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ABSTRACT OF THE DISSERTATION
Stochastic Physics of Biological Assays and Improved Inference
by

Bhaven Amritlal Mistry
Doctor of Philosophy in Biomathematics

University of California, Los Angeles, 2019
Professor Tom Chou, Chair

Biological assays typically employ large numbers of constituent agents (virus particles, flu-
orescing antibodies, oligonucleotides, etc) to quantitatively measure the effects of various
natural processes such as virus infectivity, cell membrane receptor concentrations, and the
binding affinity of biomarkers. For the simplicity of analysis, these assays often intentionally
eliminate most random variability by factoring only expected values of experimental quanti-
ties. However, ignoring the prevalent stochastic effects on the individual agent level may risk
depriving this analysis of important and even confounding results. In this work, we model the
kinetics, combinatorics, and statistical effects of various biological assays involving virology,
cell identification, and molecular evolution in order to argue the importance of stochasticity
in experimental results. First, concerning the variability in viral entry pathways, specifi-
cally for human immunodeficiency virus (HIV), we model the kinetics of receptor /coreceptor
binding and membrane fusion, presenting a more accurate functional expression for infection
in the presence of inhibiting drugs. Second, we create probabilistic models of virological
assays including the plaque, endpoint dilution, and luciferase reporter assays, showing how
parameters relating the statistical multiplicity of infection (SMOI) and particle to PFU ratios
directly effect the distribution of infected cells. We use these stochastic models to formulate
updated analytic techniques to estimate unknown and desired quantities such as the initial
viral particle count in solution or the infectivity of a strain. Third, we investigate the effects
of non-specific binding of fluorescing antibodies in flow cytometry and how a modified Lang-

muir adsorption model can inform optimal protocol design. Furthermore, we create a full
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probabilistic model of equilibrium binding dynamics in order to develop an automatic-gating
procedure for improved cell identification and sorting. Finally, an attractive alternative to
the use of antibodies in many biological assays and medical procedures is the use of short,
genetic sequences called aptamers with strong binding affinity to mark specific target epi-
topes. The enrichment of target aptamers employs the SELEX (Systematic Evolution of
Ligands by EXponential enrichment) protocol, a method that employs molecular evolution
to filter out unwanted gene sequences. We create a probabilistic model of the enrichment
procedure using concepts of statistical mechanics in order to present optimal improvements

to the protocol.
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CHAPTER 1

Introduction

1.1 Mathematical Models in Biology

Scientific pursuit is empirical in nature with data largely providing the insight into significant
discoveries. The data can be observational or generated by a carefully planned experiment.
A meticulously derived hypothesis can be lauded as elegant, but stands on the tenuous shoul-
ders of the current data that supports it. Even our immutable, fundamental laws of physics
have a non-zero probability of contradicting with some new, improved experiment. This,
of course, is the true power of science: being constantly in flux and subject to challenge.
This is particularly the case in biology, where there is even a lack of these fundamental laws
of nature. There is seemingly a continuum of hypotheses to verify with no apparent strat-
egy on how to proceed. This is largely not a problem as the discipline has thrived looking
for correlative relationships and implementing regression techniques for qualitative insight.
Data generated by scientific curiosity can constrain our landscape of hypotheses so that we
can explain biological phenomenon qualitatively and leverage this to develop medical tech-
niques that continue to improve. However, there are numerous problems in biology that fall
through the cracks of this approach. For example, human immunodeficiency virus (HIV)
has largely hindered vaccine development due to its peculiar mutation rate, varying external
structure that allows it to evade antibodies, and its ability to lay dormant after a patient is
falsely deemed cured. Curing cancer involves the difficult task of killing cells generated by a
patient’s own body, some of which exhibit complex, self-preserving behavior. And the rich
and complicated dynamics of evolution coupled with uninformed medical practices have cre-

ated the man-made problem of antibiotic resistant bacteria. The work of biophysicists and



bio-engineers is crucial to create models to explain biological phenomenon quantitatively, in-
fer important physical parameters, and predict behavior. Through analytical and numerical
techniques, modelers will start with smaller, simpler, and well-understood phenomenon to

derive more emergent, macroscopic models, ultimately towards the aim to aid biologists.

However, there are some problems in biology that allude even biophysicists, not because
of their difficulty, but because those have not yet been identified as problems in biology.
Complex mathematical behavior can be hidden within the stochastic variability, collective
behavior, or combinatoric nature of biological systems and one would have to stumble upon
this detail often by chance. This is the realm of mathematical biology: the pursuit of in-
teresting mathematical problems motivated by biology. These wanderers by choice explore
the biological discipline as a garden of interesting puzzles with marginal care for the prac-
tical applications. Thus, mathematical biology is not constrained by physical evidence that
flies contrary to their model. This unfocused approach will, admittedly, often produce toy
models that have no use to a biologist. However, this lack of constraints will, on occasion,
create new and sometimes non-intuitive insights into existing problems. Thus, almost inad-
vertently, mathematical biology provides valuable support for the empirical sciences through

the exploration of one’s pure curiosity.

In this body of work, the mathematical focus rests on those sub-disciplines that are
particularly prevalent in confounding biological problems. For example, principles of com-
binatorics are necessary when analyzing small numbers of interacting agents. Often it is
necessary to carefully count the numbers of ways these agents can group together to perform
their associated biological function such as during viral coinfection of a cell or mating pat-
terns in ecology. Another powerful tool of mathematical biology is variational approaches to
problem solving, often conveyed as a minimization of cost or energy incurred by the system
in question. This is necessary for understanding the spatial compaction of a female mam-
mal’s X-chromosome during RNA-mediated inactivation or the migration of viral particles to
cells during spinoculation. Lastly, but arguably most importantly, stochastic processes lays
the foundation of modeling life as most biological systems are in either a reversible equilib-
rium or a transient steady-state of probability flux across numerous states. These powerful

2



tools are necessary to understand the high-order complexity of a polymer moving through
a membrane pore or inferring the den location of a wolf pack using Levy walks. These ex-
amples and the mathematics accompanying them deserve thorough investigations of their
own, but share many of the interesting dynamics detailed in this work. More specifically,
the physics of biological assays contain many of these discussed mathematical concepts and

their applications to improving experimental design are, quite simply, an added bonus.

1.2 Physics of Biological Assays

In the hard sciences, testing a hypothesis requires an experiment that generates quantitative
data. This data is made up of physical measurements that represent the phenomenon of
interest. Thus a measurement device or process needs to be designed for that specific task.
In disciplines common in physics, such as mechanics or electrodynamics, devices can be
made to perform direct measurements such as a ruler measuring the diameter of a wheel or an
oscilloscope measuring amplitude, frequency, and phase shift of an electric current. However,
some measurements must be obtained inductively by directly evaluating some effect caused
by the desired measurement. This is most prevalent in biology as many systems are too
dynamic or individual actors are too small or fragile to measure. However, an inductive
measurement that leverages some cause and effect is now subject to the constraints of the
biology of the system. The simple act of measuring a quantity has now become a resource
intensive and time consuming process that needs to be well designed for each experimental
application. This is the definition of a biological assay, which is the fundamental overhead a

biologist pays to perform science in their chosen discipline.

In most sub-disciplines of biology, standard assays have been designed for typical and
repeatable tasks. For example, flow cytometry, the process of fluorescent labeling surface
structures on a cell and then measuring that intensity one by one, is a pre-designed and
ubiquitously used assay. In fact, whole biotechnology industries are based around such as-
says as bioengineers design improvements to meet demand from the scientific community:.

When designing assays for high throughput experiments or because of the specific demands

3



of specialized experimentalists, certain mathematical approximations and simplifications are
made. If well though-out, this is not necessarily a faulty approach; these approximations can
smooth out fine grained details and noise that are not relevant to the overarching desired
measurement. However, when the measurement of a macroscopic quantity that is contin-
gent on the small, but collective behavior and interactions of microscopic agents, this lack
of concern of the finer details might emerge into large and unexpected error. Furthermore,
the mathematics of these particular confounding cases often describe a plethora of seemingly
unrelated problems as there is a commonality in the microscopic behavior across all these
systems. This is precisely why the study of biological assays, while fruitful for the improve-
ment of the assay itself, can yield insight into broader problems in science and is the focus

of this work.

The thorough investigation of several biological assays done in this work was initially
motivated by the complicated dynamics of human immunodeficiency virus (HIV). In the
first chapter, we explore several mechanistic models of viral entry into hosts cells. The study
of HIV employs many biological assays that can have hidden details that will confound
results. To understand these mechanics, one must analyze quantifications of cell infection.
This data is often generated by dilution assays, fluorescing protein assays, or flow cytometry.
This lead to a study of the combinatorial dynamics of virus infectivity and the subsequent
statistical multiplicity of infection (SMOI) of cells. In Chapter 2, we derive a generalized
probability model that allowed the creation of new methods and optimal strategies for several
of the assays used. However, flow cytometry, in particular, appears to not fall under the
paradigm of SMOI, but the equilibrium dynamics of individual probes binding specifically
and non-specifically were still identified as an interesting problem. In Chapter 3, we develop a
model of this probe binding dynamic and propose an automatic-gating procedure to prevent
the prevalence of false positive measurements. Finally, the theories of combinatorics and
selective binding from these studies are culminated in a model of molecular evolution. In
Chapter 4, we develop a statistical mechanics model of aptamer selection subject to variable
binding energies and propose optimal strategies for the protocol. Though each chapter is

self contained in their individual biological topics and employed mathematical tools, an
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overarching theme of emergent, confounding effects that small and numerous interactions

can have in commonly used biological assays will play across the entire work.



CHAPTER 2

Quantifying the Sensitivity of HIV-1 Viral Entry to

Receptor and Coreceptor Expression

2.1 Background

Despite their great adaptability and capacity to survive in many different environments,
viruses are not equipped with the necessary biochemical materials, structures, or metabolic
resources to self replicate [WTD12, RLA15, LBM04, BSL15, SRB04, Cho07, NC09, CDO07|.
In order for a virus strain to survive, it must find and bind to a host cell membrane, inject
its virion contents (RNA, reverse transcriptase, proteins) into the cytosol of the host cell
through membrane fusion or endocytosis, help facilitate the processing and transport of
such contents to the cell nucleus, and finally integrate its genome into the DNA of the
host cell. After these complex series of events, the “hijacked” cell is instructed to produce
the virion’s constituent parts that later assemble into new viruses and escape the host cell

[LBMO04, QML09, WTD12, BSL15, Cho07, NCO09].

Therapies developed to combat viral infection involve inhibiting one or several of the
above described processes employed by the virus to infect the target cell [QML09, PYB14,
OEJ98|. For example, in the case of the human immunodeficiency virus (HIV), enfuvir-
tide (T-20) inhibits fusion of the viral membrane with that of the host cell [QYH12| while
zidovudine, didanosine, and zalcitabine inhibit reverse transcription of RNA into integration-
ready DNA [JADOO]. Elvitegravir, dolutegravir, and raltegravir inhibit DNA integration in
the nucleus, blocking the insertion of the viral genome into the host DNA [TMT15], while
darunavir, saquinavir, and fosamprenavir inhibit HIV-1 protease activity which ensures the

proper cleavage of viral polypeptide chains [PSM00|. Fusion inhibitors, the latest class of
6



anti-viral drugs to be developed, are now integrated into overall therapy and have the ad-
vantage of inhibiting the virus at the first step of the infection process. In principle, the
employment of fusion inhibitors can reduce the need for intracellularly targeted therapies
which often result in additional side-effects, require higher drug concentrations, and involve

more complicated pharmacokinetics [QYH12).

In order to design and assess the effectiveness of viral entry inhibitor treatments, a quan-
titative description of the viral entry process is necessary [MDO03, PDKO05|. Since a complete
biological picture is still elusive, mathematical models that include relevant mechanisms such
as surface receptor binding, dissociation, viral degradation, and viral fusion can allow us to
explore several aspects of the viral entry process, such as the influence of multiplicity of infec-
tion and stoichiometry of receptor/coreceptor binding. Once appropriate models are derived,
a statistical inference can be performed using data from experimental measurements of viral

entry to validate assumptions and to obtain constraints on the model rate parameters.

HIV-1 is an enveloped virus that follows a receptor-coreceptor binding paradigm [WTD12,
LBMO04, PGK14, NC09|. It has evolved to target helper T-cells of the human immune system.
Helper T-cells express the membrane surface receptor CD4 which normally functions as a
coreceptor to the T-cell receptor (TCR) complex. Both the TCR and CD4 bind to the MHC
class II protein complex of antigen-presenting cells (APC) prior to the initiation of cytokine
release, activation of cytotoxic T-cells and antibody producing B-cells, and other secondary

immune response processes [LBMO04].

HIV-1 binds to CD4 with its glycoprotein spike, Env, upon contact with the cell surface
of the helper T-cell [BSL15, WTD12, PGK14, NC09|. Env is formed by a trimer of a pair of
glycoprotein subunits: gpl120 and gp41. The former subunit contains a CD4 binding domain
and five variable chain regions. The complex gp41 anchors gpl120 to the viral membrane
via a non-covalent bond and is central to the fusion process of infection [MSV93, WDBO0S|.
After binding to CD4, gp120 goes through a conformational change that exposes an occluded
binding domain that binds to a cell surface coreceptor. Though many coreceptors have been
identified and are used differentially depending on the HIV-1 strain, the two that are by

far the most prevalent are CCR5 and CXCR4 [WTD12, XWS99]. HIV-1 that bind CCR5
7
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Figure 2.1: Quantitative analysis of infectivity measurements over a matrix of CD4 and
CCRS expression levels on Affinofile cells. The displayed data is a measurement of the
infectivity of strain NL43(RT) [JLNO09]. (a) Normalized data of relative HIV-1 infectivity,
Faaia, as a function of rescaled concentration of receptor CD4 and coreceptor CCR5. Fyaia
is measured as a percentage of cells expressing p24 protein; an indicator of successful HIV-
1 infection. (b) Fitted quadratic function, Fu.a(z,y), of percentage of infected cells as a
function of rescaled CD4 and CCRb5 concentrations. The average infectivity relative to the
maximum observed is M = 52.5. (c¢) Gradient map of the quadratic fit, Fyu.a(z,y), displays
how responsiveness differs for different concentrations. The responsivity magnitude here is

A = 68.2 and the responsivity angle is § = 81.7°.

are called R5 strains and are the most common variant involved in transmission of the virus
between individuals while the strains that bind CXCR4, R5X4, normally manifest later in the
disease, possibly due to the depletion of CCR5 expressing T-cells [SRB04|. For the rest of this
study we will focus only on the R5 strain of HIV-1 and consider CCRb5 as the main coreceptor.
After the Env complex has bound to CCRS5, it undergoes a further conformational change
that exposes gp41 which extends and penetrates the host cell membrane [WTD12, WDBO0S§|,
bringing the cellular and viral membranes to close proximity and allowing them to fuse.
After successful viral entry, the capsid coat dissolves and HIV-1 RNA is reverse transcribed
to DNA, transported into the nucleus, and finally integrated into the host DNA. The cell

will now produce the constituent parts needed to assemble more HIV-1 virions.

Since binding of surface receptor CD4 and coreceptor CCR5 are fundamental steps in

viral entry, we expect the infectivity of most strains of HIV-1 to be particularly responsive to



the cell surface density of those receptors. This response has been investigated using the 293-
Affinofile cell line system [CCG13, JLN09|. Affinofile cells are a CD4/CCR5 dual-inducible
cell line capable of expressing independent combinations of surface expression of CD4 and
CCR5 [JLN09]. CD4 expression is induced with minocycline or doxycycline, protein synthesis
inhibitors used in antibiotics, and CCR5 is induced with ponasterone A, an ecdysteroid
activity inducer. Once induced, Affinofile cells can be infected with reporter-pseudotyped
HIV-1 particles or live virus in a spinoculation protocol where virions are exposed to a layer of
plated cells. Infection is then quantified through reported expression or intracellular staining
for expression of p24, the capsid protein HIV-1 uses to form a protein coat [MLW02a, JLN09,
WL16]. By following this protocol, Johnston et al. [JLN09| measured the infectivity of a
number of HIV-1 strains on cells that expressed a matrix of varying levels of CD4 and CCRb.
Once the levels of p24 are measured, viral infectivity can be directly related to the associated

CD4 and CCRb concentrations used.

In their analysis, Johnston et al. [CCG13| argued that viral infectivity as functions of
CD4 and CCRS5 concentrations, [CD4] and [CCR5| respectively, could be qualitatively fit to

a quadratic polynomial function
Fyaa(7,y) = a+ bx + cy + da* + ey® + fay, (2.1)

representing the amount of viral particle entry measured through the percentage of cells that
are p24+. The independent variables x and y are rescaled concentrations of CD4 and CCRSb,

respectively, defined as:

1 [CD4] ] [CCRS]
08 \ [CDamm 08 | [CCR5mm
ey Y= .
[CD4]max [CCR5]max
1Og ( [CD4]min > ].Og ( [CCR»E)Lnin )

In Eqgs. 2.2, [CD4}min, [CD4]pax and [CCRS]min, [CCR5]max are the minimum and maximum

x (2.2)

expression levels of receptor and coreceptor, respectively, used in a given measurement.
The rescaling in Eqs. 2.2 restricts z and y to be between 0 and 1 and is used to compare
results obtained from different experiments and/or protocols that may have yielded differ-
ent absolute ranges of [CD4] and [CCR5|. The parameters a,b,c,d,e, and f are estimated

from fitting Fiu.a to data. Three metrics were derived from Fiu.qa(z,y): the mean rela-
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tive infectivity M, and the amplitude A and angle 6 of the average infectivity gradient,
S = fol fol ﬁFquad(:c, y)daedy = 5,2 + S,9. These were defined as:

M = /1 /1 Fouaa(z, y)dzdy, A =15, 0 =tan™! (&> . (2.3)
o Jo Sy

M characterizes of the overall relative infectivity of a strain of HIV-1, while A and 6 quantify
how responsive a given strain is to receptor and coreceptor concentrations. For example, a
¢ value close to 0° implies S, < S, and indicates infectivity that is very responsive to
CD4 expression levels, while a value close to 90° implies S, > S, and indicates a high
responsiveness to CCR5 levels, as shown in Fig. 2.1. Johnston et al. [CCG13] observed
this latter pattern in several virus strains that exhibited apparent unresponsiveness to CD4,
even at extremely low CD4 concentrations, leading to the possibility of an effectively “CD4-
independent” pathway for viral entry. A complete mechanistic picture of the molecular
processes involved however is lacking and the current empirical evidence is insufficient to
conclusively argue for a completely CD4-independent entry pathway. Although fitting data to
Fiuad(z,y) provides a functional relationship between receptor and coreceptor concentrations
and viral infectivity, and descriptive parameters characterizing that relationship, the fitted
function Fyuad(,y) offers no mechanistic insight into the relevant biochemical processes or
their rates. Essentially, the parameters M, A, and # are not directly related to mechanistic
parameters involved in viral entry, especially those that could be potentially altered by fusion
inhibitors or other therapeutics. Finally, although in previous work different viral strains
were tentatively clustered as a function of their receptor and coreceptor usage patterns
[CCG13, JLN09|, a mechanistic model, where kinetic rates carry a biochemical significance,
allows us to place greater confidence in the validity of experimentally derived rates, especially

if estimates from different viral strains cluster in parameter space.

In our work, we seek to quantitatively characterize HIV-1 infectivity as a function of cell
surface concentrations of CD4 receptor, CCR5 coreceptor, and the associated kinetic rates.
We propose three alternative models for receptor/coreceptor engagement and validate them
against experimental data derived from the Affinofile cell system and derive estimates for

kinetic parameters using maximum likelihood estimation (MLE). Furthermore, we cluster the

10



parameter estimates from experiments derived from the same viral strains to demonstrate
confidence in our inference. Lastly, we consider model selection criteria to compare the

performance of our proposed models and assess their utility in modeling HIV-1 infection.

