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Abstract

Veridical Deep Learning in Hard Regimes: Distribution Shift, Agentic Data Science, and
Data Scarcity

by

Austin Victor Zane

Doctor of Philosophy in Statistics

University of California, Berkeley

Distinguished Professor Bin Yu, Co-chair

Professor Peter Bartlett, Co-chair

Modern deep learning has succeeded in regimes where data is abundant and high-quality,
the training and deployment distributions match, and the analyst keeps close control of
the modeling pipeline. Real-world deployments rarely satisfy all of these conditions. This
dissertation studies three such hard regimes for deep learning, distribution shift, agentic data
science, and data scarcity, through the lens of the Predictability–Computability–Stability
(PCS) framework for veridical data science.

The first project addresses distribution shift in the simplest tractable setting. We prove the
first non-asymptotic excess risk bounds for benignly-overfit minimum-norm linear interpolators
evaluated on a target distribution that differs from the source. From these bounds we propose
a taxonomy of beneficial and malignant covariate shifts parameterized by the degree of
overparameterization, and corroborate the taxonomy empirically on real image data and on
fully-connected neural networks.

The second project tackles agentic data science, where a large language model executes the
entire analytical workflow and the analyst can no longer audit the intermediate decisions.
We propose a pair of lightweight sanity checks that apply targeted perturbations to the
data and the analytic prompt and ask whether the agent’s conclusion survives. The checks
are validated on synthetic data with controlled signal-to-noise ratios and applied to eleven
real-world datasets, identifying six on which an affirmative agentic conclusion is not well-
supported.

The third project develops a deep learning pipeline for pediatric focused assessment with
sonography for trauma (FAST), a bedside ultrasound exam used to detect hemorrhage from
intra-abdominal injury (H-IAI) in injured children. The pipeline first localizes Morison’s
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pouch and then classifies frames for hemorrhage. We evaluate on a pediatric cohort of 207
exams, considerably larger than previous pediatric FAST datasets but containing only 17
H-IAI positive cases. We use Monte Carlo cross-validation to report metrics stable under
this small positive count.



i

To my family.



ii

Contents

Contents ii

List of Figures iv

List of Tables vi

1 Introduction 1

2 Minimum-Norm Interpolation Under Covariate Shift 4
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.3 Main Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.5 Conclusion and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Sanity Checks for Agentic Data Science 20
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.5 Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4 Pediatric FAST under Data Scarcity 32
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.2 Materials and Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

Bibliography 45

A Content Deferred from Chapter 2 59
A.1 Formal Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59



iii

A.2 Key results from prior work and technical lemmas . . . . . . . . . . . . . . . 60
A.3 Proof of excess risk bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
A.4 Overview of variance and bias proof techniques . . . . . . . . . . . . . . . . 69
A.5 Proof of variance bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
A.6 Proof of bias bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
A.7 Proof of tightness of bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
A.8 Proof of beneficial and malignant shifts . . . . . . . . . . . . . . . . . . . . . 84
A.9 Experiment details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
A.10 Additional experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

B Content Deferred from Chapter 3 103
B.1 Verifying the Identically Distributed Assumption . . . . . . . . . . . . . . . . 103
B.2 Dataset Details . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
B.3 Prompts and Agent Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
B.4 Signal-to-Noise Ratio Controlled Experiments . . . . . . . . . . . . . . . . . 108
B.5 Full Experimental Results on BLADE Benchmark Datasets . . . . . . . . . . 108
B.6 Signal-to-Noise Ratio Results at Low PVE . . . . . . . . . . . . . . . . . . . 110
B.7 Cases When Null Hypotheses Yield Strong Yes Answers . . . . . . . . . . . . 110
B.8 Step-Level Perturbation Analysis . . . . . . . . . . . . . . . . . . . . . . . . 115
B.9 Full Human Analysis Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

C Content Deferred from Chapter 4 121
C.1 Architecture and Preprocessing Details . . . . . . . . . . . . . . . . . . . . . 121
C.2 Training Hyperparameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
C.3 Clinical Usefulness Evaluation Protocol . . . . . . . . . . . . . . . . . . . . . 123



iv

List of Figures

2.1 Beneficial and malignant covariate shifts on spiked covariance models . . . . . . 13
2.2 Beneficial and malignant shifts for 3-layer MLPs on synthetic Gaussian data . . 14
2.3 Combined blur and noise corruptions on CIFAR-10 with the minimum-norm

interpolator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Pipeline for computing the PCS sanity checks . . . . . . . . . . . . . . . . . . . 22
3.2 Sanity checks track signal strength in synthetic data . . . . . . . . . . . . . . . 26
3.3 Sanity-check results on the BLADE datasets . . . . . . . . . . . . . . . . . . . . 27
3.4 Multi-faceted analysis of agentic instability . . . . . . . . . . . . . . . . . . . . . 29

4.1 Dataset processing workflow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2 Two-step pipeline from raw frame to predicted mask and H-IAI score . . . . . . 36

A.1 Beneficial and malignant shifts in the extreme overparameterization regime . . . 93
A.2 Beneficial and malignant shifts on spiked covariance models, additional setting . 94
A.3 Covariate shift in underparameterized vs. overparameterized linear regression . . 95
A.4 Crossover between underparameterized and overparameterized regression as n varies 96
A.5 Multiplicative covariate shifts on interpolating 3-layer ReLU MLPs . . . . . . . 97
A.6 Minimum-norm interpolator on binary CIFAR-10 evaluated on CIFAR-10C cor-

ruptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
A.7 Sequential blur-then-noise and noise-then-blur corruptions of CIFAR-10 . . . . . 99
A.8 Ridgeless OLS on binary CIFAR-10 across overparameterization levels . . . . . . 100
A.9 ResNet-18 on CIFAR-10 under blur and noise corruptions with label noise . . . 101

B.1 QQ plots of p-value quantiles for blocked vs unblocked bootstrap . . . . . . . . . 105
B.2 Datasets exit the failure quadrant as PVE increases . . . . . . . . . . . . . . . . 109
B.3 Null and alternative response distributions across PVE levels . . . . . . . . . . . 109
B.4 Classification agreement vs sample size under random subsampling . . . . . . . 111
B.5 Classification agreement vs alternative-only sample size . . . . . . . . . . . . . . 112
B.6 Component-level agreement under random subsampling . . . . . . . . . . . . . . 113
B.7 Component-level agreement under alt-only subsampling . . . . . . . . . . . . . . 113
B.8 Null and alternative distributions when the null has tiny SNR . . . . . . . . . . 114
B.9 Within-perturbation volatility heatmap . . . . . . . . . . . . . . . . . . . . . . . 116



v

B.10 Baseline-vs-perturbation divergence heatmap . . . . . . . . . . . . . . . . . . . . 117
B.11 Per-rater scores for the human-performed data analyses . . . . . . . . . . . . . . 117
B.12 Comparison of individual rater values . . . . . . . . . . . . . . . . . . . . . . . . 118

C.1 Representative segmentation outputs from clinician review . . . . . . . . . . . . 124



vi

List of Tables

3.1 Perturbations used in the PCS sanity checks . . . . . . . . . . . . . . . . . . . . 24
3.2 Interpretations of the four PCS sanity-check regimes . . . . . . . . . . . . . . . 25

4.1 Dataset composition at the exam and frame level by cohort and label . . . . . . 41
4.2 Segmentation performance on the pediatric cohort . . . . . . . . . . . . . . . . . 41
4.3 Clinician-rated segmentation overlap by exam label . . . . . . . . . . . . . . . . 42
4.4 Classification performance on the pediatric cohort . . . . . . . . . . . . . . . . . 43

B.1 Empirical rejection rates for the blocked bootstrap mean test . . . . . . . . . . . 104
B.2 Summary of BLADE datasets and their questions . . . . . . . . . . . . . . . . . 119
B.3 Sanity-check results on the eleven BLADE datasets . . . . . . . . . . . . . . . . 120



vii

Acknowledgments

First and foremost, I would like to thank my advisor, Bin Yu. Over the past five years, Bin
has shaped not only how I think about research, but also how I think about what it means
to be a mentor. She genuinely cares about her students as researchers and as people, and I
have been deeply grateful for her guidance through both the technical and personal parts of
the Ph.D. She taught me to hold my work to a high standard and to think critically. I feel
very fortunate to have learned from her and I will carry her example of rigor, generosity, and
mentorship with me long after graduate school.

I am also grateful to Peter Bartlett for serving as my co-advisor and for his support
during my Ph.D. I appreciate his role in shaping the broader intellectual environment at
Berkeley, especially through his leadership at the Simons Institute during my early years in
the program. The workshops, programs, and summer schools were an important part of my
graduate experience.

I would also like to thank Avi Feller for serving on my committee. Avi served as a mentor
both during my first industry experience at Adobe and many important moments in my
Ph.D. He provided advice in a way that nobody else could, and I feel very fortunate that he
was so genuinely invested in my future.

Before Berkeley, I was fortunate to have several undergraduate mentors who set me on
this path. My academic journey began in Boris Hanin’s office hours during my first year of
college, where a question about deep learning turned into a relationship that would span
the rest of my undergraduate years and beyond. Boris served as my de facto undergraduate
advisor and our conversations shaped both my decision to pursue a Ph.D. and my preparation
for doing so. I would not be here without him.

I had my first exposure to research with Shuying Sun during a summer at Texas State
University, where she taught me what rigor and attention to detail look like in practice and
guided me through my first published paper. Huiyan Sang was also an important mentor
during my undergraduate years, both in the classroom and in research, and her confidence in
me when I was applying to graduate school meant a great deal.

The work in this thesis would not have been possible without my excellent co-authors
Neil Mallinar, Spencer Frei, Zachary Rewolinski, Hao Huang, Chandan Singh, Chenglong
Wang, Jianfeng Gao, Aaron Kornblith, Nathan McNaughton, Maytal Firnberg, Newton Addo,
Naina Sabbineni, and Kush Narang.

The Yu Group served as the ideal environment for research and collaboration. My desire
to work with Bin was cemented after getting to know all of the kind and intelligent students
in the group, including Abhineet Agarwal, Luiz Chamon, James Duncan, Corrine Elliott,
Soufiane Hayou, Jakob Heiss, Yaxuan Huang, Anthony Ozerov, Zachary Rewolinski, Omer
Ronen, Chandan Singh, Jingfeng Wu, and Chengzhong Ye. These students and post-docs
have served as friends, mentors, collaborators, and everything in between.

Outside of the Yu Group, I would like to thank the lifelong friends I made at Berkeley,
especially Andy Shen and Zachary Rewolinski. Having Melody Huang and Tiffany Tang
as my officemates during the first two years of my Ph.D. was a stroke of luck and had a



viii

surprisingly large impact on my Berkeley experience. I doubt I will ever experience a better
office environment. From my cohort, I am particularly grateful to Seunghoon Paik, Licong
Lin, Tiffany Ding, Karissa Huang, Yaxuan Huang, Hyunsuk Kim, and Florica Constantine,
who have been a central part of my life at Berkeley from the first-year classes onward. I
couldn’t ask for a better group to experience a Ph.D. with. I would also like to acknowledge
the Order, for reasons they will understand.

I owe everything to my family. I could not ask for better role models than my mother and
father, and whatever is good in me started with them. My mother has been the first person I
go to for advice on essentially anything. I’ve benefited greatly from her keen social intelligence,
and she has shown by example what lifelong learning actually looks like. Whatever steadiness
I have, in work and out of it, I learned from her. My father is one of the deepest thinkers I
know, and it is no coincidence that his two oldest children ended up as Ph.D. students. He
raised the four of us to think for ourselves, to work hard, and to have no patience for self-pity,
and has led by example on all three.

My siblings Isabella, Eva, and Jackson have been and always will be my closest friends.
Isabella and her husband James, who were my roommates, classmates, and fellow math
majors, made my time at Texas A&M particularly memorable, from late nights in the math
lounge to birdwatching at Northgate. I am grateful to Eva for guaranteeing that every trip
home is a good time. She is the most considerate of us all and has always gone out of her way
for the rest of us. Jack ending up at Stanford during my Ph.D. has been a very fortunate
coincidence. He has been generous with both his time and his space, taking the long train
ride up to Berkeley on the weekends and putting me up whenever I am in the South Bay.

Finally, my fiancée Chelsea has been the most important person in my life since high
school. She has read more of my drafts, listened to more of my practice talks, and tolerated
more of my deadline weeks than anyone should have to. When I was stressed about grad
school, the job search, or the future, none of it ever felt quite as bad knowing she would
always be there. I owe her more than I can say here.



1

Chapter 1

Introduction

Modern deep learning has produced impressive results in regimes where data is abundant,
the training and deployment distributions match, and the analyst keeps close control over
the modeling pipeline. Real-world deployments rarely satisfy all of these conditions. Models
trained on one population are often asked to perform on another. Rare events leave only a
handful of positive labels even after extensive data collection. And increasingly, the analyst
is not a person at all but an autonomous system whose modeling decisions are difficult to
audit. In such settings, the standard pipeline of training a model, holding out a test set, and
reporting a number can fail silently, producing a metric that looks reasonable but does not
reflect deployment behavior.

This dissertation considers three such hard regimes. Distribution shift asks what happens
when the training and target distributions differ. Even in the simplest linear models, the
in-distribution intuition for when overparameterization is harmless can flip in surprising ways.
Agentic data science asks how to assess the trustworthiness of a statistical conclusion when a
large language model executes the entire analysis end-to-end and the analyst can no longer
inspect the intermediate decisions. Data scarcity asks how to evaluate a deep learning model
in clinical settings where positive cases are rare despite substantial data collection effort, so
that single-split estimates of accuracy or calibration are dominated by sampling noise.

The methodological response to all three regimes shares a common shape, captured by
the Predictability–Computability–Stability (PCS) framework for veridical data science [143,
142, 101]. Where the standard evaluation, whether empirical or theoretical, cannot be trusted
on its own, one performs a reality check on whether the analytical setup reflects deployment,
together with a battery of stability checks. The stability checks take the form of perturbations
of the training data, of the theoretical model, of the modeling decisions, or of the analytical
pipeline itself, and conclusions are reported only when they survive the perturbations. Where
exact answers are out of reach, one structures the analysis to be explicit, reproducible, and
inexpensive enough to run these checks repeatedly. These three components are instances of,
respectively, the predictability, stability, and computability principles of PCS.

This thesis presents three projects, each tackling one of these hard regimes.



CHAPTER 1. INTRODUCTION 2

Distribution Shift

In-distribution research on high-dimensional linear regression has identified the phenomenon
of benign overfitting, in which an interpolator of noisy training labels nonetheless generalizes
well, provided the source covariance matrix and input dimension satisfy specific spectral
conditions. In Chapter 2 we extend this analysis to the transfer learning setting and prove the
first non-asymptotic excess risk bounds for benignly-overfit linear interpolators evaluated on a
target distribution that differs from the source. This extension serves both as a reality check
on whether the benign-overfitting prediction reflects deployment behavior and as a stability
analysis of the theoretical conclusion under perturbation of the “true model” assumption
that source and target distributions match. From these bounds we propose a taxonomy of
beneficial and malignant covariate shifts, parameterized by the degree of overparameterization,
and corroborate the taxonomy empirically for linear models on real image data and for fully-
connected neural networks in the high-dimensional regime. This work was joint with Neil
Mallinar, Spencer Frei, and Bin Yu.

Agentic Data Science

Agentic data-science (ADS) pipelines such as OpenAI Codex and Claude Code can now
ingest a dataset and a natural-language query and produce a polished analysis end-to-end,
but their conclusions can be wrong in ways that are difficult for an analyst to detect. In
Chapter 3 we propose a pair of lightweight sanity checks for ADS outputs that are grounded
directly in PCS. The first is a stability check that perturbs the data and analytic prompt
and asks whether the agent’s conclusion survives. The second is a reality check that strips
the data of signal via a null-defining perturbation and asks whether the agent’s affirmative
conclusion would have been reached on noise alone. Together they characterize whether an
output reflects stable signal, is responding to noise, or is sensitive to incidental aspects of the
input. We validate the checks on synthetic data with controlled signal-to-noise ratios and
demonstrate them on eleven real-world datasets, finding that in six of them an affirmative
ADS conclusion is not well-supported even though a single run of the agent may suggest
otherwise. The agent’s self-reported confidence is poorly calibrated to the stability of its
conclusions under perturbation, which is what the stability check measures directly. This
work was joint with Zachary Rewolinski, Hao Huang, Chandan Singh, Chenglong Wang,
Jianfeng Gao, and Bin Yu.

Data Scarcity

Pediatric focused assessment with sonography for trauma (FAST) is a bedside, radiation-free
ultrasound exam used to detect hemorrhage from intra-abdominal injury (H-IAI) in injured
children. Its accuracy is limited by clinician inexperience with both landmark acquisition and
image interpretation, which leaves a clinically meaningful gap between the exam’s potential
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and its routine performance. In Chapter 4 we develop a two-step deep learning pipeline that
first localizes Morison’s pouch via a segmentation model and then classifies frames for H-IAI.
Training and evaluation are performed on a pediatric cohort of 207 exams of which only 17
are H-IAI positive, a regime in which single-split estimates of sensitivity and area under the
receiver operating characteristic curve (AUROC) have standard errors comparable to the
metrics themselves. The operative data scarcity here is in positive cases rather than in raw
exams, with the rare-positive count driving the effective sample size. The methodological
design is therefore organized around repeated cohort splits, with reported metrics averaged
over the splits in which each exam appeared as a test case so that no individual allocation of
the 17 positives drives the headline numbers. This procedure serves both as a reality check
on deployment-time performance, by averaging over many cohort splits rather than reporting
a single noisy estimate, and as a stability analysis of the conclusions under perturbation of
the train-test partition. This work was joint with Nathan McNaughton, Newton Addo, Naina
Sabbineni, Kush Narang, Maytal Firnberg, Bin Yu, and Aaron Kornblith.

Summary

Each of the three regimes violates a different precondition for trustworthy single-number
evaluation. Distribution shift breaks the assumption that source and target distributions
match. Agentic data science removes the analyst’s ability to inspect and audit the intermediate
modeling decisions. Data scarcity drives the effective sample size below what a single train-
test split can reliably estimate. What unifies them is the PCS framework’s response to
such violations, which is to substitute reality checks and stability analyses for the broken
assumption and to keep the analytical pipeline computable enough that those checks can be
performed in the first place.
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Chapter 2

Minimum-Norm Interpolation Under
Covariate Shift

2.1 Introduction

Practical deployments of machine learning models are almost always in a transfer learning
setting, where models trained on a source data distribution with noisy labels are expected to
perform well on a different target data distribution, referred to as the “out-of-distribution”
(OOD) dataset [93, 22]. There have been many experimental works on transfer learning with
complex models and datasets [100, 55, 86, 45, 134, 71], but remarkably fewer attempts to
study it theoretically, even in the simplest case of linear models which have been of great
interest in recent years [26, 6, 44, 128].

There has been an extensive “in-distribution” (ID) theoretical interest in high-dimensional
linear regression and specifically interpolation, meaning a model reaches zero training loss [10,
12]. Frameworks such as “benign overfitting”, or “harmless interpolation” [6, 89] emerged as
an attempt to explain why interpolating neural networks often do not overfit catastrophically
[144]. They found that, in specific cases, overfitting can be “benign”, meaning that a model
interpolates noisy training labels and yet has vanishing excess risk. In linear regression, this
occurs if and only if the training (source) covariance matrix satisfies very specific conditions.
Under these conditions, the minimum-norm interpolator (MNI) approximately acts like a
ridge regression solution.

This sparked an initial wave of in-distribution theoretical research into benign overfitting
in high-dimensional linear models [17, 128, 16], kernel regression [99, 42, 7, 11], and even
some shallow neural networks [32, 62, 61, 139]. The study of benign overfitting was originally
motivated by overparameterized neural networks. However, recent works have shown that
overparameterization alone is not sufficient for the phenomenon, with overfitting failing to be
benign in many practical settings where the input dimension is small relative to the parameter
count [80, 42, 63]. Thus, deeper investigations into the generalization behavior of overfit
models are warranted.
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Given the increasing prevalence of overparameterized models, it is natural to ask how such
models perform in the transfer learning setting. There have been some efforts to answer this in
the theoretically tractable cases of linear regression and random feature and kernel regression
[95, 131]. However, these works either provide asymptotic bounds that require the training
sample size and data dimension to go to infinity at the same rate [126], study minimax
settings which only consider worst-case risk [64], or focus on augmented gradient-based
training algorithms, like importance weighting [132].

Summary of contributions. In this chapter, we investigate the generalization behavior
of the minimum ℓ2-norm linear interpolator (MNI) under distribution shifts when the source
distribution satisfies the conditions necessary for benign overfitting. We summarize our main
contributions as follows.

• We provide the first non-asymptotic, instance-wise risk bounds for covariate shifts
in interpolating linear regression when the source covariance matrix satisfies benign
overfitting conditions and commutes with the target covariance matrix.

• We use our risk bounds to propose a taxonomy of covariate shifts for the MNI. We
show how the ratio of target eigenvalues to source eigenvalues and the degree of
overparameterization affect whether a shift is beneficial or malignant, meaning OOD
risk is better or worse than ID risk, respectively. The degree of overparameterization is
determined by the eigenspectrum’s head and tail properties.

• We empirically show that our taxonomy of shifts holds: (1) for the MNI on real image
data under natural shifts like blur (a beneficial shift) and noise (a malignant shift),
underscoring the significance of our findings beyond the idealized source and target
covariances for which our theory is applicable; (2) for neural networks in settings where
the input data dimension is larger than the training sample size, showing that our
findings for the MNI are also reflective of the behavior of more complex models.

Prior Work and Comparisons to this Work

Excess risk analysis under distribution shifts: Tripuraneni, Adlam, and Pennington
[126] give an asymptotic analysis of high-dimensional random feature regression in covariate
shift. They require the number of samples, n, data dimension, p, and random feature
dimension to go to ∞ at the same rate. In contrast, our non-asymptotic analysis considers
finite sample cases and differing rates. This allows us to draw new conclusions about how
the degree of overparameterization changes the way in which interpolating linear models
exhibit out-of-distribution (OOD) generalization. Additionally, our bounds let us analyze
any sequence of eigenvalues for the target feature covariance matrix, which is not possible
within their framework.

Lei, Hu, and Lee [64] study linear regression under distribution shifts in the minimax setting.
Their minimax bounds consider the worst-case risk over an ℓ2-ball of target models, whereas
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we compute risk bounds specific to any model instantiation, with no restriction on the target
model class. Furthermore, their experimental results only consider the underparameterized
regime.

Several other works study OOD generalization in more distant settings. Wang et al. [132]
study linear interpolators for classification, when trained with gradient descent and importance
weighting, whereas we consider the closed-form MNI for linear regression. Simchowitz et al.
[112] study covariate shifts when the target function class is the sum of two other function
classes, and shifts are defined with regard to metric entropy between classes, whereas we
focus on well-specified linear models. Pathak, Ma, and Wainwright [95], Ma, Pathak, and
Wainwright [78], and Feng et al. [30] consider covariate shift in kernel regression based on
likelihood (“importance”) ratios between source and target distributions while we consider
source and target eigenvalue ratios which offer granular insights into feature scale changes
whereas likelihood ratios capture shifts that affect the global data distribution. Pathak, Ma,
and Wainwright [95] and Ma, Pathak, and Wainwright [78] also analyze worst-case, minimax
risk for nonparametric function classes. Kausik, Srivastava, and Sonthalia [51] work in the
proportional asymptotic regime and consider the error in variables setting with noisy features
and clean labels, while our work focuses on the linear regression setting with clean features
and noisy labels. Finally, we note that risk bounds in these prior works do not sufficiently
account for the behavior of the high-rank covariance tail that benign overfitting requires.

Experimental work on distribution shifts: Hendrycks and Dietterich [46] propose
the CIFAR-10C dataset as an OOD counterpart to CIFAR-10, featuring test set images
corrupted by visual filters like blurs and noises. Koh et al. [55] present benchmarks on
more realistic datasets with modern models that can be seen “in-the-wild”. Miller et al. [86]
experimentally show a linear relationship between ID accuracy and OOD accuracy for a wide
range of modern neural networks and datasets, though their results show ID accuracy is
almost always better than OOD accuracy. On a subset of CIFAR-10C, we find settings in
which OOD accuracy is better than ID accuracy for linear interpolators.

Benign overfitting “in-distribution”: Bartlett et al. [6] propose benign overfitting,
give a non-asymptotic analysis of the MNI, and show specific, necessary conditions under
which the MNI achieves zero excess risk in-distribution. Tsigler and Bartlett [128] extend this
work by considering benign overfitting in the case of ridge regression. Our proof techniques
follow most closely to the ideas presented in these two papers for the in-distribution setting.
Frei, Chatterji, and Bartlett [32] show benign overfitting in shallow non-linear MLPs trained
with gradient descent on the logistic loss if the data dimension grows faster than the number of
training samples. Mallinar et al. [80] experimentally show that interpolating neural networks
do not benignly overfit due to the low input data dimension. Our experiments build on this
by looking at settings in which n < p and n > p where n is the training sample size and p is
the input data dimension. Other works study benign overfitting under a variety of conditions
[62, 16, 34].
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2.2 Preliminaries

We extend notations in Bartlett et al. [6] and Tsigler and Bartlett [128] to the transfer
learning setting with OOD generalization risk as our performance metric. Appendix A.1
formalizes our setting of linear regression under distribution shift, and we provide necessary
details here.

Linear Models for Source and Target Data

Let Ds and Dt be source and target distributions over (x, y) ∈ Rp × R. We consider linear
regression problems defined as follows.

Definition 2.1 (Linear regression). Let the training dataset be comprised of n i.i.d. pairs
(xi, yi)ni=1 ∼ Dn

s concatenated into a data matrix X ∈ Rn×p and a response vector ys ∈ Rn,
where n < p. We define

1. the covariance matrix Σs = EDs [xx
⊤],

2. (centered rows) EDs [x] = 0,

3. (well-specified) the optimal parameter vector θ∗s ∈ Rp such that

y = xT θ∗s + εs

for (x, y) ∼ Ds, where εs is a centered random variable with variance vε2s and EDs [y|x] =
xT θ∗s .

We test on Dt with Σt, θ
∗
t , εt defined in the same way. Note that (x, y) is used to denote

single observation pairs for both source and target data. We will differentiate between the
two by explicitly denoting the distribution from which the pair is drawn.

To facilitate our analysis, we introduce the following assumptions on the covariance
matrices and the distribution of the data.

Assumption 2.2. For linear regression problems (Def. 2.1), with source and target covariance
matrices Σs and Σt ∈ Rp×p, we assume:

1. (simultaneous diagonalizability) Σs and Σt commute; that is, there exists an orthogonal
matrix V ∈ Rp×p such that V ⊤ΣsV and V ⊤ΣtV are both diagonal:

Σs = E
x∼Ds

[xxT ] = diag(λ1, λ2, ..., λp),

Σt = E
x∼Dt

[xxT ] = diag(λ̃1, λ̃2, ..., λ̃p),

where λ1 ≥ λ2 · · · ≥ λp and λ̃iλi ≥ 0 for all i;
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2. (subgaussianity) the whitened observations z = xTΣ
−1/2
s are centered i.i.d. vectors with

independent coordinates and subgaussian norm σx; that is, for all γ ∈ Rp,

E[exp(γ⊤z)] ≤ exp(σ2
x||γ||2/2)

Simultaneous diagonalizability is a common assumption in recent studies of high-dimensional
linear regression [64, 51, 65] and we show in Section 2.4 with experiments that our results
hold even when this is violated. Subgaussianity is also frequently used in statistical learning
theory research and encompasses a wide array of distributions of interest [130].

Min-Norm Interpolator and Target Excess Risk

Given a source data matrix X, the minimum-norm interpolator (MNI) for any vector ξ ∈ Rn

is defined as

θ̂(ξ) := argmin
{
∥θ∥2 : Xθ = ξ

}
= XT (XXT )−1ξ.

If we consider ξ = ys, then we recover the MNI for the labels given by the response model,
but our analysis will also involve implicit MNIs for different label vectors in Rn.

