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MESON MASS MEASUREMENTS III 

THE PI-MU MASS RATIO AND ENERGY BALANCE IN PION DECAY 

Wallace Birnbaum 

Radiation Laboratory, Department of Physics 
University of California, Berkeley, California 

March 23, 1954 

ABSTRACT 

The mass normalization method of measuring meson masses is 

extended to a determination of the positive pion-muon mass ratio. 

Ranges and momenta of the comparison particles produced in the 184-

inch cyclotron are measured, employing the nuclear emulsion technique. 

The energetics of the 1T .- fJ.. + v decay scheme are also studied in detail. 

From precise determinations of the absolute decay momentum, p , of 
0 

the muon and the 1T/f.J.. mass ratio, various meson mass and related ex-

perimental values a.re obtained: m + /m + = 1. 321 ± 0. 002; p = 29. 80 ± 
1T fJ.. 0 

0. 07 Mev/c; a new probable upper limit of the mass, m , of the neutral 
v 

decay particle of~ 6-7 m 0 ; and a muon center-of-mass kinetic energy 

of 4. 12 ± 0. 02 Mev. With the positive pion mass value of Paper II, the 

m + /m + ratio yields m + = 206. 9 ± 0. 4 m,y The following values in 
1T fJ.. fJ.. 

parentheses are insensitive tom and are evaluated assuming m = 0: 
+ + v + . v 

m - m = ( 6 6 . 4 1 ± 0. 0 7 m _ ) ; m = ( 2 0 6. 9 ± 0. 2 m 0 ) from Paper II 
1T fJ.. v fJ.. 

and the mass difference; m + = (273. 5,± 1. 2 m
0

) and m + = (207. 0 ± 
1T fJ.. 

1. 1 m
0

) derived solely from the pion-muon mass ratio and mass diHer-

ence. 
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THE~PI-MU MA~E:;I~~~: :::uGR:~:::~~~ IN PION DECAY* 

Wallace Birnbaum** 

Radiation Laboratory, Department of Physics 
University of California, Berkeley, California 

March 23, · 1954 

L INTRODUCTION 

This article constitutes the third of a series of three papers on 

the' "direct" measurements of the meson masses by the "Hp vs. Range•• 

mass ratio method. The theoretical basi'S of the experiment has been 

discus sed by Walter H. Barkas in Paper I 1 and we shall follow his 

analysis closely in subsequent sections. Pape:r.~I,written by Frances M. 

Smith
2

, deals with the experimental details and final results of the 

pion-proton mass ratio, and includes an experimental study of range 

straggling in nuclear emulsions. Frequent references to these preced­

ing papers are made below. 

The study here reported is a logical extension of the pion-proton 

mass ratio technique. The positive pion and the positive muon are 

chosen as the two comparison particles and the meson mass ratio is 

determined. At the same time, a critical quantitative analysis is made 

of the energetics of the pion-muon decay scheme, 'Tf - 1-.1. + v. All of the 

mass and kinetic energy relations connected with the dynamics of the 

decay involve functions of the mass ratio and the center-of-mass 

momentum acquired by the muon at the time of creation. This phase 

of the work yields a new value for the positive '1T - 1-.1. mass difference, 

and a new estimate of the upper limit of the mass of the neutral particle 

(presumably a neutrino 3) which is involved in the two-body decay. 

* This work was performed under the auspices of the Atomic Energy 
Commission and is part of a thesis submitted in partial fulfillment 
of the requirements for the Ph. D. degree at the University of 
California. 

** Present address: California Research and Development Co., 
Livermore,' California. 
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IL THEORY OF THE EXPERIMENT 

A" The Statistical Calculation of the Pion-Muon M.ass Ratio 

In a manner analogous to the derivation of Eq" 6, Paper I, one 

obtains for pions and muons of the same velocity the following basic 

relation: 

{l) 

where RTI' and RJ.L are the residual ranges of the particles in the nuclear 

emulsion, Prr and pj.l are the respective momenta of the two types of 

mesons, and q is the exponent in the range -momentum relation 
4

, 

R = cp q" For the statistical treatment of the data, the distributions 

of the quantity Rp -q (termed the 11 normalized range 11
) are again studied 

as in Paper IL 

If one employs the average value of observed empirical quantities 
-q 

Rlp in Eq" 1, one obtains an apparent mass ratio a 1 defined by 

= (2) a.' = 
mTI' 

where R1Trand R1f.L are the measured ranges in the nuclear emulsion .. 
detector, and pTI'and pf.L are the apparent momenta of the mesons, 

assuming the target to be a point source" The specific details of the 

calculation of the momenta of the mesons following trochoidal orbits 

in the 184-inch cyclotron are presented in both Papers I and II. The 

relation be ween the true mass ratio a. and the apparent ratio a.' can 

be derived by including the effects of the finite target size, the finite 

area of the detector, and the Lewis correction
5 

to the measured range" 

From the analysis of Sec" V - Paper I, one can derive the equation: 

a. =a.' 
Wq - Wq l 

Tl' f.Lj 
q - 1 

(3) 

In Eq. 3, the Lewis correction e 
1 

is equal to 
1 

612 M In 3780 f32 



-6- UCRL-2503 

(M is the mass of the particle in units of proton mass, and 13 = v/c). 

The finite target and detector effects are represented by w 
q 

If there are nrr observations of rr mesons and ~Fi::,abservations of 

fl. mesons, the uncertainty in the true mass ratio is given by 

(J 2 
:2 

(J = 
a 

2 
a 

2 
( q - 1) 

+ fl. + 
n (Rl p -q)2 

2 
(J 

_q_ 

4 

(J 
s 
2 

(J 2 
~ p 

·fl. 

fl. fl. fl. 

- Zr) 
2 

+ 

(4} 

·;z 2 
where: CJ · and u · are the observed variances of the pion and muon 

. 'IT fl. 
normalized range distri,butions; d' 

2 
and u 2 

denote the uncertainties 
q s 

in the choices of the momentum exponent and the .shrinkage factor of 

the emulsion, respectively (see Sec. IV C - Paper I); 

and 

2 
Up 

·fl. 

(Pfl-)2 

measure the width of the momentum intervals chosen for the two 

particles; r is defined by .(~rr) ;;;:, ·a ( 1 + r); '~ ... l is the angle between an 
(I-•:..) 

element of track and the plahe of the emulsion before processing, and 

(sin
2 

'1 1) is the experimentally measured mean. value of (sin
2 

'1 1) along 

the path. 

