, the analytic solution to Equation 13 is 

Φ − Φ𝑚 =
𝑘𝐵𝑇

𝑧𝑒
ln (cos2 (

𝑥

𝜆𝑚√2
)) (14) 

where the Debye length is now based on the midplane concentration,  

𝜆𝑚
2 =

𝜖𝑘𝐵𝑇

𝑧2𝑒2𝐶𝑚
 (15) 

Similar to the single-plate case in Equation 9 above, the midplane ion concentration is determined 

numerically from the surface charge density on each plate for each separation distance,        
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𝑞 = −sign(𝑧)√2𝜖𝑘𝐵𝑇𝐶𝑚 tan (

ℎ
2

𝜆𝑚√2
) = −sign(𝑧)√2𝜖𝑘𝐵𝑇𝐶𝑚(ℎ) tan (

ℎ

2
√

𝑧2𝑒2𝐶𝑚(ℎ)

2𝜖𝑘𝐵𝑇
) (16) 

            To establish the flat-plate pair interaction potential, we first write the difference in osmotic 

pressures on each plate to give the repulsive electrostatic force per unit area as 5,7,9 

 

𝑃(ℎ) = 𝑘𝐵𝑇[𝐶𝑚(ℎ) − 𝐶𝐿] (17) 

The background concentration used here, 𝐶𝐿 , assumes that pairwise forces cancel upon reaching a 

separation distance of 2𝐿 after which the double layers no longer interact (i.e., the electrostatic 

repulsive force remains in effect only out to a distance of 2𝐿).  

Previous literature neglected the osmotic pressure acting on the exterior of each plate7,14–

16,36,40, thus demanding that 𝐶𝐿 equals zero and that the midplane Debye length extends to infinity. 

Interacting particle pairs are thus isolated and immersed in an infinite solvent bath. In a dispersion, 

however, each particle is surrounded by others and interacts with the extended double layers from 

surrounding particles (see Figure 1). Thus, the osmotic pressure exerted by counterions extending 

out to 𝐿 should not be neglected even at small particle volume fractions.  

Given the particle surface charge, the repulsive energy per unit area (𝑉𝑅) between two flat 

plates is5,7,9 

𝑉𝑅(ℎ) = ∫ 𝑃(𝑥)
2𝐿

ℎ

𝑑𝑥 (18) 

where 𝑃(𝑥) follows from Equation 17.  As noted above, the Derjaguin approximation transforms 

the flat-plate expression to that between two spheres of radii 𝑎1 and 𝑎2 with equal surface charge 

densities41, yielding the expression 

𝑈𝑟(ℎ) =
2𝜋𝑎1𝑎2

𝑎1 + 𝑎2
∫ 𝑉𝑅(𝑦)

2𝐿

ℎ

𝑑𝑦 =
2𝜋𝑎1𝑎2

𝑎1 + 𝑎2
𝑘𝐵𝑇 ∫ ∫ (𝐶𝑚(𝑥) − 𝐶𝐿)

2𝐿

𝑦

2𝐿

ℎ

𝑑𝑥𝑑𝑦 (19) 

for the electrostatic interaction energy, 𝑈𝑟(ℎ), where y is the local flat-plate surface separation 

distance varying along the sphere surface in the Derjaguin approximation and ℎ is the surface 

separation distance along the common radius. This energy reflects the net potential-of-mean-force 

repulsion between two spheres at a surface separation distance ℎ relative to a separation distance of 

2𝐿 where the net force on the interacting spheres is zero. Because of the presence of other particles 
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at 𝐿 in the pair-potential calculation, 𝑈𝑟(ℎ) is explicitly multibody. The integrand in the last equality 

does not depend on the sizes of the two spheres and can be further simplified by a change in the 

order of integration to 

𝑈𝑟(ℎ) =
2𝜋𝑎1𝑎2

𝑎1 + 𝑎2
𝑘𝐵𝑇 ∫ (𝑦 − ℎ)(𝐶𝑚(𝑦) − 𝐶𝐿)

