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Abstract

Verifiable Cyber-Physical Systems: Building Engineering Models for Deterministic and
Predictable Concurrent Execution

by

Shaokai Lin

Doctor of Philosophy in Computer Science

University of California, Berkeley

Professor Edward A. Lee, Co-Chair

Professor Sanjit A. Seshia, Co-Chair

Cyber-physical systems (CPS) are increasingly deployed in safety-critical domains such as
autonomous vehicles, avionics, and industrial automation, yet today’s toolchains rarely con-
nect correctness, timing analysis, and implementation in one coherent workflow. Classical
timing analysis does not directly support the notion of logical time, the abstraction used
by deterministic CPS coordination languages; most formal verification tools do not analyze
CPS engineering models directly and remain labor-intensive to apply; and hard real-time
guarantees often depend on schedules crafted by hand, which is slow and error-prone. Can
we design a toolchain that closes all three gaps in a unified workflow?

This thesis develops an affirmative answer through a suite of design-time analysis, formal
verification, and scheduling techniques for cyber-physical systems, built on the reactor model
of computation and the Lingua Franca coordination language.

The contributions are:

• A system-level timing and trade-off analysis framework that extends the CAL
theorem (consistency, availability, latency) to the reactor model and supports dynamic
execution traces. A central proposition expresses each reaction’s physical firing time
as a max-plus linear recurrence over a system matrix whose eigenvalue identifies the
critical path of a distributed program, enabling principled derivation of decentralized
coordination parameters in place of manual hand-tuning.

• A perspective on engineering and scientific modeling in formal verification.
Formal verification reasons only about formal models, so one must distinguish which
parts of a model specify intended behavior (engineering models) from which parts
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approximate implementations or environments (scientific models), and interpret verifi-
cation results accordingly. The two roles should not be conflated without keeping that
distinction clear. We demonstrate this perspective through an encoding of Lingua
Franca’s deterministic semantics in Timed Rebeca, and argue that TR’s timing
features are better suited to engineering modeling than to scientific modeling.

• The LF Verifier, the first fully automated verifier for Lingua Franca
programs, which encodes reactor systems’ behavior as axiomatic models sound for
all valid runtime implementations, computes bounded model checking completeness
thresholds, and automatically translates C reaction bodies into Uclid5 axioms. On a
benchmark suite of 22 programs, it correctly verifies 21 fully automatically.

• State Space Finite Automata (SSFA), a unified formalism for quasi-static
scheduling of deterministic timed concurrent models, subsuming synchronous dataflow,
Boolean-controlled dataflow, scenario-aware dataflow, and logical execution time. In-
tegrated into the Lingua Franca compiler and executed by the PretVM run-
time, quasi-statically scheduled programs reduce average runtime overhead by 9×
over dynamic scheduling while providing anomaly-free timing and analyzable worst-
case makespan without requiring per-step worst-case execution times. An integration
with Mocasin further enables compile-time design space exploration over time–energy
trade-offs on heterogeneous platforms.

• A modernized implementation of GameTime, a timing analysis tool that com-
bines game-theoretic online learning and systematic testing using satisfiability modulo
theories (SMT) solvers. GameTime can estimate worst-case execution times of reac-
tion bodies as well as answer other timing analysis questions. Rebuilt on LLVM and
KLEE and supporting cycle-accurate emulation on FlexPRET, it supplies timing es-
timates for sequential programs consumed by the system-level and quasi-static analyses
above, closing the loop between design-time reasoning and the actual execution-time
behavior of generated code.

These contributions form a toolchain that connects analyzable CPS models, automated ver-
ification at the engineering level, and quasi-static scheduling into deterministic, verifiably
correct, high-performing implementations.
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Chapter 1

Introduction

“Scientific revolutions are here taken to be those non-cumulative developmental
episodes in which an older paradigm is replaced in whole or in part by an incom-
patible new one.”

—Thomas S. Kuhn, The Structure of Scientific Revolutions, 1962.

Humans went to the moon again. After five decades, NASA’s Artemis II mission [144]
successfully completed a lunar flyby, sending humans farther than ever before and letting
us on Earth see the far side of the Moon in 4K. This is a truly exciting time. Compared
to Apollo, the software of Artemis has grown tremendously in complexity; because software
controls almost all aspects of the Orion spacecraft (thermal, power, etc.), mechanical fall-
backs of the Apollo era are no longer an option [95]. To me, Artemis represents the class
of systems that intrigue me most: systems that integrate digital computations (the cyber
world) with physical processes (the physical world)—Cyber-Physical Systems (CPS) [116].
Artemis aside, emerging CPS applications such as SpaceX’s Starship, Waymo’s self-driving
cars, and Figure’s humanoid robots together paint an enthralling future for our society.

Building cyber-physical systems well requires reasoning about correctness, timing, and
deadlines together. A controller must compute the right value, at the right logical instant,
and early enough for the physical world to use it. Today’s toolchain falls short on all three
dimensions:

1. Classical timing analysis does not directly support the notion of logical time, a timing
abstraction for computational models that supports deterministic computation.

2. Most formal verification tools do not directly verify CPS engineering models and often
require laborious manual effort.

3. Hard real-time guarantees often require manually crafting real-time schedules, a time-
consuming and error-prone process.
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schedules (Ch.5)
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Iterate on analyses
Iterate if verification fails

Iterate if scheduling fails

Figure 1.1: An overview of the framework proposed in this thesis.

This thesis explores the question: Can we design a toolchain that closes all three
gaps in a unified workflow? The answer developed in this thesis is a framework of
abstractions and tools for iterative enhancement across analysis, verification, and schedul-
ing, yielding deterministic, verifiably correct, and high-performing CPS implementations.
To pursue this vision, we explore research problems around three main themes, shown in
Figure 1.1:

1. system-level timing analysis for logical-time systems,

2. automated verification of CPS engineering models, and

3. a quasi-static scheduling technique with hard real-time guarantees.

We are advancing this vision by building upon the Lingua Franca language as an analyz-
able engineering abstraction, extending the CAL theorem into a framework for system-level
timing and trade-off analysis, developing automated verification for reactor-based CPS mod-
els, and introducing the State Space Finite Automata formalism for quasi-static scheduling.

1.1 Motivation

Timing Analysis for Logical-Time Systems

Modern CPS coordination languages such as Lingua Franca (LF) [128] use logical time
to express causal structure, simultaneity, timers, and interaction with asynchronous physical
events. Two timelines are at play in such models: a logical timeline that specifies when events
are intended to occur, and a physical timeline that records when they actually occur during
execution. The language relates the two by letting engineers specify how much deviation
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from logical time is tolerable before an execution is considered faulty. The resulting model
says not only how long computation may take, but also in what order events are allowed
to be processed, which reactions are simultaneous, and which outputs are timely enough
to be meaningful. Timing analysis for real-time software traditionally begins with tasks,
execution-time bounds, and physical deadlines. These ingredients remain necessary, but
they are insufficient for modern coordination languages like LF because such analysis reasons
about the physical timeline alone. Can timing analysis be extended to include logical time, so
that modern logical-time-based engineering models can be rigorously analyzed at design time?
In this thesis, we focus on Lingua Franca (LF), an open-source1 coordination language
for CPS, and extend LF’s analytical capabilities on system-level timing and on the timing
analysis of sequential programs, to ensure the timing correctness of the CPS engineering
model before code generation.

This logical-time abstraction makes it possible to ask timing questions at the level of the
CPS model itself. In distributed CPS, one such question is how coordination delays affect the
trade-off between consistency, availability, and latency. The famous CAP theorem [25] states
that any networked shared-data system can only obtain two of the three fundamental prop-
erties: consistency, availability, and partition tolerance. Can we quantify the exact amount
of trade-offs among these properties our engineering model entails? We pursue this goal
by building on the CAL theorem [109, 112, 113] (consistency, availability, latency), where
latency quantifies the degree of partition tolerance. Our proposed framework establishes a
dynamic algebraic relationship between the three properties over an execution trace, enabling
practical system-level timing and trade-off analysis in CPS engineering models (Chapter 2).
Besides reasoning about trade-offs, ensuring timing correctness is critical as CPS operate in
real-time with the physical environment. Can we compute model-level timing properties such
as hyperperiods, anomaly freedom, and worst-case makespan directly from CPS engineering
models? At the same time, model-level timing analysis ultimately depends on how long the
target-language procedures inside reactions may take. Can we estimate worst-case execu-
tion times of sequential programs in a way that feeds back into system-level timing analysis?
Toward these aims, we develop analytical tools to reason about crucial properties such as
systems’ hyperperiods, conditions for anomaly-free timing, linear-time worst-case makespan
analysis, and worst-case execution time estimates for sequential programs (Chapter 5 and
Chapter 6). These techniques have built-in tooling support in the Lingua Franca language
and can generalize across a wide range of models of computation.

Automated Formal Verification of CPS Engineering Models

For CPS applications that are safety-critical, it is crucial to ensure that high-level speci-
fications correctly align with the engineer’s intent. Formal methods have matured as an
effective technique to thoroughly detect errors in system designs. Can we seamlessly inte-
grate formal methods into CPS engineering by automatically verifying engineering models?

1Project website: www.lf-lang.org
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A second, equally important challenge is that real-life CPS applications often have reaction
bodies written in languages such as C, which typically require manual translation into a for-
mal language for verification. This manual effort is often the bottleneck to formal methods’
usability. Can programs be automatically formalized to facilitate an automated verification
workflow? To answer both questions, we lead the development of the LF Verifier [122]
(Chapter 4), which encodes an LF program together with a Metric Temporal Logic (MTL)
property as a semantically equivalent axiomatic model and discharges the resulting verifica-
tion obligation to the Uclid5 formal modeling and verification system [171, 152, 184]. The
LF Verifier further automates the translation of C reaction bodies into Uclid5 axioms,
yielding the first end-to-end automated verifier for reactor systems.

Quasi-Static Scheduling with Hard Real-Time Guarantees

After a CPS engineering model is analyzed and verified, the next key challenge is producing
an implementation that preserves its timing and correctness properties. For hard real-time
systems, this step has often depended on hand-crafted schedules: experts translate a model
into a predictable execution order, then tune that schedule against platform-specific timing
constraints. This practice can produce excellent systems, but it does not scale to rapid it-
eration or provide a systematic link from model-level guarantees to executable code. Can
schedules be synthesized directly from the model, so that hard real-time implementations are
predictable by construction? Our work addresses this gap through correct-by-construction
refinement that compiles verified models into implementations with guarantees enforced stat-
ically. Specifically, we develop quasi-static scheduling techniques that derive real-time sched-
ules directly from CPS engineering models. The State Space Finite Automata (SSFA) formal-
ism (Section 5.3) unifies scheduling across a range of deterministic timed concurrent models
of computation and ensures analyzable timing without requiring worst-case execution times
at every step. Scheduled SSFA programs are lowered to an instruction-level intermediate rep-
resentation interpreted at runtime by PretVM (Section 5.4), a lean virtual machine layer
that executes quasi-static schedules with analyzable worst-case execution time (WCET). An
integration with Mocasin (Section 5.6) further enables compile-time schedules that explore
time–energy trade-offs on heterogeneous platforms. WCET bounds for sequential programs
for individual reaction bodies, which the scheduling framework consumes, are produced by
a modernized implementation of GameTime (Chapter 6), a timing analysis tool based on
machine learning from measurements for tests generated by SMT-based analysis, built on
top of LLVM and KLEE [32] and supporting cycle-accurate emulation on FlexPRET [197]
as one of its backends.

1.2 Background
Because the analyses in this thesis are built around Lingua Franca (LF), we first introduce
the core LF concepts through a small program. LF is a coordination language: it describes
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1 target C
2

3 reactor A {
4 state s:int = 0
5 // offset = 0, period = 1s
6 timer t(0, 1s)
7 reaction(t) {=
8 /* C code here */
9 self->s++;

10 =}
11 }
12

13 main reactor {
14 a = new A()
15 }

Tutorial

A

(0, 1 s)

Figure 1.2: A minimal LF program with one reactor, one state variable, one periodic timer,
and one reaction.

how stateful components interact in logical time, while allowing the computation inside those
components to be written in an ordinary programming language. The program in Figure 1.2
targets C, so the body of its reaction contains C code.

The fundamental component in LF is a reactor. A reactor is a stateful container with a
well-defined interface and a set of message handlers, called reactions. In this example, line 3
declares reactor A, and line 4 gives it one state variable, s, initialized to zero. The state
belongs to the reactor instance and persists across reaction invocations.

The declaration timer t(0, 1s) on line 6 creates a periodic logical-time event source.
Its first event has offset zero, and subsequent events occur every one second of logical time.
The reaction reaction(t) on line 7 is triggered by this timer: whenever t produces an
event, the reaction body executes. Because the program targets C on line 1, the code
between {= and =} is C code; here, line 9 increments the reactor’s state variable. More
generally, reactions can be triggered by timers, input ports, actions, or other events, and
their bodies can use the target language selected by the program.

An LF program also needs a main reactor, declared on line 13, which defines the top-level
composition to execute. The main reactor in Figure 1.2 creates one instance of reactor A on
line 14. Although this program has no connections yet, it already illustrates the basic LF
structure used throughout the thesis: reactors encapsulate state, triggers determine when
reactions run, and target-language code implements the local computation.

We can extend the example with an asynchronous event source and an output port, as
shown in Figure 1.3. The declaration on line 12 introduces a physical action, which repre-
sents an asynchronous event from the physical environment. Unlike the timer, whose events
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1 target C
2

3 reactor A {
4 state s:int = 0
5 // offset = 0, period = 1s
6 timer t(0, 1s)
7 reaction(t) {=
8 /* C code here */
9 self->s++;

10 =}
11 // asynchronous event
12 physical action a
13 output out:int
14 reaction(a) -> out {=
15 /* C code here */
16 lf_set(out, self->s);
17 =}
18 }
19

20 main reactor {
21 a = new A()
22 }

Tutorial2

A

(0, 1 s)

1

2P
out

Figure 1.3: The same reactor augmented with a physical action, an output port, and a
second reaction.

are generated periodically in logical time, a physical action can be triggered by something
external to the LF program, such as an interrupt, a sensor callback, or another runtime event
source. The declaration on line 13 introduces an output port, through which the reactor can
publish values to other reactors. The second reaction, declared on line 14, is triggered by the
physical action a and has permission to write to the output port out, indicated by -> out.
Inside the C reaction body, line 16 uses the LF API lf_set to set the value of the output
port to the current state s.

The two reactions in Figure 1.3 also illustrate reaction ordering within a reactor. The
timer-triggered reaction on line 7 updates s, and the physical-action-triggered reaction on
line 14 reads s and writes it to out. Because the second reaction depends on the state
possibly updated by the first, LF orders the two reactions deterministically when both are
triggered at the same logical tag: reaction 1 executes before reaction 2.

Finally, we can add a second reactor and connect the two reactors, as shown in Figure 1.4.
Line 19 declares another reactor, B. Its input port, declared on line 20, receives integer values
from other reactors. The reaction on line 21 is triggered when a message is present on that
input port. Inside the C reaction body, line 23 reads the input value through in->value and
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Tutorial3

A

(0, 1 s)

1

2P
out

B
in

1 target C
2

3 reactor A {
4 state s:int = 0
5 // offset = 0, period = 1s
6 timer t(0, 1s)
7 reaction(t) {=
8 /* C code here */
9 self->s++;

10 =}
11 // asynchronous event
12 physical action a
13 output out:int
14 reaction(a) -> out {=
15 /* C code here */
16 lf_set(out, self->s);
17 =}
18 }

19 reactor B {
20 input in:int
21 reaction(in) {=
22 /* C code here */
23 printf("%d\n", in->value);
24 =}
25 }
26

27 main reactor {
28 a = new A()
29 b = new B()
30 a.out -> b.in
31 }

Figure 1.4: A two-reactor LF program with a zero-delay connection from A.out to B.in.

prints it. The main reactor now creates two reactor instances: one instance of A on line 28
and one instance of B on line 29. The connection statement on line 30 connects the output
port out of A to the input port in of B. Because the connection has no delay annotation,
it is a zero-delay connection: when A produces a message on out, reactor B receives that
message at the same logical tag on in.

The above example provides a basic introduction to the Lingua Franca language and
the reactor model. In subsequent chapters, more details will be introduced where they
become relevant.
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1.3 Contributions
This thesis makes contributions across design-time analysis, formal verification, and correct-
by-construction refinement of cyber-physical systems. The contributions are as follows.

The first contribution is a system-level timing analysis framework tailored to the reactor
model of computation and the Lingua Franca coordination language (Chapter 2). The
technical core is a central proposition that expresses the physical firing time of every reaction
as a max-plus linear recurrence over a structured system matrix whose entries encode the
causal, dataflow, and timing constraints of a federated Lingua Franca program. A factor-
ization of this matrix exposes the trade-off between consistency, availability, and latency at
every reaction, revealing which incoming dependency is the binding constraint on its firing
time and quantifying the consistency one would have to relinquish to recover availability.
The eigenvalue of the system matrix characterizes the critical path of a distributed reactor
program, identifying the dominant feedback loop whose cycle weight governs steady-state
throughput. We demonstrate through case studies that the framework enables systematic
derivation of maxwait parameters (safe-to-advance and safe-to-assume-absent offsets) for de-
centralized coordination directly from trace data, replacing conservative hand-tuning with
principled, measurement-driven values.

The second contribution is a philosophy and methodology for formal verification of CPS
models that keeps engineering modeling and scientific modeling distinct (Chapter 3). Engi-
neering models are specifications of correct behavior; scientific models approximate physical
implementations and environments. Because formal verification reasons about formal mod-
els, it is important to identify which aspects of a model play which role and not to conflate
the two roles without keeping that distinction clear. We observe that models used in prac-
tice sometimes mix these roles and that such conflation can compromise the trustworthiness
of verification results. We demonstrate this perspective concretely by showing how Timed
Rebeca, extended with global priorities for message handlers, can faithfully encode the de-
terministic reaction ordering of Lingua Franca programs, thereby enabling model checking
of safety properties that hold under the Lingua Franca semantics regardless of physical
execution times and network delays.

The third contribution is the LF Verifier, the first fully automated verifier for reactor
systems (Chapter 4). The LF Verifier defines a verification problem of checking Safety
Metric Temporal Logic (Safety MTL) formulas for Lingua Franca programs and encodes
the execution of an LF program as an axiomatic model rather than an operational one. Be-
cause axiomatic models specify behavior based on the Lingua Franca semantics directly,
they are sound with respect to all valid runtime implementations that correctly implement
those semantics. The chapter further presents an algorithm that computes an upper bound
on the bounded model checking completeness threshold given an LF program and a Safety
MTL property, and develops an automatic translation of C reaction bodies into Uclid5
axioms. The resulting tool is embedded in the Lingua Franca compiler: the user need
only add @property annotations to an LF program, and the verifier automatically generates
the Uclid5 model, invokes the Z3 solver, and reports the result. An evaluation on a bench-
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mark suite of 22 programs sampled from real-life applications shows that the LF Verifier
correctly checks 21 out of 22 programs fully automatically.

The fourth contribution is the State Space Finite Automata (SSFA) formalism and the
first unified approach to quasi-static scheduling for deterministic timed concurrent models
(Chapter 5). SSFA serves as an intermediate representation that bridges the gap between
high-level models of computation and low-level executable schedules. We identify a class of
models called deterministic, timed, concurrent models (DTCMs) to which the SSFA-based
methodology applies, unifying scheduling techniques previously developed in isolation for
synchronous dataflow, Boolean-controlled dataflow, scenario-aware dataflow, and logical ex-
ecution time. The framework provides anomaly-free timing guarantees without requiring
worst-case execution times and enables analyzable worst-case makespan at compile time.
We integrate the approach into the Lingua Franca compiler, where quasi-statically sched-
uled programs reduce average runtime overhead by 9× compared to dynamically scheduled
programs. Additionally, we extend the framework with design space exploration for hetero-
geneous platforms through an integration with Mocasin, enabling compile-time schedules
that encode user-specified trade-offs between execution time and energy consumption.

The fifth contribution is a modernized implementation of GameTime [168, 169, 170], a
measurement-based timing analysis tool that estimates worst-case execution times (WCETs)
of sequential programs using basis-path methods (Chapter 6). The original GameTime re-
lied on the now-discontinued CIL and Microsoft Phoenix compiler front-ends, limiting it to C
programs. We re-implement GameTime on top of LLVM and Clang, replacing the custom
symbolic execution engine with KLEE [32] for path feasibility checking. The new imple-
mentation introduces a condition-variable instrumentation scheme that constrains KLEE
to explore a single target path, enabling precise feasibility verdicts and concrete test-input
generation directly from LLVM IR bitcode. The resulting tool can, in principle, analyze
any program that compiles to LLVM IR and supports multiple measurement backends, in-
cluding cycle-accurate emulation on FlexPRET. We demonstrate how GameTime supplies
WCET estimates for sequential programs consumed by the system-level timing analysis of
Chapter 2 and the quasi-static scheduling framework of Chapter 5, closing the loop between
system-level timing analysis and the actual execution-time behavior of generated code.

1.4 Outline
The remainder of this thesis is organized as follows.

Chapter 2 presents a system-level timing analysis framework that refines the original
CAL theorem to the reactor model of computation. We formalize the trade-off between
consistency, availability, and latency at the granularity of individual reaction firings, state a
central proposition that expresses firing times as a max-plus linear recurrence, and show how
the resulting precision enables the derivation of execution policies for distributed coordination
in Lingua Franca. This chapter is joint work with Edward A. Lee.
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Chapter 3 develops the philosophical and technical foundations for verifying CPS engi-
neering models. We distinguish engineering models from scientific models, argue that the
two styles should not be conflated without a principled separation, and explain how verifi-
cation conclusions depend on which role each part of a formal model plays. We demonstrate
this perspective concretely through an encoding of Lingua Franca’s timing semantics in
Timed Rebeca. This chapter draws from and expands on previously published work titled
“Verify Engineering Models, not Scientific Models” [120], co-authored with Edward A. Lee.

Chapter 4 presents the LF Verifier, the first fully automated verifier for Lingua
Franca programs. The chapter develops axiomatic models that encode LF program be-
havior at the semantics level, defines a completeness threshold algorithm for bounded model
checking, and describes the automatic translation of C reaction bodies into formal axioms.
This chapter draws from and expands on previously published work titled “Towards Building
Verifiable CPS using Lingua Franca” [122] co-authored with Yatin A Manerkar, Marten
Lohstroh, Elizabeth Polgreen, Sheng-Jung Yu, Chadlia Jerad, Edward A. Lee, and Sanjit A.
Seshia.

Chapter 5 introduces the State Space Finite Automata formalism and the unified quasi-
static scheduling framework. We define the class of deterministic timed concurrent models
to which the approach applies, establish key properties including anomaly-free timing and
analyzable worst-case makespan, evaluate the approach through benchmarks and a satellite
attitude controller case study, and extend it with design space exploration for heterogeneous
platforms via Mocasin. This chapter draws from and expands on previously published
work titled “Quasi-Static Scheduling for Deterministic Timed Concurrent Models on Multi-
Core Hardware,” co-authored with Erling Jellum, Mirco Theile, Tassilo Tanneberger, Binqi
Sun, Chadlia Jerad, Yimo Xu, Guangyu Feng, Magnus Mæhlum, Jian-Jia Chen, Martin
Schoeberl, Linh Thi Xuan Phan, Jeronimo Castrillon, Sanjit A. Seshia, and Edward A. Lee,
as well as “Navigating Time and Energy Trade-offs in Reactive Heterogeneous Systems,” co-
authored with Tassilo Tanneberger, Jiahong Bi, Guangyu Feng, Yimo Xu, Julian Robledo,
Robert Khasanov, and Jeronimo Castrillon.

Chapter 6 presents GameTime, a measurement-based timing analysis tool that uses
basis-path methods to estimate worst-case execution times without requiring detailed hard-
ware models. We describe the modernized LLVM-based implementation and show how
GameTime supplies timing estimates for sequential programs consumed by the analyses in
earlier chapters. This chapter is joint work with Haron Benfaida, Abdalla Mahgoub Eltayeb,
Colin Cai, Andrew Zhang, Edward A. Lee, and Sanjit A. Seshia.

Finally, the last chapter concludes the thesis with a discussion of future directions, includ-
ing automating the proposed framework in Figure 1.1 with tool-using AI, extending trade-off
and timing analyses, and generalizing to new domains such as the Robot Operating System,
time-predictable networks, and deterministic machine learning.
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Chapter 2

System-Level Timing Analysis for
Engineering Models

“In a distributed system, it is sometimes impossible to say that one of two events
occurred first.”

—Leslie Lamport, “Time, Clocks, and the Ordering of Events in a Distributed
System,” 1978.

Distributed cyber-physical systems are notoriously difficult to design correctly. A sensor
reading on one node must be processed and acted upon at another node within a bounded
physical time, yet the designer faces a web of interacting delays: execution times that vary
with input data and platform load, network latencies that fluctuate with traffic and routing,
and clock synchronization errors that shift the very notion of “now” across nodes. Without
a principled framework, the only recourse is conservative over-provisioning or, worse, trial-
and-error tuning that breaks silently when operating conditions change.

The CAL theorem [112, 109], where C stands for consistency, A for availability, and L for
latency, provides such a framework. It replaces the qualitative, all-or-nothing perspective of
Brewer’s CAP theorem [26, 62] (consistency, availability, partition tolerance) with a quanti-
tative relationship: for every link in a distributed system, the unavailability (physical-time
delay before a node processes an event) is bounded by the apparent network latency minus
the inconsistency (logical-time skew) that the designer is willing to tolerate. By expressing
this relationship as a linear equation in the max-plus algebra, the CAL theorem turns a
long-standing piece of distributed-systems folklore into a design-time calculus for distributed
real-time systems.

This chapter refines the original CAL theorem into a version tailored for the reactor
model. Whereas the original CAL theorem algebraically relates worst-case bounds on con-
sistency, availability, and latency that must hold across an entire execution, the framework
developed in this chapter operates at the granularity of individual reactions and models
their exact physical firing times along a specific execution trace. Each reaction’s firing time
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is expressed as a max-plus linear function of input tags, timestamps, measured execution
times, and measured network latencies, which collapses the pessimism inherent in worst-case
bounds and lifts the CAL relation from a system-wide inequality to a per-reaction equality.

Challenges. The original CAL theorem reasons about fundamental bounds that hold
across an entire execution. Because it takes worst-case values for execution times, net-
work latencies, and clock errors, the resulting bounds are necessarily pessimistic: they must
account for the worst combination of delays that could ever arise, even if that combination
rarely or never occurs in practice. This pessimism has two concrete consequences. First, it
prevents the theorem from making use of the detailed, per-event execution traces that are
routinely collected from running systems; since the traces contain exact timing data, not
worst-case envelopes, the original theorem has little to say about them. Second, it forecloses
analyses that exploit structure in the timing data, such as correlations between successive
execution times or periodic patterns in network latency, because every quantity is collapsed
to a single supremum.

Our approach. Our framework addresses both limitations. By accepting exact, per-event
timing data as input, it can analyze recorded traces to explain observed behavior (e.g., why
a particular reaction fired late) and can incorporate richer timing models (e.g., execution
times drawn from a distribution or measured profile) to make precise predictions about
future behavior. The resulting max-plus linear recurrence admits closed-form analysis: the
Kleene star of the system’s delay matrix yields the processing offsets needed for decentralized
coordination (Section 2.6), and the max-plus eigenvalue of the system matrix identifies the
critical path that limits throughput (Section 2.4). These quantities directly determine the
maxwait parameters used by Lingua Franca’s decentralized coordinator, turning algebraic
analysis into executable configuration.

2.1 Related Work
The framework developed in this chapter sits at the intersection of several long-standing
research threads: the quantification of fundamental trade-offs in distributed systems, the
separation of logical and physical time in cyber-physical system design, and the use of max-
plus algebra to analyze timed discrete-event systems. We review each in turn and position
our framework with respect to them.

The CAP theorem and its quantifications. Brewer’s CAP conjecture [26], formal-
ized by Gilbert and Lynch [62], states that a networked shared-data system can provide
at most two of consistency, availability, and partition tolerance. In a 2012 retrospective,
Brewer [25] clarified that partition tolerance is not an independent design choice: partitions
are unavoidable, so the question is how to trade consistency for availability when they occur.
Abadi [1] observed that CAP says nothing about the common case when the network is
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not partitioned, and proposed PACELC, which additionally relates consistency to latency
during normal operation. The original CAL theorem [112, 109] unifies Brewer’s and Abadi’s
positions by replacing partition tolerance with a numerical measure of apparent latency and
deriving an algebraic relation, linear in a max-plus algebra, that relates inconsistency, un-
availability, and latency. CAP is then recovered as the limiting case in which latency grows
unbounded.

Earlier attempts to quantify CAP focused on probabilistic or combinatorial notions of
consistency and availability. Yu and Vahdat [192] quantify availability as the fraction of
satisfied accesses and inconsistency as the fraction of out-of-order writes, and show that
computing availability as a function of consistency is NP-hard. Rahman et al. [155] derive a
CAL-style relation for the special case of two nodes communicating with perfectly synchro-
nized clocks. The CAL theorem generalizes both lines of work to arbitrary heterogeneous
network topologies with imperfect clocks and gives a strikingly simple linear relation in a
max-plus algebra. The framework developed in this chapter is a further refinement: whereas
the original CAL theorem reasons about worst-case bounds that must hold across an entire
execution, it operates at the granularity of individual reactions and reasons about the ex-
act physical firing times along a specific trace. This exactness allows the framework to use
measured execution times and network latencies, rather than conservative upper bounds,
and thereby to derive tight execution policies (such as processing offsets used by Lingua
Franca’s decentralized coordinator) that would otherwise be hidden behind worst-case
pessimism.

Logical time, physical time, and deterministic coordination. Both the original
CAL theorem and the framework developed in this chapter rely on a careful separation
between logical (tagged) time and physical (clock) time. This separation has a long history
in embedded and cyber-physical system design. Lamport’s logical clocks [98] established the
“happened-before” relation and showed how timestamps can be used to define a total order of
events without relying on synchronized physical clocks. Schwartz and Mattern [166] build on
this foundation to define causal consistency and consistent global snapshots, which serve as
the event model underlying the CAL theorem. The synchronous languages [17, 65] crystallize
this idea in a programming model where computation is logically instantaneous and reacts
to a stream of input events at well-defined logical instants. The logical execution time
(LET) paradigm [68, 85] and its system-level extension for distributed real-time software [59]
decouple the logical timing of task inputs and outputs from the physical execution time,
yielding time-deterministic behavior across platforms. Lingua Franca [129, 130, 123]
combines these ideas with a reactor-based coordination model [126] that assigns a tag to
every event and guarantees that reactions fire in tag order. Our framework inherits this
event model directly and expresses reaction firing times as max-plus linear functions of input
tags, timestamps, and physical delays. Discussions of nondeterminism in distributed CPS
coordination [15] and of the role of logical time in deterministic concurrency [125] further
motivate the distinction we exploit.
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Max-plus algebra for timed systems. Max-plus algebra has been used for decades
to analyze synchronization-dominated discrete-event systems. Seminal work by Cohen et
al. [39] and the textbook treatments of Baccelli et al. [12] , Cuninghame-Green [42] , and
Heidergott et al. [67] show that timed event graphs admit a linear representation in the
(max,+) semiring, enabling closed-form expressions for throughput, cycle time, and steady-
state behavior via spectral analysis of max-plus matrices. Surveys such as De Schutter et
al. [165] and Komenda et al. [89] summarize how these techniques are applied to manu-
facturing systems, transportation networks, and digital hardware pipelines. More recently,
max-plus algebra has been used to derive safe upper bounds on response times in distributed
control systems [2] and to reason about weighted timed event graphs [87] . The original CAL
theorem [112, 109] frames the CAP trade-off as a max-plus linear relation; our framework
takes this algebraic viewpoint further by building a structured system matrix whose factor-
ization reveals Proposition 2.1 at every reaction and whose eigenvalue characterizes critical
paths of the distributed reactor program.

Analysis and verification of reactor-based CPS. Our work is also complementary to
a growing body of analysis tools for reactor-based cyber-physical systems. Federated Lin-
gua Franca [16] provides predictable coordination for safety-critical distributed embedded
systems, and recent work on verifiable CPS in Lingua Franca [122, 175] applies model
checking and formal semantics [136, 159] to reactor programs. Debugging and analysis envi-
ronments [44] offer traces that our framework can ingest directly, since its trace-level analysis
consumes exact firing times rather than worst-case bounds. To the best of our knowledge,
none of these tools provide a quantitative algebraic account of the consistency–availability–
latency trade-off at the granularity of individual reactions, nor do they derive decentralized
coordination parameters (such as maxwaits) from such an account. The framework devel-
oped in this chapter fills that gap.

2.2 Background

The CAP Theorem

Brewer’s CAP theorem famously states that “any networked shared-data system can have
at most two of the three desirable properties: 1. consistency (C) equivalent to having a
single up-to-date copy of the data; 2. high availability (A) of that data (for updates); and
(3) tolerance to network partitions (P)” [25]. First articulated as a conjecture by Eric Brewer
in his 2000 PODC keynote [26], the principle crystallized a tension that had long been felt by
practitioners building wide-area and internet-scale services but had rarely been stated with
such clarity. Two years later, Gilbert and Lynch [62] transformed the conjecture into a formal
impossibility result, proving within an asynchronous network model that no distributed data
store can simultaneously guarantee linearizable consistency, total availability for every non-
failing node, and continued operation in the face of arbitrary message loss between nodes.
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Their proof is short and elegant: assume a system that claims all three properties; partition
two replicas so no messages flow between them; issue a write to one side and an immediately
following read to the other; availability forces both operations to terminate, but consistency
requires the read to observe the write, which is impossible without communication. CAP
thus joined FLP [54] as one of the canonical impossibility results delimiting what distributed
systems can achieve.

In the formal model, each of the three properties has a precise meaning that is easy to
misread in casual prose. Consistency in CAP refers specifically to atomic or linearizable
consistency: there exists a total order on all operations such that each operation appears to
take effect instantaneously at some point between its invocation and its response, and every
read returns the value of the most recently committed write in that order. This is strictly
stronger than the “C” of ACID transactions, which concerns preservation of application-level
invariants. Availability means that every request received by a non-failing node must result
in a (non-error) response; crucially, the definition admits no bound on latency, so a system
that eventually answers is still considered available in the formal sense. Partition tolerance
means that the system continues to function, that is, continues to satisfy its remaining
guarantees, even when the network drops or arbitrarily delays an unbounded number of
messages between nodes. Partitions here are not catastrophic hardware failures but mundane
phenomena: switch reboots, congested links, garbage-collection pauses, and asymmetric
routing all manifest at the application layer as partitions.

The popular gloss of CAP as “pick any two of the three” is, as Brewer himself later
emphasized, an oversimplification that has caused significant confusion [25]. In any real
distributed system that spans more than a single fault domain, partitions will occur; the
designer therefore does not have the luxury of “choosing” to forgo P. The genuine design choice
is conditional: when a partition occurs, does the system sacrifice availability to preserve
consistency (a CP choice), or sacrifice consistency to preserve availability (an AP choice)?
In the absence of partitions, systems can and do provide both C and A, and much of the
engineering art lies in detecting partitions quickly, reasoning about the partition mode in
which reduced guarantees apply, and designing principled recovery procedures that restore
invariants once connectivity returns. Brewer’s retrospective twelve years later [25] reframes
CAP around exactly this life cycle of partition detection, degraded operation, and post-
partition reconciliation, rather than as a static trichotomy.