2.2 Theory

2.2.1 Sequential Model

The simplest model of HIV-1 viral entry is based on the assumption that binding of the
viral Env protein complex to cell surface receptor CD4 is a necessary precursor step for
viral entry [WTD12, BSL15, PGK14|. This binding causes Env to undergo a conformational
change that allows further binding to the CCR5 coreceptor, initiating the fusion event. We
display this “sequential” binding assumption with rate parameters and pathways in Fig. 2.2.
We denote the concentration [V| (number per host cell area) of membrane-associated HIV-1
virion particles which are not bound to any receptors by ¢y(t), the concentration [V-CD4]
of CD4 receptor-bound HIV-1 by ¢(t), and the concentration [V-CD4-CCR5| of HIV-1
bound to both CD4 and CCR5 by cy(t), at a given time ¢. In addition, we include a
potential fusion inhibitor and denote by ¢5(t) the concentration [V-CD4-CCR5*| of HIV-1
that is bound to CD4 and CCRb5 and to an external peptide that impedes fusion, effectively
sequestering the cell from further progressing towards infection. Although there are many
intermediate steps during membrane fusion and inside the cytoplasm that ultimately result
in viral DNA integration, we subsume these processes into a single step that follows the
assembly of the V-CD4-CCR5 complex in the rate parameter ki.. We also assume the
adsorption rate, ko,(t), of free virus onto the cellular surface is time dependent since cell
adhesion is high during spinoculation when the HIV-1 viruses are driven close to the cell
membrane [CD07|. After spinoculation, the culture medium is replaced to wash away free
virus particles. Therefore, for times ¢ > 0 adsorption of new HIV-1 to the membrane
is precluded and we set ko,(t > 0) = 0. Finally, while k.g describes the rate of HIV-1
desorption from the cell membrane, p; and ps describe the rate of CD4 or CCR5-bound

virus elimination via capsid protein coat degradation, endocytosis, or other abortive events.
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Figure 2.2: Sequential kinetic model of viral entry. HIV-1 viruses that are associated with
the host membrane, V, are adsorbed with rate k,, and dissociate with rate k.g. They can
then bind to CD4 receptors to become V-CD4 with rate k,; from which they can unbind
with rate k_; or degrade with rate p;. The V-CD4 complex can bind to coreceptor CCR5
to become V-CD4-CCR5 with rate ko, reverse the process with rate k_,, degrade with rate
2, or carry on to full cell membrane fusion and integration with rate k;,;. We include the
peptide-bound state V-CD4-CCR5* to factor in fusion inhibition which would sequester the
CD4 and CCR5 bound viruses with rate k, and degrade with rate p,.

Using these assumptions, we can mathematically describe the sequence of events leading to

infection for ¢t > 0 as follows:

deg(t
dOi ) = —kyico — kogrco + k_1c1,
dey (t
Ccllt( ) = kiico — k_icr — puer — kiocr + kooco, (24)
des(t
Cgt( ) = kyacr = kaCy — kpcy — RiniCo — fiaca + k3,
dC*(t> * *
(:2175 = kpca — k_pc5 — ppCs.

The above equations represent the concentration flow in and out of the four states the
virus can inhabit, V, V-CD4, V-CD4-CCRb5, and V-CD4-CCR5*, respectively, as detailed
in Fig. 2.2. For example, the three terms in the first equation, from left to right, describe
HIV-1 binding to CD4, HIV-1 desorbing from the cell membrane, and CD4-bound HIV-1
dissociating from CD4 while maintaining cell adhesion. We adopt the simplest assumption
that the overall receptor and coreceptor binding rates ky; and k5 are increasing functions
of the surface expression of CD4 and CCRS5, respectively, and define

ki =K, [CD4P and k., = k9,[CCR5)%, (2.5)
12



where kY, and k9, are the intrinsic binding rates between Env and the respective receptors
CD4 and CCR5. The stoichiometry, 81 and (s, represent, in the infinitely cooperative binding
limit, the number of receptors and coreceptors that must bind before fusion can be triggered
[Wei97, KPKO00]. For example, Env is known to form a trimer of gp120/gp4l complexes,
with each subunit containing a CD4 binding domain [WTD12, ZC10, PGK14]. If typically
two or more of these binding domains are required to be bound to CD4 receptors before the

appropriate conformational changes occur, we expect the associated Hill coefficient 5; > 1.

Within our mathematical model, we represent HIV-1 infectivity by

Q(t) :/0 Kintco(7)dT, (2.6)

the fraction of initially-adsorbed virus particles that that have undergone fusion by time .
Q(t) represents the cumulative number of successful fusion events from state V-CD4-CCR5.
Once the relevant rates are determined, given an initial concentration of adsorbed virus,
c0(0) = Vp, and assuming no other bound complexes so that ¢1(0) = ¢3(0) = ¢3(0) = 0,
we can derive Q(t) from Eqgs. 2.5 and compare analytical results with the experimental
measurements of viral infection on Affinofile cells [WL16, CCG13|. The qualitative behavior
of Q(t) for various f; is shown in Fig. 2.3(a) assuming a hypothetical case where all rates

are set to 1s7!

. The plot shows an initial steep increase of viral infectivity immediately after
t = 0 as viruses progress toward receptor and coreceptor binding and fusion. Eventually
the initial concentration of HIV-1, Vj, is depleted, at which point Q(t) flattens out. We
expect larger values of f3; to yield larger values of Q(t) since they allow for stronger binding,
while the [(;-independent dissociation and degradation rates stay the same. Since viral

infectivity is measured after a sufficiently long exposure time we focus on the long time

value Qo = limy,o, Q(t). Upon solving Eqs. 2.5 and Eq. 2.6, we find

Vo
QOO - w—k_o + kot (w—k_2) + Wy + wkog (k—1411) ’ (27)
King ky1king ky2king ky1ky2king
where
Hp
w=k_ o+ kit + | ———— ) ks + 1o. 2.8
? ' <k—p + Np) P ( )
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Figure 2.3: (a) Infectivity Q(t) calculated from Eq. 2.6 using different values of 3; and

1. Since the Env trimer has three possible binding domains for

setting all other rates to 1s~
CD4, infectivity will increase if the complex exhibits infinite binding cooperativity across
two or three of the subunits. (b) Effectiveness of fusion inhibitor on total viral infectivity
(o defined in Eq. 2.7 as a function of varying peptide binding rate k,. We plot the resulting
curves for different values of K, = u,/k_, while setting all other rate parameters to 1s™' and
B1 = B2 = 1. Since k;, scales with the concentration of fusion inhibitor peptide, increasing

the latter inhibits HIV-1 infectivity more effectively at lower peptide concentrations than at

higher ones.

The quantity w can be interpreted as the total flow of virus out of the state V-CD4-CCR5 as
the individual terms describe, from left to right, the dissociation of CCR5, viral membrane
fusion, fusion inhibiting peptide binding, and V-CD4-CCRb5 complex degradation. Note that,
through the rate parameters k1 and ko (Egs. 2.5), Q« is a function of the concentrations

[CD4] and [CCRA5].

As evident from Eq. 2.7, the total infectivity depends on rates of known kinetic processes
and initial viral concentrations. Measuring the effects of each of these parameters on () is
particularly useful in the study and development of drug therapies. For example, if we make
the reasonable assumption that the fusion inhibitor peptide binding rate k, is proportional

to the concentration of the peptide in the extracellular environment, we may vary &, while
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keeping all other parameters fixed and observe how infectivity changes, as depicted by the
dose-response curves in Fig. 2.3(b). Here, increasing k, leads to a more pronounced decrease
in infectivity Qo at low k,, while for high values of &, changes in (), are less significant.
Thus, our analyses of the model can be used to guide, based on mechanistic principles, the

development and administration of entry inhibitor therapeutics.

2.3 Results & Discussion

In order to compare experiments from a number of different HIV-1 strains, cell lines, and
laboratory conditions, rescaled expression levels of CD4 and CCRb5, x and y, respectively,
are used. Solving Egs. 2.2 for [CD4| and [CCR5|, we can express the rates ky; and ko
as functions of z and y. We find ky; = k%,[CD4)r = kil[CDzﬁﬁl ([CD4]max>le and

min [CD4]min

kya = KO,[CCR5)% = k2,[CCR5)%, (%)M Furthermore, as Vj in Eq. 2.7 has
units of concentration, so does (Jo,. To nondimensionalize the expression in Eq. 2.7 and
allow for direct comparisons of results across different experiments, we can normalize ()4
by a reference virus concentration. Experimentalists commonly use the raw infectivity value
corresponding to the highest concentrations of CD4 and CCR5 as the reference concentra-

tion [JLNO9, RJS11]. If we define Quax as the experimental infectivity at [CD4],.x and

[CCR5]max, the normalized infectivity becomes

Qo D
F(x, = = , 2.9
(©.918) = 5 — = T AxAe 1 By s 1 ABOXAwy (29)
where X = % and Y = % are experiment-dependent constants and & =

{A,B,C,D, 3,5} is a six-dimensional vector of parameters. The dimensionless combi-
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Figure 2.4: F(z,y|€) for different sets of €. (a) For (A, B,C, D, (3, 52) = (20,2,1,1,2,2),
the infectivity is most sensitive to x, or [CD4|. (b) For (A, B,C, D, 51, f2) = (2,20,1,1,2,2),
the function F, varies more along the y direction and infectivity is more sensitive to [CCR5|.
(¢) (A, B,C,D, B, ) = (20,20,1,1,10,2). Note that A and B predominately control the
direction (CD4 or CCR5) of sensitivity, and (1, B2 control the steepness of the infectivity

surface.

nation of parameters A, B, C' and D are defined by

A — 1 i Fott
[CD4] min K, )

1 B2 (1w
b= 2.1
([CCR5]min) Ky (w—k_2)’ (2.10)
C= (1 + E) :
M1
kint‘/()
D= _
Qmax(w - k_2>

For illustration, in Fig. 2.4 we plot F..(z,y|€) for three different sets of £. In Fig. 2.4(a),
we assume a small value of the dimensionless parameter B, while in Fig. 2.4(b) we assume
a small dimensionless parameter A. In Fig. 2.4(c), we set A = B but we assume different
stoichiometries 1 = 5 and 3, = 1. All values of the chosen parameters £ are presented in the
figure caption. The different sets of parameters yield model infectivity functions F..(x,y|&)
with gradients along various directions in the (x,y) plane, indicating greater sensitivity to
[CD4] or [CCR5|. Furthermore, higher values of stoichiometry f;, B2 amplify the sensitivity
over a range of concentration values. Therefore, F..(x, y|€) may effectively represent different
viral strains with different CD4/CCR5 usage patterns distinguished by values of €.
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Before fitting to data to find the MLE of &, we note that even though .« is a known
constant from the raw infectivity data, some previous data sets do not report its value
[JLN09, RJS11|. Therefore this normalization factor is subsumed into the inference of D
but still can be inferred provided the other parameters forming D can be independently
determined.

If we wish to fit raw unnormalized infectivities, we can also use the form for F(z,y|€)

directly, but redefine the prefactor D = (fu™0s Lt

iy as having the same units as the experimental
output (such as number of cells, fluorescence, etc.). In this case, the parameter D must be
rescaled by an experimental factor with units of the experimental output multipled by an
area. In either case, we consider the amplitude D as a free parameter to be inferred from data
fitting. This parameter incorporates, and is confounded by, the initial intensity of exposure,
as well as many of the sample-to-sample experimental variability arising from instrument
error, host cell number, and area within each sample well. Therefore, we do not expect the
effective values of D to systematically represent intrinsic kinetic rates. However, we do expect
the remaining parameters A, B, C, #;, and [3; to influence the shape of F(z,y|€) and the
receptor /coreceptor usage patterns. Note that in addition to the intrinsic rate parameters, A
and B also depend on [CD4| i, and [CCR5] i, which can vary from from one measurement to

the next. Therefore, direct comparisons of A and B can be made only across measurements

that use the same [CD4],;, and [CCR5]min-

We now fit Fi,(x,y|€) to previously-obtained normalized infectivity by finding the max-
imum likelihood values for € = (fl, B,C.,D, B, BQ) The appropriate likelihood function is
based on the assumption that chemical kinetic rates are typically products of positive ran-
dom variables representing chemical concentrations and other rates. This, and the need to
restrict the infectivity signal to strictly positive values implies that a log-normal distribution
for values of F is reasonable. The maximum likelihood estimation for & then equivalent to

minimizing the objective function

®(&) =Y (log Foo(x:,1€) — 10g Fyata(z:,3))° (2.11)

i7j
where Fiyata (i, y;) are measured values of normalized infectivity at rescaled concentrations
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Figure 2.5: HIV-1 infectivity as a function of CD4 and CCRb5 concentrations. The data
displayed is from strain B5(YA) [JLN09]. (a) Normalized unscaled infectivity data measured
after a sufficiently long exposure time. (b) Normalized and rescaled infectivity data in terms
of (z,y). (c) Fitted plot of scaled normalized infectivity Fi(z,y|€) from Eq. 2.7 assuming
C =1and 8 = 85 = 1. The MLE of the remaining parameters are A= 6.39, B= 1.56, and
D = 1.09.

x; and y; of CD4 and CCR5 used in the experiments. As a first approximation, we assume
1 = P = 1 and C' =~ 1. This last approximation is valid when the CD4 dissociation
rate k_; is much smaller than the CD4-bound degradation rate p;, a chemically reasonable
assumption. In our subsequent fits using all parameters (121, B, C , f), Bl, Bg), the best-fit value
of C is indeed near one. Therefore by henceforth setting 5, = 2 = 1 and C' = 1, we reduce
the number of parameters to be estimated from six to three. The results obtained by fitting

the data from several experimental measurements of HIV-1 strains can be found in Table 1.

In Fig. 2.5 we plot the fitted curve of Fu(x,y|€) using the estimated parameters from
viral strain B5(YA) shown in the fourth line of Table 1, which qualitatively shows good
agreement with the corresponding experimental data. Upon repeating the same analysis
on 32 experimental data sets selected from previous publications [JLN09, CCG13], we can
associate each set of infectivities with fitted A-B-D values. As expected, infectivities of
the same strain of HIV-1 cluster together in A-B parameter space as shown in Fig. 2.6.

To indicate the goodness of fit to our model, we also calculate and display in Table 1 the
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Figure 2.6: MLE points in A — B — D parameter space in the context of the sequential
kinetic model assuming C' = 1. (a) Fixed ; = f» = 1. Each point represents an exper-
iment for which parameters were estimated. Measurements were derived from published
data [JLN09, RJS11, SRW13] and points corresponding to replicate measurements on the
same viral strain are shown in the same color. There is large variation in the inferred pa-
rameters between viral strains, but parameters inferred from replicate measurements on the
same strain cluster relatively closely in (A, B) parameter space. As expected, there is high
measurement variability in D. (b) Allowing /31 and [ to be free parameters to be estimated
from fitting. Here variability in the A, B, and D parameters increase as they become less
sensitive to the functional form presented in Eq. 2.9 to compensate for the high sensitivity
of the stoichiometric parameters 8 and f5. Here, we include only representative data points

that clustered, confirming the large variability in parameter estimates.

coeflicient of determination

. 2
b ) (log Foo(wi, y;1€) — log Fdata(:ci,yj)> (2.12)
B Zi,j (IOg Faata — log Fuata (s, yj))2 ’ |

where Fy,. is the measured normalized infectivity averaged over all [CD4] and [CCR5]

concentration combinations. The low R? values suggest that our initial assumption of 5, =

(> = 1 should be relaxed to obtain better fits.

We thus consider the role of stoichiometry of receptor and coreceptor binding by rein-

troducing f; and s as free parameters and perform maximum likelihood fitting using five
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Strain-Experiment | A B D R
B5 (YA)-Repl 6.39 1.56 1.09 0.64
B5 (YA)-Rep2 6.03 1.53 1.27 0.64
B5 (YA)-Rep3 591 1.34 1.49 0.66
B5 (RT)-Repl 3.77 3.80 1.1 0.60
B5 (RT)-Rep2 418 425 117 0.68
B5 (RT)-Rep3 458 3.87 1.13 0.64

Table 2.1: Fitted parameters of sequential kinetic model assuming C' =1 and §; = s = 1
for six different experiments representing triplicate measurements of two HIV-1 strains. The
parameters are in close agreement within each viral strain. R? values are shown with low

values implying the 8; = 8, = 1 assumption is overly constraining.

parameters & = (A, B, D, 51, 52), again using the approximation C' = 1. The fitted function

is shown in Fig. 2.7 which is qualitatively different from Fig. 2.5.

The new estimated parameters using the same data as before are displayed in Table
2. Here, the residual values R? are higher, indicating a much better fit of the data when
b1, B2 are adjustable. The kinetic model F(z,y|€) in Eq. 2.7 consistently outperforms the

quadratic model Fyuaq(,y) introduced earlier.

The value of BQ is consistently close to 1 which indicates that coreceptor binding only
involves a single CCR5 for fusion to be initiated. The value of Bl, on the other hand, is
much larger. If interpreted as a binding stoichiometry, this would indicate that multiple
gp120/gp41 complexes of the Env trimer must bind to separate CD4 receptors before con-
formational changes can take place. Our results, however, show (; > 3, which indicates that
each individual gp120/gp41 complex binds to multiple CD4 receptors. Alternatively, the
large exponent [3; can describe high allosteric cooperativity of Env or the dynamics of multi-
ple Env each binding to CD4, increasing the effective rate of CCR5 binding. To quantify our
confidence in this result, we take a closer look at the objective function ®(£) in Eq. 2.11 and

evaluate it for £ values close to é , the optimal value of € that minimizes ®(&) constrained by
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Figure 2.7: Normalized HIV-1 infectivity as a function of CD4 and CCRS5 levels. The data
displayed is from strain B5(YA) [JLNO09]. (a) and (b) are identical to the first two panels
in Fig. 2.5. (c) Fitted plot of scaled normalized infectivity Fi (2, y|€) with C = 1 but free
b1, B2. The MLE of the parameters are A= 17, B= 1.84, D= 0.96, Bl =11.7, and BQ =0.8.

the data. By varying one of the parameters at this minimum while keeping all others fixed,
we can measure the rate of change in ®(&) with respect to that parameter. In particular, we
can determine the sensitivity of the model with respect to a given parameter by evaluating
the curvature of ®(£), a measure of fit error, along the direction in which that parameter

changes, as shown in Fig. 2.8.

To compare the performance of the quadratic model described by Fuaa(z,y) with that
of our kinetic model described by F.(z, y|é) both with 5 = 3 = 1 and as free parameters,

we calculate the Akaike Information Criterion (AIC) score

AIC = 2n + Zlog (27 Fia(Ti,y5)) + Z (log Foo(i,95]€) — log Faaga (s, yj)>2, (2.13)
1,3 1,3

a standard statistical measure for model comparison and selection. In Eq. 2.13, n is the
number of inferred parameters in the model and the last two terms are derived from the
log-likelihood function of the infectivity distribution. The AIC score penalizes models with
large errors in the prediction of each data point and with too many fitted parameters, so a
low AIC score is ideal. We observe that the kinetic model with 8; and S5 as free parameters
once again outperforms both the models with fixed f; = 3 = 1 and the quadratic model,
further validating our mechanistically derived model. This implies that the data provides

some confidence in a higher stoichiometry g; > 1.
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Strain-Experiment A B D Bl 52 R2: Fluad R%.F
B5 (YA)-Repl 17.04 1.84 0.96 11.7 0.79 0.95 0.96
B5 (YA)-Rep2 16.40 2.62 1.49 11.6 0.57 0.94 0.98
B5 (YA)-Rep3 14.85 2.30 1.73 10.8 0.55 0.80 0.97
B5 (RT)-Repl 10.67 3.15 0.79 139 1.29 0.79 0.90
B5 (RT)-Rep2 9.90 9.42 2.01 10.7 0.68 0.77 0.92
B5 (RT)-Rep3 12.32 330 0.81 12.1 1.23 0.81 0.92

Table 2.2: Fitted parameters of the sequential kinetic model assuming C' = 1 for six sets of
measurements, three replicates of each of two different strains of HIV-1. The MLE parameter
values are in close agreement within each viral strain. R? values are calculated for both the
arbitrary quadratic model introduced earlier and the sequential kinetic model (Fig. 2.2). The

mechanism-based kinetic model consistently outperforms the quadratic model.

Once accurate estimates of the model parameters A, B, D, (5, and py are obtained from
minimizing ®(z,y|&), we can derive constraints on the physical rate parameters through
Eqs. 2.10. Although there are more kinetic parameters to solve for than available estimates,
we can use known rate values obtained from past ligand binding assays [GCD10, SRE01]. For
example, Chang et al. [CPDO05] set the Env-CD4-CCR5 dissociation rate at k_, &~ 1.7s71.
Furthermore, if we assume all degradation rates are equal, we can follow Seisenburger et al.
[SREO1] and use p; = us &~ 157! as general viral degradation rates. Furthermore, through
GFP genetic marking and flow cytometry, assays can be designed to potentially measure the

nonspecifically absorbed virus dissociation rate kog [DMHI11].

The data shown in Fig. 2.1 reveals that the entry of the associated viral strain is very
insensitive to CD4 levels for the values explored. Using the previous metrics defined in
Egs. 2.3, the sensitivity vector S points almost entirely in the y (CCR5) direction. Previous
work has also suggested the existence of “CD4-independent” strains that infect at extremely
low levels of CD4 [HLZ99, ZLT14]. However, our sequential model requires binding of CD4
before fusion can occur. In the next section, we explore an alternative and more general

“parallel” pathway model that may better fit observed data such as that illustrated in Fig. 2.1.
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Figure 2.8: Projections of ®(&) about the minimum at (A,B,C’,f),@l,ﬁg) =
(17,1.84,1,0.96,11.7,0.8). (a) Projection on (A, 3;) space. (b) Projection on (B, 35) space.