2𝐿

ℎ

𝑑𝑦 (20) 

Equation 20 is numerically integrated once 𝐶𝑚(𝑦) is specified from Equation 16 for discrete- 

distance increments in the interval ℎ ≤ 𝑦 ≤ 𝐿, and 𝐶𝐿  is established from Equation 9. Details are 

given in SI. Several approximations are inherent in Eqn. 20. First, the Derjaguin framework is most 

accurate at small distances compared to particle size. Second, we neglect finite ion-size effects, 

mostly because ion concentrations are low in our experimental effort of Part II. Third, we treat 

aggregated particles as effective spheres. Each of these approximations is also inherent in the added-

electrolyte case. Still, Equation 20 provides a powerful tool to compute repulsive energies in 

suspensions with and without an added electrolyte.” 

Importantly, knowledge of 𝐿 is necessary to evaluate Equation 20. Here, 𝐿 is taken as a 

measure of the average separation distance between suspended particles that depends on the volume 

fraction of particles 𝜑. Averaging the void space around each sphere yields9 

𝐿

𝑎
=

1

𝜙
1
3

− 1 (21) 

where 𝑎 is an average spherical particle radius. Once 𝐿 is specified, Equation 9 gives 𝐶𝐿, and, hence,         

the effective Debye length, 𝜆𝐿. Note that Equation 21 makes the electrostatic potential energy 

multibody in the sense that the effective Debye length is a function of particle volume fraction.  

If 𝐶𝐿  is neglected in Equations 19 and 20, leading to no external particle osmotic-interaction 

force 7, we obtain  

𝑈𝑟(ℎ) =
2𝜋𝑎1𝑎2

𝑎1 + 𝑎2
𝑘𝐵𝑇 ∫ (𝑦 − ℎ)𝐶𝑚(𝑦)

∞

ℎ

𝑑𝑦,          𝐶𝐿 = 0 (22) 

In this case, 𝐶𝑚 is a function only of 𝑞 and ℎ, but not of 𝐿, so the electrostatic repulsive energy no 

longer depends on how concentrated or dilute is the dispersion. Numerical methodology to quantify 

𝑈𝑟(ℎ) is outlined in SI.  



 
 

11 
 

Equations 20 and 22 allow comparison between the finite and zero volume-fraction 

dispersions with no added electrolytes, respectively. It is also helpful to compare with the classical 

added-electrolyte case. Counterions dissociated/desorbed from the dry neutral dispersion particles 

in the added-electrolyte case are traditionally ignored in comparison to the concentration of added 

indifferent electrolyte. As noted below, at very dilute background electrolyte, corresponding, for 

example, to the lowest possible concentration reflecting neutral-pH water, the released-ion 

contribution to the diffuse layer is negligible except at extremely low particle volume fractions. For 

an added z:z electrolyte, the classic Poisson-Boltzmann equation is solved between two flat plates 

and for a single isolated plate with the boundary conditions listed  in Equations 1 and 2 for the no-

added electrolyte cases with 𝐿 approaching infinity. The net osmotic-pressure force on the 

interacting plates is now given by5,7,9 

      𝑃(ℎ) = 𝑘𝐵𝑇[(𝐶𝑚+(ℎ) − 𝐶+,∞) + (𝐶𝑚−(ℎ) − 𝐶−,∞)] = 2𝑘𝐵𝑇𝐶∞ [cosh (
𝑧𝑒Φ𝑚

𝑘𝐵𝑇
) − 1] (23) 

The expression for the flat-plate interaction potential remains the same as in Equation 18 but with 

the integral upper bound changed to infinity. Finally, the repulsive interaction pair-potential energy 

between two spheres with the Derjaguin approximation follows as above after change of integration 

order: 

𝑈𝑟(ℎ) =
4𝜋𝑎1𝑎2

𝑎1 + 𝑎2
𝑘𝐵𝑇𝐶∞ ∫ (𝑦 − ℎ) (cosh (

𝑧𝑒Φ𝑚(𝑦)

𝑘𝐵𝑇
) − 1)

∞

ℎ

𝑑𝑦 (24) 

As with the no-added electrolyte case in Equation 20, Equation 2442 requires numerical integration 

after the Poisson-Boltzmann equation is solved numerically.  