The CAL Theorem

Brewer’s CAP theorem [26, 62] is a foundational result in distributed systems: in the presence
of network partitions (P), a distributed system must sacrifice either consistency (C), meaning
agreement on the values of shared state, or availability (A), meaning the ability to respond to
requests that read or write that shared state. While immensely influential, the CAP theorem
is a qualitative, binary result: partitioning is treated as all-or-nothing, and consistency and
availability are treated as unquantified properties that a system either does or does not
possess. As Brewer himself later observed [25], and as Abadi emphasized in his PACELC
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reformulation [1], real distributed systems rarely experience pure partitions; they experience
latency, of which a partition is merely the limiting case where latency grows without bound.
Furthermore, in cyber-physical systems (CPS) one cares about concrete delays measured
in milliseconds, not abstract possibilities. The CAL theorem [112, 109] addresses these
gaps by quantifying consistency, availability, and latency as time intervals and exhibiting a
simple algebraic relationship among them. In doing so, it replaces the “P” in CAP with “L”
(latency), elevating the CAP phenomenon from folklore to an engineering principle suitable
for rigorous design of distributed real-time systems.

Model and definitions. The CAL theorem is developed over a trace-based model due
to Schwartz and Mattern [166], in which a distributed execution consists of N sequential
processes, each of which produces a stream of tagged events. Every event carries a tag g ∈ G
drawn from a totally ordered set of tags, together with a timestamp T (g) ∈ T obtained
from a monotonically nondecreasing map T : G→ T. Timestamps are drawn from the same
domain as readings of local physical clocks, which allows logical and physical time to be
compared, while remaining firmly a logical property of the program [109]. Events come in
four kinds: write and read events that update and query a local replica of a shared variable
x; send events that launch an update across the network; and receive events that install an
update received from the network. Tags are monotone across the network: if a send event
with tag gj on process j yields a receive event with tag gi on process i, then gi ≥ gj.

Given this model, the theorem quantifies four key notions. First, inconsistency C̄ij

between processes j and i for a shared variable x is the worst-case logical-time skew between
the write of x on j and the corresponding receive on i:

C̄ij = max(T (gi)− T (gj)) ,

where the maximization ranges over all write events on process j, with gj denoting the tag
of the write event and gi the tag of the corresponding receive event on process i. Strong
consistency corresponds to C̄ij = 0, and finite C̄ij corresponds to a quantified eventual
consistency [109]. Second, unavailability Āi at process i is the worst-case physical-time
delay between the timestamp of a read event and the physical time at which that event is
actually processed:

Āi = max(Ti − T (gi)) ,
where Ti is the physical time at which the read event is processed and gi is its tag, and the
maximization ranges over all read events on process i that are triggered by user requests.
For CPS applications in which timestamps record the moment of sensor acquisition, Āi is
precisely the sensor-to-actuator delay.

Third, the processing offset Oi at process i is defined as

Oi = max(Ti − T (gi)) ,

where the maximization ranges over all write events on process i that are triggered by local
external inputs. Structurally, the processing offset resembles the unavailability, but the
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former concerns write events whereas the latter concerns read events. To maintain causal
consistency, a process must ensure that all events with earlier tags have been processed before
handling a new write event triggered by an external input; the processing offset measures
the resulting physical-time delay. By definition, Oi ≥ 0, and in many designs, Oi = 0, but
when a process must wait for network messages with earlier tags before it can safely handle
a locally triggered event, Oi becomes strictly positive.

Fourth, the apparent latency Lij from process j to process i is the worst-case gap between
the timestamp of a write on j and the physical time of the corresponding receive on i,

Lij = max(Ti − T (gj)) = Oj +Xij + Lij + Eij,

where T (gj) is the timestamp of the write event on process j and Ti is the physical time of the
corresponding receive event on process i. The decomposition lumps together four components
that are typically hard to separate in practice but easy to measure together: the processing
offset Oj at the sender, the execution overhead Xij of sending, the raw network latency
Lij, and the clock synchronization error Eij [109]. Because Eij may be negative, apparent
latency itself may be negative, which exposes the fact that in the absence of a shared clock
the perceived order of events is itself logical, not physical.

The theorem. With these definitions, the CAL theorem states that, for any trace,

Āi = max
(
Oi, max

j∈N

(
Lij − C̄ij

))
, (2.1)

i.e., the unavailability at node i is dominated either by the local processing offset or by the
largest incoming apparent latency, minus the inconsistency that the designer is willing to
tolerate along that link [112, 109]. The proof is immediate from the definitions: unavailability
is determined by whichever update event (write or receive) has the worst gap between its
timestamp and the physical time of its processing, and for a receive event the gap is exactly
Lij reduced by whatever logical delay has been inserted to widen the consistency tolerance.
Collecting the pairwise quantities into an N ×N matrix Γij = Lij − C̄ij −Oj = Xij + Lij +
Eij− C̄ij and stacking the Āi and Oi into vectors A and O, the CAL theorem (2.1) becomes
a linear equation in the max-plus (tropical) algebra [12]:

A = (I ⊕ Γ)O. (2.2)

The processing offsets themselves satisfy O = Z ⊕ ΓO, whose least solution, when every
cycle of Γ has strictly negative weight, is given by the Kleene star

O = Γ∗Z = (I ⊕ Γ⊕ · · · ⊕ ΓN−1)Z. (2.3)

The cycle-weight condition has a striking interpretation: along every feedback loop in the
communication topology, the designer must tolerate some inconsistency, or else no finite
processing offset exists and the system must wait forever, suggesting the ultimate loss of
availability [109].
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Significance and relation to CAP. The CAL theorem (2.1) subsumes the CAP theorem
as a limiting case: as the apparent latency Lij grows without bound (the formal signature of
a network partition), at least one of C̄ij or Āi must also grow without bound. Thus CAP’s
impossibility is recovered as an edge case of a continuous trade-off curve, and designers gain
a quantitative knob: for every millisecond of inconsistency one is willing to tolerate on a link,
one gains a millisecond of availability on the downstream node. Unlike earlier quantification
attempts that defined availability and consistency as fractions of satisfied accesses or out-of-
order writes (and for which computing the trade-off is NP-hard [193]), the CAL formulation is
linear in max-plus and admits closed-form solutions over arbitrary heterogeneous topologies
with imperfect clocks [112].

Practical implications. Because consistency, availability, and latency are all expressed
in the same units (time), the CAL theorem can be used in two complementary directions
by a system designer [109]. From the top down, given application-level availability require-
ments (e.g., deadlines on actuation) and consistency requirements (e.g., tolerated logical skew
between replicas), one can derive the network latency budget Xij+Lij+Eij that any deploy-
ment must respect, guiding placement decisions between end devices, edge computers, and
the cloud, and informing the choice of networking fabric (e.g., time-sensitive networking on a
factory floor versus a WAN). From the bottom up, given measured or assumed link latencies
and clock-synchronization errors, one can compute the achievable unavailability and decide
at which nodes deadlines can be met and at which nodes fault handlers must be installed.
Two CPS examples in [109] make the application-specific nature of the trade-off concrete: a
four-way autonomous intersection must prioritize consistency (vehicles stop rather than enter
an intersection under disagreement), whereas an ADAS brake-pedal override must prioritize
availability (the vehicle brakes immediately rather than waiting for a cloud-computed vision
update). The theorem is integrated with the Lingua Franca coordination language [128,
124], in which after delays explicitly declare tolerated inconsistency C̄ij and deadline
clauses explicitly declare availability bounds, and in which both centralized [96] and decen-
tralized [195, 40] coordinators realize arbitrary points on the CAL trade-off curve. In this
way, the CAL theorem turns a long-standing piece of distributed-systems folklore into a
design-time calculus for distributed real-time and cyber-physical systems.

Max-Plus Algebra

The max-plus (or tropical) semiring Rmax = (R ∪ {−∞}, ⊕, ⊗) replaces the usual addition
and multiplication with a ⊕ b := max(a, b) and a ⊗ b := a + b, taking ε := −∞ as the
additive identity (a ⊕ ε = a) and e := 0 as the multiplicative identity (a ⊗ e = a) [12,
67]. Although these operations are elementary, the resulting algebra turns synchronization
constraints, such as waiting for the latest of several predecessors and then adding a processing
delay, into a linear formalism, making systems of max-+ recurrences amenable to the same
style of analysis that classical linear algebra provides for additive systems.
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Max-plus matrix multiplication. For matrices A ∈ Rm×p
max and B ∈ Rp×n

max, their max-plus
product C = A⊗B is defined entry-wise as

Cij =

p⊕
k=1

Aik ⊗Bkj = max
k

(Aik +Bkj).

Repeated matrix powers Ak := A ⊗ Ak−1 (with A0 = I, the max-plus identity matrix
whose diagonal entries are 0 and off-diagonal entries are ε) encode the weight of the heaviest
(longest-delay) path of exactly k edges in the weighted directed graph associated with A.

Kleene star. The Kleene star of an n× n matrix A is defined as

A∗ = I ⊕ A⊕ A2 ⊕ · · · =
∞⊕
k=0

Ak.

Entry (A∗)ij equals the weight of the longest (critical) path from node j to node i, over paths
of any length. The series converges to a finite matrix if and only if every directed cycle in the
graph of A has strictly negative total weight; in that case the finite sum A∗ = I⊕A⊕· · ·⊕An−1

suffices [12]. When a cycle has non-negative weight, repeated traversal can increase the path
weight without bound, indicating that no finite schedule exists.

Max-plus subtraction �. In the max-plus algebra, since ⊗ corresponds to ordinary
addition (a⊗ b = a+ b), its dual � corresponds to ordinary subtraction: a� b = a− b. For
vectors, � operates element-wise: (u� v)i = ui − vi.

Role in this chapter. Throughout this chapter we model the firing times of reactions as
a max-plus linear recurrence of the form X(k′) =M ⊗X(k) ⊕ N ⊗ t̄(k′) (Section 2.5), and
the CAL relation A = (I⊕Γ)O with least solution O = Γ∗Z (Section 2.2). The Kleene star
Γ∗ captures the cumulative propagation of delays through all paths in the communication
topology, and the max-plus eigenvalue of M identifies the system’s critical-path latency
(Section 2.4). These constructions allow us to derive closed-form expressions for processing
offsets and throughput bounds that would otherwise require simulation or ad-hoc reasoning.

2.3 System-Level Timing Analysis Framework
This section presents the core analytical framework. Whereas the original CAL theorem
reasons about read and write events on replicated shared variables, the framework devel-
oped here reasons about the invocation of general sequential procedures, each of which may
internally perform arbitrary reads, writes, or computations. This shift in granularity, from
individual data-access events to procedure invocations, makes the framework applicable to a
broad class of systems beyond replicated data stores, including cyber-physical control loops,
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signal-processing pipelines, and any distributed program whose components are triggered
reactively.

The framework applies to any system whose model of computation is based on logical
time [125]: events carry logical timestamps drawn from the same domain as physical clock
readings, and the runtime guarantees that procedures are invoked in logical-time order. The
only requirement is that logical time values be expressed in the same units as physical time;
the choice of units is otherwise arbitrary. This logical-time foundation ensures that the sys-
tem’s behavior is deterministic: the same inputs always produce the same outputs in the
same logical order. The physical timing of procedure invocations, however, depends on exe-
cution times, network latencies, and coordination overhead. It is precisely this gap between
deterministic logical behavior and variable physical timing that the framework captures al-
gebraically.

We state the central result as Proposition 2.1, define its constituent matrices, and then
show in Sections 2.4–2.6 how it is instantiated on concrete programs.

Setup. Consider a distributed system with n sequential procedures deployed across one or
more stateful containers, i.e., nodes that maintain local state and execute their procedures
sequentially. Each procedure is reactively triggered: it begins executing only when all of its
triggering conditions are satisfied. We index the successive logical tags at which at least one
procedure is invoked by k = 1, 2, . . . , writing t(k) for the logical timestamp of the k-th tag.
The state of the system at the k-th tag is captured by the vector

X(k) =


x1(k)
x2(k)

...
xn(k)

 ∈ Rn
max,

where xi(k) denotes the exact physical time at which procedure i can begin executing at the
k-th tag.

The timing vector E(k). The execution times of all procedures at the k-th tag are
collected into the vector

E(k) =


e1(k)
e2(k)

...
en(k)

 ∈ Rn,

where ei(k) is the execution time of procedure i at the k-th tag. 1 If procedure i is not invoked
at the k-th tag, then ei(k) = 0 (the multiplicative identity in the max-plus algebra), so that

1We use real numbers here to make the formalism algebraic, but integers and other domains could work
as well, as long as logical and physical timelines share the same unit.
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the procedure imposes no delay on its successors. While we present ei(k) as the execution
time of a single procedure for simplicity, the symbol can be generalized to subsume other
physical delays along the path from one procedure to another, including network latencies
and clock synchronization errors. In this broader reading, ei(k) plays a role analogous to the
apparent latency Lij in the original CAL theorem [109], which similarly aggregates multiple
sources of delay into a single measurable quantity. The entries of E(k) appear throughout
the matrices defined below: they form the edge weights in Γ(k), the barrier delays in B(k),
and thereby determine the system’s physical timing behavior at each tag.

Proposition 2.1. For successive tags k and k′ = k + 1, the state of the system satisfies

X(k′) = Γ∗(k′)
(
B(k)X(k) ⊕ t̄(k′)

)
,

where matrices Γ∗(k′), B(k), and the vector t̄(k′) are subsequently defined.

Indexing convention. Throughout this chapter, all matrices use the convention that
entry (i, j) records the constraint that procedure j imposes on procedure i, i.e., “j constrains
i.” This convention follows from the standard max-plus state equationX(k′) = A⊗X(k) [12],
where the state vector X is a column vector and the i-th component expands as xi(k′) =⊕

j Aij ⊗ xj(k). Consequently, row i of a matrix collects all the constraints that other
procedures impose on procedure i, while column j collects all the constraints that procedure j
imposes on others.

The intra-tag dependency matrix Γ(k′). Within a single tag k′, some procedures may
depend on others: a procedure may need the output of another procedure that executes at
the same tag before it can begin. Such dependencies arise from priority ordering among
procedures within the same container, or from zero-delay connections between containers.
The matrix

Γ(k′) =


Γ11(k

′) Γ12(k
′) · · · Γ1n(k

′)
Γ21(k

′) Γ22(k
′) · · · Γ2n(k

′)
...

... . . . ...
Γn1(k

′) Γn2(k
′) · · · Γnn(k

′)

 ∈ Rn×n
max

encodes these intra-tag dependencies. Its entry Γij(k
′) equals the execution time ej(k′) if

procedure i must wait for procedure j to finish at the same tag k′ before it can begin, and
equals ε = −∞ otherwise. Diagonal entries satisfy Γii(k

′) = ε, since a procedure does not
depend on itself within a single tag.

The dependency closure Γ∗(k′). The Kleene star

Γ∗(k′) =


Γ∗
11(k

′) Γ∗
12(k

′) · · · Γ∗
1n(k

′)
Γ∗
21(k

′) Γ∗
22(k

′) · · · Γ∗
2n(k

′)
...

... . . . ...
Γ∗
n1(k

′) Γ∗
n2(k

′) · · · Γ∗
nn(k

′)

 ∈ Rn×n
max
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is the transitive closure of Γ(k′), defined by the max-plus Kleene series

Γ∗(k′) = I ⊕ Γ(k′)⊕ Γ2(k′)⊕ · · · .

For the intra-tag dependency matrices considered here, this infinite series reduces to the
finite expression

Γ∗(k′) = I ⊕ Γ(k′)⊕ Γ2(k′)⊕ · · · ⊕ Γn−1(k′).

This follows from Theorem 3.20 of Baccelli et al. [12]: if the graph of a max-plus matrix
has no circuit with positive weight, then its Kleene star is obtained by considering paths of
length at most n − 1. Entry Γ∗

ij(k
′) gives the weight of the longest dependency chain from

procedure j to procedure i within the same tag, accounting for all intermediate execution
times. Diagonal entries satisfy Γ∗

ii(k
′) = 0 (the max-plus multiplicative identity), reflecting

the fact that a procedure’s dependency on itself adds no extra delay. The matrix Γ∗(k′)
depends on the execution times at tag k′ because the weight of each dependency edge is the
execution time of the upstream procedure at that tag. The series is guaranteed to converge
(i.e., the finite sum suffices) whenever the intra-tag dependency graph is acyclic, which is
the case for well-formed programs in which no circular same-tag dependencies exist.2

The cross-tag dependency matrix B(k). Before a container can advance from tag k
to tag k′, all procedures within that container at tag k must have finished executing. 3 The
matrix B(k) ∈ Rn×n

max encodes this constraint. Its entry Bij(k) equals the execution time ej(k)
if procedure j at tag k must complete before procedure i can begin at tag k′, and equals
ε = −∞ otherwise.

In a base case, where every procedure can advance time independently of others (i.e.,
every container has only one procedure), the B matrix is diagonal:

Bbase(k) =


e1(k) ε · · · ε
ε e2(k) · · · ε
...

... . . . ...
ε ε · · · eN(k)

 ,
where N is the total number of procedures in the system. In distributed logical time systems,
it is more common for a group of procedures to advance time together in the same container.

2Later, when we map this construction to Lingua Franca (LF), a valid LF program should have
no cyclic dependencies; hence the condition that there be no circuit with positive weight holds. If an LF
program has cyclic dependencies, the LF toolchain detects them, and the matrix representation exposes the
same problem: Γ∗(k′) has circuits with positive weight, so Theorem 3.20 no longer applies.

3This is a side note on the notion of “containers” in the system model. In theory, the system model does
not necessarily need “containers” because the model primarily relies on dependencies. Containers are a prior
for dependencies. Once dependencies are established, containers are no longer needed. In our case, we are
distinguishing between two types of dependencies: intra-tag and cross-tag. For cross-tag dependencies, the
container abstraction is more intuitive because it expresses the fact that procedures in the same container
advance logical time together, hence I decided to keep containers in the model.
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Consequently, the general B(k) is block diagonal :

B(k) =


B1(k) ε · · · ε
ε B2(k) · · · ε
...

... . . . ...
ε ε · · · Bm(k)

 ,
where m is the total number of containers, and each block Bc(k) is a square submatrix whose
rows and columns are indexed by the procedures of container c, and all off-diagonal blocks
are filled with ε (no cross-container barriers). Every entry of the submatrix Bc(k) is equal
to the corresponding ej(k): each procedure in container c waits for every procedure in the
same container to finish. Assuming n procedures in container c, the submatrix Bc(k) takes
the following form:

Bc(k) =



∣∣∣∣∣
∣∣∣∣∣ · · ·

∣∣∣∣∣
e1(k) e2(k) · · · en(k)∣∣∣∣∣

∣∣∣∣∣ · · ·

∣∣∣∣∣

 ,
where the vertical bars in each column indicate that every entry equals the execution time
shown in the middle row.

In the extreme case, i.e., a single-process execution with global barrier synchronization,
where the only federate cannot advance logical time until every procedure at the current
tag has completed, the block structure disappears: assuming again a total of N procedures,
every column of B(k) is fully populated with ej(k), yielding

B(k) =



∣∣∣∣∣
∣∣∣∣∣ · · ·

∣∣∣∣∣
e1(k) e2(k) · · · eN(k)∣∣∣∣∣

∣∣∣∣∣ · · ·

∣∣∣∣∣

 .

The logical timestamp vector t̄(k). The vector

t̄(k) =


t(k)
t(k)

...
t(k)

 ∈ Rn
max

broadcasts the logical timestamp of the k-th tag to every procedure.4 The term t̄(k′) in
Proposition 2.1 enforces the physical realizability constraint : no procedure may begin ex-

4An earlier version of the proposition uses a scalar t(k′), rather than a vector, written in the form
X(k′) = M(k, k′)⊗X(k)⊕N(k′) · t(k′), where M(k, k′) is the combined state-transition matrix and N(k′)
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ecuting at tag k′ before the physical clock reaches the logical time t(k′). This constraint
anchors the recurrence to physical time and ensures that procedures whose logical time lies
in the future cannot be executed prematurely.

Interpretation. Proposition 2.1 can be read as a two-phase recurrence. In the first phase,
the term B(k)X(k) propagates the consequences of tag k: each procedure’s earliest start time
at tag k′ is constrained by the completion times of all procedures that must finish before
the container allows logical time advancement. This result is then combined (⊕) with the
next logical timestamp t̄(k′), which enforces the real-time constraint that an event can only
be processed when the current physical time surpasses its logical timestamp. In the second
phase, multiplication by Γ∗(k′) propagates same-tag dependencies: if procedure i depends
on procedure j at the same tag, then i’s start time is delayed by j’s execution time. The
Kleene star ensures that transitive chains of such dependencies are fully resolved.

A slightly different interpretation arises after distributing Γ∗(k′) into the parentheses,
which rewrites Proposition 2.1 as

X(k′) = Γ∗(k′)B(k)X(k) ⊕ Γ∗(k′)t̄(k′)

= M(k′, k)X(k) ⊕ Γ∗(k′)t̄(k′),

where M(k′, k) = Γ∗(k′)B(k), defined as the system matrix, combines both the intra-tag
(Γ∗(k′)) and cross-tag (B(k)) dependencies. M(k′, k)X(k) represents the earliest k′-th firing
times resulting from processing the previous k-th tag, while Γ∗(k′)t̄(k′) represents the earliest
k′-th firing times resulting from new events at the k′-th tag. The larger of the two becomes
the next X(k′).

There are five key assumptions on the system model underlying Proposition 2.1:

1. Procedures are invoked at well-defined logical tags, with acyclic intra-tag and cross-tag
dependencies (mathematically represented as Γ∗(k′) and B(k)).

2. Execution times can be different at each logical tag (E(k) is a function over tag index
k ∈ N, which further turns dependency matrices into functions of k).

3. A logical tag is processed if and only if the current physical time surpasses the logical
timestamp (intuitively, logical time “chases” physical time), represented by t̄(k′).

is a column vector. The two formulations are equivalent. First, M(k, k′) = Γ∗(k′) ⊗ B(k) by construction.
Second, the column-vector N(k′) times the scalar t(k′) equals Γ∗(k′)⊗ t̄(k′): the i-th entry of Γ∗(k′)⊗ t̄(k′) is
maxj(Γ

∗
ij(k

′)+ t(k′)) = maxj Γ
∗
ij(k

′)+ t(k′) (since t(k′) is a scalar), and the row-max maxj Γ
∗
ij(k

′) is exactly
the i-th entry of N(k′) (this relies on execution times being non-negative, which always holds). Combining
these, M ⊗ X(k) ⊕ N · t(k′) = Γ∗ ⊗ B ⊗ X(k) ⊕ Γ∗ ⊗ t̄(k′), and by distributivity of ⊗ over ⊕ this equals
Γ∗⊗(B⊗X(k)⊕ t̄(k′)), which is Proposition 2.1. The vector form t̄(k′) is cleaner because it makes the role of
the logical timestamp symmetric with the other operands and avoids mixing scalar and matrix multiplication
in the same equation.
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4. Delayed connections satisfy the LET discipline: each logical delay bounds the maxi-
mum accumulated execution time along zero-delay upstream paths feeding that connec-
tion, stopping at any earlier delayed connection; for example, in A 0−→ B

0−→ C
delay1−−−→ D,

then delay1 must satisfy delay1 ≥ eA+eB+eC , but if instead A 0−→ B
delay2−−−→ C

delay1−−−→ D,
then delay1 ≥ eC only, since delay2 ≥ eA + eB.

5. There are unbounded (but finite) computational resources such that procedures can
be scheduled to run in parallel whenever possible.

Removing Assumption 3 reduces Proposition 2.1 to classical results in Baccelli et al. [12]
and Lee et al. [102], where firing times at the k′-th tag depend strictly on processing the
previous k-th tag and not on the new timestamp at the k′-th tag. Assumption 4 is the key
to preserve the simplicity of Proposition 2.1. We later show that removing this assumption
turns the simple recurrence, where tag index k′ only depends on the preceding index k, into
a convolution, where k′ depends on all prior indices (0, 1, . . . , k).

The subsequent case studies (Sections 2.4–2.6) demonstrate how to construct Γ(k′), B(k),
and t̄(k′) for concrete system topologies and how to use the resulting recurrence for engi-
neering analysis.

Exploring Consistency-availability Trade-offs

The unavailability at the k′-th tag, where k′ = k + 1, is defined as the difference between
when procedures can physically fire and the logical time:

Ā(k′) = X(k′) � t̄(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) � t̄(k′) ⊕ 0⃗

)
, (2.4)

where � denotes element-wise subtraction (the dual of ⊗ in the max-plus algebra) and 0⃗ is
the zero vector.

To see where the consistency-availability trade-off emerges, consider a write event w1

associated with a logical delay C̄1, sent at the k1-th tag and received at the k′-th tag, so that
t(k1) + C̄1 = t(k′). Substituting:

Ā(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) �

(
t̄(k1) + C̄1

)
⊕ 0⃗

)
.

As C̄1 increases (sacrificing consistency), Ā(k′) decreases (improving availability), until 0⃗
dominates. Strong consistency corresponds to C̄1 = 0, which maximizes unavailability.

When a procedure has multiple triggers with distinct logical delays C̄1 and C̄2, two sce-
narios arise. If the corresponding write events are received at the same tag, the unavailability
is expressed with a single equation as above. If they are received at different tags t(p′) and
t(q′), the unavailability must be expressed separately for each tag:

Ā(p′) = Γ∗(p′)⊗
(
B(p)⊗X(p) �

(
t̄(k1) + C̄1

)
⊕ 0⃗

)
,

Ā(q′) = Γ∗(q′)⊗
(
B(q)⊗X(q) �

(
t̄(k2) + C̄2

)
⊕ 0⃗

)
.
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In this case, the logical timeline t(k) must be treated as an external input that defines
t(p′) = t(k1) + C̄1 and t(q′) = t(k2) + C̄2.

Relation to the Original CAL Theorem

The factored form of Proposition 2.1 mirrors the structure of the original CAL theorem’s
processing-offset equation O = Γ∗Z (Equation 2.3), where Γ∗ encodes same-tag propagation
and Z encodes the exogenous inputs. The correspondence becomes especially clear in the
unavailability equation (Equation (2.4)):

Ā(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) � t̄(k′) ⊕ 0⃗

)
.

In the original theorem, the processing offset O is a lag, the worst-case difference between the
physical time at which a write event is processed and its logical timestamp. In Equation (2.4),
the left-hand side Ā(k′) = X(k′)� t̄(k′) is likewise a lag: the element-wise difference between
physical firing times and logical timestamps at tag k′. On the right-hand side, Γ∗(k′) plays
the same role as in the original theorem, propagating same-tag dependencies. The 0⃗ term
corresponds to Z = 0⃗, the case in the original theorem where every node has local physically
timestamped inputs and therefore incurs no exogenous offset. The additional term B(k) ⊗
X(k) � t̄(k′), which has no counterpart in the original theorem’s static equation, captures
the dynamic carry-over of delays from the previous tag.

Beyond this structural parallel, two key differences distinguish Proposition 2.1 from the
original theorem. First, the original theorem reasons about read and write events on shared
variables, whereas Proposition 2.1 reasons about the invocation of general sequential proce-
dures that may contain arbitrary reads and writes. Second, the original theorem operates
on worst-case quantities aggregated over an entire execution, whereas Proposition 2.1 tracks
exact physical firing times at every tag, accepting per-event execution times and latencies
as input.

General Form without the LET Assumption

Assumption 4 is what makes Proposition 2.1 a first-order recurrence over logical tags (i.e.,
the state at tag k′ depends only on the immediately preceding tag k′ − 1, rather than on
the full history of earlier tags). It requires every logical delay to be large enough to cover
the accumulated physical execution time along the upstream zero-delay path that produces
the delayed event. Under that condition, an event sent at logical time t(k−) and delivered
with logical delay d is guaranteed to be physically available by the time the destination tag
t(k′) = t(k−) + d is processed. The delayed connection can therefore be represented purely
by the logical timestamp term t̄(k′); no explicit dependency on X(k−) is needed.

If this LET assumption is removed, a delayed connection can carry memory from older
tags. For example, suppose reaction A sends to reaction B through a connection with logical
delay 10 s, while A is triggered every one second. As shown in Figure 2.1, if A takes 20 s to
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Memory

A

(0, 1 s)

Execution time = 20 s

out

B
in

10 s

Figure 2.1: A delayed connection can introduce memory across logical tags when its logical
delay does not cover the upstream execution time. The downstream reaction at tag k′ must
wait both for the logical tag to appear and for the upstream reaction at the earlier tag to
complete.

execute, then A’s execution time exceeds the logical delay, and the event with destination
logical time t(k−) + 10 s is not physically produced by that logical time. The start time of
B at the destination tag is then constrained not only by the appearance of the logical tag,
but also by the completion of A at the sending tag:

xB(k
′) ≥ max

(
t(k′), xA(k

−) + eA(k
−)
)
.

Thus the delayed connection is no longer hidden inside t̄(k′). It contributes an explicit
dependency from an older state vector.

The corresponding general form replaces the first-order term Γ∗(k′)B(k)X(k) with a
max-plus convolution over past tags. This convolutional structure has its origin in network
calculus, where min-plus and max-plus convolutions are used to model accumulated timing
constraints in communication and real-time systems [41, 183]:

X(k′) =
k′⊕

m=1

Dm(k
′)⊗X(k′ −m) ⊕ Γ∗(k′)⊗ t̄(k′). (2.5)

Here Dm(k
′) ∈ Rn×n

max is a memory matrix. Entry (i, j) of Dm(k
′) records the timing constraint

that reaction j at tag k′−m imposes on reaction i at tag k′, after same-tag dependencies at
k′ have been propagated. The current framework is recovered as the special case in which
only the immediately preceding tag contributes:

D1(k
′) = Γ∗(k′)⊗B(k′ − 1),

D2(k
′) = E ,

D3(k
′) = E ,

...
Dm(k

′) = E for all m > 1,
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where E is the all-ε matrix.
When non-LET delayed connections are present, additional memory matrices become

nontrivial. For the two-reaction system in Figure 2.1, ordered as (A,B), the delayed edge
from A to B whose source tag is eleven indices before the destination tag can be represented,
under the start-time convention used in this chapter, by a memory matrix with the form

D1(k
′) = Γ∗(k′)⊗B(k′ − 1),

D2(k
′) = E ,

D3(k
′) = E ,

...
D10(k

′) = E ,

D11(k
′) =

[ A B

A ε ε

B eA(k
′ − 11) ε

]
,

D12(k
′) = E ,

...

The off-diagonal entry in row B, column A says that B at tag k′ must wait for A at tag k′−11
to complete. The subscript in D11 is an index offset determined by the fact that A fires once
per second and the connection has logical delay 10 s; it is not related to the 20 s execution
time in the example. If the state vector were instead defined in terms of completion times,
this entry would be 0, yielding the simpler matrix that records only the precedence relation.

Equation (2.5) therefore identifies exactly what Assumption 4 buys: it collapses all de-
layed timing dependencies into the logical timestamp term and leaves a first-order recurrence.
Dropping the assumption preserves max-plus linearity, but changes the system from a one-
step recurrence into a finite-memory convolution over the prior tags whose events may still be
physically pending. For LF programs, this memory horizon is bounded because logical delays
on connections are fixed. Nevertheless, the general memory-enabled form is less tractable
because the analysis must explicitly carry the finite history induced by those delayed con-
nections. Thus for the rest of the chapter, we keep Assumption 4 for the LF programs under
analysis, which enables us to use the more tractable Proposition 2.1.

Mapping to the Reactor Model

The framework presented above is stated in terms of generic stateful containers and sequential
procedures. We now instantiate it for the reactor model of computation [126, 123], which
provides the concrete system model used in the case studies that follow.

A reactor program is a composition of reactors, each of which maintains local state
variables and hosts one or more reactions, which are sequential procedures triggered by events
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arriving at the reactor’s input ports, timers, or actions. Reactors communicate through
connections that carry tagged events between ports. A reactor can also embed child reactors,
which do not share state with the parent reactor except through ports. The model of
computation is based on logical time [125]: every event carries a logical timestamp, and the
runtime guarantees that reactions within each reactor are invoked in logical-time order. This
logical-time foundation ensures deterministic behavior: the same inputs always produce the
same outputs in the same logical order, regardless of the physical platform on which the
program executes.

A reactor system can either be executed as a single process, or as a distributed federation
where top-level reactors, known as federates, run in separate processes. Under federated
execution, top-level federate processes coordinate over a network interface and collectively
implement the reactor semantics. Federates can execute in parallel at any given tag but
implement a barrier synchronization before advancing the tag [16]. Since federated execution
generalizes the single-process execution5, we will map our generic system model to a reactor
federation, as follows:

• Each stateful container corresponds to a reactor federate.

• Each sequential procedure corresponds to a reaction, whether in a federate itself or in
one of its nested child reactors.

• Intra-tag dependencies (Γ) arise from two sources: priority ordering among reactions
within the same reactor (reactions with lower priority must wait for higher-priority
reactions to complete at the same tag), and zero-delay connections between reactors
(a downstream reaction must wait for the upstream reaction to produce its output at
the same tag).

• Cross-tag barriers (B) arise from the reactor’s sequential execution model: all reactions
within a reactor at tag k must complete before any reaction in that reactor can begin
at tag k′ = k + 1.

• The logical timestamp t(k) is the timestamp component of the Lingua Franca tag
at the k-th invocation, expressed in the same units as physical time (e.g., nanoseconds
since epoch).

With this mapping established, the remainder of this chapter uses reactor-model termi-
nology: reactors (also known as federates) for containers and reactions for procedures.

2.4 Case Study: Ensuring System Responsiveness
We illustrate Proposition 2.1 with a small but instructive example: a stock exchange con-
sisting of two reactors, a Client and an Exchange, shown in Figure 2.2. The client receives

5The single-process execution can be thought of as a federation with a single federate.
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buy/sell orders from a user through a physical action and forwards them to the exchange
over a connection. Orders arrive asynchronously; the exchange could become overloaded if
orders are submitted too frequently.

StockExchange

Client

lf_set(order, 42);P
order

Exchange
shares:int

self->shares += order->value;
order

Figure 2.2: The world’s smallest stock exchange: a Client reactor receives asynchronous
orders via a physical action and forwards them to an Exchange reactor.

The question we want to answer is: What is the maximum order frequency the exchange
can handle without becoming laggy?

Modeling the System

We model the system behavior using a state vector

X(k) =

[
xC(k)
xE(k)

]
,

where k indexes logical tags and each xn(k) represents reaction n’s exact physical start time
at the k-th tag. For example, if the client’s handler fires for the first tag (say t = 0) at
physical time T = 5ms, then xC(1) = 5ms.

We also define:

• E(k) =

[
eC(k)
eE(k)

]
: the reaction execution times at the k-th tag. If en(k) = 0, reaction n

does not fire at the k-th tag.

• t(k): the logical timestamp of the k-th tag.

Encoding System Constraints

Consider when each reaction can fire at the k′-th tag. For the client:

xC(k
′) = max

(
xC(k) + eC(k), t(k

′)
)
. (2.6)

The first term requires the client’s handler to finish its previous job at the k-th tag before
processing the next order (barrier synchronization). The second term requires physical time
to reach the k′-th tag’s logical time (the user submits the next order at t(k′)).
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For the exchange:

xE(k
′) = max

(
xE(k) + eE(k), xC(k

′) + eC(k
′)
)
. (2.7)

The first term is again barrier synchronization: the exchange must finish the previous job.
The second term arises from the connection: the exchange must wait for the client to send
the order at the k′-th tag.

Deriving the Max-Plus Linear Form

We eliminate the dependence of xE(k′) on xC(k′) by substituting Equation (2.6) into Equa-
tion (2.7) and distributing:

xE(k
′) = max

(
xE(k) + eE(k), max(xC(k) + eC(k), t(k

′)) + eC(k
′)
)

= max
(
xE(k) + eE(k), xC(k) + eC(k) + eC(k

′), t(k′) + eC(k
′)
)
.