2.3.1 Parallel Model

The quantitative analysis done by Johnston et al. [CCG13, JLN09| showed that HIV-1
infectivity of some viral strains had remarkably low responsiveness to the induced surface
concentrations of CD4 while still having a relatively monotonic dependence on CCR5 con-
centrations, as previously shown in Fig. 2.1. Furthermore, some strains of simian immun-
odeficiency virus (SIV) are known to infect via “CD4-independent” pathways, requiring only
CCR5 coreceptor for viral entry [EBK99]. Motivated by these observations, we propose a
“parallel” pathway model wherein HIV-1 can either enter through the standard pathway de-
scribed in the sequential model presented in the last section, or can either completely bypass
CD4 binding. Within this “paralle]” model we propose that HIV-1 can interact with CCR5
directly with rate py; and form the complex V-CCR5 whose concentration, [V-CCR5]|, we
denote as cy(t). As shown in Fig. 2.9, this state can then directly enter the cell through fusion
or endocytosis leading to infection with rate pi,,; [MKLO09]. For mathematical simplicity, we
describe the standard sequential model discussed in the previous subsection via a “lumped”

model where the sequential binding of CD4 and CCRS5 is described by one effective rate.
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Strain- AIC: Fyyaa AIC:F AIC:F
Experiment (B1=02=1) (free 51,0s)
B5 (YA)-Repl | -19.9 7.30 224
B5 (YA)-Rep2 |  -1.80 9.20 6.0
B5 (YA)-Rep3 26.0 28.2 15.6
B5 (RT)-Repl | -31.4 957 -39.4
B5 (RT)-Rep2 |  -35.5 -36.0 45.2
B5 (RT)-Rep3 |  -38.0 -32.9 -46.1

Table 2.3: AIC scores, defined in Eq. 2.13, for the arbitrary quadratic model, our sequential
kinetic model assuming C' = 1 and f; = By = 1, and the same model with now (;, and S,
as free parameters to be estimated. The latter model has shown to consistently outperforms

both the fixed (1, f2 model and the quadratic model introduced earlier.

The corresponding rate equations are:

deg(t
% — k0n<t) — k—l—lc() — P+1Co — k‘offCo + ]‘C_101 + p_1co,
deq (t
C(;t( ) = kiico—ko1c1 — puer — kingca, (2'14)
deo(t
;t( ) = P+1Co — P-1C2 — U2C2 — PintC2.

Similar to the sequential model, we expect the binding rates to be functions of the concen-
trations of CD4 and CCR5: kyy = k9, [CD4)" [CCR5]%, pyq = p%, [CCRAH|, where k9, and
p%; are the intrinsic binding rates between the virus and the respective receptors and 3y, s,

and v, are effective stoichiometries. The total infectivity is now given by

Q) = /0 hanecr () + pimca(7)] dr. (2.15)

To further simplify matters, we set all degradation rates equal so that py =~ ps = p. Upon
solving Egs. 2.14 and 2.15, and normalizing by the reference concentration ()., from the
infectivity data associated with [CD4]pay and [CCR5]max, we find the normalized infectivity

to be

Qoo o A Yy A2X511Y52y

Qmax B X Py Byy my + BlYVly + BQAXVBNL’YV,BZZ/7
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Figure 2.9: Parallel kinetic model of viral entry. In this coarse-grained model, V-CD4-CCR5
effectively represents a virus that binds to CD4 first and is then bound to CCR5. The
top pathway effectively subsumes the standard sequential entry pathway into a single step.
Alternatively, we suppose that the virus can interact with CCR5 directly and also infect

the cell with rate p;,;. This is the simplest model that provides a “CD4-independent” entry

pathway.
where
Al _ kjmt‘/() k(J)rl [CD4]m1n [CCR‘S]ﬁin
Qmax off H + klnt + k—l ,
- o, [CCR5]
A2 _ plnt% p—l—l[ ]mln (217)
Qmaxkoff H + Pint + p—l
and
Bl — (:u + kint>k3-1[CD4]§111n [CCR5]§12111
koff(ﬂ + Kine + k- 1) 7
)0 [CCR5] ™
BQ _ (H +p t)p-i-l[ ]mln. (218)

koﬂ(,u + Pint + pfl)

Note that our simplified parallel model has an additional parameter compared to that of

the sequential model. We can now perform maximum likelihood statistical analysis using

our parallel pathway model. In Fig. 2.10 we show the data of the NL43(RT) strain from
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Figure 2.10: Fitting of the parallel model to the data presented in Fig. 2.1, which appears
“CD4-independent.” (a) Raw normalized infectivity data Fg,i. as in Fig. 2.1(a). (b) Scaled
normalized data. (c) Best-fit plot using maximum likelihood on the parallel model. The
maximum likelihood parameters are (Al,Ag,Bl, Bg,Bl,Bg,%) = (0.23,0.26,1.5,0,0,1.5,2)

and captures the insensitivity to z ([CD4]).

Johnston et al. [JLN09]. The fitted surface Fa(z,y|€) shows a qualitatively good fit to the

data. Not surprisingly, Bl ~ 0, indicating the independence of CD4 attachment on [CD4].

In this case, the AIC score yields AIC(parallel) = 3.62 and AIC(sequential) = -1.3,
suggesting that the parallel pathway model is not statistically warranted even for a highly
“CD4-independent” strain. Although there are only seven parallel pathway parameters versus
six for the sequential model, the parallel model lumps CD4 and CCR5 binding into a single
process which may be too coarse a description. We test this possibility by exploring this

lumped version of the sequential model.

2.3.2 Lumped Model

The sequential model explored above assumes that gp120 binding of CCR5 is contingent on
first binding to the CD4 receptor. Separating the two viral states V-CD4 and V-CD4-CCR5,
which correspond to virus bound to CD4 and virus bound to both CD4 and CCR5, factors in
the binding and dissociation dynamics between these states into the expression for infectivity
F. derived above. If the rate of transitioning between these two states is sufficiently fast,
it is possible to further simplify the model by eliminating the intermediate state V-CD4 by

assuming that CD4 and CCR5 binding occur simultaneously, as shown in Fig. 2.11. Upon
26



(cy)
V-CD4-CCR5*

k-
%m)<%)h1@wp

x v - v :r l ::ILE Q(j)
L ;V—/

X

int

Figure 2.11: Lumped kinetic model of viral entry. The model simplifies the sequential model
in Fig. 2.2 by subsuming the intermediate step of HIV-1 binding to CD4 into rate k;; so
that the virus binds to both CD4 and CCR5 simultaneously.

simplifying the model in this manner, we reduce the parameter space for which we perform
statistical inference. In order to explore whether this simplification leads to a better model

fit and estimation of physical rate parameters, we start with the rate equations:

deo(t
% = —kj1c0 — koo + k-1c1,
deq (t
C(it( ) = ]{7+1CQ — k:_101 — 1€ — kp01 - k:intcl + ]{Z_pCT, (219)
dei () ‘ "
# = kper — k_pci — ppey.

Within the the lumped model, we expect the rate of simultaneous CD4 and CCR5 binding
to be a function of both the concentrations of CD4 and CCR5: k4 = k9,[CD4] [CCR5]?,
where §; and (3, are the appropriate stoichiometry parameters, similar to those defined in
the sequential model. Here, the raw infectivity is Q(t) = ki fg c¢1(7)d7 while the normalized

rescaled infectivity takes the form

Qoo o CY2

F.= = 2.2
~ =0 T 17Xy (2.20)
where
C B 1 51 1 /82 koﬂw
Y\ [CD4win [CCR5]min K, (w—Fk))’
kint%
Cy, = : 2.21
2 Qmax (w - k—l) ( )
As in the sequential model, the quantity
Hp
=k_ + km + | k + 2.22
“ ' ' (k—p + Mp) T ( )
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Figure 2.12: A comparison between the lumped model and the sequential model. (a) Scaled
normalized data Fyu.. (b) Best fitted plot using maximum likelihood of the sequential
model from Fig. 2.2. (c) Best fitted plot using maximum likelihood of the lumped model
with estimated parameters (CA'l,CA’Q,Bl,B}) = (22.0,0.73,10.6,0.37). The lumped model’s
functional form, compared to that of the sequential model, prevents a qualitatively accurate

representation of the data, especially in the y-dependence of Fj,q..

can be considered the bulk flow of virus out of the V-CD4-CCRJ5 viral state.

Upon comparing AIC scores of AIC(sequential) = 15.6 and AIC(lumped) = 17.6 from
the viral strain B5 (YA) data presented in Johnston et al. [JLNO09|, we find the sequential
model yields a better fit to the data, despite the reduction of the number of parameters in
the lumped model. Fits are shown in Fig. 2.12. As in the sequential model, ; dictates
the sharpness of the descent of F, for very low values of [CD4], but the terms that define
the tilt of the broader region of the function are lost in the lumped model, preventing an
adequate fit of the average slope of the data. This signifies that the intermediate process of

CD4 binding prior to CCR5 binding is a necessary inclusion into the model.

2.4 Conclusions

In order to distinguish different strains of HIV-1 via their entry kinetics, heuristic metrics
have been derived to classify different sensitivities of infection to CD4 and CCR5 expression
in the host cell [JLN09|. The metrics M, A, and 6 in Eqgs. 2.3 are good discriminators and

cluster experimental replicates of identical strains of HIV-1 sufficiently due to the fact that
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they are purely based on the shape of the data, but not on any mechanistic processes involved
in viral entry. Here, we analyzed a sequential kinetic binding model of HIV-1 viral entry
that yields a functional relationship between the infectivity of a strain of virus and the levels
of CD4 and CCR5 based on known chemical processes. Our model provides a framework
in which to analyze different strains of HIV-1 based on combinations of parameters in the
kinetic model and physical insight into how these parameters facilitate or inhibit HIV-1 viral
entry. One can now distinguish different strains of HIV-1 according to the inferred values
of kinetic parameters and display the infectivity of each strain as points in parameter space
with physical meaning.

In addition to kinetic rates, stoichiometries of CD4 and CCR5 are incorporated in our
model. In fact, the dependencies of the infectivity to CD4 and CCRS5 levels are most sensitive
to their respective stoichiometries at the expense of the sensitivity of the other estimated
parameters. We show that overall infectivity data is sufficient to provide some confidence in
assigning nonunit stoichiometries, suggesting that on average either multiple CD4s bind to
a gp spike, or multiple gp spikes are engaged in a typical entry event. In fact, due to the
high sensitivity of the characteristic shape of the infectivity function to stoichiometry, we
suggest that experiments be designed to increase the number of data points in regions of high
gradients of Fyata(,y), where the stoichiometric parameters [ 5 exhibit the most influence.
In this same regard, choosing the minimum and maximum values for the CD4 and CCR5
experimental inputs dictates the relative sizes of the constants X and Y, thus altering the
relative sensitivity between the two stoichiometric parameters. These properties of Fi(z,y)

provide guidance to the experimentalist in designing the most informative measurements.

Finally, in order to address the existence of strains that are highly insensitive to CD4
expression, and that infect cells with extremely low levels of CD4, we proposed a parallel
pathway model that allows slow entry, even in the absence of CD4, through, perhaps, an
endocytotic mechanism [MKL09|. Here, binding to CCR5 is sufficient to allow for viral entry
through an alternate pathway. We performed parameter inference on this parallel model
and compared our results with those from the original sequential model. We also explored a
simplification of the sequential model by subsuming the intermediate CD4 binding process
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into one combined process of simultaneous CD4 and CCR5 binding. We compared the
performance of this last lumped model with the sequential model to determine what effects

such simplifying assumptions might have on the inference capabilities of our models.

The modeling and data analysis framework we developed in this work may also be used
to quantify the effectiveness of fusion inhibitors. For example, though fusion inhibitors can
arrest the fusion process at an intermediate step [MKMO09|, the bond between gpl120 and
gp41 is non-covalent and weak enough so there is a high probability of this bond breaking,
resulting in the virus dissociating from the cell [MSV93]. Though the Env spike used in
that failed infection attempt is now non-functional, the virus can theoretically return to the
cell and make another attempt with a different Env on its membrane. But unlike simian
immunodeficiency virus (SIV) that is covered in large amounts of spikes [YYCO00|, HIV-1
has relatively small numbers of Env on its surface; often on the order of five spikes per virus
[Bro97|. Thus fusion inhibition becomes a process of repeated failed attempts at infection of a
virus until the Env spikes are depleted. In this context, two time scales would be established
between the rate of fusion without inhibitor and the rate of depletion of glycoprotein spikes.
Modeling this aspect of the infectivity process in the presence of fusion inhibitors can give
better insight into the effectiveness of inhibitor treatment and recommendations on the
duration of possible treatment protocols. As shown in Fig. 2.3(b), a model of infectivity
can be used to predict a reduction in viral infection as a function of fusion inhibitor dosage.
Instead of performing infectivity measurements for varying [CD4| and [CCR5|, we can also
change fusion inhibitor levels and study the corresponding infectivity patterns using the same
models presented in this work. Similar analyses can also be performed to study the efficacy of
broadly neutralizing antibodies in suppressing viral entry. These and other physical chemical
considerations will be pursued in future work involving model analysis and inference from

forthcoming data.
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CHAPTER 3

The Role of Statistical Multiplicity of Infection and

Particle PFU Ratios in Virological Assays

3.1 Background

Understanding viral dynamics is an important task in medicine, epidemiology, public health,
and, in particular, for the development of antiviral therapies and vaccines. Drugs that hinder
viral infection include blockers of viral entry into the host cell [PYB14, OEJ98, QYHI12,
PGK14, PDKO05, FPJ05| and inhibitors of genetic activity and protein assembly inside the
cytoplasm and nucleus [JAD00, TMT15, PSM00]. Mechanistic models of drug action have
recently emerged as useful tools in helping design ad-hoc experiments to study drug efficacy
and in interpreting results [WTD12, QML09, BSL15, Cho07|. Mathematical models typically
assume prior knowledge of given physical quantities pertaining to the virus, host cell, or the
biological assay being studied. Once these parameters are assigned, viral and cell population
dynamics and their statistical properties can be predicted. Among the different experimental
assays, one often seeks to evaluate the number of virus particles in a stock solution or the
number of viruses that have successfully infected host cells [CCG13, JLN09, WL16, Kil08,
MLWO02b, BB14, FPJ05].

In the case of virus quantification assays (VQA), performing repeated controlled experi-
ments on viral dynamics or comparing results across multiple studies requires knowing how
many viruses are present in the initial stock solution of each experiment [PGK14, PDKO5|.
Furthermore, antigens that induce immune responses against viral infections may be engi-
neered from viral components such as capsid proteins, viral enzymes, and genetic vectors

[SF03|, and may be used in the development of vaccines. Being able to determine the exact
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number of virus-derived antigens helps control the efficacy of vaccines and optimize yield

[Ger03, TRFO1, NFKO5|.

Given the central role of VQAs, several assays have been designed to estimate viral
particle counts. These include plaque [KMWO09] and endpoint dilution [JBN90, NFKO05]
assays, which will be discussed in more detail in the remainder of this work. For now, we
note that these assays involve repeatedly diluting an initial solution of virus particles in the
presence of a layer of plated cells, until viral concentrations are low enough that the dynamics
of an individual virus can be extrapolated. At these low particle counts, however, the discrete
nature of the infection process cannot be neglected and can cause substantial discrepancies
when replicating experiments. Average quantities are not necessarily representative, and a

more in-depth approach in quantifying virus-cell interactions is necessary.

Infectivity assays (IA) on the other hand aim to quantify the number of viruses that
have successfully infected host cells under varying antiviral drug environments [CCG13,
WL16, JLN09]. TAs may measure the total transcription activity across all cells, such as
the luciferase reporter assay [JLN09, ALH09|, or may count the number of host cells that
were successfully infected, such as the enzyme-linked immunosorbent assay (ELISA) and the
immunofluorence assay with fluorescence activated cell sorting (FACS) [JLN09, MLWO02a,
CCG13, PGK14]. These assays are performed using undiluted solutions with large numbers
of viral particles, reducing stochastic variability. The average number of viruses that infect
a cell is estimated as the ratio of the number of viruses in solution to the number of plated
cells, a quantity known as the multiplicity of infection (MOI) [BB14]. However, different
cells may be infected by different numbers of viruses distributed around the average given
by the MOI. In these cases, one may be interested in the complete probability distribution

for the number of virus infections in each plated cell and in the related statistical variance.

In this study, we derive a probability model for the distribution of viral infections per
host cell which we call the statistical multiplicity of infection (SMOI). The SMOI can be used
as a starting point to help estimate the number of viral particles in solution in VQAs, and
to determine a viral strain’s ability to successfully infect host cells in TAs. In Section 3.2.1,

we present the mathematical foundations for the SMOI in the two experimentally relevant
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parameter regimes of small and large viral particle counts and derive a probability model for
the total number of infected cells under any dilution level. In Section 3.3.1, we apply our
models to the plaque assay and formulate a new method of analyzing plaque count data. In
Section 3.3.2 we employ a special case of the derived probability distribution to the endpoint
dilution assays and compare our results to those arising from traditional titration techniques
such as the Reed and Muench [RM38] and Spearman-Karber methods [HRT77|. In Section
3.3.3, we use the large particle limit of our model to describe the luciferase reporter assay.
We provide mathematical appendices and further discussion of experimental attributes such
as cell size variability, coinfection, viral interference, and optimal experimental design using
parameter sensitivity analysis throughout this chapter. Lastly, a discussion of our results, a
side-by-side comparison with existing methods, and a link to web-based data analysis tools

are provided in Section 3.4.

3.2 Methods

3.2.1 Probabilistic Models of Statistical Multiplicity of Infection (SMOI)

A typical viral assay is initiated by laying a monolayer of M cells on the bottom of a microtiter
well, as illustrated in Fig. 3.1 [JBN90, KMW09, Kil08|. Though variability exists among
experiments, M is often set within the range of 10%-10° [ALH09, CCG13| and is assumed
to be a known experimental parameter. A supernatant containing N, virus particles in the
range of 10°-107 [ALH09, KMW09, JBN9(], is then added to the microtiter well. While
theoretically all Ny particles are capable of infection, not all will successfully infect a cell.
Since infection of a host cell requires a complex sequence of biochemical processes that may
include receptor binding, membrane fusion, reverse transcription, nuclear pore transport,
and DNA integration [WTD12, BB14|, virus particles that fail at one or several of these
sequential steps lead to abortive infections. To differentiate, the particles that do succeed
are called infectious units (IU) or plaque forming units (PFU). We will denote the number
of IUs as N < Ny. Depending on the strain of virus, the particular experimental protocol

used, and specific conditions of the assay, the random quantity N is distributed according to
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System Parameters

Ny || Number of viruses

N || Number of infections

No Viruses
in stoclg_/,,,,,,f - -

M || Number of host cells
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fected by exactly r
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@ || Particle to PFU ratio

D || Dilution factor

Figure 3.1: A typical assay includes a plate of M host cells inoculated with a solution of
Ny viruses. Each viral particle has some probability of infection and the total number N of
infections are distributed to the M™* infected cells. The probability of infection is roughly

estimated with the reciprocal of the a prior: measured particle to PFU ratio Q.

Ny and the overall effective probability that an arbitrary viral particle successfully infects a
host cell. A proxy that is typically used in place of this effective probability is the “particle
to PFU ratio” (), an experimentally determined parameter that quantifies, on average, the
minimum number of particles required to ensure at least one infected cell [SF57, Klal5]. @
is often considered an a prior: measured quantity primarily associated with the particular
strain of virus being studied. Low values of ), such as with poliovirus (@ = 30) [Klal5|,
have a high likelihood of successful infection compared to viruses with large (), such as HIV-
1 (Q = 107) [LMD92]. Thus, the reciprocal Q~! can be interpreted as the probability for
a single virus to infect a host cell. Assuming an initial stock of Ny particles, the discrete

probability density function of N is

Pr (N = 0l No, Q) — ( ) (@) (1— @)%, (3.1)



which defines a binomial distribution with parameters Ny and Q~'. Although we assume
@ to be a priori known, in actuality, the probability of a virus successfully infecting a
host is highly dependent on the methods used to harvest the virus stock, the experimental
parameters of the assay, the host receptor concentrations and binding rates, and the dynamics
of the physiological processes leading to infection [SF57, TSB04]. A thorough investigation
into these processes would be necessary to mechanistically model ) and is outside of the
scope of this study. However, we will discuss in Section 3.4 how, direct measurements of

certain other parameters, especially Ny, our derived methods may be also used to infer Q).