It is useful to compare the linearized formulations of the added and no-added electrolyte 

cases because the linearized approximation is often used in practice. Details of their derivation are 

presented in SI. In the comparison calculations below, parameters are for monodisperse spheres of 

uniform radius 𝑎 = 25 nm and surface charge density 𝑞 = −0.1 C/m2  (i.e., one anionic charged 

surface group per 1.62 nm2) suspended in a solvent of 𝜖/𝜖0 = 80 at 𝑇 = 25℃, unless otherwise 

noted. For reference, charge densities for silica reach about −0.1 C/m2 at a pH of 7.5 with a RbCl 

concentration of 0.05 M.43 The surface charge density for Nafion™ PFSA in Part II44 is 

−0.214 C/m2, close to the example charge density assumed here. The suspension concentration is 

varied to cover a large particle volume-fraction range (𝜙 = 0.001 to 𝜙 = 0.5).  
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Results and Discussion 

Figure 2 presents a main result of this work: the repulsive single-counterion dimensionless 

electrostatic pair-potential energy as a function of separation distance for four particle volume 

fractions. As opposed the to the classical added-electrolyte case, electrostatic potential energies 

asymptotically vanish when ℎ = 2𝐿. The lowest volume fraction of  𝜙 = 0.001 and below 

approaches  𝐶𝐿 = 0 as in Equation 22 or, equivalently, approaching a zero volume-fraction 

dispersion. Note the very large repulsive energies that arise in this case. When the effect of 

dispersion-finite volume fraction is accounted for in Equations 20 and 21, however, potential 

energies dramatically reduce. Consequently, unless the effect of finite particle concentration is 

considered, all no-added electrolyte dispersions should remain electrostatically stable and not 

aggregate in contradiction to reported experimental results.8,18,19,21,45 Conversely, stable dispersions 

of low volume fraction can become unstable at higher at higher particle volume fractions. Neither 

of these results arise in classical added-electrolyte interaction-potential theory.5–7,9  
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Figure 2: Normalized single-counterion repulsive electrostatic interaction energy between two 

equal-sized spheres (𝑎 = 25 nm) as a function of separation distance for varying volume fraction. 

A volume fraction of  𝜙 = 0.001 approaches the dilute limit representing no backside repulsion 

(i.e., L → ∞ ). 𝑞 = −0.1 C/m2. 

 

The role played by particle size on the single-counterion electrostatic potential is twofold. 

First for equal-sized particles, the integral pre-factor in Equation 20 demands a linear increase of 

𝑈𝑟(ℎ) with increasing spherical radius similar to added-electrolyte theory. More subtly, there is a 

second role of 𝑎 from Equation 21: for a given particle volume fraction, larger particles begin to 

interact out to larger double-layer extents. Accordingly, larger sized spheres evoke magnified 

electrostatic repulsion and vice versa, effects not seen in the added-electrolyte overlapping diffuse 

double layers. Figure 3 displays this second effect by graphing the integral in Equation 20 (i.e.,  

𝑈𝑟(ℎ)/𝜋𝑎𝑘𝐵𝑇) versus ℎ for a fixed particle volume fraction of 𝜙 = 0.5 and for various sphere 

radii. Thus, no-added electrolyte colloidal dispersions exhibit much stronger increases in 

electrostatic repulsion with increasing particle size than do added-electrolyte dispersions, where all 

lines in Figure 3 collapse onto a single curve. 
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Figure 3: Radius-scaled normalized single-counterion repulsive electrostatic interaction energy 

between two equal-sized spheres of radius a as a function of separation distance.  Ordinate is  

𝑈𝑟(ℎ)

𝜋𝑎𝑘𝐵𝑇
 to account for the pre-factor in front of the integral in Equation 21. 𝜙 = 0.5 and 𝑞 =

−0.1 C/m2 . 