B, The dynamics of Pion-Muon Dec?-y 

1. Absolute Meson Masses and Related Quantities 

A careful study of the energy and momentum ba]ance of the 

assumed mode of pion decay, rr -fl. + v, not only tests the validity of 

this assumption, but also yields accurate meson mass relations in 

terms of certain observables. However, the process of decay involv­

ing the sudden acceleration of the newly created muon is necessarily 

accompanied by a continuous soft-photon spectrum. This process is 
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the analogue of the inner bremsstrahh~ng' accomp.;~yingnuclear beta 
6 

decay . Therefore~ kinetic energies of the muon from zero to the 

full energy T
0 

are possible. Several authors 
7 

have obtained expres­

sions for the probability distribution function P (Ts e) dTde, where 

e refers to the kinetic energy of the photon. Thus, if one integrates 
r·~ 

with respect toe, one obtains the probability P (T) dT of the muon's 

possessing a kinetic energy lying between T and T + dT. The ratio of 

the probability of soft-photon decay to radiationless decay for T< 3. 5 

Mev is calculated to be ~ 1. 3-2, 0 x 10 "' 4 . Fry 8 , examining a noma.,. 

lously short muon tracks which cannot be explained by a decay-in­

flight analysis, has obtained an experimental value for this probability 

of (3. 3 ± 1. 6) x 10-4 , which is in agreement as to order of magnitude. 

In any event, the probability of obtaining a ilow-energy11 J..L me son is 

very small .. : If ~ne calculates the mean energy of the muon arising 

from tlie piesen~e of the complete bremsstrahlung spectrum, it is 

found to be but a few hundred electron volts less than the radiationless 

value of~ 4 Mev. Furthe:J;"more, since no anomalously short-range 

tracks are included in the present analysis, the effect of the inner 

bremsstrahlung process is felt even less. This difference of a few 

hu~dred electron volts is too small to be detected in this study. There­

fore, for the purposes of this discussion, the decay of the pion re­

solves itself into a simple two-body problem. Thus we may write the 

relativistic equations for the conservation of energy and momentum 

for a pion decaying while at rest as follows: 

2 . ;· 2 ,2 + _2 A 
m'lt c = pJ..L c mJ..Lc 

4 
c 

(5a) 

(5b) 

For future clarity of notation we distinguish between th~ momen­

tum p of a J..L meson coming from the target and entering the emulsion, 
J..L 
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and the momentum p of the 1-l. me son acquired at the instant of its 
0 

creation" We shall also define a~ m /m , f3 :: m /m 
TI iJ. V iJ. 

a. Mass of Neutral Particle 

J 1 + (p /m c)
2 . ]1/2 

. 0 1-l. 
(6) 

One cannot hope by this experiment to obtain a value of the mass 

of the presumed neutrino .with an accuracy comparable to that obtained 

in the beta-decay studies 9 " As shown in Eq" 6, the mass of the neu­

t:t·ino is a function of a large mass value multiplied by the difference 

between two comparatively large numbers. Figure 1 shows the sensi­

tivity of the derived neutrino mass to small changes in a., p , and the . .. 0 

muon mass. One can merely arrive at a new .upper limit to ther mass 

of the neutral particle and note if any inconsistencies exist in the pre­

sumed mode of de c;a y. · 

On the other hand, .certain quantities can be derived which are 

very insensitive .to the mass of the neutrino if it is indeed quite small. 

Hence, assuming mv = 0, we have several important relations. 

b. The Pion-Muon Mass Difference 

2 
(m - m ) c 

TI iJ. 
(7) 

As will be shown later in Section III, very high accuracy can be 

obtained in the estimate of the mass difference. This difference, 

coupled with the value of the mass ratio a, enables one to derive 

absolute values of the positive pion and muon masses, independent of 

any other co:mpatr_li:s~n particle such as the proton" 

c. Masses o£ the Muon and Pion 

2 2a. m c = 2 Po c 
1-l. Q -1 

(8a) 

2 2a 
2 

m c = 2 Po c 
TI 

-1 01. 

(8b) 
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d. Kinetic Energy of the Muon 

T a.-1 = a. tl Po c 
0 

(9a) 

T 
a.-1 2 = --:-2 m c 

0 2a 1T 
(9b) 

From the usual relativistic relations, one can also obtain a 

value of the kinetic energy where E is the total energy of the muon, 
fl. 

with no assumptions regarding the mass of the neutrino. 

T 
0 

=E 
fl. 

- m c 
fl. 

2 2 
- m c 

fl. 

2. The Absolute Muon Decay Momentum 

( l 0) 

The pertinent mass and kinetic-energy relations connecte.d with 

the 'dynamics of the decay scheme are functiop.s of the mass ratio a. 

and the full decay momentum p . The details of determining a have 
0 

been sketched in brief in Sec. II A, and we shall now concern our-

selves' with the evaluation of the other important parameter, p . 
0 

Those fl. mesons entering the detector from the target no longer 

have their full decay energy, owing to small losses within the target. 

The fl. mesons created within the emulsion, however, and expending 

their entire energy therein, lend themselves to this phase fo the study. 

These mesons will now be referred to as '" jJ.-completes 11 with m<;>men­

tum p , while those muons coming from the target will be termed 
0 

"p -mesons" with momentum p 
fl. 

Once again, we utilize the range -momentum relation and the 

mass normalization property. Two methods involving the fundamental 

Eq. 1 are employed to determine p0 ~ 

In the first method, the fl.-completes are to be compared with 

the target p -mesons. Therefore, m 1 = m
2 

= mfi. In Eq. l, let 

p 1 = p , and Pz = p with associated residual ranges R and R , 
0 fl. 0 fl. 

respectively. Solving for the absolute decay momentum, we get 
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1/q 
( 11) (.' ; ) 

Now, however, the determination of an absolute value for p 
0 

requires an absolute measurement of the magnetic field of the cyclotron . 

. As before, the velocities of the two sets of mesons are to be chosen as 

nearly equal as is possible and still have adequate statistics for the 

analysis" This is desirable in order that the uncertainty in q, once 

, again, is not a significant source of error. Thus, by determining the 

mean range of the fl-completes and the absolute meson value of the 

normalized. range, (R 1 p -q)• and introducing the finite target and 
.·. fl fl 

detector eff.ects, one obtains 

e'lfl e lgi .. 

q 
(12) 

for which the various parameters have al~eady been defined" 

If we define t· by the relation t .;:i -~~%: p~ , where (Pfl) is 

the mean momentum of the p -mesons that are selected from the de­

tector for range measurements, the uncertainty in p may be expressed 
0 

by 

p 2 
0 

2 
(j 

s 

ST 

1 + 
2 

(j 

fl + 

( 13) 

where o-R
0

2 is the observed variance or range straggling of n
0 ·. 2 

fl-complete ~v~~ts: ~~. iadiflo~~i f~;~;· ~, represents the un­
H· 

certainty in the magnitude of the absolute value of the magnetic field. 

In the second method, the mean range and momentum of the 

~J.-completes are compared with the ranges and absolute momenta of 
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'IT'· mesons originating at the target and entering the emulsion detector, 

Once again the velocities of the two particles are to be chosen approx­

imately equaL Applying the fundamental Eq. 1 we solve for p 1 ob-o 
taining 

(14) 
q 

Thus, knowing the value of the mass ratio a from an independent 

study1 we have another method of evaluating the absolute decay momen­

tum of the muon. If we take~ :: m p - &) we now express the uncer­
Po 

tainty in p as foUows: 
0 

2 
O"p 1 

2 
0" Ro { ~ = --z 

no (Ro) 2 
... 