We assume each viral particle in solution acts independently of others and that host cell
infection attempts are random events. At high ratios Ny/M of particles to cells, a quantity
referred to as the “multiplicity of infection” (MOI), it becomes increasingly probable for
more than one IU to infect the same host cell. We can define M, as the count of cells not
infected by any IU, M; as the count of cells infected by exactly one IU, up to My, the
number of cells infected by all N IUs. The statistical multiplicity of infection (SMOI) is
defined as the ensemble of cell counts {My, My, -+, My}. Note that two constraints must
hold: Zi\fzo M, = M to account for all infected and un-infected cells, and Zivzo rM, = N
for conservation of the total number of 1Us. If we assume all M cells are of identical size
and volume, they carry equal probability of being infected by a particular virus. Thus,
evaluating the probability distribution that M, takes on the value m, reduces to the well-

known occupancy problem of randomly placing balls into identical urns [RT05] and we derive

Pr(M, = m,|M, N) = i (é) (];4) (r’ N 7r7J\<7N i rj)) (—1)j—mr]5/[]\£—j)N—rj’ )

J=msr

where the r term is repeated j times in the lower argument of the multinomial coefficient.
The derivation of Eq. 3.2 is detailed in Appendix 3.5. Furthermore, in Appendix 3.5, we

derive the expected value and variance of M, as

sn (V) (5) (- 4) »
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and

v -()(3) (1)

M(M = )NWM = 2)V=2r  MP(N)?(M —1)*N-2
(r)*(N = 2r)iM™ (P2 [(N = r)lJ* M2V

(3.4)

Note that the variance is equal to the expected value with two additional correction terms
that cancel each other as N and M increase, indicating the probability distribution of M,
is Poisson-like for large N and M. A plot of a representative probability distribution and
a test of agreement between our analytical result and numerical simulation is provided in

Fig. 3.2.

We also derive the joint probability Pr(My = mg,- -+, My = my|M, N) that the SMOI

{My, My,--- , My} takes on the set of values {mgy, my, -+ ,my} as

Pr(My =mg, -, My = my|M,N)

R M N
—MN mo, My, , TN OJ"'70717"'717"'7N7"'7N

CMINIYE
== —
MM L m L (r!)

(3.5)

The first and second multinomial expressions enumerate the degeneracy of how the M identi-
cal cells are distributed across the configuration {my, --- ,my} and how the N identical IUs
are chosen for those cells respectively. Although the second expression in Eq. 3.5 is more suc-

cinct, it must be explicitly conditioned on the constraints Zfio m, = M and ny:o rm, = N.

The expressions in Egs. 3.2 and 3.5 provide an exact discrete description of the stochas-
ticity of the MOI, but are computationally expensive to evaluate for large values of N and
M. In a typical virology experiment, the number of viral particles Ny and host cells M are
large enough for certain asymptotic methods to be applicable. Furthermore, for intermediate
values of (), and based on Eq. 3.1, the expected number of IUs N would be similarly large.
We can thus take the mathematical limit N, M — oo while keeping the ratio y = % fixed
and approximate Eq. 3.2 as:

1 [Mpre=r]™ Mpyre
Pr(M, = m, | M, N) ~ {M_} exp {_ﬂ_] (3.6)

. r! r!
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Figure 3.2: (a) A collection of plots of the probability of finding m, cells that have been
infected by exactly r IUs given a total number of [Us N = 100 and a total number of cells
M = 10 using Eq. 3.2. With N/M = 10, we expect very few cells to be uninfected, resulting
in the probability distribution concentrated close to 0 for low values of r. Similarly, we
expect few cells to be infected by a very large number of 1Us, accumulating the probability
distribution close to 0 for large . Only at intermediate values of =~ N/M = 10 we observe
a Poisson-like distribution. (b) We perform a numerical study to show empirically that
our analytical result in Eq. 3.2 matches the statistical frequency of virus-cell counts from a
simulation of N = 100 IUs being randomly assigned to M = 10 cells. The square sum error
between the simulated proportions and the analytical result was calculated with increasing
numbers of iterations of the simulation. For iterations around 10°, our square sum error is

on the order of 107%, indicating strong agreement between our model and simulation.

Eq. 3.6 implies that M, is Poisson-distributed with mean and variance

Myre#
E[M,] = Var[M,] ~ % (3.7)

A mathematical justification of Eq. 3.6 is given in Appendix 3.5 and comparisons of Eq. 3.6
and the analytical result in Eq. 3.2 to simulations are shown in Fig. 3.3. Under the same

large M, N limit and using Eq. 3.6, we show in Appendix 3.5

N
Pr(My =mo, -+, My = my|M,N) ~ [ [ Pr(M, = m,|M, N), (3.8)
r=0
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(a) Simulation (b) Analytic Asymptotic

Figure 3.3: Heat maps of the probability distribution Pr (M, = m,|M, N) of finding m,
cells that have been infected by exactly r IUs given a total number of viruses N = 100 and
M =10 cells. (a) The statistical frequency of virus-cell counts after simulating [Us randomly
distributing to the M cells, averaged over 1000 iterations. (b) The analytical result obtained
from Eq. 3.2. (¢) The asymptotic approximation with M = 10 and pu = % = 10, using the
expression in Eq. 3.6. There is close agreement between the simulated and analytical results.
The relatively low values of M and N makes the asymptotic formula in Eq. 3.6 inappropriate
for this parameter regime, explaining the discrepancy between the asymptotic result and the
exact analytical result. However, it is noteworthy how qualitatively small that deviation is,

which will continue to vanish as M and N increase in value.

which implies that as M, N — oo, the random variables M, --, My are independently
distributed. In the next section, we will apply results of our probability model of SMOI to

the case of a repeatedly diluted solution of virus particles, a procedure used in many VQAs.

3.2.2 Serial Dilution

Low viral particle concentrations in assays are typically obtained via serial dilution processes
in order to increase the sensitivity to individual viral infections [PGK14, KMW09, JBN9Q].
The initial viral stock containing N, particles is diluted by a fixed factor of D and the
process is repeated d.x times. At each dilution number d, an assay can be performed
to determine if the concentration of virus particles in the diluted solution is sufficient to

generate a qualitative signal of infection, known as a “cytopathic effect” (CE). For example,
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the diluted stock can be administered in vivo to a model organism such as a mouse. The
mouse’s death would indicate that at least one lethal unit of the virus was present at that
dilution level. Alternatively, an in wvitro assay can be carried out to measure a signal that,
for example, quantifies the exact number of plated cells that were successfully infected. To
model these assays, we first define M* as the number of host cells infected by at least one
IU and that are capable of producing new viruses. In Appendix 3.5 we derive the discrete

probability density function for finding M* = m infected cells at a given dilution number d

and find
. M NO m NO M—-—m
Pr(M*=m) = <m) {1—exp (_QMDd)] exp (_QMDd) : (3.9)

Eq. 3.9 shows that the number of infected cells M* is binomially distributed with expected

value

E[M*] = M [1—exp (-Qﬁ(})d)}, (3.10)

and variance

Var[M*] = M [1 — exp (— Q]\]Y[()Ddﬂ exp <—%) . (3.11)

We can define the probability of observing a CE at dilution number d as the probability of

finding one or more infected cells:

M
Pr(“Cytopathic effect”) = Z Pr(M* =m)

m=1

= 1l—exp (—Qj\gd> : (3.12)

The definition we use in Eq. 3.12 assumes an in vitro assay that can exhibit a cytopathic

signal after a single cell infection or more. For in vivo assays, the probability that m infected
cells are sufficient for a CE will depend on many complex physiological factors such as
immune pressure, in-host viral evolution, and virion burst size [GCP04]. A plot of how the
initial particle count Ny and dilution factor D effect the characteristic functional form of
Eq. 3.12 are shown in Fig. 3.4. Although both Eqgs. 3.9 and 3.12 assume each IU contains
all viral genes required for in-host replication, an extended probability model that factors in

genetic mutation and degradation is provided in Section 3.2.4. Furthermore, for the case of
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Figure 3.4: The probability of observing a cytopathic effect (CE) given in Eq. 3.12 as a
function of the dilution number d and with @ = 1. (a) For D = 10, as the initial particle
count Ny increases, the critical dilution moves toward higher d. (b) Common dilution factors
include logarithmic dilution (D = 10), half-logarithmic dilution (D = 10'/2), and quarter-
logarithmic dilution (D = 10'/*). Logarithmic dilution requires a lower number of dilutions
to cause the characteristic decrease in probability, requiring less individual assays to perform.
Quarter-logarithmic dilution, though requiring more dilutions, has a slower transition from
high to low probability across d, making the assay less sensitive to experimental error or

noise. The plot above can be used to quantify the tradeoffs between the choices of D.

retroviruses, infectious processes inside the host cytoplasm may be suppressed by previous
infections, known as viral interference, and is explored in Section 3.2.5. In Section 3.3.1, we
will use Eq. 3.9 to analyze the plaque assay. Eq. 3.12 will be used for “binary” assays that

are only concerned with the presence or absence of a CE such as the endpoint dilution assay,

which we will explore in Section 3.3.2.

3.2.3 Inhomogeneous Cell Size

We derived the probability distribution in Eq. 3.2 assuming the plated host cells are of
identical size and volume. This may not necessarily be the case as each cell exists at different

stages of the mitotic cycle, will attach to the plate bottom at random locations, and contain
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deformities in shape and size. Assuming cells cover the entire surface of the well bottom,
Pineda et al. [PBCO04] showed that the cell size proportion p; for cell i is gamma distributed

with probability density
M?vrp!~texp(—vMp;)
F(V) ’

where v is a parameter that can be estimated, for example, by fitting imaging data of cells.

fpi) =

(3.13)

Under a specific realization of cell size distributions {pi,--- ,pa}, we define A7 as the event

that cell 7 is infected by exactly r viruses with probability

pe(ar) = (7)o - (514

Using the inclusion-exclusion principle as above, we derive the conditional probability dis-

tribution of the number of cells M, that were infected by exactly r viruses as

J
mr) Pr (ﬂ Am>
{iw}=4

w=1

Pr(Mr - mr|p17 T 7pM)

N—rj

.] mr(
M J
N
N —ri “u v tw
j=rmr |{z g AT T (N =) w=1

S J ™ N! J " j N—rj
Z <m> 2 m(}lpm) (1—;piw>. (3.15)

=my iw =i
In order to obtain the full probability, we first take note that each cell size proportion p; is
dependent on each other as they are constrained by wa p; = 1. We avoid this dependency
by noticing the expression in Eq. 3.13 approaches zero very rapidly as p; moves away from
the expected value 1/M. If we define a sufficiently large proportion p such that the interval
[0, p] contains the majority of the area under the probability density in Eq. 3.13, we can

make the approximation

1 1
Pr(MT :mT) :/ / Pr(MT :mr|p1a"' 7pM)f(p1a 7pM)dp1dpM

o M v—1
~ [ } / / Pr(M, = mq|p1,- -+ ,pm) (Hm) dp: - dpu-
w=1

(3.16)
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It is clear that introducing cell size inhomogeneity dramatically increases the complexity
of our probabilistic SMOI model. For relatively small numbers of cells M, image processing
can be used to determine an estimation of a particular realization of cell size distribution
{p1,- -+ ,pu} for a given experiment and factored into Eq. 3.15. Note that once the proba-
bility distribution of cell counts { My, -, My} is determined for a given realization of cell
sizes {p1,---,pm}, all subsequent analysis and derivations follow the same way as in the

homogeneous cell size assumption.

3.2.4 Coinfection

As a vector for infection, the primary function of a single virus particle is to deliver its genetic
contents into the host cell cytoplasm or nucleus [WTD12, QML09, BSL15]. The typical model
for viral infection assumes each virus contains all the genetic material required to replicate
within a host cell [CCG13, JLN09|. Certain plant and fungi viruses, however, require two or
more particles to successfully replicate within a host cell since each particle contains only part
of the complete genome [AEJ17|. Similarly, RNA viruses that target animal cells undergo
error prone replication, resulting in partially complete genome sequences. These damaged
viral genes may encode proteins needed for the host cell to successfully replicate new viruses.
In this case, regardless of a successful viral infection, new viruses capable of infecting further
host cells will not be produced. Additional viral infections that contain the missing sequence
fragments, though, can “rescue” the cell’s ability to replicate the virus, a phenomenon known
as coinfection. In the context of our definition of SMOI, we now make the distinction between
M,., the number of cells that have been infected by viral genomes from exactly r distinct virus
particles, and M, the number of cells that are fully capable of replicating new functioning
viruses upon undergoing r distinct viral infections. It is immediate that each M} < M, and
their sum M* = 27]«\[:1 < M — M, so the results in Egs. 3.9 and 3.12 are not sufficient to

quantify the total number of virus-producing cells.

In order to model coinfection, we need to consider the genome of the virus species of

interest. Specifically, we assume the genome is made up of G distinct genes. For example,
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many variants of HIV-1 carry a gene sequence containing G = 9 genes [WTD12]. In our
model, we assume each gene encodes a protein that is essential for replication. Though
individual nucleotide changes due to random mutations may result in an amino acid chain
that is no longer functioning, some genes may be robust to these changes due to codon
degeneracy or the gene’s shear length [SBY14|. Thus, we assume each gene g = 1,--- |G
contained within a viral particle has a probability ¢, of losing function. If a cell is infected
by exactly r viral genomes, we define By as the event that gene g is still no longer functional,
so that Pr(B]) = ¢;. To quantify the probability that & genes are no longer functional in a
host cell that has been infected by exactly r viral genomes, we use the inclusion-exclusion

principle [Lan03] to derive

G :
Pr (“k failed genes given r infections”) = Z(—l)j_k (‘;) Z Pr (ﬂ B;)
j 1,--,G}
I|=j

{1, gel
||=

()Y Hq

o1=0 oa=0

(3.17)

where ILZG

is an indicator function that returns zero when the number of nonzero o,
g=1

og=J
is not exactly j. The infected cell is only capable of producing viable viruses if none of
the genes have failed and is equivalent to setting £ = 0 in Eq. 3.17. Then we define the

probability H,. that a cell infected by exactly r viral genomes will successfully produce new

viruses as

G
S CID SR LTI | (8 an

o1=0 og=0

Note that the probability that a cell not infected by any viral genome will produce viruses
is Hy = 0. Then, given an SMOI {My,--- , My}, the number of cells M* capable of virus
replication after being infected by exactly r viral genomes is binomially distributed with

parameters M, and H,. The probability of M* cells producing viruses is given by

N
* _ _ m M, M} M,.—M;
Pr(M* =m|My, -, My, M,N) = Z * <Mf,--- ,M]*v) 11 (M*)Hr (1— H,) .

M, My r=1 r

(3.19)
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If we let m = 0 and sum over the density in Eq. 3.5 for all possible SMOI, given an IU count

N, we can derive the probability of observing a cytopathic effect as

Pr(“Observing a cytopathic effect”|N)

—1—Pr (M =0[N)

N
1 M N y
=1- Z W(Mo,"',MN>(0,"',0,1,"',1 N7...’N>H(1_H

M--~MN o r=1
M'N'
Wy U M'r'
r=0 M,=0
M!N! 1—-H,
~1-— N P [;0 . ], (3.20)

where the approximation is due to the assumption that the number of cells M is large. For
intermediate values of IV, computing the summation in the exponential is numerically viable,
assuming the probabilities of gene failure ¢y, - - - , g are known. Though this expression may
be used in place of Eq. 3.12 to analyze some virus quantification assays, for large values of

N, numerically evaluating H, becomes computationally expensive.

3.2.5 Viral Interference

To infect healthy cells, all species of viruses must undergo a series of events including cell
attachment, entry via membrane fusion or endocytosis, and intracellular transport. Retro-
viruses, such as HIV-1, must also undergo reverse transcription, nuclear pore transport, and
DNA integration in order to use the host cell’s transcription machinery to produce viral
protein. In the models developed in this study, the probabilities of success for each of these
processes was assumed to be subsumed into the a priori estimated particle to PFU ratio
. However, for certain retroviruses, it has been observed that after an initial infection,
subsequent infections from the same virus species become less likely [NS04, NBKO05]. This
phenomenon, known as viral interference, is often due to the host producing new viral pro-
teins after a refractory period that can inhibit one or more of the intracellular processes
leading to integration of subsequent viral infections. To include this dynamic into our mod-

els, we first decouple the probabilities of integration from () and define N as the number of
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viruses that have successfully completed viral entry into the host cytoplasm, but before all
intracellular processes that lead to integration. Note that all of our results concerning the
statistical multiplicity of infection (SMOI) still hold and we make the distinction between
the number M, of cells infected by r of the N infectious units and the number M7 of cells
with exactly s integrations. Furthermore, some species of virus can contain multiple copies
of their genome, such as HIV-1 which contains two copies per particle [WTD12|. Let a be
the number of genomes contained in a single virus particle to be integrated into the host
cell. Then the maximum number of possible integrations for a cell from M, is ra. Let p, be
the probability of a viral genome integrating into the host DNA given that s — 1 integrations
have already occurred. Define H, ; as the probability a cell contains s successful integrations

given that it was infected by exactly r distinct virus particles and is given by

pipe- - ps(l—psi1)™* 0<s<ra
Hys = (3.21)

0 5> ra.
If we define M as the number of cells with s integrations after infection by exactly r virus

particles, then given an SMOI {M,,--- , My} and N, we can derive the probability function

MT‘ —m
)H;j; (1—H, )" ™. (3.22)

PI‘(M:S:mlMo,"' ,MN,N): (
’ m

Noting that M} = Zr o M, is the number of cells with exactly s integrations, we can use

Eqgs. 3.6 and 3.22 to derive the expected value as

E[M!|N] = ZE

N
=> H, E[M,|N]
r=0
N
_ H, sp”
= Me™* ZO — (3.23)
where 1 = 2. Note that if we are concerned with the total number M* = M — Mg of

cells with at least one integration, as is the case for the probability distributions derived
for assays employing serial dilution, issue of viral interference is negligible, allowing us to

subsume the probability of the first integration into the particle to PFU ratio @) as before and
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leave all subsequent virus quantification analysis unchanged from the results in Section 3.3.1
and 3.3.2. However, for assays that attempts to quantify the total number of integrations,
such as the luciferase reporter assay, the expectation in Eq. 3.23 can be used, assuming the

probabilities p1, - - -, py have a prior: been estimated.

3.3 Results and Discussion

3.3.1 Plaque Assay

The plaque assay is an example of a virus quantification assay (VQA) where the objective is to
infer the total number of viruses Ny present in a solution assuming () has been independently
measured and estimated [KMWO09, JBN90, SG14]. After d serial dilutions the viral stock is
added to a monolayer of M cells and a layer of agar gel is added to the well to inhibit the
diffusion of virus particles in the plate. If a virus successfully infects a host cell, the agar will
limit the range of new infections to the most adjacent cells. Viral infection thus spreads out
radially from the initial nucleation infection and forms a visible discoloration in the plate

7

called a “plaque.” For high particle concentrations, the number of plaques formed may be
large enough to cover the entire plate surface. After a sufficient critical dilution number d.
however, the number of plaques formed are low enough to be visibly distinct and countable.
For each dilution number d, the assay can be performed for 7' number of trials. The ‘signal’
data arising from the plaque assay P;; is defined as the number of visible plaques counted,
where t = 1,--- ,T is the trial number. The standard method of obtaining an estimate No

of the true particle count Ny is to apply the sample mean of the data P, ; at the critical

dilution level d. to the formula

T

. 1

Ny = D% (:7 § Pdc,t> , (3.24)
t=1

which posits that the average number of plaques is directly proportional to the particle count
Ny. Eq. 3.24 assumes that each infected cell corresponds to one IU, which is not necessarily
true in the context of SMOI. Furthermore, although data corresponding to dilution numbers

d < d. are unusable, data for d > d. corresponding to countable plaques are not used at all
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in Eq. 3.24.