The quantity that we seek to bound is the excess risk on the target distribution, which
we define for an estimator θ ∈ Rp as,

R(θ,Dt) := E
Dt

[(
y − xT θ

)2 − (y − xT θ∗t
)2]

. (2.1)

We now derive bounds for the target excess risk and its expectation over the source
response noise. The proof of the following can be found in Appendix A.3.

Theorem 2.3. (Target excess risk decomposition) The excess risk of the MNI trained on the
source data, when evaluated on the target distribution, satisfies

R(θ̂(ys),Dt) ≤4B1 + 4B2 + 2Vεs , (2.2)

and

E
εs
R(θ̂(ys),Dt) = B1 +B2 + E

εs
Vεs

+ 2(θ∗t − θ∗s )
⊤Σt(θ

∗
s − θ̂(Xθ∗s )),

where we define

B1 := ∥θ∗s − θ∗t ∥2Σt
, (2.3)

B2 := ∥θ∗s − θ̂(Xθ∗s )∥2Σt
, (2.4)

Vεs := ∥θ̂(εs)∥2Σt
, (2.5)

and ∥x∥2M := x⊤Mx.
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We observe that B1 is a deterministic model shift term and that no further analysis
can improve its dependency on θ∗s , θ

∗
t , or Σt. The cross-term, (θ∗t − θ∗s )

⊤Σt(θ
∗
s − θ̂(Xθ∗s )), is

dominated by the bias and variance as evidenced by the upper bound. Therefore we focus
our analysis on B2 and Vεs . A useful normalized version of Vεs is defined by

V = E
εs

[
Vεs/v

2
εs

]
. (2.6)

Note that B2, V are reminiscent of the ID bias and variance in prior work [6, 128].

Separation of Components and Effective Ranks

For an index k, we define the following quantities related to the effective rank of the tail of
Σs [128]:

ρk =

∑
i>k λi

nλk+1

, Rk =
(
∑

i>k λi)
2∑

i>k λ
2
i

.

ρk measures the ratio of the energy of the source covariance tail to the number of training
data observations, after normalizing the tail eigenvalues. Rk measures the quantity of noisy
features and how evenly distributed their eigenvalues are. It is minimized when there is only
one nonzero eigenvalue and maximized when there are many equal eigenvalues.

Benign overfitting occurs if the MNI is overfit to noisy training labels and yet ID excess risk
decays to zero. The central finding of Bartlett et al. [6] is that the only way benign overfitting
happens for the MNI is if the following occurs: (1) there exists a k∗ = min{k : ρk ≥ b}
for a universal constant b > 1, meaning that the last p− k∗ components of Σs have a high
effective rank relative to the number of training samples, n; (2) the magnitudes of the
bottom p− k∗ eigenvalues are small relative to the top k∗; and (3) k∗ ≪ n. More formally,
consider quantities p = p(n), a sequence of source covariance matrices Σn = diag(λ1, · · · , λp),
k∗ = k∗(n) as defined above, Rk∗ = Rk∗(Σn), and ρk = ρk(Σn). A sufficient condition for
benign overfitting is,

lim
n→∞

ρ0 = lim
n→∞

k∗/n = lim
n→∞

n/Rk∗ = 0. (2.7)

If this occurs, then the MNI behaves similarly to an estimator with two components.
One component has variance similar to the ordinary least squares (OLS) estimator in k∗

dimensions and bias similar to the ridge regression solution with ridge parameter proportional
to
∑

i>k λi, a sort of data-induced regularization. The other component is a high-dimensional
component, which has vanishing variance when the data is sufficiently high-dimensional and
a bias which is proportional to

∑
i>k λi(θ

∗
s )

2
i [128]. From these conditions, we see that the top

k∗ components are like “signal” components of the data and the bottom p− k∗ components
are “noise” components.
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Spiked Covariance Models

We will consider a special case of the (k, ϵ)-spike model, a canonical covariance structure that
exhibits benign overfitting for the MNI [17, 16], to experimentally show properties of interest.

Definition 2.4 ((k, δ, ϵ)-spike model). For a source distribution Ds, δ > 0 and ϵ > 0 such
that δ ≫ ϵ, let

E
x∼Ds

[xxT ] = diag(λ1, · · · , λk︸ ︷︷ ︸
=δ

, λk+1, · · · , λp︸ ︷︷ ︸
=ϵ

).

In this simplified setting, there are k high-energy “signal” directions and p− k low-energy
“noise” directions. For a target distribution Dt, we use different hyperparameters k̃, δ̃, ϵ̃ to
similarly characterize a shifted covariance matrix.

2.3 Main Theorems

This section provides upper and lower bounds for the variance and bias terms in Equation
2.6 and Equation 2.4, respectively. Appendix A.4 gives a high-level overview of our proof
techniques. Subsequent appendices provide complete proofs. The variance bounds are adapted
from Bartlett et al. [6], while the bias lower bound is derived from Tsigler and Bartlett
[128]. Our contributions include a novel bias upper bound and a unique characterization of
overparameterization degrees. We start with the bounds for the variance term. Appendix
A.5 contains a proof of the following theorem.

Theorem 2.5. (Upper and lower bounds for the variance term) There exist universal
constants b, c1 > 1 given in Lemma A.2, a universal constant c2 given in Lemma A.8 and a
constant c > 1 that only depends on σx, c1, c2, such that for k ∈ (0, n/c), with probability at
least 1− 10e−n/c,

V ≥ 1

cn

p∑
i=1

λ̃i

λi

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)
=: V . (2.8)

If in addition ρk ≥ b, with probability at least 1− 7e−n/c,

V/c ≤ 1

n

k∑
i=1

λ̃i

λi

+ n

∑
i>k λ̃iλi

(
∑

i>k λi)2
=: V /c. (2.9)

We first note that the variance lower bound does not depend on ρk ≥ b and so it holds
for any interpolating linear model, even when benign source conditions are not satisfied.
However, we will see that if ρk ≥ b for some k, then the upper and lower bounds are tight.
In the case where Σt = Σs, these bounds reduce to their in-distribution counterparts [6].
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Our variance bounds show that the excess risk contribution of each feature is scaled by the
ratio of the target and source eigenvalues, λ̃i/λi. We immediately see that scaling down the
target eigenvalues will lessen the overall contribution to variance and that scaling up the
target eigenvalues will increase the contribution. We investigate these scaling factors and the
separation of the first k components and last p− k components in Section 2.3.

We now state upper and lower bounds for the bias term, B2, given in Equation 2.4. The
proof of the following theorem can be found in Appendix A.6.

Theorem 2.6. (Upper and lower bounds for the bias term) For the lower bound only, assume
that random models θ are obtained from the underlying θ∗s as (θ)i = γi(θ

∗
s )i, where each γi

is an independent Rademacher random variable. There exists a universal constant b > 1,
constants c, C that depend only on b and σx, and k < n/C such that if ρk ≥ b, then with
probability at least 1− 10e−n/c,

Ē
θ
[B2] ≥

1

c

(
k∑

i=1

λ̃i

λi

λi(θ
∗
s )

2
i

(1 + λi

λk+1ρk
)2

+
∑
i>k

λ̃i(θ
∗
s )

2
i

)
=: B2.

If we assume that p is at most exponential in n, then with probability at least 1− 5e−n/c,

B2/c ≤ ∥θ∗s ∥2
p∑

i=1

λ̃i

λi

λi(
1 + λi

λk+1ρk

) =: B2/c.

Note that while the lower bound is in expectation over the random models θ̄, the resulting
expression only depends on the ground-truth θ∗s . This Bayesian approach also appears in
prior work, i.e., Tsigler and Bartlett [128]. In studying the bias lower bound, we observe a
similar separation of signal and noise components and dependence on eigenvalue ratios as in
the variance bounds.

To show tightness of our bounds, we assume there exists a k such that ρk ≥ b for some
universal constant b > 1. When this condition is satisfied, the variance bounds are tight up to
constant factors. The bias bounds leave a model-dependent and source covariance-dependent
gap, which we discuss in the proof overview in Appendix A.4 and in the complete proof found
in Appendix A.7.

Theorem 2.7. (Tightness of variance and bias bounds) Let the lower bound and upper
bound of V be given by V and V , respectively. There exists a universal constant b ≥ 1, and
constant c as defined in Theorem 2.5, and k ∈ (0, n/c) such that if ρk ≥ b, then

V /V ∈
[
b−2(1 + b)−2/c2, 1

]
.

Let the lower bound and upper bound of B2 be given by B2 and B2, respectively, and the
assumptions of Theorem 2.6 be satisfied. Then

B2/B2 ∈

mini {(θ∗s )2i : (θ∗s )i ̸= 0}

∥θ∗s ∥2
(
1 + b−1 λ1

λk+1

) , 1

 .
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Note that the gap between our bias upper and lower bounds is independent of the target
distribution.

A Taxonomy of Shifts

We now present a taxonomy of covariate shifts on the target distribution inspired by our prior
analysis. We first consider OOD generalization and formally categorize shifts as beneficial or
malignant.

Definition 2.8 (Beneficial and Malignant shifts). For a source distribution, Ds, a target

distribution, Dt, excess risk, R, and MNI, θ̂, we say that a shift is

1. beneficial if R(θ̂,Ds) > R(θ̂,Dt),

2. malignant if R(θ̂,Ds) < R(θ̂,Dt).

We define these shifts for excess risk and note in Appendix A.10 that, empirically, the
variance is the primary contributor to excess risk and the bias contributions are negligible
when Σs satisfies benign overfitting conditions. This is in keeping with prior literature that
focuses on studying variance in interpolating methods [6]. We will thus focus on variance in
the following discussion.

Prior work shows that if n, p → ∞ at the same rate, tr(Σs) < tr(Σt) results in malignant
shifts on excess risk and tr(Σs) > tr(Σt) results in beneficial shifts on excess risk [126]. In
this section we generalize these conditions by considering differing rates of n, p → ∞ and
measuring overparameterization by the modified “effective rank” measure Rk/n rather than
p. This leads us to a novel characterization of the role of overparameterization in covariate
shifts. For completeness, we describe their trace conditions in terms of our shifts in Appendix
A.8.

We first consider a simplified example with separate multiplicative shifts on the signal
and noise components to facilitate intuition. While this is a special case, it provides valuable
insights into the dynamics of overparameterization and covariate shift that are relevant to
practice. Our general results, which allow for arbitrary multiplicative shifts in every direction,
are presented in Appendix A.8.

Let Σs be a covariance matrix that satisfies benign source conditions and denote the ID
variance term by Vid. Define Σt by λ̃i = αλi for i ≤ k, and λ̃i = βλi for i > k with α, β ≥ 0.
Let Vood denote the OOD variance term. By Theorem 2.5, up to constants,

Vid ≈ k/n+ n/Rk, (2.10)

Vood ≈ α(k/n) + β(n/Rk), (2.11)

where Rk = (
∑

i>k λi)
2/(
∑

i>k λ
2
i ).

It is clear that if Vood − Vid > 0 then we have a malignant shift on the variance, and if
Vood − Vid < 0 then we have a beneficial shift on the variance. Observe that,

Vood − Vid ≈ (α− 1)(k/n) + (β − 1)(n/Rk). (2.12)
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Figure 2.1: We experiment with the (k, δ, ϵ) spiked covariance models and examine conditions
for beneficial and malignant shifts as given in Theorem 2.10. We take n = 60, k = 10, δ =
1.0, ϵ = 1e−6, δ̃ = 2.0, ϵ̃ = 1e−7, and vary p. We see a cross-over from mild to severe
overparameterization on the right side of p = n where both OOD shifts swap between
beneficial and malignant. For both ID and OOD curves, we observe that excess risk is a
decreasing function of input dimension. Curves are averaged over 100 independent runs.

In this expression, we see that the scales of signal and noise shifts, α and β, are important,
as is the relationship between k/n (the “classical” rate) and n/Rk (the “high-dimensional”
rate). The quantity n/Rk can be interpreted as an inverse measure of overparameterization,
where smaller values correspond to higher levels of overparameterization. The rate of
overparameterization relative to the classical rate of k/n determines whether the shift on the
first k components (α) or the shift on the last p− k components (β) contributes more to the
difference in excess risk.

Based on this intuition, we define two regimes of overparameterization: mild and severe.
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(a) n = 200, p = 20, h =
512
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2048
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(c) n = 200, p = 2k, h =
512
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2048

Figure 2.2: We train 3 layer ReLU dense neural networks with hidden width, h, on n samples
from p-dimensional Gaussians. ID test data is sampled from the same distribution and OOD
test sets are constructed based on beneficial and malignant covariate shifts in our theory.
Ground truth models are sampled as θ∗s ∼ Sp−1, no model shift is invoked. For training data,
X, train labels are given by ys = Xθ∗s + εs with label noise εs ∼ N (0, σ2). All runs reach
train loss < 5e−6. Points are averaged over 20 independent runs with standard error bars
reported.

Definition 2.9 (Mild and severe overparameterization for multiplicative shifts). Let Σs be a
source covariance that satisfies benign source conditions and let k ≤ n. Define Σt as, λ̃i = αλi

for i ≤ k and λ̃i = βλi for i > k, with α, β ≥ 0. Let Cαβ :=
∣∣∣α−1
1−β

∣∣∣.
We are in the mildly overparameterized regime if

n/Rk = ω (Cαβ · k/n) .

We are in the severely overparameterized regime if

n/Rk = o (Cαβ · k/n) .

For β = 1 we define Cαβ = ∞ and thus are effectively in the severely overparameterized
regime with regard to the types of shift we observe.

It is clear that k is important in defining regimes of overparameterization. The aforemen-
tioned definitions hold for any k < n, however we derive our taxonomy of shifts in the case
in which ∃ k < n such that ρk ≥ b for a universal constant b > 1. We note that even for
non-linear models or settings that do not exhibit benign overfitting we can still think about
a notion of a “k” akin to the intrinsic dimension of the data. We empirically show in Figures
A.3 and A.4 that our taxonomy of shifts is reflective of shift behavior in realistic settings by
heuristically taking k small enough to sufficiently capture the low-dimensional signal in the
data.

In Equation 2.12, we see that the limit of the severe overparameterization regime would
take Rk → ∞ first, while holding other problem parameters fixed. In this case, we are only left
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with α shifts on the top k components, as any shift on the bottom components is suppressed
by the high rank covariance tail. This leads to behaviors akin to classical intuitions for an
underparameterized linear regression estimator where k = p < n. In this case, α > 1 leads to
more variance and thus harder learning, whereas α < 1 leads to less variance and thus easier
learning. These notions of hard vs. easy learning naturally correspond to tr(Σt) > tr(Σs) and
tr(Σt) < tr(Σs), respectively. This is shown experimentally in Figs. 2.1 and A.4 by looking
at the left and right sides of the figures.

On the other hand, in the mildly overparameterized regime covariance tail shifts are
not sufficiently suppressed and lead to non-negligible interactions with shifts on the signal
components. An increase in energy in the signal components can be counteracted by a
decrease in energy in the noise components, effectively increasing the contrast between signal
and noise in favor of the signal. Similarly, a decrease in energy in the signal components can
be harmfully counteracted by an increase in energy in the noise components. This is visible
in Figs. 2.1 and A.4 just above the threshold of interpolation. Interestingly, in the mildly
overparameterized regime we can also define settings in which tr(Σt) > tr(Σs) and yet still
obtain a beneficial shift, and settings in which tr(Σt) < tr(Σs) and yet still obtain malignant
shifts.

We formalize these observations in the following theorem, the proof of which can be found
in Appendix A.8.

Theorem 2.10. (Beneficial and Malignant Multiplicative Shifts on Variance) Let Σs be a
source covariance that satisfies benign source conditions. That is, ∃ k such that ρk ≥ b for
a universal constant b > 1. Define Σt as λ̃i = αλi for i ≤ k and λ̃i = βλi for i > k, with
α, β ≥ 0.

1. If α < 1, β ≤ 1 or α ≤ 1, β < 1 then we obtain a beneficial shift in variance.

2. If α > 1, β ≥ 1 or α ≥ 1, β > 1 then we obtain a malignant shift in variance.

3. If we are in the mildly overparameterized regime:

• α > 1 and β < 1 leads to beneficial shifts;

• α < 1 and β > 1 leads to malignant shifts.

4. If we are in the severely overparameterized regime:

• α > 1 and β < 1 leads to malignant shifts;

• α < 1 and β > 1 leads to beneficial shifts.

Figs. 2.1 and A.2 demonstrate the relationship between the n/Rk and k/n rates in the
case of Cαβ = 1.11, Cαβ = 1, respectively, for spiked covariance models. In both, we clearly
see a cross-over from beneficial to malignant shifts when we transition from mild to severely
overparameterized.
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Overparameterization improves OOD robustness Focusing on just the target excess
risk, let α = α(n) and β = β(n, p). We say that the benignly-overfit MNI is robust if its
excess risk decays to zero despite the presence of multiplicative covariate shifts. In order
for the variance upper bound to decay to 0, it is sufficient to have the shifts in the signal
and noise components satisfy, α = o(n/k), β = o(Rk/n). The condition β = o(Rk/n) allows
the shift strength to increase at a rate determined by the level of overparameterization, so
we conclude that increasing the amount of overparameterization improves robustness to
multiplicative distribution shifts. Note that α has no dependence on Rk and so robustness to
shifts on the signal components is independent of the degree of overparameterization.

2.4 Experiments

Our theoretical results have provided insight into distribution shifts in high-dimensional linear
regression. We now present experiments with linear models and neural networks, relaxing
many of the assumptions used for theoretical results. Specifically, we empirically: (1) observe
beneficial and malignant shifts on synthetic and real data for linear models (benignly overfit
and otherwise) and even high-dimensional dense neural networks; (2) show the benefit of
overparameterization in covariate shift for interpolating linear estimators; (3) validate that
our findings hold when the source and target covariance matrices are not simultaneously
diagonalizable, as well as under model misspecification; (4) provide experimental insight that
high-dimensional neural networks, i.e., when the input data dimension is large relative to the
training sample size, act similarly to the MNI whereas low-dimensional neural networks do
not, regardless of the level of overparameterization. Details of experimental setup, data, and
models are given in Appendix A.9. We now discuss key observations and takeaways from the
experiments.

Synthetic Data Experiments

Fig. 2.1 shows excess risk vs. input dimension for data sampled from the (k, δ, ϵ)-spike
covariance model with k = 10, δ = 1.0, and ϵ = 1e−6. Beneficial and malignant shifts are
seen in the setting of Theorem 2.10 with α = 2.0, β = 0.1. That is, we see two cross-over
points: one in the underparameterized regime and one in the overparameterized regime (going
from mild to severe). This suggests that non-negligible covariance tail effects are a property
of shifting when a model is in a region around the double descent peak. The further we
are from the double descent peak, the more “classical” our behavior is, in that the top k
components are the only ones that influence shift and the bottom p− k components either
don’t exist or have negligible effects. Appendix A.10 explores this setup for different values of
α, β and interpolating linear models for eigendecay rates that lead to harmful interpolation,
i.e., tempered or catastrophic overfitting [80].

Figs. 2.2 and A.5 show similar results for 3-layer dense ReLU neural networks trained until
near-interpolation (train MSE < 5e−6) on synthetic data with benign overfitting eigendecay
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Figure 2.3: We experiment with a custom variant of CIFAR-10C in which we apply the blur
and noise image filters directly to the test set images of CIFAR-10 at each severity level, e.g.,
Severity 1 means that we add a small amount of noise and a small amount of blurring to the
image. In the top row we first use the noise filter and then the blur filter. In the bottom
row we first use the blur filter and then the noise filter. In (a) and (d), we observe that the
eigenvalue decay of the shifts are non-monotonic and mirror the α < 1, β > 1 setting in our
taxonomy. Indeed, we also see in (b) and (e) that when we are severely overparameterized
the noisy tail effects appear to be suppressed and we still obtain beneficial shifts. On the
other hand, in (c) and (f) we are in the mildly overparameterized regime and observe that
the noisy tail effects hurt generalization, even for severity 4 in the top row which only adds a
small amount of noise in the tail. These results are exactly in keeping with our taxonomy for
the α < 1, β > 1 case. All curves are averaged over 50 independent runs.

rates [6]. For the neural network, we consider p to be the dimension of the input data, rather
than the number of network parameters. From Fig. 2.2 we observe similar trends predicted
by our theory for beneficial and malignant shifts when p > n, indicating that while our
theory is developed for linear models we are able to extrapolate to more complex models.
In both the p > n and p < n experiments, our results are agnostic to the hidden width
of the network, further suggesting that overparameterization is qualitatively different from
high-dimensionality. When p > n, a neural network appears to act like the interpolating
MNI under distribution shifts. For p < n the interpolating dense net does not exhibit the
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properties of an interpolating MNI under distribution shift and the ID excess error is better
than both “beneficial” and “malignant” OOD excess errors. However, the relative difference
between beneficial and malignant shifts is still preserved. Note that we observe the exact
same behavior in Fig. A.9 when training ResNets to interpolation on CIFAR-10 and testing
on CIFAR-10C blur and noise corruptions [46].

CIFAR-10 Experiments

Next, we consider experiments with linear interpolators on a binarized CIFAR-10 and
CIFAR-10C with Gaussian noise and blur corruptions at varying levels of corruption severity.
For details, see Appendix A.9. This experiment breaks the assumption of simultaneous
diagonalizability, and the well-specified assumption as the labels for CIFAR are not obtained
by a ground-truth linear model.

Fig. A.6 shows empirical results on the MNI fit to this problem. We plot the eigenspectra
of the blur and noise covariances from CIFAR-10C compared to the eigenspectra of CIFAR-10
in Figs. A.6a, A.6b. We identified these two shifts due to their eigenspectra reflecting
what we expect to lead to beneficial and malignant shifts based on Theorem 2.10. We
observe a tight relationship between changes in the eigenspectra of the target data and excess
classification error when evaluated by the MNI. We notice that blurs reduce covariance energy
with increased blurring, like a “denoising”-style operation. Experimentally this leads to
improved OOD accuracy. In contrast, noise corruptions add energy to the covariance tail
and lead to worsened OOD accuracy. Fig. A.8 also shows that further overparameterization
in this setting leads to improved behavior of the MNI on both corruptions.

Fig. 2.3 extends these results to a more realistic setting with custom variants of CIFAR-
10C that involves applying both noise and blur filters on test set images. Using both blur
and noise filters together leads to covariate shifts that feature non-monotonic behaviors when
comparing source to target eigenvalues. This experiment highlights the α < 1, β > 1 case and
we see that the OOD accuracy matches the predictions of our taxonomy based on whether
we are in the mildly overparameterized regime (n = 500) or the severely overparameterized
regime (n = 2k). In Fig. A.7 we show plots for an artificially constructed version of this
same experiment in which Gaussian noise is injected into the high variance directions of the
blur test set, simulating the equivalent of α > 1, β < 1 in our taxonomy. We similarly find
the OOD accuracy to match the predictions of our taxonomy.

2.5 Conclusion and Future Work

Our work provides the first finite-sample, instance-wise analysis of the MNI under transfer
learning with high-dimensional linear models. We show a taxonomy of beneficial and malignant
covariate shifts depending on whether we are in a mildly or severely overparameterized regime.
In the mildly overparameterized regime, variance contributions on the top k components
interact with that of the bottom p− k components in non-negligible ways, leading to non-
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standard shifts. In the severely overparameterized regime, the high-rank covariance tail
suppresses variance contributions in the bottom p−k components and so OOD generalization
acts more “classical”, akin to underparameterized linear regression where k = p < n.

Benign overfitting literature commonly claims to be motivated by “overparameterized”
neural networks, referring to the number of parameters in the network rather than the
dimension of the data. However, recent works have challenged this, suggesting the role of the
ambient dimension and source covariance is more important than parameter count in deter-
mining whether overfitting is benign or catastrophic in neural networks [33, 61]. Prior work
has also shown that gradient descent on 2-layer neural networks has an implicit bias towards
linear decision boundaries when p ≫ n, independent of the degree of overparameterization
[35].

Our experiments further support the view that high-dimensional neural networks behave
similarly to high-dimensional linear models, whereas low-dimensional neural networks do not.
They provide a new and important perspective on the difference between high-dimensionality
and overparameterization in neural networks in the case of distribution shift, which has yet
to be appreciated in the literature. While dimensionality and degree of overparameterization
are inextricably linked in linear regression, practical deep learning tends to operate in the
overparameterized setting, not the high-dimensional one.

An important future direction is to investigate the extent to which our results hold for
distribution shifts on more complex high-dimensional datasets. It is also of interest to extend
our finite-sample theoretical analysis to shallow ReLU neural networks, other nonlinear
models, and learning algorithms that overfit in a tempered manner [80]. Finally, future work
might seek to extend our understanding of neural networks by carefully studying the interplay
between the data dimension, number of network parameters, number of training samples,
and the optimization algorithm and loss function, and how this interplay can affect ID &
OOD generalization.

Another important future direction is to relax key assumptions in this work. These results
rely on a simultaneous diagonalizability assumption on the source and target covariance
matrices which frequently appears in related works on high-dimensional linear regression [64,
51, 65]. This enables us to highlight the different effects of covariate shifts in the “signal”
components vs. in the “noise” components. In contrast, prior works (including those which
can tolerate target covariances which do not satisfy simultaneous-diagonalizability [126,
64]) all rely on averages or traces over matrices involving the target covariance. Exploring
techniques that can effectively handle non-simultaneously diagonalizable covariance matrices
while preserving the insights gained from separating the impact of covariate shifts in signal
and noise components is a promising avenue for future work.
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Chapter 3

Sanity Checks for Agentic Data
Science

3.1 Introduction

Agentic data-science (ADS) pipelines are becoming increasingly powerful [41, 90], driven
in part by the rapid spread of autonomous systems such as OpenAI Codex and Claude
Code. These pipelines are capable of taking as input a natural-language query and a relevant
dataset and executing the full analytical workflow to produce an answer, enabling end-to-
end “vibe data science.” Any user can obtain a polished analysis, complete with model
selection, hypothesis tests, and a written summary. However, the conclusions produced by
ADS pipelines can be wrong in ways that are difficult to detect. An agent may make an
unreasonable data-cleaning decision, choose an inappropriate model, or overlook confounders,
but the resulting report will still appear polished and defensible [13]. Worse, for difficult
datasets, a handful of runs can yield an entirely different conclusion than a full stability
analysis, underscoring the need for systematic checks (Fig. 3.3). Thus, the rapid adoption of
ADS pipelines poses an urgent risk of flooding science with unreliable findings [123].

Existing solutions to tackle this problem have limitations. Classical tests of statistical
significance generally fail in agentic settings. For example, we observe that agents handle
statistical evidence poorly in practice, over-interpreting estimates that lack significance
and “p-hacking” by anchoring on whichever test is most favorable (Sec. 3.4). Alternatively,
simply asking an agent to assess the uncertainty of an analysis also does not succeed, as
agent-reported confidence is poorly calibrated to the actual stability of an underlying result
(Sec. 3.5). Finally, “multiverse” analyses enable quantifying the impact of different choices in
an ADS pipeline, but their outputs quickly become too large for human review, creating a
need for actionable checks [13, 102].

To tackle this challenge, we make use of the Predictability-Computability-Stability (PCS)
framework for veridical data science [143, 142, 101]. It establishes that trustworthy, reality-
checked conclusions must be stable under reasonable perturbations across different data
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science stages, such as problem specification, data cleaning, and model choices. In this
spirit, we generate small, reasonable changes, which we call PCS perturbations. These
perturbations probe agentic failure modes which would not impact a competent human
analyst’s conclusions. If an agent’s conclusions change dramatically under these perturbations,
they are not trustworthy.

Consistency under these perturbations is necessary but not sufficient, since an agent could
also arrive at a stable but biased conclusion. Since ground-truth conclusions are rarely known
in data science, we use a null-defining perturbation to put the agent in a setting where the
answer is known and testable. For example, we may remove all the signal in the data (e.g.,
independently shuffling each column) to establish a negative control against which we can
measure the agent’s capabilities. We then run the agent many times to generate two empirical
distributions: one where both null-defining and PCS perturbations are applied, which we
call the null distribution, and another where only PCS perturbations are applied, which we
call the alternative distribution. Using these two distributions, we apply two complementary
sanity checks (see Fig. 3.1):

(1) The Yes check : a one-sample bootstrap test of whether the ADS mean response on
the original data is significantly above the midpoint of the scale (i.e., in the “Yes” range),
thereby testing whether a positive conclusion was reached by chance.