Using the max-plus operators ⊕ := max and ⊗ := + with ϵ := −∞, we write the matrix
form directly in the factored shape of Proposition 2.1:

X(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) ⊕ t̄(k′)

)
, (2.8)

where

Γ∗(k′) =

[ C E

C 0 ϵ
E eC(k

′) 0

]
, B(k) =

[ C E

C eC(k) ϵ
E ϵ eE(k)

]
, t̄(k′) =

[
C t(k′)
E t(k′)

]
.

Here Γ∗ captures the same-tag reaction dependency (the exchange depends on the client at
the same tag), B captures barrier synchronization (each reaction must finish its prior invoca-
tion), and t̄(k′) broadcasts the logical timestamp to enforce physical realizability. Expanding
Equation (2.8) component-wise recovers the scalar equations derived above.

Using Eigenvalues to Identify System Critical Paths

The matrix M(k, k′) = Γ∗(k′)B(k) is introduced earlier as the system matrix that combines
both the system’s intra-tag (Γ∗(k′)) and cross-tag (B(k)) dependencies. To use this matrix
for throughput analysis, we recall what an eigenvalue means in the max-plus algebra. For a
max-plus matrix A, an eigenpair (λ, v) satisfies

A⊗ v = λ⊗ v,

where v is not the all-ε vector. Equivalently, each component satisfies maxj(Aij+vj) = λ+vi.
The scalar λ is a per-step growth rate: if the recurrence repeatedly applies the same matrix,
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Figure 2.3: Lag measured under the original design, which grows without bound.

then λ is the amount by which the dominant firing times grow from one logical tag to the
next.

The graph interpretation gives the critical-path intuition. Associate with A a weighted
directed graph G(A) whose nodes are the state-vector components and whose edge j → i
has weight Aij whenever Aij ̸= ε. A directed cycle in this graph represents a feedback path
that must be traversed once per logical step, and its cycle mean is its total weight divided
by its length. If G(A) is strongly connected, equivalently if A is irreducible, then A has a
unique max-plus eigenvalue, and this eigenvalue is exactly the maximum cycle mean [12,
Theorem 3.23]. The eigenvector need not be unique, but the eigenvalue is.

If G(A) is not strongly connected, equivalently if A is reducible, the situation is subtler.
The strongly connected components (SCCs) of G(A) each contribute cycle mean candidates,
and every eigenvalue must be one of these cycle means [12, Remark 3.24]. However, not
every SCC cycle mean is necessarily an eigenvalue: depending on how SCCs feed into one
another and on their relative cycle means, a reducible matrix may have one eigenvalue or
several. The maximum cycle mean is always an eigenvalue and is the largest eigenvalue; it is
also the quantity that governs the asymptotic growth rate of the recurrence. Consequently,
when we say that the eigenvalue of M determines the critical path below, we mean this
dominant max-plus eigenvalue, or equivalently the maximum cycle mean of the dependency
graph.

For a stationary system matrix, this dominant eigenvalue gives the longest recurring
chain of execution that must complete between consecutive tags. If the time interval between
consecutive orders is shorter than this dominant eigenvalue, the system will eventually fall
behind.

For example, assume constant execution times eC(k) = 100 ms, eE(k) = 300 ms,∀k ∈ N,
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then
M = Γ∗B =

[
0 ϵ
100 0

] [
100 ϵ
ϵ 300

]
=

[
100 ϵ
200 300

]
has max-plus eigenvalue λ = 300 ms. This matrix is reducible: its graph has one SCC for
the client reaction with cycle mean 100 ms and one SCC for the exchange reaction with cycle
mean 300 ms, with a dependency edge from the client SCC to the exchange SCC. Only the
downstream exchange cycle mean appears as an eigenvalue in this case; the smaller client
cycle mean is a candidate cycle mean but not an eigenvalue of the full matrix. The dominant
eigenvalue is therefore the exchange’s recurring 300 ms path. This means that if the interval
between consecutive orders is less than 300 ms, i.e., t(k′) − t(k) < 300 ms for all k, the
exchange will eventually not be able to keep up. When M is stationary, as in this case, the
eigenvalue analysis reveals a global fundamental limit.

Figure 2.3 shows the lag measured in real-time using the Xronos dashboard [190]. In this
case, requests are sent with intervals less than 300 ms, which results in increasing lag. The
demo program treats each key press on Enter as a “send order” command. The curve is the
result of pressing and holding Enter.

StockExchangeRevised

Client

lf_set(order, 42);P

min spacing: 300 ms

order

Exchange
shares:int

self->shares += order->value;
order

Figure 2.4: Revised stock exchange design with a minimum spacing derived from the max-
plus eigenvalue, imposing a rate limit that prevents the exchange from falling behind.

This analysis directly suggests a design improvement: adding a minimum spacing of
λ = 300 ms to the physical action on the client side, effectively imposing a rate limit derived
from the system’s critical path. Figure 2.4 shows the revised design. Figure 2.5 shows the
lag measured under the revised design, which shows bounded lag due to the added minimum
spacing.

2.5 Case Study: Systems with Feedback Loops
This case study demonstrates how Proposition 2.1 can be applied to a concrete distributed
system to derive execution policies, specifically, processing offsets that enable decentralized
coordination. We introduce a running example called Impossible Consistency, walk through
the modeling and algebraic derivation in detail, and show how the result directly yields the
maxwait parameters [150] used in Lingua Franca’s decentralized coordination.
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Figure 2.5: Lag measured under the revised design, which stays bounded.

Consider a simple distributed system consisting of two reactors, A and B, each with a
physical action and two reactions. Both reactors receive asynchronous updates from the
environment through their physical actions and are connected by zero-delay connections,
requiring strong consistency across nodes. Figure 2.6 illustrates this setup.

ImpossibleConsistency

Update

1 2

3

P

remote

out

Update

1 2

3

P

remote

out

Figure 2.6: The Impossible Consistency example: a distributed system of two reactors re-
ceiving asynchronous updates while maintaining strong consistency.

The central question is: How do we model the system’s behavior over time? In particular,
we want to understand when each reaction can fire and, ultimately, what processing offsets
are required for decentralized coordination.

For clarity, we simplify the diagram by removing the reactions triggered by startup,
focusing on the core structure shown in Figure 2.7.
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Figure 2.7: Simplified diagram of the Impossible Consistency example, with startup-triggered
reactions removed.

Modeling Reaction Firing Times

We model the system behavior using a state vector

X(k) =


xA1(k)
xA2(k)
xB1(k)
xB2(k)

 ,
where k represents the k-th logical tag at which a reaction is invoked. Each xn(k) represents
the earliest possible physical time at which reaction n can fire at the k-th tag. This quantity
captures readiness, not necessarily whether a reaction actually fires; that is captured by the
execution time function described below.

We introduce the following additional variables:

• Lji(k): the apparent latency from reaction j to reaction i at the k-th tag.

• en(k): the worst-case execution time (WCET) of reaction n at the k-th tag. If reaction
n does not fire at the k-th tag, then en(k) = 0; otherwise en(k) > 0. This convention
allows the execution time function to encode whether a reaction actually fires at a
given tag.

• t(k): the logical time value of the k-th tag.

Encoding System Constraints

We now derive when each reaction can fire at the k′-th tag. Consider reaction A1:

xA1(k
′) = max

(
xA1(k) + eA1(k), xA2(k) + eA2(k), t(k

′)
)
. (2.9)

The three terms correspond to the following constraints:
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1. Barrier synchronization: A1 at the k′-th tag must wait for itself at the prior k-th tag
to finish executing.

2. Barrier synchronization: A1 must also wait for A2 at the prior k-th tag to finish, since
they reside on the same reactor.

3. Logical time: A1 must wait for physical time to reach the k′-th tag’s logical time.

For reaction A2, the constraints arise from priorities and zero-delay connections:

xA2(k
′) = max

(
xA1(k

′) + eA1(k
′), xB1(k

′) + eB1(k
′)
)
. (2.10)

Due to priority ordering, A2 must wait for A1 to finish at the same k′-th tag. Due to the
zero-delay connection from B to A, A2 must also wait for B1 to finish at the same tag.

The constraints for reactor B are symmetric:

xB1(k
′) = max

(
xB1(k) + eB1(k), xB2(k) + eB2(k), t(k

′)
)
, (2.11)

xB2(k
′) = max

(
xA1(k

′) + eA1(k
′), xB1(k

′) + eB1(k
′)
)
. (2.12)

Max-Plus Matrix Formulation

To cast the system of equations into a linear form amenable to analysis, we use the max-plus
algebra, where ⊕ := max and ⊗ := +, with ϵ := −∞ as the zero element.

Since xA1(k
′) and xB1(k

′) depend only on quantities from the k-th tag (and on t(k′)), they
are already in a suitable form. For xA2(k

′) and xB2(k
′), we need to eliminate the dependence

on xA1(k
′) and xB1(k

′). We walk through the algebraic steps for xA2(k
′) in detail; xB2(k

′)
follows by symmetry.

Step 1: Substitute. Replace xA1(k
′) and xB1(k

′) in Equation (2.10) with their definitions
from Equations (2.9) and (2.11):

xA2(k
′) = max

(
max(xA1(k) + eA1(k), xA2(k) + eA2(k), t(k

′))︸ ︷︷ ︸
xA1(k′)

+eA1(k
′),

max(xB1(k) + eB1(k), xB2(k) + eB2(k), t(k
′))︸ ︷︷ ︸

xB1(k′)

+eB1(k
′)
)
.

Step 2: Distribute. Distribute eA1(k
′) and eB1(k

′) into the inner max operators, using
the identity max(a, b) + c = max(a+ c, b+ c):

xA2(k
′) = max

(
max(xA1(k) + eA1(k) + eA1(k

′), xA2(k) + eA2(k) + eA1(k
′),

t(k′) + eA1(k
′)),

max(xB1(k) + eB1(k) + eB1(k
′), xB2(k) + eB2(k) + eB1(k

′),

t(k′) + eB1(k
′))
)
.
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Step 3: Flatten. Since max(max(. . .),max(. . .)) = max(. . . , . . .), we remove the inner
max operators:

xA2(k
′) = max

(
xA1(k) + eA1(k) + eA1(k

′), xA2(k) + eA2(k) + eA1(k
′),

t(k′) + eA1(k
′), xB1(k) + eB1(k) + eB1(k

′),

xB2(k) + eB2(k) + eB1(k
′), t(k′) + eB1(k

′)
)
.

Step 4: Apply symmetry. Performing the same substitution for xB2(k
′) using Equa-

tions (2.9) and (2.11) yields an identical expression, since A2 and B2 share the same de-
pendency structure through the zero-delay connections. Collecting all four equations and
separating terms that depend on X(k) from terms that depend on t(k′), we arrive at the
max-plus linear difference equation

X(k′) =M(k, k′)⊗X(k) ⊕ Γ∗(k′)⊗ t̄(k′), (2.13)

where k′ = k+ 1 and t̄(k′) is the vector whose entries are all t(k′). Writing out the matrices
explicitly, with row and column labels indicating the source and destination reactions (entry
(i, j) records how reaction j constrains reaction i):

M(k, k′) =


A1 A2 B1 B2

A1 eA1(k) eA2(k) ϵ ϵ
A2 eA1(k)⊗ eA1(k

′) eA2(k)⊗ eA1(k
′) eB1(k)⊗ eB1(k

′) eB2(k)⊗ eB1(k
′)

B1 ϵ ϵ eB1(k) eB2(k)
B2 eA1(k)⊗ eA1(k

′) eA2(k)⊗ eA1(k
′) eB1(k)⊗ eB1(k

′) eB2(k)⊗ eB1(k
′)


and

Γ∗(k′) =


A1 A2 B1 B2

A1 0 ϵ ϵ ϵ
A2 eA1(k

′) 0 eB1(k
′) ϵ

B1 ϵ ϵ 0 ϵ
B2 eA1(k

′) ϵ eB1(k
′) 0

.
The first term M(k, k′)⊗X(k) captures the effects of reaction execution times from the prior
tag, while the second term Γ∗(k′)⊗ t̄(k′) captures whether logical time lags behind physical
time.

Factoring M and Recovering Proposition 2.1

The matrixM(k, k′) can be factored asM(k, k′) = Γ∗(k′)⊗B(k), where Γ∗(k′) is the intra-tag
dependency closure defined above and

B(k) =


A1 A2 B1 B2

A1 eA1(k) eA2(k) ϵ ϵ
A2 eA1(k) eA2(k) ϵ ϵ
B1 ϵ ϵ eB1(k) eB2(k)
B2 ϵ ϵ eB1(k) eB2(k)


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is the barrier synchronization matrix, capturing the constraint that all reactions on a reactor
federate must complete before the federate advances to the next tag. Observe that federated
execution, under which a federate advances its tag independent of others, gives B(k) the
block diagonal structure described in Section 2.3: ordering the reactions as (A1, A2, B1, B2)
groups the two reactions of reactor federate A in the first two rows/columns and the two
reactions of reactor federate B in the last two. The top-left 2 × 2 block captures reactor
A’s local barrier, the bottom-right 2 × 2 block captures reactor B’s local barrier, and the
two off-diagonal 2 × 2 blocks are filled with ϵ, reflecting that A and B advance their tags
independently. This block-diagonal form is specific to decentralized execution, where each
reactor enforces only its own local barrier. If the program were executed in a non-federated
single process, then every reaction at tag k′ would depend on every reaction at tag k, and
B(k) would instead take the form

Bglobal(k) =


A1 A2 B1 B2

A1 eA1(k) eA2(k) eB1(k) eB2(k)
A2 eA1(k) eA2(k) eB1(k) eB2(k)
B1 eA1(k) eA2(k) eB1(k) eB2(k)
B2 eA1(k) eA2(k) eB1(k) eB2(k)

,
where every column is fully populated with the same execution time. The difference between
the two forms captures, concretely, the price of running everything in a single process: the
off-diagonal entries that are ϵ under decentralized execution become non-ϵ barriers under
global barrier synchronization, tying every reaction’s progress to the slowest reaction in the
entire system.

This factorization aligns with the structure in [112]: Γ∗ encodes the same-tag propagation
of constraints through the reaction graph, while B encodes cross-tag barrier synchronization.

SubstitutingM(k, k′) = Γ∗(k′)⊗B(k) into Equation (2.13) and applying the distributivity
of ⊗ over ⊕, we obtain Proposition 2.1:

X(k′) = Γ∗(k′)⊗B(k)⊗X(k) ⊕ Γ∗(k′)⊗ t̄(k′)

= Γ∗(k′)⊗
(
B(k)⊗X(k) ⊕ t̄(k′)

)
.

2.6 Case Study: Deriving Coordination Policy
We now apply Proposition 2.1 to a common pattern in cyber-physical systems: remote sensor
polling. Consider the system shown in Figure 2.8, consisting of a Controller reactor and
a Sensor reactor deployed as separate federates. The controller has a timer with offset 0
and period p = 1 s that triggers a reaction to send a polling command to the sensor. The
sensor processes the command and returns data to the controller through a connection with
logical delay d = 1 s. Since the delay equals the timer period, the sensor’s response from tag
k arrives at the controller precisely at tag k′, coinciding with the next timer tick.
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SensorPolling

Controller

(0, 1 s)

in out

control

Sensor
in out 1 s

Figure 2.8: A sensor polling system: the Controller sends polling commands to the Sensor
via a zero-delay connection and receives responses through a connection with a 1 s logical
delay.

Under normal conditions, the sensor responds quickly. However, the sensor occasionally
takes a long time to return data (e.g., due to nondeterministic network latencies or the
time needed to build a LiDAR point cloud). When deployed as a federated program using
decentralized coordination, the controller must decide how long to wait for the sensor’s
delayed response before safely proceeding to the next tag. The question is: How should the
maxwait parameters be set to ensure determinism?

Modeling the System

We model the system using a state vector

X(k) =

[
xC(k)
xS(k)

]
,

where xC(k) and xS(k) represent the earliest physical start times of the controller’s reaction
and the sensor’s reaction at the k-th tag, respectively. As before, eC(k) and eS(k) denote
the reaction execution times, and t(k) denotes the logical time of the k-th tag.

Since the logical delay d equals the timer period p, both the timer event and the delayed
sensor response arrive at the same tag. At every tag after the first, both reactions fire: the
controller processes the sensor’s response from the previous tag while simultaneously issuing
a new polling command, and the sensor begins processing the new command.

Encoding System Constraints

Consider when each reaction can fire at the k′-th tag. For the controller:

xC(k
′) = max

(
xC(k) + eC(k), xS(k) + eS(k), t(k

′)
)
. (2.14)
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The three terms correspond to the following constraints:

1. Barrier synchronization: the controller must finish its own reaction at the k-th tag.

2. Cross-tag data dependency : the controller at the k′-th tag processes the sensor’s re-
sponse from tag k, so the sensor must have finished at tag k. This constraint arises
because the delayed connection (d = p) creates a dependency from the sensor’s com-
pletion at tag k to the controller’s readiness at tag k′.

3. Logical time: the controller must wait for physical time to reach t(k′).

For the sensor:

xS(k
′) = max

(
xC(k

′) + eC(k
′), xS(k) + eS(k)

)
. (2.15)

The first term is a same-tag dependency: the sensor must wait for the controller to finish
sending the polling command at the k′-th tag (the zero-delay connection from controller to
sensor). The second term is barrier synchronization: the sensor must finish its own reaction
at the k-th tag.

Deriving the Max-Plus Linear Form

We eliminate the dependence of xS(k′) on xC(k′) by substituting Equation (2.14) into Equa-
tion (2.15). First, note that xC(k′) ≥ xS(k) + eS(k), so xC(k′) + eC(k

′) ≥ xS(k) + eS(k) +
eC(k

′) ≥ xS(k) + eS(k). The self-barrier term for the sensor is therefore dominated, and
Equation (2.15) simplifies to

xS(k
′) = xC(k

′) + eC(k
′). (2.16)

Substituting Equation (2.14) and distributing:

xS(k
′) = max

(
xC(k) + eC(k), xS(k) + eS(k), t(k

′)
)
+ eC(k

′)

= max
(
xC(k) + eC(k) + eC(k

′), xS(k) + eS(k) + eC(k
′), t(k′) + eC(k

′)
)
.

Using the max-plus operators ⊕ := max and ⊗ := +, we write the matrix form directly in
the factored shape of Proposition 2.1:

X(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) ⊕ t̄(k′)

)
, (2.17)

where

Γ∗(k′) =

[ C S

C 0 ϵ
S eC(k

′) 0

]
, B(k) =

[ C S

C eC(k) eS(k)
S eC(k) eS(k)

]
, t̄(k′) =

[
C t(k′)
S t(k′)

]
.

Here Γ∗ captures the same-tag dependency (the sensor depends on the controller at the same
tag), and B captures cross-tag constraints: each row contains both eC(k) (self-barrier of the
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controller) and eS(k) (the data dependency through the delayed connection from the sensor).
Note that B has identical rows, not because both reactions reside on the same reactor, but
because the sensor’s constraints at tag k′ are fully mediated through the controller at tag k′,
which itself depends on both eC(k) and eS(k). Expanding Equation (2.17) component-wise
recovers the scalar equations derived above.

Deriving Maxwaits from Trace Prediction

Before proceeding, recall the element-wise subtraction operator � (i.e., a� b = a− b), which
we will use to express the lag between physical firing times and logical timestamps.

Deriving maxwaits. The unavailability Ā(k′) can be interpreted as the exact processing
offset O(k′) required to maintain determinism at the k′-th tag:

O(k′) = Ā(k′) = Γ∗(k′)⊗
(
B(k)⊗X(k) � t̄(k′) ⊕ 0⃗

)
. (2.18)

This formulation corresponds to the processing offset equation O = Z⊕ΓO = Γ∗Z from [112],
where 0⃗ reflects the requirement to track real time. Proposition 2.1 is more precise: it
includes not only the real-time attachment (⃗0), but also the dynamics from the prior tag
(B(k) ⊗X(k)). If B(k) ⊗X(k) > t̄(k′), the system cannot proceed at full speed even with
real-time tracking.

To obtain a single, static processing offsetO suitable as an execution policy, corresponding
to the maxwait values used in Lingua Franca’s decentralized coordination, we solve

O = max
k∈N

O(k).

Using O as an execution policy changes the trace itself. Without an execution policy, when
an upstream reaction nj does not produce outputs, the downstream reaction ni would have
ei(k) = 0. However, under decentralized coordination, the downstream reaction must wait
for the processing offset, effectively setting ei(k) = O.

Concrete example. Suppose the controller executes in eC = 1ms and the sensor normally
executes in eS = 101ms. In steady state with no lag, xC(k) = t(k) and xS(k) = t(k) + eC .
Now suppose at tag k the sensor experiences a fault and takes eS(k) = 1120ms to respond.
Applying Equation (2.14) at the next tag:

xC(k
′) = max

(
t(k) + 1, t(k) + 1 + 1120, t(k) + 1000

)
= t(k) + 1121.

The controller’s lag at tag k′ is therefore xC(k′) − t(k′) = t(k) + 1121 − (t(k) + 1000) =
121ms. This means the maxwait for the controller must be at least 121ms to ensure that the
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controller waits long enough for the sensor’s delayed response before safely advancing, thereby
preserving determinism even when the sensor occasionally exceeds its normal execution time.

Figure 2.9 shows the execution trace predicted by Proposition 2.1 when the maxwait is
applied. The trace confirms that, when stale data occurs, the controller’s processing offset
is sufficient to wait for the sensor’s delayed response, maintaining determinism throughout
the execution.

Figure 2.9: Execution trace predicted by Proposition 2.1 for the sensor polling system. When
the sensor occasionally exceeds its normal execution time, the controller’s maxwait of 121ms
ensures it waits long enough for the delayed response, preserving determinism.

2.7 Conclusion
This chapter has developed a framework for system-level timing analysis, building on the
original CAL theorem [112, 109] and tailored to the reactor model of computation and to
the Lingua Franca coordination language [129, 123]. Whereas the original CAL theorem
establishes worst-case algebraic bounds on the trade-off between consistency, availability,
and apparent latency across an entire execution, Proposition 2.1, at the core of this chapter,
operates at the granularity of individual reactions and models their physical firing time
instants exactly. By expressing each reaction’s firing time as a max-plus linear function
of input tags, timestamps, measured execution times, and measured network latencies, the
framework collapses the pessimism inherent in worst-case bounds and lifts the CAL relation
from a system-wide inequality to a per-reaction equality along a concrete trace.

The technical core of the chapter is the construction of a structured max-plus system
matrix M whose entries encode the causal, dataflow, and timing constraints of a federated
LF program, and whose factorization exposes Proposition 2.1 at every reaction. This form
reveals, for each reaction, precisely which incoming dependency is the binding constraint on
its firing time, and how much consistency one would have to relinquish on that dependency
to recover availability. The factorization thereby turns the consistency-availability trade-off
from a global design decision into a local, reaction-by-reaction calculation that a designer
or a compiler can reason about directly. Through the case studies in Sections 2.4 and 2.6
we have shown how this machinery supports two distinct engineering uses of the framework:
first, the eigenvalue of M characterizes the critical path of a distributed reactor program,
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identifying the dominant feedback loop in the communication topology whose cycle weight
governs steady-state throughput and whose edges are the right targets for latency reduction
or inconsistency relaxation; and second, Proposition 2.1 enables the systematic derivation
of maxwait parameters (safe-to-advance and safe-to-assume-absent offsets) for decentralized
coordination directly from trace data, replacing guesswork and conservative hand-tuning
with principled, measurement-driven values.

Taken together, these contributions advance the CAL framework from abstract trade-
off analysis into a constructive, trace-aware design calculus for distributed cyber-physical
systems. The shift from worst-case reasoning to exact trace modeling brings several practical
benefits. It allows past execution data collected from tracing infrastructure to be analyzed
retrospectively, which the original CAL theorem could not usefully do. It enables more
accurate predictions of future behavior under realistic, rather than adversarial, assumptions
about execution times and network delays. It also closes the loop between the high-level
specification of availability and consistency requirements expressed in Lingua Franca’s
deadline and after constructs, and the low-level runtime parameters that the federated
coordinator must set in order to realize those requirements on a given deployment. In this
sense, the framework provides the missing design-time feedback that the introduction of
this chapter identified as a central difficulty in cyber-physical system engineering: given a
program, a target platform, and measured or estimated timing characteristics, the designer
can now compute, not merely bound, the consistency-availability operating point of the
system.

Several avenues remain open for future work. First, the max-plus eigenvalue analysis pre-
sented here assumes a well-defined system matrix M(k′, k), with concrete timing constraints
for all indices k and k′. However, when designing a system, engineers often work with prob-
abilistic models. Can the framework be extended into supporting a probabilistic model for
M? Second, although this chapter has focused on deriving maxwaits and identifying critical
paths, the same algebraic framework is a natural substrate for synthesis : given availability
targets and a latency budget, one could automatically synthesize the minimal after delays,
task-to-core mappings, or physical network topologies required to make the program schedu-
lable, or automatically place reactors across end devices, edge computers, and the cloud to
minimize a weighted combination of unavailability and inconsistency. Third, integrating the
framework with runtime monitoring and adaptive coordination would turn the framework
into a live control loop: as measured latencies drift, the maxwaits and inconsistency al-
lowances could be updated on the fly to preserve determinism and meet deadlines. Pursuing
these directions would further cement the framework’s role as both an analytical lens and a
constructive tool for the design, deployment, and operation of correct distributed real-time
cyber-physical systems.
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Chapter 3

Formal Verification of Engineering
Models

“The map is not the territory.”

—Alfred Korzybski, Science and Sanity, 1933.

3.1 Engineering Models and Scientific Models
In science, the objective of a model is to match a real-world system. In contrast, in engi-
neering, the objective of a real-world system (an implementation) is to match a model [114].
A digital logic diagram, for example, is an engineering model; a circuit gets constructed to
match the model. Differential equations giving currents and voltages in a circuit over time
are commonly used as a scientific model; the equations are crafted to match the physical
circuit. Even these equations could be used as an engineering model, giving, for example, a
specification of an analog circuit. The actual components used will not be perfectly linear
and will not have resistance, capacitance, and inductance that perfectly match the model.
When using models, it is important to understand whether they are being used as engineer-
ing models or scientific models. Are the resistances wrong in the model or in the physical
circuit? One of the two must be true.

This chapter argues that, because formal verification necessarily reasons about models,
it is important to distinguish which parts of a formal model are engineering models (i.e.,
specifications) and which are scientific models (i.e., approximations of the systems or envi-
ronments being modeled). These two distinct styles of modeling should not be conflated,
and combining them requires a principled approach. George Box famously said, “all models
are wrong, but some are useful” [23]. Here, Box was referring to scientific models. The
corresponding statement for engineering models is, “all physical, real-world implementations
are wrong, but some are useful” [107]. An engineering model is, or at least attempts to
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be, right, not wrong. It is a specification, an idealization, and an implementation can only
approximate it.

Formal verification, by its nature of being formal, can only make assertions about models.
For scientific models, therefore, verification results should be understood as conditional on the
adequacy of the model as an approximation of the system or environment being modeled. On
the other hand, when a model serves as an engineering specification, verification can establish
properties of the design itself, which can be extremely useful. Indeed, many success stories
for formal verification concern synchronous digital logic and software, where the verified
artifact is naturally understood as an engineering model. The physical realization in both
cases is “electrons sloshing in silicon” [114], about which nothing is proved.

In this chapter, we examine Timed Rebeca (TR), a language and formalism for de-
scribing and analyzing timed systems. We argue that the timing features of TR are more
useful when viewed as an engineering model than when viewed as a scientific model. To
support the case, we show the relationship between the timing constructs of TR and an
implementation (vs. modeling) language with similar timing constructs, Lingua Franca
(LF). We show that, with the addition of priorities for message handlers, TR can model
the timing constructs of Lingua Franca and therefore can be used to effectively formally
verify engineering models specified using LF.

For example, the TR after delay gives a time offset between the sending and the re-
ceiving of a message between actors. If this after delay is intended to model physical
communication latencies, then it is being used as a scientific model. The model is correct
only if the physical communication latencies actually match. If, on the other hand, it is
used to specify a logical offset between the sender’s view and the receiver’s view of changing
data, then it is being used as an engineering model. The implementation is correct only if it
actually delivers the specified logical offset. Such delays are used in LF in the latter sense,
not the former, whereas in TR, we have seen them used both ways.

A significant limitation remains, however. Formal verification can only be performed
on closed models. For systems that interact with an uncontrolled environment that is not
designed, we have no choice but to provide a scientific model of that environment. Any proof
of the correctness of a design, therefore, is predicated on the assumptions about the environ-
ment. These assumptions are made evident by making a clear separation between models
of the environment and models of the system under design. The weaker those assumptions,
the stronger the confidence provided by the verification results.

3.2 Scientific and Engineering Models in Timed
Rebeca

Timed Rebeca [157] is an extension of the Rebeca modeling language [173] (an imple-
mentation of the Hewitt-Agha actor model [71, 3, 4]) that adds a notion of time. In this
extension, time is an integer, messages are sent and arrive at (possibly distinct) times and
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1 env int requestDeadline , checkIssuedPeriod ,
retryRequestPeriod , newRequestPeriod ,
serviceTime1 , serviceTime2;

2
3 reactiveclass Agent {
4 knownrebecs { TicketService ts1; TicketService

ts2; }
5 statevars { int attemptCount;
6 boolean ticketIssued; int token; }
7 msgsrv initial() {
8 self.findTicket(ts1); }
9 msgsrv findTicket(TicketService ts){

10 attemptCount += 1; token += 1;
11 ts.requestTicket(token) deadline(

requestDeadline);
12 // Check if a reply to the
13 // request has been received.
14 self.checkTicket() after(checkIssuedPeriod);}
15 msgsrv checkTicket() {
16 if (!ticketIssued
17 && attemptCount == 1) {
18 self.findTicket(ts2);
19 } else if (!ticketIssued
20 && attemptCount == 2) {
21 self.retry() after(retryRequestPeriod);
22 } else if (ticketIssued) {
23 ticketIssued = false;
24 self.retry() after(newRequestPeriod);
25 }
26 }

27 msgsrv ticketIssued(int tok){
28 if (token == tok) {
29 ticketIssued = true; }}
30 msgsrv retry() {
31 attemptCount = 0;
32 self.findTicket(ts1);}
33 }
34 reactiveclass TicketService {
35 knownrebecs { Agent a; }
36 msgsrv initial() { }
37 msgsrv requestTicket(int token){
38 // The ticket service sends
39 // the reply after a non-
40 // determinstic delay of
41 // either serviceTime1 or
42 // serviceTime2.
43 int wait = ?(serviceTime1 ,serviceTime2);
44 delay(wait);
45 a.ticketIssued(token);
46 }
47 }
48 main {
49 Agent a(ts1, ts2):();
50 TicketService ts1(a):();
51 TicketService ts2(a):();
52 }

Figure 3.1: Timed Rebeca model for a ticket service, from [157].

message handlers (optionally) take time to execute. Three operators are added to the Re-
beca language to model time: delay, deadline, and after. A delay statement models the
passing of time of an actor during the execution of a message server. The after operator
indicates time that elapses before a message is delivered to its destination. The deadline
operator models message loss if the destination is busy due to delay statements and does
not handle an incoming message before the deadline expires.

In addition to these operators, Timed Rebeca strengthens the semantics that define
the order in which message handlers are invoked. Because of these operators, each message
delivered to an actor has a time associated with it, and the destination actor will handle
messages in temporal order, unless it is busy due to a delay statement, in which case it
will handle the message at the time the delay expires. If two messages are delivered with
the same time, then the handler order is nondeterministic unless the programmer specifies
priorities. The ability to specify priorities was added later specifically to support the kind
of modeling we describe in this chapter [175, 84].

Reynisson et al. [157] give a ticket service example (Fig. 3.1), where an agent accepts
requests for tickets from an environment and issues requests for a ticket to two ticket ser-
vices. If the first ticket service does not respond with a ticket within a specified amount
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of time (defined by the checkIssuedPeriod environment variable, defined on line 1 and
used on line 14), then it tries the second ticket service. The TicketService actor uses
the delay operator to nondeterministically delay responding by either serviceTime1 or
serviceTime2 (lines 43 and 44). Here, there is a mix of scientific and engineering model-
ing. The value of checkIssuedPeriod is an engineering specification. It defines how long
the Agent actor should wait before giving up on the requested ticket service. On the other
hand, the serviceTime1 or serviceTime2 variables model communication and computa-
tion time, which are assumptions derived from the environment through scientific means
(measurement, for example). When performing verification on this model, the results of
the verification can only be considered valid for these two particular assumed delays. If the
actual observed delays deviate from these assumed delays, which could always happen due
to the nature of scientific modeling, the verification model is no longer applicable.

Later, Sirjani and Khamespanah note the distinction between engineering models and
scientific models and describe a Timed Rebeca example for components of a network-on-
chip [174]. Specifically, the model consists of a Manager, which generates network traffic,
and a Router, which routes traffic according to a specified policy. In this example, the precise
times given in after, delay, and deadline statements can be interpreted as specifications
for the time taken by a synchronous digital circuit implementation of the router. No time
units are given in the paper, but in this engineering-model interpretation, they could be
clock cycles or SI units (such as nanoseconds) as measured by the clock of a synchronous
digital circuit.

We argue here that the Timed Rebeca constructs, delay, deadline, and after, are
better used as part of an engineering model, where timing constraints are specifications of
desired behavior. They can also be used in scientific models, for example when modeling
an uncontrolled environment, but single timing values are a poor fit for phenomena such
as network delays, computation times, and clock synchronization error, which are better
represented using ranges or other forms of uncertainty. Using after to model communication
delays, for example, is questionable for systems using modern network communication. The
delays can be nondeterministically chosen, but for verification to be tractable, a small number
of possible delays must be used. Moreover, these delays refer to clock measurements of time
at distinct points in the network. Reynisson et al. [157] assume perfect (or near perfect)
clock synchronization, but perfect clock synchronization is not possible. On the other hand,
when these numbers refer to a logical clock instead of physical clocks, and the time ordering
of events is a semantic property of the system rather than an emergent property of the
implementation, then verification results can be trusted subject only to the condition that
the system implementation correctly realizes the semantics. We show how to do that in this
chapter.
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Figure 3.2: Two accidental deployments of emergency escape slides (image from The Tele-
graph, Sept. 9, 2015).

3.3 Running Example
In this section, we introduce an example (somewhat artificial and grossly oversimplified)
which is a distributed system in which the order of events is of critical importance. There
are many practical examples that have this character, but we pick this one because it is
vivid, simple, and challenging to get right, all at the same time.

Consider automating the opening and closing of an aircraft door. Modern passenger
planes are equipped with emergency escape slides that are automatically deployed if the
door is opened while the door is “armed.” When the doors are closed for departure, flight
attendants arm them. At arrival, once they have verified that a ramp is right outside the
door, the flight attendants disarm the door before an operator opens it. The process currently
is manual, with a red or green flag displayed in a window on the door to indicate whether it
is armed or not.

Suppose we wish to automate the process so that the door can be opened remotely. There
might be multiple systems on the aircraft that issue a command to open the door. Some of
these, such as a cockpit control, might want to ensure that a ramp is present and the door is
disarmed before it is opened, while others, such as a fire alarm system, might want to open
the door whether it is armed or not.

The door will be equipped with a networked microprocessor that provides just two ser-
vices, disarm and open (we leave out arming and closing, which are not needed to make our
points). Assume the door starts in the armed and closed state. What should the micropro-
cessor do when it receives an open command over the network? It is critical to be sure that
if the open command has an associated disarm command, or if there is a ramp present at
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Figure 3.3: Aircraft door system schematic using the Actor model.

the door, that the door should be disarmed before it is opened. We have to guard against
errors due to networking or computation delays, otherwise we might find ourselves in the
life-threatening situations depicted in Fig. 3.2.