Po q 

2 2 
2 0" 0" 

0 - q) 
a. + q 
2 

a 4 

2 
0" 

'IT + < -q )2 + 
n'IT' Rl'IT'P'IT' 

( 
2 2 

0" p'IT' 
+ 21i ) + 

(P'IT')2 

where 0" 
2 

is the uncertainty in the value of the 'IT'/f.L .mass ratio. 
(]1. 

IlL EXPERIMENTAL TECHNIQUES 

A. Geometrical Arrangement 

1, Exposures Within the Cyclotron 

(15) 

The mesons under study are produced by the internal circulating 

proton beam of the 184-inch cyclotron. The geometrical arrangement 

is shown schematically in Fig. 2. The protons (:::: 290 Mev) strike a. 

thin copper target. producing 'IT mesons, Those positive pions leaving 

the target with energies acceptable to the defining channel spiral down 

tinder the influence of the cyclotron magnetic field and eriter a '200 micron 

thick llford C-2 nuclear-emulsion detector. The points of entry of the 
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pions are distributed more or less unHormly over the entire plate. 

At the same time, positive pions coming to rest within the target 

decay into muons. Those muons created near the surface .oJ the target 

leave with only small energy losses and can be accepted by the channei 

if their angles of emission are "proper 11
, entering the emulsion in a 

more defined region of the plate. The pions reaching the det-ecto!r.:lo:s~ 

energy and stop within the emulsion, giving rise to muons, approxi­

mately 17 percent of which come to the end of their range before leav­

ing the plate. These 1.1 mesons have previously been referred to as the 
11 j.1-COmpletes". The target muons or "p-mesons" coming to rest decay 

into an electron plus two neutrinos. Since the C-2 emulsion is insensi­

tive to electrons, one can quickly distinguish between a pion and a muon 

by simply observing whether or not another track appears at the end 

of the range of the particle. 

Previous estimates of the rr/1.1 .ma:s.s."ratio indicated a value of 

:::::: 1. 3. In order to establish the equal-velocity criterion and thereby 

minimize the effects of any uncertainty in q, the energy chosen for the 

pions is :::::: 5. 2 Mev to allow comparison with the p -mesons and ~J.-com­

pletes of :::::: 4 Mev. Theoretically. one could utilize the concept of 

"successive approximations 11 ::!<'and repeat this procedure several times, 

each successive analysis converging closer to the ideal condition of 

exactly equal velocities fo:r: the two comparison particles. In this ex­

periment, the initial momentum intervals chosen are such that the 

uncertainty in the momentum exponent (q = 3. 44 ± 0. 03) has an essen­

tially negligible effect in the final determination of the mass ratio. 

Hence, further narrowing of the momentum intervals is urnne-cess·~ry. 

The experimental apparatus is mounted on a cart and run into 

the main vacuum tank of the cyclotron by means of the so -called 

"proton probe". The cart is stopped along its track at a point that 

places the meson target at a cyclotron radius of 7 3 inches. This is 

the maximum allowable radius at which the trajectories of the particles 

under study remain within the fairly uniform region of the magnetic 

field; the diameters of the pion orbits are approximately seven inches. 

Figure 7 gives the magnetic field intensity as a function of cyclotron 

radius, showing the change in slope at the 80-inch point. 

* The application of the successive -approximations concept to this study 
was first suggested by E. Gardner. 10 
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2. Target and Detector Assembly 

A perspective sketch showing the arrangement of the target, 

channel, and detector plate is presented in Fig. 3. The entire appa~ 

ratus is mounted and fixed upon a dural base and later placed on the 

proton probe cart. Considerable care is given to the ,establishment 

of a median reference line (termed the Central Radial Line) pas sing 

through the centers of the target and plate holder. 

In the first set of exposures, Run I, the meson target of copper 

had the dimensions 0. 041" x 1/4" x 1/2" and was attached to a narrow 

copper stem. To increase the solid angle, the target center was 

located at a height of 0. 44 ± 0. 06 inches above the surface of the 

emulsion. A wedge-shaped carbon absorber was placed in the channel, 

effectively casting a geometrical shadow and preventing mesons that 

originated in the stem from reaching the detector. 
·. ' 

In a subsequent experimental run, Run II, the mounting of the 

40-mil target wa,s improved (see Fig. 4). The experimental arrange­

ment of Run II (the second rr+ jp run of Paper II) is described in detail 

by Frances Smith. The experimental arrangement for accepting tar­

get pions in the detector was essentially the same as in Run I, except 

for the "major" modification in the target assembly. The need of a 

shadow in the channel was eliminated, since the contributions from the 

1-mil tungsten wires supporting the target were negligible. 

It was desirable to have uniform irradiation of the target to 

facilitate the identification of the effective geometric center of the 

meson production. Consequently, preliminary tests were made to 

locate the median plane of the circulating proton beam as well as its 

intensity half -width in the vertical direction. Bowker 
11

, employing 

thin polyethlene monitors, has measured the vertical profile of the 

beam. Readings of the activity from the C 12(p, pn) C ll reaction with 

the aid of a Lauritsen electroscope indicated that the beam intensity 

drops to half maximum in a vertical distance of 0. 25 inch. The median 

plane of the beam was also checked by irradiating a 3-inch long graph­

ite cylinder of 36 -mil diameter and locating the point of maximum 

activity. At the 73-inch radius, it was found to be~ 0. 25 inch below 

the median plane of the gap between the pole faces of the cyclotron 

magnet. A mock target, consisting of four 10-mil slices pressed 
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together, was bombarded to check the relative irradiation across the 

target by the beam. All four sections, when separated, showed essen­

tially the same activity. 

The original philosophy regarding .the channel was to have the 

minimum amount of shielding that appeared feasible. Background 

problems in·side the vacuum tank of the cyclotron are rather severe 

and ordinarily call for considerable shielding .. On the other· hand, 

using a great deal of shielding can increase the possibility of contam•i-' 

nation from mesons scattering off the channel walls. Prelirnin~ry runs 

were made with wide -open channels and comparatively little shielding. 

Exposures had to be limited to 10 secondstp prevent the heavy neutron­

proton background from completely obscuring the desired mesons; 

consequently, statistics were poor. Moreover~· as the plates were 

placed in the apparatus withot1t any outer paper wrapping, any source 

of light within the tank could blacken the film ~urf<i.ces, · Arcing from 
. . 

the dee, and light emanating fr6in the tu:ngsteh filament in the cyclo-

tron ion course, dearly indicated the need of some light shielding. 