 

Figure 4 shows the influence of surface charge density on the no-added electrolyte 

electrostatic interaction-potential isotherm for two different particle volume fractions and three 

different surface charges. As expected, larger magnitude surface charge density leads to larger 

repulsive interactions at both volume fractions. Surprisingly, however, the effect of surface charge 

density is much less pronounced than that of particle volume fraction. The reason is that 𝐶𝑚 

changes slowly compared to changes in charge density because of attenuation by the tangent 

function in Equation 16. These results also give some confidence to the size distribution predicted 

for Nafion™ aggregates in Part II44 as the predicted sizes do not dependent strongly on 𝑞. 
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Figure 4: Normalized single-counterion repulsive electrostatic interaction energy between two 

equal-sized spheres (𝑎 = 25 nm) as a function of separation distance for varying surface charge 

densities and particle volume fraction.  

 

Figure 5 contrasts the single-ion linear and nonlinear repulsive electrostatic interaction 

isotherms against classical 1:1 indifferent electrolyte repulsive isotherms, again both nonlinear and 

linear. To allow direct comparison, the background ionic strength must be specified in the classical 

1:1 diffuse-double-layer interaction energies. We adopt two choices: the concentration of single 

counterions at L, i.e., 𝐶𝐿, and the average concentration of single counterions in the solution, i.e., 

⟨𝐶⟩. In analogy to solution pH, it is helpful to report these concentrations as the negative base-ten 

logarithm 𝑝𝐶𝐿 and 𝑝⟨𝐶⟩, respectively. 𝑝𝐶𝐿 and 𝑝⟨𝐶⟩ shorthand notations are used in Figure 5.  

For a dilute dispersion of 𝜙 (or equivalently 𝐿 = 30 nm), Figure 5A reveals that the 

nonlinear single-ion repulsive energy isotherm is closely represented by the nonlinear classic 

indifferent-electrolyte isotherm using 𝐶𝐿 rather than ⟨𝐶⟩. This occurs because for dilute dispersions, 

𝐿 is large and the counterion concentration profiles are similar in both cases. Also, the linearized 

Poisson-Boltzmann equation in Figure 5A overestimates the electrostatic repulsive energy relative 

to the nonlinear form in all cases presented. When the dispersion is more concentrated at 𝜙 =
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0.5787 (or equivalently 𝐿 = 5 nm) in Figure 5B, neither comparison with the classical 1:1 

electrolyte prediction gives a correct value using either 𝑝𝐶𝐿 or 𝑝⟨𝐶⟩ [note that when using pC 

notation, the unit for C is molar concentration].  In fact, deviations become significant—in some 

cases giving stronger repulsion from the single-ion model by a factor of two or more.   

 

 

A 
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Figure 5: Normalized repulsive electrostatic interaction energy between two equal-sized spheres 

(𝑎 = 25 nm) of surface charge 𝑞 = −0.1 C/m2 as a function of separation distance.  A. 

Comparison of dilute (𝜙 = 0.094 or 𝐿 = 30 nm) linear and nonlinear single-counterion dispersions 

(one ion) with linear and nonlinear classical 1:1 indifferent electrolyte cases (two ion) with 

background concentrations of 𝑝⟨𝐶⟩ = 1.46 and 𝑝𝐶𝐿 = 3.30. B. Comparison of concentrated (𝜑 =

0.5787 or 𝐿 = 5 nm) linear and nonlinear single-counterion dispersions (one ion) with linear and 

nonlinear classical 1:1 indifferent-electrolyte dispersions (two ion) with background concentrations 

of 𝑝⟨𝐶⟩ = 1.46 and 𝑝𝐶𝐿 = 3.30.  