Suppose that when a cockpit control issues an instruction to open the door, the actual
opening is delayed until a ramp is present. As shown in Fig. 3.3, a computer vision system
might check for a ramp. Suppose further that the Cockpit, Vision, and Door components
are realized as Hewitt-Agha actors. We immediately have a problem because the order of
message delivery and handling in the Hewitt-Agha model is nondeterministic. It is highly
sensitive to delays in the network and in intermediate computations. With the design in
Fig. 3.3, the open message will very likely arrive before the disarm message, resulting in
catastrophe.

Fig. 3.4 shows a Timed Rebeca model that uses a combination of temporal semantics
and explicit priorities to ensure correct ordering of message handlers. The constructor for
the Cockpit component starts things off by sending itself a send_open_cmd on line 4. It
then repeatedly invokes this same message handler every 100 time units on line 11. This,
effectively, models an environment, where the time units for the repeat may represent a worst-
case maximum frequency for events. We have, therefore, a scientific model of an environment
that encodes an assumption about its worst-case behavior. To trust any verification results
with this model, we must convince ourselves that any time intervals larger than this will not
result in violations of the properties of interest.

In this (simplified) model, the Door actor has a state variable status (line 28) that takes
on the value 3 if the door opens and the slides are deployed (Fig. 3.2). Since this model
only includes the cockpit control and assumes that the Vision actor always sees a ramp (line
19), we would like to verify that status never reaches value 3. Using Afra, the Timed
Rebeca model-checking tool, we can verify that this requirement is satisfied. However,
the requirement would not be satisfied without the @priority annotations on lines 31, 36,
46, 47, and 48. The priority annotations are a recent addition in Timed Rebeca [175,
84]. They can be specified at the level of message servers (lines 31, 36) and at the level of
actor instances (lines 46, 47, and 48). Semantically, a smaller priority value indicates higher
execution priority. Components with the same priority get executed in a nondeterministic
order when they are enabled. Priorities specified on message servers are treated separately
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1 reactiveclass Cockpit(10) {
2 knownrebecs { Vision v; Door d; }
3 Cockpit() {
4 self.send_open_cmd();
5 }
6 msgsrv send_open_cmd() {
7 // Send open message.
8 d.open(true);
9 v.check_ramp(true);

10 // Repeat after 100 ms.
11 self.send_open_cmd() after(100);
12 }
13 }
14 reactiveclass Vision(10) {
15 knownrebecs { Door d; }
16 msgsrv check_ramp(boolean trigger) {
17 // Use vision to detect ramps.
18 // Assume a ramp is present.
19 d.disarm(true);
20 }
21 }

22 reactiveclass Door(10) {
23 statevars {
24 // 0: closed_armed ,
25 // 1: closed_disarmed ,
26 // 2: open,
27 // 3: open_deployed
28 int status;
29 }
30 Door() { status = 0; }
31 @priority(1)
32 msgsrv disarm(boolean disarm) {
33 // Disarm the door.
34 if (status == 0) status = 1;
35 }
36 @priority(2)
37 msgsrv open(boolean open) {
38 // Actuate door opener.
39 if (status == 0)
40 status = 3;
41 else if (status == 1)
42 status = 2;
43 }
44 }
45 main {
46 @priority(1) Cockpit c(v, d):();
47 @priority(2) Vision v(d) :();
48 @priority(3) Door d() :();
49 }

Figure 3.4: Timed Rebeca model for the aircraft door system using priorities.

from priorities specified on actors.
In this model, the only temporal operator is on line 11. Hence, all message transport and

message handling is assumed to be instantaneous. Without the priorities, there is a risk that
the open message handler of Door will be invoked before the check_ramp handler of Vision
or, if not, before the disarm handler of Door. This, again, would result in catastrophe.

In a distributed system, enforcing these priorities is not trivial. The Lingua Franca
language, described in the next section, infers priorities based on data dependencies and
enforces them at runtime. Without LF, a distributed implementation of this design would
be quite difficult to realize. Moreover, the enforcement aspect of the implementation would
be error-prone, weakening the verification results. We may have formally verified the design,
but without a strong assurance that the implementation matches the design, the verification
result is not very useful.

Given the temporal semantics of Timed Rebeca, it is tempting to instead model the
timing of an implementation and verify that model. It may be, for example, that instead of
assuming unrealistic instantaneous computation and message transport, the delays experi-
enced in a physical implementation will lead to a safe design. The Timed Rebeca model
in Fig. 3.5 attempts to check this. To open the aircraft door, the Cockpit actor calls the
send_open_cmd handler, which sends two messages. It first sends a check_ramp message to
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1 reactiveclass Cockpit(10) {
2 knownrebecs {
3 Vision v; Door d;
4 }
5 Cockpit() {
6 self.send_open_cmd();
7 }
8 msgsrv send_open_cmd() {
9 // Send message to check ramp.

10 // Max network latency = 2ms.
11 v.check_ramp(true) after(2);
12 // Delay to avoid accidents.
13 delay(5);
14 // Send open message.
15 // Max network latency = 2ms.
16 d.open(true) after(2);
17 // Repeat after 100 ms.
18 self.send_open_cmd() after(100);
19 }
20 }
21 reactiveclass Vision(10) {
22 knownrebecs { Door d; }
23 msgsrv check_ramp(boolean trigger) {
24 // Computation time = 2 ms.
25 delay(2);
26 // Use vision to detect ramps.
27 // Assume a ramp is present.
28 // Max network latency = 2
29 d.disarm(true) after(2);
30 }
31 }

32 reactiveclass Door(10) {
33 statevars {
34 // 0: closed_armed ,
35 // 1: closed_disarmed ,
36 // 2: open,
37 // 3: open_deployed
38 int status;
39 }
40 Door() { status = 0; }
41 msgsrv disarm(boolean disarm) {
42 // Disarm the door.
43 if (status == 0) status = 1;
44 }
45 msgsrv open(boolean open) {
46 // Actuate door opener.
47 if (status == 0)
48 status = 3;
49 else if (status == 1)
50 status = 2;
51 }
52 }
53 main {
54 Cockpit c(v, d):();
55 Vision v(d) :();
56 Door d() :();
57 }

Figure 3.5: Using after and delay to avoid accidentally deploying emergency slides, model
network latencies, and model execution time.

the Vision actor (line 11) using an after delay to model the network delay. It then waits
5 time units (line 13) before sending an open message (line 16), again using an after delay
to model the network delay. The Vision actor models its computation time on line 25 and
the network delay of its relay to Door on line 29. Again, we can use Afra to verify that the
Door actor never reaches status == 3.

This model, however, exposes a critical flaw in this style of design. If we assume the
after delays are worst-case scientific models of network delay, then we have a problem.
If the open message from the Cockpit happens to experience less delay, say one time unit
instead of two, then the model becomes nondeterministic, and the door may be opened
before it is disarmed. To correct for this, we could increase the delay on line 13. In fact, this
model mixes scientific models (lines 11, 16, 25, and 29) with engineering modeling (line 13).
The scientific models must be interpreted as worst-case behaviors, and we have to do careful
reasoning, separate from the formal verification, to assure ourselves that lower values will
not hurt. On the other hand, the engineering model on line 13 has the opposite semantics.
It must be interpreted as a lower bound, a requirement on the system design to ensure that
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accidental deployment of emergency slides never occurs. The formal verification performed
by Afra does not help with this reasoning but only tells us whether the desired condition is
satisfied for the particular delays chosen.

The ultimate root cause of the problem is mixing engineering models with scientific
models in an undisciplined way. We illustrate how to correct this by clearly separating the
model of the environment from the model of the system under design, and by exclusively
using engineering models for the system under design.

3.4 Overview of Lingua Franca

Lingua Franca (LF) [129] is a polyglot coordination language designed to augment mul-
tiple mainstream programming languages (also called target languages), currently C, C++,
Python, TypeScript, and Rust, with deterministic reactive concurrency and the capability
to specify timed behavior. LF is supported by a runtime system that enables concurrent and
distributed execution of reactive programs, which can be deployed on various platforms, in-
cluding in the cloud, at the edge, in containers, and even on resource-constrained bare-metal
embedded platforms.

A Lingua Franca program defines interactions between components known as reac-
tors [127], with the logic for each reactor written in plain target code. Lingua Franca’s
code generator then produces one or more programs in the target language, which are com-
piled using standard toolchains. When the application has parallelism, it runs on multi-
ple cores without losing determinism. For distributed applications, multiple programs and
scripts are generated to deploy these programs on multiple machines and/or containers. The
network communication fabric connecting these components is also synthesized as part of
the code generation and compilation process.

Reactor-Oriented Programming

Lingua Franca programs consist of reactors, which are stateful entities with event-driven
routines. Reactors adopt advantageous semantic features from established models of com-
putation, namely actors [5], logical execution time [86], synchronous reactive languages [18],
and discrete event systems [110] (such as DEVS [194] and SystemC [118]). The reaction
routines belonging to reactors can process inputs, generate outputs, alter the reactor’s state,
and schedule future events. Reactors resemble actors [5], which are software components that
communicate through message passing. However, unlike traditional actors, these messages
have timestamps, and the concurrent interaction of reactors is deterministic by default. Any
nondeterministic behavior must be explicitly programmed if needed.

Figure 3.6 shows a Lingua Franca program realizing the aircraft door service de-
scribed in the previous section. The textual code shown at the bottom of the figure is
Lingua Franca code, and the diagram above it is automatically generated by the tools
and updated dynamically as the code is edited. In this example, the main program is feder-
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1 target C // or Python, Rust, etc.
2 federated reactor {
3 c = new Cockpit()
4 v = new Vision()
5 d = new Door()
6 c.open -> d.open
7 c.open -> v.trigger
8 v.ramp -> d.disarm
9 }

10 reactor Cockpit {
11 physical action command
12 output open: bool
13 reaction(startup) -> command {=
14 // Set up cockpit UI controls.
15 // Target language code here...
16 =}
17 reaction(command) -> open {=
18 // Target language code here.
19 // E.g., send open message.
20 lf_set(open, true);
21 =}
22 }
23 reactor Vision {
24 input trigger: bool
25 output ramp: bool
26 reaction(trigger) -> ramp {=
27 // Target language code here...
28 =}
29 }

30 reactor Door {
31 input open: bool
32 input disarm: bool
33 state status: int = 0
34 // This reaction should be first
35 reaction(disarm) {=
36 // Disarm the door.
37 if (self->status == 0) {
38 self->status = 1;
39 }
40 =} deadline(100 ms) {=
41 // Handle the deadline violation
42 =}
43 reaction(open) {=
44 // Actuate door opener.
45 if (self->status == 0) {
46 self->status = 3;
47 } else if (self->status == 1) {
48 self->status = 2;
49 }
50 =} deadline(1 s) {=
51 // Handle the deadline violation
52 =}
53 }

Figure 3.6: Aircraft door system schematic and Lingua Franca specification.

ated (line 2), which means that each of the top-level reactors, Cockpit, Vision, and Door,
will be generated as its own program in the target language (specified on line 1). These pro-
grams, called federates, can be containerized for better isolation and fault tolerance and/or
distributed to distinct hardware, for example to exploit specialized hardware in the Vision
reactor. This Vision reactor accesses a camera with a computer vision system that detects
a ramp outside the door and disarms the door before opening it.
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The grey chevrons inside reactors in the diagram represent reactions, which are triggered
by inputs, timers, or events on an event queue and are able to produce outputs. The
business logic inside reactions is written in the target language that is chosen. A typical
implementation of these reactors could use, for example, the Python target, which can
leverage existing packages such as Tensorflow lite for the vision component, if it is to be
realized on the edge, or it could use an API to realize the vision component in the cloud, or
it could use the C target together with OpenCV, the open computer vision library (this code
would go on line 27). Legacy code and libraries are easy to use in LF by simply invoking
their APIs in the reaction bodies.

In principle, a federated LF program could use different target languages for each of the
federates, such as Python for the Vision federate and C or Rust for the other components,
but this capability only exists currently in concept demonstration form.
Cockpit uses a common pattern for LF programs that react to asynchronous events

from the environment. It has a physical action, defined on line 11, which is used to inject
asynchronous external events from the environment. The reaction to the startup event on
line 13 can be used to set up any external interactions, for example enabling an interrupt
service routine to handle sensor events or cockpit switches. When these events occur, the
service routine schedules the physical action, which gets assigned a timestamp drawn from
a local physical clock. The code on line 17 will then be invoked in reaction to such events.

A key property of Lingua Franca is that every reactor handles events in timestamp
order, and when events bear the same timestamp, they will appear simultaneously at the
reactor. Moreover, reactions are logically instantaneous. If they produce outputs in reaction
to inputs, as the Vision does, those outputs have the same timestamp as the input. Conse-
quently, LF semantics assures that the Door reactor will not react to an open command until
the results of the Vision reactor are delivered to it. Moreover, when a reactor is presented
with multiple simultaneous inputs, reactions will be invoked in the lexical order. Hence,
given simultaneous disarm and open events, the Door reactor will react first to the disarm
event (line 35) and then to the open event (line 43). As we have seen in the previous section,
it is not trivial to ensure such behavior in an actor network, even one extended with time,
as in Timed Rebeca. It is, nevertheless, possible, as we will show.

The Door reactor also includes two deadline declarations, which serve two purposes.
First, they guide the LF scheduler to prioritize reaction invocations with nearer deadlines.
Second, they provide fault handling code, on lines 40 and 50, which is invoked instead of the
regular reaction code if and when the deadline is violated.

In this example, the federated reactors can be deployed on separate machines and reac-
tions in different reactors can be executed by multiple threads in parallel. More importantly,
for the same input values and timing, the partial order constraints on the execution of re-
actions ensure determinism. This modular design of reactors, determinism, and deployment
flexibility make LF suitable for describing time-sensitive applications.
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Specifying Timing Behavior

Lingua Franca makes a distinction between two timelines, logical time and physical
time [125]. Logical time is represented by a tag (timestamp and microstep in superdense
time [35, 134]) that tracks the processing of events within the system. It is a marker for the
sequence and timing of events as understood by the system’s logic. Physical time tracks
the actual movement of physical clocks, not to be confused with the conceptual clocks used
in synchronous-reactive models. In LF’s model of time, logical time, by default, lags behind
physical time, meaning that the system’s logical processing waits for the physical time to
advance before proceeding.

Lingua Franca programs can explicitly specify a variety of timing behaviors in time-
sensitive systems. These timing behaviors include time-triggered events, constraints on asyn-
chronous events (such as minimum spacing), and deadlines. The timing behavior specifica-
tion in Lingua Franca allows deterministic execution for timed events and user inputs.
Reactions to events are executed in order based on the logical time (i.e., the tag).

The physical action in the Cockpit reactor (line 11), represented in the diagram by a tri-
angle with a “P”, captures external asynchronous inputs, assigning them a logical timestamp
based on the physical time, as measured by a local clock. Lines 40 and 50 give deadlines,
which specify a maximum acceptable gap between the logical time and physical time of a
reaction invocation. These are also shown in the diagram as red markers in the reactions of
the Door reactor.

Like Timed Rebeca, Lingua Franca supports after delays on connections between
reactors (not used in this example). These increment the timestamp of an event conveyed
along the connection. They are part of the program logic, not a scientific model of commu-
nication delays. This manipulation can be used to ameliorate the effects of the fundamental
trade-off between consistency and availability in a distributed system [108].

For federated programs, Lingua Franca offers two distinct coordination strategies [16].
The default coordinator is a centralized component called the RTI (for runtime infrastruc-
ture) that guarantees that events are processed in the proper semantic order regardless of
communication delays, computation time, or clock synchronization. An alternative coordina-
tor is decentralized and guarantees proper semantic order only under clearly stated assumed
bounds on communication latency, computation times, and clock synchronization error. This
coordinator also provides hooks to handle faults that occur when these assumptions are vio-
lated. Deadline statements in LF can also be viewed as clearly stated assumptions coupled
with fault handlers to deal with violations of those assumptions.

In short, Lingua Franca offers deterministic behavior under clearly stated assump-
tions, mechanisms to detect when these assumptions are violated, and fault handlers so
that applications can react appropriately to violation of the assumptions. This determin-
ism applies even with parallel and distributed execution of LF programs, bringing the key
advantages of determinism [104]: repeatability, consensus, predictability (sometimes), fault
detection, simplicity, unsurprising behavior, and composability. For applications that require
(or benefit from) nondeterminism, LF includes explicitly nondeterministic constructs that
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1 reactiveclass Cockpit(10) {
2 knownrebecs {
3 Door door;
4 Vision Vision;
5 }
6 statevars { boolean open_value; }
7 Cockpit() {
8 // Schedule a physical action.
9 self.reaction_1();

10 }
11 @globalPriority(2)
12 msgsrv reaction_1() {
13 open_value = true;
14 door.read_port_open(open_value) after(0);
15 Vision.read_port_trigger(open_value)after(0);
16 }
17 }
18 reactiveclass Vision(10) {
19 knownrebecs { Door door; }
20 statevars {
21 boolean ramp_value;
22 boolean trigger_value;
23 boolean trigger_is_present;
24 }
25 Vision() {
26 trigger_is_present = false;}
27 @globalPriority(4)
28 msgsrv reaction_1() {
29 // Assume a ramp is detected
30 ramp_value = true;
31 door.read_port_disarm(ramp_value) after(0);
32 }
33 @globalPriority(3)
34 msgsrv read_port_trigger(boolean

_trigger_value) {
35 trigger_value = _trigger_value;
36 trigger_is_present = true;
37 self.reaction_1();
38 }
39 }

40 reactiveclass Door(10) {
41 statevars {
42 int status;
43 boolean open_value;
44 boolean open_is_present;
45 boolean disarm_value;
46 boolean disarm_is_present;
47 }
48 Door() {
49 status = 0;
50 open_is_present = false;
51 disarm_is_present = false;
52 }
53 @globalPriority(6)
54 msgsrv reaction_1() {
55 if (status == 0) status = 1;
56 disarm_is_present = false;}
57 @globalPriority(8)
58 msgsrv reaction_2() {
59 // Deploy emergency slides.
60 if (status == 0) status = 3;
61 else if (status == 1) {
62 status = 2;}
63 open_is_present = false;}
64 @globalPriority(7)
65 msgsrv read_port_open
66 (boolean _open_value) {
67 open_value = _open_value;
68 open_is_present = true;
69 self.reaction_2();}
70 @globalPriority(5)
71 msgsrv read_port_disarm
72 (boolean _disarm_value) {
73 disarm_value = _disarm_value;
74 disarm_is_present = true;
75 self.reaction_1();}
76 }
77 main {
78 Cockpit c(d, v):();
79 Vision v(d):();
80 Door d():();
81 }

Figure 3.7: Timed Rebeca model encoding the semantics of the Lingua Franca model.

can be used. This is a notable contrast with most other concurrent and distributed comput-
ing frameworks, which give you nondeterminism by default and leave it to the designer to
build deterministic behavior when needed.

3.5 Verifying an Engineering Model using Timed
Rebeca

In this section, we show how to use Timed Rebeca to verify an engineering model of
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the aircraft door system, rather than a model mixing engineering requirements and scientific
assumptions. Fig. 3.7 shows a Timed Rebeca model encoding the semantics of the Lingua
Franca program shown in Fig. 3.6. Strictly speaking, this Timed Rebeca model encodes
the behavior of the LF program at the instant when the Cockpit component schedules the
physical action command. We discuss the challenge of environmental modeling in Section 3.6.

Since the LF program is an engineering model, we interpret all reaction dependencies and
temporal semantics as requirements on the system design. Therefore, in the Timed Rebeca
model, we ensure that the same requirements hold for all message servers that represent LF
reactions. In the LF model, when a physical action command is scheduled, the disarm and
open input ports of Door should receive messages logically simultaneously, despite the fact
that the Vision component sits between the open port and the disarm port. This temporal
requirement necessitates that the Vision reaction must be invoked before both reactions in
Door, regardless of actual network delays and execution times.

In addition, to preserve determinism, LF requires that all reactions within the same
reactor execute in the order of their declarations. This means that when reactions in the Door
component are triggered logically simultaneously, the reaction labeled 1 must execute before
the reaction labeled 2, as explained in Section 3.4. Therefore, based on the requirements
above, LF defines a unique correct sequence of reaction invocations upon the arrival of a
physical action:

Cockpit reaction 2→ Vision reaction 1→ Door reaction 1→ Door reaction 2.

A correctly implemented LF runtime must deliver this sequence during program execution,
and ensuring that an LF runtime is implemented correctly is nontrivial. When formally
verifying the engineering model, however, the LF semantics can be assumed, which simplifies
verification significantly.

To encode this well-defined sequence in Timed Rebeca, we use the @globalPriority
annotation, which gives a Timed Rebeca message server a priority value that is respected
across reactive classes. These priorities provide partial ordering constraints that, according
to Lingua Franca semantics, allow parallel execution while respecting dependencies. This
is suitable in our use case, as LF’s requirements on the order of reaction invocations span
multiple reactors. We give the four reactions in the sequence global priorities of 2, 4, 6,
and 8 respectively (lines 11, 27, 53, 57 in Fig. 3.7). We set a reaction’s priority to twice its
invocation order so that auxiliary handlers (lines 34, 65, 71), which encode the semantics of
LF ports, can execute before the reactions they trigger.

We verify this engineering model in Afra, which confirms that status can never be 3,
even under all possible network latencies and execution times. As long as the implementation
correctly follows the LF semantics, we can fully trust this verification result.
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3.6 Challenges
One challenge that arises is that, in order to perform verification, Timed Rebeca programs
must usually include a model of the environment in which they operate. A verifiable TR
system is closed. All inputs to the designed part of the system have to be modeled. They
can be modeled nondeterministically using Timed Rebeca, but in order for bounded model
checking to be tractable, the number of nondeterministic choices must be limited. We avoided
this problem in the previous section by using a degenerate environment model, where the
environment makes exactly one request for service. For many cases, this will not be sufficient.
For example, it may be important to consider the rate at which requests for service can occur.
These rates can be bounded in Lingua Franca, which may make the modeling easier, but
this remains to be explored.

Since we cannot design the environment in which an engineered system runs, a model of
the environment is necessarily a scientific model, not an engineering model. The model can
make assumptions, enabling a kind of “assume-guarantee” reasoning, but the model cannot
be a specification of the environment. There is an art, therefore, to constructing models of
the environment. Ideally, each such model represents the weakest possible assumptions such
that verification remains tractable and the assumptions can reasonably be assumed to hold
[167, 117] . In practice, patterns of environment behavior will need to be verified separately,
because any single model with weak enough assumptions to admit all possible behaviors of
the environment will lead to intractable verification problems.

3.7 Future Work
We have observed that models used for verification in practice sometimes conflate engineering
models and scientific models, and that there is significant risk that this confusion compro-
mises the trustworthiness of the verification results. We argue that systems under design
should be modeled with engineering models, which are specifications of correct behavior,
rather than scientific models, which approximate implementations. When this distinction is
maintained, formal verification can definitively show whether the design meets those obliga-
tions. It is a separable problem to determine whether an implementation correctly realizes
the specification. A key limitation, however, is that designs can only be verified under as-
sumptions about the environment in which they operate, and that models of the environment
are inevitably scientific models, not engineering models.

We have shown that Lingua Franca programs can serve as effective engineering models
for a deterministic version of actor networks, and that Timed Rebeca can be used to verify
these models. Using Timed Rebeca’s ability to model nondeterminism, scientific models
of the operating environment can be combined with the engineering models of the design,
yielding verification results that are trustworthy under clearly stated assumptions about the
operating environment of the designed system.
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Chapter 4

Formal Verification of Lingua Franca
Programs

“Program testing can be used to show the presence of bugs, but never to show
their absence!”

—Edsger W. Dijkstra, “Notes on Structured Programming,” 1970.

Cyber-physical systems (CPS) [103, 156, 116] play a major role in today’s society. From
sensor networks to autonomous vehicles, from industrial automation to avionics, these sys-
tems have permeated every aspect of our daily lives. CPS applications are often safety-
critical; needless to say, it is crucial that such systems are designed and implemented with
assurance of correctness.

CPS design and verification can be challenging because one needs to capture the interac-
tions between the digital world and the physical world, and these two worlds have properties
that cannot be unified easily [103]. For example, the C language, a mainstream program-
ming language for embedded applications, adopts a sequential programming model, whereas
the physical world is intrinsically concurrent. In addition, timing is mostly considered as a
side effect of the software implementation and most languages do not include time in their
syntax or semantics; however, time is central to the evolution of physical processes and
timing should be treated as a correctness criterion rather than a performance metric. A
CPS-oriented technology stack should address both concurrency and timing, which should
also be addressed in CPS formal models.

CPS verification needs more automation. Although advances in model checking and
automated theorem proving, such as bounded model checking (BMC) [22, 21] and satis-
fiability modulo theory (SMT) solvers [14], have gained popularity due to their ability to
help automate verification, verification models are often generated by hand. This can be
very time-consuming for the highly complex systems typical in CPS [103]. It is important
to lower the burden of applying formal methods by fully automating verification, which re-
quires not only automated verification algorithms but also generating verification models
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automatically from the systems under verification, with an interface that is easy to use and
tightly integrated with design and development. In the ideal case, the language used for
design should also naturally support the verification process.

One natural formalism for CPS modeling is that of discrete-event systems (DES) [34].
However, formally modeling the behavior of DES using a conventional operational model
(i.e., a transition system) is difficult because one needs to specify properties globally over
execution traces, a task that cannot be easily achieved at the transition level. In addition,
modeling concurrent execution often involves modeling partial order traces, which typically
involves the use of nondeterminism. Therefore, when it comes to modeling real-time, con-
current CPS as DES, one needs to look for a modeling strategy more suitable than the
operational approach. In this chapter, we focus on building axiomatic models.

Our solution. Our solution for building verifiable CPS starts with the adoption of Lingua
Franca (LF) [129], a language suitable for modeling and implementing CPS applications.
Lingua Franca is a polyglot coordination language designed to have native support for
time and concurrency and to adopt a discrete-event semantics. LF endows popular pro-
gramming languages like C (which we focus on in this chapter), C++, and Rust with mech-
anisms to define and compose reactive and concurrent software components called reactors.
While traditional CPS implementations in low-level languages (e.g., C) expose no easy way
of extracting the interactions between subsystems, LF programs provide highly analyzable
program structures and a well-defined deterministic semantics, exposing the interactions
between subsystems clearly and explicitly. These features make it well-suited for formal
verification. LF also blurs the boundary between models and implementations by allowing
the user to specify both the software and the environment. LF has been used to implement
real-life applications, including Autoware [16], AUTOSAR [138], distributed databases [111],
and labs in embedded systems courses [81].

In this chapter, we aim to ensure the functional correctness of LF programs and thus
define a verification problem of checking Safety Metric Temporal Logic (Safety MTL) for-
mulas [148] for LF programs. To perform verification, we present a methodology to encode
the execution of an LF program as an axiomatic model, instead of an operational model
that aims to build an abstraction of the system using explicit notions of states and transi-
tions [6, 63]. Axiomatic models allow us to specify LF behavior based on a well-defined LF
semantics. An axiomatic model can thus be sound w.r.t. all valid runtime implementations
that correctly implement the same LF semantics. This is a significant advantage over op-
erational models, which need to be carefully designed to be sound abstractions of a subset
of the possible implementations. To make BMC complete, we propose an algorithm that
calculates an upper bound on the BMC completeness threshold based on an LF program
under verification and a Safety MTL property.

We implement our approach in the LF Verifier, which can verify an LF program fully
automatically. For each LF implementation, the LF Verifier generates a verification model
for Uclid5 [171, 152], a modeling and verification framework. The Uclid5 model is com-
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piled into an SMT query and then checked automatically by the Z3 solver [43]. The Uclid5
model generation is enabled by the program structure exposed by LF and its deterministic
semantics.

Related work. Outside of Lingua Franca, our work is influenced by the existing liter-
ature on verifying dataflow languages [64, 65, 55, 47, 189], Petri nets [49, 53], actors [161,
191, 100, 13], and other SMT-based techniques [6, 142]. The Uclid5 verifier we use is an
evolution of the older UCLID system [27], one of the first SMT solvers and SMT-based
verifiers. In terms of the underlying encoding and the verification strategies, we note that
various works [153, 64, 142, 132] implement similar axiomatic models in other domains.

Within the scope of Lingua Franca, we are aware of two works that are directly related
to verifying reactor systems at the time of this writing. Sirjani et al. [176] map LF programs
onto models written in the Timed Rebeca language [158] and perform model checking using
the Rebeca model checker [77], an explicit-state model checker. They model the reactor
systems based on the event-based semantics and show that their approach can handle state
properties. Deantoni et al. [44] integrate the MoCCML [45] into LF’s Eclipse IDE and
leverage the CADP toolbox [57] to check CCSL [9] properties, which can be considered a
variant of dataflow properties. We will expand on the difference between state and dataflow
properties in Sec. 4.3.

Our work differs from these prior approaches significantly:

1. LF Verifier is the first fully automated verifier for Lingua Franca and generates
verification models directly from LF programs. Existing approaches require the user
to first manually translate an LF program into an analyzable representation.

2. Our approach supports a well-defined fragment of Safety MTL, a temporal logic well-
suited for real-time systems.

3. Our tooling uses an intermediate Uclid5 encoding that is much easier to manipulate
and matches the LF semantics precisely.

Contributions. This chapter makes the following key contributions:

• We advocate for the use of Lingua Franca for a “design-for-verification” approach
to CPS design. We define a verification problem for checking Safety MTL properties
of LF programs.

• We present an approach to performing BMC on axiomatic models of LF programs,
which models executions of LF programs at the semantics level and hence ensures
soundness for all valid LF runtime implementations. To ensure the completeness of
BMC, we present an algorithmic method to upper bound the completeness threshold
based on an LF program and a Safety MTL property.
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• We present the LF Verifier, which can automatically generate axiomatic models
directly from an LF program. The models are subsequently checked by the Uclid5
verification engine with the Z3 solver. The LF Verifier also provides an annotation
system fully integrated into the LF development environment.

• We developed a benchmark suite that consists of 22 LF programs sampled from real-
life applications and benchmarks for Erlang, Lustre, actor-oriented languages, and
RTOSes, and we evaluate the LF Verifier against the benchmark suite. The results
show that the LF Verifier correctly checks 21 out of 22 programs automatically.

4.1 Running Example: ADAS
The reactor model [126, 123] is a deterministic model of concurrent computation for reac-
tive systems. It adopts a discrete-event semantics and extends the actor model [72] with
a deterministic order of handling concurrent timestamped messages. Reactors also share
similarities with synchronous languages [17], logical execution time (LET) [68], dataflow [46,
143], and process networks [82].

To introduce the reactor model informally, we present a simplified model of an advanced
driver assistance system (ADAS) [196], commonly found in modern vehicles. In this system,
a camera and a LiDAR periodically collect data from the environment and send them to
an ADAS processor, which performs image recognition on the given data. If an object is
getting too close to the vehicle, a warning message is displayed on the dashboard. If the
object is within some safety-critical distance, then the ADAS processor automatically applies
the brakes. The user can also manually apply the brakes by pressing the pedal.

We now explain how the diagram in Fig. 4.1 represents this simplified ADAS system.
A reactor is a stateful concurrent component. In the diagram, reactors are represented as
rectangles with rounded corners, and they are Camera, LiDAR, Pedal, Brake, Dashboard,
ADASProcessor, and ADASModel. A reactor can contain reactions, actions, timers, ports,
and connections.

A reaction (e.g., line 6) is a routine that executes when any of its triggers is present, and
it is rendered as a chevron in the diagram. The body of a reaction (e.g., lines 7-9) is written
in a target language and represents the “business logic” of the application. In this example,
the target language is C (line 1), and C code snippets are wrapped between the {= and =}
brackets. In addition, the ADASProcessor reactor (lines 37-54) has two reactions, the one
on the left labeled 1 and the one on the right labeled 2. These numbers correspond to the
priorities of the reactions within ADASProcessor: when they are triggered simultaneously,
reaction 1 will fire before reaction 2. It is important to note that reaction priorities establish
a total order only within the same reactor.

A reaction can be triggered by a port (e.g., line 38), a timer (e.g., line 5), or an action
(e.g., line 42). A port, rendered as a black triangle in the diagram, is used to communicate
with other reactors. A timer, rendered as a clock in the diagram, is used to generate periodic
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1 target C
2 reactor Camera {
3 output out :{=c_frame_t=}
4 state frame:{=c_frame_t=}
5 timer t(0,17ms) //60fps
6 reaction(t) -> out {=
7 // Capture a frame.
8 self->frame = ...;
9 lf_set(out,self->frame);

10 =}
11 }
12 reactor LiDAR {
13 output out :{=l_frame_t=}
14 state frame:{=l_frame_t=}
15 timer t(0,34ms) //30fps
16 reaction(t) -> out {=
17 // Capture a frame.
18 self->frame = ...;
19 lf_set(out,self->frame);
20 =}
21 }
22 reactor Pedal {
23 output out:int
24 physical action a
25 reaction(a) -> out {=
26 lf_set(out, 1); =}
27 }

28 reactor Brakes {
29 input inADAS:int
30 input inPedal:int
31 state brakesApplied:int(0)
32 reaction(inADAS,inPedal){=
33 // Actuate brakes.
34 self->brakesApplied = 1;
35 =} deadline(10ms) {=...=}
36 }
37 reactor ADASProcessor {
38 input in1:{=c_frame_t=}
39 input in2:{=l_frame_t=}
40 output out1:int
41 output out2:int
42 logical action a(50ms)
43 state requestStop:int
44 reaction(in1,in2) -> a {=
45 // ... Detect danger
46 // and request stop.
47 lf_schedule(a, 0);
48 self->requestStop = 1;
49 =}
50 reaction(a) -> out1,out2{=
51 if (self->requestStop==1)
52 lf_set(out1, 1);
53 =} deadline(20ms) {=...=}
54 }

55 reactor Dashboard {
56 input in:int
57 state received:int
58 reaction(in) {=
59 self->received = 1; =}
60 }
61
62 @property(name="responsive",
63 tactic="bmc", spec="G[0,10 ms]
64 ((ADASModel_l_reaction_0 &&
65 (F[0](ADASModel_p_requestStop
66 ==1)))==>(F[0,55 ms](ADASModel
67 _b_brakesApplied==1)))")
68 main reactor ADASModel {
69 c = new Camera()
70 l = new LiDAR()
71 v = new ADASProcessor()
72 b = new Brakes()
73 d = new Dashboard()
74 p = new Pedal()
75 l.out -> v.in1
76 c.out -> v.in2
77 v.out2 -> d.in
78 v.out1 -> b.inADAS after 5ms
79 p.out -> b.inPedal
80 }

ADASModel

Camera

(0, 17 msec)

out

LiDAR

(0, 34 msec)

out

ADASProcessor

1 2
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min delay: 50 msec
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in2

out1
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Brakes

10 msec

inADAS
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Dashboard
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Figure 4.1: LF code and diagram of a simplified model of an ADAS system.

signals. An action is used to schedule future events within a reactor. It is rendered as a
white triangle with an “L” if it is a logical action, or a “P” if it is a physical action. A logical
action is scheduled by a reaction, such as reaction 2 in ADASProcessor. A physical action
is scheduled asynchronously by the environment, such as a press on the brake pedal that
triggers an interrupt service routine (ISR). Connections can be drawn between two ports
using connection statements such as lines 75-79. Logical connections are specified using ->
with an optional logical delay specified using after (e.g., line 78). Without a delay specified,
an event travels from an output port to an input port logically instantaneously.

All events in the system are handled in the order of tags, which use a superdense repre-



CHAPTER 4. FORMAL VERIFICATION 64

sentation of time [135], encoded as tuples of the form g = (t,m), where t ∈ T is the time
value and m ∈ N is a microstep index. Reactions are logically instantaneous; logical time
does not elapse during the execution of a reaction (physical time, denoted as T , on the other
hand, does elapse). If a reaction produces an output that triggers another reaction, then
the two reactions execute logically simultaneously (i.e., at the same tag). Deadlines can be
specified and are violated when T − t is greater than the specified intervals (e.g., lines 35 &
53).