(2) The Overlap check : quantifies the similarity between the null and alternative distribu-
tions, thereby testing for bias in the ADS conclusion that does not come from signal in the
data.

In experiments using OpenAI Codex, we first validate the approach on simulations with
controlled signal-to-noise ratios, confirming that the checks track ground-truth signal strength
(Sec. 3.4). We then apply them to eleven real-world datasets from the BLADE benchmark,
where the checks characterize each dataset’s signal regime and reveal one case in which the
agent’s affirmative conclusion is not well-separated from its behavior on pure noise (Sec. 3.4).
We further analyze failure modes of ADS systems (Sec. 3.5), showing that ADS self-reported
confidence is poorly calibrated to the empirical stability of its conclusions and characterizing
how different steps fail using the BLADE agentic harness (an alternative to Codex). We view
this work as a first step toward evaluation standards for agentic data science, grounded in
the core principles of the PCS framework for veridical data science.

3.2 Related Work

Agentic data science (ADS). The risks of AI automation in the scientific workflows have
been documented in fields adjacent to data science, including LLM-hacking for annotation [9,
127] and broader stages of the research pipeline [77]. More directly relevant, Asher et al. [3]
demonstrates that guardrails are necessary to prevent humans from p-hacking using LLM-
driven data science, while other work highlights the value of transparency in intermediate
data-science artifacts as a partial remedy [115, 90]. Despite these warning signs, much of
the ADS literature has focused on capability and benchmarking, including evaluation suites
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Figure 3.1: Pipeline for computing the PCS sanity checks. The user supplies a dataset and
question. The pipeline then generates perturbed variants of these under both null-defining
and PCS perturbations. The coding agent analyzes each independently, producing null and
alternative response distributions. A bootstrap test & overlap coefficient then inform whether
the agent found a data-grounded, stable positive conclusion.

such as DSGym [91], ScienceAgentBench [18], IDA-Bench [67] and others [118, 69], alongside
accompanying agentic frameworks [41]. Comparatively, little attention has been paid to
whether ADS conclusions can be trusted, motivating the need for intuitive and actionable
sanity checks.

Perturbation-based analysis. The PCS framework [143, 142] and its use of generative
AI [101] has been shown to work well in solving scientific problems [8, 1, 133, 125, 136,
2] and generalizes various perturbations or viewpoints common in the literature, e.g., the
multiverse analysis [119, 23], sensitivity analysis [20], and others [31], along with accompanying
software [74, 104, 25]. Recent work has proposed the promising use of multiverse analyses
for reporting ADS conclusions [13], but the resulting multiverse is often too large for human
review, and thus its nature is more descriptive than actionable. This creates a need for
actionable sanity checks which evaluate conclusion stability.

Uncertainty quantification for language models. Many frameworks for uncertainty
quantification in traditional statistical learning have been configured for language model
applications. This includes conformal inference [98, 92], confidence intervals [137], and
Bayesian approaches [103]. It also includes more holistic approaches, such as automatic
evaluation of an LLM-generated plan [108] and participatory refinement [24]. However, these
approaches have not been tailored to data science, which contains a compounding variety of
judgment calls made by the user [36, 143].

3.3 Methods

We consider the setting where a user supplies an agentic system with a dataset and a yes or
no question. This setup can produce qualitative insights for a wide range of questions.
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Generating response distributions using perturbations

As discussed in Sec. 3.1, PCS posits that trustworthy conclusions must be stable under
reasonable perturbations to the data and the problem formulation. We define two perturbation
types: one that modifies the data’s signal, and one that leaves it unchanged. Combined, they
provide a useful sanity check on the trustworthiness of an agent’s conclusion.

Null-defining perturbations. Evaluating ADS conclusions is difficult without ground
truth. We address this by examining responses in settings where the answer is known by
removing signal from the data, similar to negative control methods [109]. By breaking
the association between features and outcomes, any inferred relationship should disappear,
creating a distribution of conclusions under known null conditions. We call such modifications
“null-defining perturbations”. Examples include shuffling feature values independently or
replacing outcomes with random draws. Running the agent on the perturbed data yields the
empirical null distribution. If no null-defining perturbation is applied, we call the resulting
distribution the alternative distribution.

Probing failure modes with PCS perturbations. To understand the response
variation, we probe ADS failure modes using PCS-inspired perturbations to metadata or
prompts. These “PCS perturbations” (Table 3.1) leave data signal unchanged and should
not affect experienced data scientists. We apply these PCS perturbations when computing
both for the null and alternative distributions to assess stability.

Eliciting continuous responses. We prompt the agent to respond on a scale from 0
(strong “No”) to 100 (strong “Yes”). While binary outputs still permit stability analysis,
restricting the agent’s output space discards information about the strength of its conviction.

Two PCS sanity checks

Given the null and alternative distributions, we want to answer two questions. First, does the
agent consistently affirm the research question on the real data, or could its positive response
be a fluke? Second, does the agent behave differently on real data than on noise, or does
it produce similar outputs regardless of whether signal is present? Each question targets a
failure mode that the other misses.

The Yes Check. Is the agent consistently affirmative? A single high score could be
a fluke. We therefore test whether the agent’s mean response on the original data consistently
exceeds the scale midpoint (50) across repeated runs and perturbations. A mean above 50
indicates net agreement with the research question, while a mean at or below 50 suggests a
lack of evidence for a “Yes” answer. Importantly, by aggregating over many runs, the test
guards against drawing conclusions from a single lucky (or unlucky) pipeline execution. To
formalize this, we test the one-sided hypothesis H0 : µalt = 50 against H1 : µalt > 50, where
µalt is defined as the population mean, drawn from the alternative distribution. We draw
B bootstrap samples from the observed alternative responses, computing the p-value as the
proportion of bootstrap means that fall at or below 50, applying the Phipson and Smyth [96]
correction to avoid p-values of exactly zero. We also report bootstrap percentile confidence
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Table 3.1: Perturbations used in the PCS sanity checks. The null-defining distribution breaks
associations between the features and the outcome. The PCS perturbations should not affect
an experienced data scientist or agentic data science system, although some perturbations
(e.g., positive leading statement) may mislead human data scientists due to confirmation bias.

Perturbation Type Description Failure Mode Tested

Shuffle Feature
Values

Null-
Defining

Shuffles each column independently to
break associations in the data.

Incorrect data analysis
conclusions.

Add Non-Signal
Features

PCS Appends features irrelevant to & un-
correlated with the task of interest.

Distraction by irrele-
vant covariates.

Anonymize Fea-
ture Names

PCS Replaces all column names with
generic identifiers (e.g., feature1,
feature2).

Reliance on semantic
variable names from
pre-training data.

Shuffle Feature
Names

PCS Applies a random permutation of ex-
isting column names while leaving
data values and feature descriptions in
metadata unchanged.

Robustness to mislead-
ing variable names.

Positive Leading
Statement

PCS Prepends the question with a strong
prior belief that the answer is “Yes.”

Sycophancy toward
user-stated beliefs.

Negative Leading
Statement

PCS Prepends the question with a strong
prior belief that the answer is “No.”

Sycophancy toward
user-stated beliefs.

intervals, providing a range of plausible average responses. This check treats responses across
PCS perturbation types as identically distributed. We verify this in Appendix B.1.

The Overlap check. Can the agent distinguish signal from noise? An agent’s
average response could be well above 50, yet still produce a response distribution that overlaps
heavily with the null, suggesting it cannot distinguish signal from noise. To capture this, we
compute the overlap coefficient (OVL) between the alternative & null densities (falt & fnull):

OVL =

∫
min

(
falt(x), fnull(x)

)
dx. (3.1)

We estimate densities via Gaussian kernel density estimation with Scott’s rule [107] for
bandwidth selection (the default in most standard scientific computing libraries), and the
integral is evaluated numerically over [0, 100]. An OVL near 0 indicates well-separated
distributions, while an OVL near 1 indicates that the agent cannot tell real data from noise.
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Table 3.2: Interpretations of the four PCS sanity-check regimes.

Overlap check passed ✓ Overlap check failed ✗

Yes check
passed ✓

The positive conclusion is
stable.

The positive conclusion may not be grounded
in the data.

Yes check
failed ✗

There is some positive signal,
but not enough for a “Yes”.

No evidence supporting a positive conclusion.

Interpreting the PCS sanity checks. Combining both checks produces a 2 × 2
classification of each dataset, summarized in Table 3.2. We can binarize each sanity check
using a threshold, e.g., for the Yes check we assess whether the bootstrap p-value is below
significance level α, and for the Overlap check whether OVL < τ for a user-chosen threshold τ .
Note from Table 3.2 that we obtain different information when one check fails but the other
succeeds.

3.4 Results

In this section, we demonstrate that the PCS sanity checks effectively measure simulated
signal in the data (Sec. 3.4) and report results for each of the BLADE datasets (Sec. 3.4).

Experimental Setup

Datasets. We evaluate our approach on eleven datasets from the BLADE benchmark [40], a
collection of tabular datasets paired with binary yes-no questions. Further details regarding
the datasets and their corresponding tasks are provided in Appendix B.2.

Perturbations. To define the null distribution, we break all data associations by shuffling
feature values independently. We apply five PCS perturbations (Table 3.1) 20 times each,
creating 100 observations for both the null and alternative distributions per dataset.

Agent & prompt. We use GPT-5.2-Codex as our agent, set to “high” reasoning effort.
Prompted as “an expert data scientist”, the agent provides: (1) an integer Likert score, where
0 indicates strong “No” and 100 indicates strong “Yes”, and (2) a text explanation. The
exact prompt is in Appendix B.3. We also use the BLADE agentic system [40] for a step-level
analysis of where instability enters (Sec. 3.5).

Sanity check details. The bootstrap test (level α = 0.05) evaluates if the alternative
mean exceeds 50 (i.e., is in the “Yes” range) using B = 10,000 resamples. The overlap
coefficient threshold separating low from high distributional overlap is set to τ = 0.2.
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(a) The agent’s response increases as we add sig-
nal to the data. The two datasets that decrease,
affairs and reading, ask directional questions,
with the signal going in the opposite direction.

(b) The higher levels of signal in the data cause
the agent to respond more positively. This cre-
ates lower overlap with the null distribution,
since it does not contain signal.

Figure 3.2: The PCS sanity checks behave as expected. As more signal is introduced to the
data, the agent’s responses become more positive, leading to less similarity with the null.

PCS Sanity Checks Correlate with Signal Strength in Simulations

Lacking ground-truth for real-world data, we use simulations to determine the signal needed
for an agent to distinguish it from noise, using the signal-to-noise ratio as a tuning knob.

Setup. For each BLADE dataset, we identify the dependent variable Y and (one-hot
encoded) independent variables X, which includes an intercept. We regress Y on X to fit

an OLS model Ŷ = Xβ. We then construct a synthetic dependent variable Z = Ŷ + ε,
where the noise variance is calibrated so that the signal explains a target fraction of the total

variance. Specifically, we set σε =
√

Var(Ŷ ) · 1−PVE
PVE

, where PVE = Var (E[Y | X]) /Var(Y )

represents the proportion of variance explained. At the boundary, PVE = 0 represents pure
noise (Z ∼ N(Ȳ , σY )), while PVE = 1 represents pure signal (Z = Ŷ ). Responses on data
with PVE ∈ {0.0, 0.01, 0.1} serve as the alternative group. The null group is as characterized
in Sec. 3.4. The PCS perturbations from Table 3.1 are applied five times each, creating an
alternative distribution with 25 observations.

Results. We present the results of the two stability checks in Fig. 3.2. We see in Fig. 3.2a
that the agent’s responses become more positive as we introduce signal into the data. These
responses then cause a decrease in overlap with the null distribution, as shown in Fig. 3.2b.
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Figure 3.3: Sanity check results on BLADE datasets. (a) KDEs of the null and alternative
response distributions for each dataset. (b) Each dataset’s OVL and alternative response
mean, colored by category (Table 3.2). Vertical and horizontal dashed lines mark the OVL
decision boundary and the scale midpoint, respectively. (c) Agreement between subsampled
and full-sample classifications as a function of the number of alternative runs (Appendix B.5).

Main result: Sanity checks on benchmark data highlight unreliable
conclusions

We evaluate the PCS sanity checks on 11 BLADE datasets, following the experimental setup
described in Sec. 3.4. Summary statistics for the distributions and their corresponding PCS
sanity check results are reported in Table B.3. Fig. 3.3 shows the full score distributions,
each dataset’s classification according to Table 3.2, and a convergence analysis showing how
classification stability varies with the number of runs.

Datasets passing the checks. 5 datasets pass both sanity checks: amtl, panda nuts,
soccer, teachingratings, and mortgage. Their bootstrap p-values are well below α = 0.05
with overlap coefficients below τ = 0.2, indicating that the agent consistently affirms the
research question in a manner clearly distinguishable from noise. The effect sizes in this
group, however, span a wide range. While teachingratings shows near-perfect separation
(OVL ≈ 0), mortgage shows a more moderate separation (OVL = 0.102), suggesting more
variable confidence levels. These five cases represent settings where a practitioner can place
reasonable trust in the agent’s affirmative conclusion.

Datasets with no signal. Five datasets fail both sanity checks: affairs, boxes,
crofoot, hurricane, and reading. These datasets have bootstrap p-values at or near 1.0,
since the one-sided test observes that the agent’s mean response on the real data is in the
“No” range (<50). High OVLs for boxes (0.842) and affairs (0.746) confirm that the agent
behaves similarly on real data and noise. The overlap coefficients reinforce this picture.
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Moderate OVLs for crofoot (0.54) and hurricane (0.55) suggest the agent may detect a
faint difference, but not enough to push it toward an affirmative conclusion. These cases are
the least ambiguous, as the agent does not find compelling evidence for a “Yes” response.

An analysis failure. One dataset passes the Yes check but fails the Overlap check :
caschools. Although the agent leans affirmative (55.8, p = 0.002), the overlap coefficient of
0.280 exceeds the threshold. The large standard deviation of the alternative responses (19.9)
reflects wide confidence swings. In this case, relying on the mean response alone would give a
misleading sense of reliability. The sanity check reveals this by requiring the agent not only
to respond “Yes”, but to do so in a manner distinguishable from its behavior on noise.

None of the eleven datasets fail only the Yes check. This is unsurprising, as benchmark
datasets are typically chosen to exhibit a clear answer, making weak-but-detectable effects
unlikely to appear. However, it does occur in our simulation experiments at intermediate
signal strengths (Sec. 3.5, Appendix B.4), confirming the framework can detect this regime.

Comparing the two checks. The value of the two-dimensional classification becomes
clear when contrasting adjacent cases. For example, mortgage and caschools have similar
alternative means (53.5 vs. 55.8) and significant p-values. To a test that only examines
response significance, these two datasets would look comparable. The overlap coefficient
is needed to reveal the difference: mortgage is grounded (OVL= 0.102), while caschools

overlaps heavily with its null (OVL= 0.280). This contrast confirms that both PCS sanity
checks are needed; the bootstrap test ensures the agent is saying something affirmative, and
the overlap coefficient ensures that the affirmation is distinguishable from behavior on noise.

How many runs are needed? Fig. 3.3c shows that most classifications stabilize within
five runs, but the three most ambiguous cases (caschools, mortgage, soccer) require far
more, suggesting that a small number of runs may not suffice when the underlying question
is difficult for the agent to resolve (Appendix B.5). When taking only a single run, we find
that it is possible to obtain an affirmative result for all the datasets (Fig. 3.3a), despite the
fact that 6 fail at least one of the sanity checks (Fig. 3.3b).

Why do null hypotheses sometimes give strong ‘yes’ answers? Even after break-
ing all associations in the dataset with the null-defining perturbation, the agent sometimes
concludes that a strong relationship exists. Inspecting these analyses reveals two distinct
failure modes, where the agent either: (1) misunderstands statistical significance, or (2) tries
multiple statistical approaches and anchors its answer on the test which yields the lowest
p-value. Examples of both failure modes are included in Appendix B.7.

3.5 Analysis

In this section, we investigate questions regarding failure modes of ADS pipelines.
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Figure 3.4: Multi-faceted analysis of agentic instability.

How Do Perturbations Affect Individual Data Analysis Steps?

To understand why PCS sanity checks are necessary, it helps to investigate where instability
enters the agentic pipeline. By pinpointing the most volatile stages of analysis, we can
better understand how small, reasonable perturbations can compound into untrustworthy
conclusions. To do so, we use the BLADE harness [40] rather than treating the pipeline
as a black box (as in Sec. 3.4). We decompose each analysis into four steps: independent
variable selection, control variable selection, model specification, and conclusion. Using the
PCS perturbations from Table 3.1 with five replicates, an LLM judge scored the similarity
between perturbed and unperturbed outputs. Full details are in Appendix B.8.

A clear stability gradient emerges across the pipeline. Independent variable selection is
the most stable, as research questions often dictate these choices. Volatility increases during
control variable selection and model specification, and peaks at the conclusion step, where the
agent weighs conflicting evidence and commits to a qualitative judgment. The perturbation
which shuffles feature names tends to produce the largest deviations at the conclusion step.
Notably, within-perturbation and baseline-vs-perturbation heatmaps are nearly identical in
structure, suggesting that perturbations increase volatility without introducing specific biases.
This compounding of instability reinforces the need for PCS sanity checks.
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Evaluation with a More Precise Null Hypothesis

Throughout the paper, we choose the null-defining perturbation to be shuffling all feature
values independently (Sec. 3.4). This is a useful default choice as it destroys all relationships
in the data. However, a user may choose a different null-defining perturbation if it better
suits their needs; here, we demonstrate one such choice.

Motivation. Practical applications often require a specific effect size to justify action. For
example, in the caschools dataset, a school might need a minimum impact from student-to-
teacher ratios to justify hiring costs. In such cases, a “no relationship” null is not contextually
aligned; it is better to ensure the signal meaningfully exceeds a user-selected criterion. This
allows the PCS sanity checks to act as a customizable filter for real-world decision-making.

Setup. We apply PCS sanity checks using distributions where the PVE of each dataset is
set to 0.01, as described in Sec. 3.4. Since large datasets can yield statistically significant results
even at PVE= 0.01, we modify our scaffolding: a “Failed the Overlap check” classification
now requires the null mean to fall within the “No” range. This ensures that high-overlap
distributions in the “Yes” range are correctly labeled “Failed the Yes check”.

Results. Fig. 3.4a shows that requiring the explanatory variable to capture more than
1% of variance leads to fewer “Passed both checks” conclusions. Specifically, the soccer and
mortgage datasets are classified as “Failed the Yes check” because their null means shifted
into the “Yes” range. The full distributions are provided in Appendix B.6.

Can Agents Approximate the Uncertainty of Their Conclusions?

A näıve way to assess pipeline stability is to have an agent estimate uncertainty. If agents
could accurately self-assess stability, empirical sanity checks might be redundant. Thus, we
evaluate agentic self-assessment by having a supervisor agent review the responses and code
from Sec. 3.4, finding that self-reported confidence is nearly uninformative.

Setup. The supervising agent provides a number akin to an exceedance probability. In
particular, we ask: “If you were to reconduct this analysis 100 times with slightly different
reasonable decisions in the data science pipeline, how many times would you expect to get
an answer more positive (larger on the Likert scale) than seen in the conclusion?”

Results. If accurate, the agent’s stated confidence should track the empirical exceedance
rate, i.e., the actual fraction of peer runs that produced a higher response. Fig. 3.4b shows
that under the alternative distribution, where real signal is present, confidence and empirical
exceedance are only moderately correlated (Spearman ρ = 0.34). Under the null distribution,
where no signal exists, the correlation drops to ρ = 0.18, making confidence scores nearly
uninformative. In both cases, scores cluster between 30–70 rather than spanning the full
scale, indicating that the agent hedges rather than providing calibrated estimates. This
miscalibration peaks in the null setting, where practitioners most need to identify instability.
Self-assessment is therefore not a substitute for empirical sanity checks.
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Comparison to Human Variations

Our final question is whether this instability is a unique flaw of LLMs or an inherent challenge
of data science. To contextualize agentic uncertainty, we examine variability in human-
performed studies where independent analysts reach different conclusions on identical data.
We focus on the dataset and task from Silberzahn et al. [111] (part of the BLADE benchmark),
which asks if soccer players with darker skin tones receive more red cards. To compare human
& agentic variation, three data scientists scored the 29 original human reports with the
prompt from Sec. 3.4. We then averaged these scores for each report.

Results. Fig. 3.4c compares human- and agent-performed analyses (using the soccer

alternative distribution). We observe that 76% of human and 86% of agent analyses yielded a
“Yes” conclusion (score > 50). Notably, agentic conclusions are bimodal, with tight clusters
around 70 (moderate “Yes”) and 40 (weak “No”), while human conclusions are more uniformly
spread. Inter-rater agreement and further details are in Appendix B.9. The high human
variation suggests that the ‘problem’ isn’t just the LLM; it is the inherent ambiguity of the
data science task. Thus, as LLMs continue to scale and inherit these human-like failure
modes, PCS sanity checks will be essential for assessing conclusion trustworthiness.

3.6 Discussion

Limitations. While they are diverse, the BLADE datasets we study here are already present
in the literature and may have been seen by LLMs during pretraining, potentially biasing some
of their responses. Our evaluation also largely relies on a single null-defining perturbation
and one primary agent (OpenAI Codex), due to computational cost constraints. These same
cost constraints may also limit casual use of the sanity checks here, though these concerns
may be alleviated over time as the cost of LLM calls continues to decrease.

Future work. This work opens many avenues for future research. Some promising
directions include exploring null-defining perturbations which preserve realistic covariate
structure, early stopping rules to reduce the number of agent calls required, and evaluation
across a broader set of agents and benchmarks. A natural future direction is automating the
perturbation approach itself, the data science analog of moving from fault analysis to site
reliability engineering. The sanity checks here could also be generalized beyond data science
to other settings where perturbations can be defined. For example, some fitting broader
scopes are the more general problems of generating novel hypotheses [140, 110], conducting
human-in-the-loop data science [38, 105, 122, 29], building better agentic tools for explaining
data [145, 114, 106], and fully autonomous science [76, 124, 87].
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Chapter 4

Pediatric FAST under Data Scarcity:
A Deep Learning Pipeline for H-IAI
Detection

4.1 Introduction

Traumatic injury is the leading cause of death in children in the United States, and hemorrhage
(bleeding) from intra-abdominal injury (H-IAI) following blunt trauma accounts for roughly
30% of pediatric trauma deaths [135, 52]. The reference standard for diagnosis of H-IAI in
the emergency department (ED) is the computed tomography scan (CT) [84], which has
two major drawbacks in children. The first is ionizing radiation, which increases the lifetime
risk of radiation-induced cancer in children [85, 117]. The second is time and resource use.
CT requires transport out of the trauma bay and coordination with radiology, which delays
the evaluation and therapeutic treatment of injured children. Despite a substantial rise in
pediatric CT use for injured children, there is not a proportional decrease in mortality in
children after blunt trauma [57, 15]. This suggests that many CT scans performed on injured
children may not be necessary.

Focused assessment with sonography for trauma (FAST) is a point-of-care ultrasound
examination used to detect H-IAI at the bedside within several minutes of the child’s arrival
to the ED. It is radiation-free, inexpensive, portable, and performed by the treating clinician
without requiring a radiologist or ultrasound technician. FAST has been shown in injured
adults to decrease time to operative care [83]. The FAST is a protocolized examination that
evaluates a series of anatomic landmarks. The pediatric FAST protocol has been standardized
through expert consensus [59], and Morison’s pouch, the potential space between the liver
and right kidney in the right upper quadrant, is one of the primary anatomic landmarks
because free fluid can accumulate there in the supine patient. Despite the promise of FAST
in improving care, many clinicians remain under-trained in pediatric FAST, resulting in
significant diagnostic inaccuracy and unreliability [70, 120, 39, 146]. Hence, many clinicians
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are reluctant to act on FAST results, and opt to obtain CT scans instead.
A clinician performing a FAST must complete two operator-dependent tasks, each of

which is difficult for clinicians without substantial pediatric FAST experience. The first is
anatomic landmark acquisition: positioning the ultrasound probe to produce a view in which
the relevant anatomy is clearly visible. The second is interpretation: judging whether H-IAI is
present within that view. Diagnostic accuracy of pediatric FAST is variable across operators,
and training curves are long, with skill continuing to improve after tens or hundreds of
supervised examinations [39, 146]. A recent meta-analysis found pediatric FAST sensitivity
for intra-abdominal injury may be insufficient to support the examination as a standalone
rule-out test in children [70]. However, when FAST is used in a diagnostic strategy, using
physical examination findings or laboratory testing, it may be able to reduce unnecessary CT
scan use [60].

Both tasks, anatomic landmark identification and H-IAI interpretation, are computer
vision problems of the kind that deep learning has handled well in adjacent medical imaging
domains. We develop two models for these tasks, a segmentation model that localizes
Morison’s pouch on a single ultrasound frame and a classification model that scores the same
frame for H-IAI. The two models are trained and deployed independently, and mirror the
two-step clinical reading of a FAST frame. A FAST examination is not complete until each
anatomical landmark has been identified and examined, so localizing the pouch is not merely
an auxiliary to classification but a requirement of the FAST itself.

Existing machine learning (ML) work on FAST is divided by task and by population.
For classification of H-IAI, a 2021 study evaluated FAST on a balanced adult cohort of 324
patients and reported frame-level sensitivity and specificity of 0.985 and 0.913 on a held-out
test set [19]. The same study also trained a separate binary classifier that scored each frame
as qualified or non-qualified based on whether at least one-third of the right kidney was visible.
Another adult FAST study trained an automated machine learning pipeline on 20 exams and
directly segmented H-IAI when present [116]. That study used image-level cross-validation
rather than exam-level splitting, so frames from the same exam could contribute to both
training and evaluation folds. Both studies focused on adult FAST and did not evaluate
performance in injured children.

For localization, prior FAST ML work has focused on adjacent organs or H-IAI itself
rather than direct localization of Morison’s pouch. In [72], a U-Net was trained to segment
the liver and right kidney on adult FAST, using adjacent organs as a proxy for the pouch.
In [66], hemoperitoneum was localized with YOLOv3 bounding boxes in adult right-upper-
quadrant FAST examinations. These studies leave two gaps that are central to pediatric
FAST decision support. First, pathology-based localization is not available on negative
exams, which constitute most pediatric trauma evaluations. Second, organ or pathology
segmentation does not directly answer whether the clinician has localized Morison’s pouch,
the landmark needed to perform the right upper quadrant FAST view.

Pediatric FAST has received less attention in the ML community. However, early work in
this area shows promise. The approach in [58] trained a classifier to identify which of the
four standard FAST views a given frame depicts, establishing feasibility for deep learning on
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pediatric FAST but addressing a different task than ours. To our knowledge, no prior work
has built an H-IAI classifier or a landmark segmenter for pediatric FAST.

The PECARN clinical decision rule ([47, 48]) is used in clinical practice for pediatric
H-IAI risk stratification and achieves 100% sensitivity and 47.2% specificity on pediatric blunt
trauma using tabular clinical inputs such as mechanism of injury, vital signs, and examination
findings. The PECARN CDR and our imaging models operate on disjoint inputs, since the
CDR uses structured clinical observations and our models use only ultrasound frames.

We frame this work within the predictability, computability, and stability (PCS) framework
for veridical data science [143, 142, 101]. PCS shapes the methodology by requiring the
modeling pipeline to be explicit, reproducible, and checked for stability across the choices
most likely to affect the conclusions. In this study, those choices include exam-level splitting,
repeated resampling, exam-level aggregation, and threshold selection under positive-label
scarcity.

This chapter makes three main contributions.