 

Figure 6 reports the case previously considered in the literature of single-ion electrostatic 

energies for repulsion between isolated spherical particles with 𝐶𝐿 = 0, thereby neglecting the 

backside osmotic force. 7,13–16,25 Repulsive energies are now considerably larger as seen by the 

enlarged ordinate scale; all single-ion potential energies displayed in Figure 5A are negligible in 

comparison. Thus, neglecting the backside osmotic forces leads to single-ion dispersions that do 

not aggregate. The linearized Poisson Boltzmann for the 1:1 indifferent-electrolyte case now 

B 

 



 
 

18 
 

approaches the nonlinear case for large separation distances, as expected because that is the region 

where the linear approximation holds best. When the spheres are about to collide (𝑖. 𝑒. , ℎ → 0), 

however, this approximation is less accurate, and indeed, the linearized repulsive energy for the 1:1 

electrolyte case increases beyond even the single-counterion repulsive energy.  

 

 Figure 6: Normalized repulsive electrostatic interaction energy between two equal-sized spheres 

(𝑎 = 25 nm) and charge density 𝑞 = −0.1 C/m2 as a function of separation. Ordinate and abscissa 

are on expanded scales compared to Figure 5A and single-ion isolated cases (i.e., 𝐶𝐿 = 0 with no 

background osmotic force) are included. Comparison with the nonlinear classical 1:1 indifferent 

electrolyte case (two ion) is with background concentrations of 𝑝⟨C⟩ = 1.46 and 𝑝𝐶𝐿 = 3.30.  𝜙 =

0.0094 (𝐿 = 30 nm). 

 

Figure 7 compares single-ion electrostatic pair potentials for particles of differing sizes. 

When unequal sizes are present in the dispersion, the volume-fraction partition between the two 

sizes must be specified. In Figure 7, we choose both sizes to have an equal volume fraction. Clearly 
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electrostatic repulsion increases significantly as the size of the second particle increases, partially 

due to the pre-integral factor in Equation 20 and partially due to increased spacings between 

particles with larger sizes in Equation 21. The range of sizes confirms growth instability of smaller 

particles and growth stability of larger particles, even when particles can only collide with those of 

a different size.  

 

Figure 7: Normalized repulsive electrostatic interaction energy between two differently sized 

spheres as a function of separation. The first sphere is fixed at 25 nm and the second sphere size is 

varied. Each sphere size pair compared is given 50% of the total particle volume fraction. 𝑞 =

−0.1 C/m2, 𝜙 = 0.50, 𝐿 is calculated for each pair accordingly. 

 

Figure 8 shows the total interaction potential 𝑈𝑡𝑜𝑡(ℎ) including Hamaker forces8 along with 

the single-counterion repulsive potential energy as a function separation distance. To quantify the 

attractive van der Waals interaction potential, 𝑈𝑣𝑑𝑤, we use the well-known expression for two 

interacting spheres7,8 

𝑈𝑣𝑑𝑤(ℎ) = −
𝐴𝐻

6

𝑎1𝑎2

(𝑎1 + 𝑎2)

1

ℎ
(25) 
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where 𝑎𝑖 is the radius of sphere 𝑖 and the Hamaker constant 𝐴𝐻 is taken as 10−19 J.7 The dependence 

here on the interplay between volume fraction and size of the particles is pronounced. At the lower 

volume fraction in Figures 8A and 8B, neither dispersion is likely to aggregate because of the large 

potential-energy barriers involved. Conversely, at the higher volume fraction of 0.3 in Figures 8C 

and 8D, aggregation is guaranteed for the smaller particle size, but is prohibitive at the larger 

particle size. No effect of dispersion volume fraction is evident in the classical total pair-potential 

energy with added indifferent electrolyte.5,7,9 Additionally, the importance of particle size in the no-

added electrolyte total potential energy is much more pronounced than that with added indifferent 

salt, as noted above from Figure 3. Figure 8 accentuates the stark differences between the classical 

and single-ion repulsive diffuse-double-layer pair potentials and suggests that dilute no-added 

electrolyte dispersions are stable. By contrast, for more concentrated dispersion, small particles may 

aggregate whereas larger particles stabilize. This means that small particles grow until they reach a 

size to stabilize. This leads to the possibly of an initially unstable dispersion becoming stable by 

aggregating to a larger and stable particle size. In this situation, particle break-up is not necessary 

to achieve an unchanging particle size.   
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Figure 8: Normalized total interaction energies including Hamaker attractive forces between two 

equal-sized spheres of surface charge 𝑞 = −0.1 C/m2, 𝐴𝐻 = 10−19 J  A.  𝑎 = 5 nm, 𝜙 = 0.01 B. 