LF features used in this work. The formal analyses from the proposed methodology
operate on the logical behavior of the program, and the set of language features this work
addresses includes all features introduced earlier except physical actions, deadlines, and
advanced features such as modal models [164]. Lingua Franca is a highly expressive
language, and our proposed methodology makes use of most but not all of the language
features available. We leave analyzing programs with these language features for future
work.

Safety properties in reactors. Safety properties are properties that state, in loose terms,
“something bad should not happen.” We focus on safety properties because they are generally
considered the most important class of properties for safety-critical systems, and they tend
to be amenable to automated techniques [65]. In addition, since bounded liveness properties
can be converted into safety properties [19], we do not make a distinction between bounded
liveness and safety properties.

In reactors, we identify three types of properties: (I) state properties, (II) dataflow
properties, and (III) mixed properties. State properties focus on the values of variables. In
the context of reactors, they include state variables, ports, and actions. Dataflow properties,
on the other hand, specify the temporal behavior of reaction invocations. Mixed properties
combine state and dataflow properties.

To illustrate the difference between these types of properties, consider the ADASModel
reactor shown in Fig. 4.1. The property “The ‘frame’ variable in Camera is initially set to
an empty value” is a state property (Type I) that only refers to the state variable frame.
The property “In ADASProcessor, Reaction 2 is invoked within 100 ms after Reaction 1 is
invoked.” is a dataflow property (Type II). Notice that this property only refers to reaction
invocations and does not refer to variables. Lastly, a mixed property (Type III) is shown at
lines 62-67 in the LF program in Fig. 4.1. In natural language, the property states “Globally
from time 0 to 10 ms, when the LiDAR reaction invokes and the ADASProcessor requests stop
at the same tag, the brakes will eventually be applied within 55 ms.” We write the property
in MTL

1 G[0, 10 ms]((ADASModel_l_reaction_0 && (F[0](ADASModel_p_requestStop == 1)))
2 ==> (F[0, 55 ms](ADASModel_b_brakesApplied == 1)))

where ADASModel_l_reaction_0 refers to the invocation of the reaction inside the LiDAR reactor,
ADASModel_p_requestStop is the requestStop variable inside the ADASProcessor reactor, and
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ADASModel_b_brakesApplied is the brakesApplied variable inside the Brakes reactor. We
wrap the property inside an @property annotation, which we will expand on and verify in
Sec. 4.5.

At a high level, the key contribution of this chapter is to give a methodology for ver-
ification where the only thing a designer needs to do is add a specification of the safety
requirements (as an @property annotation) to the implementation program. This contrasts
with most verification methodologies, which require the designer to first construct a model
of the implementation. Here, we work directly with the implementation, which is given in
Lingua Franca. The model of the implementation is generated automatically from the
Lingua Franca program, as is the low-level C code that realizes the application.

4.2 Formal Logic and Properties
Metric Temporal Logic. Metric Temporal Logic (MTL) [91], a real-time extension of
Linear Temporal Logic (LTL), has been a successful logic for specifying properties of reac-
tive, embedded systems. The syntax and semantics of MTL are given below. We cite the
definitions of MTL from Ouaknine and Worrell [148, 147]. The syntax and semantics of
MTL are given as follows.

Definition 1 (Syntax of MTL). Given an alphabet Σ of events, the formulas of MTL are
built up from Σ by Boolean connectives and time-constrained versions of the next operator
X, the until operator U, and the dual until operator ŨI as follows:

ψ ::= true | false | a | ψ1 ∧ ψ2 | ψ1 ∨ ψ2 | XIψ | ψ1UIψ2 | ψ1ŨIψ2

where a ∈ Σ, and I ⊆ R≥0 is an open, closed, or half-open interval with end points in
R≥0 ∪ {∞}.

Definition 2 (Semantics of MTL). Given a (finite or infinite) time word π = (σ, τ) over
alphabet Σ, a word position i < |π|, and an MTL formula ψ, the satisfaction relation (π, i) |=
ψ (read π satisfies ψ at position i) is defined as follows.

(π, i) |= a iff σi = a

(π, i) |= ψ1 ∧ ψ2 iff (π, i) |= ψ1 ∧ (π, i) |= ψ2

(π, i) |= ψ1 ∨ ψ2 iff (π, i) |= ψ1 ∨ (π, i) |= ψ2

(π, i) |= XIψ iff i < |π| ∧ τi+1 − τi ∈ I ∧ (π, i+ 1) |= ψ

(π, i) |= ψ1UIψ2 iff ∃j, i ≤ j ≤ |π| ∧ τj − τi ∈ I.[(π, j) |= ψ2

∧ ∀k, i ≤ k < j.(π, k) |= ψ1]

(π, i) |= ψ1ŨIψ2 iff ∀j, i ≤ j ≤ |π| ∧ τj − τi ∈ I.[(π, j) |= ψ2

∨ ∃k, i ≤ k < j.(π, k) |= ψ1]
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From here, additional temporal operators can be defined: constrained eventually FI and
constrained globally GI , where FIψ = trueUIψ, and GIψ = falseŨIψ. In this work, we
focus on a fragment of MTL called Safety MTL [148, 146, 149], which requires the interval I
of the until operator UI to have finite length. Both the satisfiability problem and the model-
checking problem for Safety MTL over infinite timed words are decidable. Within Safety
MTL, in this work we additionally constrain the interval I of the next operator XI and the
dual until operator ŨI to have finite length. We leave the relaxation of this constraint for
future work.

Bounded Model Checking (BMC) BMC [22] is a well-known technique for bug finding
and bounded verification. A model checker implementing BMC usually proceeds as follows:
It first checks if a property ψ is valid along a path π for some k steps (denoted as π |=k ψ).
If a satisfying assignment is found at this point, the counterexample is returned to the user.
If not, the model checker increments k and checks π |=k+1 ψ. The procedure continues until
checking k steps becomes intractable, or a completeness threshold is reached. A completeness
threshold [92], denoted as CT , is a minimum number of k such that π |=CT ψ =⇒ π |= ψ,
i.e. if π satisfies ψ up to CT steps, then π satisfies the property ψ. In Sec. 4.4, we present
an algorithm for upper-bounding CT .
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Figure 4.2: Verification workflow of LF programs and the architecture of the LF Verifier.
Blue represents software modules implemented in this work. The other matching colors
indicate correspondence between the input program and the generated model.
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indices = (1, 2, ..., k)

rxn ∈ rxns = N ∪ {ϵ}
t,m ∈ N
tag = (t,m) ∈ tags

val ∈ vals = V |S|

trig ∈ trigs = B|T |

sch ∈ schs = B|A|

pld ∈ plds = V|A|

πi = (rxn, tag, val, trig, sch, pld)
π̄ = (π1, π2, ..., πk) ∈ Π

indices = indices ∪ (k+1, ..., k+|N |)
π = π̄ ∪ (πk+1, ..., πk+|N |) ∈ Π

Figure 4.3: Logical time and path definitions.

4.3 Axiomatic Semantics for Verifying Reactors
Fig. 4.2 shows the verification workflow of LF programs and the architecture of the LF
Verifier. In this section, we zoom in on the “Uclid5 model” in the figure and present the
method of performing BMC using axiomatic models derived from the semantics of Lingua
Franca. We begin by describing the typical properties of interest in a system of reactors.

Axiomatic semantics. In this section, we give an axiomatic semantics for reactors and
use the semantics to construct a model in Uclid5 to solve the verification problem defined
below.

Definition 3 (Verification Problem). Given a reactor, denoted as r, and a Safety MTL
formula ψ, determine whether all execution paths π̄ of r satisfy the formula ψ, i.e., π̄ |= ψ.

In the proposed axiomatic semantics, a reaction invocation defines a transition, which
matches the event-based semantics in Sirjani et al. [176]. To show the correspondence be-
tween the LF semantics in prose and our axiomatic semantics, we will constantly refer to
parts of the LF semantics in prose from prior works [123, 126, 128] as we present the ax-
iomatic semantics. The proposed semantics include four segments: (1) logical time and
path; (2) reactor semantics; (3) connections and triggers; (4) reaction code. This section
only includes the core axioms used to construct the axiomatic model.

(0) Notational conventions. We use uppercase letters to denote sets defined in LF
(e.g. N is the set of reactions in an LF program) and italicized words to denote sets in an
axiomatic model (e.g. rxns is the set of reactions in a corresponding axiomatic model). A
lowercase letter is always used to denote an element of a set (e.g. n ∈ N). For functions,
we use the calligraphic font (e.g. G) and italicized words (e.g. vali). In addition, we use the
blackboard-bold font to denote common sets (e.g. N for integers and B for {true, false}).

(1) Logical time and path. The definitions covered in this segment are shown in Fig. 4.3.
A logical time tag is defined as tag := (t,m), which is a tuple of two natural numbers: t ∈ N
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to represent a timestamp (i.e., the number of nanoseconds elapsed in logical time since the
start of the program), and m ∈ N to represent a microstep index, which is used to enforce an
ordering on events with the same timestamp. To extract a timestamp or a microstep from
a tag, we define projection functions T : tags→ N for mapping a time tag to its time value
andM : tags→ N for mapping a time tag to its microstep index. To compare two tags, we
define an ordering relation

≺ = {(tag1, tag2) ∈ tags2 | T (tag1) < T (tag2)
∨ (T (tag1) = T (tag2) ∧M(tag1) <M(tag2))}

and a relation ⪯ = {(tag1, tag2) ∈ tags2 | tag1 ≺ tag2 ∨ tag1 = tag2}.
We use R to denote the set of reactors and N the set of reactions defined in an LF

program. In the axiomatic model, a reaction invocation is defined as rxn ∈ rxns = N ∪ {ϵ},
where ϵ indicates an empty reaction. Let S denote the union of state variables, ports, and
actions defined in the LF program. A vector of values carried by elements in S is defined as
val ∈ vals = V |S|, where V is an abstract set of values. Let T denote the union of ports and
actions defined in the LF program. A Boolean vector denoting the presence of triggers is
defined as trig ∈ trigs = B|T |. We further let A ⊆ T denote the set of actions specifically. A
Boolean vector denoting whether actions are scheduled is defined as sch ∈ schs = B|A|. This
is different from the same actions in trigs, which are set to true when the scheduled actions
actually become present at a future time tag. When actions are scheduled, their payloads
are stored in pld ∈ plds = V|A|.

A path π̄ = (π1, π2, ..., πk) is a bounded sequence of states, where the length of the
sequence is equal to a bound k. This is modeled in SMT using the theory of arrays with
the constraint that any element outside of the range [1, k] carries an empty value. We also
define an indices set as a sequence of natural numbers from 1 to the bound k, i.e., indices =
(1, 2, ..., k). Intuitively, a path can be interpreted as an unrolled execution trace over which
the axioms will be enforced. To ensure that certain axioms, to be introduced below, also
hold at the boundary of the path (i.e., at step k), we define an extended version of the path
with a padding, where indices = indices ∪ (k+1, ..., k+|N |), π = π̄ ∪ (πk+1, ..., πk+|N |) ∈ Π,
and the length of the padding is set to |N |. Note that Safety MTL formulas are evaluated
on π̄ and not on π, the padded version, which is used here to prevent the axioms from being
trivially unsatisfiable at the path boundary.

A state ∈ states is a 6-tuple (rxn, tag, val, trig, sch, pld), where rxn ∈ rxns is the reaction
invoked, tag ∈ tags is the logical time at which the invocation occurs, val ∈ vals is the
variable values after the invocation, trig ∈ trigs the presence of triggers at the moment
of the invocation, sch ∈ schs indicates whether actions are scheduled during the current
reaction invocation, and pld ∈ plds the payloads actions carry when they are scheduled.

We use subscripts to denote an individual element in a vector. The ith entry of val is
denoted as vali, and the ith entry of trig is denoted by trigi. We use the same symbols and
define projection functions vali : states→ V and trigi : states→ B, to extract the ith value
or trigger at a particular state in a path. We define a projection function N : states → N ,
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which extracts a rxn from a state, and a projection function G : states→ tags, which extracts
a tag from a state. We are now ready to start axiomatizing the core reactor semantics.

(2) Reactor semantics. One of the most important sets of axioms is the semantics of the
reactor model. We first define an axiom enforcing that the ordering of reaction invocations
must be in the order of time tags:

∀i, j ∈ indices. G(πi) ≺ G(πj) =⇒ i < j, (TimeOrder)

where ≺ is the ordering relation defined earlier. At a time tag, a reactor maintains a
deterministic order of execution by executing its reactions in the order of their priorities.

∀i, j ∈ indices. G(πi) = G(πj) ∧P(N (πi)) < P(N (πj)) =⇒ i < j, (ReactionOrder)

where P : N → N is a function that maps a reaction to a priority value, which is a natural
number. Besides enforcing a tag order, we also require that a given reaction can only be
invoked once at any logical time instant:

∀i, j ∈ indices. (N (πi) = N (πj) ∧ i ̸= j) =⇒ G(πi) ̸= G(πj). (Uniqueness)

Next, we place constraints on the time tags, where both the timestamp and the microstep
must be non-negative.

∀i ∈ indices. T (G(πi)) ≥ 0 ∧M(G(πi)) ≥ 0. (ValidTag)

For an empty invocation ϵ, we require that it must always occur at the end of the trace.
In other words, ϵ invocations cannot occur in between real reaction invocations in a trace.
This behavior is desired because the purpose of ϵ events is to fill in unused entries in the
trace array when modeling an execution trace that is shorter than the verification bound.

∀j ∈ indices. N (πj) ̸= ϵ =⇒ (∀i ∈ indices, i < j. N (πi) ̸= ϵ) (EmptyLast)

(3) Connections and triggers. Since we represent the system axiomatically, we do not
explicitly specify the transition relation between each state variable, but instead specify a
set of invariants over the traces being examined.

Let pu and pd be a pair of upstream and downstream ports, with their values stored in
valu, vald ∈ val and their presence in trigu, trigd ∈ trig. We use a variable physical ∈ B to
denote whether the connection is a physical connection, and we define a variable delay ∈ N
to indicate the logical delay carried by the connection. We also define a schedule operator
⊕ : tags × N → tags as g ⊕ t = g′ s.t. T (g′) = T (g) + t and M(g′) = 0 if t > 0 and
M(g′) =M(g) + 1 if t = 0. The behavior of a connection is specified as follows.

∀i ∈ indices. (trigu(πi) =⇒ (∃j ∈ indices. j > i ∧ trigd(πj)
∧ vald(πj) = valu(πi) ∧ (¬physical =⇒ G(πj) = G(πi)⊕ delay))) (SendToDownstream)
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The SendToDownstream axiom specifies that when the upstream trigger is present at some
step in the path, there exists a step in the path with the downstream trigger present. We fur-
ther specify the Correspondence axiom below to ensure a one-to-one correspondence between
the presence of triggers in logical time.

∀i ∈ indices. (trigd(πi) =⇒ (∃j ∈ indices. j < i ∧ trigu(πj)
∧ valu(πj) = vald(πi) ∧ (¬physical =⇒ G(πi) = G(πj)⊕ delay))) (Correspondence)

Since the default behavior of variables in an axiomatic model is nondeterministic assign-
ment, the SameIfAbsent axiom states that when a trigger is absent, the value corresponding
to the trigger stays the same as the previous step.

∀i ∈ indices. trigd(πi) = false =⇒ (vald(πi) = vald(πi−1)) (SameIfAbsent)

If a reaction v ∈ N is sensitive to a startup trigger, then it will be invoked at tag (0,0).
To encode this behavior, we state a StartupTrigger axiom.

∃i ∈ indices. N (πi) = v ∧ G(πi) = (0, 0) ∧ ¬(∃j ∈ indices. N (πj) = v ∧ j ̸= i)
(StartupTrigger)

Besides ports, LF also supports actions and timers as triggers. Let us first start with
actions. To axiomatize the behavior of actions, we let a be an action with its value stored in
vala ∈ vals, its presence stored in triga ∈ trigs, and a logical delay delaya ∈ N. We further let
reactionsa denote a set of reactions that can schedule the action a. We can state an axiom,
ScheduleAction, to encode the semantics of actions.

∃i ∈ indices.
∨

n∈reactionsa

triga(πi) = true =⇒ (∃j ∈ indices. j < i ∧ N (πj) = n

∧ G(πi) = G(πj)⊕ delaya ∧ scha(πj) = true ∧ vala(πi) = plda(πj)) (ScheduleAction)

Timers are another important feature for generating periodic events. To axiomatize their
behavior, let t be a timer with an initial offset offset ∈ N, a period period ∈ N, and its
presence stored in trigt ∈ trigs. Recall also that k is the largest index in indices. Then, a
timer must start firing at the predefined offset, as stated in TimerOffset.

((T (G(πk)) ≥ offset) =⇒ ∃i ∈ indices. trigt(πi) = true ∧ G(πi) = (offset, 0))

∧ ((T (G(πk)) < offset) =⇒ ∀j ∈ indices. N (πj) ̸= ϵ) (TimerOffset)

Intuitively, if the last state of π̄ (i.e., πk) has reached the timestamp specified by offset,
then there must be a state in which the timer trigger is present and the timestamp matches
offset. Otherwise, if the last state does not reach the timestamp specified by offset, all the
reaction invocations along the path must be non-empty. The subsequent firing should occur



CHAPTER 4. FORMAL VERIFICATION 71

repeatedly at an interval specified by the period. We state two axioms, TimerPeriod and
TimerSpacing to encode this behavior.

∀i ∈ indices. trigt(πi) = true =⇒
(∃j ∈ indices. j > i ∧ trigt(πj) = true ∧ G(πj) = G(πi)⊕ period) (TimerPeriod)

∀i ∈ indices. trigt(πi) = true =⇒
((∃x ∈ N. x ≥ 0 ∧ T (G(πi)) = offset + x× period) ∧M(G(πi)) = 0) (TimerSpacing)

The LF semantics specifies that a reaction is triggered when any of its triggers is present.
To encode this behavior, we state a ReactionTriggers axiom. Let n ∈ N be a reaction and
let triggersn be the set of triggers the reaction n is sensitive to.

∀i ∈ indices. (∃t ∈ triggersn. t = true)⇐⇒ N (πi) = n (ReactionTriggers)

(4) Reaction code. To axiomatize reaction body code written in C, we adopt the prepro-
cessing method presented by Armando et al. [10], in which a block of C code is transformed
into a representation called If Normal Form. Starting from a C abstract syntax tree (AST)
in If Normal Form, we then translate each if block into an implication where the if condition
becomes the antecedent and the then branch becomes the consequent. Since axiomatizing C
code is not our contribution, we will not expand on it here but will later revisit it in Sec. 4.5.

4.4 Bounding the Completeness Threshold
Recall that the completeness threshold, denoted as CT , is an attribute of a system M with
respect to a property p and a translation scheme such that checking a trace up to CT steps
without errors proves M |= p [21]. In the context of our work, the system M is a reactor
system. The property p is a Safety MTL formula. The translation scheme is the translation
of a reactor system to an axiomatic model (Sec. 4.3) and the translation of a Safety MTL
formula to a First-Order Logic formula over a timed word π̄ based on the semantics of MTL
(Def. 2).

Here, we do not seek to compute the precise completeness threshold since such compu-
tation is as hard as the BMC problem itself [94]. Instead, we efficiently compute an upper
bound on the completeness threshold, and we denote this bound as ĈT . Since we adopt the
event-based semantics introduced by Sirjani et al. [176] (i.e., modeling an LF execution as a
sequence of reaction invocations), computing a bound for ĈT requires finding the maximum
number of reaction invocations within a logical time interval specified by the Safety MTL
property. To do this, we construct a state space diagram for an LF program.
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State space diagram. Intuitively, each node in the state space diagram consists of a time
tag, a set of reactions invoked at this tag, and a set of pending events set to appear at some
future time tags. The state space diagram of the running example is shown in Fig. 4.4.

Formally, a state space diagram is a directed graph (V,E) where V ⊆ tags× P(rxns)×
P(events) and E ⊆ V × V , where P denotes a power set. The symbols tags and rxns
are defined previously in Fig. 4.3. Here we introduce a new set events, which is defined
as events = tags × trigs, where trigs is also defined in Fig. 4.3. To extract a tag, a set of
reactions, or a set of events from a node, we define projection functions tagn : V → P(events),
rxns : V → P(rxns), and events : V → P(events). Similarly, to extract a tag or a trigger
from an event, we define projection functions tage : events→ P(events) and trigs : events→
P(rxns).

Constructing a state space diagram requires a lightweight simulation of the worst-case
execution until some time horizon, denoted as horizon ∈ N, is reached, which is the time
interval specified by a Safety MTL formula. We provide a precise definition of a theoretical
worst-case execution below.

Definition 4 (Theoretical worst-case execution of an LF program). A theoretical worst-case
execution of an LF program is an execution path π permitted by the LF program structure
such that

∀π′ ∈ Π. ∀g ∈ tags.
∣∣∣∣{πi ∈ π | G(πi) = g∧N (πi) ̸= ϵ}

∣∣∣∣ ≥ ∣∣∣∣{π′
j ∈ π′ | G(π′

j) = g∧N (π′
j) ̸= ϵ}

∣∣∣∣
Intuitively, the theoretical worst-case execution path has the largest possible number of

reaction invocations at each logical tag among all possible execution paths defined by the
LF program structure.

During the simulation, the algorithm keeps track of three quantities (as defined earlier):
a current time tag (denoted as currentTag), a list of reactions invoked at the current tag
(denoted as reactionsInvoked), and a priority queue of pending events ordered by time tags
(denoted as pendingEvents). The algorithm is listed in Algorithm 1 with specific implemen-
tation details abstracted away.

The main exploration logic occurs inside a while loop 5. Before the actual exploration
begins, the algorithm requires a horizon argument and identifies a set of initial events from
which the execution unfolds. The horizon argument is derived based on the given MTL
formula as follows. Let ψ be an MTL formula in Negation Normal Form, and let h : MTL→
R be a function mapping an MTL formula to its horizon. The function h can then be defined
recursively.

h(ψ) =


max(h(ψ1), h(ψ2)) if ψ ≡ ψ1 ∧ ψ2 or ψ ≡ ψ1 ∨ ψ2

max(I) + h(ψ1) if ψ ≡ GIψ1 or ψ ≡ FIψ1 or ψ ≡ XIψ1

max(I) + max(h(ψ1), h(ψ2)) if ψ ≡ ψ1UIψ2 or ψ ≡ ψ1ŨIψ2

0 otherwise
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Algorithm 1 Explore the state space and build a state space diagram
1: procedure Explore(horizon, findLoop)
2: previousTag, currentTag← ϵ, pendingEvents← ∅
3: pendingEvents← getInitialEvents()
4: stop← pendingEvents.isEmpty()
5: while not stop do
6: currentEvents← processEarliestEvents(pendingEvents)
7: reactionsInvoked← triggerReactions(currentEvents)
8: for each reaction in reactionsInvoked do
9: pendingEvents← pendingEvents ∪ processReactionEffects(reaction)

10: end for
11: if previousTag = null then
12: currentNode← initializeCurrentNode()
13: else if currentTag.timestamp > previousTag.timestamp then
14: if findLoop and duplicateNodeExists() then
15: identifyAndMarkLoop(); return
16: end if
17: newNode← createNewNode(currentTag, reactionsInvoked, pendingEvents)
18: addToDiagram(newNode)
19: currentNode← newNode
20: else
21: currentNode← updateCurrentNode(reactionsInvoked, pendingEvents)
22: end if
23: previousTag← currentTag
24: currentTag← pendingEvents.peek().tag
25: if pendingEvents.isEmpty() or currentTag.timestamp > horizon.timestamp then
26: stop← true
27: end if
28: end while
29: finalizeDiagram()
30: end procedure
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To determine the set of initial events, the algorithm identifies the startup trigger used in the
program and the initial firings of timers and adds them to pendingEvents.

Then, the procedure starts simulating the execution by stepping into a while loop, which
can only be exited when the following stop conditions are met:

1. there are no more pending events (i.e., |pendingEvents| = 0);

2. the simulation completes the time horizon (i.e., T (currentTag) > horizon);

3. a cycle is found in the state space diagram.

During each cycle iteration, the simulation pops all the pending events that are set
to appear at the current tag off the pendingEvents queue. Then, reactions triggered by
these events are added to the reactionsInvoked list. Note that since this is a lightweight
simulation, the C bodies of these reactions are not simulated; instead, they are assumed to
produce outputs at all the ports and schedule all the actions available to them. This is an
over-approximation of the actual behavior and leads to the worst-case execution we seek.
The set of new outputs and actions produced is inserted back into pendingEvents, waiting
to be processed in some future loop iterations. When all the events at the current tag have
been processed, the execution advances to the nearest future tag. A new node in the state
space diagram is then created for the previous tag, storing the reactionsInvoked list and the
pendingEvents queue. There is also an edge from the previous node to this new node.

We prove that the state space diagram generated by this algorithm is indeed the worst
case.

Proposition 4.1. Algorithm 1 produces a state space diagram representing the theoretical
worst-case execution of an LF program.

Proof. We prove this lemma by induction on the logical tag. In the base case, we focus on
the first time tag and show that the algorithm computes the theoretical worst-case execution
path up to the conclusion of the first time tag. When the algorithm begins, it adds initial
events (line 3) including the startup trigger (set to occur at tag (0, 0)) and the initial firings
of timers (which can occur at any time tag depending on the offsets) to pendingEvents. At
this point, these initial events are not dependent on any prior state, but their addition to
pendingEvents ensures that their effects will be considered when computing the next state,
thus establishing state-dependency from the very beginning. If there are no initial events,
the algorithm terminates and we arrive at a correct state space diagram that is empty. If
there are initial events, we enter the while loop (line 5) and pop off the earliest events at
line 6. Reactions triggered by these events are added to reactionsInvoked and all of their
effects are added back to pendingEvents. This means that the effects of all the reactions
invoked at the current state are taken into account when constructing the next state. These
effects can influence both the state at the next time tag and the states at subsequent time
tags, which ensures the propagation of state-dependency across different time tags. If the
newly added effects happen at some future tag, we advance the current tag (line 24) and are
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done with the first tag, leaving us with a correct state space diagram constructed up to the
conclusion of the first tag with as many reactions invoked as possible at the first tag. On
the other hand, if the added events are instantaneous, e.g., setting output ports connected
to a downstream input port with zero delay, then line 24 maintains the current tag, and the
loop continues until we are done with the first tag. The resulting state space diagram is
representative of the theoretical worst-case execution because during the loop iterations, all
the possible reaction invocations have been accounted for. We thus conclude the base case.

For the inductive step, we make the inductive hypothesis that the algorithm has correctly
computed a state space diagram up to some time tag later than the first tag; we seek to
show that the algorithm can correctly compute the next tag. At this point, there must
be unprocessed events in pendingEvents and the current tag must not have reached horizon,
otherwise the algorithm would have been terminated at line 26. By our inductive hypothesis,
pendingEvents contains the effects of all the reactions invoked at the previous states. Hence,
the current state is dependent on all the previous states, and any reaction invoked at the
current state will also take into account the effects of the reactions invoked at the previous
states. We begin handling the next tag by popping the earliest events, checking the set
of reactions invoked by these popped events, and again add all the effects of the invoked
reactions back to pendingEvents. By adding all the effects of the reactions invoked at the
current state to pendingEvents, we ensure that these effects are propagated to the next state
and states at subsequent time tags. This maintains state-dependency across different time
tags. If the newly added events are in the future, we update currentTag (line 24) and are
done with the next tag. If not, line 24 does not update currentTag, and the loop continues
until the next tag is finished, at which point, we are left with a state space diagram correctly
constructed up to the conclusion of this next tag since all the possible reaction invocations
have been accounted for. Invoking all possible reactions at each time tag results in the
maximal number of reactions invoked over the entire execution, which constitutes the worst-
case scenario. ■

Cycle detection. As an optimization, the simulation seeks to find a cycle in a state space
diagram. LF programs often exhibit periodic behaviors (e.g., the execution of our running
example shown in Fig. 4.4). For such programs, the simulated execution does not need to
continue until the completion of a horizon; it only needs to continue until the completion of
a period (i.e., a cycle). The rest of the execution up to the horizon can be inferred from the
periodic behavior. To check whether an execution completes a period, when the execution
advances to a new tag, the simulation checks whether the newly added node is equivalent to
any of the previous nodes. Two nodes, n1 and n2, are considered equivalent if

1. rxns(n1) = rxns(n2);

2. {trigs(e1) ⊆ trigs | e1 ∈ events(n1)} = {trigs(e2) ⊆ trigs | e2 ∈ events(n2)};
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S0

(0, 0)

Reactions invoked:
ADASModel.l.reaction_0
ADASModel.c.reaction_0
ADASModel.p.reaction_0

Pending events:
(ADASModel.c.t, (17 msec, 0))
(ADASModel.l.t, (34 msec, 0))
(ADASModel.p.a, (50 msec, 0))

S1 2 3

(17 msec, 0)+17 msec

S2 3 3

(34 msec, 0)

+17 msec

S3 2 3

(50 msec, 0)

+16 msec

S4 2 4

(51 msec, 0)+1 msec

S5 1 3

(55 msec, 0)

+4 msec

S6 3 3

(68 msec, 0)

+13 msec

S7 2 3

(85 msec, 0)

+17 msec

S8 2 3

(101 msec, 0)

+16 msec

S9 3 4

(102 msec, 0)+1 msec

S10 1 3

(106 msec, 0)

+4 msec

+13 msec -102 msec

Figure 4.4: An abstract view of the state space diagram for the running example in Fig. 4.1.
In this abstract view, except for S0, which is shown in full, each node consists of (from left
to right) an identifier, the number of reactions invoked at the current tag, the number of
events pending, and (at the bottom) the current tag.

3. {tage(e1)− tagn(n1) | e1 ∈ events(n1)} =
{tage(e2)− tagn(n2) | e2 ∈ events(n2)}.

The cycle detection approach is similar to that of [60], which constructs state space diagrams
for synchronous dataflow graphs [102].

From diagram to ĈT . Once the state space diagram is generated, we can compute ĈT
from it. For this, we state two theorems.

Theorem 1 (ĈT w.r.t. a cycle-free diagram). The completeness threshold w.r.t. an LF
program that generates a cycle-free state space diagram (V,E) is upper bounded by ĈT such
that

ĈT =
∑
n∈V

| rxns(n) |.

Proof. A cycle-free diagram is by construction a finite linear sequence of nodes. For a node
n ∈ V , the number of reaction invocations is given by |rxns(n)|. The maximum possible



CHAPTER 4. FORMAL VERIFICATION 77

number of reaction invocations, i.e., ĈT , can be computed by summing up the number of
reaction invocations of each node. We then obtain the desired expression. ■

Intuitively, this ĈT counts the number of reaction invocations up to the completion of
the horizon. If a cycle is found, we use its periodicity to infer ĈT .

Theorem 2 (ĈT w.r.t. a diagram with a cycle). The completeness threshold w.r.t. an LF
program that generates a state space diagram (V,E) with a cycle is upper bounded by ĈT
such that

ĈT =
∑

n′′∈V ′′∪{nc}

| rxns(n′′) | +
∑
n′∈V ′

| rxns(n′) | ∗ iterations,

where V ′ denotes the set of nodes that form the cycle, V ′′ = V \ V ′ denotes the rest of the
nodes, nc ∈ V ′ denotes the node where the cycle begins, iterations = ⌈(horizon− T (tagn(nc)))/ρ⌉,
and ρ denotes the cycle period.

Proof. A state space diagram with a cycle has an initialization phase, consisting of nodes
V ′′ ∪ {nc}, and a periodic phase, consisting of nodes V ′. Note that the first time of reach-
ing nc ∈ V ′ counts toward the initialization phase since the periodic phase cannot start
without first reaching nc. The overall ĈT is the sum of reaction invocations during both
the initialization phase and the periodic phase. The first expression,

∑
n′′∈V ′′∪{nc} |rxns(n′′)|,

follows directly from the proof of Theorem 1. The second expression over-approximates the
number of reaction invocations during the periodic phase by multiplying the number of in-
vocations during one iteration, given by

∑
n′∈V ′ |rxns(n′)| (also directly following the proof

of Theorem 1), by iterations, the minimum number of cycle iterations required to guaran-
tee completing the time horizon. The value of iterations can be obtained by taking the
remaining horizon after entering the periodic phase, i.e., horizon − T (tagn(nc)), dividing it
by the period of the cycle, ρ, and applying the ceiling operation. We then obtain the desired
expression. ■

4.5 LF Verifier: the First Fully Automated Verifier
for Reactors

We now describe the implementation details of the LF Verifier, and walk through the
steps to verify the safety property in the running example. The LF Verifier is embedded
inside the Lingua Franca compiler, which is open-source on GitHub 1. From the user’s
perspective, using the LF Verifier simply requires extending the original program with
@property annotations; the rest is handled by invoking the compiler.

Recall from Fig. 4.2 that the user first provides an LF program along with annotations
specifying temporal properties of the program in Safety MTL. Once the input files are pro-
vided, they are passed into the LF Verifier, which parses LF code, reaction code (written

1GitHub link: https://github.com/lf-lang/lingua-franca
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mtl ::= formula | unaryOp formula |
formula binaryOp formula

unaryOp ::= ‘!’ | ‘X’interval |
‘G’ interval | ‘F’interval

binaryOp ::= ‘U’ interval
interval ::= (‘(’ | ‘[’) time ‘,’ time (‘)’ | ‘]’) |

‘[’ time ‘]’
time ::= int (id)?

formula ::= prop | equivalence | implication |
disjunction | conjunction | mtl

prop ::= ‘true’ | ‘false’ |
expr relOp expr

expr ::= id | ‘(’ sum ‘)’ | int |
expr arithOp expr

relOp ::= ‘==’ | ‘!=’ | ‘<’ |
‘<=’ | ‘>’ | ‘>=’

arithOp ::= ‘+’ | ‘-’ | ‘*’ | ‘/’
equivalence ::= mtl ‘<==>’ mtl
implication ::= mtl ‘==>’ mtl
disjunction ::= mtl ‘||’ mtl
conjunction ::= mtl ‘&&’ mtl

Figure 4.5: Syntax for the Safety MTL fragment supported by the LF Verifier.

in C, in our case), and the Safety MTL annotations. Based on the parsed LF code, LF
Verifier analyzes the topology of the system and generates an axiomatic model that can
be processed by Uclid5. In the rest of the section, we will focus on the modules used by
the LF Verifier to verify properties and ignore the modules used for compiling the LF
program.

Annotations. The user specifies an MTL property using an @property annotation. At
the time of writing, the @property annotation requires three parameters: (i) the name of the
property, (ii) the tactic used to check the property (only bmc is supported for now), and (iii)
the MTL formula. A valid MTL formula follows the syntax shown in Fig. 4.5. Safety MTL
is enforced by ensuring that “int” denotes finite non-negative integers. Reaction invocations
(resp., values of LF components) are specified using fully qualified names of the reactions
(resp., the components).

Parsing. After opening the LF file provided by the user, the LF Verifier parses the LF
code using an “LF Parser” based on the Xtext framework [51, 20], and it parses the reaction
body code (in C) and the MTL annotations using ANTLR4 parsers [151] (shown in Fig. 4.2
as “C Parser” and “MTL Parser”), generating a parse tree for C and another parse tree for
MTL.

AST transformations. Once the C parse tree is generated by ANTLR4, the “C AST
Builder” is used to build an abstract syntax tree (AST). Our implementation uses the tech-
nique presented by Armando et al. [10], which supports a subset of the C language. For
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language features we do not currently support, including pointers, loops, and macros, the
AST builder marks these AST nodes as opaque and returns a warning to the user. While
C support is incomplete, the LF Verifier can currently analyze arithmetic operations,
variable assignments, LF runtime APIs, and if statements (including nested if statements),
which are arguably expressive enough to cover many real-time systems applications. We will
discuss our plan to expand the support for C in Sec. 4.6.