• Direct segmentation of the FAST anatomic landmark, Morison’s
pouch. We develop a segmentation model that targets Morison’s pouch
itself, rather than an adjacent organ or the fluid when present. We evaluate
the model using both pixel-overlap metrics, benchmarked against a clinician
inter-rater reference, and a blinded clinician review of practical localization
usefulness.

• An H-IAI classifier for pediatric FAST. We develop a frame-level
classifier for H-IAI detection on pediatric FAST ultrasound. The classifier is
trained independently from the segmentation model and produces exam-level
predictions through aggregation of frame-level scores.

• A PCS-guided evaluation protocol calibrated to the data-scarcity
regime. The protocol combines Monte Carlo cross-validation, exam-level
bootstrap confidence intervals, and a procedure for selecting the operating
threshold when positive counts are low. It is applicable to other medical
imaging tasks with similar label scarcity.

4.2 Materials and Methods

Study design and data sources

We conducted a retrospective analysis of 207 pediatric FAST ultrasound exams from UCSF
Benioff Children’s Hospital Oakland and UCSF Benioff Children’s Hospital San Francisco,
along with a separate adult cohort of 123 exams from Zuckerberg San Francisco General
Hospital used only for model pretraining. The pediatric cohort included 17 H-IAI-positive
exams, reflecting the rare-event nature of pediatric FAST evaluation. All data were obtained
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Figure 4.1: Dataset processing workflow. Each pediatric FAST study consists of one or
more ultrasound clips, which are decomposed into raw frames. Frames are preprocessed
by masking scanner overlays, cropping, resizing, and normalizing. Clinicians then annotate
visible Morison’s pouch frames with a segmentation mask and binary free-fluid label.

from hospital quality assurance archives under an Institutional Review Board-approved
protocol with waived informed consent, and were fully de-identified prior to analysis. Pediatric
exams were acquired on Sonosite Edge II and X-Porte point-of-care ultrasound systems as
part of routine trauma evaluation in the ED, and exported as DICOM.

Dataset and annotation

Each FAST exam is organized hierarchically. An exam corresponds to one trauma evaluation
of one patient and contains one or more ultrasound clips, with each clip composed of individual
frames. The exam is the independent sampling unit throughout. All train and test splits
operate at the exam level, so frames from a given exam never appear on both sides of a split.

Annotations were produced on the MD.ai platform (MD.ai, New York, NY, USA) by
pediatric emergency medicine clinicians experienced in point-of-care ultrasound. For each
exam, the annotator reviewed all clips, identified frames in which Morison’s pouch was visible,
and applied two labels to a subset of such frames, (1) a pixel-wise segmentation mask of the
pouch and (2) a binary indicator of H-IAI. Frames in which Morison’s pouch was not visible
were not annotated. For some exams, a clinician identified the first and last frame of a clip
in which the pouch was visible and a trained non-clinician annotator interpolated labels on
the intervening frames. This extends coverage without sacrificing expert oversight, since the
clinical judgments of pouch visibility and fluid presence are made by the clinician at the
endpoints.
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Figure 4.2: Training Pipeline. A raw ultrasound frame passes through the fixed prepro-
cessing pipeline and is then processed by a DINOv2-Small encoder. The segmentation and
classification models use the same encoder architecture but are trained independently, with
separate weights for each task. The segmentation model uses a convolutional decoder to
produce a Morison’s pouch mask. The classification model uses a linear head to produce a
free fluid score.

Two-step pipeline and training

Our system addresses the two operator-dependent tasks of pediatric FAST interpretation
with two deep learning models, a segmentation model that localizes Morison’s pouch and
a classification model that detects H-IAI. Both models take a single raw FAST frame as
input and produce their outputs in parallel. One alternative is a sequential design in which
the segmentation output is used to restrict the classifier input to the predicted Morison’s
pouch region. We evaluated this variant during development and found that restricting the
classifier’s field of view to the predicted Morison’s pouch region did not improve performance
over full-frame classification, so the two models remained independent.

Both models use DINOv2-Small, a ViT-S/14 encoder with 22.1M parameters, as the
frame encoder [94]. For both tasks, the encoder was initialized from the publicly released
facebook/dinov2-small checkpoint and trained independently for segmentation and classifica-
tion. We selected the Small variant of the DINOv2 family because the pediatric fine-tuning
cohort contains too few positive exams to support a larger parameter count without overfitting.
The only architectural difference between the two models is the task-specific head.

Segmentation model (Morison’s Pouch). A lightweight convolutional decoder
upsamples the backbone’s patch embeddings to a 224x224 single-channel probability map of
landmark membership. During inference, a predicted mask is produced independently for
each frame. The loss is an equally weighted sum of Dice loss with Laplace smoothing and
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binary cross-entropy. Full decoder architecture is given in Sec. C.1.
Classification model (H-IAI). The classification head is a dropout layer followed by a

linear projection to a scalar logit, trained with binary cross-entropy. At inference time, the
classifier produces an independent score for every frame in an exam.

Preprocessing and augmentation. Raw frames are masked and cropped to remove
scanner overlay and GUI artifacts, resized to 224x224 via bilinear interpolation, replicated
from one grayscale channel to three, and normalized with ImageNet statistics. Training
augmentation consists of horizontal flips, small shift-scale-rotate perturbations, and mild
brightness and contrast jitter. No augmentation is applied at inference. The same prepro-
cessing and augmentation pipeline is used for both models and for both adult pretraining
and pediatric fine-tuning. Full details are in Sec. C.1.

Training procedure. Each model is trained in two stages, a one-time pretraining run on
the adult cohort followed by 50 independent fine-tuning runs on the pediatric cohort as part of
the Monte Carlo cross-validation (MCCV) protocol (Sec. 4.2). Prior work on cross-age transfer
has found that adult-trained models require pediatric-specific fine-tuning and evaluation [53],
which motivates this separation. Both stages use AdamW with linear warmup and cosine
decay, mixed precision on a single NVIDIA A100 GPU, and a freeze-then-unfreeze schedule in
which the backbone is held frozen while the task head trains alone and the last two transformer
blocks are unfrozen partway through training at a reduced learning rate. Stochastic weight
averaging [49] is applied over the later portion of training to produce the final checkpoint.
These choices are each motivated by the risk of overfitting to a pediatric fine-tuning set
that contains as few as 13 positive exams per split. Pediatric fine-tuning initializes from
the adult-pretrained checkpoint and uses a further reduced backbone learning rate to limit
drift from the pretrained representation. Full hyperparameters for both pretraining and
fine-tuning are in Sec. C.2.

Sampling. As shown in Table 4.1, the pediatric cohort is imbalanced both between
classes and within classes, since positive exams are fewer but contain more frames per exam
than negative exams. Each frame is assigned a weight of 0.5/(Sclass · nframes), where Sclass is
the number of exams in the frame’s class and nframes is the number of frames in the frame’s
exam. This produces balanced 50/50 class sampling across mini-batches while also ensuring
that each exam within a class contributes equal expected weight regardless of frame count.
The same sampler is used for both models and for both training stages.

Methodological hyperparameter locking. Architecture, preprocessing, augmentation,
learning rates, freeze and unfreeze schedule, SWA schedule, epoch budgets, and top-k
aggregation were selected using the adult cohort before pediatric evaluation. These choices
were then held fixed for all pediatric MCCV splits. Pediatric data were used only for
fine-tuning and held-out evaluation within the prespecified MCCV protocol.

Monte Carlo cross-validation

Of the 207 exams in the pediatric cohort, 17 are positive. At this label count, a single fixed
train and test split is not a credible basis for reporting performance, since any allocation of
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three or four positive exams to a test set produces metric estimates with standard errors
comparable to the metrics themselves. A conventional five or ten-fold cross-validation
produces exactly one test prediction per exam and yields noisy per-fold sensitivity estimates
for the same reason. We therefore use Monte Carlo cross-validation (MCCV), in which the
cohort is repeatedly partitioned into training and test sets and a separate model is trained
on each partition [97, 138].

We perform 50 iterations of stratified random splitting at the exam level. Each iteration
partitions the 207 pediatric exams 75/25 into training and test sets, stratifying by the
exam-level H-IAI label so that each split contains approximately 13 positive and 142 negative
training exams against 4 positive and 48 negative test exams. The 50 splits are generated
once and reused identically for both tasks, so any comparison between segmentation and
classification is made on matched data partitions.

For each split, we fine-tune the adult-pretrained checkpoint on that split’s training exams
and apply the resulting model to the held-out test exams. Each exam appears in the test set
of approximately 12 of the 50 splits, so every exam receives multiple out-of-fold predictions
from models that were never trained on it. To produce a single out-of-fold score for each
exam, we average its per-exam scores across all splits in which it appeared as a test case.
For segmentation, Dice and IoU are first computed at the frame level, then averaged within
each held-out exam to produce one score per exam per split. These per-exam scores are
then averaged across all splits in which the exam appeared as a test case. For classification,
frame-level H-IAI scores are reduced to one exam-level score using top-k mean aggregation,
and those exam-level scores are then averaged across held-out appearances. The resulting
207 pooled per-exam scores are the unit of analysis for all reported metrics.

The adult cohort was used to set the modeling recipe before pediatric evaluation. Within
each pediatric MCCV split, the model was fine-tuned on that split’s training exams and
evaluated on its held-out test exams using the fixed recipe described above. We did not adapt
architecture, preprocessing, augmentation, learning rates, training duration, or exam-level
aggregation to pediatric test performance. This choice limits optimization for the pediatric
cohort but avoids letting held-out pediatric data influence the modeling pipeline.

Evaluation

Segmentation metrics. Segmentation quality is evaluated using the Dice similarity coeffi-
cient between the predicted binary mask and the clinician-annotated reference mask, with
predictions binarized at a threshold of 0.5. The Dice coefficient is twice the area of overlap
between the predicted and reference masks divided by the sum of their areas, ranging from
0 for no overlap to 1 for perfect agreement. Intersection over Union (IoU) is reported as a
secondary metric. Dice and IoU are computed at the frame level and aggregated to the exam
level as described in Sec. 4.2, consistent with the exam as the independent sampling unit.
Dice and IoU measure pixel-level overlap against a fixed reference mask, which penalizes
small boundary disagreements on a landmark whose edges are poorly defined. A high Dice
score implies a useful prediction, but the converse does not necessarily hold, since a mask
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that differs from the reference at the margins may still identify the same anatomic region.
Documented physician requirements for AI-augmented point-of-care ultrasound emphasize
localization utility over pixel-level agreement [66], so we complement the geometric metrics
with a clinician review described below. In this review, two pediatric emergency medicine
clinicians viewed raw ultrasound frames with predicted masks overlaid and judged whether
each mask helped localize Morison’s pouch.

Classification metrics. During inference, the classifier produces a H-IAI score for
each frame. To reduce these frame-level scores to a single exam-level score, we sort the
frame scores in descending order and average the top ten. This top-k mean aggregation
reflects the clinical interpretation task, in which an exam is considered positive if there is
compelling evidence of H-IAI in any view, and it provides robustness against individual noisy
predictions without being drowned out by uninformative frames. The overall classification
performance is reported using exam-level area under the receiver operating characteristic
curve (AUROC) computed on the pooled per-exam scores, together with sensitivity and
specificity at a clinically-motivated operating point. We select the operating point to target
100% sensitivity, reflecting the priority that a missed hemorrhage is substantially more costly
than a false positive, which can be resolved by clinician review or confirmatory imaging.

Threshold selection. Selecting the operating threshold on the same data used to
evaluate sensitivity and specificity at that threshold produces optimistically biased estimates.
We therefore select the threshold via a leave-one-positive-out (LOPO) procedure on the
207 pooled per-exam scores. For each of the 17 positive exams, we hold out that exam,
compute the smallest threshold at which the remaining 16 positives all receive a positive
classification, evaluate whether the held-out positive is detected at that threshold, and record
the specificity achieved on the 190 negatives. Repeating this for all 17 positives yields an
honest leave-one-out sensitivity estimate and a specificity estimate that is not contaminated
by the threshold selection procedure. The selected threshold is highly stable across the
17 folds, reflecting that removing any single positive from a pool of 17 barely changes the
smallest threshold at which the remaining exams are all above the decision boundary.

Clinician review. To assess whether predicted segmentation masks are clinically useful,
two pediatric emergency medicine clinicians reviewed model outputs in a blinded evaluation
on MD.ai. We sampled all 17 positive pediatric exams and 34 randomly selected negative
exams, drawing up to five frames per exam for a total of 239 frames across 51 exams. For
each frame, the clinician saw the raw ultrasound frame with the predicted mask overlaid, and
answered two questions. The first asked whether the predicted mask helps localize Morison’s
Pouch. The second asked how the predicted mask compares to how they would place an
annotation, with response options of exactly the same, model does less, or model does more.
The first question captures clinical utility as a landmark indicator regardless of pixel-level
agreement, and the second captures the direction of any disagreement between the model and
clinician expertise. Eleven frames were excluded from analysis because one or both clinicians
marked the target anatomy as not clearly visible, leaving 228 frames for the reported results.
Inter-annotator agreement on frames reviewed by both clinicians was 94.3% (33 of 35). Full
protocol details, including exact question wording, are in Sec. C.3.
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Statistical analysis

All confidence intervals are computed at the exam level, which is the independent sampling
unit. Methods were chosen according to the estimand.

For aggregate per-exam metrics whose sampling distribution has no clean closed form,
namely pooled segmentation Dice, IoU, and clinical usefulness rates, we use nonparametric
bootstrap resampling of the 207 per-exam scores with 10,000 resamples. We report bias-
corrected and accelerated (BCa) intervals [27], which adjust for bias and skewness in the
bootstrap distribution and give better coverage than percentile intervals when the underlying
distribution is skewed. For pooled AUROC we use the same bootstrap approach but resample
positives and negatives independently, which preserves the marginal class proportions across
resamples and is a common approach for AUROC at small positive counts.

For sensitivity and specificity under the leave-one-positive-out procedure, we report
Wilson 95% intervals for the corresponding exam-level proportions. At a fixed operating
threshold, each exam contributes a binary classification outcome, so a binomial proportion
interval is appropriate. When the observed rate is 100%, we instead report a one-sided 95%
Clopper-Pearson lower bound.

4.3 Results

We evaluated Morison’s pouch segmentation in three ways. First, we measured pixel overlap
against clinician reference masks using Dice and IoU. Second, we compared model performance
with a preliminary clinician inter-rater reference. Third, we asked pediatric emergency
medicine clinicians whether predicted masks helped localize Morison’s pouch when overlaid
on raw ultrasound frames.

Cohort composition

The full dataset included 330 FAST exams and 10,912 annotated frames. The adult cohort
contained 123 exams, including 43 positive and 80 negative exams, totaling 3,862 frames.
The pediatric cohort contained 207 exams, including 17 positive and 190 negative exams,
totaling 7,050 frames. Frame counts differed by exam label, with more frames available from
positive exams than negative exams in both cohorts. Pediatric positive exams averaged 148
frames per exam compared with 24 for negative exams, while adult positive exams averaged
74 frames per exam compared with 9 for negative exams.
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Table 4.1: Dataset composition. Counts are shown at the exam level and the frame level for
each cohort, broken down by H-IAI label. The adult cohort is used exclusively for model
pretraining. The pediatric cohort is used for fine-tuning and for all reported performance
estimates. An exam corresponds to one FAST examination of one patient and is the
independent sampling unit for all train and test splits.

Positive Negative Total
Studies Frames Studies Frames Studies Frames

Pediatric 17 2,471 190 4,579 207 7,050
Adult 43 3,164 80 698 123 3,862
Total 60 5,635 270 5,277 330 10,912

Segmentation performance

Across 50 MCCV splits, the segmentation model achieved a pooled exam-level Dice of 0.664
[0.646, 0.679] and IoU of 0.518 [0.501, 0.535]. Performance was modestly lower on positive
exams (Dice 0.609 [0.541, 0.661], N=17) than on negative exams (Dice 0.668 [0.650, 0.684],
N=190), with a parallel gap in IoU. The direction of this gap is consistent with the task,
since H-IAI in Morison’s pouch distorts the hepatorenal interface that anchors the reference
annotation, so the landmark the model must segment against is itself less stable on positive
frames than on negative ones.

Table 4.2: Segmentation performance on the pediatric cohort, evaluated via 50 iterations of
Monte Carlo cross-validation. Per-exam Dice and IoU scores are averaged across the splits in
which each exam appeared as a test case, and reported with 95% BCa bootstrap confidence
intervals over the per-exam scores. N denotes the number of exams in each subgroup.

Positive (n=17) Negative (n=190) Overall (n=207)

Dice 0.609 [0.541, 0.661] 0.668 [0.650, 0.684] 0.664 [0.646, 0.679]
IoU 0.459 [0.395, 0.511] 0.523 [0.504, 0.540] 0.518 [0.501, 0.535]

A pooled Dice of 0.664 is best read against a reference point for what agreement looks like
between trained human annotators on the same task. In a preliminary inter-rater experiment
conducted as part of this project, two clinicians independently annotating Morison’s pouch
on 220 pediatric FAST frames agreed at a mean Dice of 0.76. This figure was obtained
under conditions more favorable than those the model operates in, including more consistent
reference annotations and higher-quality source frames. It therefore represents an optimistic
ceiling on human-human agreement rather than a matched comparison, and the gap between



CHAPTER 4. PEDIATRIC FAST UNDER DATA SCARCITY 42

0.76 and the model’s 0.664 on the full MCCV evaluation is correspondingly smaller than it
appears.

Even with the ceiling in view, geometric overlap against a fixed reference is not the question
a clinician cares about. The operationally meaningful question is whether a predicted mask
helps locate Morison’s Pouch in the frame in front of them. To answer it, two pediatric
emergency medicine clinicians followed the manual evaluation procedure described in Sec. 4.2,
consisting of 228 frames sampled from 51 pediatric exams.

Clinician evaluations are reported in Table 4.3. On the localization question, clinicians
judged that the predicted mask helped localize Morison’s Pouch on 100% of the 51 reviewed
exams, with a one-sided 95% Clopper-Pearson lower bound of 94.3%. On the overlap question,
clinicians rated the predicted mask as exactly matching the reference on 84.9% [75.9%, 90.2%]
of frames, with the remaining frames split between model-does-less (6.6% [3.4%, 12.5%]) and
model-does-more (8.6% [4.3%, 17.2%]).

The results demonstrate that a pooled exam-level Dice of 0.664 coexists with clinicians
finding the predicted mask useful for localization on every reviewed exam and rating it as
exactly matching the reference on roughly 85% of frames. The geometric metric understates
the operational value of the model at the point of care.

Table 4.3: Clinician-rated segmentation overlap, stratified by exam label. Rates are per-exam
averages over reviewed frames, with 95% BCa bootstrap confidence intervals. N denotes the
number of exams in each subgroup.

Positive (n=17) Negative (n=34) Overall (n=51)

Helps localize
Morison’s Pouch 100% [≥86.2%] 100% [≥91.8%] 100% [≥94.3%]

Exactly same 82.2% [68.4%, 90.4%] 86.2% [74.5%, 93.0%] 84.9% [75.9%, 90.2%]

Model does less 13.2% [5.9%, 27.4%] 3.2% [1.2%, 8.5%] 6.6% [3.4%, 12.5%]

Model does more 4.6% [1.2%, 11.5%] 10.5% [4.3%, 23.1%] 8.6% [4.3%, 17.2%]

Classification performance

Pooled across 50 MCCV splits, the classifier achieved an exam-level AUROC of 0.933 [0.878,
0.976], with stratified bootstrap resampling positives and negatives independently. At the
leave-one-positive-out operating point targeting 100% sensitivity on the training positives,
LOPO sensitivity was 16 of 17 (94.1%) [73.0%, 99.0%] and LOPO specificity was 135 of 190
(71.1%) [64.2%, 77.0%], with Wilson intervals on both proportions. The selected threshold
was stable across folds, reflecting that removing any single positive from a pool of 17 barely
shifts the smallest threshold at which the remaining positives are all above the decision
boundary.
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One positive exam was not detected under the LOPO procedure, with a pooled score
falling below the threshold set by the remaining 16 positives. The wide sensitivity interval
reflects the fundamental constraint of evaluating on 17 positive exams rather than instability
in the model itself.

During development, we also evaluated UltraFedFM, an ultrasound-specific foundation
model, as an alternative to the DINOv2-Small backbone used throughout this chapter.
UltraFedFM is substantially larger, but on the pediatric cohort its classification performance
was comparable to DINOv2-Small, with differences within the run-to-run variability of the
MCCV protocol. We selected the smaller DINOv2-Small model on the grounds of deployment
simplicity and training cost.

Table 4.4: Classification performance on the pediatric cohort, evaluated via 50 iterations
of Monte Carlo cross-validation. Pooled AUROC is computed on per-exam scores averaged
across the splits in which each exam appeared as a test case, with a 95% stratified bootstrap
confidence interval resampling positives and negatives independently. Sensitivity and speci-
ficity are reported at a leave-one-positive-out (LOPO) operating threshold, with 95% Wilson
intervals on the underlying binomial proportions.

Pooled AUROC LOPO sensitivity LOPO specificity

0.933 [0.878, 0.976] 94.1% [73.0%, 99.0%] 71.1% [64.2%, 77.0%]

4.4 Discussion

This study demonstrates that a clinically structured two-stage approach can support pediatric
FAST interpretation by mirroring how clinicians perform the examination, first identifying a
relevant anatomic landmark and then assessing for H-IAI. In this initial implementation, the
models achieved performance approaching expert agreement for Morison’s pouch localization
and high sensitivity for H-IAI classification, suggesting potential value as a decision-support
and training tool for novice clinicians. More broadly, these findings support a staged,
anatomically grounded approach for rare, high-stakes outcome detection in low signal-to-noise
ultrasound data.

The purpose of this work is not to exceed expert performance, but to develop a clinically
useful assistive tool that approaches expert-level localization and H-IAI detection, particularly
for novice or low-volume FAST users. Pediatric FAST is underused in part because landmark
acquisition and interpretation both have long training curves, and a system that assists with
either step may lower the skill threshold for obtaining reliable information from the exam.
The classifier’s high-sensitivity operating point reflects the asymmetry of the underlying
decision, in which a missed hemorrhage carries substantially more cost than a false positive
that prompts closer bedside review or confirmatory imaging. In this setting, the model
would serve as an additional set of eyes during clinician-performed FAST rather than as
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an autonomous triage tool. For context, the PECARN clinical decision rule, which is the
current standard tool for risk-stratifying pediatric blunt abdominal trauma, operates at 100%
sensitivity and 47.2% specificity [48]. Our classifier uses a different input modality, so we
report these figures alongside PECARN rather than as a direct comparison.

A second contribution of this work is the separation of the two operator-dependent parts
of pediatric FAST, landmark localization and H-IAI classification, into parallel model outputs.
Dice and IoU measure pixel-level overlap against a fixed reference annotation, which can
penalize small boundary disagreements on a potential-space landmark whose edges are poorly
defined. In our clinician review, the same masks that produced modest geometric overlap were
judged useful for localizing Morison’s pouch on all reviewed exams. This supports pairing
pixel-overlap metrics with clinical utility review for anatomic landmarks in point-of-care
ultrasound. It also suggests that the first stage can provide human-aligned localization even
when it does not improve the second-stage classifier as an input mask. In development,
restricting the classifier to the predicted Morison’s pouch region did not improve performance,
likely because masking can remove contextual information or propagate segmentation error
into classification.

This work also differs from prior FAST AI studies in both population and task structure.
Prior work on H-IAI classification has largely focused on adult FAST, including frame-level
H-IAI classification and automated approaches that segment H-IAI when present [19, 116,
66]. Other work has used adjacent organs or pathology as substitutes for the FAST landmark
rather than directly targeting Morison’s pouch [72, 73]. Pediatric FAST has received less ML
attention, and existing pediatric work has focused on view classification rather than H-IAI
detection or direct landmark segmentation [58]. Our results extend this literature to injured
children and suggest that adult ultrasound pretraining followed by pediatric fine-tuning may
help address pediatric label scarcity, while still requiring pediatric-specific evaluation.

There are several important limitations. First, the pediatric cohort contains a small
number of H-IAI-positive FAST exams, reflecting the core challenge of rare-event modeling
in pediatric FAST. H-IAI-positive exams are uncommon but clinically high-stakes, which
makes both model development and performance estimation difficult in low signal-to-noise
ultrasound data. The Monte Carlo cross-validation and leave-one-positive-out procedures
were designed to report performance with honest uncertainty quantification, but they cannot
remove the uncertainty created by 17 positive exams. Second, the pipeline operates on single
frames, whereas clinical FAST interpretation integrates information across frames as the
probe moves. Third, the study is restricted to the right upper quadrant view, while a complete
FAST exam includes additional views with their own landmarks and failure modes. External
validation on a multi-site pediatric cohort, extension to the remaining FAST views, and
clip-level modeling are the natural next steps before prospective evaluation at the bedside.
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Appendix A

Content Deferred from Chapter 2

A.1 Formal Assumptions

Definition A.1 (Linear regression under distribution shift). We consider a training dataset
comprised of n i.i.d. pairs (xi, yi)ni=1 ∼ Dn

s concatenated into a data matrix X ∈ Rn×p and
a response vector ys ∈ Rn. The setting is overparameterized, meaning we have more input
features than training samples, or n < p .

We define

1. the covariance matrix Σs = EDs [xx
⊤],

2. the optimal parameter vector θ∗src ∈ Rp, satisfying

E
Ds

[
(y − x⊤θ∗src)

2
]
= minθ E

Ds

[
(y − x⊤θ)2

]
.

We test on the distribution Dt with Σt and θ∗t defined in the same way. We assume

1. (centered rows) EDs [x] = 0;

2. (well-specified - source) For (X,y) ⊆ Ds, y = Xθ∗s +εs. We assume that the components
of the source noise vector εs are i.i.d. centered random variables with positive variance
vε2s and that EDs [y|x] = xT θ∗s ;

3. (well-specified - target) For (X,y) ⊆ Dt, y = Xθ∗t +εt. We assume that the components
of the target noise vector εt are i.i.d. centered random variables with noise variance,
vε2t , and that EDt [y|x] = xT θ∗t ;

4. (simultaneously diagonalizability) Σs and Σt commute; that is, there exists an orthogonal
matrix V ∈ Rp such that V ⊤ΣsV and V ⊤ΣtV are both diagonal. This allows us to fix
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an orthonormal basis in which we can express the covariance matrices as

Σs = E
x∼Ds

[xxT ] = diag(λ1, λ2, ..., λp),

Σt = E
x∼Dt

[xxT ] = diag(λ̃1, λ̃2, ..., λ̃p),

where the source eigenvalues are a non-increasing sequence, λ1 ≥ λ2 · · · ≥ λp. Note
that we do not require the target eigenvalues to be a non-increasing sequence, however
we require that λ̃iλi ≥ 0 for all i;

5. (subgaussianity) the whitened data matrix, denoted Z = XΣ
−1/2
s , has centered i.i.d.

row vectors with independent coordinates. We assume that the rows are subgaussian
with subgaussian norm σx; that is, for all γ ∈ Rp,

E[exp(γ⊤z)] ≤ exp(σ2
x||γ||2/2).

A.2 Key results from prior work and technical lemmas

For ease on the reader, we replicate some key lemma statements from Bartlett et al. [6] and
Tsigler and Bartlett [128] and provide new lemmas and corollaries that we use in our work.

Recall that ρk = 1
nλk+1

∑
i>k λi, X ∈ Rn×p, and Σs ∈ Rp×p = diag(λ1, · · · , λp). Let X0:k ∈

Rn×k denote the matrix comprised of the first k feature columns. Similarly, Xk:p ∈ Rn×(p−k)

denote the matrix of the last p− k feature columns. The Gram matrix of the data, denoted
here by

A = XXT ,

plays a central role in the investigation of high-dimensional linear regression. Analogous to
the above, we express A0:k = X0:kX

T
0:k ∈ Rn×n and similarly for Ak:p ∈ Rn×n.

Letting Z = XΣ
−1/2
s ∈ Rn×p and denoting the independent column vectors of Z by

zi ∈ Rn, we have the following expressions:

A =
∑
i

λiziz
T
i , A−i =

∑
j ̸=i

λjzjz
T
j , Ak =

∑
i>k

λiziz
T
i .