𝑎 = 25 nm, 𝜙 = 0.01, C. 𝑎 = 5 nm, 𝜙 = 0.3 D.  𝑎 = 25 nm, 𝜙 = 0.3.  

 

All calculations above describe dry particles originally neutralized by an alkali monovalent 

cation, such as sodium ion, and immersed into an ionizing solvent containing no electrolyte. The 

case of particles originally in the hydrogen form, of main interest here, presents challenges because 

of water hydrolysis. Accordingly, hydrogen and hydroxide ions both distribute in the diffuse double 

A B 

𝑎 =  5 𝑛𝑚 

𝜙 =  0.01 

 

C 

𝑎 =  5 𝑛𝑚 

𝜙 =  0.3 

𝑎 =  25 𝑛𝑚 

𝜙 =  0.3 
D 

𝑎 =  25 𝑛𝑚 

𝜙 =  0.01 
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layer while maintaining water dissociation equilibrium.46 Nonspecifically adsorbed hydroxide 

coions can safely be neglected in the diffuse layer because nearly all charge is neutralized by the 

hydrogen counterions,5,9 especially under the acidic conditions appropriate to suspended PFSA 

aggregates. Likewise, specific adsorption of hydroxide ions is unlikely in acidic solutions. 

Nevertheless, far enough away from an anionic particle, water hydrolysis establishes 

electroneutrality at pH = 7, not correctly described by our single-ion double layer theory. However, 

if the characteristic distance necessary to achieve pH = 7 neutrality is much larger than the 

characteristic distance between particles, then electroneutrality is not attained. Rather, each particle 

encounters the diffuse layers of surrounding particles. Let 𝜆7 denote the traditional bulk Debye 

length of distilled water at pH = 7, a value close to 1 µm, and take L as the characteristic particle 

separation distance. Thus, when 𝐿/𝜆7 is much less than unity, water dissociation in the diffuse 

double layer is not important. Conversely, when 𝐿/𝜆7 is larger than unity, water dissociation in the 

diffuse double layer becomes important and must be accounted for.46  

Figure 9 graphs 𝐿/𝜆7 as function of particle volume fraction for various average particle 

sizes relative to 𝜆7 from Equation 21. For particles sizes of 0.01 µm and below, once the suspension 

volume fraction attains 10−6 and above, pH equilibrium in the diffuse double layer may safely be 

neglected. As the particles become larger, accounting for water dissociation in the double layer 

becomes more prominent, but for particles that are hundreds of nanometers, water dissociation still 

does not become significant until the dispersion is above a volume fraction of 0.01.  
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Figure 9: Normalized suspension particle separation distance relative to a pH = 7 Debye length as 

a function of suspension volume fraction for various normalized particle sizes. The threshold for 

when water dissociation becomes relevant is 
𝐿

𝜆7 
> 1.  

 

The findings from Figure 9 justify the neglect of equilibrium between hydrogen and 

hydroxide ions in the diffuse double layer except for extremely low suspension volume fractions.  

Figure 10 accentuates this conclusion. The solid red line in Figure 10 graphs 𝑝𝐻𝐿 = − 𝑙𝑜𝑔10 𝐶𝐿 

(i.e., using the hydronium-ion molar concentration at 𝐿) as a function of particle volume fraction. 