In order to improve on Eq. 3.24 by using the entire set of plaque counts Py, for our
estimate of Ny, we propose a maximum likelihood estimation (MLE) scheme. Using the
mathematical models derived above, we can construct an expression £(Fy;|Np) of the prob-
ability that the observed data Fy; can be generated assuming a particular value for N,
known as a likelihood function. A value for Ny that maximizes £(Py|Ny), the MLE, cor-
responds to the most probable estimate N, that could have generated the data. As each
nucleation of a plaque corresponds to a distinct infected cell (and assuming that overlapping
lesions of necrotic cells are still discernible as distinct plaques), we can equate Py to the
total number of successfully infected cells M*. We will ignore the dynamics of coinfection
and viral interference. Using Eq. 3.9, we propose the following likelihood function of the

data given Ny:
dmax T P, M-—P,
a M NO d,t NO d,t
L(Py¢|Ng) = 1-— — —_ . 3.25
= I (p,) [ oo ()| oo () 0

To obtain the MLE N, we take the derivative of the natural log of Eq. 3.25 with respect to

Ny and set the result to zero to obtain

dmax T M exp <—%> — M+ Py,

-3

d=d, t=1 QM D? [1 — exp (—_QMN%dﬂ

(3.26)

We can solve Eq. 3.26 for Ny using numerical methods such as Newton-Raphson [Lan13|, an
iterative scheme that approaches the solution of an equation asymptotically starting from
an initial guess Né“it. To increase the stability of convergence to the solution, we choose
N(i)nit by equating the sample average of plaque counts %Z P, with the expected number

of infected cells E[M*] in Eq. 3.10 at the critical dilution d. to derive

T
- 1 1
init de —
Nt — QM D% In [1 ( ) ﬁRm)] . (3.27)

t=1
An example of raw plaque count data and the resulting estimates for Ny are given in Fig. 3.5.
In order to quantify the relative improvement of the MLE of Ny over the standard method in

Eq. 3.24, we simulate plaque assay data assuming a fixed, known Ny value. In our simulation,
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Plaque Count Data from Sloutskin et al [SG14].

Trial || 1072 ] 1072 [ 107* | 107® [ 107¢ | 1077

1 - - 111 24 1 0
2 - - 126 24 1 0
3 - - 121 13 0 0

Figure 3.5: An example of raw plaque count data taken from Sloutskin et al [SG14]. A viral
solution was assayed in a plate of M = 3 x 10° cells at dilution number d = 2,3, 4,5,6, and 7
at a dilution factor of D = 10. The particle to PFU ratio is assumed to be ) = 1. For T' =3
separate trials, the number of plaques were counted at each dilution level. The bottom row
of plates used as a control is ignored. For dilution numbers d = 2 and 3, the entire plate
of cells show cytotoxicity so that the numbers of plaques were undiscernable and, thus, the
countable data starts at d. = 4. For the old method featured in Eq. 3.24, the estimate for
Ny was Ny = 1.19 x 10° and for the MLE derived from Eq. 3.26, Ny = 1.26 x 105. This
results in a relative difference of 5.5%. Furthermore, when applying these parameters and
Ny estimate to Eq. 3.28, we observe a 10.7% decrease in the estimate variation using MLE

technique.

we use the models established in Section 3.2.1 to sample the N, particles according to
Eq. 3.48 in Appendix 3.5 to account for serial dilution and sample again the resulting particles

according to Eq. 3.1 to obtain the number of IUs N. The IUs are distributed randomly to
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Figure 3.6: Results of plaque assay simulation for parameters Ny = 106, M = 10°, Q = 1,
D = 10, dpax = 10, and T = 10. (a) The scatter plot of simulated data P, (circles)
and the expected value of plaque counts as given by Eq. 3.10 show close agreement. (b)
The likelihood function £(P;:|Ny) with respect to Ny using the same simulated data. The
MLE obtained by iteratively solving Eq. 3.26 is Ny = 9.97 x 10° and is relatively closer to
the true value of Ny than the estimate calculated from the standard method in Eq. 3.24
Ny = 1.02 x 10°.

the M cells with equal probability and the resulting number of infected cells M* is recorded.
Since plates of cells with too many infections render the number of plaques uncountable, a
“countable plaque threshold” renders the data unusable when the number of infected cells
exceed the threshold. Thus, the resulting plaque data Py, for a given dilution d and trial ¢ is
assigned the number of simulated infected cells if the latter is less than the given threshold. A
scatter plot of the data P;; of one such simulation is shown in Fig. 3.6a and the corresponding
likelihood function from Eq. 3.25 is plotted in Fig. 3.6b. Because the MLE method utilizes
a full probabilistic model of the plaque count distribution instead of relying only on the
expected value at the single critical dilution d., it produces an estimate consistently closer to
the original Vy that generated the data. To better quantify this property, in Appendix 3.5.5

we derive an asymptotic approximation of the variance of N, as
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dmax Texp (—%)

d=d, QQMDQd |:1 — eXp (—%)]

Var [NO} A (3.28)
The variance is an explicit function of (), which is assumed to be a priori known. If there
is uncertainty in the value of ), Eq. 3.28 can quantify how sensitive the distribution of No
is to variation in @), as shown in Fig. 3.7a. We can see that for small assumed (), such
as in poliovirus |[Klal5], error in this measurement can cause a large relative change in the
accuracy of Np. This type of sensitivity analysis on estimation variance can be done with
any experimental parameter included in the likelihood function in Eq. 3.25. Furthermore, for
directly controllable parameters, such as the serial dilution factor D, Eq. 3.28 can provide
insight into optimizing the assay protocol, as shown in Fig. 3.7b. Though it is evident
that small D would increase the accuracy of the No estimate, doing so requires more serial
dilutions which increases the time and expense of the assay. Thus, our sensitivity analysis
provides a quantitative method for making experimental design choices between minimizing
uncertainty versus the cost of an assay protocol. Lastly, if we compute the variance of the
standard method in Eq. 3.24 due to the known variance in the data Py, and compare with
Eq. 3.28, we find, when using realistic parameter values from Fig. 3.5, the standard method
results in a 10.7% higher variance than that of our method. Although the significance of the
relative increase in precision of estimating Ny found using our method is highly dependent on
the context of the experimental study for which the assay was performed, similar sensitivity

analysis can be used to determine such tolerances.

3.3.2 Endpoint Dilution Assay

Another widely used assay for quantifying the initial viral particle count Ny is the endpoint
dilution or endpoint titration assay [Ram16, NFKO05, JBN90|. It is often used in place of
the plaque assay as it can be more rapidly performed and is useful for viral strains that are
unable to form plaques. Here, serial dilutions at a factor of D are employed and at every
dilution number d, an assay is performed T times to test for a successful CE. The number Ej,

of observed CEs among the T trials at a given dilution number d is recorded as the signal.
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Figure 3.7: Approximations of the standard deviation oy of maximum likelihood estimates
for the plaque assay using Eq. 3.28 and parameters Ny = 10%, 10°, and 107, M = 3 x 10,
d. =4, dyax = 7, and T = 3, corresponding to the assay displayed in Figure 3.5. (a) For
D = 10, the standard deviation increases proportional to the square root of Q. (b) For

QQ = 1, we can see a low dilution factor D will increase the accuracy of the estimate No.

For low dilution, we expect many cells to be infected and the probability of observing a CE,
as shown in Eq. 3.12, is close to 1. If every trial of the assay is likely to display a CE, then Ey
is expected to be close to T'. However, at high dilution, the probability in Eq. 3.12 rapidly
decreases to 0, as shown in Fig. 3.4, and E,; will be similarly small. For a large initial stock
of viral particles Ny, a larger dilution number d is needed to ensure the dramatic change in
probability in Eq. 3.12. Thus, the critical dilution at which E; most rapidly decreases from

T can be used to estimate the particle count Njy.

This occurs at the point of inflection when d = log,(No@Q ') and corresponds to when

the expected number of successful trials E[F;] = T(1 — e™!), as shown in Fig. 3.8.

One commonly used way to estimate Ny is the Reed and Muench (RM) method that
utilizes the two dilution numbers that capture the greatest change in the data E; [RM38|.

We first define a critical dilution number dsq% to be the largest dilution such that at least

o1



50% of the trials exhibit a CE. The estimate Ny for the particle count Ny is given by
Eaq,,, —0.5T

Edso% - Ed50%+1

log,o(No) = dso + (3.29)

The RM method effectively attempts to approximate the steepest descent of the CE proba-
bility given in Eq. 3.12 with a line connecting the assay data at dilutions dso% and dso91,
as displayed in Fig. 3.8a. Unfortunately, this line always rests above the actual expectation
curve of Ey, so any estimate NO obtained from this method will overestimate the true N.
Another commonly used estimation scheme is the Spearman-Karber (SK) method which
uses the critical dilution number d;ggy, the largest dilution such that 100% of trials exhibit

a cytopathic effect [HRT77, Ram16]. The SK estimate N is given by

dmax

- 1 E
logy0(No) = dioo% — 2 logyo(D) + logo(D) Z ?d- (3.30)

d=d100%

In this method, the downward slope for the expectation of Ey; is assumed to follow a decaying
exponential starting at dilution djpgy, as shown in Fig. 3.8b. The intention is to find the
dilution at which Te™! CEs are expected by calculating the area under the exponential
curve, given by the summation term in Eq. 3.30. However, the actual values of E; will
follow the expected curve from our model, leading to an overestimate of the area and, by
extension, a larger value for Ny. Both standard methods were derived from the heuristic
observation that F; exhibits sigmoidal behavior as a function of the dilution number d, but
an underlying probabilistic model was missing, resulting in consistent overestimation of the
true Ny. Furthermore, neither method uses the “particle to PFU ratio” @), accounts for the
stochasticity of serial diluting viral samples, considers the dynamics of SMOI, or employ the

entire set of data Ej.

We present an alternative way to infer Ny using Eq. 3.12 to establish a maximum likeli-
hood estimation scheme. We restrict ourselves to in vitro assays in which a single infected cell
is sufficient to display a CE. Then each cytopathic count is binomially distributed with pa-
rameters T' and the probability given in Eq. 3.12. Thus, for a set of data {F4, Es, - , Eq_ ..},

we propose the likelihood function

et -1 (1) 1o (- 25)] "o (- 25) . oo

d=1
o2




0BT

-~
~
~
~
.~
-
~a
-~
-

d100% log ()(NO)

Figure 3.8: An illustration of the consistent overestimation of the Reed and Muench (RM)
and Spearman-Karber (SK) methods using the expected curve of E; of CEs given T trials as a
function of the dilution number d derived from Eq. 3.12. (a) The RM method approximates
the steepest decent of the expectation curve with a line connecting the two data points
Eq., <0.57 < By, +1. Because of the relative convexity of the expected curve, the linear
approximation consistently rests above the curve and results in an overestimate of loglo(No).
(b) From the last dilution djgoy% such that all trials exhibit a CE, the SK method assumes
an exponential decay of the expectation. Obtaining the characteristic decay rate of the
exponential involves calculating the area under the curve, which is done numerically using
the data E;. However, according to our model, many of the expected values of E; exist
above the exponential, causing the numerical integration to overestimate the area and, thus,
decay too slowly. This gradual decrease in the exponential curve results in a larger estimate

of 10%10(N0)~

Eq. 3.31 is an expression of the probability of the data {Ey,--- , Fq,..} given the current

assumed value of Ny. To obtain the best estimate NO of Ny, we maximize the likelihood
function by taking the log and derivative of L(E4|Ny) with respect to Ny and set it equal to

zero to obtain

dmax [y — T+ T'exp <_Q]<Bd>

QD (1—ep (<28))
As with Eq. 3.26, solving Eq. 3.32 for Ny requires a numerical method such as Newton-
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Raphson. As an appropriate initial estimate for Ny, the formula

Ninit — —0.5Q D% [m (1 - ;j) + Dln (1 - C;i“)} : (3.33)

can be used, where d. is the largest dilution number such that at least half of the assays
exhibit a cytopathic effect. Eq. 3.33 is the average of the Nj estimates at dilutions d. and d.,
when setting the CE probability in Eq. 3.12 to 1/2. For a comparison of our MLE method
with the RM and SK methods, we simulate data similar to that described in Section 3.3.1.
Here we take the number of trials such that the simulated count of infected cells is greater
than zero as the values of E; for a given dilution number d. We plot the likelihood from
Eq. 3.31 and compare the MLE of Ny with those derived by the RM and SK methods in
Fig. 3.9a. As both RM and SK estimate very similar values of NO, they both consistently over-
estimate the a prior: set Ny relative to the MLE method. This demonstrates the advantage

of a probabilistic model for parameter inference over heuristically determined formulas.

The expressions we derived in Eqgs. 3.25 and 3.31 applied to simulated data can also
help quantify tradeoffs in experimental design. As discussed above, there exist viruses that
cannot form plaques, restricting the options of VQAs to endpoint dilution. However, for
many cases, the choice between using one assay over the other can be one of convenience.
More specifically, endpoint dilution assays can often be performed more rapidly than plaque
assays. Using the same simulated data for both assays, we plot Egs. 3.25 and 3.31 together
in Fig. 3.9b. The plots clearly show the superiority of the plaque assay for estimating the
viral stock number Ny in respect to both how close the MLE infers the true Ny value and
the amount of variance in that estimate. While the amount of variability and error that
is tolerable for an experiment may be context-dependent, the plots in Fig. 3.9b provide a

quantitative way to differentiate between the two methods.

3.3.3 Luciferase Reporter Assay

The luciferase reporter assay is commonly used to measure the infectivity of a viral strain.
Here the ratio u = N/M of total infections over the number of plated cells is estimated by

measuring the transcription activity of viral proteins [CCG13, JLN09, WL16|. The reporter
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Figure 3.9: (a) The likelihood function L£(FE4|Ny) in Eq. 3.31 for the endpoint dilution
assay and the corresponding maximum likelihood, Reed and Muench, and Spearman-Karber
estimates given simulated data generated with Ny = 105, Q = 1, D = 10, and dyax = 10. The
estimates for maximum likelihood (Ny = 1.33 x 109), RM (N, = 2.51 x 10°), and SK (Nj =
2.51 x 109) all overestimate Ny, but the smaller relative error of the MLE is an improvement
on the errors of the existing two methods. (b) The likelihood functions L£(P;:|Ny) and
L(E4|Ny) for the plaque and endpoint dilution assays respectively given simulated data.
The data was generated with parameters Ny = 106, M = 10°, Q =1, D = 104, dpax = 30,
and a “countable plaque threshold” of 150. The plaque assay likelihood is concentrated
close to the true Ny value while the endpoint dilution likelihood is far more spread out and
overestimates Ny. This direct quantitative comparison can inform an experimentalist when

choosing between the two methods.

employs an oxidative enzyme luciferase that facilitates a reaction when introduced to the
substrate luciferin, resulting in bioluminescence. The protocol begins with attaching the
luciferase gene to the viral genome. The altered viral strain is cloned to a total particle
count Ny which, in this case, is assumed to be fixed and known. The solution of viruses is
added to a plated monolayer of M host cells. An incubation time is allowed for transcription
of viral proteins and, incidentally, the luciferase enzyme. Subsequently all cells are lysed to
release all cytoplasmic contents into the solution upon which luciferin is added. The oxidation

of luciferin is facilitated by the luciferase enzyme and the resulting bioluminescence yields
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a measurable signal [Mon09]. The light intensity is thus a measure of total transcription
activity of the viral genome in all infected cells and can be used as a proxy for the total

number of viruses /N that successfully infected host cells.

Although there is stochasticity in transcription factor binding and, in the case of retro-
viruses, the number of integration sites on the host DNA, we will assume that each successful
virus infection contributes one viral genome to be transcribed and each transcription occurs
at a constant rate proportional to the total number of integrated viral genomes. Note that
the limited number of transcription factors, ribosomes, and other cell machinery necessary
to produce viral proteins and the luciferase reporter causes the production rate to saturate
as the number of infecting viruses r per cell increases. Thus, transcription activity saturates
with increasing number of infections . We can model this effect by defining a monotonically
increasing function f(r) representing the number of transcribed viral proteins when a cell is
infected by r viruses over the course of the assay. Thus, for a given SMOI {M,,--- , My},

we will model the intensity signal L of the total luciferase reporter luminescence with

L= XN: Lof(r)M,, (3.34)

where L is the fluorescence intensity arising from a single luciferase reporter present in the
solution. Although f(r) may take on many functional forms, a commonly used model for
transcription factor kinetics is the Hill function [Wei97] given by

h

() = dmt

(3.35)
where f. is the maximum transcription activity of luciferase, h is the Hill coefficient that
effectively describes cooperative binding of multiple transcription factors at a promoter re-
gion, and K is an effective dissociation constant relating the binding and unbinding rates of
transcription factor. The functional form of Eq. 3.35 accounts for the limited transcription
machinery available for the multiple copies of viral genome present in the cell. In Fig. 3.10a

we calculate the discrete probability distribution Pr(L = ¢) by considering the cumulative

weight of every allowable configuration of N viruses infecting M cells through Eq. 3.34.

Since luciferase reporter assays typically involve large values of initial virus count Ny and

cell count M, we can use the asymptotic approximations in Egs. 3.6 and 3.7 along with the
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Figure 3.10: Probability distributions of the luciferase assay fluorescence intensity L from
Eq. 3.34. (a) A toy example of a discrete probability distribution of allowable fluorescence
intensities for N = 30 viruses infecting M = 20 cells. Due to the MY finite number of
allowable configurations of the SMOI, there are a corresponding finite number of intensities
with specific probabilities determined by Eq. 3.5 and represented by a unique circle. The
parameters used for the reporter kinetics are fr.x =2, h=1, K =1 and Ly = 1. The mean
intensity of the fluorescence signal is E[L] = 19.5, represented by the vertical dotted line,
and variance Var[L] = 1.49, represented by the shaded region. (b) The normally distributed
approximation of fluorescence intensity using M = 1 x 10°, fuax = 2, h = 1, K = 1 and
Lo = 1. The distributions are plotted for © = 1.4, 1.5, and 1.6 by computing the expected
values E[L] = 9.23 x 10%, 9.64 x 10%, and 1 x 10° and the variances Var[L] = 1.7 x 105,
1.24 x 105, and 1.3 x 10° respectively.

Central Limit Theorem [Lan03] to assume L is normally distributed with expected value

N

3 Th,LLr
E[L] = LOfmaxM@ HZO —(K+rh)r!7 (336)
and variance
2 2 Y TQhNT
Var[L] = LO maxMe ® Z m (337)

r=0

A visualization of the normal approximation of the probability distribution of L is shown

in Fig. 3.10b. Furthermore, with Eqs. 3.36 and 3.37, we can derive the likelihood function
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where 1 <t < T'is the trial number. Due to the complicated functional form of the mean and

, (3.38)

variance of L, creating a maximum likelihood scheme to estimate p from experimental data is
intractable, so we use Eq. 3.36 by replacing the expected value with the experimental average
of measurements L{**?. If we assume no cooperative transcription binding (h = 1), we solve
for the estimate i by applying the Newton-Raphson iterative method to the equation

N ~T
data - Ty
Z L3 _ Lo oo Me™" 2; e (3.39)

The typical method, under the assumption that luminescent intensity is proportional to the

number of IUs N, is to use the sample mean via the formula ™" = ;—7= SO Lt This

standard approach fails to account for the effects of SMOI, but can be used to generate
an initial guess for solving Eq. 3.39 iteratively. In order to compare the two estimates, we
simulate data similar the descriptions in the previous two sections. Here, we do not dilute the
initial particle count and, after distributing the N IUs to the M cells with equal probability,

L{ata using Eq. 3.34. The results are shown

we compile the SMOI configuration and calculate
in Fig. 3.11. The iterative method produces an estimate [ far closer to the true value of u
than the former method. A similar approach can be used to compare methods for alternative

functional forms of the viral protein transcription dynamics described in Eq. 3.35.

3.4 Conclusion

In this work, we derived probability models that quantify the viral infectivity of host cells
in an in vitro environment. By factoring in the stochastic nature of virus-host engagement,
defective and /or abortive events, and the possibility of multiple infections of a single host, we
defined the statistical multiplicity of infection (SMOI) and determined related probabilistic
models. We analyzed two limiting regimes: small numbers of infecting viruses N and large

N. For the low N regime, Eqgs. 3.2 and 3.5 model how the limited number of infectious units
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Figure 3.11: The likelihood function £(L%%|y) using Eq. 3.38 and simulated data. We set
i = 1.5 and assign other parameters with M =1 x 10°, fpax =2, h =1, K =1 and Ly = 1.
The estimate derived from solving Eq. 3.39 is i = 1.502 while the standard method based

on the sample mean yields i = 0.97, far lower than what is displayed in the plot.

are distributed amongst the M host cells. Alternatively, for large N, we showed the cell
counts of the SMOI become statistically independent, as displayed in Eq. 3.8, and that they
display a Poisson distribution (Eq. 3.6). Lastly, we explored the effects of serial dilution on
the total number of infected cells and the probability of observing an infectious signal in

Eq. 3.9.