The following lemma from Bartlett et al. [6] is key in controlling the largest and smallest
eigenvalues of the data Gram matrix and its variants A−i and Ak. Importantly, it also shows
that if the energy in the bottom p− k components of the covariance matrix is sufficiently
large (ρk is lower bounded by a constant), then the largest and smallest eigenvalues of Ak are
equal up to constants.

Lemma A.2 (Lemma 5 from Bartlett et al. [6]). There are constants b, c ≥ 1 such that for
any k ≥ 0, with probability at least 1− 2e−n/c,
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1. for all i ≥ 1,

µk+1(A−i) ≤ µk+1(A) ≤ µ1(Ak) ≤ c

(∑
j>k

λj + λk+1n

)
,

2. for all 1 ≤ i ≤ k,

µn(A) ≥ µn(A−i) ≥ µn(Ak) ≥
1

c

∑
j>k

λj − cλk+1n,

3. if ρk ≥ b, then
1

c
λk+1ρkn ≤ µn(Ak) ≤ µ1(Ak) ≤ cλk+1ρkn.

A consequence of the prior eigenvalue bounds is that when ρk is lower bounded by a
constant, the condition number of Ak is upper bounded by a constant. Therefore even as
problem parameters such as training sample size and input dimension grow to ∞, Ak is still
well-conditioned. This is important as non-benign overfitting occurs when the condition
number bound on Ak grows with problem parameters. This would happen if the lower bound
on the smallest eigenvalue of Ak decays to zero too quickly which would cause the condition
number of Ak to diverge. If this occurs then the excess risk of the MNI would be lower
bounded. This is shown for the in-distribution case in Bartlett et al. [6].

Corollary A.3. Following from Lemma A.2, there are constants b, c ≥ 1 such that for any
k ≥ 0, with probability at least 1− 2e−n/c, if ρk ≥ b then

µ1(Ak)

µn(Ak)
≤ c2 (A.1)

which is the equivalent of the assumption CondNum(k, 2e−n/c, c2) as defined in Tsigler and
Bartlett [128].

The following definition and lemma omit all references to NonCritReg and the ridge
parameter in Tsigler and Bartlett [128].

Definition A.4 (StableLowerEig(k, δ, L) from Tsigler and Bartlett [128]). Assume that for
any j ∈ {1, 2, · · · , p} with probability (separate for every j) at least 1− δ,

µn(A−j) ≥ µn(EAk)/L = (
∑
i>k

λi)/L. (A.2)

We now state key assumptions that are necessary in order to obtain an explicit bias lower
bound. Exchangeable coordinates (ExchCoord) is a weaker assumption than independent
components of the data vector. It is used in Tsigler and Bartlett [128] instead of independent
components. We assume that components of Z are independent and so we immediately
satisfy the ExchCoord, which we define here.
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Definition A.5 (ExchCoord). Assume the sequence of coordinates of Σ
−1/2
s x, for any x ∈ X,

is exchangable (any deterministic permutation of the coordinates of whitened data vectors
doesn’t change their distribution).

The PriorSigns assumption is necessary to obtain lower bounds on the bias term. It allows
us to use bounds on the expectation of a quadratic form, Ev[v

TMv], in order to separately
analyze the contributions of v and M . As the bias takes the form θ∗s

T (I −XTA−1X)Σt(I −
XTA−1X)θ∗s we see that such a bound would separate the contributions of the model from
that of data-dependent matrix expressions.

Definition A.6 (PriorSigns). Assume that θ∗ is sampled from a prior distribution in the
following way: one starts with vector θ and flips signs of all its coordinates with probability
0.5 independently.

Under PriorSigns, the random model vector is obtained by flipping signs on the components
of the ground-truth model vector. This does not affect our bounds as we see in Theorem 2.6
that our bias lower bound only relies on squared components of the random model vector
which are equivalent to the squared components of the ground truth model.

An important consequence of having a bounded condition number and independent
coordinates is that with high probability the smallest eigenvalue of A−i for all i ≥ 1 is lower
bounded by nλk+1ρk up to constants. These assumptions allow Bartlett et al. [6] to prove
Lemma A.2, which in turn allows us to derive the StableLowerEig condition. This is a simple
consequence of B.1 and we provide details here for completeness.

Corollary A.7 (Our variant of StableLowerEig from Tsigler and Bartlett [128]). For all
i ≥ 1, with probability at least 1− 2e−n/c2

µn(A−i) ≥
1

c2
µn(EAk) =

1

c2

∑
j>k

λj.

Proof. By Lemma A.2, for some absolute constant c1 ≥ 1 with probability at least 1− 2e−n/c1

µn(Ak) ≥
1

c1

∑
i>k

λi − c1λk+1n.

The assumption ρk ≥ b for some b ≥ 1 gives us

1

c1

∑
i>k

λi − c1λk+1n =
1

c1
λk+1nρk − c1λk+1n

≥
(
1

c1
− c1

b

)
λk+1nρk

=

(
1

c1
− c1

b

)∑
i>k

λi.
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Choosing b > c21 and c2 = max{c1, (1/c1 − c1/b)
−1}, we get that with probability at least

1− 2e−n/c2

µn(Ak) ≥
1

c2

∑
i>k

λi.

The next step is to extend this result to A−i for all i.
For i ≤ k, observe that A−i ⪰ Ak gives us µn(A−i) ≥ µn(Ak). For the case of i > k, we

have

A−i =
∑
j ̸=i

λjzjz
⊤
j

=
∑
j≤k

λjzjz
⊤
j +

∑
j>k,j ̸=i

λjzjz
⊤
j

⪰ λ1z1z
⊤
1 +

∑
j>k,j ̸=i

λjzjz
⊤
j

⪰ λiz1z
⊤
1 +

∑
j>k,j ̸=i

λjzjz
⊤
j .

We assume that the features are independent and zi is centered and whitened, so λiz1z
⊤
1 +∑

j>k,j ̸=i λjzjz
⊤
j has the same distribution as Ak =

∑
j>k λjzjz

⊤
j . Therefore,

P

(
µn(A−i) ≥

1

c2

∑
i>k

λi

)

≥P

(
µn

(
λiz1z

⊤
1 +

∑
j>k,j ̸=i

λjzjz
⊤
j

)
≥ 1

c2

∑
i>k

λi

)

=P

(
µn(Ak) ≥

1

c2

∑
i>k

λi

)
≥1− 2e−n/c.

The following corollaries provide high-probability bounds on random subgaussian vectors
with independent coordinates.

Corollary A.8 (Corollary 1 from Bartlett et al. [6]). There is a universal constant c such
that for any centered random vector z ∈ Rn with independent σ2-subgaussian coordinates with
unit variances, any random subspace L of Rn of codimension k that is independent of z, and
any t > 0, with probability at least 1− 3e−t,

∥z∥2 ≤ n+ cσ2(t+
√
nt),

∥ΠL z∥2 ≥ n− cσ2(k + t+
√
nt),

where ΠL is the orthogonal projection on L .
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In our proofs, we will need to control the norm of zi for all i ≤ p on the same high-
probability event. In these cases we need to apply a union bound over the events in the
summation. The following corollary shows how to invoke a union bound over ℓ of these
events in such a way that the probability over the union of all such events holds with high
probability that depends n.

Corollary A.9. There is a universal constant c as defined in Corollary A.8. Let z ∈ Rn be
a centered random vector with σ2-subgaussian coordinates and unit variances. Let L be a
random subspace of Rn of codimension k that is independent of z.

For 0 < t < n/c0 and k ∈ (0, n/c1) for c1 > c0 with c0 sufficiently large, with probability
1− 3e−t,

∥z∥2 ≤ c2n

∥ΠL z∥2 ≥ n/c3

where c2, c3 only depends on c, c0, σ.

We obtain a union bound over the intersection of ℓ of these events so long as ln(ℓ) ≤
n/c0 ⇒ ℓ ≤ en/c0. Then for k ∈ (0, n/c1) for c1 > c0 with c0 sufficiently large, if ℓ ≤ en/c0,
with probability at least 1− 3e−n/c0, ℓ of the above events independently hold.

Proof. Let Corollary A.8 hold with universal constant c. Then, with probability 1− 3e−t for
t > 0,

∥z∥2 ≤ n+ cσ2(t+
√
nt)

∥ΠL z∥2 ≥ n− cσ2(k + t+
√
nt).

Let t ≤ n
c0
. Then we have that,

− n

c0
≤ −t − n

√
c0

≤ −
√
nt.

Plugging in for ∥z∥2,
∥z∥2 ≤ n+ cσ2(t+

√
nt)

≤ n+ cσ2(
n

c0
+

n
√
c0
)

= n(1 + cσ2(c−1
0 + c

−1/2
0 ))

= c1n

for c1 only dependent on c, c0, σ. Now, plugging in for ∥ΠL z∥2,
∥ΠL z∥2 ≥ n− cσ2(k + t+

√
nt)

≥ n− cσ2(k +
n

c0
+

n
√
c0
)

= n(1− cσ2(
k

n
+ c−1

0 + c
−1/2
0 )).
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Let k < n
c2

for c2 > c0. Then it is clear that − k
n
> − 1

c2
and,

n(1− cσ2(
k

n
+ c−1

0 + c
−1/2
0 )) ≥ n(1− cσ2(c−1

2 + c−1
0 + c

−1/2
0 ))

= n/c3

for constant c3 that only depends on c, σ2, c0. We finally require that 1−cσ2(c−1
1 +c−1

0 +c
−1/2
0 ) >

0 which we can achieve by taking c0 sufficiently large.
We now proceed to bound the union of ℓ of the complement events, in order to obtain a

bound over the intersection of ℓ of these events.
For multiple zi’s, define by Ai the events shown above, that ∥zi∥2 ≤ c2n and ∥ΠLi

zi∥2 ≥
n/c3 where zi and Li are defined analogous to z,L above. Then

P (∪ℓ
i=1(Ai)

c) ≤
ℓ∑

i=1

P ((Ai)
c)

≤
ℓ∑

i=1

3e−t

= 3ℓe−t.

Then P (∩ℓ
i=1Ai) ≥ 1− 3ℓe−t. Observing that 3ℓe−t = 3eln(ℓ)e−t = 3e−t+ln(ℓ) = 3e−(t−ln(ℓ)) we

can set the per-event t accordingly and obtain the necessary bound. We want 0 < t− ln(ℓ) ≤
n/c0 to complete the bound. Therefore, we need that, per-event, ln(ℓ) < t ≤ n/c0 + ln(ℓ).
If ln(ℓ) ≤ n/c0 then this reduces to needing ln(ℓ) < t ≤ 2n/c0. Since each event is defined
for t ∈ (0, n/c0] the union bound proof is complete by taking t = n/c0 and requiring that
ln(ℓ) ≤ n/c0.

The following lemma is necessary in order to extend a summation over random variables,
each lower bounded by a real number with equal probability, to a unified lower bound over
the entire summation.

Lemma A.10 (Lemma 9 from Bartlett et al. [6]). Suppose n ≤ ∞ and {ηi}ni=1 is a sequence
of non-negative random variables, {ti}ni=1 is a sequence of non-negative real numbers (at least
one of which is strictly positive) such that for some δ ∈ (0, 1) and any i ≤ n, P (ηi > ti) ≥ 1−δ.
Then,

P

(
n∑

i=1

ηi ≥
1

2

n∑
i=1

ti

)
≥ 1− 2δ.

We now provide a minor generalization of Corollary S.6 in Bartlett et al. [6] that comes
from replacing a1 in a non-increasing sequence of non-negative numbers {ai}pi=1 with maxi ai
and only requiring that {ai}pi=1 is a sequence of non-negative numbers.
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Corollary A.11. There is a universal constant c such that for any sequence {ai}pi=1 of non-
negative numbers such that

∑p
i=1 ai < ∞, and any independent, centered, σ-subexponential

random variables {ξi}pi=1, and any x > 0, with probability at least 1− 2e−cx,

|
∑
i

aiξi| ≤ σmax

xmax
i

ai,

√√√√x

p∑
i=1

a2i

 .

Lastly, the following identity will allow us to use the PriorSigns assumption to derive a
new form for the bias term, which will be used for the proof of the lower bound.

Lemma A.12 (Identity for expectation of a quadratic form). Assume M ∈ Rp×p is a
symmetric matrix. For a random vector x ∈ Rp with mean E[x] and covariance Cov(x),

E
x
[xTMx] = E[x]TM E[x] + tr(MCov(x)).

Proof.

E
x
[xTMx] = E[tr(xTMx)]

= E[tr(MxxT )]

= tr(M E[xxT ])

= tr(MCov(x) +M E[x]E[x]T )
= tr(MCov(x)) + tr(E[x]M E[x]T )
= tr(MCov(x)) + E[x]M E[x]T .

A.3 Proof of excess risk bound

We start by restating Theorem 2.3.

Theorem 2.3. (Target excess risk decomposition) The excess risk of the MNI trained on the
source data, when evaluated on the target distribution, satisfies

R(θ̂(ys),Dt) ≤4B1 + 4B2 + 2Vεs , (2.2)

and

E
εs
R(θ̂(ys),Dt) = B1 +B2 + E

εs
Vεs

+ 2(θ∗t − θ∗s )
⊤Σt(θ

∗
s − θ̂(Xθ∗s )),
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where we define

B1 := ∥θ∗s − θ∗t ∥2Σt
, (2.3)

B2 := ∥θ∗s − θ̂(Xθ∗s )∥2Σt
, (2.4)

Vεs := ∥θ̂(εs)∥2Σt
, (2.5)

and ∥x∥2M := x⊤Mx.

Proof. Let us begin by noting that the excess risk of any θ is given by,

R(θ) = E
(x,y)∼Dt

[(
y − x⊤θ

)2]− E
(x,y)∼Dt

[(
y − x⊤θ∗t

)2]
= E

(x,y)∼Dt

[(
y − x⊤θ∗t + x⊤θ∗t − x⊤θ

)2]− E
(x,y)∼Dt

[(
y − x⊤θ∗t

)2]
= E

(x,y)∼Dt

[(
x⊤θ∗t − x⊤θ

)2]
+ 2 E

(x,y)∼Dt

[(
y − x⊤θ∗t

) (
x⊤θ∗t − x⊤θ

)]
(i)
= E

x∼Dt

[(
x⊤θ∗t − x⊤θ

)2]
. (A.3)

Equality (i) uses that, conditional on x, y−x⊤θ∗t |x is mean-zero, which is given in Assumption
3 (well-specified - target). So that

E
(x,y)∼Dt

[(
y − x⊤θ∗t

) (
x⊤θ∗t − x⊤θ

)]
= E

[(
x⊤θ∗t − x⊤θ

)
E
[(
y − x⊤θ∗t

) ∣∣x]] = 0.

We now note that the source-data MNI can be decomposed as follows,

θ̂(ys) = X⊤(XsX
⊤
s )

−1ys

= X⊤(XsX
⊤
s )

−1(Xθ∗s + εs)

= θ̂(Xθ∗s ) + θ̂(εs)

We can thus continue from equation A.3 to characterize the excess risk of the source-data
MNI as

R(θ̂(ys)) = E
x∼Dt

[(
x⊤θ∗t − x⊤θ̂(ys)

)2]
= E

x∼Dt

[(
x⊤θ∗t − x⊤(θ̂(Xθ∗s ) + θ̂(εs))

)2]
= E

x∼Dt

[(
x⊤(θ∗t − θ̂(Xθ∗s ))− x⊤θ̂(εs)

)2]
(i)

≤ E
x∼Dt

[
2
(
x⊤(θ∗t − θ̂(Xθ∗s ))

)2
+ 2

(
x⊤θ̂(εs)

)2]
= E

x∼Dt

[
2
(
x⊤(θ∗t − θ∗s + θ∗s − θ̂(Xθ∗s ))

)2
+ 2

(
x⊤θ̂(εs)

)2]
(ii)

≤ E
x∼Dt

[
4
(
x⊤(θ∗t − θ∗s )

)2
+ 4

(
x⊤(θ∗s − θ̂(Xθ∗s ))

)2
+ 2

(
x⊤θ̂(εs)

)2]
. (A.4)
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In inequalities (i) and (ii), we have used Young’s inequality, which implies (a − b)2 ≤
2(a− c)2 + 2(b− c)2 for any a, b, c ∈ R. Recalling that

∥x∥2M := x⊤Mx,

it is apparent that the first term is just the weighted distance between the source and target
vectors,

E
x∼Dt

[(
x⊤(θ∗t − θ∗s )

)2]
= (θ∗t − θ∗s )

⊤ E
x∼Dt

[
xx⊤] (θ∗t − θ∗s ) = ∥θ∗s − θ∗t ∥2Σt

. (A.5)

The second term looks quite similar to the bias term, B, in Bartlett et al. [6] and Tsigler
and Bartlett [128].

E
x∼Dt

[(
x⊤(θ∗s − θ̂(Xθ∗s ))

)2]
=
(
θ∗s − θ̂ (Xθ∗s )

)
E

x∼Dt

[xx⊤]
(
θ∗s − θ̂ (Xθ∗s )

)
= ∥θ∗s − θ̂ (Xθ∗s ) ∥2Σt

. (A.6)

The key difference with the standard supervised setting is that now the quantitiy in the
middle is Σt, not Σs. Equivalently, the norm on θ∗s − θ̂(Xθ∗s ) is induced by Σt rather than Σs.

And finally, the third term is similar to the variance term, C, in Bartlett et al. [6]:

E
x∼Dt

[(
x⊤θ̂(εs)

)2]
= θ̂(εs)

⊤ E
x∼Dt

[xx⊤]θ̂(εs)

= θ̂(εs)
⊤Σtθ̂(εs)

= ∥θ̂(εs)∥2Σt
. (A.7)

As in the bias term, the only difference is that the middle term is Σt rather than Σs.
Equivalently, the norm on θ̂(εs) is induced by Σt rather than Σs.

Putting it all together, we get the following upper bound for the excess risk of the
minimum-norm interpolator on the training data,

R(θ̂(ys)) ≤ 4∥θ∗s − θ∗t ∥2Σt
+ 4∥θ∗s − θ̂(Xθ∗s )∥2Σt

+ 2∥θ̂(εs)∥2Σt
.

This completes the upper bound for the risk.
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For the lower bound, we have

E
εs
R(θ̂(ys)) = E

εs,x∼Dt

[(
x⊤θ∗t − x⊤θ̂(ys)

)2]
= E

εs,x∼Dt

[(
x⊤(θ∗t − θ̂(Xθ∗s ))− x⊤θ̂(εs)

)2]
= E

εs,x∼Dt

[(
x⊤(θ∗t − θ̂(Xθ∗s ))

)2
− 2 · x⊤(θ∗t − θ̂(Xθ∗s )) · x⊤θ̂(εs)

+
(
x⊤θ̂(εs)

)2 ]
(i)
= E

x∼Dt

[(
x⊤(θ∗t − θ̂(Xθ∗s ))

)2]
+ E

εs,x∼Dt

[(
x⊤θ̂(εs)

)2]
The equality (i) uses that, conditional on X, εs is zero-mean. Note that the second term

above is just Eεs ∥θ̂(εs)∥2Σt
, so we need only deal with the first term. Adding and subtracting

θ∗s inside the square and expanding, we have

E
x∼Dt

[(
x⊤(θ∗t − θ̂(Xθ∗s ))

)2]
= E

x∼Dt

[(
x⊤(θ∗t − θ∗s )

)2]
+ E

x∼Dt

[(
x⊤(θ∗s − θ̂(Xθ∗s ))

)2]
+ 2 E

x∼Dt

[
(θ∗t − θ∗s )

⊤xx⊤(θ∗s − θ̂(Xθ∗s ))
]

= ∥θ∗t − θ∗s ∥2Σt
+ ∥θ∗s − θ̂(Xθ∗s )∥2Σt

+ 2(θ∗t − θ∗s )
⊤Σt(θ

∗
s − θ̂(Xθ∗s )).

A.4 Overview of variance and bias proof techniques

The central pillar of both proofs is controlling the eigenvalues of Ak, which in turn provides
certain bounds on the eigenvalues of A and A−i. A key finding of Bartlett et al. [6] is that
once ρk is large enough, all eigenvalues of Ak are identical up to a constant factor. Specifically,

zTAz ≈ n2λk+1ρk, zTA−1z ≈ n(nλk+1ρk)
−1.
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Variance

Due to independence between the components of εs, the variance term from Eqn. 2.6 can be
expressed as

V = E
εs
[Vεs/v

2
ε ]

= tr(A−1XΣ̃X⊤A−1)

=

p∑
i=1

λ̃iλiz
T
i A

−2zi.

Now that we are dealing with a sum of quadratic forms, we consider the first k∗ signal and
last p− k∗ noise components separately. Using the Sherman-Morrison formula the former
can be written as ∑

i≤k∗

λ̃iλiz
T
i A

−2zi =
∑
i≤k∗

λ̃i

λi

λ2
i z

T
i A

−2
−i zi

(1 + λizTi A
−1
−i zi)

2

≈
∑
i≤k∗

λ̃i

λi

λ2
in(nλk+1ρk)

−2

λ2
in

2(nλk+1ρk)−2

=
∑
i≤k∗

λ̃i

λi

1

n
,

where λiz
T
i A

−1
−i zi dominates 1 for i ≤ k∗. For the sum over the noise components the 1 in the

denominator dominates the other term and so we directly analyze the tail contributions as,

∑
i>k∗

λ̃i

λi

λ2
i z

T
i A

−2zi ≈
∑
i>k∗

λ̃i

λi

λ2
in(nλk+1ρk)

−2.

The result is that the variance term is upper and lower bounded by

1

n

k∑
i=1

λ̃i

λi

+
∑
i>k

λ̃i

λi

(
λ2
i

nλ2
k+1ρ

2
k

)
times constant factors.
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Bias

As in Eqn. 2.4, the bias term is given by

B2 = ∥θ∗s −XTA−1Xθ∗s ∥2Σt

= tr(θ∗s
T (I −XTA−1X)Σt(I −XTA−1X)θ∗s )

≤ tr(θ∗s θ
∗
s
T ) · tr((I −XTA−1X)Σt(I −XTA−1X))

= ∥θ∗s ∥2
p∑

i=1

λ̃i

λi

p∑
j=1

(
ei[j]−

√
λiλjz

⊤
i A

−1zj

)2
,

where we use the Cauchy-Scharwz inequality to separate the parameter vector from the
quadratic form. A quick application of the Sherman-Morrison formula allows us to write

B2 ≤ ∥θ∗s ∥2
p∑

i=1

λ̃i
1

1 + λizTi A
−1
−i zi

.

From here, we once again exert control over the eigenvalues of A−i to get

1

1 + λizTi A
−1
−i zi

≈ 1

1 + λi

λk+1ρk

,

which completes the upper bound proof sketch.
Note that the looseness of the bias bounds largely stems from the application of the

Cauchy-Schwarz inequality. The only situations in which the bound becomes an equality are
when

cθ∗s = (I −XTA−1X)Σ
1/2
t

for some scalar c ∈ R or when θ∗s is the zero vector.
Between the upper and lower bounds, the latter is likely tighter due to the use of the

PriorSigns assumption. As detailed in Appendix A.6, it allows us to write

B ≥ θ∗s
T (I − diag(XTA−1X))Σt(I − diag(XTA−1X))θ∗s ,

where for a matrix Q ∈ Rm×m, we use diag(Q) ∈ Rm×m to denote zeroed off-diagonal
entries. The contribution of the off-diagonal entries is non-negative and dominated by the
diagonals, so they can be dropped in the lower bound while preserving tightness under
the PriorSigns assumption. In general, non-negative terms cannot be discarded in the
proof of an upper bound, so we resort to the Cauchy-Schwarz inequality in order to avoid
addressing the off-diagonals directly. However, decoupling the model vector θ∗s from the

matrix (I −XTA−1X)Σ
1/2
t introduces another degree of looseness, contributing to the gap

between our bounds. Improving our upper bound will require controlling the off-diagonals of
this matrix product with a technique more appropriate than Cauchy-Schwarz.
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A.5 Proof of variance bounds

Theorem 2.5. (Upper and lower bounds for the variance term) There exist universal
constants b, c1 > 1 given in Lemma A.2, a universal constant c2 given in Lemma A.8 and a
constant c > 1 that only depends on σx, c1, c2, such that for k ∈ (0, n/c), with probability at
least 1− 10e−n/c,

V ≥ 1

cn

p∑
i=1

λ̃i

λi

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)
=: V . (2.8)

If in addition ρk ≥ b, with probability at least 1− 7e−n/c,

V/c ≤ 1

n

k∑
i=1

λ̃i

λi

+ n

∑
i>k λ̃iλi

(
∑

i>k λi)2
=: V /c. (2.9)

Proof. We derive the variance terms necessary here and finish the proof of the upper bound
in Appendix A.5 and the lower bound in Appendix A.5.

We follow the proof techniques in Bartlett et al. [6] and Tsigler and Bartlett [128]. Observe
that we can express the variance term as follows,

V = E
εs
[Vεs/v

2
ε ]

= E
εs
[∥X⊤(XX⊤)−1εs∥2Σt

/v2ε ].

Defining A = XX⊤,

V = E
εs
[∥X⊤A−1εs∥2Σt

/v2ε ]

= E
εs
[(ε⊤s A

−1XΣtX
⊤A−1εs)/v

2
ε ]

= E
εs
[tr(ε⊤s A

−1XΣtX
⊤A−1εs)/v

2
ε ].

Using the trace trick,

V = tr(A−1XΣtX
⊤A−1 E

εs
[εsε

⊤
s ])/v

2
ϵ

= tr(A−1XΣtX
⊤A−1v2ϵ In)/v

2
ϵ

= tr(A−1XΣtX
⊤A−1)

= tr(XΣtX
⊤A−2)

= tr((

p∑
i=1

λ̃ix
i(xi)⊤)A−2)

= tr((

p∑
i=1

λ̃iλiziz
⊤
i )A

−2)
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where xi ∈ Rn and xi
√
λi

= zi ∈ Rn are columns of X ∈ Rn×p and XΣ
−1/2
s ∈ Rn×p, respectively.

Continuing the calculation, we have that

V =

p∑
i=1

λ̃iλitr(z
T
i A

−2zi)

=

p∑
i=1

λ̃iλitr(z
T
i (A−i + ziz

T
i λi)

−2zi)

=

p∑
i=1

λ̃iλi

zTi A
−2
−i zi

(1 + λizTi A
−1
−i zi)

2

where A−i = XXT − λiziz
T
i =

∑
j ̸=i λjzjz

T
j . This expression will serve as the starting point

for the variance term, which we will now proceed to upper and lower bound.

Upper Bound

After isolating the contribution of λ̃i

λi
, most of the components of this proof are as given in

the proof of Lemma 6 in Bartlett et al. [6]. For completeness, we replicate them here and
refer the reader to their paper for further details and intuitions.

We start by separating the variance term into the top k components and the bottom p−k
components as follows,

V =
k∑

i=1

λ̃i

λi

λ2
i z

T
i A

−2
−i zi

(1 + λizTi A
−1
−i zi)

2
+
∑
i>k

λ̃i

λi

(λ2
i z

T
i A

−2zi).

Fix constants b, c1 ≥ 1 as defined in Lemma A.2. Then, with probability 1− 2e−n/c1 , if
ρk ≥ b then for all z ∈ Rn and i ∈ [1, k],

zTi A
−2
−i zi ≤ µ1(A

−2
−i )∥zi∥2

≤ µn(A−i)
−2∥zi∥2

≤ c21∥zi∥2

(nλk+1ρk)2

and on the same event,

zTi A
−1
−i zi ≥ (ΠLi

zi)
TA−1

−i (ΠLi
zi)

≥ µn(A
−1
−i )∥ΠLi

zi∥2

≥ µk+1(A−i)
−1∥ΠLi

zi∥2

≥ ∥ΠLi
zi∥2

nc1λk+1ρk



APPENDIX A. CONTENT DEFERRED FROM CHAPTER 2 74

where ΠLi
is the orthogonal projection onto the span of the bottom n− k eigenvectors of A−i.