The single-ion concentration is the smallest at the characteristic distance L in the dispersion. From 

Figure 10, 𝑝𝐻𝐿 = 7 is not attained until the particle volume fraction is lower than 10-5. For all 

practical particle volume fractions, there is no region of solvent electroneutrality between particles; 

aqueous pH equilibrium in the diffuse layer 46 can be neglected and the system considered to contain 
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only single hydronium ions (or single hydroxide ions if the surface charge is positive) as the sole 

ionic species surrounding the charged surface.  

 

Figure 10: Predicted dispersion pH based on (blue) average hydronium ion molar concentration 

(pH) and (red) hydronium ion molar concentration at 𝐿 (𝑝𝐻𝐿) as a semilogarithmic function of 

particle volume fraction. For low volume fractions, a logarithmic slope of negative unity occurs for 

both curves.  a = 25 nm and 𝑞 = −0.1 C/m2. 
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Further, when anionic colloidal particles are originally in the hydrogen form and then 

immersed into a polar solvent, hydronium ions release into solution leaving behind a charged 

surface, and thus raising dispersion acidity.12 The more concentrated is the dispersion solvent, the 

more acidic is the dispersion solvent, which has been measured using a pH probe.17 Figure 10 also 

explores this observation assuming a pH probe measures the average concentration of mobile 

hydronium ions irrespective of their location in the diffuse double layer. The pH ordinate in Figure 

10 corresponds to pH = − 𝑙𝑜𝑔10⟨𝐶⟩ graphed as a logarithmic function of particle volume fraction 

as a solid blue line, where concentration is in molar units. The constant negative unity slope at 

smaller volume fractions follows directly from the no-added electrolyte theory in Equation 12.  

Note in Figure 10 that the no-added-electrolyte dispersions with reasonable particle size and 

ion-exchange capacity significantly acidify the solvent in agreement with experimental data.17 In a 

10% volume fraction, the dispersion pH falls initially from 7 to approximately 2. This effect is not 

present with added indifferent electrolytes, where pH neutrality is reached at the periphery of the 

double layer. Importantly, measurement of dispersion pH with no-added electrolyte can provide 

information on particle size and surface charge.17  

Finally, the reasoning undergirding Figures 9 and 10 also provides a criterion for when 

classical added-electrolyte theory fails for small added-electrolyte ionic strength.  Assume that the 

indifferent electrolyte concentration is small and below the average dissociating-ion concentration. 

For example, let the added 1:1 electrolyte salt be at 10−3 𝑀 giving a background Debye length of 

𝜆3 ~ 10 𝑛𝑚 as shown in Figure 11. When 𝐿/𝜆3 in Figure 11 lies above unity, classical salt-added 

diffuse double layer is valid, whereas when 𝐿/𝜆3 is lies below unity, single-ion diffuse double layer 
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theory is recommended. For direct comparison with Figure 10, the same sizes of the particles are 

used. 

 

Figure 11: Normalized suspension particle separation distance relative to a pH = 3 Debye length 

as a function of suspension volume fraction for various normalized particle sizes. The threshold for 

when classical theory becomes relevant is 
𝐿

𝜆3
> 1.  

 

 

Conclusions 

This work addresses electrostatic colloidal-particle pair potentials for colloidal suspensions when 

the particle surface charge is self-neutralized by counterion dissociation/complexation release into 

a polar solvent. When the diffuse double layer consists only of the released surface counterions, 

there no longer is a neutral dispersion solvent as the solvent space-charge corona formally extends 

out to nearby particles specified by the colloidal volume fraction. We demonstrate that unless 

backside osmotic pressure is included, electrostatic repulsion is so large that all single-counterion 

dispersions remain stable contrary to experimental evidence.  
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Important and fascinating differences arise between the proposed single-counterion 

electrostatic repulsive potential energies and those arising in classical added-salt potential-energy 

theory. Deviations from the classical system include: 1) there is no region of liquid space that is 

electrically neutral, even in extremely low dispersion volume fraction; 2) the electrostatic pair 

potentials in single-counterion theory depend strongly on particle volume fraction: the smaller is 

the particle volume fraction the larger is the repulsive pair potential; 3) the single-ion potential 

energy exhibits a much stronger size dependence than does classical added-electrolyte potential 