Therefore, the final channel ofR~t1l.r,epresents the inevitable 

compromise. More shielding is employed to permit increased ex­

posure times (30-45 seconds) and to decrease the ever present light 

hazards; The channel is designed to accept mesons leaving the target 

within specified ~ngular intervalS ('IT mesons with the angles in the 

,backward direction with respect to the incident proton beam of± 10° 

and p-mesons with angles of -15° to+ 100.). Production of mesons in 

the shielding by,protons and the scattering of targeLmesons in the 

channel are effectively minimized .. The channel was shaped empiri­

cally, drawing meson trajectories from all points of the channel. Any 

unwanted meson.that did manage to get through would either have 

entered the detector with the wrong angle or would have had a consid­

erably lower or higher energy and consequently could then easily be 

separated from the main distribution by its range measurement. · The 

copper walls are lined with I/8 -inch polyethylene to lower the atomic 

number of the surface material and thereby possibly reduce the scat­

tering. A certain amount·:of decay in flight is p.resent that cannot be 

prevented from reaching the detector. This effect, however, is small, 

as is seen in the p -meson distributions obtained. 
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The detector is mounted on a l x 3-inch plate holder having an 

inclination angle of 5° with respect to the horizontal x-y phu1e. The 

type of plate holder is shown in Fig. 5. A glass -backed photographic 

film negative of a drawing of two fiducial marks is cemented on the 

surface of the holder. The Central Radial Line joining the centers of 

the fiducial marks, when extended, passes through the center of the 

target. By means of a small battery-operated lamp a latent image of 

the~e fiducial lines is produced in the nuclear emulsion detector after 

it has been fixed on top of the negative by phosphor bronze cli=imps. 

These lines not only give a permanent record of th~ exact position of 

the detector at the time of exposure, but also enable the investigator 

to locate quickly the proper regions of the plate to be scanned under 

the microscope (i.e., momentum intervals which give approximately 

equal velocities for the pion and muon, respectively). At the time of 

exposure a brass measuring bar is laid parallel to the reference Cen­

tral Radial Line and the distances between the target and the fiducial 

marks are readily determined with the aid of a low-power microscope 

attached to a micrometer. The brass bar contains two fiducial marks 

whose known distance apart is approximately equal to the target-detector 

distance. Hence, one then measures small differerences between the 

target and the first bar mark, and between the plate holder fiducial lines 

and the second bar mark. Figure 6 shows schematically the actual 

physical measurements made for Run L The differences can be read 

to 0. 1 mil, and the overall distance between the center of the target and 

the plate fiducial mark is probably known to one miL This represents 

a negligible contribution to the total uncertainty in the final momentum 

determination. 

In the calculation of the momentum, it should be emphasized that 

the locations of the target and detector are consider'ed with reference 

to two coordinate systems. The first reference frame has its origin 

at the center of ,the target. In this frame, the distance between the 

target and detector is known to high accuracy (:::: 1 part in 104 ), and the 

entire target-detector assembly remains fixed on its dural base for a 

particular run. The percentage error in the target-detector distance 
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reflects itself directly as an equal uncertainty in the momentum. The 

second frame of reference has its origin at the center of the cyclotron, 

for the absolute value of the magnetic field is known as a function of 

the cyclotron radius. The proton probe cart: carrying the target­

detector assembly can be set at any desired radius to an accuracy of 

::::: 1/8 inch. Since the gradient of the field in this region is ~ 10 gausses 

per inch, the error in the location of the cart gives: an error in the 

momentum of less than one part in '10
4 

This error· is an order of 

magnitude smaller than the overall uncertainty in the -a~ctuali_ measure­

ment of the field itself. 

B. Criteria for Acceptance of an Event: 

The microscope techniques employed in measuring the angle of 

entrance e of the particle at the surface of the emulsion, and the de-. . 
termination of the residual range R 1, have peen described in Paper H. 

The accuracy of the determination of the absolute value of e as meas­

ured with the aid of an eyepiece reticle and external protractor (goni­

ometer) is estimated at ±l 0 • Therefore the angular requirements for 

me sons accepted for range measurement a're e; = -11° to + 11° for 

pions, and e' = -15° to+ 11° for muons. Here e' is defined as the 

angle a track makes with the normal (y-axis) to the Central Raidal 

Line {x-axis) of the target-detector assembly if its orbit is extended 

until it crosses the x-axis. For these orbits in the slowly varying 

magnetic field of the cyclotron, th~ magnitude of the precession angle 

is approximately ten minutes and may be neglected. Thus e' also 

represents the angle of emission at the target of the detected mesons. 

Another criterion for acceptance by the microscope observer 

involves the dip angle of the track at the surface of the emulsion. The 

expected dip angle for a particle leaving the target is easily calculated 

from the geometry of the target-detector assembly. Both the dip angle 

and range measurements require a calibration· of the fine -focus adjust­

ment of the microscope (vertical z -motion) and a knowledge of the 

shrinkage factor S of the emulsion 
12 

The calibration is accomplished 

by measuring the known thickness of a thin cover glass. Because of 

the shrinkage factor and the rather small angles involved, accurate 
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measurements of the dip are not possibleo As the amount of scatter­

ing of these low-energy me.sons within the emulsion is large, only 

short track lengths in the x-y plane can be consideredo The tangent of 

the dip angle is then determined by measuring the change in depth of the 

track over this short segment of lengtho Mesons are accepted for anal­

ysis with observed dip angles lying within a 5°-9° intervaL 

Co Magnetic Measurements 

Absolute measurements of the magnetic field are carried out with 

the aid of the nuclear induction technique
13

• employing the Varian Asso­

ciates Nuclear Induction Meter. In the preliminary runs, the proton­

moment head, containing the water sample and coils, was mounted 

directly on top of the channel, and the Larmor frequency was measured 

at the same time as the plate exposure 0 Because of certain engineering 

difficulties, this arrangement proved to be too cumbersome for efficient 

operationo The absolute values of the preliminary determinations of the 

magnetic field intensity (for the same excitation current) were found, 

on different days, to be equal to each other within a few gausses. This 

is not particularly surprising, as the magnet is operating near satura­

tion; hence, hysteresis effects are expected to be smalL Consequently, 

a more efficient procedure was adopted. In Run I exposures were made 

on one day, and the cyclotron field was measured the following day, 

carefully monitoring the field current by means of a Leeds -Northrup 

potentiometero In Run II both the exposures and the field measurements 

were completed in the same day, but not simultaneouslyo ·The proton­

moment head was inserted into the cyClotron by means of a special 

probe at the conclusion of the plate exposures. 

Figure 7 shows a plot of several determinations of the absolute 

field as a function of cyclotron radius. In all cases the magnetic field 

currents had been set for 5 to 6 hours. The individual values obtained 

1 all fall within ± 0. 1 percent of the mean value despite the widely different 

dates of the measurements 0 The Larmor frequency, and therefore the 

value of the field, can be located on an oscilloscope and read on a 

General Radio signal generator to :::: 0. 03 percent accuracy for any one 

determination. 
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Because the field measurements were not taken simultaneously 

with the actual exposures, the uncertainties in the absolute values of 

the magnetic fields are conservatively estimated at± 0. 1 percent 

(standard error) for Run II, and±0.2·percentfor Run I, after com­

pounding the various sources of possible error. 

IV. ANALYSIS OF EXPERHvlENTAL DATA 

A.· Range Straggling ()f the Mu-Completes .. 