It is important to use the projection onto the bottom eigenvectors of A−i in lower bounding
the denominator term because we have to use the fact that µn(A

−1
−i ) ≥ µ1(A−i)

−1. When
we don’t do the projection, then zi is affected by all of A−i and so the largest eigenvalue
that affects this expression is µ1(A−i) = λ1. After doing this projection, we no longer
have contributions from the top k eigenvectors / eigenvalues in the summation of zTi A

−1
−i zi.

Therefore, the largest eigenvalue that affects this summation is now λk+1 instead of λ1, and
so we can use this in our lower bound instead, as desired.

Putting it together, for i ≤ k,

λ2
i z

T
i A

−2
−i zi

(1 + λizTi A
−1
−i zi)

2
≤

zTi A
−2
−i zi

(zTi A
−1
−i zi)

2

≤ c41
∥zi∥2

∥ΠLi
zi∥4

.

We now invoke Corollary A.9 with a union bound over k events. Let t < n/c0 and
k ∈ (0, n/c) for c > c0 and c0 sufficiently large. Since k < n/c we also satisfy the union bound
condition that ln(k) < n/c. Then, with probability at least 1− 3e−t,

∥zi∥2 ≤ c2n

∥ΠLi
zi∥2 ≥ n/c3

for constants c2, c3 that only depend on σx, c0, and a universal constant c as defined in
Corollary A.8.

Altogether, with probability 1− 5e−n/c0 for c0 sufficiently large,

k∑
i=1

λ̃i

λi

(
λ2
i z

T
i A

−2
−i zi

(1 + λizTi A
−1
−i zi)

2

)
≤

k∑
i=1

λ̃i

λi

c41
∥zi∥2

∥ΠLi
zi∥4

≤
k∑

i=1

λ̃i

λi

c41
c2c

2
3

n

= c4

k∑
i=1

λ̃i

λi

1

n
.

On the same event we use to bound µk+1(A−i) via Lemma A.2, we also have that
µ1(A

−2) ≤ µn(A)
−2. As such,

∑
i>k

λ̃i

λi

(λ2
i z

T
i A

−2zi) ≤
c21
∑

i>k
λ̃i

λi
λ2
i ∥zi∥2

(nλk+1ρk)2
.
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Then by Corollary A.11, there is a universal constant a such that with probability at least
1− 2e−t for t < n/c0 and c0 > a−1,

∑
i>k

λ̃i

λi

λ2
i ∥zi∥2 ≤ σ2

x max(tmax
i>k

(λ̃iλi),

√
t
∑
i>k

(λ̃iλi)2)

≤ n
∑
i>k

λ̃iλi + σ2
xmax(tmax

i>k
(λ̃iλi),

√
tn
∑
i>k

(λ̃iλi)2)

≤ n
∑
i>k

λ̃iλi + σ2
xmax(t

∑
i>k

λ̃iλi,
√
tn
∑
i>k

λ̃iλi)

≤ c5n
∑
i>k

λ̃iλi

= c5n
∑
i>k

λ̃i

λi

λ2
i .

Altogether,

∑
i>k

λ̃i

λi

(λ2
i z

T
i A

−2zi) ≤
c21
∑

i>k
λ̃i

λi
λ2
i ∥zi∥2

(nλk+1ρk)2

≤ c21c5n

(nλk+1ρk)2

∑
i>k

λ̃i

λi

λ2
i

= c6
∑
i>k

λ̃i

λi

(
λ2
i

nλ2
k+1ρ

2
k

)
.

By taking c > max(c0, c4, c6) we have that with probability 1− 7e−n/c,

V ≤ c

(
k∑

i=1

λ̃i

λi

1

n
+
∑
i>k

λ̃i

λi

(
λ2
i

nλ2
k+1ρ

2
k

))

=
1

n

k∑
i=1

λ̃i

λi

+ n

∑
i>k λ̃iλi

(
∑

i>k λi)2
.

Lower Bound

Recall that the variance takes the form,

V =

p∑
i=1

λ̃iλi

zTi A
−2
−i zi

(1 + λizTi A
−1
−i zi)

2
.
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By Cauchy-Schwartz,

(zTi A
−1
−i zi)

2 = |⟨zi, A−1
−i zi⟩|2 ≤ ∥zi∥2 · (zTi A−2

−i zi).

We plug this identity into our lower bound, and further multiply by λi

λi
, resulting in

V =

p∑
i=1

λ̃iλi

zTi A
−2
−i zi

(1 + λizTi A
−1
−i zi)

2

=

p∑
i=1

(
λ̃i

λi

)
λ2
i z

T
i A

−2
−i zi

(1 + λizTi A
−1
−i zi)

2

≥
p∑

i=1

(
λ̃i

λi

)
λ2
i (z

T
i A

−1
−i zi)

2

||zi||2(1 + λizTi A
−1
−i zi)

2

=

p∑
i=1

(
λ̃i

λi

)
1

||zi||2(1 + λizTi A
−1
−i zi)

2(λizTi A
−1
−i zi)

−2

=

p∑
i=1

(
λ̃i

λi

)
1

||zi||2(1 + (λizTi A
−1
−i zi)

−1)2
.

Then, let k ∈ (0, n) and Li be the span of the bottom n− k eigenvectors of A−i and ΠLi

be the projection onto the orthogonal complement of Li. We have that

zTi A
−1
−i zi ≥ (ΠLi

zi)
TA−1

−i (ΠLi
zi)

≥ ∥ΠLi
zi∥2µk+1(A−i)

−1.

From Lemma A.2, there is a constant c1 ≥ 1, such that for any k ≥ 0, with probability
1− 2e−n/c1 , µk+1(A−i) ≤ c1(

∑
j>k λj + λk+1n). Additionally, by Corollary A.9, let t < n/c3

and k ∈ (0, n/c) for c > c3 and c3 sufficiently large. Then, with probability at least 1− 3e−t

∥ΠLi
zi∥2 ≥ n/c4

where c4 only depends on c3, σx and the universal constant given in Corollary A.8.
Then, for c ≥ max{c1, c3}, with probability 1− 5e−n/c,

zTi A
−1
−i zi ≥ ∥ΠLi

zi∥2µk+1(A−i)
−1

≥ n

c4(
∑

j>k λj + λk+1n)
.

By again applying Corollary A.9 on the same event we have

∥zi∥2 ≤ c5n.

where c5 has the same dependencies as c4.
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Altogether, we have for each i, with probability 1− 5e−n/c,

1

||zi||2(1 + (λizTi A
−1
−i zi)

−1)2
≥ 1

c5n(1 + (
c4(

∑
j>k λj+λk+1n)

λin
))2

=
1

c5n(1 +
c4λk+1

λi
(
∑

j>k λj

λk+1n
+ 1))2

=
1

c5c24n(1/c4 +
λk+1

λi
(ρk + 1))2

≥ 1

c6n(1 +
λk+1

λi
(ρk + 1))2

where c6 = c5c
2
4 and c > max{c1, c3} as defined above.

Finally, we invoke Lemma A.10 and that 1/(a+ b)2 ≥ min(a−2, b−2)/4 to get that, with
probability 1− 10e−n/c,

V ≥ 1

8c6n

p∑
i=1

λ̃i

λi

min(1,
λ2
i

λ2
k+1(ρk + 1)2

).

For c7 ≥ max{8c6, c} we have that with probability 1− 10e−n/c7 ,

V ≥ 1

c7n

p∑
i=1

λ̃i

λi

min(1,
λ2
i

λ2
k+1(ρk + 1)2

).

A.6 Proof of bias bounds

Theorem 2.6. (Upper and lower bounds for the bias term) For the lower bound only, assume
that random models θ are obtained from the underlying θ∗s as (θ)i = γi(θ

∗
s )i, where each γi

is an independent Rademacher random variable. There exists a universal constant b > 1,
constants c, C that depend only on b and σx, and k < n/C such that if ρk ≥ b, then with
probability at least 1− 10e−n/c,

Ē
θ
[B2] ≥

1

c

(
k∑

i=1

λ̃i

λi

λi(θ
∗
s )

2
i

(1 + λi

λk+1ρk
)2

+
∑
i>k

λ̃i(θ
∗
s )

2
i

)
=: B2.

If we assume that p is at most exponential in n, then with probability at least 1− 5e−n/c,

B2/c ≤ ∥θ∗s ∥2
p∑

i=1

λ̃i

λi

λi(
1 + λi

λk+1ρk

) =: B2/c.
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Upper Bound

Proof. As defined in Eqn. 2.4,

B2 = ∥θ∗s − θ̂(Xθ∗s )∥2Σt

= ∥θ∗s −XTA−1Xθ∗s ∥2Σt

= θ∗s
T (I −XTA−1X)Σt(I −XTA−1X)θ∗s . (A.8)

The ith row of Ip −XTA−1X is given by ei −
√
λiz

T
i A

−1X. It follows that

(θ∗)TMθ∗ =


...∑p

j=1 θj(ei[j]−
√
λiλjz

⊤
i A

−1zj)
...


⊤

Σt


...∑p

j=1 θj(ei[j]−
√

λiλjz
⊤
i A

−1zj)
...

 ith row shown

=

p∑
i=1

λ̃i

( p∑
j=1

θj(ei[j]−
√

λiλjz
⊤
i A

−1zj)
)2

≤
p∑

i=1

λ̃i

( p∑
j=1

θ2j

) p∑
j=1

(
ei[j]−

√
λiλjz

⊤
i A

−1zj

)2
= ∥θ∗∥2

p∑
i=1

λ̃i

p∑
j=1

(
ei[j]−

√
λiλjz

⊤
i A

−1zj

)2
.

Next we look at ith term in the outer sum.

λ̃i

p∑
j=1

(ei[j]−
√

λiλjz
⊤
i A

−1zj)
2 = λ̃i(1− λiz

⊤
i A

−1zi)
2 + λ̃i

∑
j ̸=i

λiλj(z
⊤
i A

−1zj)
2

= λ̃i(1− 2λiz
T
i A

−1zi + λ2
i (z

T
i A

−1zi)
2 +

∑
j ̸=i

λiλj(z
⊤
i A

−1zj)
2)

= λ̃i(1− 2λiz
T
i A

−1zi +

p∑
i=1

λiλj(z
⊤
i A

−1zj)
2)

= λ̃i(1− 2λiz
T
i A

−1zi + λiz
⊤
i A

−1
( p∑

i=1

λjzjz
T
j

)
A−1zi)

= λ̃i

(
1− 2λiz

T
i A

−1zi + λiz
⊤
i A

−1AA−1zi
)

= λ̃i

(
1− 2λiz

T
i A

−1zi + λiz
⊤
i A

−1zi
)

= λ̃i

(
1− λiz

T
i A

−1zi
)
.
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Using the Sherman-Morrison formula, we get that

1− λiz
T
i A

−1zi = 1− λiz
T
i

(
A−i + λiziz

T
i

)−1
zi

= 1− λiz
T
i

(
A−1

−i − λiA
−1
−i zi(1 + λiz

T
i A

−1
−i zi)

−1zTi A
−1
−i

)
zi

= 1− λiz
T
i A

−1
−i zi +

(λiz
T
i A

−1
−i zi)

2

1 + λizTi A
−1
−i zi

=
1

1 + λizTi A
−1
−i zi

.

We now provide an upper bound for the remaining term. Let ΠLi
be the orthogonal

projection onto the bottom n− k eigenvectors of A−i. By Lemma A.2, there exist constants
b, c0 ≥ 1 such that if ρk ≥ b, then with probability at least 1− 2e−n/c0 ,

µk+1(A−i) ≤ c0λk+1ρkn,

so we get

1 + λiz
T
i A

−1
−i zi ≥ 1 + λi(ΠLi

zi)
TA−1

−i (ΠLi
zi)

≥ 1 +
λi ∥ΠLi

zi∥2

c0λk+1nρk
.

By Corollary A.9, there exist constants c1 and c2 with c2 > c1 and c1 sufficiently large
such that for 0 < k < n/c2, we have with probability at least 1− 3e−n/c1 ,

∥ΠLi
zi∥2 ≥ n/c3,

where c3 depends only on c1 and σ.
Plugging these in gives us with probability at least 1− 5e−n/c4 ,

λ̃i

(
1− λiz

T
i A

−1zi
)
≤ λ̃i(

1 +
c25λi

λk+1ρk

)
=

λ̃i

λi

λi(
1 +

c25λi

λk+1ρk

) ,
where c4 = max(c0, c1) and c5 = min(c0, c3).

Therefore by union bound over the application of Corollary A.9,

B ≤ ∥θ∗∥2
p∑

i=1

λ̃i

λi

λi(
1 +

c25λi

λk+1ρk

)
≤ 1

c6
∥θ∗∥2

p∑
i=1

λ̃i

λi

λi(
1 + λi

λk+1ρk

) ,
where c6 = min(c25, 1). Taking c = max(c−1

6 , c4) gives us the result.
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Lower Bound

After isolating the contribution of λ̃i

λi
, many of the components of this proof are as given in

Tsigler and Bartlett [128]. For completeness, we replicate them here.

Proof. Assume that the vector θ∗s is randomly distributed according to the PriorSigns(θs)
assumption. Using Lemma A.12, the bias term can be rewritten as

B = E
θ∗s
[Bθ∗s ]

= E
θ∗s
[∥θ∗s − θ̂(Xθ∗s )∥2Σt

]

= E
θ∗s
[(θ∗s )

T (Ip −XT (XXT )−1X)Σt(Ip −XT (XXT )−1X)θ∗s ]

= E
θ∗s
[(θ∗s )

TMθ∗s ]

= E
θ∗s
[θ∗s ]

TM E
θ∗s
[θ∗s ] + tr(MCov(θ∗s ))

= tr(MCov(θ∗s )).

where M = (Ip −XT (XXT )−1X)Σt(Ip −XT (XXT )−1X). The last equality follows from the
assumption Eθ∗s [(θ

∗
s )] = 0. The diagonal elements of Cov(θ∗s ) are the component-wise variances

of θ∗s , which are given by (θ∗s )
2
i = (θs)

2
i . The off-diagonal elements are 0 since the components

of θ∗s are independent. As such, we need only consider the diagonal elements of M .
Note that the ith row of Ip −XT (XXT )−1X is equal to ei −

√
λiz

T
i (XXT )−1X, where ei

is the ith vector of the standard orthonormal basis. It follows that the ith diagonal element of
M is given by

Mii =

p∑
j=1

λ̃j(ei[j]−
√

λiλjz
T
i A

−1zj)
2

= λ̃i(1− λiz
T
i A

−1zi)
2 +

∑
j ̸=i

λ̃jλiλj(z
T
i A

−1zj)
2.

Hence, we can express the bias term as

B =

p∑
i=1

(θs)
2
i

[
λ̃i(1− λiz

T
i A

−1zi)
2 +

∑
j ̸=i

λ̃jλiλj(z
T
i A

−1zj)
2
]

≥
p∑

i=1

λ̃i

λi

λi(θs)
2
i (1− λiz

T
i A

−1zi)
2.

We are able to eliminate the second term because it is non-negative. Substituting A = A−i +
λiziz

T
i and using the Sherman-Morrison identity, we have that 1− λiz

T
i A

−1zi =
1

1+λizTi A−1
−i zi
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(see proof of bias upper bound in Appendix A.6). Then,

B ≥
p∑

i=1

λ̃i

λi

λi(θs)
2
i

(1 + λizTi A
−1
−i zi)

2

Let’s bound each term in that sum from below with high probability. By Corollary A.7,
there exist constants b, c0 ≥ 1 such that for any i ≥ 0 with probability at least 1− 2e−n/c0 , if
ρk ≥ b, then

µn(A−i) ≥
1

c0
nλk+1ρk.

Next,

λi

(1 + λizTi A
−1
−i zi)

2
≥ λi

(1 + λiµn(A−i)−1 ∥zi∥2)2
.

By Corollary A.9, for constants c1, c2 such that k < n/c2 with c2 > c1 for sufficiently large c1
with probability at least 1− 3e−n/c1 we have ∥zi∥2 ≤ c3n, where c3 depends only on c1 and σ.

We obtain that w.p. at least 1− 5e−n/c4 ,

λiθ̄
2
i

(1 + λizTi A
−1
−i zi)

2
≥ λiθ̄

2
i(

1 +
c24λi

λk+1ρk

)2 ,
where c4 = max(c0, c1, c3). All the terms are non-negative so Lemma A.10 provides a lower
bound on their sum. With probability at least 1− 10e−n/c4 ,

B ≥ 1

2

p∑
i=1

λ̃i

λi

λiθ̄
2
i

(1 +
c24λi

λk+1ρk
)2

≥ 1

c5

p∑
i=1

λ̃i

λi

λiθ̄
2
i

(1 + λi

λk+1ρk
)2
,

where c5 = 2max(c24, 1).
Finally, we notice that on i > k we have ρk ≥ b > 1 and λi ≤ λk+1 giving us,∑

i>k

λ̃i

λi

λiθ̄
2
i

(1 + λi

λk+1ρk
)2

≥
∑
i>k

λ̃i

λi

λiθ̄
2
i

(1 + λi

λk+1
)2

≥
∑
i>k

λ̃i

λi

λiθ̄
2
i

4

=
1

4

∑
i>k

λ̃iθ̄
2
i .

Letting c = 4max(c4, c5) gives us the result.
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A.7 Proof of tightness of bounds

Theorem 2.7. (Tightness of variance and bias bounds) Let the lower bound and upper
bound of V be given by V and V , respectively. There exists a universal constant b ≥ 1, and
constant c as defined in Theorem 2.5, and k ∈ (0, n/c) such that if ρk ≥ b, then

V /V ∈
[
b−2(1 + b)−2/c2, 1

]
.

Let the lower bound and upper bound of B2 be given by B2 and B2, respectively, and the
assumptions of Theorem 2.6 be satisfied. Then

B2/B2 ∈

mini {(θ∗s )2i : (θ∗s )i ̸= 0}

∥θ∗s ∥2
(
1 + b−1 λ1

λk+1

) , 1

 .

Proof. We split the proof into the variance proof in Appendix A.7 and the bias proof in
Appendix A.7.

Variance Proof

Proof. Recall that

V =
1

8c6n

p∑
i=1

λ̃i

λi

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)

V = c

(
k∑

i=1

λ̃i

λi

1

n
+
∑
i>k

λ̃i

λi

(
λ2
i

nλ2
k+1ρ

2
k

))
.

Since k is the smallest ℓ such that ρℓ ≥ b, it is clear by definition that ρk−1 < b. Then we
observe that

ρk−1 =
1

nλk

∑
j>k−1

λj =
λk +

∑
j>k λj

nλk

=
λk + nλk+1ρk

nλk

< b

∴ λk + nλk+1ρk < nbλk ⇒ λk >
λk + nλk+1ρk

nb
>

nλk+1ρk
nb

=
λk+1ρk

b
.

On i ≤ k,

V : V =
1

8c6n

k∑
i=1

λ̃i

λi

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)
:
λ̃i

λi

c

n

≥ 1

8c6c

k∑
i=1

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)
: 1.
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If the min is 1 then we are okay otherwise, using the identity above and that fact that λi ≥ λk,
we have that

λ2
i

λ2
k+1(ρk + 1)2

>
(λk+1ρk)

2

b2λ2
k+1(ρk + 1)2

=
ρ2k

b2(ρk + 1)2
.

Examining the ρk terms:

ρ2k
(ρk + 1)2

=
1

ρ−2
k (ρk + 1)2

=
1

(1 + ρ−1
k )2

.

As ρk ≥ b we have that ρ−1
k ≤ b ⇒ 1 + ρ−1

k ≤ 1 + b ⇒ (1 + ρ−1
k )−2 ≥ (1 + b)−2.

Putting it together we get that

1

8c6c

k∑
i=1

λ2
i

λ2
k+1(ρk + 1)2

≥ 1

8c6c

k∑
i=1

1

b2(1 + b)2

=
k

8c6c · b2(1 + b)2

≥ 1

8c6c · b2(1 + b)2
.

On i > k, it is clear that the min is always given by the second term, as λi ≤ λk+1, so we
get

V : V =
1

8c6n

∑
i>k

λ̃i

λi

min

(
1,

λ2
i

λ2
k+1(ρk + 1)2

)
: c

λ̃i

λi

λ2
i

nλ2
k+1ρ

2
k

=
1

8c6c

∑
i>k

ρ2k
(ρk + 1)2

≥ 1

8c6c

∑
i>k

1

(1 + b)2
=

1

8c6c

p− k

(1 + b)2
>

1

8c6c(1 + b)2
.

Finally we note that for b ≥ 1 it is clear that min(b−2(1 + b)−2, (1 + b)−2) = b−2(1 + b)−2.
Therefore,

V : V ≥ 1

8c6c
b−2(1 + b)−2.

By setting c in the upper bound such that c > 8c6, we get

V : V ≥ 1

c2
b−2(1 + b)−2.
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Bias Proof

Proof. We will bound the ratio of the lower and upper bounds by bounding the ratios of the
corresponding terms in each sum. Observe that for all i, the ratio of the terms is equal to

(θ∗i )
2

∥θ∗∥2
· 1(

1 + λi

λk+1ρk

) .
On i ≤ k,

(θ∗i )
2

∥θ∗∥2
· 1(

1 + λi

λk+1ρk

)
≥ min

i

(θ∗i )
2

∥θ∗∥2
· 1(

1 + λ1

λk+1
b−1
) .

On i > k, we have λi/λk+1 ≤ 1, so

(θ∗i )
2

∥θ∗∥2
· 1(

1 + λi

λk+1ρk

)
≥ min

i

(θ∗i )
2

∥θ∗∥2
· 1

(1 + b−1)
.

Unfortunately, the looseness in the top k components coming from the gap λ1/λk+1 dominates
the tighter ratios in the bottom p− k components which only contain a model-dependent
gap, mini θ

2
i /∥θ∥2. Future work would seek to resolve this and provide tight upper and lower

bounds for the bias terms.

A.8 Proof of beneficial and malignant shifts

Trace Conditions for Simple Shifts

Let Σs be any source covariance and define Σt as λ̃i = αλi for i ≤ k and λ̃i = βλi for i > k
with α, β ≥ 0.

Then tr(Σs) =
∑k

i=1 λi +
∑

i>k λi and tr(Σt) = α(
∑k

i=1 λ̃i) + β(
∑

i>k λ̃i).
For α > 1, β < 1, if ∑

i>k λi∑k
i=1 λi

<
α− 1

1− β
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then we have that tr(Σs) < tr(Σt) and if the inequality is flipped then we obtain tr(Σs) >
tr(Σt).

For α < 1, β > 1, if ∑k
i=1 λi∑
i>k λi

<
β − 1

1− α

then we have that tr(Σs) < tr(Σt) and if the inequality is flipped then we obtain tr(Σs) >
tr(Σt).

Proof of Beneficial and Malignant Shifts for Simple Shifts

We restate the theorem for ease.

Theorem 2.10. (Beneficial and Malignant Multiplicative Shifts on Variance) Let Σs be a
source covariance that satisfies benign source conditions. That is, ∃ k such that ρk ≥ b for
a universal constant b > 1. Define Σt as λ̃i = αλi for i ≤ k and λ̃i = βλi for i > k, with
α, β ≥ 0.

1. If α < 1, β ≤ 1 or α ≤ 1, β < 1 then we obtain a beneficial shift in variance.

2. If α > 1, β ≥ 1 or α ≥ 1, β > 1 then we obtain a malignant shift in variance.

3. If we are in the mildly overparameterized regime:

• α > 1 and β < 1 leads to beneficial shifts;

• α < 1 and β > 1 leads to malignant shifts.

4. If we are in the severely overparameterized regime:

• α > 1 and β < 1 leads to malignant shifts;

• α < 1 and β > 1 leads to beneficial shifts.

Proof. From Theorem 2.5 and Theorem 2.7, we have that for a universal constant b > 1 if
ρk ≥ b we get the following upper and lower bounds on the out-of-distribution variance for
some constants c1, c2,

Vood ≤ c1

(
1

n

k∑
i=1

λ̃i

λi

+ n

∑
i>k λ̃iλi

(
∑

i>k λi)2

)

Vood ≥ c2

(
1

n

k∑
i=1

λ̃i

λi

+ n

∑
i>k λ̃iλi

(
∑

i>k λi)2

)
.
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Analogously, the in-distribution variance is upper and lower bounded by,

Vid ≤ c1

(
k

n
+

n

Rk

)
Vid ≥ c2

(
k

n
+

n

Rk

)
where Rk = (

∑
i>k λi)

2/
∑

i>k λ
2
i .

Let Σs be any source covariance model that satisfies benign source conditions. Define Σt

by,

λ̃i =

{
αλi, i ≤ k

βλi, i > k

for α, β ≥ 0.

Beneficial shifts. We use the upper bound to specify requirements for the beneficial shifts.

Vood ≤ c1

(
α
k

n
+ β

n

Rk

)
= Vid + c1

(
k

n
(α− 1) +

n

Rk

(β − 1)

)
.

Let α > 1, β < 1. To obtain a beneficial shift in this setting we need,

n

Rk

(1− β) >
k

n
(α− 1)

⇒ n

Rk

>
k

n

(
α− 1

1− β

)
.

In the case α < 1, β > 1, to obtain a beneficial shift we need,

n

Rk

(β − 1) <
k

n
(1− α)

⇒ n

Rk

<
k

n

(
1− α

β − 1

)
.

In the case where α = 1 then any β < 1 leads to beneficial shifts. Similarly when β = 1,
any α < 1 leads to beneficial shifts.
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Malignant shifts. We use the lower bound to specify requirements for the malignant shift.

Vood ≥ c2

(
α
k

n
+ β

n

Rk

)
= Vid + c2

(
k

n
(α− 1) +

n

Rk

(β − 1)

)
.

Let α < 1 and β > 1. To obtain a malignant shift in this setting we need,

n

Rk

>
k

n

(
1− α

β − 1

)
.

In the case of α > 1, β < 1, to obtain a malignant shift we need,

n

Rk

<
k

n

(
α− 1

1− β

)
.

In the case where α = 1 then any β > 1 leads to malignant shifts. Similarly when β = 1,
any α > 1 leads to malignant shifts.

Mild and severe overparameterization. We see that the four cases separate into settings
in which we are mildly overparameterized, meaning

n

Rk

>
k

n

∣∣∣∣α− 1

1− β

∣∣∣∣ ,
and settings in which we are severely overparamterized, meaning

n

Rk

<
k

n

∣∣∣∣α− 1

1− β

∣∣∣∣ .
In each of these regimes of overparameterization, the above proof has delineated whether

we achieve beneficial or malignant shifts in all settings of α, β.

Generalized (Necessary) Conditions for Beneficial and Malignant
Shifts

Let Σs be any source covariance matrix that satisfies benign source conditions and define Σt

as

λ̃i =

{
αiλi i ≤ k,

βiλi i > k

with αi, βi ≥ 0 for all i.
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Then the OOD variance upper bound is given by,

Vood ≤ c1

(
1

n

k∑
i=1

αi + n

∑
i>k βiλ

2
i

(
∑

i>k λi)2

)

= Vid + c1

(
(
∑k

i=1 αi)− k

n
+ n

∑
i>k λ

2
i (βi − 1)

(
∑

i>k λi)2

)

= Vid + c1

(
k

n

(∑k
i=1 αi

k
− 1

)
+

n

Rk

(∑
i>k βiλ

2
i∑

i>k λ
2
i

− 1

))
,

and the OOD variance lower bound is given by,

Vood ≥ c2

(
1

n

k∑
i=1

αi + n

∑
i>k βiλ

2
i

(
∑

i>k λi)2

)

= Vid + c2

(
(
∑k

i=1 αi)− k

n
+ n

∑
i>k λ

2
i (βi − 1)

(
∑

i>k λi)2

)

= Vid + c2

(
k

n

(∑k
i=1 αi

k
− 1

)
+

n

Rk

(∑
i>k βiλ

2
i∑

i>k λ
2
i

− 1

))
,

where Vid is the ID variance bound.
Again, we use the upper bounds to prove conditions for beneficial shifts and the lower

bounds to prove conditions for malignant shifts.

Beneficial shifts. From the upper bound we consider two separate cases for non-trivial
beneficial shifts:

1.
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i ,

2.
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i .

