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Abstract

The eigenvalues A and the eigenfunctions:¢ri_of the

2
Hilbert'operator have been evaluated as part of a technique
for solving Boltzmann's equation for a gas modeltconsisting
of rigid'spheres.' The eigenfunctions are représented by

the expahsion_

- S
oy = P* P, (cos0) D a1 p2),
) k:o N

where L-denotes the Laguerre polynomials and P the Legendre

polynomialsL; The eigenvalues')\r and the corresponding

L

coefficients a_,, are given for 2 = 0,1,...,11; r = 0,1,...,56;

and k = 0,1,...,29.



I. Introduction

Bolemahh's equafion describes the~evolution'0f the particle
distribution function f = f(z)g)t), where‘§_is_the position
vector, g.is the velocity vector, and t is time. In the case
6f a gaé;mddel-conéisting of rigid spheres of diaméter o and

in the absense of external forces it takes the form

H

Qf

Y 2/ - o
st @RI = 5[ [ Vel (1] - ££) dw du, (@

wheré ' 51 - u, and the primes refer to_molecuies which enter
the element of volume after collision. -

In solving Boltzmann's equation by means of Hi1bert's
expansion (sée.{3] and [7]) retaining only the first two terms,

Boltzmann's equation reduces to the Boltzmann-Hilbert integral

equation
G

g% p T

where
- 3
£ = £0(L+4¢), £ = o(2RD)

: : 2 P s DTN 2
M(p) = 1+ (2p+ %9 P J/; e ? dz, w = 2945sine,_

)

oA p2 . e i ,
(2R (e M) e 2% o) + ff¢(1>_1) ¢ Pt ® - %ewz) dp; (2)

._p.zv . ~ o »
e”, p = ul@RD *  (3)

0)



o denotes the density, T the témperature, R is"phévuniversal
gas constant, R = |p; - p|, and o denotes the angie betwéen
E!and El;"Sﬁccessuve terms in the Hilbert expansion are
obtained_by,solving the same integral equation with a
different source term. |

Letvw(é) = e-PzM(p)% ¢(p), then equation (2) may be

written in_the form

L 'é v » _ B ,
I TSR SRR PR
= w(E + % K (P, T
where

K,p1) = (R - %é“’z) M(p) M'(pl)]

-1
z

. (©)

and:§<; denotes the Hilbert operator. See [6] and [7].

II. Eigenvalues and Eigenfunctions .
The.eigénvalues and eigenfunctions of the iineérized
Boltzmannvcdllision operator for a MaxWellian'gas have been
exfensively studied by Burnett [2] and [Sj , Mott;Smith (51 ,

and Wang-Chang‘and Uhlenbeck [8]. It has been shown. that the



"~ is a normalization factor with reépect to the weight e © .

GO U445 U1 825

eigenfunctions are

o C ) = N._. P (coss) 2 L2+%( 2) )
Pra 'R re % Prby TP
‘where
1%
N e ey
i mn (R +1+ %)

pz»

(7)

Wé'detennine the eigenvalues A and the-eigenfunctions wil

satisfying the integral equatién
. Py -
g ® 7 T [KRR) v, @) dpae

The integral.equation (8) will be solved usihg a method
introduced bvaang-Chang and Uhlenbeck [8] also‘bY}Pekeris,
et al [6];_ékpahd the eigenfunctions wrz in terms of the

eigenfunctions (7) for a Maxwellian mblecule:
.- -n2 Log - o+l :
b, @ = P lcose) e Mp)Tp*t > a L),

Upon substitution of (9) into (8) we obtain for each & a

generalizediéigenvaluevproblem

(8)

(9

(10)



where the matrices A* and B are negative and poéitive definite

respec?ively, g% ='(ar£k)' See [6] and [7]. Equation (10)

is solvediuéing the implicit QL algorithm. See Iéj;
It'isvbbserved that the off diagonal elements. of Ag_and

B decay so:rapidly that, for the expansion (Qi, g%-shoUld

be of Order 30 x 1. Although A_2 and B* may beyqf order N x N

where N 5'30 (to obtain A, for r >30) only the'first 30

components of each eigenvector g? need be retainedfas coefficients

of the eXﬁahSion (9).

These éigenvalues A, and coefficients a_,, are listed

£
is Table 1 for & = 0,1,...,11; r = 0,1,...,56; and k = 0,1,...,29.

This greatiy expands the table given by Pekeris et al [1].
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Table 1

Eigenvalues Arg and coefficients of the expansion a1 in

equation (9) for the eigenfunctions of the Hilbért»operator.
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LEGAL NOTICE=

This report was prepared as an account of work sponsored by the
United States Goverriment. Neither the United States nor the United
States Energy Research and Development Administration, nor any of
their employees, nor any of ‘their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
. or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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