Using our probability models along with reasonable assumptions of applied combinatorics
and nonlinear inference, we analytically derived expressions for several virus assays to im-
prove on existing methods of experimental data analysis. For virus quantification assays,
serial dilution results in low numbers of viral particles. Using the appropriate probability
model, we created new methods of estimating the particle count Ny in the initial viral stock
for the plaque assay and the endpoint dilution assay. For measuring infectivity of a viral
strain, the objective is to determine the effective multiplicity of infection u = N/M as the
ratio of successfully infecting viruses N and the total number of cells M included in the assay.
As these assays operate under no dilution, we employed the large N limit probability model

to analytically derive expressions for the luciferase reporter assay to estimate p. A summary
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Comparison of Virological Assay Analyses
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Table 3.1: A summary of the analytically derived expressions used to analyze experimental
results. For virus quantification assays, such as the plaque and endpoint dilution assays, one
typically wishes to estimate the number of initial viral particles Ny. For luciferase reporter
infectivity assay, the ratio u = N/M is desired. Our improved parameter estimation methods

are listed next to standard methods currently used.

of each estimation method along with the most commonly used counterpart is displayed in

Table 3.1.

VQAs are primarily concerned with inferring Ny and assume a priori knowledge of M
and the particle to PFU ratio (). In actuality, there can be variability in the number of
cells present in the microtiter well and, as discussed in Section 3.2.1, the true value of Q) is
dependent on the particular protocol and particular conditions under which an assay was
performed. If an alternative assay (RNA tagging, spectroscopy, super-resolution imaging,
etc.) not using cell infection can accurately measure Ny, then, in theory, a subsequent infec-
tion assay can be used to infer a more reliable measure of (). In fact, in our analysis of the
plaque assay presented in Appendix 3.5.5, we show that one can determine a significantly
higher amount of information about () with the same assay protocol if Ny is a priori known,
rather than the reverse case. Thus, one may argue that assays that employ serial dilution,

such as plaque and endpoint dilution assays, may be better utilized to infer ). Because
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the underlying likelihood of the data in all assays would be the same, the same derivation
techniques would follow with respect to ) in order to formulate its maximum likelihood esti-
mate. This analysis shows the robust utility of a full probabilistic model and data likelihood

function.

Although the derived assay models provide explicit equations for inference, many of
the expressions are analytically unsolvable and require numerical solutions. To improve
the accessibility of some of our results, we have created a web-based tool (available at
https://bamistry.github.io/SMOI/) that can accept data from either plaque, endpoint dilu-
tion, or luciferase reporter assays and automatically estimate the parameter of interest. Ulti-
mately, these tools can be used for analysis of future virological studies, but may also be useful
when revisiting results of studies that stress quantifying viral infectivity [JLN09, MDW16].
For studies that use serial dilution assays our approach stresses the advantages of using
information in the data associated with all dilution numbers rather than just that of the

critical dilution.

We also demonstrated our probabilistic models of viral infection can be further generalized
to include the effects of cell size inhomogeneity, coinfection, and viral interference. Future
refinement of these extensions can help to ultimately derive a mechanistic model for the
probability of a single virus successfully infecting a host cell, which we defined as Q.
Understanding this probability of infection can help aid further experimental design and

allow better quantification and resolution of the infection dynamics of particular viral strains.

3.5 Appendix

3.5.1 SMOI Probability

To derive Eq. 3.2, we index all cells with ¢ € {1,--- , M} and define A} as the event that cell

¢ is infected by exactly r IUs. Then, given N IUs across all M cells, the probability of A is

prcasen - (V) () (1 8) a0
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Since cell sizes are assumed to be homogeneous, the probability in Eq. 3.40 is the same for
all cells, but the events {A7,---, A},} are not independent as the number of IUs N shared

among the M cells is finite. Thus, we use the inclusion-exclusion principle [Lan03] to derive

Pr(M, = m,|M,N) = i (_1)j_mr( j > ZM} a (ﬂ A;)

; my .
J=myr IC{l,n-, el
=7

2 Q) ‘
> v () (G _m)[g(ﬁ)r](MA;j)N_m

Z D —m)( et e

=

Ms

Note that the inner summation in the first identity above is over every possible collection of
cells of size 7, but as each cell is identical, the sum can be reduced to a single joint probability

with the binomial degeneracy (];4 )

3.5.2 Expected Value and Variance

For the generalized c-th moment E [Mf] of the number of cells M, infected by exactly r

viruses, we start with Eq. 3.2 to obtain

=3 3w (;) () (i) i

=5 ;
() (<r!>f' - m!) WD

-3 [i’ )

7=0 Lm,=0
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To aid our derivation, we define the function u(j, c) as

uje) = mim%—wﬂ‘-m ()

S () (7))

_ ]é (Czl)u(j—l,i). (3.43)

This is a recursive relationship from which we can evaluate any u(j, ¢) using all u(j — 1,1%)
such that 0 < ¢ < ¢. We evaluate the first three cases u(j,0) = doj, u(j,1) = 61, and
u(j,2) = 61,;+ 202 j, where Jp ; is the Kronecker delta operator that returns the value 1 when
the two subscript arguments are equal and 0 otherwise. We use the result for ¢ = 1 and

Eq. 3.42 to calculate the expected value of M, as

T éél’j@) ((r!)j (J]y_ rj)!) . ;ﬁmw

()G 04

We obtain the second moment E [M?] using the same method in order to obtain the variance

of M, as

M(M — NYM — )N MP(ND*(M — 1)
(r2(N — 2r)\MN (M2 [(N — r)!]2 2N

(3.45)

63



3.5.3 Asymptotic Approximation

For the derivation of Eq. 3.6, we take the mathematical limit N, M — oo while keeping the
ratio p = % fixed and approximate Eq. 3.2 as follows:
Pr(M, = m,|M,N)

B i FIMINY(=1)i=mr (M — j)N-i
A mel(G = mp) UM = §)UN — )Lt MV M

:m'z L R R (=

22

1 (—1)i—m
M] Jr o —Hj
'Jzn; G=miry "

1 [Mprem]™ Muyre
] e B B (3.46)
m,! r! r!

Note that, although the first approximation requires j in the summation to be sufficiently
smaller than M, any contribution from the summation for j close to M vanishes due to both
the (j —m,)! term in the denominator and the (1 - %)N_Tj term approaching 0. Under the
same large M, N limit, we can derive an asymptotic approximation of the joint probability

distribution by taking the natural log of both sides of Eq. 3.5:

In Pr(My = mg, -+, Mn = my)

eSS e (55)
2 ()

S e ()] o ()
[ﬂo [M[Le“} eXp(_M)]_ (3.47)
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Since the argument in the right-hand-side of the last approximation is the same as Eq. 3.6,

we arrive at the result in Eq. 3.8.

3.5.4 Number of Infected Cells

To derive Eq. 3.9, we first define Ny as the number of virus particles present in the viral
solution after dilution of a factor of D?. Obtaining N, is effectively analogous to taking a
volume of the initial viral stock scaled by D¢ and counting the number of particles captured
in the volume. Thus, we expect Ny to be Poisson-distributed with mean NyD~% and discrete

probability density function given by

1 No\™ N,
Pr (N, = ng| No) = ( Dg) exp (—D—3> . (3.48)

Once Ny is chosen from the above distribution, for a given “particle to PFU ratio” @), the
number of [Us NV follows a binomial distribution with a probability function similar to Eq. 3.1,
but with Ny replaced with N;. Note that, given an SMOI {M,, --- , My}, it is immediate
that M* = M — M,. Using this modified density of N and Egs. 3.2 and 3.48, we can derive

the discrete probability density function of M* at a given dilution number d as

Pr(M*=m)=> Y Pr(N =n|Ns=ng)Pr(My = M —m|N = n)Pr(Ny = ny)

ng=0 n=0

= :_m(—]_)j—M-i—m (Mim) (]\j) oy
xi(%d) {1_62 Lo < ﬁﬂnd
jgjm e (Mim) (];4) exp [% (1 _ QLM) B %}

_ ) [1—exp <—Qﬁ(bd)rexp (—Qﬁ(})d>M—m. (3.49)

Note that the approximation that closes the exponential term in the final result employs the

Q

assumption that Ny is sufficiently large.
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3.5.5 Sensitivity Analysis

The probability models derived in Section 3.2.1 allowed us to construct the likelihood func-

tions for the plaque, endpoint dilution, and luciferase reporter assays in Eqs. 3.25, 3.31, and

3.38 for the primary purpose of inferring unknown parameters such as Ny and p. The utility

of these functions can be extended to performing sensitivity analysis on these maximum like-

lihood estimates (MLE) and optimizing experimental design. This requires constructing a

Fisher Information Matrix (FIM), a quantitative measure of the information one can extract

for a likelihood function with an arbitrary set of data [GCP05, CB02|. The FIM, which

we will denote as J, is constructed by computing the gradient of the log of the likelihood

function with respect to the parameters being inferred. For example, for the plaque assay

and potentially inferred parameters Ny, @, and M, J is given by

INoNo  INo,@  INg M
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In particular, the elements of the main diagonal of J, known as Fisher Information Numbers,
are interpreted as the “precision” of each MLE and can inform an experimentalist of the
potential variation in their inferred parameter with respect to data defined by the likelihood
function. Comparing the main diagonal elements can offer insight into experimental design.
To illustrate, in the example above, it is immediately apparent that the ratio of Jg ¢ to
JIng.No 18 NZ/Q?, where it is understood that Nj is typically several orders of magnitude
higher than ¢). This implies that the likelihood function of Eq. 3.25, and, by extension,
the plaque assay itself contains far more information about the parameter ¢) than Ny. This
provides an analytical way to decide which parameter estimation should be the focus of a

particular assay.

A more general use for the FIM is to understand the variance of an MLE given an arbitrary
set of data. Independent, but identical experiments can produce different estimates for each
parameter and, according to the Cramer-Rao inequality, the matrix inverse J~* will provide
a theoretical lower bound on the covariance matrix of the parameter estimates |[GCPO05].
Furthermore, it can be shown that the distribution of MLEs asymptotically approaches a
normal distribution centered around the true experimental parameter value with covariance
J~! as the amount of data increases [Sob82|. For single point estimation, the FIM reduces
to the one Fisher Information Number with which the reciprocal can be used to approximate
the variance of a parameter. For example, the plaque assay is typically used to infer only

the parameter Ny, so using Eq. 3.51, we can obtain the asymptotic approximation

-1
dmax TeXp (—%)

i, Q*M D> [1 — exp (—%ﬂ

Var | No| ~ Jil, = (3.57)

This analytical expression for the variance can be used to determine confidence intervals of
the MLE, perform sensitivity analysis of other parameters, and aid in optimal experimental

design.
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CHAPTER 4

Nonspecific Probe Binding and Automatic Gating in
Flow Cytometry and Fluorescence Activated Cell Sorting
(FACS)

4.1 Background

A common problem in cell biology research is the desire to differentiate cells into categorical
populations based on some defining molecular characteristic. Some examples include the
presence or absence of a particular gene transcript [ZAL14, AKO06|, cells presenting viral
epitopes to indicate infection [JAS14, WL16|, or expression of particular membrane proteins
[ASK17, BST16]. Flow cytometry is an effective tool to count the number of cells exhibiting
the identifying characteristic. The process involves suspending cells of interest in a sheath
fluid that is pressurized and extruded single file past a laser beam [AAK17, HPS02, LBGOS].
Each cell will scatter the laser’s light towards optical sensors positioned around the stream.
Sensors directly in front of the laser measure the forward scattering about a single cell, and
is used to quantify the cell’s surface area, volume, and shape. Alternatively, side scattering
sensors measure photons emitted by fluorescent markers and dyes excited by the laser. The
fluorescent probes are designed a priori to bind specifically to cell surface proteins and
structures that characterize the cell species. Thus, a sufficiently high fluorescence intensity

is an indication the cell is of the desired type.

However, details of the protocol arise that can confound the final count of cells. If we
focus on the example of a population of “mutant” cells, characterized by the expression of

a particular membrane surface receptor, mixed in with a population of “wild-type” cells, we
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can design a fluorescing probe that binds specifically to the receptor. If we suspend all cells
in a solution containing an excess of probes, we expect all probes to bind to free receptors.
However, each probe-receptor binding event is a reversible process, allowing some expected
proportion of receptors to remain unbound at equilibrium. Furthermore, variation may exist
in the number of receptors expressed, increasing the ways in which a mutant may escape
binding [WL16, ASK17|. To combat this measurement of false negatives, one can increase
the probe concentration in the suspension, increasing its excess and driving the equilibrium
towards more bound receptors. Unfortunately, although the probes are designed to bind
specifically to the receptors, they will have a relatively small, but non-zero binding affinity
to the rest of the cell membrane and its other embedded structures [KMWS85|. Increasing the
probe concentration will result in a higher nonspecific binding to wild-type cell membranes,
allowing false positive counts of mutants. The equilibrium configuration of probe bindings
to all cells, whether specifically or nonspecifically, will produce a distribution of fluorescence
data over a range of intensities. Typically, cells that exhibit levels of fluorescence below a
threshold intensity are ignored in a process known as “gating.” Setting that gating threshold
is often a heuristic procedure, though some methods for automatic gating based on data
clustering have been developed [LBGO08, VLB15|. However, these methods do not incorporate
the underlying chemical kinetics of probe binding and largely ignore the effects of nonspecific
binding.

We develop a kinetic model for both specific and nonspecific binding of probes to cells. We
employ a variant on the Langmuir adsorption model [BER82| with two competing types of
binding sites: receptors and a discretization of the cell membrane. Here, the concentration
of initially added probes applies the “partial pressure” driving probe binding to the cell
surfaces. We will show the isotherm of fractional binding site occupancy to exhibit two
regimes in which the receptor and membrane binding sites become saturated at different
rates. We discuss how the interface between the two regimes is the ideal concentration of
probes to include in the assay and how the model can inform optimal experimental design.
We then present a probabilistic model for the expected number density of cells over possible

numbers of probe bindings. Employing this model, we develop a variant on the expectation-

69



maximization (EM) mixture model [Lan97] to estimate the total number of mutant cells
without heuristic gating. Furthermore, we propose a method for inferring the probe binding
affinity and the receptor number distribution using a serial dilution protocol. Finally, we
discuss potential applications and problems of using our method for the fluorescence activated
cell sorting (FACS) assay. It should be noted that throughout this study we continue using
the example of “mutant cells” expressing surface receptors, but our models and analyses

extend to all physiological applications of flow cytometry with fluorescing surface markers.

4.2 Materials and method

4.2.1 Kinetic model

Let C't be the total number of cells in a suspension also containing Nt probe molecules. We
assume C'r is precisely counted by the forward scattering measurement to differentiate cells
from free probes or debris. Let M and W = Ct — M be the number of mutant cells and
wild-type cells, respectively. By definition, mutants are the only cells that express the surface
receptors. Let N be the number of free, unbound fluorescing probes designed to specifically
target the receptors with association and dissociation rates p, and p_. Alternatively, for
both mutants and wild-types, probes can bind and dissociate non-specifically to the cell
membrane itself with rates ¢, and g_. Though the on-rates p, and ¢, are likely comparable
in magnitude, we expect probes bound nonspecifically to dissociate significantly more rapidly

so that ¢_ > p_.

The total number of receptors I on a mutant cell varies across all cells with distribution
f(I) and mean (I). The exact distribution f will depend on the details of the receptor and
its transcription/translation pathways. However, a reasonable model for f is to assume these
pathways result in a constant rate A of receptor expression while each receptor degrades with
rate p. This reduces to a simple immigration-death process with a steady state distribution

that follows the Poisson curve

) = A—— (4.1)
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Table of Variables

Cr | Total cells

° °® 1 specific binding sites
° g ® Total mutants
J non-specific 4 -
binding sites */ \’ Total wild-types
q \

P M Mutant cells | 4

M
W
N | Total unbound probes
I
J
M,

¢ v\ Mg j-2 “ Specific binding sites per cell

, - '.x\ *\i "k' Nonspecific binding sites per cell
'I \\ »* i | Mutants with ¢ specific and j non-
I W Wild-type cells } N free probes specific bindings
1 W,
\\ ! ,b K, | Specific dissociation constant

°
> R 4, ° K, | Nonspecific dissociation constant

Figure 4.1: Cartoon of probe molecules binding to wild-type W and mutant M cells used in a
typical flow cytometry assay. Wild-type cells are assumed to bind probes only nonspecifically
while each mutant cell expresses I receptors to which probes specifically bind. The variables
defining all quantities in the kinetic mass-action model analyzed in this study are given in

the table.

where (I) = ﬁ Though the simulations we perform in this study utilizes this Poisson

assumption of receptor expression, the full models we derive are independent of the choice
for f. Thus, we denote the total number of mutant cells that carry exactly I receptors as M.
Furthermore, we consider the the total surface area A of the cell membrane and partition
the binding region around a single receptor as As. We define this region as that which a
probe fated to adsorb to the cell surface is more likely to bind to the associated receptor
than directly to the membrane. We can partition the remaining cell surface into J = AAS -1
discrete effective binding sites for the membrane. We expect the binding region of a receptor

to be relatively small compared to the total surface area, making J > I.

To accurately model the kinetic flows from one bound state of a mutant to another,

it becomes necessary to track populations of cells indexed by both the number of probes
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bound specifically and nonspecifically. Thus, we define le ; as the number of mutant cells
with exactly ¢ probes bound to a maximum of I specific binding sites and exactly j probes
adsorbed nonspecifically. For wild-type cells, probes can only attach nonspecifically, so we
define W; as the number of wild-type cells with exactly j adsorbed probes. We thus have

the chemical rate equations

MI+N

g
(' (I=ipt+ MzI—i-ljv MI LN (J—d)a+ Mi],j+1» W, + N ('J)%
(i+1)p— (G+D)g- (+1)g-

Wi, (42)
Let v be the volume of the cell suspension containing all cells and probes. Normalizing the
cell and probe counts by v, we have the relevant concentrations [M/], [W;], and [N]. We

can now derive the mass-action equations as

% =—(- i)p—l-[MiI,jHN] - (J - j)Q+[Mi{jHN] +(+1p [leﬂ _]] U+ I)Q—[Mil,jJrl]
+ (I =i+ Dpa MLy )IN] + (] = 5 + g [M; ] [N],
d[;“;ﬂ = — (J = g W[N]+ (G + Dg_[Wisa] + (J — j + D [W; 4] [N],
% —q_ Zj[MiI,j] +p- Z i[M;] = a- E(J — DM = py i([ —i)[Ml (43)

At chemical equilibrium, we expect detailed balance in each of Eqs. 4.2. For specific and

nonspecific binding respectively, we can define the dissociation constants

IIM] _a- _ pe pa M) _po
[Mij]  ar Ky and Mg s K. (4.4)

One might interpret these constants as the probe concentration’s resistance to binding and
are parameters that will shape the entire dynamics of the model. Using inductive reasoning,

we can characterize the mutant populations solely with the concentration of unbound cells:

- () () () ()

By the conservation of total mutant cells with I binding sites, we use the binomial expansion

to derive

:2;; = (ML) (1+%)I<1+%)J. (4.6)
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Using very similar arguments, we derive the concentration of unbound wild-types as

W] = W] (1 + E(Nj)_J. (@)

Next, we find the following result:

oo ()

= o) (14 52) (14 [KN])J [ + ) ¢

I[N](K, + [N]) + J[N] (K, + [N})}
(Ks + [N (E + [N]) '

- ]| (48)

Using the conservation of the total concentration of initial probes [Ny] and (I) = °7_, 1 f(I),

we derive
(Ne) = [N+ 300w+ 300 3G+ )]
_ . N\ (N <& [TIN(E, + [N]) + J[N](K, + [N])
=M+ 2 Wl (%) *;[M][ (K. + [N (Ko + (V)
(1) [M][N] | J[Cx][N]

(4.9)

It is possible to solve Eq. 4.9 for [N] analytically as the roots of a cubic polynomial with
[M], W], [Nt], [Kq], [Ku], [/], and (I) as parameters. However, in the next section, we will
show how this kinetic model may be used to quantify the optimal total probe concentration

[Nt] to use when performing the assay.