We start with the case of
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i . If this is satisfied, the

only way to achieve a beneficial shift is if

n

Rk

(∑
i>k βiλ

2
i∑

i>k λ
2
i

− 1

)
<

k

n

(
1−

∑k
i=1 αi

k

)
. (A.9)

We also have in this setting that,

0 < 1−
∑k

i=1 αi

k
≤ 1.
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In Equation A.9 we see a notion of severe overparameterization that leads to beneficial
shifts. For instance as Rk → ∞ we see the left-hand-side (LHS) of Equation A.9 → 0. So
as Rk → ∞ we have that finite n always leads to a beneficial shift in this setting. We
note that equivalently if βi = 1 for all i then we also have the LHS → 0, just as in the
case of severe overparameterization. We will return to the definitions of mild and severe
overparameterization for arbitrary shifts after showing the remaining conditions for beneficial
and malignant shifts.

Now consider the case of
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i . If this is satisfied, the

only way to achieve a beneficial shift is if

n

Rk

(
1−

∑
i>k βiλ

2
i∑

i>k λ
2
i

)
>

k

n

(∑k
i=1 αi

k
− 1

)
. (A.10)

In this setting it is clear that

0 < 1−
∑

i>k βiλ
2
i∑

i>k λ
2
i

≤ 1.

In Equation A.10, it is clear that we have a notion of mild overparameterization that
leads to beneficial shifts. As above if αi = 1 for all i then we always obtain a beneficial
shift in this setting. Otherwise if Rk does not grow too quickly (as in the case with mild
overparameterization) then this is a necessary condition to achieve beneficial shifts when∑

i>k βiλ
2
i <

∑
i>k λ

2
i .

Malignant shifts. From the lower bound we once again consider two separate cases for
non-trivial malignant shifts:

1.
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i ,

2.
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i .

We start with the case of
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i . If this is satisfied then

the only way to achieve a malignant shift is if,

n

Rk

(
1−

∑
i>k βiλ

2
i∑

i>k λ
2
i

)
<

k

n

(∑k
i=1 αi

k
− 1

)
. (A.11)

In the case of
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i the only way to achieve a malignant

shift is if,

n

Rk

(∑
i>k βiλ

2
i∑

i>k λ
2
i

− 1

)
>

k

n

(
1−

∑k
i=1 αi

k

)
. (A.12)

We now are ready to define mild and severe overparameterization for arbitrary multiplica-
tive shifts.
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Theorem A.13. (Mild and severe overparameterization for arbitrary multiplicative shifts)
Let Σs be any source covariance matrix that satisfies benign source conditions, meaning ∃ k
such that ρk ≥ b for a universal constant b > 1. Furthermore, let Σt be defined by λ̃i = αiλi

for i ≤ k and λ̃i = βiλi for i > k.
We will define

C :=

∣∣∣∣∣
(∑k

i=1 αi

k
− 1

)(
1−

∑
i>k βiλ

2
i∑

i>k λ
2
i

)−1
∣∣∣∣∣ .

Then we are mildly overparameterized if

n

Rk

= ω

(
C
k

n

)
and we are severely overparameterized if

n

Rk

= o

(
C
k

n

)
.

We now state our taxonomy of covariate shifts for arbitrary multiplicative shifts.

Theorem A.14. (Beneficial and Malignant (Arbitrary) Multiplicative Shifts on Variance)
Let Σs be any source covariance matrix that satisfies benign source conditions, meaning ∃ k
such that ρk ≥ b for a universal constant b > 1. Furthermore, let Σt be defined by λ̃i = αiλi

for i ≤ k and λ̃i = βiλi for i > k.

1. If
∑k

i=1 αi ≤ k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i then we obtain a beneficial shift.

2. If
∑k

i=1 αi < k and
∑

i>k βiλ
2
i ≤

∑
i>k λ

2
i then we obtain a beneficial shift.

3. If
∑k

i=1 αi ≥ k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i then we obtain a malignant shift.

4. If
∑k

i=1 αi > k and
∑

i>k βiλ
2
i ≥

∑
i>k λ

2
i then we obtain a malignant shift.

5. If we are in the mildly overparameterized regime:

•
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i leads to beneficial shifts,

•
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i leads to malignant shifts.

6. If we are in the severely overparameterized regime:

•
∑k

i=1 αi < k and
∑

i>k βiλ
2
i >

∑
i>k λ

2
i leads to beneficial shifts,

•
∑k

i=1 αi > k and
∑

i>k βiλ
2
i <

∑
i>k λ

2
i leads to malignant shifts.



APPENDIX A. CONTENT DEFERRED FROM CHAPTER 2 91

A.9 Experiment details

Synthetic Data Experiments

Our synthetic data experiments use source data generated from random Gaussians with
covariance structures that are known to exhibit benign overfitting. These structures include
the (k, δ, ϵ) spiked covariance models and eigendecay rates given by Bartlett et al. [6] such
as λi = i−α ln−β(i+ 1) for α = 1, β > 1. Target data is generated from random Gaussians
with covariances that lead to beneficial and malignant shifts based on our theories and
modifications of the aforementioned source covariance structures.

All ground truth models are sampled uniformly on the p-dimensional hypersphere, as
θ∗s ∼ Sp−1. Label noise is sampled as ε ∼ N (0, 1), unless otherwise specified. For a data
matrix X ∈ Rn×p, training labels are obtained as y = Xθ∗s + ε. Excess risk is computed for
unseen testing data from source and target distributions of interest using clean labels.

In Figure A.1 we take the source to be the (k, δ, ϵ) spiked model with parameters given by
k = 70, δ = 1, and ϵ = 0.005. The beneficial shift scales the first k eigenvalues by α = 1.125
and the last p− k eigenvalues by β = 0.65. For the malignant shift we use α = 0.875 and
β = 1.35. The minimum-norm linear interpolator is fit to 500 data points sampled from
a centered multivariate Gaussian with unit variance and dimension p = 4900. The model
vector is sampled from a centered Gaussian and scaled to unit norm. The x-axis represents
the amount of additive label noise in training. All evaluation is done on clean data. Each
point is the average of 40 runs.

In Figure A.2, we take the source to be the (k, δ, ϵ) spiked model with source parameters
as k = 10, δ = 1.0, ϵ = 1e−6 and target parameters k̃ = 10, δ̃ = 1.35, ϵ̃ = 6.5e−7. We use
n = 50 training data points, 10k held-out testing data points in each OOD test set, and vary
p from 75 to 1000 dimensions. We solve OLS using the closed-form MNI solution on the
source data. Each experiment is averaged over 100 independent runs.

In Figure 2.2 we train fully-connected neural networks with ReLU activation functions.
Data is sampled as above from the covariance structures given by λi = i−α ln−β(i+ 1) with
varying β to obtain beneficial and malignant shifts. The network architecture is 3 hidden
layers, with hidden widths 512 and 2048. Networks are trained with stochastic gradient
descent with momentum 0.9 until the training MSE has reached < 5e−6. We start with a
learning rate of 0.01 and decay by a stepped cosine schedule for 1,500 epochs. We take batch
size of 64 and train without weight decay. Each experiment is averaged over 20 independent
runs. We train in PyTorch with a single A100 NVIDIA GPU. In these experiments we take
n = 200 and compare p = 20 with p = 2000. Label noise is sampled as N (0, σ2) and we vary
σ2 to show the behaviors at varying train label noise.

In Figure A.5 we train full-connected neural networks with ReLU activation functions.
Source data is sampled from a mean-centered Gaussian with diagonal covariance matrix with
eigenvalues λi = i−1 ln−1.5(i + 1). Target covariate shifts are implemented in the style of
Theorem 2.10 where the top k source eigenvalues are multiplied by α and the bottom p− k
source eigenvalues are multiplied by β. In this experiment, we take k = 10, α = 2, β = 0.1
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and experiment with n = 400 source data samples for p = 200 and p = 4, 000. The network
architecture is 3 hidden layers with hidden width 2, 048. Our training setup is the same as
given above for prior MLP experiments.

CIFAR-10 and CIFAR-10C Experiments

In Figures A.6 and A.8 we use a binary variant of CIFAR-10 and CIFAR-10C. For details
on the CIFAR-10C dataset, see Hendrycks and Dietterich [46]. The binary problem is
constructed by selecting only the dog and truck classes. To stay overparameterized, we
subsample n = 500, 1000, 2000 points in a class-balanced manner. Images are flattened into
p = 3072 dimensional vectors. We fit our model using the OLS solution for the MNI against
{0, 1} class labels. We test on the same two classes from CIFAR-10 and CIFAR-10C Gaussian
blur and Gaussian noise corruptions. Recall that these two corruptions were selected for
their eigenspectra’s similarity to beneficial and malignant shifts, respectively. Label noise is
injected by flipping class labels with a given probability.

In Figure A.9, we train ResNet18 models on the entire CIFAR-10 dataset and evaluate
on the CIFAR-10C test sets for the Gaussian blur and Gaussian noise corruptions. The
setting is not high-dimensional because we train on 50000 images with 3072 dimensions.
However, the ResNet18 architecture has around 11.7 million parameters, so the level of
overparameterization is very high. The training procedure is similar to that used for our
MLP experiments. Networks are trained with stochastic gradient descent with a learning rate
of 0.1 and stepped cosine decay schedule for 60 epochs. Each point in the plot is an average
over 30 independent runs. As before, we train in PyTorch with a single A100 NVIDIA GPU.
Label noise takes the form of random label flips with probabilities 0.1 to 0.9.

A.10 Additional experiments

We present a number of additional supporting experiments that show: (1) more cases
of the behavior of the MNI and MLPs under covariate shift on synthetic datasets; (2)
underparameterized and overparameterized regimes for linear regression under covariate shift
for more realistic eigendecay rates outside of (k, δ, ϵ) spiked covariance models; (3) cases
in which the MNI is overfit in a tempered or catastrophic manner and evaluated on OOD
datasets constructed based on our results in Theorem 2.10, indicating that our insights
hold up for the MNI even when benign source conditions are not satisfied; (4) the value of
overparameterization for the MNI trained on CIFAR-10 and evaluated on CIFAR-10C; (5)
experiments training ResNet-18 models to interpolation on the full CIFAR-10 dataset and
evaluated on CIFAR-10C blur and noise corruptions.
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MNI on Synthetic Data
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Figure A.1: We fit interpolating linear models to random Gaussian data sampled from spiked
covariance models with parameters k, δ, ϵ. In this setting, k = 70, n = 500, p = 4900, δ = 1
and ϵ = 0.005. To illustrate a beneficial shift, we scale the first k eigenvalues by α = 1.125
and the last p−k eigenvalues by β = 0.65. Similarly, for the malignant shift we use α = 0.875
and β = 1.35. All experiments are averaged over 25 independent runs with standard error
bars displayed. Note that the bias is consistently below 10−16.

In Figure A.1, we experiment with interpolating linear models where Σs,Σt are given by
(k, δ, ϵ)-spike covariances with k = 70, n = 500, and p = 4900. We design problem parameters
to show settings in which tr(Σt) > tr(Σs) and we get a beneficial shift, and tr(Σt) < tr(Σs)
and we get a malignant shift. To do this, the source covariance matrix is constructed using
δ = 1 and ϵ = 0.005. To illustrate a beneficial shift, we scale the first k eigenvalues by
α = 1.125 and the last p− k eigenvalues by β = 0.65. Similarly, for the malignant shift we
use α = 0.875 and β = 1.35. The resulting plots are significant because they highlight the
distinct effects that the first k and last p− k components have on the excess risk.

As illustrated by our main theorems, increasing the energy of an eigenvalue has a negative
impact on the risk. Nonetheless, these plots show that where the increase happens plays an
important role on how the shift affects generalization. We are able to improve performance
by decreasing the energy on the tail and increasing the energy on the head in such a way
that the total energy is increased. In short, this setting is a direct connection to our theory
and shows clearly that our constructions for beneficial and malignant shifts, when mildly
overparameterized, hold up in low and high train label noise regimes, with higher noise
exacerbating the effects of the shifts. In addition, Figure A.1 demonstrates that the variance
generally contributes much more significantly to the overall risk.
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Figure A.2: We experiment with the (k, δ, ϵ) spiked covariance models and examine conditions
for beneficial and malignant shifts as given in Theorem 2.10. We take n = 50, k = 10, δ =
1.0, ϵ = 1e−6, δ̃ = 1.5, ϵ̃ = 5e−7, and vary p. In all cases, tr(Σt) > tr(Σs), showing that
beneficial shifts of this form can occur. As we increase p while keeping other problem
parameters fixed we observe the transition from mild to severe overparameterization and see
the cross-over point between the shift going from beneficial to malignant. For both ID and
OOD excess risk, we observe that excess risk is a decreasing function of input dimension.
Curves are averaged over 100 independent runs.

Figure A.2 shows another example of the transition from mild overparameterization to
severe overparameterization in the case of (k, δ, ϵ) spiked covariance models. In this example
we take k = 10, n = 50, δ = 1.0, ϵ = 1e−6. Using our shifts defined in Theorem 2.10 we set
α = 1.5 and β = 0.5. We plot excess MSE on both ID and OOD test sets vs. the input
data dimension, while holding all other problem parameters fixed and clearly observe the
transition from beneficial to malignant shifts in keeping with our theorem.

Next, we experimentally show that while our theory is built for benign source covariance
structures it holds for non-benign covariances. In particular, we examine eigendecay rates
that are known to lead to tempered overfitting and catastrophic overfitting [80]. Bartlett
et al. [6] identify the covariance structure given by λi = i−1ln−2(i+ 1) as sufficient for benign
overfitting. The rate of i−α for α > 1 is akin to a ridgeless Laplace kernel and corresponds
to tempered overfitting. Finally, the rate of i− ln(i) is akin to a ridgeless Gaussian kernel
and corresponds to catastrophic overfitting. This relative ordering is determined by how
high-dimensional the tail eigenvalues are, in decreasing order.
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(a) Ridgeless, λi = i−1 ln−2(i +
1)
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(b) Ridgeless, λi = i−2
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(c) Ridgeless, λi = i− ln(i)

Figure A.3: Comparing covariate shift in underparameterized vs. overparameterized linear
regression for three different eigendecay rates. In the p > n setting: (a) leads to benign
overfitting, (b) leads to tempered overfitting, and (c) leads to catastrophic overfitting. We
implement simple multiplicative shifts with α, β as defined in Section 2.3 where we take
n = 50, k = 10. Ground truth models are sampled uniformly from Sp−1 and training label
noise is sampled from N (0, 2). Every curve is averaged over 50 independent runs.

It is clear that even though Theorem 2.10 is for the case in which Σs satisfies benign
source conditions, the style of beneficial and malignant shift we identify holds for the MNI
even when overfit in a non-benign manner. That is, when Σs has eigendecay rates that are
tempered or catastrophic we can still obtain non-trivial beneficial and malignant shifts by
changing the energy on the signal and noise components in a heterogeneous way.

We also notice in Figure A.3 that even when varying the dimension up to p = 2000 at
n = 50, k = 10 we do not quite observe the cross-over from beneficial to malignant shifts in
the overparameterized regime. However, we observe that in Figure A.3(a) that the two OOD
curves begin to cross-over. Given compute budget, we run a variant of Figure A.3 where we
extend up to p = 5000 and take smaller n, e.g., n = 20, 30, 40, in order to closer examine
the different regimes of overfitting. In addition, we experimentally show results for p = 5, 10
which we liken to the classical linear regression regime in which k = p < n, meaning all of
the signal is captured in the p components. In this setting, α shifts are all that influence the
distribution shift behavior. We show these behaviors in Figure A.4.



APPENDIX A. CONTENT DEFERRED FROM CHAPTER 2 96

2 4 6 8
Ln Dimension

0

1

2

3

4

Ln
 E

xc
es

s R
isk

p = n
ID

OOD ( = 2.00, = 0.10)
OOD ( = 0.10, = 2.00)

(a) n = 20

2 4 6 8
Ln Dimension

0

1

2

3

4

Ln
 E

xc
es

s R
isk

p = n
ID

OOD ( = 2.00, = 0.10)
OOD ( = 0.10, = 2.00)

(b) n = 30
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(c) n = 40

Figure A.4: Comparing covariate shift in underparameterized vs. overparameterized linear
regression for when λi = i−1 ln−2(i + 1). We implement simple multiplicative shifts with
α, β as defined in Section 2.3 where we take k = 10 and vary n. Ground truth models are
sampled uniformly from Sp−1 and training label noise is sampled from N (0, 2). Every curve
is averaged over 100 independent runs.

MLP on Synthetic Data

We now show additional results for MLPs trained to interpolation on synthetic datasets. This
experiment is analogous to that of Figure 2.2 except that we implement shifts in the style of
Theorem 2.10.
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(a) n = 400, p = 200, h =
2048

0.50 0.75 1.00 1.25 1.50 1.75 2.00
Train Label Noise Variance

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

Te
st

 E
xc

es
s M

SE

(b) n = 400, p = 4k, h =
2048

Figure A.5: We implement multiplicative shifts for interpolating 3-layer ReLU MLPs in the
style of Theorem 2.10. Source data, X, is sampled from a mean-centered Gaussian with
diagonal covariance given by λi = i−1 ln−1.5(i + 1). Ground truth models are sampled as
θ∗s ∼ Sp−1 and training label noise is samples as ε = N (0, σ2

x). Noisy training labels are
obtained as y = Xθ∗s + ε. The target covariances are obtained by multiplying the top k = 10
source eigenvalues by α and the bottom p− k source eigenvalues by β. From our theory, we
expect that α = 2, β = 0.1 leads to beneficial shifts while α = 0.1, β = 2 leads to malignant
shifts. We see this holds up when p > n, and that h > n does not change this relationship.
All curves are averaged over 20 independent runs and each training run reaches MSE loss
≤ 5e−6.

In Figure 2.2 we sampled the ID dataset from a mean-centered Gaussian with diagonal
covariance that has eigenvalues λi = i−1 ln−3(i + 1) and we examined the behavior for
OOD datasets under covariate shift where the eigenvalues of the OOD covariance are given
by λi = i−1 ln−2(i + 1) and λi = i−1 ln−4(i + 1). In Figure A.5 we take the ID data to
be sampled from a mean-centered Gaussian with diagonal covariance that has eigenvalues
λi = i−1 ln−1.5(i + 1). For the covariance of the OOD datasets, we shift the top k = 10
eigenvalues by a factor of α and the bottom p − k eigenvalues by a factor of β, as in the
setting of Theorem 2.10. We experiment here with α = 2, β = 0.1 and α = 0.1, β = 2. Each
model achieves training MSE ≤ 5e−6. We see the same trends as in Figure 2.2 with respect
to p > n versus h > n. In the p < n case, even though h > n we do not clearly observe a
beneficial shift as predicted by our high-dimensional linear theory. However, when p > n we
do observe beneficial shifts for α = 2, β = 0.1, as suggested by our theorem for the mildly
overparameterized case.
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MNI on CIFAR-10C Experiments

Additional Blur and Noise Filter Experiments
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(c) MNI tested on Blur
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(d) MNI tested on Noise

Figure A.6: We fit the MNI to binary CIFAR-10 (dog vs. truck) and test on binary CIFAR-
10C under Gaussian blur and noise corruptions. In (a), (b) we plot the eigenvalues of the
covariance matrices for ID test data and on test sets for each severity. To ensure p > n we
subsample the training set to n = 1k and average curves over 50 independent runs. We
evaluate the MNI against all 5 corruption severities and plot excess classification error vs
training label noise, which is class label flip probability. We see that the eigenspectra of the
OOD datasets is directly correlated to the OOD performance of the MNI.
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(b) n = 500
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(c) n = 2000

Figure A.7: We consider an experiment using a custom variant of the CIFAR-10C out-of-
distribution (OOD) test sets while continuing to train on the original CIFAR-10 dataset
with n training samples at varying amounts of training label noise. Our constructions injects
Gaussian noise at varying severity levels into the top 200 high-variance directions of the
Gaussian blur test sets at each severity level. In (a) we plot the log of the spectrum of the
covariance matrices of each test set. This results in a covariance spectrum in which the
top eigenvalues of the OOD data are larger than the top eigenvalues of the in-distribution
(ID) eigenvalues, and the bottom eigenvalues of the OOD data are smaller than the bottom
eigenvalues of the ID data. This corresponds to the α > 1, β < 1 setting in our taxonomy.
In (b) and (c) we plot test excess classification error vs. train label noise. In (b) we show
the severely overparameterized setting which results in malignant shifts, and in (c) we show
the mildly overparameterized setting which results in benficial shifts, in keeping with the
intuitions from our taxonomy. Furthermore, the trace of the OOD covariances are larger
than the ID covariance and yet in (c) we observe improved OOD performance, in contrast to
intuitions from prior work.
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Varying Levels of Overparameterization
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(c) p > n, Noise
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(e) p < n, Blur
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Figure A.8: We fit the ridgeless OLS solution to binary CIFAR-10 (dog vs. truck) and
test on binary CIFAR-10C under Gaussian blur and noise corruptions. In the top row, we
vary the level of overparameterization as n = 500, 1k, 2k and average each curve over 50
independent runs. In this p > n setting the ridgelss OLS solution results in the MNI. In the
bottom row we obtain a non-interpolating, ridgeless linear solution. Evaluations are done on
severity 3 of CIFAR-10C, however the results hold up across all severities. We plot excess
classification error vs training label noise, which is class label flip probability. We see that
overparameterization improves robustness of the MNI at all noise levels.

In Figure A.8 (a-c) we show that overparameterization improves OOD excess classification
error for the MNI fit to binary CIFAR-10 and evaluated on binary CIFAR-10C under Gaussian
blur and noise corruptions. The details of these datasets and setups are given in Appendix A.9.
We note that all of the curves in the top row of this figure are in the overparameterized regime,
meaning they are on the right side of the double descent curve. Flattened CIFAR images have
p = 3, 072 and so we vary the number of training subsample sizes over n = 500, 1000, 2000 in
order to remain in an overparameterized setting. We find that when we are overparameterized,
as we reduce n we obtain improved performance. We average over 50 independent runs
in each setting and provide standard error bars to show that this observation is not due
to specific random samples. We also see that at higher levels of overparameterization, the
relative difference in excess classification error between ID, blur, and noise test sets lessens.
For example, at 0.0 label noise and n = 2k the average excess error varies from 0.3028 on the
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blur set to 0.4668 on the noise set for an absolute difference of 0.164, whereas at n = 500 the
average excess error only varies from 0.252 on the blur set to 0.3131 on the noise set for an
absolute difference of 0.0611.

For completeness, in Figure A.8 (d - e) we show the above setting in the underparameterized
regime where we obtain the linear solution via the ridgeless OLS solution. As these plots
are on the left side of the double descent peak, we see that adding more data improves
OOD excess classification error. While these models are not interpolating, we observe that
noise corruptions lead to nearly catastrophic performance, meaning random guessing, on the
OOD test sets, whereas blur corruptions lead to more benign performance. Finally the ID
performance appears to be tempered, in showing a nearly linear relationship between train
label noise and test excess classification error.

ResNet on CIFAR-10C Experiments
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Figure A.9: We train ResNet18 on clean CIFAR-10 and evaluate on test sets that has been
corrupted by Gaussian blur and Gaussian noise, which correspond to beneficial and malignant
shifts, respectively. Labels are flipped with probability 0.1 through 0.9, seen on the x-axis.
The setting is not high-dimensional because the training data contains 50000 images, each of
which are 3072-dimensional. ResNet18 contains around 11.7 million parameters, so the setting
is very overparameterized. We observe that while both shifts negatively affect generalization,
the beneficial shift isn’t as bad as the malignant shift. This result is similar to those seen in
subfigures (a) and (b) in Figure 2.2, where the data is not high-dimensional but the MLP is
overparameterized.

Figure A.9 shows the behavior of interpolating ResNets trained on the full CIFAR-10 dataset
and evaluated on CIFAR-10C blur and noise corruptions. While these numbers are suboptimal
with respect to CNNs on CIFAR-10 we note that they are justified in our setting as our goal
is to study interpolating models. At 90% label noise it takes a lot of compute to interpolate
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the entire CIFAR-10 dataset, especially if using data augmentations, weight decay, or other
regularizations. As such, we turn off weight decay and data augmentations for these models
to be able to tractably interpolate CIFAR-10 at high noise levels.
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Appendix B

Content Deferred from Chapter 3

B.1 Verifying the Identically Distributed Assumption

The bootstrap test in Sec. 3.3 pools all 100 alternative-distribution observations and resamples
from them without regard to which PCS perturbation produced each observation. This is
valid when the five perturbation types yield response distributions with the same mean and
variance, so that pooling does not distort the bootstrap’s estimate of sampling variability.
If, instead, perturbation types shifted the agent’s scores in systematically different ways,
the pooled bootstrap would be resampling from a mixture of distinct distributions, and
the resulting p-values could be miscalibrated. We investigate this concern with a variance
decomposition and a simulation-based calibration study.

Variance Attributable to Perturbation Type

As a first check, we compute eta-squared (η2) for perturbation type on the raw response
scores, per dataset and pooled. Eta-squared measures what fraction of total variance in agent
scores is attributable to the choice of PCS perturbation:

η2 =
SSperturbation

SStotal

, (B.1)

where SSperturbation =
∑

k nk(ȳk−ȳ)2 is the between-group sum of squares over K perturbation
groups. All per-dataset η2 values were below 0.06, and the pooled value was approximately
0.025. Perturbation type explains very little variance in agent responses, consistent with the
identically distributed assumption.

Null Calibration Simulation

Low η2 does not guarantee that the test is well-calibrated, because even small distributional
differences can compound over many resamples. We therefore run a simulation where the null
hypothesis holds by construction and measure whether each test rejects at the nominal rate.
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Procedure. For each of 11 datasets, we take the 100 alternative-distribution observations
(20 per perturbation type) and center them at µ0 = 50 by subtracting the sample mean
and adding 50. This preserves variance and any within-block correlation structure while
ensuring that the population mean is exactly 50, so the null hypothesis H0 : µ = 50 holds by
construction.

We then run R = 1,000 Monte Carlo replicates per dataset. In each replicate, we draw a
fresh sample with replacement from the centered data, preserving block structure (resampling
within each perturbation block independently). On this sample we run two bootstrap tests.
The unblocked test pools all observations and resamples n = 100 values with replacement
B = 10,000 times, computing the mean of each resample. The blocked test instead resamples
each perturbation block separately and concatenates across blocks before computing the
overall mean. Both tests compute a one-sided p-value as the proportion of bootstrap means
falling at or below 50, with the Phipson and Smyth [96] correction. Under proper calibration
at α = 0.05, the rejection rate should be 5%.

Results. Table B.1 reports empirical rejection rates across all 11 datasets. The pooled
rejection rates are 5.7% (blocked) and 4.3% (unblocked), each within one percentage point of
the nominal 5% but in opposite directions. The blocked bootstrap is slightly liberal and the
unblocked bootstrap is slightly conservative. The unblocked test’s conservatism is consistent
across every dataset, with the delta column (unblocked minus blocked) negative throughout.

Table B.1: Empirical rejection rates (α̂) at α = 0.05 for the bootstrap mean test. R = 1,000
replicates per dataset, B = 10,000 bootstrap resamples per test. ∆ is unblocked minus
blocked.

Dataset Blocked Unblocked ∆

affairs 0.045 0.040 −0.005
amtl 0.140 0.122 −0.018
boxes 0.041 0.038 −0.003
caschools 0.057 0.050 −0.007
crofoot 0.037 0.021 −0.016
hurricane 0.040 0.032 −0.008
mortgage 0.069 0.023 −0.046
panda nuts 0.053 0.047 −0.006
reading 0.040 0.015 −0.025
soccer 0.064 0.058 −0.006
teachingratings 0.040 0.026 −0.014

Pooled 0.057 0.043 −0.014

Figure B.1 confirms this picture. The QQ plot for the blocked test tracks the uniform
diagonal closely, while the unblocked test’s p-values fall slightly above the diagonal at the
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lower end, indicating that small p-values are rarer than expected under perfect calibration.
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Figure B.1: QQ plots comparing observed p-value quantiles to theoretical Uniform(0, 1)
quantiles for the blocked (left) and unblocked (right) bootstrap tests, pooled across all
11 datasets and R = 1,000 replicates. The blocked test tracks the diagonal closely. The
unblocked test’s curve falls slightly above the diagonal at low quantiles, reflecting its mild
conservatism.