Since the main source of variance in th~ Rp -q distribution func­

tion originates from the range straggling, th.is effect has been studied 

experimentally in some detail by Frances Smith in Paper II. Data have 

been taken from twelve plates adding up tq a total of 558 IJ.•complete 

events. Since the stopping power vatiei;i fro:qion~ emulsion to another, 

it was necessary to normalize the individual m~an rahge values of each 
' . . . . ' 

plate to an arbitrary value of 600 rnic:r.ons when the data were combined 

together. The entire distribution is plotted in Fig. 8. The percentage 

standard deviation of this distribution::is fi:>und to be equal to 4. 5 ± 0. l. . . . ' . . 

The statistical estimate of the skewness indicates a slight but not sta­

tistically significant deviation fro:rn .a true Gaussian· distribution. 

: B. The Normalized Range Distribution :Functions 

The range variance obtained for the p.-completes serves as a 

calibration function for the various R 1p-q distributions being studied. 

The experiment is de signed so that contributions to the total variance 

of the normalized range distributions from th~ momentum spread of 

the detected mesons is negligible. For two particles of equal veloci­

ties, if range straggling is the chief contributor to the variance of Rip~q. 
it is easily. shown that the relative variances of th~ two normalized range 

distributions are inversely proportional to their masses. Therefore, ·; 

one shouldexpect for the target pions, 

~ 4.0o/o 
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and for the. target muons, 

(J 

__ _.1.1.__ ~ 4. 5 o/o 
(Rll.l. pl.!. -q) 

Any significant increases above these values would indicate the pres­

ence of contamination. 

Run I 

In this run, the normalized ranges of the target pions and muons 

(p mesons) are compared to determine the mass ratio. In addition, 

a value for the absolute decay momentum is obtained by comparing the 

normalized ranges of the p mesons with the ranges of the p.-completes. 

The latter distributions are shown in Fig. 9. 

The data for this run have been collected from five different plates. 

For simplicity, the constant multiplicative factor e/c has been omitted 

in the calculation of p . The TI. meson and p meson normalized range 
0 

distributions are plotted in Figs. 10 and 11, with p actually represent-

ing the magnetic rigidity of the particles. In general, two distinct peaks 

are observed, correspohding to the two types of mesons coming from 

the ta~rget. A small amount. of background contamination also appears 

to be present. Since a few of the background events run into the tails 

of the main distributions, the following procedure is employed: 

{a} The median of the distribution is determined including all 

"questionable" events. The median is first chosen as a statistical 

measure, since it is less sensitive to spurious events than the mean, 

especially for small sample statistics. 

(b) When the median has been determined, the theoretically 

expected standard deviations of 

(J (J 
1T = 4.0% and __ _._l.l.__ = 4. 5% 

(Rll.l.PI.l.-q) 

are "folded 11 into the distributions, and any events lying outside an 

interval of ± 3 a from the median are considered as background. 
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(c) The mean (R 1p-q) and its standard deviation are then calcu­

lated for the adjusted distribution as outlined in Sec. II A. 

Table I includes the final(R 1p-q)results with the associated (R 0)i. 

Actually, a total of only eight events (fiye 1r mesons and three p mesons) 

that are "questionable 11 are omitted from the final calculations. The 

average percentage straggling values for the normalized range distribu­

tions cont?.ining no "questionable" events are: 

a 
'iT - 3.8 ±0.2% and f-L - 4. 9 ± 0. 2o/o 

(Rlf-LPJ.L-q) <
R p -q) 

11T Ti 

The deviations from predicted values are not considered statistically 

significant, although there 1i.s alv' ... ays the possibility that a small amount 

oi:indistinguishable contamination tnay lie within the ± 3 u in~erval. In 

the few cases where some events. are eliminated, the computed standard 

deviations of the adjusted distributions also agree with the expected 

values, whereas the unadjusted distributions have standard deviations 
. . 

which are 50-60 percent larger due to the presence of the few spurious 

events. 

The existence of the background i~ probably due to the presence 

of the carbon shado'.-v absorber that was placed in the channel, as de.., 

scribed in Sec. III A. Also, with the ptesent geometry, the p meson 

distributions will always have :::: 5 percent ·contamination originating 

from pions decaying in flight. 

Run II 

To test the possibility of unknown experimental systematic errors, 

especially in the measurement of the absolute value. o£ the magnetic 

field, another set of exposures within the cyclotron was inade. In this 

run, the normalized ranges of target pions were compared with the 

J.L-complete ranges to obtain .a value fot the absolute decay momentum. 

The pion events studied in this run, aside from a few exceptions, are 

the same as those analyz.ed in the second 1T+jp run of Paper II. 

As described in Sec. III A, the target assembly was improved 

for this run, and the shadow absorber was also removed from the channel. 
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The R1 p -q distributions obtained are plotted in Fig. 12. One imme-
. 'l1' 1T 

diately observes the absence· ·of any apparent background in the distri-

butions. It is also of interest to note the comparative values of 

(R11TP1T -q)for the three plates. Whereas two (No. 28848 and No. 28853) 

are essentially equal, the third {No. 28849) is considerably higher. A 

comparison of the (R
0
)associated with the jJ.-completes of the three 

plates shows the same trend {Fig. 13). These results, which are also 

summarized in Table I, emphasize the effectiveness of the mass nor­

malization method, illustrating the uncertainties that are present when 

one employs an absolute range-energy relation. The observed standard 

deviations are in excellent agreement with the predicted values, further 

indicating the lack of contamination. 

C. Derived Experimental Values 

All errors to be quoted below in this section are statistical prob­

able errors. 

l. The Pi-Mu Mass Ratio and the Mass of the Muon 

As discussed in Sec. II B. the 1T/iJ. mass ratio, 01., and absolute 

decay momentum, p • are the fundamental experimental quantities. 
0 

Table II presents a summary of the calculation of the 1T/iJ. mass ratio 

from Eqs. 3 and 4. The weighted average over the five plates of Run I 

yields the following result: 

<01.>= 1.321±0.002. 

The statistical probable error calculated from external consistency is 
. 14 

equal to ± 0. 002, and from internal consistency is equal to ± 0. 0017. 

These values give a ratio of 1. 18 ± 0. 22, indicating that no large sys­

tematic errors are present. 