Once the C AST is built, it is sent to the “INF Converter”, where INF stands for If Normal
Form, a term introduced in Armando et al. [10]. The main idea is to flatten the nested if
statements until an if condition is associated with each atomic statement. For example, the
two reaction bodies in ADASProcessor in the running example (Fig. 4.1) effectively turn
into

1 /* (C) Reaction body 1 */
2 if (true) lf_schedule(a, 0);
3 if (true) self->requestStop = 1;
4 /* (C) Reaction body 2 */
5 if (self->requestStop==1) lf_set(out1, 1);

The latter reaction body does not change since it follows the If Normal Form before trans-
formation.

Computing ĈT . Let us return to the LF code. After the LF program passes through the
“LF Parser”, it goes into a “Dependency Analyzer,” which extracts the dependency relations
between reactions. When the dependency analysis is done, the LF Verifier invokes a
“ ĈT Calculator” which executes Algorithm 1 in Sec. 4.4 to obtain an upper bound on the
completeness threshold.

To check the property in the running example, the LF Verifier first computes a logical
time horizon from the property, which, in this case, is 65 ms: the outer G[0, 10 ms] operator
requires 10 ms while the inner F[0, 55 ms] operator requires another 55 ms. The F[0] does
not contribute to the horizon due to the interval of 0. Therefore, to ensure the completeness
of BMC, the model must unroll until 65 ms is reached.

The state space diagram of the program (Fig. 4.4) shows that within an interval of 65 ms,
the program reaches six states (S0-S5). ĈT , i.e., the maximum sum of reaction invocations
along the six states, is ĈT = 3 + 2 + 3 + 2 + 2 + 1 = 13. The “ ĈT Calculator” passes this
number to the downstream model generators.

Model generation. During the model generation phase, three generators work together to
produce a single Uclid5 model: an “LF Axiom Generator”, a “Reaction Axiom Generator”,
and an “MTL2FOL Generator.” The “LF Axiom Generator” generates the definitions and
axioms (except the reaction axioms) presented in Sec. 4.3. Here is a snippet of the generated
Uclid5 code for the preliminary definitions. We refer the reader to [171, 152, 178] for details
on the Uclid5 syntax.

1 /* (Uclid5) Preliminary definitions */
2 const START : integer = 0; // The start index of the trace
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3 const END : integer = 13; // The end index of the trace (ie, CT bound)
4 const END_TRACE : integer = 19; // The end index of the trace with padding
5 type state_t = {rxn_t, tag_t, val_t, trig_t, sch_t, pld_t}; // A state is a 6-tuple.
6 type path_t = [integer]state_t; // A path is a sequence of states indexed by integers.

The “Reaction Axiom Generator” generates Uclid5 axioms from the C AST in the If Normal
Form. Again, we use the two reaction bodies in ADASProcessor as examples:

1 /* (Uclid5) Axioms of reaction 1 of ADASProcessor */
2 axiom(finite_forall (i : integer) in indices :: (i > START && i <= END) ==> (
3 (ADASModel_p_reaction_0(rxn(i))) ==> (((true ==> (
4 ((finite_exists (j : integer) in indices :: (j > i && j <= END_TRACE) && (
5 ADASModel_p_a_is_present(t(j))
6 && tag_same(g(j), tag_schedule(g(i), (50000000+0)))
7 && ADASModel_p_a(s(j)) == 0
8 )) // Closes finite_exists
9 && ADASModel_p_a_scheduled(d(i)))))

10 && (true ==> ((ADASModel_p_requestStop(s(i)) == 1)
11 ))))));
12
13 /* (Uclid5) Axioms of reaction 2 of ADASProcessor */
14 axiom(finite_forall (i : integer) in indices :: (i > START && i <= END) ==> (
15 (ADASModel_p_reaction_1(rxn(i))) ==> (((
16 (ADASModel_p_requestStop(s(i)) == 1) ==> (((ADASModel_p_out1(s(i)) == 1) && (

ADASModel_p_out1_is_present(t(i)))))
17 )))));

As mentioned in Sec. 4.3, the generated reaction axioms are derived from a C AST in the
If Normal Form and work in the same way as the other axioms by specifying relationships
between variables across multiple time steps. For example, line 16 of the listing above is
a direct translation of line 5 (i.e., if (self->requestStop==1) lf_set(out1, 1); ) in the C
code listing above. The if statement becomes an implication where the if condition is the
antecedent and the then branch of the if statement becomes the consequent.

The “MTL2FOL Generator” generates a First-Order Logic (FOL) property over the path
in Uclid5 from the given MTL property. For the property in the running example, the
generator produces the following:

1 /* (Uclid5) The FOL property translated from user-defined MTL property */
2 define p(i : step_t) : boolean = (((finite_forall (j0 : integer) in indices ::
3 (j0 >= i && j0 <= END && !isNULL(j0) && (
4 (pi1(g(j0)) >= (pi1(g(i)) + 0)) && (pi1(g(j0)) <= (pi1(g(i)) + 10000000))
5 )) ==> ((((((ADASModel_l_reaction_0(rxn(j0)))&&(((finite_exists (j1 : integer) in

indices
6 :: j1 >= j0 && j1 <= END && !isNULL(j1) && (((ADASModel_p_requestStop(s(j1)) == 1)

))&&(
7 tag_same(g(j1), tag_delay(g(j0), 0))
8 )))))))) ==> (((((finite_exists (j1 : integer) in indices :: j1 >= j0 && j1 <= END

&& !isNULL(j1) && (((ADASModel_b_brakesApplied(s(j1)) == 1))) && (
9 (pi1(g(j1)) >= (pi1(g(j0)) + 0)) && (pi1(g(j1)) <= (pi1(g(j0)) + 55000000))

10 ))))))))));
11
12 /* (Uclid5) BMC: given an initial condition , the property needs to hold at step 0. */
13 property bmc_responsive : initial_condition() ==> p(0);

The “MTL2FOL Generator” recursively traverses the subformulas of the given MTL formula
and builds up an FOL formula in a bottom-up direction. The generated FOL formula
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implements the semantics of MTL shown in Sec. 4.2.

Checking and reporting results. Once the model is generated, it is passed into Uclid5,
which generates an SMT file and invokes the Z3 SMT solver [43]. If the result is UNSAT,
then the temporal properties are valid w.r.t. the formal model of the system. If the result is
SAT, a counterexample trace is returned by Uclid5, which can help guide the user to revise
the LF program. The process iterates until the unsafe behaviors are eliminated from the
program. For the property in the running example, the LF Verifier reports UNSAT with
no counterexamples found; therefore, the program satisfies the MTL property.

There are a few locations in the program where bugs can be introduced to invalidate the
property.

Incorrect functional behavior.

The property could be invalidated if reactions have incorrect functional behavior, e.g., the
second reaction of ADASProcessor (lines 50-53) produces an output to the wrong port.

48 reaction(a) -> out1, out2 {=
49 if (self->requestStop==1)
50 lf_set(out2, 1); // Original: lf_set(out1, 1);
51 =} deadline(20ms) {=...=}

Incorrect composition.

The property is also invalidated when the components are not correctly composed, e.g., when
LiDAR is not connected to ADASProcessor.

73 // l.out -> v.in1 // Originally connected
74 c.out -> v.in2
75 v.out2 -> d.in
76 v.out1 -> b.inADAS after 5ms
77 p.out -> b.inPedal

Incorrect timing.

Timing behavior also plays a crucial role in determining the truth value of the property. If
the timer in LiDAR has a large enough offset, the logical action in ADASProcessor has a
larger delay, or the connection between ADASProcessor and Brakes has a larger delay, it
could invalidate the given property.

5 timer t(11ms,17ms) // Original: timer t(0,17ms)

40 logical action a(51ms) // Original: logical action a(50ms)

76 v.out1 -> b.inADAS after 6ms // Original: v.out1 -> b.inADAS after 5ms
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If any of these bugs (or any combination of them) occurs, the LF Verifier reports SAT and
displays a counterexample path showing that the reaction in Brakes does not get triggered
within 13 steps of the generated model. The user can then work through the counterexample
to identify the specific bugs in the program.

Evaluation

Benchmarks. We evaluate our approach against a set of 22 LF programs drawn from real-
life applications [176, 196, 123, 7, 56, 116, 65, 37], most of which are CPS applications with
real-time properties, as well as benchmarks for Erlang [47], Lustre [65, 88, 36], actors [76]
and RTOSes [50]. Thirteen of the 22 are safe examples and 9 are unsafe examples. The
benchmark focuses on verifying the three types of properties introduced in Sec. 4.3: State
properties are named Type I, dataflow properties Type II, and mixed properties Type III.
The benchmark suite is also open-source on GitHub 2.

Results. Table 4.1 shows the results of evaluating our approach against the verification
benchmark suite. The experiments are conducted on a personal laptop running macOS
version 11.7 with a 2.3 GHz 8-Core Intel Core i9 and 16GB RAM. The tool versions used
are Uclid5 0.9.5 and Z3 4.8.8.

The LF Verifier correctly checks 21 out of 22 programs automatically. The one pro-
gram the LF Verifier fails to check is TrafficLight because the C implementation used in
one of the reaction bodies exceeds the subset of C currently supported by the LF Verifier
at the time of writing. The results show that our tool is sound but incomplete. We expect
a future version of LF Verifier supporting a larger subset of C will be able to handle this
program. We discuss our plan to achieve this in Sec. 4.6.

We find that the majority of the computation time is spent on model generation: the
median generation time for the Uclid5 model is 2.93 seconds, and the median generation
time for the SMT formulas from the Uclid5 model is 12.15 seconds. However, once the
SMT models are generated, solving them is very fast: the median solve time by Z3 is 0.31
seconds. The median total time is 15.9 seconds. Fig. 4.6 shows the distributions of our
benchmark results. The total time scales almost linearly as the LF lines of code (LF LOC)
and ĈT increase.

4.6 Future Work
For future work on the LF Verifier, it is our plan to include larger programs (in terms
of lines of LF code) in the benchmark suite and make the LF Verifier more scalable. To
tame the explosion of complexity, we plan to explore two strategies: (i) detecting reactors in
an LF program that do not affect the truth value of a given property using static analysis

2GitHub link: https://github.com/lf-lang/lf-verifier-benchmarks
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Table 4.1: Benchmark results.

LOC TIME (seconds)
Program Type #Rxns ĈT Safe? LF Uclid5 GenUclid GenSMT Z3 Total

ADASModel [196] III 6 13 yes 78 875 3.35 17.72 1.72 22.79
AircraftDoor [123] III 3 3 yes 37 402 3.59 2.98 0.02 6.59
Alarm [65] III 2 2 no 24 338 2.93 2.43 0.01 5.37
CoopSchedule [50] I 2 18 no 29 659 2.75 18.35 0.31 21.41
Elevator [36] III 13 33 yes 118 1899 3.09 322.05 1038.02 1363.16
Election [37] I 9 18 yes 73 1045 3.47 38.18 3.27 44.92
Election2 [37] I 6 9 no 61 700 3.55 8.66 0.17 12.38
Factorial [36] III 3 33 yes 38 461 3.73 17.73 13.15 34.61
Fibonacci [36] III 5 55 yes 48 649 2.81 92.15 153.49 248.45
PingPong [76] I 4 16 no 39 510 3.69 9.73 0.14 13.56
Pipe [47, 88] I 5 24 no 54 2059 2.89 139.52 12.15 154.56
ProcessMsg [50] I 4 19 yes 33 487 3.75 9.48 0.74 13.97
ProcessSync [50] I 1 3 yes 12 284 2.78 2.21 0.01 5.00
Railroad [7] I 10 20 yes 115 2333 2.93 155.21 4.33 162.47
Ring [47] II 4 8 yes 39 897 3.68 12.15 0.07 15.9
RoadsideUnit [56] I 8 21 yes 70 1536 3.78 70.29 0.62 74.69
SafeSend [47] II 4 4 yes 37 479 2.70 3.78 0.03 6.51
Subway [65] II 10 13 no 70 1097 2.85 27.11 0.31 30.27
Thermostat [116] I 6 10 yes 59 652 2.80 10.61 0.14 13.55
TrafficLight† [36] I 4 14 - 69 - - - - -
TrainDoor [176] II 3 3 no 31 398 2.62 3.03 0.01 5.66
UnsafeSend [47] II 4 4 no 38 478 2.84 3.66 0.02 6.52
† No result is produced because the C code in this program exceeds the analyzable subset.

and removing them from the axiomatic model, and (ii) using assume-guarantee reasoning
to support compositional verification based on the modular structure of LF. In addition,
we plan to support more complex C reaction bodies by expanding our “C AST Builder” or
by offloading C code to external frameworks such as CBMC [93]. We also aim to support
unbounded verification by potentially leveraging temporal induction [11]. Furthermore, we
hope to support other LF features including physical actions, deadlines, modal models, etc.

A current limitation of the LF Verifier is that its axiomatic translation of reaction
bodies only supports a restricted subset of C: statements that cannot be easily rewritten
as logical axioms are conservatively over-approximated, and other target languages (C++,
Rust, Python, TypeScript) are not supported at all. This limits the LF Verifier’s appli-
cability to real-world LF programs whose reactions are often written in multiple languages
and make use of idiomatic target-language features. A promising direction to address both
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Figure 4.6: Distribution of benchmark results.

limitations is our follow-up work, PolyVer [38], a compositional verifier for polyglot sys-
tems that leverages Large Language Models (LLMs) together with language-specific verifiers
(e.g., CBMC for C, Kani for Rust) to synthesize pre-/post-condition contracts for reaction
bodies under a counterexample-guided inductive synthesis (CEGIS) loop. Each reaction is
abstracted by its contract, which is then plugged into an operational encoding of the system-
level reactor behavior. This is a natural complement to the axiomatic encoding developed
in this chapter. Integrating PolyVer’s contract-synthesis workflow with the LF Veri-
fier would allow the benefits of both approaches (semantics-level soundness from axiomatic
encoding, polyglot scalability from contract abstraction) to be combined, yielding an AI-
in-the-loop verifier that handles the full diversity of reaction bodies found in practical LF
programs.
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Chapter 5

Quasi-Static Scheduling for
Deterministic Timed Concurrent Models

“Simplicity is prerequisite for reliability.”

—Edsger W. Dijkstra, “How do we tell truths that might hurt?” 1975.

Modern cyber-physical systems (CPSs) aim to strike a balance between expressiveness,
performance, and reliability. As use cases and operating environments become increasingly
complex—for example, driving an autonomous vehicle in a densely populated city or flying
the Ingenuity Mars Helicopter autonomously over complex Martian terrain—CPS designers
aim to give systems expressive behavior to handle such complexity. However, certain use
cases that demand rich behavior pose stringent performance requirements.

Despite steady progress, using multi-core architectures in CPSs remains challenging. For
example, predicting timing properties on these architectures, such as a sequential program’s
worst-case execution time (WCET), is still an active research area [133]. Furthermore, con-
current programming is known to be notoriously difficult, especially using threads [101]—still
a mainstream programming model today. To balance the trade-offs between expressiveness,
performance, and reliability, researchers have extensively studied concurrent models of com-
putation (MoCs) and their formal properties. In particular, models that can either fully
or partially derive schedules at compile time receive continued attention, due to their at-
tractive properties such as compile-time schedule validation and low runtime overhead. The
technique of making most scheduling decisions at compile time and only the necessary de-
cisions at runtime is known as quasi-static scheduling [105]. Prominent models amenable
to deriving schedules at compile time include synchronous dataflow (SDF) [106], Boolean-
controlled dataflow (BDF) [29], scenario-aware dataflow (SADF) [177], and logical execution
time (LET) [85], just to name a few. In this chapter, we treat fully static scheduling of some
models as a subset of quasi-static scheduling.

Challenges. For the aforementioned models, existing solutions for quasi-static schedul-
ing show commonalities. However, these techniques appear isolated, and no prior work has
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looked at them through a unified lens. This fragmentation makes it difficult to understand
their subtle differences, complicating systematic comparison and evaluation. When new
MoCs emerge, it is unclear whether existing proven techniques can be readily applied. Ad-
ditionally, fragmented methods also lead to repeated, isolated implementations, hindering
code reuse.

Our Solution. In this chapter, we present the first unified approach to quasi-static schedul-
ing for concurrent MoCs. Our approach generalizes lessons learned from SDF, BDF, SADF,
and LET into a common scheduling framework based on a new intermediate formalism called
state space finite automata (SSFA). This unified SSFA-based approach provides a frame of
reference for comparing existing quasi-static scheduling techniques and helps identify a class
of models to which the approach is applicable. We use the reactor model [127] as a concrete
use case of our proposed scheduling approach and demonstrate an implementation in the
reactor model’s code generator—the Lingua Franca [129] compiler.

Concretely, this chapter presents the following key contributions:

1. We present the first unified approach to quasi-static scheduling based on an intermedi-
ate formalism called state space finite automata (SSFA) (Sec. 5.3), which bridges the
gap between high-level MoCs and low-level executable schedules (Sec. 5.1).

2. We further define deterministic, timed, concurrent models (DTCMs), a class of MoCs
to which SSFA-based scheduling applies. We discuss key properties of our proposed
technique, including anomaly-free timing (without requiring WCETs) and analyzable
worst-case makespan (Sec. 5.3).

3. We concretely demonstrate how our unified SSFA-based scheduling approach applies
to the reactor model and integrate it directly into its existing toolchain—the Lingua
Franca (LF) compiler (Sec. 5.4).

4. We evaluate the effectiveness of our approach by measuring the performance of quasi-
statically scheduled LF programs against that of the default, dynamically scheduled LF
programs using a set of benchmarks written in a synchronous subset of LF. Our results
demonstrate that quasi-statically scheduled LF programs reduce runtime overhead,
achieving an average improvement of 9× (Sec. 5.5). In addition, we evaluate SSFA’s
analyzable worst-case makespan through a case study on a satellite attitude controller
(Sec. 5.5).

5.1 Background and Related Work

Concurrent Models of Computation

A model of computation (MoC) is a mathematical abstraction of a computing device [78]. An
MoC provides a formal framework either for designing or for reasoning about a computing
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device. For example, an MoC, such as Communicating Sequential Processes [73], can be
used to design a signal processing algorithm, which together with a compiler and a runtime
can result in an executable. However, the same MoC can also be used to model the set of all
possible behaviors of an algorithm and to formally verify statements about the algorithm. In
this chapter, we are concerned with the former, i.e. using MoC as a mechanism to design a
computation, and in particular we present a methodology for producing quasi-static schedules
from various MoCs.

MoCs are distinguished by their mechanisms for modeling concurrency and time. Some
MoCs, such as the Finite State Machine and the Turing Machine, do not include primitives
for modeling concurrent processes and are known as Sequential MoCs. Concurrent MoCs are
increasingly popular because the end of Dennard scaling has spawned the age of multi-cores,
and recently, even low-power microcontrollers, such as the ESP32, have adopted multi-
core architectures. Concurrent MoCs are naturally better suited for mapping onto parallel
hardware.

In this chapter we will discuss the generation of executable schedules from various forms of
Dataflow Process Networks [154], where computation is expressed as a set of connected actors
with firing rules; Logical Execution Time [85], a task model with precedence constraints
among tasks and where each task has a logical execution time; and reactors [127], where
computation is expressed as a set of event-triggered actors with discrete-event semantics.

Quasi-Static Scheduling for Concurrent MoCs

In the literature of concurrent MoCs, the ability to derive schedules at compile-time from
MoC semantics has long been a key topic of interest. Lee and Messerschmitt [106] propose
the synchronous dataflow (SDF) model, where each concurrent actor specifies the number of
tokens received from a channel to trigger a firing, as well as the number of tokens sent into
a channel after a firing. By explicitly giving token production and consumption rates, SDF
enables efficient static scheduling, which begins by solving a balance equation representing
token distributions in the system [115]. Intuitively, each iteration of the static schedule must
return the distribution of tokens to the starting state, effectively completing a hyperperiod.

SDF enables fully static compile-time scheduling, at the cost of rigidity in its behavior.
To enable more dynamicity without entirely sacrificing analyzability, Buck and Lee [29]
introduce the Boolean-controlled dataflow (BDF) model, which provides SWITCH and SELECT
actors that accept Boolean tokens that route token flow and modulate token production rate
at runtime. Given the dynamic nature of BDF, only certain BDF systems can yield compile-
time schedules, subject to constraints such as observability of the Boolean token stream
that controls token routing [28]. A hyperperiod is similarly obtained from solving a (now
symbolic) balance equation.

Another MoC that extends SDF with dynamism is scenario-aware dataflow (SADF) [58].
SADF models a system using multiple SDF graphs with nondeterministic transitions between
them at the end of an SDF graph’s iteration. To implement SADF, Kampenhout et al. [83]
borrow the SWITCH and SELECT actors to perform scenario change and propose using a rolling
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Figure 5.1: A satellite attitude control system.

static-order schedule, which at runtime concatenates the static schedule of the next scenario
(which itself is an SDF graph) to a rolling schedule as soon as the next scenario is determined.
This approach exemplifies quasi-static scheduling since each scenario’s schedule is determined
at compile-time, while the switching between scenarios is determined at runtime.

Dataflow models are typically suitable for streaming applications such as digital signal
processing. For cyber-physical systems, which benefit from the ease of specifying precise
timing behavior, the Logical Execution Time (LET) model [85, 59] has gained traction.
The LET model defines deterministic system behavior by specifying that tasks appear to
read inputs instantaneously at one time point, compute for a fixed amount of time without
interacting with other concurrent tasks, then instantaneously produce outputs at a later point
in time. LET is known to be amenable to static scheduling [70] based on the hyperperiod of
the LET tasks [52] and precedence constraints [74].

While there has been work on surveying and comparing MoCs—see, e.g., a recent survey
from Roumage et al. [160]— to the best of our knowledge, our work provides the first unified
framework for quasi-static scheduling.

5.2 Running Example
Fig. 5.1 shows the block diagram of a satellite attitude control system. The three Gyroscope
actors each sample a physical, or simulated, gyroscope sensor and are triggered every ten
milliseconds. The Processing actor combines a sample from each of the three gyroscopes into
an average. The Processing actor also produces a position and velocity estimate every 15
milliseconds, which is fed into the Controller actor implementing a PID controller. Finally,
the control output is forwarded to the Motor actor, controlling a physical (or simulated)
stepper motor attached to a reaction wheel controlling rotation along one axis.

Attitude control of a satellite is clearly a real-time problem and the timeliness of the
interaction between software and hardware is paramount. The program has two annotated
deadlines. First, the Gyroscope actors have a 2-millisecond deadline on the reaction that
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Figure 5.3: General quasi-static scheduling workflow based on SSFA. The colors, red and
blue, refer to two main stages in the workflow: SSFA generation (Sec. 5.3) and DAG schedul-
ing (Sec. 5.3).

samples the sensors. This means that the code sampling the sensors should finish execut-
ing within two milliseconds from the time that the timer triggers. Second, the Motor actor
has a 12-millisecond completion deadline on the reaction driving the stepper motor, mean-
ing that this reaction must be completed within 12 milliseconds after the triggering of the
15-millisecond timer in the Processing actor. This periodic program can conveniently be
expressed in a DTCM, such as SDF, BDF, SADF, or LET.

5.3 Quasi-Static Scheduling based on SSFA
In Sec. 5.1, prior quasi-static scheduling work reveals an important pattern: generating
schedules at compile-time typically requires finding the system’s hyperperiod, or multiple
hyperperiods if the system has dynamic behaviors (e.g., BDF or SADF). A hyperperiod
encodes a sequence of system state transitions in which the system returns to its starting
state at the completion of the sequence. For example, Fig. 5.2 shows the hyperperiod of
the running example. Here, a state is defined by an ID and a set of task invocations, and a
state transition is represented by time advances, a representation common for time-triggered
models like LET. We note that if the running example is explicitly specified in a dataflow
model, e.g. SDF, a hyperperiod similar to Fig. 5.2 can still be identified by techniques such
as Ghamarian et al. [61].

Fig. 5.3 shows our generalized quasi-static scheduling methodology. The input to the
methodology is a system specified in a concurrent MoC, such as the MoCs mentioned in
Sec. 5.1. From the system specification, a state space finite automaton (SSFA) is constructed
from the semantics of the MoC. Intuitively, an SSFA is an FSM in which each node has an
associated directed acyclic graph (DAG) representing task executions in a hyperperiod. The
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Figure 5.4: DAG representation after conversion from the hyperperiod in Fig. 5.2, showing
release edges in blue, deadline edges in red, and data dependency edges in gray, with the
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between sync nodes. Details of virtual nodes are introduced in Sec. 5.3.

FSM further specifies guarded transitions that can be taken at the end of a DAG’s execution.
In this section, we define DAGs and SSFAs, and discuss how to generate both of them

from a class of MoCs called deterministic timed concurrent models (DTCMs).

Directed Acyclic Graphs (DAGs)

DAGs are often used in real-time applications, such as automotive and avionics, to model
real-time computing tasks and their precedence constraints. This subsection introduces basic
concepts and notations for real-time DAG task modeling.

Example. Fig. 5.4 shows the DAG generated from the system hyperperiod in Fig. 5.2.

Task Model. A DAG task set is characterized by (G, P ) = DAG ∈ DAGs, in which G
is a graph that defines the set of tasks and their precedences, and P denotes the period
of the DAG task set. The graph G consists of (V , E), where V = {vi} is a set of n nodes
representing n tasks, and E = {eij} is a set of directed edges representing the precedence
relation between the tasks. For any two nodes vi and vj connected by a directed edge eij,
vj can start execution only if vi has finished its execution. Given the edge eij, vi is the
predecessor of vj. Each task vi is a non-preemptive sequential computing workload, with its
WCET denoted as Ci.

Node-level Timing Attributes. The timing constraints of each node can be defined
through four attributes: earliest starting time (EST), earliest finishing time (EFT), latest
starting time (LST), and latest finishing time (LFT). The EST is the earliest time a node
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can start executing, equaling the maximum of its predecessors’ EFTs. Similarly, the LFT
defines the latest time a node can finish its execution to meet the deadline, equal to the
minimum of its successors’ LSTs. Note that EST, EFT, LST, and LFT are defined based on
the precedence relations defined by E by assuming that the execution time of a task is equal
to its WCET. If vi has no predecessor, then tEST

i = 0. If vi has no successor, then tLFT
i = P .

Furthermore, we have 
tEST
i = max{tEFT

j | eji ∈ E},
tLFT
i = min{tLST

j | eij ∈ E},
tEFT
i = tEST

i + Ci,

tLST
i = tLFT

i − Ci.

(5.1)

These timing attributes can be computed iteratively using a fixed-point approach, following
the classic ASAP (as soon as possible) and ALAP (as late as possible) analysis [141]. Specif-
ically, all nodes are initially assigned tEST

i = 0 and tLFT
i = P , where P is the period of the

DAG task set. At each iteration, values are updated according to the equations above until
convergence, i.e., when no values change between successive iterations. Since the critical path
of the DAG contains at most n nodes, convergence is guaranteed within n iterations [186].
The overall time complexity of this computation is O(n3).

Virtual Path. When mapping a multi-rate task set to a single-rate DAG, job-level timing
constraints must be expressed. For example, the second reaction of gyroscope 1, g21, should
only be able to start in the second gyroscope period, i.e., after 10 ms. Additionally, that
gyroscope reaction has a deadline of 2 ms from its start, i.e., at 12 ms. To enforce these
timing constraints, we borrow the concept of virtual nodes from Verucchi et al. [186]. There
are two types of virtual nodes, dummy nodes with a predefined execution time Cdj for dummy
node dj and sync nodes with zero execution time. A virtual path (the top row in Fig. 5.4)
can be constructed using the virtual nodes, alternating S sync and S − 1 dummy nodes.
The total execution time of the virtual path is equal to the period of the DAG task set, i.e.,∑S−1

j=1 Cdj = P . Through the defined execution time of the dummy nodes, it follows that for
each sync node sl,

tEST
sl

= tEFT
sl

= tLST
sl

= tLFT
sl

=
l−1∑
i=1

Cdi = P −
S−1∑
j=l

Cdj . (5.2)

The nodes in the virtual path can be designed such that all unique offset and deadline values
are represented by a sync node. Adding an edge from the appropriate sync node sl to a task
vk, or vice versa, respectively, results in the relation

Ok = tEFT
sl
≤ tEST

k or tLFT
k ≤ tLST

sl
= Dk, (5.3)

which enforces the timing constraints within the DAG task set.
For the offset of the second reaction of gyroscope 1, g21, the sync node s3 is created,

which is preceded by two dummy nodes with a total execution time of 10 ms. By adding
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a precedence constraint from s3 to g21, that gyroscope reaction cannot start before 10 ms,
enforcing its offset. Similarly, for its deadline constraint, sync node s4 is created, which is
succeeded by multiple dummy nodes with a total execution time of 18 ms. By adding a
precedence constraint from g21 to s4, the gyroscope reaction must finish no later than 18 ms
before the hyperperiod, i.e., before 12 ms.

Trivial Schedulability. A DAG task (G, P ) is defined to be trivially schedulable on M
processors, if its makespan is shorter or equal to its period, and if its width is less or equal to
the number of available processors [179]. Sun et al. [179] proved that a trivially schedulable
DAG task is schedulable under any work-conserving executor (Lemma IV.3 and Lemma IV.4
in [179]). Additionally, they showed that any schedulable DAG task can be transformed into
a trivially schedulable DAG task by adding edges to it. This transformation leads to the
formulation of the Edge Generation Scheduler (EGS), in which edges are added iteratively
to a DAG until it is trivially schedulable.

State Space Finite Automata (SSFA)

An SSFA is an extended finite state machine designed specifically for representing the be-
havior of concurrent MoCs. Formally, an SSFA is defined as a tuple:

SSFA = (M,V,D, T,G,m0),

where:

• M is a finite set of modes,

• V is a finite set of variables, with cross product of their domains represented as V =∏
v∈V domain(v),

• D : M → DAGs is a function assigning a directed acyclic graph (DAG) to each mode
m ∈M ,

• T ⊆M ×M is a set of transitions between modes,

• G : T × V → B is a guard function mapping the transition and variables to a Boolean
condition,

• m0 ∈M is the initial mode.

The execution semantics of an SSFA are as follows:

1. The SSFA begins execution in the initial mode m0.

2. When the SSFA enters a mode m ∈ M , it executes the DAG specified by D(m) to
completion.
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3. Upon completion of the DAG execution, the guard conditions associated with the
outgoing transitions of the current mode are evaluated using G.

4. If a guard condition evaluates to true, the corresponding transition is taken, and the
SSFA moves to the next mode. If several guards are true simultaneously, one of the
enabled transitions between modes is taken nondeterministically.

The behavior of the running example can be represented by a trivial SSFA with a single
mode containing the DAG shown in Fig. 5.4 with a transition back to itself that has a default
guard true. In Sec. 5.3, we show how the SSFA for dynamic models like BDF and SADF can
have more modes with nontrivial guards. We further show a nontrivial SSFA in Fig. 5.10 in
Sec. 5.4.

Mapping High-Level MoCs to SSFA

Existing Models to SSFA. We now discuss how to map the MoCs surveyed in Sec. 5.1
to SSFA.

SDF Since SDF defines a unique recurring behavior, the resulting SSFA therefore has only
a single mode with a trivial self-transition. The DAG within the SSFA mode can be obtained
by running the algorithm in Appendix I of Sih [172].

BDF Buck [28] notes that generating compile-time schedules requires knowledge of exact
values of the emitted Boolean tokens, and an “acyclic precedence graph” (DAG) can be
constructed for each case of Boolean token values. To generate a corresponding SSFA, each
possible case of Boolean token values produces an SSFA mode, with the corresponding DAG
constructed from a resulting SDF graph after filling in the concrete case of Boolean values.
The modes have all-to-all transitions so that any mode can be switched to at runtime based
on the upcoming Boolean tokens.

SADF Each scenario becomes an SSFA mode. The SDF graph within each scenario is
similarly transformed into a DAG based on Sih [172]. Transitions between SADF scenarios
become SSFA mode transitions, and transition guards in SSFA are derived from the SADF
model.

LET The LET tasks are by design periodic, and the schedule repeats after each iteration
of the hyperperiod of all task periods. This behavior results in a unique SSFA mode. A DAG
can be constructed from the time and data dependencies specified among the LET tasks.

From lessons learned from existing MoCs, we summarize a list of observations these MoCs
satisfy in order to map to SSFA.

1. The MoC defines a finite set of execution phases.



CHAPTER 5. QUASI-STATIC SCHEDULING 94

2. A phase often contains a hyperperiod, i.e. a unique partial order of task firings that
eventually returns the system state to a starting state.

3. The MoC defines transitions, either deterministic or nondeterministic, between phases.

SDF and LET define a unique execution mode given the static nature of their task firings,
while SADF defines a mode for each scenario. BDF defines a mode for a unique value set of
its Boolean control tokens. The execution within a mode is fully deterministic, while mode
switching depends on runtime conditions and can be nondeterministic, as SADF shows.

Deterministic Timed Concurrent Models (DTCMs). From the above requirements,
we identify a class of MoCs, named Deterministic Timed Concurrent Models (DTCMs),
where the proposed SSFA-based scheduling approach applies. A DTCM’s execution can be
represented as a finite set of phases P . Each phase p ∈ P is a finite sequence of states
(si, si+1, ..., si+n) ∈ Sn. The exact definition of a state s ∈ S should be provided by the
DTCM, and S denotes the set of all possible system states defined by the DTCM. Within
each phase p, the evolution of system states is described by a deterministic state-transition
relation Tp ⊆ S ×S, where each transition (si, sj) ∈ Tp takes the system from a state si to a
unique successor state sj. For example, SDF typically defines the state to be a distribution
of tokens in the channels. In Sec. 5.4, we show another example of state definition for the
reactor model. Transitions between phases are also defined by the DTCM, and they can
be nondeterministic. In SADF, nondeterministic transitions between scenarios exemplify
nondeterministic phase transitions [58].

Although there are no general rules for identifying phases for a DTCM’s execution, a clas-
sical approach involves explicit state space exploration [61, 29, 122] to identify hyperperiods.
A hyperperiod h is a sequence of states h = (si, si+1, ..., si+n) such that the next state si+n+1

returns to si, assuming no phase transition occurs. To identify a hyperperiod, the DTCM
defines a predicate H : S × S → B that determines whether the second state has returned
to the first state, completing a hyperperiod. Then it unrolls from a starting state s0 until
a minimal hyperperiod h = (si, si+1, ..., sj) is found such that H(si, sj+1) = true for some
j ≥ i ≥ 0. This process yields a sequence of states forming a lasso structure. The leading
transient states can thus be categorized into one phase p0 = (s0, s1, ..., si−1), and the remain-
ing hyperperiod into another phase p1 = (si, si+1, ..., sj). For certain DTCMs, more efficient
state space exploration techniques exist, such as solving SDF’s balance equations [106]. In
general, the DTCM should supply a technique to obtain the minimal hyperperiod based on
its semantics.

Once the phase set P is obtained, the DTCM should provide a method to convert the task
firings involved in each p ∈ P to a DAG, as described earlier in Sec. 5.3. A specific example
for the reactor model is provided in Sec. 5.4. Once a DAG for a phase p is constructed, a
corresponding SSFA mode can be produced—this process is repeated for each phase p ∈ P .
Lastly, transitions between SSFA modes can be added based on guarded transitions defined
by the DTCM semantics.



CHAPTER 5. QUASI-STATIC SCHEDULING 95

0

s1

0

s22

d1 0

s38

d2 0

s42

d3 0

s53

d4 0

s65

d5 0

s72

d6 0

s85

d7 0

s93

d8

1

g13

1

g12

1

g11

1

p11

1

g23

1

g22

1

g21

1

p21

1

g33

1

g32

1

g31

1

p31

3

p12

4

c1

1

m1

3

p22

4

c2

1

m2

Figure 5.5: Sample output from a DAG scheduler, a transitive reduction of the DAG in
Fig. 5.4 with width w = 2+ 1, with +1 for the virtual path. The colors of the nodes show a
valid partitioning to 2 available cores.