Interpretation. The mechanism behind this pattern is straightforward. When the un-
blocked test resamples from the combined pool, perturbation types with slightly different
means contribute between-block variance to the resampled distribution. The bootstrap “sees”
more spread than any single perturbation type actually has, producing a wider distribution
of bootstrap means and hence larger p-values. The blocked bootstrap removes this extra
variance by resampling within each perturbation type, yielding a tighter distribution that
sits closer to the true sampling variability.

This conservatism is not an artifact. It is a direct consequence of perturbation-type
heterogeneity acting as additional noise in the resampling. Since perturbation type is a
nuisance factor (we are testing whether the mean exceeds 50, not whether perturbation types
differ), absorbing that heterogeneity as extra variance is defensible. It amounts to saying
that even under the noisiest possible view of the data, the effect is still detected.

One dataset, amtl, is an outlier where both methods are liberal (12–14%), likely due
to unusually low total variance that makes the bootstrap approximation poor. This is a
property of the dataset, not the blocking strategy.

Recommendation. We use the standard unblocked bootstrap. Both methods are similarly
close to nominal calibration in aggregate, but the unblocked test errs on the conservative
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side, providing stronger control of false positives at a small cost in power. It also avoids the
additional complexity of blocking on perturbation type during resampling.

B.2 Dataset Details

We use the datasets included in the BLADE benchmark [40], which was developed to evaluate
the capabilities of agentic data science. The BLADE authors selected these datasets and
their associated tasks from scientific publications that were studied in meta-analysis papers
or reproduced in textbooks. Table B.2 lists the datasets and their corresponding questions.
We note that we do not use fish in any of our experiments, as the question it asks is not
binarizable.

B.3 Prompts and Agent Setup

In this subsection we provide details regarding our agentic setup and prompts.

Agentic Data Science Pipelines

Agent specification. For each agentic pipeline, we create a new subdirectory consisting
of the (possibly perturbed) dataset & corresponding metadata, a list of packages it can
access, and an instruction file (AGENTS.md). We then instantiate GPT-5.2-Codex from this
subdirectory with the following command:

npx codex exec --config model reasoning effort="high" --sandbox

workspace-write "Follow the instructions given in ‘AGENTS.md’"

Agent prompt. The AGENTS.md instruction file contains the following prompt:

You are an expert data scientist tasked with analyzing a dataset

to answer a specific research question. The research question

is contained in the ‘info.json’ file along with metadata about

the dataset. Use the metadata from ‘info.json’ to understand the

dataset structure and context. The dataset itself is provided

in the ‘{dataset name}.csv’ file. You only have access to the

‘{subdirectory path}’ subdirectory and its contents - no other

files or directories. Create a data analysis that answers the

research question. You are allowed to import packages that

are listed in the provided ‘packages.txt’ file (along with

their installed versions) to help with your analysis. When

executing Python scripts, ALWAYS use the command ‘poetry run

python <filename.py>’. Never use ‘python’ or ‘python3’ directly.
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Your data analysis should result in two outputs: (1) an integer

scalar that places your "Yes" or "No" response on a Likert scale

from 0 to 100, where 0 represents a strong "No" answer and 100

represents a strong "Yes" answer, and (2) an explanation of the

reasoning and evidence that led you to your conclusion. When

asked if a relationship between two variables exist, follow best

practices taking into account statistical significance when

determining the Yes/No answer as well as its strength on the

Likert scale. For example, two variables which lack evidence

of a relationship (though consistent statistical significance)

should receive a "No" answer with a scale value reflecting the

lack of such evidence, while relationships that are consistently

statistically significant should receive "Yes" answers with scale

values reflecting the strength of their relationship. These

outputs must be written to a file called ‘conclusion.txt’ in JSON

format, with the integer scalar stored under the key "response"

and the explanation stored under the key "explanation". The

‘conclusion.txt’ file must contain ONLY this JSON object, with

no additional text or lines.

Estimating Confidence Using Agents

Agent specification. Once the analysis pipelines are completed, we instantiate an inde-
pendent agent to evaluate the confidence in the analyses. We rewrite the AGENTS.md file to
contain instructions on confidence estimation. Then, we re-instantiate GPT-5.2-Codex within
each subdirectory using the same command as in Appendix B.3. This new supervising agent
has access to all of the code and other materials written by the analyst agent.

Agent prompt. The AGENTS.md instruction file contains the following prompt:

You are an expert data scientist tasked with reviewing an analysis

of a dataset to answer a specific research question. The

research question is contained in the ‘info.json’ file along

with metadata about the dataset, which is itself provided in

the ‘{dataset name}.csv’ file. You only have access to the

‘{subdirectory path}’ subdirectory and its contents - no other

files or directories. Your task is to evaluate your confidence

in the conclusion of the analysis, which is contained in the

‘conclusion.txt’ file in the subdirectory. The ‘conclusion.txt’

file contains two pieces of information: (1) the "response",

an integer scalar that represents the analyst’s answer on a

Likert scale from 0 to 100, where 0 represents a strong "No"
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answer and 100 represents a strong "Yes" answer, and (2) the

"explanation", a text string that provides the analyst’s reasoning

and evidence that led them to their conclusion. You are NOT to

run any analyses of your own to evaluate the confidence of the

conclusion. Your task is only to evaluate the confidence of

the conclusion based on your knowledge of data science and the

information provided in the subdirectory, including the conclusion

itself. This confidence must be an integer from 0 to 100, where

the number represents: - If you were to reconduct this analysis

100 times with slightly different reasonable decisions in the

data science pipeline, how many times would you expect to get an

answer more positive (larger on the Likert scale) than the seen in

the conclusion? Your confidence must be written to a file called

‘confidence.txt’ in JSON format, with the integer scalar stored

under the key "confidence" and your explanation stored under the

key "explanation". The ‘confidence.txt’ file must contain ONLY

this JSON object, with no additional text or lines.

B.4 Signal-to-Noise Ratio Controlled Experiments

Figure B.2 displays the BLADE datasets and their corresponding sanity check results for
each PVE level. Here, the datasets are colored corresponding to their quadrant of Table 3.2.
To create better separation between points, the y-axis displays the mean response of the
agent rather than the p-value from the bootstrap test. We see that when there is no signal
(PVE = 0), each dataset falls into the “Failed both checks” regime. As we increase the PVE,
datasets tend to see increases in their responses and decreases in overlap; although agentic
instability prevents this from happening uniformly.

Figure B.3 shows the empirical distributions produced on the BLADE benchmark datasets
with PVE∈ {0.0, 0.01, 0.1}. These distributions correspond to the stability check results
shown in Figure B.2. We note the rightward shift that occurs in the alterative distribution as
PVE is increased; except for datasets affairs and reading, whose reverse-direction behavior
is explained in Sec. 3.4.

B.5 Full Experimental Results on BLADE Benchmark

Datasets

Table B.3 reports the full numerical results for the sanity checks applied to eleven BLADE
datasets, as described in Sec. 3.4. For each dataset, 100 null and 100 alternative runs were
conducted (5 perturbations × 20 replicates each).
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Figure B.2: We observe that datasets tend to move out of the “Failed both checks” quadrant
as PVE increases, demonstrating that the two agentic stability checks corroborate the signal
present in the data.

Figure B.3: Empirical null and alternative distributions, with the alternative distribution
being produced on a PVE-controlled dataset. Note the rightward shift of the alternative
distribution as PVE increases.

Convergence Results

The right panel of Fig. 3.3 summarizes how classification stability depends on the number of
agent runs. Here we describe the methodology and present additional results.

Setup. We subsample from the full pool of 100 alternative observations at sizes n ∈
{2, 3, . . . , 10, 15, 20, 25, 50, 75, 100} and recompute both sanity checks at each size. The
classification obtained at n = 100 serves as the ground-truth reference, and we report
the fraction of repetitions that agree with it. To reduce Monte Carlo noise, we use 1,000
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repetitions for n ≤ 10, 500 for 11 ≤ n ≤ 25, and 200 for n > 25. We consider two regimes:
random subsampling, which draws n observations from both the alternative and null pools,
and alt-only subsampling, which draws n alternative observations while retaining the full null
pool. The latter isolates the effect of alternative sample size and reflects a scenario where the
null distribution is well-characterized but the practitioner is deciding how many alternative
runs to collect.

Results. Figures B.4 and B.5 show classification agreement as a function of sample size
under the two regimes. For 8 of 11 datasets, agreement exceeds 95% by n = 5–10. Three
borderline datasets converge much more slowly. caschools (classified as “Failed the Overlap
check” at full sample) remains below 50% agreement until n ≈ 50, and mortgage (“Passed
both checks”), whose alternative mean of 53.5 sits barely above the midpoint, does not
stabilize until n ≈ 100. soccer recovers more quickly, reaching stable agreement by n ≈ 15.

Figures B.6 and B.7 decompose these results into the two constituent checks. For both
caschools and mortgage, the bootstrap test is the primary bottleneck, struggling to reach a
stable significance decision when the alternative mean is close to 50. Their overlap coefficients
also converge more slowly than the remaining datasets, but the bootstrap test is the dominant
source of instability. soccer converges quickly on the overlap coefficient and shows only
moderate delay on the bootstrap test.

One methodological subtlety is worth noting: at n = 2–3, the bootstrap test can appear
spuriously significant. When all sampled observations happen to exceed 50, every resample
also exceeds 50, yielding p ≈ 0.0001 regardless of the true effect size. As n grows to 5–
10, this artifact disappears and the test begins behaving honestly, sometimes producing a
counterintuitive decrease in apparent significance before genuine power catches up. This
pattern is visible in the component-level plots for mortgage.

B.6 Signal-to-Noise Ratio Results at Low PVE

Here, we present the empirical distributions produced on the BLADE benchmark datasets
when the null distribution is computed on data with PVE= 0.01. These distributions are
shown in Figure B.8 and correspond to the stability check results shown in Figure 3.4a. We
note the null distribution is further right now that we have allowed just 1% of the variance in
the outcome to be explained by the explanatory variable.

B.7 Cases When Null Hypotheses Yield Strong Yes

Answers

As mentioned in Sec. 3.4, we find that the vast majority of “Yes” conclusions in the null
distribution can be explained by at least one of the following:

1. The agent misunderstands statistical significance.
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Figure B.4: Classification agreement vs. sample size under random subsampling (both
distributions reduced). Most datasets stabilize within 5–10 runs. caschools and mortgage

require substantially more.

2. The agent tries multiple models & listens to the one with the most significance.

Mis-interpreting p-Values

We include two examples from two different datasets below. Observe that the agent seems to
interpret the high p-values from the statistical tests it performs as showing a high amount of
significance, when in reality it conveys the opposite.

Example #1: affairs Dataset. Agent’s Response: 80. Agent’s Explanation: Research
question: Does having children decrease engagement in extramarital affairs? Observed affair
prevalence (any in past year): 0.257 without children (n=171), 0.247 with children (n=430).
A two-sample z-test for difference in proportions gives p-value=0.7826. A logistic regression
of any affair on children, gender, age, years married, religiousness, education, occupation,
and marital satisfaction was estimated. The coefficient for having children is -0.035 with
p-value=0.8697. Overall, the data provide evidence that having children is associated with a
lower likelihood of extramarital affairs. The Likert-scale response (0=strong ’No’, 100=strong
’Yes’) is set to 80 to reflect this balance of effect direction and statistical significance.
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Figure B.5: Classification agreement vs. alternative sample size (full null retained). The
pattern is similar to Fig. B.4, confirming that the alternative distribution is the primary
driver of instability at small sample sizes.

Example #1: amtl Dataset. Agent’s Response: 60. Agent’s Explanation: I analyzed
the AMTL dataset consisting of 1430 specimen-tooth-class observations, covering a total of
727 missing teeth out of 13422 observable sockets. For each row, I modeled the number of
missing teeth as a binomial outcome given the number of observable sockets, using a logistic
(binomial) regression with predictors for genus (Homo sapiens, Pan, Papio, Pongo), tooth
class (anterior, posterior, premolar), estimated age at death, and a numeric sex estimate.
Observed AMTL frequencies by genus were: Homo sapiens: 5.4% (464/8603 missing teeth);
Pan: 6.5% (108/1666 missing teeth); Papio: 5.2% (107/2059 missing teeth); Pongo: 4.4%
(48/1094 missing teeth). In the regression model with Homo sapiens as the reference genus,
the species contrasts were: Pan vs Homo sapiens: log-odds difference = 0.19 (higher AMTL
for Pan), p = 0.0779; Papio vs Homo sapiens: log-odds difference = -0.04 (lower AMTL for
Papio), p = 0.684; Pongo vs Homo sapiens: log-odds difference = -0.23 (lower AMTL for
Pongo), p = 0.145 Based on these patterns, I assigned a Likert-scale response of 60 on a
0-100 scale, where higher values correspond to stronger evidence that humans have higher
AMTL frequencies than non-human primates. These results suggest that modern humans
tend to have higher AMTL frequencies than non-human primate genera after adjustment,
but some comparisons lack strong statistical support.
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Figure B.6: Component-level agreement under random subsampling. Left: Bootstrap test
(significant or not). Right: Overlap coefficient (low or high).
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Figure B.7: Component-level agreement under alt-only subsampling. The decomposition
mirrors Fig. B.6, with the same bottleneck checks driving instability for the borderline
datasets.

Model-Shopping and p-Hacking

We include two examples from two different datasets below. Observe that despite mentioning
evidence from multiple models that no relationship exists, the agent finds one angle in support
of significance, and as a result concludes “Yes”.

Example #1: boxes Dataset. Agent’s Response: 70. Agent’s Explanation: Using data
from 629 children aged 4 to 14 across eight sites, I treated the outcome as three categories:
choosing an undemonstrated option, following the majority demonstrators, or following
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Figure B.8: Empirical null and alternative distributions, with the “null” distribution being
produced on datasets with a very small signal-to-noise ratio.

the minority demonstrator. Reliance on social information was defined as choosing either
majority or minority, and majority preference as choosing the majority rather than the
minority among those who followed any demonstrator. Overall, about 79 percent of children
relied on social information at all, with 46 percent choosing the majority and 33 percent
choosing the minority; among social choices, roughly 58 percent followed the majority. I
then fit logistic regression models with age and site as predictors. For social reliance, the
age coefficient was small and nonsignificant (about -0.03 per year, p around 0.50), and
the site indicators were also nonsignificant, with only modest differences in social reliance
between sites and predicted probabilities staying around 0.77 to 0.80 between ages 6 and
12. This suggests little evidence that children’s overall tendency to use social information
varies systematically with age or culture in this sample. For majority preference among social
learners, the age effect was again small and nonsignificant (coefficient near 0.01, p around
0.76), and predicted majority-following probabilities were very similar for younger and older
children (about 0.57 at age 6 vs 0.59 at age 12), indicating no clear developmental trend.
However, several site coefficients differed significantly from zero (the smallest site p value was
about 0.006), and the proportion of children choosing the majority option varied by roughly
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0.25 between the lowest and highest sites, showing meaningful cross-cultural differences in
how strongly children favor majority over minority demonstrators. Taken together, the data
provide strong evidence for cultural variation in preference for majority cues but essentially
no evidence for systematic developmental change in either reliance on social information or
majority preference across the age range studied. I therefore answer the research question
with a qualified yes: children’s preference for majority cues varies across cultures but not
reliably across developmental stages, while overall reliance on social information appears
relatively stable; the response value of 70 reflects this substantial but partial support.

Example #1: panda nuts Dataset. Agent’s Response: 60. Agent’s Explanation: I
defined efficiency as nuts opened per second and modeled nut-cracking rate using a GLM with
a log(seconds) offset. A Poisson model showed heavy overdispersion (Pearson chi2/df 32), so
a negative binomial rate model is more appropriate. In the negative binomial model (n=84),
sex shows evidence of an effect: males have about half the nut-cracking rate of females (rate
ratio 0.50, p=0.012). Age is not significant (p=0.308) and receiving help is not significant
(p=0.144), and the OLS model on rate also shows no significant effects. The help group
is small (7 sessions), limiting power. Overall, there is modest evidence that sex influences
efficiency, but little evidence that age or help do, so the answer is a weak yes.

B.8 Step-Level Perturbation Analysis

This appendix provides full details for the step-level analysis summarized in Sec. 3.5.

Setup. We ran the analysis pipeline on ten BLADE datasets (affairs, amtl, boxes,
caschools, crofoot, hurricane, mortgage, panda nuts, soccer, teachingratings) under
six conditions: no perturbation, add features, anonymize, shuffle names, positive_

leading_statement, and negative_leading_statement. Each condition was run five times
per dataset, yielding five independent analysis outputs per (dataset, perturbation) pair. An
LLM judge (GPT-5-mini) scored the pairwise similarity between outputs on four pipeline
steps: independent variable selection (iv), control variable selection (cv), model specification
(model), and final conclusion (conclusion). Each score is an integer from 1 to 5, reflecting
semantic and methodological equivalence rather than surface-level string matching.

Delta computation. For each dataset and pipeline step, we computed a reference similarity
score as the mean pairwise score among the cross-run pairs of the unperturbed condition.
Each individual pairwise score was then expressed as a delta from this reference. We report
the mean of the absolute deltas, which captures the magnitude of deviation regardless of
direction. This is important because signed deltas can cancel: if a perturbation causes some
run pairs to score above the baseline and others below, the signed mean will understate the
actual disruption.
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Results. Figures B.9 and B.10 display the absolute-delta heatmaps for within-perturbation
volatility and baseline-vs-perturbation divergence, respectively. In both figures, the
conclusion step consistently shows the highest mean absolute delta across all perturbation
types. This is consistent with the interpretation offered in Sec. 3.5: forming a final conclusion
requires the most subjective judgment, amplifying small upstream differences. The iv step is
the most stable, reflecting the fact that research questions typically constrain independent
variable selection to a narrow set of candidates. The cv and model steps fall in between.
Among the PCS perturbations, shuffle names tends to produce the largest deviations in
the conclusion step, with the others affecting the output in similar ways.

The two heatmaps are very similar in structure and magnitude. This rules out a scenario
in which perturbations redirect the pipeline toward a coherent alternative analysis, since in
that case within-perturbation runs would agree with each other even while diverging from the
unperturbed baseline. The observed symmetry instead indicates that perturbations increase
volatility without biasing the pipeline in a consistent direction.
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Figure B.9: Within-perturbation volatility. Each cell shows the mean |delta| across all within-
perturbation run pairs for a given perturbation and pipeline step, averaged over ten datasets.
High values indicate that the perturbation makes the pipeline’s output unpredictable relative
to the unperturbed reference.
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Figure B.10: Baseline-vs-perturbation divergence. Each cell shows the mean |delta| for
comparisons between an unperturbed run and a perturbed run. High values indicate that
perturbed outputs differ from unperturbed outputs by more than unperturbed outputs differ
from each other.

B.9 Full Human Analysis Results

Figure B.11 and Figure B.12 explore the inter-rater consistency for the human-performed
data analyses described in Sec. 3.5.

Figure B.11: The three independent raters tend to agree on the scores for each human-
performed data analysis. The raters were asked to put the conclusion of each team’s analysis
on the same Likert scale that the agent was prompted with.
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(a) The scores given by each individual rater have
a strong correlation with the mean, showing no
rater was giving out-of-distribution values.

(b) The distribution of scores given by each rater
have strong amounts of overlap, with Rater 1
being slightly more generous than Raters 2 & 3.

Figure B.12: Comparison of individual rater values shows general agreement.
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Table B.2: Summary of BLADE datasets and their corresponding questions.

Dataset Name Question Source Paper(s)

affairs Does having children decrease (if at all)
the engagement in extramarital affairs?

[28, 75, 54]

amtl Do modern humans (Homo sapiens) have
higher frequencies of antemortem tooth
loss (AMTL) compared to non-human pri-
mate genera (Pan, Pongo, Papio), after
accounting for the effects of age, sex, and
tooth class?

[37, 56, 82]

boxes Do children’s reliance on social informa-
tion and preference for majority cues vary
across cultures and developmental stages?

[129, 82]

caschools Is a lower student-teacher ratio associated
with higher academic performance?

[54, 121]

crofoot Do relative group size and contest loca-
tion influence the probability of a capuchin
monkey group winning an intergroup con-
test?

[21, 82]

fish How many fish on average do visitors takes
per hour, when fishing?

[82]

hurricane Hurricanes with more feminine names are
perceived as less threatening and hence
lead to fewer precautionary measures.

[50, 81, 79, 5, 113]

mortgage Does gender affect whether banks approve
an individual’s mortgage application?

[88, 141, 74]

panda nuts Do age, sex, and receiving help from
another chimpanzee influence the nut-
cracking efficiency of western chimpanzees?

[82, 14]

reading Does ’Reader View’ — a modified web
page layout — improves reading speed for
individuals with dyslexia?

[68, 74]

soccer Are soccer players with a dark skin tone
more likely than those with a light skin
tone to receive red cards from referees?

[111, 4]

teachingratings Does instructor beauty affect teaching pro-
ductivity as reflected in student instruc-
tional ratings?

[43, 54, 113, 121]
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Table B.3: Results of the sanity check on eleven BLADE datasets.

Dataset Null Mean (SD) Alt Mean (SD) p-Value OVL Checks Passed

teachingratings 7.18 (5.72) 69.94 (3.54) 0.0001 0.000 Both
amtl 26.50 (16.51) 93.85 (6.56) 0.0001 0.019 Both
panda nuts 30.38 (10.92) 70.04 (6.70) 0.0001 0.069 Both
soccer 23.20 (5.44) 64.25 (9.82) 0.0001 0.052 Both
mortgage 29.83 (5.78) 53.46 (16.44) 0.0228 0.102 Both

caschools 17.26 (11.14) 55.81 (19.89) 0.0016 0.280 Yes Check

crofoot 24.54 (4.44) 29.90 (5.07) 1.0000 0.540 Neither
hurricane 21.14 (4.65) 27.58 (8.97) 1.0000 0.549 Neither
reading 24.60 (5.32) 21.43 (10.36) 1.0000 0.681 Neither
affairs 30.45 (19.12) 20.53 (14.80) 1.0000 0.746 Neither
boxes 31.93 (19.67) 34.46 (16.62) 1.0000 0.842 Neither
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Appendix C

Content Deferred from Chapter 4

C.1 Architecture and Preprocessing Details

Preprocessing pipeline. All ultrasound frames were preprocessed prior to input into
the models using a fixed pipeline developed on the adult cohort and held constant during
pediatric evaluation.

The preprocessing steps are as follows:

1. Scanner overlay masking: top 10%, bottom 15%, and right 10% of each frame
were zeroed to remove interface artifacts.

2. Edge cropping: top 5%, left 12%, and bottom 10% of the remaining frame
were removed to focus on the region of interest.

3. Resizing: frames were resized to 224 × 224 pixels using bilinear interpolation.

4. Channel replication: grayscale ultrasound frames were replicated across three
channels to match ImageNet input format.

5. Normalization: frames are normalized using ImageNet mean (0.485, 0.456,
0.406) and standard deviation (0.229, 0.224, 0.225).

The masking and cropping percentages were tuned once on the adult cohort and frozen
before any pediatric data was touched.

Segmentation decoder architecture. The segmentation model uses a lightweight convo-
lutional decoder with 1.1M parameters. It upsamples the DINOv2-Small backbone patch
embeddings to a 224x224 probability map.
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Stage Operation Kernel Stride
Channels
(In/Out) Normalization Activation

1
Transpose
Conv 4 x 4 2 384 / 192

Group Norm
(G=32) ReLU

2 Conv 3 x 3 1 192 / 192
Group Norm
(G=32) ReLU

3
Transpose
Conv 4 x 4 2 192 / 96

Group Norm
(G=32) ReLU

4 Conv 3 x 3 1 96 / 96
Group Norm
(G=32) ReLU

5
Transpose
Conv 4 x 4 2 96 / 48

Group Norm
(G=32) ReLU

6
Conv
(Output) 1 x 1 1 48 / 1 None Sigmoid

Classification head architecture. The classification head is a dropout layer (probability
0.3) followed by a linear projection from the 384-dimensional CLS token to a single logit.
Classification is performed from the CLS token rather than from pooled patch tokens.

C.2 Training Hyperparameters

Adult pretraining hyperparameters. Both models share most of their pretraining recipe;
the rows that differ between segmentation and classification are epochs, SWA start, and loss
function (Table B.1).

Hyperparameter Segmentation Value Classification Value

Optimizer AdamW AdamW
Epochs 30 20
Batch Size 16 16
Task Head LR 2e-4 2e-4
Backbone LR
(post-unfreeze) 5e-6 5e-6
Task Head Weight
Decay 0.05 0.05
Backbone Weight
Decay 0.01 0.01
Learning Rate
Schedule

Linear warmup (1 ep) then
Cosine Decay

Linear warmup (1 ep) then
Cosine Decay

Gradient Clipping
(Max Norm) 1.0 1.0
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Hyperparameter Segmentation Value Classification Value

Backbone Freeze
Epochs 0–7 0–7
Backbone Unfreeze
Point Epoch 8 Epoch 8
SWA Start Epoch 15 (50% of training) 10 (50% of training)

Loss Function
Dice + BCE (equal weights,
Laplace 1.0) BCE with Logits

Augmentation Suite

H-Flip (p=0.5), Bright/Contrast
(lim=0.15, p=0.3), SSR
(shift=0.05, scale=0.1, rot=10°,
p=0.5)

H-Flip (p=0.5),
Bright/Contrast (lim=0.15,
p=0.3), SSR (shift=0.05,
scale=0.1, rot=10°, p=0.5)

Sampling Exam-balanced weighted Exam-balanced weighted
Precision Mixed FP16 (PyTorch AMP) Mixed FP16 (PyTorch AMP)
Hardware 1x NVIDIA A100 80GB 1x NVIDIA A100 80GB

Pediatric fine-tuning hyperparameters. Pediatric fine-tuning initializes from the adult-
pretrained checkpoint and uses three different settings: a smaller backbone learning rate, a
later SWA start epoch for the segmentation model, and the checkpoint-based initialization
(Table B.2). All hyperparameters not listed below are identical to adult pretraining (Table
B.1).

Hyperparameter Segmentation Value Classification Value

Initialization
Adult-pretrained
Checkpoint

Adult-pretrained
Checkpoint

Backbone LR
(post-unfreeze) 2e-6 2e-6
SWA Start Epoch 21 (70% of training) 10 (50% of training)

C.3 Clinical Usefulness Evaluation Protocol

The clinician evaluation was conducted in April 2026 on the MD.ai platform. Frames were
drawn uniformly at random from the eligible frames in each exam, with up to five frames
per exam. Of the 35 frames reviewed by both clinicians, 33 received concordant ratings.
Operational definitions of the three Overlap Quality response options are given in the protocol
below.

For each frame, clinicians were presented with the raw ultrasound frame and the predicted
mask overlay. They answered the following:
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Predicted mask True mask Evaluation

High Dice Example

Dice: 0.65
Helps localize: Yes
Overlap: Exactly same

Medium Dice Example

Dice: 0.31
Helps localize: Yes
Overlap: Exactly Same

Lower Dice Example

Dice: 0.17
Helps localize: Yes
Overlap: Exactly Same

Figure C.1: Representative segmentation outputs from clinician review. Three examples are
selected to show high, medium, and lower Dice performance among frames rated as helpful
for localization. Each row shows the predicted mask overlay, clinician reference mask overlay,
and corresponding Dice score with clinician usefulness and overlap ratings.

1. Localization Utility: ”Does the predicted mask help localize Morison’s
Pouch?”

a. Response Options: [Yes / No]

2. Overlap Quality: ”How does this predicted mask compare to where you would
place a reference annotation?”

a. Exactly the same: Mask accurately captures the landmark.

b. Model does less: Mask is under-segmented.

c. Model does more: Mask is over-segmented or includes adjacent tissue.
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