The Lewis Effect correction systematically lowered the apparent 

mass ratio a' by ::::: 0. 0003. The finite target--detector corrections vary 

over the individual plates from -0. 0025 to + 0. 0015. The largest con­

tributions, by far. to the total probable error come from the variances 

of the obse~ved normalized ;a~ge distributions of R 1 p -q and 
2 "' 1T 2 

R1 p -q. The uncertainties i~t
1

r.od~ced by the CJ and CJ S terms are 

on~ 'to-3 as large. ':,· q 
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The mass of the positive pion has been determined accurately 

and independently from Run I in Paper II and found'to be equal to 273. 3 ± 

0. 2 m
0 

• (For future applications in this paper we shall refer to this 

estimate to the positive pion mass as the "Smith value".) Inserting the 

Smith value into our present estimate of the 1r /iJ. mass ratio, .one obtains 

m = 206.9±0.4m. 
fJ. 0 

2. Tli~. Ab'so.Jute Muon Deca,y Momentum 

Table III gives a summary of the calculations of (p
0

)I and (p
0

)ll 

employing Eqs. 12 and 13 for Run I, and Eqs. 14 and 15 for Run II, 

respectively~ 

The Lewis ~ffect co:r:rection is. zero fo;r Run I, since we are 

comparing equal mass particles,(p mesons and fJ.~COmpletes). The 

finite targetdetector correct'iohs vary from :- 0. 02 to + 0. 08 Mev/c 

over the five plates.. In Ru,n ll~ where one compares the fJ.-completes 

with target pions, the L.ewis corf~ction .systematically lowers the 

apparent momentum by 0. 006 Me.v/c; whe.l'eas the finite target-detector 

corrections. vary from~ 0.006 to+ 0. oOz'Mev/c. The ratio of external 

to internal consistency in Run I is equalt~.·l. 18 ± 0.22; in Run II the 

ratio is equal to 0. 70 ±.0. ?8. In Run I,· the uncertainty in the absolute 
·., .t ' 

value ofthe magnetic field (see ·sec. Ill<::) is the dominant term in the 

probable en:·or, with a smaller contribution from range straggling . 

In Run II, the error in the. mpm,ent'l,lm calculation is determined by the 

uncertaintyin a. and the inherent range straggling, and to a lesser 

degree by.the uncertainty in the magnetic field. The following values 

are obtained: 

Run 1:. Po = 29.85 Mev/c, 

Run II: p 
0 

= 29.77 Mev/c. 

The values chosen for the physical constants needed to convert from 

units of gauss-m:tn to those of Mev/c q,re taken from the latest of DuMond 

and Cohen. 
15 
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As noted in Eq. 14, p is a function of 01., which is determined 
0 

from Run I. Therefore, since the determination of a mean value for 

p from both runs involves dependent quantities, a simple averaging 
0 -

of the two values is no longer valid. In general, the computations of 

final mean values for all the other pertinent quantities given below 

depend upon interrelated parameters. Hence, it is necessary in the 

averaging procedure and in the propagation of errors to express all 

the equations of Sec. II B only in terms of directly observable and 

independent quantities. The lengthy details of 'these calculations em­

playing the Mothod of Least Squares are outlined in the Appendix. One 

obtains the weighted mean, 

~o) = 29.80 + 0. 04 Mev/c. 

3. The Mass of the Neutral Decay Particle (Eq. 6) 

If one employs the Method of Least Squares to calculate the 

weighted mean value for m with its associated probable error; we 
v 

are led to an extremely cumbersome algebraic expression. As is 

readily seen in Fig. 1, the derived mass of the presumed neutrino is 

extremely sensitive to slight variations in a., p , and m , Therefore, 
. 0 f.l. 

because of the statistical uncertainties in the values of these parameters, 

the exact analytical solution is not attempted and a graphical method is 

applied. Higher accuracy is also achieved if one replaces m in Eq. 6 
f.l. 

by the quantity m /a, where m is the Smith value for the pion mass, 
'IT 'IT 

The graphical solution is presented in Fig, 14. A family of curves for 

different values of j3 (: m /m } can be plotted as a function of a and the 
v f.l. 

quantity p /m c. The hatched region is the area subtended by their 
0 'IT 

probable errors. If one substitutes the final weighted means given 

above for these parameters into Eq. 6, one finds 13 2 = 0. 0001, but with 

an error of ::::: 400-500 percent. Examination of Fig. 14 indicates a 

probable upper limit to the mass of the neutral decay particle of :::::6-7 m . 
0 

As mentioned previously in Sec. II B, certain mass relations are 

insensitive to the mass of the neutral decay particle if m is smalL 
' v 

Therefore, if we assume m = 0 we obtain the following results. 
v 
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4. The Pi- Mu. Mass Difference (Eq. 7) and the Mass of the Muo:n 

Run I: + + 66.53±0.10m m m = 
'IT jJ. 0 

Run II: + + 66.32 ± 0. 10m m m = 
'IT jJ. 0 

+ - m +)= 66.41 Mean: (mrr ± 0. 07 m 
jJ. 0 

Introducing the Smith pion value into our final weighted mean 

value for the rr-1.1. mass difference, we have 

+ m = 206. 9 ± 0. 2m . 
jJ. 0 

5. The Absolute Kinetic Energy of the Muon 

Assuming m = 0, we have from Eq. 9(a) 
v 

Run I: 

Run II: 

T - 4.126 ± 0.017 Mev 
0 

T = 4.117±0.023Mev 
0 

Mean : (T
0

) = 4. 123 ± 0. 016 Mev. 

If we now substitute the Smith positive -pion value into Eq. 9(b): 

along with the value for the mass ratio, one obtains another estimate 

for the kinetic energy. 

T = 4. 123 ± 0. 038 Mev. 
0 

One can also determine T
0 

from the usual relativistic energy­

momentum mass relation, Eq. 10, with no assumptions being made 

about the mass of the neutrino. For the best estimate of the mass of 

the muon we again use the Smith pion mass value and divide by the mass 

ratio, a. However, as in the case for m above, the Method of Least . v 
Squares leads to algebraic complications. The exact solution of this 

equation involves some rather lengthy calculations which appear to be 

unwarranted in view of the magnitudes of the s'tatistical probable errors. 

Therefore, for simplicity, a graphical method is once again used to 

eliminate the tedious algebra. In Fig. 15 a family of curves for differ­

ent values ofT is plotted as a function of the muon mass and the abso-
o 

lute decay momentum. The hatched region represents the area subtended 
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by probable errors in m and p . Although this is not a rigorous 
f.L 0 

mathematical treatment of the problem, one certainly obtains a good 

estimate of T . The following value is found: 
0 

T = 4.12±0.02Mev. 
0 

6. Supplementary Estimates of the Absolute Muon and Pion Masses 

If we again assume m = 0, from Eq. S(a) we have 
v 

Run I: m + = 207. 2 :1: 1. 2 m 
f.L 0 

Run II: m + = 206.6:1:1.4 m 
f.L 0 

Mean : ( mf.L +) = 207. 1 :1: 1. 1 m
0 

and from Eq. S{b) 

Mean : (mTr +)= 273. 5 ± 1. 2 m
0 

• 

V. CONCLUSIONS 

The chief limitation to the experiment and largest contributor to 

the various probable errors has been the inherent range straggling of 

the particles traversing the nuclear emulsion medium. 

The absolute positive pion value of 273.5 :1: 1. 2m derived here 
0 

through assuming m = 0 is in excellent agreement with the value of v . 
273.3 ± 0. 2m found in Paper II. Employing the pion value of Paper II 

0 

in conjunction with this study, one obtains m + = 206. 9 :1: 0. 4 m from 
f.L 0 

the Tr/f.L mass ratio with no assumptions regarding the mass of the neutral 

decay particle; on the other hand, if one assumes m = 0, then one gets 
v 

m + = 206.9 :1: 0. 2m from the calculated mass difference. Finally, 
f.L 0 . 

from the mass ratio and the mass difference alone, we obtain m + = 
f.L 

207~ 1 ± 1. 1 m , further indicating quantitatively that the assumed 
0 

decay scheme probably involves neutrino. 