Scheduling SSFA by Graph Partitioning

To schedule the SSFA, a partitioned DAG scheduler is invoked on each DAG contained
in the SSFA states. The DAG scheduler takes an unpartitioned DAG as input, partitions
the DAG based on the number of processor cores available, and outputs graph partitions,
which form a spatial mapping between tasks and execution platforms with timing and inter-
task dependencies. Given an unpartitioned DAG, a DAG scheduler can designate nodes to
any partition it deems fit. The scheduler can modify edges if the output partitioned DAG
satisfies all dependencies in the input unpartitioned DAG. In addition, the DAG scheduler
must sequentialize each partition by adding edges such that there exists a path in the output
DAG passing through all nodes within the same partition. The resulting DAGs partitioned
by this type of DAG scheduler are trivially schedulable, as defined by Sun et al. [179] and
discussed in Sec. 5.3. A trivially schedulable DAG can easily be partitioned using paths that
cover the DAG, as detailed in Algorithm 1 of [179], with an example shown in Fig. 5.5.

We note that, in the real-time scheduling literature, there is a large body of prior work
on partitioned scheduling [185]. In principle, any DAG partitioning algorithm could be
plugged into this step, as long as there is post-processing that guarantees each partition is
sequentialized. To execute a partitioned DAG, there is prior work as well, e.g., Huang et
al. [75] and Henzinger et al. [69]. In our demonstration of the reactor model in Sec. 5.4, we
use a strategy similar to Henzinger et al. [69].

After scheduling all DAGs in the SSFA, we have generated the quasi-static schedules
for the DTCM. Compared to prior work’s static or quasi-static schedules (such as SDF’s
acyclic precedence graphs [115] and LET’s table of possible release timing [68]), the SSFA
formalism is operationally equivalent, in the sense that task dependencies and task-to-core
mappings are preserved. However, the SSFA-based representation differs in structure and
expressiveness: instead of representing a schedule as a flat precedence graph (as in SDF)
or a time-triggered release table (as in LET), SSFA encodes scheduling decisions within
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Figure 5.6: Scheduling anomaly example.

the modes of an extended finite-state machine, with a DAG in every mode and transitions
guarded by logical conditions that define when the system evolves to the next mode.

Formal Properties

In this section, we discuss formal properties provided by our SSFA-based scheduling ap-
proach.

Anomaly-Free Timing. A timing anomaly in real-time systems refers to a situation
where a local shorter execution time (like a cache hit) leads to an unexpected global effect
of an increase in the overall execution time [131, 97]. Timing anomalies can occur with
the dynamic scheduling of tasks (reactions) on multiple execution units. We now show that
our proposed SSFA-based quasi-static scheduling guarantees that no timing anomalies will
occur on multi-core processors. It is important to note that the monotonicity property holds
without requiring knowledge of WCET bounds.

Example Fig. 5.6 shows two scenarios that can cause scheduling anomalies under work-
conserving scheduling for nontrivially schedulable DAGs. The first row shows a DAG task
and a corresponding schedule using a work-conserving scheduler. The DAG on the right is
modified to be trivially schedulable by adding two edges, yielding the same schedule as on
the left. In the second row, we consider a scenario where the execution time of v2 is decreased
by 0.2ms, causing it to finish earlier than v1. As a result, v5 can be started, delaying the
execution of v4 and v6, leading to a makespan increase of 0.8 ms. This scenario is the typical
scheduling anomaly example where the decrease of an individual execution time leads to
an increase in the overall makespan. On the right, in the trivially schedulable DAG, the
execution order is not altered since v5 needs to wait for v3 to finish, and the processor stalls
until v4 is ready. Thus, the makespan does not increase but decreases by 0.1 ms instead.
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The third row shows that the same reordering in the work-conserving schedule can be
triggered by increasing an individual execution time, causing a larger increase in the overall
makespan.

Formal definition Consider a DAG task set G(V , E) with estimated execution times C ∈
R|V| associated with each node vi ∈ V and a scheduling algorithm yielding an expected
makespan M if all nodes execute with their respective Ci. Suppose a node executes with
a different computation time C̄i = Ci + ∆i. A scheduling algorithm is monotonic if the
makespan, denoted as M , resulting from the actual computation time satisfies M(C̄) ≤
M(C) + max{∆i, 0}.

Theorem 3 (Monotonicity of trivially schedulable DAG tasks). When executing a trivially
schedulable DAG task in a work-conserving manner, the monotonicity property is guaranteed.

Proof. The makespan of a trivially schedulable DAG is equal to the length of its longest
path, i.e., M(C) = maxp∈P L(p,C). The length of a path p ∈ P under execution times C is
L(p,C) =

∑
vi∈pCi. Under the new execution times C̄, the lengths of the paths in the DAG

change as follows:

L(p, C̄) =

{
L(p,C) + ∆i, if vi ∈ p,
L(p,C), otherwise.

(5.4)

Therefore, M(C̄) ≤ max{M(C) + ∆i,M(C)} =M(C) + max{∆i, 0}. ■

Corollary 3.1. If multiple nodes, denoted as N , alter their execution times, the resulting
makespan is bounded by M(C̄) ≤M(C) +

∑
vi∈N max{∆i, 0}.

Corollary 3.2. Since any partitioned schedule with predefined sequentialization on each
processor can be expressed as a trivially schedulable DAG (see Theorem IV.5, necessity part
in [179]), any work-conserving partitioned scheduling algorithm is monotonic.

Monotonicity implies two properties: (i) If the execution time of the nodes is less than
their estimated execution time, the makespan does not increase. This property is often called
sustainability [31] and guarantees the absence of timing anomalies. (ii) If the nodes exceed
their execution times by some delta, the increase of the overall makespan is bounded by the
sum of the deltas.

Analyzable Worst-Case Makespan. A partitioned, trivially schedulable DAG produced
by the proposed workflow yields a simple procedure to check the worst-case makespan up to
some node or for the entire hyperperiod.

Definition 5 (Partial makespan up to node n). The partial makespan up to a node n,
denoted as L̄(n), is defined recursively as

L̄(n) =

{
wcet(n) if U(n) = ∅,
maxu∈U(n) L(u) + wcet(n) otherwise.
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where wcet : V → T returns the WCET of a DAG node within a time domain T and
U : V → P(V) maps a DAG node n to a set of its immediately upstream DAG nodes.

Example 1. To validate the deadline of 12ms of the first invocation of the motor reaction
in Fig. 5.1, we calculate the partial makespan up to m1 in Fig. 5.5, i.e. L̄(m1).

L̄(m1) = L̄(c1) + wcet(m1)

= L̄(p12) + wcet(c1) + wcet(m1)

= L̄(p11) + wcet(p12) + wcet(c1) + wcet(m1)

= max(L̄(g13), L̄(g
1
1)) + wcet(p11) + wcet(p12) + wcet(c1) + wcet(m1)

= max(wcet(g12) + wcet(g13), wcet(g
1
1)) + wcet(p11) + wcet(p12) + wcet(c1) + wcet(m1)

= max(1 + 1, 1) + 1 + 3 + 4 + 1 = 11 ≤ 12

Therefore, the deadline of 12ms of the first invocation of the motor reaction can be guaranteed
to hold.

So far we have introduced a generic methodology to generate quasi-static schedules for
a class of DTCMs and their formal properties. In the subsequent section, we demonstrate
applying the methodology to a specific new DTCM—the reactor model—and show how to
implement the methodology in concrete tooling.

5.4 Applying Methodology to the Reactor Model
In this section, we demonstrate an application of the general SSFA-based scheduling method-
ology to an emerging MoC—the reactor model [127], which has a front-end coordination lan-
guage called Lingua Franca (LF) [129]. The reactor model in LF decouples the passage
of physical time from logical time, except when interactions with the physical world are in-
volved (through timers, sensors, and actuators). In part, because LF allows sporadic events,
the scheduling of LF programs is carried out dynamically at runtime. While the ideal, log-
ical timing behavior is specified in the LF code, alignment with physical time is executed
in a best-effort way, and there are no guarantees about the absence of timing anomalies on
multicore systems or deadline compliance at the MoC level, since they are the concerns of
LF’s underlying scheduling policies. The running example in Fig. 5.1 is an automatically
generated diagram from the LF toolchain.

We now apply our SSFA-based quasi-static scheduling technique to a synchronous subset
of LF, with its syntax shown in Fig. 5.7. We mainly exclude two LF language features:
actions and physical connections, effectively only allowing timer-driven tasks and event-
driven tasks from logical connections.

The user first provides an LF program with optional WCET annotations, each of which
indicates the WCET of a reaction on a certain execution platform. WCETs, if specified, help
guide the DAG schedulers to generate better schedules. In practice, they may not be known
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Model ::= TargetDecl Preamble ∗ Reactor+
TargetDecl ::= target id

Reactor ::= reactor id? Params? { ReactorBody ∗ }
Params ::= ( Parameter (, Parameter) ∗ )

ReactorBody ::= Preamble | StateVar | Input | Output | Timer
| Reaction | Instantiation | Connection

StateVar ::= state id (: Type)? (= Expression)?
Timer ::= timer id ( Expression(, Expression)? )

Connection ::= VarRef -> VarRef (after Expression)?
Instantiation ::= id = new id ( Parameter (, Parameter) ∗ )

Literal ::= true | false | INT | FLOAT
Reaction ::= reaction ( TriggerList? ) (-> EffectList)? Code

Expression ::= Literal | Time | Code
TriggerList ::= TriggerRef (, TriggerRef)∗
EffectList ::= VarRef (, VarRef)∗

Parameter ::= id : Type = Expression
Input ::= input id (: Type)?

Output ::= output id (: Type)?
Type ::= time | id | Code

TriggerRef ::= BuiltinTrigger | VarRef
VarRef ::= id (. id)∗

Preamble ::= Code
Code ::= {= id∗ =}

Figure 5.7: Syntax of the synchronous subset of LF.

or the estimates may be inaccurate or pessimistic. Our procedure will still generate correct
schedules, though timing optimality cannot be assured. Moreover, as we show in Sec. 5.3,
the schedules are free from timing anomalies, in that if an execution time is less than the
WCET estimate, the makespan is never worse.
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1 target C {
2 workers: 2
3 }
4 reactor Gyroscope {
5 timer t(1 s, 10 ms)
6 output out: IntArr3
7 @wcet("1 ms")
8 reaction(t) -> out{=...=}
9 }

10 reactor Processing {
11 input i1: IntArr3
12 input i2: IntArr3
13 input i3: IntArr3
14 output o1: IntArr3
15 output o2: IntArr3
16 timer t(1 s, 15 ms)
17 @wcet("1 ms")
18 reaction(i1,i2,i3){=...=}
19 @wcet("3 ms")
20 reaction(t)
21 -> o1, o2 {=...=}
22 }

23 reactor UserInput {
24 output out: IntArr3
25 reaction(startup)
26 -> out {=...=}
27 }
28 reactor Controller {
29 input position: IntArr3
30 input velocity: IntArr3
31 input desired_angle:IntArr3
32 output out: IntArr3
33 reaction(desired_angle)
34 {= ... =}
35 @wcet("4 ms")
36 reaction(position,
37 velocity) -> out {=...=}
38 reaction(shutdown){=...=}
39 }
40 reactor Motor {
41 input in:IntArr3
42 @wcet("1 ms")
43 reaction(in) {=...=}
44 }

45 main reactor {
46 gyro1 = new Gyroscope()
47 gyro2 = new Gyroscope()
48 gyro3 = new Gyroscope()
49 userInput = new UserInput()
50 processing= new Processing

()
51 controller= new Controller

()
52 motor = new Motor()
53
54 gyro1.out -> processing.i1
55 gyro2.out -> processing.i2
56 gyro3.out -> processing.i3
57 processing.o1 ->
58 controller.position
59 processing.o2 ->
60 controller.velocity
61 userInput.out ->
62 controller.desired_angle
63 controller.out -> motor.in
64 }

Figure 5.8: Satellite attitude controller with user input and termination, written in the
synchronous subset of LF. The C code inside reactions is omitted for conciseness.

Generating SSFA from Reactors and Scheduling

To generate an SSFA from an LF program, the state space explorer identifies three execution
phases of LF: initialization, periodic, and shutdown. The initialization phase contains a non-
repeating sequence of state space nodes starting from the initial logical timestamp. The
periodic phase contains a sequence of state space nodes that forms a hyperperiod. The
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shutdown phase contains a sequence of nodes that follows after the periodic phase until the
end of execution.

To help identify a hyperperiod for reactors, we first define the notion of a system state, as
required by DTCM in Sec. 5.3. The definition is similar to the one given by Lin et al. [122].

Definition 6 (Reactor System State). The system state s of an LF program is a tuple
s = (ids, ts, N,E), where ids ∈ ID is an identifier of the state, ts ∈ T is a timestamp in a
time domain, N ⊆ N is a set of reactions, and E ⊆ E is a set of pending events, where each
event is e = (ide, te) ∈ E such that ide ∈ ID is an event identifier and te ∈ T is a timestamp.

We now define the H function for reactors, as suggested in Sec. 5.3, to enable checking
whether two states complete a hyperperiod.

Definition 7 (Hyperperiod Checking Function H). A sequence of states (s0, ..., sn) is said
to form a hyperperiod, if the subsequent state sn+1 satisfies the following:

1. N0 = Nn+1. This means that the same sets of reactions should be invoked;

2. ∀(ide0, te0) = e0 ∈ E0.[∀(iden+1, t
e
n+1) = en+1 ∈ En+1.[id

e
0 = iden+1 ∧ te0− ts0 = ten+1− tsn+1]].

This means that for all pending events in E0 and En+1, not only must their event
identifiers be the same, but their relative time offsets to the current timestamps must
also be the same.

If so, H(s0, sn+1) = true, and H(s0, sn+1) = false otherwise.

The LF state space explorer implements Algorithm 1 from [122], which constructs the
initialization and periodic phase by unrolling a simulated execution from the initial startup
events until either:

1. there are no more pending events, i.e. E = ∅,

2. or a hyperperiod is found based on H defined in Def. 7.

When this procedure is completed, the sequence of states simulated typically forms a lasso
shape. The explorer factors out the nodes leading up to the loop, i.e. the stem of the lasso,
into the initialization phase, and the loop nodes into the periodic phase.

To show the above state exploration in action, in Fig. 5.8, we augment the running exam-
ple with a UserInput reactor, which sends a desired satellite orientation to the controller when
the LF program starts up. In addition, the Controller reactor has a third reaction triggered
by a SHUTDOWN trigger, representing a termination procedure when the system shuts down.
Fig. 5.9 now shows the three phases identified by the state space explorer with conditions
for switching between phases. To construct a proper SSFA from this representation, a DAG
must be constructed from each hyperperiod, a task performed by the DAG generator, which
we discuss next.

Converting Reactor Phases to DAGs.
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Figure 5.9: State space exploration identifies phases of the updated satellite controller
(Fig. 5.8) with guarded transitions. The full-size periodic phase is shown in Fig. 5.2.

Figure 5.10: SSFA of the updated satellite controller generated from Fig. 5.9. In the Initial-
ization mode, task nodes without WCETs are labeled “-”. In the Termination mode, dummy
nodes of “∞” indicate that tasks do not have timing constraints on completion.

For each phase of the LF program, a DAG is constructed based on Algorithm 2. The
DAG generator traverses each state in a phase, generates a sync node (introduced in Sec. 5.3)
from its logical timestamp, and generates a task node for each reaction invocation in the
state.

Edges are drawn between task nodes and sync nodes based on the reactor semantics,
including:

1. Release edges from sync nodes marking release times to released task nodes;

2. Deadline edges that connect task nodes to sync nodes that mark their completion
deadlines;

3. Data dependency edges between nodes having data dependency constraints.

The DAG generator produces additional sync nodes marking deadline on task completion.
Lastly, it adds dummy nodes between sync nodes and uses additional edges to connect all
sync nodes to form the virtual path. For example, the DAG in Fig. 5.4 is generated based
on the rules above from Fig. 5.2. The resulting unscheduled SSFA after generating DAGs
for all LF phases is shown in Fig. 5.10.
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Algorithm 2 Generate a DAG from an LF Phase
1: procedure GenerateDag(phase)
2: dag = (V,E)← {∅, ∅}
3: state ← phase.head
4: while True do
5: BreakIfAllVisited(state, phase)
6: time ← GetLogicalTime(state)
7: syncNode ← CreateSyncNode(time)
8: V ← V ∪ {syncNode}
9: reactions ← GetReactions(state)

10: reactionNodes ← CreateTaskNodes(reactions)
11: V ← V ∪ reactionNodes
12: E ← E ∪CreateSyncToTaskEdges(syncNode, reactionNodes)
13: E ← E ∪CreateDataDependencyEdges(reactions)
14: state ← GetNextStateFromPhase(phase, state)
15: end while
16: V ← V ∪CreateFinalSyncNode(phase, dag)
17: E ← E ∪CreateEdgesForUnconnectedTaskNodes(dag)
18: for all reaction ∈ getReactionNodesWithDeadlines() do
19: deadlineNode = CreateDeadlineSyncNode(reaction)
20: V ← V ∪ {deadlineNode}
21: E ← E ∪CreateTaskToDeadlineEdge(reaction, deadlineNode)
22: end for
23: AddAndConnectDummyNodesBetweenSyncs(dag)
24: return dag
25: end procedure

Scheduling each DAG by Partitioning. In our extended LF compiler, we support two
different types of DAG schedulers: a load-balanced scheduler (LB) and an edge generation
scheduler (EGS), by Sun et al. [179]. The load-balanced scheduler takes the generated
DAG as its input and produces graph partitions that aim to assign each processor core the
same amount of work measured in execution times. On the other hand, in case of the edge
generation scheduler, instead of distributing workloads fairly across workers, the focus is on
satisfying timing constraints. Given a DAG task set with a deadline, which can be the end
of a hyperperiod, EGS checks whether the DAG task set is trivially schedulable on the given
number of processors. If it is not trivially schedulable by construction, EGS adds edges
to make it trivially schedulable. Once all DAGs in the SSFA are partitioned, the SSFA is
considered scheduled and is ready to be compiled into an executable.
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Table 5.1: Intermediate Representation for Composing Executable Schedules

Instruction Description

Basic instructions Inspired by RISC-V [188]

ADD op1, op2, op3 Add an integer variable (op2) and an integer variable (op3) and store the result in a destination
variable (op1).

ADDI op1, op2, op3 Add an integer variable (op2) and an immediate (op3) and store the result in a destination
variable (op1).

BEQ op1, op2, op3 Take the branch (op3) if the op1 variable value is equal to the op2 variable value.

BGE op1, op2, op3 Take the branch (op3) if the op1 variable value is greater than or equal to the op2 variable
value.

BLT op1, op2, op3 Take the branch (op3) if the op1 variable value is less than the op2 variable value.

BNE op1, op2, op3 Take the branch (op3) if the op1 variable value is not equal to the op2 variable value.

JAL op1 op2 Store the return address to op1 and jump to a label (op2).

JALR op1, op2, op3 Store the return address to op1 and jump to a base address (op2) + an immediate offset (op3).

Timing instructions Inspired by PRET Machines [119, 197, 79]

DU op1, op2 Delay until the physical clock reaches a base timepoint (op1) plus an offset (op2).

WLT op1, op2 Wait until a variable value (op1) is less than a desired value (op2).

WU op1, op2 Wait until a variable value (op1) is greater than or equal to a desired value (op2).

Task instructions Inspired by the reactor model [127]

EXE op1, op2 Execute a function (op1) with argument (op2).

STP Stop the execution.

Compiling Scheduled SSFA to Executable Schedules

In this section, we detail how a scheduled SSFA is further compiled into executable schedules.
The executable schedules produced here are not directly emitted as native code; instead,
they are expressed in an instruction-level intermediate representation (IR) and interpreted
at runtime by PretVM [121], a thin virtual machine layer that executes these schedules
with analyzable worst-case execution time. The IR we develop in this subsection is precisely
the PretVM instruction set: each instruction listed in Table 5.1 is a PretVM opcode that
the virtual machine dispatches on its worker threads.

PretVM’s Intermediate Representation (IR). From the partitioned DAGs, the sched-
ule generator generates executable schedules, which are composed from an intermediate
representation (IR) we design to direct how a CPU core should execute a DAG partition.
The approach of using an IR for implementing real-time scheduling was pioneered by Hen-
zinger et al. [69], from which we take inspiration. Table 5.1 shows the full IR, which is
the PretVM [121] instruction set for composing executable schedules. The IR combines
elements from RISC-V [188], timing instructions from PRET Machines [119, 197, 79], and
the reactor model’s task abstraction. At runtime, the PretVM interpreter fetches and exe-
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cutes these instructions on each worker thread, providing a uniform execution substrate for
quasi-statically scheduled programs.

Synchronization. In our execution strategy, we support two types of synchronization:
(i) local synchronization between a pair of workers, and (ii) global synchronization across all
workers. Local synchronization is achieved by letting a WU block on another worker’s counter
variable. On the other hand, global synchronization across all workers is performed at the
completion of an SSFA state.

5.5 Evaluation
In this section, we evaluate the performance of executing quasi-statically scheduled LF pro-
grams and compare the execution overhead with that from using the dynamic scheduler of
LF. Furthermore, we demonstrate the analyzable worst-case makespan property in Sec. 5.3
using a case study on a satellite attitude control system.

Performance

We evaluate the performance of the quasi-static scheduler using a set of LF benchmarks
on a Raspberry Pi 4 Model B running the QNX (SDP 8.0) real-time operating system. By
performance, we refer to the runtime overhead, quantified as lags in the context of LF.
Specifically, lags are measured as the difference between a reaction’s actual physical firing
time and its intended logical firing time. This metric applies to both the dynamic and the
quasi-static scheduler. We compare the quasi-static schedulers’ performance against that of
the default dynamic scheduler. The eight benchmarks are selected from [139, 122] with a
focus on concurrent actor design patterns [76], which can be found in modern cyber-physical
systems.

Table 5.2: Average, maximum, and standard deviation of the benchmark performance (lag)
using the dynamic scheduler (DY), the static Load Balanced scheduler (LB), and the
static Edge Generation scheduler (EGS).

Average (µs) Maximum (µs) Standard Deviation (µs) PIR

Program LoC (LF) DY LB EG DY LB EG DY LB EG DY/LB DY/EG

Philosophers [139] 314 86.1 2.99 2.53 1.37e+04 24.8 24 841 1.34 1.21 28.8 34.0
PingPong [139] 124 20.3 1.27 1.15 1.38e+04 6.43 5.8 377 0.758 0.677 16.0 17.7
Throughput [139] 166 5.21 2.43 2.53 10.1 6.33 7.43 1.38 1.19 1.25 2.1 2.1
ThreadRing [139] 217 6.95 2.29 2.02 13.1 5.89 5.15 2.39 1.32 1.17 3.0 3.4
LongShort 31 1.5e+06 77.2 78.7 2.92e+06 1.92e+03 1.95e+03 8.11e+05 379 386 19430.1 19059.7
CoopSchedule [80] 54 8.15 2.12 2.46 12.9 4.52 5.98 2.87 0.955 1.17 3.8 3.3
Counting [139] 179 5.81 1.41 1.27 98.5 7.76 9.2 3.3 0.592 0.703 4.1 4.6
ADASModel [122] 91 5.87 1.07 2.15e+03 22.2 3.35 1.2e+04 3.13 0.791 3.57e+03 5.5 0.0
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(a) Counting (b) CoopSchedule

(c) LongShort (d) ADASModel

(e) PingPong (f) ThreadRing

(g) Throughput (h) Philosophers

Figure 5.11: Timing accuracy results showing runtime overhead, measured on QNX (SDP
8.0) running on a Raspberry Pi 4. The X-axis represents reaction names, with each reaction
displaying three distributions: DY, LB, and EGS. The Y-axis indicates lag in nanoseconds.
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Table 5.2 shows an overview of the performance results. Compared to the dynamic
scheduler, both static schedulers have smaller average lag, maximum lag, and standard
deviation on all benchmarks, except for the ADASModel when scheduled with EGS. This
outlier is due to edge generation’s scheduling strategy involving adding edges to the DAG,
which could delay the releasing of tasks in exchange for schedulability guarantees. We note
that the goal of using EGS is not to minimize lags, but to use its analysis capability to ensure
that a DAG is schedulable.

Using the performance data reported in the “Average (µs)” column of Table 5.2, we
compute the Performance Improvement Ratio (PIR), shown in the “PIR” column of the same
table. The PIR quantifies the relative performance of the baseline techniques LB and EG
compared to DY. LB and EG consistently perform better than DY across various programs,
with significant speedups. We compute the average PIR of LB and EG across all benchmarks
while excluding LongShort (because it appears overly favorable to our approach). The
resulting average PIR values indicate that LB and EG improve performance by factors of
9.0 and 9.3, respectively, compared to DY.

Fig. 5.11 shows strip plots of lags during the periodic phase of each program. For most
reactions, LB and EGS have smaller lags than the dynamic scheduler.

Notably, for the LongShort benchmark, LB and EGS significantly outperform the dy-
namic scheduler. This performance gain can be explained by the fact that the quasi-static
schedulers keep track of the current logical time for each reactor, meaning that every reactor
can advance its logical time independently as long as the core LF semantics is respected, i.e.
each reactor processes events in timestamp order. On the other hand, the dynamic scheduler
uses a single variable to track logical time for all reactors, ensuring that all reactors advance
time together. The LongShort benchmark has a design pattern that combines infrequent,
long-running reactions with frequent, short-running reactions. The dynamic scheduler strug-
gles because it performs a global barrier synchronization at the end of each timestamp. The
barrier makes reactions that are to occur at the next timestamp wait on the long-running
reactions, even if there are no more actual data dependencies to fulfill. In the quasi-static
schedulers, the capability to advance time individually for each reactor effectively prevents
waiting unnecessarily, resulting in significantly reduced lags.

Case Study: Satellite Attitude Control System

We return to the satellite attitude control system from Fig. 5.1 and demonstrate the use of
our analyzable worst-case makespan property in Sec. 5.3 to perform compile-time validation
of LF deadlines. The experiment is performed on FlexPRET [197], a time-predictable
processor, using the WCET analysis tool Platin [137] to obtain verifiable hard real-time
guarantees.

Determining WCET Bounds. In LF, the business logic expressed in the reactions often
consists of short, linear code sequences with bounded loops. These sequences are, therefore,
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Table 5.3: WCET bounds for the reactions in the satellite controller computed by Platin.

Reaction WCET (µs)

Gyro1 21
SensorFusion1 61
Controller2 172
Motor1 1

analyzable by existing WCET analysis tools including static tools such as Platin [163] and
hybrid tools such as GameTime [170]. We compute WCET bounds for all reaction bodies.

Table 5.3 shows the WCET bounds computed by Platin for the reactions part of the
periodic phase of the program, when targeting a FlexPRET processor clocked at 100 MHz.

Scheduling. The reactions are annotated with their WCET bounds, allowing the EGS
scheduler to produce a partitioned schedule. EGS rejects a program if the input DAGs
are not schedulable. The LF compiler takes the partitioned DAG and produces a quasi-
static schedule. A subtlety is that the EGS scheduler does not consider runtime overhead
when scheduling the DAG; this means that for certain high-utilization programs with very
tight WCET bounds, the resulting schedule might not be feasible if it results in too much
coordination overhead. The LF compiler thus performs a final deadline satisfaction check,
including the runtime overhead of the executable schedules as computed by Platin.
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Figure 5.12: Measured release times and execution times of the reactions from Fig. 5.8 on
FlexPRET.
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Evaluation. The resulting cross-compiled program targets a 100 MHz FlexPRET pro-
cessor supporting four fine-grain multithreading hard real-time threads, representing logical
execution cores. A cycle-accurate emulation executes 1000 iterations of the program with
simulated sensor inputs, and the execution times and completion times of each reaction are
recorded. The results are shown in Fig. 5.12. The figure shows the measured execution time
and the release time of each reaction in the periodic phase, represented as histograms. For
the execution time, the WCET computed by Platin is shown by a red vertical line. For
the release times, the LF release deadline, if applicable, is also shown by a red vertical line.

We observe that the measured execution times fall within the WCET bounds computed
by Platin. As guaranteed by our methodology, all reactions meet their release deadlines.
The release time of the Gyroscope reactions is at 17 µs with zero variability, and the release
time of the Motor reaction is met with a comfortable margin.

5.6 Design Space Exploration for Heterogeneous
Platforms

Reactive cyber-physical systems (CPSs) have stringent real-time constraints and other prac-
tical considerations, such as energy, memory, heat, size, cost, etc., making them particularly
challenging to design. Barring other considerations, it is hard to ensure that real-time con-
straints alone can be satisfied. Thus, a designer typically resorts to a bottom-up design flow,
as noted by Henzinger and Kirsch [69], in which an implementation is first produced based on
intuition, and then it undergoes testing. If the timing behavior violates constraints, the de-
signer revises the implementation and tests it again. The process repeats until no violations
are observed. This bottom-up process can be time-consuming and error-prone, since a code
change fixing one constraint might violate others. In contrast, a top-down approach checks
if such constraints can be satisfied at design time; only then is a correct-by-construction
implementation generated. This reduces the time to market and ensures correctness of the
design. Top-down approaches are widely adopted in the EDA domain, where a circuit’s
timing, area, and power can be predicted in the design tool, making it feasible to coor-
dinate billions of transistors reliably. In the CPS domain, top-down approaches exist for
models such as SDF [106]. Yet, for emerging programming models like Lingua Franca
(LF) [130], which facilitates the design and implementation of deterministic, real-time, and
concurrent systems, providing top-down methods addressing timing and energy remains an
open problem.

Energy consumption is an important dimension to consider, as many mission-critical
CPSs are powered by batteries. For resource-constrained systems such as satellites, drones,
and sensor networks, new techniques for energy management become ever more important
due to recent trends toward adopting heterogeneous multicore platforms. Even for systems
that are not considered resource-constrained in the traditional view, such as self-driving
cars, energy management is increasingly a concern due to the deployment of energy-hungry
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hardware, e.g., GPUs.
In this section, we extend the quasi-static scheduling approach of the Lingua Franca

compiler [121] by exploring performance-energy trade-offs using Mocasin [140], a design
space exploration (DSE) framework. The extension takes an LF program with worst-case
execution time (WCET) annotations, and outputs application logic and quasi-static sched-
ules mapping LF reactions to a heterogeneous hardware platform.

LF w/
WCETs

LF
Compiler Mocasin App. w/

Schedules

Extended LF Compiler

Figure 5.13: The proposed DSE tool flow. Dashed boxes denote external tools we build
interfaces for.

Mocasin is a DSE framework [140] that provides a comprehensive platform model cap-
turing heterogeneous hardware on a relatively high abstraction level, supports applications
in various input formats and using SDF or Kahn process network (KPN), implements various
heuristics and meta-heuristics known from the literature, and provides a high-level simulator
that allows estimating the makespan and the energy consumption of a given application
on the target hardware when using a specific mapping. Fig. 5.13 shows the high-level tool
flow, where the LF compiler interfaces bidirectionally with Mocasin to explore design space
alternatives.

DSE for LF based on PretVM

Our approach relies on several key assumptions: (a) The chosen hardware is supported by
Mocasin. (b) The user has the ability to obtain estimates on the WCETs of C functions.
Most of the time, the estimates could be obtained through direct measurements repeated
a sufficient number of times. For certain platforms, it is possible to use commercial-off-
the-shelf timing analysis tools, such as AbsInt [182]. We treat these input execution times
as estimates, instead of the ground truth. This is sufficient for proving the property that
“the program can provably meet the hard real-time constraints, given that the estimates hold
at runtime.” (c) The LF program under analysis can be executed under LF’s fast mode,
meaning that reactions do not wait for physical time points to be released. (d) The LF
program only contains logically periodic tasks, i.e. driven by LF timers (same assumption
as in [121]).
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Tasks Mapping 0 Mapping 1 Mapping 2

c1.reaction_1 Core 7 (A15) Core 6 (A15) Core 2 (A7)
c2.reaction_1 Core 6 (A15) Core 6 (A15) Core 2 (A7)
c3.reaction_1 Core 4 (A15) Core 5 (A15) Core 2 (A7)
d.reaction_2 Core 4 (A15) Core 4 (A15) Core 2 (A7)
d.reaction_3 Core 7 (A15) Core 4 (A15) Core 2 (A7)
d.reaction_4 Core 5 (A15) Core 4 (A15) Core 2 (A7)

Exec. time (s) 41.914 83.828 312.753
Total energy (J) 257.458 348.985 783.102

Table 5.4: A subset of mappings for the periodic phase generated by Mocasin.

Preparing Inputs. The user first prepares an LF program with worst-case execution
time information using the @wcet attribute. When targeting heterogeneous platforms such
as the Odroid-XU4 (which uses Arm big.LITTLE architecture with two different types of
CPU cores), the @wcet annotation contains multiple values—one per core type.

Generating and Registering Mappings. The compiler parses and transforms the input
program into an abstract syntax tree (AST). A model of the LF program is created from
the AST and fed into a state space explorer, which simulates and represents the program
state space as a set of state space diagrams (SSDs) [122]. The SSDs are further transformed
into a set of directed acyclic graphs (DAGs), each corresponding to a phase of LF execution
(e.g., initialization, periodic, and shutdown phase). The role of the quasi-static schedulers
is to assign tasks to workers by partitioning the DAGs [121].

In this extension, we implement an SDFG generator, which generates synchronous dataflow
graphs (SDFGs) from input DAGs by drawing an additional edge from the tail node of the
DAG to the head node. The generated SDFGs are then sent to a quasi-static scheduler
based on Mocasin, which invokes the pareto_front command on the SDFG for the peri-
odic phase. Mocasin runs DSE and outputs a mapping file enumerating a list of candidate
mappings between tasks and CPU cores, which Mocasin projects to yield the best tim-
ing and energy performance. The user can choose from the candidate mappings an ideal
mapping, e.g., one projected to consume the least energy, and register the mapping into the
original LF program.

Table 5.4 shows a subset of mappings that Mocasin generated after design space explo-
ration. In the generated file, each mapping maps a task to a particular core, with execution
time and total energy estimated by Mocasin.

Generating and Executing Schedules. Once the selected mapping is registered back
into the LF program, the scheduler pools all tasks mapped to the same CPU core into
one partition for a worker. Then for each worker, the LF compiler combines the worker’s
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workload across different execution phases, forming a single quasi-static schedule for the
worker. From each quasi-static schedule, a sequence of virtual instructions is generated for
the worker [121].

As a result of compilation, LF generates programs and useful utilities that come from
the original inputs. Then the user can pin different workers to the corresponding cores based
on the user-selected mapping, which can be achieved on Linux by setting CPU Affinity and
using the cpuset infrastructure.

Case Study: Energy-Aware Satellite Attitude Control

For this case study, we develop a realistic satellite attitude control application in LF, which
has two parts: the first is a real-time reaction wheel controller based on [33]; the second is
a sporadic file compression service, which compresses data files before they are sent back to
earth. Each data file is further assumed to have a maximum size. In this case study, we
focus on the file compression service, shown in Fig. 5.14.
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Figure 5.14: LF diagram of the file compression service.