4.2.2 Two species Langmuir adsorption model
If we define f1 as the fractional occupancy of total binding sites across all cells, using Eq. 4.9

NN DN (B %
=" _(7><[CT]>1+[KE+1+%' 10

s

we have

Note that each of the two terms resemble a Langmuir isotherm which measures the frac-

tional occupancy of binding sites on a surface substrate [BER82|. Framed in the Langmuir
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adsorption picture, the concentration of free probes [N] is directly analogous to the partial
pressure of adsorbing gas. As shown in Fig. 4.2(a), the fraction of occupied binding sites
grows as you add more free probes, but eventually saturates. Note that the saturation is
normalized according to the number of non-specific binding sites J as we expect it to be
much larger than (I). Furthermore, the rate of adsorption is attenuated by the non-specific
dissociation constant K. For small [IN], when the cell membrane is far from saturation,
we see the dynamics of the receptor binding site saturation in Fig 4.2(b). As K, > K,
the total occupancy increases rapidly to saturation relative to that of the more dominant
non-specific isotherm. Thus, there is a critical free probe concentration [N]* such that when
[N] is below this threshold, each new probe introduced into the assay will contribute more to
the occupancy of receptors than that of the nonspecific binding sites. This threshold can be
obtained by differentiating the two terms in Eq. 4.10 with respect to [N] and setting them

equal to each other. This results in the following critical free probe concentration:

KM g

N)r = Y T . (4.11)
| JEmD
KnJ[Cr]

Note that [N]* is a monotonically increasing function of the concentration of mutant cells
[M], which is typically unknown. Thus, a conservative recommended concentration [Nt| to
use in the cell/probe suspension would involve setting [M]| = [Ct] and evaluating Eq. 4.10
with [N]*. Furthermore, to ensure [N]* is strictly positive, the specific binding affinity of the
probe is constrained by

K. < %Kn. (4.12)

In other words, for probes designed with weaker specific binding affinity than this threshold
dictates, nonspecific binding sites are more likely to adsorb probes before any receptors for
all values of [N] and [M]. Though it is clear that the lowest K possible is ideal for an assay,
a biologist may use this upper bound to decide if an available probe will at all be effective

for their specific experiment.
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Figure 4.2: Fractional occupancy 6t of available binding sites as a function of the free probe
concentration. (a) The isotherms for large [N] with [C] = 100, [M] = 10, K, = 107!,
J =103, (I) = 10, and K, = 10', 10%, and 103. The cell membrane reaches saturation
of bound probes at a rate dictated by K,. (b) The isotherms for small [N] values with
[Cr] = 100, [M] =10, K, =103, J = 103, (I) = 10, and K, = 107!, 1072, and 1073. Due to
small K, the occupancy reaches saturation for all available receptors quickly, then resumes

the slower saturation of non-specific binding to membrane.
4.2.3 Cell population mass density

In order to establish a connection between the equilibrium kinetic model and a typical
output of a flow cytometry assay, we define the concentration of cells [C,] with exactly r

probes bound, regardless if they are bound specifically or nonspecifically, as

J min(r,])

cony s (51 () (R) (L) (&)
(4.13)

Eq. 4.13 informs us of how the distribution of cell data will cluster, as illustrated in
Fig. 4.3(a). At relatively low concentrations of free probe [N], the binding of receptors

can saturate, but leave the wild-type cells with only nonspecific binding to have significantly
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Figure 4.3: Expected population densities of cells C, with exactly r probes bound. (a) Low
concentrations of free probe [N] = 1.2 with Cp = 100, (I) = 10, J = 10*, K, = 107!,
and K, = 10° for M = 10 and 90 cells. The density will cause clustering of wild-type
cells close to r = 0 and mutants close to r = (I), though the non-specific binding allows
some of the density associated with the mutants to contribute to the lower r values of C,.
A clear boundary exists between the two densities and heuristic gating can partition the
populations sufficiently. (b) Large concentrations of free probe [N] = 60 with Ct = 100,
(I' =10, J = 103, K, = 107!, and K, = 103. The population densities of wild-types and
mutants are now found in similar values of r and overlap extensively, causing difficulty in

differentiating the two clusters as probes saturate the membrane.

lower probe bindings. This effectively makes the two clusters qualitatively separable and
imposing a gating threshold is straightforward. However, at high levels of free probe, the
clusterings overlap and are thus difficult to differentiate heuristically, as demonstrated in
Fig. 4.3(b). Furthermore, these distributions are taken over the probe binding number r
which is not directly measurable. We next show how r and [C,] relate to the measured

fluorescence intensity distribution.

4.2.4 Fluorescence intensity

As each cell passes through the cytometer, any bound probes will fluoresce with some strictly

positive light intensity F,. However, some variation in the fluorescence signal arises from
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molecular variability and instrumentation noise. For example, defocusing aberrations of the
side-scattering detector, variations in sheath fluid viscosity, and dirt on optical lenses all can
contribute multiplicative factors to fluorescence intensity [MFKO07|. Thus, we use the multi-
plicative analog of the central limit theorem to assume the variation in fluorescence intensity
is lognormal distributed with some shape parameter 02 dependent on these experimental
factors. We also expect each cell to have some relatively small amount of auto-fluorescence
with intensity Fy. Then if we define x as the total fluorescence intensity of a given cell and
r as its corresponding number of bound probes, then we expect the probability density of x

to follow
1 _ (In(z) —In(Fp + rFy))?

Pr(z|r) = ———ex
() = =

In a typical flow cytometry assay, however, we do not know how many probes are bound to

4.14
208 ( )

each cell. Furthermore, we do not know the species b € {0,1} of the cell, where 0 and 1
denote wild-type and mutant respectively. Using Eqs. 4.13 and 4.14, we derive the marginal

density of fluorescence intensity as

Pr(x) ZPr x|r)Pr(r 0) + Pr(b ZPr x|r)Pr(r = jlb=1)

. ZJ: (A (In(z) — In(Fy + rFy))* . (4.15)

[Cr] = /2702 202

Considering total number of probes r bound to a cell regardless if they are bound specifically

or nonspecifically is sufficient if each probe fluoresces with an intensity independent of bind-
ing. However, for some probes, the fluorescence may be a product of a conformation change
when binding to the designed target. This means that for nonspecifically bound probes, their
conformation change may be partial and can result in a lower mean fluorescence intensity F;,.
We must now consider how many probes are bound specifically and nonspecifically, making

Eq. 4.13 insufficient for computing the marginal density of . Thus we derive the conditional

o) (1+) ) (8
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and
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In the next section we will show how these mathematical results can be used to iteratively

estimate the size of the mutant population [M] from data and infer physical parameters such

as K and (I).

4.3 Results and Discussion

4.3.1 EM mixture model estimation of mutant population

Using Eqs. 4.16 and 4.17, we propose an iterative algorithm to automatically infer the con-

centration of mutant cells [M] without heuristic gating. Let & be a set of data, where zy, is

the fluorescence intensity measured for cell k£ and let by € {0, 1} be its corresponding species

assignment. Because this is an iterative method, we will index each numerical step with

t € {0,1,2,---}. Using Bayes rule, we can compute the probability cell k is a mutant as

[M]“Pr(a4]by, = 1, [M]Y)

([Cr] = [M]®)Pr(ak|br = 0, [M]®) + [M]OPr(zg|br = 1, [M]O)’

(4.18)

Pr(by, = 1|ay, [M]?) =

where [M]® is the current mutant concentration estimate. The iterative procedure starts
with an initial guess at the concentration of mutant cells [M](®) which is used to calculate

the probability in Eq. 4.18. The next estimate [M]®*V) is then given by
Cr
(M) =3 " Pr(by = Ly, [M]D), (4.19)
k=1

This process is repeated until [A/]®) converges. Note that, though calculating Eq. 4.18 for a
single 7 can technically be a O(J?) computational operation, some asymptotic arguments

can be made to concatenate summations to terms that are sufficiently close to zero. More
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importantly, the only value that changes over all iterations is [M]®. Thus, the more compu-
tationally heavy summations in Eqs. 4.16 and 4.17 can be done once and stored in a matrix,

making all subsequent iterations compute linearly with the number of cells C'r.

An example using our algorithm for estimating the mutant cell count from simulated
data is shown in Fig. 4.4(a) where Ct = 100 and M = W = 50. Immediately evident is
the wild-type cells’ propensity to be clustered close to the mutants when as little as one
probe is bound. When a reasonable gate threshold is drawn as demonstrated, the 87 cells
to the right are counted as mutants, resulting in 27 false positives. Our algorithm accounts
for the probability of wild-types having high fluorescence, resulting in the closer estimate of
M = 51. Even for parameter regimes where probe binding to wild-types are rare, for large
numbers of cells C't, the occasional nonspecific binding event will result in the gating process

invariably over-counting mutants.

4.3.2 Parameter inference using serial dilution

In typical flow cytometry assays, probes designed to bind specifically to the receptors of
interest are often prepared elsewhere. Thus it is not uncommon for an experimentalist to
test the affinity of a probe prior to an assay in order to insure it is sufficiently effective for the
planned experiment [ASK17|. This is typically done by preparing a homogeneous suspension
of mutant cells with the probes, so that [M] = [Ct]. The experimentalist will then perform
cytometry with a sufficiently high concentration of free probes [N] and quantify the number
of cells that contain any fluorescing probes. The solution of probes is subsequently diluted by
some factor D and the assay is repeated d,,., number of times. This process, known as serial
dilution, arises in many applications from testing antibacterial agents [CD03| to quantifying
viral infectivity [MDC18]|. In this context, it is used to find the characteristic dilution number
d. such that all cells are still bound to at least one probe. The experimentalist can then
use the corresponding probe concentration for the flow cytometry assay. However, having
provided a kinetic model, we can employ this process to infer physical parameters of interest.

To do so, we start by using Eq. 4.13 to derive the concentration of the number of cells C*
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Figure 4.4: (a) Simulated fluorescence data using parameters Ct = 100, [N] = 1.2, K, =
107, Ky, = 103, J = 103, (I) =5, Fy = 1, F, = F, = 10%, and 0y = 0.5. We set
M = 0.5Ct and assign each cell £ with a number of bound probes r; using Eq. 4.13 and
subsequent fluorescence intensity xz; using Eq. 4.14. At this particular parameter regime, 27
of the 50 wild-type cells managed to bind with at least one probe, increasing their relative
fluorescence and clustering them with the mutants. A typical gating threshold, shown above,
would separate the two clusters and count all 87 cells on the right hand side as mutants;
far larger than the true count of 50. The iterative estimate using Eq. 4.19 returns M = 51,
relatively close to the actual count. (b) Probability that a given cell has one or more probes

bound as a function of the dilution number d as we vary the receptor distribution mean (7).

Here [N] =1, K, = 10?, K, = 1073, J = 103, and dilution factor D = 10.

with one or more probes attached as
[C*] = [Cr] = [C)
I exp (— (I NI\ N\’
— (O] - [CT]ZI:< ) I;f ) (1+ ]ESD]CJ (1+—K[nl]?d)

—J —{I [N}d
1 (1 + K[HNI])d) exp (%)] , (4.20)

K D4

= [C7]

where d is the dilution number. If we normalize [C*] by the total concentration of cells [Cr],
then we can treat the expression as a probability that a given cell will fluoresce as a function
of d, as shown in Fig. 4.4(b). The placement of the characteristic drop in probability is

dictated by the parameters K and (I). If we consider the data C as the number of cells
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that fluoresce at dilution d, then we expect its value to be binomial distributed and we can

C*

() e ()]
d (V]
KnD Dd‘i‘z

) V] \ 107—Ci
[N] ) J <—<l> z
1+ ) exp | ——te . (4.21)
< K.D Dd+%

For a given set of data {C}}, the log of the likelihood is a function of the parameters and

derive the likelihood function

cuen= 11 ()

d=dmin

X

can be maximized to solve for maximum likelihood estimates (MLE) of these parameters.
As the original intent of the serial dilution procedure is to quantify the affinity of specific
probe binding, K, would be the desired inferred parameter. However, depending on the
underlying experiment, one can envision estimating the expression of surface receptors (I)

and its change under differing experimental environments.

4.3.3 Applications in FACS

A very common use of flow cytometry is in fluorescence activated cell sorting (FACS) in
which cells are physically sorted into bins based on their species type [HPS02, ALR13|. As
each cell is sent past the laser, the intensity measurement informs the computer in real-
time which category the cell falls into. The droplet containing the cell exits an electrically
charged ring that induces an electric charge in the droplet. An electric field controlled by
the computer is then used to propel the extruded cell into the appropriate bin based on the
fluorescence measurement. However, the confounding factors previously discussed can cause
incorrect sorting of cells due to non-specific binding and other background fluorescence. If
all parameters are a priori known, then using Eq. 4.18 can technically be used to determine
the cell species as the expression quantifies the probability that a cell is a mutant over a
wild-type cell given its fluorescence. A resulting probability larger than 0.5 will indicate a
mutant, making Eq. 4.18 a decision function. However, there are two complications. One
is that the evaluations of Eq. 4.18 are relatively computationally intensive, especially if the
expected number of receptors (I) is large. The real-time nature of the physical process of

FACS requires rapid evaluation, though increasing computational resources can alleviate the
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problem. The second, more pertinent issue is that, though we are assuming all parameters
are known, it is unlikely that the concentration of mutants [M] is a priori known. Biologists
typically use cytometry assays after some experiment and the quantification of [M] is often
the primary desired quantity still undetermined. Furthermore, our method of estimating [M]
is a model-based clustering technique that leverages all data collectively, making real-time

analysis problematic.

One potential solution for both problems is to use a two-pass cytometry method. One
pass through the cytometer would be used to quantify the concentration of mutants [M]
while also storing the evaluations of Eq. 4.18. All cells would be collected together and
reintroduced to the sheath fluid for a second pass for the FACS step. Though it would be
improbable to exactly match each cell with their stored evaluation in the first pass, this
extra data will act as a prior for more informed statistical sorting of the cells. Though
previously discussed applications of our model use protocols already practiced by biologists,
the potential overhead of using a two-pass cytometry process would be subject to the specific

requirements of each experiment employing the method.

4.4 Conclusions

In this study, we have created a full kinetic model of the specific and nonspecific binding
dynamics of a cell/probe suspension at chemical equilibrium. Using a mass-action approach,
we derived expressions for important equilibrium quantities as functions of physical and ex-
perimental parameters of the flow cytometry assay. The total number of afflicted cells, which
we refer to as mutants, is often the primary desired quantity of the protocol as the probes are
assumed to attach only to those cells. However, we show quantitatively how the nonspecific
binding of probes to the membranes of both mutants and wild-type cells can confound the
results. Furthermore, using the analogous Langmuir adsorption isotherm, we demonstrated
how to choose probe concentration that will minimize these confounding effects. For the
estimation of the total number of mutants in flow cytometry output, which is often subject

to heuristic gating, we provided an iterative algorithm to obtain this number without input
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from the experimentalist. We claim that having a fundamental model for which the algo-
rithm is based will increase the accuracy over other clustering attempts. Furthermore, we
extract further utility from a serial dilution process often employed to measure the affinity
of probes to infer true physical parameters of the cells. Lastly, we discuss the potential
applications and issues with using our method for fluorescence activated cell sorting (FACS)

while proposing a two-pass cytometry process to alleviate some of the problems.

Our model and analysis approach can be readily extended to include multiple probes,
multiple specifically binding receptors, and more general distribution functions for receptor
expression by the mutant cells. We expect that in such more complex, higher dimensional
discrimination assays, our more systematic and quantitative analysis methods should provide
more accurate results. Finally, we are developing a web based tool that fully implements
our flow cytometry analysis procedure so that it can be applied to experimentally measured
data. This will increase the accessibility of our model and enable quantitative comparisons

with existing methods, including heuristic gating.
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CHAPTER 5

Statistical Dynamics of Molecular Evolution and its Role

in Systematic Evolution of Ligands by Exponential

Enrichment (SELEX)

5.1 Background

A common need across several disciplines of biology is for precise targeting of biological struc-
tures and antigens. In mammalian immune systems, antibodies are produced with variable
regions in their peptide chain sequences to allow for specific binding to an epitope, specific
binding sites expressed on antigens or pathogenic molecules [OEJ98, PYB14, LBMO04]|. This
feature of antibodies results in a plethora of functions such as delivering drugs to cancer cells,
marking the presence of certain proteins with immunofluorescence, or inhibiting viral entry of
HIV-1 into their host cells [QML09, MDO03, QYH12|. The rapid increase of infectious diseases
and viral outbreaks in recent years, such as Ebola and Zika, has also led to a large demand
for laboratory-made monoclonal antibodies to be used in diagnostic/therapeutic contexts.
However, monoclonal antibodies are costly to produce and the protocols involved are time-
consuming [NFKO05, Ger03, TRF01]|. A more recent targeting method is based on the use of
aptamers, short DNA or RNA oligonucleotides, usually about 15-60 bases in length, and has
emerged as a powerful alternative to using antibodies [MMN13|. Aptamers may fold into a
sequence dependent conformation that can result in them performinging specific enzymatic
functions or exhibiting binding affinities to certain epitopes. This specific binding to targets
is comparable to that of antibodies, though their smaller size allows for easier transport

through bi-lipid membranes for intracellular marking. More importantly, the production of
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aptamers can be much more rapid than that of antibodies as the nucleotide sequences are
chemically synthesized and the desired sequence is obtained by a process known as systematic

evolution of ligands by exponential enrichment (SELEX) [MMN13, WRG12, LSN12].

The process of SELEX begins with a solution of multiple aptamers of varying sequences.
In order to filter out the unwanted aptamers and obtain a solution of only the desired
nucleotide clone, a target is added to the solution. The goal is to identify and refine the
aptamer sequence that binds the target with the highest affinity. Note that sufficiently small
genetic variances away from the desired aptamer sequence will still allow other aptamer
oligonucleotides to bind the target, albeit with lower affinity. The aptamers that are unbound
are removed and the remaining target-bound aptamers are later unbound in the solution.
Polymerase chain reaction (PCR) is then used to amplify the resulting concentrations of
surviving aptamers. To remove the aptamers from the solution that had some, but lower
affinity to the target than that of the desired sequence, the process is repeated. Often, targets
with progressively higher binding affinity to the desired sequence are used to accelerate the

process of filtering out unwanted aptamer sequences.

Some quantitative work has been done to model the SELEX protocol [LSN12, WRG12].
Wang et al. performed a mass action analysis to model how the concentrations of aptamer
sequence can change over several iterations of SELEX. Here the affinity of each aptamer
sequence is encompassed in the binding and disassociation rates of the aptamer with the
target molecule. Furthermore, an “efficiency” of an aptamer species is defined by relating its
binding affinity with a bulk average of the entire aptamer library’s affinity. One would thus
conclude that low concentrations of target are ideal to capture the best binding aptamer
sequence with less rounds of SELEX as this would maximize the efficiency. However, at
such low concentrations, competition among the aptamer species for limited target sites
will increase the probability the desired sequence remains unbound and becomes lost. We
extend the model by investigating how the distribution of affinities across each aptamer
sequence affects the probability of a particular sequence to successfully bind to target before
proceeding to the next stage of the SELEX protocol. We derive an expression for the
discrete probability distribution that a particular sequence of aptamer has bound to any
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number of targets in the cases of high and low target concentrations. We use the model
to derive analogous expressions for efficiency and the bulk, effective binding energy for the
entire aptamer library. Most importantly, we derive the refinement probability for the “best
binder” sequence and propose an optimal target concentration to increase the effectiveness

of the SELEX protocol.

5.2 Aptamer Binding Affinity

5.2.1 Dimerization Energy

Each aptamer consists of a random nucleotide sequence flanked by two conserved sequences
needed for primer binding during PCR. The number L of nucleotide base-pairs in the variable
region typically ranges between 15-60. We will assume L is constant across all aptamers,
allowing the number of possible aptamer sequences to be 4. The binding affinity of any
given aptamer is sequence dependent. Thus, we may assume that there exists at least one
genetic sequence that binds to target the strongest in relation to all other sequences. In order
to codify this binding strength, we consider the scenario where a single aptamer is suspended
in a test volume v with a single target. Around the single target is a small “dimerization
volume” vp. We define an aptamer to be “bound” to a target when it is located anywhere
within the dimerization volume. While the target, bound or unbound, is allowed to explore
the entire v configuration volume, the unbound aptamer can only be found in the slightly
constrained v — vp volume. An illustration of this setup is featured in Fig. 5.1a. Let ¢ be the
total observation time and tp < t the time in which the aptamer is in the bound state. For
a sufficiently long ¢, we expect the system to be in chemical equilibrium so that the aptamer
spends an increasingly consistent proportion tTD of its time in the bound state. We can thus
define the equilibrium binding probability py of the ideal aptamer sequence as the limit

po=E (lim t—D> . (5.1)

t—oo ¢

If we denote G as the change in energy of the system when the aptamer moves from the

unbound to the bound state, then at equilibrium the probability py will follow the Boltzmann
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distribution
vpePEo

= 5.2
B0 = up + vpe P60 (5:2)

where 5 = kBLT is the reciprocal of the Boltzmann constant and system temperature. Eq. 5.2

yields the binding energy as

=g |(25) (58] 63

For all other aptamer sequences, we expect the system to incur a higher energy relative to

Gy. In the first step of the SELEX protocol, a library of At random sequences are generated,
which may or may not contain the ideal sequence with energy G, described above. Since
the intent of the SELEX protocol is to find the strand that binds strongest to target relative
to all others, we can partition the total set of aptamer sequences into M species determined
primarily by their binding energies {G1,--- , Gy }. Note that this allows the possibility for
many different sequences to be considered the same species if their binding energies are the
same. Furthermore, without loss of generality, we can index these species in order of lowest
binding energy (i to that of highest binding energy G;, where each G is defined by the
same procedure detailed above for Eq. 5.3. The intent of the SELEX protocol is to select for
the relative “best binder” species 1, which is differentiated from the “ideal binder” species 0

discussed above, in case the ideal binder is not included in the generated aptamer library.