Several theories of meson masses have been advanced in the past 

few years by different authors. Because present-day theoreticians have 

not come to any definite conclusions in their efforts to explain the mass 

spectrum and its role in the theory of nuclear forces, no attempt has 

been made to relate the results of this study with nuclear theory. 
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APPENDIX 

The Averaging Procedure and the Propagation of Errors 

The n/JJ. mass ratio a is determined solely from Run I with an 

uncertainty expressed by Eq. 4. The relative magnitudes fo the terms 

contributing to the total error in a are such that uncertainties intro­

duced by the a SZ and a qz terms are essentially negligible. · Ther~fore, 
in the following discussion, those terms which are functions of aS and 

a 
2 

will be omitted for the purpose of simplicity. 
q 

Unlike the value of a, all other experimental values are averaged 

over both Runs I and II. Since the individual means obtained from each 

of the runs are not completely independent of each other, the usual 

simple averaging procedure is no longer valid. It is therefore necessary 

to express all the pertinent equations of Sec. II Bin ter'ms of directly 

observable and independent paramenters. 

The following detailed analysis gives a sample of the procedure 

employed in obtaining final mean value.s for the,meson ma.sses and their 

related quantities. 

In Run I, the absolute momentum p is determined from the 
0 

relation: 

[ (R~ J 
1 [I + w:~~ q el - e lo 

(p r- + fJ. 
= 

(RlfJ.PJJ. -q) 
o I q 

In Run II, 

- (Ro') ~ [I e I I w'J -[a q~\Rt;P; -q)J 
lrr - e 1 

+ :rr (po)II + 0 

q 

{ 12) 

( 14) 

As the terms in e and w are quite small, they can be neglected in the 
q 

present discussion. The primed measurable quantities refer to Run II; 

the unprimed to Run I. It is to be noted in Eq. 14 that (p 
0

)II is a function 

of a, which has been determined from Run I. Since 

{2) 
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we may rewrite Eq. 14 as follows: 

(A. 1) 

We shall choose the calculation of the pion-muon mass difference to 

serve as a typical example of the general averaging procedure followed. 

2 2a. 
(m - m ) c = ~+ p c 1T jJ. 0.-t"l 0 

(7) 

For simplicity of notation, let A. = (m - m ) c
2

, IK ) = (R 1 p -q) and 
. 1T jJ. \1T 1T1T 

(KI-L) = ( R 11-l.PI-L -q )- Therefore, for Runs I and II, we may write Eq. 7 

in terms of observable quantities: 

+ l 

and 

(A. 2b) 

Differentiating, 'one obtains the following partial derivatives: 

Run I Run II 

a A.l A. I aA.II A.ll ( l+a.-qa.) 
t = = 

a (K1T) (l+a.)(l-q) (K1T) a (K 1T) q ( 1-q)(a.+l) (K1T) 

(A. 3) 

a A.I A. I aA.II A.ll (l+a.-qa.) 
= = 

a(KI-L) q ( 1-q)( l +a.) (1<1-L) a (KI-L) q ( 1-q)(a.+l)(KI-L) 
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Run I Run II 

a >--r >--r a >--n A.II 
= = 

a (R
0

) q(Ro) a(R'\ 
0/ q (R~) 

a >--r >--r a'X.n A. II (~ot?t id) 

= = 
aH H aH' H' 

where and 

respectively, introduced by uncertainties in the absolute values of the 

magnetic fields, H and H'. 

Let 

(A. 4) 

I 
I 

where A and { 1-A) represent the averaging weights of the two measure­

ments >-.1 and A.II, respectively. 

Differen~iating Eq. A. 4, substituting in the partial derivatives of 

Eq. A. 3, and assuming >-.
1

::::: A.II::::: (>--), one obtains 

~(A.) 
::::: !!.. (q-l){a.+l) + {l-q) a.+ 1] b. (Krr) 

(>--) q (1-q)(l+n) (Krr) 

1~+ {1-q) a. b. (KI-L) 1 -A b. (K~) 
+ 1-A . b. (R~) 

q(l-q)(l+a.) (K ) 
. 1-L 

q (K~) q (R~) 

( 1- A) (A. 5) 

If one now squares Eq. A. 5 and takes mean values, the various cross 

product terms average out to zero. Furthermore, if we now replace 

+ 



by the experimental variance 

2 
(J 

lT 
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and the other terms with their corresponding experiment2,1 variances, 

we can write: 

= A 
2 

(a+d) + {1-A)
2 

(b+c+e) + 

[_A (q-l)(a+l) + (1-q) a + 1]
2 

f + g (A. 6) 

where: 

and 

1 
a = ---z­

q 

1 
c = ~ 

q 

e ~( ":;,' J 
g = 

[l+(l-q)aJ
2 

2 2 2 
q (1-q) (a+ 1) 

b 

d 

f 

1 co ui • ) = -2-
I (;~)2 q 

= ( ~:: r 
1 ~n~<~~)} .. 2 2 2 

q ( 1 - q) (a + 1 ) 

( 
. u ~ 

2 

Z ) etc., now represent the mean square 
nlT' (KlT') 

percentage. errors or variances in the quantities (f<.lT), (KlT'), etc., of 

the individual plates, averaged together for each of the Runs. 
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Applying the Principle of Least Squares, one differentiates 

Eq. A. 6 with respect to A and sets the derivative equal to zero to 

find the minimum error in A. • Solving for A, on has 

A = 
b + c + e - ( q- 1 )(a.+ 1) {(1 -·q) a. + 1] f 

. . I 

2 
a+d+b+c+e+(q-1) (a.+l) f 

(A. 7) 

Having obtained this value for A, one then inserts it in Eq. A. 4 to give 

( x.)and in Eq. A. 6 to obtain ari estimate of the error. 
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FIGURE CAPTIONS 

Fig. l. The relation between the 1T andj.lmasses for various values 

of the neutral particle mass, m , as a function of the abso-
v 

lute decay momentum of the 1-l meson. This family of curves 

shows the extreme sensitivity of the derived neutrino mass to 

slight variations of the 1r/j.l mass ratio and the quantity p /m c. 
0 j.l 

Fig. 2. Plan view of the experimental arrangement (Run I) inside the 

vacuum tank of the cyclotron. Two typical pion and muon 

orbits are shown leaving the target and entering the emulsion 

detector. 

Fig. 3. Perspective view of the ,experimental apparatus of Run I. The 

target and detector assembly are rigidly mounted on a dural 

plate which is fixed in position on the proton probe cart. 

Fig. 4. Full-scale drawing of improved target holder of Run II. Back­

ground contamination at detector is reduced to zero. 