The CompressFiles service consists of three Compressor reactors that implement the
primary compression logic. In addition, there is a Director reactor that dispatches incoming
jobs to one of the three Compressor reactors. Within the Director reactor, reactions 2 and
3 are of particular interest. Reaction 2 collects all done signals from the three Compressor
reactors and determines whether processing can be stopped, in which case the done_out
signal is set, otherwise the start_out signal is set. Reaction 3 reacts to the start signal
described above and pushes a new set of files to be compressed to the Compressor reactors.
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Experimental Setup. We run the experiments on the Hardkernel Odroid-XU4 platform
featuring an Exynos 5422 big.LITTLE chip with four Cortex-A15 (“big”) and four Cortex-
A7 (“LITTLE”) cores. The frequency ranges are set to 200 MHz to 2.0 GHz for big cores,
and 200 MHz to 1.4 GHz for LITTLE cores. We measured the energy consumption of the
Odroid-XU4 board using a ZES Zimmer LMG450 Power Analyzer connected to DC input
with an external readout rate of 20 Sa/s.

The main method of controlling the power consumption of a CPU is frequency scaling,
apart from shutting down individual cores. Linux implements a concept called governors,
which implement different strategies for scaling the CPU frequency. The relevant governors
we evaluate are:

• Performance Sets the frequency to the highest possible.

• Powersave Sets the frequency to the lowest possible.

• Ondemand Scales the frequency based on the current load.

• Schedutil Scales the frequency based on the CPU utilization info from the scheduler,
and uses Energy Aware Scheduling (EAS) to map tasks to cores to minimize energy
consumption on heterogeneous platforms.

Figure 5.15: Execution time and total energy measured.
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Measurement Results. We perform five sets of experiments using the LF program
CompressFiles. The first experiment uses the quasi-static scheduler with a task-to-core
mapping computed by Mocasin, and the rest of the experiments use LF with the default
dynamic scheduler coupled with the Linux governors, representing the common strategies
a regular Linux user would use to minimize energy. For each configuration, the service
compresses 15 CSV files, and measurements were taken based on the average of one hundred
repeated program executions. In the first experiment, Mocasin explores the design space
assuming constant CPU frequencies; to satisfy this assumption, the performance governor
is used. In addition, we pin reactions to each type of CPU core under a fixed frequency and
use LF’s tracing utility to collect the reactions’ core-specific WCET estimates.

Table 5.4 shows a subset of mappings generated by Mocasin in the first experiment. We
choose to use mapping 0 as it is projected to consume a relatively small amount of energy
among all available mappings without compromising execution time.

Fig. 5.15 shows the measured execution time and total energy from all five experiments.
While the powersave governor does exhibit the least power (in terms of wattage), since
it sets each CPU core to the minimum frequency (200 MHz), it significantly prolongs the
execution time (96.22 s) and, in fact, yields the largest total energy consumption (214.3 J)
among the experiments. This result highlights the fact that saving power is not the same as
saving total energy.

The ondemand and schedutil governors (the latter of which uses EAS) have similar
execution times and total energy. They perform better than powersave since they dynami-
cally scale the CPU frequencies based on the workload. The shorter execution times result
in less total energy consumed. Mocasin and performance turn out to deliver the best
performance in the end, since big cores are prioritized in both strategies, resulting in two of
the smallest execution times and lowest total energy consumption values. This could seem
counter-intuitive to regular users who choose powersave or schedutil to conserve energy.

Discussion. While using big cores seems to minimize execution time and total energy,
the choice of cores depends on additional factors. In the space domain, these factors include
mission specifications, solar power charging rate, and battery size. Here, we focus on the
total (static + dynamic) energy consumption, instead of the dynamic energy alone, on the
assumption that the hardware on the satellite enters a low-power or non-consuming state
after completing a computational task, rendering static energy consumption negligible in
this context. If the mission restricts low-power mode, the performance governor (using big
cores) would not be ideal due to high static energy consumption. A low solar power charging
rate and small battery may also make big cores impractical. In such cases, trading execution
time for power efficiency with LITTLE cores might be better. A top-down design technique,
such as our proposed LF extension, could better handle such design complexities as design
space exploration could factor in these constraints upfront. On the other hand, bottom-up
approaches could be error-prone, as we have seen with the powersave case, and inefficient,
as they often require trial and error.
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5.7 Conclusion and Future Work
In this chapter, we have presented the first unified quasi-static scheduling approach based
on an intermediate formalism called state space finite automata (SSFA), bridging the gap
between high-level MoCs and low-level executable schedules. We show that our unified
scheduling approach applies to existing models, including SDF, BDF, SADF, and LET, and
we identify a class of deterministic timed concurrent models (DTCMs) to which the SSFA-
based methodology is applicable. We demonstrate the application of the proposed approach
to an emerging MoC—the reactor model. Our evaluation confirms that the SSFA-based
quasi-static scheduling approach applies successfully to reactors, reducing average runtime
overhead by 9× compared to the default dynamic scheduler. It also adds compile-time dead-
line validation to the LF compiler, benefiting from the properties of quasi-static scheduling.
We further extend the quasi-static scheduling technique with support for interfacing with
Mocasin, which enables DSE for a subset of LF programs on heterogeneous platforms and
generates schedules that encode user-specified trade-offs between execution time and total
energy consumption. Moving forward, we plan to evaluate our approach quantitatively using
larger-scale benchmarks and to apply our unified SSFA-based scheduling framework to more
emerging models of computation.
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Chapter 6

Timing Analysis of Sequential Programs
using GameTime

“When you can measure what you are speaking about, and express it in numbers,
you know something about it; but when you cannot measure it, when you cannot
express it in numbers, your knowledge is of a meagre and unsatisfactory kind.”

—Lord Kelvin, “Electrical Units of Measurement,” 1883.

6.1 Background
The system-level timing analysis in Chapter 2 treats each reaction’s execution time as a given
quantity, either measured from a trace or bounded by a worst-case estimate. In practice, ob-
taining that quantity is itself a difficult problem: the execution time of a sequential program
depends on the input data, the control-flow path taken through the code, and microarchi-
tectural effects such as caching and pipelining. This chapter describes GameTime [168,
169, 170], a toolkit for predicting the execution time of such a program along any path, and
in particular for estimating its worst-case execution time (WCET). The WCET estimates
produced by GameTime can serve directly as the execution-time parameters consumed by
Proposition 2.1 of Chapter 2.

The WCET problem. A terminating software task may take exponentially many control-
flow paths through its code. Measuring the execution time of every path is infeasible, and
purely static approaches that model the micro-architecture must be ported anew whenever
the target platform changes [168]. GameTime sidesteps both problems by using SMT-
generated tests to measure a small, carefully chosen subset of basis paths on the actual
target platform, and by applying game-theoretic online learning to infer a timing model that
predicts the timing of every other path.
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Game-theoretic online learning. GameTime leverages a measurement-driven, game-
theoretic learning algorithm to efficiently analyze the timing of sequential programs. After
selecting basis paths, GameTime uses SMT-based test generation to produce inputs that
force the program to execute along those paths. These tests are then run on the target
platform, repeatedly and potentially from different start states, to obtain timing measure-
ments. The game-theoretic online learning component uses these measurements to learn a
timing model of the platform, represented as a weighted graph over the program’s control-
flow structure. Once learned, this model predicts the timing of paths that were not directly
measured and supports the search for worst-case execution paths.

Control-flow graph and DAG representation. GameTime operates on programs
whose loops have statically known bounds and whose functions can be inlined. It first ex-
tracts the control-flow graph (CFG) of the sequential program under analysis, unrolls every
loop to its maximum bound, and inlines all function calls, producing a directed acyclic graph
(DAG) G = (V,E) with a single source s (entry point) and a single sink t (exit point) [168,
30]. Each source-to-sink path in this DAG corresponds to a unique execution path of the
original program. A path can be represented as a 0-1 vector p ∈ {0, 1}|E|, where the i-th
component is 1 if and only if edge ei lies on the path.

Basis paths and the basis matrix. The set of all source-to-sink path vectors spans a
subspace of R|E|, and a basis for this subspace can be found with at most |E| paths [169, 170].
These basis paths have two key properties: (i) every source-to-sink path p can be written
as a linear combination p =

∑
b cb pb of the basis paths, and (ii) the coefficients satisfy

|cb| ≤ 2 for all b, ensuring that the timing of every path is of the same order of magnitude
as the timings of the basis paths [30]. The number of feasible basis paths is bounded by
|E| − |V |+ 2, which is far smaller than the (potentially exponential) total number of paths.

Stacking the b basis-path vectors as rows yields the basis matrix B = [p1, . . . ,pb]
⊤, a

b ×m matrix where m = |E|. Each column of B corresponds to an edge of the DAG, and
each row corresponds to a basis path. To find a good basis, GameTime iteratively replaces
rows of B so as to maximize | det(B)|, the absolute value of the determinant of the basis
matrix [90, 169]. Geometrically, maximizing the determinant is equivalent to maximizing the
volume of the parallelepiped spanned by the basis-path vectors, which spreads the vertices
of the spanned polytope as far apart as possible [170]. A basis with this property is called
a 2-barycentric spanner : it guarantees bounded coefficients |cb| ≤ 2 and hence bounded
prediction error. In practice, each candidate replacement row is found by solving an integer
linear program that maximizes the subdeterminant, and its feasibility is then checked by an
SMT solver (Section 6.3 describes the KLEE-based implementation of this check).

Example: modular exponentiation. The basis path concept is illustrated by Kotker
et al. [90] using a modular exponentiation routine that computes baseexponent mod p via
repeated squaring. When the loop is unrolled for a 2-bit exponent, the resulting DAG
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has m = 9 edges and four feasible source-to-sink paths, one for each value of exponent
∈ {0, 1, 2, 3}. Each path is encoded as a 0-1 vector of length 9; for instance, edges 2 and 3
correspond to the else-branch and then-branch of the first conditional (exponent & 1)== 1,
respectively. Three of the four paths, say p1, p2, and p3 (corresponding to exponent values
1, 2, and 0), form a basis. The fourth path p4 (corresponding to exponent = 3) is then
expressible as p4 = p1 +p2−p3, as shown in Figure 6.1. More generally, the unrolled DAG
for an N -bit exponent has an “N -diamond” structure with 2N feasible paths but at most
N + 1 basis paths, so the number of measurements grows only linearly with N .
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(b) Basis paths p1,p2,p3
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(c) Path p4

p1 = (1, 0, 1, 1, 1, 1, 0, 0, 1)

p2 = (1, 1, 0, 0, 1, 0, 1, 1, 1)

p3 = (1, 1, 0, 0, 1, 1, 0, 0, 1)

p4 = (1, 0, 1, 1, 1, 0, 1, 1, 1)

p4 = p1 + p2 − p3

Figure 6.1: CFG and basis paths for the unrolled modular exponentiation code with a 2-bit
exponent (from Kotker et al. [90]). (a) The full DAG with 9 edges. (b) Three basis paths
p1, p2, p3. (c) The fourth path p4 expressed as p1 + p2 − p3.

Feasibility checking and test generation. Not every source-to-sink path in the DAG
is feasible: some paths are prevented by correlations among branch conditions (e.g., two
branches that test the same variable). As GameTime constructs each candidate basis path,
it queries a satisfiability modulo theories (SMT) solver to determine whether there exists a
concrete input that drives execution along that path [168, 90]. If the solver returns SAT,
the satisfying assignment is used as the test input; if UNSAT, the path is infeasible and is
discarded, and a new candidate is selected.

Measurement and prediction. Once a feasible basis has been computed, the program is
compiled for the target platform and executed on each basis-path test case. The end-to-end
execution time of each basis path is recorded in a vector v = (v1, v2, . . . , vb), where vi is the
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measured execution time of the i-th basis path. GameTime then estimates a weight vector
w̃ ∈ Rm, with one weight per edge, by solving the linear system

B w̃ = v, (6.1)

where B is the b × m basis matrix defined above [90]. Since Algorithm 1 of Kotker et
al. [90] ensures that the determinant of B is never zero, B is invertible (when b = m) or
admits a Moore–Penrose pseudoinverse B+, yielding w̃ = B+ v. Intuitively, w̃e estimates the
execution time contribution of edge e, so the predicted execution time of any path p is simply
ℓ̂p = w̃⊤p, the dot product of the weight vector with the path vector. Under a bounded-
repeatability assumption, namely that the actual execution time of any path deviates from
its expected value by at most µmax cycles, Bundala and Seshia [30] show that the estimation
error is bounded by 2k µmax, where k is a quantity that depends only on the graph structure
and the choice of basis, not on the measurements themselves.

ILP-based extremal path extraction. To find the longest (worst-case) or shortest (best-
case) path, GameTime solves an integer linear program (ILP) [30]. The ILP assigns a non-
negative weight we to each edge, constrained so that the total weight of each measured basis
path matches its observed execution time (up to tolerance D). Binary flow variables encode
the selection of a source-to-sink path, and the objective maximizes (or minimizes) the total
weight along the selected path. If the path returned by the ILP is infeasible, a constraint
blocking that path (

∑
e∈π be < |π|) is added and the ILP is re-solved. When the unsatisfiable

core of the infeasibility proof is available, a tighter constraint is added using only the edges
in the core [30], pruning multiple infeasible paths at once.

Overall flow. In summary, the GameTime analysis proceeds as follows:

1. Extract the CFG from the sequential program under analysis and convert it to a DAG
by unrolling loops and inlining functions.

2. Compute a set of feasible basis paths using linear algebra on the DAG, with an SMT
solver to check and enforce feasibility.

3. Compile the program for the target platform and measure the execution time of each
basis-path test case.

4. Formulate and solve an ILP to extract the extremal (e.g., longest) path. Check the can-
didate path for feasibility using an SMT solver; if infeasible, add a blocking constraint
to the ILP and re-solve. Repeat until a feasible extremal path is found.

5. Return the extremal path, its predicted execution time, and the concrete test input
that exercises it.
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This measurement-based approach makes GameTime portable across platforms: only step 3
interacts with the target hardware, so switching platforms requires only re-measuring the
basis paths. Extensions to handle data-dependent instruction timing and to formalize the
notion of timing repeatability are described by Wasson [187].

6.2 A New GameTime with LLVM Support
The original toolchain. The GameTime 1.5 implementation described by Kotker et
al. [90] relied on two compiler front-ends that are no longer maintained. First, the CIL (C
Intermediate Language) framework [145] preprocessed the C source by inlining functions, un-
rolling loops, converting switch statements to nested if statements, and normalizing pointer
expressions. Second, the Microsoft Phoenix compiler front-end extracted the control-flow
graph from the CIL-processed code and provided a C# API for traversing the resulting
intermediate representation in static single assignment (SSA) form. GameTime then per-
formed its own lightweight symbolic execution over the Phoenix IR to collect path conditions,
translated them into SMT queries in the QF_AUFBV logic (quantifier-free arrays, uninterpreted
functions, and bit-vectors), and dispatched those queries to Z3 or Boolector. Integer linear
programs were solved through the PuLP Python package, interfacing with solvers such as
GLPK, Gurobi, or IBM CPLEX.

Motivation for a new implementation. Both CIL and Microsoft Phoenix have been
discontinued, making GameTime 1.5 increasingly difficult to build and maintain on modern
systems. More fundamentally, both front-ends were specific to C, whereas many safety-
critical embedded applications are now written in C++ or are generated from higher-level
languages. The LLVM compiler infrastructure [99] provides a natural replacement: Clang
compiles C and C++ to LLVM intermediate representation (IR), and front-ends for Rust,
Swift, and other languages target the same IR. By operating on LLVM IR rather than a
language-specific representation, a new GameTime implementation can, in principle, ana-
lyze any program that compiles to LLVM IR.

Architecture of the new GameTime. The new implementation, publicly available at
https://github.com/icyphy/gametime, replaces both CIL and Phoenix with LLVM and
Clang (version 16) while preserving the core GameTime algorithm. The main changes are
as follows:

• Preprocessing. Function inlining and loop unrolling are performed using LLVM’s built-
in optimization passes and custom LLVM passes, rather than CIL’s OCaml-based
source-to-source transformations. The result is an LLVM IR bitcode file in which all
loops have been fully unrolled and all callees have been inlined.
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• CFG extraction. The control-flow graph is extracted directly from the LLVM IR bit-
code, producing a DAG in the same format used by the original GameTime algorithm.
Nodes correspond to basic blocks and edges to branches.

• Path feasibility checking. Instead of GameTime’s custom symbolic execution over the
Phoenix IR, the new implementation delegates feasibility checking to KLEE [32], a
mature symbolic execution engine that operates natively on LLVM IR. This change
eliminates the need for GameTime to maintain its own expression language and SMT
encoding; the details are described in Section 6.3.

• ILP solving. The PuLP-based formulation is retained, using the GNU Linear Program-
ming Kit (GLPK) as the default solver.

• Measurement backends. The new GameTime supports multiple measurement back-
ends, including cycle-accurate emulation on FlexPRET [197] (a RISC-V processor
designed for mixed-criticality systems), as well as direct measurement on x86 and
ARM hosts.

6.3 Checking Path Infeasibility with KLEE

As described in Section 6.1, GameTime must determine whether a candidate path through
the DAG is feasible, i.e., whether there exists a concrete input that drives execution along
exactly that path. In GameTime 1.5, this check was performed by a custom symbolic
execution engine that translated path conditions from the Microsoft Phoenix IR into SMT
queries and dispatched them to Z3 or Boolector. The new LLVM-based GameTime replaces
this entire subsystem with KLEE [32], a symbolic execution engine that operates directly
on LLVM IR bitcode and uses STP or Z3 as its constraint solver.

The challenge is that KLEE, by default, explores all reachable paths through a program.
GameTime, however, needs to answer a more targeted question: is there an input that
follows one specific path? To bridge this gap, GameTime instruments the LLVM IR with
condition variables that constrain KLEE to the target path.

Condition variable instrumentation. Let π = ⟨B0, B1, . . . , Bk−1⟩ be the sequence of
basic blocks along the candidate path, and let π = ⟨Bk, Bk+1, . . . , BN−1⟩ be the remaining
basic blocks that lie in the function but not on the path. GameTime inserts a global Boolean
variable conditional_var_i for each basic block and instruments the LLVM IR bitcode as
follows:

• For every on-path block Bi (0 ≤ i < k), the variable conditional_var_i is initialized
to false, and a store instruction conditional_var_i = true is inserted at the beginning
of Bi.
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• For every off-path block Bj (k ≤ j < N), the variable conditional_var_j is initialized
to true, and a store instruction conditional_var_j = false is inserted at the beginning
of Bj.

After the instrumentation, a condition variable holds the value true if and only if the cor-
responding block was visited when it should be (on-path) or not visited when it should not
be (off-path). Therefore, the conjunction

∧N−1
i=0 cv i, where cv i denotes conditional_var_i, is

true exactly when execution follows path π and no other.

Example: checking feasibility of path p1. We illustrate the full procedure using the
modular exponentiation example from Section 6.1. Recall that the unrolled DAG has two
branch points, corresponding to the two evaluations of the conditional (exponent & 1)== 1,
and four basic blocks at these branches (two then-blocks and two else-blocks). Path p1

(corresponding to exponent = 1, binary 01) takes the then-branch at the first conditional and
the else-branch at the second.

Figure 6.2 shows the unrolled modexp function annotated with the condition variable
assignments that GameTime inserts for path p1. The function has N = 8 basic blocks in
total, and path p1 visits k = 6 of them. Each on-path block receives a variable initialized to
false that is set to true upon entry; each off-path block receives a variable initialized to true
that is set to false upon entry. The reader can trace path p1 through the listing by following
the blocks whose annotations read cv_i = true: execution enters the function (cv_0), takes
the first then-branch because exponent & 1 is 1 (cv_1), performs the multiplication (cv_2),
shifts the exponent and squares the base (cv_3), skips the second then-branch because the
shifted exponent is even (cv_4), and returns (cv_5). The two off-path blocks (the first else-
branch and the second then-branch) are never entered, so their variables cv_6 and cv_7
remain at their initial value of true. All eight variables end up true, confirming feasibility.

KLEE harness generation. In addition to the instrumented function, GameTime gen-
erates a wrapper main() that declares the function parameters as local variables, marks them
symbolic with klee_make_symbolic(), calls the function under analysis, and asserts that every
condition variable is true. Figure 6.3 shows the generated harness for the modular exponen-
tiation example. The compiled LLVM bitcode of this program (with the store instructions
inserted into each basic block of modexp by the modify_bitcode.cpp LLVM pass) is then handed
to KLEE for symbolic execution.

KLEE execution and output. KLEE explores the symbolic execution tree of the in-
strumented program. On each explored path, it checks whether all eight klee_assert calls
succeed. If an assertion fails, KLEE records an .assert.err file alongside the corresponding
.ktest file and continues exploring other paths. A .ktest file without a matching .assert.err
file represents an input for which all assertions passed, meaning the target path is feasible.

Figure 6.4 shows the actual output produced by the ktest-tool utility when decoding a
.ktest file from a feasibility check on the modexp benchmark. In this run, KLEE found that
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1 int modexp(int base, int exponent) {
2 int result = 1;
3 // cv_0 = true (on-path: entry)
4 if ((exponent & 1) == 1) {
5 // cv_1 = true (on-path: 1st then)
6 result = (result * base) % p;
7 } else {
8 // cv_6 = false (off-path: 1st else)
9 }

10 // cv_2 = true (on-path: after 1st branch)
11 exponent >>= 1;
12 base = (base * base) % p;
13 // cv_3 = true (on-path: before 2nd branch)
14 if ((exponent & 1) == 1) {
15 // cv_7 = false (off-path: 2nd then)
16 result = (result * base) % p;
17 } else {
18 // cv_4 = true (on-path: 2nd else)
19 }
20 // cv_5 = true (on-path: return)
21 exponent >>= 1;
22 base = (base * base) % p;
23 return result;
24 }

Figure 6.2: Unrolled modexp annotated with condition variable assignments for path p1

(exponent = 1). Variables cv_0 through cv_5 (on-path) are initialized to false and set to
true; cv_6 and cv_7 (off-path) are initialized to true and set to false. When exponent = 1,
all variables end up true.

base = 0 and exponent = 124 (0x7c) satisfy all assertions, confirming that the candidate path
is feasible. GameTime extracts these values and uses them as the concrete test input to
measure the execution time of the path on the target platform.

If, instead, the candidate path were infeasible (e.g., a path that takes the then-branch
at both conditionals but with an exponent that is even), every test case generated by KLEE
would have at least one assertion failure, and no .ktest file without a corresponding .assert
.err would exist. GameTime would then add a blocking constraint to the ILP (Section 6.1)
and extract the next candidate path.

Implementation. The instrumentation is carried out in two stages. First, a Python script
(to_klee_format.py) rewrites the C source to include the KLEE header, declare the condi-
tion variables, and generate the wrapper main(). Second, an LLVM pass written in C++
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1 #include <klee/klee.h>
2 #include <stdbool.h>
3

4 // on-path (6 blocks)
5 bool cv_0 = false;
6 bool cv_1 = false;
7 bool cv_2 = false;
8 bool cv_3 = false;
9 bool cv_4 = false;

10 bool cv_5 = false;
11 // off-path (2 blocks)
12 bool cv_6 = true;
13 bool cv_7 = true;
14

15 int main() {
16 int base, exponent;
17 klee_make_symbolic(&base, sizeof(base), "base");
18 klee_make_symbolic(&exponent , sizeof(exponent), "exponent");
19 modexp(base, exponent);
20 klee_assert(cv_0); klee_assert(cv_1);
21 klee_assert(cv_2); klee_assert(cv_3);
22 klee_assert(cv_4); klee_assert(cv_5);
23 klee_assert(cv_6); klee_assert(cv_7);
24 return 0;
25 }

Figure 6.3: Generated KLEE harness for checking feasibility of path p1. The six on-path
condition variables are initialized to false; the two off-path variables are initialized to true.
The wrapper makes base and exponent symbolic, calls modexp, and asserts all eight variables
are true.
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ktest file : ’.../klee-last/test000006.ktest’
args : [’.../modexp_..._gvMod.bc’]
num objects: 2
object 0: name: ’base’
object 0: size: 1
object 0: data: b’\x00’
object 0: hex : 0x00
object 0: int : 0
object 0: uint: 0
object 0: text: .
object 1: name: ’exponent’
object 1: size: 1
object 1: data: b’|’
object 1: hex : 0x7c
object 1: int : 124
object 1: uint: 124
object 1: text: |

Figure 6.4: Actual ktest-tool output from a feasibility check on the modexp benchmark.
KLEE found concrete inputs base = 0 and exponent = 124 that drive execution along the
candidate path. Paths are abbreviated with ... for readability.

(modify_bitcode.cpp) operates on the compiled bitcode to insert the store instructions into
the correct basic blocks, using the LLVM IRBuilder API. The labels of the basic blocks along
the target path are extracted from the LLVM IR by matching the %n: block-label syntax,
providing the mapping between DAG edges and LLVM basic blocks.

6.4 Applications of GameTime in this Thesis
The work presented in this thesis aims to verify timing properties of real-time concurrent
systems, primarily in the context of Lingua Franca. Since GameTime targets sequential
programs, it is infeasible to directly use GameTime to obtain a system-level WCET bound
on the LF-generated main() function in C, since the generated code uses multithreading (not
supported by GameTime) and, due to the nature of embedded systems, may not terminate
at all. However, the timing analysis of sequential programs enabled by GameTime nicely
complements two system-level analyses presented earlier in this dissertation, so that system-
level timing guarantees can be obtained by using GameTime to analyze sequential reactions.

System-level timing analysis (Chapter 2). Proposition 2.1 developed in Chapter 2
expresses the physical firing time of each reaction as a max-plus linear function of input tags,
timestamps, execution times, and network latencies. A central parameter in this formulation
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is en(k), the worst-case execution time of reaction n at tag k. When the goal is to predict
timing behavior of a future run, for instance to check whether deadlines can be violated
under worst-case conditions, these execution times must be estimated before the system
runs. GameTime can supply these estimates by analyzing each reaction body as sequential
C code, producing a WCET bound together with the worst-case input that achieves it.
Plugging these bounds into Proposition 2.1’s recurrence yields a conservative prediction of
physical firing times and, in turn, of the consistency, availability, and latency trade-offs for
the distributed system.

Quasi-static scheduling (Chapter 5). The quasi-static scheduling framework in Chap-
ter 5 compiles a Lingua Franca program into a DAG of tasks, where each task vi is
a non-preemptive reaction with WCET Ci. The scheduler uses these WCETs to compute
earliest and latest start times, to verify deadline satisfaction, and to determine whether
the DAG is trivially schedulable on a given number of processors. Obtaining tight WCET
bounds is therefore essential: overly pessimistic bounds waste processor time and may cause
the scheduler to reject programs that are in fact schedulable, while optimistic bounds risk
deadline violations at run time. GameTime can analyze each reaction to produce tight,
measurement-based WCET estimates, closing the loop between the scheduling framework
and the actual timing behavior of the generated code.

6.5 Future Work
Several directions remain open for improving and extending the GameTime approach.

Exploiting UNSAT cores to prune infeasible paths. When KLEE determines that
a candidate path is infeasible, the current implementation adds a single blocking constraint
that excludes exactly that path from future ILP solutions (Section 6.1). In many cases,
however, only a small subset of the edges along the path are mutually incompatible. If the
underlying SMT solver can produce an unsatisfiable core, i.e., a minimal set of constraints
whose conjunction is already unsatisfiable, then a tighter blocking constraint can be added
that rules out all paths containing that subset of edges [30]. This would prune multiple
infeasible paths at once and significantly reduce the number of ILP-KLEE iterations required
to find a feasible extremal path. Integrating UNSAT core extraction into the KLEE-based
workflow is a key next step for improving the scalability of the new GameTime.

Measurement-based network latency analysis. The core idea behind GameTime,
namely that a small number of carefully chosen measurements can predict the behavior
of exponentially many scenarios, is not limited to execution times of individual sequential
programs. In a distributed cyber-physical system, network latencies exhibit analogous vari-
ability due to routing, congestion, and protocol-level effects that are difficult to capture in a
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fine-grained analytical model. A natural generalization is to apply the basis-path method-
ology to network paths: select a basis set of end-to-end routes, measure their latencies on
the actual network, and use the measurements to predict the latency of every other route.
Preliminary work in this direction [8] combines GameTime with the Lingua Franca co-
ordination language to derive end-to-end timing guarantees for federated (distributed) LF
programs, including network delays. Extending this approach to a full network-level timing
analysis framework is a promising avenue for future research.

Deep-learning-based timing models. GameTime already constructs a learning-based
timing model: it repeatedly measures basis paths, potentially from different start states,
and uses those measurements to infer a weighted graph model for predicting the timing of
other paths. However, there is a limitation in the expressiveness of the learned model. In
the standard GameTime formulation, the prediction is linear in a path vector, with timing
represented by scalar edge weights. This additive model may be too coarse to capture data-
dependent microarchitectural effects such as cache behavior and branch prediction, where
the cost of a block can depend on the execution context. Deep learning offers a natural way
to learn a richer, nonlinear model from repeated path measurements and associated path or
state features. Investigating whether deep learning models can improve prediction accuracy
while retaining the measurement efficiency of the basis-path approach is an open question.



128

Chapter 7

Conclusion

“The future cannot be predicted, but futures can be invented.”

—Dennis Gabor, Inventing the Future, 1963.

7.1 Future Work
My future agenda aims to automate the proposed framework in Figure 1.1, scale up its

capabilities across design and verification, and generalize to intriguing new domains. Agenda
item 1 details the steps for full automation, with an illustration shown in Figure 7.1. Agenda
item 2 enhances the framework’s analytical capabilities. Agenda item 3 aims to automate
unbounded verification using invariant learning and assume-guarantee reasoning. Agenda
items 4–6 extend the framework to the Robotic Operating System (ROS), time-predictable
networks, and deterministic machine learning.

1. Automated Neurosymbolic Framework

AI models like Claude and GPT-5-Codex have significantly increased programmers’ pro-
ductivity. Can CPS engineers also benefit from generative AI when tools are available to
guarantee the reliability and performance of AI-generated designs? Currently, the tools in-
troduced thus far in Figure 1.1 are partially automated by the Lingua Franca toolchain
(particularly verification and refinement), or individually invoked by the user. The ultimate
goal is to streamline the neurosymbolic workflow coordinating generative AI and symbolic
tools. Using Model Context Protocol (MCP), tools such as Proposition 2.1 (Chapter 2),
PolyVer [38], and the LF compiler [130] can be exposed as callable services with typed
inputs and outputs. An AI model can therefore orchestrate the symbolic tools via MCP,
iteratively improving the design based on tool feedback until it reaches a deployable and
correct-by-construction implementation.
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(a) AI generates a design, invokes analyzers, and iterates on analyzer feedback.
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(b) AI calls PolyVer to verify formal
properties and iterates on failure.

(c) AI calls the LF compiler, iterates on failure, and de-
ploys code in simulation.

Figure 7.1: Building a satellite reaction wheel controller [180, 38, 181] using the neurosym-
bolic framework in Figure 1.1

2. Learning-based and Distributed Timing Analyses

Computing the worst-case execution time (WCET) for a sequential code block is a classically
hard problem. Traditional WCET analysis involves constructing a detailed hardware model,
yet this approach is becoming intractable as modern hardware architectures grow in com-
plexity. To remove the need to model hardware, measurement-based approaches emerged,
such as GameTime [168], an approach based on the notion of “basis paths.” While Game-
Time is the first approach to timing analysis that uses machine learning, it uses a relatively
simple learning framework, which may be limited in accuracy, as it learns a weighted model
at the CFG level that can be too coarse to make accurate predictions. Can we leverage deep
learning to train more accurate models for predicting WCETs based on timing measurement
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data? In addition, as CPS tend to be distributed, can we generalize this technique to a
distributed, system-level design with many concurrently interacting code blocks?

3. Automated Unbounded Verification

While the LF Verifier [122] and PolyVer [38] could reason about unbounded properties
using the classic k-induction, this technique requires the invariant under verification to be
inductive, which often involves manually strengthening the invariant, making the process
unscalable and time-consuming. Property directed reachability (PDR) [24, 48] has received
much attention in the formal methods community since it extends k-induction by itera-
tively strengthening an invariant until an inductive invariant is found. Can we leverage
algorithms like PDR to obtain unbounded guarantees for verifying CPS engineering models?
Can assume-guarantee reasoning further accelerate this process?

4. Robot Operating System

The Robot Operating System (ROS) has become the de facto middleware used in robotics
research and has garnered a large community developing reusable packages for visualization,
simulation, and control. However, ROS has severe limitations in predictability, as its runtime
implementation permits nondeterministic event orderings and undersampled timer firings.
On the other hand, Lingua Franca (LF) is known for its determinism and predictability
due to its logical-time semantics, but it lacks a large package ecosystem. Can we combine LF
and ROS to obtain predictable real-time behavior while leveraging ROS’s extensive packages?

5. Time-predictable Networks

Hard real-time guarantees have become all the more important for distributed CPS, where
meeting one machine’s deadlines depends critically on the timeliness of data sent from up-
stream machines. To ensure predictable timing in networks, an Ethernet standard called
Time-Sensitive Networking (TSN) has been developed. However, it remains nontrivial to
configure a TSN network to obtain verified timing guarantees. Can we synthesize verifiable
TSN schedules from engineering models?

6. Deterministic Machine Learning

Machine learning has a well-known reproducibility problem, affecting popular architectures
behind Large Language Models (LLMs) like Transformers. A study from Thinking Machine
Lab shows that even when temperature is set to zero, LLM output can still be nondeter-
ministic given the same input, because the training framework PyTorch by default does not
process batched data in the same order, causing non-associative floating point operations to
produce different outputs on each run [66]. This nondeterministic ordering problem shares



CHAPTER 7. CONCLUSION 131

many similarities with the ordering problem solved by Lingua Franca, and there is poten-
tial for using a deterministic abstraction to systematically address this problem, rather than
hunting down nondeterministic loopholes on a case-by-case basis. Can we define a concur-
rent model of computation for specifying deterministic ordering and data flow for machine
learning pipelines? Can we code-generate high-performance CUDA implementations from
the model?

7.2 Final Remarks
This thesis identifies three toolchain gaps in CPS engineering: analysis for logical time, ver-
ification on CPS engineering models, and hard-real-time scheduling without manual tuning.
Can we design a toolchain that closes all three gaps in a unified workflow? The answer
developed here is not a single algorithm or tool, but an integrated toolchain: extend timing
analysis to logical-time models, verify properties where requirements are stated, and compile
verified models into implementations scheduled with analyzable, predictable timing behavior.

The common thread across the thesis is the separation between logical behavior and phys-
ical realization. Logical time, reactors, and Lingua Franca give engineers a deterministic
model of what a system should do. The CAL-based system-level timing analysis in Chapter 2
and the timing analysis of sequential programs in Chapter 6 expose how physical execution
affects when that behavior occurs. The distinction between engineering and scientific models
in Chapter 3, together with the LF Verifier in Chapter 4, shows how formal reasoning
can be applied directly to the design artifact rather than to a separate, manually maintained
verification model. Finally, the SSFA-based quasi-static scheduling framework in Chapter 5
demonstrates how analyzable models can be refined into deterministic, high-performing im-
plementations.

A second lesson is that predictability need not require abandoning modern software prac-
tice. The techniques developed in this thesis keep reaction bodies in mainstream program-
ming languages while keeping distributed coordination, multicore systems, heterogeneous
platforms, and learning-driven, measurement-based timing analysis in view. The goal is not
to replace existing engineering intuitions, but to augment those intuitions with crisp formal
tools: critical paths derived from eigenvalues instead of intuition alone about bottlenecks,
counterexamples from exhaustive formal analysis instead of errors that may slip through
incomplete test coverage, schedulability checks instead of manual priority tuning, and tight
WCET estimates learned from measurements instead of hand-written timing budgets.

Much remains to automate and scale, as the future-work agenda makes clear. If CPS
models can be made executable, analyzable, verifiable, and compilable within the same
framework, then reliability no longer has to arrive only after long cycles of implementation
and testing. It can become part of the design process itself. That is the broader promise
of verifiable cyber-physical systems: not merely to find errors earlier, but to make correct,
deterministic, and high-performing systems an expected outcome of principled engineering
practice.
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