(see Figure 3); 4) Single-ion net electrostatic repulsion between interacting particles is reduced by 

the presence of nearby surrounding particles. That is, the single-ion electrostatic potential energy is 

inherently multibody; and 5) single-ion potentials are much larger than the corresponding added-

electrolyte potential energies for the same separation distances (see Figures 5 and 6). This behavior 

means that size distributions for aggregating particles in the single-ion case are much smaller. All 

these differences arise from including the counterion concentration at the characteristic distance 𝐿 

in the Derjaguin repulsive-energy expression and solving for this concentration given the surface 

charge density. 𝐿 describes the average spacing between particles calculated from the suspension 

volume fraction.  

The strong dependences of the single-ion electrostatic pair potential on particle size and 

volume fraction lead to intriguing behavior not appearing in classical DLVO theory. Keeping all 

else constant, dispersions stable at low volume fraction can become unstable at high volume 

fraction. Moreover, a non-zero volume fraction dispersion of small particles can be unstable but 

stabilize at larger aggregate size. This means that a no-added electrolyte dispersion of unstable fine 

particles can coarsen to a stable dispersion of larger irreversibly attached aggregates. We also find 

that no-added electrolyte dispersions of realistic particle size and volume fraction greatly acidify a 

suspending solvent. Dispersion pH is predicted to fall substantially initially from 7 to 2 even at only 

10% particle volume fraction for the charge density assumed. The proposed single-counterion 

electrostatic pair potential theory provides a new powerful tool to understand dispersion colloidal 

behavior when surface charge arises solely from dissociate/desorption of surface ionogenic groups 

or ion-exchange sites. In Part II, the developed single-ion potential energies are utilized to predict 

successfully size distributions of Nafion™ PFSA aggregates and the resulting suspension pH of n-

propanol/water solutions as a function of volume fraction.44 Classical DLVO electrostatic potential 
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energies for added electrolyte, which are independent of suspension volume fraction, fail in this 

endeavor.  

 

Supporting Information. Numerical details and derivation of linearized potentials. 
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Nomenclature 

𝑎  Radius of sphere [m] 

𝐴𝐻  Hamaker Constant [J] 

𝐶∞  Number concentration of counterions far from the surface [1/m3]  

𝐶𝐿  Number concentration of counterions per solvent volume at 𝐿 [1/𝑚3] 

𝐶𝑚  Midpoint number concentration of counterions per solvent volume between two  

                        flat plates [1/𝑚3] 

⟨𝐶⟩  Average number counterion concentration [1/m3] 

DLVO  Derjaguin-Landau-Verwey-Overbeek 

𝜖  Fluid dielectric permittivity [C2/N2 ⋅ m] 

ℎ  Separation distance between two flat plates 

𝑘𝐵   Boltzmann constant (1.38 × 10−23 J/K) 

𝐿   Dissociation distance of counterions away from a flat plate [m] 

𝜆   Debye length [m] 

𝑃   Osmotic pressure [Pa] 

𝑝𝐶𝐿   Log normalized counterion molar concentration at 𝐿 (−𝑙𝑜𝑔10𝐶𝐿)   

pH   Log normalized average proton molar concentration (− 𝑙𝑜𝑔10⟨𝐶⟩) 

𝑝𝐻𝐿   Log normalized proton molar concentration at 𝐿 (−𝑙𝑜𝑔10𝐶𝐿) 

𝜙   Volume fraction of particles 
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Φ  Potential [V] 

𝑞  Surface charge density [C/m2] 

𝑅  Ideal gas constant (8.314  J/mol ⋅ K) 

𝑇  Temperature [K] 

x  Distance from flat plate [m] 

𝑈𝑟   Repulsive energy between two spheres [J] 

𝑈𝑣𝑑𝑤   Attractive van-der-Waals energy between two spheres [J] 

𝑉𝑅   Repulsive energy per unit area for two flat plates [J/m2] 

𝑧  Charge number 
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