Fig. 5. Isometric full-scale sketch of plate holder. Fiducial slits 

were obtained by photographing a drawing of two sets of 

mutually perpendicular lines. The negative of this photo­

graph is glass -backed and is cemented to the inclined brass 

surface. The nuclear emulsion detector is fixed in place on 

top of the film negative with the aid of the phosphor bronze 

leaf springs. A latent image of the fiducial lines is formed 

in the emulsion just prior to exposure within the cyclotron. 

Fig. 6. Linear measurements of target-detector assembly taken during 

, Run I. The measurements were obtained with the aid of a 

lower power microscope attached to a micrometer traveling 

in a direction parallel to that of the Central Radial Line. 

Fig. 7. Absolute measurements of the cyclotron magnetic field taken 

with the nuclear fluxmeter. Note the change in slope in the 

neighborhood of 80 inches. 

Fig. 8. Distribution of ranges of j.l-completes: 558 events are taken 

from 12 plates and normalized to a mean range of 600 microns. 
2 

A normal curve fit to the experimental data gives ax -test 

significance level of :::: 0. 4. 
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Fig. 9. Range distributions of ~J.-completes from five different plates -

Run I. 

Fig. 1 0 . ., Pion normalized range distributions from the five plates of 

Run I. Note the small amount of background. Percentage 

variance slightly but not signigicantly lower than predicted 

value. (R 1'1T in units of microns and p'IT in gauss-mm.) 

Fig. 11. Muon normalized range distributions from five plates of Run I 

showing some contamination. Average percentage variance 

slightly higher than predicted value. 

in gauss -mm.) 

(R 1 in microns, p 
fJ. fJ. 

Fig. 12. Pion normalized range distributions from the three plates of 

Run II. Note the complete absence of any apparent background. 

Average percentage variance in agreement with prediction. 

( R 1 in microns, p in gauss-mm.) 
'IT 'IT 

Fig. 13. Range distributions of ~J.-completes from the three plates of 

Run II. 

Fig. 14. Graphical solution to estimate of neutrino mass from Eq. 6. 

This essentially is an enlarged plot of Fig. 1. The hatched 

region represents the area sub1.ended by the probable errors 

in the 'IT/fJ. mass ratio and the quantity p /m c. A probable 
0 'IT 

upper limit of 6-7 m is indicated. ( j3 = m /m ) 
0 v fJ. 

Fig. 15. Graphical solution to the value of the absolute decay kinetic 

energy of the muon from the relativistic relation, 

T 
0 

2 2 2 4 
= p c +m c 

0 fJ. 
2 

- m c 
fJ. 

The hatch region represents the area subtended by the sta­

tis tical probable errors in m and p . The family of curves 
fJ. 0 

indicates a value T = 4. 12 ± 0. 02 Mev. 
' 0 



TABLE I 

Summary of mean values of normalized ranges and mu-complete ranges _ 
Runs I and II 

Plate No. (R lTTP TT -q) n (J <Rl!J.P!J.-q) n (J 
(Ro) ·n uR TT TT jJ. jJ. 0 ·. jJ. 

X 10 20 (RlTTPTT"'q) X 1020 (R1 p -q) 
jJ. jJ. ' 

(Ro) 

Run I 25957 69 . .82 ±0 .. .34 31 3.9 ±0.3o/o n9.ll±Lo6 27 5.9 ±0.6o/o 596.2±2.8 39 4.4 ±0.3o/o 

25958 69.37 ±0.24 49 3.5 ±0.2 137.92±0.79 46 5.7±0.4 595.3 ±2.3 77 4 .. 9 ±0.3 

25959 70.85 ±0.25 50 3.6 ±0.2 140.19±0.62 38 4.1 ±0.3 593.5 ±2.4 56 4.4 ±0.3 

25961 70.68 ±0.31 51 4.4±0.3 139.49 ±0.69 30 4.0±0.3 597.6 ±2.5 50 4.3 ±0.3 

25967 70.37 ::1:0.22. 52 3.5 ±0.2 136.24±0.98 20 4.8::1:0.5 598.7±3.1 53 5.6 ±0.4. 

Run II 2.8848 70.84±0.22 69 3.8±0.2 599.0 ±2.8 26 3.6±0.3 

28849 72.48 ±0_22 71 3. 7 ±0.2 605.6±3.3 31 4.6±0.4 

28853 70.74 ± 0.24 78 4.5 ±0.2 593.4±3.1 32 4.5±0.4 

R 1 , R 1 , and R in units of microns 
TT jJ. 0 

p .and p in units of gauss-mm 
TT jJ. 

uR is the observed straggling of the mu-completes, uncorrected fqr the "staying-in" probability 
' jJ. 

of the tracks (see Sec. VA, Paper II) 

All errors quoted are statistical probable errors 

I 
I,N 
1.11 
I 

c:: 
() 
!X1 
1:"' 
I 
N 
1.11 
0 
I,N 
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TABLE II 

Summary of calculation of pi-mu mass ratio 

Probable error 
Plate No. a.' a. (p.e.)ina 

25957 1. 326 4 1. 3258 ± 0. 0049 

25958 1. 3253 1. 3265 ±0.0036 

25959 1.3227 1. 3205 ± 0. 0030 

25961 1. 3213 1.3220 ±0.0036 

25967 1.3110 1. 307 9 ± 0. 0043 

a' = apparent mass ratio 

a. = mass ratio corrected for finite target-detector 

and Lewis effects 

Weighted Mean: a= 1.321 ±0.002 

Probable Error Internal Consistency = ± 0. 001 7 

Probable Error - External Consistency= ± 0. 002 0 
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TABLE III 

Summary of calculations of absolute decay momentum 

Run 
Po' Po Statistical p. e.* 

Plate No. x lo-5 X 10- 5 inp
0

xlo-5 

I 25957 9.946 9.954 ± 0. 026 

25958 9.967 9.961 ± o. 020 

25959 9. 911 9.930 ±0.017 

25961 9.945 9.943 ± 0. 019 

25967 10.019 10.046 ± 0. 026 

II 28848 9.947 9.948 ±0.016 

28849 9.913 9.912 ±0.018 

28853 9.924 9.924 ±0.018 

* Does not include uncertainty in absolute value of magnetic field 

p 0 ' = apparent value of absolute decay momentum in gauss -mm 

p 0 = value of absolute decay momentum corrected for finite target­

detector and Lewis effects 

Run I: Weighted Mean = 9. 958 x 10
5 

gauss-mm 

Statistical Probaple ErroJr .... Internal Consistency = ± 0.009 x 10
5 

Statistical Probable Error- External Consistency=±O.Oll x 10
5 

(p
0

)
1 

= 29.85 ±0.05 Mev/c (including uncertainty in absolute magnetic field) 

Run !I: Weighted Mean= 9.929 x 10
5 

gauss-mm 
5 

Statistical Probable Error- Internal Consistency = ±0.010 x 10 

Statistical Probable Error- External Consistency= ±0.007 x 10
5 

<P.) - 29.77 Mev/c (including uncertainty in absolute magnetic field) o II -
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