5.2.2 Initial Aptamer Distribution

The initial population of aptamer during the SELEX protocol is assumed to be sampled
uniformly from a distribution of equally probable sequences. However, we differentiate be-
tween a sequence and an aptamer “species,” where the latter is defined entirely on its binding
energy. Thus, it is possible for several generated sequences to share the same binding energy,
making the sampling of species not uniform. Though the true distribution of species binding
energies is dependent on the complex biophysics of polymer folding and electrostatics of nu-
cleotides, a simplified model ignoring these effects may still provide qualitative insight. One
potential approximation can be constructed using a modified Ising model. Consider the L

long nucleotide sequence of the “ideal binder,” species 0, with {0}, , 0%}, where o} is the
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Figure 5.1: (a) A single target and single aptamer scenario. Each are suspended in a volume
v, but the aptamer, when in the unbound state, is only allowed to explore the v — vp
volume not excluded by the dimerization volume vp around the target. (b) The probability
distribution of each species population A; assuming the simplified modified Ising model. Low
binding energy species, corresponding with the low index j, have a significant portion of the
probability density close to zero, making good binders relatively rare. Similarly, extremely

poor binders are also rare, making species with intermediate binding energies most abundant.

nucleotide at loci [. We assume that the ability for species 0 to bind with the lowest possible
energy is sequence dependent, so it follows that any deviation from this sequence will result
in an increase in binding energy. If index each species with increasing binding energy, we
make the rough assumption that each single nucleotide polymorphism (SNP) at loci ag of
species j from species 0 results in a discrete increase Ggyp in binding energy and we can
derive

L

Gj=Go+ Y Gowe (1= 0,.,)
=1

= Go + jGsnp, (5.4)

where ¢; ; is the Kronecker delta operator. This implies that each species is defined by the
enumeration of SNPs from the ideal binder and the number of species in a library M is
bounded above by the largest possible length of a sequence L. In actuality, single nucleotide
changes in a sequence can often have no effect on the function of a nucleotide sequence

and Eq. 5.4 largely ignores any second order interactions between loci or any redundancies
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due to multiple sequences having the same binding energy. However, this oversimplification
can aid us in approximating a quantitative understand of the initial aptamer distribution.
Let G be the random binding energy of a sequence sampled from the library or At total
aptamers. Since there are 3 out of 4 possible nucleic acid mismatches at each loci, G is

binomial distributed with probability function

ea=c)= () (3 (4) (5.5)

Let A; be the number of aptamers of species j in the founding library such that Ap =
ij‘il A;. Then deriving the probability function of A; equates to counting the number of
events such that G = G over all Ar strands. Using the inclusion-exclusion principle, we

obtain
Pr(A;) = ;Z:f—”“j ( j) CC{L_._%W:k P (ﬂ (= Gﬁ)
S () () (e =)
e (MO O e
For large Ar, we can derive the asymptotic distribution
=St ()0 (0
j L—j1 A
NOIOION
OE QT O] e

which is a Poisson distribution with mean and variance

F[A,] = Var[4,] = Ar (5) G)] G) o (5.8)

A plot of the distribution is illustrated in Fig. 5.1b. Most aptamers fall under species with

N

Al

relatively high binding energy, though the extremely poor binders are still rare. Much of
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the low energy, ideal sequences are rare enough that multiple iterations of SELEX would
be necessary for full refinement and, as we will discuss later, the probability of extinction

increases.

5.3 Mass Action and Efficiency

For large numbers of aptamers At and targets St inside of a fixed experimental volume v,
we can use the law of mass action by assuming the rates of target binding and unbinding are
proportional to the concentrations of all reactants and products. For each aptamer species
J, we assume a fixed binding rate \; to target and a dissociation rate ;. If we let u; and
a; be the number of unbound and bound aptamers of species j and let s be the number of

unbound targets, then the chemical rate equations become

>\ .
uj + 5 = aj. (5.9)

1
If we normalize all quantities by the volume v and denote the concentrations of each quantity
as [u;], [a;] and [s], then we can derive the following kinetic equations describing how these

concentrations evolve over time:

[wj] = = [ug] [s] + w1y [ay]
[s] = — Z Aj lug] [s] + Z 1 lag] - (5.10)

Furthermore, if we denote [A;] as the total initial concentration of aptamer of species j
and [a] = Zj]\il[aj] as the total concentration of bound aptamers, we have the following

conservation equations:

[A5] = lus] + [a] (5.11)
[St] = [s] + [a]. (5.12)

At chemical equilibrium, we define the species dependent dissociation constant as




The conservation of aptamers in Eq. 5.11 yields

[A;] [s]
ki +[s]’

0, = (5.14)

which is illustrated in Fig. 5.2a. Furthermore, if we denote the bulk, average dissociation

constant of the system & = %, where [u| = Z]Ail[uj] is the total concentration of unbound
aptamers, then we have
A
a) = Aalls] (5.15)
R+ [s]

To quantify the comparative advantage the best binder has to obtaining target, Wang et al.
[WRG12| defined the efficiency E; of species j as

el (AT R
E=T ([AT]) Pl (5.16)

which can be interpreted as the propensity for species j’s unbound population to bind to a

newly introduced unit of target despite the other species. Furthermore, if the efficiency is a

priori known, then one can compute the bulk dissociation constant with

_ s]u 1 & S Rjla; N 4

j=1

(5.17)

For a system at equilibrium, each unit of target added will be portioned out to all species
with varying affinity, but species with very large concentrations of unbound aptamers will
also receive a larger proportion, even if they have low affinity. Thus, the ideal concentration
s] of target for species j is to maximize efficiency E;, shown in Fig. 5.2b. For the best
binder for which x; < &; for all j > 1, the highest efficiency will correspond to [s], and
thus [St], approaching zero. However at such small concentrations, the stochastic effects of
the limited number of targets and the competition of the aptamer species renders the mass
action approach insufficient. Furthermore, regardless of the initial concentrations [A;] of
the best binder, there will be a non-zero probability that none bind to target, causing the
species to go extinct. A full stochastic treatment of the system, featured in the next section,
is needed to quantify the best binder extinction probability and the trade-off it creates when

maximizing efficiency.
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Figure 5.2: (a) Bound concentrations of three species with varying binding affinities and
using parameters A; = Ay = A3 = 5. Higher affinity allows faster saturation of total
aptamers for lower concentrations of target [s]. (b) Efficiency of each species using Eq. 5.16.
For the “best binder,” low target concentration is invariably ideal while intermediate binding

species can benefit most from intermediate target values.

5.4 Refinement Probability of Best Binder

5.4.1 Statistical Mechanics Model

We allow each of the St targets to explore the entire solution volume v and introduce
the founding library of {A;,---, Ay} aptamers which can each enter the “bound” state
when within the dimerization volume vp of a single target. We also assume only a single
aptamer may occupy the dimerization volume vp of a given target as no multiple bindings
are allowed. In the unbound state, each aptamer may only explore the volume outside of the
collection of dimerization volumes v — Stvp. At equilibrium, the state of the entire system is
determined by the configuration of bound aptamers {ay,--- ,ay}, each with an associated
probability prescribed by a joint distribution function. Furthermore, each configuration

incurs a total energy cost of Zj‘il a;G;. To obtain the full probability distribution function
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of a set {ay, -+ ,ay} of bound aptamers, we derive the following Boltzmann factor:

M
Z(ay,- - ,ap|Ar, -+, Ay, ST) = 0f (v — STUD)ATfa exp [—BZ a;G

() ()

X X oo X

ai Qpy

X ST
ala"'yaMysT_a

X ap! X -+ X ap!, (5.18)

where a = Z]Nil a; is the total number of bound aptamers. The first set of terms is the
allowed volume of the a bound and At — @ unbound aptamers, along with the total energy
cost. The next term is the numbers of ways one can choose the a; bound aptamers from
the A; possible options, for all j species. Similarly, the following multinomial term counts
the numbers of ways St targets can be distributed out to the M species and unbound state.
Finally, the last term counts the ways targets and aptamers of each species fated for binding

can be paired. Since all probabilities will be conditioned on the founding aptamer library

{Ay,---, Ay} and St, we drop the conditional notation from here on for simplicity. The
probability of a complete configuration {ay,--- ,ap} can be defined as
A .
Pr(ay, - ,ay) = (a1, ’aM), (5.19)
Zr

where Zr is the system partition function and is given by

min(A1,ST) min(Ag,St—al) min(Aj7ST—Zi<j ai) min(AMyST_ZKMai)

Ty = Z Z Z Z Z(ay,--- an).

a1=0 a2=0 a;=0 ap=0
(5.20)

Note that the nested summation is constrained by a < St and, if numerically evaluated, can
result in a computationally expensive recursive algorithm. Furthermore, the multinomial
term in Eq. 5.18 relates the bound populations to one another, preventing an analytical
simplification of the partition function. However, we can leverage this dependence to gain
numerical insight by fixing a and defining the partial partition function Z, that sums over

only all configurations for which the total number of bound aptamers equals a. Then we
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derive the following contour integral:

> H(

{a1,am},> aj=a j=1

e o)
S 27r 1 Aq Anr
UD(’U—ST?JD a‘(a) i QWZ Z

Z, = v (v — Stup)*™ !

a1=0 ap=0 Lj=1
A _
_ vp (U—STUD * a' St ) [ (1+eiq_gcj)f4j] e~ dg
a
j=1
Ar—a M
_ vp (v — Stup)™" St 1 G NA)
= o al " Za+1£[1(1+ze ) da. (5.21)

Analytically calculating the residues for the repeated pole at zero involves repeated differen-
tiation which results in the same nested summation constrained by a that we started with.
However, we can numerically compute this integral given the system parameters, greatly
reducing the computation required to obtain the full partition function with Zp = Zjio Z,
with no need for recursion. Though useful to observe the qualitative behavior of the full
stochastic model, in the next section we will derive reasonable asymptotic approximations

to further the analytical utility of the model.

5.4.2 Asymptotic Model

In order to decouple the individual aptamer species equilibrium distributions from each
other, we relate our probabilistic model in Eq. 5.18 and the mass action results in Eq. 5.14
by allowing the number of targets St and size of the founding library populations {4,} to
be sufficiently large. Thus we can approximate the combinatoric terms in Eq. 5.18 through

Stirling’s approximation to obtain

Aj=aj ,—Pa;G;
Z(ay, -+ ,ay) = ST_G|H(%> (v — Stup) e
M
A' a; - a
~ ( J) [STUDQ_’BGJJ ! (U — ST"UD)AJ 7. (522)

Note that Eq. 5.22 is factorized over the species index j, indicating that each species can

be treated independently of each other. If we assume St > Ar, then Eq. 5.20 can be
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approximated as

Ay M

S 0 1 (0 ——

a1=0 ap=0j5=1
M

= H [STUDeiﬁGj +v— ST’UD] A . (523)

j=1
We can now calculate the marginal probability density for the random bound population a;
of species j, as shown in Fig. 5.3. If we similarly increase the total aptamer A;, we can make

the following approximation:

Aj) { STUDe—ﬁGj :|aj { v — STUD :|Aj—aj

a; STUDG_BGj +v— STUD ST’UDG_ﬁGj +v— STUD

Pra) = (

1 AjST’UDe_’BGj “ —A Stupe” BG;
— , exp . (5.24)
ST'UDefﬁGJ +v— ST"UD STUDB BG; +v— ST’UD
Eq. 5.24 is a Poisson distribution, implying that the distribution of a = Zj\il a; is also
Poisson distributed with mean
M
A;S —BG;
a)=3" JOTUDE (5.25)

1 STUDG_’BGj +v— STUD )

Using Eq. 5.16, we can compute the efficiency F; of species j as

M —1
. AjSrupe 7 (5.26)
] STUDefﬁGj +v— ST’UD ) ‘

Using similar arguments in Section 5.2.1, the dissociation constant for species j will be

E. = EM _ AT AjST'UDe_BGj
: ~ A; | Stupe PG v — Stup

77 A E(a) A

k; = vp' (v — SpvD)ePY . Then, using Eq. 5.17, we can define the effective, bulk energy cost

of binding for the total number of aptamer population a as

ZAJE(&BG

One can interpret this quantity as the average change in energy to bind a single aptamer

:—ln

(5.27)

given the current system parameters, regardless of the species of the aptamer. As we are
only concerned with the best binder species 1, and analysis across all other M — 1 species
can become intractable, it would be useful to combine these species into one. Then one can
use the procedure in Eq. 5.27 to calculate an effective energy G of the “poor binder” species

and deal with a two species scenario, simplifying the problem.
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Figure 5.3: (a) Probability density of bound “best binder” aptamer species 1 as we change
the number of total targets St using parameters 4; = 10, G; = —3, v = 1, and vp = 1073.
The shallow peaks across St exhibit a similar curve to those in Fig. 5.2. (b) Refinement
probability pgr from Eq. 5.29 keeping the ratio 2‘—; = 0.1 fixed and with parameters G; = —6,
G= —1,v =1, and vp = 1073. For large aptamer libraries, the optimal refinement strategy
is to decrease the target number St as low as possible. However, when the size of the library

Ar, and subsequently the number of best binders A; is low, scarce target runs the risk of

losing the best binder, pushing the maximum to higher target numbers.
5.4.3 Two Species Model

We now assume low target numbers St so that the multinomial term in Eq. 5.18, which
encompasses the competition of limited target, can no longer be approximated through
Stirling’s formula. To simplify the mathematical analysis as discussed in the previous section,
we combine all less-optimal aptamers of species 7 > 1 into a single “poor binder” species,
with ]{, a, and G denoting its size, number of currently bound aptamers, and binding energy

respectively. Furthermore, we assume that St < Ay, A in order to approximate Eq. 5.20 as

ST STfal ~
5 Ayl Al S Sr—a =~
T — ai+a . Ar—ai1—a 1 T T 1 —BGiay ,—BGa
T Z Z Up (,U STUD) (Al _al)! <~_’d’>| (Cll 3 (& e

a1=0 a=0 A
ST _ al ST—Cbl Y B0 a
ST\ [Ajvpe PG St — ay Avpe PG
~ (v — Spup)*T — ~ —
(v D) E:O <a1) { v — Stup _dz:; a v — Stup
Ar—St Gy | T, —6G|°"
= (v — Stup) [v — Stup + Ajvpe Pt + Avpe } ) (5.28)

96



We use Eq. 5.28 to define the “refinement probability” pr as the likelihood that the best

binder reaches purity in one step, given by

Aq
pr =Y _ Pr(a;,0)

a1=1

v — Stup + AlvDe_ﬂGl o _ [U — STUD]ST
N o= Sl .

[v — Srup + AyopeFG + Avpe5G

A plot of pr as we change the numbers of target St or the size of the aptamer library
At is shown in Fig. 5.3. For low aptamer library sizes, St must be sufficiently high to
avoid extinction of the best binder. However, when At is large, the best binder is plentiful
enough that the few targets will likely occupy the binding sites of species 1 at equilibrium,

reconstructing the results from the mass action approach.

5.4.4 Discussion and Conclusion

The statistical mechanics model we derived in Eq. 5.18 yields the equilibrium configurations
that are consistent with the solutions of the mass action model proposed by Wang et al.
[WRG12|. More importantly, it allows the study of low target and aptamer concentration
scenarios where combinatoric and stochastic effects cannot be ignored. Furthermore, we have
derived a probability of best binder refinement as a function of the target number St that
factors in the trade-off of increasing the comparative advantage of the low binding energy

when target is scarce with the increased extinction probability.

The models and results provided are for a single step of the SELEX protocol. Though
we derived a method to maximize the probability of refinement, that probability is still low,
particularly when the ratio of best binder to library A—; is low. Thus, after the PCR step,
the process is repeated to increase the probability of refinement. To create a full model of
a multi-step SELEX protocol, we must consider the convolution of the marginal probability
of bound aptamers in Eq. 5.24 with the refinement probability in Eq. 5.29. The intent is

to create an over-arching optimal strategy for efficient refinement of the best binder with as

few iterations of SELEX as possible.
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5.5 Appendix

5.5.1 Irreversible Binding Regime

Here we consider the irreversible binding limit when aptamers, if bound to a target molecule,
are unable to disassociate. This case may be apparent in the later stages of the SELEX
protocol when the only aptamers present are those that already have high affinity to the
target molecule, causing disassociation to become relatively rare. This assumption also
simplifies our derivation as the problem reduces to an altered variation on the well known
balls and bins problem. Here, each of the T" target molecules have an equal probability of
encountering one of the A() aptamers in the solution. When the target molecule encounters
an aptamer of species 7, it attempts to bind with a probability p; specific to that species. In
the event that the target does not bind to the aptamer, under the well mixed assumption, we
expect the target to then encounter any available aptamer with equal probability to repeat

a binding trial.

We denote the T' targets as {Si,---,Sr} and the total number of aptamers of species i
as AEO). We define Bji» as the event that target S; binds to aptamer of species 7. Without
loss of generality, we order {Si,---,Sr} in the order in which they have bound to their
corresponding aptamers and first focus on the specific target S;. Then the probability that

S1 binds to aptamer species 1 is

P(BY) = P(“S; chooses i) P(“Successfully binds i")
+ P(“Failure of S; to bind’)P(“S; chooses ") P(“Successfully binds i”)
+  P(“Failure of S; to bind”)>P(*“S; chooses i") P(“Successfully binds i")

+

In other words, the target S; will make repeated attempts to bind to an aptamer until a
successful binding event. For S; to succeed in binding specifically to aptamer species 7, it
must encounter an ¢ aptamer and successfully bind with probability p;. If it fails to bind,
assuming a well mixed solution, the target repeats the trial with the same probability of

finding an aptamer of species ¢ and attempts a second successful binding. For S; to be
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available for a second, third, etc. attempt at binding, it must fail to bind to all other species

of aptamer. We define this probability g, as
g1 = P(“Failure of S; to bind”)

P(“S; chooses species £7)(1 — pg)

WE

T
I

Fﬁ:

(7) = me).

Thus we can calculate the probability
P (B 1) = < (0) Di Z 9;

A 1
B A©) b I—q

Now, we look at the joint probability that both targets S7 and S5 bind to aptamers of species

B
Il

1

1. 'To do so, we use Bayes rule to condition on the event that target S; has already bound to
an aptamer of species ¢. First, if we define g, as the probability that S5 fails to bind to any

aptamer conditioned on S; already binding to an aptamer of species i, then we can derive

go = P(“Failure of S, to bind”|B})

M
= Z P(*S; chooses species k”|B})(1 — py)
k=1
RNTEAN
=2 oy JUom
k=1

where ¢, is the Kronecker delta and is needed to account for the aptamer already bound to

target S7. Then we can derive the joint probability
P(BiNB;) = P (B3|B;)

By)
B! ) P(“S; chooses species i”| B)p; Zgg

P(

i =
A©

- {()nrs

A0 1)
A0 1 | P 1—go
(AN [AY -1, 1

= A0 A0) 1 pi(l—gl)(l_m).
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Noting the emerging pattern, with inductive reasoning, we can jump to a generalized prob-
ability g; of a failure of target S; binding to any aptamer given that the first j — 1 targets

did successfully bind to aptamers of species i as

gi = P(“Failure of S; to bind”|Bj,--- , B!_;)

[ AY = (= Db
= Z( A(O)_j(j—l) >(1_p’“)'

k=1

Then we can derive the generalized joint probability that targets Si,--- ,S; are all bound to

aptamers of species ¢ as

| | A0 A-G-1\, 1
4 “ .. Z ey ¢ ct e L J
P(Bin---NBj) (Aw)) <A<0> —G-n)” i (1—g)
n;\
(0) i ’
() T (1 - o)

under the constraint that 7' < AZ(»O). Now define ago) as the number of aptamers of species

1 that have successfully bound to targets. Then using the inclusion exclusion principle, we

can define the discrete probability density of az(»o) as

Pl =k) = i]*y%@) 2 P(HBO

= 1c{tary \rer
e
— ZZ;(_UH (‘;) (?)P (Bin---NB)
T - ) (A7
B (2) (A;‘”;j) ( <)1p —a)

We can use this result to calculate the probability that an aptamer of species i goes extinct

due to failure to bind any target by

P (a@) = 0) — i(_l)j (5) (A3('0>)pg

i A00) j
7=0 ( j ) 5:1 (1—a)
Though this non-equilibrium binding regime might be unrealistic in the context of aptamer

binding and selection, there are some applications for systems that do undergo an irreversible

process, such as viral infection or predator hunting success.
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